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CLASSIFICATION ON S* AND GLOBAL DYNAMICS FOR ODD m
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ABSTRACT. We study discrete Lotka—Volterra operators V : S™~! — §™~1 whose interaction
graph is the 2-regular cycle C,,, referred to as Ro(m) configurations. For m = 5 (the simplex S4)
we classify all orientation patterns under the dihedral group Ds via Burnside’s lemma, obtaining
exactly four isomorphism classes (I)-(IV). For each class we determine the P — () repeller—attractor
structure, describe invariant polytopes via coordinate signatures, and prove global convergence of
trajectories. For general odd m > 3 we prove that the directed-cycle operator possesses a unique
interior fixed point M, construct an explicit Lyapunov function ¢, and show that every non-fixed
interior trajectory converges to the boundary in forward time while its a-limit set is {M}.
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Introduction

Lotka—Volterra (LV) mappings on the standard simplex
Smflz{xeRm:Z‘rizl, xiZO}
i=1

constitute a fundamental class of nonlinear discrete dynamical systems, widely studied in population dynamics,
mathematical biology, and related areas [5,6]. Given a skew-symmetric matrix A = (a;;) with |a;;| < 1, the
mapping V : §™ 1 — §™~1 is defined by

m
x§€=$k(1+2akixi), E=1,....,m. (1)

i=1

Because A is skew-symmetric, V is a homeomorphism of S™~1 [1,2]. The interaction graph I'(A) has vertex set
{1,...,m} with a directed edge ¢ — j whenever a;; > 0.

Among the most natural sparse structures are the 2-reqular cyclic graphs C,,: each vertex has in-degree
and out-degree equal to 1. We denote by Ra(m) the family of LV operators whose underlying undirected graph
is Cy,. The study of Ro(m) operators is motivated by cyclic competition models in ecology and by their analogy
with continuous Volterra systems [8].

The trajectory-route method—partitioning S™~! into convex polytopes via sign-change hyperplanes of
the coordinate increments—was developed in [3,4] for bigraph operators. The present work applies and extends
this method to cyclic graphs.

Main results. For the five-dimensional population vector corresponding to the simplex S§*, we classify
all cyclic R2(5) Lotka—Volterra operators, up to the natural dihedral symmetries of the cycle, into exactly four
isomorphism classes. For each class, we describe the global direction of the trajectories and identify the invariant
sets that play the roles of repelling and attracting sets.

For cyclic operators associated with an arbitrary odd number m > 3 of coordinates, we prove the existence
and uniqueness of an interior fixed point. We construct an explicit Lyapunov function showing that this fixed
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point is repelling in forward time. Consequently, every non-fixed trajectory starting in the interior approaches
the boundary of the simplex in forward time, whereas in backward time it approaches the unique interior fixed
point.

Preliminaries

We collect the main definitions and tools used throughout the paper.

Throughout the paper, ri ™! denotes the relative interior of the simplex S™~!, while 9S™~! denotes
its boundary.

Definition 1 (Fixed point). A point z* € S™ 1! is called a fived point of the operator V : §m~1 — §gm—1
if Vi(z*) = «*. The set of all fixed points is denoted Fiz(V). A fixed point x* is called an interior fived point
if * € riS™71, i.e. all coordinates x} > 0.

Definition 2(Transverse repeller and attractor) Let A C S™~! be a compact invariant set for V.
Throughout the paper, || - || denotes the standard Euclidean norm on R™.

The set A is called a transverse repeller if there exists a neighbourhood U of A in S™~! such that, for
every x € A and every nonzero vector v transverse to A at z,

1DV (z)v]| > [[v]].

Equivalently, all eigenvalues of the Jacobian corresponding to directions transverse to A have modulus greater
than 1.

Similarly, A is called a transverse attractor if all eigenvalues of the Jacobian corresponding to transverse
directions have modulus less than 1.

