Acta NUUzZ EXACT SCIENCES 2/3, 2026, 59-67
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ABSTRACT. We construct sequential fixed-width confidence intervals for a parameter of a right-
censored lifetime distribution observed as a stream, where the Fisher information is unknown and
must be learned online. The procedure combines the Polyak—Ruppert averaged Robbins—Monro esti-
mator with a recursively maintained information estimate, both updated in O(1) time and memory.
Under standard regularity and the gain condition ¢I > 1/2, we prove asymptotic consistency and
Chow—Robbins efficiency (N:/n. — 1 a.s. and in mean). The analysis relies on an asymptotically
linear representation of the averaged estimator, whose remainder is controlled almost surely via the
martingale structure of the score. We show that stopping-time efficiency holds for every gain, while
the gain condition governs coverage alone. Simulations on censored exponential and Weibull mod-
els confirm the theory and demonstrate that using the information in place of its reciprocal in the
stopping rule collapses the procedure.
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1. Introduction

Fixed-width sequential confidence intervals, introduced by Chow and Robbins [4], determine the sample size
adaptively as data accrue. The classical theory assumes i.i.d. observations and an asymptotic variance that
is known or consistently estimable from a pilot. In survival and reliability analysis, however, observations are
right-censored and the Fisher information depends on the unknown censoring law; it cannot be computed a
priori and must be estimated in real time, which forces the sampling rule itself to be adaptive. For streaming
data a further constraint is computational: maximum likelihood, EM, or estimating-equation solvers reprocess
the sample and cost O(n) or worse per update. Stochastic approximation [23] updates in O(1) time and memory,
and Polyak-Ruppert averaging [21, 22, 25| gives the averaged iterate the optimal asymptotic covariance 11,
independently of the step size. It is thus a natural vehicle for sequential interval estimation: efficient in the
Héjek-Le Cam sense, cheap, and carrying a recursively updatable information estimate that can drive a data-
dependent stopping rule.

Related work. Fixed-width sequential intervals originate with [4]; coverage rests on Anscombe’s random-index
theorem [1] and its nonlinear-renewal refinements [28, 8]. A recent literature treats online and streaming estima-
tion at a fized sample size: renewable regression [15], stochastic-gradient estimation for censored streams [29],
and, for the Polyak-Ruppert average, variance estimation via batch-means [3], the online bootstrap [7], or ran-
dom scaling [13, 26]. All fix n and report a shrinking-width interval. To our knowledge none couples a recursive
information estimate with a data-driven stopping time to deliver a fully sequential fized-width interval that is
consistent and Chow-Robbins efficient under censoring; this is the gap we fill.

Given a stream of right-censored observations we run an averaged Robbins-Monro recursion, maintain an
online estimate I,, of the Fisher information, and stop when the implied half-width reaches . Our contributions
are: (i) an asymptotically consistent, Chow-Robbins efficient procedure (Corollary 1): coverage tends to ~
(Theorem 2) and N./n. — 1 a.s. and in mean (Proposition 2); (ii) a corrected asymptotically linear represen-
tation (Lemma 2) whose frozen-score correction, not amenable to a direct Cauchy-Schwarz bound (O(n~'/2)),
attains o(n~1'/2) via the martingale-difference structure of the score; (iii) a separation of design requirements:
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stopping-time efficiency holds for every gain ¢, whereas the gain condition c¢I > % governs coverage alone; (iv)
a cautionary identity: the controlling scale is the variance I~', not I, and placing I, where f; ! belongs stops
a factor I? too early, catastrophic under heavy censoring (I < 1).

The paper is organized as follows. Section 2 fixes the model and assumptions; Section 3 develops the
asymptotic theory, culminating in properties (H1)-(H3); Sections 4 and 5 define the procedure and prove
stopping-time efficiency and coverage; Section 6 reports simulations; Section 7 discusses extensions and open
problems. Longer proofs are collected in the Appendix.

2. Model, recursion, and assumptions

Censoring model and score. Let X1, Xs,... be i.i.d. failure times with density f(-;6y) and c.d.f. F(-;6p),
0y € © C R* open, and let C;,Cs, ... be ii.d. censoring times with distribution G, independent of the X; and
not depending on #. One observes

Y;‘ :min(Xi,Ci), 61' :1{Xz Sci}, i:1,2,...,

with filtration F,, = o(Y1,01,...,Yns, ). The single-observation censored score is
9o f(y;0) 9o F (y;0)
,0,0) =90 —(1-9 , 1
V(.46) f(y;0) L=0= F(y;0) @

the conditional expectation of the full-data score given (Y,d) [19, 14]. In particular Eg (Y, d,600) = 0, and the
Fisher information equals
I= ]E90 W(Y; 67 00) d}(Ya 57 HO)T] :

Throughout this paper k =1, so I > 0 is a scalar; the multivariate case is discussed in Remark 5.

