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RESUME

Throughout this paper we construct some solvable compatible Lie algebras by including maximal
nilpotent ideal A/ which its component Lie algebras are classical filiform Lie algebras £,, and Q,,.
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Introduction

Compatible algebraic structures arise when a vector space carries two product operations whose arbitrary
linear combinations remain valid products of the same type. In recent years, such structures especially compatible
Lie algebras have attracted considerable attention in mathematics and mathematical physics.

One of the central problems in the field is the classification of these algebras. A major step in this
direction has been the classification of nilpotent compatible Lie algebras. This approach constructs nilpotent
algebras as central extensions of smaller ones and has proved effective for obtaining complete classifications in
low dimensions.

After understanding the nilpotent case, a natural continuation is the study of solvable compatible Lie
algebras. In the classical theory of Lie algebras, solvable algebras are typically built by first determining their
maximal nilpotent ideal the nilradical and then forming solvable extensions through non-nilpotent derivations.
This strategy, often attributed to Mubarakzyanov, forms the basis for many classification results; see, for
example, [1,2,6,9].

The aim of this paper is to adapt this construction method to compatible Lie algebras. However, several
fundamental difficulties arise. For instance, in a compatible Lie algebra, the sum of two nilpotent ideals is not
necessarily nilpotent, so the usual notion of a nilradical does not behave well.

We analyze the compatibility conditions for semidirect products and employ maximal tori of diagonal
derivations to construct solvable extensions. Within this framework, we develop solvable compatible Lie algebras
whose nilpotent ideal is a nilpotent compatible Lie algebra whose Lie components are classical filiform Lie
algebras, such as £,, and Q,. In particular, we treat the compatible pairs (£,,, Q,) obtaining explicit one-
dimensional solvable extensions by means of non-nilpotent derivations of £,, and proving the nonexistence of
higher-dimensional ones.

Throughout the paper, all vector spaces and algebras are considered over the complex numbers. We
assume that the reader is familiar with the basic concepts of Lie theory.

Preliminaries

In this section we define compatible Lie algebras and the basics about them. We let K be an arbitrary
field of characteristic different from 2.

Proposition 1. [4] Let g1 = (g,[—, —]1) and g2 = (g,[—, —]2) be two Lie algebras over the same vector
space g. Then the following conditions are equivalent:
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(Z) (97 [_7 _]) is a Lie algebra‘7 where [.’E, y] = [‘T>y]1 + [x7y]2 for all T,y €9;
(1) (8,[—» —]a1.x0) is a Lie algebra for all A1, A2 € K, where

[7,y] = Mz, yl1 + X[z, yl2;

(#i1) The following identity (named the mixed Jacobi identity) holds for all z,y,z € g

[z, y]1, 22 + ([, 2]1, @2 + [z, @)1, yl2 + [[2, 92, 21 + [y, 2]2, )1 + [[2, 2]2, y]1 = 0.

Let denote the second cocycle identity by
Z(x,y,2) = [z, 0y, 2)] = [p(@,y), 2] + [0z, 2), y] + o(x, [y, 2]) — o([2, 9], 2) + o([z, 2], y).

Thus, we have the definition of compatible Lie algebras.
Definition 1. [4] A compatible Lie algebra is a triple (g, [—, —]1,[—, —]2), where g1 = (g,[—, —]1) and
g2 = (g,[—, —]2) are Lie algebras satisfying any of the three equivalent conditions in above Proposition.

A subalgebra of a compatible Lie algebra g is a vector subspace of g which is closed for both products.
An ideal i of a compatible Lie algebra g is a vector subspace such that [i, g1, [i,g]2 C i.

Definition 2. [4] Let s and t be two subspaces of a compatible Lie algebra g. The commutator [s,t] of s
and t is
[5,4 = [s,t)1 + [5,t]2 = spank{[s,t]1,[s,t]2 | s € 5,t € t}

Remark that if i and j are ideals of g, then their commutator [i,j] is a subalgebra and [g,1] is an ideal.

In general, the descending central sequence or lower central series of a compatible Lie algebra g is defined
in the same way as for Lie algebras [4]:

C%g) =9, C**'(g):=[9,C"(g)], forall k>0.

Consequently, if C¥(g) = {0} for some k, then the compatible Lie algebra is called nilpotent. Then the smallest
integer k such that C*(g) = {0} is called the nilindex of the compatible Lie algebra g.

