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RESUME

This work is devoted to the study of boundary value problems for mixed-type differential equations
of the first and second order with respect to the time variable. Boundary value problems for mixed-
type equations arise in various fields of natural sciences, including laser physics, plasma modeling,
and mathematical biology. In this paper, we establish theorems on the uniqueness and conditional
stability of the solution to the problem under consideration within a set of well-posedness. An a
priori estimate of the solution is obtained using the method of logarithmic convexity and spectral
decomposition.
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Introduction

The paper studies boundary value problems for differential equations of mixed-type of the first and
second order with respect to the time variable. The problem studied in this paper belongs to the class of ill-
posed problems of mathematical physics, namely, in this problem there is no continuous dependence of the
solution on the initial data.

Boundary value problems for equations of mixed-type have practical applications, they arise in solving
problems of gas dynamics, momentless theory of shells with curvature of variable sign, in the theory of
infinitesimal bending of surfaces, in magneto hydrodynamics, in the theory of electron scattering, in predicting
groundwater levels and in other areas of physics and engineering (see [1], [2], [3])

Correct boundary value problems for equations of mixed-type with two degenerate lines were studied
by such mathematicians as A.M. Nakhushev, M.M. Zainulabidov, V.F. Volkodavov, V.V. Azovsky, O.IL
Marichev, A.M. Ezhov, N.I. Polivanov, He Kan Cher [4], S.I. Makarov, S.S. Isamukhamedov, Zh. Oramov,
M.S. Salakhitdinov and his students, K.B. Sabitov, A.A. Gimaltdinova [5], O.A. Repin and others.

In the works of E. M. Landis, S. G. Krein, S. P. Shishatsky, H. A. Levine and others, ill-posed boundary
value problems for a parabolic equation with backward time flow were studied. In these works, the inverse and
non-characteristic Cauchy problem for conditional well-posedness were considered for a parabolic equation. S.
G. Krein and H. A. Levine generalized these results for abstract evolution equations with self-adjoint operator
coefficients.

The works of S.P. Shishatsky, K.S. Fayazov and M. Kh. Alaminov, in which ill-posed boundary value
problems for degenerate parabolic and elliptic equations were investigated, also deserve special attention.

The subject of K.S. Fayazov’s works were ill-posed boundary value problems for parabolic equations with

changing time direction and mixed-type equations. Research close to our topic was conducted in the works of
K. S. Fayazov [6], I. O. Khazhiev [7], Y. K. Khudayberganov [8].

Formulation of the problem
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Let Q = Qo x U, Qo = { (z1,22,...,an) : —1<z; <1,j=Tn}, Q@ ={0<t<T, T <oc}.
Let’s consider the equation

du(r,t) o~ O*u(x,t)
i —&-Zszgn(x])T? =0, (1)

j=1

in the domain Q\{z; # 0,7 = 1,n}, where i =1,2, = = (x1,T2,...,Zy).
Problem. Find a solution to equation (1) in the domain @ so that the following conditions:
initial )
a) i=1, u(z,t)],_,=po(x), =€,

k t _ 2
b) 1:2’ M :gpk+1(m), xGQO, k:O,l, ( )
2L P

boundary B

u(z,t)|5q, =0, teQ, (3)
and gluing
k t k t _
0 u(a]i, ) _ 31&(9’? ) , teQy, k=0,1., j=T1,n, (4)
O; z;=—0 0] z;=+0

conditions, where - ¢, (), m = 1,3 is a given sufficiently smooth function, and ¢, (z)],q, = 0.

In this paper, a priori estimates for the solution of equation (1) are established, and theorems on the
uniqueness and conditional stability of the solution of the desired problems are proved.

Spectral problem. Find such values for which the following problem

Z sign(x)Ve,o; (x) + M (x) = 0, 2 € Qo\{z; # 0}, (5)
j=1
9() [o, =0,
oFI(z) k() (6)
= =1 k=0,1
dxk Y dxk _+0’ j=Tn, ( 1),

has non-trivial solutions.

