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RESUME

In this article, the theorem of de Thélin and Dinh stating that the support of measures with large
entropy for endomorphisms lies in the Julia set is proved by a new method, via the rate of convergence
to the equidistributed measure.
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1. Introduction

The study of the dynamics of holomorphic endomorphisms of complex projective spaces P¥ := P*(C) is
a central topic in complex dynamics, see for instance |7, 12| for an overview of the subject. Let f : P* — P* be
an endomorphism of algebraic degree d > 2. There exists a canonical positive closed f*-invariant (1, 1)-current
T, called the Green current of f, with the property that the sequence d~"(f")*wq converges to T for every
smooth positive closed (1, 1)-form wqy of mass 1. The current T has strong geometric properties, in particular, it
has Holder continuous potentials. As a consequence, the measure p := T/* is well-defined, and it is the unique
measure of maximal entropy klInd of f [2, 10]. Its support is called the Julia set of f. By a result of de Thélin
and Dinh [8, 9], every ergodic measure whose measure-theoretic entropy is strictly larger than (k—1)Ind is also
supported on the Julia set of f.

Theorem 1. Let f be a holomorphic endomorphism of algebraic degree d > 2 of P*. If v is a f—invariant
measure with entropy h,(f) > (k—1)Ind then the support of v is supported on the Julia set J.

The proof given in [8, 9] of the above property crucially relies on the existence of the Green current. In
particular, it follows from a delicate induction which makes use of the successive self-intersections TV of the
Green current 7. In this paper, we provide an alternative proof based on the rate of convergence towards the
measure of maximal entropy.

2. Preliminary notions and a proof of Theorem 1.

Let w be the Fubini-Study metric on P*. The distance dist which we use below is with respect to the
Fubini-Study metric. Let us recall some notions and definitions which we use in sequel. Let f : P¥ — P* be
an endomorphism of degree d > 2 and v be an ergodic f—invariant probability measure on P*. For n > 0, the
Bowen metric defines as follows:

_ e j
o) = | max | dist(f7(2), £ (w)).
For z € P*, let
Bpn(z,7) :={w € P* : d,,(z,w) <7}

be the closed ball of radius r with respect to d,,. Then, the quantity

1
sup liminf —— Inv(B,(z,1))

r>0 N—00 n
takes a constant value ¢ = ¢(f,v) v-almost everywhere. We then define the metric entropy h,(f) of v (with
respect to f) as h,(f) := c. It is easy to see that h,(f) > 0. As we mentioned above, the Green measure p is the
measure of maximal entropy klnd for f. An ergodic f—invariant probability measure v is called the measure

with large entropy if A, (f) > (k—1) log d. Before studying the measures of large entropy, we need to recall some
result which we use in sequel.
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We use the following theorem, which is proven by Dinh and Sibony (see [6, Theorem 1.1]).

Theorem 2. Let f be a holomorphic endomorphism of algebraic degree d > 2 of P*. Let p be the
equilibrium measure of f and 1 < X\ < d a constant. There is a invariant proper analytic subset E), possibly
empty, of P¥ such that if a is a point out of E) and ¢ € C2(P*) function, then

o 1 n
{(d™™ (™) 60 — )] < All0l2 <1+ln+ diSt(a,E)\)> 4 N

where A is a constant independent of a and n.

We call the set E\ which is given in Theorem 2 is A-exceptional set of f. We have the following corollary
of the above theorem.

Lemma 3. Let f,\,v and Ey be as in Theorem and v be a finite measure on P*. Then for any 1 with
suppty) N suppp = () there exists a constant A > 0 such that

—nk( fn\* —n 1
@y )] < Al [ <1+1og+ CM) v, )

Proof. If v = 0 then (3) is clear. If v is a probability measure on P* then (3) directly follows from (2) by writing

v as a limit of a sum of Dirac measures. Assume now v(P¥) # 0. Define 7 = W. Since  is a probability

measure we have 1
—nk( pnyx -~ -n + %
ey = ol < Allax [ (1108 s Y
Since suppty) N suppu = () we have
A (), )] = 1 () = (PR, )
= v(P*Y(d™ R (f™) D — p, )]
< Apllx (@) [ (14107
Pk

dv

diSt(aaE/\))

1
<A T (L logT e ) dv
< A2 /w( tog dist(a,EA))dV

The proof is complete. O

We recall the definition of box-counting dimension. Let E C P* be aset and E; := {z € P* : dist(z, E) < t}
with ¢t > 0. The upper box-counting dimension of E is defined as

_ Invol(F,
dimgFE = 2k — lim sup L(t).
t—0 Int

From the definition we can see the following properties (for more details see [11]):

1. if upper box-counting dimension is less than 2k then there exists @ > 0 such that for small ¢ we have
VOl(Et) < te.

2. if F is a p—dimensional analytic set then dimpF = 2p.

Let us prove the following lemma.

Lemma 4. Let E C P* be a set with upper box-counting dimension strictly less than 2k. Then
In" gty € L' (P, wh).

Proof. Since upper box-counting dimension of E is less than 2k there exists a > 0 so that if E; is a t¢-
neighbourhood of E with ¢ > 0 small enough we have vol(E;) < t* (see [11]). We claim that

1
Int ————wF = 0(t*?), t = 0.
/Et . dist(z,E)w of ),
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Indeed,

1 - 1
1 +_ -k < / 1 +_ -  k
/Et t dist(z,E)w - Z EL\E t dist(z,E)w

1=0 7L\t
gZ((l+2)ln2—lnt)/ wk
1=0 E+ \E_+
ol PYES]

(0%

gi((zm)m —Int)

2
=0
e toz/?
=0

=o(t*/?), t — 0.

