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RESUME

We consider the Hamiltonian of a system of three quantum mechanical particles (two identical
bosons and a fermion) on the one-dimensional lattice interacting by means of zero-range attractive
or repulsive potentials. We investigate the point spectrum of the three-particle discrete Schrodinger
operator H(K), K € T which possesses infinitely many eigenvalues depending on repulsive or
attractive interactions, under the assumption that the bosons in the system have infinite mass.
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INTRODUCTION

In physics, stable composite objects often form due to attractive forces, allowing constituents to lower their
energy by binding together. While repulsive forces typically cause particles to scatter in free space, within
structured environments such as periodic potentials, and in the absence of dissipation, stable composite objects
can exist even with repulsive interactions due to the lattice band structure [1]. The Bose-Hubbard model, which
describes repulsive pairs, serves as the theoretical foundation for various applications.

The work [1] highlights the critical connection between the Bose-Hubbard model [2],[3] and atoms in
optical lattices, paving the way for numerous interesting developments and applications, as discussed in [4]. In
cold atom lattice physics, stable repulsively bound objects are expected to be common, potentially leading to
composites with fermions [5] or Bose-Fermi mixtures [6], and can even form with more than two particles in a
similar manner.

The Efimov effect, first discovered by V. Efimov in 1970 [7], is one of the most fascinating phenomena in
physics. It occurs in three-body systems in three-dimensional space that interact through short-range pairwise
potentials. It is possible to adjust the couplings of the interactions so that none of the particle pairs have
a negative energy bound state, but at least two pairs exhibit a resonance at zero energy. The existence of
this effect for a three-particle Schrodinger operator was discovered by Yafaev [8] and in the discrete case by
others [9,10,11,12,13,14]. This asymptotics problem was reduced to studying the asymptotics of the number of
eigenvalues of Faddeev-type compact integral operators.

Recently, the authors [15,16,17] considered perturbations of the system of three arbitrary quantum
particles on lattices Z?, d = 1,2, interacting through attractive zero-range pairwise potentials. They established
that the three-particle Schrédinger operators posses infinitely many negative eigenvalues for all positive non-zero
point interactions, under the assumption that two particles in the system have infinite mass. Also, note that
the author of [17] obtained asymptotics for these eigenvalues.

The main goal of the paper is to investigate the existence of infinite number of bound states of the
three-particle discrete Schrodinger operator associated to a system of two identical bosons and a fermion,
where the bosons have infinite mass and the fermion has a finite mass. This investigation is conducted on
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the three-dimensional lattice Z> and involves repulsive or attractive zero-range pairwise interactions. We show
that infinitely many eigenvalues may arise from threshold eigenvalues and threshold resonances or only from
threshold eigenvalues depending on the interaction energies.

It should be noted that, unlike the last three articles [15,16,17], we study eigenvalues below and above the
essential spectrum of the unperturbed operator for all repulsive or attractive zero-range pairwise interactions.

The paper is organized as follows. In Section 1, we introduce the three-particle discrete Schréodinger
operator H(K) and the two-particle discrete Schrédinger operators associated with subsystems of the system of
two identical bosons and a fermion. In Section 2, we study the essential spectrum of the three-particle disceret
Schrodinger operator H(K). The eigenvalues of H(K) below and above the spectrum of the non-perturbed
operator Hy(K) are investigated in Section 3. Section 4 is devoted to showing main result, Theorem 1. Section
5 is devoted to the description of the threshold resonance. The last section is conclusion.

Throughout the paper we adopt the following notations: Z2 is the three-dimensional lattice, T? =
R3/(27Z)% = (—m, m]? is the three-dimensional torus (the first Brillouin zone, i.e., the dual group of Z?) equipped
with the Haar measure, the subscripts «, 8,7 € {1,2, 3} are pairwise different numbers.

THREE-PARTICLE DISCRETE SCHRODINGER OPERATOR ON THE LATTICE 73

Let us consider the discrete Schrédinger operator H(K), where K € T3, associated with a system consisting of
two identical bosons and a fermion moving on the one-dimensional lattice Z (see [15,17]).

H(K) = Hy(K) -V

with zero-range attractive potentials
V=Vi+V+Vs,

where

(Vi) (pra) = / Fo.0it, (Bh)pa) = G [ (o)
T3
(Vaf)(p,) t, feLi(T°)?),pqeT’ (1)

and numbers A and p serve as the parameters of boson-fermion interaction and boson-boson interaction,
respectively.

