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Abstract

In this paper, we examine two-dimensional cellular automata with the Moore neighborhood under
specific conditions. Specifically, we delve into the characterization of 2D linear cellular automata
defined by the Moore neighborhood, considering mixed boundary conditions over the field Z,. Lastly,
we present the conditions that lead to the reversibility of the obtained rule matrices for 2D finite

CAs.
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Introduction

It is understood that a cellular automaton (CA) comprises a collection of cells organized in a grid with a specific
shape. Each cell undergoes state changes over time according to predetermined rules influenced by the states
of neighboring cells. Cellular automata (CAs) have been suggested for various applications including public-key
cryptography, as well as in disciplines such as geography, anthropology, political science, sociology, physics, and
others (see references [1], [2], [3])-

A system’s configuration entails assigning states to all its cells. Each configuration dictates the subsequent
one through a transition rule that operates locally, meaning a cell’s state at time (¢ + 1) is solely influenced by
the states of certain neighboring cells at time ¢. Under certain boundary conditions and with a linear transition
rule, various outcomes emerge (refer to [13]). Typically, 2D cellular automata are explored within triangular,
square, hexagonal, and pentagonal lattices (see [4], [8], [10], [11], [12]).

The mathematical representation of 2D finite cellular automata enables the description of these studied
systems. Of crucial importance is determining the reversibility or irreversibility of these automata. Reversibility
is a critical characteristic signifying the absence of Gardens of Eden in cellular automata. A reversible
cellular automaton ensures that each configuration possesses a unique predecessor. It has been established that
determining the reversibility of cellular automata for dimensions equal to or greater than two is undecidable
(see [8], [9], [10], [11], [13]). This indicates that, in general, deriving the inverse of a given cellular automaton for
higher dimensions via an algorithm is unattainable due to its intricate structure. Consequently, it is evident that
determining inverses or instances of reversibility for 2D finite cellular automata presents a formidable challenge
in the broader context ([5]).

In this paper, we continue to study 2D CA for Moore neighbors on the square lattice with mixing boundary
conditions in [7]. These CA are investigated under new types of boundary conditions with the p-state spin value
case, i.e., over the field Z,. We obtain the transition rule matrices of the Moore finite CA over some mixed
boundary conditions. Then, we give the conditions under which the obtained rule matrices of 2D finite CAs are
reversible.
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Preliminary

The 2D finite CA consists of m x n cells arranged in m rows and n columns, where each cell takes one
of the values of the field Z,. From now on, we will denote 2D finite CA order to m x n by 2D CApxn. A
configuration of the system is an assignment of the states to all cells. Every configuration determines a next
configuration via a linear transition rule that is local in the sense that the state of a cell at time (¢ + 1) depends
only on the states of some of its neighbors at the time ¢ using modulo p algebra.

The von Neumann and Moore neighborhood on CA lattice.

In 2D CA’s theory, there are some classic types of neighborhoods, but in this paper we only restrict
ourselves to the Moore neighborhood. This neighborhood was used in the well known Conway’s Game of Life. It
is similar to the notion of 8-connected pixels in computer graphics. In Figure 4, we illustrate the von Neumann
and Moore neighborhoods. The von Neumann neighborhood the center cell is surrounded by four square cells
(see Figure 4 (left)). The Moore neighborhood comprises eight square cells which surround the center cell z;, ;)

(see Figure 4 (right)). From now on, we deal only with Moore neighborhood. Then the state xitj Y of the cell
(4;4)th at time (¢ + 1) is defined by the local rule function ¢ : Z3 — Z, as follows:

(t+1) = (i1, e . o i 1)
Tij = wz(*)lvjfl’ml*L(J’)wZ*LJJrl(?)x’L;J*Fhx1+1(,3)+17$2+1(,J)7xl+1,j71>:€1),371
¢ ¢ ¢ " ¥ ¢
=aw; -y ;_q +bx; 2y tewity iy + dxi,gﬂ +exigy st [T (1)
t

+gxij—1,j—1 + hxg,j—l (mod p)

where a,b,c,d, e, f,9,h € Z = 7, \ {0}.

