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FINITENESS OF EIGENVALUES FOR OPERATOR MATRICES ARISING IN QUANTUM MECHANICS
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ABSTRACT. In this paper, an operator matrix of order three corresponding to a lattice system
with a non-conserved number of particles not exceeding three, arising in quantum mechanics is
considered as a linear, bounded, and self-adjoint operator acting in a Hilbert space. The essential
spectrum of the considered third-order operator matrix is investigated. The two-particle and three-
particle branches of the essential spectrum are identified. It is proved that, for an arbitrary value of
the spectral parameter, the discrete spectrum of the operator matrix is finite.
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Introduction and statement of problem

Block operator matrices are matrices where the entries are linear operators between Banach or Hilbert
spaces [1]. An important subclass of such matrices is formed by Hamiltonians describing lattice systems in which
the number of quasi-particles is not conserved. Depending on the model, the number of quasi-particles may be
infinite, as in spin-boson models, or finite, as in so-called truncated spin-boson models. Block operator matrices
of this type naturally occur in various areas of theoretical physics, including solid-state physics [2], quantum
field theory [3], statistical physics [4], and quantum mechanics.

Currently, extensive research is being carried out on the essential spectrum of operator matrices and
on the problem of determining the number of their eigenvalues. In particular, special attention is paid to the
analysis of threshold phenomena for families of generalized Friedrichs models, to the description of the structure
of the essential spectrum of families of third-order operator matrices [5], and to the identification of conditions
under which the number of eigenvalues is finite or infinite [6, 7].

In this paper, a third-order operator matrix associated with a lattice system with a non-conserved number
of particles not exceeding three is studied for a linear, bounded, and self-adjoint operator acting in a Hilbert
space. It is proved that the discrete spectrum of this operator matrix is finite.

Let us state the problem.

Let T be the one-dimensional torus, Hy := C be the field of complex numbers, H; := Ly(T) be the
Hilbert space of square integrable (complex) functions defined on T and Hsy := L$(T?) be the Hilbert space
of square-integrable symmetric (complex) functions defined on T2. We denote by H the direct sum of Hg, Hi
and Ha, that is, H := Ho ® H1 ® Ha. The spaces Hg, H1 and Hs are called the zero-particle, one-particle and
two-particle subspaces of the bosonic Fock space JF,(L2(T)) over Lo(T), respectively, where

Fi(La(T)) := C & Lo(T) ® L(T?*) & LY(T*) & - - - .
Elements of the Hilbert space H are identified with ordered triples (fo, f1, f2). The inner product of the elements
f = (fo, f1, f2) and g = (go, g1, g2) of H is given by
(F0) = fo-mo+ [ f@ia@de+ [ pepm oy

In the Hilbert space H, we introduce an operator matrix A, of the form
Ao pAor 0

Ay = | pAS A pAn |, > 0.
0 ,UJATQ A22
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Throughout this paper we suppose that the matrix entries A;; : H; — Hs, © < 4, 4,5 = 0,1,2 are given by
Aoofo = afo, Aofi = /v(t)fl(t)dt;
T

(Anfi)la) = @) (Aaf)@) = [ flebi
(A2 f2)(z,y) = w(z,y) f2(x,y), fieHi i=0,1,2.

where a € R, the function v(-) is a real-valued continuous function on T and w(:,-) is defined by
w(z,y) =c(x) +e(x+y)+ely), elx):=1—cosz

We remark that the operators Ao, A2 and Af;, Aj, are called annihilation and creation operators
respectively [8]. A trivial verification shows

Afy i Ho = Ha,  (Agifo)(x) =v(x)fo, fo € Ho;

- fi(x) + f1y)

Aly i Hy — Ha,  (Afaf1)(z,y 5 . 1 €Ha.

Under these assumptions, the operator matrix A, is bounded and self-adjoint.
Essential spectrum of the operator matrix A4,

In this section, we introduce the basic concepts necessary to state the main results.

For any fixed ¢ > 0 and = € T, we define the function A, (z; -) in R\ [E}(z); E2(x)] by the following
condition

L 1—z—-1I,(z;2), z<Ei(x),
A“(:r,z).—{ 1—z4+1(x;2), 2> Ex(x)

u?

