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So‘z boshi

Hurmatli hamkasblar!

Mazkur yilda Of‘zbekiston Respublikasi Fanlar akademiyasi, V.I.Romanovskiy nomidagi Matematika
instituti hamda O‘zbekiston Matematika Jamiyati muassisligida "Matematika instituti byulleteni"elektron
jurnali ta’sis etildi. Jurnal bir yilda 6 ta son ko‘rinishida chop etilishi rejalashtirilgan. Jurnalning vebsayti
(www.mib.mathinst.uz) rasman ro‘yxatdan o‘tkazilgan bo‘lib, jurnal uchun ISSN (2181-9483) ham olindi. Shu
yilning o‘zida O‘zbekiston Respublikasi Oliy Attestatsiya Komissiyasining ilmiy jurnallar ro‘yxatiga qo‘shilish
borasida magsadli harakatlar amalga oshirilmoqda.

Jurnalning o‘ziga xos jihatlaridan biri ilmiy magqolalarning 3 tilda (O‘zbek, rus va ingliz) chop etish mumkin.
Magqola hajmiga hech qanday cheklov qo‘yilmagan. Jurnalda ma’lum bir yo‘nalishlarda tahliliy maqolalar chop
etish imkoni ham bor. Respublikamizda o‘tkaziladigan ilmiy konferensiya materiallaridan saralangan maqolalarni
maxsus son ko‘rinishida chop etish imkoniyati ham ko‘plab konferensiya tashkilotchilarida qizigish uyg‘otadi
degan fikrdamiz.

Bundan tashqari, "O‘zbek Matematika Jurnali"ning (http://uzmj.mathinst.uz) bu yildan boshlab faqat
ingliz tilidagi ilmiy maqolalarni chop etishga ixtisoslashgani mamlakatimizdagi tadqiqotchilarga ma’lum bir
noqulayliklar keltirishini hisobga olib ham muqobil ravishda bu jurnal ta’sis etildi.

Kelgusida bu elektron jurnalni ham xalgaro maydonga chigarishni reja gilganmiz.

Bosh muharrir

IIpenucioBue

YBazkaemble Kojutern!

B sTom romy yupexiieH aseKTpoHHbIH KypHa "Broanerens nHCTHTYTA MaTeMaTUKU". Y UpeauTeIsiMA TaH-
HOTO KypHaJia sBistorca Uuacruryt maremaruku nmenun B.W.Pomanosckoro, Akajgemus vayk Pecrybmukn Y3-
6ekncran u Maremarndeckoe O6rmecTBo Y3oekncrana. [lmanupyercst e:keroHo u31aBarh 6 BBITYCKOB Ky pHAJIA.
Be6eaiit xyprana (www.mib.mathinst.uz) odurnuaabHo 3aperucTpupoBaH U I JAHHOTO YKyPHAJA MOJIyYeH
ISSN (2181-9483). B sT0M 2Ke ToJly IJIAHUPYETCsl BKIIOUATh JKYPHAJ B CIMCOK Hay4HBIX »KypHasuoB BAK Pec-
myOsimKn Y 306KUCTaH.

ZKypuas npunumaer HaydHble 1 0030PHBIE CTATHU 110 MATEMATUKH Ha Tpex (y30eKCKOM, PYCCKOM M aHIJIMii-
CKOM) sI3bIKax, OrpaHuvenuii na obbeMm crareii ne npegycmorper. Kpome toro, B 1aHHOM KypHAJIE IPEIYyCMOT-
peHo mybyiMKoBaHMe N30PAHHBIX CTATENl HAYIHBIX KOH(MEPEHIINA.

2Kypnas "Brojerens uHCcTUTYTa MaTeMaTuKu'"siBjisiercs: ajbrepHaTuBoil xKypaasy "Uzbek Mathematical
Journal" (http://uzmj.mathinst.uz), Koropbiii nyGauKyeT HaydHbIE CTATHU HA AHVIMACKOM s3bike. B cKOpom
Oy/IyIIeM TJIAHUPYETCsl BhIBeCTH KypHaJ "Brojuierenb HHCTUTYTa MaTeMATUKI " HA MEXKIYHAPOIHBIA YPOBEHD.

I';maBHBIT peaKkTOp

Foreword

Dear Colleagues!

Since this year the new electronic journal "Bulletin of the Institute of Mathematics"is established by
V.I.LRomanovskiy Institute of Mathematics and Mathematical Society of Uzbekistan. We are planning to publish
six issues per year. Webpage of this journal (www.mib.mathinst.uz) is officially registered and has ISSN (2181-
9483). This year we are planning to include the journal to the official list of scientific journals of the Supreme
Attestation Committee of the Republic of Uzbekistan.

The journal accept mathematical articles and surveys in three languages: Uzbek, Russian and English. There
is no restriction to the size of articles. In addition, the special issues of selected articles of scientific conferences
can be published.

This electronic journal is alternative to the "Uzbek Mathematical Journal" (http://uzmj.mathinst.uz), which
is publishing articles only in English.

In nearest future we are planning to make up this journal to international level.

Editor in Chief
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O06 onHoIT HEJIOKAJILHOI KpaeBoil 3ajiave AJisl ypaBHEHUsI CMENIAHHOTO THUIAa
BTOPOIr'o pojJja B MHOI'OMEPHOM HPOCTPAaHCTBE
xxamasio C.3

Ko‘p oflchovli fazoda ikkinchi tur aralash tipdagi tenglama
uchun nolokal chegaraviy masala hagida
Ushbu magqgolada, ko‘p o‘lchovli fazoda ikkinchi tur aralash
tipdagi tenglama uchun nolokal chegaraviy masala yechimining
yagonaligi, mavjudligi va yechimning silligligi Sobolev fazolarida
o‘rganilgan.

On a nonlocal boundary value problem for the second order
mized-type equation of the second kind in a many-dimensional
space.

In the present work a uniqueness, existence and smoothness of
the solution of nonlocal boundary value problem for the second
order mixed-type equation of the second kind are proved in
certain Sobolev spaces.

1. BBeneHue u mocTaHOBKa 33a/Ia4W.

n
Iycrs Q = [] (ou, Bi), n—MepHblil napasutesenunes EpkinjioBa npocrparcTsa R™ Todek (1, ..., Ty ),

i=1

0<a; <z < B; < +o0, Vi=1,n.

O6o3HaunM Yepes

Q=0x(0,T)={(z,t);2 € Q0 <t <T <400} obsacts ¢ KycoOIHO-IIaAKOI rpanuneit 0Q = 0N x (0,T).
B obustactu Q paccmorpum guddepeHiinaibHoe ypaBHEHNE BTOPOTO MOPSIJIKA:

Lu = K(t) uy — (a;5(z) umi)mj +a(z, t)ug + c(z, t)u= f(x,t), (1)

zieck K(0) <0 < K(T),Vx € Q. Beioy HEXKe 10 MOBTOPSIONIUMCS HHJIEKCAM MPEJIIOJIAaraeTcst CyMMUPOBAHTEe
or 1 10 n u GyeM IpearoaraTh, 9To Bce (PyHKIIUN, BCTPEYAIONINECS B CTAThE, BEIECTBEHHO 3HAYHBIE U JTOCTa~
TOYHO TJIaJIKue OYHKITIH.

VYpasuenue OTHOCHUTCS K YPABHEHUsIM CMENIAHHOIO THUIIA BTOPOro POJA, Tak Kak Ha 3HaK (yukuuu K (t) 1o
nepeMeHHOI ¢ BHyTpu obsactu () He Hajaraercst HuKakux orpanndaennii [2) [13].

IIpeamonoxxum:

aij(z) = aji(x), aij(ar) = a;i(Be), Yk =T,m; z € O, E € R™, [¢]* = Y €2,
1=1

Kpome TOro, mycTh BBIIOJHEHO OIHO U3 YCJIOBHI s jmoboro & € R™ u € Q.

(a). ai;(x)&&; > aol¢|?, e ag — const > 0,

(). aij(x)&& < a1l °, e aq — const < 0.

Yepes W ZQ(Q) (2 < l-marypanbHoe 1ncso) o6oznaduMm npocrpanctso C.JI. CoboseBa co CKaXsSPHBIM IPOU3Be-
JieHneM (, ), 1 HOpMOit ||~HW21(Q), W9(Q) = La(Q) -pocTpaHCTBO KBPATHIHO CyMMHUPYeMbIX (DyHKITHiL.
Tlpu nosrydennyn pasandHbIX allPUOPHBIX OIEHOK MbI 9aCTO UCIIOJIb3yeM HepaBeHcTBO Komu ¢ o:

Yu,v >0, Vo >0, u-v< —+ —.
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p
JL71s1 TPOM3BOJHBIX MTOPsIIKA P yI00HO NpUHATH obo3navenue: D Py = gzz

; mpm atom D % u = .

HesiokanbHaa KpaeBasi 3ama4da. Haiitu penrenue u(z,t) ypaBHeHus u3 npocrpanctea Cobosiesa
W32(Q), (m =0,1,2,...) y0BIETBOPSIONTEe HETOKATLHBIM KPACBBIM YCIOBUSIM

vou(z,0) =u(z,T), (2)
4 — '4
Dl’i Ulgi=a; = Dwz‘ Ul =B, (3)
=0.1: DP _ OPu DO —
upu p = U, L] rJe miu = 9P T U = U, 7Y ~-HEKOTOPOE€ IIOCTOAHHOEC YMNCJIO, OTJIMYIHOE OT HYJIfd, 3HaAYCHUE
i

KOTOPOTO OyJIeT YyTOYHEHO HUXKE.

Pazimunble HeJOKaJbHbIE KpaeBble 3a/1a49y [IJIs ypPaBHEHUsSI CMENIaHHOrO THUIIA KaK IepBOro, TaK U BTOPOTO
pola , Ol McciIe0BaHbl (BbYyHKIMOHAIBHBIMU MeTozamu B paborax 3l [l Bl 6] 7, [, @, [10, 111 15, 16, 17], a
J7151 ypaBHEHHs CMEIIAHHOTO THIA KAaK IEPBOrO Tak M Broporo poxa sazaun (2)),(3) mpeanoxena n msyuena B
paborax asropa [l [§].

B pmamnoii pabore B caydae K(0) < 0 < K(T') ayist ypaBHEHUSI CMEIIAHHOI'O THUIIA BTOPOIO POZa BTOPOIO
nopszka (1) B mpocTpancTBe, H3y9aeTcsa OQHO3HAYHAS PA3PEIIMMOCTD U IVIAIKOCTh PEIICHHs HEJIOKAJILHON Kpa-
eBoil 3a/1a49u , ¢ mocTosHEBIME Ko3hduIIenTAMI B MHOTOMEpHBIX mpocTpancTeax CoGomesa W 5 2(Q),
(0 < m- nes0e nCIO).

Crauana paccmompum cayuati m = 0.

2. EAuHCTBEHHOCTD pelleHus 3aJa4u.

Teopema 1. ITycmp 6uinoanenv. 6viueykasanmvie ycaosus 0as xoap@uyuenmos ypasnenue (1)), xpome mozo,
nyemo 2a(z,t) — K (t)+ A K(t) > 61 >0, A c(z,t) —ci(w,t) > 63 > 0, dan scex (x,t) € Q, 2de A = Z1n|y| > 0
u|v]>16cayuaea) ud=ZInly[ <0 u |y| <16 cayuaed), c(z,0) < c(x,T) dan 6cex x € Q. Toeda das
mobot pynkyuu f(x,t) € La(Q), ecau cywecmsyem pewenue 3a0a4u -(@ 6 npocmpancmee W2(Q), mo ono
eUHCMBEHRHO U OAA HE20 CNPABEAUBO CALOYIOULEE HEPABEHCMEO:

[ully < el fllo-

Yepes ¢;— 31mech u gajmee 0003HATEHBI TOJTOXKUTEIbHBIE, BOOOIIE TOBOPSI, PA3HbIE TTOCTOSTHHBIE.
JokazatenbcTBo.

JlokaxkeM eMHCTBEHHOCTD PEIeHNe 3aa9u -c ITOMOIIBI0 UHTErpaJia SHEPIUU.

IlycTh cymiecTByeT pelrenue 3a1a49u - us Wi (Q).

Pacemorpum ToxkaecTso:
2 (Lu, p(t)ut)g = 2 (f; p(t)ur)q- (4)

rie p(t) = exp(—At), A — const Takoe 4ro,A > 0.
B cuiy ycsosuii Teopemsi 1, yuntsisas kpaesbie yeaosus (2)),(3) urrerpnposannenm mo wactam roxaecrso ({)
JIETKO IOJIyIHUTE CJICLYIOIIee HEPABEHCTBO

2/Lu-p(t)-utdxdt > /p(t) {(2a — K; + \K) -u?+
Q Q
+)\aijuziumj+()\c—ct)~u2} dxdt+

+ / p(t) {Kuf Vi = 205U, Ut Vo, + QiU Uy, Vi +C- u? Z/t} ds, (5)
0Q

rje v = (vy = cos(v, t); vy, = cos(v, x;); Vi = 1,n)— eMHUIHBIA BEKTOP BHEIIHEH HOpMaJH K rpanune 00 .
VesoBusi TeopeMbl 1 006eCIIeUnBAIOT HEOTPHUIATEIBHOCTh UHTErpaJia 1o obyactu ( u mo rpanute 0Q). Tak kak
u € W2 (Q) yaoBIeTBOpAeT KPaeBbIM yCTOBHM 7, TO JIJTsl TPAHUIHOTO MHTETPAJIa UMEeeM

/exp(—/\t) {Kut2 Vi — 2 QijUy, Ug Vg, + QijUz,Ug; Vi + cu? Vt} ds =
o

/{[K(T)E_“v2 — K(0)] ui(z,0) + [y = 1Juz (z,0) +
Q
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+le(z, T)e 42 — ¢(x, 0))u?(x, 0) }dz —

—2-/... / / .../’/Te)‘t-[url(xgj,t)ut(xgj,t)um(%,t)ut(a:aj,t)]d:cdt =
0

4
= Z Ji > /{[K(T)e_)‘t'y2 — K(0)] u?(z,0) +
Q

+le(z, T)e 42 — ¢z, 0)]u?(z,0) }dx > 0. (6)

rae W = (Ih ey Lj—1, G, Tj41, l‘n), dr = d:z:ldxg...dxj_ldxj_,_l...da:n,

Ji(i = 1,2,3,4)— rpaHmdmbie HHTErpajbl. Y UUTHIBAsA YCJIOBHSA TeopeMbl 1,Kpaesbix yeaosuit (2),(3) u v? = e*7,
[IOJIy9HUM, YTO TPAHUYHbBIE NHTErPAJIBI Jo, J4— PABHBI HYJIIO & 'PAHUYHbIE HHTErpaJIsl Ji, J3 > 0. YciioBus Teope-
MbI 1 oDecrieunBarOT HE OTPUIATEIBHOCTh HHTErpaJa 1o obsactu (). OTbpackiBasi OJIOKUTE/IBHbIE "PAHUYHBIE
WHTErpaJibl B TOXKIECTBE U yUYUTBIBasl BHIIIIECKA3aHHOE, U3 TOXKIECTBa (|D|) mosrydmm ciiemyromiee HepaBeHCTBO:

2/Lu'p(t) cupdxdt > / p({(2a + K, + ANK) - u? + Xa, u> +
9Q Q

+(Ae—¢) - u?} dadt, (7)

rje ay = ap B Ciydae a), ap = a1 B ciy4ae b).
IIpumensisi HepaBeHcTBa Komu ¢ 0, K HepaBeHCTBY MOJIyYUM HEOOXOJUMYIO HePBYIO allpUOPHYIO OLEHKY,

lulliv @) < eIl (8)

Temepb JoKaykeM €IUHCTBEHHOCTH PEIICHUs 33J1a9n — uz W2(Q). Iyers cymectsyer uy(z,t) n ug(z,t)
IIBa, PEIICHHS 3a0a9H —I/I3 W2(Q), Torma 1yt u = U — Up U3 HEPABEHCTBA nonyth ||u||%,V21(Q) <0, u3
KOTOPOIi CJIe/IyeT €IUHCTBEHHOCTD PEIIeHNs 33/ 1a91 — s W2(Q).
Teopema-1 doxasana. O
3.¥YpaBHEHHsI COCTAaBHOTO TUIIA C MaJbIM ITapaMeTPOM.
JJ1s1 ToKa3aTeIbCTBA CYIIECTBOBAHNUS PEIIICHNUS 3a,1a91 — s W3 (Q) ncronbsyem meto "e-perynsapusanun's
coueranmnn ¢ meronom Lamepkuna [2] 4 Bl 6, [7, [8, []. Paccmorpnm crepyromntyto HesOKAIbHYIO KPAEBYIO 33Ty
JIUIsl ypaBHEHWsT COCTABHOI'O THIIA C MAJIBIM I1aPaMETPOM.

L.u, = —E%AUE + Lu, = f(z,t), (9)

D} Us|t:0 = Df Us|t:Tv ¢=0,1,2 (10)

DY uly.—o, = D%, ul, _s., (11)

e Au = g% + znjl giﬁ —omeparop Jlamnaca, Du = gz%, q =0,1,2; D%u = u, e-mocraToano Mayoe
= 9

HOJIOKATEIBHOE IHCIIO, 7 — const  # 0, Takoe, uro |v| > 1 B cayvae a), |v| < 1 B caydae b).
Huxke mcmosib3dyeM ypaBHEHHE COCTABHOIO THUIA ¢ MAaJIbIM [IapaMeTPOM B KQ4eCTBE &-PEryJIsipU3HPYIOIIEro
YPaBHEHHUS JJIsT YPABHEHUS [2, [, [5, 6, [7, 8, @]
B nasbreitmum uepes W Bcioy Huzke Gyjem obosznauarh Kiaace dbynxmuit u.(z,t) € W3(Q), %Aus € L2(Q),
yzoBieTBopsonx coorsercrayiomum yeaosusm ([10),(IT).

Omnpenenenue. Pemmennem 3amaqn @— OyaeM HasblBaTh MYHKIMIO U (x,t) € W, yuoBieTBopsIonLyo
ypasrenuio (9).

Teopema 2. ITycmo 6umOAHENDL GLAUEYKAZAHHBIE YCAOEUS Ona KodPduyuenmos ypasrenua (1)), xpome mozo,
nyemo 2a — |[K¢|+ X > 681 >0, Ac—c¢; >8>0, 20e A\=ZIn|y| >0u |[y]|>1 6 cayuae a), A\ = ZIn|y[ <0
u |v] <1 6 cayuae b), c(z,0) = c(z,T), a(x,0) = a(z,T), a (a;,t) = a(B;,t). Tozda dasa mobot Pynryuu
fs fr € La(Q), maxot, wmo ~ - f(x,0) = f(x,T), cywecmsyem eduncmeennoe pewenue 3adauu (@— u 0an
HEE CNPAGENUBDL CALOYIOULUE OUCHKU

2 2 2 2
D). e(llueetlly + luetzlly) + lluclly < ez If]lg
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OAu,
ot

2
2 2 2
m. e + el < es 1712 + 03]
0

Jokazatenscteo. JI0Ka3aTebeTBO TEOPEMBI 2 OCYIIECTB/IAETCS TIOITAIIHO, UCIOJIb3Yst MeTo [ajepKuna ¢ BbI0O-
poM creruaibHoi 6azuc - dbynkiun. JlokazaTeancTBO HepaBeHCTBA 1) NPOBOAUTCS TaK K€, KAK U JI0KA3aTe b
CTBO TeopeMbl 1, U3 KOTOPOro ciieyloT eauHcTBenHocTb pemtenust sagaun (9)-(11) n cymecrposanue ciaboro
obobmentoro pemtennst sagaau (9)-(1I)[8, 9, 14].

