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RESUME

This work is devoted to the study of the conditional correctness of the nonlocal
boundary value problem for a system of nonhomogeneous parabolic type equations
with two degeneration lines. In this article, based on the idea of A.N. Tikhonov,
the conditional correctness of the problem are proved, namely, the theorems of
uniqueness and conditional stability on the set of correctness are proved. For getting
a priori estimate of the solution we used the logarithmic convexity method and the
results of the spectral problem considered by S.G. Pyatkov.
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Introduction
In this paper, we consider a nonlocal boundary value problem for a system of partial

differential equations with changing the direction of time in space. Similar equations were
considered by N. Kislov, S.G. Pyatkov, K.S. Fayazov, I.E. Egorov, S. Z. Djamalov, I.O. Khajiev
and others. The correctness of nonlocal boundary value problems for some general differential
and differential operator equations is studied in various aspects in the works of A.A. Dezin,
V.K. Romanko, Y.I. Yurchuk and others.

The existence and uniqueness of solutions nonlocal boundary value problems for
nonclassical equations were investigated in works by A. Ashyralyev and O. Yildirim [1], F.
Zouyed, F. Rebbani, N. Boussetila [2], A.I. Kozhanov [3], K.B. Sabitov [4], S.Z. Djamalov[5],
A.I. Shadrina [6] and others.

The parabolic equation with changing direction of time represents various physical
processes. This is caused, in particular, by their applications in hydrodynamics by studying the
motion of a fluid with an alternating coefficient of viscosity. Problems arising in gas dynamics
lead to equations of this type. This class also includes equations that describe diffusion processes,
electron scattering and many other processes in physics [7].

Ill-posed problems in the sense of J. Hadamard were studied in the works of E.M. Landis,
S.G. Krein [8], M.M. Lavrent’ev [9], V. A. Morozov, V. Ya Arsenin, V. G Romanov, S. I.
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Kabanikhin, B. A. Bubnov, H. A. Levine [10], I.E. Egorov and V.E. Fedorov, A.I. Kozhanov
[11], S.G. Pyatkov, A.L. Buchheim [12], K.S. Fayazov [13],[14],[15], V.Isakov, M.Klibanov,
A.Loiuse, P.Mass, E.Shock, A.Hasanugly, A.Amirov M.Kh. Alaminov, I.O. Khajiev [16],[17],
Y.K. Khudayberganov [18] and others.

Formulation of the problem
Let Ω = Ω0 × Q, Ω0 = Ω1 × Ω2 × Ω3, Ω1 = {−1 < x < 1} , Ω2 = {−1 < y < 1} , Ω3 =

{0 < z < π} , Q = (0;T ) .

Consider the system of equations{
u1t + sign(x)u1xx + sign(y)u1yy + u1zz + a1u1 + b1u2 = f1,

u2t + sign(x)u2xx + sign(y)u2yy + u2zz + a2u2 + b2u1 = f2,
(1)

in the domain Ω ∩ {x, y 6= 0}, where aj, bj are some constants, b2 6= 0, (a1 − a2)2 + 4b1b2 > 0
and j = 1, 2, fj(x, y, z, t) are given sufficiently smooth functions.

Problem. Find a solution of the system of equations (1) satisfying the following
conditions:
nonlocal

uj(x, y, z, t) |t=0 + αuj(x, y, z, t) |t=T = ϕj(x, y, z), (x, y, z) ∈ Ω̄0, j = 1, 2, (2)

boundary
uj(x, y, z, t)|∂Ω0

= 0, t ∈ [0;T ], (3)

and gluing

∂iuj(x, y, z, t)

∂xi

∣∣∣∣
x=−0

=
∂iuj(x, y, z, t)

∂xi

∣∣∣∣
x=+0

, (y, z, t) ∈ Ω̄2 × Ω̄3 × Q̄,

∂iuj(x, y, z, t)

∂yi

∣∣∣∣
y=−0

=
∂iuj(x, y, z, t)

∂yi

∣∣∣∣
y=+0

, (x, z, t) ∈ Ω̄1 × Ω̄3 × Q̄ , i = 0, 1,

(4)

conditions, where α is some constant, ϕj(x, y, z) given sufficiently smooth functions.
In this paper, we study the correctness of the desired problem depending on the value of

the parameter α and obtain a presentation of the solution, as well as an a priori estimate of
the solution. In the case of well-posedness, conditional correctness is proved.

Let us introduce the notation

u1 (x, y, z, t) =
a1 + κ2

b2 (κ1 − κ2)
eκ1tv1 (x, y, z, t) +

a1 + κ1

b2 (κ1 − κ2)
eκ2tv2 (x, y, z, t) ,

u2 (x, y, z, t) =
1

(κ1 − κ2)
eκ1tv1 (x, y, z, t) +

1

(κ1 − κ2)
eκ2tv2 (x, y, z, t) ,

(5)

where κ1, κ2− roots of a quadratic equation

κ2 + (a1 + a2)κ+ a1a2 − b1b2 = 0,

then (1)-(4) is transformed to the following problems.
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Problem 1. Find a solution to the equation

∂vj
∂t

+ sign(x)
∂2vj
∂x2

+ sign(y)
∂2vj
∂y2

+
∂2vj
∂z2

= f̄j, j = 1, 2, (6)

in the domain Ω, satisfying:
nonlocal

vj(x, y, z, t) |t=0 + αeκjTvj(x, y, z, t) |t=T = ϕ̄j(x, y, z), (x, y, z) ∈ Ω̄0, j = 1, 2, (7)

boundary
vj(x, y, z, t)|∂Ω0

= 0, t ∈ [0;T ], (8)

and gluing conditions

∂ivj(x, y, z, t)

∂xi

∣∣∣∣
x=−0

=
∂ivj(x, y, z, t)

∂xi

∣∣∣∣
x=+0

, (y, z, t) ∈ Ω̄2 × Ω̄3 × Q̄,

∂ivj(x, y, z, t)

∂yi

∣∣∣∣
y=−0

=
∂ivj(x, y, z, t)

∂yi

∣∣∣∣
y=+0

, (x, z, t) ∈ Ω̄1 × Ω̄3 × Q̄ , i = 0, 1.

(9)

where
ϕ̄1(x, y, z) = ((a1 + κ1)ϕ2(x, y, z)− b2ϕ1(x, y, z)) ,

f̄1(x, t) = (b2f1(x, y, z, t)− (a1 + κ1)f2(x, y, z, t)) e−κ1t,

ϕ̄2(x, y, z) = (b2ϕ1(x, y, z)− (a1 + κ2)ϕ2(x, y, z)) ,

f̄2(x, y, z, t) = (b2f1(x, y, z, t)− (a1 + κ2)f2(x, y, z, t)) e−κ2t.