V(B —cosz—2)? —4dcos? L’

I(z;2):=

where the numbers Fj(x) and Es(x) are determined by

Eq(z) := minw(z,y) =3 — cosz — V2 + 2 cos z;

yeT
Ey(z) = ma%w(ac,y) =3 —cosz+V2+2cosz.
ye

Suppose that o, is the set of points z € R for which the equation A, (z; z) = 0 has a solution for at least
one point € T. Let us introduce the notation

S, =0,U[0; 3]

0(+), Oess(+) and ogisc(+) are denoted by the spectrum, the essential spectrum, and the discrete spectrum
of a bounded self-adjoint operator respectively.

The following theorem is about the elements of essential spectrum of the operator matrix A,,.

Theorem 1. The essential spectrum oess(A,) of the operator matriz A, coincides with the set ¥,,, i.e.,
Oess(Ap) = 2.

Theorem 1 is proved using the Weyl criterion [9], the characteristic property of the Faddeev equation,
and the analytic Fredholm theorem.

The sets o, and [0; %] are called two-particle and three-particle branches of the essential spectrum of the
operator matrix A,,.

Finiteness of the number of eigenvalues of A,
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Following the classical definition introduced by Glazman [10], for any A € R and a bounded self-adjoint
operator A acting in a Hilbert space H, we define the number n(A, A) as

n(AA) = sup{dimF : (Au,u) > N\, ue F C H, |ul| = 1}.

The quantity n(\, A) is infinite whenever A < max oegs(A).

If, on the other hand, n(\, A) is finite, then it coincides with the number of eigenvalues of the operator
A that are greater than A, counted according to their multiplicities.

Let Tmin(A,) and Tmax(A,) denote the lower and upper bounds of the essential spectrum oegs(A,,) of the
operator matrix A,,, respectively, that is,

Tmin (-Au) = min Uess(-Au)a Tmax(-Au,) ‘= IMaX Oegg (Au)
By the definition of the quantity N4 ) (A,), we have
N(foo, z) (Au) = ’I’L(—Z, _Au)v z < Tmin(Au)7

and
Nz, ooy (Ap) = n(z, Ay), Z > Tmax (Ay).

Note that for any z € T and 2z < Tmin(Ay) (resp. 2 > Tmax(A,)), the function A, (x; 2) (resp. —A,(z;2))
is positive and, therefore, admits a positive square root.

In the study of the discrete spectrum of the operator matrix A,, a fundamental role is played by the
compact operator T,(z), z € R\ [Tmin(Au); Tmax(A,)], acting in the space Ho & H1 and given by

) foo(u,z) 7})1(#72)
Tu(2) : <T3‘1(u,z) T11(N»Z)>.

where the matrix entries ﬁj(p, z):MH; = Hi, i < g, 4,5 =0,1, are defined as follows.
For z < Tyin(Ay),

Too(p, 2)0 = (1 + 2 — a)po, To1(p, 2) o1 = *H/T W;
(T 1 2)0) () = —%

_ I / pi(t)dt
2/ ALz, 2) J1 /AL 2) (w(z, t) — 2)

(Tia (1, 2)1) (@) . g €M, i=0,1.

For z > Tiax(Au),

Too(p, 2)00 = (1 + 2z — a)o, (Tor (1, 2) 1) (z) = —M/T %;
(T, (1 2) p0) () = —%;

_ w? / p1(t) dt
2v/=Au(x,2) JT /AL 2) (w(z,t) — 2)

The following lemma presents a modification of the well-known Birman-Schwinger principle for the
operator matrix A, (see. [11, 12]).

(T (1, 2)1) () = . i €M i=0,1.

Lemma 1. For all z € R\ [Tmin(Apu)s Tmax(Ay)], the operator fu(z) is compact and continuous with
respect to z, and the following equalities hold:

N(—oo,z)(A,u) = n(17 fu(z))a for  z< Tmin(‘AlL)v
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Nz, o0y (Ap) = n(l7 f#(z))7 for 2> Tmax(Ap).