Applying induction, one can prove that C’(g) is an ideal of g and [C(g),C’(g)] C C**7(g) for any i,j € N.
Likewise, the derived sequence of g can be defined as follows.
Definition 3. Given a compatible Lie algebra g we define the derived sequence as

D°g) := g, D**'(g) := [D*(g),D"(g)] forall k>0

If this sequence is stabilized in zero, then the compatible algebra is said to be solvable.

In this paper, we construct solvable compatible Lie extensions of a compatible Lie algebras with two
component Lie algebras £,, and Qa,,, (where n = 2m) [3].

1. Let £,, be the n-dimensional Lie algebra defined by non-zero products
le1,ei] = €ir1, 2<i<n-—1,
where {ey,...,e,} is a basis of L,,.
2. Let Qs be the 2m-dimensional nilpotent Lie algebra defined in the basis {e1,...,e2,} by

{er,e;} =eip1, 2<i<2m—1, {ej,eami1—;} = (—1)eam, 2<j<m.

A straightforward verification confirms that the algebras £, and Q,, satisfy the hypotheses of Proposition 1.
Consequently, £,, and Q,, may be realised as the Lie algebra components of a compatible Lie algebra. We shall
denote this compatible Lie algebra by N.

Main part
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In this section we construct solvable extensions of a nilpotent compatible Lie algebra with components
L\ and Q\, where n is an even natural number. First of all we analyze derivations spaces of the algebras £,
and Q,,.

Proposition 2. Let d; € End(L,) and do € End(Q,,) be any derivations of the algebras L, and Q,,
respectively. Then the derivations admit the following explicit descriptions.

n
d1(€1) = Zal,teta
=1
n—i+2
diei) = ((i = 2)ar1 +aga)e; + Z Qt€iti-2, 2<1<m;
=3
and

2m
da(e1) = 3 Bu ety
i=1

m—1
da(ez) = (51,1 + /31,2)62 + > B22t41€2t41 + B2,2me2m,
i=1 s
da(ezj) = ((29 — 1)B11 + Br2)ezj + D Bo2tr1€2i42j-1 + B12m—2j+1€2m,
i=1
m—j—1

dao(ezjr1) = (25611 + Fr2)eajit1+ 2. Boatt1eat+2i + (—B12m—2j+1 + B2,2m—2;+1)€2m,
t=1

da(eam) = ((2m — 1)B1,1 + 281 2)eam,
where 1 < j < m —1 and n = 2m. In particular, these formulas completely characterize all derivations of
L, and Q,.

Proof. Let take denotations as

n

di(e;) = Z a;req, (respectively, da(e;) = Zﬁi,tet) 1<i<2.
=1

t=1

By straightforward computations, we get the restrictions for the parameters «; ; (respectively,3; ) given in the
proposition.

Next, we consider a nilpotent compatible Lie algebra with two component are £, and Q,. Below we
describe solvable extensions of ' by means of non-nilpotent derivations of £,,, @, and N.

Let consider two-dimensional non-nilpotent solvable extensions of L,,.

Theorem 1. There is no (n + 2)-dimensional solvable compatible Lie extension of ' by means of non-
nilpotent derivations of L,,.

Proof. Let Ry be a (n + 2)-dimensional solvable Lie algebras with nilradical £,, and {eq,...,e,,z,y} is
a basis of Ry. By using derivation properties we have the following products:

n
[61,35] = Z a1,t€¢,
t=1

n
lei,x] = ((i —2)an 1 +aga)e; + Y, qop—iyoer, 2<i<mn,
t=it1

n
le1,y] = Br1e1 + D Bier,
=

lei,y] = ((1 —2)B11 + Pa2)ei + > Pot—ivoer, 2<i<m,
=il

11 Q22
’ ’ 0.

i1 B2z 7

Then by taking changing of basis we get

where

v = (a11B22 — as2fi1)  (Bopr — a22y), ¥ = (a11B22 — aspfii) (aLly - 5171$),
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we can suppose:

n n
len, 2] =e1+ > aier, [eg,x] = (i —2)e; + D aoiipaey,

=2 tmit1
n n
le1,yl = > Biser, lei,y] =€+ > Bot—itoer,
= t=it1
where 2 < i < n. In addition, setting
n—1 n—1
! !
¥ =xtasger— Y aiepier, Y =y+Paser— Y Brier,
=2 =2

one can assume

n
le1, 2] = e +a12e2, [e,x] = (1 —2)e; + > agy_ipaer, 2<i<mn,

t=i+2
le1,y] = Bi2e2, [ei, y] = i + Zn: B2,t—it26€t, 2<i<n.
t=it2
Set the following basis transformation:
n—i+2 1 2
e =e1, € =e+ ; ieiiio, 2<i<n, with pu; = Q—_t(ag,t + ;ag,put,pw).

