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Critical cusp cancellation and analytic response for a Bernoulli random interval map
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Abstract. We show that the critical cusp exponent β = −1/2 admits W 2,1 invariant densities in an
explicit family of expanding full-branch interval maps. The usual estimates exclude this exponent because
two zero-order coefficients in the second derivative of the transfer operator are individually non-integrable.
Their signed combination, however, contains the factor β(2β + 1) for a pure power cusp. We exploit its
cancellation at β = −1/2 to prove a W 2,1 Lasota–Yorke inequality and a spectral gap for the explicit family.
We also identify a separate obstruction caused by an interior cusp value. As an application, a small Bernoulli
probability perturbation between two fixed maps has a stationary density that depends real-analytically on
the perturbation parameter in W 2,1, with explicit formulas for all response derivatives.
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Introduction

Invariant and stationary densities describe the statistical behaviour of a dynamical system. For a density hε and
an observable ϕ, the stationary expectation is

∫
ϕhε dx. How does it change under a small perturbation? Statistical

stability asks for continuity, whereas linear response asks for a first-order expansion. The latter allows perturbed averages
to be approximated from the unperturbed density and its response, and quantifies the sensitivity of long-term statistics.

Uniform expansion alone does not ensure linear response for interval maps. Perturbations of tent-like maps
changing the turning-point value can destroy differentiability when the one-sided slopes are finite [9]. Bahsoun and
Galatolo [1] showed that an unbounded cusp derivative can instead restore linear response, because the vanishing inverse-
derivative weights improve the regularity of the transfer operator. Oltiboev [4] obtained an Lp version for p > 1. Oltiboev,
Rakhimov and Ruziboev [5] considered random compositions with a common cusp point and value. For −1 < β < −1/2,
they obtained W 2,1 stationary densities and response in W 1,1 under perturbations of the probability law, following the
viewpoint of [7].

The present note is motivated by the strict upper endpoint in [5]. Its second-order estimate bounds two singular
zero-order terms separately by t−2β−2, where t is the distance to the cusp. This weight is integrable for β < −1/2, but
becomes t−1 at the endpoint. Does second-order regularity actually fail there, or do these estimates discard an essential
cancellation? The divergence of a sufficient bound alone does not answer this question.

We answer it for an explicit full-branch family. The signed pure-power coefficient contains β(2β + 1), which
vanishes at β = −1/2. Adding a constant to the critical power in the branch derivative leaves an integrable remainder
and yields a W 2,1 Lasota–Yorke inequality and a spectral gap. The family is a critical specialization of the unperturbed
model of [5], also related to the model of [4]. The contribution is the endpoint analysis, rather than an unrelated
construction.

An independent boundary issue remains. In [5], the first derivative of the transferred function has zero trace at
the common cusp value. At the endpoint that trace can be nonzero, even if the cusp value is fixed. Its zero extension
across an interior cusp value may then fail to belong to W 2,1. We avoid this obstruction by placing the cusp value at 1.

Finally, we vary the Bernoulli probabilities of two fixed maps. The operator is affine in the parameter and bounded
on the same W 2,1 space, so the spectral gap and standard perturbation theory [3] give analytic response. The stronger
response topology reflects this restricted perturbation: we do not extend the full deterministic or general random-law
theorems of [4,5] to the critical exponent.
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The critical coefficient

Let I = [0, 1]. Suppose that f : I → I has finitely many monotone branches, each C1 with nonzero derivative in
its interior. Its transfer operator is given, almost everywhere, by

(Lfφ)(x) =
∑

y∈f−1(x)

φ(y)

|f ′(y)| .

It is positive, preserves Lebesgue integrals, and is an L1(I) contraction. An invariant probability density is a nonnegative
fixed point with integral one. The Sobolev spaces used below are taken on (0, 1), with no boundary conditions, and have
norms ‖φ‖Wk,1 =

∑k
j=0 ‖φ

(j)‖1, for k = 1, 2.

When the branches are C3 in their interiors, the zero-order coefficient in the second derivative of Lfφ, away from
endpoints of branch images, is

Df := 3
(f ′′)2

(f ′)4
− f ′′′

(f ′)3
. (1)

In the second-order estimate of [5], its absolute value is controlled by 3|f ′′|2/|f ′|4 + |f ′′′|/|f ′|3 = O(t−2β−2). At the
endpoint we must retain the signed combination in (1) instead.

