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RESUME

In this article, we study a class of piecewise-continuous quadratic stochastic operators (QSOs) of
Volterra type defined on the two-dimensional simplex S2. The operator is defined by two Volterra
operators V; and V5 acting on disjoint subsets of the simplex. We describe the fixed points of
these operators for various parameter configurations and analyze the asymptotic behavior of their
trajectories. In particular, we prove that for specific parameter choices, the limit set of any interior
point of the simplex lies on the boundary, and in the symmetric case a = b = ¢ # 0, all trajectories
converge to the vertex (1,0,0).

Key words: Quadratic stochastic operator, Volterra operator, piecewise-continuous operator, fixed
points, limit set.

1. Introduction

Quadratic stochastic operators (QSOs) have been extensively studied in population genetics, evolutionary
dynamics, and mathematical biology, where they describe the evolution of probabilities of different species or
traits over discrete generations. Among QSOs, Volterra-type operators are particularly important due to their
structured interactions and biological interpretability. In [2], it is shown that the limit set of a dynamical system
generated by a Volterra operator is either a singleton or infinite.

In [6], the dynamical system of a discontinuous Volterra operator mapping S? was studied. Despite the
absence of periodic points for continuous quadratic stochastic operators of the Volterra type, in that article,
it was showed the existence of 3-periodic points for certain parameter values. Besides, the behaviour of the
dynamics of discontinuous Volterra operators is more different than the continuous ones(see [1,3-7]).

In this paper, we focus on a class of piecewise-continuous Volterra QSOs defined on the two-dimensional
simplex S2, where the operator switches between two Volterra forms V; and Vi depending on the relation
between coordinates y and z. This setup allows us to study a richer dynamical behavior compared to standard
continuous operators.

Our main goal is to characterize the fized points, limit sets, and asymptotic dynamics of these operators.
We provide a detailed analysis for various parameter configurations, including cases where only one parameter is
non-zero and the symmetric case a = b = ¢. Our results show that the dynamics is largely boundary-attracting,
with interior points converging to the simplex boundary or a specific vertex depending on the parameters. These
findings extend previous studies on Volterra QSOs and contribute to the understanding of piecewise dynamics
in stochastic systems.

2. Piecewise-continuous QSO Volterra on 52.

Let S™~! be the simplex:
m
St =Ix=(z1,...,%m) ER™:2; >0, sz =1}
i=1

The vertices of the simplex are x; = (1,0,...,0), xo = (0,1,0,...,0), ..., X, = (0,0,...,0,1). We denote the
interior of the simplex by

int S™! = {x = (1,29,...,2m) €S™ ia; >0foralli=1,2,...,m},
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and its boundary by
8Sm_1 _ Sm,—l \mt Sm—l-

Let V : Sm~1 — §™m~! be a mapping defined by
m
Vzy) = Z Pijrxix;, k=1,2,...,m,

ij=1
where P;; j, are hereditary coefficients satisfying

m

Pijr >0, Pyjr=Pir > Pyrx=1 ij=12...,m
k=1

Such a mapping V is called a Quadratic Stochastic Operator (QSO).
Recall that a QSO V : ™1 — §™m~1 s called Volterra if

Pi;r =0 whenever k ¢ {i,;}.
Consider the following sequence for an initial point (%) € §7~1
2O 20 =y (@©®), 2@ =v2eO) 20 =y

where V™ (z) is n-times composition of V' to itself. Last sequence is called a discrete dynamical system generated
by the operator V or the orbit(trajectory) of 2().

The set of limit points of the trajectory starting at x(9) is denoted by w(x(?)). One of the main problems
in discrete dynamical systems for a given operator V is to analyze the asymptotic behavior of the trajectory

2™ =vr(x©), n>1,

and, in particular, to characterize its limit points.
Define a QSO as follows:

_fx), y==z
Vix) = { Va(x), y<=z )
where x = (7,y,2) € S?, a,b,c € [0,1] and
' =xz(l —az+cy) ' =xz(l —ay+cz)
Vilx)=<¢ v =y(l—bz—cx) Va(x) =< v =y(l+bz+ ax)
' =2(1+4 ax + by) z'=2z(1 —by — cx).