Here the numbers A and p indicate repulsive pair-wise interaction when A < 0 and p < 0, and attractive
pair-wise interaction when A\ > 0 and p > 0. The operator Ho(K) is defined on the Hilbert space LZ((T?)?) by

(Ho(K)f)(p,q) = E(K;p,q)f(p, @), f € L2((T?)?),

and
E(K;p,q) =co(p) +eul(q) +55(K —p—q), p.ge T

Here, the real-valued continuous function €4 (-) and e5(-), referred to as the dispersion relation associated
with the free boson and fermion is defined as

3
Z 1—cosp;), peT?, (2)
=1

respectively, and m and m represents the mass of the boson and fermion, respectively.
Let k € T3 and L?(T?) be a linear subspace of the Hilbert space L?(T?) defined by

LY (T%) = {f € LX(T*)| f(p) = f(k —p)}-

A two-particle discrete Schrodinger operator corresponding to the subsystem {bozon,fermion} and
{bozon,bozon}, of the three-particle system acts on the Hilbert space L*(T?) and L3 (T?) as

hi(k) = hY(k) —vi, and ho(k) = h3(k) —ve, k€ T3, (3)
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respectively.
Here, the operators h0 (k)

(B(k)F)(p) = B (0) f(p), | € LA(T?),

and
(hSk)F) () = B () F (), [ € LE(TY),
where
B () =eo(p) +e5(k —p), B () =u(p) +2o(k—p), peT?. (4)
The operators v; and v are defined as
()0) = gz [ F@da, 1€ T pe T
TS
and
(2)0) = gz [ F@da. 1€ KT e T
’]TS
respectively.

SPECTRAL PROPERTIES OF THE TWO-PARTICLE DISCRETE SCHRODINGER
OPERATORS WHEN m =00 AND 0 <m < 00

With m = oo and 0 < m < oo and the equality (2), the functions (4) can be written as
EN(p) = ej(k —p) = e(k — EP(p)=0, peT?
w (p) = g5k —p) =e(k—p)/m, E7(p) =0, pe T

Consequently, since the potentials v,, @ = 1,2 have a convolution-type property, all three two-particle
Schrédinger operators do not depend on the quasi-momentum k € T3,

hii=hi(k), and ho = ho(k).
Then, the operators hi(k) and ha(k) act as
h(k)f(p) = £5(p)f(0) — (1 /)(p), [ E€LNT) and  ha(k)f(p) = —(v2f)(p), [ € LY(T?).

As vy is a finite rank operator, according to the Weyl theorem, the essential spectrum o.ss (hl(k)) of
the operator hy(k) in (3) coincides with the spectrum o (h{(k)) of the non-perturbed operator h{(k). More
specifically,

Oeos (M1 (k) = [E (k) EQ(R)],

where
£

min

(k) = min BV(p), Bl (k) = max BV (p)

Therefore, in our case we have
reee( () = [0.6/0] and o (ha(8) = {0,

The Fredholm determinants associated with the operators hj(k) are defined as

(2m)3 ) ej(s) =2
TJ

A2) =1 - Ado(2),  do(2) = — /gf(ds 2eC\ [0,6/m] (5)

Lemma 1. The number z € C\ [0,6/m] is an eigenvalue of hy(k) if and only if A(X;z) = 0.

68



Acta NUUz EXACT SCIENCES Ne2/1/1, 2025, 66-79

Proof. The equation
1

hi(k)f =zf e, f=Ah}(k)—2) vf

has a non-trivial solution if and only if
A(X2)C =0, CeC,

has a non-trivial solution.
Therein, the solutions C € C and f € L*(T?) are connected by the following relations

C=vf and f:)\(h(l)(k)—z)_lC.

Set
1 1

= a00) and Aj = 7d0(6/m)’
where do(0) and do(6/m) are continuation of do(z) at the edges of the essential spectrum of hj (k). One may see
that A§ = —Xo.

Lemma 2. (a) If A < =)o (resp. A\ > \g, then there exists a unique simple eigenvalue z = 29 of hy (k)
in the interval (G/m7 oo) (resp. ( — 00, 0)) Moreover, 29 does not depend on k € T3.

(b) If X\ = —Xg (resp. A = Xg, then the operator h, (k) has a threshold resonance at 6/m (resp. at 0).

(c) If =20 < A < 0 (resp. 0 < XA < Xo), then ha(k) has no eigenvalues in the interval (6/m,00) (resp.
(= .0

Proof. We prove (a) and (c) when A < 0. These assertions can be proven in a similar way when A > 0.

Ao

The function A(X; z) is monotonic increasing in (6/m,00) and A(X;z) > 1 in (—o0,0). Since

A
lim A(X2)=1 and lim A(\z)=1+—
z—+o0 z—6/m+ )\0

the intermediate-value theorem implies the ewistence of a unique simple zero z = 29, 20 € (G/m,oo) of the
function A(X;-), for X < —Xo, and A(X;2) has no zeros in (—o0,0) U (6/m,00) for —Xg < A < 0.
(b) The equation
hi(k)f =6/mf

has a non-trivial solution if
AN, 6/m)C =0, CeC, thatis A= —DMo,

and the solution

_ —6/m) " : __ o)
fF=XMn(k)—6/m) ¢, thatis f(p)= =) — 6jm’
where )
op) =vf= W - f(t)dt = constant

As g5(p) has a unique nondegenarate mazimum at the point (7,7, m), the function f belongs in the Banach
space L(T?), but not in L*(T?3), and it means 6/m is a threshold resonance.

