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RESUME

In this paper, using the modified Galerkin method and the methods of a priori
estimates, “e-regularization”, we study the unique solvability and smoothness of a
regular generalized solution of a nonlocal boundary value problem of periodic type
for a mixed type equation of the second kind of the fourth order in Sobolev spaces.
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As is known, A.V. Bitsadze in his research has shown that the Dirichlet problem for a
second-order mixed-type equation is ill-posed [2|. The question naturally arises: is it possible
to replace the conditions of the Dirichlet problem with other conditions that cover the entire
boundary and ensure the well-posedness of the problem ? For the first time, such boundary
value problems (nonlocal boundary value problems) for a second-order mixed-type equation
were proposed and studied by F.I. Frankl [13]. Problems for second-order mixed-type equations
of the second kind, close in formulation to the ones under consideration, were studied in
bounded domains in [6]-]9], [14], [16], [20]. Nonlocal boundary value problems for a high-order
partial differential equation without degeneracy were studied by many researchers; a complete
bibliography of these studies is given in books [11], [19] for a high-order mixed-type equation
with local boundary conditions in various spaces, they were discussed in [4], [5], [18] and with
nonlocal boundary conditions such problems were studied insufficiently [10].

In this paper, applying the results obtained in [4], [5], [8], [9] and the modified Galerkin
method, methods of a priori estimates and “e-regularization”, we study the unique solvability
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of a regular generalized solution to one nonlocal boundary value problem of periodic type for
the fourth-order mixed-type equation of the second kind in Sobolev space.

In domain @ = (0,1) x (0,7) = {(z,t);0 <z < 1;0 <t < T < 400} we consider the
fourth-order mixed-type equation of the second kind:

Lyu = Pu+ Mu = f(z,1), (1)
4 .
where P, = ZKi(x,t)Diu, Mu = QUgzps — Dlgey — Cligy, Ky(z,t) = Ky(t), Diu = 2% (i =
i=0

0,1,2,3,4), Du = .
Let the following conditions be satisfied for the coefficients of equation (1):

K,(t) € C*(0,T)NC[0,T]; Ki(z,t) € C*(Q)NC(Q); a,b,c — const s > 0,

K4(O) = K4(T) = O, K4t(0) = K4t(T>, KI(J],O) = Kz<$,T), 1= 0, 1,2,3, for all x € [O, ]_]

Equation (1) refers to equations of mixed type of the second kind since no restrictions are
imposed on the sign of function Ky(t) with respect to variable ¢ inside segment [0,77] [3], [8],
[9].

1. Nonlocal boundary value problem of periodic type: Find solution u(x,t) to
equation (1) from Sobolev space W3 (Q), that satisfies the following boundary conditions:

’YD;] u|t:0 - Dg u|t:T; q = 07 17 27 (2>

D£U|x:0 = D£u|x:1 P = 07 17 2a 37 (3)

where v is a non-zero value, which will be specified below.

In what follows, we need to determine the following definitions and auziliary propositions.

Let € (e, e5); (e, = cos(€,t), e, = cos(€,x)) be the unit vector of the internal normal

to boundary 9Q). When obtaining various a priori estimates, we often use Cauchy’s inequality
with o [12], that is
Yu, 9 > 0: Yo > 0; 2u-9 < ou? + o 2.

The class of smooth functions from space Wi (Q), satisfying conditions (2)—(3) we denote by
Cr.

Definition 1. We call function u(x,t) a regular solution to problem (1)-(3) if u € Cy,
and it satisfies equation (1) almost everywhere in domain Q.

Theorem 1. Let the above conditions be satisfied for the coefficients of equation (1);
Ki(z,t) > 0 is a sufficiently large function and, in addition, let the following inequalities be
satisfied for the coefficients of equation (1): —(2K3—3Ky+3AKy4) > 03 > 0, 2K — Koy + A\Ky >
02 > 0, AKg — Koy > 61 > 0, for any (z,t) € Q, where A = ZIn|y| > 0, |y| > 1. Then if for
any f(z,t) € Lo(Q), there is a regular solution u(x,t) to problem (1)-(3) from Sobolev space
WHQ), then it is unique and the following estimate holds for it:

20 < e IFIE. (4)
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Proof. We will prove the uniqueness of the solution to problem (1)—(3) using the method
of energy integrals. Let there exist a regular generalized solution to problem (1)—(3) u(z,t) from
Sobolev space Wy (Q). Consider the following identity:

2/ Lu-e ™., dedt = 2/ e M, dadt. (5)
Q Q

Due to the conditions of Theorem 1 and Cauchy’s inequality with ¢ [12], and based on
the boundary conditions (2), (3), by integrating identity (5), we easily obtain the following
inequality:

T

‘2/ e MLu - uy dxdt' > / e_’\t{—(QKg — 3Ky + 3NKy)uy, + AauZ, + \buZ, + Acu?
Q Q
—|—(2K1 — th + )\KQ)U? + ()\KO — KOt)U2} dxdt — ZO'HU“HS

—5>\4K0'_1 ||Ut||(2) + / G_At <—2K4utttut + 2(K4t — )\K4)uttut (6)
0Q

T

+Kyu?, — 2K3uyu; — 2Kou? — Kou® + au?, + buZ, + cui) ey ds

+/ e’\t{Zauxmut(aumum — 2bug gty — QCuzut) }ew ds.
oQ

where K = max {||K4||é2[07T] ) ||K3||?J1(Q)}. The conditions of Theorem 1 ensure that the

integral over domain () is non-negative and that the boundary integrals vanish. Then from
inequality (6), we obtain:

‘—2 fQ Lu-e -, dxdt‘ > Jo e M {03 - uZ + Nau?, + \bu?, + du+
FAcu? 4 0y - u?} dedt — 20 - |ugl]l — SN 0K - |||

(7)

Now, applying the Cauchy’s inequality with o at the left side of (7) above and choosing in
inequality (7) constant numbers J5 and &, such that d3 — 30 > o3 > 0, §o — SN oK > §pp > 0,
then denoting § = min{dp3, Aa, Ab, Ac, dp2, 01}, from inequality (7), we obtain the first a priori
estimate for solving problem (1)-(3):

2 2
Huﬂwg(Q) <a ”fHLg(Q) :

In what follows, we denote various positive constants by A;.
Now we will prove the uniqueness of a regular solution to problem (1)—(3).

We prove the theorem by contradiction. Let problem (1)—(3) have two solutions wu(z,t),
ug(x,t). Then new function J(x,t) = wuy(x,t) — us(x,t) satisfies the homogeneous equation
(1) with conditions (2)-(3) and the first inequality ||9]|> < 0 holds for it. This implies the
uniqueness of a regular solution to problem wu;(z,t) = ua(x,t).

Now we will prove the solvability of a regular solution to problem (1)—(3).
2. Fifth-order equation with a small parameter (auxiliary problem).
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We prove the solvability of problem (1)—(3) using the “e-regularization” method combined
with the modified Galerkin method and a priori estimates. Namely, in the domain @ = (0,1) X
(0,T), we consider a family of fifth-order equations with a small parameter.

0N,
L.u, = —¢ 8tu

+ Lu. = f(x,1), (8)

with nonlocal boundary conditions of periodic type:

vD{ uel,_og = D} u.|,_p; ¢=0,1,2,3,4, 9)
Dbue|,_o = Diuel,_,; p=0,1,2,3, (10)
where ¢ is a small positive number, Diw = %%”, q=0,1,2,3,4; Dw = w;
2
A%y = (g—; + g—;) U= (% + 2% + %) is the biharmonic operator.

Below we use a fifth-order equation with a small parameter (8) as a “e-regulating” equation
for a fourth-order mixed-type equation of the second kind (1) [3]-[9].

We will denote the class of functions such that u.(x,t) € WH(Q), ‘M;t“E € Ly(Q), satisfying
corresponding conditions (9)—(10) by V(Q).

Definition 2. We call function u.(x,t) a regular solution to problem (8), (9)-(10), if
u. € V(Q) and it satisfies equation (8) almost everywhere in domain Q.

Theorem 2. Let all the conditions of Theorem 1 be satisfied and, in addition, let the
following conditions be satisfied for the coefficients of equation (8):

—(2K;3+ (2] — 3) Ky +3\Ky) > 6 >0, j =0,1,2.