ChauaJia [0KazKeM 1epBy1o anpnophyio onenky s sazgaun (9)-(11)) merosom Tanepkuna. Paccmorpum cite-
JIYIOIIUE CIIEKTPAJIbHbBIE 33aYH:
IIycre ¢;(z,t)—coberBennble ByHKIMU CAeAyIOmell 3a1atm

0%¢; o ¢
—Ag¢; = 6152] + Z 5 =12 (12)
Df¢j|t:0:Df¢j‘t:T ) p:(),l, (13)
DY bil,—o = Db il ey (14)

W3 ofmeit Teopun JIUHERHBIX CAMOCOIPSKEHHBIX UIHITHIECKUX OLEPATOPOB H3BECTHO, ITO Bee { @;(x,t) }—
coberpennbie bynkmmn sagaan (12))-(14) obpasyor dymmamentambmyio cucremy B W2(Q), opTOroHaIBHYIO B
Lo(Q) [11 14} 18].

Temnepsb ¢ OMOIIBIO 3TUX HOCJIEI0BATEILHOCTEH (DYHKITHIT IIOCTPOUM peIlleHne BCIOMOTaTeIbHOMH 3a a4
-1
exp[—2 Mwjr = ¢; (15)

’)/'CUj(.’E,O) :wj(va)v (16)

rae, v — const % 0, takoe, aro || > 1 B cayuae a), |v| < 1 B ciyuae b).
OuepuHo, uTo 3aa4a ((15)),(16]) omHosHAYTHO pasperuva u €€ perreHne MMeeT BUT

t T
(Tlgi=w; = /exp )pdT+—— 1 /exp ) ;dt. (17)
Y-
0 0
N
fAcno, uro dyskuun w;(z,t) auHeiHo HezaBHCHMBI. JleficTBUTeabHO, ecnu ), ¢jw; = 0 s KaKOro-HHOYIb

i=1
HabOpa eCTh MOCIEIOBATENIBHOCTD W1, W3, ..., wN (DYHKIWMIA, TO, AEHCTBYs Ha 3Ty CyMMY ONEPaTOpPOM {, MMeeM
N N
Zl cilw; = Z:lcjgﬁj = 0, a orciona cieayer, uTo g Beex j = 1, N koadbdunuents: ¢; = 0. Ormernm, 4r0 U3
j= j=
nocrpoenust GyHKIUN ¢ (2, 1) BEITEKAIOT CJIe/yolue yeaoBus Ha GyHKIm w;(x,t).

’yDgwi|t:0 :Dgwi|t:T7 q:071a2 (18)
DY wil,,—o, = Dy, wil,,—p,, p=0,1 (19)

N
— . N _
Ternepsb TpuUOIMKEHHOE PEIeHNe 3aa41 (H)—ll UIeM B BUJe W = u.' = 21 cjwj, T1e KO3M@UIUEHTHI ¢ JIa
j:
qgroboro j = 1, N ompeaensioTcss KaK pellenne JIMHeHHOM aarebpandeckoil CucTeMbl

N At At
Lou. e ¢jdadt = f-e2 ¢jdxdt (20)
Q Q
JokarkeM OJIHOZHAYHYIO Pa3peImuMocThb aiarebpandeckoii cucreMmbl (20). YMuoxkasa kaxgoe ypasuenue u3 (20))

Ha Kodddunuent 2¢; u cymMmupys mo uegekcy j or 1 mo N, yunrsas 3amaqau (L5)-(16), uz (20) momy<mm
CJIeJTYIONIee TOXKJIECTBO

/Law ce M wpdzdt = /f ce M wpdrdt (21)
Q Q
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U3 KOTOPOrO, B CHJLy YCJIOBHI TeopeMbl 2, MHTerpupoBanueM Toxiecrsa (21) mosyunm s npubiauzKeHHOro

PEIIeHus 32,0891 @— orenku 1), T.e.
e (flubello + e 15) + [ < 2 1415 (22)

Orciofa BbITEKaeT pa3pemuMocTh ajarebpandeckoii cucrembr (20), 6o jyis Hee MMeEEeT MECTO TEOPEeMa €JUH-
CTBEHHOCTHU pelleHus. B dactHocTH, u3 ouenku (22) mojyduM cyliecTBoBaHue cJ1aboro 060BIIEHHOrO peleHus

sagaau (9)-(11) 8, 9} 14].
Temepnb moKaxkem BTOPYIO anmpuopHyto orenky I1.
Buarogapst 3amage ((12)-(16), us roxaecrsa [TOJTY IUM

]_ — At ]. —At
fﬁ/st e Alwjdazdt = fﬁ/feTA Alw; dzdt. (23)
7 Q e,

2

) A
rae Alw; =exp | 5H(Awj, — Awj,, + 5wj,. — 2w, ).
VMHOKAA KayKI0€ yPABHEHHUE W3 1] Ha 21/jzcj U CyMMHUpYS IO WHAEKCY j oT 1 70 N, yuIuTbIBasg yCIOBUS

,, u3 MIOJIyYUM CJIEJIyIOIIee TOXKJIeCTBO

—2/L€w e Alwdzdt = —2/f— e Alw drdt . (24)
Q Q

Uurerpupysa no gacram (24) ¢ yaerom yesoBus reopembr 2 u Kpaesbix yesaosuii (18]),(19)), momyuum ciexyromee
HEPABEHCTBO

0 Aw

s (IRl +1715) > = || 57

2
+ [ K+ AK ) +
0

+(2a — |[Ke| + AK)wi,, + Aag (w3, +wg,)}dedt  + / e MK wd — 20w wyy +
oQ
+w§ﬂi + 2Wg, g, Wit — wiit + Kwiit + 2cw (Wit + Wy, ) ) Vet

(2K wig Wayt — 204 Wyt + 20 W Wayt) Vi, |ds — 0 ([ waally + [ watllZ) —

2
2 2
—c(o) llusellg — 1 (IF1lg) =D i (25)
i=1
rae, J; — wmHTerpaJsl mo obsjactu, Jo - mHTErpassl no rpanuie. Boibupas kodddurmentsr Aap — o > Ao >
0, &1—c(o) > dp > 0u yunreiBag ycaosue Teopembl 2 u Kpaesbie yesaosust (18)),(19), moxyunm, aro J; >0 nu
Jo > 0. Tenepb us HepasercTBa ([25)) momyunm HEOOXOAMMYIO BTOPYIO OIEHKY

a 2
c. Hatmiﬁ +[[u |5 < es [Hf||3+||ft||§} . (26)
0

CaenoBarenbno, nomyuennsie onerkn (22),(26) nossonsor BbmonanTs npesenbHbli nepexon mo N — 0o u
3AKJIOMHTH, ITO HEKOTOPas 10 mociaeoBaTensaocth {uls } cxoqurest B ey enumcrsennoctn (Teopema 1)
B Ly(Q) BMecTe ¢ IPOU3BOJIHBIME IIEPBOIO U BTOPOrO IHOPsiZKA K MCKOMOMY DelleHuio u.(x,t) 3amadu @D—
,O6J’I&,ZL&IOHI€My cBolicTBaMu, ykazanabiME B Teopeme 2 [4) 5] [6] 7,8, [9]. st ue(x,t) B cury (26]) cipaseaymso
CJIEIYIONIEe HEPABEHCTBO

2

0
A+l <es [ A+ IADG] (27)
0

ot

Tem camvim doxasana meopema 2. O

€

4.CyIiecTBoBaHue peIleHnus 3a0a9u
Teneps ¢ nomorpio Merosa "e-peryigpusanuu” qokazkem paspemmmocts 3agaqau (|1)-(3).
Teopema 3. ITycmwv svinoanersvs 6ce yeaosus meopemuvs 2. Tozda pewerue 3a0(mu— 15) us npocmparcmea
W3(Q) cywecmeyem u eduncmeenno.
JokazatenbctBo. EMHCTBEHHOCTH pEIlleHus 3a/1auu — s W2(Q) noxkaszana B Teopeme 1. Tenepnb jokazkem
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CYIIECTBOBAHIE DPENIeHNs 3aa1 — w3 W2(Q). Jlas 3Toro paccMOTpUM B 006JacTH () ypaBHeHme @[) c
KPAeBbIMHU yCJIOBUSIMU , mpu ¢ > 0. Tak Kak BBIOJIHEHBI BCE YCJIOBUSI TEOPEMBI 2, TO CYIIECTBYET
€JIMHCTBEHHOE DEIleHHe 3a/[aTh @D- npu ¢ > 0 u JjIs Hee ClIpaBeJIMBHI IepBast U BTopas oneHka. OTcroa
cJleslyet, 110 M3BeCTHOMN Teopeme o ciaboii komnakraocru [14] 18], uro n3 muoxkectBa dyskimmit  {uc}, &>
0 MOXKHO U3BJI€Yb CJIA00 CXOZMAILYIOCS IOJ| MOcjenoBareabHocTh dyukmuii B W rtakyio, aro {ue, } — u
upu  &; — 0. ITokaxkeMm, uro upenesnbrnas dyunknus u(x,t) yaosiaersopser ypasuenuio Lu = f (1) mourn
Beroy. B camoM jiesie, Tak Kak TIOCJeN0BATeIbHOCTD { g, } cinabo cxomures B W3(Q) 1 mocie1oBaTeIbHOCTD
{2 Au.,}, (e > 0) pasromepno orpanmiena 5 Lo(Q), a onepatop L - IuHeiiHblil, TO mMeeM

QAuEi. (28)

0
—Au., =L(u—ug)+e; g

Lu—f:Lu—Lugi—l—ai-at

U3 roxkectsa (28)), epexosist K pejiesty ipu £; — 0, HOJIyIUM eAHCTBEHHOE PelleHre 3a, a1 — sz W3(Q)
2, [ 5, 6l [7, 8, ©]. Taxurm o6pazom, meopema 3 dokasana. O

5.I'magkocTh pelleHus 3aaa4u -.

Temepn mokazkem Oojiee obrmmuit cayd4ait, korga m > 1. Beiogy HuKe it TPOCTOTHI TIPEIIOIaraeM, ITO
koabdunments ypasaennus (1) 6eckonedno mudddepeHIupyeMbl B 3aMKHYTO# 061acTh Q.

Teopema 4. [Tycmo 8vinosnens, Ycao8ua meopemvl 3, kpome mozo, nycmov, 2(a+mKz) —|Ki|+ A K > § > 0,
DYK|,_y=DVYK|,_y, DYal,_o=D%Val|,_p, D{c|,_qg =DV c|,_p. Toeda dnn mobol gynryuu f(z,t), marod,
wmo f € WE(Q), Dp+1f € Ly(Q), YDV fl,_g = DV flers (p = 0,1,2,3,...,m) cywecmeyem, npumom
eduncmeerHoe, peulerue 3a0axu 1 u3 npocmpaﬁcmsa w m+2(Q), 2dem=1,2,3,.

JokazatenscTso. 13 rimagkoctn pemeHms{ 3aa91 BO3HHUKAET CJIEAYIONIEE YCIOBUE JIIsI TPUOIMIKEHHOTO

pemenua 3a1a9n @ .

w=uNeC *(Q

g

’yDgw|t:0 :Dgw‘t:T Y q207172a-~-

Df w :Dgiw|m:6w p=0,1.

[S—

YVauTeiBas ycjioBus TeopeMbl 2 pu € > 0 u Hesokasbnble yeaosus upu t = 0, t =T, u3 paBeHCTBa

At t=T ) —2“ ) aAuE

at _ =t =
e e Lu) 2 = (e fw ) ]

HOTy9IM
17 - te 1t (2,0) — ue e (z, T)||, < const.

Orciopa caenyer, uro dyukuust Ue(x,t) = u. ¢(z,t) upunaigexur kiaaccy W n yIoBIeTBOPsET CJIELYIOIEMY
yPaBHEHUIO
PsﬁazLaﬂszft_at Uet — CtUe = Fp. (29)

U3 reopembl 2 ciemyer, uto cemeiictso dbyuxnuit {F.} paBHOMEpHO orpanuveHo B npocrpancTse Lq(Q), T.e.
2 2 2
VENG < e [ 105+ 115l
Hasiee u3 ycsioBuil Teopembl 3 JIErKO IHOJIYYIUTh, 4T0 KoddduimenTsl oneparopa P. (¢ > 0) yIoBiaerBopsior

yCJIOBUSIM TeopeMbl 4, orcrofia Ha ocHoBaHuu oreHok 1), IT) u Teopemsr 2 s dyrxkmun {9, } nomyanm anano-
TUYHBIE OLIEHKU

 (Bete 5+ Neral) + 1011 < es (A1 + 1515, (30)
A, ||?

S|+ el < co 1113 + 7l (31)
0

Hanee, byukuust { u.} yaoBierBopsier napaboInIecKoOMy YPABHEHUIO C YCJIOBUSAMU ,

" 0 Au,
Mue = wey— Z(aijusmi)mj :f+€ Ot - K((E,t) Ue tt —

i,j=1

7(a71)u6t70u6: o, , (32)
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npudem ®. € W(Q), a B cuy BBITIeIOKA3aHHOTO cemeiicTBo GyHKImit {®.} paBHOMEPHO OrpaHUYEHO B TIPO-
crpanctee W3 (Q), T.e.

113 < e [IA1 + N £uel] < e 1515 - (33)

Orcroza Ha OCHOBAHUYU AIPHOPHBIX OIEHOK Jyist napaboimaeckux ypasuenuii |2 [14] u nepasencrsa (33|) oy anm

2 2
Jucllz < eslfIl- (34)

I[aﬂee AHAJIOTTYIHO JOKAa3bIBaIOTCdA HEPpaBEHCTBA.

2 2
[tellrra < o llfllgr s m =23, ... (35)

[2L [, (5L 6] [7, 8, @]. Orciona mosy4uum cyinecTBOBAHHE €IUHCTBEHHOIO PEIICHUS 33441 — 13 TPOCTPAHCTBA
Wot(Q), 1 <m e N.
Teopema 4 doxasana. O
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O paspenmmmoctu 3aga4u Kormu-I'ypca ajiss 0600111eHHOTO ypaBHEHUs
Diinepa-Ilyaccona-/lap0by
VYpunos A.K., Ucmonaos A.N.

Umumlashgan FEyler-Puasson-Darbu tenglamasi uchun Koshi—
Gursa masalasi yechilishi hagida

Ushbu magqolada xarakteristik uchburchakda umumlashgan
Eyler-Puasson-Dardu tenglamasi uchun Koshi-Gursa
masalasi o‘rganilgan. Riman usulidan foydalanib masalaning
yechimi uchun formula topilgan. Topilgan formula, berilgan
funksiyalarga qo‘yilgan ba‘zi shartlarda haqgiqatdan ham
Koshi—Gursa masalasi yechimini berishi isbotlangan.

On solvability of the Cauchy-Goursat problem for the generalized
FEuler-Poisson-Darboux equation.

In this paper we study the Cauchy-Goursat problem
for the generalized Euler-Poisson-Darboux equation in the
characteristic triangle. By the Riemann method, a formula
is found for solving the problem under study. It is proved
that under certain conditions on given functions, this formula
actually gives a solution of the Cauchy-Goursat problem.

1. BBenenne

V3BECTHO 9TO, IPH MATEMATHIECKOM MOJIEJUPOBAHUN MHOTUX BOIIPOCOB Ta30JMHAMHUKN U THIPOAMHAMUKH
[L, 2, B, [, 5L [6], reopuu obomouex [7), [§], mexanuku criomusix cpez, [9 [10] u maremaruyaeckoii 6uosoruu [11]
BO3HUKAIOT BBIPOXKIaoNmecs quddepeHnuaibabie ypapHenust. Takne ypaBHEHUs] 3aMEHON HE3aBUCUMBIX Iepe-
MEHHBIX MPUBOAATCA K IudPepeHIajibHbIM YPABHEHUAM € CHHIYJIAPHBIMU KO3(MD(MUIUEHTAMU TIPH MJIAJIIIIX
wnenax. OHUM U3 npejacrapuTeseil quddepeHnualbHbIX YPaBHeHHH rUIepOoIuIecKOro THIIA, ¢ CHHTY ITPHBIME
K03 purmeHTaMu sIBJISIeTCsI, TaK Ha3blBaemoe, ypaBuenue Jiyiepa-Ilyaccona-lapOy

Eog (w) = ugy — B(E —n) " ug + (€ — 1) tu, = 0.

Oro ypasuenue u Gostee obiiee ypasuenne FE, g (u) + v(§ — n)fzu = ( BHepBbIE M3yYeHbI DIIEPOM PHU
a=8=m,y=n(m,n € N) [12]. DTuMu ypaBHeHUSIMHI 3aHNMAJINCH TAK’KE 3HAMEHWUTbIe MaTeMaTuku JapOy
[7], TIyaccon [13] u Puman [14], a Takke MHOTrUe npyrue ucciaegoBaren XX BeKa.

Crenyromum npeacraputeseM uddepeHnualbHbIX YpaBHEHNH rumepOoInIecKoro THITA ¢ CHHTYJISTPHBIME
K03 DUIUEHTAME SIBJISETCST YPaBHEHUE

@ e

Llﬁ““ﬁ“(m*ﬂ) “f*(m‘fg) g kU =0 @

I3 sToro ypasuennst npu « = 0 ciexayer ypasuenne Egz(v) = 0, a mpu a = 8 # 0 3amena ¢ = /¢,

z = /) ypasuenue L ;(u) = 0 nepesoymurs K ypasuenmio Egg(v) = 0, rae v (t,2) = u (v€,\/n). B sroit

CBAI3U, ypaBHEHUe B HacCTosIee BpeMs, UCC/IeloBaTelaMi Ha3blBaeTcs 0OOOIIEeHHBIM ypaBHeHneM Diijiepa-

ITyaccona-/lap6y. B manmoii crathe, paccmarpusas ypasuenue (1)) xapaxrepuctuueckom Tpeyronbnuke A =
{(&,m) : 0 < € < n < 1} uccienoBana CieLyomast
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Sagaya Komm-I'ypca. Hatimu pezyasproe 6 obaacmu A pewenue u(€,n) € C (A) YPASHEHUA , ydo-
BALMBOPAIOUWEE KPLEBBIM YCAOGUAM

(- €% (ug ) = 1), 0<E<; @

u(0,n) =1(n), 0<n<1, (3)

2de V(&) u Y1(n) — 3adannmvie nenpepuiHbie GYHKUUL.

