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Abstract. The paper establishes a non-uniform bound on the remainder term in the central limit
theorem for sum of functions of disjoint uniform k-spacings, where the step size k may increase
together with the sample size.
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Introduction

Let U1, U2, . . . , Un−1 be an ordered sample of size n − 1 from a uniform [0, 1] distribution, U0 = 0,
Un = 1, G

(k)
i = Uik − U(i−1)k, i = 1, 2, . . . , N ′, G

(k)
N+1 = 1 − UN ′k their k-spacings, where N ′ = bn/kc

is the integer part of n/k. Let N = N ′ if n/k is an integer and N = N ′ + 1 otherwise, and let fm(u),
m = 1, 2, . . . , N be a set of measurable functions. We consider the statistics of the type

Rn(G) =

N∑
m=1

fm

(
nG(k)

m

)
, (1)

where k = k(n) may increase to infinity jointly with n.
Obviously, all these random variables (r.v.s) depend on the sample size n. However, we omit here and

below the corresponding suffix for notational simplicity.
Statistics of the type (1) are of great interest in several contexts, including hypothesis testing and

reliability, circular data analysis where they play a pivotal role because they provide a maximal invariant
under the rotation group, and spacings-based parameter estimation, just to name a few applications. There is
a huge literature devoted to such statistics and their use; see [5], [3] and references therein. Given that these
spacings are highly dependent random quantities with a Dirichlet distribution in finite samples, large-sample
theory is the main avenue for studying such statistics.

Statistics of the form Rn(G), which represent sums of functions of disjoint uniform k-spacings, are also
employed in applied tasks such as testing for dispersive ordering and addressing problems related to random
coverage of the circle. This is particularly significant when k increases with the sample size n, as it enables the
construction of goodness-of-fit tests based on statistics of this type to verify hypotheses about the form of the
distribution, discriminating alternatives at distances (nk)−1/4 that can be arbitrarily close to n−1/2 (see [3]).

In [2] a bound of the Berry-Esseen type was obtained, whereas in [6] a non-uniform bound on the remainder
term is established in the case k = 1.

In this work we obtain a non-uniform estimate that holds for arbitrary integer k = k(n), including the
case when k increases together with the sample size n. Thus our result extends results of [2] and [6].

Most common and well-known examples of spacings tests of the form (1) are the so-called Greenwood
statistic G2

N =
∑N
m=1(nG

(k)
m − k)2 and the Log-spacings statistic MN =

∑N
m=1 log(nG

(k)
m ).

The main results of the present paper are given in Results. The proof of the assertions of Results is
presented in Proofs.

In what follows, C,Ci are positive constants and Dk
t is the k-th order derivative.

Results
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We suppose that the moments used below exist. Set G = (G1, . . . , GN ), where Gi = G
(1)
i , i = 1, 2, . . . , n,

and let Y1, Y2, . . . be independent standard exponentially distributed r.v.s, Y = (Y1, . . . , Yn), Sn = Y1 + · · ·+
Yn. Then L(nG) = L(Y/Sn = n), where L(X) denotes the distribution of the random vector X. Put

Zm,k = Y(m−1)k+1 + · · ·+ Ymk

where m = 1, 2, . . . , N ′,
ZN,k = ZN ′+1,k = YN ′k+1 + · · ·+ Yn

if n/k is not an integer, and ZN,k = 0 otherwise; SN,k = Z1,k + · · ·+ ZN,k;

Rn(Z) =

N∑
m=1

fm(Zm,k); ρ = corr(RN (Z), SN,k);

gm(u) = fm(u)− Efm(Zm,k)− (u− k)ρ
√

VarRN (Z)/Nk

TN (G) =

N∑
m=1

gm(nG(k)
m ), TN (Z) =

N∑
m=1

gm(Zm,k).

Note that σ2
N = VarTN (Z) = (1− ρ2) VarRN (Z) and

ETN (Z) = 0, cov(TN (Z), SN,k) = 0. (2)

From the definition of σ2
N , it follows that σ2

N = 0 if and only if fm(u) = Cu + bm, m = 1, 2, . . . , N ,
where constants bm are arbitrary and C does not depend on m for all m = 1, . . . , N . We suppose that σ2

N > 0
for all N = 1, 2, . . ..

Put ḡm = gm(Zm,k)/σN , Z̄m,k = (Zm,k − k)/
√
Nk

βjN =

N∑
m=1

E|ḡm|j , PN (x) = P [TN (G) < xσN ], Φ(x) =
1√
2π

∫ x

−∞
exp

{
− t

2

2

}
dt. (3)

Theorem. There is a constant C(s) > 0 such that for arbitrary integer s > 2 and n > s+ 1

∆N (x) = |PN (x)− Φ(x)| ≤ C(s)

1 + |x|s−2
(β3N + βsN ) .

For the Greenwood statistic fm(u) = (u− k)2 we have σ2
N = 2Nk(k + 1).

