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RESUME

This paper is devoted to the construction of optimal quadrature forrnulas for the approximate

evaluation of integrals of periodic functions in the Sobolev space W O) (0,1]. The quadrature
formulas involve a complex exponential weight function e2™** The coefﬁments of the formulas are
obtained by minimizing the norm of the corresponding error functional in the conjugate space. Using
Fourier analysis and extremal function methods, explicit expressions for the optimal coefficients are
derived. These results extend the classical theory of quadrature formulas to exponentially weighted
and oscillatory cases, yielding efficient schemes for the numerical integration of periodic functions.

Key words: Optimal quadrature formula, exponential weight, complex exponential function,
periodic Sobolev space, Fourier transform.

Introduction Optimal quadrature formulas are fundamental tools in approximation theory and
numerical integration. Classical quadrature formulas such as Gaussian or Newton-Cotes rules are effective for
polynomial approximation in unweighted spaces. However, in many applications involving oscillatory phenomena
or exponential modulation, weighted quadrature formulas provide better accuracy. W2(2,1,0) (0,1] ={¢:(0,1] —
C, p-absolutely continuous and ¢” € EQJ} and forVy € W2(2’1’0) The function satisfies the 1-periodicity

condition:p(z + ) = p(x), Ve e R, § € Z.
The inner product in this space is defined as follows: .

1 1 1
(4, 0) = <¢£7<P>’W2(2,1,0>(0 1 /go x)dx + 2/(,0 x)dx —l—/go(x)z/)(x)dx. (1)
0 0 0
We consider the following quadrature formula
1 | N
/eQmwmtp(x)dm = Z Crip(hk), (2)
r k=1
with the error
F N
@) = /62”“’“”30(35)(&; - Z Cro(hk), (3)
3 k=1

and the corresponding error functional is:

U(z) = 2mwr ch Z §(x — hk — j). (4)

B=—00

Here C}, are the coecients of formula (2), h = %, NeN welZ.
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Statement of the problem Our goal is to estimate the error of the considered quadrature formula (3)
from above, for which it is sufficient to calculate the norm of the error functional (4) . This leads to the solution
of the following two problems, and we will first consider this for m = 2. Now, we consider the following problem.

—_~—

Problem 1: (4) Find the analytical representation of the error functional norm in W2(2,170) space.

0
Problem 2: Finding the optimal coefficients of C}, = C} that minimize
To solve problem 1, we use the concept of an extremal function introduced by Sobolev. Using Riesz’s

theorem for the space W2(2’1’0)(O, 1), we can write the following

1 1 1
(l:0) = (Yo, @)oo = / ¢ (@) (x)d + 2 / @' ()¢ (x)de + / plz)y(x) =
0 0 0

1

- / (D) - 20@ (2)dz + 1 (x))p(x)da
0

From the above equation we get the following equation

D (@) — 208 (@) + de(x) = () (5)

Theorem 1. In the Sobolev space of W2(2,1,0) (0, 1)periodic functions, the extremal function of the quadratic
formula (2) has the following form:
—2miwx N e e27riﬂ(a:7hk:)

Ye(x) = 2rw)t +22mw)’ +1 2.C 2 2rB)* +2(27B)" + 1

k=1 B=—00

(6)

Proof: To find the generalized periodic solution of the differential equation (5), we apply the Fourier transform
to both sides of the equation and use the following properties of the Fourier transform:

o0

Fld= [ el
Fg] = / p(p)e” P2 dp.
F [wﬂ = (—27ip)*F[¢], (a €N).

Here * is the convolution operation.
We apply Fourier Transform to both sides of equation (5).

F 0" @) = 20 (@) + ()| = P 1£(@)].

Since, the Fourier Transform is linear operator, we have

N o
(@) + V)’ F [i] = F | =30, S d(a—hk—B) |,

k=1 B=—o0
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where -
F[0(x — hk — B)] = / §(x — hk — B)e*™ " dy = > P(IhH),

F [e2ﬂiwx] _ / eQﬂ'iwerﬂipa:dm _ 6(p—|—w).