Bagaun Kommw-I'ypca mns ypasuenus E, g(u) = 0 B obimactu A npu 0 < a = [ < 1/2 usyvenst Ten-
aepcrenrom [I5]. YIm nmocrpoena dbynkuns Puvana-Aamapa 9ol 3a/a49u, ¢ IIOMOIIBIO Y€ro ee PelleHne Bbl-
nucaHo B siBHOM Buje. 13 pesysbraros, nosydennbix B Kaurax [11] u [I6] orHocuTensHO ypaBHeHUs y™ Uy, —
Uy + ay™/D "1y, = 0, tme m,a = const, m > 0,|a| < (m/2), cremyer,uro 3amaua Komm-T'ypea mis ypas-
Hernst Eo g(u) = 0 mpu a = (m—2a)/ (2m+4), § = (m+2a) / (2m + 4) oxmosuauno paspemuma. Ho Tam
SIBHBII BUJI PEIeHns 38,1891 He mpuBesieH. B pabore [17] mocrpoena dbyuxkmma Puvana- A namapa 3amaan Kormn-
Typca mua ypasuenust E, g (u) = 0 u meronom Pumana Haiinena dbopMysia peleHus 9TOH 3a0a4H, J0KA3AHbI
TeOpeMBbI CyIIecTBOBaHUg penterns 3amadn npu 0 < «, B, a + 8 < 1. 3amaga Komwm-T'ypca s ypasHeHus
(=) " Ugy — 2™ Uyy = 0, Tne y < 0, x > 0, m > 0 B XapaKTepUCTUIECKOM TpeyTroJbHHKe uccienosana B [18],
noctpoena byHknua Prmvana-Amamapa, Haiizena (opMmyma JUis pelIeHusl W JOKA3aHO CyIIECTBOBAHHUE €JIMH-
creennoro pemenus. B [19, 20] naiigena dopmysia pertenns 3anauu Komu-I'ypea npu ¢ () = 0 qyis ypaBHeHus
Ugg — Uyy + (2p/ )z +(2q/y)uy +yu = 0, HO 912 bOpMyIIa He HCCIIEI0BAHA, T.€. He JJOKa3aHa TeOPEMa CyIIeCTBO-
BaHus. B HacTosmeii crathbe MeTogoM PuMana Haiigena dpopmyia pemenus 3agaau Komu-I'ypca niis ypasHenust
LZC’ 5 (u) =0mpua > 0,0 < 8 < (1/2), Vy € R u nokazana TeopeMa O CyIIeCTBOBAHUN €IUHCTBEHHOTO PEIICHHUSI.

2. Uccaenosanne 3anauan { (1), (2), (3)}

[TocraBiennyio 3amady {, , } perum MeronoMm Pumana. Ilpu sToMm cymecTBeHHO HCIIOIB3yeTCsi, Tak
HasbiBaeMas, pyukuus Pumana-Anamapa V (€, n; &, 10;7Y), KOTOpast YAOBIETBOPSET CJIEILYIONIAM YCIOBHIM:

1°. V(&,m;€0,m0;7y) 110 TepemennbIM &g, 7)o sBJIsIeTCst permnenneM ypastenus (1), a 1o mepemenubiM &, - co-
[IPSI’KEHHOMY €MY YPaBHEHUIO:

5 _ _3Ka 5) }_8K0_5> ] o
Mo WV =Ver =5 e Tn—e) V] ~an (e —n—¢) V]P0V =0
20V, — [am+& 7+ Bn-)7 V=0 npu &=¢&,
Ve—[an+& ™ =Bm—€67 V=0 npu n=mno;

3%, V(€. m0i &0, m03v) = 1; 4% lim V(& m;€0,m0;7) = 0;
n—£§—+0

> nfliigﬂ) [V = Ve = 4B =m V) =0

6. lim ({Ve — [an+&) 7" =B =& IV, _c.pom

e—0
—{Ve — [aln+&) =B -7 V)|

IMonbaysick dyukimsivu Pumana u I'puna-Ajgamapa, nocrpoerabivu M. Kanunsiesnuem B padore [20] ms
YPABHEHHS Uy — Uyy + (200/2)uy — (268/y)uy + Au = 0, nerpyauo ybemurnes, aro dyuxmus V (€, 150, m057),
obJlajiaiomas mepednciaenHsiMu Beimte csoiicrsamu 10 — 60, cymecrByer u onpenesseTca CIepLyIONIM PaBeH-
CTBOM:

}:Q6>Q

n=E& —¢

Ry (§,m580,m05y) mpm 1 > o,

4
Ry (&,m;€0,m057) 1pu 1 < &, @

V(&5 €0,m057) :{

rie

F3 (ﬁva71_671_a;1+k;02701)7

+00 O'k
Ry (&,m;60,m0;7) = 00 Y |3)2
k=0 .

(k

e (e -9
R (§,m:60,m0:7) = X(n0+§0> (&0 — &) (no fn)]Bx
2 k'(l 76)k 2 s My Xy 3 a0_25 1]

10
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:<n+€)a(n—§>5o_:_@—&Mn—m)U::@—&Xn—m)
no + &o m—=&/) +m+&) 2 =8 — &)

x =T(8)/T(1 - pB)I'(28), T'(z) — ramma-byukuus Diinepa,

—v(€ = &) (n —1n0);

- N, (), ¥/
Fs(a,d b,V c;x,y) = Z (@), (@), ()., € )nxmyn’

o (€) g mIn!

$ @Dnn OO

H2(047b, c, d,e,x,y) = (6) m|n'

m,n=0

—~dyukuun Annens u Topra [2I] coorsercrBenHo; (2), — cumpon Iloxrammepa: (2)o = 1, (2), = 2(z + 1)...(z +
n—1), neN
B cwry msBectnbix pasencts |20, [22]

+oo /
Fs(a,d’,b,b;c;x,y) Z (@) (b )mymF(abc+mx)

|
= (©,m!

+oo m
-1 d
HQ(avba c,d;e;a:,y) = Z %ymF(a - mvb;e;x)a
m=0

(1—-a),m!
rue F(a,b; c; ) Z CZ) ' - runepreomerpuyeckas dbyukuus Laycca [21], dyukipn Ry u Ry mepenuncs-
¢)pn!
BaeTCsd B BI/IZLG n=0
a 8
n+€> (nf)
Ry (&,m;80,m057) = X
1(& 7580, m037) <770+§0 —
z z “momp (51— 114 k4 mio), (5)
m' 1 + k)

X

n+€>a (n—¢&>*
[(

R . . =
2(6”7150777057) X(n0+§o 50 —é-) (no—n)]ﬁ

& (@,0-a),
xzm By TR (8 ks ). ()

[Monbaysich paznoxkenusmu ([B) u @ dynkuuit R u Ry, MoxkHO yoeauThes, uro dpynknus (4) meficTBuTebHO
yroBeTsopser yeaosusm 19 — 60.

[Tycrs u(€, n)-pemenne 3agaun Komu-TI'ypea g ypaBaenus , a P(&p,10) - IpOU3BOIbHAA TOYKA 00JIACTH
A\{(&,n): £ =0,0 <n < 1}. Haitgem u(&p,no)-

B Tpeyronbuuke O’ A’ B’, orpannyennom orpeskamu O'A’, A’B’, O'B' npambix n =& +¢, n =6y —¢,£=0
COOTBETCTBEHHO, 1 npsMoyroabauke B A” P P! orparnnyennom orpeskamu B’ A" A" P", P"P', P' B"” nupsaMbix
n=%& +e¢e, =& — 2, n =19, £ =0 COOTBETCTBEHHO, CIIPABEIJINBO TOXKIECTBO

0 2 26
2 [VLgﬁ(u) — UM;Y’B(V)} = 8717 |:V’U;§ - U‘/f + <77—|—a§ - ’I’]—g) ”LLV:| +
8 200 28 .
re Vo (e e | =0 @

rjie £-70CTATOYHA MaJioe HOJOKUTeIbLHOe YUCIIO.
HTEerpUpys 3TO TOXKIECTBO 110 TPEYTOJLHUK U IIPAMOYTOILHUK TeM IIpUMeHsIs
Wnre 3TO TOXKJIECTBO 110 TPEYyIro O'A'B’ oyTo B"A"P"P', a zare e
dopmyny I'puHa K II0JIyHeHHBIM HHTErpajiaM, UMeeM

+ / [Vu77 —uV, + (2_;&5 + Zﬂ£> UV} dn—

O’ A’ B’ OB/ A" P! P!

2a 20 _

11
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Orciona, yauteBas csoiictea 10 — 6° dbymkmm V (€, 1; &, 10;Y) T KpaeBbIX yCIOBHIT , , BBIUUCIIAM
MHTErpaJjbl 10 CTOPOHAM TPEYTOJbHUKA U MPIMOYTOJIbHUKA. 3aTeM, epexoid K npeaeay upu € — 0, mosyanm
npescrasienne pemennst sajgaan Komu-Typea { (1) (2) (3) }:

o
O S S N
(Gom) = X/<§0+770) G m-gp W)
-

; / [wq )+ 2L, <n>] V(0,1 €0, 703 7) i, )

rue Zq (a, b; ¢; x, y)- runepreomerpudeckas yuakuus ['ymbepra [21]:

oo
a b
EQ (aabac;xay) = Z ( )m( )T 'xmyn.
oo (€) g min!

JIemma 1. Ecau v (§) ydosaemsopsaem ycaosuro Teavdepa ¢ nokazamenem § > B na [0,1), mo dynryus

1
1 2t \“_
7 5)(/ 5 )]6<£+7]) :2(04a1—0¢§1—3;y17y2)dt

0

2deyr = —(E—t)(n—t)/[2t(E +n)], y2 = —y(§ — t)(n — t), o6aadaem caedyrowjumu ceoticmeamu:
1. Yacmmwie npouseodnvie I¢ u I, npedcmasumsvt 6 sude

oI _ V() —v(t)Za (1= ;1= By1,y2)
23 +§+ ﬁ /(€+n) E— )P —1)° di+

+

DO [ <

3
¢ v(t) d _
< ) 5702 (1 —a;1 = By, y2) di+
0/ E+n) 16 —1)(n—1))° %€

1 TA+a)T(1-7) 26 \“
a0 (ehn)
X é 75( _ 72ﬂF _ _ . _ § .
; n—¢§) Bil+a—26;1+a ﬂ,n ; (10)
3
oI ol 1 2t \“v (&) —v(t)Z(a,1 —a;1 - Bsy1,y2)
% 4z d
on 77+fJr ’ /<5+77) E-t°m—t'’ .
1
X 2t \“ v(t) 2: o B
+20/<f+77) - )(n_t)]ﬁanuz(a,l ;1 — Biyi,y2)dt
1. T(1+a)T(1-H) 2 \*
2T rEta—5) V(§)<§+n)
« § 1_5( -2 . §
; n—¢&) F 1—B,1—|—o¢—25,2+a—5,n . (11)
1(¢,n) ydosaemsopsem ypasHeruto U KPALEDIM YCAOBUAM
lim (=€) (e =) = v (€),0< €< s (12)
n —0
I(0,7)=0, 0<n<1. (13)

12
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13
Jokazatenbcteo. Pacemorpum dyHKITHIO
E—¢
. 1 v (t) ( 2t )“_ _ .
1 == = 1—a;1— d
(577]) 2X0/ [(6— )(n—t)]ﬁ €+77 2(0{, ] ﬂvyhyQ) tv
IJie &- JOCTATOYHO MaJIoe MOJIOKUTEIHLHOE IHUCIIO.
OueBuIHO, 9TO lig(lJ If (&n) =1(,n).
Henocpencrsennoe anddepenimpoBanne 1aéT
O fetey= - ¢ L _ -8
ae! (&mn) = e’ (E&n) +oxv(€—e)le(n—E+e)] x
26 — 2\ “
X ( §+n6> EQ (05,1 70‘31 7ﬂ;ylay2)|t=g—e+
E—e
1 2t \"v (&) —v(t)Z2(a,1-a;1— By, y)
- d
+26X0/ (“’7) =" m—1) "
E—¢
X 2t \“ v(t) 0 _
= Zo(a, 1 —a;1 = Bsy1,y2) dt—
" / (&53) (=0 (—gpog @ Tt el
1 e
- e 1B B
50w [ (&) €07 a-n"ar (14
0
CrpaBe JIUBBI CJIE/yIIHe PABEHCTBA
E—e E—e 9
= [ =" -0 At == [ =) o (€~ )t =
j fro-os
E—¢
~(E—e)n-¢+e9) P +a / =0 () P+
0
E—¢
+8 [ (-1t —t)"Par,
/
VYuursiBas 910, paBeHcTBo (14) MOXKHO HepenucaTh B BUJIE
0 . o 1 (28 —2¢ “ - _B
e’ (&mn) = el (f,n)+2x< £+n) [e(n—€&+¢e)] "x
< [rE-a) D (@1-a1- By ple . —v(©)] +
§—¢
1 2t \“v (&) —v()Z2(a,1 — ;1 = Biy1,12)
= d
o [ (65) €= =1 "
E—e¢
X 2t \“ v (t) 0 _
= —= 1—a;1-p; d
+2 J (5_’_77) [(g—t)('r]—t)]ﬁag 2(0[, Qg /valva) i+
1 2 \e | 5
- a=1¢¢ =B _ B
500 () [aO/t (€0t 1) P
E—e
+8 / £~ 1) B<n—t)‘1‘5dt]. (15)
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PaccmoTpum BhIpazkenme
€ ¢

= a/t”‘l(ﬁ—t)’B(n—t)*ﬁdtJrﬂ/t“(f—t)*ﬁ(n—t)’l’ﬁdt.
0 0

3aMeHsis TlepeMeHHOe WHTerpupoBanue 1o (opMmysie t = £s 1 TpHHUMAsT BO BHUMAHNUE WHTEPAJIBHOE MPeJi-

cTaBJieHue runepreoMerpuyeckoil dyukmu Faycca [21]

1
F(a,b,c;x) = c—b /tb Ya—v b_l(l—xt)_adt,
0

MOXKHO IIOKa3aTb, 9TO

gaﬁ—ﬂr(l"_a)r(l ﬂ)F<aﬁ'1+C¥_ﬂ'£>+
n

Frl+a-—7)
perte=F T(1+a)T(1-5) . S L
T T @t a7 F(1+a71+6,2+a—67n)—

e T+a)ra—p) | <
- Mg [0ra-aF (astramsl) s

+B§F <1+a,1+ﬂ;2+a—ﬁ;£>} .
n n
Orcrona, ucnonb3ys pasencrsa 211, 23]
Fla,bic;z)=(1—2)"""F(c—a,c—bc2),

(a,b;¢;2) —cF (a4 1,b;¢;2) + bzF (a+ 1,0+ 1;¢+ 1;2) =0,

cF
HAXOIUM
£’ T+ )T (1-4) ( 3
l= Fl-B1+a—-28;14+a—05;>]). 16
m—6* T(l+a-p) n 16
Tenmepr  u3 , nepexons K upeneny upu £ —0 wum  ydureiBag  pasedcrBa  (L6) u
Ea(a, 1 —a,1 = Biy1,y2),—¢ . = 1 +€0(1), a Takxke yciosue na v (§), HOIYIUM PaBEHCTBO .
AHaJOrnIHO JI0KA3BIBAETCS PABEHCTBO l.) YrBepxkaenue 1 10Ka3aHO.
Teneps, npuanvas o aumanne (10), (11) n pasencrso [23]
cF(a,b;c;z)+azF(a+1,b+1;c+1;2) =cF(a,b+ 1;¢; 2) (17)
HAXOJIUM
£
2t \"(n— —v(t)E 1—ao;1—B;
o ty= b [ () 02O bOS @1 e —pal
§+m [(€—=1)(n—1)]
5 o
+1X/ < 2t ) v (t) "
200 \etn) (=) (n—b)
0 0 1 Tl4+a)T'(1-75)
— == 1—a;1— dt+ =
X(@ﬁ 877) 2 (0,1 —a31 = Biy1,12) + 35X Fita_7)
xv(€) (=€)~ (2§>a <5> 7BF (—ﬂ a—26;1+a—B; g) (18)
§+n/) \n ’ ’ "

VmMHOXKas1 00e 9acTH paBEHCTBA na dynkumo (1 — &)2? u nepexona x mpesery npu 1 — & — +0, nmeenm

li — P (I —1,) =
i (= &) (L — 1)

_XLO+)T=B) v m a0 g 140 g1)
T2 T(ra-p COFRemEEIram Al

14
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15
xT(1+a)T(1 - B)I(1+a— B)L(1+206)
=5 = 0 1
2 I‘(l +a— 5)1"(1 + O[)F(l + ﬂ) V(é-) V(§)7 < é- < 9
T.€. CIIpaBeJINBO PaBEHCTBO 1) IIpuYieM 3JI1eCh UCIIOJIBb30BaHbI CJIEYIONINE PaBEHCTBa [21]
(e)T'(c—a—10)
(1+2)=20(2), Flabel) = 5o gy 6@~ 0>0 (19)

IIposepka crpaseymBocTn paseHcTsa (13]) TPyAHOCTH He TpeCTaBIser.
Teneps poKaxeM paBeHCTBO L) 5(1) = 0. 13 (10) crenyer, uro

021
(I 4T
dE 77+«£(5 K

R
(n+¢)

( 2t )%(g)—u(t)ag (@l —asl =By ge)
€+ (€=t (n—1)]"”

13
;XO/ <§+n) g—l;(t) .

(n—1)
B0, B0 . -
X|:£—t(977+ —taif 85877]“(al_avl_ﬁayhy?)dt‘F

1 TA1+a)T(1-7) 26\
T T ta-p) ”@(w) .

. ¢
_ 2132
2ﬁx/
0

t—

—p
xg’[@ (77—5)2ﬁF<—ﬂ,1+a—26;1+a—6;£)].
n n n
HpI/IHI/IMaH BO BHUMaHUE , 7 nu , HaXO0IM
E «
b
*72
2 ) \&+0) {e—nm-0r

. B o B O B (5_3>
x[asan €ty n—toe n-c\ae og)"

o (o, 1 — a1 — Bsy1,y2) di+

F(14+a)l(1-7) 26\
X Fita-B) ”<f><s+n) .

e\’ —1-28 3
< /3(n) (- F(ﬁ, 2/5;1+a—5;n)+

+a% [(f?)_ﬁ(n—af)”F (—6,1+a—2,6;1+a—6;§> } (21)

5(3_3)__58_55
n—c\oE o) T 2uE+mom U op

13 0y
g0 g0 B B 0 d
sz 4 F = 9B~
E—tan n—toe  |2@E+m  (ee? Top
o2 1 o2 o? B
& On B (£+77)2 {yl (o = 1) 873/% _y26y18y2 -1 691} -

15
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+(_7)[ 02 o 8].

