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RESUME

In this paper, we consider the three-state Chui—-Weeks model on the Cayley tree of arbitrary order
not less than four. For this model, all translation-invariant and all periodic ground states with respect
to any normal divisor of index two are described.
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1. Introduction

The study of statistical mechanics models on non-Euclidean structures, particularly on the Cayley tree,
has attracted considerable attention during the last decades. Unlike the traditional lattice Z¢, the Cayley tree
possesses a hierarchical and cycle-free structure that provides a convenient framework for the rigorous analysis
of various physical phenomena. Many classical models of statistical physics, such as the Ising model, Potts
model, SOS model, and Chui-Weeks model, have been extensively investigated on Cayley trees [1-11], revealing
rich behaviors that differ significantly from those observed on Euclidean lattices.

One of the central problems in this area is the description of ground states and Gibbs measures associated
with these models. Ground states represent configurations that minimize the system’s Hamiltonian and play
a crucial role in understanding the structure of Gibbs measures, especially at low temperatures [8-11]. In
particular, the classification of translation-invariant and periodic ground states provides valuable insights into
the symmetry and long-range order of the system.

The Chui-Weeks model, originally introduced to describe surface phenomena and wetting transitions [2],
is of particular interest when studied on the Cayley tree. This model exhibits non-trivial ground state structures
depending on the number of spin states, the interaction parameters, and the geometry of the underlying tree.
While the two-state and three-state versions of the Chui-Weeks model on Cayley trees of lower orders have been
studied in detail, the investigation of higher-order trees remains an open and challenging direction.

In this paper, we investigate all translation-invariant and periodic ground states with respect to arbitrary
two-index normal subgroups of the Cayley tree group of the three-state Chui~Weeks model. The ground states
on the Cayley tree of order two were described in [6], while those on the Cayley tree of order three were presented
in [7]. In this paper, we solve these problems for the Chui-Weeks model on a Cayley tree of arbitrary order
greater than or equal to four.

2. Preliminaries and Model Description

The Cayley tree T'* (see, e.g., [3,8]) of order k > 1 is an infinite tree, i.e., a graph without cycles, from
each vertex of which exactly k + 1 edges issue. Let I'* = (V, L, i), where V is the set of vertices of I'*, L is the
set of edges of I'* and i is the incidence function associating each edge I € L with its endpoints z,y € V. If
i(l) = {z,y}, then = and y are called nearest neighboring vertices, and we write | = (z, y).

It is known (see [3]) that there exists a one-to-one correspondence between the set V' of vertices of the
Cayley tree of order k > 1 and the group G of the free products of k + 1 cyclic groups {e,a;}, i =1,..,k+1
of the second order (i.e. a% =e, a;l = a;) with generators a1, ag, ..., Gg11.
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We consider model where the spin takes values in the set ® = {0,1,2}. For A C V a spin configuration
o4 on A is defined as a function x € A + g4(x) € ®; the set of all configurations coincides with Q4 = ®4.
Denote Q2 = Qy and 0 = oy .

Definition 2.1. A configuration o € Q is called G}, -periodic, if o(yz) = o(x) for any x € Gy and
y € Gi, C Gy.

For a given periodic configuration the index of the subgroup is called the period of the configuration.

Definition 2.2. A configuration that is invariant with respect to all shifts is called translation-invariant.

The Chui-Weeks model (see [2]) is defined by the following Hamiltonian

H(o)=J Y lo(@)—o(y)[+a) dow)o; (1)

(z,y)eL eV

where J,« € R, « is an external field and o € Q.

Remark 2.1. Recall that model (1) coincides with the SOS model under the condition o = 0 (see, e.g.,
[1,2,8]).

Let M be the set of all unit balls with vertices in V' and S;(x) be the set of all nearest neighboring
vertices of z € V.