Spectral problem

Let
{
λ

(1)
k,l,n

}∞
k,l,n=1

,
{
λ

(2)
k,l,n

}∞
k,l,n=1

,
{
λ

(3)
k,l,n

}∞
k,l,n=1

,
{
λ

(4)
k,l,n

}∞
k,l,n=1

eigenvalues and{
ϑ

(j)
k,l,n(x, y, z)

}∞
k,l,n=1

,
(
j = 1, 4

)
eigenfunctions of the following spectral problem

sign(x)
∂2ϑ

∂x2
+ sign(y)

∂2ϑ

∂y2
+
∂2ϑ

∂z2
+ λϑ = 0, (x, y, z) ∈ Ω0 ∩ {x, y 6= 0}, (10)

ϑ(x, y, z) |x=±1 = 0, (y, z) ∈ Ω̄2 × Ω̄3,

ϑ(x, y, z) |y=±1 = 0, (y, z) ∈ Ω̄1 × Ω̄3,

ϑ(x, y, z)
∣∣∣ z=0
z=π

= 0, (x, y) ∈ Ω̄1 × Ω̄2,

∂jϑ(x, y, z)

∂xj

∣∣∣∣
x=−0

=
∂jϑ(x, y, z)

∂xj

∣∣∣∣
x=+0

, (y, z) ∈ Ω̄2 × Ω̄3,

∂jϑ(x, y, z)

∂yj

∣∣∣∣
y=−0

=
∂jϑ(x, y, z)

∂yj

∣∣∣∣
y=+0

, (x, z) ∈ Ω̄1 × Ω̄3 , j = 0, 1.

(11)

Let the solution of problem (10),(11) exist, we find presentations of the solution. We apply the
method of separation of variables, we have

ϑ(x, y, z) = X(x) · Y (y) · Z(z). (12)
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Conditions (12) imply
X(−1) = X(+1) = 0,

X(−0) = X(+0),

X ′(−0) = X ′(+0),

Y (−1) = Y (+1) = 0,

Y (−0) = Y (+0),

Y ′(−0) = Y ′(+0),

Z(0) = Z(π) = 0.

Calculating partial derivatives of function (12), we obtain

∂2ϑ(x, y, z)

∂x2
= X ′′1(x) · Y (y) · Z(z),

∂2ϑ(x, y, z)

∂y2
= X(x) · Y ′′(y) · Z(z),

∂2ϑ(x, y, z)

∂z2
= X(x) · Y (y) · Z ′′(z).

Substituting expressions (10) into these data and separating the variables, we obtain

sign(x)X ′′(x)

X(x)
+
sign(y)Y ′′(y)

Y (y)
+
Z ′′(z)

Z(z)
= −λ.

Further, since sign(x)X′′(x)
X(x)

does not depend on y, z, sign(y))Y ′′(y)
Y (y)

on x, z , etc. Z′′(z)
Z(z)

on x, y, we
have

sign(x)X ′′(x)

X(x)
= −λ1,

sign(y)Y ′′(y)

Y (y)
= −λ2,

Z ′′(z)

Z(z)
= −λ3.

For the functions X(x), Y (y), Z(z) we obtain the problems:

sign(x)X ′′(x) = −λ1X(x),

X(−1) = X(+1) = 0,

X(−0) = X(+0),

X ′(−0) = X ′(+0),

 (13)

sign(y)Y ′′(y) = −λ2Y (y),

Y (−1) = Y (+1) = 0,

Y (−0) = Y (+0),

Y ′(−0) = Y ′(+0),

 (14)

Z ′′(z) = −λ3Z(z),

Z(0) = Z(π) = 0.

}
(15)

Thus, solutions of a problems (13),(14),(15) will have the form:
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at λ1 > 0, λ2 > 0, λ3 > 0,

X
(1)
k (x) =

{
sinµk(x− 1)/ cosµk , 0 6 x 6 1,

shµk(x+ 1)/chµk, −1 6 x 6 0,
k ∈ N,

Y
(1)
l (y) =

{
sinµl(y − 1)/ cosµl, 0 6 y 6 1,

shµl(y + 1)/chµl , −1 6 y 6 0,
l ∈ N,

Zn(z) = sinnz, n ∈ N,

and at λ1 < 0, λ2 < 0,

X
(2)
k (x) =

{
shµk(x− 1)/chµk, 0 6 x 6 1,

sinµk(x+ 1)/ cosµk, −1 6 x 6 0,
k ∈ N,

Y
(2)
l (y) =

{
shµl(y − 1)/chµl , 0 6 y 6 1,

sinµl(y + 1)/ cosµl , −1 6 y 6 0,
l ∈ N,

where λ1k = µ2
k > 0, λ1k = −µ2

k < 0, λ2l = µ2
l > 0, λ2l = −µ2

l < 0.

µ2
k are eigenvalues corresponding to eigenfunctions X(j)

k (x), Y
(j)
l (y), j = 1, 2, respectively.

In both cases µk are positive roots of the transcendental equation tgα = −thα.
We note that

µ2
k + µ2

l + n2 = λ
(1)
k,l,n, µ

2
k − µ2

l + n2 = λ
(2)
k,l,n,

−µ2
k + µ2

l + n2 = λ
(3)
k,l,n, −µ

2
k − µ2

l + n2 = λ
(4)
k,l,n

and the systems of eigenfunctions corresponding to them can be represented as

ϑ
(1)
k,l,n(x, y, z) = X

(1)
k (x) · Y (1)

l (y) · Zn(z),

ϑ
(2)
k,l,n(x, y, z) = X

(1)
k (x) · Y (2)

l (l) · Zn(z),

ϑ
(3)
k,l,n(x, y, z) = X

(2)
k (x) · Y (1)

l (y) · Zn(z),

ϑ
(4)
k,l,n(x, y, z) = X

(2)
k (x) · Y (2)

l (y) · Zn(z),

where k, l, n ∈ N.
It follows from the results of [20] that problem (10),(11) has a nondecreasing sequence
of eigenvalues

{
λ

(1)
k,l,n

}∞
k,l,n=1

,
{
λ

(2)
k,l,n

}∞
k,l,n=1

,
{
λ

(3)
k,l,n

}∞
k,l,n=1

,
{
λ

(4)
k,l,n

}∞
k,l,n=1

and a system of

eigenfunctions corresponding to them
{
ϑ

(j)
k,l,n(x, y, z)

}∞
k,l,n=1

,
(
j = 1, 4

)
.

