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ABSTRACT. In this paper, we study a direct nonlocal problem for a nonhomogeneous Boussinesq-
type equation in a bounded multidimensional domain. The problem is considered under homoge-
neous boundary conditions and a weighted integral condition involving the time variable. Using
the Fourier method and spectral expansion, we derive an explicit form of the solution. Sufficient
conditions for the existence and uniqueness of the solution are obtained, and the convergence of the
corresponding series is established.
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Introduction

Let 2 C R™ be an arbitrary bounded domain with piecewise smooth boundary 92 and T > 0. Consider
in the cylinder 2 x (0,T") the following equation

ugr — Augy + V2 Au = f(z), 2€Q,0<t<T, (1)

where parameter v is a positive number.
Let A be a positive self-adjoint extension of Laplace operator —A: Au = —Au, u € C§°(Q).

(Au,u) > p(u,w), p>0, ue D(A)

We assume that A has a compact inverse operator A~!. In particular, this self-adjoint extension may be
produced by the boundary conditions like

a(x)% +B(x)u=0, xe€d

with some appropriate a(x) and B(zx).
We consider non-local conditions
u(z,0) = u(z,T), (2)

/0 tu(x,t) dt = () (3)

Equations of the form (1) are known as linearized Boussinesq-type equations (see [1, Eq. (26)]). Such
equations arise in the mathematical modeling of various physical processes and therefore the study of their
solvability is of particular interest. Initial and boundary value problems for Boussinesq-type equations, including
nonlinear and nonhomogeneous cases, have been investigated in many works (see, for example, [2-9]).

A number of papers are devoted to the study of nonlocal problems for Boussinesg-type equations, where

conditions for the existence and uniqueness of solutions were established by means of spectral and Fourier
methods.
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In [3], a nonlocal problem for a Boussinesg-type differential equation was studied, and the existence and
uniqueness of the solution were proved by the Fourier method. The approach used in our paper is close to
that work.However, the nonlocal condition considered here is different, since it is given as integral condition
with respect to time and contains the factor ¢. Because of this, the relations for the Fourier coefficients take a
different form, which in turn changes the solvability conditions of the problem.

Similar problems were considered in [7] and [10] by Khalmukhamedov A. R. and Kuchkorov E. I. Our
study is also methodologically related to these works, especially in the use of spectral decomposition and the
Fourier method. The main difference is that the term containing v? appears with the opposite sign in the
equation considered here. This change leads to a different form of the corresponding scalar equations and
affects the spectral conditions that arise in the analysis of solvability.

In the present paper, we study a direct nonlocal problem for a nonhomogeneous Boussinesqg-type equation
subject to time-integral condition. The presence of the factor ¢ in the integral condition, together with the
changed sign of the v2-term, distinguishes the present problem from those studied earlier. Due to the operator
taken with the opposite sign, the form of the solution and the solution method changes. Using the Fourier
method, we obtain an explicit representation of the solution and establish sufficient conditions for its existence
and uniqueness.

Definition 1. We say that a function u(z,t) is a solution to the non-local problem (1), (2) and (3) if
the following conditions are satisfied:

1) u(-,t) € D(A) for all t € (0,T), and the function u(z,t) is continuous with respect to ¢ in the norm of
Lo(2);

2) the function w(z,t) and Au(x,t) are twice continuously differentiable with respect to ¢ on the open
interval (0,7") in the Lo(§2)-norm;

3) the function u(z,t) satisfies equation (1) and the non-local conditions (2) and (3).

In order to formulate the results on existence and uniqueness we introduce some important parameters.
Let \; and vg(x) be the eigenvalues and corresponding eigenfunctions of the self-adjoint operator A:

Avg(z) = Mo(z), x € Q.

The spectral decomposition of any function ¢ € Ly(f2), f € L2(€2) has the form

o(x) =Y ervr(z), ok = (o, vn).
k=1

oo

F@) =" fron(@),  fr=(frve).

k=1
According to our assumptions, g < A1 < Ag... < A\ — 00. Set

Ak
14+ X

Ve =V

Now, we introduce the following set:

T2
AO(I/) = {)\k S SpA L Pk + m‘f}c = 0}

Consider a linear space L(v) formed by eigenfunctions corresponding to the eigenvalues from the Ag(v):

L(v) = {hlh(z) = Y _ hyor(x)}.
k=1

In this paper, the validity of the following statement is proved.
Theorem 1. Let ¢ € D(A) and f € L2(Q2). Then the solution of problem (1)-(3) exists and is unique.

