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RESUME

This work deals to the study an inverse problem for the loaded degenerating fractional order diffusion
equation with involution perturbation. The existence and uniqueness theorem of solutions to the
formulated problem was proved.
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1. Introduction

In this paper, we consider an inverse problem for a degenerating diffusion equation with Rimann-Liouville type
derivatives involving involution. This inverse problem is close to that investigated in [1, 2|. Together with the
solution it is necessary to find an unknown right-hand side of the equation. Unlike the above the mentioned
works, considered equation contains the fractional time derivative and an involution with respect to the spatial
variable. The conditions for over determination are initial and final states. In work [3], by authors was considered
a process that is so slow that it is described by an evolutionary equation with a fractional time derivative. Thus,
this process is described by equation

tPDeD(x,y) Py (, 1) + ellyp(—2, 1) = f(z),

in a rectangular domain. Here, f(z) is the influence of an external source that does not change with time;
a+ 6 >0; t =0 is an initial time point and ¢t = 7" is a final one; and the derivative Dy* is a Caputo derivative.

Different problems for the equations with involutions have been studied by many authors, as A. Ashyralyev
[4], M. A. Sadybekov [5], A.Andreev [6], M.Sh Burlutskayaa [7] and others. Concerning inverse problems for
heat equations, some recent works have been implemented by M. Kirane, B. Samet, B.T. Torebek [8], N. Al-
Salti, M. Kirane, B.T.Torebek [9], B.T. Torebek., R. Tapdigoglu [10], B. Ahmad , A. Alsaedi, M. Kirane., R.G.
Tapdigoglu [11], B.Turmetov, B. J. Kadirkulov [12] and others.

As far as we know, direct and inverse problems for a degenerating loaded diffusion equations with
involution, including fractional derivatives, have not been investigated before.

In this work, we state an inverse problem with the Dirichlet boundary conditions for a degenerating loaded
diffusion equation with Rimann-Liouville type derivatives involving involution, in rectangular domain. We seek
formal solution to this problem in a form of series expansions using orthogonal basis obtained by separation of
variables and we also examine the convergence of the obtained series solution. The main result on existence and
uniqueness are formulated in a theorem in the last section of this paper.

Let J = [a,b], (—00 < a < b < o) be a finite interval on the real axis R.

Definition 1.[13] The Rimann-Liouville fractional integral Ig, f of order o € C  (R(a) > 0) is defined by

(g4 f)(@) = F(la) /: (zﬂtgﬁta, (x>a; R(a)>0).
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Here I'() is the Gamma function.
Definition 2.[13] The Rimann-Liouville fractional derivative Dy, y of order o € C  (R(ar) > 0) is defined by

D) = (1) o) -

:I‘(nl—a)(jx> /j(x_y%)jtw (n=R@]+1; z>a)

Definition 3.[13] A function of generalized Mittag-Leffler type is a function defined by the series

aml § Ckz

with

(keN), «a,leC, meR.

Here I'(«) is the Gamma function.
Proposition 1.[15] For every « € (0,1], m >0, I >m — 1/« and > 0, one has

1 1
S EBami(—2) < ——577—
P(A+a(l—m)) @M, T(1+al)
L+ Favat-mian L+ Figagsm
We consider
(D& u)(t) = Mt —a)’u —I—Zfrt—a (a<t<b< o), (1)

where A\,8 € R and f,,u, € R (r=1,...,k) are given real constants.
Theorem 1.[13| Let n—1<a<n (neN), f>-a, pu-€R (r=1,..,k) besuch that

pr>—1—a, pp#j (.7: 1a~~'a[a]+1; T:]-v"'vk), (2)

G+D(a+8)+pu-¢2- (r=1,...,k jeNp), (3)

(1) equation (1) is solvable in the space Ijoc(a,b) if there exists a j € {1,...,k} such that u; < —c and in the
space Bjoc(a,b) if p,. > —a for all r € {1, ..., k}. Furthermore, there is a particular solution of the form

I'(u o N
=X et + 1) (t = @) Ea v pjans s /a (ME— @) ) (4)

r=1

(ii) if 8 > —{a}, then the general solution to the question (1) is given by
u(t) =3 ¢;j(t = a)* 7 Ea148/a,14(8—i)/a (A(t - a)“‘“”) + uo(t), (5)

where ¢; (j =1,...,n) are arbitrary real constants.

