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ABSTRACT. The advancement in technology has necessitated the collection of massive high-dimensional
data in bioinformatics, medical sciences, business, climatology, and magnetic resonance images. These collec-
tions have given rise to high-dimensional (p) and small sample(n) (HDSS) problems in group classifications.
The classification coefficient of the HDSS data cannot be constructed due to the ill-conditioning or singu-
larity of the covariance matrix. The curse of dimensionality suffered by the classical methods has rendered
the formulation of the coefficient impossible as such different dimensionality reduction methods have been
proposed to avert the curse of dimensionality and ill conditioning. Dimensionality reduction methods such
as the principal component analysis have been applied as a prelude to reducing the dimension of the HDSS
data to enhance constructing the coefficients of any classification methods. Some of these dimension reduc-
tion methods with infused constants as a benchmark selection, may increase or decrease computational time
and improve classification accuracy at the cost of information loss. In this paper, we proposed two methods
that can solve the ill-conditioning and singularity, or dimensionality problems associated to HDSS data di-
rectly. These methods are diagonal FLCM (DFLCM) and point extraction method (PEM). We investigated
the robustness of these methods based on the optimal probability benchmark (OPB). The computational
time (CPU time) of all the methods is also investigated. We applied three real data sets to determine the
comparative performance, and the classification results revealed that the proposed DFLCM is very robust
more than the Nal'lve Bayes classifier in terms of the probability of correct classification and CPU time.
Therefore, this study affirmed that the OPB is suitable to determine the robustness of HDSS classification
problems.
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Introduction

Technological advancement has generated massive high-dimensional data set originating from health sciences, ge-
netics, business, astronomy, magnetic resonance images, epidemiology, climatology, seismological study, chromatography,
ecology [1, 2, 3 4], herbal medicine [5], bioinformatics [6] finance [7] tumour classification [8] and functional magnetic
resonance images [9]. The availability and applications of these categories of data have rendered the classical classifica-
tion methods unsuitable for computational and analytical purposes [10, 11]. As such, many of these classical methods
have been modified and new classification methods have emerged to cope with the increasing data dimension (p) and
small sample (n) otherwise referred to as HDSS (p > n). One of such method that could not cope with p > n is the
Fisher linear classification (FLCM) [3, 12]. Thus, problems are often encountered when the data dimension is greater
than the sample size as such these classification techniques break down [13, 14]. For the HDSS problem, the numerical
values of some of the variables do not contribute meaningfully to improve classification results, such variables decrease
the proportion of correct classification of any methods. To improve the classification accuracy for the HDSS problems,
researchers tend to find data reduction techniques to extract useful information from the data set thereby reducing the
dimension of the data.

The principal component analysis [15, 16, 17, 18] is an established data dimension reduction technique that has
been applied to extract useful information from HDSS problems. Variants of principal component analysis (PCA) for
dimension reduction have been discussed [19, 20]. Several other regularized discriminant analyses methods have been
proposed to solve HDSS for two groups classification problems [21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. The nearest
shrunken centroids [31, 32] sparse partial least square discriminant analysis [33] are dimension reducing techniques to
solve HDSS problems.

Other alternative methods such as the independent classification rule (ICR), diagonal linear classification (DLC),
and diagonal quadratic classification (DQC) methods were proposed such that the diagonal of the covariance matrix is
applied to construct the coefficient of the classification methods [3, 34]. These methods avert the curse of singularity or
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dimensionality [6, 35] and the ill conditioning of the covariance matrix. Feature annealed independence rule (FAIR) was
proposed as an alternative version of ICR [13, 14]. Besides the FAIR, the sure independence screening (SIS) was also
proposed for dimensionality reduction as a step to applying other well-known lower-dimensional classification techniques
to determine class separation [8].