Let ‖u‖2
0 = (u, u), where the inner product is (u, υ) =

∫
Ω0

uυdΩ0.

Moreover,(
sign(x)sign(y)ϑ

(p)
k,l,n(x, y, z), ϑ

(q)
k1,l1,n1

(x, y, z
)

= 0, p 6= q, (p, q = 1, 4),∀ k, l, n, k1, l1, n1 ∈ N,
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(
sign(x)sign(y)ϑ

(m)
k,l,n(x, y, z), ϑ

(m)
k1,l1,n1

(x, y, z)
)

=

{
1, k = k1 ∧ l = l1 ∧ n = n1

0, k 6= k1 ∧ l 6= l1 ∧ n 6= n1

, (m = 1, 4),

(
sign(x)sign(y)ϑ

(m)
k,l,n(x, y, z), ϑ

(m)
k1,l1,n1

(x, y, z)
)

=

{
−1, k = k1 ∧ l = l1 ∧ n1 = n1

0, k 6= k1 ∧ l 6= l1 ∧ n 6= n1

, (m = 2, 3),

where k, l, n, k1, l1, n1 ∈ N.
The norm

‖u(x, y, z, t)‖2
0 =

∞∑
k,l,n=1

{∣∣∣(sign(x)sign(y)u(x, y, z, t), ϑ
(1)
k,l,n(x, y, z)

)∣∣∣2+

+
∣∣∣(sign(x)sign(y)u(x, y, z, t), ϑ

(2)
k,l,n(x, y, z)

)∣∣∣2+

+
∣∣∣(sign(x)sign(y)u(x, y, z, t), ϑ

(3)
k,l,n(x, y, z)

)∣∣∣2+

+
∣∣∣(sign(x)sign(y)u(x, y, z, t), ϑ

(4)
k,l,n(x, y, z)

)∣∣∣2} ,
(16)

defined by the following formula is equivalent to the original norm in the space H0.
According to Theorem 2.1 in [19] and Theorem 4.1. in [20], the eigenfunctions{

ϑ
(j)
k,l,n(x, y, z)

}
,
(
j = 1, 4

)
of problem [10],[11] normalized in L2 ((−1; 1)2 × (0;π)) form the

Riesz basiss in L2 ((−1; 1)2 × (0;π)).
A prior estimate
Generalized solution of problem (6)-(7) is a function υj(x, y, z, t) ∈

C (L2((−1; 1)2 × (0;π)); [0;T ]) which for any arbitrary function V (x, y, z, t) ∈ W 2,1
2 (Ω) ,

V (x, y, z, T ) + αeκjTV (x, y, z, 0) = 0, V (x, y, z, t)|∂Ω0
= 0, j = 1, 2, satisfies the following

integral identity∫
Ω

vj (sign(x) sign(y)Vt − sign(y)Vxx − sign(x)Vyy − sign(x) sign(y)Vzz) dΩ =

−
∫
Ω

sign(x) sign(y)V f̄jdΩ−
∫
Ω0

sign(x) sign(y)V |t=0ϕ̄jdΩ0.
.

Let V (x, y, z, t) = µk,l,n(t)ϑ
(j)
k,l,n (x, y, z) ,

(
j = 1, 4

)
, and µk,l,n(T ) + αeκjTµk,l,n(0) = 0,

µk,l,n(t) ∈ W 1
2 (0;T ). Then

0 =

∫
Ω

sign(x) sign(y)ϑ
(j)
k,l,n(x, y, z)vi(x, y, z, t)

(
µ′k,l,n(t) + λ

(j)
k,l,nµk,l,n(t)

)
dΩ

+µk,l,n(t)

∫
Ω

sign(x) sign(y)ϑ
(j)
k,l,n(x, y, z)f̄i(x, y, z, t)dΩ

+µk,l,n(0)

∫
Ω0

sign(x) sign(y)ϑ
(j)
k,l,n(x, y, z)ϕ̄i(x, y, z)dΩ0

(17)
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From (17) it follows that

T∫
0

v
(j)
i,k,l,n(t)

(
µ′k,l,n(t) + λ

(j)
k,l,nµk,l,n(t)

)
dt =

−
T∫

0

(
µk,l,n(t)f̄

(j)
i,k,l,n(t)

)
dt− µk,l,n(0)ϕ̄

(j)
k,l,n, k, l, n ∈ N,

where

v
(j)
i,k,l,n(t) = (sign(x)sign(y)vi(x, y, z, t), ϑ

(j)
k,l,n(x, y, z)), (j = 1, 4) ,

v
(j)
i,k,l,n(t) = −(sign(x)sign(y)vi(x, y, z, t), ϑ

(j)
k,l,n(x, y, z)), (j = 2, 3) , i = 1, 2,

ϕ̄
(j)
i,k,l,n = (sign(x)sign(y)ϕ̄i(x, y, z), ϑ

(j)
k,l,n(x, y, z)), (j = 1, 4) ,

ϕ̄
(j)
i,k,l,n = −(sign(x)sign(y)ϕ̄i(x, y, z), ϑ

(j)
k,l,n(x, y, z)), (j = 2, 3) ,

¯f(t)
(j)

i,k,l,n = (sign(x)sign(y)f̄i(x, y, z, t), ϑ
(j)
k,l,n(x, y, z)), (j = 1, 4) ,

¯f(t)
(j)

i,k,l,n = −(sign(x)sign(y)f̄i(x, y, z, t), ϑ
(j)
k,l,n(x, y, z)), (j = 2, 3) , i = 1, 2.

Finally we have(
v

(j)
i,k,l,n(t)

)
t
− λ(j)

k,l,nv
(j)
i,k,l,n(t) = f̄

(j)
i,k,l,n(t),

v
(j)
i,k,l,n(0) + αeκiTυ

(j)
i,k,l,n(T ) = ϕ̄

(j)
i,k,l,n, i = 1, 2, j = 1, 2, 3, 4, k, l, n ∈ N.

