O‘zMU XABARLARI ANIQ FANLAR Ne2/2.1, 2025, 114-119

UDC 517.44

IKKINCHI TIP KLASSIK SOHALARDA LAPLAS ALMASHTIRISHI, TESKARI
LAPLAS ALMASHTIRISH FORMULASI VA TASVIR FUNKSIYANING
GOLOMORFLIGI HAQIDAGI TEOREMANING ANALOGI

RAJABOV SHOXRUX SHUXRAT O‘G‘LI
TOSHKENT DAVLAT TRANSPORT UNIVERSITETI, TOSHKENT, O‘ZBEKISTON
sh.sh.rajabov@gmail.com

ANNOTATSIYA:

Ushbu maqolada biz Operatsion hisobning asosiy tushunchalari tasvir va original funksiyalar
orasidagi bog‘lanishlarni, xususan ikkinchi tip klassik sohalar uchun Laplas almashtirishi, teskari
Laplas almashtirishi hamda muhim teoremalaridan biri bo‘lgan, ya’'ni matritsaviy tasvir funksiyaning
golomorfligi hagidagi teoremaning analogini quramiz. Buning uchun eng avvalo asosiy ta'’rif va
tushunchalarni kiritib olamiz. Ma’lumki klassik sohalar bir-biri bilan o‘zaro bigolomorf ekvivalent
munosabatga ega emas, shu sababli ularning har biri uchun kompleks analiz alohida-alohida quriladi.
Shuning uchun bu maqolada faqat simmetrik Ermit matritsalar sinfiga tegishli bo‘lgan ikkinchi
tip klassik sohalarda Laplas almashtirishining analoglarini olish bilan shug‘ullanamiz. Keyingi
ilmiy izlanishlarimizda birinchi tip to‘g‘ri to‘rtburchak matritsalar sinfiga tegishli va uchinchi
tip antisimmetrik matritsalar sinfiga tegishli matritsa-funksiyalar uchun Laplas almashtirishining
analoglarini olishga harakat qgilamiz.

Kalit so’zlar: bir jinsli soha, simmetrik soha, keltirilmaydigan soha, klassik soha, ikkinchi tip klassik
soha, matritsaviy original, matritsaviy tasvir, matritsa-funksiya, matritsa izi, Laplas almashtirishi,
tasvirning golomorfligi haqgidagi teorema, teskari Laplas almashtirish formulasi, matritsaviy o‘ng
yarim tekislik, Koshi integral formulasi, golomorf funksiya, originalning yagonaligi haqgidagi teorema.

Fransuz matematigi E. Kartan tomonidan 1935-yilda keltirilmaydigan, chegaralangan, simmetrik sohalar
sinflarining oltita tipi borligi ko‘rsatilgan [1]. Shu sinflardan dastlabki to‘rttasiga tegishli bo‘lgan sohalar klassik
sohalar deyiladi [2].

1-ta’rif. Agar D C C" sohaning avtomorfizmlar gruppasi tranzitiv, ya'ni ixtiyoriy z1, 2o € D uchun
¢ (z1) = 2o shartni qanoatlantiruvchi shunday ¢ € Aut (D) avtomorfizm mavjud bo‘lsa, u holda D C C" soha
bir jinsli soha deyiladi.

2-ta’rif. Agar bir jinsli D C C" sohadagi ixtiyoriy ( € D nuqtasi uchun quyidagi shartlarni
qanoatlantiruvchi shunday ¢ € Aut (D) avtomorfizm mavjud bo‘lsaki:

1) ¢ (¢) = ¢ tenglik o‘rinli bo‘lsin, biroq ¢ nuqgtadan fargli z € D nugtalar uchun ¢ (z) # z bo‘lsin;
2) poy =e, bu yerda e € Aut (D) ayniy akslantirish; u holda D C C" simmetrik soha deyiladi.

3-ta’rif. Agar D C C" sohani o‘lchami undan kichik chegaralangan simmetrik sohalarning to‘g‘ri
kopaytmasi ko‘rinishida tasvirlash mumkin bo‘lmasa, u holda D C C™ keltirilmaydigan soha deyiladi.