If a® + b®> 4+ ¢ = 0, then the operator (1) is trivial. So we are not interested in this case. The operator is
discontinuous at the median of the triangle at the vertex x; in Fig.1.

3. Fixed points.
According to the definition of the operator V, the domain consists of two non-intersecting subsets of S2.
They are:
Hi={xe$ | x=(2,y.2), y==2}
Hy={xe S | x=(z,y,2), y<=z}

According to the definition of the operator V, the domain consists of two non-intersecting subsets of S2.
They are:

Hi={xeS& | x=(2,y,2), y>z}
Hy={x€S® | x=(x,4,2), y<zh

144



Acta NUUzZ EXACT SCIENCES Ne2/2.1, 2025, 143-150

X1 = (17070)

H, H,

x2 = (0,1,0) x3 = (0,0, 1)

Puc. 11: The sets of H; and Hs on the two-dimensional simplex

The point x is a periodic point of period p if VP(x) = x. The least positive p for which VP(x) = x is
called the prime period of x. If p = 1 then x is called a fized point of the operator. We denote the set of all fixed
points by Fix(V') and the set of all periodic points of (not necessarily prime) period p by Per, (V).

Let’s find fixed points. We need to solve the equation Vj(x) = x in H; and Va(x) = x in Hs. So the

following lemma holds.
Lemma 1. For the set of fized points, the following holds:

1) ifb-c#0, then Fix(V) = {1, 22, x3};

2) ifa=c=0,b#0, ora-b#0,c=0, then Fix(V) = {z = (,5,2) | y-2z=0};
3)ifb=0,a-c#0o0orb=a=0 and c#0, then Fix(V) ={x = (v,y,2) | 2 =0} U{m};
4) ifb=c=0,a#0, then Fix(V) = {z= (z,y,2) | «-y-z=0}.

Proof. Now we need to solve the equation V;(x) = x for x € Hj.

z(l—az+4cy)==x z(—az+cy) =0
y(l—bz—cx)=y =< ylbz+cx)=0
z(1+ax +by) = =z z(ax +by) =0

x = 0. Then byz = 0. If b # 0, then we have the solution x; = (0,1,0). If b = 0, then the solution
(0,y,1 — y) where % <y<l1.

e #0,y=0. Then az = 0. If a # 0, then we have the solution z; = (1,0,0). If @ = 0, then the solution
(2,0,1 — ) does not belong to Hj.

e £ #0,y#0, z=0.If c =0, then the solution is (z,1 — x,0), where 0 <z < 1.

Since a, b, ¢ € [0, 1], there is no solution to the equation V;(x) = x when xyz # 0. For the case Hs, the results
O

are proven as above.

4. The limit sets.
4.1 The case b=c=0and a #0. If b=c¢ =0 and a # 0, then the form of the operator (1) has

_ Vl,a(X), Yy>z
V= 2 )
and
' =z(l —az) ' =z(1 — ay)
‘/1,(1 = y/ =Y ‘/2,(1 == y/ = y(l + ax)
2/ =2(1+ ax) =z
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Lemma 2. There does not exist any A C int S? such that V,(A) C A.

Proof. Let us assume conversely, i.e., there exists A C int S? such that V,(A) C A. Since A C int S%, we can
find *,y*,2* € (0,1) such that x > z*, y > y*, and z > z* for all x = (x,y,2) € A(it is easy to see that
if we take the subset A with = > x*, then V,(x*) ¢ A, because (™) strictly decreasing). Since z(™) is strictly
decreasing int S%, we show there exists X = (Z,7,%) € A such that V,(X) ¢ A. Let T=2"+1 € Aforn > 1.
We show that there exists ng € N such that V(%) > z* for all n > ng.

*

1 1 x
* )1 — < =
(" + n)( amin{y,z}) < z* = 2~ —i— < 1fam1n{y,z}

. 1- arr.un{ﬂ,f}
~ ax*min{y,z}
If we take ng > —omin{lZ}l then x € A and V,(X) & A for all n > ny. O

ax* min{y,z}’

Lemma 3. Let V, be a QSO given by (2). Then for any x(© € S2, it holds w(x?) c 952.

