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RESUME

In this paper, the asymptotic behavior of self-similar solutions to the Cauchy problem for a system of
nonlinear parabolic equations in non-divergence form is obtained, and estimates for the subsolution
are derived.
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1. Introduction

In this work, in the domain @ = {(t,z) : t > 0, € R} we consider the Cauchy problem for a system
of nonlinear parabolic equations not in divergence form:

S T TR
(1)

B =g ) —

u(0,2) = up (x) >0
{ 2 (0.2) = vo (2) > 0 @

where 81 > 1,8 > 1, m > 1, ag > 1, ag > 1 - numerical parameters, v = u(t,z) > 0,v = v(t,z) >0 -
are the solutions.

In this paper, we study a nonlinear parabolic system of equations not in divergence form with absorption.
Such systems naturally appear in models of heat transfer, combustion and chemical reactions, where nonlinear
diffusion plays an essential role. The considered system describes the temperature variation and reactant
concentration during the combustion process, capturing the essential features of nonlinear diffusion and heat
generation. By applying a self-similar solution, we investigate qualitative properties of solutions, subsolutions
and analyze their asymptotic behavior.

In [1], the author proved the asymptotic behaviour of the finite blow-up points solution u of u; = Au™
in O x (0,00), u(a;,t) =00, Vi =1,...,40, £ > 0, u(z,0) = ug(x) in Q and u = f on 90 x (0,00), as t — oo.
Also author construct finite blow-up points solution in bounded cylindrical domain with appropriate lateral
boundary value such that the finite blow-up points solution oscillates between two given harmonic functions as
t — oo and proved the existence of the minimal solution of u; = Au™ in Q x (0,00), u(x,0) = wup(x) in Q,
u(a;,t) =00, ¥Vt > 0,i=1,2,...,i0 and u = oo on I x (0, 00).

In article [2], the authors studied the Cauchy problem for a class of coupled nonlinear parabolic systems
and analyzed the asymptotic behavior of their solutions. A Fujita-type blow-up theorem was established using
integral estimates and appropriate supersolutions. Furthermore, the critical Fujita exponent, determined by the
diffusion and spatial dimension, was identified.
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Reference [3] focuses on parabolic problems with anisotropic nonlinearities under nonstandard growth
conditions. The existence and uniqueness of weak solutions are established in variable exponent Sobolev spaces.
To analyze blow-up phenomena, energy methods are employed, showing that solutions may blow up for both
negative and positive initial energies. The roles of variable exponents and coefficients are shown to be critical
in Fujita-type blow-up behavior.

In article [4], the authors investigated the blow-up behavior of solutions to nonlinear parabolic systems of
non-divergent equations with variable density. The study addressed key aspects in solving Cauchy problems for
partial differential equations using the difference method B — including the selection of the approximation order
with respect to spatial coordinates, the choice of an initial approximation function, and the development of an
efficient algorithm for solving the resulting systems of difference equations. A high-accuracy difference scheme
for a nonlinear system in non-divergent form was constructed in the article.

Reference [5] investigates some properties of the blow-up solutions of a nonlinear parabolic system of
non-divergent form with cross-diffusion. By constructing suitable auxiliary functions and employing analytical
techniques, we derive sufficient conditions for the existence and behavior of blow-up solutions. The obtained
results contribute to the deeper understanding of nonlinear diffusion dynamics and provide a foundation for
further studies in multidimensional and more complex systems.

In article [6], the critical curves of a doubly nonlinear parabolic equation in non-divergent form with a
source term and nonlinear boundary flux are studied. Both the critical global existence curve and the critical
Fujita curve are derived. A distinctive feature of equation (1) is that it degenerates at points where v = 0 and
Vu = 0. As a result, classical solutions may not exist, and therefore, we consider only weak solutions in the
generalized sense described.

Another systems [7,17] was studied through the method of nonlinear splitting, known previously for
nonlinear parabolic equations, and systems of equations in divergence form, asymptotic theory and asymptotic
methods based on different transformations. Asymptotic representation of self-similar solutions for the nonlinear
parabolic system of equations not in divergence form is constructed.