Puc. 4: von Neumann and Moore neighborhoods

The value of each cell for the next state may not depend upon all eight neighbors.

Remark 1. If we assume a = ¢ = e = g = 0, then all obtained above results hold for von Neumann
neighborhood.

Note that it is impossible to simulate a truly infinite lattice on a computer (unless the active region always
remains finite). Therefore, we have to prescribe some boundary conditions (BC). Regarding the neighborhood
of the boundary cells, four approaches exist:

o If the boundary cells are connected to 0O-state, then CA is called null boundary (NB) CA (see Table 2A).

e If the boundary cells are adjacent to each other, then CA is called periodic boundary (PB) CA (see
Table 2B).

An Adiabatic Boundary (AB) CA is duplicating the value of the cell in an extra virtual neighbor (see
Table 2C).

A Reflezive Boundary (RB) CA is designed for the value of the left and right neighbors to be equal
concerning the boundary cell (see Table 2D).

The rule matrix of Moore CA and mixed boundary condition

Now, we can characterize the rule matrix Tg under null boundary conditions. In order to characterize the
corresponding rule, first we represent each state matrix of size m X n as a column vector of size mn x 1. If the
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0 0 0 0 0 CESWEDSY] Plitl.g—1)  T(i41.g)  P(i41G41) Tlitlj—1)
0 0 T(i—1,5+1) T(i—1,j—1)
0 CAzx3 0 T(i,j+1) CAsx3 T(ij—1)
P(it1,541) Pit1,5—1)
0 0 ° 0 0 T 1,541) TG-1-1)  F(i-1,j) *(-1441) Ti—1,j-1)
(A) (B)
Tliz1,j—1) Tliz=1,j=1) F(i=1.4) Tli—=1,j+1) Tli=1,j+1) T(i,4) T(ij—1) T(i,g) T(i,i+1) T(i,4)
T(i—1,j—1) T(i—1,j+1) T(i—1,5) T(i—1,5)
T(i,5—1) CAsx3 T(i,5+1) ©(4,9) CAzxs ©(4,9)
Ti41,5—1) P(i+1,541) P(i+1,5) P(i+1,5)
Z(it1,5—1) P(i+1,5-1) “”(i(+cl)-,j) P(i41,5+1) P(i+1,5+1) *(i,5) P(i,j—1) Lfﬁf) P(i,5+1) P(i,4)

Tabsuia 2: Boundary conditions on a 2D finite CAgx3: (A) — null; (B) — periodic; (C) — adiabatic; (D) — reflexive.

same rule is applied to all the cells in each evaluation, then those CA is called uniform or regular. Throughout
the paper we deal with uniform CA.

Thus, the problem of finding a rule matrix of the corresponding rule is taken from the space of m x n
matrices to the space of Z;'". In order to describe this problem more detailly we define the following map:

2 men(Zp) — anxl(Zp)
which takes the ¢t-th state X®) given by
ORENOREN

T11 12 Tin
P O )

C(t) := ] ] ) T X0 = (xﬁ),xg,...,xgtg,...,mgz)l,...,x%)n)T. (2)
SORPCRC)

where the superscript T' denotes the transpose and M, x»(Z,) is the set of matrices with entries {0,1,2,...,p—

1}.

Thus, local rules will be assumed to act on Z7*" rather than M,,x,(Zy,). The matrix C(t) is called
the configuration matriz (or information matriz) of the 2-D finite CA at the time ¢ and C(0) is the initial
information matrix of the 2-D finite CA. Therefore, one can conclude that p(C(t)) = X®).

Using the identification (2), we can define
T-XO =X (mod p).
Let e; ; € men(Z;) be the matrix units. Consider the following two sets:
X={eij, 1<i<n, 1<j<m}, Y =A{eoiemt1,i:€,0,€n+1, 0<i<m, 0<j<m}.

We define o, n, 7w, p: Y — X mappings by the boundary conditions in the Table 2. Namely, « is adiabatic BC,
7 is null BC, 7 is periodic BC and p is reflexive BC.