Often the case, the above dimension reduction methods may result in information loss as such the classification
accuracy of these methods may lack the exact information the data set would naturally portray [36]. The application of
the HDSS data on the classical classification methods to perform classification task is impossible due to the difficulty in
constructing the classification coefficient resulting from the ill conditioning of the covariance matrix. In this paper, we
propose DFLCM and point extraction method (PEM), the DFLCM is a diagonal modification of the FLCM while the
PEM extract vital data point from each sample variables based on group probabilities. The objective of the proposed
methods is to avert the curse of singularity and ill conditioning of the HDSS data in other to construct the classification
coefficient. The PEM shows the proportion of sparsity and density of the data matrix, as such, we can determine the
overall proportion of the data points associated with the variables selected from each sample to construct the model. The
structure of PEM allows us to determine the group probabilities and the extraction probabilities within each group. The
PEM can be described as a method that extracts vital information based on within-group probability from each sample
based on the numerical strength of the corresponding variables. This method adopts and utilizes vital data points from
the entire data set to construct the classification coefficient via probability benchmark comparison. The PEM does not
rely on the information from the covariance matrix to construct the classification coefficient for the HDSS problem. The
PEM modus operandis is described as follows; different samples with corresponding variables have different numerical
strengths in the data matrix, as such deleting the entire data points associated with a variable corresponding to the
samples may generate numerical differential in the data matrix. Therefore, PEM considers each variable data point as
relevant until the benchmark isolates the irrelevant data points from the data matrix. Thus, the relevant data points are
applied to construct the model. This can be expressed as; data points in group 1 may provide vital information(relevant)
in variables 2,6,8,11,21, and group 2 may contain vital information in variables 1,4, 5,16,27,32,45 and so on for p > n
problem, this is illustrated in Table 1. We also considered the modification of the independent classification rule. The
modified ICR is called the adjusted ICR (AICR). To give credence to the different methods, we applied real data set to
investigate the comparative performance of the proposed methods, the ICR and the AICR, respectively. To determine the
robustness of these methods, we applied the optimal probability benchmark to analyze their comparative performance.

This paper is structured as follows. In Section 2, we discussed the diagonal classifier (DFLCM), independence
classification rule (ICR), adjusted independence classification (AICR), and finally in this section, we described the
proposed point extraction method (PEM). Real data application, results, and discussion are presented in Section 3
followed by a concluding remark in Section 4.

Method

For the HDSS problem, developing the coefficient of the classical methods such as the FLCM becomes impractical
to perform classification tasks due to the curse of singularity, dimensionality, and ill conditioning of the covariance
matrix[37, 38]. In this section, we will navigate different procedures to perform classification for p > n problems.

Diagonal FLCM (DFLCM)

Let X;; and Y;; such that j > i are independent random samples from two different groups where n and p denote
sample size and dimension. We assumed that the two groups have equal sample sizes, that isnk, k =1,2,i =1,2,...,ny,
n= Zi:l nk. Let pr = %, such that Zizl pr = 1 be the priori probability from the respective groups.

Let X = % P X5 i=1,...,p

=1

Sk= oty ik (X — Xk)?

nj—1
— 1 _ 2 L —
Sp = ST (k) (np —1)Si,c=k=1,2 (1)

be the group mean vectors (X% ), covariance matrices (S3) and pooled sampled covariance matrix (S, ), respectively.
Computing the inverse of Equation (1) is difficult since p > n. To construct the model coefficient, we must use the diagonal
of Equation (1), that is,

S = diag(S,)  (2)

Equation (2) allows us to solve the problem of dimensionality. Hence the model coefficient can be constructed as

Ay = (Xl — XQ)SV_leJj (3)

Equation (3) mimics the independence classification rule discussed in [13, 14]. To perform the classification task,
we adopt a similar classification procedure discussed in [39]. Therefore, the decision rule is defined as; assign an object
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to group one (G1) if Ay > As otherwise, assign the object to group two A; < As. This process can be summarized as
follow

Xi1; € Gr,if A1 > Ao
| Otherwise Xi; € Gi,if Aj, A,
The DFLCM is a blended concept of the FLCM, ICR, and predictive classifiers models.