Definition 3 (a- and w-limit sets). For 2(*) € §™~! define:

w(z®) ﬂ {z®) :k>n}, o) = ﬂ {z(=%) 1 k > n},

n>0 n>0

the w-limit set (forward limit) and the a-limit set (backward limit) of the orbit through (%),

Definition 4 (Coordinate signature). Let V be an LV operator (1) with skew-symmetric matrix A. The
coordinate signature of a point z € S™~ ! is

o(z) = (sgn(z] — x1),...,sgn(z, — 1)) = (sgnz1(Az)q, ..., sgnz,(Az)y,), sgn(t) € {+,—,0}.

The closure of the set of all points carrying a fixed admissible signature o is a convex polytope F, C S™~ 1.
The ordered sequence of polytopes traversed by the forward orbit of z(?) is called the trajectory route of z(9).

Definition 5 (Invariant regions P and @)). For operator (1) define
P={reS™': Az >0}, Q={re S Ar <0}.

These sets are the positive and negative basins of V, respectively. Note that P = F, for 0 = (+,...,+) and
Q=F,foroc=(—,...,—).

Definition 6 (Graph isomorphism of LV operators). Two Ra(m) operators V and V with interaction
matrices A and A, respectively, are called isomorphic if there exists a permutation 7 € S,, such that

Aﬂ(i)n—(j) =A;; foralli,j.

Equivalently, the directed graphs I'(4) and I‘(/i) are isomorphic as directed graphs. The group of symmetries
acting on C, is the dihedral group D,, of order 2m.

Burnside’s lemma [7]. Let a finite group G act on a finite set X. The number of orbits (isomorphism

classes) is
-G )

geqG

where X9 = {z € X : g-x = x} is the set of elements fixed by g.
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Classification on S*: R,(5) configurations

Let V : S* — S% be an Ro(5) operator. Each of the five edges of Cs may be oriented in two ways,
giving 2° = 32 orientation patterns encoded by binary vectors ¢ = (e1,...,¢5), & € {0,1} (clockwise = 1,
counter-clockwise = 0).

Theorem 1. Under the action of Ds the 32 orientations of Cs split into exactly four isomorphism
classes.

Proof. |Ds| = 10. The identity fixes all 32 patterns. Each of the four nontrivial rotations (k = 1,2, 3,4,
ged(k,5) = 1) acts as a single 5-cycle on the edges and fixes only the two constant vectors (0,0,0,0,0) and
(1,1,1,1,1), giving | X 9| = 2 in each case. Since C5 is an odd cycle, every reflection fixes exactly one edge and
reverses the orientation of the remaining four; no pattern with a fixed single edge can be fixed globally under
such a reflection, so |X¥| = 0 for all five reflections. By Burnside’s lemma (2):

40
N = (32+4 245:0)= 35 =14

The four classes are distinguished by their source-sink structure:
I (1,1,
(I1) (1,1
(TI11) (
Iv) (

1,1) — directed cycle, 0 sources, 0 sinks;
1,0) — 1 source, 1 sink, arc lengths {4,1};
,0) — 1 source, 1 sink, arc lengths {3, 2};

1, 1, ,0,0
1,1,0,1,0) — 2 sources, 2 sinks, arc lengths {2,1,1,1}.

1

b 07

Class (I): directed cycle (1,1,1,1,1). The representative orientation 1 — 2 — 3 — 4 — 5 — 1 gives the
operator

) = 21(1 — a1y + asws),

xh = x2(1 + a1y — asxs),
zh = z3(1 + agwy — azwy), (3)
7y = 24(1 + agws — asws),
zs = x5(1 + agws — azr1),

with skew-symmetric matrix
0 —aq 0 0 as
ay 0 —ao 0 0
A= 0 as 0 —as 0
0 0 as 0 —ay
—as 0 0 aq 0
The fixed-point set is
FIX(V) = F13 U F24 U F35 U F14 U F25 U {M},
where
T;; = cofe;, e}

denotes the edge of S* joining the vertices e; and e;, and the unique interior fixed point is

asa4 G305 a1a4 G205 a10a3
MZ( AN A A A A ), A = asay + azas + ajas + azas + aras.

