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RESUME

This paper is devoted to the study of geodesics on smooth manifolds such as elliptical paraboloid and
sphere in three-dimensional Euclidean space. The main result is finding equations of the geodesic on
the SO(3) group, which is the smooth three-dimensional manifold in R®.
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INTRODUCTION

Let M™ be a smooth Riemannian manifold of dimension n with a Riemannian metric g;;(x).
Definition. The geodesics of the given metric are defined as smooth parameterized curves

that are solutions to the system of differential equations
Vv =0,
where ¥ = Z—Z is the velocity vector of the curve v, and V is the covariant derivation operator related to the

symmetric connection associated with the metric g;;. In local coordinates, these equations can be rewritten in
the form

A2zt - dad dx
i, — = =0
dt2 +Z ke dt ’

where I‘j-k(x) are smooth functions called the Christoffel symbols of the connection V and defined by the
following explicit formulas [1]:

i _ 1 is (09s; | Ogsk  OGr;
(@) = 229 (Bxk T 0w )

Geodesics can be interpreted as the trajectories of a single mass point that moves on the manifold without
any external action, i.e. by inertia. Indeed, the equation of geodesics means exactly that the acceleration of the
point is equal to zero.

The equation of geodesics can be considered as a Hamiltonian system [3] in the cotangent bundle 7% M,
and the geodesics themselves can be regarded as projections of the trajectories of this Hamiltonian system on
M. To this end, consider the natural coordinates z and p on the cotangent bundle T* M, where x = (z!,... 2")
are the coordinates of a point on M and p = (p1,...,p,) are the coordinates of a covector from the cotangent
space T M on the basis dx!, ..., dz". Take the standard symplectic structure w = dzAdp on T* M and consider
the following function as a Hamiltonian:

Hr,p) = 5 3 g% @)pins = lol* 1)
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It is well known the following proposition [1,4].

Proposition. a) Let v(t) = (z(¢); p(t)) be an integral trajectory of the Hamiltonian system v = sgradH
on T*M. The curve z(t) is then a geodesic, and its velocity vector &(t) is connected to p(t) by the following
relation:

W — S st

b) Conversely, if a curve x(t) is a geodesic on M, then the curve (z(t); p(t)), where p;(t) = >_ gi;(x)p;(t), is an
integral trajectory of the Hamiltonian system v = sgradH.

I. Geodesics on the elliptical paraboloid

Let F be an elliptical paraboloid on R? given with the equations

T = \/2c08¢
y = zsing (2)
z2=1z

To write the equation of a geodesic on the surface F according to Proposition, we first find the Hamitonian
system on the cotangent bundle of the surface F. To do this, we should find the tangent vectors

1 1
2\/zcos¢p’ 2/zcosd’ !
re = {—V/zsing, /zcosp, 0}.

We get the first quadratic form matrix and the inverse matrix of the first quadratic form, which are shown
below, respectively.

b

r, =4

4z4+1 0 4z
(9i7) = 4z and (g7) = | 42+ 1
0 4z 0
4z
Now, we are ready to write the Hamiltonian system on the T F
O S S A
YTodt (42 +1)2 " 222
4 dpa
= — = 0
V) di
(3)
;dz 4zpy
z = — =
dt  4z+1
¢ do po
¢ = dt 2
which corresponds to the Hamiltonian,
1, 4z 1
H— = 2 2.2y 4
2(4z+1p1+zp2) (4)
Theorem 1. The curve with the equation
2C  |C1/Az+1-2,/C7z - C? Viz+1

d(z) = ——In — arctan C'

G |O1/az +142,/C32—C? VC3z — C?

where C%2 — C? # 0 and C, C # 0 is a geodesic line on the elliptical paraboloid with equation (2).

87



Acta NUUzZ EXACT SCIENCES Ne2 /2, 2025, pp.86-93

Proof. Let us find an integral trajectory of the Hamiltonian system (3).
Using the equations of the system, we have the following.

EEACCES)) B C Azl a1,
pl_Ta pQ_Oa P = 4z z 4222 )
and A )
Z+lz//_ 1 2/2207.
4z 822 222
As a result of the ODE we get
o dz _ 2/Cz - C?
dt Viz +1
and
dz _ 2,/C7z-C?
dt iz 41
¢ _C
at  z’
()
@ 207 8(C2z —C?)
a2 4z +1 (4z+1)% 7’
¢ O 2\/CPz—C?
a2~ 22 Viz+1
Let us now check that the curve that satisfies the system (5) is geodesic.
We know that curve with the equations
= 2(t
¢ =9(t)
is geodesic if only if it satisfies the following system by Definition:
@z _ 1 (£) - (%)
di2  2z(4z+ 1) \dt 4z +1\dt/) 7
(7)
d’¢ 1dzdo
— +-———=0.
dt? + z dt dt

It is easy to check that if curve (6) satisfies the system (5) then it satisfies the system (7) also.
We have the following ODE from the equations in the system (5):

dp _dop dt _C  JAz+1

dz  dt dz_?z.ﬂ/cfz_cf

if we replace the variables as:

