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RESUME

In this work, we have undertaken a rigorous study of Boltzmann machines and the associated
Gibbs measures they induce. Beginning from the machine’s energy function, we have detailed
the construction of the corresponding Gibbs measures and derived the requisite consistency
(Kolmogorov) conditions. We have further identified precise criteria under which these consistency
conditions hold and have evaluated their implications for the coherence and validity of statistical
models built upon Boltzmann-machine architectures.
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1. Preliminaries

There is a substantial body of work on Gibbs measures for the Ising model [3], but relatively little has
been done on the energy function in Boltzmann machines (the Boltzmann model). In this paper, we investigate
the Gibbs measure for such models.

The interplay between statistical physics and machine learning has led to significant advancements
in probabilistic modeling, with Gibbs measures and Boltzmann machines standing at the forefront of this
synergy. This paper explores the mathematical foundations of Gibbs measures in Boltzmann machines [§],
their algorithmic implementations, and their applications in generative modeling, unsupervised learning, and
optimization.

We formalize the connection between statistical mechanics and energy-based models, analyze sampling
techniques, and discuss modern variants such as quantum Boltzmann machines. We also address challenges
related to the intractability of the partition function and the scalability of these models.

Gibbs measures, originating from statistical mechanics, provide a rigorous framework for describing
systems in thermal equilibrium, where the probability distribution of states follows the Boltzmann law. In
machine learning, Boltzmann machines leverage this framework to model high-dimensional data distributions
through stochastic interactions between units.

A Boltzmann Machine is a stochastic, energy-based neural network that operates on principles from
statistical mechanics and is primarily used for unsupervised learning tasks. The network consists of binary units
(neurons) that can exist in states s; € {0,1} or {—1,+1}, connected through symmetric weights w;; = w;; with
no self-connections (w;; = 0). Each unit has an associated bias term a; representing its activation tendency.

The system’s behavior is governed by an energy function:

E(s) = - Zwijsisj - Zai5i7 (1.1)

1<j
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where lower energy states are more probable. In the machine-learning context, this model is called a fully visible
Boltzmann machine.

The probability distribution over states follows the Boltzmann distribution:
L BT
P(s) = Z¢ ) (1.2)

where Z is the partition function, that is Z = > e~ E()/T that normalizes probabilities and T represents the
temperature parameter controlling the system’s stochasticity.

The Cayley tree I'* = (V, L) of order k& > 1 is an infinite tree, i.e. graph without cycles, each vertex of
which has exactly k + 1 edges. Here V is the set of vertices of I'* va L is the set of its edges.

Consider models where the spin takes values in the set {0,1}, and is assigned to the vertices of the tree.
For A C V a configuration 04 on A is an arbitrary function o4 : A — {0,1}. Let Q4 = {0,1}* be the set of
all configurations on A. A configuration o on V is defined as a function € V +— o(z) € {0,1}; the set of all
configurations is 2 := {0,1}V. We consider all elements of V are numerated (in any order) by the numbers:
0,1,2,3,.... Namely, we can write V = {x¢, z1, z2, ....}.

Q can be considered as a metric space with respect to the metric p:  x Q — RT given by

p({o@)ls ey A0 @ er) = >, 27"

n:o(zy)#c’ (zn)

(or any equivalent metric the reader might prefer, this metric taken from [2]), and let B be the o-field of Borel
subsets of Q.

For each m > 0 let m, : Q — {0,1}*! be given by 7, (00,01,02,...) = (00,...,0,) and let C,, =
Tt (P ({0,1}™%1)), where 0; := o(z;) and P ({0,1}™"1) is the family of all subsets of {0,1}™*! (Cartesian
product of {0,1}). Then C,, is a field and each of the sets in C,, is open and closed set in the metric space
(€2, p); also Cy, C Cpny1- Let € = U,,,50Cm; then C is a field (the field of cylinder sets) and each of the sets
in C is both an open and closed. Denote S(C) - the smallest sigma field containing C. Every element of S(C) is
called “measurable cylinder*.

Let A be the Lebesgue measure on {0,1}. The set of all configurations on A the a priori measure A4
is introduced as the |A|-fold product of the measure A. Here and further on |A| denotes the cardinality of A.
Below, W,,, stands for a ’sphere’ and V,,, for a 'ball’ on the tree, of radius m = 1,2, ..., centered at a fixed vertex
20 (an origin):

Wy ={z eV dxza2*)=m}, V,={zecV:dxaz")<ml,

and
Ly, ={(z,y) € L:x,y € Vy}.

