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ABSTRACT. In this paper, we study the weighted P, —capacity, which generalizes the classical P, —capacity.
We establish its main properties, including continuity with respect to sets, convergence for compact sets,
and subadditivity.
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Introduction

Pluripotential theory constitutes an important branch of mathematics in which the study of classes of functions
such as subharmonic (sh) and plurisubharmonic (psh) functions [12], as well as their generalizations, plays a fundamental
role. These classes of functions are widely used in the investigation of differential forms, currents, capacity theory, and
boundary value problems, and they are studied in close connection with one another.

An important generalization of the classical class of subharmonic functions is given by a—subharmonic functions
(see [1]). Since subharmonic functions arise naturally in many branches of analysis and mathematical physics, their
generalizations make it possible to extend classical methods and results to broader settings. For this reason, the study
of a—subharmonic measures and the corresponding capacities is of particular interest in modern potential theory.

Recall that the class of a—subharmonic functions is defined by the positivity of the current dd“u A «, where « is
a closed, strictly positive differential form of degree (n — 1,7 — 1) in a bounded domain D C C".

Definition 1.(see [1]) A function u € L},.(D) is called a—subharmonic in D, if it is strongly upper semicontinuous
in D, i.e., u(z) is upper semicontinuous in D, in addition, for every A C D which has full Lebesgue measure in a
neighbourhood of 2° € D, the following relation

limsupu(z) = u(z")
Z*)ZO
z€A

holds and the current dd“u A « is positive, i.e., for any positive test function w in D, we have

/uoz/\ddcw >0,

where d = 9+ 9, d° = 2.
The class of a—subharmonic functions in D is denoted by a— sh(D), and for convenience, the function u(z) = —oo

is also considered to be in this class.

Since the weighted (1) —subharmonic measure was introduced only recently [5], its associated capacity theory
has not yet been developed. In this paper, we introduce the corresponding weighted P,—capacity and establish its
fundamental properties, including continuity with respect to sets, convergence for compact sets, subadditivity, and its
relation to a—polar sets. We now state the main results of the paper (see Section 2 and Section 3 for the definition of
weighted P, —capacity and other relevant definitions).

Theorem 1. The following statements hold for weighted P, —capacity.

1. Assume that w, = w}, a.e on D. Let {K} be a sequence of compact subsets of D such that K11 C K; and let ¢

be bounded lower semicontinuous function in K; and sup < 0. Then, the relation
K1

Pa(KaD7¢) :jgnololpa(KjaDvw)

holds, where K = () Kj;
1

j=
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2. Let U C D be an open set and let U = |J K, where K; C Kj ; are compact sets. Assume that 1 is bounded
=1

J
upper semicontinuous function in U and supy < 0. Then
U

lim P, (Kj, D,v¥) = Pa(U, D, );

J—ro0

3. Let £ C D and 9 be bounded function on E with sup < 0. Then, the weighted P,—capacity of E is zero if and
E
only if E is a—polar in D, that is,

Poa(E,D,p) =0 < E — a — polar.

The a—subharmonic measure, defined in the class of a—subharmonic functions, has been studied in [10], where
a number of its properties have been established. The P,—capacity in the unweighted case has also been investigated
in [10] and the properties of a—subharmonic measure has been used to establish the characteristics of the P, —capacity.
In the weighted setting, the weighted P, —capacity exhibits properties analogous to those of the P,—capacity and the
corresponding proofs rely on the properties of the weighted ae—subharmonic measure established in [5].

This paper is organized as follows: in Section 2, we present the properties of the weighted a—subharmonic measure;
in Section 3, we define the capacity in the weighted and unweighted settings and prove Theorem 1. Furthermore, we
present the relationship between the weighted and unweighted P, —capacities at the end.

2. The weighted o— subharmonic measure

Let D C C™ be a bounded a—regular domain, let £ C D be a fixed subset, and let 1) be a bounded function on
FE such that

sup ¥(z) < 0.
z€EE

We denote by U(E, D, ) the class of all functions u € o — sh(D) satisfying
ulg < 1, u<0 onD.