Then for any function f(x,t) € W3 (Q), such that v f(z,0) = f(x,T), there is a unique regular
solution u.(x,t) to problem (8), (9)-(10), from space V(Q) and the following estimates are valid
for it:

D) & (Jueuellg + el + Ntterallo) + luclls < ca | £15,

1) & || A% | + [luclly < e I £117:

Proof. The proof of inequality I) is done in the same way as the proof of the first estimate
of Theorem 1, from which it follows that there is a unique regular solution to problem (8), (9)—
(10) [3]-[9].

Let us give the proof of the first a priori estimate I).

Let ¢;(z,t) € Wy (Q) be the eigenfunctions of the following problem:

a4¢. a4¢4
—A2¢j = — ( at4j + 835‘5) - M?qua (11)
Dg¢j|t:0 = ngb]'lt:Ta q:071a2737 (12)
Dg¢j|x:0 = Dg¢j|x:1 =0, ¢=0,1,2,3. (13)

From the general theory [1], [12], [17] of linear self-adjoint elliptic operators, it is known
that all eigenfunctions of problem (11)—(13) belong to W3(Q) and form a complete orthonormal
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system in L9(Q). Using these sequences of functions, we construct a solution to the auxiliary

problem:
M\ Ow;
v wi(z,0) = w;(z, T), (15)

where 7 is a constant # 0, and |y| > 1. Obviously, problem (14), (15) is uniquely solvable and
its solution has the following form:

K AT 1 r Y
-1 P — P _ . . —_— .
Pl = w; /0 exp ( 5 ) ¢jdT + — /0 exp ( 5 ) ¢;dt.

It is clear that functions w;(x,t) € W3 (Q) are linearly independent. Indeed, if w;(z,t) €
W3(Q) for some set of sequences of functions wy,ws,...,wy, then acting on this sum with
operator P, we obtain Z;VZI cjPw; = Z;VZI cj¢; = 0, and it follows that for all j = 1, N
coefficients are ¢; = 0. Note that the following conditions for function w;(z,t) € W3(Q) follow
from the construction of function ¢;(x,1):

v Dg wjlt:o

= D{ wjl,_;, ¢=0,1,2,3,4, (16)
)

DPwj|,_o = Dbwj| p=0,1,23. (17

x=1"
Now, an approximate solution to problem (8)—(10) is sought in the form u®(x,t) =
Z;V:l cjwj(x,t), where coefficients ¢; for any j from 1 to N are defined as a solution to the

linear algebraic system:

At At
2/ Loul - exp (——) ¢jdxdt = 2/ fexp (——) ¢jdxdt. (18)
Q 2 Q 2

Let us prove the unique solvability of algebraic system (18). Multiplying each equation from
(18) by ¢; and summing over j from 1 to N, considering boundary conditions (16)-(17) and
algebraic system (18), we obtain the following identity:

2/ Loul - exp(—Mt)ulldwdt = 2/ f - exp(=At)ul dxdt, (19)
Q Q

from which, due to the conditions of Theorem 2, by integrating identity (19) we obtain estimate
I) for the approximate solution of problem (8)—(10), i.e.

- (lufhlly + Nl llg + e llg) + I3 < ex 115 (20)

This implies the solvability of algebraic system (18) [9], [12]. By the weak compactness theorem
[12], [17], estimate (20) allows us to pass to the limit at N — oo and conclude that a certain
subsequence {ul*(x,t)} weakly converges, due to the uniqueness of the solution (Theorem 1),
in space V' (Q) to the sought-for solution to problem (8)—(10), which has the properties specified
in Theorem 2 [12], [17]. For u.(z,t), under (20), the following inequality holds:

2 2 2 2 2
& (Juenello + luerallo + [uctaallo) + lluelly < er [ £llg- (21)
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Now, passing to the limit at N — oo in (18), we obtain the only weak generalized solution to
problem (8)—(10).

Let us prove the second a priori estimate II).

