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ABsTRACT. By investigating the geometric and topological properties of the space P(X) of all probability
measures defined on an infinite compactum X, we identify several subspaces of P(X) that are homeomorphic
to triples and quadruples of infinite-dimensional manifolds. Furthermore, we distinguish pairs of subspaces
in the space of probability measures that are homeomorphic to pairs of infinite-dimensional manifolds.
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Introduction

In this paper, we study topological properties such as manifolds, connectivity, infinite-dimensionality, homo-
geneity, and homeomorphy, as well as A(N)-geometric properties such as convexity, local convexity, homotopy density,
contractibility, and boundary sets of the space of all probability measures P(X), defined on a given infinite compactum
X. We also investigate its everywhere dense subsets B C P(X) and the set P, (X) of all probability measures with finite
supports.

We study how geometric properties of a topological space influence the properties of probability measures on
this space. The construction of a general theory of infinite-dimensional manifolds significantly increased interest in
infinite-dimensional objects occurring in nature. It is known that the space P(X) of all probability measures on the
considered compactum X is a convex subset of a locally convex infinite-dimensional space. The study of the above-listed
properties of the space P(X) of all probability measures and its dense subsets is conducted at the intersection of at least
the following (main) mathematical disciplines: topology, functional analysis, geometry, and measure theory.

It turns out that probability measures are not only objects of study but also tools for research, through which
A. Pelczynski laid the foundations of the theory of Dugundji spaces. [1-2]. We consider both geometric and topological
properties of compact and o-compact subsets of the space P(X) related to their nesting in each other [3-4], geometric
and topological properties of boundary, homotopically dense subsets of the space P(X) [5], for subsets E, M, N, P(X) D
E D M D N of the space P(X) of topological equivalence of the triple (P(X), E, N), (E, M, N) to the triples (@, S,>"),
(@,22,0), (5,2,0).

For an infinite ANR compactum X, the topological equivalence of pairs of manifolds (P (X), P,(X)) to the
pairs of manifolds (R*, o) and (Q*, ") is studied.

Recall that a topological space Y is called an absolute (neighborhood) retract in the class K (written) Y €
A(N)R(K) [6],f Y € K and for every homeomorphism h mapping Y onto a closed subset h(Y") of the space X from the
class K, the set h(Y) is a (neighborhood) retract of the space X.

Recall that a topological space X is called a manifold modeled on the space Y, or a Y-manifold [6], if every point
of the space X has a neighborhood homeomorphic to an open subset of the space X.

Usually, a @-manifold is called a separable metric space locally homeomorphic to the Hilbert cube @, where @Q =
[1:2,[~1,1]; is the Hilbert cube [7], Wi = {(g;) € Q|g: = £1} is the i-th face of the Hilbert cube Q, BdQ = |J;°, W7
is called the pseudo-boundary of the cube @, and S = Q\BdQ is the pseudo-interior of the cube Q. It is known that
S =12 (=1, 1 8]

In the theory of infinite-dimensional manifolds, the following objects play an important role: the Hilbert cube @,
the separable Hilbert space 2, > — the linear span of the standard brick Q" = [T>2, [0, 2%} in the Hilbert space ¢5. By 135
or o is denoted the linear subspace of the Hilbert space £2, consisting of all points only a finite number of coordinates of
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which are different from zero, and Qf — the subspace of the Hilbert cube Q, consisting of all points only a finite number
of coordinates of which are different from zero.

By the Anderson-Kadec theorem [8], the Hilbert space £ is homeomorphic to S. From the results of Bessaga-
Pelczynski, it follows that ) is homeomorphic to rint@ and a:@ﬁ:Qf [9]. Here, by rintQ is denoted the set {x = (z5) €
Q||zn] <t <1 for all n € N}. Further, it is obvious that rint@ =~ BdQ, hence it is true: BdQ = >_.

It is known that the spaces @, > and {2 are strongly infinite-dimensional, while the spaces Zg, o and Qy are
weakly infinite-dimensional and all these spaces are homogeneous.