Write Z; = (Y;, ;) for the observations, Py for their law, P, = n~! 2?21 0z, for the empirical measure,
Pf = [ fdPy,, and G, f = \/n(P, — Py,)f for the empirical process; thus M (0) = Py, (-, 0).

Remark 1 (/! is the information bound). Under Assumption 2 the censored experiments are locally
asymptotically normal with central sequence G, (-,0y) and information I [27, Ch. 7]; the censored score (1)
is the efficient score and i)go := I71)(-,0p) the efficient influence function. By the Hdjek-Le Cam convolution
theorem I~! is the information bound for any regular estimator [9, 11, 12, 2]; the averaged estimator attains it
(Theorem 1), so n. = a®>I~1/£? is the intrinsic optimal sample size.

Averaged Robbins-Monro recursionFor a compact convex K C © with 6y € int K and Euclidean projection

Ik, and gain 7, = ¢/n, define
_ 1 <&
O = Ilx|0n n Y (Yn »5n 7971 ) O = — 0y 2
+1 K[ + Y Y (Yot1, Ont1 )] n/;k (2)

The projection controls the boundary singularity of ¢. Since 6,, ==+ 6y (proved in Theorem 1) and 6, € int K,
the projection Ik is eventually inactive almost surely, so it does not affect the limit theory. Write M(0) =
Eg, ¢ (Y, d,0) for the drift.

Regularity conditions

We use the following standard conditions.

Assumption 1 (identifiability). 6 is the unique zero of M in ©, M is C! near 6y, and M'(6y) = —1I.
(The last equality is the second Bartlett identity for the censored score (1), recorded here for reference.)

Assumption 2 (smoothness). 6 — (y,d,0) is C! on a neighbourhood Uy of 6y, with Eq, [supy, P2 <
0o and Eg, [supy;, (9p10)?] < oo; in particular 6 — Eg, [¢)?] is continuous on U.

Assumption 3 (moments and information). Eg,|[¢(Y,6,60)|?>T" < oo for some 1 > 0 (with n = 2,
i.e. a finite fourth moment, where the L? control in Lemma 2 requires it), and I = Eg, [¢(Y, §,60)?] > 0.

Assumption 4 (projection). K is compact convex, 0y € int K, and IIx is the Euclidean projection
onto K.
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Assumption 5 (local strong monotonicity). (0 — 0y)M(0) < —\(0 — 6y)? on a neighbourhood of 6,
for some A > 0. This is not independent: it follows from Assumptions 2-3 for any 0 < A < I on a sufficiently
small neighbourhood U, by the mean value theorem (the constant A\ may be taken arbitrarily close to, but not
equal to, I).

These conditions hold for the exponential and Weibull censored families of Section 6 and, more generally,
for regular parametric lifetime models under a censoring law with sufficiently many moments. The gain condition
cl > % is invoked wherever the efficient rate is claimed; its role is delineated in Sections 3 and 5.

3. Asymptotic theory of the averaged estimator

Modulo two classical inputs — the Polyak-Juditsky averaging principle and a moment bound for harmonic-gain
stochastic approximation — this section delivers the three properties used thereafter:

(Hl) asymptOtiC hnearity én - 90 = ]P)n’(/;eo + Rn7 ’(/‘}90 = I_lw(-, eo)a
(H2) negligible remainder /n R,, =2 0;

(H3) consistent scale V, 2 e2=TY 0<V, <., L

Here P,,ﬂ;go = %Z@ ¢i with ¢; = I719(Y;,6;,0p) i.i.d. of mean 0 and variance I~! = o2; (H1) states that 0,, is
asymptotically linear with the efficient influence function [27, Ch. 25].

Consistency, normality, and the non-asymptotic biasUnder Assumptions 1-4, 8, == 6, by the Robbins-
Siegmund theorem [24], and the averaged iterate is efficient.
Theorem 1 (efficiency of the averaged estimator). Under Assumptions 1-4 and cI > 3,

Vi (8 — 00) -5 N(0,171).