2oz T oyoys T oys
Torna

o On

? B9 B0 B(B 8)
[36377 §—ton n—t<9§+n—€ *

a(l—«a —
+<)+W] o (o, 1 —a;1 = Biy1,y2) =

(n+¢)°
1 02 02 d
= l—yp) z5+yp—F7"+1—-8—2y1) ——
(n+¢)? [yl( yl)ay% Y opay T TP g,
—a(l—a)]Zs (0,1 — ;1= Bsy1,y2) +

2 0? 5]
+ (= —tn—"7—+010-08)——-1| X%
( 7) [yz 8y§ n 0110y ( ﬁ) 0y }

xEa (o, 1 — 1 = Biy1,92) =0, (22)
Tak Kak byHKma 2o (a, b; ¢; x,y) ynosnersopser cucreme [21]
2 32

9 9 =

0? 2 0
[y8y2+x8a:6y+68y1} :2:0.

Tenepb paccMOTpUM BBIpaKeHUE

—-B
L= By — &)1 (g) F <6,a 281 4a- B i) ;

-8
(77—5)2[36) F(—671+a—26;1+a—6;§)

pumenssa dopmyay [21] (d/dz)[2*F (a,b;¢; 2)] = az* ' F (a + 1,b; ¢; 2) 1 BBIIOIHSAS HEKOTOPHIE IPEOGPA3O-
BaHUs, HMEEM

L0
on

b= B0 =& e/ "%
X {F(B,aQﬁ;lJrozﬁ;f?) F(B,l+a2[3;1+aﬂ;f}) +

+[<1—§>F(1—ﬁ,1+a—25;1+a—5;§)—
n n

F<6,1+a25;1+a6;§)]}.

B cuny pasencrsa [2]]
c(l1—2)F(a,b;c;z) —cF(a—1,b;¢;2) = (b—¢) zF (a,b;c+ 1; 2)
CyMMa B KBaJIpATHOH CKOOKe paBHa
“B/ara-MEF(1- s ra-2m2ra-git),
[TpunuMas BO BHUMAHHE 3TO, HOJIYIAM

= Bn—&) 2 (E/m) P x

X [F(ﬁ,aQﬂ;leaﬂ;i)F<ﬂ,1+a25;1+aﬁ;7§7>

- [5/(1+a—ﬁ)]§F(1—6,1+a—2ﬁ;2+a—5;f7)}.

16
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B cuiy pasencrsa (|17)) Beipakenue B KBaapaTHOil cKOOKe pasHo Hymo. Torma, I3 = 0.

Ecin yuecrs 310 u , TO U3 caepyer, aro L, 5 (1) = 0.
JlemMa 1 TTOJTHOCTBIO JIOKa3aHA. O
Jlemma 2. Ecau 1 (n) € C%[0,1] u ¥ (n) ydosaemeopaem ycaosuro Teavdepa na [0,1], mo dynryus

= / (1" (1) + (a+ B)t oy ()] V (0,4, m;7) dt
0

obaadaem caedyrowumy ce0tUCmeamu:
1. ® (&,m) u ee npoussodnvie npedcmasumos 6 sude

n
B () = o (€) / SV (0, 5,75 7) d—
0

I
o,

t n n
1

S S
0 t

S () = 0 () cos(51) €10+ 00—+ 5(6) j STV (06 ) ds-
€ t n
- /w'(t)dt/ ;32(056777)058—/90 dt/s R (0,5;6,m57) ds (24)
d ,
S ®En) = (07" 4670 - / V(0,5 €, 757) ds—
; FL0 i 0
0/@’ (t) dto/s_lanRQ (0,5;:&,m;7) ds — E/@’ (t) dtt/s o (0,8:&,m37) ds | (25)

2de ¢ (t) = t1’ (t) + (o + B) ¢1 (t).

2. @ (&,m) ydosaemeopsiem ypasreruro U YCAOBUAM

li — O (D —®,)=0,0< £ < 1;
im0 = &7 (B — &) 3

[HokasaTenscreo. Ilonarast ) = £ u npuHIMast BO BHUMaHue obo3Havuenue (t) u sug dyuxkmun V (z, t; £, n),umeem

£
B (€,6) = /so(t)t‘1V(0,t;£,m) dt =
0

9
_ -1 i “ [—v€ (€ - )]n
_X/*D(t)t (2£> ﬁz 1—5+n)n'

0

E—t
XHQ ﬁ_n7ﬁ,a71— 0672/870,7 dt.
Orcrona, npumensist pasercrsa [20 21]
Hs (a,b,c,d;e;z,y) = Z ((l) O F(c,d;1 —a—m;—y),
e)
=0 m

F(a,b,c;2) = (1 —2)"*Fla,c—b,c;2/(z — 1)],

17
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Homy i 5 o
"/“’ ( ) EE—or
xiWF(a,l—a;l—ﬁ—&-n;t;f)dt:
¢ o ,98-1 o
zxo/w(t) <2t€) [g(t:—t)]ﬁ <§2Jﬁt) X

o[- , £
x; (= 5)n F(a,a—ﬁ—i—n,l B+ n; §—|—t)dt'

3aMeHsis IEpeMeHHYI0 B Bujie t = £s, nMeeM

1

B(£,6) = x / o (€5) 2072071 (1 4 5) (1 — )P x

0

XZ£2n1_871] F(a,n+aﬂ,n+l B, )ds

n=0

Ecimi yuects obosnadenue ¢(t), To U3 MOC/IeIHEro paBeHcTBa Jierko cietyet, uro ®(€, &) € C10,1] u ®'(&,€)

yaoBjerBopsieT ycuosuio Lembepa, a ecym 11 (0) = 0, To flir% D (£,¢)=0.
—

[IpuruMasi BO BHUMaHUE IIPOIECC TOJIyUYeHUsT (DOPMYJIbI @D u obosHavenne (t), dbyaxmuo P(€,n) MOoKHO

epernncaTb B BUJE

P (&,n) = lim / / £tV (0,8 €, ;) di

€~>+0
0 E+e

Orciona, monaras u = ¢(t), dv =t~V (0,t,&,7;7)dt w npEMeHss TPABUIO WHTETPUPOBAHES 10 TACTSIM, TOJTY-

D (&, 77)—61330{[ pE—e)pa(§—c&m) —pE+e)p (E+e8m) -
§—¢ U]
—/@’(t)uz(t@,n)dt— /w’(t)m(t,&n)dt ;
0 E+e
rae
n t
p (t,€,m) = _[S_IRI (0, s;&,m;7) ds, (t,&mn) JS‘IRz (0,s:€,m;7) ds

[Moxcrasias Boipaxkenust pysaruuii py (t,€,n) u ps (t,£, 1), a 3aTeM nepexos K upeey, npu & — 0, oy aum

pasencTBo (23)).
Teneps, nepenuiem pasexcrso (22) B Bue

S

=
©(&n) = lim §¢ / / V(0,5:€,m;7) ds—
0 {+e

t
¢ (t) dt/s*Rz (0,8:&m;7) ds—
0

n n
- /w’ (n)dt/5‘1R1 (0,s;€,m;7) ds
t

18
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Huddepermnupyst 370 paBeHCTBO MO £, TMEEM

0P

s=E—¢
675 = 61—1}20 {90 [ V(O7sa§7na’7)] |s:§+s +

—
+
§

n
+¢' (€) + V(0,5,&m7)ds + ¢ (€ V(0,s,&m;7) ds—
<])

o\m
J'm_\:

§—¢ n

—w’(f—e)/S‘le(Oys;E,n;V)ds—30'(€+8)/8‘131(0,8;5777;7)%—

0 E+e

—€ t

3 n n
1 0 1 0
/wt)dt/ SeRe Os.&mnds = [ @ 0dt [ 57 R 05,67 ds
o€ 9¢
0 E+e t
Orcrona, Iepexo/is K MPeJIeLy, Oy IuM

n
0d . _ s=€—¢ _ 0
875 =@ (f) 51_1}5_10 [8 1V (078;5377;7)] |s:£+a + ¥ (5)!3 185 (Oa 575777”7) ds—
& t 5
— [ ¥ @W)dt [ 57 -Ra (0,56, m;) ds—
7o
n U]

- / o (1) dt / SRy (0,56, m57) ds| b (27)

13 t

[Tosp3ysich paz3moxKeHusaMu u @ dbyukuit R u Ro, a Tak:ke BTOpoit u3 dopmyir u dopmyunsr [21]

F(a,b;c;l—x):—MF(

T (@) T 0) a,b; 1;z) Inx+

a+b il"a—kk b+k) I'(1+k) T'(atk) T'(b+k) .
—~ '(l+k) T(a+k) TO+k) ’

HETPYJHO JI0Ka3aTh, YTO

. a+p-1
lim sV (0,86, m;7)[ 28,0 = S (B)¢

ite = 2 : (28)
e+ e (n—¢)
HO,HCT&BJIHH B , HOJIy‘{I/Il\/I paBeHCTBO .
Hasee, muddepeHnupyst paBEeHCTBO 110 7), HAXOIUM
0P .
o = Elggo{w Ry (0,m;&,m37) +
§—¢ n
/ n / V (0, 5:€,m:7) ds + 0 "Ry (0,7:€,1:7) [ (1) — 0 (€ + )] —
0 E+e
E—e t P n n 5
- / ¢ (t) dt/S‘la*RQ (0,8;€,m;7y) ds— / ¢ (t) dt/s_lale (0,s;&,m;7) ds
0 0 n E+e t n
Orcrosia, epexojist K Ipejely U yIuThIBast
D Ry (0,056, m9) = TP 4+ ©) T (- €) 77, (29)

HOJIyIMM PaBeHCTBO (125]).

19
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Ananornuno, auddepeniupys pasencrso ([25)) mo &, Haxomum

02d
0&0m

_ a+p-1 A N L T
=—p(mn n+&" -9 <n+€ - §>

_ 0 s=&—¢
{go@s LV s g1+
—e n 9
+¢' (€) /+/ 8‘137"/(0,8;5777;7)61%
0 +e

n
32
+¢ (§) /+/ 8’185877‘/(0,8;5,77;7)%—
0 +e

E—e n
4, 0 4, 0
- (€—¢) / s 18771%2(0,8;5,77;7)@—sO'(€+€) / s 18771%1(0,8;6,77;7)%—
0 E+e

§—e t 52 n n P
- [/ 90/ (t) dt/tfl@]ﬁ (0,58, m;7y) ds— /SD/ (t) dt/571@31 (0,58, m57y) ds

0 0 Ete t
Orciona, nepexois K Ipeiely U YIUTHIBasd PaBEeHCTBA , IIOJLY IUM
a B

_ a+pB—1 —a B2 P
=—omn* "+ (n-¢) (n+€ - 6)

0%®
0&0n

— cos(m atf-1 —a B B
)¢ O+ - 07 (g + g ) +

t
n 5 1S

+<P(f)/3_13?8 V(0,s:6,m57) ds — /@ / 8?8 Ry (0,8;,m;7) ds—

0 0

n
0
— /cp/ (t)dt/s @Rl (0a5§£,775'7)ds
¢ t
s (23), (24), u CJIEJTyeT, 9To

n
L s /S_IL’Y V(0,s;€&,m;7)] ds—
0

¢ t
L/SD / TULY 5 [R2 (0,558, m59)]) ds—

n

- /@ (t )dt/s_lLZ,ﬂ [R1 (0,8, m57)]ds |

I3 t

OTKyZa B cuiy cBoiictBa dyukiuit Ry u Ry cienyer, 1aro Ll7 5 (®) = 0, re. dyukuusa P (£,n) yaoBiersopsier

YPaBHEHUIO .
Tenepb, nosb3ysick pasercTamu ([24)), (25]) u serko nposepsiembiM paBeHCTBOM

0 0
. _ 28 _ . . —
n7%§+0(n g) (6£ 677) R2 (075,5177,’7) dS O’

HETPY/IHO YyOEINThCS B CIPABEIMBOCTH PABEHCTBA lgim o (n—¢& ) (P —@,)=0,0< &< 1.
n—&—+

20
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Jokazkem pasenctso ®(0,71) =11(n), 0 <7 < 1. B cuny o9 = (1/10)*?, 01 = 09 =03 =0npu & = & = 0,
u3 n crenyer, aro V (0,t;0,m;) = (t/n)a+6. VuuThIBas 3TO U OUYEBUIHOE PABEHCTBO
/
[&'1 () + (a+ Bt n ()] 127 = [t2+ Py, (1)

IOJIYIM

B (0,) = / 01’ (8) + (+ B) Y ()] V7 (0,0, 75 7) dt =
0

- / [1' (1) + (o + B) t~ 4n (8)] (/) Pt = oy (), 0 << 1,
0

JlemMMa 2 IOJIHOCTBIO JJOKA3aHA.
Ha ocnoBanum jiemm 1 1 2 crpaseinsa

Teopema 1. Ecau v(€) ydosaemeopaem ycaosus Ieavdepa ¢ nokasamenem § > 3 na [0,1), a1p1(n) € C?[0,1]
u Y] (n) ydosaemsopaem ycaosus Ieavdepa na [0,1], mo dynkyua, onpedeaseman Gopmyrot (@, ABAACTNCA

eduncmeennoim peuweruem 3adavu Kowu-Typea {, , }
Teneps pacemorpum 3agauy Kommu-I'ypea nia ypasuenus B CJIe/LyIOIEll IOCTAHOBKE: HAlMu pe2yaspHoe
6 obaacmu A peuwernue ypasHenua , ydosaemsopalousee Kpaesvim YCAOBUAM @) U

uw(é 1) =v2(§), 0<E<L (31)
Oyuknus Pumana-Anamapa 1% (&,m;&0,M0;7y) Ji ITOM 337490 OLIPEIEJISETCS PABEHCTBOM
~ Ry (§,m;80,m0;7y) mpu & < 1o,
V(& m;&,m057) =
Ry(&,m;60,m05y) 1pu € > 1o,

rae Ry n Ry - dyHKImy, onpejesisieMble paBeHCTBAMI u @
®Oynxmus V ynosrersopsier yeaosuam 19 — 59 dyrkmun V' n

6 m {7, - (- B)V” -
e O

e (e /3>~H _ ,
[n (7]+§+77—§ 14 A 0, e>0

MeTomoM, TPUMEHEHHBIM BBIIIE, MOYKHO JTOKA3aTh, 9TO CIIPABE/IJINBA CJIE/LYIOIIAs

Teopema 2. Ecau v (§) ydosaemeopsaem ycaosusn Leavdepa ¢ nokasamesem 6 > S na (0,1], a 9 (€) €

C?[0,1] u ", (&) ydosaemeopsaem ycaosus Ieavdepa na [0,1], mo pewenue sadaqu Kowu-Iypca {7 , }
cywecmeyom, eOUHCMBEHNO U OHO ONPedeAAemes Popmysol

_ 1 (2 \° V() x
u(foﬂ]O) - 2X/ <7]0 +£0> [(5_50) (5 _770)]5

Tlo

XEp (o, 1 —a;1 = Bio1 - 03], _cdE—

- /1 [w’z (€) + (1i§ - 155) Vs (f)} V(€ 15€0,m0:) din.

0

Bagaga Komu-T'ypea s ypasuenus (1), korya yciaosue 3eMEeHeHa, C liém Ou(f ) =71(£),0<¢<1 (re.
n—E—
zagada dapOy 11 ypaBHEHHUsS ), u3yueHa B pabore [24].
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Ilepunonuyieckue mepbl I'mbbca aisa deppomaruutHoii mogenn Ilorrca ¢ yerbipbMs
cocTossHUSIMHI Ha gepeBe K»ajm
XakumoB P.M., ArobGxonosa M.C.

Keli darazti ustida to‘rt holatli ferromagnit Potts modeli uchun
davriy Gibbs o‘lchovlari

Magolada to‘rt holatli ferromagnit Potts modeli uchun barcha
davriy Gibbs oflchovlari parametrning ixtiyoriy qgiymatlarida
translyatsion-invariant bo‘lishi ko‘rsatilgan.

Periodic Gibbs measures for the four state ferromagnetic Potts
model on a Cayley tree

In this paper at any values of the parameters of the four state
ferromagnetic Potts model it is proved that all periodic Gibbs
measures are translation-invariant.

1. BBenenue

OcHoBHOI 3amaueit Teopun mep I'uboca stBiIsIeTcs onmcanne Becex Mep ['ubOca st JaHHOrO raMUJILTOHUAHA.
Kaxmoit mepe ['ubbca comocraBnsercs oana daza GU3NIECKON CHCTEMBI I TOBOPST, UTO CYIIECTBYeT (ha30BbIit
nepexon, ecau Mepa ['u66ca we enmnacTeenna (cm. [1]-[4]).

Pa6ora [5] mocesimena mozenn TloTTca €o CUETHBIM YHCIOM COCTOSHUN M ¢ HEHYJIEBBIM BHEITHUM IOJIEM U
JIOKA3aHO, YTO T4 MOJEJb UMeeT eJUHCTBEHHYI0 TPAHC/ISIIMOHHO-UHBAPUAHTHYI0 Mepy ['mbGbca. B pabore [6]
U3yYeHbl epUoAndYecKre Mepbl ['mbbca U Mpu HEKOTOPBIX YCJIOBHUSX JIOKA3aHO, YTO BCE IMEPUOINIECKUE MEPbI
T'ubbca ABISIOTCS TPAHCAAIMOHHO-UHBAPUAHTHBIMU. B gacTHOCTH, /st heppoMaruuTHoii mojesu [Torrca ¢ Tpe-
Msl COCTOSTHUSIMU Ha jiepeBe Koy mpo3Bo/IbHOro nopsijika u Jjis antudeppoMarauTHoi Mojiesu [lorrea ¢ Tpemst
COCTOSTHUSIME Ha JiepeBe KaJi BTOPOro MOpsijIKa IPU HEKOTOPBIX YCJIOBUSX, IIOKA3aHO, 9TO BCE MEPUOINICCKIE
Mepbl ['ub0ca sIBJISIOTCS TPAHC/ISIIIUOHHO-MHBAPpUAHTHBIMU. KKpoMe TOro, HailJleHbl YCJIOBUsI, IPU KOTOPBIX MO-
nesib [lorTca ¢ HeHyJIeBBIM BHEITHUM II0JIEM UMEET IepuondecKkrue Mephl ['uboca.

Pa6ora [7] asisiercs npomoszkennem paborer [6]. Jokazana cymniecTBoBaHue He MEHEE TPEX MEPUOIUIECKUX
mep ['mb6ca ¢ nepuogom nBa na nepese Kom mopsiaka Tpu m dersipe s mogesaun Ilorrca ¢ Tpemsi cocrosnu-
SIMI U C HyJIEBBIM BHEITHUM TiojieM. A B pabore [8] usydena momens Ilorrea ¢ g-cocrostauamu Ha nepese Kamm
opsAaKa k 2 3 1 Ha HEKOTOPbIX MHBapHaHTaX IIOKa3aHO CyHIeCTBOBaHUE IIE€PUOIUICCKUX (He TPaHC/IAITUOHHO-
MHBapUAHTHBIX) Mep ['u66ca Ipu HEKOTOPBIX YCIOBUX Ha HapaMeTpsl 3Toi mojenn. Kpome Toro, ykazana HuxK-
Hsisl TPAHUIA KOJIMYECTBa CyIIeCTBYIONNX Heproandeckux mep I'u66ca. B paGore [9] yaydinens: pesynbrarTs! u3
[8] u nawbr aBHBIE DOPMYIIBI 1JIsT TPAHCIAIIMOHHO-UHBAPUAHTHBIX Mep ['ub6ca mis mogesu Ilorrca ¢ Tpems cocTo-
sHUSME Ha Jepese Kamm nopsanka k = 3. B pa6ore [10] nano momHoe onucanme TpaHCISMOHHO-NHBAPUAHTHBIX
mep ['mbbca s dpeppomaruutHoit Mojenan IloTTca ¢ ¢-COCTOSHUSAME M TTOKA3aHO, 9TO WX KOJUIECTBO PABHO
29 — 1.