Definition. [8] A closed set A of a space X is called a Z-set in X, if the identity mapping idx of the space X
can be approximated arbitrarily closely by mappings f : X — X\ A.

A countable union of Z-sets in X is called a 0 — Z-set in X.

Following [7], a 0 — Z-set, B of the Hilbert cube Q is called a boundary set in @ (denoted by B(Q)), if Q\B = {s.
More generally, a boundary set in a -manifold is called a 0 — Z-set, the complement of which is an ¢3-manifold.

From the above, it follows that the pseudo-boundary BdQ@ of the Hilbert cube @ is its boundary set.

Let X be a topological space.

A set A C X is called homotopically dense in X [5], if there exists a homotopy h(z,t) : X x [0,1] — X such that
h(z,0) = idx and h(X x (0,1]) C A.

A set A C X is homotopically negligible in X, if X\ A is homotopically dense in X.

An embedding e : Y — X is homotopically dense (correspondingly, homotopically negligible), if e(Y") is a homo-
topically dense set (correspondingly homotopically negligible) in X [5].

For a compactum X, there is a simple topological classification of the spaces P(X) of all probability measures.
In the case of a finite n-point space X = {n} the points p of the space P(n) = P,(n) are convex linear combinations of

Dirac measures:
w=mod(0) + mi6(1) + ...+ mp_16(n — 1)

Therefore, they are naturally identified with the points of the (n — 1) dimensional simplex ¢™*. Here the Dirac
0(i) form the vertices of the simplex, and the masses m;, placed at the points i, are the barycentric coordinates of the

measure . Thus, the compactum P(n) is affinely homeomorphic to the simplex o™~ !.

In the case of an infinite compactum X, the space P(X) is also a compactum [1]. Further, containing simplices
of arbitrarily large number of dimensions, they are infinite-dimensional. By Cayley’s theorem, a convex compactum
P(X) C R affinely embeds into ¢3. Consequently, by Keller’s theorem, the compactum P(X), as an infinite-
dimensional convex compactum lying in 2, is homeomorphic to the Hilbert cube @ = IX°. On the other hand, the
space P(X) of all probability measures on a compactum X is called the set of all regular Borel probability measures on
X, equipped with the weakest of the topologies for which each functional f, : C(X) — R is continuous, mapping the
measure g to u(U) (U is an open set in X).

It is also known that for any yi-degree of a non-degenerate compactum K the space of all probability measures
P(KX') is homeomorphic to the Tychonoff cube IX', P(KX') = IXt ] is the interval [0, 1]. Note, in particular, that all
these spaces are topologically homogeneous. But for spaces P(KX') at 7 > x1 the situation is different [10].

For an arbitrary compactum X and measure p € P(X), its support supp(p) is defined — it is the smallest of the
closed sets F' C X for which u(F) = pu(X) i.e. supp(u) = ({A: A=A, u€ P(A)};

P,(X) = {n € P(X) : |suppp| < n} — the set of all measures p with no more than n supports, P,(X) =
U2, Pu(X) — the set of all probability measures p with finite supports. Recall that the space Pf(X) C P(X) consists
of all probability measures [11]

w=m10(x1) + mad(z2) + - - - + mnd(zn)
with finite supports, for each of which m; > nL_H for some i;
Prn(X) ={p € Pp(X) : [supp p| < n}.

From here, the compact subspace Py(X) is also a union of compacta Py, (X), i.e., Pr(X) =, Prn(X). It is
obvious that Py, (X) C P,(X) and Py(X) C P, (X).

It is obvious that for a metric compactum X and any n € N, the sets P,(X), Pf(X), Pfn(X) are closed in P(X).

Consequently, the subspace P, (X) C P(X) is o-compact and everywhere dense in P(X).

Note that the subspaces P(X) \ Pn(X), P(X) \ Pfn(X) and P(X) \ Pr(X) are @-manifolds for any infinite
compactum X and any n € N. In the particular case, P(Q) \ Pn(Q), P(Q) \ Prn(Q), P(Q) \ P;(Q) are Q-manifolds.
And the subspace P(X) \ P,(X) is a Gs-set in P(X).

