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RESUME

This work is devoted to the study of the conditional correctness of the nonlocal
boundary value problem for a system of nonhomogeneous parabolic type equations
with two degeneration lines. In this article, based on the idea of A.N. Tikhonov,
the conditional correctness of the problem are proved, namely, the theorems of
uniqueness and conditional stability on the set of correctness are proved. For getting
a priori estimate of the solution we used the logarithmic convexity method and the
results of the spectral problem considered by S.G. Pyatkov.

Key words: Nonlocal boundary value problem, ill-posed problem, a priori estimate,
estimate of conditional stability, uniqueness of solution, set of correctness.

Introduction

In this paper, we consider a nonlocal boundary value problem for a system of partial
differential equations with changing the direction of time in space. Similar equations were
considered by N. Kislov, S.G. Pyatkov, K.S. Fayazov, I.LE. Egorov, S. Z. Djamalov, 1.O. Khajiev
and others. The correctness of nonlocal boundary value problems for some general differential
and differential operator equations is studied in various aspects in the works of A.A. Dezin,
V.K. Romanko, Y.I. Yurchuk and others.

The existence and uniqueness of solutions nonlocal boundary value problems for
nonclassical equations were investigated in works by A. Ashyralyev and O. Yildirim [1], F.
Zouyed, F. Rebbani, N. Boussetila [2|, A.I. Kozhanov [3|, K.B. Sabitov [4], S.Z. Djamalov|5],
A.1. Shadrina [6] and others.

The parabolic equation with changing direction of time represents various physical
processes. This is caused, in particular, by their applications in hydrodynamics by studying the
motion of a fluid with an alternating coefficient of viscosity. Problems arising in gas dynamics
lead to equations of this type. This class also includes equations that describe diffusion processes,
electron scattering and many other processes in physics [7].

[ll-posed problems in the sense of J. Hadamard were studied in the works of E.M. Landis,
S.G. Krein [8], M.M. Lavrent’ev [9], V. A. Morozov, V. Ya Arsenin, V. G Romanov, S. L
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Kabanikhin, B. A. Bubnov, H. A. Levine [10], L.LE. Egorov and V.E. Fedorov, A.I. Kozhanov
[11], S.G. Pyatkov, A.L. Buchheim [12|, K.S. Fayazov [13],[14],[15], V.Isakov, M.Klibanov,
A.Loiuse, P.Mass, E.Shock, A.Hasanugly, A.Amirov M.Kh. Alaminov, I.O. Khajiev [16],[17],
Y.K. Khudayberganov [18]| and others.

Formulation of the problem

Let Q = Qg xQ, Q=0 XxQxQ3, @ ={-1<z<l}, B={-1<y<l}, Q=
{0<z<7},Q=(0;T).

Consider the system of equations

(1)

ur + sign(z) gy + Sign(y) iy + tiz. + arug + bius = f1,
Ut + SIgN(T)Uogy + SIGN(Y)Usyy + Uzzz + A2Us + bty = fo,

in the domain QN {x,y # 0}, where a;, b; are some constants, by # 0, (a; — a2)2 + 4b1by > 0
and j = 1,2, f;(z,y, 2,t) are given sufficiently smooth functions.

Problem. Find a solution of the system of equations (1) satisfying the following
conditions:

nonlocal
Uj(%.ya Zat) |t:0 + auj(fanaZ,t) |t:T = @j(ﬂ?,y,Z), (%%2’) S QOv ] - 1a 27 (2)
boundary
uj(xayaz7t)|8§20 = 07 te [OvT]v (3)
and gluing

Ouj(x,y, z,t) _ Ouy(x,y, 2, t)

,(y,Z,t) EQZ ><Q3 XQa

ox? R oxt 2=t0 )
Fuy(,y, 2, t)|  _ O'u(ay 2 t) (r.58) €0 x Q3 x O, i = 0,1
ayz y=—0 ayl y=-+0

conditions, where « is some constant, ¢;(x,y, z) given sufficiently smooth functions.

In this paper, we study the correctness of the desired problem depending on the value of
the parameter o and obtain a presentation of the solution, as well as an a priori estimate of
the solution. In the case of well-posedness, conditional correctness is proved.

Let us introduce the notation

a1+ K2 ¢ ar + K1 .y
— """ (7, y, 2,t) + ————— "y (2,9, 2, 1),
by (k1 — 12) 1 (7,y ) b (F1 — ) 2 (2,y )

1 1 (5)

ety (xa Y, =, t) + ey (ma Y, 2, t) )

uy (z,y, 2,t) =

uz (2, y,2,t) = (s — )

(K1 — K2)
where k1, ko— roots of a quadratic equation
K%+ (ay + ag)k + ajag — byby = 0,

then (1)-(4) is transformed to the following problems.
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Problem 1. Find a solution to the equation

62?]]' . (921)]' 62Uj 7.
at 2+ sign(x ) 5 n(y) o2 T on fi, i =12, (6)
in the domain (2, satisfying:
nonlocal
vi(2,Y, 2,t) im0 + ae™ T v(z,y, 2,t) lier = ¢j(2,y, 2), (1,y,2) € Qo, j = 1,2, (7)
boundary
Uj(x7y727t)|8ﬂo :()7 te [OaT]7 (8)
and gluing conditions
d'v; t d'v; t _
Oulrpzd] _FuEnai) g e0xxQ
oxt R oxt J— (©)
d'v; t d'v; t L
Oulr gzt Ou@y |l e xQyx Q= 0,1,
0y y=—0 9y y=+0

where
@1(1" Y, Z) - ((al + /{1)@2(1',:% Z) - bQ‘Pl(% Y, Z)) 5

f_l(xvt) - (b2f1<l’,y,z,t) - (CL1 + "il)fQ(x7yvz7t)) e—mt,
@2(27,:%2) = (b2901(x7y’ Z) - (CL1 + '%2)902(‘%’:%2))7
f2<$’yaz7t) = (b2f1<x’yaz7t) - (al + :‘ig)fg(ﬁ(],?J,Z,t)) e_HZt

