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RESUME

This work is devoted to the study of geodesic mappings of surfaces of revolution. A mapping is
constructed that sends the geodesics of a given surface of revolution to the geodesics of another
surface of revolution, and it is proven that the constructed mapping is a geodesic mapping.
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1. Introduction

The theory of geodesic lines and geodesic mappings is interesting from an applied standpoint and for
modern research. This is because the motion of many types of mechanical systems, as well as bodies or particles
in gravitational and electromagnetic fields within a continuous medium, often occurs along trajectories that can
be regarded as geodesic lines in certain spaces of three or more dimensions. These spaces are defined by the
energy regimes under which the processes occur. On this basis, two spaces that admit a geodesic mapping onto
each other describe processes that proceed under equivalent external loads along the same "trajectories,"but
under different energy regimes. Consequently, one of these processes can be modeled using the other.

The geodesic mapping problem was first raised by Beltrami in 1865—though not in its full generality,
but specifically for the case in which a surface (a two-dimensional Riemannian manifold) is mapped onto the
Euclidean plane. His results may be viewed as an initial impetus for the later recognition and development
of Non-Euclidean Geometry, founded by Lobachevsky, Bolyai, and Gauss. Further research in this direction,
based on the methods of the Mikes school, has been carried out. In particular, the theory of geodesic
mappings of Riemannian and pseudo-Riemannian spaces, affine-connected spaces, and manifolds endowed with
additional geometric structures has been systematically developed [1]. Geodesic mappings of pseudosymmetric
spaces—classes of spaces more general than spaces of constant curvature and symmetric spaces—are studied
in [2]. In [3], some results concerning almost geodesic curves and geodesic mappings and transformations are
presented. It is proved that any mapping that sends all almost geodesic curves to almost geodesic curves is itself
geodesic. Since under geodesic mappings and transformations almost geodesic curves are also preserved, the
present work is devoted to the study of geodesic mappings of surfaces of revolution. A mapping is constructed
that sends the geodesics of a given surface of revolution to the geodesics of another surface of revolution, and
it is proven that the constructed mapping is a geodesic mapping.

The main objective is to analyze the properties and classify geodesic mappings, that is, mappings which
transform the geodesic lines of one surface into the geodesic lines of another. Surfaces of revolution and their
geodesic lines play an important role in differential geometry, mathematical physics, and related applied fields
such as the theory of relativity, optics, and cartography.

Let M and N be smooth manifolds of dimension n with affine connections.

Definition 1 [4]. A geodesic mapping [ of a manifold M onto N is a one-to-one correspondence between
their points such that every geodesic line of the manifold M is mapped to a geodesic line of the manifold N .

Let us consider these manifolds in a general coordinate system !, 22, ..., 2™ with respect to the mapping
f. Denote the components of the connection objects of the manifolds M and N at the corresponding points
Q(x) and Q(x) by I‘?j (z) and l:‘?j (z), assuming they are symmetric, and set

[h(x) = Tl(2) + Pli(z) (hi,j=12,....n) 1)
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where Pi}} is the deformation tensor.
Theorem [4]. For a mapping [ of an affine connection manifold M onto an affine connection manifold
N to be geodesic, it is necessary and sufficient that the connection deformation tensor P;} of the mapping f can

be represented in the form

h h h
Pij(m) = 7/’2’(5”)53' + ;(2)d;, (2)
where 6! are the Kronecker symbols, and v; is some covariant tensor. Conditions (2) are tensorial and therefore
invariant with respect to the choice of the common coordinate system x!,z2,...,z" for the mapping f. Based

on these conditions, equations (1) take the form

T () = Tfy(x) + i ()3 + 1 (2)3)" 3)

From (3), it is clear that the inverse mapping f~!, which is the inverse of the geodesic mapping f of
manifold M onto manifold N, is itself a geodesic mapping, and it corresponds to the tensor —1;, i.e.,

Tl (z) = Tl(x) — ¢i(2)6! — ;(x)o0.

Remark. When the covector v;(x) is identically zero, the geodesic mapping f is called trivial .

Example. Let the surface F' be the image of the surface F' under a homothety in three-dimensional
space, and let k be the homothety coeflicient. Then the metric tensors of the surfaces are related by g;; = kzigij.

Consequently, the Christoffel symbols coincide, f‘{j = F?j, and a geodesic £ on S is mapped to a geodesic £ on

S, where the parameters s on £ and 5 on £ are related by 5 = ks + const.
2. Preliminary notions and a proof of Theorem 1.