For subsets FF C E and G C F C F, the pair (E,F) or triple (F, F,G) of spaces is called an (F, F)-pair of
manifolds or an (E, F, G)-triple (X, M, N) of spaces, if there is an open cover U of the space X and an open embedding
®, : U — E,u € E such that ®,(M NU) = F N ®,(U) and, accordingly, ®,(NNU) =GN &, (U) [12].
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Let R* and Q°° be the direct limit of spaces R™ and Q" respectively, i.e., R = lim__, R" and Q*° = limQ",
where @ is the Hilbert cube and R is the real line; R* = R" x {0} ¢ R""', R® = [J2° | R", @ = U>2,Q",
Q" =Q" x {0} C Q"' [13].

On the families {R"™ : n € N} and {Q" : n € N}, the topology is weak with respect to the hereditary topology in
R” and Q% [13], where R =T[2, R" and Q¥ =T[2, Q™.

Definition.[13] A bitopological space is a pair (X1, X2) defined on a single set X (X1 = X5) or a space (X, 11, 72)
with two topologies 71 and 72, denoted as X; = (X, 7), 1 = 1,2.

Let X be a metric compactum and Pso(X) = lim P,,(X) be the direct upper limit of compacta (tower) P;(X) C
P>(X) C .... In this case, there is a bitopological space (Pus(X), P., (X)) of all probability measures with finite supports.
Note that the space P (X) is a free convex set over the compactum X possessing the property: every continuous mapping
f + X — C has a unique affine extension f : Po(X) — C, where C' is a convex set in a linear topological space. The
subspace P, (X) is a locally convex free convex set over the compactum X possessing the following property: every
continuous mapping f : X — C has a unique continuous extension f : Py(X) — C, where C' is a convex set of a locally
convex linear topological space.

A bitopological space M = (M,w,m) is called an (R*, o)-manifold if the topology m is metrizable, m C w, and
for every point of the space M there is an m-open neighborhood U and a bitopological open embedding A : (U,w, m) —
(R, 0) such that h is not open for all open embeddings U,, in o, but is an open embedding for U,, in R*.

A triple M = (M,w,m) is called bilocally equiconnected (denoted as bi — LEC) if the diagonal Ay C M x M
has an m-neighborhood U (i.e., a neighborhood in the product M,, X M,,) such that there is a bilocally equiconnecting
function A : U x [0,1] = M, where A(z,y,0) =z, AM(z,y,1) =y, and \(z,z,t) = z for every (z,y) € U and t € [0,1].

Theorem 5. [13] A bitopological space M is an (R*,o)-manifold (or a (Q°,X)-manifold) if and only if M is
bi — LEC, M,, is an R*°-manifold (or a Q°°-manifold), and every compactum in M, is a strong Z-set.

Main part

The results of works [15-17] show that for an infinite compactum X, the bitopological pair (P (X), Pu(X)) is a
bi — LEC pair (i.e., satisfies the condition of Theorem 5 [13]) in the following cases:

a) X is finite-dimensional;

b) AC X, Ais an F,-set or A is o-compact and A = X;

v) U C X, U is open and U = X;

g) A is countable and A = X;

ice., a) (Po(X), Pu(A)) = (@, 0);

b) (Pao(X), Pu(A)) = (R, 0);

V) (Pu(X), Pu(U) = (R, 0);

8) (Po(X), Pul4)) ~ (R™, o).

In the following cases, the pair (P (X), P, (A)) is homeomorphic to the pair (Q°°,X) if X is an AN R compactum:

a) P,(X) contains a Hilbert cube;

b) X contains a Hilbert cube Q;

In particular, (P (Q), Po(Q)) ~ (Q%,X).