Proof. Since V,(05%) C 9S? we consider where an initial point is in int S?. Let x(©) = (29, 40 »(0)) ¢
Hinint S%. According to the Lemma 2 there exists n; € N such that 4™ > 2" for all n < nq and (") > g1
y(") = const and z(™ < z("*D_ For n > ny there exists ny € N such that y(”) <z for all n; < n < ng and
() > gD () < 94D and 2 = const. For n > ny there exists ny € N such that ™ > 2(") for all
ng <n < ngand (M > () 4 () = const and 2™ < 2(**1D and so on. It should be noted that (") is always
decreasing. Let us consider the sequence

vp =min{y”, 2"} 20 <2M << D ) o cgneml) o pne)

Since v,, is increasing we obtain that w,, = m;;:;) =1- amin{y(”), z(”)} is decreasing. Then
(b . (m) 5 (m) (0)
_ m m n
0< ) IJ (1 amin{y }) (1 —az"™H™ (3)

We get the limit from the inequality (3)
2D
lim ——— = lim (1 —az®)" =0= lim (") = 0.

n—00 ;[;(0) n— 00 n— 00

Theorem 1. Let V, QSO defined by (2) and x(© = (0 4y 20y ¢ int 52
(i) If y© <% and 2 < 1 then w(x®) ={(0,1,1)};

1252
(ii) If y(o) > %, then w(x(o)) = {(07y(0)7 1— y(o))};

(iti) If 20 > L then w(x@) = {(0,1 — 20, 2(O)}.

Proof. (i) Let x(© = (20 40 ) ¢ §2 Nint $? and y(© < %7 20 < % y(™ 2" is an increasing sequence
1 and 2™ < 2D Besides they are

n)
bounded above. Then (™ and z(™ are convergent. If ™ and z(™ are convergent then ZZ’((”) is also convergent.

and bounded. So, it is convergent. For (™) and (™ we have y(™ < ¢

1
lim £~ = lim ——— = lim 1+ az™) = 1.

n—oo z(n) n—oo 1 + azx(™) n—00
Since y(™) + 2™ — 1 we obatain y(™ — 5 and z(") — %
(i) Let x(@ = (2, @ ) € 52 Nint $? and y© > L. Since y© > 1 we have V,(x()) =V} ,(x(™)
and y(") = ¢ = const for all n > 0. Then z(™ — 1 — 4 because z(™ + y(™ + 2(") =1 and (™) — 0.
(iii) This part is proved like (ii). O
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Remark 1. Ifa=c¢=0 and b # 0, i.e., consider a operator V,, then the operator (1) was studied in [/].
4.2 The case a =b=0 and ¢ # 0. If a = b =0 and ¢ # 0, then the form of the operator (1) has

v ={ i 13 g

and

8
|

(1 + cy) "=a(1+ c2)
y(1 — cx) Vo, = y
z z

~

!

_ /

Vl,c - Yy
P

IS
I

/!

(1 —cx).
Lemma 4. Let V.. be QSO given by (4). Then for any x© € S? it holds w(x(?)) C 9S2.

Proof. Tt is easy to see that if x(?) € 95?2 then w(x(?)) consists of the fixed point. So, let x(°) € int S2. Then
x(M < x(n+1) y(n) > 3+ and 2(") > z("+1) | Let us consider the continuous function ¢ : S — R given by

SO(X) =Yz, X= (m,y,z).

It is clear that if we take x(©) = (29, 4(©) 2(9) € §2 such that y(®) = 0 or 2(*) = 0 then p(x(?) = (V, (x(?))) =
0. And if 2(®) = 0 then this point x(¥) is a fixed point. If we take arbitrary x(© € intS? = (V,(x(?)) =
(1 — cx)p(x@). Since (1 — cz@) € (0,1) it holds p(V,(x(?)) < ¢(x(®). Thus, we have shown that ¢ is
Lyapunov function. Now we prove nlgr;o o(x(™) = 0 for any x(9) € intS?