— 0o

. [@d _ 5 p—|—w 2mﬁhk5(p B)
((27rw) —|—1) k=1 ﬁf o (270) t+202m8)” +

Then, we apply the Inverse Fourier Transform to the above equality and we obtain the following

2miwx N > e—QTriﬁ(m—hk)

o) = —— 2.0k >

(27w)” + 2(27w)” + =1 e 278)" +2(2rB)* + 1

27TZB(.’,K hk)

N S
Yo(z) = (27w)* + 2(27w)? kz :Z 2nB)* +2(278)% +1

—2miwx

And so, theorem 1 is proved from the last equality.
We calculate the analytical form of the error functional norm

1

1
— 27mwa:
I g = [ HVla)de = [ ch S e hk—5) | %
0

0 p=—o0
y e—2miw Z Ck i eQ'fri,B(m—hk)
(2mw)* + 2(27w)? o e 2mB) +2(2m8) +1

From the above equality, we obtain the following:

) 1 N o e2miwhk! e—2miwhk
W gim0ay = iz = 3 O S
((27rw) +1) P ((27rw) +1) ((271‘0.)) n 1)
N N > ,—2miBh(k—k')
T DD D¢ e N PR —— (8).
k=1 k'=1 5= oo ((278)° +1)

So problem 1 is solved. Finding the coefficient of the quadrature formula (4) Theorem 2. The
coefficients of the quadrature formula in the form (2) that minimizes the norm of the error functional are as
follows:

0 )
Cr = C(w, h) - e2™iwhk —

8 . e2miwhk l?h/\eh +A2e2h — 1 A2 — e2h _op)eh o)

<(2W)2 N 1>2 Meh —1)F  (A—eh)?

Here \ = e2miwh,
Proof: Taking the first derivative of the coefficient from equality (8) and equating it to zero, we obtain
the following equality

2riwhk’ N o0 e2miBh(k—k')

(2mw)t +2(2nw)” + 1 IS @8 +202mB) +1 0 (10)

k=1 B=—o0
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0 .
Assume the optimal coefficients are as follows: Cj, = C(w, h) - e27whk

e27r7,'whk'
- + C(w, h
(2mw)* + 2(2mw)? + 1 (. h)

0 p2miBh(k—K')

eQﬂ’iwhk =0
1 5;oo 2rB)* +2(276)% + 1

] =

(11)

ES
Il

00 e2miBh(k—k') o0 —2miBhk’ N

N
o w eQTriwhk — w E €
A=0wh)), 2 2r8)* +2(2nB8)% + 1 Ol )

Qﬂiwhke%riﬁhk _
2
k=1 B=—o00 B=—o00 ((27rﬁ)2 + 1) k=1

e

00 —2riBhk’

=Cw,h) > L f: (2mihk(B+w)
f=—00 ((27rﬁ)2 + 1) k=1

> —2miBhk’ N > —2mi(tN —w)hk'

A==Clw,n) 3 e _ TR = O(w,h) Y ¢ N =
p=—oc0 ((27rﬁ)2 + 1) k=1

e ((2n(N —w)? +1)

o0

1 . ’ 1
_ 70(00, h)e%rzwhk Z
1671% + o0 ((tN —w)® - (i)z)z

By substituting A from the previous equation into equation (11), we derive the following:

o 1 627riwhk'

C ,h, 2miwhk’ _ =0
Torp O W2 t;oo ((tN e (L)Q)Q (2rw)* + 2(2mw)? + 1

27
-1
1674h - ht
2 . 2
((270)* +1)" \ 575 (¢ - wh)? — (1)°)

C(w,h) =
In order to compute C(w, h), it suffices to evaluate the infinite series
Z 2 hi 2 2
= (- wh)’ = (1))

This infinite series is computed by means of the residue theorem [5].

i B4 Qhhel + A2e2h — 1 N2 — g2k _ 2h)\eh]

= (<t—wh>2—(“>2)22ﬂh4[ G T =y

2m

(12)

167*h = ht _ 167*h
Clw,h)= —— = X
(ma +1)° | (0 —wm? - (2)°) (2mw)* +1)°

27

y 1
2mth

-1
2hXe™ + \2e2h — 1 N - e2h — op\el
(Aeh —1)° (A —eh)?