(18)

From (18) we obtain

v
(j)
i,k,l,n(t) =

ϕ̄
(j)
i,k,l,ne

λ
(j)
k,l,nt

1 + αeκiT+λ
(j)
k,l,nT

− αeλ
(j)
k,l,nT+κiT

1 + αeκiT+λ
(j)
k,l,nT

T∫
t

eλ
(j)
k,l,n(t−τ)f̄

(j)
i,k,l,n(τ)dτ+

+
1

1 + αeκiT+λ
(j)
k,l,nT

t∫
0

eλ
(j)
k,l,n(t−τ)f̄

(j)
i,k,l,n(τ)dτ ,

where i = 1, 2, j = 1, 2, 3, 4, k, l, n ∈ N.
Lemma 1. Let v (x, y, z, t) satisfies the equation

∂v

∂t
+ sign(x)

∂2v

∂x2
+ sign(y)

∂2v

∂y2
+
∂2v

∂z2
= f̄ ,

and conditions v(x, y, z, 0) = ϕ̄(x, y, z), (8)-(9), then for v (x, y, z, t) at t ∈ (0;T )

‖v(x, y, z, t)‖0 6 2(‖v(x, y, z, 0)‖0 + β)1− t
T · (‖v(x, y, z, T )‖0 + β)

t
T + β, (19)

estimate is valid, where β =

(
T∫
0

∥∥f̄(x, y, z, t)
∥∥2

0
dt

) 1
2

.
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Proof of lemma 1 one can find in [18].
Lemma 2. Let α = 0. Then for any generalized solution to the problem (1)-(4) for

t ∈ (0, T ) the following inequalities hold:

‖u1 (x, y, z, t)‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1tω(t, κ1, γ1) +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2tω(t, κ2, γ2),

‖u2 (x, y, z, t)‖0 6
1

|κ1 − κ2|
eκ1tω(t, κ1, γ1) +

1

|κ1 − κ2|
eκ2tω(t, κ2, γ2),

where
ω(t, κi, γi) = 2(|b2| ‖ϕ1‖0 + |a1 + κi| ‖ϕ2‖0 + γi)

1− t
T×

×
(
(|b2| ‖u1(x, y, z, T )‖0 + |a1 + κi| ‖u2(x, y, z, T )‖0) e−κiT + γi

) t
T + γi,

γi =

2

T∫
0

(
|b2|2 ‖f1(x, y, z, t)‖2

0 + |a1 + κi|2 ‖f2(x, y, z, t)‖2
0

)
e−κitdt


1
2

, i = 1, 2.

Proof. From (5) we have

v1(x, y, z, t) = ((a1 + κ1)u2(x, y, z, t)− b2u1(x, y, z, t)) e−κ1t,

v2(x, y, z, t) = (b2u1(x, y, z, t)− (a1 + κ2)u2(x, y, z, t)) e−κ2t.
(20)

From inequalities (19) and taking into account [20] we have

‖v1(x, y, z, t)‖0 6 2(|b2| ‖u1(x, y, z, 0)‖0 + |a1 + κ1| ‖u2(x, y, z, 0)‖0 + β1)1− t
T×

×
(
(|b2| ‖u1(x, y, z, T )‖0 + |a1 + κ1| ‖u2(x, y, z, T )‖0) e−κ1T + β1

) t
T + β1,

(21)

‖v2(x, y, z, t)‖0 6 2(|b2| ‖u1(x, y, z, 0)‖0 + |a1 + κ2| ‖u2(x, y, z, 0)‖0 + β2)1− t
T×

×
(
(|b2| ‖u1(x, y, z, T )‖0 + |a1 + κ2| ‖u2(x, y, z, T )‖0) e−κ2T + β2

) t
T + β2.

(22)

Taking the norm from both sides of equalities (5), we obtain the following estimates

‖u1 (x, y, z, t)‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1t‖v1 (x, y, z, t)‖0 +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2t‖v2 (x, y, z, t)‖0,

‖u2 (x, y, z, t)‖0 6
1

|κ1 − κ2|
eκ1t‖v1 (x, y, z, t)‖0 +

1

|κ1 − κ2|
eκ2t‖v2 (x, y, z, t)‖0.

(23)

Finally, from these estimates and taking into account (21), (22), (23) the required inequalities
are derived

‖u1 (x, y, z, t)‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1tω(t, κ1, γ1) +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2tω(t, κ2, γ2),

‖u2 (x, y, z, t)‖0 6
1

|κ1 − κ2|
eκ1tω(t, κ1, γ1) +

1

|κ1 − κ2|
eκ2tω(t, κ2, γ2),
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where
ω(t, κi, γi) = 2(|b2| ‖ϕ1‖0 + |a1 + κi| ‖ϕ2‖0 + γi)

1− t
T×

×
(
(|b2| ‖u1(x, y, z, T )‖0 + |a1 + κi| ‖u2(x, y, z, T )‖0) e−κiT + γi

) t
T + γi,

βi =

 T∫
0

∥∥f i(x, y, z, t)∥∥2

0
dt


1
2

6

2

T∫
0

(
|b2|2 ‖f1‖2

0 + |a1 + κi|2 ‖f2‖2
0

)
e−κitdt


1
2

= γi, i = 1, 2.

The lemma 2 is proved.
Let M denote the correctness set defined as follows

M = {uj(x, y, z, t) : ‖u1(x, y, z, T )‖0 + ‖u2(x, y, z, T )‖0 < m, m <∞} , j = 1, 2.

Lemma 3. Let α 6= 0. Then for any solution to the problem (1)-(4) for t ∈ (0, T ) the following
inequalities hold:

‖u1 (x, y, z, t)‖2
0 6 2

(
a1 + κ2

b2 (κ1 − κ2)

)2

e2κ1t ‖v1 (x, y, z, t)‖2
0 + 2

(
a1 + κ1

b2 (κ1 − κ2)

)2

e2κ2t ‖v2 (x, y, z, t)‖2
0 ,

‖u2 (x, y, z, t)‖2
0 6

2

(κ1 − κ2)2 e
2κ1t ‖v1 (x, y, z, t)‖2

0 +
2

(κ1 − κ2)2 e
2κ2t ‖v2 (x, y, z, t)‖2

0 .

where
‖vj(x, y, z, t)‖2

0 6 C
(
1 + α−2

)
e−2κiT ‖ϕ̄i(x, y, z)‖2

0

+C
(
1 + α2

)
(T − t) e2κiT

∫ T

t

∥∥f̄i(x, y, z, t)∥∥2

0
dτ

+C
(
1 + α−2

)
te−2κiT

∫ t

0

∥∥f̄i(x, y, z, t)∥∥2

0
dτ , i = 1, 2,

C− some constant depending on α, T.
Proof. If a solution to the problem (1)-(4) exists and belongs to M , then it has the form

u1 (x, y, z, t) =
a1 + κ2

b2 (κ1 − κ2)
eκ1tv1 (x, y, z, t) +

a1 + κ1

b2 (κ1 − κ2)
eκ2tv2 (x, y, z, t) ,

u2 (x, y, z, t) =
1

(κ1 − κ2)
eκ1tv1 (x, y, z, t) +

1

(κ1 − κ2)
eκ2tv2 (x, y, z, t) ,

where

vi(x, y, z, t) =
∞∑

k,l,n=1

v
(1)
i,k,l,n(t)ϑ

(1)
k,l,n(x, y, z) +

∞∑
k,l,n=1

v
(2)
i,k,l,n(t)ϑ

(2)
k,l,n(x, y, z)

+
∞∑

k,l,n=1

v
(3)
i,k,l,n(t)ϑ

(3)
k,l,n(x, y, z)

+
∞∑

k,l,n=1

v
(4)
i,k,l,n(t)ϑ

(4)
k,l,n(x, y, z), i = 1, 2.