Since ¢(x™)) < (V,(x~1) we obtain

(n) n-l
0< m = ]_:[O (1 - cz(m)) . (5)
n—1 "
Since z(™ is increasing we have H (1 —cx™) < (1— cx(0)> and the inequality (5) has the following
form = (™)

0< o) < (1 —cxO)m, (6)

Due to z(9) € (0,1) we get the limit from the inequality (6)

Jim :Z(();((Z)); = nlLrI;O(l =0 = nl;r& o(x™) =0.

From the last limit ((x) is Lyapunov function and it is proved that w(x(®) c 952, O

Theorem 2. Let a = b =0 and V. be QSO given by (4). Then for any x©) € int S? it holds w(x(?)) =
(1,0,0).

Proof. Let x(© = (2(),4©) 2(0)) ¢ int §? and y(© > 2(°). According to the operator (4) the sequences y(™ and
2(™ has the following forms

y ™y s s ymmh s ) — =g l) o (n2) s g (e l)
ni na—mni na—mnsz

2 20 = =yt = pm) s pel) S pe) = = (e l)
n1 nz2—ni n3—mnsg

In general, one can assume that %™ — 0 and z(™ — a (a > 0) as n — oco. Note that y(™2(") — 0. Since
2(m > 2(n+1) there is no ng € N such that z(™ > a for all n > ng. If we consider that y(™ — 0 then after
several iterations only V5 . acts at points in the trajectory. But, on the other hand y(") = const at these points.
It is contradiction to y(™) — 0 as n — co. Consequently, z(™ — 0. O
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4.3 The case a =0 and bec # 0. If a = 0 and be # 0, then the form of the operator (1) has

oo ={ g, 22

and
' =z(1+cy) z' =2z(1+c2)
Vl,bc = y/ = y(l — bz — Cl') ‘/Z,bc = y/ = y(l + bZ)
2 =201+ by) 2 = 21— by — ca).

Theorem 3. Let a = 0, be # 0 and Vi be QSO given by (7). Then for any x© € int S? it holds w(x(©)) =
(1,0,0). The theorem follows directly from the monotonicity of the sequence z("),

() v&™ (2q), =0 = (0.89,0.05, 0.06) (b) v{™ (20). = = (0.25,0.4,0.35) (c) v&™ (2g), 2o = (0.06,0.45, 0.49)

Puc. 12: The trajectories of the operator (1) with one non-zero parameter.

4.4 The case a =b=c #0.
If a = b= c#0, then the form of the operator (1) has

W ={ i 12 ©

and
t' = 2(1—p(z —y)) o' =z(1—ply —2))
Vip=1 ¥ =y(l-plx+2) Vap =23 ¥ =y(l+p(x+2))
2= 2(1+p(r+y)) 2 =z2(1-plx+y).

wherep=a=b=c>0.
Theorem 4. Let V,, be the quadratic stochastic operator defined in (8) and assumea=b=c=p € (0,1].
Then for every initial point (9 € intS?, w(z(®) = {(1,0,0)}.

Proof. Write x = (z,y,2) € S%. Under the hypothesis a = b = ¢ = p the two branches Vi, and Va,, of V,
combine into the following single useful identity for the first coordinate:
o =z(1+ply—2]),
so that
¥ —x=pzxly—=z| >0. (9)

Therefore the sequence (x,,) defined by x,,+1 = (V,(x(™)) is monotone nondecreasing. Because 0 < z,, < 1 it
has a limit
a:= lim =, € [0,1].

n— oo

Let s, :=yn + 2n = 1 — x,. From (9) we obtain the exact relation

Sn+1 = Sn — pxn|yn - Zn| (10)
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Since x,, — a, the telescoping/nonnegativity in (10) shows that s,, is monotone nonincreasing and converges to
1 — a. Moreover

Spn+1 — Sn = _pxnlyn - zn| — 0;

and because z,, — a, we deduce
a|yn — 20| =0 (n— 00). (11)

We now show a = 1. Suppose, to the contrary, that a < 1. Then s, = s, := 1 — a > 0. Combining this
with (11) yields |y, — 2| — 0. Hence y,, and z, converge to the same limit, say ¢, with 2¢ = s, > 0.