In [8], the authors studied a doubly nonlinear degenerate parabolic system with nonlinear source and
absorption terms, which are not located in a homogeneous medium. The system satisfies zero Dirichlet boundary
conditions in a smooth bounded domain. To investigate the problem, the comparison principle and a self-similar
approach were applied. Moreover, the nonlinear splitting method was employed to establish the existence of
both global and finite-time blow-up solutions. It was shown that the interplay between the nonlinear source and
nonlinear absorption terms plays a crucial role in determining the existence or non-existence of solutions. These
results contribute to a broader understanding of nonlinear parabolic systems.

References [9,12] investigates the asymptotic behavior of self-similar solutions for a degenerate parabolic
system not in divergence form, considering both the slow and fast diffusion cases. Using the comparison method,
the finite speed of perturbation distribution (FSPD) property of the Cauchy problem for a cross-diffusion
parabolic system not in divergence form is established. Based on the obtained asymptotic behavior of the
solutions, suitable initial approximations are proposed for the iterative process in both the slow and fast diffusion
regimes, depending on the values of the numerical parameters.

In [10] and [11], the authors studied the asymptotic behavior of self-similar solutions of a parabolic
system. In particular, Aripov and Matyakubov [10] studied the problem of constructing ZeldovichB-Barenblatt
type solution for the cross system equation with a source. Using comparison methods, the property of FSPD of
the Cauchy problem for a cross-diffusion parabolic system not in divergence form is established. The asymptotic
behavior is discussed for a solution of the cross-diffusion parabolic system equations in non-divergence form for
slow and fast diffusion cases depending on the value of the numerical parameters. On the basis of the asymptotic
of solutions, suitable initial approximations are offered for the iterative process in the cases of the slow and fast
diffusions, depending on the numerical parameter values.

Also, some books and scientific articles contain more equations and methods used in the field than
any other book currently available. Included in the handbook are exact, asymptotic, approximate analytical,
numerical, symbolic, and qualitative methods that are used for solving and analyzing linear and nonlinear
equations. The authors also present formulas for the effective construction of solutions and many different
equations arising in various applications, such as heat transfer, elasticity, hydrodynamics, and more. This
extensive handbook is the perfect resource for engineers and scientists searching for a comprehensive reservoir
of information on ordinary differential equations [12-17].

95



Acta NUUzZ EXACT SCIENCES Ne2 /2.1, 2025, 94-102

In this paper, using the self-similar approach, we obtain a particular solution of system (1) and prove
that this solution describes the asymptotic behavior of compactly supported solutions. The main purpose of
this paper is to establish conditions for the existence of subsolution to problem (1)-(2) based on the self-similar
analysis [1-13].

2. The self-similar analysis of the problem.

Below, we employ the method of nonlinear splitting [1,7,8,13] to derive the self-similar form of the
equation. For construction of the self-similar solutions of the system (1), we consider the functions u(t, z), v(t, x)
in the form:

u(t,z) = u(t)w(z, 7(t)),
_ (3)
o(t,z) =v(t)e(z, (1))
Let u(t), ©(t) be in the form:
B1+1 Ba+1
a(t) = A(T —t)T=mP2 | 9(t) = Ax(T — t)T-FiPz
) 1 ; __Bi
where A; = (75%2&1)/*1/12—1 (72‘;’5;1)/31[*2—1 Ji=1,2.
Using (3) the system (1) can be reduced to the following form:
22 = 2 (wm192) 4y (5 4 )
el as 0 m—19¢ —1(,,.3 (4)
ar = ¥ 5 (‘P %) +dpm ™ (0 + )
where ( D1
(T — t) ni(a1+m—1)+
Agatm i t —1)4+1<0
()= "1 ni(an+m—1)+1" at e +m-1)+1<0,
— AT (T — 1), at ny(ap +m—1)+1=0.
Aaz—i—m—l
n2(a2+m_l):n1(a1+m_1)7 ZZW,
di — ni1 dy — Tlgl
T +rm—D+1 7T nglag+m—1)+1°
We consider the problem for the case nj(ag +m —1)+1 < 0.
We seek the self-similar solution of system (4) in the following form:
x
w(r,z) = f(§), v(r,z)=06((§), (= Y (5)
By substituting (5) into system (4), we obtain the following self-similar solution:
d ( pmordf\ | €df ]
a_— = 2—+d ! =0
1 RS STICES "
d _1do\ | §do
(o5 m 17 >"r d BQ — O
0" (¢ d§>+2d§+ 2 (/7 +¢)
3. A subsolution of the problem.
Suppose that for system of equations (6) the following conditions are fulfilled:
f1(0)=0, ¢'(0)=0.
Then, the functions
— 1 — 1
F(6) = Bifa — €)77, 3(6) = Bafo — )T @
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where, a > 0, B; = ( cifds )i, =

