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RESUME

This paper is devoted to the construction of maximal solvable extensions of m-dimensional
n-Lie algebras. The study provides a systematic approach to identifying and classifying such
extensions within the framework of higher-order Lie structures. The results contribute to the deeper
understanding of the algebraic properties of n-Lie algebras and their solvable extensions, and may
serve as a basis for further applications in both mathematics and theoretical physics.
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Introduction

The investigation of finite-dimensional n-Lie algebras has introduced a innovative perspective in the
study of Lie algebras. Exploring these algebras is significant due to their potential applications in diverse areas,
including dynamical systems, geometry, and physics.

Nambu extended the Poisson bracket while studying the classical dynamics of three particles as a
foundation for quantum statistics in the quark model, introducing the trilinear product [—, —, —] defined by:
‘fi—”y” = [Hy, Hy,z] for Hamiltonians H; and Hs [5]. Subsequently, in 1994, Takhtajan built upon Nambu’s
geometric framework and introduced the fundamental identity, analogous to the Jacobi identity [6]. This
development allowed him to establish a connection between generalized Nambu mechanics and the theory
of n-Lie algebras proposed by Filippov [3].

An analogue of Engel’s theorem exists for finite-dimensional n-Lie algebras, but the Levi decomposition
does not generally apply. This highlights the significance of studying finite-dimensional n-Lie algebras, which
necessitates additional constraints. One such constraint is the imposition of a hyponilpotency condition on the
maximal ideal when analyzing solvable n-Lie algebras, such as in the description of solvable n-Lie algebras or
the extension of a given n-Lie algebra.

In 2009, the notion of a hyponilpotent ideal in n-Lie algebras was introduced. Certain characterizations of
solvable ternary Filippov algebras featuring a specific m-dimensional maximal filiform hyponilpotent ideal were
presented in [1]. Specifically, [1] described solvable 3-Lie algebras with an m-dimensional filiform 3-Lie algebra
N, where m > 5, as a maximal hyponilpotent ideal. It was further demonstrated that this m-dimensional filiform
3-Lie algebra N cannot serve as the nilradical of any solvable 3-Lie algebra. Additionally, [1] identified several
classes of solvable 3-Lie algebras obtained as one-dimensional extensions of given nilpotent n-Lie algebras.
Furthermore, the studies in [4] and[7] also explore the properties of n-Lie algebras.

In this work we focus on the description of maximal solvable m-dimensional n-Lie algebras with maximal
rank.
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Preliminaries

A vector space A over a field F is an n-Lie algebra (sometimes called by Filippov algebra) provided that

A is equipped with some n-ary multilinear operation [—, —, ..., —] satisfying the two identities
[xla Z2,. .. 71'77.] = (_1)sign(a) [xa(l)a To(2)s--- 7xa(n)}, (S Snv
n
[[$17$27 s 7$n]7y2 s 7yn] = Z[xh sy Ti—1, [miay27 s 7yn]7xi+17 ceey Ty
i=1

We introduce the notation
Lie, (1,22, -, Tn), Y2 -5 Yn) =

n

Z[xla sy Ti—1, [Iiay27 e ayn]azi-‘rla R ,In] - [[xlny; s axn]ny s ayn]
i=1
to use it later and Lie,((21,Z2,...,2n),Y2...,yn) = 0 is called as n-Lie identity.

Definition 1. Let A be an n-Lie algebra. A subspace B of A is an n-Lie subalgebra if
[B,B,....,B] C B.

A subspace Z of NV is an ideal if [Z, A, ..., A] C Z.
Given an arbitrary ideal Z of A/, we define the lower central series and the derived series as follows:

Th =17, " = [TV I, N, ... N, k> 1,

W =7, 76+ = (2 7 N N, s > 1.

9

Definition 2. An ideal Z is called solvable if there exists a natural r such that Z(") = 0. An n-Lie algebra
N is solvable if N'(") = 0 for some 7 € N.

An ideal T is called nilpotent if there exists a natural r such that Z" = 0. An n-Lie algebra A is said to
be solvable if N” = 0 for some r € N.

Definition 3. A linear mapping D : A — A is said to be a derivation of an n-Lie algebra A provided
that

n

D([z1,x2, ..., 2p]) = Z[ml,x% cooy D(x), i1, - T
i=1
for all z1,xa,...,z, € A. The vector space of all derivations is denoted by Der(A).
One can check that Der(A) is a subalgebra of the Lie algebra gl(.A) which is called the derivation algebra

of A.
Definition 4. A linear mapping ad(zs, z3,...,z,) : A — A, defined as
ad(T2, X3, ..., Tn)(Y) = [y, T2, T3,...,2y,] for all y € A,
is the right multiplication operator. It is easy to verify ad(xa,z3,...,x,) is a derivation of A.

