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RESUME

In this paper the best estimate for the remainder term in the central limit theorem for the number
of occupied cells in the multinomial random allocation scheme is established.
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1. Introduction

We consider a model with n balls and N cells (urns) numbered 1,2,..., N, where N = N(n) — oo as
n — oo. Balls are allocated at random independently of each other. The probability of a ball falling into the
mth cell is p,,, > 0, where p; +p2 + - - -+ py = 1. Let 0, be the number of balls in the mth cell after allocation
of all balls, where n(n1,...,mn).

In specific applications, instead of cells, one has types or species of sampling units, and the sample array
n is of interest because it reveals population frequencies p;. Such species sampling problems arise in ecology,
also in database query optimization, where the sampling units maybe entries in columns of a database while the
species consist of all of distinct values appearing in the column; in literature, where the sampling units may be
words appearing in a given author’s known works while the species consist of all words known to that author;
in disclosure risk limitation, where the sampling units may be people or firms listed in a microdata file, without
names or other overtly identifying information, while the types are unique combinations of values of variables
with which the people or firms might be implicitly identified; and in many other areas.

The subject of our interest here is the following important in practice count statistic: the number of
occupied i.e.,

N
Ky =Y Inm >0},
m=1

where I(A) =1 if event A occurred, otherwise zero.

The occupancy counts statistic Ky has been given many names, such as the “profile” (in information
theory) or the “fingerprint” (in theoretical computer science) of the probability distribution {p,,}. Our goal in
this paper is to establish the best estimate of the remainder term when approximating the distribution function
of K with a normal distribution.

2. Results and Proof.

We adopt the following notation: &1,&s, ... is a sequence of independent random variables, where &, is a
Poisson random variable with parameter A, := np,,, ®(z) is standard normal distribution function,

N N
O S R S
m=1 m=1
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efkm(l _ efAm) _ n’YJQv,

I
1=

m(fm) = I{fm > O} - (1 - eiAm) - 'YN(gm - Am)

We assume that
N max p,, < Cy
m

where, hereafter, C}, denotes a positive universal constant, which may vary across instances.

Theorem. There exists a constant C' > 0 such that
C

Ay:= sup |P{Kny <zon+An}—P(z)] < —.
—oo<r <0 IN

Proof. Write

HMZ

N
e~ 1+ A +Z/\m")/1\/76 ’")27
m=1

Im(Em) = _(I{gm = 0} + gme_km) +(1+ )\m)e_Am - (- e_Am)(gm — Am)-
_[(I{gm = O}’ + gme_)\m - (1 + )‘m>e_>\m) + ('YN - e_)\m)(gm - )\m)]'

We have for arbitrary v > 3,

N N
> Blgn(gm)l” <2771 Y Bll{gn = 0} + &e ™ — (L+ A)e ™"

m=1 m=1

N
12705 = e P Bl = A =+ .
m=1

Next,
N N
J=2""0 (U= (14 A)e A ) ) e hm 4 277N A A
m=1 m=1
)\j
+2v7! ZZ‘]*1* )[Pem WA IR s Ty 4 Jig + i
m=1 j=2 ]
We have

N
T <270 T (1= (14 Ap)e ) e <2v o

By using inequalities ze=* < e~ and 2712%2e7% <1 — (1 + x)e~® we obtain

N N
1
v _—(v—2 2 _—2\m v (v— Am —Am v _—(v—2) 2
Jig < 2Ve™( )25/\7& < 2% Zlf 1+ An)e” ) < 2 ( )O'N.
m=1 m=1
Assume v > 4 is an even integer. We have

A N o0 N

9l- Y Jis = Z Z j—1—Am)|e —(l/-‘rl))\m.i' — Z e~ VAm Z(] —1- )\m)ue—/\m%

m=1 j=2 J: m=1 j=2 J:

(10)
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N
= e E(En = Am —1)" = (L4 A) e — Nl ]

m=1
N
_ Z e—(u—l)/\m [E(gm — A — 1)Ve—)\m _ (1 +A )y —2Am )‘7Un+1e_2/\m]
m=1

174

N
< 30 IS 1 ROEB (G — M) — (L4 A e (L A e (1 - (L M) )
m=1 =0

o

N
Z e (=) Z(_l)y_kcfE(gm - 7rL k _>\ Z 1)\,,;16_)\7"]
=1 k=0
N
A I+ Am)e e (1 = (14 Ne ™)) =2 T + S (11)
m=1

We have,

v

Jlg—Ze Ay (-1 RCEE Zc AR

k=0

N
Ze_w""— v—1w-2)(v—3)An —|—Z YRCEE Z LAl
k=4

=1

It is known that E (&, — Am)* = A\ + Zlk/Z] ¢()AL,. Furthermore, 25 (=1)"*Ck — (v —1) = (v — 1) (v —
2)(v — 3)/6. Applying these facts at the last formula we obtain

N
o 26 3 O ) £ ) 3 e < el

m=1

since 2712%e7% < 1 — (1 + x)e . Also Jj5 < ¢(v)o?(n) since (14 Ay )e™*» < 1. So, by (6) Ji3 < c3(v)o?(n).
This together with (4), (5) imply
Ji < e3(v)ok. (12)

Under condition (1) by reasoning similar to those of [2] one can show that Jo < ¢(v)o?(n). Thus by (2), (7)

Y Elgn(En)l” < cv)o

On using this inequality with v = 4 and well-known inequality between Liyapunov’s ratio we obtain

N 1/2
Z Elgum (&m)|* [ ZElgmfm ] sé. (13)

On the other hand it follows from Theorem 1 of [1] that

N
1
Ay < c— Elgm (&3,
N < emg Y Elgm(6n)l

N m=1

Applying here (8) we complete the proof of Theorem.
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REZYUME

Ushbu magolada zarrachalarni qutichalarga tasodifiy joylashtirishning multinomial modelida band
bo’lgan qutichalar uchun markaziy limit teoremasidagi qoldiq hadga eng yaxshi baho olingan.

Kalit so‘zlar: tasodifiy joylash, Puasson tagsimoti, normal tagsimot, markaziy limit teorema.

PE3IOME

B pa6OTe YCTaHaBJINBACTCA HaNJIyqdIllad OIIEHKa OCTATOYHOT'O YJI€eHa B U,eHTpaJIbHofI HpeﬂeJIBHOf/'I TeOo-
peMe JJj1d 9UcCJia 3aHATBhIX d9€€eK B MOJIMHOMHUAJIBHON CXeMe C.)'Iy‘IafIHOI‘O pasMemeHusd.

Karouesnvie caosa: ciaydaiinoe pa3Melnenne, pacipeenaeaue [lyaccona, HOpMaJIbHOE pacIpeese-
HUe, IIeHTpaJIbHas IpejiesbHas TeopeMa.
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