Now consider a mapping ¢: I' — T' where ' = {a,n, 7, p}.Then we study the CA under boundary
conditions that depends on the mapping ¢. In other words, the boundary cells are evaluated depending upon
o(x), ¢ € T (see Figure 5). A mixed boundary condition is defined when the boundary sides of the lattice are
not in the same boundary condition, that is, as in Figure 6. I, II, III, and IV type boundary conditions in Figure
6 are described one of the boundary conditions from the set T

In the paper [6] for the bijective function ¢ (i.e. the boundary condition as the form (A) in Figure 6)
the characterization problem of 2D finite von Neumann CA is completely solved. We divide the other forms of
mixed boundary conditions into two groups. The first group of mixed boundary condition consists two elements
of the set I'. The second one contains three elements of I'. As showed in Figure 6, the first group of mixed
boundary condition is illustrated in three appearances, i.e. (D), (E) and (F). In this paper we shall plan to
research CA with boundary conditions of forms (E) and (F).

The characterization of CA with boundary condition of the form (E)
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wla)
*11 | T2 | XTyz | - < | Tp
T3y a2 Tay s v Tan
e(p) w(n)
Tl | Tmz | Tonz | - -+ cor | Tonn
w(m)

Puc. 5: Mixed boundary conditions

Considering that I has four elements and the form (E), then 12 types of mixing boundary conditions can
be present. First, we give the rule matrices of 2D CA under the boundary conditions of all possible cases in the
form (E).

Let us define 15 is non-bijective maps on I' as

Ye(a) =ve(T) =n, ve(p) =ven) =p, (3)

If we study Moore neighborhood under the condition (3) there is ambiguity with setting boundary
condition in the cells 29,0, T0n+1, Tm+1,00 Tm+1,n+1. In order to distinguish this unclearness on the condition
(3) we fix null boundary conditions for those cells.

First, we use some denotations. By T we refer to the rule matrix 2D CA,, x, under the null boundary
condition and this matrix 7" with the order mn x mn is

A B OO .. O O O
C A B O .. OO O
O C A B O 0 O
T = (4)
O 0 O 0O C A B
O 0 0 O O C A

where

n—1 n—1 n n—1 n—1
A=dY i1 +hY €y, B=[Y €ited €Gir1+gY. i
=1 i=1 i=1 i=1 =1

n n—1 n—1
C=b E €+ cC E €i+1+a E €it1,i)
im1 i=1 i=1

€. € My xn(Z,) are the unit matrices and a,b,c,d, e, f,g,h € Z,,.
To establish the transition rule matrix Tf structure under the boundary conditions defined by (3), it is
needed to specify the action of Tf on the basis matrices e; j, respectively. Firstly, let us take the linear transition

Tf from m x n matrix space structure to itself. The images Tf(ew) of e; ; are connected to the four nearest
neighbor elements considering the Moore neighborhood. Note that the boundary condition 1 does not play role
for non-border cells. Hence, Tf(em-) elements are equal to a linear sum of its eight neighbor elements. Thus,
for non-border elements we have
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II type BC II type BC
T1,1 | T1,2 | T1,3 T1n Ti1 | T1,2 | 21,3 T1,m
T21 | 22 | 2,3 T2n T21 | T2,2 | T2.3 T2,n
I type BC III type BC I type BC III type BC
Tm,1 | Tm,2 | Tm,3 Tmn Tm,1 | Tm,2 | Tm,3 Tm,n
IV type BC I type BC
(a) (b)
II type BC I type BC
T11 | Ti2 | 1,3 Tin T1,1 | T12 | T1,3 Tin
To1 | Tao | T23 Ton T21 | 22 | 2.3 Z2.n
I type BC I type BC I type BC II type BC
Tm,1 | Tm2 | Tm,3 T Tm,1 | Tm,2 | Tm,3 T
IIT type BC II type BC
(c) (d)
II type BC I type BC
T11 | T1,2 | T1,3 T1n 1,1 | T1,2 | 1,3 T1,n
T2,1 | T22 | T2,3 T2.n 2,1 | T2,2 | 2,3 T2,n
I type BC I type BC I type BC I type BC
Tm,1 | Tm,2 | Tm,3 Tmon Tm1 | Tm,2 | Tm,3 Tmon
II type BC 1T type BC
(e) ®)

Puc. 6: Mixed boundary conditions: (A) all sides of the lattice have different types of boundary conditions; (B)-
(C) three types of boundary conditions on the sides of the lattice; (D)-(E)-(F) two types of boundary conditions
on the sides of the lattice.