Spectral problem
Let { )\,(:l) " } , { )\,(fl) n } , {/\,(:’l) " } , { )\,(942 n } eigenvalues  and
o b D) ke in=1 O] k=1

k,l,n=1 k,l,n=1
{19,(32”(% Y, Z)}k Ly (j = 1,_4) eigenfunctions of the following spectral problem
, o9 %0 0%
szgn(x)@Jrszg n(y )W—Fm—i—)\ﬁ—() (x,y,2) € QoN{x,y # 0}, (10)
19('1.71/72) |x +1 *O ( ) GQQ XQg,
ﬁ(xayvz) |y +1 —0 ( ) GQl XQg,
19(%972’) fO =V, (:E,y) c Ql X QQ,
71 i) L (11)
di(x,y,2) :w (y.2) € Oy x O
8LU] £=—0 8x] 2=40
J j - -
i(w,y, 2) Pi(w,y, 2) (r2) €9 x Dy j= 0.1,
Oy’ y=-0 Ay’ y=+0

Let the solution of problem (10),(11) exist, we find presentations of the solution. We apply the

method of separation of variables, we have
Ha,y,2) = X(x) - Y(y) - Z(2). (12)
31



Acta NUUz EXACT SCIENCES

VoL.2, Nel, 2025, pp.29-48

Conditions (12) imply

X(=1) = X(+1) =0,
X(—0) = X(40),
X'(=0) = X'(+0),
Y(~1) =Y(+1) =0,
Y (—0) = Y(40),
Y'(=0) = Y'(+0),
Z(0) = Z(x) =0

Calculating partial derivatives of function (12), we obtain

PUEDE)  xrya) v (0) - 202
*0(x,y,2) "

oy = X(x)-Y"(y)- Z(2)
% = X(z)-Y(y)- 2"(2)

),

Y

Substituting expressions (10) into these data and separating the variables, we obtain

sign()X"(x) | sign()Y"(y)  2"(z) _ |
X(@) V(1) Z(z) ~
Further, since %w does not depend on vy, 2, %ﬁ/};"(y) on x,z , etc. % on x,y, we
have
sign(z) X" (z) _ sign)Y"(y) _  Z2"(2) _
Xy " Yy T Z(x) 7

For the functions X (x),Y (y), Z(z) we obtain the problems:

sign(z) X" (z) = =\ X (2),
X(=1) = X(+1) =0,
X(=0) = X(+0),
X'(=0) = X'(+0),
sign(y)Y"(y) = =AY (y),
Y(-1)=Y(+1) =0,
Y(=0) = Y (+0),
Y'(=0) = Y'(+0),
Z"(z) = —x\gZ(z),}
Z(0) = Z(n) = 0.

Thus, solutions of a problems (13),(14),(15) will have the form:
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at Ay >0, Ay >0, A3 >0,

X,gl)(x _ sinpug(z — 1)/ cospy, ,0<x <1, he N
shug(x +1)/chuy, —1 <z <0,
Y(1)< ): SiIlle(y— 1)/008/”’ O0<y<l, le N
: Shﬂl(y—i_l)/Ch:ul’ —1 <y<07 ’
Zn(z) =sinnz, n € N,
and at A\ < 0,y <0,
h —1)/chu, 0 <z < 1,
X (z) = ° @ = 1)/ chpik ! ke N,
sin pg(x + 1)/ cos pg, —1 < 2 <0,
shuy(y — 1) /chpy ,0 <y < 1,
Y@ (y) — by =1)fchpu .0 < y leN.
sinpu(y +1)/cosp , =1 <y <0,

where A\, = p2 > 0, A\ = —p2 <0, Ay = p > 0, Ay = —p? < 0.

ps are eigenvalues corresponding to eigenfunctions X ,gj )(:17), Yl(j )(y), j = 1,2, respectively.

In both cases uy are positive roots of the transcendental equation tga = —tha.

We note that
M+ = A it = A

3 4
—,ui + ,lLl2 + n2 = )\l(c,l),rw _Mi - :ul2 + 7’L2 = )\l(c,l),n

and the systems of eigenfunctions corresponding to them can be represented as
1w,y 2) = X (@) - ¥,V () - Zu(2),
ita(ey.2) = X0 (@) - ¥, ) - Za(2),
000 (w.y.2) = X0 (@) - YV () - Zu(2),

)+ Zn(2),

<
o
—
8
=
N
~—
I
sl
\'.‘3
—~
8
~
=
S
—~
<

where k,[,n € N.
It follows from the results of [20] that problem (10),(11) has a nondecreasing sequence

of eigenvalues {)\Sl)”}k; Ln=1" {)\’(‘fl)”}k Ln=1" {)\’(“31)"} 1 {)\’(“42”}k Ln=1 and a system of

kJn=
. o]
eigenfunctions corresponding to them {19,(€jl)n(x, Y, z)} , (j =1, ) )
™ k,l,n=1
Let ||ul|? = (u,u), where the inner product is (u,v) = [ wvdQy
Qo

Moreover,
(Szgn(x)szgn(y)ﬁl(fl)m(x, Y, Z), ﬁl(g?ll,nl (I’, Y, Z) - 07p 7é q, (p7 q= 17_4)7 Vka l7 n, kl? l17 ny € N7
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. . m m 1,]{7:]{51/\[:[1/\71:711
(szgn(m)szgn(y)ﬁé,l%(x,y, Z)aﬁi;l}l,m(%y;z)> = {0 Lk ?é kl Al 7£ ll An ?é N ,(m = 174)7

. . m m —1,k::k1/\l:l1/\n1:n1
(stgn(e)sign ()07, (@9, 2), 970, (2:9:.2)) = { 0 k£ kAl£L Angn TR
where k,l,n,ky,l1,n1 € N.