Theorem 2. For operator (3) the interior fized point M is a transverse repeller for V and a transverse
attractor for V=1, In particular, w(x(©)) C 3S* for every z(©) € riS*\ {M}.

Proof. For m = 5, we apply the Lyapunov-function argument developed in Theorem 6. The correspond-
ing Lyapunov function takes the explicit form
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5
. agay agas
(V)= fowl =(@1(1 —a1z2 +asz5)) & (x2(l 4+ arz1 — agxs)) 2
i=1

2

ajag

2a
(1‘5(14’0,4:647&51’1)) A =

a1aq
. (IL‘3(1 + agxo — a3x4)) A (504(1 + asxs — 04585)) A

o

age4 esas alag azag aleg agay azag
=a,% T, w3t 1,0 g ((1—a1x2+a5x5) 5 (14 a1z —asxs) &

ajay agas ajag
(14 agxo —aszy) & (1+asxs —agxs) & (1+ aszqg —asz) = >§

asa asa
< @M(x)((l —a1xe + asTs) - % + (14 a1z — agxs) - 25
aia asa ala
+ (14 agzy — agxy) - 1T4 + (14 azzs — aqxs) - % + (14 agzy — asxq) - %)g oum(x)

satisfies ppr (V) < par(x) with equality only at x = M (Lemma 1), so forward orbits move away from
M and accumulate on 9S*. [

Figure 1: Trajectory dynamics of Ro(5) operators on S* (pentagon projection): a) Class (I) — all interior orbits
spiral away from the interior repeller M (star) toward 95%; b) Class (II) — blue segment P = [e1, M;] (repeller),
red segment @ = [e5, M3] (attractor); all orbits follow P — Q.

Class (II): one source, arc lengths {4,1}, representative (1,1,1,1,0).
This class contains 5 graphs; a representative is the orientation 1 — 2 — 3 — 4 — 5 < 1 (vertex 1 is the
source, vertex 5 is the sink):

) = 21(1 — ayxs — asxs),
ry = 22(1 + a1z — agxs),
2y = 23(1 + agws — azwy), (4)
2y = z4(1 + agrs — agms),
x5 = x5(1 + agzq + azw),

with skew-symmetric matrix

as 0 0 ay 0
Solving V(x) = = on the boundary gives fixed points

Ml = ( “ 707 = 7070)’ M2 = (07 4 707 = 70)7 M3 - (0707 - ’07 T )
ay+az ap+az az +az’ a2 +as a3 +as a3+ aq
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The invariant segments are
P = [eq, M;] C T3, Q = [es, M3] C T'35.

Theorem 3. For operator (4): every point of i P is a transverse repeller, every point of Q) a transverse
attractor, and for every z(© € riS4,

a(z®) € P = [e1, My], w(@®) € Q = [es, My].

The global dynamics follows the repeller—attractor scheme P — Q.
Proof. Transversality. For x € riP the characteristic polynomial of DV (z) factors as
a2a3(1 — k‘)
ay + ao

asas(1l — k)

1—2)%1 E—X(1
( )(+a1 )<+ ay + ao

—/\)<1+a5k+ —)\), 0<k<l,

s0 A1 = A2 = 1 along P and A3, Ay, A5 > 1 (repeller). For z € ri@ the analogous computation gives all transverse
eigenvalues less than 1 (attractor).

