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RESUME

In this article, the Cauchy problem for a homogeneous fractional-order equation of the
Barenblatt—Zheltov—Kochina type with the Caputo derivative is studied. The existence of a solution
to the given Cauchy problem is demonstrated using the Fourier method, and the continuity of
the obtained solution is proved by employing the properties of functional series. Furthermore, the
uniqueness of the solution is established. The properties of the Mittag-Leffler function are extensively
used in the process of proving the existence and uniqueness of the solution to the proposed problem.

Keywords: The Cauchy problem, the Caputo derivatives, Mittag-Liffler function, Parseval equality.

Let consider the following equation:

N
atF +A(atk)_y2Au:O .

where A = Z 507 —Laplas operator. If £k = 1, then this equation is called a partial differential equation of

the Barenblatt Zheltov—Kochlna type, if K = 2, then it is called a partial differential equation of the Boussinesq
type. Equations of the form (1) are encountered in modeling various processes. For example, equations of the
Barenblatt-Zheltov-Kochina type are the basic equations for the filtration of homogeneous liquids. This was
first noticed in the work of G. I. Barenblatt, Yu. P. Zheltov and I. N. Kochina [1]. Later, such equations were
studied in the papers [2,3,4,5,6,7].

Let A: H — H be a self-adjoint, positive, unbounded arbitrary operator defined in a separable Hilbert
space H. Suppose that operator A has a complete orthonormal system of eigenfunctions {v;} in H and the
corresponding set of positive eigenvalues {)\;}. Using the renumbering of eigenvalues, we can number them
non-decreasing, and write as 0 < A\; < A9 - -+ — 400.

Let the function h(t) be defined in the interval [0, +00) with values in H. The Caputo fractional derivative
of order 0 < p < 1 is defined as formula (see, [8]):

N U 10
Dth(t)—r(lp)o/(t_f)pdf, £ 0.

Let C((a,b); H) denote the set of continuous functions u(t) on the interval ¢ € (a,b) with values in H.
Now, recall the concept of the degree of an operator A in a Hilbert space H. Let 7 is an arbitrary real number.
We introduce the degree of the operator A in H as follows:

ATh = i )\Ehkvk,

k=1
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where hi, = (h,v;) Fourier coefficients of the element h € H. Obviously, the domain of this operator has the
form:

D(AT) ={h € H: Y N7 |h|* < oo}
k=1

For element h € D(AT) we introduce the norm as follows:
102 = A2 hel® = || AA|2.
k=1

Together with this norm D(AT) turns into a Hilbert space.
Recall, the Mittag-Leffler function E, ,(¢) has the form

oo tn
Epu(t) = ];) m )
where p > 0 and p complex number.
Let AC[0,T] be the set of absolute continuous functions defined on [0, 7] and let AC([0,7]; H) stand for
a space of absolute continuous functions u(t) with values in H (see, [9] p 339).
Let us present the following properties:
Lemma 1. Let 0 < p < 1. Then the following equality holds:

DY [tPEp p1(=AM)] = By (=At7). (2)

Proof of Lemma 1 you can find, for example, [14].
Lemma 2. Let 0 < p < 1. Then the following equality holds:

D [Epa(=A7)] = =AE, 1 (=°). (3)

Proof of Lemma 2 you can find, for example, [14].
Consider the following problem:

Dfu(t) + A* (DPu(t)) + APu(t) =0, 0<t<T; 4
{ u(+0):()07 ()

where ¢ € H.

This (4) problem is called the Cauchy problem for fractional equations of Barenblatt-Zheltov-Kochina
type.

Definition 1. A function u(t) € AC ([0,T]; H) with the properties Dfu (t), A* (D{u(t)), A’u(t) €
C ((0,T]; H) and satisfying conditions [4] is called the solution of the Cauchy problem [4].
We note that problems similar to [4], in the case a = 1,b = 1 were studied in [14] as the Cauchy problem and
in [15],[16] as non-local problems.
When a = 2,b = 1, problem (4) is referred to as a Benney—Luke type problem. Problem of this type have been
studied in the work [17].
When @ = 0,b = 1, problem [4] was studied in the work [18] as a non-local problem.

Theorem 1. Let 0 < p < 1, If ¢ = min {a,b}, ¢ € D (A°), then problem (4) has a unique solution and
this solution has the form:

w(t) = erEpr (—pt”) vk, (5)
k=1

b

where are - the Fourier coe?cients of the function ¢ and p = 175
k

Proof. Existence of the solution. Due to the completeness of the system {v;} in H, the arbitrary
solution of (4) can be written in the form:

w(t) =Y Tp(t) vk
k=1

o1
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Substituting into the first equation of (4) we have the following equation:

DTy () (1 + A3 + T () A2 = 0,
Therefore,

Ak

DTy (t T (t) =0 = .
t T () + T (t) = 0, pu T+ X

Using the second condition of (4), we obtain the following Cauchy problem:

{Dka (t) + Ty (1) =0,
Ty, (+0) = ¢x

This problem has a unique solution (see, [28] p. 231):
Ty (t) = orEpa (—pt?) -

Then we get the formal solution (5).
From this, in particular, it follows that if a solution to the forward problem

(7)

exists, then it is unique.