Proof. The proof proceeds by linearising the drift. By Assumption 2, M(0,,) = —Id,, + O(d?), so the
error d,, = 6,,—0 obeys a linear recursion with drift —cI and martingale noise &,+1 = (Y41, 0n+1,0,)—M(6,).
Averaging the iterates cancels the gain dependence of the asymptotic covariance, leaving T=1ST~T = I~! with
I' = —cI and S = ¢*I; the boundary condition ¢/ > 3 ensures the drift matrix —c/ is Hurwitz [6, 18], which
is what makes the rate 7, = ¢/n admissible. The projection Il is inactive eventually, since 6y € int K and
6,, == 0y, so the unprojected limit applies [10, Thm. 5.2.1]. The full argument is that of Polyak-Juditsky [22,
10]; see the Appendix. Equivalently v/n(6,—6y) = Gmﬁeo +0,(1): the averaged estimator is asymptotically linear
with the efficient influence function, reproducing the MLE’s limiting variance I~! with no matrix inversion. O

The finite-sample behaviour is governed by a non-asymptotic expansion, which explains both the coverage

results and the role of cI.

Proposition 1 (non-asymptotic mean squared error). Under Assumptions 1-4 and
Tn = C/”y
O(nfzd), cl # %,

3
O(n~'(logn)?), ol =1, ®)

- 1
E[(@n — 90)2] = E + By, B, = {

so the efficient term 1/(In) dominates iff ¢I > % Consequently the root-mean-square transient bias is of order
n=el.

Proof idea. The proof uses the variation-of-constants (Duhamel) representation of the linearised re-
cursion: the deterministic transient and the nonlinearity remainder contribute O(n~=¢!), while the stochastic
term gives the leading 1/(In). At ¢l = 3 the logarithmic factor arises because the two competing exponents
coincide. The last sentence is the fact used below: the bias, not its square, enters the linear representation, so
the remainder there is O(n=°!) and /n times it is O(n'/27¢!), which vanishes exactly when cI > 3.

Lemma 1 (moment bound). Under Assumptions 1-4, v, = ¢/n and ¢l > 3,

supnEd? < oo; if moreover By, [¢(Y,d,00)[* < oo, then supn?Ed: < oco.
n n

This is the standard L?/L* moment bound for harmonic-gain SA [18, Ch. 4], [17, Lemma 1]; see the
harmonic-gain moment recursion.
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The asymptotically linear representation

Lemma 2 (linear representation with a.s.-negligible remainder). Under Assumptions 1-4, the
fourth-moment strengthening of Assumption 3, and ¢/ > i, (H1)-(H2) hold. In addition E[(y/nR,)?] =
O(n~logn).

Proof Sketch. Write dn = 9n — 9(], fn+1 = ¢(Yn+1a5n+176n) — M(Gn) and §2+1 = ¢(Yn+1,§n+1,0(]),
both martingale differences, with ¢, 11 = I_lfgﬂ.

Step 1 (Polyak-Juditsky). By Assumption 2, M (6,,) = —I d,,+O(d?); the averaging principle [22, Thm. 2]
for the linear recursion with drift —cI gives 6,, — 6y = % Sr_ I, + P, with \/nP, 224 0. Tts deterministic-
transient and nonlinearity parts are O(n~¢!) pathwise (via 7,1 = Z;ll(l —clI/k) = ©(n~°")), hence o(n~'/?)
since ¢l > %; the stochastic averaging discrepancy is o(n~'/?) a.s. by the refinements of [20, 16, 5], the sole
external inputs beyond Step 2. (If only /nP, Poois available, (H2) holds in probability and all conclusions
persist.)

Step 2 (replacing the frozen score). Put D, = L3 T71(& — &), so R, = P, + D,,. The increments
are martingale differences, and by the mean value theorem, using the boundedness of dy1p on Uy (Assumption 2),
E[(& — &)? | Fr—1] = O(dj_,), so with M, =37, 71 (& — &) one has E[(AM)?] = O(Ed}_,) = O(k™ 1)

by Lemma 1. Thus E[(v/nD,)?] = 1%, O(k™') = O(n~'logn), giving /nD, , 0; and since
> kTTE[(AM)?] < oo, the L2-bounded martingale > k7Y/2AM,, converges a.s. (by the L*-martingale con-
vergence theorem [10]), so Kronecker’s lemma yields \/nD,, =2 0. A direct Cauchy-Schwarz bound would give
only O(nil/ 2); centring on the martingale difference is what recovers the sharper rate. Combining, \/nR,, 250
and E[(v/nR,)?] = O(n~tlogn). O

Ounline variance estimate. Fix a floor ¢ € (0,1) and estimate the information recursively by

1

fn: Zw(}/iaéhéi—l)Qv Vo = (jnVL)_ .
i=1

3=

Lemma 3 (strong consistency of the variance estimate). Under Assumptions 1-5,
I, 22 I; hence V,, =25 I =62 and 0 < V,, <.~ ! for all n . Thus (H3) holds.