Tf (eij) = T(eij) = aei—1j-1+bei1j+ cei1 41 +deiji1 +eeip1 i1+ feirr+ geivrj1+heij1. (5)

43



Acta NUUzZ EXACT SCIENCES Ne2/1/1, 2025, 39-49

Now, we define the action of Tf on the border elements. Border cells e; 1,€1p,€m, 1,€m,n have five
neighbors out of the configuration and cells o0, o,n+1; Tm+1,0, Tm+1,n+1 are under null boundary conditions
in mentioned above. Then we obtain

e1,1) = T(e11)+b(eo) + c(en2) + hp(ern) + g¥(eo,),

(el,n) + al/J(eo,nq) + bw(eo,n) + dw(el,nJrl) + 61/}(62,n+1)7
(em,1) + a(em—1,0) + d(em,0) + f(ems1,1) + e(ems1,2)s
(

m
m

®
3
—
~—

I

T
T
T(e

SR
S
'
&
|

,n) + Cw(em—l,n—f—l) + dw(em,n-i-l) + fw(em-&-l,n) + 9¢(€m+1,n—1),

where a,b,c,d, e, f,g,h € Z,,.
Moreover, the border elements excepting e1,1, €1,n, €m,1, €m,» have three neighbors out of the configuration.
Thus, we get the following:

Ti(eri) = Tleri)+av(eoi—1) +b(eo) + cib(en i),

Tpi(emi) = T(emi)+g¥(emirio1) + f(emiri) +eplemyriti),2 <i<n—1
Tj(ejn) = Tleja)+aplej10)+holejo) + gvlejiio),

Tj(ejn) = T(ejn)+c(ej1ni1) +d(ejn1) +et(ejring1),2 <j<m—1,

where2<i<n-1,2<j<m-1anda,b,cd,e,f,g,h€Z,.

If we consider the function ¢ in (3) and the boundary conditions in Table 2, then the following result is
true.

Theorem 1.Let TE: Ly — Ly be the rule matriz which takes the finite Moore CA over the

configuration C(t) of order m x n to the configuration C(t + 1) under the boundary condition of ¥g. Then
Tf has the following matriz form:

A, B O O ... O O O

cCi A, B O ... O O O

5 o ¢ Ay B ... O O O
Ty =T+ : : : C. : : I (6)

O O O o0 ... i A B

O O O O O C; A

where Ay = he1 2 +dépn—1, B1=ge12+eenn-1, C1=ae12+ cenn-1,
0,€1.2,€nn-1 € Myxn(Zy), O is the zero matriz and €12, €,,—1 are unit matrices.

Jloxazamenavcmeo. Firstly, let us take the linear transition Tf : Myuxn(Zp) = Minscn(Zy). The image Tf(ew-)
of e;; is connected to the four nearest neighbor elements considering the von Neumann neighborhood. Hence
Tf (e;,;) elements are equal to a linear sum of its five neighbor elements.

Let us denote by E(_1y,4; = €5, 1 < i < m, 1 < j < n, the row vector 1 x mn whose has the
((¢ = )n+ j)-th (or (¢,7)-th in matrix form) entry equals to 1 and the others are equal to zero. Then we have

€11 Tf(el,l) (d+h)e1 2+(e+g)ez,2+fez 1
Eq . : :
: 61.,” Tf(ely") (d+h)er, n—1+(e+g)ez n_1+fea,n
En .
E . _ mE | el _ TE o _ aei—1,j—1+b6i—1,jJ.rcez‘—1,j+1+d€i,j+1 _
Tl/’ : - Tl/’ i - v (ed) | teeivijritfeiriitgeiv1i—1thei i1 | T
€m,1 B/ :
: " Ty (em,1) (atc)em—1,2+bem—1,1+(d+h)em, 2
Emn
em,n

