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Abstract. In this paper, we study anti-derivations, local anti-derivations and 2-local anti-
derivations on several finite-dimensional complex Leibniz algebras. More precisely, we consider the
null-filiform Leibniz algebra NFn, the naturally graded non-Lie filiform Leibniz algebras F 1

n and F 2
n ,

and their associated solvable extensions. Here, an anti-derivation is understood as a (−1)-derivation
satisfying

D([x, y]) = −[D(x), y]− [x,D(y)].

We first determine the spaces of anti-derivations for all algebras under consideration. We then ob-
tain complete descriptions of their local anti-derivations. In particular, every local anti-derivation is
an anti-derivation precisely for the algebras R, R(F 1

n) and L2, whereas NFn, F 1
n , F 2

n and L1 admit
local anti-derivations which are not anti-derivations. Furthermore, we prove that every 2-local anti-
derivation on NFn and on each of the four solvable extensions is an anti-derivation. For F 1

n and F 2
n ,

we construct families of nonlinear 2-local anti-derivations with values in the center. The members
of these families are anti-derivations exactly when the corresponding defining maps are linear.
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Introduction

Derivations are useful tools for studying algebraic structures and their symmetries. Their local and 2-
local analogues lead to a natural question: when does a mapping that agrees with a derivation at each point,
or at each pair of points, necessarily satisfy the derivation identity on the whole algebra? The answer depends
on the structure of the algebra and can change when ordinary derivations are replaced by other classes of linear
mappings.

The notion of a local derivation was introduced independently by Kadison [18] and by Larson and Sourour
[21]. A local derivation is a linear mapping whose value at each element coincides with the value of some
derivation, which may depend on that element. Subsequently, Šemrl [22] introduced 2-local derivations: for
every pair of elements, one derivation realizes both prescribed values. In the 2-local setting, linearity of the
mapping is not assumed. These definitions have motivated the study of when pointwise or pairwise agreement
forces a mapping to belong to the original class.

For finite-dimensional Lie algebras over an algebraically closed field of characteristic zero, Ayupov and
Kudaybergenov [9] proved that every local derivation on a semisimple Lie algebra is a derivation and constructed
nilpotent examples admitting local derivations that are not derivations. Ayupov, Kudaybergenov and Rakhimov
[10] established the corresponding result for 2-local derivations on semisimple Lie algebras and showed that every
finite-dimensional nilpotent Lie algebra of dimension greater than two admits a 2-local derivation that is not
a derivation. The solvable case also exhibits different behaviour: Ayupov and Khudoyberdiyev [7] obtained
examples of both possibilities and proved that local derivations are derivations for solvable Lie algebras with
model nilradicals and maximal-dimensional complementary spaces.

Related questions have been investigated in infinite-dimensional and non-Lie settings. Local derivations
on Witt algebras were studied in [15], while 2-local derivations on generalized Witt algebras were considered in
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[11]. For solvable Leibniz algebras, Ayupov, Khudoyberdiyev and Yusupov [8] showed that the nilradical and
the dimension of its complement influence whether a local derivation is a derivation. In particular, their results
include solvable Leibniz algebras for which every 2-local derivation is a derivation, although local derivations
need not be derivations.

Another direction is the study of δ-derivations, developed for Lie algebras by Filippov [16,17]. For a
scalar δ, a linear map D : L→ L is a δ-derivation if

D([x, y]) = δ
(
[D(x), y] + [x,D(y)]

)
(x, y ∈ L).

The values δ = 1, δ = −1 and δ = 1
2 are of particular interest. The first gives ordinary derivations, while a

(−1)-derivation is called an anti-derivation. This is the meaning of anti-derivation used throughout the present
paper. Local and 2-local δ-derivations were introduced by Khudoyberdiyev and Yusupov [19], who studied the
case δ = 1

2 on several finite-dimensional Lie algebras. Further results for solvable Lie algebras with a filiform
nilradical were obtained by Atajonov, Vaisova and Yusupov [4].

The study of local and 2-local anti-derivations on solvable Lie algebras was initiated by Ayupov, Atajonov
and Yusupov [6]. They investigated algebras with filiform, Heisenberg and abelian nilradicals and established
both results asserting that local mappings are anti-derivations and examples where this fails. This direction
was subsequently developed for solvable Lie algebras with a filiform nilradical [1], the perfect Lie algebras Lm
[5], and certain Witt-type infinite-dimensional Lie algebras [2]. Analogous questions for null-filiform, filiform
and naturally graded quasi-filiform associative algebras were considered in [3].