Now we can summarize the results of this section in the following lemma.

Lemma 3.
oaciii)={ Ty SR
_ J 10,6/m], if =X <A< Ao,
"““(’“”‘{ CUD6m, i NS
and
ogisc(h2(k)) = {—u}, o(ha(k)) = {—p} U {0}
hold.
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ESSENTIAL SPECTRUM OF H(K)

One of the notable outcomes in the spectral theory of multi-particle continuous Schrédinger operators
involves characterizing the essential spectrum of the Schrédinger operators in terms of cluster operators (the
HVZ-theorem. See Refs. [18,19,20,21,22] for the discrete case and [23] for a pseudo-relativistic operator).

Lemma 4. The essential spectrum of H(K) satisfies the relation

oess (H(K)) = | {a(hl(K—k))—i-sb(k)}U U {J(hQ(K—k))—FEf(k)}.

kET3 kET3

Proof. The proof can be found in [17,20].
THE ESSENTIAL SPECTRUM OF H(K) with m =00 AND m < o0
Due to Lemma 3 and the relations €5(p) = 0 and €4(p) = €(p)/m, we obtain

U {o(ma = 1) +e0(h)} = o (),

keT3

U {J(hg(K — k) + sf(k)} - {{—u} U {0} +gf(k)} = [ = p,6/m— ] U[0,6/m].
keTs keT3

According the last two relations and Lemmas 3, 4 we have

Lemma 5. For the essential spectrum of the main operator H(K), we have

Uess(H(K)) = [0,6/111] U (A u [_N’a 6/1’(1 - :u‘]) )

where

. (%) Zf A€ [—)\0,)\0],
T i AeRN\ [, Aol

THE POINT SPECTRUM OF H(K) FOR m =00 AND m < o0

One can show easily that the subspace

Ao = {f € LX(T* x T*)| f(p,q) = g(p+ q), g € L*(T*)}

is invariant under the operator H(K), and so is A3 = L2(T® x T?) © Ay.

Therefore, we have

Opp (H(K)) = Opp (AO(K)) Uopp (Al (K)),

where Ag(K)and A;(K) are restrictions of H(K) on the linear subspaces A and Ajg, respectively.

Since Ay and L?(T?3) are isomorphic, the operator Ay(K) is unitarily equivalent to the operator By on
L?(T3), where

Bo = Eo(K) — pul — 2)w, (6)

Ey(K) denotes the multiplication by the function e;(K — p), I is the identity operator, and v is an integral

operator defined by
1
0N)0) = oz [ f@de. f €T pe T,
T3

The operator A;(K) takes the form
AL(K) = Ho(K) — AVy — AV,
Let Uk : L2(T3 x T3) — L%(T® x T?) be a unitary operator defined as

Uk f)p,q) = f(—K/2+p,—K/2+q). (7)
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It establishes a unitary equivalence between H(K) and H(0), and so we can proof the coming statements for
H(0).

SPECTRUM OF A,(K). The following lemma describes the behaviour of the eigenvector of Ay(K) in
the linear space H.

Lemma 6. (a) If A < —X\g/2, then Ag(K) has a unique eigenfunction in the space Ho with an eigenvalue
n € (6/m— p,00).

(b) If X > Ao /2, then Ag(K) has a unique eigenfunction in the space Hqy with an eigenvalue n € (—oo, —p).

(¢) If —=Xo/2 < XA < A\o/2, then Ag(K) has no eigenfunctions in the space Hy.

(d) If 2\ = —Xg/2 (resp. A = Xg/2), then Ag(K) has a resonance energy at —p (resp. 6/m — 1) (see.
Definition 1).

Proof. Recall that

Ho = {f(p,a) = 9(p + a)lg € L*(T°)}.

Again, we prove the theorem for Ag(0), using unitary equivalence of Ag(0) and Ay(K).

The equation

AO(O)f = Zfa f S HO?

has a solution if and only if the equation
c(1—=2\do(p+2))=0, ceC, (8)
has one, and their solutions are related by

f(p,q) =g(p+q) = W’C’ 9)

c= ﬁ /TS g(t)dt.

Equation (8) has a nontrivial solution if and only if

where

AN p+2)=1—-2Xdo(pn+ 2) = 0.

According to Lemma 1, if 2\ < —Xg (resp. 2A > —Xg), then A(2X\; u+ 2) has a unique eigenvalue 1 in
(—6/m, 00) (resp. in (—oo, —p)).

(b) Lemma 1 gives that A(2X; p+ z) has no zeros in (—oo, 00).

(c) If 2\ = £\, then the solution given in (9) lies in L*((T3)?)\ L?((T?)?), that is, Ag(0) has a resonance
energy at —p or 6/m — p.