B manmoit pabore usyuarorcs nepuoauaeckue Mepbl ['uboca st beppomarauTHoit Mojesn [lorTca ¢ 4eThiphb-
Msl COCTOSTHUSIMU Ha JiepeBe Ko/ mpon3BOJILHOTO MOPSIIKA U JI0Ka3aHa UX TPAHCISIIUNOHHO-MHBAPUAHTHOCTD.

2. Omnpenesienust U U3BeCTHBbIE (PAKTHI

THepeso Ko ¥ nopsinka k > 1 - Geckonednoe aepeso, T.¢. rpad 663 MUKIIOB, 13 KAXKI0H BEPIIHHB KOTOPOTro
BBIXOZUT PoBHO k + 1 pebep. Ilycts IF = (V,L,i), tne V — ecTb MHOXKECTBO BEPIIHH Q*, L — ero MHOMKeCTBO
pebep, u ¢ — QYHKIUS WHIMIEHTHOCTH, COTIOCTABJISIONAas Kaxk oMy pebpy [ € L ero KOHIEBbIE TOYKHU T,Y €
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V. Ecim i(l) = {z,y}, 70 & u y Ha3BIBAIOTCHA OAUNCATUWUMY COCEOAMU Gepuwiutb, U obo3Hadaercd | = (x,y).
Paccrognue d(z,y),z,y € V ua nepese Kasu omnpenessiercs dpopmysioit

d(z,y) = min {d|3z = xg,x1,...,24-1,24 =y € V r1akoii, aro (xg,x1),...,{Tq—1,2d)}
Jns duxcuposannoro 20 € V obosnaaum W, = {z € V | d(z,2°) = n},
Vio={zeV | dz,2°)<n}, L,= {Il={(z,y) €L | 2,y <€ V,}.

Mb1 paccMOTPUM MOJIEIIb, TJIe CIIMHOBBIE IIePEMEeHHbIE IIPUHUMAIOT 3HaYeHus u3 muokecrea ® = {1,2,... ¢},
¢ > 2 7 pacroJioXKeHbl Ha BepimuHax jepesa. Torja xoudueypayus o Ha V onpenensiercs Kak (DYHKIUS
x €V = o(x) € . AHAIOIUIHO ONpeesaoTes KOHDUrypaun o, U w, Ha V, 1 W,, COOTBETCTBEHHO.
MHuoxkecTBo Beex KoHburyparuit Ha V' (coorsercrsento Vi, W,,) coBnagaer ¢ Q = i34 (coorBercrBenHo Qy, =
oV, Qw, = (DW"). Jlerxo Bumers, uto ®V» = dVr-1 x d®Wr Koukaremarms KoHUrypamuii o,_1 € OVn-1 g
Wy, € W onpenenserca cremyromeit dbopmymoit (. [11])

On—-1Vwy ={{on_1(x),x € Vii_1}, {wn(y),y € Wit}

Tamunpronnan momenu [lorTca onmpenensiercs Kak

H(G) =—J Z 60(1)0’(3}) -« Z 510(1)3 (1)

(z,y)€L zeV
rae J € R, a € R— BHemnHee mone, (x,y)— Ommxaitimme cocenu u §;;— cumBos KpoHekepa:

0, ecmm i #j
dij = o
1, ecmm ¢ =j.

OrnpeiesiuM KOHEYHOMEPHOE PACIIPeie/IeHne BEPOSITHOCTHON MEPHI [, B 0O0beme V,, Kak

tin (o) :Z;l exp4 —fpH,(o,) + Z iLa(m)x , (2)
:CEWn

rae 8= 1/T, T > 0— remmneparypa, Z;, ' — nopmupyomuii Muoxureas u {hy = (}Nzlym, cey ?Lq@) € R,z eV}

COBOKYIIHOCTH BEKTOPOB U
Hn(an) =—J § 6U(m)o(y) -« E 510(&0)‘
(z,y)ELn TEV,
ToBopsIT, YTO BEPOATHOCTHOE PaclpeleeHue COTJIACOBAHHOE, €CIIH JIJIs BeeX 1 > 1 1 0,1 € ®Vr-1:

Z Un(a'n—l \/wn) :,Un—l(o'n—l)~

W, €OWn

31ech 0,1 Vwy, €CTh KOHKATEHAINsT KOHMUTY DAL, T.e. 0,1 Vw, € ®V" Takoe, ato (0,_1Vw,)|v,_, = 0n_1
u (0,1 Vwy)|w, = w,. B aTom caydae, cymecTyer equHcTBeHHAg Mepa i Ha @Y Takas, WTO AyIA BCEX N W
o, € BV
n{olv, = on}) = pnlon).
Takast Mepa Ha3bIBAETCsl PACIIEILIEHHON rI6OCOBCKON Mepoii, COOTBeTCByIoIel raMuiibronuany (1)) 1 Bekropsnayg-
Hoit pyurnuu h,,x € V.
Culesyroniee yTBEpKJIEHAE OLMKUCHIBAET YCIOBHE HA My, 00ECIEYMBAIOIIEE COIVIACOBAHHOCTD [iy, (07, ).

Teopema 1.[5] Beposammuocmuoe pacnpedeserue i, (0,), n=1,2,... 6 @ ABAAEMCA CO2AACO8GHHOT MO20a
U MOoAbKO Mmozda, kozda das 06020 x € V umeem mecmo caedyrowee

he =Y F(hy,0,0q), (3)

y€eS(x)
ede F:h=(hi,...,hg—1) € R = F(h,0,a) = (F,...,F,_1) € R""! onpedeasemcs rax:

(6 —1)eh + 3717 M+ 1
6+ 392, e

Fi = aﬂ&u + In
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0 = exp(Jp), S(x)— mnoorcecmso npamvir nomomkos mouku & U hy = (h1g,...,hg—1,5) ¢ ycrosuem

Biw=hiw—hge, i=1,...,q—1.

M3BeCcTHO, 9TO CyMECTBYeT B3aNMHOOIHO3ZHATHOE COOTBETCTBHE MEXK Ty MHOKECTBOM V BepmmH nepesa Kam
nopsigka k > 1 u rpymmoit Gy, sBJIstomeiicss ¢cBOGOIHBIM Tpou3BeaeHneM k + 1 MUKJINIECKUX TPYI BTOPOTO
HOpsiJIKa ¢ 00Pa3yIOMUMA A1, 2, - - - , Gk+1, COOTBETCBEHHO.

IIyctb Gj— HOPMAJIBHBIH JeJIITe/b KOHEUHOrO HHeKca IPyIbl Gy R

ONPEAENEHUE 1. Cosokynnocmv eexmopos h = {hy, v € Gi} nasvsaemca Gr-nepuodueckots, ecau hy, =
hy Ona Nz € Gg,y € @k

G — mepuosimdecKne COBOKYTTHOCTH HA3BIBAIOTCS TPAHCTATIMOHHO-THBADHAHTHBIMH.

OTNPEAEJIEHUE 2. Mepa p nasvieaemcs G- NePuOdUMECKOl, ECAU OHA COOMBEMCMBYEm, Gk nepuoduseckot
Co8OKYNHOCTU 6eKMOPO8 h.

B [6] nokasana cienyromast Teopema.

Teopema 2. [6] ITycmv H— nopmasvhoili deaumens koneunozo undekca 6 Gy. Tozda das modesu IHommea
ece H— nepuoduueckue mepv, ubbca asasomes aubo Gg) — NEPUOOUHECKUMU, AUOO MPAHCAAUUOHHO-UHBAPUAHIMHDLMUL,

2 .
2de G,(C ) ecmo nodepynna, cOCMOAWGA U3 CA08 HEMHOT OAUHDL.

3. ®eppoMarHuTHLI ciy4aii
Pacemorpum coyuait ¢ > 3, a =0, re.0: V — & ={1,2,3,...,¢q}. B cuiy TeopeMbl 2 nMeroTCs TOIBKO Gl(f)—
nepuouueckue Mepbl ['n66ca, KOTOpble COOTBETCTBYIOT COBOKYIHOCTH BeKTopos h = {h, € RI™! : x € Gy}
BHUA
h, = { h, ecuu |z| — uerHO,
I, ecam |x| — HEUETHO.

Baece h = (hy,he, ..., hg—1), L = (l1,12,...,l4—1). Torma B cuy MeeM:
(6—1) exp(l; )+Z;1 1 e"cp(l )+1
ST Tean(i;)+0 ’

(0—1) exp(hi)+ 02 ) exp(hy)+1
Z‘?_l exp(h;)+6 ’

h; = k1n
i=T,q—1

li =kln

Beeznem cruemyromue obosuadenus: exp(h;) = x;, exp(l;) = y;. Torma mocieanion cucreMy ypaBHEHUI 1npu

1 =1,q — 1 MOXXHO TIepenucaTh:
k
= (0—1)yi+> 921 yj+1
¢ Z?—l y;+0 ’

k
) (6-1)z; +Zq71 zj+1
i = Zq 120
Paccmorpum oTobpazkerne W : RI~! x R1~1 — RI171 x R1~! ompenenenHoe cieayromuM o6pasoM:
o k
_ (9_1)97 Z =1 y7+1
Z?:l yj+0 ’

k
(D a4
yi - Zqﬁ] m]+0

(4)

-

BamernM, 9TO €CTb ypaBHeHHe z = W (z). Urobel pemnts cucremy ypastennit (4)), nago maiitu memo-
JIBU2KHBIE TOYKH OTOOPAYKEHUS 1D z =W(z), tme z = (@1, ..., Tg—1, Y1, -, Yg—1)-
Jlemma 1. Caedyrowjue MHOHCECTNEA ABAAIOMCA UHBAPUGHIMHLLMU OMHOCUMEALHO omobpadrcerus W :

11:{z€R2q_2:xl:xgz...:xq,lzylzygz...:yq,l},

12:{26R2q_2:x1 =T2=...=Tqg-1, y1:y2:...=yq_1},
={2e R g, =y, i=1,2,...,q— 1},
L={zeR" % 2=y, q, i=1,2,...,q—1}},
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2q—2 . . _ . _ _ 292 . _ _
15:{Z€Rq .xl—yl—l}, Iﬁ—{ZGRq .I'q_l—yq_l—].}.
HokasbiBaerca ananorudno Jlemme 2 u3 [6].
SAMEYAHUE 1. Bamerum, 4To orobpaxkenme W MoOKeT MMETh MHBAPHUAHTHBIE MHOYKECTBA, OTJIUYHBIE OT
I, — Ig, T.e. muOXecTBa [; — Ig HE MOJTHOCTHIO OMMCHIBAIOT BCE MHBAPUAHTHBIE MHOXKECTBa oToOpazkerust W.

JIlemma 2. Mepwi I'ubbca dan modeau Ilommea na unsapuarmmvix muoscecmeax Iy u Iz asasomes mpancaAsyuonHo-
UHBAPUGHMHBLMU.

Hokasatenscteo. OueBuiHO, TaK KaK HA WHBAPUAHTHBIX MHOXKecTBaxX [| u I3 umeeMm h, = const.

SAMEYAHUE 2. 1. IIpu ¢ = 2 mogmens Ilorrca coBmagaer ¢ moaesbio V3uHra, Koropasi Obljia n3ydeHa B
pabore [5].

2. B pabore [6] mokazano, uro upu k > 1, ¢ = 3, J > 0 miua mopenu [Torrca ¢ HyJIeBbIM BHEITHUM II0JIEM
BCe G,(f)—nepnommeCKHe Mepbl ['nb6ca sIBIAIOTCH TPAHCIAIMOHHO-NHBAPUAHTHBIMHE.

CupapeyinBa CJIeLyomast

Teopema 3. Ilycmv k > 2, ¢ =4, J > 0, a = 0. Toeda das modeau Ilommca sce G,(Cz)—nepuoéu%ec%‘ue
mepor Tubbca ABAANOMCA MPAHCAAUUOHHO-UHBAPUGHITVHLMU.

HokazatensctBo. Ilycts k > 2, ¢ =4, J > 0, a = 0. CuenaB HekoTOpbIe TPEOOPA30BAHUS JIs PA3HOCTEH
x; —Yi, ©=1,2,3 B (4), moxxem umeTH

A(G—l) 3 3 3 3
Y= ey Oys — o) +y: > (@ —y)+Wi—x) Dy + > y— > 7|,
j=1 j=1 j=1

j=1
rme X =x14+x2+23+0, Y =y1 +y2+ys+ 60 u A; uMmeror ciieyromniye By IbI
k—1 3 k—1
(9_1)yi+23?:1yj+1 (0 —Dz;+> 5 7;+1 )
Az< 3 J + ...+ 3 J ;2:13233'
Doyt 0 2j=1%j 0

B pesynbrare mosmyanm cucremy ypaBHEHUIA

ain(z1 —y1) + ar2(we — y2) + a1z(z3 —y3) =0
az1(z1 —y1) + aze(v2 — y2) +ags(rz —y3) =0 (6)

azi(z1 —y1) + as2(r2 — y2) + asz(xz — y3) =0,

MaTpHuiia KOTOpOfI umMeeT BUJI

1+ A1(0-1)(0+y2tys+1) (0-1)(1—y1)As (0-1)(1—y1)As
XY XY XY
_ (0-1)(1—y2)A A2(0-1)(04+y1+ys+1) (0-1)(1—y2)A
A = ny2 2 1 + 2 ny Y3 ny2 2
(6-1)(1—y3)As (6-1)(1—y3)As 14+ Az(0—1)(6+y1+y2+1)
XY XY XY

Kak m3BectHo, cucrema ypaBHEHUIH @ “MeeT TOJIBKO HYJIOBOE PEIlleHWe, eCJIM OIPEeeIUTe/ b MATpUIlbl A
oramyeH oT Hyss. [locse HEKOTOPBIX TPpeodpPa30BaHMIl ONPEIEINTE/b MATPUIIBL A UMEEeT BHU/T

detA = (11 — To — T3 — Ty) + (T5 — Ts) + (T7r — T3) + (Ty — Tho),

rie
T — [(O+y2+ys+ DO +y1 +ys+ D)@ +yr +y2+1) +2(1 —yp) (1 —y2) (1 —y3)] - (0 — 1)3A41 A2 A3
1 (XY)? ’
T, — (0 —1)°(1 —y1)(1 —y3) (0 + y1 +ys + 1) A1 A2 As
i (XY)? ’
P 1)(1 —y2)(1 —y3)(0 +yo +y3 + 1) A1 Ar A3
’ (XY)3 !
T — (0 =121 —y1)(1 —y2)(0 +y1 +yo +1)A1 A2 A3
b (XY)? ’
T _ (9 — 1)2(9 + Y2 +ys + 1)(9 +y1 +ys+ 1)A1A2 Te — (9 — 1)2(1 — yl)(l - y2)A1A2
5 (XY)? P e (XY)? ’
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(0—120O+y2+ys+ 1) (O +y1 +y2+1)A1 A3 1 (0 —1)%(1 — 1) (1 — y3) A1 45

T = 8= )
(XY)? (XY)?
To — (0 =120 +y1+ys + )0 +y1 +y2 +1)A243 T (0 —1)%(1 — y2)(1 — y3) Ar A3
9 (XY)2 , 410 = (XY) ’
Korga paccmarpusaercsa deppomarnuTubiii ciayuait (6 > 1), me tpyano nokaszarsb, uro detA > 0. Suauur,
cucrema ypapuennii (6) umeer Tonbko Hysnesoe pemrenme, Te. x1 = Y1, To = Y2, T3 = y3. CllegoBaTENbHO,
(z1,22,23,Y1,Y2,Yy3) € I3. Ilo Jlemme 2 nosyuum rpebyemoe. Teopema 3 mokasana. a

3AMEYAHUE 3. B pabore [10] nokasano, aro deppomaruutHas mMoienab [IoTTca ¢ ¢-COCTOSIHUSIME MMeeT
29 — 1 TpaHCJISIMUOHHO-UHBApUAaHTHBIX Mep ['uboca.
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O kpaitaux mepax ['nb6ca jmiia HC momeseii ¢ TpeMsi COCTOSTHUSIMU Ha JepeBe
Kamm
XakumoB P.M., Toxxuboes B.3.

Keli daraxti ustida uch holatli HC modellari uchun chekka Gibbs
o‘lchovlari haqgida

Magolada uch holatli HC modellari uchun chekka Gibbs
o‘lchovlari yagona bo‘lmaydigan shartlar topilgan.

Extreme Gibbs measures for the three state HC models on a
Cayley tree

In this paper we find conditions under which the extreme Gibbs
measures are not unique.

1. BBenenue

B uzydenun Teopun mep ['ub6ca oHIM U3 BarKHBIX 3a/a49 ABJISETCS OIMCAHUE BCEX IPEIeIbHbIX Mep ['ubbca
U UCCJIeJIOBAHUE WX KpaiHocTu. M3BECTHO, YTO MHOXKECTBO BCEX NMpEJENbHBIX Mep ['ubbca obpasyeT HerycToe
BBIILYKJIOE KOMIIAKTHOE MOJMHOYKECTBO B MHOXKECTBE BCEX BEPOATHOCTHBIX Mep (cM. Hanpumep, [I]-[4]), u kaxnas
TOYKA 9TOTO BBITYKJIOIO MHOYKECTBA OJJHO3HATHO PA3JjIaraercs Mo ero KpalHuM TOYKaM. B CBs3U ¢ 9TUM 0COOBIi
MHTEPEC MIPEeJICTaBIIsSIeT OMUCAHIE BCeX KPAHUX TOYEK TOr0 BBITYKJIOIO MHOXKECTBA, T. €. Kpaitaux mep I'mb6ca.