The present paper contributes to the emerging study of local and 2-local anti-derivations on non-Lie
Leibniz algebras. We consider the null-filiform algebra NFn, the naturally graded non-Lie filiform algebras
F 1
n and F 2

n , and their maximal solvable extensions. The nilpotent algebras belong to the classes studied by
Ayupov and Omirov [12]. The relevant solvable extensions are described in the classification results of Casas,
Ladra, Omirov and Karimjanov [13,14], together with the corrigendum by Ladra, Masutova and Omirov [20].
Biderivations of these classes were investigated by Yusupov, Jumaniyozov and Azizov [23]. In that setting,
the term anti-derivation is used for the identity A([x, y]) = [A(x), y]− [A(y), x]; the present work concerns the
δ = −1 identity displayed above.

We first give complete descriptions of anti-derivations and local anti-derivations on the seven algebras
under consideration. Among them, every local anti-derivation is an anti-derivation precisely for the solvable
algebras R, R(F 1

n) and L2. The algebras NFn, F 1
n , F 2

n and L1 admit local anti-derivations which are not anti-
derivations. For 2-local anti-derivations, the result is different: every 2-local anti-derivation on NFn and on
each of the four solvable extensions is an anti-derivation. On F 1

n and F 2
n , we construct families of nonlinear

2-local anti-derivations with values in the center. These families are defined by homogeneous mappings on the
two-dimensional abelianization, and their members are anti-derivations exactly when the defining mappings are
linear.

The proofs use the multiplication tables, coefficient comparisons and pointwise interpolation by anti-
derivations. After recalling the necessary definitions and algebra presentations, we determine the anti-derivations
in two propositions. The two subsequent theorems describe all local anti-derivations and establish the stated
results for 2-local anti-derivations.

Preliminaries

All algebras and linear maps are over C. The arguments also work over any field of characteristic zero.
We assume n ≥ 2 for NFn and R, and n ≥ 4 in the filiform cases. All products not explicitly listed are zero;
skew-symmetry is not assumed. A sum with an empty index set is understood to be zero. A right Leibniz
algebra is a vector space L equipped with a bilinear multiplication satisfying

[x, [y, z]] = [[x, y], z]− [[x, z], y] (x, y, z ∈ L).

Throughout the paper, by a Leibniz algebra we mean a right Leibniz algebra.
For a Leibniz algebra L, consider its lower central and derived series:

L1 = L, Lk+1 = [Lk,L1], k ≥ 1,

L[1] = L, L[s+1] = [L[s],L[s]], s ≥ 1.
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Definition 1. A Leibniz algebra L is called nilpotent (respectively, solvable) if Lp = 0 (respectively,
L[q] = 0) for some p, q ∈ N. The least such p (respectively, q) is called the nilpotency index (respectively, the
solvability index) of L.

Note that any Leibniz algebra L contains a unique maximal solvable (resp. nilpotent) ideal, called the
radical (resp. nilradical) of the algebra. It is known that the maximal nilindex for the n-dimensional Leibniz
algebras is equal to n + 1, and such Leibniz algebras are called null-filiform. In [12] it is proved that up to
isomorphism, there exists a unique null-filiform Leibniz algebra, and the multiplication of this algebra is the
following

NFn : [ei, e1] = ei+1 1 ≤ i ≤ n− 1.

Definition 2. An n-dimensional Leibniz algebra L is said to be filiform if dimLi = n− i for 2 ≤ i ≤ n.
In [12], it is shown that up to isomorphism, there exist two non-Lie naturally graded filiform Leibniz

algebras

• F 1
n : [e1, e1] = e3, [ei, e1] = ei+1, 2 ≤ i ≤ n− 1

• F 2
n : [e1, e1] = e3, [ei, e1] = ei+1, 3 ≤ i ≤ n− 1.

In the following theorems, the classification of solvable Leibniz algebras with null-filiform and naturally
graded filiform nilradicals is presented.