Preliminaries
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In this section, we determine the solution to the problem using the spectral method and derive the general
form of the solution.

Firstly, we can rewrite equation (1):
gy + Augy — VP Au= f(x), z€Q, 0<t<T. (5)

Assume that u(x,t) is solution of problem (5), (2) and (3). Then, we reduce problem (1)-(3) to a homogeneous
problem:

u(z,t) = w(zx,t) — %Ailf(x).

In addition, the spectral decomposition of solution has the form

u(z,t) = up(t)or(@), urlt) = (u,vp);
k=1

t) = Zwk(t)vk(ac), wi = (w, vg).
k=1
The function w(z,t) is a solution to the following equation
wi + Awy — VP Aw =0, z€Q, 0<t<T. (6)

satisfying the nonlocal conditions.
Applying the (I + A)~! operator to both sides of equation (6) and we get

wi — A+ A) P Aw = 0.

Recall that the operator A is self-adjoint and we can write

((I—|— A)_lAw,vk> = (w,A(I + A)_lvk) (w, %UQ = %wk.

Therefore, it follows from the above equations that
wi(t) — viwp(t) =0, 0<t<T,
wk(()) = wk(T),
T
[ tn(t)dt = i+ s fio

is valid, where k € N. Hence, wy(t) = ag ch vyt + by sh vit.
We add to this equation conditions of (7) that follow this determinant

(1 =chypT)ag + b shy,T =0
a shvT + by chy, T = % ¢y,

1—chy,T —shyT
shvT ch v, T
Finding the coefficients aj, and by, from system (8), we write the form of each function wy () as follows:

We note that ‘ = 2sh? % = 0, there we can determine ¢ = @y + Tﬂik fr-

chvT/2

t) = h vt + by, sh t—
wi(t) = ap chvgt + by shy, ¢k T2

chypt —shyt| =

Vg P

= Tab o3 At = T/2).

o4
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Thus,
2

w(z,t) = A g:( TR chlvi(t = T/2)] (o + 2y2/\kfk)
k olv

Hence, if a solution to the problem (1)-(3) exists, then it has the following form:

v 2
we) = Y [l -T/2)(e+ g fe)Jn@ = Y el ©)
Ax Ao () k k Ae€Ao(v) K
or
vi chlve(t —T/2 Ty chlv(t —T/2 1
u(w,t) =y [ kCT[Sﬁ(VtkT/; )]wﬁ-( k(;s[hlj/itT/Q/ )]) VzAkfk}Uk(a?)— > %Akfkvk(w) (10)
A &ANo(v) ALEAo (V)

Proposition 1. Let the function u(z,t) be the solution of problem (1)-(3) for ¢, f € L2(€2). Then its
spectral expansion has the form (9).

Auxiliary results and proof of the main Theorem

In this section, we present auxiliary lemmas and propositions which are needed for the proof of the main
theorem. After establishing these auxiliary results, we proceed to the proof of the theorem itself.

For convenience, let us introduce the function

1%

Bowt) = o)

chlvg(t — T/2)]. (11)

In this regard, we can rewrite the form of the solution as follows.

1 T 1
u(w,t) = Y [TB(kat)SOk + WB(Vk’t)fk]Uk(l‘) - Y VT)\kkak(l’)- (12)
)\kng(V) )\kEAO(V)
Lemma 1. There exists a constant C' > 0 such that
|B(vg, )| < C
for all k € N and t € [0,7].
Proof. Taking into account that v, < v and ¢t € (0,T), we obtain
T VkT
h t—=|| <chl—=].
a3l <)
Therefore,
v ch(vT/2) v, T v, T et +e @
B )< - th — = | — = th=——|=
t) < =gy~ et 2 — " O
2e™¢ 2 1
:I/k(].-f—e):Vk(].-i- ) )<l/k<1+)
et —e=@ e’ —1 a
Thus,
|B(vg,t)| < C (13)
where C' = const. O

Recall that for u(x,t) to be a solution of the considered problem, the function itself and its second-order
derivatives with respect to ¢ must satisfy the required belong to the domain of operator A. Therefore, we prove
the following statements.