Pa6orsr [B]-[9] mocesimensr nsyuenuto mep I'nb6ea qyst HC-Momenu ¢ TpeMst cocrosiHusiMU Ha jiepese Kamm
nopsizika k > 1 u JIOKa3aHo, 4TO TPaHCJISIMOHHO-UHBApUaHTHAs Mepa ['ub0ca He eauHcTBeHHa. B "acTHOCTH,
B pabore [5] Boiaesnens: mwionoponasie HC monenu, coorsercryiomue rpadam "meriua" | "ceucrok" | "ke3n" u
"kao4". B pabore [0] Obuin u3ydeHbl TPAHCIIAMOHHO-UHBADUAHTHbIE U Ileproaudeckue Mepbl ['ub6ca mis HC
Mozesn B ciaydae "kitoa" Ha sepese Kayin u Obljia JI0Ka3aHa €IMHCTBEHHOCTH TPAHC/IAIMOHHO-UHBAPUAHTHON
Mepbl ['ub6ca st 1060 MoI0KUTEabHON akTUBHOCTH A. B [7] 6511 H3yUeHbl TPAHCIISIIIMOHHO-UHBADHAHTHBIE
u nepuogmdeckue mepbl I'mbbca mius HC momenu B ciydasix "ceuctok" , "xe3n" u "mernsa" u mokazaHo, 9TO
(coyuaii "meiia") U3 MOJIOKUTENBHON AKTUBHOCTH He CJIEAYeT eJIUHCTBEHHOCTH TPAHCIANMOHHO-UHBAPUAHTHBIX
mep. Pabora [J] mocssiena u3ydeHuio TpaHCASAIUOHHO-UHBApHaHTHBIX Mep ['ub6ca mis HC momesneit ¢ tpems
cocTostHUSIME Ha jiepeBe Kaju mpon3BosbHOro mopsigka. Haitjiensl 061acTu, T/1e TPAHCISIIMOHHO-UHBAPUAHTHBIE
MephI sIBJIsTIOTCsI (He)Kpafinumu Ha jnepese Ko BTOpOro mopsijaxa.

B mannoit pabore uzyuatoress mepbl ['u66ca ayss HC-mopesneit ¢ Tpems cocrostausiMu Ha fepese Kau nopsii-
Ka jaBa. Pacmupena obiacTh, Te KpaiiHasa Mepa [ uboca misa mekoropbix HC Mozmesteit He euHCTBEHHA.

2. OnpenesneHuss M N3BeCTHbIE (PAKTHI

JHepeso Kamu T'F nopsinka k > 1 - GeckonedHOe epeBo, T.e. rpad 6e3 IIKIIOB, U3 KarKI0il BEPITHHBI KOTOPOIo
BBIXOUT poBHO k+ 1 pebpo. Ilycrs Ik = (V,L,i), tne V ectb MHOXKeCTBO BepIiuH ' k  L— mmozkecrso ero pebep,
7 i— (YHKIMS WHIMAEHTHOCTH, COTIOCTABJISIONAst KaxX oMy pebpy ! € L ero konmesbie Touku x,y € V. Ecan
i() = {z,y}, To x u y HazBIBAIOTCS Gaudicatiuwumu cocedamu eepuutvs 1 obosHadaercs | = (x,y). Paccrosmue
d(z,y),z,y € V na nepese Kasu oupenensiercsa dbopmysioii

d(z,y) = min {d|3x = ¢, 21,...,24-1,24 = y € V T18KOH, 910 (X0, 1), .., {(Td—1,Td)}
st mpousBosbHOl Touku 2V € V 1mosoxKum

W, ={z e V|d(z,2°) =n}, V,, = {zx € V] d(z,2°) <n}.
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Hua x € W,, 0603na9nM (MHOXKECTBO "IPAMBIX IIOTOMKOB'" BEPIIMHBIL )
S(xz) ={y € Wpy1 1 d(z,y) = 1}.

Pacemorpum HC-moziens Gmzkaiiinnx cocesieit ¢ TpeMst COCTOSTHUSIMU Ha OHOPOTHOM Jiepese Kamu. B aroit
MOZIE/IM KaXKJIOi BepIIMHE T CTABUTCs B COOTBeTCTBHE OO u3 3uadenuit o(x) € {0,1,2}. Suauenus o(x) = 1,2
03HAYAIOT, YTO BepmmHa & "3anara" | a 3Hadenue o(x) = 0 o3Havaer, 4To BepluuHa & "BakaHTHA'.

Kondurypanus o = {o(z), x € V} na gepese Ko saaerca kaxk Gynxuusa uz V s @ = {0, 1, 2}. Muoxecrso
BCcex KoHurypamnuii Ha V' ob6o3Hadaercs depe3 (). AHAJIOrMIHOM 00pPa30M MOXKHO OIpPEEINTh KOH(MUIrYypaun
BV, (W), u MHOXKecTBO Beex KoHburypauit B V;, (W;,) obosnauaercst kak Qy, (Qw, ).

Paccemorpum muO2KECTBO P Kak MHOXKeCTBO BepinnH HeKoToporo rpada G. C nmomombio rpada G MbI ompe-
nesmM G-I0mycTUMy0 KOH(MUryparuio ciaefaymomuM obpa3om. Konduryparus o uazbiBaerca (G-H0IMyCTHMON
koudwurypamnueit Ha gepese Ko (8 V,, wmm W,,), ecom {o(z), o(y)}—pebpo rpada G myst moboit Gamkaiiteit
napst cocenieit v, y us V (u3 V). O603HaumM MHOMECTBO (—JI0MyCTHMBIX KoHduryparmii uepes Q¢ (Q‘Cjn)

Sameuanwne 1. /Iyist paccMaTpuBaeMoil MOJIETH YCJIOBUE JOMYCTUMOCTU Ha KOH(UIYDAIIUIO MOTHBHPYETCS
TEeM, 9TO €CJIU X,y CIUTATh OObeKTaMu O0C/IyKuBaHuii (IIpu 9TOM B BepIIMHE CO CIUHOM HYJb OTCYyTCTBYET
00C/Iy2KUBAHKE), TO 3HAYEHUs CIUHA 1 Win 2 B BEPUIMHAX T U § O3HAYAIOT KAYECTBO OOC/IYKMBAHUS JAHHBIX
O0OBEKTOB.

MuoxkecTBO akTuBHOCTH JiIst rpada G ecth dyHKIwa A : G — R, u3 MHOXKecTBa BepiiuH (G BO MHOYKECTBO
[OJIOXKUTENBHBIX JeCTBUTEIbHBIX dncesl. 3HadeHne \; dyHkuum A B Beprumue ¢ € {0,1,2} HasbBaercs ee
"akTuBHOCTBHIO" (CM. []).

g mamubix G u A ompenennm ramuabronnan G—HC-momenn kak

log A\, (), ecmm o € QF,
HA(0) = 5,18

G

+00, ecu o ¢ Q.

Hns o, € Q‘G/n ITOJIOYK M

YHCJI0 3aHATHIX BepHIIuH B V,,. 31ech

B 1, econ O'n(x) > 1,
Lop(x) 2 1) = { 0, ecmuo,(z)=0.

Hycrb z © @ > 25 = (20,0, 21,2, 22,2) € R3 Bekropuosnaunas dynkuus va V. Qg n = 1,2,...u A > 0
paccmoTpuM BeposiTHOCTHYIO Mepy (™) Ha Q‘C/;m OIIPEJIEIACMYIO KaK

n 1 o
W (o) = N [T 2ow.a (1)
n zeW,

31echb Z,, — HOPMUPYIOIIUH JI€JIATEIIb:

ToBopsT, 9TO TOCIEAOBATEIHHOCTD BEPOSITHOCTHBIX MEpD ,u(") SIBJISIETCsI COTJIACOBAHHOM, €Cu st JII000ro

n>luno,_1 € Q‘G/n_lz
G —1

S i (001 Vwn) - Lonot Vi € QF) = 1"V (0,1). 2)

wn €Qw,,

3mech 0,1 V w, €cTh KOHKaTeHallus KOHPUIypalyii, T.e. 0,_1 V wy, € Qgﬂ Takoe, 910 (0p—1 Vwp)|v,_, = 0n—1
u (0,1 Vwy)|lw, = w,. B atom ciydae cymectsyer equncTBeHHas Mepa p Ha (¢, B) Takas, uTo 1y1s BCex n
uo, € Q\C/;n
G . _ _ (n
p{o € Q% oly, = on}) = p(on),

rie B—o-anrebpa, IIOpOXKIeHHAs IIIAHIPIUeCKIME moaMuozKectsamu 2.

Onpenenenue 1. Mepa i, onpejesenrast (popMyJIoi C yCJIOBUEM , nasbiBaercs (G—)HC-mepoit I'u66-
ca c A > 0, coorsercrytomeit bynxuun z : z € V\{2°} — 2,. IIpu srom HC-mepa T'u66ca, coorsercTByiomas
HOCTOSTHHON (DYHKINUA Z, = 2, HA3bIBAETCA TPAHCJISIIIMOHHO-MHBAPUAHTHON rub6coBekoit mepoit (TUTM).
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Ounpeznesnenne 2. [5] 'pad HasbiBaeTcs MWIOIOPOIHBIM, €CIH CYIIECTBYeT HAGOP aKTUBHOCTH A TAKOii, 4TO
COOTBETCTBYIOIUI raMUJILTOHUAH UMeeT He MeHee JIBYX TpaHCJAIMOHHO-MHBAPUAHTHLIX Mep ['ub6ca.

U3 pabors! [5] u3BeCTHO, UTO CYIIECTBYIOT TOJBKO UETHIPE THUIA MIIOAOPOIHBIX IPadOB € TpeMsl BEPITMHAMI
0,1,2 (ma MHOXKeCTBe 3HaYeHUlt 0 (1)), KOTOPbIE UMEIOT CJIEAYIONUE BUIBL:

nemas:  {0,0}{0,1}{0,2}{1,1}{2,2};
oHce3n : {0,1}{0,2}{1,1}{2,2};

KA : {0,0}{0,1}{0,2}{1,1};
ceucmox:  {0,0}{0,1}{1,2}.

Iycrs L(G)— muoxkectso pebep rpada G, obosnaunm uepes A = AY = (a;;)i j—0,1,2 MATPHILY CMEKHOCTH

G, te.
wr = oG — { 1, ecm {i,j} € L(G),
N 0, ecmun {i,5} ¢ L(QG).

]
B ciemyiomeii Teopenme chOpMyITHPOBAHO YCJIOBHE Ha 2y, TAPAHTHPYIOIIEE COMIACOBAHHOCTH Mepb (™).
Teopema 1.[7] Beposaruocrabie Mepbl p™ n=1,2,..., saganHsie GOpMyIOi G) COTJIACOBAHHBI TOT/a U
TOJIBKO TOT/a, KOTJIa JIuId 006010 € V UMeIoT MeCcTO CJIeAyIolue PaBeHCTBA:

! !
- )\H alotaiiz; ,+ai2z; ,
Lz y€S(x) ago+ao12] ,+aozzs

’ 7
- /\1—[ az0+a212; ,+a222;
2,x yeS(x) a00+a01ziﬁy+aggz§,y’

p )
e 2, = A2iz/%02, 1=1,2.

Mgt montaraem, 4o 2o, = 1w 2, = 2, > 0, i = 1,2. Torga a1 mobbix byukuuit v € V = 2, = (21,0, 22,2),
YIOBJIETBOPAIOIIAX PABEHCTBY

e = A H Gip + 3121,y + G222y =12,
E5 () apo + Go121,y + Q02224
cymecrByer ejauncTBerHass G—HC-mepa ['ub6ca p 1 Hao60poT.

VI3ynm TpaHCIISIIMOHHO-NHBAPHAHTHBIE PENIEHHs, T.e. Z, = 2z € R3 He 3aBUCHT OT &, T # o.

W3 pabor [7] u [9] npu k = 2 u3BeCTHBI CJIE/YIOIINE TEOPEMBI.

Teopema 2. [7] Iycrs k = 2 u Ao = % Torna nna HC-momesnn B ciayuae G = nemas upu A < Agp
cymectByer equuctsernnas TUT'M g, a mpu A > A, cymectsyior posao tpu TUI'M ug, p1, po.

Teopema 3. [7] Ilycts k = 2 u A%, = 1. Torna mis HC-monenu B cotyuae G = orcesaipu A < A%, cymecTByer
equuacTBennad TUI'M pf, a npu A > A%, cymecrsytor posuo tpu TUT'M pf, pf, us.

Teopema 4. [9] Ilycrs k = 2 u \g &~ 7,0355. Torga st HC-mozenn B cirydae G = nem.as BepHBI CIIeLyoIIe
YTBEPKICHUS:

1. Mepa pg npu A > A\g He gBisieTcs KpaiiHeil.

2. Mepa po mpu 0 < A < A\g u MepBI fi1, o TIpu 2.25 < A < 0.5 - (5\/? — 1) aBasoTCH KpalHIMI.

Teopema 5. [9] ITycte k& = 2, A; & 2.287572 u Ay ~ 1.303094. Torna qys HC-monenu B cayuae G = orcesn
BEPHBI CJIEIYIONINE YTBEPKICHIS:

1. Mepa pf mpu A > \; He gBigeTcd KpaifHeil.

1. mepa pug mpu 0 < A < Ay m Meper pf, pb npu 1 < A < Ay aBIAIOTCA KPalHUMI.

OCHOBHBIMU PE3YJIBTATAMU JAHHON PabOThI SIBJISIOTCS CJIEIYIONIE TeOPEMBIL.

Teopema 6. Eciiu k = 2, To nyist HC moznenu B ciiyyae G = nemuas upu 0.5 - (5\/5 —1) < A < Ao Kpome pig
CyIIecTByeT IO KpaifHeil Mepe ele ofHa KpaiiHsis Mepa ['ub0ca.

Hokazatenscteo. Ilycts & = 2. 13 Teopembr 2 u3zBectro, aTo mpu 0 < A < A CYIECTBYET €IWHCTBEHHAS
TPAHCJISAIMOHHO-UHBapruanTHas Mepa ['ubbca py. B cumy Teopemsr 4 ipu 0 < A < A\g Mepa i ABJISETCS KpailHel,
amnpu A > Ao = 2,25 uMeeM Mepy fip U [0 KpaiiHeil Mepe IBe MepPHI [i1, (i2, YIOMAHYTHIX B Teopeme 2. Eciau
LIPE/IIIOJIOXK UM, ITO MEPBI i1, (2 (MJIU APYTUe MepPbI, €CJIM OHU CYIIECTBYIOT) He sABJIAIOTCS KPAHUME B HHTEPBaJie
(0.5 - (5v/2 — 1), \g), TO ocTaeTcs TOJILKO OjtHA Kpaiinss Mepa fig. Ho B 9TOM ciiydae He KDaifHyIo Mepy HeJb3st
BBIPA3UTH C HOMOIIBIO €IHHCTBEHHON MephI fio. Crrenosaresnbno, mpu 0.5 - (5v/2 — 1) < X\ < \g 10 Kpaiineii Mepe
OJIHa HOBas Mepa JI0JKHa ObITh KpaiiHeil. Teopema moka3ana. a

Teopema 7. Eciiu k = 2, to jyis HC mozenu B citygae G = orcesnipu Ay < A < Ap CYIIECTBYIOT IO KpaiHeit
Mepe JiBe KpaiiHue Mepbl ['nb6ca, o/iHa U3 KOTOPBIX €CTh [if).

JloKaspiBaeTCsl aHAJIOTUYHO IMIPEJIbIIYIINel TeopeMe.
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On Leibniz-derivation of order k of the nilpotent Leibniz algebras
Khudoyberdiyev A. Kh., Sattarov A. M.

Nilpotent  Leibniz  algebralarining k  tartibli  Leibniz
differensiallashlari

Ma’lumki, nilindeksi s bo‘lgan ihtiyoriy nilpotent Leibniz
algebrasi [%] + 1-tartibli nilpotent bo‘lmagan Leibniz

differensiallashga ega. Maqolada ixtiyoriy [%} - tartibli
Leibniz differensiallashi nilpotent bo‘lgan Leibniz algebrasi

mavjudligi ko‘rsatilgan.

O Jletbnuyeswx Juppepenyuposarusxr nopadka k 6 Husvno-
menmnux aseebp Jletibnuya

N3BecTHO, 9TO IPON3BOJIbHAS HUJILIIOTEHTHAS ajaredbpa JIeiibnm-
Ia HUWJIbWHIEKCA § UMeeT HeHUJbIIoTeHTHOoe Jleitbuuieso maud-
depeHIupoBaHNEe TOPSIIKA, [g] + 1. B manHoit pabore moka3aHO
CyIIIeCTBOBaHME HUJIBIIOTEHTHON anrebpsr Jleitbrura, y KoTopoit
Bcakoe JleitbnuneBo nuddepeHmpoBanne nopsaka [%] HUJIb-
MTOTEHTHO.

1. Introduction

The notion of Leibniz algebra has been introduced in [9] as a non-antisymmetric generalization of Lie algebras.
During the last 25 years the theory of Leibniz algebras has been actively studied and many results of the theory
of Lie algebras have been extended to Leibniz algebras. Since the study of derivations and automorphisms of a
Lie algebra plays essential role in the structure theory, the natural question arises whether the corresponding
results for Lie algebras can be extended to more general objects.

In 1955, Jacobson [7] proved that a Lie algebra over a field of characteristic zero admitting a non-singular
derivation is nilpotent. The problem, whether the inverse of this statement is correct, remained open until work
of Dixmier and Lister [4], where an example of an nilpotent Lie algebra, whose all derivations are nilpotent (and
hence, singular), was constructed. Such types of Lie algebras are called characteristically nilpotent Lie algebras.

If all derivations of an algebra are nilpotent (inner derivations are nilpotent, as well), then by Engel’s theorem
we conclude that a characteristically nilpotent Lie algebra is nilpotent. Inverse statement is not true, because
there exist nilpotent Lie algebras admitting non-nilpotent derivations. Therefore, the subset of characteristically
nilpotent Lie algebras is strictly embedded into the set of nilpotent Lie algebras.

The study of derivations of Lie algebras lead to appearance of natural generalization — pre-derivations of Lie
algebras [II]. In [2] it was proved that Jacobson’s result is also true in terms of pre-derivations. Similar to the
example of Dixmier and Lister several examples of nilpotent Lie algebras, whose pre-derivations are nilpotent
were presented in [3]. Such Lie algebras are called strongly nilpotent.

In paper [10] a generalized notion of derivations and pre-derivation of Lie algebras is defined as Leibniz-
derivation of order k£ and it was proved that a Lie algebra is nilpotent if and only if it admits an invertible
Leibniz-derivation. This result is extended for the Leibniz algebras in [5]. More exactly, it is proved that any
nilpotent Leibniz algebra with nilindex equal to s has an invertible Leibniz-derivation of order [%] + 1.

In this paper we investigate derivations and pre-derivations of nilpotent algebras. Moreover, we show that
there exist an n-dimensional nilpotent Leibniz algebra whose any Leibniz derivation of order [g] is nilpotent,
where s is a nilindex of the Leibniz algebra.
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2. Preliminaries
In this section we give necessary definitions and preliminary results.
Definition 1. An algebra (L,[—,—]) over a field F is called a (right) Leibniz algebra if for any x,y,z € L,
the so-called Leibniz identity

[[xvy]vz] = H.T,Z],y} + ['Tv [y7ZH
holds.

Recall that derivation of Leibniz algebra is a linear transformation, such that

d([z,y]) = [d(x),y] + [z, d(y)],
for any =,y € L.