We will seek the solution to problem (5), (6) using the method of separation of variables, assuming

n

d(x) =[] X)) (7)

j=1
From conditions (7) we obtain:
X;(£1) =0,
X;(=0) = X;(+0), (8)
X'3(=0) = X';(+0), j=Tn

We find the second-order partial derivatives of the function ¥(z):

o) 0 -
oxy O} ;

Xj(xj), k= 1,7L.
=1
Substituting into (5) and separating the variables, we obtain:
i sign(a;) X" (z;) _ |

= Xj(x5)
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Thus, we have

sign(z;) X" j(x;)
Xj(zj)

==, j=1n
As a result, to find the functions X (x;) we obtain the equations:

sign(z;) Xj (x;) = =\ X (2;). (9)
Let us consider equations (9) with the corresponding conditions (8)

sign(z;) X" j () = =N X (25),
Xj(il) = vaj(_o) = Xj(+0)’ (10)
X'j(=0) = X'j(+0), j =T, n.

Thus, the solutions to problems (10) have the form:

if )\j > O,
sinp (r; —1)/cospy, ,0<x; <1,
X(-ll)(%‘) _ pu, (x5 — 1)/ cos u, j L eN,
! shu, (z; +1)/chu;, =1 < x; <0,
and also A\; <0,
shup. (x; —1)/chu,, 0 < x; <1,
XO(z;) = § s 03— ki, 0< 25 I €N,
! sin p; (z; +1)/ cospuy;, —1 <2 <0,
where \; = ui >0, A\ = —ui < 0, 7 = 1,n. In both cases, y;,— are positive roots of the transcendental

equation tga = —tha.
Thus, the eigenvalues of the spectral problem (5), (6) have the form

n
S
Akt bsikn = 2 Py

=1

n—1
(2) _ Z 2 2
/\kl,kz,mkn - Hk; = Py
Jj=1
..................................... s
..................................... R
n
(2") 2
ki,k2,...kn 72}%7
Jj=1

and the corresponding eigenfunctions

Jj=1
n—1
2 2 1
I @) = X2 @) T XV (@),
j=1
on - 2
z(l lg),...,l,, (x) H Xl(j )(%);
j=1
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Let ||u]|® = (u,u), where the scalar product is (u,v) = [ uvdQyp. Besides,

000
/lgl(f),)lg,...,ln (fE) ) k17k2 H Slgn x]) = 0,p 7& q, (paq = 1,2”),Vl]‘, kjv
1, h=kiN...Nl,, =k
(p) _ s U1 1 n n - n
ﬂll,lz,.A.,ln (Z‘) k:l,kz, Lk H Slg’I’L x] {O, I 7& kL V..V, 7& k, 7(p =1,2 )7
where [;,k; € N.
The norm
. 2
2 .
lu@ols =3 > [Isign(@)utz, 0,92, . @] | (11)

p=1 \ k1,kz,...kn=1| \j=1

defined by the following formula is equivalent to the original norm in the space Hy. Let us denote by Hy the

closure of the linear shells of the systems of functions ﬁffi ) kg....k, (), p=1,2" according to the norms W ().

In [10], [11] it is proved that the eigenfunctions 19,(5)),§2 _(z), p=1,2" of problem (5) - (6) normalized
in Ly ((—1;1)") form a Rissa basis in Ly ((—1;1)") .

Main results

a)i=1.
Definition 1. By a generalized solution of the boundary value problem (1) - (4) we mean a function
u(x,t) such that u(z,t) € (L2(—1,1)", [0;T]) and

n n n
/ (z,t) Hszgn xj)Vi(z,t) — ZHszgn 2j)Ve,o; (1) | dQ =
oQ a =4 (12)
H sign(z;)V (z,0)po(x)dQ,
a0, 1=1
for any function V (z,t) € Wy ((=1;1)", Qo) satisfying conditions V (x,T) = 0, V(x,t)]5q, = 0.

Let
M ={u: ||u(z,T)|, <m, m < oo} .

Lemma 1. Let u(x,t) satisfy equation (1) and conditions (2) - (4). Then for any solution u(z,t) €
(La(—1,1)", ©) the inequality

ez, B)llg < 2% flu(z,0)llg ™ - [lutz, T) Iy (13)
holds.
Proof. The solution to problem (1) - (4), if it exists and u(z,t) € M we have the form
on
D SRR CNNCT ) (14)

p=1ki,....kn=1

where 791(5)1@2, g, (@, p = 12" are the eigenfunctions of problem (5)-(6). Let V(x,t) =
ks ko 0k, g, @) (P =T27)  and puky g (T) = 0, ik s, () € W3 (1) - Then

Hsign(a:j) )(N kiko,.ok ()ﬁl(fi)kz, (@ )+>‘1(£),k2,...,kn#k1,k2 ,,,,, kn(t)ﬁg),k%...,k (x))dQ
aq =1
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ks k... ke (0) / HSiQn(mg‘)ﬂé’i),kZ,...,kﬂ, () po(w)d.