T = m (i=1,2), satisfy system of equations (6).
Then, the Subsolution theorem holds.

Theorem 1. Let

1. ni(ai+m—1)+1<0,
a;+m—1 1 .
2. B}* (me; — 1) < T (i=1,2),

3. up(z) > u_(0,2), vo(x) >v_(0,z), ze€R.

Then, for problem (1)-(2), a global solution exists in Q and the following estimate is satisfied
u(t,z) > u_(t,z),v(t,x) > v_(t,z), =€ R, where

8
(©)- )

Proof. To prove the theorem we use the method of comparison of solutions. Hence, comparing solution
methods [14] it is taken the functions u_ (¢, x),v_ (¢, z). Substituting (8) in

(1) the following inequality can be
obtained:

m—1 df € df 161
() S e |
m—1 £ do By | 7 )
d§<¢> d§>+2d§+d2(f +¢) >0
If the specific form (7) is given for the functions f(¢), ¢(¢) inequality (9) can be rewritten as follows

AB{ ey (mey — 1) — Bieya+ di By (a — €2)@2fimatl > (10)
4BS* ey (meg — 1) — Bacga + ngfz (a — gH)erPameatl >

It is known that f(€), (&) are positive functions and dy,ds > 0, therefore BX ™! (me — 1) > 1,1=1,2.
Then, according to the theorem, for the comparison of the solutions to problem (1)-(2), there exists a
global solution in Q and the following estimate is satisfied: u(t, x) > u_ (¢, x)

yx) > u_(t,x), v(t,x)>v_(t,x).

The proof of the theorem is completed.

4. Asymptotic of the self-similar solutions.

Next, the asymptotic behavior of the self-similar solutions of the system (6) is studied. Self-similar solution

of system equations (6) will be searched for in the form:

F&) =FE&ym), »©)=2(&zm), n=-In(a-¢), (11)

where

&) =A(a— 52)11”"71 , p(&) = As(a— fz)iﬁm ', and y1(n), y2(n)- are the new functions.

Then, substituting (11) into (6) for the functions the following system of nonlinear equations is obtained

o, L1 (y)

d
_— —alyo‘lLl( )+CL2 y 7y +a3z51 —|—a4y:0
dn dn ap+m—1 (12)
dLy(2) dz z
o2 2 b 2™ L b — )+ by + by =
an 1272 La(2) + b d om i) Ty Hbaz=0
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Here:
ai(n) = all_‘__?:;l_ 1+2(ae:z—n)’ az(n) = iB%_al_mv as(n) = 421?315—1771 (ae_neh_ln) as(n) = m,
i = e ) = LB i = B T = T
q:ayf;—l_ai;§11+L @:a,fi_l_a;;;il+l
L) =" G - ) L) = - )

dn ay+m-—1

It is supposed that & € [£p,&1), 0< & <&,
Si=a

Therefore, the function 7(§) has the properties:
77/(5) >0 at g € [50751);

no = () > 0, m n(€) = +oo.

li
§—&1
It follows from self-similar system of equations (12) the following limitations

lim a;(n) =a?, lim b;(n) =00 (i=1,2,3,4),

n——+00 n—+oo
which exist, and are finite and nonzero, that is
0 0
0 < |af] < 400,0 < || < +o0.