We have noticed that in many cases for subsets A C X of an infinite compactum X, the subspace P,(A) is
homeomorphic to o. There exist different infinite compacta X and Y for which P, (X) is homeomorphic to P, (Y), but
Py (X) # P (Y) [13]. That is, the following holds:

Proposition 2.8.[13] For different compacta X and Y, from P, (X) ~ P (Y) follows P,(X) ~ P,(Y).

In the work [12], there is the following;:

Theorem 3.1.[12] ¥\ o~ X x S.

We have noticed that for an infinite compactum X, various everywhere dense subspaces Y C P(X) of the Hilbert
cube space P(X) are its boundary sets. Consequently, P, (X) is always a boundary set of the compactum P(X). However,
the subspace P, (X) can be homeomorphic to either ¥ or o. That is, for some infinite compacta X, if the subspace
P, (X) preserves the Hilbert cube @, then P,(X) ~ X. But there exists an everywhere dense subset A C X different
from X such that P, (A) is a boundary set. In this case, the subspace P, (X) is homeomorphic to o. In these cases, the
subspace P,(X) \ P.,(A) is a ¥ x S manifold. That is, the following holds:

~ Theorem 1. Let X be such an infinite compactum that P, (X) contains the Hilbert cube Q, and A C X, A #
X,A =X and |A] =No. Then P,(X)\ P,(A) ~X x S.

Corollary 1. Let X be an infinite compactum containing the Hilbert cube Q and A C X, 4 # X, A = X and

|A] = Ro. Then P,(X)\ P,(A) ~X x S.

223



Acta NUUzZ EXACT SCIENCES 2/3, 2026, 221-227

Corollary 2. If A C Q, A is countable and A = X, then P,,(Q) \ P,(A) ~ ¥ x S.

In works [3,16], it was shown that for an everywhere dense subset A C X of a compactum X, the subspaces P(A)
and P, (A) are boundary sets of the compactum P(X), and P(A) 2 ¥ and P,(A) ~ . On the other hand, the following
holds: P, (A) C P(A). Thus, the following is true:

Theorem 2. Let X be an infinite compactum and A; C Ay C --- C A, C ... be closed subsets such that
A =J;2, A; is everywhere dense in X. a) P(A) ~ X, if P(A) contains the Hilbert cube @; Then b) P(A) ~ Eg, if P(A)
does not contain the Hilbert cube Q.

Theorem 3. Let X be an infinite compactum and A; C A2 C --- C A, C ... be a sequence of closed sets such
that A # X and A =27, A: is everywhere dense in X.

Then a) P, (A) is homeomorphic to £}, if P,,(A) does not contain the Hilbert cube Q;

b) P.,(A) ~ %, if P,(A) contains the Hilbert cube Q.

Corollary 3. Under the conditions of Theorem 2, let N be a countable everywhere dense subset. Then P(A) \
P(N)~ 3% xS, if P(A) contains the Hilbert cube Q;

Corollary 4. Under the conditions of Theorem 3, let N be a countable everywhere dense subset. Then P, (A) \
P,(N) ~X xS, if P,(A) contains the Hilbert cube Q);

Theorem 4. Let X be a finite-dimensional compactum, and Ay C A2 C --- C A, C ... be a sequence of its
closed subsets such that A # X, A = X. Then P(A)\ P(N) ~ ¥ x S, if there exists an infinite A;,, where N is a
countable subset in X.

Corollary 5. Let X be a finite-dimensional compactum, and A; C A2 C --- C A, C ... be its closed subsets
such that A = Uff:l A; is everywhere dense and A is different from X.

Then P(A)\ P,(A) ¥~ X x S and P(A) \ P,(X) ~ X x S, if there exists an index 7o such that A;, is infinite.

In work [1], there is the following:

Proposition 3.27.[1] If for the triple (X,Y, Z) the pair (X,Y") is homeomorphic to the pair (@, .S), and the pair
(X, Z) is homeomorphic to the pair (Q, rintQ), then the triple (X,Y, Z) is homeomorphic to the triple (Q, S, rintQ).