4 —1
] . g2miwhk [2h/\€h 4 \2e2h 1 A2 — e2h _ Qh)\eh’]

2" ) 2 - 2
((2w)2 + 1) (e —1) (A—eh)

The theorem has been proven.
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REZYUME
Ushbu maqola Sobolev fazosida W2(2’1’0)(0, 1] davriy funksiyalar integrallarini yaqin hisoblash

uchun optimal kvadratur formulalarini qurishga bag‘ishlangan. Kvadratur formulalar murakkab
eksponensial og‘irlik funksiyasini e27** o‘z ichiga oladi. Formulalarning koeffitsiyentlari mos keluvchi
xatolik funksionalining konjugat fazodagi normasini minimallashtirish orqali aniglanadi. Furye tahlili
va ekstremal funksiya usullaridan foydalanib, optimal koeffitsiyentlarning aniq ifodalari keltirib
chiqariladi. Ushbu natijalar kvadratur formulalarining klassik nazariyasini eksponensial og‘irlikli
va osillatsion hollarga kengaytiradi hamda davriy funksiyalarni sonli integrallash uchun samarali
sxemalarni beradi.

Kalit so‘zlar: Optimal kvadratur formulasi, eksponensial og‘irlik, murakkab eksponensial funksiya,
davriy Sobolev fazosi, Furye o‘zgartirish.

PE3IOME

JlanHast CTaThst IOCBSIIEHA IIOCTPOEHUIO ONITUMAJIBHBIX KBAIPATYPHBIX (DOPMYJI It IPUOIIKEHHOTO
—

BBIYUCJIEHUs] MHTErPAJIOB Tlepruoindeckux (byHKImil B mpocrpanctse CoboseBa W2(2’1’0)(0, 1] Ksag-
paTypHbie GOPMyYIIbI BKIIOYAIOT KOMILIEKCHYTO SKCIIOHEHIIHATBHYTO BECOBYIO byHKImI0 2™ Koad-
dunmeHTs HGOPMYIT OIPENEIISIOTCH Yy TEM MUHUMU3AIIME HOPMbBI COOTBETCTBYIOIIEro (hyHKIMOHAIA
omubku B conpszkénHoM npocrpanctse. C ucnosbzoBanneM MeTooB QPypbe-anaims3a 1 9KCTPEMaJIb-
HO# (DYHKITMH BBIBOJIATCS TOYHBIE BBIPAXKEHUs IJIs ONTUMAJbHBIX Ko durmenTos. [lomyaenubie
DPe3yJIbTAThl PACHINPAIOT KJIACCUIECKYIO TEOPUIO KBAJPATYPHBIX (DOPMYJI HA CIydail SKCIIOHEHIIH-
aJbHBIX BECOB U OCIMJLTUPYIONNX (DYHKINH, a TaKxKe 006ecrieanBaioT 3hdHEeKTUBHDIE CXEMBI /TS THC-
JIEHHOT'O WHTEIPUPOBAHUS IIEPUOIUICCKUX (DYHKIIAHN.

Karouesnvie caosa:ontuMabHas KBaJpaTypHasi (pOpMYJIa; SKCIIOHEHITNATBHBIN Bec; KOMIJIEKCHAST
9KCIIOHEHIHAIbHAs (DYHKINS; epuoandeckoe mpocrpanctBo CobosieBa; nmpeobpazosanue Pypbe.
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