Further, we consider the solutions of the system (12), in a certain neighborhood of +o0, which satisfy

the inequalities
yi(m) >0, zi(n) >0, ¢ +amy#0, 2" +bo(n)z#0.

Here, we introduce the notations:

B 1— o B _ d;By",
Ci1 = (az+m7 1)25 Cio2 = 4(Oél+m*1)7 Ci3 = 4Baz‘+m7
; 1
hi = Bi +1, by =A;B; (i=1,2)

as_; +m—1 B o; +m—1
Let y(n) = y° + o(1), 2(n) = 2%+ 0(1) asn — +oco and the equality na(ag + m — 1) = ny(ag + m — 1) is
performed.

Then the following theorems hold.

Theorem 2. Let hy > 0,he > 0. Then, the self-similar solution of system (1) has the asymptotic at
z—a 2 (t—T):

. ,ny a1+1m71 0
ua(t, ) ~ by (T —t)"™ (a— — " (y —l—o(l)),
ATTNT g
: (13)
s ,YIZ agftm—1 o
va(t,x) = bo(T —t) a— A§2+m_1(T—t)7 (z +0(1)) ,

where 0 < 3° < 400, 0 < 20 < 400 and 3°, 20 are the solutions w;,wy for the system of nonlinear algebraic
equations:
ai+m Bl _
C11Wq + crowy + cr3wy - =0,

=0

N (14)
(073 m
Co1wy > 4 coawa + Cozwr
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Theorem 3. Let hy = 0,hy > 0. Then, the self-similar solution of system (1) has the asymptotic at
T — a’%(t —T)7 form (13), where 0 < y° < 400, 0 < 20 < +oco and y°, 20 are the solutions wy,ws for the
system of nonlinear algebraic equations:

w4 cppwy = 0, 15
az+m B2 ( )
C21Wqy + Coowso + Co3Wy = 0.

Theorem 4. Let hy > 0,ha = 0. Then, the self-similar solution of system (1) has the asymptotic at
T — a’%(t —T)7 form (11), where 0 < y° < 400, 0 < 2° < +oco and y°, 20 are the solutions wy,ws for the
system of nonlinear algebraic equations:

a;+m 1
C11Wq + c1owq + Clgwg = O, (16)
021w§2+m + Coowo = 0.

Theorem 5. Let hy = 0,hs = 0. Then, the self-similar solution of system (1) has the asymptotic at
x — a”2(t —T)7 form (11), where 0 < y° < 400, 0 < 2° < +00 and 3,20 are the solutions wy, wy for the
system of nonlinear algebraic equations:

itm _
cliw " 4 erpwy =0, (17)
621w32+nl + CooW9o = 0.

The proof. Assuming in Egs. (12):
U1(n) = L1y, 9Y2(n) = Loz, (18)

the following identity is obtained:

am = (F e ) omm = (- ). (19)

ar+m—1 din_az—km—l

we obtain the identity:

1 — — —
vi(n) = an(nvi(n) — arpvi(n) 7y~ — a1z y ™ + agay'
/ 1 & Ba ,—o 1—a (20)
v3(n) = a1 (M)vi(n) — az2va(n) ™27 — azy™ 2" + agaz ~*
Furthermore, consider the functions:
1
g1(A1,m) = ann (M — apAT Yy~ — a1z y ™ +agay' T, (21)

1
92(>\2, 77) = (121(7]))\2 — (],22)\2m z7 - a23y5127a1 + a24217a2,

where A\; € R, (i =1,2).

Let us suppose a;f;kl — a'trzil +1 =0 (i=1,2) then,

: I ! : ol i aem _ diBy! : B
nl}l_’r_loo a1(77) = m, ngl—ir-loo a2(77) = ZBI ) ngr_{_loo a3(7]) = W7U£TM a4(77) =0,

. 1—ao . 1 o1 —an— . dQBlﬁ2 .