4-ta’rif. Agar chegaralangan D C C" sohaning avtomorfizmlar gruppasi tranzitiv bo‘lsa va Li gruppasi
tashkil gilsa u holda D C C" sohaga klassik soha deyiladi.

Quyida E. Kartan tasniflagan klassik sohalarni keltiramiz [2]:
Ry (m, k) = {Z eClm,k]: I™ — z27* > O},
Rrr (m) = {Z eClm,m]: I™ — 272 >0,vZ = Z} ,
Rrrr (m) = {Z eClm,m]: I'™ + 27 >0,Y2 = fz},

Ry (n) = {z eC": (2, 2)P =212 +1>0, |(z,2)] < 1},
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bu yerda I™) m-tartibli birlik matritsa, Z* matritsa esa matritsaning qo‘shmasi va transponirlanganidir (H
Ermit matritsasi uchun: H > 0 belgi uning musbat aniglangan matritsa ekanligini bildiradi, ya’ni uning barcha
xos sonlari musbat: det |\ — H| =0 = V\; > 0).

Bu sohalarning har biri markazi O (m-tartibli nol matritsa) nugtada bo‘lgan bir jinsli, simmetrik,
keltirilmaydigan, to‘la doiraviy qavariq sohalardir. Bu sohalar bir-birlari bilan o‘zaro bigolomorf ekvivalent
munosabat o‘ranatmaydi, shu sababli ularning har biri uchun kompleks analiz alohida quriladi.

Biz ushbu tadqgiqot ishimizni R;; (m) = {Z €Clm,m]: I'™ - ZZ >0,VZ = Z} ikkinchi tip klassik
sohalarda olib boramiz.

Bizga f : S, = S (A€ Sy CR[m xm]|f(A) = f(UAU’) € S,,) (bu yerda, S,,-haqiqly simmetrik
matritsalar sinfi, UU’ = I-ortogonal matritsalar) matritsa argumentli simmetrik matritsa-funksiya berilgan
bo‘lsin [4].

5-ta’rif. Quyidagi shartlarni qanoatlantiruvchi f (A) funksiyaga matritsaviy original deyiladi:

I. A< 0da f(A) =0 (bu yerda, A < 0 munosabatni A matritsaning har bir elementi 0 dan kichik deb
tushuniladi);

II. VA € S,,, uchun f (A) matritsa-funksiya haqiqiy matritsa argumentli matritsaviy o‘ng yarim tekislikdan
olingan T = {4 = (a;;) € R[m x m]: Va;; > 0} sohada uzluksiz yoki bo‘lakli uzluksiz (yami VX, € T :
XlLII)l(O f(X) = f(Xo) yoki ng (ng < m) —chekli sondagi I tur uzilish nuqgtalariga ega);

L. VA € S, uchun 3M > 0 va o > 0 sonlar topiladiki | f(A)| < M-e®4 tengsizlik o‘rinli bo‘ladi (bu yerda,
|f (A)| deb har bir elementi f (A) simmetrik matritsa-funksiya elementining moduliga teng deb tushuniladi).
Endi yuqorida berilgan 5-ta’rif asosida matritsaviy tasvirning ta’rifini keltiramiz.

6-ta’rif. f (A) matritsaviy originalning ikkinchi tip klassik sohada aniglangan matritsaviy tasviri deb,
Z =X +1iY (Z € %11 (m)) o‘zgaruvchining

F(Z) = L2 {f(A)} = / eSPEA) £ (4) dA (1)

A>0

integrali bilan aniglanadigan matritsa argumentli funksiyaga aytiladi. Bu yerda, A = (a;;) uchun dA = [] day;
i<j
kabi aniglanadi, Sp (ZA) = )" z;; - a;;— matritsa izi.
2]
1-izoh. (1) munosabatda Z = (1;;2;;) kabi aniglanadigan kompleks parametrik matritsa bo‘lib, matritsa
elementlarining old koeffitsientlari (1;; o‘zgarmas koeffitsientlar) quyidagicha aniglanadi [5]:

1 . .
R 2 Z#J
g {1, i=3j, @)

7-ta’rif. (1) formula orqali matritsaviy originaldan matritsaviy tasvirga o‘tishga ikkinchi tip klassik
sohada R;; (m) aniglangan Laplas almashtirishi deyiladi.