2. Statement of problem

Consider the diffusion equation
D& u(z,t) — artPup,(z,t) + agtPup, (—2,t) + bru(z, to) + bau(—x, to) = f(x), (x,t) €Q (6)

where D§; is Rimann-Liouville derivative, «, 5 a;, b; (i = 1,2) are nonzero real numbers such that, 0 < a <
1, a+8>0,a; >0, |az] < a; and Q is a rectangular domain given by Q = {(z,t): -l <a <l, 0<t<T}, tg
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is any fixed number, and that ¢y € (0,7"). Our aim is to find a regular solution to the following inverse problem:
Problem IP. Find a pair of functions u(z, t) and f(z) in the domain (2 satisfying equation (6) and the conditions

lim Dg; V(e 1) = p(a), u(e, T) = (@), =€ [-1,1) (7)

u(=l,t) =0, wu(l,t)=0, tel0,T], (8)
where ¢(z) and (x) are given functions, ¢(z),%(z) € C3[—1,1], and that

P (=) =9'(1) =0, (i=0,2).

3. Solution method

Here, we seek solution to problem I P in a form of series expansion, using a set of functions that form orthogonal
basis in Ls(—I,1). To find the appropriate set of functions for the problem, we shall solve the homogeneous
equation corresponding to equation (6) along with the associated boundary conditions using separation of
variables.

3.1. Spectral problem

Separation of variables leads to the following spectral problem for IP
a1 X"(z) — ae X" (—2) + \X(z) =0, X(-1)=X(I)=0. (9)

The eigenvalue problem (9) are self-adjoint and hence they have real eigenvalues and its eigenfunctions form a
complete orthogonal basis in La(—1,1) [15]|. Eigenvalues are given by

Ak = (a1 + ag2) (776)2, Ao = (a1 — a2) (7“2];_1)>2, keN, (10)

and the corresponding eigenfunctions are given by

m(2k — 1)

TR ke N. (11)

. 7wk
Xqp =sin —x, Xop = cos

l

Lemma 1. The system of functions (11) are complete and orthogonal in Lo(—I,1). This lemma was proven by
E.I. Moiseev [16].

Since the system of eigenfunctions (11) is complete and forms a basis in La(—I, 1), the solution pair u(z,t) and
f(z) of the inverse problem can be expressed in a form of series expansion using the eigenfunctions.

3.2. Existence of solution

Here, we give a full proof of existence of solution to the Inverse Problem IP. Using the orthogonal system (11),
the functions u(z,t) and f(z) can be represented as follows

t) = kz::l u1(t) sin WTkx + ; uag(t) cos %x, (12)

Zflksnl 9€+Zf2kCOS (2];[_1) z, (13)

where the coefficients w1 (t), uar(t), fir and fo, are unknown. Substituting (12) and (13) into equation (6), we
obtain the following equations relating the functions u(t), usg(t) and the constants fix, for :

D&k (t) + MptPurp(t) = fix — (b1 — ba)urk(to), (14)
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D((JXtUQk;(t) + )\thBUQk(t) = fgk — (bl + bg)ng(to). (15)

Solving Cauchy problems for these equations with initial data
lim D, tug(t) =
lim Do unr(t) = ek,
: a—1 _
lim DG, ugk(t) = o,
respectively, we get (see Theorem 1)

Wlkta_l

urp(t) = WEQ L4814t (=Mt P) +

+ (f1k lfzibzlllk)(to))ta Bppiongs (= Agtot?) (16)
Uk (t) = %Ea,uﬁ,uﬂl (= Aot ™) +

n (for —lf?((lb)fi/;(to))ta Bypians (“hant™®). (17)

2
Here >\1k = (a1 +a2) (7er)27 /\Qk = (a1 70,2) (%{1)) 3 61(b) = b1 71)2, Eg(b) = b1 +b2 and the unknown

constants fi, far, are to be determined using the second condition in (7), and uix(tg), uak(to) are unknown
constants which also required to determine.