Theorem 1.[14] Let R be a solvable Leibniz algebra whose nilradical is NFn. Then there exists a basis
{e1, e2, ..., en, h} of the algebra R such that the multiplication table of R with respect to this basis has the
following form:

R :


[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[h, e1] = −e1,

[ei, h] = iei, 1 ≤ i ≤ n

Theorem 2.[20] Let R(F 1
n) be (n+ 2)-dimensional solvable Leibniz algebra with nilradical F 1

n . Then it
is isomorphic to the Leibniz algebra with a basis {e1, e2, . . . , en, h1, h2} and the multiplication table:

[ei, e1] = ei+1, 2 ≤ i ≤ n− 1, [e1, h2] = e1,

[ei, h1] = ei, 2 ≤ i ≤ n, [ei, h2] = (i− 1)ei, 2 ≤ i ≤ n,
[h2, e1] = −e1.

Although the product [e1, e1] does not occur in this presentation, the nilradical is isomorphic to the
standard algebra F 1

n . Indeed, putting

f1 = e1 + e2, f2 = e2, fi = ei (i ≥ 3),

we obtain
[f1, f1] = f3, [fi, f1] = fi+1 (2 ≤ i < n).

Thus the difference is only a choice of basis.
Theorem 3. [13] For s ∈ {1, 2}, put ε1 = 1, ε2 = 0. After interchanging h1 and h2 in the standard

presentation, the algebra Ls has basis {e1, . . . , en, h1, h2} and nonzero products

Ls :



[e1, e1] = e3,

[ei, e1] = ei+1, 3 ≤ i ≤ n− 1,

[e1, h2] = e1, [h2, e1] = −e1,

[ei, h2] = (i− 1)ei, 3 ≤ i ≤ n,
[e2, h1] = e2, [h1, e2] = −εse2.

Definition 3. Let (L, [−,−]) be an algebra over a field F. A linear map D : L→ L is called a δ-derivation
if it satisfies

D([x, y]) = δ
(
[D(x), y] + [x,D(y)]

)
,
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for all x, y ∈ L, where δ ∈ F is fixed.
The values δ = 1, δ = −1, and δ = 1

2 are especially significant. The case δ = 1 gives the usual derivations,
whereas δ = −1 leads to anti-derivations.

For a fixed δ, we denote by Derδ(L) the set of all δ-derivations of L.
Remark 1. In the literature on Leibniz biderivations, anti-derivation also denotes a map satisfying

A([x, y]) = [A(x), y] − [A(y), x] for a right Leibniz algebra; see [23, Definition 2.2]. That identity is different
from

D([x, y]) = −
(
[D(x), y] + [x,D(y)]

)
. (1)

All the results below concern precisely (1).
Definition 4. A linear map ∆ is called a local δ-derivation, if for any x ∈ L, there exists a δ-derivation

Dx : L → L (depending on x) such that ∆(x) = Dx(x). The set of all local δ-derivations on L we denote by
LocDerδ(L).

Definition 5. A map ∇ : L → L (not necessarily linear) is called a 2-local δ-derivation, if for any
x, y ∈ L, there exists a δ-derivation Dx,y ∈ Derδ(L) such that

∇(x) = Dx,y(x), ∇(y) = Dx,y(y).

It should be noted that a 2-local δ-derivation is not necessarily linear. However, for any x ∈ L and any
scalar λ, we have

∇(λx) = Dx,λx(λx) = λDx,λx(x) = λ∇(x).

Main part

In this section, we describe anti-derivations on null-filiform and filiform Leibniz algebras and their solvable
extensions. We then apply these descriptions to local and 2-local anti-derivations.

Proposition 1. Let L be one of the complex Leibniz algebras NFn, F 1
n , and F 2

n , with basis {e1, . . . , en}.
A linear map D : L→ L is an anti-derivation if and only if it has the form specified below for the corresponding
algebra. In each case, the parameters are arbitrary and independent.

(i)

NFn :


D(e1) =

n∑
j=1

ajej ,

D(ei) = κia1ei + (−1)i−1
n∑

j=i+1

aj−i+1ej , 2 ≤ i ≤ n.

where

κi =

{
1, i is odd,
−2, i is even.

(2)

In particular, dim Der−1(NFn) = n.

(ii)

F 1
n :



D(e1) =

n∑
j=1

ajej ,

D(e2) = (a1 + a2)e2 +

n−1∑
j=3

ajej + ben,

D(ei) = θiei + (−1)i
n∑

j=i+1

aj−i+2ej , 3 ≤ i ≤ n,

where

θi =

{
a1 + a2, i is even,
−2a1 − a2, i is odd.
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In particular, dim Der−1(F 1
n) = n+ 1.