a0, J=1
From this we have
T
/“l(fi)kzk (t) (H ke () F A, knukl,kz,...,kn(t))dt = — Mk ke
0
where
( ) (p)
k]i,kz, Lk Hszgn zj)u(z, t), ﬂk]i Kareoskon () |5

ko (O)Wéi)l,kz,...,kn ;

wéi)hkg ..... g, =T 1_[sign(gcj)<,po(az:),191,(:;)’,62 k(aﬁ) , (p = 1,2”) ,kjeN.

j=1

(p)

Therefore, for u;, ", (t) the equalities are true

( l(cli),kg, . (t)>t :/\Ecli),kg,...,knul(fzi),kg,...,kn(t)7 (15)
ul(fi)kg ..... Ko, (0) = ‘P(()zl?l koo ko ? (p: 172n)7 kj e N. (16)
The solution to problem (15), (16) has the form
(p) ( ) () Agcz),kg,«-«,knt ( -1 271) k. e N (17)
Uk ko kn POk ks,....kn € » \P ) ) g .
Taking into account (14), (17), from (11) we have
(») :
B => > (w4 )
p= 1k717 knfl
Let’s consider the function
2 5
Bry.. ke, (B) = (wéi)l ,kn> 21 knt
Let’s calculate the derivatives of function ¢, (t)
1 2ol
O rproin =220 () ) €Nt
1 1 2 o 1 2
S =AY (6 ) Rt =0 (A0 Y b )
Let’s introduce function ¢(t) = In(¢x, ...k, (1))
2
W) = R (2 Lo e () R € S () R
Py, en (1)
1 1
4( l(cl) k) By, ko () Py . ,kn(t)—‘l( /(cl);c) e () 0
oo () ’
or
W(t) = 0 (18)

From (18) we have
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From this it easily follows that

(p) 2 ) 2\~ T (») 2T
) o < (j2 )T (o) =T, (19)

Summing the inequalities (19) over kq, .

.., kn € N and using Holder’s inequality, we obtain

n n 1_
2 0 2

Z Z (ug) ke )<2" Z Z (u,(fi),‘“’kn(o)>2 x

p=1ky,....k,=1 p=1ky,....kn

271 2 %
(X Y (WLm)] ren
p=1k1,....kn=1
or

lu(z, D)o < 2% Ju(z,0)llp" ™ - [lu(z, T)ll,
Lemma 1 is proven.

Theorem 1. If a solution to problem (1) -

(4) exists andu(zx,t) € M, then the solution to problem (1) -
(4) is unique.

Proof. Let equation (1) with conditions (2)-(4) have solutions wu; (x,t) and ug(x,t), i.e. 2 solutions. Then
the function U(x,t) = ui(x,t) —ua(x,t) is a solution with zero data. For the last function, estimate (13) is true.
Using the results of lemma 1, we have U(z,t) = 0 for all(z,t) € Q, u1(z,t) = uz(x,t). Theorem 1 is proven.

Let u(x,t) be the solution to problem (1) - (4) with exact data, and u.(x,t) be the solution to problem
(1) - (4) with approximate data.

Theorem 2. Let the solution of the original problem exist and w(z,t), uc(z,t)

addition|[¢(x) — ¢ (z,)||, < e. Then for the function U (z,t) = u(x,t)
inequality

€ M, in
— ue(z,t) at t € Q; the following

Uz, )]y < 2% ()" 7 - (2m) T
is true.

Proof. Let the function U(z,t) be the solution of the corresponding problem (1) - (4), and U(x,0) =
o(x) — @e(z). In addition, |U(z, T)||g < 4m?. For the function U(z,t), using the results of lemma 1, we have

Sl

10 Dlly < 2% ()77 - (2m) 7.
Theorem 2 is proven.
b) i = 2.
Definition 2. By a generalized solution of problem (1) - (4) we mean a function u(z,t),u;(z,t) €
C (L2(-1;1)"; @), which for any arbitrary function V(z,t) € W3 ((-1;1)",Q4 ), %
satisfies the following integral identity

=0,k=0,1...
t=T

/ H51gn () Vie(z, t) +ZHSlgn () Vo, (2,t) | dQ =

JW#
/ H sign(z;)V (x,0)pa(x) dQo — H51gn z)Vi(z, 0)p1(z) dQ.
990 ;1 990 ;1

Lemma 2. (See pp. 825-826, [9]) Let v(¢) be a solution to equation
() — Av(t) =0
p2. Then for the solution of this equation f ¢ € Q; the inequality holds

UQ(t) < th(T—t) (02(0) + \a|)17%(v2(T) + |a|)

and satisfy conditions v(0) = p1,v'(0) =

Sl

_‘0‘|7
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where A— is some constant, a = 1 (Av?(0) — v7(0)) .