The norm
ad 2
fute g0l = Y {|(sionteisigntuiute. 0.0, (0.9) [+
k,l,n=1
2
+ (sign<a»sign<y>u<x,y,z,t»«9§in<x,y,z>)\ + "

2
+

+|(stgn(@)sign(uyute, . 2.1), 0, (r.3.2))
)

3

defined by the following formula is equivalent to the original norm in the space Hj.

© et ..

According to Theorem 2.1 in [19] and Theorem 4.1. in [20], the eigenfunctions
{19,(31)“(30 Y,z )}, (j =1,4) of problem [10],[11] normalized in Ly ((—1;1)* x (0;7)) form the
Riesz basiss in Ly ((—1;1)2 x (0;7)).

A prior estimate

Generalized  solution of problem (6)-(7) is a function wv,(z,y,z2,t) €
C (Ly((—=1;1)? x (0;7));[0;T]) which for any arbitrary function V(z,y,z,t) € Wy (Q),
Vi(z,y,2,T) + ae®"V(z,y,2,0) = 0, V(z,y,2,t)|yq, = 0, j = 1,2, satisfies the following
integral identity

/’Uj (sign(x)sign(y)V; — sign(y) Ve — sign(x)V,, — sign(z) sign(y)V,,) dQ2 =
Q

- / sign(z) sign(y)V f;d — /sign(m) sign(y) V|,_,®;d.

Q Qo

Let V(l’,y, Zat) = Hk,l,n(t)ﬁ](gj,l),n (x,y,z) ) (] :17_4) ) and ﬂk,l,n(T> + Oé@anMkJ’n(O) = 07
ukl,n( ) € W21 (O, ) Then

/51gn x) sign(y ﬁé{;}n(x,y,z)vi(aj,y, z,t) <p,'k717n(t) + )\,(cjgnukln(t)> d§)
Q

—l—uk,l,n(t)/sign(:c) sign(y)ﬁgl)’n((x,y,z)ﬁ(m,y,z,t)dQ (17)
Q

_'_:uk,l,n(o) /Slgn(l’) Slgn(yﬁ%(cj,l),n (‘Tu Y, Z)@Z(‘xa Y, Z)dQO
Qo
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From (17) it follows that

T
/Uz(Jk)ln(t) (N,k,z,n( ) + /\klnﬂkm( ))dt =
0

T
/ Mkln zkln( ))dt - Mk,l,n(o)@gg];l)7n7 k7l7n S N7
0

where
v () = (sign(@)sign(y)vi(z, y, 2,1), 07 (z,.2)), (5 =1,4),
) () = —(sign(x)sign(y)vi(x,y, 2,0),99) (2,5, 2)), (j=2,3),i=12,
P 1 = (sign(x)sign(y)gi(z,y, 2),9Y) (2,9, 2)), (j = 1,4),
P = —(sign(@)sign(y)@i(z, y, 2), 9] (2,4,2)), (j=2,3),
FO = (sign(z)sign(y) fi(z,y. 2, 1),99) (2, 9.2)), (= 1,4),

FOY, = —(sign(@)sign(y) Fi(w, y, 2, 1), 99) (2,9,2)), (G =2,3), i=1.2

Finally we have

<vi(,]k),l,n(t)>t o )\/(fjg nv'fjk?,l,n(t) = f;(.;c)l,n<t>7

A (18)
vffk)yl’n(O) + oze“lTvl(jk)ln(T) gogjk)ln, i=1,2,7=1,2,3,4, k,I,n € N.
From (18) we obtain
~(G) AVt A pier L
j clozkln Folon ae ke ‘ A9y 7
(0) = o [, (s
1 +OC€HZT+>\]“J’"T 1 +O{€HlT+)\kﬁl7n J
. t
(4)
+ ' / )\kln (t—7) fl n
1+Q{6MT+)\’(€]72*”T / k)l ( )
where 1 =1,2, 7 =1,2,3,4, k,[,n € N.
Lemma 1. Let v (z,y, 2,t) satisfies the equation
v 0% v v -
ot + sign(x )8 5 +sign(y )a 5 @:f,
and conditions v(z,y, z,0) = ¢(z,y, 2), (8)-(9), then for v (z,y,z,t) att € (0;T)
t
lv(@,y, 2, )]l < 2(/[0(2,y, 2,00y + B) T - (lv(z,y, 2, T)lly + B)T + 5, (19)

1

T
estimate is valid, where (5 (f || x,y, 2, 1) Hidt)
0
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Proof of lemma 1 one can find in [18§].

Lemma 2. Let a = 0. Then for any generalized solution to the problem (1)-(4) for
t € (0,7) the following inequalities hold:

CL1+/€1

by (I‘il - /iz)

CL1+/€2

r2t t ) ’
bg ("il . /ig) e w( y K2 72)

eﬁltw(ta K1, 71) +

o (2,92 8) g < \

1

+ memw(t, K2,72),

1
Hu2 (LU,y,Z,t)HO g ’ emtw<t7 "ilaf)/l)

ff1—ff2|

where )
1—4
w(t, ki, vi) = 2(|bal lnllg + lar + &l [[allg + i) 7 %

t
X (b2l lus (2, T)llg + las + sil Jua(@, y, 2, T)llp) €™ + %) T+,
T 2
Vi = 2/(|b2|2‘|f1(x7y727t)”(2)+‘al+"€i’2‘|f2(x7yazvt)”§)eMtdt 7i: 172
0

Proof. From (5) we have

Ul(‘ra Y, =z, t) - ((al + Kl)u2<w7 Y, z, t) - b2U1<J], Y, z, t)) e_ﬁlt7 (20)
va(,y, 2,t) = (byur (2, y, 2, 1) — (a1 + Ko)ua(x,y, 2,t)) e "

From inequalities (19) and taking into account [20] we have

_t
lor(z,y, 2, 8)llo < 2B llur (@, 9, 2,0l + lax + ka| [lua(@, y, 2,0) g + B1) 7 x