Proof. Since 0, 225 0, also 0; 1 =25 0. With g(0) = Eqg, [¢(Y, §,0)?] continuous near 6y and g(6g) = I,
write I, — I = (a) 4 (b) where (a) = £ >, [¢(Y;,4,0;-1)> — g(0;—1)] and (b) = = >~ ,[g(0;—1) — I]. Term (b)— 0
a.s. by continuity and the Cesaro lemma. For term (a), on a compact sub-neighbourhood U C Uy of 6y the class
{4(-,0)? : € U} is Py,-Glivenko-Cantelli—it has an integrable envelope and is continuous in 6 (Assumptions 2-
3), hence [27, Thm. 19.4] supycy |(Pn — P)3(-,60)?| 2%, 0; since f;_; € U eventually, term (a)Z25 0. The

continuous mapping theorem gives V,, 223 -1 (I > ), and the bound is immediate. (]
4. Sequential procedure and stopping-time efficiency

The procedure. Fix a confidence level v € (0,1) and half-width ¢ > 0, and set a = @fl(%), SO

20(a) — 1 = v. Because v/n(f, — 0)) = N(0,I71), the error law is A'(0,02/n) with 02 = I~1, and the
Chow-Robbins optimal (but infeasible) nonrandom sample size is
a’o? B a2t a?

=55 (5)

nE = =
g2 g2

Replacing 02 by V,, from (4) and choosing a warm-up ng = ng(e) with ng — oo, ng = o(n.) (e.g. ng = [e7¢],
0 < a < 2), define

2V 2 _ _
N =inf{n>no: n>t = " >52}’ I(N.) = [Ox, —e.0n, +el. (6)

g2 (I Ve

Both I,, and V,, update by a single rank-one addition per step; because I, is F,-measurable, {N: < n} e F,,
so . is a bona fide stopping time and the whole procedure runs in O(1) memory.
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Remark 2 (the scale is the variance, not the information). The information I appears in the
denominator of (5): a more informative model (larger I, lighter censoring) needs fewer observations. A rule
must place the variance estimate V,, — I~1 in the numerator. Using I, itself would target a2l /e2, a factor I2
of (5); under heavy censoring I < 1, so I? < 1 and the rule stops far too early. Section 6 shows the resulting
collapse.

Efficiency of the stopping time

Proposition 2 (stopping-time properties). Assume only (H3). Then for every v € (0,1): (i)
N. < max{ng, [a>.7'/e?]} < oo surely; (i) N. 225 oo as e — 0; (iii) N./n. 22 1 as e — 0; (iv) EN./n. — 1
ase — 0.

Proof. (i) As V,, <17 !, the threshold a2V, /e? < a?171/e? =: m* for every n, so the defining inequality
holds at n = max{ng, [m*]}.

(7)) Work on the probability-one event {V,, > 0 Vn} N{V,, — o%}. If N. < B for some finite B, then
B> N.>a*Vy_/e*>a (mmno<n< B V) /e?; since the minimum is strictly positive, the right side diverges as
e — 0, a contradiction. Hence N, =% oo.

(i4i) For e small enough that N, > ng, minimality gives

CLQVN

2
- a“Vn.—1
3 < N. < max (no,T> + 1.

3

Dividing by n. = a%0?/¢?, ‘Z_NE < NE < VNE L4 0 Ase — 0, n. — oo and ng/n. — 0; by (i) N. — oo, so
VN.,Vn.—1 — o2 by the random- mdex pr1nc1ple (vn — v and integer N, — oo imply vy, — v); both bounds
tend to 1.