Lemma 1. Let c be the turning point and t = |x − c|. Suppose that the derivative magnitude on one branch is
p(t) = Ktβ, where K > 0 and β < 0. Then, on either branch,

Df = 3
(p′)2

p4
− p′′

p3
=
β(2β + 1)

K2
t−2β−2. (2)

In particular, this coefficient vanishes identically when β = −1/2.
Proof. On the increasing branch, t = c− x and (f ′, f ′′, f ′′′) = (p,−p′, p′′). On the decreasing branch, t = x− c

and (f ′, f ′′, f ′′′) = (−p,−p′,−p′′). Both substitutions give the first equality in (2). Since p′ = Kβtβ−1 and p′′ =
Kβ(β − 1)tβ−2, the second equality follows from 3β2 − β(β − 1) = β(2β + 1).

An explicit critical cusp family

The unperturbed family in [5, Section 4] can be written, with c = 1/2, as

Fβ,ϑ(c± t) = 1− ϑt− (1− ϑ/2)(2t)β+1, 0 ≤ t ≤ 1

2
.

Its specialization at β = −1/2 gives the square-root family below. For ϑ = 3/2, it also agrees with the unperturbed
formula in [4] at root parameter k = 2. These algebraic identities motivate the example; neither earlier theorem covers
this critical case.

The derivative magnitude is a constant plus Kt−1/2. Integrating from a cusp of height 1 and imposing zero
endpoint values fixes K. Specifically, choose 1 < ϑ < 2 and set

Kϑ :=
1− ϑ/2√

2
> 0, fϑ(c± t) := 1− ϑt− 2Kϑ

√
t, 0 ≤ t ≤ 1

2
. (3)

Then fϑ(0) = fϑ(1) = 0 and fϑ(c) = 1. For t = |x− c| > 0,

|f ′ϑ(x)| = pϑ(t) := ϑ+Kϑt
−1/2, inf

x 6=c
|f ′ϑ(x)| = 1 +

ϑ

2
=: Λϑ > 1. (4)

Thus fϑ has two full branches, is uniformly expanding, and has cusp exponent β = −1/2. Write λϑ := Λ−1
ϑ < 1.

The inverse branches are also explicit. For x ∈ I, define

uϑ(x) :=

√
K2
ϑ + ϑ(1− x)−Kϑ

ϑ
. (5)

Then g0,ϑ(x) = c− uϑ(x)2 and g1,ϑ(x) = c+ uϑ(x)2. Consequently,

(Lϑφ)(x) =
uϑ(x)

Kϑ + ϑuϑ(x)

[
φ(c− uϑ(x)2) + φ(c+ uϑ(x)2)

]
. (6)

Here and below Lϑ = Lfϑ .
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Lemma 2. For the family (3), on either branch with t = |x− c| > 0,

Dϑ(t) := 3
(f ′′ϑ )2

(f ′ϑ)4
− f ′′′ϑ

(f ′ϑ)3
= − 3Kϑϑ

4
√
t (Kϑ + ϑ

√
t)4

, (7)

|f ′′ϑ |
|f ′ϑ|2

=
Kϑ

2
√
t (Kϑ + ϑ

√
t)2

,

∣∣∣∣ f ′′ϑ
(f ′ϑ)3

∣∣∣∣ =
Kϑ

2(Kϑ + ϑ
√
t)3

. (8)

The coefficients in (7) and the first part of (8) belong to L1(0, 1/2), and the last coefficient is bounded.
Proof. From (4), p′ϑ = −(Kϑ/2)t−3/2 and p′′ϑ = (3Kϑ/4)t−5/2. Substituting these expressions and pϑ =

t−1/2(Kϑ + ϑ
√
t) into 3(p′ϑ)2/p4

ϑ − p′′ϑ/p
3
ϑ gives (7). The same substitution gives (8). Since Kϑ > 0, the first two

coefficients are O(t−1/2) and the last one is O(1).