Using problem (11)—(15), from identity (18), we obtain:

1

L ul - exp (—%) A?Pw; dxdt = ——/ f-exp (—)\—) A?Pw; dxdt. (22)
“J

Multiplying each equation (22) by 2 - u?cj, summing over j from 1 to N and considering
conditions (16)—(17), from (22), we obtain the following identity:

—2/(LsuéV — f) - e MPul dadt = 0, (23)
Q

_ OAZ u
N = 5 —2)\at2Au +3)\28Au ——ugtt+16 é\i

Integrating (23), under conditions of Theorem 2 and boundary conditions (16), (17), we
obtain the following inequality:

where Pu_

2 a2y ||?
ca ||l Iy = o

(2K — K4t +3AK 2
+AauN o Abu2N

EXTXTTT

<2K3 + K4t + 3)‘K4> atttt
(2K3 + K4t + 3)‘K4) 6tttac
}dxdt

Exxtt

+ daul)

exxat

0 [[ul[f; = Mo (H“eth(ﬂL el + e | )
~Natr ([ ey - el Iy - (12 ) — o™t 0 B ]
+ Jog e M B(ul (s), Ki(s)) ds, i=0,4

exxl

(24)

where p, N; (i = 1,2) are the positive numbers, depending on the norm of function
Ki(x,t), i = 0,3, in space C*(Q), K = max{[|Ky4(t)l|cafory» 1K (2, 1) || 2y }» 0, c(07?) are the
coefficients of Cauchy’s inequality o [12], B(u (s), K;(s)) are functions, depending on traces of
function u¥ (z,t), K;(x,t) on the boundary of domain Q. Let 6y = min{ds, Aa, A\b, Ac, 02, 6; }. We
introduce the notation by N = max{N;, No}. Under conditions of Theorem 2 and boundary
conditions (16), (17) and 7?2 = e*”, we obtain that in (24) the boundary integrals vanish. Now,
choosing ¢ in such a way that 6o — No > 09 > 0, p — c(c}, X\, K) > po > 0, from inequality
(24) we obtain the necessary second estimate:

OA2N ||?

| o

2
+ [ < e (IS + AR < e lIFI13 (25)

The constant on the right side of (25) does not depend on N, therefore, from (25) the
second estimate for the approximate solution of problem (8)—(10) follows. Estimate (21) together
with estimate (25) allow us to pass to the limit at N — oo and conclude that a certain
subsequence {uMx(z,t)} converges weakly, due to the uniqueness of the solution to problem
(8)—(10) in V(Q), together with derivatives of the fourth and fifth orders, to the sought-for
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solution u.(x,t) to problem (8)—(10), which has the properties specified in Theorem 2 [12], [17].
Therefore, under (25), the following inequality is true:

2

 lluelly < e2 (11l + 1fellg) < e2 1117 (26)
0

0
—A
ot e

3

This implies the existence of a regular generalized solution u.(z,t) to problem (8)—(10) from
space V(Q). This proves Theorem 2.

3. Existence of a solution to problem (1)—(3).

Let us proceed to proving the solvability of problem (1)—(3).

Theorem 3. Let all the conditions of Theorem 2 be satisfied. Then the solution to problem
(1)-(3) from WHQ) exists and it is unique.

Proof. The uniqueness of the solution to problem (1)—(3) in the space Wi(Q) is proven
in Theorem 1. Now, we will prove the existence of a solution to problem (1)—(3) in the space
WHQ). To do so, we consider equation (8) and boundary conditions (9) and (10) for ¢ > 0
in the domain (). Since all conditions of Theorem 2 are satisfied, there exists a unique regular
solution to problem (8)—(10) for ¢ > 0 in V(Q), and the first and second estimates hold for it.
It follows that, from the set of functions {u.(x,t)}, e > 0, a weakly convergent subsequence can
be extracted in V(Q), such that {u.,(x,t)} — u(x,t) as e; — 0. We show that the limit function
u(z,t) satisfies the equation Lu = f (equation (1)) almost everywhere in the domain Q). Indeed,

since the subsequence {u.,(z,t)} converges weakly in W3(Q), the subsequence {,/g; W}
is uniformly bounded in Ly(Q), and the operator L is linear, we have
OA%u,, AT
Lu— f=Lu— Lu., +¢; ul:L(u—uei)+&?i Vet (27)

ot ot

From equality (27), passing to the limit at £; — 0, we obtain a unique solution to problem
(1)—(3) [3]-]5], [9]. Thus, Theorem 3 is proven.

4. Smoothness of the solution to problem (1)—(3).

Now let us study the smoothness of the solution to problem (1)—(3) in Sobolev spaces
W3 (Q), when 0 < m is the finite integer. Below, for simplicity, we assume that the coefficients
of equation (1) are sufficiently differentiable functions in closed domain Q.