In work [12], there is the following:

Theorem 3.6.[12] Let X be a @-manifold (or S-manifold) and N C M C X. Then it is a (Q, X, o)-triple (or
(S, X, 0)-triple) of manifolds if and only if the pair (M, N) is a (3, 0)-manifold and M or N is embedded densely in X.

This theorem can be stated in the following way:

(X,M,N)isa(Q,%,0)- (or (S,X,0))- triple of manifolds, if and only if the pair (X, M) is a (Q, X)- (or, (S, X))-
pair (or, (X,N) is a (Q,0)— (or (S,0))- manifold pair and (M, N) is a (X, 0) pair.

Proposition 1. For any infinite compactum X, the spaces a) CP,(X), Sp(A), P(X) \ P(A) and P(X \ A) are
homotopically dense in P(X), where CP,(X) = P(X)\ Pu(X),AC X, A#£0, A#X;

b) For any n € N the space P, (X)\ P,(X) is homotopically dense in P,,(X); v) For any n € N the space P, (X \ A)
is homotopically dense in P,(X) where A C X, A #0, A # X

Proof. Let X be an infinite compact space; then P(X) ~ Q. We shall show that the subspace C'P,,(X), consisting
of the complement of the set of all probability measures with finite supports, is homotopically dense in P(X).

Take a point po € P(X) \ P,(X). The support suppuo of this measure po is not finite, i.e., |supp po| > Xo.
Construct a homotopy h(y,t) : P(X) x [0,1] — P(X) by setting h(y,t) = tpo + (1 — t)pu.

At t =0, h(p,0) =0-po+ (1 = 0)pt = p, i.e., h(p,0) = idp(x)-

At t =1, then h(u, 1) = po.

For ¢t > 0, the measure h(u,t) ¢ P.,(X), since the support of the measure h(u, t) consists of the set suppuU supppo.
This set is infinite. Thus, the subspace P, (X) is homotopically dense in P(X).

In the case of the homotopy density of the subsets Sp(A), P(X) \ P(A) and P(X \ A), take a point po in the
complement sets of these sets, i.e., uo € P(X)\ Sp(A), po € P(A), po € P(X)\ P(X \ A). The rest of the proof is
identical. That is, the sets Sp(A), P(X) \ P(A) and P(X \ A) are homotopically dense in P(X).

b) It is known that P, (X) is a 0 — Z—set in P(X) and P, (X) is a boundary set of the space P(X). On the other
hand, P,(X) is an AR— space and P,,(X) is convex. Consequently, the space P, (X) is strongly universal [4]. From this
it follows that P, (X) possesses the compact Z—property, i.e., any compactum in P, (X) is a Z—set in P, (X), including
P, (X) which is also a Z—set. From the result [6] it follows that P, (X) \ Pn(X) is homeomorphic to P, (X).

v) Now we show that P, (X) \ P,(X) is homotopically dense in P, (X). Take a measure puo € P(X) such that
|supp po| = {x1,2,...,Tnt3}. Construct the required homotopy h(u,t) : Pu(X) x [0,1] = P,(X) by setting

h(p,t) = tpo + (1 = t)p

At t =0, h(p,0) = p, ie., h(p,0) = idp, (x)-
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For t € (0, 1] the measure h(u, t) has more than n+3 distinct points, i.e., h(u, (0,1]) ¢ P.(X). Hence, h(u, (0,1]) €
P,(X)\ Pn(X). Thus, the subspace P, (X) \ P,(X) is homotopically dense in P, (X).

g) It is obvious that P, (X \ A) is convex and an AR— space. Take a measure ug € P,(X)\ P,(X \ A) such that
supp po consists of n + 3 points. Let the measure o have finite support, i.e., supp po = {z1,z2,...,2n4+3} and z; ¢ A.
The required homotopy is h(p,t) : P,(X) x [0,1] = P, (X).