Since In* m is continuous outside Ey, the above claim follows In* m € L'(PP*). The proof is complete.
’ ’ O

Proof of Theorem 1. Let F C P\ J such that F NJ = () and W be an open neighbourhood of F with
W N J = 0. By using Gromov’s contruction [10] we have

he(f, F) = he(f, FNK) <lov(f, W) := lim sup L volume(T'Y)
n

n—0o0

where
W = {(2, f(2), .., f"1(2)), 2 € WNPF}.

Note that

vol(T) = > /me(fm)*w A A () w.

0<n;<n—1

We shall estimate above each term of the sum in the right hand side of the last equation. Without lost
of generality assume n; < n; for 1 <i<k.Let Q =w A ... A (f™ "™ )*w. Take a smooth function 0 < ¢ <1 so
that ¢|w = 1 and W NJ =0 where W = suppy. For A with 1 < A < d, let Ey be the A-exceptional set of f.
Since pfy;, = 0 by Lemma 3 we have

Pk G () =[((fM) Q= d )

<AdF™ " I+Int ———— | Q
<Ad™[3ll2A /Pk( T diSt(Z,EA)>

<A@ty @ e [, (1wt

- k
diSt(Z, E)\)> v

In the last estimate we used Q < d™—matne—i—mtotna—ni b < (gh=lyn=nik Gince upper box-counting
dimension of E) is less than 2k by using Lemma 4 we deduce that there exists Ay independent of n so that

e (m)es Ag(@=tymmma (@ /A)™ < Ag(dh/A)". (4)
-
From (4) it follows that
/ (F™ Y w0 A A (7Y w0 < Ag(dE /A)™
WPk
Finally, we have
vol(TW) < Agn*(d* /)"
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and

1 ,
limsup — Invol(T'Y) < In(d*/\).

n—oo T

Consequently, we have

(k—1)Ind < h,(f) <In (d;) .

Since A is an arbitrary constant such that 1 < A < d, this leads to a contradiction. O
REFERENCES
1. Sardor Bazarbaev, Fabrizio Bianchi and Karim Rakhimov, On the support of measures of large entropy

10.

11.
12.

13.

14.

32

for polynomial-like maps. Anal. Math. Phys. 15, 69 (2025).

. Jean-Yves Briend and Julien Duval, Deux caractérisations de la mesure d’équilibre d’un endomorphisme

de P*(C), Publications mathématiques de I'THES, 93 (2001), 145-159.

. Fabrizio Bianchi and Tien-Cuong Dinh, Equilibrium states of endomorphisms of P* I: existence and

properties, Journal de mathématiques pures et appliquées 172 (2023), 164-201.

Fabrizio Bianchi and Tien-Cuong Dinh, Equilibrium states of endomorphisms of P*: spectral gap and limit
theorems, Geometric And Functional Analysis (GAFA) 34 (2024), 1006-1051.

. Christophe Dupont, Large entropy measures for endomorphisms of CP*, Israel Journal of Mathematics

192 (2012), 505-533.

. Tien-Cuong Dinh and Nessim Sibony, Equidistribution speed for endomorphisms of projective spaces.

Mathematische Annalen 347 (2010), 613-626.

Tien-Cuong Dinh and Nessim Sibony, Dynamics in several complex variables: endomorphisms of projective
spaces and polynomial-like mappings, in Holomorphic dynamical systems, Eds. G. Gentili, J. Guenot, G.
Patrizio, Lect. Notes in Math. 1998 (2010), Springer, Berlin, 165-294.

. Henry de Thélin, Sur la construction de mesures selles, Annales de Uinstitut Fourier 56 (2006), no. 2,

337-372.

Tien-Cuong Dinh, Attracting current and equilibrium measure for attractors on P*, Journal of Geometric
Analysis 17 (2007), 227-244.

Mikhael Gromov, On the entropy of holomorphic maps, L’Enseignement Mathématique 49 (2003) no. 3-4,
217-235.

Kenneth Falconer, Fractal geometry (book). Mathematical Foundations and Applications. Second Edition.
Nessim Sibony, Dynamique des applications rationnelles de P*, Panoramas et Synthéses, 8 (1999), 97-185.

Michat Szostakiewicz, Mariusz Urbak,ski, and Anna Zdunik, Stochastics and thermodynamics for
equilibrium measures of holomorphic endomorphisms on complex projective spaces, Monatshefte fiir
Mathematik 174 (2014), no. 1, 141-162.

Mariusz UrbaE, ski and Anna Zdunik, Equilibrium measures for holomorphic endomorphisms of complex
projective spaces, Fundamenta Mathematicae 220 (2013) 23-69.

REZYUME

Ushbu magqolada endomorfizmlar uchun de Thélin hamda Dinh tomonidan isbotlangan katta
entropiyali o‘lchovlarning havzasi Julia to‘plamida yotishi haqidagi teorema tekis tagsimlangan
o‘lchovga yaqinlashish tezligi orqali yangicha usulda isbotlangan.

Kalit so‘zlar: Ergodik o‘lchov, entropiya, endomorfizm.
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PE3IOME

B mammoit crarbe npuseseno HoBoe mokaszareabcTBO Teopembl de Thélin u Dinh o Tom, uro bGacceitn
Mep ¢ OOBIIoit SHTpONHMeil st SHIOMOPGPU3MOB JIEXKUT B MHOXKecTBe 7Kronma. JlokazaTenrbecTBo
OCHOBAHO Ha CKOPOCTHU CXOJIMMOCTH K PABHOMEPHO PACIIPEIeSIEHHON Mepe.

Karouesvie ca08a: Jpromudeckasi Mepa, SHTPOIUsI, IHIOMOPMU3M.
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