. (21)
X (([b2] lur(z, y, 2, T)lg + lar + k1l Jua(z,y, 2, 7)) e + B1) T + B,
_t
||U2($,y,2’,t)||0 < 2(|b2| ||U1(l‘,y, Z,O)HD + |a1 + /432| ||u2(x,y, Zvo)HO + 62)1 X (22)
t
X ((Ib2] lur(z, y, 2, T)lg + lar + kol Jua(z,y, 2, T)llg) €= + B2) T + Ba.
Taking the norm from both sides of equalities (5), we obtain the following estimates
a1+ K e a; + K o
Hul (xayazvt>H0 < ‘1—2 € ltuvl (xaya'Z?t)HO + '; € 2tH’U2 (l’,y, Z>t)H07
b2 </€1 — Iig) b2 (/{/1 - ’%2)
] ] (23)

||U2 (ZL‘,y,Z,t)HO < ’ eﬁltHUl ("L‘7yazvt)||0+

_ e“2t||1)2 (@, y,2,t) |-
K1 — Ka| |

|k1 — Ko

Finally, from these estimates and taking into account (21), (22), (23) the required inequalities
are derived

CL1+/€1

by (fil - /€2)

CL1+/€2

K1t t
bg (’fl —/ig) e w( 7"11771) +

Hul ($7yazvt)’|0 < emtw@? ’%2’72%

HU2 (x7y7 Z7t)HO < ”fl o ﬂ2|eﬂ1tw<t’ "{‘1771) + |I€1 . KJZ‘QI@tW(t’ ’%27’.}/2)7

36



ActAa NUUzZ EXACT SCIENCES Vor.2, Nel, 2025, pp.29-48

where .
w(t, k55,7) = 2(|ba| lenlly + lar + 53l lpally +7)' 7T %

X ((|ba| lui(z,y, 2, T) ||y + a1 + il Jua(z, y, 2, 7)) € + %)™ + i,
3 T 3

T
HJz(xay)Zat)Hth < 2 (|62|2HJ1||(2) |CL1 H1|2||.}2”§)6 tht ’%71 172
0
0

0

The lemma 2 is proved.
Let M denote the correctness set defined as follows

M = {uj(z,y, 2, t) : |lui(z,y, 2, T)l + [|ue(z,y,2,T)||, <m, m<oo},j=12.

Lemma 3. Let a # 0. Then for any solution to the problem (1)-(4) fort € (0,T) the following
mequalities hold:

2 2

ai + Ko 2 a; + Ky 2
uy (z,y, 2, )12 <2 ——2—) e* vy (z,y, 2, t —|—2<—> e 2 vy (x,y, 2, )||7
s o 2000 < 2( 7 ) e o O + 2 ) e o 1

2

2 eQKQtHUQ (a:,y, th)H?)'
(K1 — ko)

luz (,y, 2, )5 < it oy (2, 2,0) g +

(K1 — /12)2
where ) )
oj(z,y, 2,0, <C (1+a?) e ||gi(z,y, 2)ll

+C (1 + 042) (T —1) eQ’iiT/ Hﬁ(:c,y, Z,t)szT

—|—C’(1—|—a —2mT /llle‘y,zt”()dTZ—lZ

C'— some constant depending on o, T.
Proof. If a solution to the problem (1)-(4) exists and belongs to M, then it has the form

a1 + Ko a1 + K1

uy (x,y,2,t) = me’“tvl (z,y,2,t) + by (k1 — 12) "2ty (2,9, 2, 1),
ug (x,y,2,t) = ﬁe’“tvl (x,y,2,t) + ﬁe’”tvg (x,y,2,1),
where
vz, y,2,t) = Z Uzkln klnxy’ Z Uzkln 791(31)n($>yaz)
kl,n=1 e l,n=1

"‘Z Uzkln (1’ Y, 2) (24)

k,l,n=1

+ Z 'Lkln ("L‘ Y,z )7 172

k,l,n=1
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According to (15) we have

[e.9] (e 9]

1 2 2 2
ity 0l = 32 {eli@) + 32 {old0]
. ké,n:l N k;l’n:l (25)
3 4 .
£ L0+ 3 Lm) =
k,l,n:l k7l7n:1

We estimate the first sum on the right-hand side of equality (25). In this case, we take into
account the inequality (a + b+ ¢)? < 3(a® + b* + ¢?), the Cauchy-Bunkhouses inequality for the
integral, and we have

2 1)
_(1) ) ¢

ZOO W ? Zoo 3<‘Pi7k,l,n e
{vi,k,l,n(t)} < A 7\ 2
kln=1 kln=1 (1 + e T AR )

T T
2 2k, T+22) T 2
+ 30& e k,l, 62)\21.2 n(t*T)dT ‘]E(l) (7_) dT+
2 v i,kln
1 KZZT+)\§€1[) nT sl
+ «e i ! p

t t

3 M) g _ 2
+ T T>2 /e%kﬁl»n(t )dT/ (ff?ln(T)) dr
0

<1 + Oéeﬁl k,ln 0

From here, evaluating each participant separately for the amounts, then we can easily get the
following

2 5\ 2 1
o0 3 <@£1]3 ! n) 62)‘k,l,nt o0 3 <¢51]3 I n) 62)\k,l,n(t T) o0 9
sy _ Z syl < C a72€72,{1T Z _(1)
) (ORNs 2 O 2 = Vil (pz,k,l,n
k,l,n=1 (1 + OéemT-‘rAk,z,n ) kln=1 <€_ kot 4 Oé@“iT> klne1
where
3, a>0
1 —)\(1) T—r;T 2
Cip =4 3| —e M8 4 1) o< —1
«
3Di,1, —-l<a< 0,
1 - T—r;T - (1) 1 1
—e “koslo:mo ] ,k}ko,l2l0,n>no,)\kln>—ln— R
[0 sty T 1%
D = )
’ ]. _)\(1> T—r:T h (1) 1 1 .
max ((ae Rint T ] s Abin < fln R 1,2.
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Further we have
o