We call the restriction of a configuration o to the ball b € M a bounded configuration op. The energy of
configuration o on b is defined by the formula

U =3 3 ol —ol@) | +155 Y oo )

z€S1(cp) xeb
where J = (J,a) € R? and ¢, is the center of the unit ball b.
The Hamiltonian (1) can be written as

H(o) = Z Ul(op).
beM

3. Ground states

In this section, we study the ground states of the three-state Chui-Weeks model on the Cayley tree of
arbitrary order not less than four. These ground states were described on the Cayley tree of order two in [6],
and on the Cayley tree of order three in [7].

We have the following lemma.
Lemma 3.1. Let k > 4. Then for each configuration ¢y, we have the following

Ulpp) €{U; :i €I},

where I denotes the set of natural numbers from 1 to | L |, and L represents the collection of all distinct U(op).
In particular, for k = 4 the following relations hold:

I={U;:i=1,2,3,..,40}; | L |= 40;

J J « J b «
U =0; U =0 U3_§7 U4_§+E7 U5—§+€7 Us = J; U?—J‘ng
o 20 Sa 3J 3J «
Us—J—Fg, U9—J+§, UlO_J—’—F’ U11—7, Ulz—?-&-g,
3J « 3J « 3J 2« o
_ 27 2. _ 27 L=, _ 2, 2=, —927: -9 -,
Ui3 5 T3 U4 5 +2, Uis 5 + 3 Uie J; Uiz J+6’
2 5J 5J
Uis =27+ 55 Uig =27+ 2 Usg = 2J + = Un = 3 Upp = = + =
3 2 2 6
5 « 5  « 5J 2« 5J b« «
U23*?+§7 U24f? 5 U25*7+?7 U26*7+€7 U27*3J+Ev
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« « 7J  « 7J « 7J «
U28—3J+§7 U29—3J+§7 U30—7+g, U31—7+§, U32—?+§7
Uss =4+ & Usi = 4T+ % Ugs = 47+ & Uggmdd + 22 U= 2 1 2
33 — 6’ 34 — 37 35 — 27 36 — 37 37 — 9 65
9J 2« « Sa
Usg = —+—; Usg=5J+ —; Uy =5J +—.
38 5 + 3+ Vs +6’ 40 + 6
For the case k > 4, we have
J (k+ 1o
=0; = = —: .. =(k+1 —_—
U, 0; Us Qs Us 9’ ) U|I\ ( + )J+ k+2 ;

here | I | denotes the cardinality of the set I.
Definition 3.1. A configuration ¢ is called a ground state for the Hamiltonian (1), if
U(pp) = min{U, : i € I}

for any be M.
We denote A¢ = {(J,a) € R? : Ug = min{U; : i € I}}.
For k = 4, calculations show that:

Ay ={(J,0) eR?*:J >0,a>0};

Ay = {(J,a) €R?:30J > a,a < 0};
Az =Ag= A1 = A1 ={(J,0) eR?: J =0,a > 0};
Ay =As=Ar=..=Ap=An=...=A15=A17=... = Ay
= Ay =..= Az ={(J,a) €R*: J =0,a =0};
Ag ={(J,a) € R%2:—a<15J < 0};
Azg = {(J,a) eR?:0 < a < —15J};
Ay ={(J,a) €R?:30J < a <0}
and U?il A; = R2,
For the case k > 4, we obtain the following sets:

A ={(J,a) ERQIJZO,O[ZO};

Ay ={(J,a) eR*: (k+1)(k+2)J > o, a < 0};
Az ={(J,a) eR?*: J=0,a > 0};

A ={(J,a) eR?*: (k+1)(k+2)J <a <0}

and Ulllzll A; = R2,

3.1. Translation-invariant ground states

In this subsection we study all translation-invariant ground states for the Chui-Weeks model on the Cayley
tree of arbitrary order not less than four. The following theorem describes all translation-invariant ground states
for the three-state Chui-Weeks model.

