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RESUME

In this paper, first-order autoregressive processes with values in the function space L,[0,1] are
examined. Under two weak-dependence assumptions imposed on the innovations, a central limit
theorem for these AR(1)-processes is established.
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1. Introduction

Autoregressive dynamics in infinite-dimensional settings have been studied extensively over the past
years, and various aspects of such models have been explored in a number of works; see, for instance, [1]-
[6]. Earlier research, including [3] and [4], focused on AR(1)-processses under independence or under weakly
orthogonality assumptions. Later, the authors of [5] investigated the asymptotic behavior of the empirical mean
and covariance operator when the noise variables exhibit weak dependence. Models of AR(1) in the space
L,[0, 1] naturally arise in functional data analysis, where observations themselves are functions rather than real
numbers. Several motivating examples and applications illustrating this setting can be found in reference [3].

In the present work, we consider an AR(1)-process {X,,, n € Z} defined through the recursion
Xpn—-m=T (X1 —m)+ep, n€Z

where T : L,[0,1] — L,[0,1] is a bounded linear operator, m € L,[0,1] is a fixed element (interpreted as the
mean), and {e,, n € Z} is a sequence of innovations. Throughout this paper, ||T'|| denotes the norm of the linear
operator T : L,[0,1] — L,[0,1], and I : L,[0, 1] — L, [0, 1] stands for the identity operator.

Throughout the paper we assume that the innovation sequence satisfies certain mixing conditions. Let
{X,(t), n € Z} be an Ly[0,1]-valued stochastic process, and let F; denote the o-algebra generated by the
random vector (X, (¢),...,Xs(t)). The classical mixing coefficients are defined as follows:

a(n) =sup {|P(GH) — P(G)P(H)|: Ge F*, He F3,, k€ Z}

. |E (€ — E€) (n — En)|
= { B2 (¢~ B¢)° BV2 (5 — En)®

;geLg(f’foo),neLQ(fgin)mez}

where Lo (.7-'2) is family of square integrable F’-measurable random variables.
The sequence {X,(t), n € Z} is called a—mixing or p-mixing if a(n) — 0 or p(n) — 0 as n — oo,
respectively.
The author in [7] introduced modifications to the coefficients discussed above. For the {X,,(¢), n € Z},

the modification of a-mixing coefficients is defined as follows:

am(n) = Sup sup {|IP(GH) — P(G)P(H)|: G € F¥_(m), H € F3,.(m), k€ Z}

where F?(m) is the o-algebra generated by random vector (IL,,, X, (%), ..., II,,X;(¢)) and IL,, : L,[0,1] — R™ is
a projective operator, i.e.,
W X;5(t) = (X;(t1), 0 Xj(tm)) » 5 € [0,1],
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The coefficients p,,(n) are defined analogously.

The sequence {X,,(t), n € Z} is called a,,—mixing or p,,—mixing if a,,(n) — 0 or p,(n) — 0 as n — oo,
respectively, for any fixed m = 1,2, .... It is important to note that, in general, «,,-mixing does not necessarily
imply a-mixing.

The properties of mixing coefficients were thoroughly analyzed in [8]-[10].

2. Main results

It is assumed in Theorems 1, 3 and 5 that there exist the real numbers v > 0 and 0 < v < 1 satisfying

|77 < we?, j > 0. (6)

Theorem 1. Let {X,, n € Z} be an AR(1)-process and {e,, n € Z} be a py,-mizing strictly stationary

centered sequence of Ly-valued 1 < p < 2 random variables satisfying E ||51||2 < oo. If the following conditions
hold
Elei(t)]* < oo, t € [0,1]

me )< oo, pm(l) <1, m=1,2,..

Elei(t+h) —ei(t)]> < f(h) for 0 < h <1,0<t<1—h, for some function f(-) such that f(h) — 0 as h — 0.
Then the following weak convergence holds

% S Xi= (I-T)"" Ng(t)
i=1

where Ng(t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(z,y) =
lim cov (ﬁ S ez, ﬁ S 6i(y)), where x,y € [0,1].

n—oo

Proof of Theorem 1. We begin by simplifying the recursion through a centering. Since subtracting the mean
does not affect weak convergence, we may assume without loss of generality that m = 0. Hence, the process
{X,, n € Z} satisfies

X, =T(Xp-1)+én, nE€Z.

A key decomposition, which appears for instance in [4], is given by

ZkaI T)~ Zsk I T) 1ZT En—it1) —Zn: (Xo). (7)
k=1

Since the assumption (1) we can estimate

> TH(Xo)
k=1

3

oo
< 1 Xol Y wk < oo
k=1

Consequently,
1 n
—= Y T*(Xo) — 0 in probability. (8)
n

For the second term in (2), we use the triangle inequality:

1 o
- Z T (en—it1)
nia

The innovations satisfy El|e1||? < oo, hence

< —= max |€zIIZHTl||~

1<<

1
—= max. leill — 0 almost surely. 9)

V1 1<i<
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Since > "5, ||T%|] < oo and (4), it follows that
7 Z THen_it1) — 0 in probability. (10)

Theorem 2 given below guarantees the weak convergence

ﬁﬁka:A@m7 (11)
k=1

where Nk (t) is an LP[0, 1]-valued Gaussian random element with covariance function
K(r,y) = i B SENCRET) St
z,y) = lim cov| — x), — .
'Y noyho \/ﬁkzl k a\/ﬁk=1 kY
Combining (3), (5), and (6) with the representation (2), the continuous mapping theorem yields
1 n
—» X = (I-T)"'Nk(t).
K = (=T Nk

Theorem 2. [11] Let {&,,(t), n € Z} be a strictly stationary centered sequences of random variables with
values in Ly[0,1], 1 < p < 2. If the following conditions hold

Elei(t))? < oo, t€[0,1]

o0
D pm(2Y) <00, pm(1) <1, m=1,2,...

n=1

Eley(t+h) —ei(t)]> < f(h) for 0<h < 1,0<t<1—h, for some function f(-) such that f(h) =0 as h — 0.
Then the following weak convergence holds

Za‘ éNK )

Ni(t) is Ly[0,1]-valued Gaussian random variable with mean zero and covariance function K(x,y) =
lim cov (S (x), Sn(y)), where x,y € [0, 1].
n—oo

O

In the next theorem, we consider the case L, 2 < p < oo.