Thus we obtain [e;, z] = (i — 2)e;, 2 <i<n.
Note that under the above basis transformation the multiplications table of Q,, does not change.
Applying the Jacobi identity for the obtained products, we obtain

le1, ] = e1 + aea, [e1,y] = —ae,

Riiq e 2] = (i—2ei lenyl=e,  2<i<n.

For ¢ € Hom(R1 A R1,N) such that {e;,e;} = p(e;,e;) and p(e;,y) = da(e;), we verify the 2-cocycle
property.
Z(ez,en-1,y) = [e2, plen—1,y)] — [p(e2, en—1),y] + [(e2,9), en—1]+

+ ple[en—1,9]) = pllez, enly) + ¢(le2, ylen1) = en # 0.

This contradiction complete the proof of theorem.

We present the description of one-dimensional solvable extensions of A/ by means of non-nilpotent
derivations of £,,.

Theorem 2. Let R be a one-dimensional solvable extension of A by means of non-nilpotent derivations

of L,,. Then it admits a basis {e1, ..., e,, x} such that its table of multiplications in the basis has the following
form:
le1, x] = Q1,161 + 01269,
. n
lei, 2] = ((i —2)ai,1 +ag2)e; + > agi—it2er,
t=it1
2m
{e1,x} = Pi1e1 — e+ Y Bier,
t=3
{e2,x} = (Bi1—a12)e2 + B2.2meam,
{e2j, x} = ((27 —1)B11 —au2)ezj + Bi2m—2j+1€2m,
{egj1, 2} = (2§11 — 12)ezj+1 — B12m—2j+1€2m,
{eam,z} = (2m —1)p11 — 201 2)e2m,
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where 2 <i<n, 2<j<m-—1.
Proof. By using derivations properties we obtain the solvable extension of L,

n
e, 2] = ai1e1 + Y a1 ey,
t=2

n
lei,x] = ((i —2)anq +aga)e; + Y. qop—iyoer, 2<i<mn.
t—it1

n
: /
Setting «’ =z + ag3e1 — > a1 t€4—1, We get [e1, z] = aq 1€1 + a1 22,
i=3

Applying the description of Der(Q,,) we derive the products

2m
{61717} = Z ﬂl,teh
=t m—1
{ea, 2} = (B11 + Bi2)ea + > Poot+1€2t41 + B2,2mE2m,
=1

m—j
{egj 2} = ((27 — )P+ Bi2)ea; + > Booir1€2t42i—1 + B12m—2j+1€2m,
=1
mtfjfl
{e2jr1,2} = (2§B11+ Br2)ezjr1+ D, Boer1€2t425 + (—Bi2m—2+1 + B2.2m—2j+1)€2m.,
=1

{eam,x} = (2m —1)B11 + 251,2)62%_

where 1 < j<m-—1, n=2m.

Using the condition (i) in Proposition 1 we obtain the products [[—,—]] = [-, =] + {—, —}.
Jacobi identity Constraints
L(e1,e2j-1,2) =0, = are = —f12,
L(e1, e25,7) =0, = B2om—2j+1 =0, 1<j<m-—1,

Therefore, we obtain the multiplications table of the algebra R.

Due to the result [5], £, admits solvable compatible Lie extensions of dimension less than two.
Consequently, we conclude that A possesses only one-dimensional solvable compatible Lie extensions via non-

nilpotent derivations of £,,.

Let now consider the solvable extensions of A/ by means of non-nilpotent derivations from Der(L,) N

Der(Q,).