Global dynamics. For p = (p1,0,p2,0,p3) € P (so Ap > 0), the function ¢, (z) = 27" 25*2L® satisfies, by

the weighted AM—GM inequality,

since (Ap,z) > 0 on S%. Forward orbits are thus driven into Q. Here,

m

(Ap,z) = > (Ap)iz;
i=1
denotes the standard Euclidean inner product in R™. The symmetric argument for V! gives a(z(®)) c P. O
The 8 admissible coordinate signatures for operator (4) are

o1 = (—++++), 02 = (—++—+), 03 = (—+——+), 04 = (—+—++), 05 = (——+++), 06 = (——+—+),

o7 = (————t). o5 = (———++),

with convex polytopes (where C' = %(a2a4, 0,a1a4,0,a1a3), D = aja3 + ajaq + azay):

F1 260{61762,M1,M2,C}7 FQZCO{61,€2,65,M2,O}, F3 260{61,64,65,M2,C},
F4:CO{617645M17M27C}7 F5 :CO{€2,€3,M1,M2,M3,C}, FGZCO{627e5aM27M37C}7
Fr = co{es,e5, My, M3,C},  Fg = co{es,eq, My, M, M3, C'}.

The transitions across common facets (verified by sign of the corresponding increment) yield an acyclic
route diagram terminating at . The direction of the transition across each common facet is set
by the sign of the corresponding increment; for example, at T = Fy N Fg = {es,e5, M, C}, af =
2 2
7@0%1’“4 (a3 + a3) — ab"&‘lﬁflj“ — “1“2‘13;42‘15]“2]“4 < 24,80 T C Fg and the transition is Fo — Fgz. Work-
ing through all adjacent pairs produces the route diagram, which terminates at Q.

xh (1—

Class (II1): one source, arc lengths {3,2}, representative (1,1,1,0,0).
The orientation 1 — 2 — 3 — 4 < 5 + 1 (single source 1, single sink 4) gives

] = 21(1 — a1xe — asxs), xh = x2(1 + a1y — asxs),

2 = 23(1 + aswy — azwy), 7y = 24(1 + azws + asws), (5)
z5 = x5(1 — agwq + azx1),

with skew-symmetric matrix
0 —aq 0 0 —as
ay 0 —a9 0 0
A= 0 a2 0 —as 0
0 0 as 0 aq
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Fi, «—>»F, «— F; «— F; «—» F;

N

Fs «> Fo «> F7 «— Fs «— Fs

Figure 2: trajectory route for class (II)

Theorem 4. For operator (5): (i) P = [e1, M1] C T'13 and Q = [eq, Ma] C T'a4, where

M= (=20~ 0,0), M= (0,—2— 02 0);
ay + as a1 + as as + as az + as

(ii) every point of TiP is a transverse repeller and every point of TiQ a transverse attractor; (iii) for every
2 € 7S, a(z(®) C P and w(=®) C Q.

Proof.

Step 1 (two constant signs). The increments (Ax); = —ajxe — aszs < 0 and (Az)s = azxs + agzs > 0
hold for all z € riS*, so z; strictly decreases and x4 strictly increases along every interior orbit; both converge.

Step 2 (invariant segments). From Az > 0: (Ax); > 0 forces o = x5 = 0; then (Az)s = —aszy > 0
forces x4 = 0; and (Ax)s > 0 gives x1 > as/(a1 + az). Hence P = [eq, M1] C T'13. From Az < 0: (Az)y <0
forces x3 = x5 = 0; then (Az)s = ajz1 < 0 forces 1 = 0; and (Ax)s < 0 gives x2 < ag/(az + a3). Hence
Q = [es, M3] C Ta4. Thus P and Q lie in distinct 2-faces of S*.

Step 8 (absorbing region). On the boundary f5 : {asx1 = asx4} one has zf = x5 and (Az')s < 0, so
the region {aqz4 > asz1} is forward-invariant; since x4 increases and x; decreases, every interior trajectory
eventually enters it.

Step 4 (limit sets). On the w-limit set §2, x4 is constant (positive supremum), so (Ay)y = azys +asys =0
forces y3 = y5 = 0, i.e. @ C I'194. On I'154 the residual dynamics drives 1 — 0, so Q C I'y4. On I'yy the
transverse eigenvalues satisfy A\1 = 1 —a1z2 < 1, Ay = 1 —agxqy < 1, and A3 = 1 + agxy — azzy < 1 iff
xo < ag/(az + a3); hence the attracting part is exactly [eq, Ma] = Q. The symmetric argument for V=1 gives
a(z®) c P.