We define the extremal function
wO‘(z7E7D7w) = Sup{u(z) RS M(E7D7w)}
Definition 2. The upper regularization

w;(sz:Dﬂ/’) = limwa(w,E,D,Q/))
w—z

is called (o, 1) —subharmonic measure of the set E with respect to D.

By definition and according to the property of a—subharmonic functions (see [1]), the function w} (z, E, D, ) is
a—subharmonic in D. Note that, when ) = —1, («, 1))— subharmonic measure coincides with a—subharmonic measure,
that is,

wi(z,E,D,—1) = wi(z, E, D),

where
wa(2,E,D) = (sup{u(z) : u € a — sh(D),ulp < —1,ulp < 0})"

The (o, 1)— measure has the following properties.

Proposition 1. [5] The following monotonicity properties hold:

1. if F1 C E2 C D1 C D2 and v is defined on FEa, with sup ¢ < 0, then
Eq

Wa (2, B2, D2, %) < wo(z, B, Do, ) < wi(2, Er, D1,%), Vz € Di;
2. if 1| < Y2|E, then w}(z, E, D, 1) < wi(z, E,D,12), Vz € D;
3. Let A C D be an a—polar set. Then, for any set £ C D,
WZ(Z7E>D71/)) = WZ(Z7EUA7D7¢)

for all z € D, where v is defined on F U A.
4. If E CC D, then

A wa(z, E,D,¥) = 0.
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Apart from these properties presented above, the weighted a—subharmonic measure also possesses the properties
stated in the following theorem.

Theorem 2. [5] The following properties hold for the weighted a—subharmonic measure.

1. Let {K,} be a sequence of compact subsets of D such that K;;1 C K; and let ¢ be lower semicontinuous in K.
Then

jli>1rolowo‘(z7Kj7D>w) = w@(z>j(jl Kj»DJﬁ)

for all z € D.

2. Let E CC D; and let {D;} be an increasing sequence of domains such that
D CDjy1, D= U;il D;. Then

lim WZ(Z7E7DJ'71/}) = wZ(z7E7D,1/))‘

j—oo

3. Let E C D be an arbitrary set and let ¥ be lower semicontinuous on E. Then, there exists a decreasing sequence
of open sets U; D E such that

(,lim w:;(z,Uj,DmZ)) =wa(z, B, D, ),
J—00
where 1; is lower semicontinuous in some open neighborhood V' of E and satisfies

Ple = ¥le, sup 1(z) < 0.
zeV

4. Let U C D be an open set and let U = |J K, where K; C Kj,; are compact sets. Assume that ¢ is upper
j=1
semicontinuous in U. Then
wa (2, Kj, D, ) } wi(z,U, D, ).

The following lemma, which establishes the connection between weighted and unweighted a—subharmonic mea-
sures, is crucial for the study of P, —capacities.

Lemma 1. [5] For any set £ C D, the following inequalities hold for all z € D

— inf w(w)W;(szyD) S WZ(Z»EaD7¢) S — Sup w(w)w;(zaEvD)

weE weE

3. The weighted P,—capacity and its properties

We first recall the definition of the P,—capacity. Let us be given any subset E C D and its a— subharmonic measure
wh(z, E, D).
Definition 3. (see [10]). The quality

Po(E, D) = —/w;(z,E,D)dV

D

is called Po— capacity of E with respect to D, where where dV is volume form in C".

By the definition, the following estimate holds for the P,— capacity
0 < Po(E, D) <m(D),

where m is Lebesgue measure in C".

The Po—capacity was studied in [10] and the following properties were established.
1. the Po— capacity is monotone increasing and subadditive with respect to sets, i.e.,
F, C By — ’Pa(ELD) < PQ(E27D)

and
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2. for any subset E C D and for any € > 0, there exists an open set U D E such that
Pa(U7 D) - Poz(Ev D) <g

3. for any decreasing sequence of compact sets K1 O K2 D ..., the following relation holds:

Pa (ﬂ Kj,D> = lim Po(K;, D);
Jj—oo

j=1

4. for any increasing sequence of open sets G1 C G2 C ..., the following relation holds:

P (U Gj,D> = lim Pu(Gy, D);

j=1

Nevertheless, there remain numerous properties of the P,—capacity in the weighted setting that have not yet
been fully explored, and the study of these properties continues to be of considerable interest in modern analysis. In the
present work, we aim to contribute to this line of research by establishing and discussing several of its properties in the
weighted setting.