Independence classification rule (ICR)

Since the coefficient of the FLCM could not be constructed for p > n, a unique distance classification measure
called the independence classification rule (ICR) was proposed [14] whereby the diagonal of the covariance matrix was
used to construct the coefficient of ICR. Due to the diagonal use, it is expected that the ICR would avert the curse of
singularity. This method relies on the group mean vectors and the diagonal of the covariance matrix to construct the
coefficient of the model. This is described as follows

_ e - P
X = n%zz:l Xei, X = %Zczl Xe
82 = 5 i (X - Xe)?
— 1 _ 2 L L
Sp = Z'Z:l(nc—k)(nc 1Se,c=1,....;ki=1,...,nc

$ = diag(S,) ()

Therefore, the ICR [3, 14] for discrimination and classification is given as

Wy = (X1 — X2)S (X — X) =~d (5)

where v = X3)$71), and d = (X; — X).

By this rule, an object is assigned to G if Wi > 0 otherwise assign to G2 if Wi, < 0. The ICR is very flexible,
and its performance depends on the group data deviation (d) from the ground mean vector X. The independent rule
method has a similar model coefficient () with the Fisher linear classification method. Taking the absolute value of d
may lead to a higher misclassification rate. Therefore, the strength of the independence classification rule depends on
the signs of d. The ICR is also called the Nal'fve Baye classifier.

Adjusted ICR. (AICR)

For the AICR, we require the definition of the group probabilities for the classification benchmark. Let w =
Ele,ﬂc = 1, be the overall probability and 7. be the group probabilities. The adjusted ICR is a direct derivation of
the ICR with slight modification to the classification benchmark. The AICR is replicated from Equation (5) as

Wi = (X1 — X2)S(X; — X) =~d (6)

Therefore, the classification rule for the adjusted ICR is defined as assign X; to G1 if WL > log(m)! otherwise,
assign X1 to G2 if WL > log(m)! where ! denotes the factorial symbol.

Point extraction method (PEM)

This method applies within-group probability to extract relevant data points with a strong numerical value from
each variable in each group to construct the classification coefficients. Based on the extraction, we can determine the
sparsity and density of the data matrix. This allows us to determine the relevant data points used to build the model.
The PEM can be described in detail as follow.

Let X;; and Y(;; be p > n be as defined above, M = p, let

P(X;) = %Xm (7
i=1
Y'i .

PY) = Yy )
denote the first phase probability transformation for the two groups. Then the second phase is given as

_ P(X;)
Cx = —* 9)
Cy = 230 (10)

Based on Equations (7-10), we can isolate the weight of the irrelevant data points from the data matrix for the
two groups as follows.

Wy — { 1,Cx > P(X;) (11)
0,Cx < P(X;)
{ 1,Cy > P(Yl) (12)
Wy =
O,Cy < P(}/Z)
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Therefore, Equation (11-12) contains the weight of the relevant data points. Equations (13-14) consist of the
weighted relevant data points associated with each group and variables,

ex = Wx P(X;) (13)
ey = WYP(Y'Z) (14)
Table 1: Point extraction matrix (Equation (13-14)) (p > n)
(X % | % | X | % % | % | o Xr
1 W W 0 W 0 0 W e w
0 0 W 0 W w O | o 0
3| w 0 w 0 w 0 w w

The PEM retains the original dimension of the data matrix due to the zigzag relevant numerical strength associated
with each sample and variables. It preserves all the variables based on the sample size information. The PEM cannot
be described as a data reduction method rather a data point extraction method. Table 1 described Equations (13-14),
respectively. Equations (13-14) is transformed to n X p, from the above we have n x n transformed matrix form, that is