Step 5 (acyclic route P — Q). The simplex 7iS* is partitioned into at most four signature cells by the
boundaries 5 : {a121 = asxs} and 3 : {asxy = agzy}. Since op = — and 04 = + (Step 1), the only varying signs
are o = sgn(a1xy —azx3) and o3 = sgn(asxa—asry). On ly one verifies (Az')s = araf(1+---)—azxh(---) <0,
so the cell {a1z1 < agxs} is forward-invariant once entered. On 3, since x4 strictly increases and x5 — 0 (forced
by z1 — 0 and the residual dynamics), the sign of asxzs — azx4 eventually becomes negative and stays so. Hence
the route graph has no directed cycles: the four cells can only be traversed in the order dictated by the monotone
decrease of x1 and increase of x4, terminating at Q. OJ

F, «e—>F, — F; —>» F; «— F,

[

Fs «» F6 «» F7 —» Fs 4 Fs

Figure 3: trajectory route for class (III)
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Figure 4: Trajectory dynamics of Ro(5) operators on S* (pentagon projection): a) Class (II1) — P = [e;, M;] C
T'y5 (repeller, blue), @ = [eq, Ma] C T'ay (attractor, red); b) Class (IV) — P = [eq, e4] (repeller, blue), @ = [es, e5]
(attractor, red); single transition Fy — F_ yields terminal signature (—, —, +, —, +).

Class (IV): two sources/two sinks, representative (1,1,0,1,0).
The orientation 1 — 2 — 3 <-4 — 5 < 1 (sources {1,4}, sinks {3,5}) gives

] = x1(1 — a1xs — asxs), xh = x2(1 + a1y — asxs),
zh = 23(1 + aswy + azwy), 7y = 24(1 — agws — asws), (6)

x5 = x5(1 + agwq + a5x1),

with skew-symmetric matrix
0 —aq 0 0 —as
al 0 —ao 0 0
A=10 a9 0 a3 O
0 0 —as 0 —ay
as 0 0 ay 0

Theorem 5. For operator (6): (i) P = [e1,e4] and Q = [es, es]; (i) every point of riP is a transverse
repeller and every point of riQ a transverse attractor; (iii) for every (9 € riS*, a(z(®) C P and w(z®) c Q.

Proof.
Step 1 (four constant signs). For x € riS* the two sources and two sinks have definite signs: (Az); =
—a1z9 — aszs < 0, (Az)y = —aszws — agxs < 0 (sources z1,x4 decrease), and (Az)s = asxe + agxy > 0,

(Az)s = agxq + aszy > 0 (sinks x3, x5 increase). Ounly oo = sgn(aijx; — asxs) varies, producing two cells
Fy ={a1x1 2 asx3} meeting along ¢5 : {a121 = agws}.

Step 2 (invariant edges). Ax > 0 forces o = x5 = x5 = 0 (all sink and mixed coordinates zero), so
P = e, eq]. Az <0 forces 1 =z =24 =0, s0 Q = [e3, e5].

Step 3 (transversality). On 1P (x3 = 23 = x5 = 0): Ao = 1+ a1z7 > 1, A3 = 1 + agzqg > 1,
As = 1+ agxq + aszy > 1 (repeller). On 7iQ (x1 = 20 =24 =0): A\ =1 —asx5 < 1, Ay = 1 — ageg < 1,
A =1—asxs — agxs < 1 (attractor).

Step 4 (route P — Q). On {5 one verifies (Az')s = —aw129 — ajasz105 — a3T273 — asazrsry < 0, SO
F_ = {a1z1 < agxs} is forward-invariant; since 1 — 0 and 3 increases, every trajectory enters F_ and the
single transition Fy — F_ occurs, leaving terminal signature (—, —, +, —, +).