We now begin the study of capacity in the weighted case.
Definition 4. The quality

PQ(E7D11/)) = _/WZ(27E7D7¢)dV
D
is called the weighted P,—capacity of E with respect to D.

Note that, when 1 = —1, the weighted and unweighted capacity coincide, that is,
Po(E,D,—-1) = P.(E, D).
Since the weighted a— subharmonic measure w},(z, E, D, 1) satisfies the relations

inf 1)(2) < wa(z, E,D,¢) <0,

z€EE

by definition of the weighted P, — capacity, we have
0<P.(E,D,¢p) < — 1221/1(,2) -m(D).

In addition, the following proposition characterizing the monotonicity properties of P ) — capacity also holds.
Proposition 2. The following statements are true:

1. if B4 C E2 C D and v is defined on E», with sup ) < 0, then Po(E1, D,v¥) < Po(E2, D,);
Eq
2. if 91 < o and sup e < 0, then P (E, D, 2) < Puo(E, D,11);
E

3. if E C Dy C Dy, then Pu(E, D1,%) < Pa(E, D2, %) holds.

One can easily get the proof of the Proposition 2 by the definition and using the properties of the weighted (v, ¢)—
subharmonic measure. This proposition shows the monotonicity properties of the weighted P, — capacity with respect
to sets, domains and the weight functions, playing an important role in studying convergence properties.

Next, we give the proof of the Theorem 1.

Proof of Theorem 1. Now, we show the proof of the first assertion. By the theorem’s assumption, Lebesgue
measure of the set {wa < wy} is 0, thus we find

Po(Kj, D, 1) = f/wZ(z,Kj,D,w)dV: 7/&)Q(Z,K]’,D,w)dv

D D

and

Pa(K, D) = —/w:;(z,K,D,w)dV = —/wa(z,K,D,w)dV.
D D
By the property 1 in Theorem 2,
wa(z, Kj, D, ) T wal(z, K, D, ).
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Setting
fj = UJa(Z7KJ'aD7w) - wa(Z7K17D’¢) 2 O’

and applying Levi’s Theorem, we get

lim wa(z,Kj,D,zp)dV:/ wa(z, K, D,)dV.
D

j=o Jp
Hence,
jllliloPQ(Kj,D,w) = Puo(K, D, ).
Next, we prove the second assertion. According to the property 4 in Theorem 2, we get the following relation
we (2, K5, D) L wa(2,U, D, v)
for all z € D. Therefore, the nonnegative sequence {—w (z, K;, D,1)}52, is increasing with respect to j. Thus, Levi’s

Theorem (see [11]) gives

lim Po(Kj,D,v) = — lim [ wi(z, K;, D,)dV
j—o0 j—oo
D

. / Wi (2, U, D,))dV = Pa(U, D, ).

D
Now, we turn to prove the property 3. First, let’s assume that Po(F, D,) = 0. Since

/PCY(E7D7¢) :0

and
PO‘(E7D31/J) = 7/ wZ(Z7E7Daw) dV7
D
while
wa (2, E,D,p) <0 in D,
we obtain

wa(z,E,D,7) =0 for almost every z € D.

We claim that
Wiz, E,D,%) =0 in D.

Indeed, suppose, to the contrary, that there exists zop € D such that
w;(207E7D7¢) <0.

Since wy(z, E, D,) is upper semicontinuous in D, there exist £ > 0 and a neighborhood B(z0,7) € D such that

wa(z,E, D) < —¢ for all z € B(zo,1).
Consequently,

[ e B D) v < e m(B0,) <

D
which contradicts
/ wa(z,E, D) dV = 0.
D

Hence,
wa(z,E,D,4)) =0 in D.

By Lemma 1, we find that w}(z, F, D) = 0 which implies that E is a—polar in D.