Let @k, ik, 7 = 1,2 be the coefficients of the series expansions of ¢(x) and ¥ (x), respectively, i.e.,

1! k 1 2k — 1
V1 = 7/ o(z) sin 7rTxd:c, Yo = 7/ o(x) cos %xdm,
-l

l
Y= [ lw(wsin%kxdx, o = / vy cos "D g,

Then, the second conditions in (7) leads to

Ta
(fur — El(b)ulk(tO))mEa,Hg,Hg (AT =
Ta—l
=1 — @1kmEa,1+§,1+% (=AipTH7), (18)
«
(for = 82(b)uzk(t0))mEa,1+g,1+g (— Ak TFP) =
a—1
= thoy — QDkaEa’l_i_g’l_i_% (=M ToHPY (19)

Considering, E, |, 5 1,5 (—)\Z—kTO‘*ﬁ) >d>¢e, 1=1,2 (see Proposition 1), from (18) and (19), respectively
we obtain o0

o= 1

Y1k — P16 Tay INE) Eo¢,1+§71+f*%1 (_’\M’Taw)

Jik — e1(b)urr(to) = = , (20)
7F(£+1) Ea’1+g’1+§ (—)\UcTOH-ﬁ)
Yok, — pak TF%IEQ 148 1481 (=ApTHF)
for — e2(b)uai(to) = Ta ) el s " (21)
T(a+1) Ea,1+§,1+§ (= A2 T )
On the other hand, from (16) and (17) we find:
(to) — e e - Ait§ TP
U1k (To <P1k 1"( Y a1+ 8 14 2L ( 1k )
Jie —e1(b)ur(to) = Z ) (22)

te a+p3
F(a0+1)Ea,1+§,l+g ( Alkt )
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to ! a+p3
ugk (to) — 302kp( yBa 1481482 ( Aokt )

for — e2(b)uzi(to) = - pve (23)
F(TOH)EQ,H%HQ ( A2ito )
Solving these set of algebraic equations (20)-(23), we get
ta—l o
uik(to) = %Emwg,w% ( A1kt +ﬁ) +
a—1
Sz oy Far gas a2 (™), (~huntg ™) (24)
. 8 1.8 ,
T*E, 48142 (=ApTth) 0 014514 1k
to o
uz(to) = %EQ,HQH%( A2ito +ﬂ) +
a—1
Vo o Pay g apop (FAT) (—2art™?). (25)
: B B 2k
TeE, 18148 (= Ao T HF) 0 el l4s
Hence, substituting uyx(to) and wuay(to) into (20) and (21), we find
Y1k — Solk%Ea,Hé,H% (A T*7)
1k — To o
atD) Lot 2142 (FAT +8)
e1(b)tg o purer (b)iG " o
(14 s paeg (o)) + BB () )
and .
Vot — P21 Ty By 2145t (FAa 1Y)
2k — To o
WEOLJ‘F%,I‘F% (=AaxT+7)
e2(0)tg a Parca(b)tg " a
(1 + ﬁEa,ug,Hg ( Aaklg +ﬂ) + T)OE%H%H% (—Azktoﬂi) . (27)
Further, taking (16),(17) and (20),(21) from (12) we get
<P1kta 1 8\ . Tk
Z B, 481421 (FAt*P) sin—-a+
> wk
« -t .
+ ; Cypt Ea’1+g’1+g (—)\Ugt B) SZ’I’LTZ‘—‘r
to‘ 1 2k — 1
Z SD% E, A+ 1481 (_)‘Zktaw) COSW(T)“'
> m(2k — 1
JrZCthaEa’Hg,l_‘_g (f)\gk.twrﬁ) cos%z (28)
k=1
and from (13),(26) and (27) we get
Tk 2k — 1 - 2k — 1
Z Flksm gc + Z Fsin— ;7 + Z ngcos%m + Z Fz*kcos%m (29)
k=1 k=1 k=1
where oy
o Y1k — SplkTF(T)Ea,Hé,H% (=AT+7)
" ToEy1v2 148 (ZArTo*P) 7
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a—1