Theorem 3. Let R = N @& Span{z} be a one-dimensional solvable extension of A by means of non-

nilpotent derivations of Der(L,) N Der(Q,). Then R admits one of the following two multiplications tables:

len, 2] =e1, [es,x]=(i—1)e;, 2<i<2m,
2m
{e1, 2} = Bi1e1 + Z B1tet,
2,
{e2, 2} = Br1e2+ Y Baair1€2t+1 + B2.2m€2m,
i=1 .
{eaj, 2} = (25 — 1)Brae2j + Y Pa2tr1€2t42j-1 + B1,2m—2j+1€2m,
i=1

m—j—1
{egjt1, 2} =24B11e2541 + D, Boat1€a+42; + (—F1,2m—2j+1 + B2.2m—2j+1)€2m.;
=1
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and
2m

le1, o] = ap1e1 + Y ai ey,
2

lea, ] = a1 1€2 + D @29t 412041 + A2 2mE2m,
t=1
m—j
leaj, ] = (2§ — D)ai €25 + D @22041€2642j—1 + X1 2m—2j+1€2m,
=1
m

—j—1
le2jr1,x] = 2jon1e2541 + Y, o2i41€2t425 + (—01 2m—2j4+1 + 02 2m—2j+1)€2m,
1
(i

j
t=
—1)e;, 2<i<2m,

{el,l'} = €1, {eial'} =
where 1 <j<m-—1, n=2m.
Proof. Applying derivations of £,, and Q,,, we have the products in R:

2m
le1, @] = ar1e1 + Y ai ey,
t=3
m—1
lea, ] = a1 1€2 + D @29t 412041 + A2 2mE2m,
t=1
m—j
leaj, ] = (2§ — D)ar €25 + D 22041€2642j—1 + X1 2m—2;+1€2m,
t=1
m—j—1
le2jt1,2) = 2jar1€2j41 + D 22i41€20425 + (=01 2m—2j41 + O2.2m—2j+1)€2m>
t=1

and
2m

{e1,2} = Br1e1 + 3 Pier,
i=3

m—1
{e2, 2} = Br1ea+ > Booir1€2e41 + B22me€2m,
i=1

m—j
{ezj, 2} = (25 — 1)B11€25 + > Boi+1€2042j—1 + B1.2m—2j+1€2m.,
i=1
m—j—1
{ezjr1, 2} = 2501 1€2501+ D Boarr1€ai42j + (—Bram—2j+1 + B2.2m—2j+1)€2m,
=1

where 1 <53 <m—1, n=2m.
The solvability of extension R leads that (oy1,061,1) # (0,0).
Let a1 # 0, then by setting

2m
, 1
= —o/(— E aieei—1),
aq.1 —
, t=3

we can assume [e1, z] = e;. Then, setting

2m—i+2
el =e, € =e+ E Aseryio, 2<i<n,
=3
with
1 J
As = —an 3, Asjiq = o 1 (22541 + E As 19 95-2¢43),
J t=2
1 J—1 1 m—1
Ay = T E Agty1002j 0141, Aom = b T— 2(a2,2m + E At 11002 2m—2t41)5
j t=1 t=1

where 2 < 7 < m — 1, we obtain
e, 2] =G —1)e;, 2<i<n.

Note that the basis transformation leaves the multiplication tables of @, unchanged. Similarly, when

P11 # 0, we get
{er, 2} =e€1, {ep,x}=(G(—-1)e;, 2<i<n.
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REZYUME

Ushbu maqolada Li komponentlari klassik filiform Li algebralari £, va @, bo’lgan nilpotent
kompatibl Li algebrasini maksimal nilpotent ideal sifatida o’z ichiga olgan ba’zi yechiluvchan
kompatibli Li algebralari qurilgan.

Kalit so‘zlar: mos keluvchi Li algebralari, differensiyallashlar, nilpotentlik, yechiluvchanlik.

PE3IOME

B macrosimeit craThe Mbl KOHCTPYUPYEM PsiJI, PA3PEIIUMbIX COBMECTUMBIX ajredp JIu, comepxkarmmx
MaKCHUMAJIbHBIA HUJIBIIOTEHTHBIH uaeas A, KOMIIOHEHTHI KOTOPOTO IPEACTABIAIOT COOOH Kiacchmde-
ckue umndopmubie anrebpet JIu L, u Q.

Karoueswvie caosa: coBmectumblie ajirebpsr JIu, guddepeHnupoBannsi, HUJIBIIOTEHTHOCTh, pa3pe-
IIAMOCTb.
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