(iii)

F 2
n :



D(e1) =

n∑
j=1

ajej ,

D(e2) = be2 + cen,

D(ei) = κi−1a1ei + (−1)i
n∑

j=i+1

aj−i+2ej , 3 ≤ i ≤ n,

where κi is defined by (2). In particular, dim Der−1(F 2
n) = n+ 2.

Proof. We first obtain a common reduction for the three algebras. Define

φ

 n∑
j=1

xjej

 = x1, Tx = [x, e1].

Their multiplication tables give [x, y] = φ(y)Tx, with T 6= 0. Consequently, (1) is equivalent to

φ(y)(DT + TD)x+ φ(Dy)Tx = 0 (x, y ∈ L).

For y ∈ kerφ, choosing x with Tx 6= 0 yields φ(Dy) = 0. If D(e1) =
∑n
j=1 ajej , it follows that φD = a1φ.

Taking y = e1 then gives the second identity in

φD = a1φ, DT + TD = −a1T. (3)

Conversely, these identities imply (1) for every ordered pair x, y, including all pairs with zero product. Thus
they are necessary and sufficient. In particular, D(ej) has no e1 component for j ≥ 2. Whenever Tei = ei+1,
they give

D(ei+1) = −TD(ei)− a1ei+1. (4)

Case (i): L = NFn Here Tei = ei+1 for i < n and Ten = 0. Applying (4) to e1 gives

D(e2) = −2a1e2 −
n∑
j=3

aj−1ej .

If di denotes the coefficient of ei in D(ei), then d1 = a1 and di+1 = −di− a1. Hence di = κia1. Under (4), each
remaining term changes sign and moves one step along the chain. Induction therefore gives the formula in (i).

Case (ii): L = F 1
n Here Te1 = Te2 = e3, Tei = ei+1 for 3 ≤ i < n, and Ten = 0. Write

D(e1) =

n∑
j=1

ajej , D(e2) =

n∑
j=2

bjej .

Applying (3) to e1 and e2 gives, respectively,

D(e3) = −(2a1 + a2)e3 −
n−1∑
j=3

ajej+1,

D(e3) = −(b2 + a1)e3 −
n−1∑
j=3

bjej+1.

Comparing coefficients, we obtain

b2 = a1 + a2, bj = aj (3 ≤ j ≤ n− 1).
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Since Ten = 0, the coefficient bn remains free; denote it by b. For 3 ≤ i < n, relation (4) determines D(ei+1).
Its diagonal coefficient alternates between −2a1 − a2 and a1 + a2, starting with D(e3). The other coefficients
change sign and shift one place at each step. This proves all formulas in (ii).

Case (iii): L = F 2
n In this case,

Te1 = e3, T e2 = 0, T ei = ei+1 (3 ≤ i < n), T en = 0.

Thus kerT = span{e2, en}. Applying (3) to e2 gives TD(e2) = 0, and hence D(e2) = be2 + cen. Applying it to
e1 gives

D(e3) = −2a1e3 −
n−1∑
j=3

ajej+1.

Relation (4) now determines the remaining values. The diagonal coefficients of D(e3), D(e4), . . . alternate
between −2a1 and a1, while the other terms change sign and shift along the chain. This gives (iii).

We verify sufficiency for the three cases together. Every displayed map satisfies φD = a1φ. In (i), relation
(4) verifies the second identity of (3) on e1, . . . , en−1. In (ii), the two expressions for D(e3) verify it on e1, e2,
and the recurrence verifies it on e3, . . . , en−1. In (iii), the expression for D(e3) and the recurrence verify it along
the chain, while D(e2) ∈ kerT verifies it on e2. Finally, in all three cases D(en) is a scalar multiple of en, so
the identity holds on en as well. By the reduction above, every displayed map is an anti-derivation.

The parameters are independent: D(e1) determines a1, . . . , an; in (ii), the en coefficient of D(e2) deter-
mines b; in (iii), the two coefficients of D(e2) determine b, c. The dimension assertions follow.

Proposition 2. Let L be one of the solvable Leibniz algebras R, R(F 1
n), L1, and L2 described above. A

linear map D : L→ L is an anti-derivation if and only if it has the corresponding form below.

(i) Der−1(R) = {0}, dim Der−1(R) = 0.

(ii) Der−1

(
R(F 1

n)
)

= {0}, dim Der−1

(
R(F 1

n)
)

= 0.