Yan — ‘PQka(T)Ea71+§7l+% (—haxT*7)

2k — )
TeE, 1 8,148 (= Ao T +hR)

and
Fi, = Chi (F(a +1)+ 51(b)t8‘Ea,1+§,1+§ (,Alktgwrﬁ)) ’

b ta—l
Fl*lc _ <P1k€1( ) o p

a+p
T'(a) o 1+8, 1455 (‘Al’“to )

Fy, = Cop, (F(a +1)+ 82(b)t8Ea71+g71+§ (w\%tgw)) ’
1

_ parea(b)ty” B

* +8
2= ") ol 3o+ (‘A%tg )

3.3. Convergence of series

In order to justify that the obtained formal solution is indeed a true solution, we need to show that the
series appeared in t1=%u(x,t) and f(z) as well as the corresponding series representations of t'~%u,, (z,t) and
D§,u(x,t) converge uniformly in 2. For this purpose, let

PO (1) =pD(1) =0, i=0,2,
Hence, on integration by parts, @, ¥ir and Ci, Fi (i = 1,2) can now be rewritten as

_ _ et ),
Pik (7T]€)4 Pir s P2k (7‘(‘(2]{ — 1))4 Por 3

I 160* ).

Vi = Wﬂflk» Yo = m ok

where l l
1 k 1 2k —1
sﬁﬁ) = 7/ cp(4) (x)sinw—xdx, ng’? = 7/ @(4) (x)cosuwd%
L) l ) 21
1/t k 1 /! 2k — 1
Yllc) = j/ll/’(él)(x)sm%xdx, 5‘}2 = l/lw(4)(ai)cos7r(2[)a:dx.

Easy to prove that, the series representations of t!~“u(x,t) and f(z) converge absolutely and uniformly in the
region ). Actually, considering

4 4) pa—1 N
O = A & - ‘ng)TF(a) Eogiys 181 (=AwTtF)
1k (7Tk‘)4 TaEa71+§,1+§ (7)\1kTa+ﬁ) )
4 4) pa—1 N
Cor — 1614 viy — @(Qk”l:(T)Ea,Hg,H% (—=AakTP)
T w2k + 1) TeE, 5.2 (=AapTFF) ’
l4 «@ a+B
Iy = W -Chg (F(OL + 1) +e1(b)tg Ea)1+§)1+g (—Alkto )) ,
. 14 (p("lc)el(b)tg—l s
Flk = (7rk)4 . I“(a) Ea,l-ﬁ-g,l-‘r% (7A1kt0 > s
l4 «@ a+8
Fo, = (7r]<;)4 - Co (F(Oz + 1) + Ez(b)to Ea11+§’1+§ (—)\tho )) ,
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4 a—
16[4 . (pék)52(b)t0 1E B B—1 (
(W(2k+ 1))4 P(Oé) a1+ 5,1+ 5+

and estimations
4 " 4
MGG,

<
‘Clk| >~ (7_[_]{)4 )

1614 (Cz : (wé‘,?( + - ‘wgi) D
IOy Ea—

|Cax| <

4

! o
1Fitl < oyt 10wl D@+ D 4 @10 By e18 (—hant ™)

1614 N .
(m(2k — 1))+ |Car] ‘F(O‘ +1) +eaDgE, 118148 (_Azkt()*B)

)

| For| <

b

4 4
l4 ’90(1]3 F* . 16l4 ‘@ék)
[ Foel < ca- (2 —1))*

owing to ’E (—)\iktO‘*ﬁ)’ < W < ¢y, 1= 1,2 (see Proposition 1), from (28) and

8 9, 8-1 <
o145, 1453 I+ raagsy Aintots

(29), we find

1o, 1) < i It (cl : \w%‘,?\ jzﬁ(:;jrcf) : ‘s@%ﬁ‘) < 161* (CQ : (w%:(’; (_0012);@) : ‘Lpg?))