1) T
2k T+2\ T
3ale i kiln (1)
§ 2)\ (t—71)
k,l,
" dr z k,l,n dr

NG
kln=1 (1 + ae“’TJ”\k!lv"T)

\ 11 _t Z / kln T’

k,l,n=1 f
o0
S 3 L) g dr
T )\(1) 2 zk,l,n
k,ln=1 (1+ae“l Ak Ln ) o 0

© _ 2
Cirta~2e™ Ty / (70,,) .
n=1 0

Summing up these estimates, we get

T
S 1 K 1 2 > 1 2
Z {Uz(,k),l,n(t)} Cla € - ZTZ( z(k),l,n) +CZ,1(T_t> Z /(fz(k),l,n( )) B
kyln=1 kdn=1"%
(26)
+C’11t0¢ e 2T Z / zk,l,n dr
k,l,n=1 0

We estimate for the second sum on the right-hand side of inequality (25) for two cases:)\gjl)m >0
and /\,(fl)n < 0. Let )\,(fl)n > 0, then we get

> (o) <Gt 37 (A)

A2 >0 A2, >0
T
2
(2
#0003 [ (7)) o o
>\(2) >0t

2
+Ciata” e 2T Z /( zk,l,n )) dr,

(2)
Al >00

where
3, a>0

2
Cip = 3(16—&%—“ N 1) <1
o

3D;s, —1<a<0,
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1 o . -
<_ )‘ko lo» noT i -+ 1) ,]{J > k'07l > lo,n > No, /\]E/,Ql) > —In

o L \® pr - (2) 1
— kynt 1 A < —1
max ((ae + ) AT T n

Let A, < 0. Then

2 2
Z {Ufk),l,n(t)} <Ci,3 Z <@§,2k),l,n> +

M2 <0 A2 ,<0

+C¢,3a2€2mT(T_t) Z /(ﬁ(i)ln(7)>2d7 (28)

(2)
Aeln<Ot

+Cigt /(m ))Qdﬂ

A](j}’n<o 0

where
3, a>0

2
Ciz = 3(046/\3{71:”_'”11 + 1) ya < —1
3Di’3, -1 <a<0,
1
< =Inlo],

Dig = 2 -2 '
max ((ae’\kﬁlvnTﬂ"T + 1> ) ) Agfz)n > Tln lal, 1 =1,2.

) —2
A T+k; T
(ae kodomo” T 4 1) k> ko,

\Y
s
N
Y
5
-
5

We estimate for the third sum on the right-hand side of inequality (25) for two cases:)\,(jl)vn >0
and )\,(fl)n < 0. Let )\E’I)’n > 0, then we get

. 2 . 2
S (0,0 <Cua et 3 (60,)'

A2, >0 A2 >0
T
2
73
A >0
-2, 2T 2
FCiata~2e T Y /( () .
A3 .>00
where
3, a>0
L \® 1o ’
Ciag=1q 3| —e7Mi" "8 1) a< -1
o

3D;4, —1<a<0,
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1 .\ g -2 3) 1. |1
—e leOTLO 4 +1 7k>k07l>l07n>n0,)\kln>_].n_,
« ” T «
Diy = -2
’ L \® p_r (3) 1 1
kylnt TR 1 A < —In|— =12
max((a —i—) ), kln Tna,z
Let )\,(f’l)n < 0. We have
2
3 3
Z {Ui(,k),l,n t } 015 Z <S01( k),l,n>
A2 <0 A1 <0
T
2
4 (T 1) 3 [ (F0) dr (30)
A <0t
2
+Cist Z / < ik ( )) dr,
A ,<00
where
3, a>0
3) 2
Cis = 3(046)‘171’1T+’”T + 1) yoa < —1

3Di75, —l<a< 0,

3) . -2 1
(ae)\ko,lo,noT-ﬁ-mT + 1) ’k > k}o,l > lO,TL = ng, )\’(jl),n < —=1In |Oé| ,

l)@5=: AB) . T —2 3) 1 g
max ((ae kit TR 1) ) s Akin > fln laf, i =1,2.

We estimate for the fourth sum on the right-hand side of inequality (25) for two cases:)\,(fl)m >0
and )\,(fl)m < 0. Let )\,(:fl)’n > (, then we get

2 2
Z {Ugjl,g’lm(t)} <Cz‘,604_26_2”iT Z (@Ejl,g#n) +

(4)

Ak,1,n>0 Ap1n>0
T
2
(4
=1 3 [ (70,0) ar a1
A(4) >0t
~2,-2r;T 2
+Cigta~2e T § /( o )) dr,
A 00
where
3, a>0
Cig = 3(—6_ L 1) ya < —1
o

3D, —1 <a <0,

41



ActAa NUUz EXACT SCIENCES Vor.2, Nel, 2025, pp.29-48

1 @ -2 1. |1
<—e Mot T—RiT 4 1) k= kol =lo,n =mng, A > Zn |~
b o - T o
i,6 — )
- klnt —Hi 1 A < —In|— =12
max((ae + ) ) » Akin < 7 n a ) ,
Let )\,(fl)’n < 0. We have
(4) 2 <C _@ )2
Z Vi pun®) ¢ < Cig Z Pikin) T
)\;:fl),n<0 )\gc%l),n<0
T
_ 2
4t (@ =) Y [ () dar )
A <0
t
2
(4
+C’577t Z /(fz(,k),l,n(T)> dTa
A <00
where
3, a>0
Ciz = 3(046/\<1?273T+MT + 1>2, a< —1

3Di,77 —“l<a< O,

(4) , —2 1
<CY€/\’“0JO’”0T+MT + 1> k= ko, l = lo,n = no, )‘l(jjl),n < fln laf,
Di 7T _9
’ AY Tk T (4) 1 ;
max (ae kol TR 1) s AN > Tln laf,i=1,2.