Having the ability to use the theory of geodesic mappings of Riemannian manifolds, we turn our attention
to a special type of Riemannian manifolds - surfaces of revolution.

Consider a surface of revolution F' with the parametric equation

7 (u,v) = {r(u) cosv, r(u)sinv, z(u)}. (4)

The first fundamental form of a surface of revolution is:
ds® = g11(u)du? + gao(u)dv? (5)
where g11(u) and go2(u) are non-zero functions, and
gr1(u) = r2(u) + 22(u) and  goo(u) = 72(u).
Consider a curve 7, lying on the surface of revolution F', given by the equation
7 (u) = {r(u) cosv(u), r(u)sinv(u), z(u)}.

Then the arc length of the curve - is:

s = t ’ V11 (w) + goa(u) (vy)? du.

Geodesics are curves that provide an extremum for the length functional and satisfy the Euler-Lagrange

equation|5, p.451]:
40 0N [t amw () =0
du Ov, Ov i) T 92\ g ) T

Since \/gu(u) + goo(u) (%)2 does not depend explicitly on v, we obtain:
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dv
922 g

g11 + g22 (%)2

=c, (6)

where ¢ is a constant. From (6) it follows:

dv(u) _ i V911 .
du V922 (g22 — ¢2) 7

=7 C L Uu.
v(u) =t / 922 (922 - 02) d (7)

Consider a paraboloid of revolution F' given by the equations

7 (u,v) = {Vucosv, Vusinv, u}.
The first fundamental form of the paraboloid of revolution F is:

1
ds® = (1 + ) du?® + u dv?.
4u

Using formula (7), we find the differential equation for the geodesic lines on the paraboloid of revolution:

) u—c? z Wu—c2+Vadu+1
V=g + arcsin (’(},(]_—’—402)> + 2cln < \/H_TCQ . (8)

For function (8), the point {u = ¢?,v = v} is a turning point. Function (8) can be considered as

describing one geodesic line that descends down the paraboloid, turns at the turning point, and then ascends
again, intersecting itself infinitely many times.

Let v(u) = {y/ucosv(u),/usinv(u),u} be a curve on the paraboloid of revolution, where u is some
parameter. Then the equation of the geodesic lines has the form:

aresd U — c2 49l 2Wu—c2+Viu+1
resin 4 [ ———— cln
u(1 + 4c?) V14 4c?

. u — c? +oel 2vVu — 2 4+ adu + 1
arcsin g | ————~ cln
u(l + 4c?) V1+4c2
Let us now consider the structure of the geodesic mapping f of the paraboloid of revolution F', and let
us denote the image of this paraboloid under this geodesic mapping by F. It is proven in works [6, 7] that the
images of surfaces of revolution under a geodesic mapping remain surfaces of revolution. Following from this,
we can find the first fundamental form of the surface of revolution F' of the form:

x = \/ucos (vO:I:

y = Vusin (vo +

Z = 1U.

(1+c?) (lji)du%r (1+)u
(1+w) 1+u

—2 \® Wiu— &+ VAT 1
U:vo—i—arcsin(uc)> +2cln< Vu— &t Viut )
U

ds* = dv?, (9)

(14 4c? V1+ 42

Expression (9) can be taken as the first fundamental form of a surface of revolution F with equations:

7 (u,v) = {F(u) cosv, 7(u) sinv, 2(u)}
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where u and v are the same parameters as v on the surface F. Where

(1+¢%) <1 + 41u)

(1+u)’

o (u) + 25 (u) =
(1 + 02) U

20 N
7 (u) = T

Considering that r(u,v(u)) = r(u) = {F(u) cosv(u), 7(u) sinv(u), Z(u)}, we obtain:

A+ cA)u
(U)— 1+'LL ’
1 /5 + 4u 54+ 4u
z =1 2 du=+/1 2121 4 2v1 —
zZ(u) =/ +C/2(1+u) T u u=+1+c nv5 + du+2vV1+u T u

The equations of the geodesic lines on the surface F' can be written in a similar way:

T =7(u)cosv(u) =4/ (ll—:_cu)u cosv(u),
)4 (1+)u

g =7(u)sinv(u) = Tra sinv(u),

F=Vit 2 {2ln\/5+4u+2\/1+u— Tfﬂ .