E.-n=exey
0= ZEan

o = Enxn

A = (Enxn*aﬂEnxn*a)T

Vi = % -
__re e (Bnscn—0)(Enxn—a)T
e (15)
Equation (15) is the coefficient of the PEM, where W is 1 X p. The benchmark is given as
B=4% (16)

where ¢ = ETX + %,’ya =Wex,vw = Wey.
Therefore, the decision rule is to assign an object to group one (G1) if v, > 3 otherwise assign an object to group

two (G2) if 7o < B. Therefore, the classification summary is
0 ’711267 if ’YaEGl
Y < B, if v € G
The optimal performance benchmark for high dimensional data can be determined by using the following formula.
The probability of misclassification (90) is defined as

M= [(177)] X T

2XT

where
Sl vai €A1HY2 ypi €A
= ( —1 7 ni+n2 17 2) (17)
Equation (17) explain the probability of the group membership being correctly classified and the proportion of

membership prediction accuracy (¢) is defined as

¢p=N—- (18)

where N = 1 denotes the optimal performance benchmark. The robustness of the high dimensional data can be
evaluated using Equation (18).

Results and discussion

For this section, all data sets are uniformly reshuffled and divided into training 60% and testing 40% and seeded
123456. The results reported are based on the average classification accuracy over 1000 runs. Three real data set are
considered viz: Musk version 2 data set [40,41 42, 43] sonar rock signal [44] and ozone level data set [45]. Equation (18)
is applied to determine the robustness of any of these methods.

Applications
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Musk version 2 data set.

The musk and non-musk main data set consist of n=6598,p=166, [43]. For p > n problem we took n=102, and
p=166. Previous studies [40, 41, 42] used this data set for n>p problems. The neural network method achieved the
highest classification accuracy of 91% [40] and the lowest classification accuracy was reported in [40] with 58.8% based
on C4.5 prune. The objective is to determine whether the Bmnew molecules will be classified as musk and non-musk.
The proportion of membership prediction accuracy (¢), and CPU time is reported in Table 2. The result reported in
Table 2 showed that the DFLCM, ICR, and AICR performed comparably. Fig. 1 shows the CPU time with the AICR
having the smallest CPU time followed by DFLCM, respectively.

Table 2: Performance analysis of the different methods
Methods \ 10) \ CPU time

DFLCM | 1.000 6.93
ICR 0.999 7.20
AICR 0.999 6.89
PEM 0.941 8.59

———f—‘_\./

CPU TIME

DFLCM ICR AICR PEM
METHODS

Fig 1: Comparative analysis of CPU time based on methods

Mines vs rock sonar signal

The objective is to classify sonar signal as BBmbounced off a metal cylinder (M) and bounced off a roughly
cylindrical rock (R) [44]. In Gorman and Sejnowskl (1988), they used neural network techniques and nearest neighbor
classifier and it was applied for n>p problems with classification accuracy 90.4% and 82.7% based on the training set
(n=104). For the p>n problem, we used p = 60, n = 50. Table 3 contain the proportion of membership prediction
accuracy of the different methods over 1000 runs. The DFLCM appeared to be the best classifier which is much better
than the 90.4% [44] although with different study conditions. The ICR and AICR are more robust than 82.7%. For
this data set, the DFLCM has better performance for both accuracy and time. Fig.2 depicts the comparative CPU time
between DFLCM and AICR for the different methods.

Table 3: Performance analysis of the different methods
Methods \ 10) \ CPU time

DFLCM | 0.956 0.68
ICR 0.907 0.72
AICR 0.911 0.67
PEM 0.735 0.81

Ozone level detection

This data was previously used to forecast ozone days. It was reported that the data sets contain many irrelevant
variables and sample bias[45]. This led us to apply this data set for p > n problem. The original data set [45] contains
n = 2536, p = 72 with group one ozone day and group two normal day. For p > n problem, we elect to retain the
dimension (p) and selected n = 66. Based on this, we applied these methods to classify ozone days and non-ozone days.
Table 4 contains the classification results of the different methods with DFLCM as the best method followed by the ICR
and AICR method. Fig.3 contains the CPU time of the different methods, the analysis showed that DFLCM appeared
to have the fastest computational time followed by the ICR method.