Ty (em,n) (a+¢)em—1.n—1-+bem—1.n+(d+h)em n1

44



Acta NUUz EXACT SCIENCES Ne2/1/1, 2025, 39-49

A, By O O O O O £y
Ci Ay B O O O O

O C; A B O O O

0] 0] @) @) Ol A1 B1 .
O O O O O C1 44 Ern

Hence, the transition of the representation of matrix related to the equations above presented in () is
obtained. So, the proof is complete. O

The matrix in Theorem 1 is described null-reflexive the boundary condition as the type (E). Now we give
the rule matrices for null-periodic, null-adiabatic, periodic-reflexive, adiabatic-reflexive, adiabatic-periodic cases
as the type (E). Let us formulate these boundary conditions accordingly using the following functions:

pe(a) = pe(r) =0, we(p) =pe(n) =,
ve(a) =ve(r) =7, ve(p) =ve(n) = a,
wp(a) =wp(r) =7, we(p)=we(n) =p,
() =1p(T) =@ T

(1) =«

’ TE(p): E(n):pv

Then the following theorem gives the rule matrices of 2D CA wunder the boundary conditions
HE,VE,WE,TE, YE-

Theorem 2. Let T: Zy" — Z;"" be the rule matrices which takes the finite Moore CA over
the configuration C(t) of order m x n to the configuration C(t + 1) wunder the boundary conditions of
we,VE,wg,TE,YE. LThen Ty have the following matriz forms:

Ay By, O O ... O O O A3 Bz O O o o o
C, Ay By O ... O O O C3 A3 Bg O o o o
O €, Ay By ... O O o O Cc3 As Bg o o o
E _ E _
Tw = s = ; ;
o o o o Cy Ay By o o o o Ccs A3 Bj
o o o o O Cy As o o o o O C3 Aj

4 B, o o© o o Cy Ay+Cc3 B O O ... O 0O o

¢ Ay By O o o it A, B, O ... O o0 o

o ¢ A B o o o o ¢ A, B ... O © o
TE =] . . . TF = . .

o o o o ... ¢ A B o o o o c1 A By

B, O O O ... O ¢ A o o o o O 01 A +Bjy

Ay 4+Cg By O o o o o
Cq Ay By O o o o
o cy A3 By o o o
E _
T‘y =
o O O O ... Oy Ay Ba
o o o o ... O C3 Ag+Bj3
where Ay = A+ hern +dey 1, By = B+ ge1p + e€p 1, Co=C+aery, +cena,

Az = A+ hey ) +dep p, B3 = B+ ge11 + e, C3 = C +ae + cepm,
0,€11,€nn € Myuxn(Zy), O is the zero matriz and €12, €, ,—1 are unit matrices.

In the beginning of the section, we refer that the number of all possible cases as the form (E) is 12.
Above we gave rule matrices for 6 cases. The remaining 6 cases are generated by permutating the previous
pairing boundary conditions with each other. Next theorem gives the rule matrices 2D CA under the boundary
conditions ¥ g, ug, VE,wE, Te, Y by rotating 180° degree in the lattice. We denote this boundary conditions by

Y A A
¢E7NE7 Ve, W, T, VE-
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Theorem 3. Let T: Zy" — Z;™ be the rule matrices which takes the finite Moore CA over
the configuration C(t) of order m x n to the configuration C(t + 1) under the boundary conditions of
Vi, W, Vg, Wi, T, V- Then T have the following matrix forms:

A B+C O O ... O o o A B O O o o c
c A B O ... O o o c A B O o o o
o c A B ... O o o o ¢ A B o o o
E E
TE = | . . . . . . |, rE = . . . .
»! : - : w! . . . . .
o o o o c A B o o o o c A B
o o o o O B+C A B O O O o ¢ a
A+Cc B O O o o o Ay Bo+C O o o o By
c A B O o o o Ccs Ag By O o o o
o c A B o o o o ch O o o o
E _ E _
TE = . : . : 5= . : . : .
o o o o c A B o o o o Co Ag Bo
o o o o O Cc A+B Cy o o o O Cy+B Ay
Ay Bs+C O O o o o Ay By O o o ¢
Cg Ag By O o o o c3 A3 Bg O o o o
o Cy A3 Bj o o o O C3 A3 Bg o o o
E _ E _
TE = . Tl = : .
o o o o Cy Ag Bs o o o o Ccs Az  Bj
o o o o O c©c3+B As B o o o O C3 Ay

Az = A+ heyp +den 1, By =B+ gern+een1, Cr=C+aen+ceqn,
As = A+ her 1 + dep p, B3 =B+geiq+eenn, C3=CHae+cepp,
Ay =A3+aer ) +cenyn, DBiy=ae, +cep, Cy = ge1n + €€ 1,

As = Az +ge11 + eenp,

O,€1.1,€nn € Myxn(Zy), O is the zero matrix and €; 9, €, ,—1 are unit matrices.

where

Reversibility of the rule matrices

In this section, we will outline an algorithm to determine the reversibility of the 2D (linear) cellular
automaton defined by the Moore rule under non-bijective boundary conditions represented by the function ¢.
Given that we have already derived the rule matrix Tf;\5 corresponding to the 2D finite cellular automaton with
the function ¢, we can express the relationship between the column vectors X (¢) and the rule matrix Tg as

follows:
X)) = Tg - X®  (mod p).

If the rule matrix T is non-singular, then we can express:

XO = (1)t XY (mod p).

Hence, our primary objective is to investigate whether the rule matrices Tf{ in Theorem 1, Theorem 2
and Theorem 3 are invertible or not. It is widely recognized that the 2D finite cellular automaton is reversible if
and only if its rule matrix Tg is non-singular. If the rule matrix Tg achieves full rank, indicating it is invertible,
then the 2D finite cellular automaton is reversible; otherwise, it is irreversible.

For solve the problem of reversibility we give the following lemma in [7].

Lemma 1.Let T € Mypnsmn(Zy) be a matriz of the following form:

Am X (0] ... O O
B’mfl Am71 X N O 0]
0] Bm—2 Am—2 ... O O

: : S ™
0] 0] 0] . A X
0] 0] 0] ... B A
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where all submatrices are n x n, O is the zero matrixz. If the submatriz X has full rank, then
rank(T) = (m — )n + rank(P,,),

with Py = Al, P,=—-By — AlX_lAg, P, = —Pk_QX_lBk_l — Pk_lX_lAk, ke {3, . ,m}.
Remark 1.Since the rank of the transpose of the matriz is equal to rank of itself, then we can prove
similar result to Lemma 1 for matrices T € My,pxmn(Zy) of the following form:

A B O ... 0 o0
X A B ... 0O 0
O X 4 .. 0 O
. : . . . . ’ (1)
O O O ... A1 Bua
0O 0 0 .. X A,

where all submatrices are n x n, O is the zero matriz, I is the identity matriz. If the submatriz X has full rank,
then
rank(T) = (m — )n + rank(P,),

where P, = Ay, Py = —AlX_lBQ, P, = —Pk,QX_lBk,1 — Pkle_lAk, ke {3, .. .,m}.

By Lemma 1 we can give the following result.

Proposition 1.Consider the rule matrices Tf, Tf, TF, TP, Tf and TE . These matrices is being as the
form in Lemma 1 or Remark 1, then it can be calculated their ranks by the formula in Lemma 1 or Remark 1.

Remark 2. According to the condition in Lemma 1, it was required that X has full rank. It should be
considered B, C, By, C1, Bs, C3, Bs, C5 as X.

Note that the determinant of all matrices are mentioned in the last remark comes to calculate the following
matrix

y 0 0 0 O
z Ty 0 0 O
0 2z = 0 0 O
X =
0O 00 ... 2z =z vy
0O 00 ... 0 =z =z

By using methods of evaluating higher-order determinants, for the determinant of X we obtain the
following result.