Since the function v(u) is the same for the surfaces of revolution F' and F, we can establish a geodesic mapping
between v(u) and 7 (u):

_ (14c2)
T =\ Tyzzry?

flu): Jy = lil;f;z Yy (10)
;= 1+02{21n(\/5+4z+2\/1+2)—\/51—:74; :

Using this mapping, we can find the parametric equation for the image of the paraboloid of revolution
F, i.e., the surface F'

[(1+c2)u (1+c)u .
7 (u,v) 1o s T S0 Vi+te

Taking into account the existence of a geodesic mapping between surfaces of revolution, the following theorem
holds:

5+ 4u
1+u

21n(\/5+4u+2\/1+u) —

Theorem 1. Mapping (10) is a non-trivial geodesic mapping which sends every geodesic on the paraboloid
of revolution F' to a geodesic on the surface of revolution F .

- Proof. To prove that the obtained mapping f is a non-trivial geodesic mapping of the surfaces F' and
F', we use the necessary and sufficient condition from namely:

Pl =T}y — Tl = i) + 567,

where f‘fj () and I‘Z(m) are the Christoffel symbols of the surfaces of revolution F' and F, respectively,
and have the following form:

For surface F:
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= 1 Su? +3u+1 - = — 2 = = =
I, =-2 My =T3 =0T} =——I%, =0T}, = ———— T3, =0.
" 2(u(1+4u)(1—|—u) e T T G I EE T R
For surface F:
11 2 1
My=--——I, =0} =0T}, =————; %, =0;I'}, = ———; T3, =0.
11 2u(1+u)a 12 21 )+ 22 1+4u1 11 - 12 2u(1+u)7 22

Let us find the components of the deformation tensor P;}:

Py =T = T1y = 107 + 6] = 2¢n;

Ply = Py = T1y — Tip = 4185 + 120] = bo;

Pyy = T3y = Ty = 1had; + 026, = 0;

P} =T% —TF, = 167 + 167 = 0;

Py = P5y = T3, — T3y = 1165 + 207 = ¢n;

Pgy = T35, — T3y = 1203 + 1265 = 2¢s.
From this it follows that

Y1 = 5(Ph() ~Th() = — 5t s = Tlau) - Thy(u) =0,

(u+1)’

According to [6, p. 297|, if M and M are Riemannian manifolds, then v; can also be computed by the
formula:

1 e ay_ 1 . A) — O _;A
i = — (%~ Th) = o=@ m(VA) - 9, n(VA)) = S

A )

s
where A = det(g;;) and A = det(gi;)-

In our case n = 2, and g;; and g;; are the coefficients of the first fundamental forms of the surfaces of
revolution F' and F, respectively. A = det(g;;) and

A = det(gi;);
- 14+c?)?(1+4 1+4
N Ckf i ) B RN Ch
4(1 4 u)? 4
For ¢ = 1:
= L9 |A+2)? 1
T 22+1)0 (IT+u3? |  2w+1)
And for i = 2:
1 1 2\2
o = gln( +¢) =0,
2(2+1) 0v (1+u)
since the determinants do not depend on the variable v.
Thus, by an independent method, we have obtained that ¢; = —m, 12 = 0, which coincides with

the values found earlier. The theorem is proven.
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REZYUME

Ushbu ish aylanma sirtlarining geodezik akslantirishlarini o‘rganishga bag‘ishlangan bo’lib,
berilgan aylanma sirtnining geodezik chiziglarini boshqa bir aylanma sirtning geodezik chiziqlariga
akslantiruvchi akslantirish qurilgan va qurilgan akslantirish geodezik akslantirish ekanligi
isbotlangan.

Kalit so‘zlar: geodezik akslantirish, aylanma sirtlar, Kristoffel simvollari, deformatsiya tenzori,
riman ko‘pxilliklari, aylanma paraboloid.

PE3IOME

Januas paboTa MOCBSIIEHA U3YIEHUIO Te0Ie3NIECKNX OTOOpaKeHnit moBepxHocTel Bparenus. [1o-
CTPOEHO OTOOPaXKEHHE, KOTOPOE IIEPEBOJIUT I'e0Ie3NUEeCKUe JIMHAU 38/ JaHHON [TOBEPXHOCTH BPAIICHUS
B reojie3ndecKre JIMHIN JIPYTOi TIOBEPXHOCTH BPAIIEHNs, U JIOKA3aHO, YTO IIOCTPOEHHOE 0TOOpaKeHne
SABJISIETCS T€OE3NIECKUM OTODPaYKEHUEM.

Karowusble caosa: reoe3nydeckoe 0TOOpakKeHne, MOBEPXHOCTU BpallleHust, cuMBoJIbl Kpucrodde-
Jisi, TeH30p jieOpPMAaIi, PUMAHOBBI MHOI000Pa3us, apaboIon ] BPAIIEHHSI.
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