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ABSTRACT. The Tricomi boundary value problem for the Gellerstedt equation is investigated in
a domain where the elliptic part is the first quadrant of the plane. The unique solvability of the
problem under consideration is established using the method of integral equations. The problem is
equivalently reduced to solving a singular integral equation with a Cauchy kernel. By regularizing
this equation using the Carleman-Vekua method, an explicit solution is obtained.
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Introduction.

The first fundamental studies of equations of mixed elliptic-hyperbolic type were done by F. Tricomi [1].
Following Tricomi’s work on mixed-type equations, S. Gellerstedt [2] investigated boundary value problems in
which the values of the desired solution in the hyperbolic part of the domain under consideration are prescribed
on two internal characteristics of the equation.

The Gellerstedt problem has important applications in the field of transonic gas dynamics. In [3], the
Tricomi boundary value problem for the Tricomi equation was studied in a half-strip and a quarter-plane. The
Frankl boundary value problem for the Lavrent’ev equation in an unbounded domain was considered in [4].
Works [5-7] are devoted to the study of nonlocal problems for mixed-type equations.

In the elliptic part of the mixed domain, the Tricomi problem for the Gellerstedt equation in an unbounded
domain was investigated [8] by employing solutions of the generalized Neumann problem.

In the present paper, we investigate the Tricomi boundary value problem for an equation of mixed
elliptic-hyperbolic type in an unbounded domain by utilizing solutions of the Dirichlet problem.

Problem statement.

Consider the following mixed-type equation
sgny|y| " ugs + uyy =0,  m >0, (1)
in the domain D : (z > 0), bounded by the y axis for y > 0 and by the following characteristic of equation (1)

2 i
I: 22— —= (—y)" =0.
T m+2( Y)

Introduce the notation: Dt and D~ are the elliptic and hyperbolic parts of the mixed domain D ,

respectively; I is the semi-infinite interval 0 < z < 400 on theliney = 0. Fory > 0,let R =, /22 + (mi2)2 ymt2,

Problem T. Find a function v = u(x,y), which possesses the following properties:
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1) u(z,y) € C(D)NCYD\ I) N C?*(D \ I) and satisfies equation (1) in D* U D~;
2)
lim u(z,y) =0, x>0, y=0; (2)

R—o0

3) u(x,y) satisfies the boundary conditions

u©,y) =), y=0, (3)
u(x, y)|F = ¢($)7 T € [07 00)7 (4)
and the conjugation condition
lim w, = lm w,, x el (5)
y——0 7 y—=+t0 -

Here, ¢ () and ¢(y) are given functions satisfying the Holder conditions of orders ¢; and ds, respectively,
on [0, c0).
Theorem. Let 53" (y) € L(0,00), ¢(00) = 0, 1h(c0) = 0. Then problem 7" is uniquely solvable.

Proof. It is known [7] that the solution to the Dirichlet problem for equation (1) satisfying conditions
(2), (3) and condition u(z,0) = 7(z), = € [0,00) can be represented in the form

u(z,y) = ka/oor(t) <{(t —z)?+ ﬂym“} T [(t +z)? + 4)2ym+2] ﬁ_1> dt

m+2) (m+2
0
o0 o0 m+2 m-42
2 1 2m+1 sz 2st 2 25y 2
+m+2y2/t 2 @(t)dt/se J122/3<m+2>J122/3<m+2>d8, (6)
0 0
where oo
= (4 e g m
T ar \m+2 r2-28) 2(m +2)
Differentiating equality (6) with respect to y, we obtain
ou T 0 4oym+2 pt 4oymt2 pt 0P (z,y)
— =k t)=— t—x)* 4 —— —t+2)?*+ —— dt + ——22 7
dy 2/7()8yy<{( ™) CETIE (t+2) CET)E TR (7)
0
where

O(ry) = g / 55 () dt / g 270 259"
€T = se 1—2 1—2 S.
Y m+29 ¥ 1228 m1o 26 m ot o2

0 0

From (7) it is easy to show that

(et o] )

m+2) (m+2)
— mT”% ((x —1) {(x — )% + %]5_1 + (x +1) {(x +1)2+ (g:l;;]ﬂ_l) . (8)
Taking identity (8) into account, we rewrite equality (7) in the form
G =k /OOTa)gt ((m o) (o= 02 ) .
+ (z+1) [(m +1)2 + CEE j 2)21/'”1 5_1> dt + 8¢>g;,y). (9)
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In the integral on the right-hand side of (9) performing integration by parts, without loss of generality
assuming 7(0) = 0,7(c0) = 0, we obtain

dy 2 m+2)
4 A-l 0P (x,y)
2 m—+2 ) 1
+ (z+1) |:($+t) +7(m+2)2y } )dt—l—ay . (10)
Passing to the limit as y — 40 in (10), we have
g, mA+2 ' _ _128-2 28-1
v(z) = —ks 5 () ((z = t)|z — 1 + (z+1) )dt + ®o(z), =€ (0,00), (11)