The set of all finite linear combinations of the operators ad forms an ideal of the Lie algebra Der(A)
which is denoted by Inder(A). Since derivations play crucial role in the variety of algebras, it is important to
find out for which types of algebras Der(A) = Inder(A).

Due to result of [2] (see Lemma 3.3) for a derivation d of n-Lie algebra A we have

k! ; . i
d*([x1, 22, ..., 20)) = > [ (), AP (@), ) )
i1 +iote o tin=k gl iey,!

Let d be a nilpotent derivation. Then there exits k € N such that d**! = 0.

['hen for the map
d=14+d ’ ’ ’
czp(d) + +§+§+”.+E
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applying (6) similar to the Lie algebras case one can prove:
[exp(d)(21), exp(d)(z2), . . ., exp(d)(zn)] = exp(d)([z1, . . ., za]).

Consequently, exp(d) is an automorphism of n-Lie algebra A. Such kind of automorphisms and their
products are called inner automorphisms.

Let A be an n-Lie algebra.

Definition 5. A torus on an n-Lie algebra A/ (denoted by T (N)) is a commutative subalgebra of Der(N)
which consists of semisimple endomorphisms. A torus is said to be maximal, denoted by Tpae(N), if it is not
contained strictly in any other torus.

m
Let N be an m-dimensional n-Lie algebra, such that [z, %4,,...,2:,] = Y A8, o ap, 1 <
s=1
ilviQ; .. ln S m, ’7?171-27”.)% c C Let D(xl) = O;T;, 1 é 7 S m.

n

D([l‘il,(Eiz,... ,(Ein]) = Z[mil,xiz,... ,D(xlk),,xln] = (O[il -|—Oé7;2 + - —&—ain)[xil,xiz,...,xin]

k=1
Thus, D € Der(N).
Let
D([@iy, @iy 5 @i, ]) = Qi iy iy [T @iy -5 T )
then
Qiy + iy G, = Qg iy £ G, # O
For (i1, ...,in, k) which 4f ; . 20, we consider the system of the linear equations

n
SE : E Oéij = ak‘?
Jj=1

in the variables c;;, 1< j <mn, as ij, k run from 1 to m.

We denote by r{e1, ...,en} the rank of the system Se. Setting r{N} = minr{z1,...,xm} as {z1, ..., Tm}
runs over all bases of NV, similar to Lie algebras case, for a nilpotent n-Lie algebra N over an algebraically closed
field one can establish the equality dimTy,e, = dimN — r{N}.

Note that a diagonal transformation d = diag(aq,...,qn,) is a derivation of N if and only if «; are
solutions of the system S,.

Denote the free parameters in the solutions to the system S, by ag, ..., as. Then we get

s
O‘i:Z)\i,jajy s+1§z§m
j=1

Consider a basis {(a1,i,...,am)|1 < i < s} of fundamental solutions of the system S.. Then the diagonal
matrices {diag(aq i, ...,m )|l <i < s} forms the basis of a maximal torus of N.

Definition 6. A nilpotent n-Lie algebra A satisfying the condition dimTy,qe = dim(N /N?) is called of
maximal rank.

Let N be an n-Lie algebra, and let Z be an ideal of . Note that the notions of nilpotency of Z as a
subalgebra and nilpotency of Z as an ideal differ in general.

Definition 7. Let A/ be an n-Lie algebra, and let Z be an ideal of A/. If T is a nilpotent subalgebra,
that is not nilpotent as an ideal, then Z is a hyponilpotent ideal of A. If Z is not a proper subset of another
hyponilpotent ideal then Z is a maximal hyponilpotent ideal of N.

Main part
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Let N be an m-dimensional nilpotent n-Lie algebra satisfying the condition n + 1 = dimTp.x =
dim(N/AN?). The algebra N is defined by the following multiplications:

{ le1,€2,€3,...,en_1,€) =€ir1, n+1<i<m-—2,

[617 €2,€3,...,€n—1, 67,,} = €Em,

with ' = (e1,e2,...,em) and N/N? = (e1,e2,...,€n11).