Theorem 3.1. For the Chui- Weeks model on the Cayley tree of order k > 4, the following assertions
hold
i) the configurations o(x) = 1 Vo € V and o(x) = 2 Vo € V are translation-invariant ground states iff
(J,a) € Ay;
i) the configuration o(z) = 0 Vr € V is a translation-invariant ground state iff (J, ) € Asg;
iii) if (J,a) € R?\ {A1 U A2}, then no translation-invariant ground state exists.
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Proof. i) Let k > 4. We consider the configuration o(z) =4, € {1,2}, Vz € V. For any b € M by
Lemma 3.1 we have U(op) = U; = 0. Thus the configuration o(z) = 4,7 € {1,2}, Vz € V is a ground state iff
(J, Oé) € Aq;

ii) Let k > 4. We consider the configuration o(z) =0 Va € V. For any b € M by Lemma 3.1 we have
U(op) = Uz = a. Thus the configuration o(x) =0 Va € V is a ground state iff (J, ) € Ag;
i11) It is obvious. Theorem 3.1 is proved.

Remark 3.1. [t is known from [1] that for the SOS model with a non-zero external field, the configuration
o) =1 Vo € V is not a translation-invariant ground state. From Theorem 3.1, we can see that this
configuration is a translation-invariant ground state for the Chui- Weeks model.

3.2. Ggf)-periodic ground states

In this subsection we study all G,(f)—periodic ground states for the Chui-Weeks model on the Cayley tree
of arbitrary order not less than four, where

G,(f) ={x € Gy :| x| is even},
where | z | means length of the word z.

All G,(f)—periodic configurations have the following form:
ao, if z c G,(f),

o1, if 2 € Gy \ G,

o(x) =

where 0g, 01 € O.
The following theorem describes all G,(f)—periodic ground states for the three-state Chui-Weeks model.
Theorem 3.2. Let k > 4. Then for the Chui-Weeks model the following assertions hold

L i) if (J,a) € {(J,a) e R?: —2a < (k + 1)(k + 2)J <0}, then G,(f)—pem‘odic configurations

1,if 2 € G, 2, if €GP,
ox) = o @)= @
2, if € Gp\ G, 1, if € G \ G\

are Gl(f)—pem'odic ground states;
i) if (J,a) € {(J,a) € R? : J < 0,a = 0}, then G;Z)—pem'odic configurations

0, if €GP, 2, if €GP,
o(z) = _ © o(z) = . ©
2,if v € Gp \ G}, 0, if v € Gi \ Gy,

are Gg)-pem'odic ground states.

II. All Gf)—periodic ground states, except for points i) and ii) above, are translation-invariant.
Proof. I. i) Let k = 4. We consider the following Gf)—periodic configuration

1,if x € Gf),
o(z) = @
2, if $€G4\G4 .

Then we have o(cy) = 1 or o(¢y) =2, Vb € M. If o(cp) = 1 then Vo € S1(¢p) we have o(z) = 2. In this case
by Lemma 3.1 we get U(op) = 22 = Usy. If 0(cy) = 2 then Vz € Si(c;) we have o(z) = 1. In this case by
Lemma 3.1 we get U(oy,) = % = Us;. From these cases, it follows that the Gf)—periodic configuration we have
considered is a ground state, if (J, ) € As;.

ii) Let k = 4. We consider the following Gf)—periodic configuration
0,if x € Gf),
2,if z € G4\ GP.

o(x) =
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Then we have o(cy) = 0 or o(cp) = 2, Vb € M. If o(cp) = 0 then Va € Si(cp) we have o(x) = 2. In this case
by Lemma 3.1 we get U(op) = 5J 4 § = Usg. If 0(cy) = 2 then Va € Si(c) we have o(x) = 0. In this case by

Lemma 3.1 we get U(0p) = 5J + 2& = Uyg. From these cases, it follows that the Gf)—periodic configuration we
have considered is a ground state, if

(J,a) € AzgN Ago = {(J,a) €R*: J <0,a =0}

The remaining cases are proved as above. Theorem 3.2 is proved.
3.3. H-periodic ground states

In this subsection we study all H 4-periodic ground states for the Chui-Weeks model on the Cayley tree
of order k > 4, where