W 2,1 regularity at the endpoint

The estimate below follows the Lasota–Yorke strategy [10] in a Sobolev setting. The cancellation supplies the
missing second-order integrability. There is also a first-order change from [5]: at the critical exponent the coefficient
|f ′′ϑ |/|f ′ϑ|2 is in L1 but not in L2, so the (W 1,1, L2) estimate used there is not imported. We instead useW 1,1(I) ↪→ L∞(I)
to bound the lower-order terms, and obtain quasi-compactness directly from the second-order estimate.

Proposition 1. For each ϑ ∈ (1, 2), the operator Lϑ is bounded on W 1,1(I) and W 2,1(I). There exists Cϑ > 0
such that

‖Lϑφ‖W2,1 ≤ λ2
ϑ‖φ‖W2,1 + Cϑ‖φ‖W1,1 , φ ∈W 2,1(I). (9)

Moreover, the essential spectral radius of Lϑ on W 2,1(I) is at most λ2
ϑ.

Proof. For smooth φ, differentiation of (6), or of the inverse-branch formula, gives

(Lϑφ)′ = Lϑ

(
φ′

f ′ϑ

)
− Lϑ

(
f ′′ϑ

(f ′ϑ)2
φ

)
(10)

and
(Lϑφ)′′ = Lϑ

(
φ′′

(f ′ϑ)2

)
− 3Lϑ

(
f ′′ϑ

(f ′ϑ)3
φ′
)

+ Lϑ

([
3

(f ′′ϑ )2

(f ′ϑ)4
− f ′′′ϑ

(f ′ϑ)3

]
φ

)
.

(11)

Both branch images are I, so no characteristic function with an interior endpoint occurs. The right-hand sides are
integrable by Lemma 2; hence these classical formulas on (0, 1) also give the weak derivatives there. In particular, the
two terms in the final coefficient of (11) are kept together.

Using (4), Lemma 2 and the L1 contraction property, we obtain

‖(Lϑφ)′‖1 ≤ λϑ‖φ′‖1 + C‖φ‖∞ ≤ C‖φ‖W1,1 ,

‖(Lϑφ)′′‖1 ≤ λ2
ϑ‖φ′′‖1 + C‖φ′‖1 + 2‖Dϑ‖L1(0,1/2)‖φ‖∞ ≤ λ

2
ϑ‖φ′′‖1 + C‖φ‖W1,1 .

Together with ‖Lϑφ‖1 ≤ ‖φ‖1, these estimates prove (9). Smooth approximation establishes the stated boundedness
and inequality on the Sobolev spaces.

For the essential spectral radius, use the interpolation inequality ‖φ‖W1,1 ≤ η‖φ‖W2,1 + Cη‖φ‖1, valid for every
η > 0. For each b ∈ (λ2

ϑ, 1), (9) therefore gives ‖Lϑφ‖W2,1 ≤ b‖φ‖W2,1 + Cb‖φ‖1. Iteration and L1 contraction yield

‖Lnϑφ‖W2,1 ≤ bn‖φ‖W2,1 +
Cb

1− b‖φ‖1. (12)

The compact embedding W 2,1(I) b L1(I) and Hennion’s criterion [2] give ress ≤ b. Letting b ↓ λ2
ϑ proves the claim.

Proposition 2. For every ϑ ∈ (1, 2), the map fϑ has a unique absolutely continuous invariant probability measure.
Its density hϑ belongs toW 2,1(I). On this space, 1 is an algebraically simple eigenvalue of Lϑ, and the rest of the spectrum
is contained in a disk of radius strictly smaller than one.

Proof. The weight 1/|f ′ϑ|, set equal to zero at the cusp, has bounded variation: its absolute derivative on each
branch is the first coefficient in (8), which is integrable. Together with uniform expansion, this gives the hypotheses of
Rychlik’s theory [6]. An invariant probability density exists, and the transfer operator admits a finite cyclic Perron–
Frobenius decomposition on BV(I); see also [8, Chapter 3].