Definition 2. A linear transformation P of a Leibniz algebra L is called Leibniz derivation of order k or
k-derivation if for any x1,x2, 23, ..., € L,

P(m[l‘lvl?]vx?)]’ . 'ka]) = [[[[P(Zj),afg],l‘z;], . '])xk} + [[[[.131, P(Z‘Q)],J?g,], . 'ka]+

H[[z1, z2], P(x3)], .- ), zk] + - - - + [[[[x1, 2], 23] - - ], P(zk)]]-

Note that Leibniz derivation of order 2 is a derivation and Leibniz derivation of order 3 are called pre-
derivation

A nilpotent Leibniz algebra is called characteristically nilpotent if all its derivations are nilpotent. We say
that a Leibniz algebra is strongly nilpotent if its any pre-derivation is nilpotent.

Denote by LDery(L) the set of all Leibniz-derivations of order k for a Leibniz algebra L and let LDer(L)
be the set of all Leibniz-derivations, i.e. LDer(L) = U,,cy LDer,(L).

Lemma 1.[5] The following statements are true

(1) If s,t € N and s1t, the L Dersy1(L) C LDer:1(L),

(2) for any k,l € N ,LDery(L)N LDer;(L) C LDerj4;-1.

From the previous lemma we have that any derivation of a Leibniz algebras is a pre-derivation (moreover,

Leibniz-derivation of any order). It implies that a strongly nilpotent Leibniz algebra is characteristically nilpotent
For a given Leibniz algebra L consider the following central lower series:

L'=rn, L[FM=[*L k>1

Definition 3. A Leibniz algebra L is called nilpotent if there exists s € N such that L* = 0.

In the following Proposition it is shown that any finite-dimensional nilpotent Leibniz algebra has an invertible
Leibniz derivation.

Proposition 1.[5] Every nilpotent Leibniz algebra with a nilindex equal to s has an invertible Leibniz
derivation of order [5] + 1.
Definition 4.A Leibniz algebra L is said to be filiform if dim L' = n — i, wheren =dim L and 2 <i <n.
Note that filiform Leibniz algebras a subclass of nilpotent algebras which nilindex is equal to the dimension
of the algebra. The following theorem decomposes all n-dimensional filiform Leibniz algebras into three families
of algebras.

Theorem 1. [1], [6] Any complex n-dimensional filiform Leibniz algebra admits a basis {e1,ea,...,en} such
that the table of multiplication of the algebra has one of the following forms:

[61,61] = €3, [ei,€1]:€i+1 2§i§n—1,

n—1
[61, 62] = Z ey + eenv

Fl(Oé4,...,Otn,9) =4

n
lej eal = > u_jioer, 2<j<n-—2.
t=j 42

le1,e1] =es, [e,el]l =eip1, 3<i<n—1,

F2(64a'~'7ﬂn;7) _ [@1,62] :tz:;lﬁteta [62562] = Y€n,

n
lej.eal = > Bijioer, 3<j<n—2.
t=j+2
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ei,e1] =eip1, 2<i<n-—1,

[
le1,e;] = —€i41, 3<i<n-—1,
F3(61,02,05) = { [e1,e1] = Oren, [e1,e2] = —e3 + Oaen, [e2, ea] = O3e,,
lei, ej] = —[ej, ei] € span < ejpjq1,...,en >,2<i<j<n-—1,
[eiseni1—i] = —lent1-irei] = a(=1)He,, 2<i<n—1.

where all omitted products are equal to zero and o € {0,1} for even n and o = 0 for odd n. Moreover, the
structure constants of an algebra from F3(01,02,603) should satisfy the Leibniz identity.

It should be noted that all non-characteristic nilpotent filiform Leibniz algebras were classified in [§].

3. k-derivations of filiform Leibniz algebras

In this section we give some results according to Leibniz-derivation of Leibniz algebras.

The next example presents 7-dimensional Leibniz algebra possessing only nilpotent derivations, but admits
non nilpotent pre-derivation.

Example 1. Let L be an 7-dimensional Leibniz algebra and let {e1,ez,...,e7} be a basis of L with the
following table of multiplication:

(omitted products are equal to zero). Using derivation property it is easy to see that every derivation of L has
the following matriz form:

0 0 a3 a4 as ag az
0 0 az ay4 as ag by
0 0 0 a3 a4 as ag
0 0 0 0 a3 ag4 as
0 0 0 O 0 ag a4
00 0O 0 0 0 a3
00 0 0o O 0 O

Any pre-derivation of this algebra have the matriz form:

ay ap a3 Gyq as ae ar
0 2a; as ay as bs bz
0 0 3a1 az+ar ag4—2aq Ce cr
0 0 0 4aq asz +2a1 a4 —4a; as + 10aq
0 0 0 0 5aq az + 3a1  ay — 6aq
0 0 0 0 0 6a1 as + 4a;
0 0 0 0 0 0 Tay

Thus, this Leibniz algebra is characteristically nilpotent, but is not strongly nilpotent.
In the next example we present strongly nilpotent Leibniz algebra.
Example 2. Let L be an T-dimensional Leibniz algebra and let {e1,es,...,e7} be a basis of L with the

following table of multiplication:
[e1,e1] = es,
[61‘761} = €41, 2 S 7 S 67
le1, ea] = ey,
[e;

ei,ea] = €iya, 2<0 <5,
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Any pre-derivation of the this algebra have the matriz form:

az a4 as aes arg

a3z a4 as b6 b7

0 0

0 0

0 0 0 ag a4 cg c7
0 0 0 0 a3 ag4 as
0 0 0O 0 0 ag ag
00 0 0 0 0 as
00 0 0 0 0 O

Thus, this Leibniz algebra is strongly nilpotent.
Consider the following n = 2k 4+ 1 dimensional filiform Leibniz algebra.

2<i<n-—1,
2<ji<n-—2.

FL0,....0) = { [e1, 1] = e [ei, e1] = ot
[613 62] = €4, [6_73 62] = €542,
Since F(1,0,...,0) is a filiform, the nilindex of this algebra equal to s = 2k 4+ 1. According to Propositionl
such filiform Leibniz algebra has an invertible derivation of order k& + 1. In the following proposition we describe
all Leibniz derivation of order k, i.e., its order is equal to [3].
Theorem 2. Any Leibniz-derivation of order k of (2k+1)-dimensional filiform Leibniz algebra F1(1,0,...,0)
have the following form:

0 0 a3 ais a1,k+1  G1k+2 01,43 a1k Q12k+1
0 0 a3 ais a1,k+1  O1k+2 (2,543 2,2k 02,2k+1
00 0 a3 aik  G1k+1 03 k43 a32k  03,2k+1
00 O 0 ai,3 ai,4 Q43 ak2k  Ok2k+1
00 O 0 0 ai,3 ai 4 a1,2k—1 012k
00 0 0 0 a3 aiok—2 Q121
0 0 0 0 0 0 a12k—3 Q12k—2
00 O 0 0 0 0 ai,4 ais
0 0 0 0 0 0 0 1,3 1.4
00 O 0 0 0 0 0 a1,3
0 0 0 0 0 0 0 0 0

Proof. Let P be a k-derivation of (2k + 1)-dimensional filiform Leibniz algebra F;(1,0,...,0). Put

2k+1

P(e;) = Z aier, 1<i<k.
t=1

Note that P([[[[e1,e1],e1],...],e]) =0, for any ¢ (3 <i < k).
By the property of k-derivation
P([[[[elv 61]7 61], .- ']7 ei]) = [[[[P(€1>7 61]7 61]7 - ']7 ei] + [[[[61, P(€1)], - ~], 61], ei] +.o.F

2k+1

+[[lex, ea], eal, - . ], P(ei)] = [ex, Z aiter] = ai1€ki1 + a; 20k 42,
=1

we have a;1 = a;2 =0, for 3 <i <k.
Considering the chain of equalities

Plepyr) = P([[[lea; er]s ea], - - s ea]) = [[[[P(e2), ea] e, - ] ea] + [[[[ea; Pler)]s - - s eals eal+

+HH€2,61LP(€1)], .. .]761} + ...+ [[[[62,61],61], .. .]7P(€1)] =

35



Leibniz-derivations of nilpotent Leibniz algebras 36
2k+1 2k+1 2k+1
Z aze, €1, el [[[e2, Z aiped,.. ] el el] +... +[[[[e2,en] € Z aier] =
2k 2k+1
= [[[az,1€3 + Za2,t6t+1; er], .. J,el] +[[lar,1es +arzeq en], .. Jen] ea] + ..+ [[[es, ], Z aie]
t=2
2k+1
= ((k—1ai1 +az1 +az2)ens1 + ((k = 1)ai2 + azz)enyz + Z a2,t—k+1€t-
t=k+3
we obtain
2k+1
Plexy1) = ((k—1)a11 +az1 +az2)ept1 + (B —1)ar2 + az3)erya + Z a2 t—k+1€¢-
t=k+3
Similarly, from the property of k-derivation
P({llei+1,e], .. | ea]) = [[Pleitr), ea], .. ea] + [[[eiv1, Plen)], .- | ea] + ...+ [[leirr, ea], . . ], Pler)]
for 2 <i <k —1 we have
k+2
P(ekyi) = (k— Day1ekti + (K — 1D)ag gepriv1 + Zai+1,t€k+t—1~ (1)
t=3

Now consider

Plezr) = P([[[lex+1, e1], er], -], ea]) = [[[[P(ex+1), ea], er], -], ea]+
+[[[[6k+1,P(61)], "'}761]761] +o T+ [[Hek+1,€1];€1]a -“]’P(el)] =

2k+1
= [[[[((k = Da1,1 + az1 +az2)ep+1 + ((k — a1z + az3)ext2 + Z azt—k+1€ts €1], el, .., en]+
t=k+3
2k+1 2k+1
([[en+1, Z a1, el + ...+ [[[lex+1, €1l e Z aie] =

=((k—1Da11+az1+az2)ean + (k—1)ai2 + a2 3)eany1 + (K — 1ai1ear + (K — 1)ar 2€9p41 =

= ((2k — 1)a11 + a1,2)ear + ((2k — 2)a1,2 + a1,3)e2k41-
Thus, we get
P(esr) = ((2k — D)a1 1 + a1,2)ear + ((2k — 2)a1 2 + a1,3)e2k+41-

Similarly, from

Pllena, ea], -l en]) = [[[P(era)s eals - ea] + [[lenya, Pler)]s -], ea] + o + [[[ert2, ea], -], Plen)]

we get
P(eakt+1) = ((2k — 2)a1 1 + as,3)e2k+1-
Now consider

P(H[[ekﬂv 62]7 61]7 .- ']a 61]) = [[[[P(ek+1)7 62], 61], .- '}7 61}4-
+[[[[ek+17 P(e2)]’ .- ']7 61}7 61] +.oF [[[[ek+1a 62]’ 61]’ .- ']7 P(el)] =

2k+1
= [[[[((k — Da1,1 + az21 + az2)ep+1 + ((k — a1z + az3)ext2 + Z ast—k+1et, el e, .. ], e+
t=k+3
2k+1 2k+1
llex+1, Z as,ietl, e, er] + ...+ [[[lex+1, ez, e Z aiier] =

=((k—1a11+az1+ az2)eant1 + as 1€k + a2 2e2p+1 + (K — 2)ar1€2541 =

= agea + ((2k — 3)a1,1 + a2,1 + 2a2.2)e2p41-
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On the other hand
Pllext1,e2],---,e1] = Pleagt1) = ((2k — 2)ar 1 + az3)eap1-
Comparing the coefficients at the basis element, we obtain

a1 =0, 2az2=a;1+azzs.

Similarly,
P([[[ek’ 62}7 .- ']7 61]) = [[[P(ek)veQ]’ .- ']7 61} + [[[ekv P(eQ)]v .- ']v 61] +...+ [Hekv 62]7 .- ']7 P(el)] =
2k—1
= ((k —2)a1,1 + a2 + arp)ear + (K — 2)a12 + ap pt1)e26+1 + Z Ak t—kCt-
t=k+3

On the other hand
P[[ek, 62], ey 61] = P(€2k) = ((2]{} — 1)&171 + a172)€2k —+ ((2k‘ — 2)0,172 —+ a1,3)62k+1.
Comparing the coefficients at the basis element, we obtain

(k+1)ai1 +ai2=ass+ark, kaiz+ a1z = agii1- )
ars =0, 3<t<k-—1, 2)

Consider the property of k-derivation

P([[[ehel]ﬂ .- ']761}) - H[P(el)7el]ﬂ .- ']761} + [[[elvp(el)}v' . ']761] .o+ [[[elﬂel]ﬂ .- ']7P(el)] =

2k+1 2k+1 2k+1

=1 arseneal,. ea] +[llen, Y avged,. . Joea] + .o+ [llenseal,.. ], Y anees] =

2k+1
= (ka1 + a1 2)ex+1 + ((k —1)ar2 + a1,3)ext2 + Z alt—k+1€t-
t=k+3
On the other hand,
2k+1
P(([fer,e1],- ), ea]) = Plers1) = (k= Dary + azo)ersr + (k= Dars + asg)enia + Y asiri1es
t=k+3

Comparing the coefficients at the basis element, we get
a2 =a11+a12 G2, =014 3<i<k+2
Similarly, from the equality

P({ller, e2], . Jseal) = [[[P(er), eal, - ea] + [[ler, Plea)]s L] + .+ [[ler, el ], Plea)] =

2%k+1
= (ka1,1 + 2a12)ept2 + ((k — 2)a1 2 + a1 3)ext3 + Z ai—ket
t=k+4
and
2k+1
P([[[er; e2, .- ], e1]) = Plexsa) = ((k — a1 + azs)erra + ((k — )ara + aza)erss + Z a3,t—k+1€t
t=k+4
we obtain

a3 = a1 +2ai2, a3z4=0a13—aiz,
a371+1:a17i, 4SZS]€+1

Now consider P([[[[e:, 2], e1],...],e1]) for 2 < i < k — 1. Using the property of k-derivation, inductively we
obtain

Pleryi) = P([[lles eals el ea]) = [[[P(ei), €2, - ], ea] + [[[es; Plea)), - Jyea] + o+ [[le, €2, - ], Pler)] =
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k+2 2k+1
= [[[(a11 + (i = Dar2)ei + (ars — (i = 2)arz)eips + Y ariivaer+ Y aiger,ea) el ] enl+
t=i+2 t=k+3
k42 2k+1 2k+1
+([[lei, (@11 + ar2)e2 + Zam@t + Z azed, .. ] en],en] + ..+ [[[[ei, e2],en], - ], Z a1 ed] =
t=3 t=k+3 t=1
k+4
[[(a11+ (@F—1)ar2)eiys + (a1,3 — (i — 2)a1,2)ei+3+ = Z ai —ieg, €1, .. .], e1]+
t=it+4
2k+1
+[[[[(a171 + a172)6i+2? 61]’ .. ']7 61]7 61] +...F H[ei-‘rQa 61]7 .. ']a Z al,tet] =
t=1
2k+1
= (ka1 +ia12)epti + (K —d)arz + ai3)eryit1 + Z Q1,t—k—i+2€t-
t=k+i+2

On the other hand, P(egy;) defined as the equality . Comparing the coefficients at the basis elements of
the previous equality and the equality we have

Giy154+1 = 01,1 + a2,

Qiy1iv2 = a1,3 — (1 — 1)ai 2,

aiy1, =0, 3<j <y, ®)
Qit1,j+i—1 = Q1,5, 4<i<k—i+3,

where 3 <i <k —1.
From the first two equalities of fori =k — 1 we get

apr =a11+ (k—1)are, appy1 = a3 — (K —2)ai .

From equality we have
apk = ka1, Gpr+1 = karo + a1 3.

From these equalities immediately we have a1,; = a1,2 = 0, which implies a;; = 0, a; ;41 = a1,3 for 2 <7 < k.
Corollary 1. Any Leibniz derivation of order k of (2k+1)-dimensional filiform Leibniz algebra F1(1,0,...,0)
is nilpotent.
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A problem with conditions given on piece of boundary characteristic and on the
line of degeneracy for a class of mixed type equations
Ruziev M. Kh.

Aralash tipdagi tenglamalarning bir sinfi uchun shartlar buzulish
chizig‘ida va chegaraviy xarakteristika bo‘lagida berilgan masala.
Magqolada aralash tipdagi tenglama uchun chegaraviy masala
o‘rganilgan. Masala ychimining yagonaligi ekstremum prinsipi
yordamida, masala yechimining mavjudligi esa integral
tenglamalar usuli bilan isbotlangan.

3adaua ¢ YcaosuAMU 3a0aHHBIMYU HA KYCKe 2PaHUYHOT Taparme-
PUCTNUKY U HA AUHUYL BBPOIACOEHUSA OAf 00H020 KAACCA YPAGHE-
HUl CMEUAHH020 TMUNGA.

B pabore msyuaercs kpaeBas 3a7ada JJisl YpaBHEHUS CMEIIAH-
HOrO THMa. EAMHCTBEHHOCTD pelleHus 33/1a4u JOKA3bIBAETCSA C
TOMOIIBIO TIPUHIUATIA SKCTPEMYMa, a CYIIECTBOBAHUE PEITEHUS
METOJOM MHTEI'DAJbHBIX YPABHEHUI.

1. Introduction and formulation of the problem

The initial fundamental results were obtained by F.Tricomi for the mixed type equation yu,; + uy, = 0.
After these works the theory of boundary value problems for mixed type equations was developed due to
A E.Holmgren,S.Gellerstedt, M.Cibrario, F.Frankl,A.V.Bitsadze, M.Protter and others.The existence and the
uniqueness of solutions of various mixed problems for mixed type equations in bounded domains were studied
by many authors, for instance see [2] Bl 6] [7} 10} [T}, 13]. Boundary value problems for mixed type equations in
an infinite domains were investigated in the works [3], 12} [15].

Let D = DT U D~ UI be a domain of the complex plane z = x + iy, where D7 is a half-plane yy > 0, D~ is
a finite domain of the half plane y < 0, bounded by characteristics AC' and BC' of the equation

Euy =0, (1)

(signy)|y|"™ uze + Uyy — %

outgoing from the points A(—1,0), B(1,0), and by the segment AB of the straight line y = 0, I = {(z,y) :
-l1<z<1l,y=0}1In m is positive real number.
Moreover, we introduce DE as a finite domain separated from D% by the arc AgpBg of the normal curve

7

(m + 2)R> 2/(mt2)

z2+4ym+2/(m+2)2:R{-RSxSR,OSyﬁ( 5

and with the points Ag(—R,0),Br(R,0).

In the further considerations we use the following notations:

L ={(z,y): —co<z < -1,y=0}, L = {(z,y) : 1 <z < o0},

Co(respectively, C1) is the point of intersection of the characteristic AC(BC') with characteristic outgoing
from the point E(c,0), where ¢ € I is an arbitrary fixed number. Finally, Dr = DJFE U D™, so Dp is a bounded
subdomain of the unbounded domain D.
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A problem with conditions given on piece of boundary characteristic... 41

Let p(z) € C'[—1, ] be a diffeomorphism that maps the interval [-1,c| onto [c,1], while we assume p’(z) < 0,
p(—1) =1, p(c) = ¢. As an example we may take the linear function p(z) = § — kx, where k = (1 —¢)/(1 + ¢),
§=2c/(1+c).