Construct it using the formula h(u,t) = tuo + (1 — t)p. A simple verification shows that the subspace P, (X \ A)
is homotopically dense in P, (X). O

Theorem 5. For any infinite compactum X and its closed non-empty infinite subset A different from the
compactum X itself, there exist such dense subsets ¥ p(A) and op(A) in the space Sp(A) that ¥p(A) =2 Y and op(A) = 0.
The triple (Sp(A),Xp(A),o0p(A)) ~ (S, %, 0).

Proof. Let X be an infinite compactum, and A C X, A = A and A # X, A being infinite. Then P(A) ~ Q
and P(X) = Q. On the other hand, the set P(A) C Sp(A). It is known that Sp(A) C P(X) and Sp(A) is everywhere
dense and homotopically dense in P(X). From the homeomorphy of P(A) to the Hilbert cube @, we can consider P(A)
as a Keller cube. We may assume that O € P(A), where O is the zero point. Take a set K = {u1,u2,..., 4k} in
Sp(A) \ P(A). Now for each n € N set Sp(A) = conv{P(A), 1, pi2, - .-, tn }, where SB(A) is the convex hull of the set
{P(A), p1, 2, ..., tn}. From Lemma 5.3.14 [5] it follows that SBE(A) is a Keller cube and the zero point O belongs to
SB(A).

Consequently, Sp(A) ~ Q. Now denote |JS° | SB(A) by Xp(A). It is obvious that Sp(A), SE(A),...,SB(A),...
is a skeletoid in Sp(A) and X p(A) is a convex o-compact AR space containing the Hilbert cube @. In this case, from
Theorem 5.3.13 [5] it follows that the subspace ¥ p(A) is strongly po—universal. Consequently, from Corollary 5.3.15 [5]
we have Xp(A) ~ 3.

Now let {p1,p2,...,pk,...} be a countable everywhere dense subset in P(A). For each n € N set X,, =
conv{p1, 42, ..., pn} — the convex hull of the points {u1, p2, ..., un}. We have the sequence

XiCXeC---CXpC... (9)

The sequence (9) is a strongly universal space by Lemma 5.3.11 [5]. Denote | J;=; Xi by op(A). In this case, for
n € N, X, is convex and X is o-compact and A is a convex set. Note that it is an AR space. By Corollary 5.3.12 [5] it
follows that op(A) ~ 0. Thus, the triple (Sp(A),Xp(A),0p(A4)) ~ (Q, %, 0). O

Theorem 6. Let X be an infinite compactum. In the space Py, (X) = P(X) \ P.(X) there exist such dense
subsets Y(w) and £} (w) that $(w) ~ %, fa(w) ~ £» and the triple (Py.(X), B(w), £ (w)) ~ (S, %, 0).

Proposition 2. Let X be an infinite compactum. For any non-empty subset A C X different from X, the
subspace P(X) \ P(A) is homotopically dense in P(X).

Proof. Let X be an infinite compactum A C X and A # X. In this case P(A) is convex in P(X) and
P(X) ~ @Q. Take an arbitrary point zo € X \ A. Construct a homotopy h(y,t) : P(X) x [0,1] — P(X) by setting
h(p,t) = (1 =)+ t0ay -

At t =0, h(p,0) = (1 = 0)pu + 0 - 6oy = p, i€, h(1,0) = idp(x)-

At t=1, h(p, 1) = bap.

For t € (0,1], i.e., t > 0, the measure h(p,t) ¢ P(A), since supp h(p,t) consists of the set supp pU {xo}. Thus,
the subspace P(X) \ P(A) is homotopically dense in P(X). O

Proposition 3. For any infinite compactum X and any n € N, the subspace P(X) \ P,(X) is homotopically
dense in P(X).

Proof. Let X be infinite and n € N. Take an arbitrary measure po € P(X) \ P, (X) such that |supp uo| > n+ 3.
Construct a homotopy h(p,t) : P(X) x [0,1] — P(X) by setting h(p,t) = (1 — t)p + tpo-

At t = 0 the measure h(u,0) = p, i.e., h(y,0) = idp(x)-

At t = 1 the measure h(u, 1) = po.