Each inverse branch has Lipschitz constant at most λϑ. Thus a rank-n cylinder has diameter at most λnϑ, and its
closure is mapped onto I by fnϑ . Every nonempty open interval contains such a closed cylinder for sufficiently large n.
Consequently fϑ is topologically exact.
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To see why the cyclic decomposition is trivial, take a nonzero nonnegative v ∈ BV(I) with Lqϑv = v for some q ≥ 1.
There are an open interval U and d > 0 such that v ≥ d almost everywhere on U . Choose a cylinder J ⊂ U of rank n
divisible by q, and let gJ : (0, 1)→ int J be its inverse branch. Its derivative is nonzero on (0, 1), so v = Lnϑv ≥ d|g′J | > 0
almost everywhere there. Thus two nonnegative densities fixed by the same power cannot have disjoint supports. The
finite cyclic decomposition reduces to a single mixing component: the invariant probability density is unique in BV and
1 is the only peripheral eigenvalue. The associated convergence extends from BV to L1 by density and L1 contraction,
so there are no additional invariant probability densities in L1.

Spectra are understood on the complexified spaces. On W 2,1(I) let `(φ) =
∫
I
φdx. Since L∗ϑ` = `, the number

1 belongs to the spectrum. Proposition 1 puts it outside the essential spectral disk, so it is an eigenvalue. Every
corresponding eigenvector lies in BV(I) and is a nonzero multiple of hϑ. This proves hϑ ∈ W 2,1(I) and geometric
simplicity. The same inclusion excludes all other eigenvalues of modulus one on W 2,1(I).

A nontrivial Jordan block at 1 would give (Lϑ − I)v = hϑ after rescaling. Then Lnϑv = v + nhϑ, contradicting
‖Lnϑv‖1 ≤ ‖v‖1. The L1 contraction also excludes eigenvalues of modulus greater than one. These observations, together
with ress < 1, prove the asserted spectral gap.

The obstruction caused by an interior cusp value

In [5], the strict inequality β < −1/2 also gives |f ′′|/|f ′|3 = O(t−2β−1) → 0, which makes the first derivative
of the transferred function vanish at the common cusp value. At the critical exponent this mechanism changes. The
cancellation in (1) controls the interior differential expression, but does not by itself remove a nonzero derivative trace
at an interior branch-image endpoint.

Proposition 3. Suppose that a nonsingular map f : I → I has two monotone branches onto [0, a], where
0 < a < 1, and is symmetric near its cusp c. Assume that, for sufficiently small t > 0,

f(c± t) = a− 2K
√
t+R(t), K > 0, (13)

where R ∈ C2((0, δ)) satisfies
R(t) = O(t), R′(t) = O(1), R′′(t) = O(t−1).

For φ ∈ C1(I), let Lfφ be extended by zero to (a, 1]. Then

(Lfφ)(x) =
φ(c)

K2
(a− x) + o(a− x), lim

x↑a
(Lfφ)′(x) = −φ(c)

K2
. (14)

If φ(c) 6= 0, this zero extension does not belong to W 2,1(I).
Proof. Write p(t) = Kt−1/2 −R′(t) and q(t) = φ(c− t) + φ(c+ t). If t = t(x) is the inverse distance to the cusp,

then
a− x = 2K

√
t+O(t), (Lfφ)(x) =

q(t)

p(t)
.

As q(t)→ 2φ(c) and
√
t = (a− x)/(2K) + o(a− x), the first assertion in (14) follows. Moreover, dt/dx = −1/p(t), so

(Lfφ)′(x) = − q
′(t)

p(t)2
+
q(t)p′(t)

p(t)3
.

Here q′ is bounded, p′(t) = −(K/2)t−3/2 + O(t−1), and p(t)3 ∼ K3t−3/2. This proves the derivative limit in (14). The
derivative of the zero extension is zero on (a, 1). If φ(c) 6= 0, its left and right traces at a are different, whereas every
W 2,1(I) function has a continuous first derivative. This is a contradiction.

For (3), the cusp value is 1, so the nonzero derivative trace causes no interior obstruction. The full-branch choice
and the algebraic cancellation therefore address distinct issues. Proposition 3 does not rule out exceptional inputs with
φ(c) = 0.