Step 5 (limit sets). On w(z(9)), x3 and x5 are constant, so (Ay)s = asys + asy; = 0 forces y; = y4 = 0
and (Ay)s = agys = 0 forces yp = 0; hence w(z(?)) C [e3, e5] = Q. Symmetrically a(z(?) C [e1,e4] = P. O

General odd-m cyclic operators
Let m > 3 be odd and let V : S™~! — §™~! be the cyclic operator

x) = xk(l + Ap_1Tp—1 — akxk+1), k=1,....m, 0<a,<1, (7)

22



Acta NUUzZ EXACT SCIENCES 2/3, 2026, 16-25

with indices modulo m and skew-symmetric matrix A with entries Ay 1 = ar—1, Ak r+1 = —ak.
Proposition 1. For odd m, det A =0 for all a;, > 0.
Proof. Since AT = —A, det A =det(A") = det(—A) = (—1)"det A = —det A, so det A = 0. OJ
Remark. For even m, det A = (Pf A)? >0 PfA =0 <= interior fixed point exists.
The unique interior fized point. The equation (AM ), = 0 reads

ak—1
ag

akflefl — akMk;Jrl = 0, i.e. Mk+1 = Mkfl. (8)
This is a two-step recurrence. For odd m, ged(2,m) = 1, so stepping by 2 modulo m visits every index in a
single orbit. Thus every M}, is determined by M; > 0, and normalising ), M}, = 1 gives a unique M € riS m=1,

Proposition 2. For m odd and all a, > 0, dim KerA =1 and KerAnS™~t = {M}.

Proof. Any solution of Av = 0 is determined by v; alone (single orbit under step-2 shifts for odd m), so
dim KerA = 1. The unique positive solution, after normalisation, gives M € riS™~1. O

Example 1 (m = 5). From recurrence (8): Ms = (a1/az2)My, Ms = (a1a3)/(aza4) - M;, and completing
the cycle yields

a2Qa4 asas a1ay a20as5 aijas
Mlz—A, MQ:—A7 Ms = N M, = N My = N
where A = aqa4 + azas + ai1a4 + asas + aias.
Example 2 (m = 7). The same procedure gives
20406 asasay 10406 20507
Mi=——, My=—"—"— M3=——, Myj= ,
A A A A
ai1azae asa4a7 aijasas
M5 = ) M6 = 5 M7 = 3
A A A
where A is the sum of all seven numerators.
My,

Lemma 1. The function on(x) = [y xy " satisfies (V) < pa(z) on riS™ L, with equality if
and only if ¢ = M.
Proof. Write ui, = (Az)g, so ), = xx(1 + ug). Then

pu(Ve) 1
e (x) kl;[l

By skew-symmetry and AM = 0: Y, Myu, = (M, Az) = —(AM,z) = 0. The weighted AM-GM inequality

with weights My, > 0, > My =1 gives

H(l -I-Uk)Mk < ZMk(l +ug) =1 +ZMkuk =1.
k=1 k=1 k=1
Equality requires all 1 + uy equal; combined with > Myu, = 0 this forces each up = 0, i.e. Az = 0, hence
x = M by Proposition 2. [J
Theorem 6. Let m > 3 be odd and let M be the unique interior fived point. For every x(®) € riS™=1\
{MY: (3) a(z®) = {M}; (ii) w(z®) c 9s™ .
Proof.

Forward direction. For z(9) % M Lemma 1 gives strict decrease: ¢ (z(™t1)) < @ (2(™). Being bounded
below by 0, the sequence converges to some L > 0 with L < ¢ (M). Suppose y € w(z(®) N riS™ 1. Then
o is constant on the forward orbit of y (since y € w), yet Lemma 1 gives strict decrease unless y = M. Since
L < @ (M) we have y # M, a contradiction. Hence w(z(®)) NriS™~! = @, proving (ii).

Backward direction. Since V is a homeomorphism of S~ [1,2], the backward orbit 2(~™) is well defined.
By Lemma 1, the sequence @M(x(_")) is strictly increasing and bounded above, and therefore converges to
some value L.