(iii)

Ls :


D(e2) = αe2,

D(h1) = −2αh1 + βe2,

D(h2) = 0,

D(ei) = 0, 1 ≤ i ≤ n, i 6= 2,

where α ∈ C is arbitrary, while β ∈ C is arbitrary for s = 1 and β = 0 for s = 2. Consequently,

dim Der−1(L1) = 2, dim Der−1(L2) = 1.

Proof. Equation (1) immediately gives D([L,L]) ⊆ [L,L]. For every algebra in the statement, [L,L] =
N = span{e1, . . . , en}; hence D(N) ⊆ N .

Case (i): L = R Write

D(e1) =

n∑
j=1

ajej , D(h) = βh+

n∑
j=1

ujej .

The zero product [h, h] = 0 gives

0 = [D(h), h] + [h,D(h)] =

n∑
j=2

jujej .

Therefore D(h) = βh+ γe1. Applying (1) to [e1, h] = e1 and [h, e1] = −e1 gives

D(e1) = −
n∑
j=1

jajej − βe1 − γe2,

−D(e1) = (β + a1)e1 − γe2.
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Comparing coefficients, we obtain

2a1 = −β, 3a2 = −γ, a2 = γ, aj = 0 (3 ≤ j ≤ n).

Thus a2 = γ = 0, and
D(e1) = a1e1, D(h) = −2a1h.

Since [e1, e1] = e2, we have D(e2) = −2a1e2. Applying (1) to [e2, h] = 2e2 now gives

−4a1e2 = −[−2a1e2, h]− [e2,−2a1h] = 8a1e2.

Hence 12a1 = 0, so a1 = 0. We have D(h) = D(e1) = 0; induction along ei+1 = [ei, e1] shows that D vanishes
everywhere. The zero map satisfies (1).

Case (ii): L = R(F 1
n) Initially write

D(h1) = ah1 + bh2 +

n∑
i=1

uiei,

D(h2) = ch1 + dh2 +

n∑
i=1

viei.

The zero products [h1, h1] = [h2, h2] = 0 yield

n∑
i=2

uiei = 0,

n∑
i=2

(i− 1)viei = 0.

Next, [h1, h2] = 0 gives u1 = 0. Consequently,

D(h1) = ah1 + bh2, D(h2) = ch1 + dh2 + ve1.

Write D(e1) =
∑n
i=1 piei. Applying (1) to [e1, h1] = 0 gives

0 =

n∑
i=2

piei + be1.

Thus b = 0 and D(e1) = pe1. For each 2 ≤ i ≤ n, the product [ei, h1] = ei yields

D(ei) = −[D(ei), h1]− aei.

The e1 coefficient on the right is zero. Comparing all other coefficients then gives

D(ei) = qei (2 ≤ i ≤ n), q = −a
2
.

The product [e1, h2] = e1 gives d = −2p. Next, [e2, h2] = e2 gives

qe2 = −(q + c+ d)e2 − ve3,

so v = 0 and c+ d = −2q. Using [e3, h2] = 2e3 then gives

2qe3 = −(2q + c+ 2d)e3,

and hence c+ 2d = −4q. It follows that d = −2q, c = 0, and p = q. Finally, [e2, e1] = e3 gives

qe3 = D(e3) = −[qe2, e1]− [e2, pe1] = −(p+ q)e3.

Thus p + 2q = 0, and therefore p = q = 0. All coefficients of D(h1), D(h2) vanish as well, so D = 0. Again,
sufficiency is immediate.
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Case (iii): L = Ls, s = 1, 2 Set

A = span{h2, e1, e3, . . . , en}, Bs = span{h1, e2}.

The multiplication table gives a direct sum of ideals Ls = A ⊕ Bs, with [A,Bs] = [Bs, A] = 0. Under the
relabelling

z1 = e1, zj = ej+1 (2 ≤ j ≤ n− 1), h = h2,

the algebra A has the table in (i), with null-filiform nilradical of dimension n− 1. Thus Der−1(A) = 0 by Case
(i).

We justify that D preserves both summands. Their two-sided centers are zero. Indeed, if z = th2 +∑n−1
j=1 tjzj ∈ Z(A), then

[z, h2] =

n−1∑
j=1

jtjzj = 0

forces all tj = 0, and [th2, z1] = −tz1 = 0 forces t = 0. Likewise, for w = uh1 + ve2 ∈ Z(Bs), the equalities
[e2, w] = ue2 = 0 and [w, h1] = ve2 = 0 give u = v = 0.