k=1

and

)] < i 4 <|Olk| ‘F(a +1) + Sl(b)tSECE;Z)%HZ (_)\lktg-s-ﬂ)’ ¥ s ‘(pgi)D .
k=1

o 161 (o) [T(a+ 1) + 220§ By gy 2 10 (—dants ™) [+ a0l
(m(2k — 1)) ’

k=1

where
(_)\ikTa-‘rﬁ)

(—=AipTt5)

1 Ea,1+§,1+—5;1

TT(a)E

*
’ ¢ =

‘= |Tep W) ’

o 1+L 1+ 2 o 1+L 1+ 2

8i(b)t8_1 E

Cit2 = () al+8 1482 (_

Aiktg”ﬁ)' S i=1,2

The convergence of the series representations of +1~%u,,(x,t) which are obtained by term-wise differentiation
of the series representation of t!~%u(z,t) can be shown in a similar way:

o 12 (1 [0l | + (o, + ) - [0})])

m
tl_o‘um(x,t) < sin —ax| +
| | ; (k)2
o 412 (e |05 | + (o, + ) [e8]) | man— 1)
"2 (n(2k — 1)) R

Finally, owing to class of functions t'~“u(x,t) and f(x), from the absolutely and uniformly convergence
of the series representations of wu(x,t), f(r) and t'~%u,.(x,t), in the domain 2, we conclude that a series
representations of Dg,u is absolutely and uniformly converge also, in the domain (2.

10



Acta NUUzZ EXACT SCIENCES Ne2 /2, 2025, 4-13

4. Uniqueness of solution

Suppose that there are two solution sets {uy(z,t), fi(x)} and {ua(z,t), f2(x)} to the Inverse Problem I P. Denote
u(x,t) = uy(z,t) — ua(z, t),

and
f(@) = fi(x) = fa(@).
Then, the functions u(z,t) and f(x) clearly satisfy equation (6), the boundary conditions in (7) and the

homogeneous conditions
lim Dg tu(e,t) =0, w(z,T)=0, z¢€l[-1,1. (30)

t—+0
m(2k—1)

If (x) = ¢(x) = 0, then due to completeness of functions sinﬂTkx and cos x, we get i = i =0, (i=
1,2). Hence, from (24) and (25) we infer, that u;x(to) = 0, respectively. Similarly, from (26) and (27) we obtain
fik =0, (i=1,2),

Let us now introduce the following:

Q.={-l+e<z<l—cge<t<T—c}, e>0,

uik(t) = }/_:; u(z,t) sin FTkaJd% keN, (31)
ugk(t) = ;/_:i u(z,t) cos 7T(%l_l)xdac, keN, (32)
fik = ;/_ll f(z)sin 7TTkacdx, k€N, (33)

for = }/ll f(x)cos 7T(%l_l)xdac, keN. (34)

Note that the homogeneous conditions in (30) lead to

1 a71~ = . — ) —
tl_1>rJIrloD0t wip(t) =0, ux(T)=0, i=12.

Assume that u,, € C (), and

k k k
lim w,(z,t)sin ¢ = lim Uy (2, 1) sin e =lim Ug(—2, 1) sin D= 0,
z——1 l z—1 l z—l l

applying the Rimann-Liouville differentiate operator to equation (31), we get
Duan(t) =
1

l—e

k

=7 / (a1tﬂum(x, t) — agtPugy (—x,t) — biu(z, tg) — bou(—z, to)) sin %xdm + fik,
—l+te

which on integrating by parts and using the conditions in (7), at € — 0 reduces to
Dgutg(t) = Agurr(t) —e1(b)urr(to) + fik, 0<t<T.