Corollary 1. Applying the theorem for s = 4, a positive constant C > 0 exists such that, whenever
n > 5, ∣∣∣∣P (G2

N − EG2
N

σN
< x

)
− Φ(x)

∣∣∣∣ ≤ C

1 + |x|2

(
15k3 + 222k2 + 579k + 372

Nk(k + 1)2

)1/2

For the Log-spacings statistic fm(u) = log u we have σ2
N = N(ζ(2, k)− k−1).

Corollary 2. From the theorem with s = 4, there is some C > 0 ensuring that for n > 5,∣∣∣∣P (MN − EMN

σN
< x

)
− Φ(x)

∣∣∣∣ ≤ C

1 + |x|2

(
3k−2 − 2k−3 − 6k−1ζ(2, k) + 3ζ2(2, k) + 6ζ(4, k)

N(ζ(2, k)− k−1)2

)1/2

The assertions in the corollaries can be obtained using the well-known inequality β3,N ≤ β
1/2
4,N and by

direct calculation of β4,N for the corresponding statistics, which were computed in [3].

Proofs

56



Acta NUUz Exact sciences №2/1, 2026, 55-60

For simplicity of computations, we suppose that n/k is an integer; the case when n/k is not an integer
needs only quite clear additional computations.

Set ϕN (t) = E exp {itTN (G)/σN}. By Corollary 11.5 and Lemma 11.6 of [1] one has for arbitrary T > 0

(1 + |x|s−2)∆N (x) ≤ C0 max
0≤k≤s

∫
|t|≤T

∣∣∣∣Dk
t (ϕN (t)− exp

{
− t

2

2

}∣∣∣∣ dt+
C1

T
(4)

where Dk
t denote k-th derivation. Denote

ψm(t, τ) = E exp
{
itḡm + iτ Z̄m,k

}
, ΨN (t, τ) =

N∏
m=1

ψm(t, τ)

By equality (4) of [2] we have

ϕN (t) =
1

2π
√
npn(n)

∫ ∞
−∞

ΨN (t, τ)dτ. (5)

Set

A(t, τ) = {(t, τ) : |t| ≤ C4β
−1
3N , τ ∈ (−∞,∞)}

A1(t, τ) =
{

(t, τ) : |t| ≤ β−1/s
sN , |τ | ≤ N (s−2)/2s

}
,

A2(t, τ) =

{
(t, τ) : |t| ≤ C4β

−1
3N , |τ | ≤

1

6

√
N

}
,

A3(t, τ) =

{
(t, τ) : |t| ≤ C4β

−1
3N , |τ | >

1

6

√
N

}
,

We need to choose C4 sufficiently small for (16) to hold.
Using representation (5) for ϕN (t) and taking into account inequality (4), we have

Jk :=

∫
|t|≤β−1

3N

|Dk
t (ϕN (t)− exp{−t2/2})| dt

≤ 1

2πpn(n)

[ ∫∫
A1(t,τ)

|Dk
t (ΨN (t, τ)− exp{−(t2 + τ2)/2})| dt dτ

+

∫∫
A2(t,τ)−A1(t,τ)

|Dk
t ΨN (t, τ)| dt dτ +

∫∫
A3(t,τ)

|Dk
t ΨN (t, τ)| dt dτ

+

∫∫
A(t,τ)−A1(t,τ)

|t|k exp{−(t2 + τ2)/2} dt dτ
]

+
1√
2π

∣∣∣∣∣ 1√
2πpn(n)

− 1

∣∣∣∣∣
∫∫

A(t,τ)

|t|k exp{−(t2 + τ2)/2} dt dτ. (6)

Let the symbols J1k, J2k, J3k, J4k be summands in the brackets, correspondingly, and J5k be the outside
of the summand bracket on the right hand side of (6).

Lemma 1. 1. If (t, τ) ∈ A1(t, τ) then for each k : 0 ≤ k ≤ s there is a constant C6(s, k) such that

|Dk
t (ΨN (t, τ)− exp{−(t2 + τ2)/2})| ≤ C6(s, k) (β3N + βsN )(

1 + |t|3(s−2)+k + |τ |3(s−2)+k
)

exp{−(t2 + τ2)/4}.

2. If (t, τ) ∈ A2(t, τ), then for k = 0, 1, . . . , s

|Dk
t ΨN (t, τ)| ≤ (t2 + τ2)k exp{−(t2 + τ2)/4}.
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Proof. Let Pr(t, τ), r = 1, 2, . . . be a well-known polynomials on the theory of asymptotical expansion of
a characteristic functions of a sum of independent r.v.s. (see, [1], the functions P̃r(iBt, {χν}), p.52, 82). From
Theorem 9.11 ([1]) and properties (2) it follows that there is constant C7(s, k) such that for each k : 0 ≤ k ≤ s, . . .
and (t, τ) ∈ A1(t, τ) the inequality

∣∣∣∣∣Dk
t

(
ΨN (t, τ)− exp

{
− t

2 + τ2

2

}(
1 +

s−3∑
r=1

Pr(t, τ)