For x ∈ A and y ∈ Bs, decompose

D(x) = DA(x) + f(x), D(y) = g(y) +DB(y),

where DA(x), g(y) ∈ A and f(x), DB(y) ∈ Bs. Applying (1) to [x, y] = 0 gives

0 = [f(x), y] + [x, g(y)].

The two terms lie in distinct direct summands, so each is zero. Applying the identity to [y, x] = 0 also gives
[y, f(x)] = [g(y), x] = 0. Since these identities hold for every x ∈ A and y ∈ Bs, we obtain f(x) ∈ Z(Bs) = 0
and g(y) ∈ Z(A) = 0. Thus D preserves A,Bs, and its restrictions are anti-derivations. Since Der−1(A) = 0,
only the restriction to Bs remains to be determined.

Write
D(e2) = αe2 + ρh1, D(h1) = βe2 + σh1.

The product [e2, h1] = e2 yields
αe2 + ρh1 = −(α+ σ)e2.

Hence ρ = 0 and σ = −2α. The zero product [h1, h1] = 0 gives

0 = [D(h1), h1] + [h1, D(h1)] = (1− εs)βe2.

Therefore β is arbitrary for s = 1 and equals zero for s = 2.
For sufficiency, the two identities just used hold whenever these conditions are satisfied. For the remaining

ordered basis pairs in Bs, both sides of (1) vanish for [e2, e2] = 0, and

D([h1, e2]) = −εsαe2 = −[D(h1), e2]− [h1, D(e2)].

Thus all four ordered basis pairs satisfy (1). Extending these maps by zero on A preserves the identity because
all mixed products vanish. This proves the stated classifications. The free parameters α, β for L1 and α for L2

are independent, giving the dimensions 2 and 1.
Theorem 4. Let L be one of the complex Leibniz algebras considered in Propositions 1 and 2, with the

bases and dimension assumptions used there. A linear map ∆ : L → L is a local anti-derivation if and only if
it has the corresponding form below.

(i)

NFn : ∆(ei) =

n∑
j=i

bjiej (1 ≤ i ≤ n),

where all bji ∈ C are arbitrary. In particular, dim LocDer−1(NFn) = n(n+ 1)/2.
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(ii)

F 1
n :



∆(e1) =

n∑
j=1

ajej ,

∆(e2) = (a1 + a2)e2 +

n−1∑
j=3

ajej + ben,

∆(ei) =

n∑
j=i

cjiej (3 ≤ i ≤ n),

where a1, . . . , an, b and all cji are arbitrary and independent. In particular, dim LocDer−1(F 1
n) = n(n −

1)/2 + 2.

(iii)

F 2
n :



∆(e1) =

n∑
j=1

ajej ,

∆(e2) = be2 + cen,

∆(ei) =

n∑
j=i

djiej (3 ≤ i ≤ n),

where a1, . . . , an, b, c and all dji are arbitrary and independent. In particular, dim LocDer−1(F 2
n) = n(n−

1)/2 + 3.

(iv) For L = R or L = R(F 1
n), we have ∆ = 0. Thus the corresponding spaces of local anti-derivations have

dimension zero.

(v)

Ls :


∆(e2) = αe2,

∆(h1) = βe2 + γh1,

∆(h2) = 0,

∆(ei) = 0 (1 ≤ i ≤ n, i 6= 2),

where s ∈ {1, 2} and α, β, γ ∈ C are arbitrary for s = 1, whereas β = 0 and γ = −2α for s = 2.
Consequently,

dim LocDer−1(L1) = 3, dim LocDer−1(L2) = 1.

Among these seven algebras, every local anti-derivation is an anti-derivation precisely for R, R(F 1
n), and L2.

Proof. For an algebra L and x ∈ L, write

Der−1(L)x = {D(x) : D ∈ Der−1(L)}.

By definition, a linear map ∆ is a local anti-derivation if and only if ∆(x) ∈ Der−1(L)x for every x.

Case (i): L = NFn. Put Ek = span{ek, . . . , en}. We claim that, for every nonzero x =
∑n
i=k xiei with xk 6= 0,

Der−1(NFn)x = Ek.

The inclusion into Ek follows from Proposition 1(i). Conversely, prescribe y =
∑n
j=k yjej ∈ Ek and use the

parameters a1, . . . , an from that proposition. The coefficient of ek in D(x) is κka1xk, so we can choose a1 to
obtain yk. For each j > k, the coefficient of ej is

κja1xj +

j−1∑
i=k

(−1)i−1xiaj−i+1.