One can then easily show that this equation together with the conditions thIEo D& urg(t) = uig(T) = 0 and
—

uig(to) =0, fig =0, imply that uy(t) =0, for t € (0,T].
Similarly, for us, and fo as given in (32) and (34), respectively, one can show that tlirJIrlo Dg‘flugk (t) =0, for
—

t e (0,7].
Therefore, due to the completeness of the system of eigenfunctions (11) in Lo(—1,1), we must have

fy =0, t'""u(z,t)=0, (z,t)e.

This ends the proof of uniqueness of solution to the Inverse Problem IP.

11
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5. Main result

The main result for the Inverse Problem IP can be summarized in the following theorem: Theorem 2. Let
p(x),¥(z) € C[=L,1], oW (x), W (2) € Li(=1,1) and oV (1) = (1) = O (=) = (1) =0, i=0,2.

Then, a unique solution to the inverse problem IP, exists and it can be written in the form

° 14 a— 1
<p1kt 18\ . wk
Z:l Tk)AT ( £, B (_)\Ucta )sme-i-
0o (4) (4) 71 -
+zl4< A g Cur)
k=1 (TE)TE, 15 148 (—ApTHP) a1+ g1+

k
—x\lkto‘+ﬁ) sin%z—k

S (AR m(2k — 1)

E I
2 ok — )iT(a) ot (St cos ==
4 4 a—1 N
+i 160" (052 = o6 Ty g e (T +B)>taE (=Agpt® ) cos™2E 1)
k=1 (m(2k = )ATE, | 5 1, 5 (=AxTHF) o188 (TA2 cos—

and

4 4) po—1 o b)t a
B oo [ ( gk) - (p(lk)jll(a) Ea,1+§,1+% (*/\UcT +ﬁ)> (1 + ls“l(gw)rlo) E, d+E142 (7)\1”0“3)) Tk

T o - 8tn—T+
k=1 (Wk)4mEa,l+§,l+g (_)\lkT +ﬂ) l
(4) —1
<,01k ex(b 8\ . 7k
+ (k) 4F Ea 14814821 ( )\1kt0 ) smT:m—

oo (4) (4) po? 2(b)tg a+p
+> o ( ~ Pax WEa 14214621 (_A%T(HB)) (1 + Farh) Pari 2142 (_)‘2”0 ))
(m(2k —1))* F(a+1)Ea,1+§,1+g (A TH0)

k=1
m(2k — 1)
o T+

X

X oS

w(2k — 1)
a

o
6[4 £ bta 1 X
21 ;sz b, e (Aant§ ™) co

2
where A1y, = (a1 + az) (ﬂTk)27 Aok = (a1 — a2) (%) :
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REZYUME

Ushbu ish involyutsiya bilan buzilgan kasr tartibli diffuziya tenglamasi uchun teskari masalani
o‘rganishga bag‘ishlangan. Qo‘yilgan masala uchun yechimning mavjudligi va yagonaligi teoremasi
isbotlandi.

Kalit so‘zlar: Teskari masala, buzilgan kasr tartibli diffuziya tenglamasi, involyutsiya, yechimning
mavjudligi va yagonaligi, qatorga yoyish.

PE3IOME

Jannas paboTa MOCBAIIEHA U3YIEHUIO OOPATHONW 3a7a9M JjIsi HATPYKEHHOT'O BBIPOXKJIAIOIIETOCS
JPY3UOHHOIO ypaBHEHUsI JPOOHOTO MOPs/IKA C BO3MYIIEHHEM WHBOJOTHBHOrO THia. JlokasaHa
TeopeMa CyIIeCTBOBaHUSI U €IMHCTBEHHOCTH perieHusi chOPMyJIMPOBAHHON 3a1a4u.

Karoueswie caosa: ObparHbie 3aja4uu, HarpykeaHoe nuddy3uoHHOe ypaBHEHNE JIPOOHOTO MOPSiI-
K&, BO3MYIIIEHUE WHBOJIIOTUBHOTO THIIA, CYIIECTBOBAHNE U €IMHCTBEHHOCTh DEIEHUs, PA3JIO2KEHUE B

pAn.
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