(24)
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According to (15) we have

‖vi(x, y, z, t)‖2
0 =

∞∑
k,l,n=1

{
v

(1)
i,k,l,n(t)

}2

+
∞∑

k,l,n=1

{
v

(2)
i,k,l,n(t)

}2

+
∞∑

k,l,n=1

{
v

(3)
i,k,l,n(t)

}2

+
∞∑

k,l,n=1

{
v

(4)
i,k,l,n(t)

}2

, i = 1, 2.

(25)

We estimate the first sum on the right-hand side of equality (25). In this case, we take into
account the inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), the Cauchy-Bunkhouses inequality for the
integral, and we have

∞∑
k,l,n=1

{
v

(1)
i,k,l,n(t)

}2

6
∞∑

k,l,n=1


3
(
ϕ̄

(1)
i,k,l,n

)2

e2λ
(1)
k,l,nt(

1 + αeκiT+λ
(1)
k,l,nT

)2 +

+
3α2e2κiT+2λ

(1)
k,l,nT(

1 + αeκiT+λ
(1)
k,l,nT

)2

T∫
t

e2λ
(1)
k,l,n(t−τ)dτ

T∫
t

(
f̄

(1)
i,k,l,n(τ)

)2

dτ+

+
3(

1 + αeκiT+λ
(1)
k,l,nT

)2

t∫
0

e2λ
(1)
k,l,n(t−τ)dτ

t∫
0

(
f̄

(1)
i,k,l,n(τ)

)2

dτ


From here, evaluating each participant separately for the amounts, then we can easily get the
following

∞∑
k,l,n=1

3
(
ϕ̄

(1)
i,k,l,n

)2

e2λ
(1)
k,l,nt(

1 + αeκiT+λ
(1)
k,l,nT

)2 =
∞∑

k,l,n=1

3
(
ϕ̄

(1)
i,k,l,n

)2

e2λ
(1)
k,l,n(t−T )(

e−λ
(1)
k,l,nT + αeκiT

)2 6 Ci,1α
−2e−2κiT

∞∑
k,l,n=1

(
ϕ̄

(1)
i,k,l,n

)2

where

Ci,1 =


3, α > 0

3

(
1

α
e−λ

(1)
1,1,1T−κiT + 1

)2

, α < −1

3Di,1, −1 < α < 0,

Di,1 =



(
1

α
e−λ

(1)
k0,l0,n0

T−κiT + 1

)−2

, k > k0, l > l0, n > n0, λ
(1)
k,l,n >

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ ,

max

((
1

α
e−λ

(1)
k,l,nT−κiT + 1

)−2
)

, λ
(1)
k,l,n <

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ , i = 1, 2.
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Further we have

∞∑
k,l,n=1

3α2e2κiT+2λ
(1)
k,l,nT(

1 + αeκiT+λ
(1)
k,l,nT

)2

T∫
t

e2λ
(1)
k,l,n(t−τ)dτ

T∫
t

(
f̄

(1)
i,k,l,n(τ)

)2

dτ

6 Ci,1(T − t)
∞∑

k,l,n=1

T∫
t

(
f̄

(1)
i,k,l,n(τ)

)2

dτ ,

∞∑
k,l,n=1

3(
1 + αeκiT+λ

(1)
k,l,nT

)2

t∫
0

e2λ
(1)
k,l,n(t−τ)dτ

t∫
0

(
f̄

(1)
i,k,l,n(τ)

)2

dτ

6 Ci,1tα
−2e−κiT

∞∑
n=1

t∫
0

(
f̄

(1)
i,k,l,n(τ)

)2

dτ .

Summing up these estimates, we get

∞∑
k,l,n=1

{
v

(1)
i,k,l,n(t)

}2

6 C1α
−2e−2κiT

∞∑
n=1

(
ϕ̄

(1)
i,k,l,n

)2

+ Ci,1(T − t)
∞∑

k,l,n=1

T∫
t

(
f̄

(1)
i,k,l,n(τ)

)2

dτ

+Ci,1tα
−2e−2κiT

∞∑
k,l,n=1

t∫
0

(
f̄

(1)
i,k,l,n(τ)

)2

dτ

(26)

We estimate for the second sum on the right-hand side of inequality (25) for two cases:λ(2)
k,l,n > 0

and λ(2)
k,l,n < 0. Let λ(2)

k,l,n > 0, then we get

∑
λ
(2)
k,l,n>0

{
v

(2)
i,k,l,n(t)

}2

6 Ci,2α
−2e−2κiT

∑
λ
(2)
k,l,n>0

(
ϕ̄

(2)
i,k,l,n

)2

+Ci,2(T − t)
∑

λ
(2)
k,l,n>0

T∫
t

(
f̄

(2)
i,k,l,n(τ)

)2

dτ

+Ci,2tα
−2e−2κiT

∑
λ
(2)
k,l,n>0

t∫
0

(
f̄

(2)
i,k,l,n(τ)

)2

dτ ,

(27)

where

Ci,2 =


3, α > 0

3

(
1

α
e−λ

(2)
1,1,1T−κiT + 1

)2

, α < −1

3Di,2, −1 < α < 0,

39



Acta NUUz Exact sciences Vol.2, №1, 2025, pp.29-48

Di,2 =



(
1

α
e−λ

(2)
k0,l0,n0

T−κiT + 1

)−2

, k > k0, l > l0, n > n0, λ
(2)
k,l,n >

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ ,

max

((
1

α
e−λ

(2)
k,l,nT−κiT + 1

)−2
)

, λ
(2)
k,l,n <

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ , i = 1, 2.