Combining the last estimate and (26)-(27), we find that for the expression ||v;(x,y, 2, t)H(z) the
following inequality holds:

[v; (2,9, 2,0)llg < C (14 a72) e ||py(x,y, 2) g +
T
K r 2
+C (1 -+ a2) (T — t) e? T/t Hf,-(a:,y,z,t)HOdT (33)
t
1O (1 a ) e T / |Fia . 2, 0)|
0

where C' = max(Cy, Cy, Cs, Cy, Cs5, Cs, C7). Taking the norm from both sides of estimates
(23),(33), we obtain the following estimates

a1 + K1

a +I§J 2
1 2 2Kk1t 2
e v (x,y, 2z, t)||5 + 2
)) H 1( Yy )HO (b2 ("{/1 Ko

2
2Kot 2
—_ e v (x,y, 2, )5,
bQ(Hl—HQ )) H 2( Yy )”0

HUI (Z’,y, Zat)Hg < 2(

HuQ (x7y727t)||(2) < 262H1tHU1 <x7yazvt)”g+ 262n2tHU2 (xa?J;Z,t)Hg-

(f’vl - ff2) K1 — Féz)
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The lemma 3 is proved.
Uniqueness and conditional stability

Theorem 1. Let o« = 0. If a solution to the problem (1)-(4) exists and
(uy (2,9, 2,t) ,us (z,y, 2,t)) € M, then the solution to the problem (1)-(4) unique.
Proof. Let pairs of functions (urg (2,9, 2,t), wia (2,9, 2,1)),

(ugq (z,y,2,t) ,u22 (2,9, 2,t)), are solutions of the problem (1)-(4). Let us introduce the
notation U (z,y,2,t) = w1 (z,y,2,t) — uia(x,y,2,t), Us(x,y,2,t) = wusy(x,y,2,t) —
U (2,9, z,t). Then the pair of functions (Ui (z,y, 2,t), Us (x,y, 2,t)) satisfies the system of
equations

Ult + SZg?’L(.Q?)Ulm; + sign(y)Ulyy + Ulzz + alUl + b]_U2 = O,

Ust + sign(x)Usee + 5ign(y)Usyy + Usz. + agUs 4 bUy = 0,
with conditions

Ui|t:0 + an|t:T = O, 7= 1,2

and (3),(4). According to lemma 2, we have
|| Uy (.T,y,Z,t) ”0 =0

and
H Us (,CE, Y, Z7t) ||0 = 0.

Hence, for any (z,y,z,t) € Q, we have uy (x,y,2,t) = wio(z,y,2,t), usy (v,y,2,t) =
U (2,9, z,t). The theorem 1 is proved.

Let Ui (x,y,2,t) = u; (z,y,2,t) — we (x,y,2,t), i = 1,2, where the pair of functions
(uy (2,9, 2,t), ug (x,y, 2,t)) is a solution to the problem (1)-(4) with exact data, and the pair
of functions (us. (z,y, z,t) , us: (z,y, z,t)) as a solution to the problem (1)-(4) with approximate
data.

Theorem 2. Let o = 0,(uj,up) € M, (ue,u.) € M. Moreover, |¢; — s, <
e, Nfi = fiellp £ e, = 1,2, Then for the functions Uy, Uy for any t € (0;T) following
estimates is valid
aj + Ko
by (Hl - /€2)
1

|'<01 —’12\

aq + K1
by (Hl - /€2)
1

e
K1 — Ko

||U1€H0 < eﬁltwa(ta "’ila'ylaasam) + eﬁztwa(t7/€2772aa€7m)a

1Uszellg < e™'w.(t, K1, Vie, €,m) + 520 0e (t, K, Yoer €, M),
where
wi(t, ki m, &, i) = 2(2 ([ba] + as + #al) + 7ie) T (2m (|bo] + |a1 + ri|) e ™7 + 7ic) T4 Yies
(s? (1ol + Jar + %) )
Yie =

| K]

Proof. A pair of functions (U, Us.) satisfies system

Uret + sign(2)Usegs + 5ign(y)Useyy + Uteze + a1Usre + 01Use = f1 — fie,
UQst + Sign(x)UQSxm + Sign(y>U26yy + U2azz + a2U25 + b2U15 - f2 - f2€u
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with initial conditions
Uie|t:0 + an€|t:T = @i — Pie, 1= 17 27

and homogeneous boundary conditions (3), as gluing conditions (3). It’s easy to see that

||¢15 (fl'f,y, )HO |a1+/{1| ||S02 (,I’ Y,z ) P2e ($ayaz)||0
+ |b2| ||901 ((L’,y, ) — Pi1e (x7y7 )“0 X
e (Jar + k1| + b2])

||@2s (x,y, Z)“(] < |b2| H(Pl (l’,y, Z) — P1e (:c,y, Z)”O
+ ‘(11 + H?l ||902 (xvya Z) — P2 (xvy’ Z)”O g
€(|b2| + ]al + l€2|) .

Now, using the condition (uq,us) € M, (uye, ug:) € M, we have

|bo| [|Ure (2, y, 2, )l + a1 + k1] [|[Use(2, 9, 2, )|l = b2 [Jua (2, y, 2, T) —wie(,y, 2, T)||,
+ ‘al + /‘61‘ H’LLQ(.CE,:(/,Z,T) - Ugg(ﬂf,y,Z,T)Ho X ’b2| (Hul(xaya ZaT)”O + ’lulf(‘x?y?Z?T)HO)
+lay + s | (lug(z,y, 2, T)|| + lluge(z,y, 2, 7)) < 2m (|bo| + |ay + k1)),

|ba] | U1 (2, y, 2, T)lg + lar + w2| 1U2e (2, 2, T)lg = [bo| lua (2,9, 2, T) — wie(2,y,2,T)ll
+lan + sl ua(z,y, 2, T) = wae(z,y, 2, )l < |baf (llua (2, y, 2, T)lg + luac(z, 5, 2, T)l,)
+lar + sl (Jua(z,y, 2, T)llg + lluse(z, y, 2, T)lg) < 2m (|bo] + |ar + ko),