Indeed, for this it is sufficient to prove that the solution wu(t) to the forward problem with the homogeneous

condition (4) is identically zero. But from (7)it follows that Ty (t) = 0 for all £ > 1.
definition T} (t) and the completeness of the system {v;}, we obtain u(t) = 0.

Taking into account the

It remains to prove that the constructed formal solution satisfies all the requirements of Definition 1 is
indeed a solution to problem (4). We will analyze the proof of the theorem separately for the cases b < a and

b>a.
1) Let b < a.
Denote by Sy, (t) be the partial sums of (5):

n
)= erEp1 (—pt?) v
k=1

Then by using the following estimate of the Mittag-Liffler function 0 < |E, ,,(—t)| < 1 and Parseval equality:

2
15w (

n
Z OByt (—pxt”)] v
k=1

k=1

Therefore, if ¢ € H then u(t) € C((0,T]; H) .
Now we estimate A%u (t):

4. 1

n
= 1> lenEpr (—pat”)] Aok
k—1

Thus, if ¢ € D(A?), then A%u(t) € C ((0,T]; H).
Then, we estimate A% (Dfu (t)). By using Lemma, 2:

n 2

Z [— e Ep 1 (—prt?)| ALy
=1

1A (DE S, (1)]° =

A= prprEpa (—pt?)[* < C N | —pwepn|* =
k=1

1
bl
iNgE
I

Ak

1+)\“
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k=1

ZMW%E 2 (—ut?))? < CY APl

SCZ&”ﬂmu—czxwﬁ.
k=1



Acta NUUzZ EXACT SCIENCES Ne2 /2, 2025 pp.50-55

From this, if ¢ € D(AY), we obtain A% (Dfu (t)) € C ((0;T); H).

Finally, we estimate D}u (t):
2
| DYS,,

Z — ik Ep1 (—pt”)|vk

|~k rBp 1 (—unt?)* < C Y |—prpl* < C Y lonl”.

I
NE

E
I

1

If ¢ € H, then DYu (t) € C ((0,T); H).

2) Let b > a.
Now we estimate A%u (t), for that by using the following estimate of the Mittag-Liffler function
C
0<|E, (-t <——
< |Epu ( )|_1+t

and Parseval equality:

4%, 0 = 3 A () <

n
= D [erEpr (—pt?) )‘kvk
k=1

n

2
kzz:i |k| _tQPZA

From this, if ¢ € D (A%), then Abu (t) € C ((0,T]; H).
Then we estimate A% (Dfu (t)). By using Lemma, 2:

1+,utP

|A* (DS, ( Z —pperEp 1 (—ppt?) Afvg|| =
k=1
— n)\Qa E P 2< n)\Qa ¢ 2< c /\2(1 2
Z i =t Epa (—pxt”)|” < Z k |HEPE - m =2 |kl
k= k=1 k=1
Thus, if ¢ € D(A%), we obtain A% (Dfu (t)) € C ((0,T); H).
Finally, we estimate D{u (¢):
n 2
DL S, ( Z [—mrppEpr (—pwt”)]ve|| =
C & 2
= — E t*)] < _ < — .
kz:l| P Ep 1 (=1 kz:l HiPk Tt utr| = 120 Ig|¢k|

If ¢ € H, then D{u(t) € C((0,T]; H). Existence of the solution of problem (4) is proved.
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REZYUME

Ushbu maqolada Caputo hosilasi bilan berilgan Barenblatt-Jeltov-Kochina tipidagi bir jinsli
kars tartibli tenglama uchun Koshi masalasi o‘rganiladi. Berilgan Koshi masalasining yechimi
mavjudligi Furye usuli yordamida ko‘rsatiladi, topilgan yechimning uzluksizligi esa funksional
qatorlar xossalaridan foydalangan holda isbotlanadi. Shuningdek, yechimning yagona ekanligi ham
isbotlanadi. Masala yechimining mavjudligi va yagonaligini ko‘rsatish jarayonida Mittag-Leffler
funksiyasining xossalaridan keng foydalaniladi.

Kalit so‘zlar: Koshi masalasi, Caputo hosilalari, Mittag-Lefller funksiyasi, Parseval tengligi.

PE3IOME

B nmammoit crathbe wmccnemyercsa 3agada Kommm i OMHOPOIHOTO JPOOHOTO YpPABHEHUsT THIIA
Bapenbsiarra-2Kesbropa-Kounna ¢ npoussognoii Kamyro. CyiecrsoBanue pelieHusl mocTaBJIeHHOM
zasiaan Kormmwm mokasaHo ¢ ucrojib3oBarueM Merona Oypbe, a HEIPEPBIBHOCTH HAMIEHHOI'O PENIEeHUsI
JIOKA3BIBAETCsI HA OCHOBE CBONCTB (DYHKIIMOHAJBHBIX PsAIOB. Kpome TOro, yCTaHAB/IMBAETCS €JIMH-
CTBEHHOCTH peIlieHns. B mporecce M0Ka3aTeIbCTBA CYIIECTBOBAHUS U €MHCTBEHHOCTH PEICHUS 3a-
JIa9y MIIPOKO UCHOJIB3YIOTCA cBoiicTBa dynknun Murrara-Jledirepa.

Karouesnte caosa: 3ajaqua Komm, npoussoausie Kamyro, pyuknus Murrara-Jlediepa, papeHCTBO
ITapceBauist.
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