(iv) By (i), N./n. < max{ng, [m*]}/n. — 1='/0? = I /1, a deterministic constant; bounded convergence
upgrades (iii) to convergence in mean. [J

Remark 3 (efficiency needs no gain condition). Proposition 2 uses only (H3), i.e. consistency of
fn, which holds under Assumptions 1-5 without the gain condition. Thus N./n. — 1 for every ¢ > 0. The
gain condition ¢l > 3 enters only in the coverage analysis below, through (H2). Efficiency and coverage are
therefore governed by different requirements and must be tuned separately—a point confirmed numerically in
the simulation study, where N, /n. =~ 1 across all gains while coverage varies with ¢I.

5. Consistency of the fixed-width interval

Theorem 2 (asymptotic consistency). Assume (H1)-(H3). Then for every v € (0, 1), lim._,o P{6y €
I(N.)} =7 )

Proof. Let S, = > ", ¢;, iid. with mean 0 and variance o* = I~'. By (H1), vm(0,, — 6p) =
S /M A+ /MRy,

Leading term. By Proposition 2(iii), N /n. P4 1 with ne — 0o nonrandom. Anscombe’s random-sum
central limit theorem for i.i.d. finite-variance summands [1], whose uniform-continuity-in-probability condition
holds automatically for such partial sums [8, Thm. 3.1], gives Sn_/v/N: N N(0,02).

Remainder. By (H2), /mRy, =2 0, and N. 2 oo (Proposition 2(ii)); the random-index principle gives
VN:Rn. 2250, hence Fso. (In the in-probability form of (H2), the same follows from uniform negligibility
of /mR,, on windows [(1 F n)n.] via Doob’s L? maximal inequality and the finite-time bounds of [16, 5].)

Combination. By Slutsky’s lemma, /N (0y. — ) < N(O,a ) equlvalently L= /NI(On. — 6p) N
N(0,1). By Proposition 2(iii) and £?n.I = a2, e2N.I = a*(N./n.) == a?, so b, := ey/N.I =25 a. Then

P{0 € I(N.)} = P{1f, — 0| < =} = P{IT2] < b.}.
Since (T, be) <, (Z,a) with Z ~ N(0,1) and P{|Z| = a} = 0, the portmanteau theorem gives P{6, € I(N.)} —
P{|Z] <a} =2®(a) —1=7~. O
Corollary 1 (efficient consistent procedure). Under Assumptions 1-4, the fourth-moment strength-

ening of Assumption 3, and ¢/ > %, the family {I(NV:)}c>0 of (6) is asymptotically consistent and asymptotically
efficient in the Chow-Robbins sense (N./n. — 1 a.s. and in mean).
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Proof. Lemmas 2-3 give (H1)-(H3); combine Proposition 2 and Theorem 2. [

Remark 4 (the gain condition and coverage). The gain condition enters only through (H2). If
cI < 3, the transient bias is O(n~¢) (Proposition 1), so /nR,, = O(n'/?7¢!) /4 0; the Anscombe step fails and
coverage falls below . (This is the corrected order: the bias is n=°!, not n=2¢!; the latter is the order of its
square B,,.) Quantifying the deficit as P{fy € I(N.)} = v + O(£?) requires the nonlinear renewal / Edgeworth
machinery of Woodroofe [28] applied to the rates of I;! — I"! and of v/n(6, — ), and is left to future work.

Remark 5 (multivariate case). For k > 1, replace the interval by a fixed maximal-axis confidence
ellipsoid. With I,, = n~" S (Vi 63, 0;21)(-) T and E,, = {0 : n(0,—0)"1,,(6,—0) < Xi,v}’ the largest semi-axis
is {X%N)\max(f,jl)/n}lm; requiring it < e gives N, = inf{n >ng : n > X%V)\max(f{l)/EQ}. The vector analogue

of Theorem 2 holds under ¢ Apin (1) > %; the least-informative direction, through )\max(fgl) = )\min(fn)_l,

governs the sample size. Preconditioning by f;_ll (an O(k?) Sherman-Morrison update) reduces the gain
condition to ¢ > % regardless of the conditioning of I.

6. Simulation study and practical guidance

We use the exponential censored model: X ~ Exp(Xg), C ~ Exp(A¢) with Ac = pcAo/(1—pe), so the censoring
fraction is p. and I = (1 — p.)/AZ; the score is ¥(y,d,\) = 6/X —y. We take A\g = 1, v = 0.95 (a = 1.96), gain
Yn = ¢/(n + 50), floor ¢+ = 1079, projection radius R = 100, a 200-observation pilot MLE start, and M = 2500
Monte Carlo replications. All quantities are computed in a single streaming pass per replication.