and

\’fz'\

1
2 (|ba]” + a1 + ri]?) e—W) 2

/‘ Z‘ Y5 2, t fis(x7y727t)}|§d7— < (6 (

According to lemma 2, we obtain

a1 + Ko a1 + K1
[Urelly < ‘m ew.(t, K1, Y1e,€,m) + b (k1 — a) €™ w.(t, K, Y2:, €,m),
||U26||0 < —emtws(t7 R1,Y1ey €, m) + eHthE<t7 K2, Y2e, €, m)7

|H1—'f2| |'<01—/‘”v2|

where

_t . +
wie(t, ki, M, €,%ie) = 2( ([b2] + a1 + ki) + %5)1 r (Zm (1bo] + a1 + Kql) e + ’Yz’s)T + Vies

1
g2 (|b2|2 + |CL1 + /€i|2) e 2T\ 2
Yie =

|'fz'|

The theorem 2 is proved.

Theorem 3. Let o« # 0. If a solution to the problem (1)-(4) exists and
(uy (z,y,2,t) ,us (z,y,2,t)) € M, then the solution to the problem (1)-(4) unique.

Proof. Let pairs of functions (w1 (2,9, 2,t), wa(z,y,21)),
(ugq (x,y,2,t) ,u22 (2,9, 2,t)), are solutions of the problem (1)-(4). Let us introduce the
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notation Vi (x,y,2,t) = wii(z,y,2,t) — wia(x,y,2,t), Val(r,y,z,t) = uss(z,y,2,1) —
U (2,9, 2z,t). Then the pair of functions (Vi (z,y,2,t), Va(z,y,z,t)) satisfies the system of
equations

‘/it + Slgn(x)‘/lxx + SZgn(y)‘/lyy + ‘/1ZZ + a'l‘/l + bl‘/Q = O,
‘/2t + Slgn('rﬂ/lzz + Sign(y)‘/?yy + ‘/27;2 + a2‘/2 + bQ‘/i = O,

with conditions
Vi’t:o +aVil_p=0,i=1,2

and (3),(4). According to lemma 3, we have
H V;(.T,y,z,t) HO = O,Z = 1,2

Hence, for any (z,y,z,t) € Q, we have uy; (x,y,2,t) = wia(z,y,2,t), usy (v,y,2,t) =
ug2 (x,y, z,t) . The theorem 3 is proved.

Let Vic (x,y,2,t) = u; (z,y,2,t) — we (x,y,2,t), i = 1,2, where the pair of functions
(ug (2,9, 2,t), ug (x,y, z,t)) is a solution to the problem (1)-(4) with exact data, and the pair
of functions (u1. (z,y, z,t) , us: (z,y, z,t)) as a solution to the problem (1)-(4) with approximate
data.

Theorem 4. Let a # 0,(uj,uz) € M, (uie,up.) € M. Moreover, ||p; —@jell, <
e, \fi = ficlly £ e, 5 = 1,2. Then for the functions Vie, Voo for any t € (0;T) estimates
1s valid
a; + Ko
by (K1 — K2)
1

|’11 —’f2|

a1 + K1

m €H2tw£(t7 /432,725,577”)7

[Vielly < ‘ e"™w.(t, K1, Me, €, M) +

”‘/2€H0 < enltws(ta R17715787m) + H2tw€(t7"€2772€767m>7

e
|1 — Ko
Proof. A pair of functions (Vi., Va.) satisfies system

‘/lst + SZQTL(x)‘/leacac + Sign(y)‘/layy + ‘/lazz + al‘/le + bl‘/Qe - fl - flsa
Vsz—:t + Slgn(x>‘/25xw + Sign<y)‘/ésyy + ‘/2622 + a2‘/2€ + b2‘/15 = f2 - f2£—:7

with initial conditions
‘/z's|t:0 + a‘/is|t:T = Qi — Pie, 1= 1727

and homogeneous boundary conditions (3), as gluing conditions (4). It’s easy to see that
C (1 + 0572) 672HiT ||@z(xv Y, Z) - @is(xv Y, Z)“g

T
+C (1+0®) (T —1t) emT/ [ fix,y, 2,8) = fiel,y, 2,8)||pdr
t

t
+C (1+a7?) te_mT/ |Fi(e,,2,8) = Fiel,y, 2,1)| dr
0
< O ((ar + ri)* + (1)?)

1 2\ (T — ¢ 1 =2\ te—2ki(T+t)
X(@+@4k4mqj +a) )jéﬁa ) te )

= w.(Ki, t)
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According to lemma 3, we have

a; + K a; + K
||‘/1€||0 < ‘m emthO{ivt) + m nztwe(/%t)»
1 K1t 1 Kot
[Vaellg < me we (ki t) + mé’ e (ki 1)

The theorem 4 is proved.

10.

11.

12.

46

REFERENCES

. Ashyralyev A, Yildirim O., On nonlocal boundary value problems for hyperbolic-parabolic

equations. Taiwanese Journal of Mathematics,2007, 11, Issue 4,P. 1075-1089.

Zouyed F., Rebbani F. | Boussetila N., Ona Class of Multitime Evolution Equations with
Nonlocal Initial Conditions. Abstract and Applied Analysis, Article ID-16938, 2007,P.
1-26.

. Kozhanov A.I., On the solvability of some spatial nonlocal boundary value problems for

linear parabolic equations., Vestn. Samar. Un. Ser. natural science, 3,2008, Issue 62,P.
165-174.

Sabitov K.B., Nonlocal problem for an equation of parabolic-hyperbolic type in a
rectangular domain., Mat. Notes, 2011, 89, Issue 4,P. 596-602.

Djamalov S.Z., A nonlocal boundary value problem for a mixed type equation of the
second kind in a multidimensional space., Bulletin of the Institute of Mathematics,
2018,No 1 P. 1-8.