Examine the multiplicative factors for y and z in the two branches. If y,, > z, then

Yns1 = Un(1 = P20 — PTn),  Zn41 = 2a(1 4 DTn + PYn),

and if y, < z, the formulas are the analogous ones coming from V5 ,. In either case, taking limits along the
subsequence where the same branch applies (or passing to the limit of the factors directly, which is legitimate
because y,, — 2, — 0), we obtain that the multiplicative factor for y tends to

y = lim (1—pzn—pxn) =1-—pl— pa,
while the multiplicative factor for z tends to
F, := lim (1 + pxy, +pyn) =1+ pa + pl.
n—oo

If y, = ¢ >0 and z, — ¢ > 0 then both sequences (y,) and (z,) must have multiplicative factors tending to 1
(otherwise their limits could not be positive and finite). Thus we would require

l—pl—pa=1 and 1+4+pa+pl=1,

which immediately forces p(a + ¢) = 0 and p(a 4+ ¢) = 0 and hence a + ¢ = 0. But @ > 0 and ¢ > 0 give a
contradiction. Therefore our assumption a¢ < 1 is impossible, and so a = 1.

Consequently =, — 1 and s,, = 1 — x,, — 0, which implies y, — 0 and z, — 0. This proves that
x(") — 21 = (1,0,0) for every initial point with z(®) > 0. O
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REZYUME

Ushbu magqolada ikki o‘lchamli S? simpleksda aniqlangan bo‘lakli-uzluksiz Volterra tipidagi
kvadratik stoxastik operatorlar (KSO) sinfi o‘rganiladi. Operator simpleksning kesishmaydigan
to‘plamlarida aniglanuvchi ikkita Vi va V, Volterra operatorlari bilan ta’riflanadi. Turli
parametrlar giymatlari uchun ushbu operatorlarning qo‘zg‘almas nuqtalari tavsiflanadi va ularning
trayektoriyalarining assimptotik xarakterlari tahlil gilinadi. Xususan, ma’lum bir parametr
qiymatlarida simpleksning har qanday ichki nuqgtasi uchun trayektoriyaning limit nuqtalari to‘plami
simpleks chegarasida joylashishini va a = b = ¢ # 0 holatda barcha trajektoriyalar (1,0,0) girraga
yaqinlashishini isbotlaymiz.

Kalit so‘zlar: Kvadratik stoxastik operator, Volterra operatori, bo‘lakli-uzluksiz operator,
qo‘zg‘almas nuqtalar, limit nugtlar to‘plami.

PE3IOME

B nanHOil cTarhe m3ydaeTcs KacC KyCOYHO-HENPEPBIBHBIX KBAJIPATUIHBIX CTOXACTUIECKUX OIepa-
topos (KCO) Tuma Bosbreppa, onpeie éHHBIX Ha JAByMepHOM cumiuiekce S2. OmepaTop 3amaérces
nByMsi oriepatopamu Bosibreppa Vi u Vo, meficTByIOmMMH Ha HEMEPECEeKAIONMXCsl MOMHOKECTBAX
cumIiekca. Mbl OMMCHIBAEM HEMOBUKHBIE TOUKH ITUX OIMEPATOPOB JIJIsl PA3THIHBIX KOHMUTY ATt
apaMeTpoB U aHAJU3UPYEeM ACUMIITOTHYECKOE IOBeJIeHNe WX TpaeKTopuii. B yacTHOCTH, JOKA3BI-
BAETCsl, YTO JIJI OIPEe/IEHHBIX 3HAYEHMI [MapaMeTpoB MHOXKECTBO IIPEJEsIoB Jir000il BHYTpeHHEN
TOYKU CHAMILIEKCA JIE2KUT HA T'DAHUIE, & B CHMMETPUYIHOM ciydae a = b = ¢ # ( Bce TpaekTopuu
cxongred K Bepiuse (1,0,0).

Karouesnie caosa: KBagpaTndanbiil cTOXacTUIeCKHil omepaTop, omeparop Bosbreppa, KyCcOdHO-
HEIIPEPBIBHBIN OIIEpPaTOpP, HEIOABUKHBIE TOYKU, MHOYKECTBO IIPEJIEJIOB.
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