Here distance d(z,y), z,y € V, is the length of (i.e. the number of edges in) the shortest path connecting x
with y. Qy, is the set of configurations in V;, (and Qyy, that in W,,; see below). Furthermore, o|y, and w|w, .,
denote the restrictions of configurations o,w € € to V,, and W, 41, respectively.

2. Gibbs measures for the fully visible Boltzmann machine

Let h:x € Vs hy = (hyp t € {0,1}) € RI®1} be mapping of x € V'\ {z°}). Given n = 1,2,..., consider
the probability distribution 1™ on Qy;, defined by

M(n)(gn) = Z;l exp (—ﬁH(O’n) =+ Z han(z),x> . (2.1)
zeW,
Here, as before, 0, : © € V,, = o(x) and Z,, is the corresponding partition function:

Ty = / exp (—5H(6n) + Z h&n(m),z> Av, (d&y). (2.2)

zeW,

n
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Let A € N and A C A, where A is the set of all finite subsets of V. For any A € A/, By is the minimal
o-field on the configuration space Q. If uy is a measure on By, the projection of pp on By is measure ma (ua)
on Ba defined by

[ma(ua)](B) = pa{o € Qp : ola € B}, B € Ba.

Similarly, if u is a measure on B, the projection of p on By is defined by
[ra()](B) =p{oc € Q:0p € B} = pu(o|p =0op :0p € B), B € By.

Define a finite-dimensional distribution of a probability measure p in the volume V,, as

pin(on) = Z;1 exXp {BHn(Un> + Z hxo(x)} ) (2.3)

zeW,

where 3 = 1/T, T > 0 is temperature, Z, ' is the normalizing factor, {h, € R,z € V} is a collection of real
numbers, and

H,(o,) =— Z wijo(x;)o(x;) — Zaia(xi) (2.4)
<137;,:E_]'>€Ln i
is the Hamiltonian of the Boltzmann model.
We say that the probability distributions (2.3) are compatible if for all n > 1 and o0,,_; € ®V»—1:

Z ,Ufn(gn—l \ wn) = Nn—l(o'n—l)- (25)

Wy €EOWn

Here 0,1 V w,, is the concatenation of the configurations. In this case, according to the Kolmogorov theorem,
there exists a unique measure p on ®" such that, for all n and o,, € ®"»,

p{olv, = on}) = pnlonm). (2.6)
Such a measure is called a splitting Gibbs measure corresponding to the Hamiltonian (2.4) and function
he,x €V.
The following statement describes conditions on h, guaranteeing compatibility of p, (o).
Theorem 2.1. Probability distributions pu,(o,), n = 1,2,..., in (2.3) are compatible iff for any x € V
the following equation holds:
ha =Y f(hy,0). (2.7)

yeS(x)

Here, 0 = Pvii | f(h,0) =In ﬁ%, and S(x) is the set of direct successors of x on Cayley tree of order k.
Proof. Necessity. Suppose that (2.5) holds; we want to prove (2.7). Substituting (2.3) in (2.5), obtain

that for any configurations oy,_1: z € V,,_1 — 0,,—1(z) € {0,1}:

2 en( XX (Gugoma(ohen) + ) +hwn) ) —eo( X huowa(@),

wn €Qw,, z€EWn_1 yeS(x) €W, 1

(2.8)
where w,,: * € W,, — wy(x), a; is a constant corresponding to y vertex and w;; is a weight between configurations
at the x and y vertexes.

From (2.8) we get:

Zg;l Z H H exp(ﬂwijan_l(z)wn(y) + Bawn (y) + hywn(y)) = H eXp(h_TJn_l(I)).

wn€EQw,, TEW, 1 yeS(x) TEW,L 1

Rewrite now the last equality for ,,_1(z) = 1 and 0,,—1(z) = 0, then dividing first of them by the second one
we get

H Zue{(),l} eXp(ﬁwij“ + hy“)

= exp(hy),
y€S(x) ZuE{O,l} eXp(hyU)
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which implies (2.7) where one has to use the following formula:

1+ 6l
h,0) =In ———. 2.
F0,0) = 20 (2.9
Sufficiency. Suppose that (2.7) holds. It is equivalent to the representations
H Z exp (fw;jtu + fa;u + hyu) = a(x) exp (thy), te€{0,1} (2.10)

ye€S(z) ue{-1,1}

for some function a(x) > 0, x € V. We have

LHSMX25y:z;emx75HhM,Q)x II I > ewBuijoni(@u+fau+hyu). (211)

" TEW, _1 yeS(z) ue{0,1}

Substituting (2.10) into (2.11) and denoting A, 1 = [[,cyy, _, a(z), we get

RHS of (2.10) = qu exp(—BH (c,-1)) H exp(hyo,—1(x)). (2.12)

n zeEW, 1

Since u(™),n > 1 is a probability measure, we should have

Z Z u(”)(on,l,wn) =1.

on-1€Qv, _; wn€Qw,

Hence from (2.12) we get Z,_1A,_1 = Z,, and (2.5) holds. O

From Theorem 2.1 it follows that for any h = {hy,z € V} satisfying the functional equation (2.7) there
exists a unique positive measure p and vice versa. This result is equivalent to the fact that (2.7) is not easy.