Hy={z€Gy: wa(ai) is an even number},
i€A
where ) £ A C N, = {1,2,3,...,k + 1}, and w,(a;) is the number of letters a; in a word = € Gy. Note that

| z |= Zfill wj(z). It is known that the sets H4 and Gl(f) are normal groups of index two of Gy, and also

any normal group of index two in Gy, is of the form Hy4 (see [3, 8]). If A = {1,2,3, ...,k + 1}, then the normal
subgroup H 4 coincides with the group G,(f).
All H 4-periodic configurations have the following form:

00, if x € Hy,
o(x) =
O’l,ifxEGk\HA,

where g, 01 € P.
The following theorem describes all H 4-periodic ground states for the three-state Chui-Weeks model.

Theorem 3.3. For the Chui-Weeks model on the Cayley tree of order k > 4, the following assertions
hold

1) if (J,a) € As, then the following H 4-periodic configurations

{i,ifa:eHA,

o(x) =
J, if ® € Gg \ Ha,

where i £ 4, i, € ®\{0},| 4]|=1,2,3,...,k

are H a-periodic ground states;

i) if (J, o) € R?\ As, then all Hs-periodic ground states are either translation-invariant or G,(f)—periodic.
Proof. Let B, = {z € S1(¢p) : op(x) = i},i € D.
i) Let k =4 and | A |= 1. We consider the following H 4-periodic configuration

{ 1,if 2 € Hy,

o(z) =
2, if $6G4\HA.

If ¢, € Hy, then we have
U(Cb) =1, | B |: 4, | Bo |: 1,
thus U(O’b) = U3.
If ¢, € G4 \ Hy, then we have
o(ew) =2, |B1|=1, | By|=4,
thus U(op) = Us.
Consequently, the configuration o we have considered is an H 4-periodic ground state if (J, ) € As.
The remaining cases are proved as above. Theorem 3.3 is proved.
Remark 3.2. Recall that when k > 4 and | A |=k+ 1, all Hs-periodic ground states are identical to the
Gl(f)—pem'odic ground states described in Theorem 3.2.

Remark 3.3. In this work, we have provided a complete characterization of all translation-invariant and
periodic ground states with respect to any two-index normal subgroup for the three-state Chui—Weeks model on the
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Cayley tree of arbitrary order greater than or equal to four. An important observation is that, by employing the
contour method [5,7-11], one can rigorously prove the existence of Gibbs measures associated with the translation-
invariant ground states described here. This connection highlights the fundamental role of ground state analysis
in the study of phase transitions and equilibrium properties of lattice models on non-amenable graphs such as
the Cayley tree.

10.

11.
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REZYUME

Bu ishda tartibi to’rtdan kichik bo’lmagan ixtiyoriy tartibli Keli daraxtida uch holatli Chui-Weeks
modeli garaladi. Ushbu model uchun barcha translatsion-invariant va ixtiyoriy ikki indeksli normal
bo’luvchiga nisbatan barcha davriy asosiy holatlar tavsiflanadi.

Kalit so‘zlar: Keli daraxti, Chui-Weeks modeli, asosiy holat, translatsion-invariant asosiy holat,
davriy asosiy holat.

PE3IOME

B nmannOit pabore paccMaTpuBaeTcs TPEXCOCTOsIHUIHAsT Moje/ib dyn—Ywukca Ha jepese Kajm mpo-
W3BOJILHOTO TIOpsIJIKA HE MeHbIme deTbipex. s 3Toil MOojeam ONMcaHbl BCE TPAHCIISIITHOHHO-
WHBAPUAHTHBIE U BCE IMEPUOIMIECKNE OCHOBHBIE COCTOSIHUST OTHOCUTEIBHO JIFOOOT0 HOPMAJIBHOTO Jie-
JIUTesId UHJEKCa JIBa.

Karouesnie caosa: epeso Kamm, momens Yywu-Ywukca, OCHOBHOE COCTOSTHUE, TPAHCJIAIHOHHO-
WHBAPUAHTHOE OCHOBHOE COCTOSITHUE, TIEPUOIMIECKOEe OCHOBHOE COCTOSIHUE.



