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THE DIRICHLET PROBLEM FOR THE WAVE EQUATION IN A SPHERICAL DOMAIN
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ABSTRACT. In this paper, an ill-posed Dirichlet boundary value problem for a second-order
hyperbolic equation in a spherical domain is studied. The solution is constructed using the method
of separation of variables. The main focus is on determining the conditions that ensure the existence,
uniqueness, and stability of the solution. In the proofs, a crucial role is played by the analysis of small
denominators, based on Liouville’s theorem and K. Roth’s results on Diophantine approximations
of algebraic numbers.
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Introduction

In recent years, there has been a significant increase in interest in the study of ill-posed boundary value
problems for equations of mathematical physics, in particular the Dirichlet boundary value problem for the
wave equation in a spherical domain. As noted in the present work, the representation of solutions gives rise to
the problem of small denominators, which leads to convergence difficulties of the associated series.

Main part
We consider the problem
uge(r,t) = a*Au(r,t), 0<r<R, 0<t<T. (1.1)
u(r,0) = @(r), u(r,0)0=0, 0<r<R. (1.2)
u(R,t)=0, 0<t<T. (1.3)

The solvability of the problem is closely related to the arithmetic properties of the parameter aT'/R,
which arises in the analysis of the convergence of the series appearing in the solution.

We seek the solution in the form
u(r,t) =V (r)H(t).

Substituting this representation into equation (1.1) and separating the variables, we obtain

H'(t)  AV(r)

a?H (t) V(r) "

For the function V', we arrive at the following equations:

19 [ ,0V _—

V" 4+ %V’ + 22V =0.
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Introducing the substitution
y(r) =rV(r),

we obtain
y// 4 )\Qy — O,

whose general solution is
y(r) = Cy cos(Ar) + Casin(Ar),

or equivalently,

C1 cos(Ar) + Cosin(Ar)

V() = -

The regularity condition at the origin (V(0) < co) implies that C; = 0. The boundary condition (1.3) gives

Cysin(AR)

=0
R )

which implies
AR =7k, k=12,...

hence i
m
Ak — f .

Therefore, the eigenfunctions are given by

For the H, we have
H}! 4+ a*)iHy =0,

Hi(t) = Ag cos(Agat) + By sin(Agat).

Thus, the solution can be represented as

> 1
Z (A cos(Agat) + By sin(Agat)) — sm(?r) .
k=1

Applying the initial conditions (1.2) yields

> 1 7k
E Ap=sin| —r | =
2 e Sm< 7 7"> o(r),

2 (7 k
Ak:E/O rcp(r)sin(%r) dr =y, k=12 ....

From the (1.2) condition, we obtain

hence

S 1 k

Z (Ag cos(AraT) + By sin(AzaT)) - sin(%r) =0,

k=1

hence

Apcos(A\paT) g cos(AgaT)
sin(A\zaT) — sin(AzaT)

By=—

Consequently, the formal solution of problem (1.1)8H*(1.3) is

e . _ prcos(AgaT) 1. (7k
u(r,t) = Z (gok cos(Agat) “snOwal) sin(Agat) Csin{ 1 ),
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or equivalently,

prsinAga(T —t)1 | [(7k
- —r . 1.
Z sin(AgaT) R (14)

It remains to prove that the series (1.4), as well as the derivatives of this solution involved in equation
(1.1), converge uniformly. In particular, we consider

up(r,t) = — (%)2 i Ko ZE&ZZ(TZ; —t) % sin(?r) . (1.5)

It suffices to establish the convergence of the series (1.5). A corresponding majorant series is given by

o0

k%ol
g (7, 1)] < sz (1.6)

We proceed by estimating the denominator of series (1.6). Note that

k
sin(%aT) =0,

71%aT =7m
Introduce the notation
wk
Omk = faT —mm,
or
%aT = Ok + M. (1.7)

Without loss of generality, one may assume that |d,,,| < 5. From (1.7) we obtain

oL _ Ok m (1.8)
R mk k

As noted by D. Borzhin and R. Duffin [1] (see also [2]), when this parameter is an algebraic number, it
is possible to obtain estimates that prevent the denominator from turning to zero.

In [3]-[4], Sh. A. Alimov studied the Dirichlet problem for the wave equation in a rectangular domain
and demonstrated that the existence and uniqueness of the solution depend on the arithmetic properties of the
parameter § = T'/a. We shall similarly examine the conditions for the existence and uniqueness of the solution
in a spherical domain.

Lemma. Let the number aT /R be an algebraic number of degree 2. Then the following estimate holds

C
|Omi| > % (1.9)

Proof. By assumption, aT/R — is an algebraic number of degree 2. According to Liouville’s theorem 6],
there exists a constant C' > 0 such that for any natural numbers m and k, the inequality

af’ _m|, ¢
R k|~ k?
holds. From this, we immediately obtain
all  m C
Omi| =7k | — — —| > —
L i i

The lemma is thus proved.
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Next, we consider the convergence of series (1.6). Taking into account (1.8), we have
. [Tk . .
81n<RaT> = Sin(dpi +7m) = (—1)™ sin(dmk)-

Since |dmk| < 7/2 and using estimate (1.9), it follows that

. (7k . 2C
sm(RaT>’ = |sin(dmi)| > =

Therefore, estimate (1.6) can be rewritten as:

oo

k* ok
g (r, )| < cz |Sm|A a|T <O Zkﬂ(pk\ (1.10)

Theorem 1. Let aT /R be an algebraic number of degree 2. Then, for any function ¢ € Wi (|r| < R), the
problem (1.1)-(1.3) possesses a unique solution.

Proof. As discussed above, it remains to prove the convergence of series (1.5). Using estimate (1.10), we
obtain

u(r, t)* < CF Y KSJowl® < CF > (14 k)l
k=1 k=1

The last series converges due to the assumptions on the function ¢. The theorem is proved.

We remark that the solvability of the problem (1.1)-(1.3) also holds when aT'/R is an arbitrary algebraic
number, not necessarily of degree 2.

Theorem 2. Let aT /R be an algebraic number of degree greater than 2. Then, for any function ¢ €
Wote(jr| < R), € > 0, problem (1.1)-(1.3) possesses a unique solution.

Proof. The proof is analogous to that of Theorem 1. Instead of estimate (1.9), one uses the bound
obtained by K. Roth [5]:
al" m - C(e)

R k|~ k*te’

which yields the following estimate for &,,:

e>0.

al’ m C

i 3 Zlirs’ e > 0.

‘5mk:| = 7Tk‘

Consequently, estimate (1.10) takes the form

o0 o0

k| ok 6
)] < Temi\aT] = K el
luee (1, 1) CZ |sin(AraT)| — @ /; -

The uniform convergence of the latter series follows from the assumptions of Theorem 2.
Remark.

The result of Theorem 2 is valid not only for algebraic numbers aT'/R, but, according to A. Ya. Khinchin
[7], for almost all real values of aT'/R in the sense of Lebesgue measure.
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