Since Tmin(Ay) € 0,1, (Tmax(Ay) € 0,,), there exists a point 21 € T («} € T) such that
A (215 Tmin(Ap)) =0 (Au (2 Tmax (Ay)) = 0).

Since Tmin(A,) < 0, the function A, (- ; Tmin(Ay)) is regular on T. Therefore, the number of zeros of this
function is finite.

Let
{x e T: Au(z; Tmin(AL)) =0} = {21, ..., 20},
and let k; denote the multiplicity of the zero z; for j € {1,...,n}.

Since Tmax(Ay) > %, the function A, (-; Tmax(Ay)) is regular on T. Hence, the number of zeros of this
function is finite.

Let
{x € T: A(x; Tmax(Ay)) =0} = {2f, ..., 2, },

and let £, denote the multiplicity of the zero z’, for j' € {1,...,m}.
Since Tmin(A,) < 0, it follows that the difference
’LU(J?, y) -

is positive for all ,y € T and z < Tmin(A,). Hence, for all z < 7,0 (A,,) the function

(w(.7 ) = Z)

is analytic on T?. Therefore, there exists a number § > 0 such that for any i,j € {1,...,n} and 2 < Tyin(A,)
the following representations hold.

For any z € T and y € Us(x;),

-1

2 Lki/2]

H _ . k Lki/2]+17(1) /.
= E a; (z32) (y — )" + (y — 1) b (z52,9). (1)
2(w(x7y) - Z) k=0 F

For any y € T and z € Us(z;),

i/2
2((96; i_/oj (= 2)" + (& = 2) B2 (20, ). 2)
For any (z,y) € Us(x;) x Us(z;),
G Lkz/:?“kz/:zjd )z — 2:)*(y — x;)"
2w(e,y) —2) [z = l ’

Lki/2] 00
+ S A E) @ -y )

k=0 r=|k;/2]+1

oo Lkj/2]

+ > > Ay @ e y —ay)

k=|k:/2]+1 r=0
(@ — ) W2y — ) P2 g5z, ), 3)
where |m| denotes the integer part of m. For any z < 7yin(.A,,), the numbers dl(.;w) (z) are some real coefficients,

the functions az(.,(:)(z; ), a=1,2, bgl)( ) b(z)( z;+,+), and ¢;;(%; -, ) are analytic functions on T, T x Us(x;),

Us(xz;) x T, and Us(z;) x Us(x;), respectlvely
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The case z > Tmax(.A”) can be treated analogously.

Lemma 2. Let j € {1,...,n} and j' € {1,...,m}. Then there exist constants C1,Ca > 0 and 6 > 0 such
that for all x € Us(x;) and = € Ug( /) the followmg estimates hold:

& — ;| ka2

A (x Z) S Cla z S Tmin(Au)a (4)
plLy
| —x’ |U€ /2141
—A (:E Z) < 02, z Z Tmax(A/L)- (5)
plly

The proof of this lemma is analogous to the proofs of the corresponding lemmas in [7, 13].

Lemma 3. Then, for every z € R\ [Tmin(Au), Tmax(Ay)], the operator f#(z) admits the representation
Tu(2) =TV (2) + TP (2),

where the operator-valued function 1’:}50)(.) is continuous in the operator norm on the intervals (—o0, Tmin(Ay)]
and [Tmax(Ap), +00), and for all z € R\ [Tmin(AL), Tmax(Ay)] the operator ﬁ(tl)(z) is finite-dimensional and
does not depend on z.

Proof. Assume that z < Tmin(A,). Since the operators Too(p, 2), Tor(p, z), and Ty (i, z) are one-
dimensional and independent of z, it suffices to analyze the operator fn(lb z).