173



Acta NUUzZ EXACT SCIENCES 2/3, 2026, 169-177

0.9
0.8
0.7 ”’—0\/‘
0.6
0.5
0.4
0.3

0.2
0.1

CPU TIME

DFLCM ICR AICR PEM
METHODS

Fig 2: Comparative analysis of CPU time based on methods

Table 4: Performance analysis of the different methods
Methods \ 10) \ CPU time

DFLCM | 0.993 0.98
ICR 0.973 1.04
AICR 0.973 1.07
PEM 0.921 1.25
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-
S )
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Fig 3: Comparative analysis of CPU time based on methods
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It is vital to state that the performance of any classification method strictly relies on the nature of the dataset
[6]. This implies that a particular model may result in minimum misclassification error due to certain dataset, also this
model may result in high misclassification error for another data set. Based on this conviction, it is important for a
researcher to consider a suitable model and data set to avoid the generalization of the under performance of a particular
classification model. In this regard, model under performance should be investigated vigorously with different data set
before generalization, or the results should be accompanied by detailed discussions. In general, no classification model
performs excellently with any available data set hence model performance is data dependent. It is observed that the
problems associated with p > n are high computational cost and high misclassification error [8, 46, 47| due to irrelevant
variables. In comparative terms, it implies that a low dimensional data set may result in a minimum computational cost
and a better classification rate otherwise. In this study, we have observed that the PEM method is comparably suitable
to do comparative performance analysis with the diagonal classifiers. Table 5 show the number of relevant (bold) and
irrelevant data extracted for all the data set. The number in italics indicates the total data points in the data matrix. In
future work, we will compare the PEM methods with dimension reduction techniques and variable selection techniques
to determine further performance analysis.

Table 5: Number of selected data points (bold) by PEM

Data 1 2x (pxn) Relevant point by PEM irrelevant point by PEM  Ajrelevant A, relevant A irrelevant A, irrelevant
Training (60%) 20,318.4 10,204 10,114.4 5,297 4,907 4,862.2 5,252.2
Testing (40%) 13,545.6 8,056 5,489.6 4,189 3,867 2,583.8 2,905.8
Total 33,864 18,260 15,604 9,486 8,774 7,446 8,158
Data 2 2 x (pxn) Relevant point by PEM irrelevant point by PEM  Ajrelevant A, relevant A; irrelevant A, irrelevant
Training (60%) 3,600 2,010 1,590 1,012 998 788 802
Testing (40%) 2,400 1,611 789 820 791 380 409
Total 6,000 3,621 2,379 1,832 1,789 1,168 1,211
Data 3 2 x (pxn) Relevant point by PEM irrelevant point by PEM  Ajrelevant A, relevant  A; irrelevant A, irrelevant
Training (60%) 5,328 5,032 296 2,516 2,516 148 148
Testing (40%) 4,176 3,944 232 1,972 1,972 116 116
Total 9,504 8,976 528 4,488 4,488 264 264

A;,i=1,2 denotes groups.
Conclusions

Three diagonal classifiers for HDSS problems were considered for this paper. The point extraction method was
also discussed. Three real data applications taken from the UCI machine learning repository were used with sample size
modifications to suit HDSS problems. The results have shown that the proposed DFLCM methods appeared to be the
best in terms of proportion of membership prediction accuracy and computational time (CPU time). The modified AICR
method showed comparative performance followed by the conventional ICR and PEM in that other for these data sets.
The analysis has demonstrated that the DFLCM is very capable to perform HDSS classification tasks based on these data
set. It also indicated fast CPU computational time compared to the other method. We remark that the DFLCM and
the other methods can be applied to investigate any HDSS problems with high-speed computers. This study concludes
that these methods are suitable and comparable to carry out classification analysis based on the application of HDSS
data.
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