Now, we prove the converse. Suppose that E is a—polar in D. Then, by the property of the unweighted
a—subharmonic measure, wy(z, £, D) =0 on D [10]. Again, using Lemma 1, we find that

wa(z, E,D,%) =0 onD.

Therefore, by the definition of the weighted P, —capacity, we have

POA(EaDaw) = —/MZ(Z,E,D,'Il))dV =0.

D
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The proven property indicates that sets of zero P, —capacity are necessarily very small in a measure-theoretic sense; in
particular, such sets have Lebesgue measure zero.

The following lemma on the countable subadditivity of weighted capacity and the relation between weighted and
unweighted P, —capacities is crucial for establishing their properties and relationships.

Lemma 2. The following statements hold for weighted P, —capacity.

1. Let E; C D for j =1,2,..., E= |J E; and ¢ is defined on E, with supt < 0. Assume that the sets
=1 E

=
{Z €D: "Ja(Z»EnDﬂP) < WZ(Zij,Dﬂ/’)}
and
{Z eD: WQ(Z,E,D,¢) <w2(Z7E7D7’¢')}

have Lebesgue measure zero. Then

Pa <U Ej,D,w) <Y PalEj, D4);
i=1 j=1

2. Let F be any subset of D. Then, the following relations hold

= sup Y(w)Pa(E, D) < Pa(E, D, ¢) < — inf $(w)Pa(E, D).

wek

Proof. To prove the first assertion, we take an arbitrary function u;(z) from each class U(E};, D, ) and consider
k

the function u(z) = > u;(z). Since for every j € N, u;|p < 0 is valid, so the sequence Si(z) = Y w;(z) is decreasing

j=1 j=1

with respect to k and Sy € a — sh(D). Therefore, as the limit function of decreasing sequence of a—subharmonic
functions, u(z) is a—subharmonic in D [1]. If we take a point z € E, there exists a number jo € N such that z € Ej,.
Since uj|p < 0 for all j, the relation

u(z) =Y uy(z) < wjp(2) < 9(2)
j=1
holds, which implies that

ueU(GEj,D,w>.

Jj=1

Therefore, for all z € D, we have the following inequality

u(z) = Zuj(z) < wa (z, U Ej,D,d;> . (1)
j=1 j=1
Fix € > 0 and z € D. By the definition of w,, for each j € N, we may choose u; such that
w;(2) > wa(2, By, D, %) = o

It follows that

oo

Zuj(z) > iwa(z,Ej,D,w) —e.

j=1

Since € > 0 is arbitrary and the inequality (1) holds, we find that
Wa (z UEj,D,zp) > walz, Ej, D). (2)
j=1 j=1
By the theorem’s condition, the sets
{Z €D: wa(Z7Ej7D7¢) < WZ(Zij7D7¢)}

and

{z € D:walz, | Ej, D,¥) <walz | Ej, D)}

j=1 j=1
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have Lebesgue measure zero. Then by the inequality (2) and according to the Levi’s Theorem (see, for example [11]),

we get
Pa (U Ej,D,w> — [ (z U Ej,D,w> av=- [ <z U Ej,D,w> av
j=1 j j=1

D J=1 D

/\

Mg U\

<iwazEj,D,w>dV i/ (2, Ej, D) dV
j=1 j=1

/w (2,E;,D,9)dV = > Pa(E;, D, ).
D

1 Jj=1

J

which proves the countably subadditiveness of the weighted P,— capacity.

Now, we prove the second assertion. According to Lemma 1, we have the following relation between the weighted
and unweighted a—subharmonic measures

— inf ¢( )w;(sz7D) S w:;(z7E7D7¢) S — Sup w(w)w;(szvD)

weE wek

Multiplying the last inequality to (—1) and integrating over D, we get that

sup w(w)/w;(z,E,D)dvg —/wa(z E,D,¢)dV < mf P(w /w 2, E,D)d

wekE
D D D

which is equivalent to
= sup Y(w)Pa(E, D) < Pa(E, D,9) < — inf o(w)Pa(E, D).

weE
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