For ¢t > 0 the measure h(u,t) ¢ P,(X) because the support supp h(u,t) of the measure h(u,t) consists of the set
supp p U supp po. Thus, the subspace P(X) \ P,(X) is homotopically dense in P(X). a

Proposition 4. For any infinite compactum X, the subspace P(X) \ P¢(X) is homotopically dense in P(X).

Proof. Let X be an infinite compactum. It is known that Pr(X) C P(X) and P(X) \ P¢(X) is convex.
Take an arbitrary point puo € P(X) \ Pr(X) where the support supp po is infinite; or the measure po has the form
Ho = %5351 + %6352 + e+ %5%, where n > 2, ie., supp po = {x1,%2,...,2n}. Construct a homotopy h(u,t) :
P(X) x[0,1] = P(X) by setting h(p,t) = (1 — t)pu + tpo.

At t = 0, the measure h(u,0) = p, i.e., h(p,0) = idp(x).

At t =1 the measure h(u,1) = po.

For t > 0 the measure h(u,t) ¢ Ps(X), since the support of the measure h(u,t) contains the set supp pU supp po.
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Thus, the subspace P(X) \ P¢(X) is homotopically dense in P(X). O

We have noticed that for an infinite compactum X and its everywhere dense subset A different from X, the
subspaces P,(X) and P, (A) are boundary sets of the compactum P(X), i.e., P(X) \ P,(X) and P(X) \ P.,(A) are
homeomorphic to £3. In this case, the following can be asserted:

a) for any n € N the space P, (X) \ P,(X) is homeomorphic to P, (X);

b) for any n € N the space P,(A) \ P,(A) is homeomorphic to P, (A);

It is known that P;(X) is compact and is a countable union of compacta P ,(X) which are subsets of the
compactum P, (X). Consequently, the compacta Py, (X) are Z-sets in P,(X). In this case, it can be asserted:

v) for any infinite compactum X, the space P, (X) \ Ps(X) is homeomorphic to the space P, (X).

In work [3], we proved that for any infinite compactum X and any of its closed subsets A different from X, the
space Sp(A) is homeomorphic to the Hilbert space 2.

If B is a compactum in Sp(A), then B is a Z-set in Sp(A). Then, by the theorem in [6], the space Sp(A) \ B is
homeomorphic to ¢2. In particular, Sp(A) \ P(A) is homeomorphic to {s.

Theorem 7. For any infinite metric compactum X and any everywhere dense, non-open Gs-subset Y different
from X, the subspace P(X)\ P(Y) is homeomorphic to the space X.

Proof. Let X be an infinite compactum and Y C X, where Y is a Gs-set, Y # X, and Y is not open. In
this case, we have: Y = ﬂ;’il U;, where U; is open in X and U; = X. Note that Uy D Uz D --- D Up D .... Hence
X\Ui CcX\UzC---CX\U, C.... For each i € N, the set X \ U; is closed and X \ U; is infinite. Consequently,
X \ U; is compact.

By the equality P(X \ A) = P(X) \ Sp(A), where A C X, A # X, we have:

P(X)\ P(Y) = {j € P(X) : supp uN (X \Y) # 0}.

Thus, P(X)\ P(Y) = Sp(X\Y) = Sp(X\ 2, Ui) = Sp(UZ, (X \ Ui) = U2, Sp(X\Ui) = U, P(X\ V).

Hence, the space P(X)\ P(Y) = U2, P(X \ U;) is o-compact. Note that P(X \ U;) C P(X \ Usy1). By virtue
of the infinity of X \ U;, the space P(X \ U;) ~ Q. From the results of work [4], the subspace P(X) \ P(Y) is a 0-Z-set
in P(X).

It follows from the definition that P(X)\ P(Y) is locally homotopically negligible in P(X). Thus, the subspace
P(X)\ P(Y) is an increasing sequence of its infinite-dimensional convex compacta such that:

1) P(X\U;) is a Z-set in P(X \ Us11) [4];

2) Uiz, P(X \ Uy) is everywhere dense in P(X).