. Shadrina I.A., Nonlocal boundary value problems of Samarskii for parabolic equations

with changing direction of time., Mathematical Notes of NEFU, 2012, No19, Issue 2, P.
171-186.

Larkin A.N., Novikov V.A., Yanenko N.N, Nonlinear equations of variable type.
Novosibirsk, Science 1983.

. Krein S.G.,Prozorovskaya O.I., Approximate methods of solving ill-posed problems,

U.S.S.R. Comput. Math. Math. Phys., 1963. Vol.3 Nol, 1963, P. 153-167.

. Lavrent‘ev M.M. Saveliev L.Y., Theory of operators and ill-posed problems., Publishing

House of the Institute of Mathematics, Novosibirsk, 2010.

Levine H.A., Logarithmic convexity, first order differential inequalities and some
applications, Trans. Amer. Math. Soc., Issue. 152. 1970, P. 299-320.

Kozhanov A.I. Composite Type Equations and Inverse Problems., VSP, Utrecht, The
Netherlands, 1999.

Bukhgeim A.L., Il-posed problems, number theory and tomography, Sib. Math.
Journal.,Vol 33. Issue. 3. 1992, P. 389-402.



ActAa NUUzZ EXACT SCIENCES Vor.2, Nel, 2025, pp.29-48

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Fayazov K.S., Lavrent‘ev M.M., Couchy problem for partial differential equations with
operator coefficients in space, Journal inverse and ill-posed problems., Vol. 2., 1994, P.
283-296.

Fayazov K.S., The Cauchy problem for an elliptic equation with operator coefficients,
Siberian Math. Journal, Vol. 36., 1995 P. 404-411.

Fayazov K.S., Khudayberganov Y.K., Ill-posed boundary-value problem for a system
of partial differential equations with two degenerate lines, Journal of Siberian Federal
University. Mathematics and Physics., Vol. 12., 2019, P. 392-401

Fayazov K.S., Khazhiev 1.O., Conditional correctness of the initial-boundary value problem
for a system of high-order mixed-type equations, Izv. Vyssh. Uchebn. Zaved. Mat., No22,
202), P. 62-75.

Khajiev 1.0., Conditional correctness and approximate solution of boundary value
problem for the system of second order mixed-type equations, J. Sib. Fed. Univ. Math.
Phys.,Noll, Issue. 2., 2018, P. 231-241.

Fayazov K.S., Khudayberganov Y.K., Ill-posed boundary value problem for mixed type
system equations with two degenerate lines, Siberian Electronic Mathematical Reports,
Vol.17. 2020, P. 647-660.

Fayazov K.S.,Khudayberganov Y.K., An ill-posed boundary value problem for a mixed
type second-order differential equation with two degenerate lines, Mathematical notes of
nefu, Vol. 30 2003, Nol, P. 51-62.

Pyatkov S.G., Properties of Eigen functions of a certain spectral problem and their
applications, Some Applications of Functional Analysis to Equations of Mathematical
Physics. Inst. Mat. Novosibirsk., 1986, P. 65-84.

Krein M.G.,Gokhberg I.T., Introduction to the theory of linear non-self-adjoint operators
in Hilbert space.,Moscow: Scinse 1965.

Pyatkov S.G., Some properties of proper and attached functions of unfamiliar Sturm-
Liouville problems, Nonclassical equations of mathematical physics. Collection of scientific
papers. Novosibirsk: Publishing House of the Institute of Mathematics, 2005, P. 240-251.

REZYUME

Ushbu ish ikkita buzilish chizig’iga ega bo’lgan bir jinsli bo'lmagan parabolik tipdagi
tenglamalar sistemasi uchun nolokal chegaraviy masalaning shartli turg’riligini
o’rganishga bag’ishlangan. Ushbu ishda A.N. Tixonov bo’yicha masalaning shartli
turg’inligi isbotlangan, ya’ni korrektlik to’plamida yagonalik va shartli turg’unlik
teoremalari isbotlangan. Yechim uchun Aprior baho olishda logarifmik qavariqlik
usulidan va S.G.Pyatkov tomonidan qaralgan spektral masala xossalaridan
foydalanilgan.

Kalit so‘zlar: Nolokal chegaraviy masala, nokorrekt masala, Aprior baho, shartli
turg’unlik bahosi, yechimning yagonaligi, korrektlik to’plami.
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48

PE3IOME

Jlannast paboTa TOCBHAINEHA HCCIEIOBAHUIO YCJIAOBHON KOPPEKTHOCTH HEJTOKAJILHOM
KpaeBoil 3aJ1a4u JIJII CUCTEMbI HEOTHOPO/IHBIX YpaBHEHUI 1apabo/IMIecKOro THIIA, C
JIBYMsI IMHUSIMU BBIPOKIeHusI. B mamHoit pabore Ha ocHose ngen A.H. Tuxonosa mo-
Ka3aHa yCJIOBHas KOPPEKTHOCTD 3a/1a9H, & NMEHHO, JOKA3aHbl TEOPEMbI €/ ITMHCTBEH-
HOCTU W YCJIOBHOW YCTOMYMBOCTU Ha MHOYKECTBE KOppeKTHOCTHU. i mosrydenus
AIIPUOPHOI OIEHKM pEeINIeHUs UCIOJIb30BaH METOJ JIOrapu(MUIECKOil BBITYKJIOCTH
1 Pe3yJIbTaThl CIeKTpabHON 3a1aqn, paccMoTpertoit C.I TIaTkoBBIM.

Karoueswvie caosa: HenokambHas KpaeBas 3ajiada, HEKOPPEKTHAS 3a/1ada, allph-
OpHas OIEHKA, OIEHKA, YCJIOBHOM YCTOMIMBOCTH, € IUMHCTBEHHOCTD PEIICHUsI, MHOYKE-
CTBO KOPPEKTHOCTH.