Problem B. Find a function u(z,y) in the domain D with properties:

1. function u(z,y) is continuous on any subdomain Dg of the unbounded domain D;

2. u(x,y) belongs to the space C?(D1) and satisfies Eq. in that domain;

3. u(z,y) is a generalized solution of the class Ry (7/(x),v(x) € H; some explanations for functions 7(z) and
v(x) are given below) in the domain D~ [I4];

4. it satisfies the relation

hm u(r,y) =0, y > 0,R?* = 2% + 4(m + 2) 2y (2)

5. u(z,y) satisfies the boundary conditions

U(xvy)‘yzo:@i(x)vxejivi:lvz (3)
w(@,y)lac, = ¥(z), -1 <z < (c—1)/2; (4)
u(p(z),0) = pu(z,0) + f(z),-1 <z <c (5)
and the conjugation condition
m/2 1 _a\—m/2
y1—1>n-|}0y Uy = yl_l)II_lO( y) Uy, T € I/{C}’ (6)

these limits may have at x = £1, x = ¢ a singularity of order less than one,

here f(x), ¥(x), ¢i(z), i = 1,2 are given functions with the following regularity assumptions
fx) € C[=1,dNCM(=L,¢), f(e) =0, f(=1) =0, ¢(z) € C[=1,(c—1)/2JNCH%2 (=1, (¢~ 1)/2), $(~1) =
i is a given constant, the functions p;(x) are expressed as ¢1(x) = (1 + 2)@1(z) and 902( )=(1—-2a)¢ (m
a neighborhood of the points x = —1, z = 1, and they satisfy a Holder condition on any interval ( , )

(1, N), N > 1. For sufficiently large absolute values of |z| they satisfy the inequality |¢;(z)| < M|x| , where
0, M are positive constants.

In the paper [§] above formulated the problem for equation (signy)|y|mum+uyy+%°uy =0,at -2 < f, <1
studied in an unbounded domain D.

Note that in the Tricomi problem the values of the unknown function at all points of the characteristic
AC : u(z,y)|ac = ¥(x) are given. We study the well-posedness of a problem in which, unlike the Tricomi
problem,part of the characteristic AC' is free of the boundary condition and this missing Tricomi condition is
replaced by an inner boundary condition with local shifting on the parabolic line of degeneracy.

2. Uniqueness for problem B

Theorem 1. Let p;(z) =0, i = 1,2, ¢(z) = 0,f(z) =0, 0 < u < 1. Then problem B has only trivial
solution.

Proof. The solution of the modified Cauchy problem with initial data u(z,0) = 7(x), z € I, lim (—y) ™ ?u, =
y——
v(z), x € I for equation (1)) in the domain D~ is given by the D‘Alembert formula [7]

7z — (2/(m +2)) (=) "2 + [z + (2/(m + 2)) (—y) " TI/?)
2

1
(—y) 2 / 2t (m+2)/2
D [ote 2™ @

’U,(.%‘,y) =

21
Satisfying (7) to condition (), after straight-forward calculations we obtain

X -1

T'(X)—v(X) =1 (2),)(6(—1,0), (8)

where we considered 7(—1) = 0, X = 2z + 1. Relation is the first functional correlation between the given
functions 7(x) and v(z) on an interval (—1,c¢) of the axis y = 0. We shall prove that if ¢;(z) = 0,7 = 1,2,
P(x) =0, f(z) =0,0 < u < 1, then the only solution of problem B in the domain DT U I UTU I is the trivial
one by virtue of condition .
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Let (x0,y0) be a point of positive maximum of the function u(z,y) in the domain DE. By virtue of ,
there exists for all Ve > 0 a radius Ry = Ro(¢) such that for all R > Ry(e) it holds

u(z,y)| <&, (z,y) € ArBr. 9)

Considering designation u(x,0) = 7(z), = € I, condition can be written as

T(p(x)) = pr(2) + f(2),2 € [-1,4. (10)

Hence, at * = ¢ (where f(x) = 0) we get 7(p(c)) = pr(c). Then, taking p(c) = ¢ into account,we have
7(c)(1—p) = 0, ie., 7(c) = 0. By the Hopf maximum principle [I], the function u(z,y) cannot reach its
positive maximum or its negative minimum in inner points of the domain DE. By virtue of 0 < p < 1, from
(L0) (where f(x) = 0) it follows that there are no points of extremum in the interval (¢, 1) of the axis y = 0.

Assume that the sought function takes its positive maximum and negative minimum in points of the interval
(—1,¢) of the axis y = 0.

Let (z9,0), 2o € (—1,¢)) be a point of positive maximum ( negative minimum) of the function u(x,0) = 7(z).
Then from [7], it follows

l/(l’o) < 0(1/(170) > O) (11)

On the other hand , due to the corresponding homogeneous correlation ( where ¥ (%) = 0) we have
v(zg) = 0. (12)

The inequalities and contradict the conjugation condition @ Therefore, zg ¢ (—1, ¢). Consequently,
there is no point of positive maximum (negative minimum) of the function v = u(x,y) in the interval AB.

Let R > Ry. By the Hopf maximum principle and the statements obtained above it follows (z¢, y0) U Az Br,
and by virtue of @ we may conclude |u(zg,yo)| < e. Consequently, |u(z,y)| < e for all V(z,y) € Df. From
here, due to arbitrariness of the choice of € and the choice R — oo we arrive at u(z,y) = 0 in the domain
Dt U UTUI,. Then

lim u(z,y) =0,z € I, hmy m/2y, =0,z € 1. (13)
y—+0

By using , the continuity of the solution in the domain DE and the conjugation condition @, after
reconstructing the unknown function v = u(z,y) in the domain D~ as the solution of the modified Cauchy
problem with homogeneous data, we obtain u(z,y) = 0 in the domain D~. Theorem 1 is proved. O

3. Existence for problem B

Theorem 2. Let p(z) = § — kx, where k= (1 —c¢)/(1+¢), 6 =2¢/(1+¢), 0 < u < 1. Then problem B has
a solution.

Proof. The solution of the Dirichlet problem with the conditions , and u(x,0) = 7(x), * € I can be
represented in the form

1

4 —1
u(a,y) = koy Mt/ /T(t)[(x —t)% + mymH] dt + Fi(x,y), (14)

21
where .
m 4 m
Bia) = k™2 [l =07+ gy
(m+2)/2/¢2 [(z —1) 24 y™ ] dt,
1 (m+2)
2
ko = (m+2)m "

After simple computations, from , we obtain

/T’(t)(x—t)|x—t|_2dt+<1>(x),x el (15)

-1

where
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A problem with conditions given on piece of boundary characteristic... 43

(I)(I) — lim y’% BF%(;,y) _ ]{3 (m+2) f p1(t)dt + f Apz(t)dt

(z—1)?

Note that (15) which holds on I is the second functlonal relation between the unknown functions v(z) and
7(x) brought to the interval I of the axis y = 0 from the upper half-plane.

Dividing the interval (—1, 1) into intervals (—1, ¢) and (¢, 1), we make the change of variables t = p(s) = §—ks
in the interval with bounds ¢, 1 . By taking into account we reduce relation (15)) to

v(z) = —k;gm;_Q /T’(t)(x—t)_ldt—/r’(t)(t—x)_ldt
—1 x

c

™02 [ s~ 2 7 s [ (ols) )7 (5)ds

—1

+®(z), for all x € (—1,c¢). (16)
By using @ and by eliminating the function v(z) from and , we obtain the relation
, m+ 2 [ T'(t)dt /c 7/ (t)dt /c T'(t)dt |
P+ | [TOE - [T [ T ) - R, (7)
—1 T —1

where
Fo(z) = ks m”f“““ ®(x) + (X5

)
/ 7 (s)ds + ko / / TS / t/(f)jt +p / Z)T(;()t)_di

-1 — —1 s -1

:/Fg s)ds. (18)

Equality (17)) we mtegrate along —1, z:

Next, let us consider the inner integral in

x):]ds /Ts—t /Ct/(i);h ' (19)

S

Calculating integral , we get

Ai(z) = / ;(7:)(? + / 71(72‘?. (20)

Now calculating the following integral

After some calculations we obtain

o . [ @A [ Tt P ()t
Bl(w)‘“_/ld_/lpu)—s‘ “k_/lpu)—ﬁ“’f_/lup(t)' 2y

Taking and into account, we rewrite as follows

m42 [/ 1 1
T(x) + ko 5 /(m—t+1+t)T(t)dt

-1

43



A problem with conditions given on piece of boundary characteristic... 44

C x

m+2 1 1
= kouk — tdt—l—/F s)ds.
32 [ (o=~ g 70+ [ A0
21 21
In view of -1 + o1 = — (1) 4,
p(t)l_z - 1+;(t) = (11_';@)) p(t;_x, taking into account ko = ﬁ we have
1] 1+z\ 7(t)dt  uk / 1+ T(t)dt
_ = F; 22
() 7r/<1+t> t—x 7 1+ p(t) p(t)—x+ 1), (22)
S1 S1

where Fy(z) = [ Fy(s)ds.
1

The integral operator on the right-hand side of is not regular, since the integrand has an isolated
singularity of first order on x = ¢, s = ¢, that is why this term has been singled out in . Assuming
right-hand side of as a known function, we rewrite this equation in the form

c

@) -1 [ (T5) 128 = o) (23)

s 1+t /) t—=
where .
_ Bk 1+2z T(t)dt .
go(x) = W_/1(1+p(t)>p(t)—x+Fl( )- (24)
Setting (1 + 2) 717 (x) = p(x), (1 + ) tgo(x) = g(x), we rewrite equation as
o)== [P0 yo)we (1.0 (25)

-1

We search for a solution of equation in a class of functions satisfying a Holder condition on (—1,¢),
remain bounded at x = ¢ and allowed to tend to infinity with order less than one at x = —1. The index x of
equation is equal to zero in this class. By applying the Carleman-Vekua method [9], its solution can be

found in the closed form .
1 C
o) Lfemn) [ o
ple) = =5 +27r<1+x> I
1 _

Hence,backward transformation leads to

1 1 t)dt
r(z) = 22 +—(1+x)%(c_g;)z/ _go(t)dt . -
2 2 i (C—t)4(1+t)4(t—.'17)
Now, by substituting into (26)),by virtue of the relation p(z) = §—kz , after straight-forward calculations
we get
pk 1+ 7(t)dt uk s i
= — — (1 4 — 1
() 2#/(1+5kt> P a—— 27r2( +x)*(c — )
r dt / 14+t d
X/ i i /<1+5 k )57(2) st+F2(x), (27)
Jole=t)TA+)i(t—x) —ks) 6 —ks—
where Fy(z) = FlT(’”) +L+ 2)ic—a)t [ Fy(t)dt

I =T (40 (t—a)
We rewrite equation as

C

Lk 1+2x T(t)dt uk 3

_ 1 (e

7() 2ﬂ/<1+5—kt>6—kt—w+2w2( +a)ie—a)
]

NG
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/ 7(s)ds (1 b\ T dt
F . 28
X/1+§ks/(ct) (tfx)((;fksft)—*_ 2(7) (28)
Z1 21
Further, in we calculate the inner integral:
AR dt
A =
(,5) /<c—t) (t—2)(0 — ks —1t)
1
[ 1
1 14+¢\* 1 1
5—k5—x/<c—t) (t—x + 5—ks—t>
c 1 c 1
B 1 /1+t4dt+ 1 /1+t4 dt
S —ks—x c—t) t—x d—ks—=x c—t) d—ks—t
-1 —1
=L (@) + ) (20)
e CAACE 2(Z,8))-
We calculate the
c 1 T 1
1+¢t\* dt 14+¢\* dt
Jl(l‘,s) = / + = hm{—/ + 1=
c—t) t—x e=0 c—1 (x—t) "¢
—1 -1
c 1
14+¢\* dt
() T R .
e
. — 1 1+t dt
We calculate: Jii(z,s) = *;l_%_j; (g) Tl
Changing variables t = —1 + (1 + z)o, after some calculations we obtain
1
— i @i TE)0E) (g 154, m)
Ju(, ) = 213% (14c)T  T(5+e) D04 T8 T )
where I'(z) and F(a,b,c; z) are Euler's gamma function and hypergeometric function [14].
Applying the auto-transformation formula [I4]
F(a,b,c;z) = (1 —2)"%F(c—a,c—b,c;2) to we get
(1+a) " (c—a) 3
Jll(xa S) = gl_r{(l] (1 T C)E
I'(3)T(e) 5 1+z
X—+—F e, 1+¢, - +¢; . 31
IL(2+¢) ( 4 1+ c> (31)
Now we calculate: .
i ()Tt
et | (26)
Changing variables t = z + (¢ — x)o, we get
_ Qi ) TEI(3) ( 13, _)
Jio(z, s) = gl_rg(l) P ) Fle, —3,5+5 )
Using the formula [I4] F(a,b,¢;2z) = (1 — 2)"°F(c — a,b,¢; 727 ), we obtain
1
. (4ot TET(F) (3 13 c-ux
J12(.’,E,S)711H1 c F 4’ 454+€a 1+¢ . (32)

e—0 (C—x)i76 T (% + )

Now substituting and to , we get

. (1+z)i(c—a) 1 I'(3)I(e) 5 1+a
Ti(x, ) = lim{— Flel4e24e-—"2
1(@,8) = lim{ (1+0) T(2+ shregteTe
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Applying the Bolz’s formula [14]

()T (c—a—10)

Flabei2) = 5= om0

F(a,bya+b—c+1;1—2)+
T(e)(a+b—rc)

I(a)T'(b)
to the first summand in the right-hand side of and

using the auto-transformation formula
F(a,b,¢c;2) = (1 — 2) % PF(c — a,c — b, c; z) we convert it to the form

. e 1 1 3 13 -z

(1—2)° %P F(c—a,c—bc—a—b+1;1—2),

It is easy to see that

lim <FF4(2) L & 1_€)> [(e)=—m.

In view of formula and F (a,b,b;z) = (1 — 2)~* we rewrite equation in the form

Jl(x,s):/c(l-f'b‘)‘l‘ o e—n) i1 +a) —F(i)l“(—i).

W=

c—t t—x
R
Further, we calculate the integral Ja(z, s) = j; (ii‘;) 57%2%.
Changing the variable t = —1 + (1 4 ¢)o after some calculations, we get

F1en\t
JQ(z’S):/(c—t> S—ks—t

-1

_ _ N EA N EAV R
=14+c)(6—ks+1) F<4 r 1 F 4’1’2’5—ks+1 :

Further, applying the auto-transformation formula, we obtain

/ 1+t T dt _3
Jg(x,s)/(c_t) 6_ks_t:(1+c)(5—ks+l) 1

—1

_1 5 3 3 1+c¢
vt () (3 r (B tre ).

Now, substituting expressions from and in , we get
1
4
1

3 1 5 3
. — - § —oir(2)r(2
+5—k3—x( +c)(0—ks+1)"2(0 —ks—c)” (4) (4)
3 1+c¢
F (G2t
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Az, s) = ﬁ <7T(c o) i1t a)i-T <i) T

—~
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By virtue of , we write equation as
(& 1
wk 5 1 3/ 7(s)(c—x)*
=——"B(Z,-2)(1 d
(@) = =5 (4’ 4> R O i oy 7y e
-1
c 3 1
uk 5 3 / 7(s) 1+ 4 c—x
—B(-,-](1
+27r2 (4’4>( +e) 1+6—ks\1+0—ks 6—ks—c
-1
1 3 1+¢
—F | -,1,2 ———— | ds + Fy(x). 39
S _ks—a (4’ ’ ’6—ks—|—1) s+ (@) (39)
Further, by virtue of (§ — ks — ¢)i = ki(c — s)3, we rewrite equation in the form
K (53 For(s) 14z \} ;
iz T(s x c—z
7(2) 272 <4’4)( +C)/1+5k5(1+5ks) (cs)
1
1 3 1+c¢c
—F(-,1,2;————— |ds+ R F: 40
ks (4’ ’ ’5ks+1) s Rl + B, (40)
where " -
I 3
R[] = —%B (47—4) (1+z)1x
¢ 1
— 4
et
(140 —ks)(0 — ks —x)
21
is a regular operator.
By extracting the characteristic part in this equation and applying the formula [I4]
F(a,b,c;1) = %, we reduce equation to the form
,ukfk\[ c—x 7(s)ds
F: 41
/(_) T Rl + o) (41)
where .
pkiB (3, 1) / c—a\*_ 7(s)
Rlr] = Bl 272 c—s) 6—ks—ux
21
3
1+¢ 1+ a 3 14+¢ 3
F(-,1,2, ——— | —-F(-,1,2,1) | d
X<<1+6—ks> (1+6—ks> (47 ’ ’1+5—ks) (4’ . >> s
is a regular operator
By virtue of k = 1 +u 6= fjc we rewrite equation as
c 1
kiy2 —z\* d
7(z) = r 4\[/(6 x) 7(5)ds + Ry[7] + Fa(z). (42)
2T 7 cC— S (C—S) k—|—%>

After making the change of variables z = ¢ — (1 +¢c)e %, s = ¢ — (1 + c)e™*

p(&) =7(c—(1+ 6)6_5)6_%5, we rewrite as

(&) = r + Ralp] + F5(6),

Mﬂxf/
—Fe*T

where Ra(p) = Ri(r)e 8¢, Fy(€) = Fale — (1+c)e$)e ¥,

47

and introducing the notation

(43)
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Introducing K (£) = ——, we rewrite equation as
ke2+4e” 2

3
1

) =2 [ (e pyan + mato) + B (14)
0

2

The integral equation is of Wiener-Hopf [4] and can be reduced by Fourier transform to a Riemann
boundary value problem. The functions K(£) and F3(§) have exponential order decay at infinity. Moreover,
K/(f) € C(0,00), FS(&) € Hla<ovoo)

Fredholm theorems for integral equations of convolution type only hold in the special case where the index
of these equations is zero. The index of equation coincides with that one for the term

pkiv2

1————K"(¢) (45)
27
with opposite sign, where
T et
K"¢) = / _— 46
©= [ (40)
By the aid of residue theory calculating the Fourier integral (46)), we have
A _ ge—i€ink
K (5) " Vkch(r€)”

Now let us calculate the index of the term. Since
Re Mkfﬂ.ﬁK/\(é) _ Mk%ﬂwcos(glnk) o Mk%\/ﬁcos(glnk) < Mki\/i

27 Vkch(m€) 2 ch(ng) —
3
then Re (1 - ’WKA@)) > 0. Consequently,

<1,

3 o0
Jm [ 1— sk IVZ A (g))

3
Re(l—%fw(@)
— 00

Therefore, the integral equation can be reduced to a Fredholm integtal equation of second kind, whose
unique solvability follows from the uniqueness of the solution of Problem B. Theorem 2 is proved. |

=0.

3
Ind (1 - WKN&)) = 5= |arctg
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