2-izoh. f (A) matritsaviy original bilan F' (Z) matritsaviy tasvir orasidagi moslik F'(Z) = f(A) yoki
f(A) < F(Z) kabi belgilanadi [10-12]. Bu yerda, “ = ” belgining yo‘nalishi umumiylikka zid kelmagan holda
har doim matritsaviy tasvirdan matritsaviy originalga tomon yo‘nalgan bo‘ladi. Shuningdek, Lz {f (4)} = F(2)
kabi belgilash munosabatidan ham foydalaniladi [4-5].

1-teorema (tasvirning golomorfligi haqidagi teorema). Agar f(A) matritsaviy original uchun (1) Laplas
almashtirish munosabati bilan aniqlangan F(Z) matritsaviy tasvir funksiya mavjud bo‘lsa: Lz {f (A)} = F(2),
u holda F(Z) funksiya matritsaviy o‘ng yarim tekislikdan ¥ = {Z € ;7 (m) : ReZ = X > X > 0} olingan Z
matritsa o‘zgaruvchining golomorf funksiyasi bo‘ladi.

Isbot. Faraz qilaylik VZ € T = {Z € R;; (m) : ReZ = X > X > 0} nugtada F (Z) funksiya (1) Laplas
almashtirishi yordamida aniglangan f (A) matritsaviy originalning tasvir funksiyasi berilgan bo‘lsin. Ya’ni
Lz{f(A)} = F(Z) bolsin.

Ma’lumki matritsaviy-eksponentsial eSP(—44) ham o‘z navbatida original funksiya tashkil gilib, u uchun
quyidagi baholash o‘rinli bo‘ladi:
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Fikserlangan Z € $;; (m) hamda VA € S,, C R [m x m] uchun 3C > 0 va § > 0 haqiqiy sonlar topiladiki,
o :=mino; > § (bu yerda o; = A; (Z) — Z matritsaning xos sonlari) son uchun

‘efsp(ZA)‘ <C- 67(67%)-81)(14). (3)

Ikkinchi tomondan f (A) matritsaviy original haqidagi 5-ta’rif III shartga ko‘ra VA € S,, C R[m X m] uchun
dM > 0 va § > 0 sonlar topiladiki

[f(A)] < M -5 (4)
baholash o‘rinli bo‘ladi. (3) va (4) baholashlarga ko‘ra:

FA) - e SPEN] < £ (A)] - C - e (78)Sp(A) <

M- e35p(A) . o= (0-8)5p(A) _ . —(0—a)-Sp(A)

)

bu yerda M - C = K.
Oxirgi hosil gilingan e

—(0=0)-5p(4) majorant funksiya integrali:

/ e~ (@7 JA < 400
A>0

yaginlashuvchi, bundan kelib chigadiki (1) integral absolyut va tekis yaqinlashuvchi ekan. Bu esa bizga (1)
integralni differensiallasak integral ostiga differensialni kiritish imkonini beradi:

0 0 _ J _
SF(Z) = o / e SPZA) £ (4)dA| = / eI [ (4)dA =
>0 A>0
- [aazsmzA):A] = / A-em PN £ (4) dA.
A>0

Demak, F(Z) tasvir funksiyadan VZ € YT = {Ze€Ri(m): ReZ=X > X, >0} nuqtada kompleks
analiz ma’nosida differensial mavjud. Z ixtiyoriy ekanligidan F (Z) matritsaviy tasvir funksiya T =
{Z e Ry (m): ReZ = X > Xy > 0} sohada golomorf bo‘ladi. Teorema isbotlandi.

2-teorema (teskari Laplas almashtirish formulasi). Agar ikkinchi tip klassik sohadan Rrr(m) =
{ZeClmxm]: I — 77 >0, VZ' = Z} olingan F(Z) matritsaviy tasvir funksiya

+oo

/|F(X+iY)|dY<+oo (6)
ixtiyoriy X > Xy > 0 uchun
“+o0
lim /|F(X+iY)|dY:O ™)
X—0

bo‘lib, Lz {f (A)} = F(Z) bo‘lsa, u holda f(A) differensiallanuvchi bo‘lgan har bir nuqtada

f(@zﬂ / eS”(ZA)F(Z)dZ (8)

) %m<m+1)
(2mi) Re Z>0

munosabat o‘rinli bo‘ladi. Quyidagicha belgilanadi: £~ (F(Z2)) = f (A).
3-izoh. Shuni ta’kidlashimiz lozimki, (8) integral munosabatda Z = (1;; z;;), 1:;; = 1 deb garalmoqda.