The new parameter aj−k+1 occurs with nonzero coefficient (−1)k−1xk. Choosing these parameters successively
gives D(x) = y. This proves the claim, including k = n.

11
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Locality at each ei now forces ∆(ei) ∈ Ei. Conversely, a linear map with these values sends every x ∈ Ek
into Ek, and the claim provides an anti-derivation agreeing with it at x. This proves (i).

Case (ii): L = F 1
n. Use the auxiliary basis

u = e1 − e2, vj = ej+1 (1 ≤ j ≤ m), m = n− 1.

The nonzero products in this basis are [vj , u] = vj+1 for 1 ≤ j < m. Proposition 1(ii), expressed in this basis,
gives

D(u) = au+ rvm, D(vj) = λjvj + (−1)j−1
m∑

`=j+1

c`−j+1v`,

where a, r, b, c2, . . . , cm are arbitrary and

λj =

{
b, j odd,
−a− b, j even.

Indeed, one may choose D(v1) = bv1 +
∑m
`=2 c`v` arbitrarily; the other values follow from D(vj+1) =

−[D(vj), u]− avj+1.
Let Wk = span{vk, . . . , vm}. Locality at u and at the vj implies

∆(u) ∈ span{u, vm}, ∆(vj) ∈Wj (1 ≤ j ≤ m).

These conditions are also sufficient. To see this, write ∆(u) = au + rvm and take x = tu + w. If w = 0, any
anti-derivation with this value on u agrees with ∆ at x. If w =

∑m
j=k wjvj with wk 6= 0, then ∆(w) ∈ Wk.

Keep a, r fixed and choose b so that the vk coefficient of D(w) equals that of ∆(w). This is possible because the
coefficient of b there is (−1)k−1wk 6= 0. For each ` > k, the new parameter c`−k+1 occurs in the v` coefficient
with nonzero coefficient (−1)k−1wk. Successive choices therefore give D(w) = ∆(w) and hence D(x) = ∆(x).

Returning to the original basis, write ∆(e1) =
∑
ajej and ∆(e2) =

∑n
j=2 bjej . The condition on

∆(u) = ∆(e1 − e2) gives
b2 = a1 + a2, bj = aj (3 ≤ j < n),

while bn is free. The other conditions are ∆(ei) ∈ span{ei, . . . , en} for i ≥ 3. These are exactly the formulas in
(ii).

Case (iii): L = F 2
n. Write

F 2
n = A⊕ Cz, A = span{e1, e3, . . . , en}, z = e2.

Here z is central and A is a null-filiform algebra of dimension n− 1, with ordered basis e1, e3, . . . , en. Proposi-
tion 1(iii) shows that every anti-derivation has the form

D(x+ tz) = DA(x) + cten + (ax1 + bt)z,

where DA ∈ Der−1(A), the parameters a, b, c are arbitrary, and x1 is the coefficient of e1 in x ∈ A. In particular,
locality at the basis vectors implies all the conditions in (iii).

Conversely, a map with the stated values can be written as

∆(x+ tz) = P (x) + cten + (ax1 + bt)z,

where P : A → A preserves every tail of the ordered basis of A. By Case (i), P is a local anti-derivation of A.
For any fixed x + tz, choose DA with DA(x) = P (x) and use the same a, b, c in the preceding formula for D.
Then D(x+ tz) = ∆(x+ tz), proving sufficiency.

Case (iv): L = R or L = R(F 1
n). By Proposition 2, these algebras have only the zero anti-derivation. Locality

therefore gives ∆(x) = 0 for every x ∈ L.

Case (v): L = Ls. Proposition 2 and locality at the basis vectors first give

∆(e2) = αe2, ∆(h1) = βe2 + γh1,

12
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and zero values on h2 and all ei with i 6= 2. For s = 1, there are no further conditions. Indeed, write x =
x0 + te2 + uh1, where x0 ∈ span{h2, e1, e3, . . . , en}. An anti-derivation with parameters p, q from Proposition 2
has

D(x) = (pt+ qu)e2 − 2puh1.

If u 6= 0, take

p = −γ
2
, q = β +

(
α+

γ

2

) t
u
.