1 41

VI T 1 >t = 20?2 (Cf * (12) v

= 2= 5 and dz = ——5 5>
Jo—or T, 1 C; 1

G
1 Cy
where C2z — 02 # 0 and C, C} # 0, we get following ODE
4 1 22dx
d¢“0<c%+cz)(2 L) (o &)
C7 C
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or

& Ciz+2

b — _% de 1  da 7
CT 2 ¢ o
C? o
then
2C dz dx 1 dx
dp = o, 2 2 | ¢, 1
T— — — e+ =5
Ch Ch C?
By solving it, we find the following
2 -2
o(x) = _Eln ’ Ci ‘ —arctan C'z + Cj,

if we replace the old variables, we get a function

Viz+1
C3z — C?

This function represents the explicit equation of the geodesic we are looking for. Theorem 1 has been proven.

—arctan C + Cs.

$(2) =

2C CiV4z +1-2,/C%z—C?
C1 Civ4dz +1+42,/C%z — C?

I1. Geodesics on the Sphere

Let us now find a geodesics on the unit sphere S? on R3.

Let us
T = COSUCOSV
Y = cosusinu (8)
Z = Sinv

is a parametric equation of S2.
Theorem 2. The curve with the equation

2
a = ———— arctan [ ——(tanu) ) + C>,
) vl Yo (0272012( )+
2
where%<landCC’17€0
2 _ o2
b) w(u) = — 1 m’Ctanu—i—\/C’ QC’

Ctanu — /C? — 202

NeEre:
2

2C7
where ﬁ > 1 and C # 0. is a geodesic line on the sphere S? with equation (8).

Proof. According to the proposition, a projection of the trajectories of this Hamiltonian system is geodesic
on S2. Let us find it.

In this case, the tangent vectors are
ry = {—sinucosv, —sinusinv, cosu},
ry = {—cosusinv, cosu cos v, 0}.

We get the first quadratic form matrix and the inverse matrix of the first quadratic form, they are shown

below, respectively:
1 0
1 0 i
%w@mmﬁmw>@ 1)

cosZu
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Hamiltonian system in the cotangent bundle T*S? is the following system :

, sinu
b1 = - P

1 cosdu’?

;o
p2 - 07

9)

A

uw = pi,

’ P2

cos? u

The corresponding Hamiltonian function is

1 1
H = 5(]’%4‘7173)

Using the equations of the system, we have the following

sinu Cc?
=C no__ 0 2 I — 02
D2 ) U 141 COSS U ) u P1 ) COSQ u + 1
and J )
D1 sinu o
ot C
dt cosdu
dp2
2 _
dt ’
(10)
du  2Cfcos®u—C?
dt 2cos? u ’
dvv  C
dt  cos?u’
Let us find the projection of the trajectories of the system (10).
If we consider the following equalities as
dt 2 cos? u dv C d dv C 1
7:—’ —_— = — an 7:7-77
du  2C%cos2u—C2’ dt  cos?u du  C? ) C?
cos?u — —
20%
then we can write the explicit equation of the geodesic as v = v(u).
d 1
If we replace the variables as: = = tanu, du = x and cos®u = ———, we get
2 +1 2 +1
2 dx
1
2 +1— o2
Let us solve the differential equation (11).
2C%
When C—zl < 1 and C,C; # 0, we have
C
v(z) = — arctan( .T) + Oy,
C? —20% C? —2C%
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e
or if oz > 1 and C,Cy # 0, then we get

v(u) = — ! ‘

C? —2C%

Now we replace the old variables and we get equation of the geodesic with the following equation which we seek

Cx+,/C? —202'

Cx —+/C?—20}

a) ov(u) = 2 arctan (L(tan u)) + C:
C2 — 207 V=203 >
2
where 26%1 <1land C,Cy # 0;
b) () = — 1 m’C’tanu—F\/CQ—QCQ‘
V0?2 —2C? I Ctanu —/C? —2C?
2
where 20% >1and C #0.

Theorem 2 has been proven.
II1. Geodesics of the SO(3)

Any rotation of a rigid heavy body around a fixed point in the case of Euler can be described by a rotation
matrix belonging to SO(3). The group SO(3) is a compact and smooth three-dimensional manifold R?.

The parametric equations of the matrix A € SO(3) and the Hamiltonian function on the cotangent bundle
of the SO(3) smooth manifold are given in work [2]. We use them to find an equation of geodesic on SO(3).