SPECTRUM OF A;(K). As the operator A;(K) does not contain the parameter u, Lemma 5 implies
that

Oess (Al(K)) = {Z?} U [07 G/m]

In order to study we define the following integral depending on n € Z:

ei(n,t)
dn(z) = (271r)3/€f(t)zdt, 2 € C\ [0,6/m]. (10)

T3

Lemma 7. (a) For any fivred n € Z3, the function d,(z) is positive and monotonically increasing in the
interval (—o00,0) as a function of z.

(b) The following limit exists

) 1 e'(n,t)
4,0 = Jim d.(2) = o / ot (11)

T3
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Additionally, for any z € R\ [0,6/m], the relation

nlgrolo dn(z) =0 (12)

holds.

Proof. The first part of the lemma easily follows from the conditionally negative definiteness of the
function 5(-) (see [24, Lemma 4]).

(b) The asymptotic relation 5(q) — 0 ~ $¢* near the origin implies the existence of the relation 11.

We represent the operators Vi and V5 in (1) as V3 = A®;®; and Vo = AP Do, respectively, where the
operators @1, ® : L2((T?3)%) — L?(T?) are defined as

(@1/)(p

/ . t)dt and (@a)(g / 1t, (13)

3
2

Lemma 8. The number z € C\ 0ess(A1(K)) is an eigenvalue of the operator A;(K) if and only if
D(z) =0, where

D(z) = g )\ . H (X 2) (14)
nez?
with
SE(N2) =1 = Ndo(2) + dn(2)). (15)

If 2, € C\ 0ess(A1(K)) is an eigenvalue of A1(K) and 6,7 (X;z,) = 0, n € Z3, then the corresponding
eigenfunction is of the form

A

[cos ,(—K/2+ p)) + cos (n, K/2+q))} (16)

Proof. Given the unitary equivalence of H(K) and Ai(K) to H(0) and A1(0), respectively, we first
establish the claim for the latter operators.

Let z € C\ 0ess (Al(O)) be an eigenvalue of A1(0), and let f be the corresponding eigenfunction, then
[ =Ro(z)[AV1 + A\Va] f, (17)

where Ro(z) = (Ho(0) — 2I)~! is a resolvent of Hy(0).
The last equation has a non-trivial solution if and only if the system of two linear equations

Ga = Py (Ro(2)[ART@1 + AP5B2]), a = 1,2, ¢1, @ € L*(T?) (18)

on the space L?(T3) @ L?(T?) has a non-zero solution.
Solutions of the equations (17) and (18) are related by

f(p,q) = Ro(2)[A®1$1 + AD5po], (19)

and
Po=Buf, a=12 (20)

Since f is a symmetric function, $1 and Qo are same function, and only there arguments are different,
that is, the argument of @1 is the variable p, while q is an independent variable of ¢1:

$2(p) = ¢1(p).- (21)
We note that the functions

A, =1 — A\D,Ry(2)d*

a?

z2 € C\ 0ess(Hp), a=1,2,
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are nonzero for any z € C\ 0.55(A1(0)), and they are multiplication operator by a number or by the Fredholm
determinant A(X; 2) in(5), and due to Lemma 5 the inequlity A(X; 2) # 0 holds, and hence A1 exist and it is
a multiplication operator by a number

1/A(X; 2).
Then, the solutions @o,a = 1,2, of the equation (18) satisfy the following system of integral equations

P1 = AATLOB,,
{ Z2 = AA1Q G, (22)

where
Q = ®1Ry(2)P5 (23)
is the integral operator on L*(T3) defined as
1 g(t)dt 23
= L~(T 24
Q) = s | g 9 AT (24)
T3

and QF is the adjoint of Q.
Using the substitution method, the system (22) can be reduced into the form

o1 =Q(2)p1, e, Qz)=NATTATIQQO" (25)

Moreover, if o = (¢1,P2) is a solution to (22), then @1 is an eigenfunction of Q(z) corresponding to the
eigenvalue 1. Conversely, suppose that 1 is an eigenfunction corresponding to the eigenvalue 1 of the operator
Q(z). Then ¢ = (@1, P2), with $3 = mQQZl is a solution to (22) (i.e. (18)). Notice that the multiplicities of
the linearly independent eigenvectors ¢ and ¢ coincide.

We also note that the function f defined in (19) is an eigenfunction of A1(0) corresponding to an
eigenvalue z € C\ 0cs5(A1(0)). Moreover, the multiplicity of the eigenvalues z of A1(0) is the same as the
multiplicity of the eigenvalue Kk =1 of Q(z).