Theorem. Let R = N X T4z be a maximal solvable n-Lie algebra with given hyponilpotent ideal N" and
let ez be a maximal torus of A'. Then R is unique (up to isomorphism), and it is isomorphic to an algebra
with the following multiplications table:

617627637"'76n—176i} = €41, n+1SZSm_27
61762,637...7671,1,6”] = €m,
T,ez, -"aen—laei] =e; 1€ {1am}7

X, €9, en_1,6] =(i—n—1)e, n+2<i<m-1,
Y, €2, -~~uenflyei] = €4, 1€ {num}7
Z,€9, . nen 1,6] =€, n+1<i<m-—1,

where {e1, €2, ...,em, T, y, 2} is a basis of R.
Proof. Let consider the system S, for N.

artoast+as+...tap1to; =041, n+l1<i<m—2
¢ a1+ ag ozt a1+ = g,

From this system, we derive that the maximal torus 7.« has the following matrix form: Ty =
Span{dy,ds, ...,d,+1}, where

dy = diag(1,0,0,...,0,0,1,2,3, ...m —n —2,1),
dy = diag(0,1,0,...,0,0,1,2,3, ...m —n —2,1),

ds = diag(0,0,..., 1 ...0,0,1,2,3,....m—n—2,1), 1<s<n-—1,
~~
s—term
dy, = diag(0,0,0,...,0, 1 ,0,0,...,0,1),
~~
n—term
=di 1 1,1,...,1
dn+1 dlag(070,0, ,0, R , oty by 70)7

n+l—term

Let suppose dim(R) = m+ 3. We need to select three nil-independent derivations. Below, we consider all
possible choices:
Case 1. Let us choose the following derivations:

dy :=ad(z,e9,...;en—1), dp:=ad(y,ea,....,n_1), dpt1:=ad(z,eq,....,en_1).
Then, we obtain the following solvable algebra, denoted by R;n a1

Ty€2y .0y €n—1, 61] = €1,

X, €9,y en_1,6]=(—n—1e, n+2<i<m-—1,

[
[
[z,ea,...,en_1,€m] = €m,
R;,nﬂ 24 |y, ea, .y en_1,en] = en,
[y, €2, s €n—1,€m] = €m,
[z,e0,...,en_1,€i] =€, n+1<i<m-—1,
W, N]
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This is an algebra provided in the theorem.
Case 2. Let us choose the following derivations for 2 < s <n — 1:

ds :=ad(z,e1,...,€5,...,en—1), dp:=ad(y,e1,...,€s,... 6n-1), dni1:=ad(z,e1,...,€5,...,n_1),

where e, denotes the omitted element. Then, we obtain the following solvable algebra, denoted by R;, ,,,1:

[z,e1,...,€5y...n_1,€5] = €5,
[x,e1,.y €5y bn_1,6i] =(i—n—1)e;, n+2<i<m-—1,
[xael,...,/e\s, . ..en_l,em] =em,

mnt1 8 (Y€1, €5, enot,en] = en,
[Yy €1y ey Esy - €n1,Em] = €m,
[2,€1,.,C0r . bn_1,6] =€, n+1<i<m-—1,
WV, N]

By applying the basis transformation:
el = (1%, e.=e1, e =¢ for2<i#s<m,

we obtain the algebra described in the theorem.

In both of the above cases, we selected the derivations d,, and d, 11 together. The cases below address
what happens when only one of them is chosen.

Case 3. Let us choose the following derivations for 1 < s <t <n—1:

ds :=ad(z,€1,....€s,. .. Cty...€n_1,6p), di:=ad(y,e1,....€s,...C1...€n_1,€n),

dpy1:=ad(z,€1, ..., €5y ... Cty .. Cpr1,€n),

where €, and e; denote the omitted basis elements. Then, we obtain the following solvable algebra, denoted by
Rf,n+1:

Xy €1y ey €syvnCtynr.nol,Cp,€s| = €,

Zy€1y ey CsyenCpyen Cpot,en, ] = —n—1)e;, n+2<i<m-—1,

[
[
[, €1, 0y €5y e Ctynrvnel,yCnym] = €m,
R . [Yy €15 s Csy v e €ty v 1, Cp,Ct] = €4,
tntd [, €1,y €5y e -CtyenvCp1,€n,6]=(E—n—1)e;;, n+2<i<m-—1,
[Yy €1, ey EsyeneCtyerCniyCnyem] = Em,
[2,€1, €5y e n Cly et 6] =€, n+1<i<m-—1,
W, N]
However,
[Ty €1, s €5y v e ClyeneCnlyCnyCsly €1, €2y cony sy ey €n1, €] =
= (X, €1,y €y v €ty Cne1,Cp,[€s,€1,€0, ., €5,y 1, €i]] =

=[T,€1,.;CspvnCtye--n_1,€n, (—1)°ei1] = (— i —n)eir,
[ (=1)%€i41] = (-1)°( — n)

On the other hand
Ty €1y ueyCoyuvrCpyrerCp1,CnyCslyCly€0y .y Coyunny 1, €4 €it1-

This implies that e;11 = 0 for n +2 <4 < m — 1, which is a contradiction. Therefore, Rj,,,; is not an
n—Lie algebra.
Case 4. Let us choose the following derivations for 1 < s <t <n —1:

ds :=ad(z,€1,....Csy ... €y .n_1,6nt1), di:=ad(y,e1,...,C5,...Cty...Cr_1,Ent1),
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dp, = ad(z,€1,...,€5,...€1y...CrL_1,Ent1),

where €, and €; denote the omitted basis elements. Then, we obtain the following solvable algebra, denoted by
Ri .