Isbot. Teorema shartiga ko‘ra Lz {f (A)} = F(Z), bundan kelib chiqadiki teskari Laplas almashtirish
munosabati uchun quyidagi munosabat o‘rinli bo‘lishi kerak:

LTHL{f(A)}) = LTHF(Z) = [(A) =L (F(2)). 9)
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(9) munosabatga ko‘ra:

f(A) =Lt (A / e IPZA) £ (A)dA | . (10)
>0

Yugorida isbot gilingan 1-teoremadan kelib chiqadiki F'(Z) matritsaviy tasvir funksiya ikkinchi tip
klassik sohada aniglangan matritsaviy o‘ng yarim tekislikda T = {Z € ;7 (m) : Re Z = X > X > 0} golomorf,
ikkinchi tomondan teorema shartlari (6) va (7) ga ko‘ra sohaning yopig‘ida T uzluksiz bo‘ladi. Yani F (Z) €
o(r)nc (Y) Bu esa bizga matritsa argumentli funksiyalar uchun Koshi integral formulasini qo‘llash imkonini

beradi: ) £(4) A
Sp(ZA) _ , agar A >0
~Tom(mr1) / € F(2)dz { O, agarA<O. (11)

(2 Re Z>0
Demak, (10) va (11) munosabatlardan kelib chiqadiki:

f(A):; / e PZAR(7)dZ. (12)

. %m(m+1)
(2m1) Re Z>0

m(m+1)

Agar (2) formulada Z = (7);; z;;) uchun n;; = 1 deb olsak, u holda (15) integralda 27 2  o‘zgarmas koeffitsient
hosil bo‘ladi. U holda quyidagi integral munosabatga ega bo‘lamiz:

Q%m(mfl)
fA) = —F—— / eSPZAR(Z2)dZ.

L Sm(m+1)
(2mi Re Z>0

Teorema isbotlandi.

4-izoh. Shuni ham ta’kidlash lozimki, £ ! (F(Z)) = f(A) munosabat bilan Lz {f(A)} = F(2)
munosabatlar o‘zaro teng kuchli munosabatlardir: Lz {f (4)} = F(Z) & LY (F(Z)) = f(A).

1-lemma. F(Z) € R;; (m) matritsaviy tasvir uchun quyidagi chiziglilik munosabatlari o‘rinli bo‘ladi:

I. agar ¢ = const va Lz {f (A)} = F(Z) bolsa, u holda

Lz{f(A)} =cF(Z), (13)
IL. agar Lz {f1(A)} = F1(Z) va Lz {f2(A)} = F»(Z) bo‘lsa, u holda
LzA{f1(A)+ f2(A)} = Fi(Z) + Fx(Z). (14)

Isbot. Lemmaning isboti bevosita integrallashda o‘zgarmasni integral belgisidan tashqariga chiqarish va
chiziqlilik xossalaridan kelib chigadi.

3-teorema (originalning yagonaligi hagidagi teorema). Agar F(Z) € R (m) matritsaviy tasvir funksiya
f1(4) va fo(A) matritsaviy orginallarning tasviri bo‘lsa, u holda bu originallar o‘zlarining barcha uzluksiz
nugtalarida ustma-ust tushadi. Ya’'ni f1(A) = f2(A) tenglik o‘rinli bo‘ladi.