Theorem 3. Let {X,,, n € Z} be an AR(1)-process and {e,,, n € Z} be a pm,-mizing strictly stationary
centered sequence of Ly-valued 2 < p < oo random variables satisfying E ||e1 H2 < 00. Assume that the following
conditions hold for some a > 0

Eley(t))* < oo, t€[0,1],

> pnE(2") <00, pu(l) <1, m=1.2,...

n=1

Eler(t4+h) —e(O)PT™ < f(h) for 0 < h < 1,0 <t < 1—h, for some function f(-) such that f(h) = 0 as
h — 0.

Then the following weak convergence holds
1 & 1
— Y X;= (I -T)"" Nk()
n <

where N (t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(z,y) =
lim cov (f Yo ei(x), ﬁ Dy ei(y)>, where x,y € [0,1].

n—roo
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Proof of Theorem 8. The proof of Theorem 3 is analogous to that of Theorem 1, except that Theorem 4
given below is used in place of Theorem 2; therefore, we omit the details.

Theorem 4. [11] Let {£,(t), n € Z} be a strictly stationary centered sequences of random variables with
values in Ly[0,1], 2 < p < co. If for some a > 0

E‘El(t)|2 <oo, te [Oa 1]a

S o (27) < 00, pm(1) <1, m=1,2,..

n=1

Elei(t+h) —e ()P < f(h) for 0 < h < 1,0 <t < 1—h, for some function f(-) such that f(h) — 0 as
h—0.

Then the following weak convergence holds
Sult) = =3 i) = N 1)
n = —F i K
vn i=1

where Nk (t) is L,[0,1]-valued Gaussian random variable with mean zero and covariance function K(x,y)
lim cov (S, (), Sn(y)), where z,y € [0,1].

n—00

oo

In the following theorem, the case where the sequence of innovations is au,-mixing is considered.
Theorem 5. Let {X,,, n € Z} be an AR(1)-process and {€,,, n € Z} be an a,,-mizing strictly stationary

centered sequence of Ly-valued 1 < p < 2 random variables satisfying E H51||2 < 0o. Assume that the following

conditions hold for some § >0

Z (am(n))z’% <oo, m=12,..

n=1
Eley(t+h) — e ()] < f(h) for 0 < h < 1,0 <t <1—h, for some function f(-) such that f(h) — 0 as
h—0.
for allt €10,1]
Ele(®)* < oo,

2
. 1 <
nlgr;()E(\/ﬁ ;€Z(t)> > 0.

Then the following weak convergence holds
1 o _1
— Y Xi=(I-T)"" Ng(t)
VS

where Ng(t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(x,y) =

lim cov (ﬁ S ez, ﬁ S si(y)), where x,y € [0,1].

n—oo

Proof of Theorem 5. The proof of Theorem 5 is analogous to that of Theorem 1, except that Theorem 6
given below is used in place of Theorem 2; therefore, we omit the details.

Theorem 6. [11] Let {e,,(t), n € Z} be a strictly stationary centered sequences of random variables with
values in Ly[0,1], 1 < p <2 and for some § >0

ad o)
(am(n))¥ < oo, m=1,2,...

n=1

Eley(t+h) —ei ()™ < f(h) for 0 < h < 1,0 <t <1—h, for some function f(-) such that f(h) — 0 as
h —0.
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for all t €10,1]

Eler(t)** < o0,

lim ES%(t) > 0.

n— oo

Then the following weak convergence holds

sn@)zzvzlﬁigi@)=>ﬁn<@)
=1

where N (t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(z,y) =
lim cov (S, (), Sn(y)), where z,y € [0,1].

n—oo

10.

11.
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REZYUME

Ushbu magqolada L,[0,1] funksiyalar fazosida giymat qabul giluvchi birinchi tartibli avtoregressiv
jarayonlar o‘rganilgan. Innovatsiyalarga qo‘yilgan ikki kuchsiz bogliqlik shartlarida ushbu AR(1)
jarayonlar uchun markaziy limit teorema isbotlangan.

Kalit so‘zlar: Markaziy limit teorema, avtoregressiv jarayon, qorishmalilik sharti.
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PE3IOME

B mamnHoit pabore paccMaTpUBaIOTCS ABTOPErPECCHOHHBIE MTPOIECCHI MEPBOTO MOPSIIKA, TPUHUMATO-
IIHe 3HaYeHNs B QYHKINOHATILHOM IpocTpamcTse Ly[0, 1]. IIpn qByx npeamonoxkenusix o caaboii 3a-
BHCHMOCTH, HAJIOKEHHBIX HA MHHOBAIINHN, YCTAHABINBACTCS IIEHTPAJIbHAS MIpeJesIbHAsT TeopeMa JIJIst
stux AR(1)-mporeccos.

Karouesnte caosa: llentpasbias mpejiesibHas TeOpeMa, aBTOPErPECCUOHHBIN MTPOIECC, YCIOBHE Tie-
peMeImBaHUSI.
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