Proposition 2.Let X be a matrix n x n. Then

det(X) = A, =2A,_1 —yz»A,_o

Mk

; Ociitl(m)"72k(f2—4yz)k

o n1 . n S .
Qhere A, = o and [3] is the integer part of §. Moreover, we can simplify this
determinant under some conditions:

o if yz =0, then det(X) = 2";
0, n — odd;

n
2

(—y2)2z; n—even,

o ifx =0, then det(X) :{

n+1_zn+1 .

o ifyz#0, y+z =21, and z # y then det(X) = L—==—;
e ifyz#0, y+ 2 =1 and z =y, then det(X) = (n+ 1)y".

Theorem 4. Let T be the rule matrix Tf in Theorems 1. If the matriz By and C1 have the full rank,
then
rank(T) = (m — 1)n + rank(Py,),
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where the submatriz P, is computed as in Remark 1.
Remark 3.1t can be calculated the rank of the rule matrices Tf, TE, TE, T7E and Tﬁ i Theorems 2, 3
in the method of Theorem 4.

Example. In order to illustrate the previous theorem, we take m = 4 and n = 3 and consider the rule
matrix Tf with over the ternary field Zs. Thanks to Theorem 1 we have

A, B, O O
C, A, B, O

T =
v O Cy A By |’
O O Ci A
where O is the zero matrix and
0 h+d O f g+e O b a+c 0
A= h 0 d |, Bi=1| g f e |, Ci=| a b c |,
0 h+d O 0 g+e f 0 a+c b
with a,b,c,d,e, f,g,h € Z3.
Now,let a=c=0,b=d=e=f=g=h=1. Then,
0 2 0 1 20 100
Aa=(101], Bp=|1 11 |,C;=10 10
0 2 0 0 2 1 0 0 1

Since C7 has the full rank (i.e. det C; = 1) we find the matrix P, in Remark 1. According to the recurrence
relation in Lemma 1, we get the following matrices:

02 0 11 1 00 0 11 1
Pp=(101], =222, PR=l000], =22 2
02 0 11 1 00 0 11 1

Therefore, by applying the algorithm for computing the rank of the rule matrix Tf (see Theorem 4) we have
rank‘(qu:) =(4-1)-34+rank(Py) =9+1=10.

Hence, the rule matrix 7, f does not have full rank. This implies that it is not reversible. In other words
the mapping Tf is not surjective.
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Annotatsiya

Ushbu maqolada ba’zi shartlar ostida ikki o‘lchamli Mur kletkali avtomatlari o‘rganilgan. Xususan,
Z, maydonida aralash chegaraviy shartli Mur qo‘shnilarili 2D chiziqli kletkali avtomatlarning
tavsifini ko‘rib chiqamiz. So‘nggida, biz 2D chekli KA uchun olingan qoida matritsalarining
teskarilanuvchanlik shartlari topilgan.

Kalit so‘zlar: kletkali avtomatlar, chegaraviy shartlar, qoida matritsasi, teskarilanuvchanlik.

AnHoTanus

B s70it craTrbe MBI ncceayeM IByMepHBIE KJIETOYHBIE aBTOMATHI C OKpecTHOCTHI0O Mypa mpu ompe-
JIeJIEHHBIX YCJIOBUSAX. B yacTHOCTH, MBI yIiIyOsisieMcsl B XapaKTEPUCTHKY JIBYMEPHBIX JIMHEHHBIX KJle-
TOYHBIX aBTOMATOB, OIPEJIEJIIEMbIX OKpecTHOCThI0 Mypa, paccMarpuBasi CMeNIaHHbIE I'DAHUYIHbBIE
yCcIoBUA HAJ TosieM Z,. Hakoner, MBI IIpecTaBIsAeM yCIOBHs, KOTOPbIe IPUBOJAT K 00PaTHUMOCTH
[OJTYYEHHBIX MATPHUIL TPABUJI JIJTsI JIByMEPHBIX KOHEUHBIX KA.

Karouesvle ca08a: KIeTOIHbIE ABTOMATHI, TPAHUYHBIE YCJIOBUS, MATPHUIA [IPABUJ, 0OPATUMOCTb.
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