Then the pair (P(X), P(Y)) is homeomorphic to the pair (Q,rint Q) by Lemma 2.10 [18]. By Theorem 2.2 [18§],
the pair (P(X), P(Y)) is homeomorphic to the pair (Q,S).

Thus, the following holds:

Theorem 8. For any infinite metric compactum X and its proper non-open everywhere dense Gs subset Y C X,
the pair (P(X), P(Y)) is homeomorphic to the pair (Q,S).

Corollary.[18] For space X, we have P(X) ~ S if and only if X is a complete separable non-compact metric
space.

Using the functorial values of the probability measure functor P : Comp — Comp and the relative positions of
compacta [16-17], Theorems 7-8, the Corollary in [18], and Corollary 16 in [18] is proved as follows:

Theorem 9. The quadruple (P(X), P(Y), P(A), P.,(L)) is homeomorphic to the quadruple (Q,s, ¥, o) if and
only if X is an infinite separable compactum, Y is a non-open dense Gs-set with Y # X, A is open and dense, and L is
a countable dense subspace in X.

Theorem 10. For any compactum X and any proper subset A C X, the subspace Sp, (A) (n > 1) is homotopically
dense in P,(X).

Proof. Let X be an arbitrary compactum. It is known that P, : Comp — Comp. Consider the normal functor
and the set Sp, (A) = {p € Po(X) : supp pN A # (0}, where A is a proper subset of the compactum X.

If X is a finite set, i.e., |X| = n, then P,(X) = ¢™ "' — a simplex of dimension n — 1.

Note that the set Sp, (A) is everywhere dense in P, (X) for any proper subset A C X.

The required homotopy h(u,t) : Pn(X) x [0,1] — P.(X) is constructed as h(p,t) = (1 — ¢t)u + tuo, where
o € P(A), i.e., supp po C A.

If p € Po(X), then h(p,0) = (1 —0)pu+0- po = p, ie., h(,0) = idp, (x)-

If ¢ > 0, then the measure h(p,t) = (1 —t)u+tpo has a support supp h(p, (0, 1]) that intersects the set A, that is,

supp h(u, (0,1]) N A # @. Hence, h(y,t) € Sp,(A) for ¢ > 0. This means that Sp, (A) is homotopically dense in P, (X).
O
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If X is a compactum and A C X is its proper subset, then Sp,(A) is a convex subset in P,(X). Indeed, if
o € Sp, (A) and p1 € Sp, (A), then the measure (1 —t)u+t- pu1 belongs to Sp, (A) because the support intersects with
A.

On the other hand, the set Sp, (A) is locally convex. Thus, for a proper subset A C X in the subspace Sp, (A)
of the space P,(X), we have:

Theorem 11. For any compactum X and any of its proper subsets A C X, the subspace Sp, (A) is an absolute
retract, i.e., Sp, (A) € AR.

It is known that for any compactum X, the set P, ,—1(X) is an open subspace in P,(X). If p € Ppn-1(X),
then its support consists of exactly n points, that is, suppu = {z1,z2,23,...,2.}. The set of all measures p whose
supports consist of exactly n points forms an n-dimensional simplex ¢™, and its interior is int ¢™. It is known that int ™
is homeomorphic to the Euclidean space R™ of dimension n.

Thus, into™ C Pnn—1(X).

Take an arbitrary po € Pp(X) \ Po—1(X), then supp o = {z1,22,...,Zn}. Let O(po) be an arbitrary neighbor-
hood of the measure pg in P, (X). Then O(uo) N (Prn(X)\ Pr—1(X)) = O’ (o), where O’(po) is open in P, (X)\ Pn—1(X).
We may assume that O’(p0) is an open subset in int 0™ ~ R”. Every open subset of int ¢™ is homeomorphic to R™.

The following holds:

Theorem 12. For any compactum X, the subspace P, n—1(X) of the space P,(X) is an R®-manifold.
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