If u = 0, take p = α and q = 0. In either case D(x) = ∆(x).
For s = 2, locality at h1 forces β = 0. Locality at e2 + h1 then gives a scalar p such that

αe2 + γh1 = pe2 − 2ph1,

so γ = −2α. Conversely, each map with these values is already an anti-derivation by Proposition 2.
Finally, the dimensions follow by counting the free parameters. In (ii) and (iii), the free triangular part

contributes (n − 2)(n − 1)/2 parameters. Thus the dimensions are, respectively, n + 1 + (n − 2)(n − 1)/2 =
n(n−1)/2 + 2 and n+ 2 + (n−2)(n−1)/2 = n(n−1)/2 + 3. Comparison with the dimensions in Propositions 1
and 2 proves the last assertion.

Theorem 5. For the algebras in Propositions 1 and 2, the following statements hold.

(i) Every 2-local anti-derivation on NFn, R, R(F 1
n), L1, or L2 is an anti-derivation.

(ii) Let L = F 1
n or L = F 2

n , and let Ψ : C2 → Z(L) satisfy

Ψ(λs, λt) = λΨ(s, t) (λ, s, t ∈ C),

where
Z(F 1

n) = Cen, Z(F 2
n) = span{e2, en}.

Then the map

∇Ψ

(
n∑
i=1

xiei

)
= Ψ(x1, x2)

is a 2-local anti-derivation. It is an anti-derivation if and only if Ψ is linear. In particular, both F 1
n and

F 2
n admit nonlinear 2-local anti-derivations.

Proof. We first make an elementary observation. Suppose that an algebra L has an element v for which

D ∈ Der−1(L), D(v) = 0 =⇒ D = 0.

Let ∇ be a 2-local anti-derivation. Choose an anti-derivation D0 with ∇(v) = D0(v). For any x ∈ L, 2-locality
provides an anti-derivation Dv,x satisfying

Dv,x(v) = ∇(v) = D0(v), Dv,x(x) = ∇(x).

The anti-derivation Dv,x −D0 vanishes at v, so it is zero. Hence ∇(x) = D0(x) for every x, and ∇ = D0. No
linearity assumption on ∇ is needed.

For NFn, Proposition 1(i) shows that v = e1 has this property, because D(e1) determines every parameter
of D. For L1 and L2, take v = h1: the values D(h1) = −2αh1+βe2 and D(h1) = −2αh1, respectively, determine
all parameters. For R and R(F 1

n), Proposition 2 gives Der−1(L) = {0}, so every 2-local anti-derivation is zero.
This proves (i).

To prove (ii), observe that for both filiform algebras

[L,L] = span{e3, . . . , en}.

Their multiplication tables also give the stated two-sided centers. For arbitrary p, q ∈ Z(L), define a linear map
by

Dp,q(e1) = p, Dp,q(e2) = q, Dp,q(ei) = 0 (3 ≤ i ≤ n).

13
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This map annihilates [L,L] and takes its values in Z(L). Consequently, both sides of

Dp,q([x, y]) = −[Dp,q(x), y]− [x,Dp,q(y)]

vanish for all x, y, so Dp,q is an anti-derivation.
Now fix x =

∑
xiei and y =

∑
yiei. We seek p, q ∈ Z(L) satisfying

x1p+ x2q = Ψ(x1, x2), y1p+ y2q = Ψ(y1, y2).

If x1y2 − x2y1 6= 0, this system has a unique solution. If the two coordinate pairs are dependent and one is
nonzero, homogeneity of Ψ makes the two equations consistent, and one can solve the equation corresponding
to the nonzero pair. If both pairs are zero, choose p = q = 0, using Ψ(0, 0) = 0. Thus in every case an
anti-derivation Dp,q satisfies

Dp,q(x) = ∇Ψ(x), Dp,q(y) = ∇Ψ(y).

This proves 2-locality, including pairs with zero or dependent images in L/[L,L].
If Ψ is linear, then Ψ(s, t) = sΨ(1, 0)+tΨ(0, 1), and ∇Ψ = DΨ(1,0),Ψ(0,1) is an anti-derivation. Conversely,

if ∇Ψ is an anti-derivation, its linearity on span{e1, e2} implies that Ψ is linear.
For an explicit nonlinear example on either algebra, take

Ψ(s, t) =


t2

s
en, s 6= 0,

0, s = 0.

This map satisfies the required homogeneity for all complex scalars. The resulting 2-local anti-derivation satisfies

∇Ψ(e1) = ∇Ψ(e2) = 0, ∇Ψ(e1 + e2) = en,

so it is not additive and hence is not an anti-derivation.
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