[T, €1,y €5y v ClyeneCpol,nil, 5] = €,
[Z,€1, .00y €55 CtyenCpty€nt1,6] =(—n—1)e;, n+2<i<m-—1,
[I‘,Bl, ...,é\s,. . .é\t, N .en_1,6n+176m} = €m,
[U, €150y €y e v €ty v e CntyCnats €] = €4,
Rin:{ €108 Chevbng,nyr,6) = (@ —n—1e, n+2<i<m-—1,
(Y, €1, s €5y e ClyevCno1y€nilsCm] = Em,
[2,€1, 00y €sy v €ty 1, Entl,En] = en,
[2,61, ...,é\s, . .é\t,. N .en_17€n+1’em] = €m,
NV, N].

However,
[[,€1, 00y €syn e ClyeveCpelyCrpls s]y €152, cnny oy eney €1, €] =
= [.’II, €1y+3€55.+.€ty...€n_1,En41, [657 €1,€2,...,€g, ~-~7en717€i” =

=[z,e1,.0 €5, Cpy o1, Eny1, (—1) 1] = (=1)° (0 — n)eiq,
On the other hand
[y €1, ey €5y e CtyeneCnly €ntly€s)y €15 €2, ey €y eeny 1,6 = (—1)%€i11.

This implies that e;;7 = 0 for n + 2 < i < m — 1, which is a contradiction. Therefore, Rf,n is not an
n—Lie algebra.
Suppose that dim(R) > m + 3. Assume dim(R) = m + 4. In Case 1, we define:

dy = ad(x,eq,...,en-1), dp:=ad(y,es,...,en-1), dns1:=ad(z,ea,...,€n-1),
and obtain an n-Lie algebra. In this case, we introduce a fourth element as follows:
di = ad(t,el,eg, ...,é\i, N ,/B\j, N ,@k, .. .,6n+1), 2 S 7 S n — 1.
Next, consider the following change of basis:
e; =e1, € =ej, e; =ep, €, =€}, = €ni1, €41 = Ck-

This change of basis leads to x = ¢, which contradicts the assumption that dim(R) = m + 4. Therefore, the
maximal solvable n-Lie algebra with a hyponilpotent ideal N is unique up to isomorphism.
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AHHOTAIINA

Hannast paboTa MOCBSINEHA TOCTPOCHUIO MaKCUMAJIbHBIX PA3PEINUMBIX PACIINPEHUN M-MEPHBIX -
Jluesbrx asnre6p. VccrenoBanue mpejjaraeT CHCTEMAaTHIECKUHI TOIX0/T K BBISBJICHUIO U KJIACCU(PUKA-
[V TAKUX PACIINPEHM B pamMKax n-apHbix cTpyKTyp Jlu. [losyuenHbie pe3yapTarsl CriocOOCTBYIOT
6oJstee TiTyOOKOMY ITOHHMAHUIO AJIreOPAanIecKnX CBONCTB n- JIneBbIx ajuredbp M MX Pa3pEIuMBbIX Pac-
IIMPEHU, & TaK2Ke MOI'YT CJIy?KUTb OCHOBOH JJ1d JJaJbHEHINNX IPUJIO?KEHI KaK B MaTeMaTHUKe, TaK
U B TEOPETUIECKON (hU3UKE.

Karouesnie caosa: n-anredbpst Jlu, paspemmmMbie ajredpbl, HUJIBIOTEHTHBIE arebpsl, nuddepen-
[UPOBaHNE, HIJIb-HE3aBUCUMbBIE TuddepeHImpoBaHue.

ANNOTATSIYA

Ushbu maqola m-o‘lchamli n-Li algebralarning maksimal yechiluvchi kengaytmalarini qurishga
bag‘ishlangan. Tadqiqot bunday kengaytmalarni aniglash va tasniflashning tizimli yondashuvini
taklif etadi hamda yuqori tartibli Li tuzilmalarining doirasida olib boriladi. Olingan natijalar n-
Li algebralarning hamda ularning yechiluvchi kengaytmalarining algebraik xossalarini chuqurroq
anglashga xizmat qiladi va matematika hamda nazariy fizikaning keyingi qo‘llanmalariga asos bo‘lishi
mumkin.

Kalit so‘zlar: n-Li algebralar, yechiluvchi algebralar, nilpotent algebralar, differensiallashlar, nil-
erkli differsiallashlar.
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