Let Ti1(j, z) denote the kernel of the integral operator Ty (y, 2)

12

A 2) (wiz,y) — 2) V/Au(y; )

T (s 252, y) ==

In this case, Tmin(Ay) < 0, and by using representations (1)—(4) we obtain

Tll(M? Z) = Tlol (/~L7 Z) + T111 (/~La Z)v

where the kernels T, (y; z; 2, y) and T3 (j1; 2; @, y) of the integral operators T, (11, z) and T} (1, z), respectively,
are given by

T2 (s 252, y) == (1 — xv, () (1 — xvs (y>>ﬁl< 2,y)
1 _ lki/2]+1
Xva Z XV(; ) Bfl)(z;l‘,y)
Az 2) Au

1= xv; (4) o= xv; (2) (2 — 2)Fe/20 41

Ay 2) = VAL(z; 2)

D (= @) Ri/20H (g — R /2041
+xvs ()X, () D ( ) vz

i,j=1 \/Au(x? z) \/Au(lﬁ 2)

+ BP (z;2,y)

Qij(z§ z,y);
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0 xn@w® K5 e
Tn(MZ z,y) = NZWC: 6) VA 6(y. 2) Z (y — )" azy, (23 2)
A <) =1 k=0
(@)1~ xv4(y) SRR @),
+ \/A ZL' Z \/A ; part ( 1) ( y)
)y SRR . \
BV RN AT R ;2 @ —a) )
Lki/2] )
+ S A e ) (v - o)

oo Lk;/2]
+ > D dEE ) v —w)),
k=|k;/2]+1 =0
where Vs :=JI"; Us(z;), xa(:) is the characteristic function of the set Q C T.
(1) bgl)(z;xay)v (SL’, y) €T x U(S(xi);
B (z2,y) =
07 (Iay) ¢TX U(S(I’i)a

B (z:.y) = {b§2><z;x,y>, (2.9) € Us(w:) x T.
0, (.’L‘,y) ¢ U5(xl) x T
oy JaisEe ) (y) € Us) x Us(z;),
Gl {o, (2,9) ¢ Us(w:) x Us(x;).

Applying Lemma 2, we obtain that the function Tlol (w; z; -, +) is square-integrable on T? for z < Temin (Ap)
and converges almost everywhere to flol(,u/;Trnin(Au);'a') as z — Tmin(Ay) — 0. Then by the Lebesgue
dominated convergence theorem the operator flol(y,z) converges in the operator-norm to T 2 (1 Tnin (AL))
as 2 = Tmin(Ayu) — 0.

The finite-dimensionality of the operator 7. & (14, Tmin(A,)) follows directly from the definition of the
function T (113 2; 2, ).

TO(2) = (8 @I&,ZQ, T (z) = (TOO( % f‘“(“’z)).

Setting

Ty (p,2)  Th(p, 2)

The case z > Tax(A,) can be proved analogously. a

Theorem 2. For any p > 0, the operator A, has only a finite number of eigenvalues lying to the left of
Tmin (Ay) and to the right of Tmax(Au)-
Proof. Using Weyl’s inequality, we obtain

n(1,Th(2)) < n(g,igo)(z)) n n(%,iﬁl)(z))

for all z < Tmin(Ay).

According to Lemma 3, the operator f,(to)(rmin(AM)) is compact and, consequently,
n(5 70 (uin (A) ) < o0,
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and moreover,
n(%7féo)(z) — ji(to)(Tmin(AM)) =0 as 2= Tmin(Ay) = 0.

Since the operator f,gl)(z) is finite-dimensional and the dimension of its range does not depend on z,
% < Tmin(Ay), there exists a constant C' > 0 such that for all z < 7,in(A,,) the inequality

n(%,fﬁl)(z)) <C< o0

holds. Therefore, by inequality (6), we conclude that the number

is finite for all z < Tin(AL).
Now, Lemma 1 implies that

NCoo, ) (Ap) =n(1,Ty(2)), for 2z < Tmin(Ay),
and hence

lim N(*OO,Z)(AH) = N(*OO,Tmin(A,L))(AM)

Z—>Tmin(v4u)
< (5, T80 (min(40))) + 75 T (Tin(4,) ) < o0

This proves that the operator A, has only a finite number of eigenvalues lying to the left of 7yin(Ay).
The case z > Tiax(A,) can be treated analogously. a
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