The Hamiltonian in the cotangent bundle 7*SO(3) is a function

1 1 1 1 sinv
H=-—p>+=p2 — . 12
2 (200S2 e Taret 2cos?u’3  cos2ol 3 (12)

Hamiltonian system corresponding to the Hamiltonian function (12) is

dp;
21
dt

dpa sinv 1+sin®v

P2 _ 2, .2
dt 2cos3v(p1 +p3)+

2 cos3 v p1ps

dp _
dt

du B 1 sin v
dt  2cos? Upl 2 cos? vp3

dv _ 1
at -~ 2P?
dw 1 sinv

At 2c0sv’® T 2costult
Consider the projection of the trajectory of this system (13). From the system, we know that

1+ sin®v
4 cos3 v

dv 1 d?>v  1dp sinv

-z av_ 12 2, .2
ar 2P w2 T a4 4(:0531)(]91 +p3)+

P1p3
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when coefficients C, p1, p3 are non-zero. After solving this ODE, we have

dv 2 1 sin v
v pitps P1P3 e
dt 8 cos?w 4 cos?wv

or

dt 8 cos? v

dv  8CZ%cos?v + 2p1pssinv — (pf +p3)’

As a result of ODE (14), we obtain the following ODEs.

4(py —sinv - p3)dv

du = . )
8C2 cos? v + 2p1pgsinv — (pi + p3)
4(ps —sinv - p1)dv
dw = —-—— - 5 55
8C? cos? v + 2pyp3sinv — (p7 + p3)
or
D3 sin vdv
du = 5 =5 2 2 2
20 sin?v — P8 gin g + Pitps —8C7
4C2 8C?
P1 dv
207, paps Pt +p3 —8C*’
sin® v — 102 smv—l—T
d P1 sin vdv
w = — —
202 sin? v — P1bs sinv + p7% +ps— 8C7
4C? 8C?
Ps3 dv
202 2+ p3—8C%
sin? v — ]49116]'9;3 sinv + pLps — 807 18)302
We find the integral curve of the system when the new coefficients a, b satisfy the following conditions
2, 2 2,2 2, .2 2
_ Dp1ps3 _ pi+p3 2 _ DPip3 pi +p3 —8C
a—402>0,b— 502 —1>0,and a —4b—16C4—4- 302 > 0.
Our ODEs obtain the following view.
P3 sin vdv P1 dv
du =

T 2C%sin2v —asinv+ b 2C?sin?v —asinv + b’

D1 sin vdv D3 dv
dw = 572 .9 X T 52 - 9 N .
2C? sin*v —asinv+b 2C?sin“v —asinv+b

Leave the replacement as x = tan 3

du— 2ps xdx 1 (1+ 22)dx
~ bC?2 2 4b bC? 2o4p )’
(1'2 — %l’ + 1)2 — GTCU2 (x2 - %x + 1)2 — G/T.’E2
i 2p1 xdx D3 (1 + 2%)dx
w=—"- —TA7 :
bC?2 24 bC?2 2 _4b
(a:Q—%a:+1)2—ab2 x? (xQ—%JJ—I—l)Q—abQ x?

Finally, we obtain the following geodesic equations with the parameter v;
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2p3b — p1(Va? — 4b+ )

u(v) =
C?%Va? — \/41)2 (a ++Va
2psb + p1(Va? — 4b —a)

C2V/a® —T5\/4* — (a — Va7 — 30)?

2p1b — p3(Va? — 4b + a)

- arctan

2btan § —a — a2—4b

G

thanf —a+Va

- arctan

+02a

(15)
than% —a—+Va?—4b

(a—l—\/Qi)Q_

2btanf —a+Va

+C3

w(v) =
C2Va® —T5\/40* — (a + Va? — 30)?
2p1b+ ps(Va? —4b — a)
arctan
N Va? = 25\[48? — (a - Va? — 2b)?

a? — 4b)?

After all calculations we obtained parametric equations of the curve on SO(3) and we have already proved the

following theorem.

Theorem 4. The curve given with equations (15) is a geodesic on SO(3).
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REZYUME

Bu maqolada uch o‘lchamli Yevklid fazosida joylashgan elliktik paraboloid va ikki o‘lchamli sfera
kabi silliq ko‘pxilliklardagi geodezik chiziglar o‘rganilgan. Asosiy natija R? da joylashgan 3 o‘lchamli
silliq ko‘pxillik bo‘lgan SO(3) gruppaning geodezik chiziq tenglamasi topilgan.

Kalit sozlar: Geodezik chiziq, Hamilton sistemasi, Hamilton vektor maydoni, 3D aylanishlar
gruppasi

PE3IOME

Jlannas paboTa MOCBAIIEHA U3y9YEHNUIO IMEOMEe3NYECKUX Ha TVIAJKUX MHOI0OOPa3usaX, TAKUX KakK 3JI-
JIMITUYECKUi Tapabosions u cdepa, B TPEXMEPHOM €BKJIUJI0BOM IpocTpaHcTBe. OCHOBHBIM PE3yJib-
TATOM SIBJISIETCS HAXOXKJIEHUE ypaBHEHUN reoje3ndeckux Ha rpyumne SO(3), npeacrasisiomneit coboi
IIaKoe TpEXMepHoe MHOroobpasue B RY.

Karoueswie caosa: reosesndeckne, [aMuabTonoBa cucreMa, [aMuIbTOHOBA BEKTOpPHBIE oI, 3D
IpyIIa BPAIIEHUsI.
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