Isbot. Teorema shartiga kora: Lz {f1 (A)} = F(Z) va Lz{f2(A)} = F(Z). Matritsaviy tasvir
funksiyaning chiziqglilik xossasidan foydalanib quyidagi munosabatni hosil gilamiz: Lz {f1 (A) — f2 (4)} =
F(Z) — F(Z) = 0. Bundan kelib chiqadiki f1(A) = f2(A). Teorema isbotlandi.
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Rezyume

In this article, we will consider the basic concepts of operational calculus, the connections between images
and original functions, in particular, the Laplace transform, the inverse Laplace transform, and one of its
important theorems, namely the theorem on the holomorphism of a matriz image function, for classical domains
of the second type. To do this, we first introduce the basic definitions and concepts. It is known that classical
domains do not have a biholomorphic equivalence relation with each other, therefore, a complex analysis is
constructed separately for each of them. Therefore, in this article, we will only deal with obtaining analogues of
the Laplace transform in classical domains of the second type, which belong to the class of symmetric Hermitian
matrices. In our further scientific research, we will try to obtain analogues of the Laplace transform for matrix-
functions belonging to the class of rectangular matrices of the first type and the class of antisymmetric matrices
of the third type.

Key words: homogeneous domain, symmetric domain, irreducible domain, classical domain, classical
domains of the second type, matrix original, matrix image, matrix function, matrix trace, Laplace transform,
holomorphic image theorem, inverse Laplace transform formula, right half-plane of a matrix, Cauchy integral
formula, holomorphic function, theorem on the uniqueness of the original image.
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B naHHO#1 cTarbe Mbl PACCMOTPUM OCHOBHBIE ITOHSITUSI OIEPAIMOHAJIBHOIO WCUMCJIEHUs, CBA3U MEXKILY
obpaszaMu U UCXOJIHBIMU (PYHKIIUSIMU, B YACTHOCTH, IIpeobpa3oBanue Jlamiaca, obparHoe mpeobpasoBanue Jla-
aca M OJIHY U3 €ro Ba)XXKHBIX T€OPEM, & UMEHHO MEOPEMY O 20A0MOPHUIME MAMPUYHOT PYHKUUU-06pa3a, JJTst
KJIACCUIECKUX 00JIacTIX BTOpOro Tuma. i 9Toro cHavaJsa BBEIEM OCHOBHBIE OMpEIecHUsT W MoHsATHdA. M3-
BECTHO, YTO KJIaCCHYeCKre 00JIaCTH He UMEIOT OMIOJI0MOPGHOIrO OTHOIIEHUS SKBUBAJIEHTHOCTH APYT C APYTOM,
[I03TOMY KOMILJIEKCHBIM aHAJIN3 CTPOMTCH OT/EJIBHO JIst Kaxkjaoro n3 Hux. CjieloBaTeIbHO, B JIAHHOW CTAThe
MbI OyJIeM pacCMaTpUBaTh TOJBKO IIOJy4eHHe aHaJoroB Ipeobpa3oBanus Jlamiaca B KJIaCCMYeCKUX O0JIACTSX
BTOPOI'O THUIIA, TPUHAJJIEXKAIINX KJIACCY CAIMMETPUYHBIX JPMUTOBBIX MATPUIl. B HaIUX JaJpHEHINNX HaYIHBIX
HCCJIEOBAHUSX MBI TIOITBITAEMCsI [TOJIY9UTh aHAJOTH peobpasoBanus Jlammaca [iist MATPUIHBIX (DYHKIIAN, TPU-
HaJTEXKAIMIX KJIACCY MPAMOYTOJIBHBIX MATPHUIL TIEPBOTO TUIA W KJIACCY AaHTHCHMMETPUIHBIX MATPHUI] TPETHETO
THIIA.

Karouesnie caosa: ogHOPOAHAS 007ACTh, CHMMETPUYIHAs 00JIaCTh, HEIPUBOANMAs O0JIACTh, KJIACCHIe-
ckasi 06J1aCThb, KJIACCHYECKUX 00JIACTSAX BTOPOrO THUIIA, MATPUYHBI OpPUIHMHAJ, MATPUYHBIA 00pas3, MaTpudHast
dyHKINdA, ciiesl MaTpuIlbl, mpeobpa3oanne Jlamaaca, Teopema o rosioMopdHOM 006pa3e, dpopMmyaa 06paTHOrO
npeobpaszoBanus Jlaraca, mpasast MOJIYILIOCKOCTh MaTPUIIbI, hopMmysia mHTerpasia Komu, rojomopdHast hyHK-
LIMsl, TeOpeMa O €IMHCTBEHHOCTH MCXOIHOIO M300DarKeHNUs.
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