Nr/2

))∣∣∣∣∣
≤ C7(s, k)

(
βsN +N−(s−2)/2

)(
1 + (t2 + τ2)3(s−2)+k

)
exp{−(t2 + τ2)/4} (7)

holds true. A same reasoning as in proof Lemma 9.5 ([1], p.71) give us that

|N−r/2Pr(t, τ)| ≤ C8(r)(βr+2,N +N−r/2)(1 + (t2 + τ2)3r−k) (8)

The inequalities (7) and (8) and βkN ≤ β3N + βsN , 3 ≤ k ≤ s, implies part 1 of Lemma 1.
Put Qr = (q1, . . . , qr) is an r subset of the set L = (1, . . . , N), r ≥ 0, Q0 = ∅, and (Qr) is collection of all

Qr. It is easy to see that

|Dk
t ΨN (t, τ)| ≤

k∑
r=0

C(r, k)
∑
(Qr)

∏
i∈L−Qr

|ΨiN (t, τ)|
∏
q∈Qr

|Dγq
t ΨqN (t, τ)|, (9)

where γq1 , . . . , γqr are non negative integers such that γq1 + · · ·+ γqr = k. We have

|ψm(t, τ)|2 ≤ 1− E(tḡm + τZ̄m,k)2 +
2

3
E|tḡm + τZ̄m,k|3

≤ exp{−E(tḡm + τZ̄m,k)2 +
2

3
E|tḡm + τZ̄m,k|3}. (10)

Thereto, using inequality between moments of r.v.s, we get

exp

{
E(tḡm + τZ̄m,k)2 − 2

3
E|tḡm + τZ̄m,k|3

}
≤ e1/3

since maxy≥0(y2 − 2
3y

3) ≤ 1
3 . Hence, recollecting (3) and that |a+ b|3 ≤ 4(|a|3 + |b|3), we obtain∏

i∈L−Qr

|ψi(t, τ)| ≤ er/3 exp{−(t2 + τ2)/4}. (11)

Obviously
|Dtψm(t, τ)| ≤ E|ḡm|, (12)

and
|Dk

t ψm(t, τ)| ≤ E|ḡm|k ≤ Eḡ2
m + E|ḡm|s (13)

Putting dm = max{E|ḡm|, Eḡ2
m + E|ḡm|s} we get

∑
(Qr)

∏
q∈Qr

|Dγq
t ψq(t, τ)| ≤

(
N∑
m=1

dm

)r
≤ C(s) max(1, |t|+ |τ |)r, (14)

The second part of Lemma 1 follows from (9), (11), and (14).
Using Lemma 1 we find that

|J1k + J2k| ≤ C(s)(βsN +N−(s−2)/2) ≤ C(s)(β3N + βsN ), (15)

since, from the definition in (3), one has the lower bound N−(s−2)/2 ≤ βsN .
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With the aid of the inequality x < exp(x− 1) we have for any m = 1, . . . , N and (t, τ) ∈ A3(t, τ)

|ψm(t, τ)| =
∣∣E exp{iτ Z̄m,k}(exp{itḡm} − 1)

∣∣ ≤ ∣∣E exp{iτ Z̄m,k}
∣∣

+ |t|E|ḡm| ≤ exp
{
−
(
1−

∣∣E exp{iτ Z̄m,k}
∣∣)+ |t|E|ḡm|

}
≤ exp {−2C0 + |t|E|ḡm|} (16)

because
∣∣E exp{iτ Z̄m,k}

∣∣ =
(
1 + τ2/(N)

)−k/2 and |τ | > 1
6

√
N . Using (12), and that |Dtψm(t, τ)| ≤ E|ḡm| we

get

∑
(Qr)

 ∏
q∈Qr

|Dγq
t ψq(t, τ)|

 ≤ ( N∑
m=1

(
E|ḡm|+ Eḡ2

m + E|ḡm|s
))r
≤ C(r)Nr/2. (17)

From (9), (16), (17) and (6) we have

J3k ≤ C(k)N (k+1)/2 exp{−C0N} (18)

because N > s+ 1, and |t| ≤ C4β
−1
3N ≤ C0

√
N . For J4k the obvious estimate

|J4k| ≤ C(βsN +N−(s−2)/2) ≤ C(β3N + βsN ) (19)

is true.
Since pn(n) = nn−1(n− 1)!−1 exp(−n) then with the aid of Stirling’s formula we obtain∣∣∣∣∣ 1√

2π
√
npn(n)

− 1

∣∣∣∣∣ ≤ C

n
. (20)

Hence the bound

|J5k| ≤
C

n
≤ C(β3N + βsN ) (21)

is true (noting that β3N ≥ 1/
√
N and N ≈ n/k).

In (6) we replace summands by their bounds from (8), (15), (18), (19) and (21). Then we find

|Jk| ≤ C (β3N + βsN ) . (22)

Putting in (4) T = C4β
−1
3N and using (22) we complete the proof of the theorem.
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