Table 2: Table 1. Effect of the gain at p. = 0.5 (I = 0.5), ¢ = 0.03, n. = 8537, M = 2500 replications.
Efficiency N./n. equals 1.00 to two decimals throughout (observed range 0.999-1.004); coverage is governed by
cl. Monte Carlo standard errors are ~ 0.006-0.010 for coverage and < 0.003 for the ratio.

cl 0.30 0.50 0.75 1.00 1.50 2.00 3.00 4.00 5.00

N./n. 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
coverage 0.46 0.61 0.75 083 0.88 090 092 0.93 0.93

Stopping-time efficiency holds for every gain. Table 1 sweeps the gain at p. = 0.5 (I = 0.5),
e = 0.03. Across the entire range—including cI < %%he ratio N¢/n. stays at 1.00 within Monte Carlo
error, confirming Remark 3: efficiency of the stopping time does not require the gain condition. Coverage,
by contrast, rises monotonically through the threshold c¢I = % and approaches—but at these sample sizes
does not reach—the nominal 0.95. The residual gap is the finite-sample efficiency deficit of the averaged
estimator quantified by B,, in Proposition 1 (the averaged MSE sits at a constant factor above the Cramér-

Rao bound that shrinks only slowly in n); it narrows as ¢ increases (coverage 0.90 — 0.93 from c¢I = 2 to ¢I = 5).

Table 3: Table 2. Correct versus naive stopping scale, € = 0.03, ¢ > 3, M = 2500; coverage in brackets (Monte
Carlo standard error ~ 0.006-0.010). The naive rule stops at ~ I of the correct size.

pe =03 (I=0.7) pe=05 (I=05) p,=0.7 (I=0.3)

correct: N¢/ng [cov] 1.02 [0.93] 1.00 [0.93] 0.98 [0.93]
naive: N./n. [cov] 0.47 [0.78] 0.25 [0.64] 0.11 [0.44]

The correct scale is essential. Table 2 contrasts the correct rule (V,, = I71) with the naive one (I,) at
¢ = 0.03 and gain tuned to ¢I > 3. The correct rule attains N./n. &~ 1 and coverage near 0.93 at all censoring
levels. The naive rule stops at a fraction N./n. ~ I? of the required size—0.47,0.25,0.11 for p. = 0.3,0.5,0.7
(against 12 = 0.49,0.25,0.09; agreement to within Monte Carlo error ~ 0.02) and its coverage collapses to
0.78,0.64,0.44. The error is largest exactly where censoring is heaviest and sequential methods are most needed.

A two-parameter check: censored Weibull. To go beyond k = 1 we check the ellipsoidal rule of Remark 5
on X ~ Weibull(}, ) with 8 = (\,y) unknown and independent exponential censoring at a 25% fraction. With
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W = (Ay)?, e = 6—W, the censored score (1) is ¢\ = Fe, 1y = %—&—eln()\y), verified against the Bartlett identity
—E[dgyp] = I by finite differences at (Ag,v0) = (1,2); the information is ill-conditioned, Amax(I)/Amin() = 9.3.
We run (2) from a 300-observation pilot, gain ¢ = 15 (cApin(I) & 4.9), floor ¢ = 1075, box projection, and the
ellipsoidal rule with v = 0.95 (x3 .95 = 5.99), M = 1500.

Table 4: Table 3. Two-parameter censored Weibull (Ag = 1, 79 = 2, 25% censoring, cAmin({) =~ 4.9, M = 1500);
Ne = X3 .95 max (1) /2.
e = X2,0.95 \max

€ Ne mean N. N./n. coverage

0.06 7381 7007 0.95 0.68
0.04 11533 11150 0.97 0.76
0.03 20502 20132 0.98 0.81
0.02 46130 45791 0.99 0.89

As in the scalar case N./n. — 1 regardless of coverage, confirming Remark 3 in the multivariate setting.

Coverage approaches 0.95 more slowly, consistent with the larger finite-sample bias under a correlated, ill-
conditioned I; it worsens for larger ¢ (e.g. ¢ = 30,45 gave 0.37,0.02), since a scalar gain tuned to Apmin(7)
over-drives the best-conditioned direction. The preconditioned recursion of Remark 5 is designed to remove
this; a full study is left to future work.
Practical guidance. Choose ¢ = min{f@/fo, Cmax } With k > 3 from the pilot I (Cmax guarding the boundary
singularity of ), floor ¢+ = 107%, and warm-up ny = [¢7%], @ € (1,2). The gain may be self-tuned by
Cn =K/ (fn,l Vi), so ¢, ] — Kk without knowing I. Where accurate coverage at moderate n is required, a larger
gain or a bias correction to 6, is advisable (Remark 4).