The operator Q(z) is a convolution-type trace-class integral operator. The standard Fourier transform
Fi: LA(T3) — (2(73),

1
(2m)*

(Fig)(n) = /ﬂwwm,mHWmmm
T3

establishes that Cj(z) = F1Q(2)F; acts as a multiplication operator on the space (*>(Z3) by the function

A2 \
kn(2) = de(z)d_n(z), nez. (26)

Thus, the spectrum of @(z) consists of the following union

o(Q(2)) = {0} u |J {ra(2)},

nez3

with the space of eigenfunctions
@n(m) = 5n,ma n,m e Z37

where 6. . is the Kroneker delta function on Z3.
Note that the compact operator Q(z) has eigenvalues k,(2), n € Z* with the corresponding eigenfunctions

Yn(p) = P e 7 pe T (27)

Therefore, the determinant of the operator I — Q(z) can be written as the following product

det(I = Q(2)) = [T (1 = ra(2)), (28)

nezs
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which takes the form (14), since d_,(z) = d,(z) and (26).
Let kn,(2zn) = 1 be an eigenvalue of Q(z,), then 1, is the first component of the solution p, = (1/Jn,1/~1n)
of equation (18), and the second component is defined as

~ . 1 s M (zn) ~
@) = 52(0) = A5 'Q ) = R 5Tl (29)
Using the equality (21) in the last relation, we get
3 — * /\d" Zn) —i(n
ei(mea) — AA; o) Unlq) = A()fz ))e ( 7q),

which is contradiction.
However, if 9,,(p) = (!™P) + e=4"P)) /2 = cos((n, p)), it satisfies (21) and (29) if and only if

Ay (zn) 1

ADioy — 1 e T(A2) =1 Aldo(zn) + dn(zn)) = 0.

However, for the functions 0, (p) = (e?™P) — e="P)) /2j = sin((n, p)) the relation

1 Ay, (2,
en = )‘AQ IQ Hn = _M07ta

holds, which contradicts with (21). It implies

m—l, ire. 0, (Ai2) = 1= Aldo(zn) = dn(zn)) = 0.

Since the system {Un,0,}, n € Z3 is complete in (?(Z3), the last three relations and (26) allow us to use
the Fredholm determinant (14) instead of (28).

Accordingly, the number z, is an eigenvalue of A1(0) and the corresponding eigenfunction can be found
by (19) as

A
ef(-p—q) — 2

According to the relation H(0) = Uy, H(K)Uk, the number z, is also an eigenvalue of H(K) with the
eigenfunction f, = U f0, i.e., (16), where the unitary operator Ug is defined in (7).

pq) = [ﬁn(p) +In(q)|-

EIGENVALUES OF H(K) BELOW AND ABOVE THE SPECTRUM OF H,(K)

First, we study the function 4,5 (\; 2) in () for any n € Z3.
Lemma 9. For any fized n € 73, the function do(z) + d,(z) is positive and monotonically increasing in
the interval (—o00,0) as a function of z. Additionally,

T (do(=) + du(2)) = do(0) + s (0), (30)
ZEIPW (do(z) + dn(2)) =0. (31)

and for any z € (—o0,0)
nh_}rrgo (do(2) + dn(2)) = do(2) (32)

hold.
Proof. The equality

do(2) + dn(2) = (2717)3 / 1;?:; Enz,t) dt

T3
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and Lemma 7 imply the positivity and monotonicity of do(z) + d,(2) in (—o0,0). The limits (30), (31) and (12)
follow from Lemma 7.

Let 2{ be a zero of A,(+) = 0, i.e. an eigenvalues of hq(k) in the interval R \ [0,6/m] (see 2). Note that
29 exists iff A € R\ [~Xo, Ao

The number defined by

2F = 1
" do(0) +dn(0)’
satisfies \
0< Ay <Af <Xo,neZ? and AJ:EO. (33)

Lemma 10. Letn € Z®. (a) If X < A\, then 6,5 (), z) has no zeros in the interval ( — 00,0).
(b) If \f < X, then &5 (X, 2) has a unique zero z, € (— 00,0), and it satisfies z, < z{.
Proof. Due to Lemma 9 the functions do(z) + dn(2) are positive and monotonically increasing in the

interval (—00,0), and so the proof of the existence of z, is quite similar to the proof of the existence of 29 in
Lemma 2.

Let A > 0. The inequalities z, < 2 follow the inequalities
SN 2) < AN 2)
and the monotonicity of the last three functions.

EIGENVALUES OF H(K) ABOVE [0,6/m]

The unitary operator Uy, in (7) is used to establish the equalities

6
U.,T/QH()(K)UW/Q = a — Ho(K) and Uﬂ-/QVUﬂ-/Q =V

which implies the relation
6

The final relationship enables us to shift the investigation of the eigenvalues of H(K) from above the
interval [0,6/m] to below it.

Lemma 11. Letn € Z3. (a) If =A\;0 > X, then 6,7 (), z) has no zeros in the interval (6/m, cc).
(b) If X < =\, then 67 (X, z) has a unique zero z, € (6/m,00), and it satisfies 6/m < 29 < z,.
Proof. The proof is a consequence of Lemma 10 and the identity 34.