Let λ(2)
k,l,n < 0. Then ∑

λ
(2)
k,l,n<0

{
v

(2)
i,k,l,n(t)

}2

6 Ci,3
∑

λ
(2)
k,l,n<0

(
ϕ̄

(2)
i,k,l,n

)2

+

+Ci,3α
2e2κiT (T − t)

∑
λ
(2)
k,l,n<0

T∫
t

(
f̄

(2)
i,k,l,n(τ)

)2

dτ

+Ci,3t
∑

λ
(2)
k,l,n<0

t∫
0

(
f̄

(2)
i,k,l,n(τ)

)2

dτ ,

(28)

where

Ci,3 =


3, α > 0

3
(
αeλ

(2)
1,1,1T+κiT + 1

)2

, α < −1

3Di,3, −1 < α < 0,

Di,3 =


(
αeλ

(2)
k0,l0,n0

T+κiT + 1
)−2

, k > k0, l > l0, n > n0, λ
(2)
k,l,n <

1

T
ln |α| ,

max

((
αeλ

(2)
k,l,nT+κiT + 1

)−2
)
, λ

(2)
k,l,n >

1

T
ln |α| , i = 1, 2.

We estimate for the third sum on the right-hand side of inequality (25) for two cases:λ(3)
k,l,n > 0

and λ(3)
k,l,n < 0. Let λ(3)

k,l,n > 0, then we get∑
λ
(3)
k,l,n>0

{
v

(3)
i,k,l,n(t)

}2

6 Ci,4α
−2e−2κiT

∑
λ
(3)
k,l,n>0

(
ϕ̄

(3)
i,k,l,n

)2

+

+Ci,4(T − t)
∑

λ
(3)
k,l,n>0

T∫
t

(
f̄

(3)
i,k,l,n(τ)

)2

dτ

+Ci,4tα
−2e−2κiT

∑
λ
(3)
k,l,n>0

t∫
0

(
f̄

(3)
i,k,l,n(τ)

)2

dτ ,

(29)

where

Ci,4 =


3, α > 0

3

(
1

α
e−λ

(3)
1,1,1T−κiT + 1

)2

, α < −1

3Di,4, −1 < α < 0,
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Di,4 =



(
1

α
e−λ

(3)
k0,l0,n0

T−κiT + 1

)−2

, k > k0, l > l0, n > n0, λ
(3)
k,l,n >

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ ,

max

((
1

α
e−λ

(3)
k,l,nT−κiT + 1

)−2
)

, λ
(3)
k,l,n <

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ , i = 1, 2.

Let λ(3)
k,l,n < 0. We have ∑

λ
(3)
k,l,n<0

{
v

(3)
i,k,l,n(t)

}2

6 Ci,5
∑

λ
(3)
k,l,n<0

(
ϕ̄

(3)
i,k,l,n

)2

+

+Ci,5α
2e2κiT (T − t)

∑
λ
(3)
k,l,n<0

T∫
t

(
f̄

(3)
i,k,l,n(τ)

)2

dτ

+Ci,5t
∑

λ
(3)
k,l,n<0

t∫
0

(
f̄

(3)
i,k,l,n(τ)

)2

dτ ,

(30)

where

Ci,5 =


3, α > 0

3
(
αeλ

(3)
1,1,1T+κiT + 1

)2

, α < −1

3Di,5, −1 < α < 0,

Di,5 =


(
αeλ

(3)
k0,l0,n0

T+κiT + 1
)−2

, k > k0, l > l0, n > n0, λ
(3)
k,l,n <

1

T
ln |α| ,

max

((
αeλ

(3)
k,l,nT+κiT + 1

)−2
)
, λ

(3)
k,l,n >

1

T
ln |α| , i = 1, 2.

We estimate for the fourth sum on the right-hand side of inequality (25) for two cases:λ(4)
k,l,n > 0

and λ(4)
k,l,n < 0. Let λ(4)

k,l,n > 0, then we get∑
λ
(4)
k,l,n>0

{
v

(4)
i,k,l,n(t)

}2

6 Ci,6α
−2e−2κiT

∑
λ
(4)
k,l,n>0

(
ϕ̄

(4)
i,k,l,n

)2

+

+Ci,6(T − t)
∑

λ
(4)
k,l,n>0

T∫
t

(
f̄

(4)
i,k,l,n(τ)

)2

dτ

+Ci,6tα
−2e−2κiT

∑
λ
(4)
k,l,n>0

t∫
0

(
f̄

(4)
i,k,l,n(τ)

)2

dτ ,

(31)

where

Ci,6 =


3, α > 0

3

(
1

α
e−λ

(4)
1,1,3T−κiT + 1

)2

, α < −1

3Di,6, −1 < α < 0,
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Di,6 =



(
1

α
e−λ

(4)
k0,l0,n0

T−κiT + 1

)−2

, k > k0, l > l0, n > n0, λ
(4)
k,l,n >

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ ,

max

((
1

α
e−λ

(4)
k,l,nT−κiT + 1

)−2
)

, λ
(4)
k,l,n <

1

T
ln

∣∣∣∣ 1α
∣∣∣∣ , i = 1, 2.

Let λ(4)
k,l,n < 0. We have

∑
λ
(4)
k,l,n<0

{
v

(4)
i,k,l,n(t)

}2

6 Ci,7
∑

λ
(4)
k,l,n<0

(
ϕ̄

(4)
i,k,l,n

)2

+

+Ci,7α
2e2κiT (T − t)

∑
λ
(4)
k,l,n<0

T∫
t

(
f̄

(4)
i,k,l,n(τ)

)2

dτ

+Ci,7t
∑

λ
(4)
k,l,n<0

t∫
0

(
f̄

(4)
i,k,l,n(τ)

)2

dτ ,

(32)

where

Ci,7 =


3, α > 0

3
(
αeλ

(4)
1,1,3T+κiT + 1

)2

, α < −1

3Di,7, −1 < α < 0,

Di,7 =


(
αeλ

(4)
k0,l0,n0

T+κiT + 1
)−2

, k > k0, l > l0, n > n0, λ
(4)
k,l,n <

1

T
ln |α| ,

max

((
αeλ

(4)
k,l,nT+κiT + 1

)−2
)
, λ

(4)
k,l,n >

1

T
ln |α| , i = 1, 2.