In next sections we shall give several solutions to (2.7).

Remark 2.1. Note that if there is more than one solution to equation (2.7) then there is more than one
Gibbs measure corresponding to these solutions. One says that a phase transition occurs for the Boltzmann
model, if equation (2.7) has more than one solution. The number of the solutions of equation (2.7) depends on
the parameter 8 = % The phase transition usually occurs for low temperature. If it is possible to find an exact
value T™* in which a critical value of temperature does occur for all T < T™, then T™ is called a critical value of
temperatura.

Finding the exact value of the critical temperature for some models means to exactly solve the models.
3. Periodic Gibbs measures of the Boltzmann model

Since the set of vertices V has the group representation Gy. Without loss of generality we identify V with
Gy, i.e., we sometimes replace V' with Gy.

In this section we study periodic solutions of (2.7).

Definition 3.1. Let K be a subgroup of Gy, k > 1. We say that a function h = (hy € R: x € Gy) is
K-periodic if hy, = h, for allx € Gy, andy € K. A Gy-periodic function h is called translation-invariant.

Definition 3.2. A Gibbs measure is called K -periodic if it corresponds to K -periodic function h.

Observe that a translation-invariant Gibbs measure is Gg-periodic. Firstly, we shall find all translation-
invariant solutions h,, to the functional equation (2.7), ferromagnetic Boltzmann model. Note that such solutions
are constant functions, h, = h,Vx € Gj. In this case from (2.7) we get

h="kf(h,0), 6>0. (3.1)

The following properties of the function f(h,6) are obvious:
1 limg oo f(2,0) = Inb, limy— o f(z,0) = 0;
2. Lf(x,0)<0if0<1, Lf(2,0)=0if0=1, L f(z,0)>0if 6> 1.
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From these properties it follows that equation (3.1) has unique solution h* that h*(h* < 0), if § < 1,
h*=0,if @ =1 and h*(h* > 0) if 6 > 1.

There are as many Gibbs measures as there are solutions to equation (2.7), and it follows that there is a
unique Gibbs measure. Namely,

Lemma 3.1. For the ferromagnetic Boltzmann model on the Cayley tree of order k > 2 the following
statement is true. If T € R then there is uniqu translation-invariant Gibbs measure p.

We now give a complete description of periodic Gibbs measures for the Boltzmann model, ie., a
characterization of such measures with respect to any normal subgroup of finite index in Gj. Let K be a
subgroup of index r in G, and let G /K = {Ky, K1,...,K,_1} be the quotient group, with the coset Ky = K.
Denote ¢;(x) = [S1(z)NK;|, 1 =0,1,...,r—1; N(z) = [{j : ¢;(z) # 0}|, where S1(z) = {y € Gy : (z,y)},x € Gy,
and | - | is the number of elements in the set. Denote Q(x) = (qo(z), ¢1(2), ..., gr—1(x)).

We note (see Theorem 1.5[3|) that for every x € Gj, there is a permutation m, of the coordinates of the
vector Q(e) (where e is the identity of G}) such that

mQ(e) = Q(). (3.2)

It follows from this equality that N(z) = N(e) for all x € Gj. Each K-periodic collection is given by
{hy = h; for x € K;, i=0,1,...,7 — 1.} By Theorem 2.1 and (3.2), h,,l =0,1,...,r — 1, satisfies

N (e)
hn = Z qlJ (e)f(hﬂ'n(ij)79) - f(hﬂn(ijo)70)7 (33)
j=1

where i; = 1,...,N(e), N(e) = [{i1,...,in()

From monotonicity of f(h,#) with respect to h, one gets:

Lemma 3.2. f(h,0) = f(u,0) if and only if h = u.

Let G,(f) be the subgroup in Gy, consisting of all words of even length. Clearly, G,(f) is a subgroup of index
2.

Theorem 3.1. Let K be a normal subgroup of finite index in Gy. Then each K-periodic Gibbs measure
for the Boltzmann model is either translation-invariant or Ggf)—pem‘odic.