0

where

00 2 T T g2
m — 2
Dy(z) = lim (z,9) = 55 /gzﬂL(t)t2 2+1dt/53 267 ] g ds.
RO ()T (5-5) ) d TAmEe

Formula (11) gives the first functional relation between 7(z) and v(z), extended to I from the elliptic part DT
of the domain D.
Using the solution of the Cauchy problem for equation (1) in the domain D~ [7]

u(x,y):vl/l [:r+2( y)m2‘+2(2t—1)] P11 — )P tat
0

+ 2

4 172ﬁ 1 2 m—+42 B B
+ (M) ’ygy/ |:l’ + ?( ) 2 (2t - 1):| 4 (1 - t) dt,
0

where v; = by virtue of condition (4) we have

res) 1 ( 4 \’10-28
r2<ﬂ>’72‘2<m+2) (1= 5)’

Y(@) = nL(B)a' 2 D5 e 7 (a) — 5T(1 - B)Dg; "2~ u(a), (12)

where Do_f is the Riemann-Liouville fractional integration operator [6,8].
Applying the operator

1-8 1 i
e e

0

to both sides of equality (12) and taking into account that D1 ﬂD’B 'f=DOf, we obtain
1l (1 = B)a~Pu(x) = 1 T(B) Dy, P2t =P Dyl P~ r(x) — Dy, (). (13)
It is easy to show that
Dé;’exl_wDafmﬂ_lT(x) = LL'_ﬂDé;QﬂT(LL').

Then from equality (13) we have
v(z) = 7Dy, 7 (@) + i (2), (14)
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W@y () = 2 Pe (@)

where v = ST (=5) =g -

Equality (14) is the second functional relation between 7(z) and v(z), extended to I from the hyperbolic

domain D~ of D.
According to (5) eliminating v(x) from equalities (11) and (14), we obtain
YDy, P r(w) + Wi ()
/T’(t) (&= Dl — PP + (@ + 25 di + Bo(x), x € (0, 00).
0

m 4+ 2
2

= —k‘2

Applying the operator I'(1 — 25)D§571 to both sides of equality (15), we get

AT(1 —28)7(z) + T(1 — 28) D22~ 4y (2)
r(1—28)DY¥! /T’(t) (x=t)z =t 2+ (z+t)* 1) dt
0
+0(1 = 28) D25 do(2), z € (0,00).
In equation (16), it is easy to show that

2
S

B 28-1 T , 3  2p-2,, _ m(1—cos2mB)T(z) T t 21 T(t)dt
M- 28)D3 " [ 7)o - oo — ¢ 2d = TR ) 2
0 0
(1 — 28D~ 1 r ’ 26134 — r £\ 7(t)dt
=20 [P ta= [ (1) 10
0 0

Substituting (17) and (18) into (16), we obtain

(’yF(l —208) + kg%(l — cos 271'5)) 7(z)
_ka;—2 / (%>1—25 (t_lx - t—|1—x> T(t)dt = &4 (z), z € (0,00),
0

where @ (z) = (1 — 28) D22~ (®g(z) — W4 (z)).
After straightforward calculations, equality (19) takes the following form

(z) — )\/ (%)Hﬁ (t_lx - t—il—ac> r(t)dt = ®y(z), € (0,00),
0

cosf3
7(1+sinwf)’
In equation (20), by letting x2/~1r(2) = p(z), 2?P~1®1(z) = ®o(z), we get

where \ =
o) — )\/ (tlx - Hlx) p(t)dt = Ba(x), = € (0,00).
0

5 , 2 = i, then it takes the form
1-s 1-¢

p( 12)”0/’)(\/?) ﬁ%—lj{ss):%( 1£—s>

In equation (21), we make the change of variables t? =
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1 1
Multiplying both sides of equation (22) by ——— and denoting ————=p £ = (),
1 €1-¢) €1-¢) (Vi)
m@g ( 1%) = ®3(), we obtain the singular integral equation with the Cauchy kernel
[ (s)d
u(s)ds
u(©) = [ BT ), ¢e ) (23)
0

We seek the solution of equation (23) in the class of h(1) functions. u(§) € H(0,1) bounded as £ — 1
and having an infinity of order less than 1 — 23 at the point £ = 0. The index x of equation (23) in this class is
equal to zero.

Using the result of work [9], we write the explicit form of the solution to equation (23)

1

in(Sm T —1(1-26) s 1(1-26) s)ds
He) = 1+s2(ﬂ )¢3(£)+ COS2(7r6) <1€—§> /(1 —s) (I)j(—)g ’

As a result, returning to the original variables and functions, we have

T(z) = qu@c) + Cosz(w) 7(?)%(1_25) ( L ><I>1(t)dt.
0

T t—x t+«x

The proof of the theorem is finished.
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