Bernoulli random perturbations and analytic response

We now apply the probability-law viewpoint of [5,7] to an affine perturbation of the critical family. Fix distinct
parameters ϑ0, ϑ1 ∈ (1, 2), and write L0 = Lϑ0 , L1 = Lϑ1 and D = L1 − L0. Consider

Lε = (1− ε)L0 + εL1 = L0 + εD. (15)

For 0 ≤ ε ≤ 1, this is the annealed transfer operator of the system which independently chooses fϑ0 with probability
1− ε and fϑ1 with probability ε at each step. Negative values of ε are used only for analytic continuation; they do not
define Bernoulli probabilities. Put

W 2,1
0 (I) :=

{
φ ∈W 2,1(I) :

∫
I

φdx = 0

}
.
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Theorem 1. There exists ε0 ∈ (0, 1) such that, for every real |ε| < ε0, the operator Lε has an isolated algebraically
simple eigenvalue 1 on W 2,1(I) and a unique normalized fixed vector hε ∈ W 2,1(I), with

∫
I
hε dx = 1. The map

ε 7→ hε ∈ W 2,1(I) is real analytic. For 0 ≤ ε < ε0, this vector is nonnegative and hence a stationary density of the
Bernoulli system.

Let h0 = hϑ0 and
R0 = (I − L0)−1 : W 2,1

0 (I) −→W 2,1
0 (I).

Then
h′0 = R0Dh0 = (I − L0)−1(L1 − L0)h0, (16)

and, for every n ≥ 1,
dn

dεn
hε

∣∣∣∣
ε=0

= n! (R0D)nh0. (17)

Proof. By Proposition 2, 1 is an isolated algebraically simple eigenvalue of L0 on W 2,1(I), with the remaining
spectrum strictly inside the unit disk. Since D is bounded on this space, (15) is analytic in operator norm. Analytic
perturbation theory [3] gives an analytic rank-one spectral projection and an eigenvector vε near h0. Its integral is nonzero
for small ε. Integrating its eigenvalue equation and using integral preservation shows that the associated eigenvalue is
exactly 1. Normalization yields the analytic family hε.

After decreasing ε0, spectral separation keeps the remaining spectrum inside a disk of radius less than one. The
spectral projection is Pεφ = hε

∫
I
φdx, and therefore

Lnε 1 −→ hε in W 2,1(I), n→∞. (18)

For 0 ≤ ε < ε0, each function on the left is nonnegative and has integral one. Thus the limit is a stationary probability
density.

The spectral projection of L0 is P0φ = h0

∫
I
φdx, so the restriction of L0 to W 2,1

0 (I) = kerP0 has spectral radius
less than one. Hence R0 =

∑∞
k=0 L

k
0 converges in operator norm onW 2,1

0 (I). Also, D mapsW 2,1(I) into this zero-integral
subspace, because both L0 and L1 preserve integrals. Thus R0D is well defined on W 2,1(I).

Differentiating Lεhε = hε and
∫
I
hε dx = 1 at zero gives (I − L0)h′0 = Dh0 and

∫
I
h′0 dx = 0, which proves (16).

Since (15) is affine, repeated differentiation yields

(I − L0)h
(n)
0 = nDh

(n−1)
0 ,

∫
I

h
(n)
0 dx = 0, n ≥ 1.

Induction gives (17). Equivalently, for sufficiently small |ε|,

hε = h0 +

∞∑
n=1

εn(R0D)nh0 in W 2,1(I). (19)

Corollary 1. For every bounded linear functional Φ on W 2,1(I), ε 7→ Φ(hε) is analytic near zero, and

dn

dεn
Φ(hε)

∣∣∣∣
ε=0

= n! Φ
(
(R0D)nh0

)
, n ≥ 1.

In particular, for every ϕ ∈ L∞(I),

d

dε

∫
I

ϕhε dx

∣∣∣∣
ε=0

=

∫
I

ϕR0(L1 − L0)h0 dx. (20)

Concluding remarks

The example shows that the strict restriction β < −1/2 in the separate Sobolev coefficient estimates is not an
intrinsic barrier for every cusp map. At the endpoint, the factor 2β + 1 cancels the nominally non-integrable leading
term, while the full-branch geometry avoids an interior jump in the first derivative. Together these properties give W 2,1

invariant densities and analytic response to a Bernoulli probability perturbation.
A natural continuation is to replace the explicit derivative ϑ + Kϑt

−1/2 by an expansion Kt−1/2 + A + O(t1/2)
with compatible estimates on its first two derivatives. The resulting general endpoint theory, as well as deterministic
perturbations of the maps themselves, is not pursued here.
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