Proof. We see from (3.3) that

f(hrr iy, 0) = [y, 0),

for any i, € Q(e),n =0,1,...,7 — 1. Hence by Lemma 3.2 we have

P (i) = Brp(in) = = By (in o) -

Therefore,
hy =hy =hifz,y € Si(2), z € G,(f),

he = hy =lifz,y € 5(2), 2 € G\ G2

Thus the measures are translation-invariant (if A = 1) or G,(f)-periodic (if h # 1). This completes the proof of
the theorem. O

Let K be a normal subgroup of finite index in Gy.

What condition on K will guarantee that each K-periodic Gibbs measure is translation-invariant? We
put I(K)= K nN{a,...,ax+1}, where a;,i = 1,...,k + 1 are generators of Gy,.

Theorem 3.2. If I(K) # 0, then each K -periodic Gibbs measure for the Boltzmann model is translation-
mvariant.

Proof. Take z € K. We note that the inclusion za; € K holds if and only if a; € K. Since I(K) # 0,
there is an element a; € K. Therefore K contains the subset Ka; = {za; : * € K}. By Theorem 3.1 we have
hy = h and h,,, = [. Since x and za; belong to K, it follows that h, = hy,, = h = [. Thus each K-periodic
Gibbs measure is translation-invariant. O

Theorems 3.1 and 3.2 reduce the problem of describing K-periodic Gibbs measures with I(K) # 0 to
describing the fixed points of kf(h, ) which describes translation-invariant Gibbs measures.
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If I(K) = 0, this problem is reduced to describing the solutions of the system:

u=Fkf(v,0),
{v =kf(u,0). (3.4)
Evidently, roots of the equation
u=g(u)=kf(kf(u,0),0), (3.5)

describe the G,(Cz)—periodic Gibbs measures. Using properties of function f one can easily note that: The system
of equations (3.4) has a unique solution hg = (h., hs) if 6 € R; We denote by po the Gibbs measures which
correspond to these solution. Note that the measure p are translation-invariant. By an argument analogous to
that of Lemma 3.1., we obtain the following result:

Theorem 3.3. For the ferromagnetic Boltzmann model all periodic Gibbs measures are translation-

nvariant.
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REZYUME

Ushbu ishda Boltzmann mashinalari va ular bilan bog‘liq Gibbs o‘lchovlari nazariy jihatdan chuqur
o‘rganildi. Avvalo, mashinaning energiya funksiyasidan boshlab, unga mos Gibbs o‘lchovlarini qurish
jarayoni bosqichma-bosqich tushuntirildi. Shuningdek, bu o‘lchovlarning mavjudligi uchun zarur
bo‘lgan muvofiglik (Kolmogorov) shartlari keltirib chigarildi. Keyin esa ushbu shartlarning bajarilishi
uchun aniq mezonlar aniqlanib, ularning Boltzmann mashinasi tuzilishiga asoslangan statistik
modellarning izchilligi va haqiqiyligiga qanday ta’sir gilishi tahlil qilindi.

Kalit so‘zlar: Boltzmann mashinasi, Gibbs o‘lchovi, Keli daraxti, energiya funksiyasi, muvofiglik
shartlari, statistik modellar.

PE3IOME

B mammoii pabore MBI MPOBEHM CTPOTOE WMCCIIEIOBAHUE MAIMHMHBI BOJbIIMAHA W CBSI3aHHBIX C HEll
Mep I'mb6ca. Haunnas c sHepreTndeckoil pyHKIIUU MAIUHBI, MbI ITOAPOOHO OIMCAJIN TTOCTPOEHUE
COOTBETCTBYIOIMX Mep ['mb6ca M BbIBEIN HEOOXOIMMBIE YCIIOBUsI coracoBaHHOCTH (yeaoBust Kour-
Moroposa). Jlajee Mbl yCTAHOBWJIM TOYHBbIE KPUTEPHUHU, IIPU KOTOPBIX BBINOJHAIOTCS ITU yCIOBUS
COTJIACOBAHHOCTH, W OIEHUJIN WX BJIMSHHAE HA COTJIACOBAHHOCTb W JIOCTOBEPHOCTH CTATUCTUIECKUX
MOJIeJIel, TIOCTPOEHHBIX HA APXUTEKTYpe MAIUHbI BoJbIMana.

Karouesnie caosa: mammuna Bonabimana, mepa 'uboca, nepeso Kau, sneprerudeckast HKIUAS
) ) ) )
YCJIOBHSI COTJIACOBAHHOCTHU, CTATUCTUIECKNE MOJEJIIN.
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