MAIN THEOREM

Recall that 2 be a zero of A();-) = 0, i.e. an eigenvalues of hy(k), and 29 < 0 if A > 0 and 6/m < 2{ if
A < 0. Let i be an eigenvalue of H(K) mentioned in Lemma 6.

Now, we are ready to formulate the main result of the paper.
Theorem 1. Assume p € R and A € R.
(a) Let |A] < |Xo/2|. Then
app(H(K)) =0.

(b) Let |\o/2] < |A| < |Xo|. Then

Upp(H(K)) = U {zn} U {n},

[n|<no

and 6/m < 20 < z, if A <0; 2z, < 2 <0 if A > 0. Here ng is a positive integer number depending on \.
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(c¢) Let |Ao| < |\|. Then
JPP(H(K)) = U {zn} U {n},
nez’
and 6/m < 29 < z, if A <0; 2, <2Y <0 if A >0.

Proof. Lemmas 6, 10 and 11 provide the proof. For example, by combining the assertions (a) in Lemma
6, (b) in Lemma 10, we get the proof of the part (a) of the theorem.

Remark 1. According to Lemma 5
Gess (H(K)) = {20} U ([ — 1, 6/m — p] U [0,6/m]).

Theorem 1 demonstrates that zy, (., or n could be within oes (H(K)) or within a gap of the essential
spectrum.

Theorem 2. Let |\| > |A\o|. Then

: 0
lim z, = 27.
n—oo

Proof. Due to Theorem 1, there exists a sequence {z,} of eigenvalues of H(K) below 29.

As 65 (A 2n) = 0 and A1(X;2)) = 0, using the intermediate theorem we get

5TV = ST (1 — 20, 2 < 6 < 2,

G (A 21) = 6 (A 20) — A1(A;21) = —Adn (1)

and hence

|zn — Zg)| = dn(z(l))

LN &) ’
Since 0 < C < ‘d%(éj{()\;fn))‘ for some C >0 and n € Z¢ we get

|20 = 21| < Cldn(27)]
which together the limit (12) we get the first limit of the theorem.

THRESHOLD RESONANCES

In this section, we investigate how 7 or z, arises from or are absorbed into the essential spectrum o (H (K ))
Let v=—porv=0o0rv=06/m—porv=6/m
Definition 1.(Threshold eigenvalue and threshold resonance). Let f be a solution of H(K)f = vf.

(1) If f € L2((T?)?), v is called a lower threshold eigenvalue of H(K).

(2) If f € LL((T?)?) \ L2((T®)?), v is called a lower threshold resonance of H(K).

From the continuity of d,,(z) at 0 and 6/m, the function D(z) can be defined at 0 and 6/m. Let us denote
it by D(v).

Lemma 12. (a) The number v is a threshold eigenvalue (threshold resonance) of the operator Ai(K) if
and only if D(v) =0, where D(z) is defined by (14).

If D, (v) = 0 for some n € Z3, the solution of the equation A;(K)f = vf can be written as

A

ef(K—p—q) —v
and f € Li((T%)%) \ LI(T%)?).

Proof. We prove the lemma for K = 0.

In(pq) =

(cos (n,(—K/2+p)) + cos (n, (—K/2 + q)))
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(a) The proof of the part (a) is similar to the proof of Lemma 8.
The continuation of the operators Q(z) in (28) and Q(z) in (18) at z = v are defined by

Q) =A™ ()@ (Ho —v) "' @3

and
Q(v) = N2A2(1)®, (Hy — v) " 05®o (Hy — v) 107,
respectively.
The equation Ay (K)f =vf, f € LL((T?)?), has a solution if and only if the equation
QW)p =g, ¢e LT, (35)

has a solution and
Qe = ¢. (36)
Here the solutions are connected by the relations

A

f(P,Q):W

(2(p) + ©(q)) (37)

and

w=o1f. (38)

Since Q(v) is a Hilbert-Schmidt operator, and it has eigenvalues k., (v) = \2d% (v)/A%(\;v), n € Z3 with
the corresponding eigenfunctions _
Yn(p) =P n e Z3 pe TS (39)

Since Q(V)y, = Y_y,, which is contradiction with (36), the function ¥, = (V¥n + ¥_pn)/2 = cos((n,-))
satisfies (36), i.e.

and hence
SE(Av) =1=A(do(v) + dn(v)) =0.
Since the system {0y, 0.}, n € Z3 is complete in ?(Z3), the last three relations and (14) allow us to use
the Fredholm determinant (14) instead of (28).

Accordingly, the number z, is an eigenvalue of A1(0) and the corresponding eigenfunction can be found
by (19) as
A
fs p,q) = —[1971 p) + Jnlq ]
.0 = S g =y [ 0) + 90l0)
According to the relation H(0) = U}, H(K)Uk, the equation H(K)f = vf has a solution of the form

A
ef(K —p—q)—v

falp,q) = (00 (~E/2 4+ p) + I(~K/2 + q)-

(b) As the function 1/e;(p) is integrable on T3, the inclusion f° € LL((T?)?) is obvious.