Theorem 4. Let the conditions of Theorem & be satisfied. In addition, let p =
0,1,2,3,...,m, ¢ = 0,1,2,3,...,m, with —2(K5 + mKy) — (2§ — 3)Ky + AK4 > & > 0,
j=0,1,2, for all (x,t) € Q, and let D!*' K,|,_, = D' Ky|,_p, DI Ki|,_, = D{ Kil,_p for
i =0,1,2,3. Then, for any function f(z,t) € W31 (Q) such that vD} f|,_, = D fl,_p for
all x € [0,1], there exists a unique solution to problem (1)—-(3) in the Sobolev space W3 (Q),
where m = 0,1,2,3,... is a finite integer.

Proof. Taking into account the conditions of Theorems 2 and 3 for € > 0 and nonlocal
conditions at t = 0, t = T', from the following equality

0 At > t=T At =T

X

=A% +e 2 - Lu, —o = (e - f(x,1)) =0

(e’% - Leuy) ZOT = (—e e 2 T

we obtain v D}?Us t=0 — Dgufyt:T'
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It follows that function V. (z,t) = us(x,t) belongs to class V(@) and satisfies the following
equation:

3
Tsﬁs = Lsﬁz—: + K4t79€ttt = ft — Z KitDiug = Fs' (28)
1=0

From Theorem 3, it follows that the family of functions {F.} is uniformly bounded in

space Ls(Q), , ,
1Fello < e IS

Then under conditions of Theorem 3, it is easy to obtain that the coefficients of operator
T.(e > 0) satisfy the conditions of Theorem 4; hence, based on estimates I), II) and Theorem
3 for function {I.(z,t)}, we obtain similar estimates:

&+ (19ztatl1g + Wetea I + [19etazllo) + 19:15 < e /15 (29)

2

+10:N7 < e £ (30)
0

0 A2
5 A%z

Then, functions {u.} satisfy the following parabolic equation:

9

0 . .
Hus = Ugt — Ueggz = f + 5_A2U€ - ZKzDzus - MUE + Uet — Uegax = q)sa (31)
ot —
with conditions:
Y U€|t:0 = u6|t:T7 (32)
Dgugyxzo = Dguglle , p=0,1, (33)

and @, € W} (Q); by virtue of what was proven above, the family of functions {®.} is uniformly
bounded in space W3 (Q), i.e.

1Rcll} < co- (IFIT+ 1 Fielle) < eallFI5 < el fI5- (34)

Hence, based on a priori estimates for parabolic equations [3],[9],[12] and inequality (34), we
obtain:

el < ea|IF)12 (35)

Repeating similar reasoning, we prove the following inequalities:
2 2
||u€||m+1 < Cm+2||f||m7 m=1,23,... (36)
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REZYUME

Ushbu maqolada biz modifitsirlangan Galerkin usuli, aprior baholash va “e-
regulyarizatsiya” usullari yordamida Sobolev fazolarida to’rtinchi tartibli ikkinchi
tur aralash tipdagi tenglama uchun davriy nolokal chegaraviy masala yechimining
mavjudligi va yagonaligini hamda silliqligini o’rganamiz.

14

Kalit so’zlar: aralash tipdagi tenglama, nolokal chegaraviy masala, “e-
regulyarizatsiya” usuli, Faedo-Galerkin usuli, Sobolev fazolari.

PESIOME

B pmamnnoit pabore ¢ ucnoJib3oBanrneM Mo iuunpoBanuoro Meroja l'ajgepkuna, me-
TOJIOB AIPUOPHBIX OIEHOK M “‘£-perysspusanun’ MCCIeyeTcs: OJHOZHAYHAS Pa3pe-
IIIMOCTDb U TJIAJIKOCTH PEryJISIPHOro 0O00IIEHHOTO PeIieHns HeJIOKAJIBHON KpaeBoi
3a/1a91 TIEPUOJIMIECKOTO THUTIA IS YPABHEHUsI CMENAHHOTO TUIIA BTOPOT'O POJIA 9eT-
BepTOro mnopsijika B npocrpanctsax CobosieBa.

Karouesvle caosa: ypaBHEHHS CMEITaHHOTO THIIA, HEJTOKAIbHAasd KpaeBas 3ajadja,
MeTo “e-perynspusamnun’, Metos Pasno-Tanmepkuna, npoctpancrsa Cobosesa.
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