Proposition 2. Let the function u(x,t) be defined by (9). Then u(-,t) € D(A) uniformly with respect
to t € (0,T), provided that

Y Oflenl + 1il?) < +oo. (14)
Ar@Mo(v)
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In particular, if ¢ € D(A) and f € Ly(2), then condition (14) is satisfied.
Proof. Applying the operator A to equation (12), we obtain

Au(z,t) = Y [; (Vi t ))\Wk-l-QT B(Vkvt)fk}vk(x)‘i‘ > %fkvk(x)- (15)

)\kgl\o(l/) /\kGAo(V)

Since f € L2(Q2), the second sum in (15) is finite. It remains to estimate the first part of the expression.
Then, using (13) and Parseval’s equality and the inequality (a + b)? < 2a? + 2b* we get

AuC 02 = Y [FBO Ok + 5Bk O] <

)\kng(l/)

2 T2
< Y (BN + B0,
Ak gAo(v)

By Lemma 1, it follows that the inequality

1Au(, Dl[F,0) < Cr Y ORlewl® +1il?) < oo
A Ao (v)
Since condition (14) holds and f € L2(€2), the right-hand side is finite.

Hence, ||Au(-,t)||L,() < const. uniformly with respect to ¢ € (0,7). The proposition is proved. O

Proposition 3. Let condition (14) be satisfied. Then the functions u(x,t) and Au(z,t) are twice
continuously differentiable with respect to t € (0,7).

Proof. Differentiating with respect to ¢ in equation (15), we obtain the following equality

1 Tv?
@Au(x t) = Z {TVZB(th))\k@k + QVSB(Vkvt)fk} vg(2).
Ae@Ao(v)

By Parseval’s equality, we get

2 o 2 2 T2V4
HatQAU S Z <T23 (i, 1) 2 B*(vg, 1) fi;
Ak&ho(v)
From definition (4), we have
I
e 11/ < 1/,C <2

Thus v is uniformly bounded and together with Lemma 1, B(vy,t) is also uniformly bounded. Therefore the
above series converges in Lo(Q2) under condition (13). Consequently,

2
< const. O<t<T.

82

Moreover, Au(z,t) is twice continuously differentiable with respect to ¢. The same argument applied directly
to u(z,t) shows that u(z,t) is also twice continuously differentiable with respect to t. O

Proof of the Main Theorem.
Let o € D(A) and f € Ly(Q).

oo S
D Nlerl* <o, D ISP < o0
k=1 k=1

Hence condition (14) is satisfied. Therefore by Proposition 2, the function defined by representation (12) belongs
to D(A) uniformly with respect to ¢t € (0,7). By Proposition 3, the functions u(z,t) and Au(z,t) are twice
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continuously differentiable with respect to ¢ € (0,7). Hence all terms appearing in equation (5) are well defined
in L2 (Q)
From representation (12) we have

fr
V2/\k

1 T
ug(t) = TB(uk,t)gok + MB(Vkat)fk -

By the definition of (11) B(vy,t), we have By (vy,t) = v B(vy, t). Therefore,

"

1 T
W0 = | B O+ 5 BORD

It follows from the above results lemma, propositions that the series defining u(x,t), Au(x,t), and Auy(z,t)
converge in Lo (2).
The remain series

- > V%Mfkvk(x)

)\kGAO(D)
also converges in Ly(€2). Indeed, since A\, > A1 > 0, we have

2

1 1 )
> | Some X W<
AE€Ao(v) A€M (V)
Moreover, from representation (12), we obtain
Cs
| <C .
luk ()] < Cilex| + u2Ak|f’“|

where C; and Cy are positive constants independent of k and ¢. Hence,

203

luk(8)]? < 202 |or)? + e

| fl -

Since A\ > A1 > 0, we have

S luk(®)* <207 Jonl* + 4A22 S 1l < oo
k=1 k=1 1 k=1

v

Therefore, the series (12) converges Lo (£2). Consequently, the function u(z,t) satisfies all the required conditions
and is a solution of problem (1)-(3).
It remains to prove uniqueness and the uniqueness part of the theorem is straightforward to prove. Thus,
the solution of problem (1)-(3) exists and is unique. The theorem is proved.
O
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