Consider the relation

cos?(n,t/2)

/ / 1£2(p. @)|2dpdq = 4 / sin®(n,q)dg [ U112 g, (40)
T3 JT3 T3 ™ &(D)

As g5(p) = p? near the origin and ei(p) > ¢ for some ¢ > 0 when p is not close to 0, the last integral

satisfies the conditions
[ [ 152w.0Pdsts = .
T3 JT3

7
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Thus f € LM(T*)%) \ L2((T%)?).
For any n € Z3, define

T, = {m € Z%|d,(0) = d,(0)} and 7, = |T}|.

As d,,(0) < do(0) and the function €;(p) is invariant with respect to the permutations of its arguments
p) and p®), j k =1,2,3, the set T}, is singleton only for n = 0.
Notice that A\g/2 < A} < Ap and A} — Ao as n — .
Theorem 3. Let n € Z3 \ {0}.
(a) Let |\| = Ao/2, then the operator H(K) has a threshold resonance of multiplicity one at 0 if A = Ao /2;
at 6m if A = —Xo/2. Moreover o,(H(K)) = @.
Moreover, if p > 0 (resp. p < 0), then H(K) has a threshold resonance at the left edge (resp. the right
edge) of the two-particle branch [—u,6/m — p] of the essential spectrum oess(H(K)).
(b) Let |\| = A}, n # 0. Then, the operator H(K) has a threshold resonance of multiplicity one and
threshold eigenvalue of multiplicity 7, — 1 at 0 if X >; at 6m if A < 0.

(c) If || # AF the operator H(K) has a neither threshold resonance nor threshold eigenvalues at the
thresholds of the essential spectrum.

Proof. Due to Lemma 5, the interval [—p, 6/m—p] is a component of the essential spectrum oess(H(K)),
and hence Lemmas 6 and 12 imply the proof of the statement (a).

The proof of the remaining statements follows from Lemma 12.
CONCLUSION

The discrete Schrédinger operator corresponding to the Hamiltonian of a system of three quantum
mechanical particles (two identical bosons and a fermion) with masses m = co and m < oo, respectively, is
considered on the three-dimensional lattice for all non-zero point interactions. The point spectrum of the three-
particle discrete Schrodinger operator, which may posses infinitely many eigenvalues, has been studied for all
non-zero point interactions.

Moreover, we showed the conditions for the appearance of threshold resonances and threshold eigenvalues.
The dependence of their multiplicities on the parameters was explicitly derived.

REFERENCES

[1] Winkler K. et al. “Repulsively bound atom pairs in an optical lattice. Nature. 2006. 441. 853-56.

[2] Bloch I. Ultracold quantum gases in optical lattices. Nat. Phys. 2005. 1. 23-30.

[3] Jaksch D.and Zoller P. The cold atom Hubbard toolbox. Ann. of Phys. 2005. 315(1). 52-79.

[4] Thalhammer G. et al. Inducing an optical Feshbach resonance via stimulated Raman coupling.
Phys.Rev. A. 2005. 71. 033403.

[5] Hofstetter W. et al., “High-temperature superfluidity of fermionic atoms in optical lattices. Phys. Rev.
Lett. 2002. 89. 220407.

[6] Lewenstein M. et al. Atomic Bose-Fermi mixtures in an optical lattice. Phys. Rev. Lett. 2004. 92.
050401.

[7] Efimov V.N. Energy levels arising from resonant two-body forces in a three-body system. Physics
Letters. 1970. 33(8). 563-564.

[8] Yafaev D. On the theory of the discrete spectrum of the three-particle Schrédinger operator.
Math. USSR-Sb. 1974. 23 535-559.

[9] Lakaev S.N. The Efimov’s effect of a system of three identical quantum lattice particles.
Funct. Anal. Its Appl. , 1993. 27. 15-28.

[10] Lakaev S.N. and Muminov Z.I. The Asymptotics of the Number of Eigenvalues of a Three-Particle
Lattice Schrédinger Operator. Funct. Anal. Appl. 2003. 37. 228-231.

[11] Abdullaev Zh.I1. and Lakaev S.N. Asymptotics of the Discrete Spectrum of the Three-Particle
Schrédinger Difference Operator on a Lattice. Theor. Math. Phys. 136. 1096-1109.

78



Acta NUUz EXACT SCIENCES Ne2/1/1, 2025, 66-79

[12] Albeverio S., Lakaev S.N., Muminov Z.I. “Schré dinger operators on lattices. The Efimov effect and
discrete spectrum asymptotics. Ann. Inst. H. Poincaré Phys. Theor. (2004). 5. 743-772.

[13] Dell’Antonio G., Muminov Z.I., Shermatova Y. M., On the number of eigenvalues of a model operator
related to a system of three-particles on lattices. J. Phys. A: Math. Theor. , 2011. 44. 315302.