lim b =——— lim b =-B,” "™ lim b =———, lim b =0.
i bi(n) = s lm ba(n) = 3B, , Hm_bs(n) apo M 4(n)

and the functions g;(A;,n) (i = 1,2) preserve sign on some interval [r;,4+00) C [1, +00) for every fixed
value \; (i =1,2).
Therefore, the functions g;(\;,n) (i = 1,2) for all n € [, +00) satisfies one of the inequalities:

gi(Ai;m) >0 or gi(A,m) <0 (i=1,2). (22)
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Let us assume that for the functions v;(n) (i = 1, 2) the limit at n — +00 does not exist. Consider the case,
where one of the inequalities (22) are fulfilled. By force of the functionB’s v;(n) (i = 1,2) oscillation, the straight
line o; = A\; (i = 1,2) and its graph intersects an infinite number of times in the interval [n;, +00) (i = 1,2).
However, this is impossible, since the interval [n;,+o00) (i = 1,2) is justly one of the inequalities (21) and
therefore, it follows from Eq. (22), that graph of the functions v;(n) (i = 1,2) intersects the straight line
7; = A; (¢ =1,2) only once in the interval [, +00) (i = 1,2). Therefore, for the functions v;(n) (i = 1,2) the
limit at n — 400 exists.

Assuming the functions v;(n) (i = 1,2) are defined in accordance with Eq. (18) and have a limit at
1 — +00, one can show that y}(n) (i = 1,2) has a limit at n — 400, which is equal to zero. Then,

_ dy Yy m
m—1 0 0
— —_—— —_— = ].
vi(n) =y <dn a1+m_1> aj (y°) " +o(1),
) P (A — Y Y P L PYC)
dn as+m-—1 ! ’
and by (19) derivative of functions v;(n) (i = 1,2) has a limit at 7 — 400, which obviously equals zero.
Consequently,
lim (a11(n)vi(n) — a12111(77)#y_a1 —a1327 Y7 fapytTM) =0,
n—+00
i (a21(n)v1(n) — azava(n)™ 27 — azsy™ 272 + agyz'792) = 0.

It is easy to see that the system (18) has a solution (y1(n),y2(n)) with a finite non-zero limit at n — +oo
necessary to comply with the conditions of Theorem 2, 3, 4, 5.

Then the compactly supported solution of the problem (6) has an asymptotic of the form (13) as £ — at.
Thus, the theorem is proved.

CONCLUSION

The Cauchy problem for a non-divergent nonlinear parabolic system with an absorption term describing
combustion processes was studied using the comparison method. A subsolution corresponding to the considered
problem was constructed, and the lower bounds for the main solution were obtained. Asymptotic representations
of self-similar solutions for this system were then obtained, and their asymptotic behavior was analyzed. It was
shown that the coefficients of the main terms of asymptotic of solution satisfy to some system of a nonlinear
algebraic equation. These results highlight the essential influence of nonlinear diffusion and heat generation on
the combustion dynamics and the evolution of temperature. The obtained results contribute to the theoretical
development of nonlinear parabolic systems modeling heat transfer and combustion processes.
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REZYUME

Ushbu maqolada nodivergent ko‘rinishdagi nochiziqli parabolik tenglamalar sistemasining Koshi
masalasi uchun avtomodel yechimlar asimptotikasi topildi va quyi yechim uchun baholar olindi.

Kalit so‘zlar: matematik modellashtirish, avtomodel yechimlar, parabolik tenglamalar sistemasi,

nodivergent shakl, quyi yechim, assimptotik baholash.

PE3IOME

B nanHoit ctaThbe Hafi/leHa aCUMIITOTUKA ABTOMOJIEIBHBIX penteHnit 3a1a4u Kot jj1st cucTeMbl HeJTr-
HEWHBIX TapabOJIMYeCKUX YPaBHEHUN B HEIWBEPTeHTHON (bOpMe U IMOJIYUIEHBI OIEHKU JJIsi HUKHETO
perieHus.

Karouesnle ca08a: MaTeMaTUIeCKOe MOJEJNPOBAHIE, AaBTOMO/IEIbHbBIE PEIEHNs, CUCTEMA 11apabo-
JIMYECKUX ypaBHeHHfL HeJuBepreuTHad cl)opMa, HU2KHAA OIEHKa, aCUMIITOTUYIECKOE ITOBeIeHue.
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