Combining the last estimate and (26)-(27), we find that for the expression ‖vj(x, y, z, t)‖2
0 the

following inequality holds:

‖vj(x, y, z, t)‖2
0 6 C

(
1 + α−2

)
e−2κiT ‖ϕ̄i(x, y, z)‖2

0 +

+C
(
1 + α2

)
(T − t) e2κiT

∫ T

t

∥∥f̄i(x, y, z, t)∥∥2

0
dτ

+C
(
1 + α−2

)
te−2κiT

∫ t

0

∥∥f̄i(x, y, z, t)∥∥2

0
dτ ,

(33)

where C = max(C1, C2, C3, C4, C5, C6, C7). Taking the norm from both sides of estimates
(23),(33), we obtain the following estimates

‖u1 (x, y, z, t)‖2
0 6 2

(
a1 + κ2

b2 (κ1 − κ2)

)2

e2κ1t ‖v1 (x, y, z, t)‖2
0 + 2

(
a1 + κ1

b2 (κ1 − κ2)

)2

e2κ2t ‖v2 (x, y, z, t)‖2
0 ,

‖u2 (x, y, z, t)‖2
0 6

2

(κ1 − κ2)2 e
2κ1t ‖v1 (x, y, z, t)‖2

0 +
2

(κ1 − κ2)2 e
2κ2t ‖v2 (x, y, z, t)‖2

0 .
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The lemma 3 is proved.
Uniqueness and conditional stability
Theorem 1. Let α = 0. If a solution to the problem (1)-(4) exists and

(u1 (x, y, z, t) , u2 (x, y, z, t)) ∈M, then the solution to the problem (1)-(4) unique.
Proof. Let pairs of functions (u1,1 (x, y, z, t) , u1,2 (x, y, z, t)) ,

(u2,1 (x, y, z, t) , u2,2 (x, y, z, t)) , are solutions of the problem (1)-(4). Let us introduce the
notation U1 (x, y, z, t) = u1,1 (x, y, z, t) − u1,2 (x, y, z, t), U2 (x, y, z, t) = u2,1 (x, y, z, t) −
u2,2 (x, y, z, t) . Then the pair of functions (U1 (x, y, z, t) , U2 (x, y, z, t)) satisfies the system of
equations {

U1t + sign(x)U1xx + sign(y)U1yy + U1zz + a1U1 + b1U2 = 0,

U2t + sign(x)U2xx + sign(y)U2yy + U2zz + a2U2 + b2U1 = 0,

with conditions
Ui|t=0 + αUi|t=T = 0, i = 1, 2

and (3),(4). According to lemma 2, we have

‖ U1 (x, y, z, t) ‖0 = 0

and
‖ U2 (x, y, z, t) ‖0 = 0.

Hence, for any (x, y, z, t) ∈ Ω, we have u1,1 (x, y, z, t) ≡ u1,2 (x, y, z, t) , u2,1 (x, y, z, t) ≡
u2,2 (x, y, z, t) . The theorem 1 is proved.

Let Uiε (x, y, z, t) = ui (x, y, z, t) − uiε (x, y, z, t) , i = 1, 2, where the pair of functions
(u1 (x, y, z, t) , u2 (x, y, z, t)) is a solution to the problem (1)-(4) with exact data, and the pair
of functions (u1ε (x, y, z, t) , u2ε (x, y, z, t)) as a solution to the problem (1)-(4) with approximate
data.

Theorem 2. Let α = 0, (u1, u2) ∈ M, (u1ε, u2ε) ∈ M. Moreover, ‖ϕj − ϕjε‖0 ≤
ε, ‖fj − fjε‖0 ≤ ε, j = 1, 2. Then for the functions U1ε, U2ε for any t ∈ (0;T ) following
estimates is valid

‖U1ε‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1tωε(t, κ1, γ1ε, ε,m) +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2tωε(t, κ2, γ2ε, ε,m),

‖U2ε‖0 6
1

|κ1 − κ2|
eκ1tωε(t, κ1, γ1ε, ε,m) +

1

|κ1 − κ2|
eκ2tωε(t, κ2, γ2ε, ε,m),

where

ω1ε(t, κi,m, ε, γiε) = 2(ε (|b2|+ |a1 + κi|) + γiε)
1− t

T
(
2m (|b2|+ |a1 + κi|) e−κiT + γiε

) t
T + γiε,

γiε =

(
ε2
(
|b2|2 + |a1 + κi|2

)
e−2κiT

|κi|

) 1
2

Proof. A pair of functions (U1ε, U2ε) satisfies system{
U1εt + sign(x)U1εxx + sign(y)U1εyy + U1εzz + a1U1ε + b1U2ε = f1 − f1ε,

U2εt + sign(x)U2εxx + sign(y)U2εyy + U2εzz + a2U2ε + b2U1ε = f2 − f2ε,
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with initial conditions
Uiε|t=0 + αUiε|t=T = ϕi − ϕiε, i = 1, 2,

and homogeneous boundary conditions (3), as gluing conditions (3). It’s easy to see that

‖ϕ̄1ε (x, y, z)‖0 6 |a1 + κ1| ‖ϕ2 (x, y, z)− ϕ2ε (x, y, z)‖0

+ |b2| ‖ϕ1 (x, y, z)− ϕ1ε (x, y, z)‖0 6

6 ε (|a1 + κ1|+ |b2|) ,

‖ϕ̄2ε (x, y, z)‖0 6 |b2| ‖ϕ1 (x, y, z)− ϕ1ε (x, y, z)‖0

+ |a1 + κ2| ‖ϕ2 (x, y, z)− ϕ2ε (x, y, z)‖0 6

6 ε (|b2|+ |a1 + κ2|) .

Now, using the condition (u1, u2) ∈M, (u1ε, u2ε) ∈M , we have

|b2| ‖U1ε(x, y, z, T )‖0 + |a1 + κ1| ‖U2ε(x, y, z, T )‖0 = |b2| ‖u1(x, y, z, T )− u1ε(x, y, z, T )‖0

+ |a1 + κ1| ‖u2(x, y, z, T )− u2ε(x, y, z, T )‖0 6 |b2| (‖u1(x, y, z, T )‖0 + ‖u1ε(x, y, z, T )‖0)

+ |a1 + κ1| (‖u2(x, y, z, T )‖0 + ‖u2ε(x, y, z, T )‖0) 6 2m (|b2|+ |a1 + κ1|) ,

|b2| ‖U1ε(x, y, z, T )‖0 + |a1 + κ2| ‖U2ε(x, y, z, T )‖0 = |b2| ‖u1(x, y, z, T )− u1ε(x, y, z, T )‖0

+ |a1 + κ2| ‖u2(x, y, z, T )− u2ε(x, y, z, T )‖0 6 |b2| (‖u1(x, y, z, T )‖0 + ‖u1ε(x, y, z, T )‖0)

+ |a1 + κ2| (‖u2(x, y, z, T )‖0 + ‖u2ε(x, y, z, T )‖0) 6 2m (|b2|+ |a1 + κ2|) ,
and  T∫

0

∥∥f i(x, y, z, t)− f iε(x, y, z, t)∥∥2

0
dτ


1
2

6

(
ε2
(
|b2|2 + |a1 + κi|2

)
e−2κiT

|κi|

) 1
2

.