[14] Khalkhuzhaev A.M., Abdullaev J.I., Boymurodov J. K. The Number of Eigenvalues of the Three-
Particle Schrodinger Operator on Three Dimensional Lattice. Lob. J. Math. 2022. 43(12). 3486-3495.

[15] Muminov M., Aliev N. Discrete spectrum of a noncompact perturbation of a three-particle
Schrodinger operator on a lattice. Theor. Math. Phys. 2015.1823(3). 381-396.

[16] Muminov Z.1., Aliev N. M., Radjabov T. On the discrete spectrum of the three-particle Schré dinger
operator on a two-dimensional lattice. Lob. J. Math. 2022. 43(11). 3239-3251.

[17] Aliev N.M. Asymtotic of the Discrete Spectrum of the Three-Particle Schrodinger Operator on a
One-Dimensional Lattice. Lob. J. Math. 2023. 44(2). 491-501.

[18] Rabinovich V.S., Roch S. The essential spectrum of Schrodinger operators on lattice.
J. Phys. A.:Math. Gen. 2006. 39. 8377.

[19] Albeverio S., Lakaev S., Muminov Z.“On the structure of the essential spectrum for the three-particle
Schrodinger operators on lattices. Math. Nachr. 2007. 280. 699-716.

[20] Kholmatov Sh. Yu., Muminov Z.I. The essential spectrum and bound states of N-body problem in
an optical lattice. J. Phys. A: Math. Theor. 2018. 51. 265202.

[21] Muminov Z., Lakaev Sh. Aliev N. “On the Essential Spectrum of Three-Particle Discrete Schrodinger
Operators with Short-Range Potentials. Lob. J. Math. 2021. 42(6). 1304-1316.

[22] Lakaev S.N.; Boltaev A.T. “The Essential Spectrum of a Three Particle Schrodinger Operator on
Lattices. Lob. J. Math. 2023. 44(3). 1176-1187.

[23] Jakubaba-Amundsen D.H. The HVZ Theorem for a Pseudo-Relativistic Operator . Ann. Henri
Poincaré. 2007. 8. 337-360.

[24] Z. I. Muminov, Sh. Alladustov, Sh. Lakaev, “Spectral and threshold analysis of a small rank
perturbation of the discrete Laplacian”, J. Math. Anal. Appl., 496 (2021) 124827.

REZYUME

Biz uchta kvant mexanik zarrachalardan (ikki bir xil bozon va bitta fermiondan) iborat sistemaning
Hamiltonianini ko‘rib chigamiz. Bu zarrachalar bir o‘lchamli panjarada nuqtada tortuvchi yoki
itaruvchi potensiallar orqali o‘zaro ta’sirlashadi.

Bozonlarning massasi cheksiz deb faraz qgilingan holda, biz uch zarrachali diskret Shredinger operatori
H(K), K € T ning nuqtali spektrini o‘rganamiz. Bu operator, o‘zaro tortuvchi yoki itaruvchi ta’sir
kuchlariga bog‘liq holda, cheksiz ko‘p xos giymatlarga ega bo‘ladi.

Kalit so‘zlar: diskret Shro’dinger operatori, nuqtali spektr, bo’sag’a rezonasi, kontakt potensial,
bo‘sag‘a xos giymat, Fredgolm determinanti

AnHoTanust

MbI paccMaTpuBaeM TaMHJIBTOHHAH CUCTEMbl TPEX KBAHTOBO-MEXAHUYECKUX YaCTUI (IBa MIAECHTUY-
HBIX 6030Ha 1 PePMUOH) Ha OJHOMEDPHOM PeIleTKe, B3aNMOIEHCTBYIOMAX MOCPEICTBOM ITPUTATHBA~
FOIUX WJIM OTTAJKUBAIOIINX TOTEHINAJIOB HYJIEBOI'O Pajuyca JAeiCTBUS.

Mpbl ucciaegyeM TOYEYHBI CHEKTP TPeXYacTUYHOrO HJUCKpeTHoro omneparopa Illpemgunrepa
H(K), K € T, xoropslii 06iiajiaeT GeCKOHEUHLIM YHCJIOM COOCTBEHHBIX 3HAYECHUil, 3aBUCHINIUX OT
OTTAJIKMBAIOIINX WJIM IPUTITUBAIONINX B3AUMOEHCTBUN, B IIPEJIIIOI0KEHIH, YTO OO30HBI B CHCTEME
UMET DECKOHEUHYI0 Maccy.

Karouesnie caosa: nuckpersbiit oneparop IlIpequirepa, TOUeIHbBIN CIIEKTD, TOPOTOBLIN PE30HAHC,
KOHTaKTHBII IMOTEHINAJI, TTIOPOTOBOE COOCTBEHHOE 3HAYEHHE, onpeieanTesb Opearoabma
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