Let z € a(x(o)). Then there exists a sequence nj;, — oo such that z(~"*) — 2, and hence, by continuity,

QDA[(Z) = L
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Since the a-limit set is invariant under V, we also have Vz € a(2(?)), and therefore
erm(Vz) = L = o (2).

By the equality condition in Lemma 1, this is possible only if z = M. Hence every point of a(x(o)) is equal to
M, and therefore

a(z0) = {M}.

Relation to previously known results. The results of [1] provide a general framework for the qualitative
analysis of Volterra quadratic stochastic operators, including Lyapunov functions and estimates for limit sets.
The present results develop this framework further for cyclic Ro(m) operators by combining the graph structure
with an explicit analysis of the global dynamics.

For Ry(5) operators, Theorems 2-5 give a complete classification of all orientations into four Ds-
isomorphism classes and determine, for each class, the corresponding repeller—attractor structure, invariant
sets P and @, transverse stability properties, and global trajectory routes. Thus, these theorems provide a
detailed dynamical classification that goes beyond the general qualitative statements available in [1].

For arbitrary odd m, Theorem 6 gives a further global result for the directed cyclic configuration. Namely,
the unique interior fixed point is determined explicitly, and the associated Lyapunov function yields the precise
asymptotic relations

a(z0) = {M}, w(z®) c asm1

for every non-fixed interior trajectory. Hence, the results of Theorems 2-6 complement and refine the general
theory in [1] by providing an explicit classification and a more detailed description of the global dynamics for
cyclic Lotka—Volterra operators.

Proposition 3. For the cyclic Ro(m) operator with m odd, KerA N riS™=1 # @ if and only if the
orientation is a directed cycle; otherwise KerANS™™1 c 9S™~ 1.

Proof. (If.) If the orientation is a directed cycle, every vertex has in-degree and out-degree 1, so the
recurrence (AM); = 0 takes the form ap_1Mi_1 = apMyy1 with all a;, > 0. For odd m, ged(2,m) = 1, so
stepping by 2 visits every index; a unique positive solution exists and after normalisation gives M € riS™~1.

(Only if.) Suppose M € Ker ANriS™~1, so all My > 0. Then (AM); = 0 reads ax_1 My, _1 = ar My, for
each k. If vertex k had two outgoing edges (say to k+1 and k—1), then (AM)y = —ak g+1 Miy1—ak -1 Mp—1 <0
since all terms are positive, contradicting (AM); = 0. Hence every vertex has exactly one outgoing and one
incoming edge, i.e. the orientation is a directed cycle. [J

Corollary 1. For Ry(5) on S*, an interior fized point exists if and only if the orientation is class (I).
In classes (II)-(1V), some vertex has degree imbalance, forcing the unique KerA-vector to lie on 0S*.

Proof. Apply Proposition 3 with m = 5. In class (II), vertex 1 has two outgoing edges, so (AM); =
—a1 My — asMs = 0 with a1,a5 > 0 forces My = M5 = 0, hence M ¢ riS*. The argument is analogous for
classes (IIT) and (IV). O

Conclusion

We have given a complete classification of R (5) Lotka—Volterra operators on S* into four Ds-isomorphism
classes (I)—(IV), and for each class proved the P — @ repeller—attractor scheme via coordinate signatures and
Lyapunov functions. The general odd-m theorem shows that the directed-cycle operator always has a unique
interior repeller M and that every other interior trajectory escapes to the boundary, with M as the sole a-limit
point. These results connect combinatorial graph data (orientation type) directly to global qualitative dynamics
on the simplex. For even m the situation is richer: the Pfaffian Pf A may be nonzero, and the interior of S™!
may carry no fixed point even for the directed-cycle orientation; a full classification for m = 6 into nine Dg-
isomorphism classes, together with the condition ajasas = asasag distinguishing the degenerate regime, is the
subject of ongoing work [3,4]. The coordinate-signature framework developed here extends naturally to R, (m)
operators with r > 2 interactions per vertex and to bigraph structures on higher-dimensional simplices.
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