According to lemma 2, we obtain

‖U1ε‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1tωε(t, κ1, γ1ε, ε,m) +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2tωε(t, κ2, γ2ε, ε,m),

‖U2ε‖0 6
1

|κ1 − κ2|
eκ1tωε(t, κ1, γ1ε, ε,m) +

1

|κ1 − κ2|
eκ2tωε(t, κ2, γ2ε, ε,m),

where

ω1ε(t, κi,m, ε, γiε) = 2(ε (|b2|+ |a1 + κi|) + γiε)
1− t

T
(
2m (|b2|+ |a1 + κi|) e−κiT + γiε

) t
T + γiε,

γiε =

(
ε2
(
|b2|2 + |a1 + κi|2

)
e−2κiT

|κi|

) 1
2

The theorem 2 is proved.
Theorem 3. Let α 6= 0. If a solution to the problem (1)-(4) exists and

(u1 (x, y, z, t) , u2 (x, y, z, t)) ∈M, then the solution to the problem (1)-(4) unique.
Proof. Let pairs of functions (u1,1 (x, y, z, t) , u1,2 (x, y, z, t)) ,

(u2,1 (x, y, z, t) , u2,2 (x, y, z, t)) , are solutions of the problem (1)-(4). Let us introduce the
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notation V1 (x, y, z, t) = u1,1 (x, y, z, t) − u1,2 (x, y, z, t), V2 (x, y, z, t) = u2,1 (x, y, z, t) −
u2,2 (x, y, z, t) . Then the pair of functions (V1 (x, y, z, t) , V2 (x, y, z, t)) satisfies the system of
equations {

V1t + sign(x)V1xx + sign(y)V1yy + V1zz + a1V1 + b1V2 = 0,

V2t + sign(x)V2xx + sign(y)V2yy + V2zz + a2V2 + b2V1 = 0,

with conditions
Vi|t=0 + αVi|t=T = 0, i = 1, 2

and (3),(4). According to lemma 3, we have

‖ Vi (x, y, z, t) ‖0 = 0, i = 1, 2.

Hence, for any (x, y, z, t) ∈ Ω, we have u1,1 (x, y, z, t) ≡ u1,2 (x, y, z, t) , u2,1 (x, y, z, t) ≡
u2,2 (x, y, z, t) . The theorem 3 is proved.

Let Viε (x, y, z, t) = ui (x, y, z, t) − uiε (x, y, z, t) , i = 1, 2, where the pair of functions
(u1 (x, y, z, t) , u2 (x, y, z, t)) is a solution to the problem (1)-(4) with exact data, and the pair
of functions (u1ε (x, y, z, t) , u2ε (x, y, z, t)) as a solution to the problem (1)-(4) with approximate
data.

Theorem 4. Let α 6= 0, (u1, u2) ∈ M, (u1ε, u2ε) ∈ M. Moreover, ‖ϕj − ϕjε‖0 ≤
ε, ‖fj − fjε‖0 ≤ ε, j = 1, 2. Then for the functions V1ε, V2ε for any t ∈ (0;T ) estimates
is valid

‖V1ε‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1tωε(t, κ1, γ1ε, ε,m) +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2tωε(t, κ2, γ2ε, ε,m),

‖V2ε‖0 6
1

|κ1 − κ2|
eκ1tωε(t, κ1, γ1ε, ε,m) +

1

|κ1 − κ2|
eκ2tωε(t, κ2, γ2ε, ε,m),

Proof. A pair of functions (V1ε, V2ε) satisfies system{
V1εt + sign(x)V1εxx + sign(y)V1εyy + V1εzz + a1V1ε + b1V2ε = f1 − f1ε,

V2εt + sign(x)V2εxx + sign(y)V2εyy + V2εzz + a2V2ε + b2V1ε = f2 − f2ε,

with initial conditions
Viε|t=0 + αViε|t=T = ϕi − ϕiε, i = 1, 2,

and homogeneous boundary conditions (3), as gluing conditions (4). It’s easy to see that

C
(
1 + α−2

)
e−2κiT ‖ϕ̄i(x, y, z)− ϕ̄iε(x, y, z)‖2

0

+C
(
1 + α2

)
(T − t) e2κiT

∫ T

t

∥∥f̄i(x, y, z, t)− f̄iε(x, y, z, t)∥∥2

0
dτ

+C
(
1 + α−2

)
te−2κiT

∫ t

0

∥∥f̄i(x, y, z, t)− f̄iε(x, y, z, t)∥∥2

0
dτ

6 Cε2
(
(a1 + κi)

2 + (b2)2)
×
((

1 + α−2
)
e−2κiT +

(1 + α2) (T − t) + (1 + α−2) te−2κi(T+t)

|κi|

)
= $ε(κi, t)
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According to lemma 3, we have

‖V1ε‖0 6

∣∣∣∣ a1 + κ2

b2 (κ1 − κ2)

∣∣∣∣ eκ1t$ε(κi, t) +

∣∣∣∣ a1 + κ1

b2 (κ1 − κ2)

∣∣∣∣ eκ2t$ε(κi, t),

‖V2ε‖0 6
1

|κ1 − κ2|
eκ1t$ε(κi, t) +

1

|κ1 − κ2|
eκ2t$ε(κi, t).

The theorem 4 is proved.
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REZYUME

Ushbu ish ikkita buzilish chizig’iga ega bo’lgan bir jinsli bo’lmagan parabolik tipdagi
tenglamalar sistemasi uchun nolokal chegaraviy masalaning shartli turg’riligini
o’rganishga bag’ishlangan. Ushbu ishda A.N. Tixonov bo’yicha masalaning shartli
turg’inligi isbotlangan, ya’ni korrektlik to’plamida yagonalik va shartli turg’unlik
teoremalari isbotlangan. Yechim uchun Aprior baho olishda logarifmik qavariqlik
usulidan va S.G.Pyatkov tomonidan qaralgan spektral masala xossalaridan
foydalanilgan.

Kalit so‘zlar: Nolokal chegaraviy masala, nokorrekt masala, Aprior baho, shartli
turg’unlik bahosi, yechimning yagonaligi, korrektlik to’plami.
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РЕЗЮМЕ

Данная работа посвящена исследованию условной корректности нелокальной
краевой задачи для системы неоднородных уравнений параболического типа с
двумя линиями вырождения. В данной работе на основе идеи А.Н. Тихонова до-
казана условная корректность задачи, а именно, доказаны теоремы единствен-
ности и условной устойчивости на множестве корректности. Для получения
априорной оценки решения использован метод логарифмической выпуклости
и результаты спектральной задачи, рассмотренной С.Г. Пятковым.

Ключевые слова: Нелокальная краевая задача, некорректная задача, апри-
орная оценка, оценка условной устойчивости, единственность решения, множе-
ство корректности.
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