7. Discussion and open problems

The procedure enjoys asymptotic coverage consistency, first-order Chow-Robbins efficiency, and O(1) per-
observation cost, under conditions verifiable for regular parametric lifetime models. A few points merit dis-
cussion. Efficiency and coverage are governed by different requirements (the simulation study), so a two-stage
design—a pilot estimate of I then a refined ¢ with ¢l > %—is natural. The projection (Assumption 4) is
asymptotically inactive since 0,, — 0y € int K; a generous K avoids boundary effects. The fourth-moment
strengthening of Assumption 3 is needed only for the L? control of P,; the martingale part D,, and consistency
of I,, need only finite variance and a 2 + 1 moment, all finite for exponential and Weibull models with censoring
bounded away from one.

Sensitivity to model misspecification. The procedure relies on a correctly specified family f(-;6) in (1).
If the true law P ¢ {Py} but M(0) = Ept(Y,6,0) still has a unique zero 0%, then 6,, =25 6*, the Kullback-
Leibler projection of P; but I, — I* = Ep[(-,6%)2] # —M'(0*), so the correct variance is the sandwich
Y= M'(0*)"'I*M'(6*)~T, not I*~!, and coverage is no longer protected by Theorem 2. Mitigations: enlarge
the family, or use a bounded-influence (Huber-type) score—to which the martingale argument of Lemma 2 applies
essentially unchanged. In practice, a goodness-of-fit test on the pilot sample can detect severe misspecification
before the sequential phase begins, at which point the family can be enlarged or the sandwich variance X
estimated online.

Open problems. (i) The exact coverage rate v + O(¢?) via nonlinear renewal theory [28], licensing bias-
corrected intervals at moderate n; (ii) the multivariate ellipsoidal procedure of Remark 5, with control of the
least-informative direction; (iii) accelerated-failure-time and Cox regression on streams, where I may be ill-
conditioned; (iv) a bounded-influence score variant; (v) a fully nonparametric online information estimate for
unknown censoring.

8. Conclusion
We proposed and analysed a sequential fixed-width confidence procedure for right-censored data based on

the averaged Robbins-Monro estimator and an online Fisher-information estimate. Under standard regularity
and ¢l > % it is asymptotically consistent and Chow-Robbins efficient at O(1) per-observation cost. The
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analysis isolates three transferable properties (H1)-(H3), corrects the linearisation step by a martingale-difference
argument, and separates the two design requirements: stopping-time efficiency holds for every gain, while the
gain condition controls coverage alone. Using the information rather than its reciprocal as the stopping scale is
shown to collapse the procedure under heavy censoring.

Appendix: Proof notes

Monotonicity (Assumption 5). Since M'(6y) = —I < 0 and M’ is continuous, M’ < —X\ near 6 for any A < I,
and the fundamental theorem of calculus gives (6 — 0g) M (0) < —\(0 — 6p)>.

Efficiency (Theorem 1). Consistency is Robbins-Siegmund applied to (6, — 6p)?; the projection binds
finitely often since 6y € int K [10, Thm. 5.2.1]. The averaged CLT is Polyak-Juditsky [22, Thm. 2]/[10,
Thm. 10.1.1] with drift T' = —cI, noise S = ¢21, limiting covariance [ "1ST'~T = I~1; the rate 7, = ¢/n needs
ol >3 [6,18].

Non-asymptotic MSE (Proposition 1). With 7, ; = Hz;j(l —cl/k) = (j/n)* (1+0(1/4)), the variation-
of-constants form of the linearised recursion has a deterministic transient contributing O(n=¢!), a stochastic

term 1/(In) + o(1/n), and a nonlinearity remainder O(n=¢); squaring and summing gives (3), with a (logn)?

factor at ¢l = %

Moment bound (Lemma 1). With V;, = d2, E[V,,11 | Fu] < (1 —2Xc/n)V,, + Cc?/n?(1+ V,,); for 2XA¢ > 1
the substitution Z,, = nV,, is contractive in expectation and Robbins-Siegmund gives sup,, EZ,, < oo, the L*
bound analogously [18, Ch. 4].
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