Lemma 3. Let u(x,t) be a solution to the equation

0%u(x,t) oL 0%u(x,t)
g + ; szgn(xj)T? =0,

and satisfy conditions (2) - (4). Then for the solution of this equation at ¢ € ; the inequality
1—t t
[ u(z, t)”g < 9n 2H(T—1) (||u(x, O)Hg + a) T (HU(IC, T)”g + a) T _ Q,

holds, where a = £ (|1} + lle23)
Proof. If a solution to problem (1)-(4) exists and belongs to M, then it has the form (14), where

19,(52)@ ,,,,, k. (x), p=1,2" are eigenfunctions of problem (5)-(6). In addition,
’(Clz)’km Sk H Slgn l‘] ) ﬂl(cli)kz, Lkn (x) )
wg;’)f)hkm wkn T - H Sign(zﬁ)@l (I)’ﬂgfi),kz,...,kn () |,

j=1

o = Hszgn (@)¢p2(2), 9% @) |, (p=T.27), k; € N.

,,,,,,,,,,

Let in (20) V(z, )_:wkhk?mkn(t)z?é’j),kzmk (z), p=
0, Wky,ka,....kn (t) € W22 (Ql) . Then

n

[ et T sign(e) (1t 09y, () = wlON e, 9, () dQ =

8Q J=1
ittt O [ ] sion(e) 02, s, @patorist (21)
80, I=1
wkhkz, /HSZgn QI] k:l ka,....k ( )Wl(fﬂ)dQO
Qo I=1

From (21) we have

T
S ® (bt (O = N 9 ) =
0

Wky,ka,....k (0)%757@)1,1@2, Ak = W'k ko, (0)<P§Z/)c)17k2, Sk p=12"kjeN.

Thus, for u,(fi ) koo (D)s (P =1,27) we have the following sequence of solutions

(8 b )y = M b, (1) (22)
“1(5)1@, ..... g, (0) = @gi)l,@ ..... k0 (ul(c]?)kz, ..... k., (0)) = @éz;g)l koon o+ K5 €N (23)
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(p) (p)
%) sha/ Ay t
(p) () 2k1,..., kn 2"\ Nk, kn (p)
90111;1,...,1%Ch \V Akﬁ,...,knt + - ™ ) )‘kzi,..,,k-n >0,
Nevro o
) e, 0= Gt Ak =0,
(p) (p)
Poky,... ky S _)‘kl,...,kﬂt
P cos [N o e Y Ak <0
— Akt

Let’s introduce a norm
2
ler(@)II} = §j ZjA&@, o (#00) P =T2" k€ N.
p=1ki,... .k

According to Lemma 2, for solutions of problems (22) - (23), for each fixed k; € N, the following inequalities

are true:
(p) 2 2t(T—t) (p) (») ot
( Uky ko ki (t)> Se <(U1f1,k2,...,kn(0)) X ke ke > X
4 (24)

T
<( g{k% kn (T)> +a/(£)7k27 kn > I(f?kfz kn? te Ql’

where
1 2 2 7
a](fji),kz,...,kn =3 (Agfi)kgk (ul(c]i),kz ko (0)) (( g),kz....,kn(o))J ) ) (P =1,2 ) (25)
After an elementary transformation from (25) we can write
1 2 2 _
l(cli),kg, ok = 3 (‘)‘g),kz ,,,,, kn (ugfi),kz,...,kn (O)> + ((“l(fi),kz,..‘,kn(o))t) ) , (p=1,2").

We sum up the inequalities (24) and (25) by k; € N and taking into account the Holder inequality we get

2 2 (’(fi),kz,..ukn(t))2<

2n o 9
A DY DY ((ul(ﬁzi),k27~-~,kn(0)> +O‘i(£),k2,...,kn> x
=1

p=1 \Fki,okn=

2" oo T 2"
AS( 2 () v )] X X el
p=1

p=1 \ki,...kn=1

and summing up the above inequalities we finally get

Sl

2 n —t 2 -1 2
(e, )15 < 2720 (Ju(@,0); +a) " (Ju(@, TG +a) " ~a

where o = 1 (H<p1||? + ||g02||g) . Lemma 3 has been proved.

Theorem 3. If a solution to problem (1) - (4) exists and belongs to M, then it is unique.

Proof. Let u; (z,t) and us(z, t) be solutions of problems (1) - (4). Then their difference u(z,t) = ui (x,t)—
us(z,t) will be a solution of the homogeneous problem (1) - (4). Applying the estimates of Lemma 3, we obtain
[lu(z,t)||, = 0, and from this it follows that wu(x,t) = 0 for any for V(z,t) € Q, ui(x,t) = uz(x,t). holds.
Theorem 3 is proved.
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Theorem 4. Let the solution of problem (1) - (4) exist and w(z,t),u.(z,¢) € M, in addition

lo1(x) — pre(@)|l; < €, |lp2(x) — pac(x)|, < €. Then for the function U(x,t) = u(z,t) — u-(x,t) at t € Q
the following inequality is true

10, )2 < 2770 (22) ' F (4m? 4 £2) T — 2,

Proof. Let the function U(z,t) be a solution of equation (1) satisfying the boundary conditions and

gluing conditions (3)-(4) with initial data U(z,0) = ¢1(x) — p1e(z), Ui(x,0) = @a2(z) — @ac(x), where
lo1(x) —pre(@)|l; < &, |lp2(x) — p2c(x)||y < e. Then, using the estimates of Lemma 3 and elementary
transformations for the norm of the function U(z,t), we have

10, )] < 276270 (262)' T (4m? 4 2) T — 2.

Theorem 4 is proven.

10.

11.
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REZYUME

Ushbu ish yo‘nalishini vaqt bo‘yicha o‘zgartiruvchi birinchi va ikkinchi tartibli aralash tipdagi
differensial tenglamalar uchun chegaraviy masalalarni o‘rganishga bag‘ishlangan. Aralash tipdagi
tenglamalar uchun chegaraviy masalalar lazer fizikasi, plazmani modellashtirish va matematik
biologiya kabi tabiiy fanlarning turli sohalarida uchraydi. Mazkur maqolada qaralgan masalaning
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yechimi uchun yagonalik va shartli turg‘unlik teoremalari isbotlangan. Yechimning a priori bahosi
logarifmik qavariqlik usuli va spektral yoyilma yordamida olingan hamda shartli turg‘unlik
teoremalari isbotlangan.

Kalit so‘zlar: Chegaraviy masala, nokorrekt masala, aralash tipdagi tenglama, parabolik tipidagi
tenglama, a priori baho, shartli turg‘unlik bahosi, yechimning yagonaligi, korrektlik to‘plami.

PE3IOME

Jarnas paboTa MOCBAIIEHa N3y I€HUIO KPAEBBIX 33184 J7s Aud depeHnnaabHbIX yPaBHEHNH CMenTaH-
HOT'O THITA IEPBOTO U BTOPOI'O MOPsIJIKa 0 BpeMeHHO# mepemennoii. Kpaesbie 3a1auum Jj1s1 ypaBHeHUH
CMEIIAHHOTO THIIA BO3HUKAIOT B PA3JIMIHBIX 00JIACTIX €CTECTBEHHBIX HAYK, BKJIIOUYAs JIA3EPHYIO pu-
3UKY, MOJIEJINPOBAHIE IIJIa3Mbl I MATEMATHIECKYIO OnoJioruio. B JaHHOI cTaThe MOKa3aHbI TEOPEMBI
00 eIMHCTBEHHOCTH U YCJOBHOW yCTONYMBOCTH PEIIEHUsI PACCMATPUBAEMON 3aJadi B KJIACCe KOP-
PEKTHOCTH. A TIpHOpHast OIEHKA PEeIeHrsT TOJy9IeHa ¢ UCIOIb30BAHUEM METOa JorapudMUIecKOi
BBIIIYKJIOCTH U CIIEKTPAJIBHOTO PA3JIOKEHUS.

Karoueswie caosa: Kpaesast 3a/1a4a, HEKOPPEKTHAS 33724, YPABHEHNE CMEIIAHHOTO THIIA, YPaB-
HEHUe MapabOoJIMIeCcKOro TUIIA, AIPUOPHAsT OIIEHKA, OI[EHKa, YCJIOBHON yCTONIMBOCTH, €/INHCTBEHHOCTh
pelrenns, MHOYKECTBO KOPPEKTHOCTH.
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