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Rezyume

Hozirgi vaqtda zamonaviy algebraning muhim yo‘nalishlaridan biri evolyutsion algebralar
nazariyasini tadqiq qilishdir. Evolyutsion algebralar matematikaning boshqa sohalari, jumladan
graflar nazariyasi, Markov jarayonlari, dinamik sistemalar bilan bogliq. Evolyutsion algebralar sinfi
birinchi marta Lyubich tomonidan 1992 yilda kiritilgan. 2008 yilda Tian o‘zining monografiyasida
evolyutsion algebra atamasini ishlatib, bu algebralarning tadbiqlari va ba’zi xossalarini keltirib
o‘tgan. Bu maqgolada Zs maydonda ikki va uch o‘lchamli evolyutsion algebralar tasnifi keltirilgan.

Kalit so‘zlar: Evolyutsion algebra, tabiiy bazis, gomomorfizm, izomorfizm, maydon, o‘lcham.

2008 yilda J.P. Tian tadqiqotlarining asosiy yo‘nalishi evolyutsion algebralarning tadbiqiy muammolariga
bag‘ishlangan edi. Shu bilan birga chekli o‘lchovli algebralarning biror ko‘pxilligini o‘rganishga tabiiy yondashish,
masalan, strukturaviy nazariyani qurish u tomonidan qaralmagan edi [1]. Strukturaviy nazariyani o‘rganishga
bag‘ishlangan dastlabki natijalar B.A.Omirov, U.A.Rozikov, M.Ladra, J.M.Casas, M.V.Velasco va boshqalarning
ishlarida paydo bo‘ldi. Xususan, kompleks, haqiqiy sonlar maydonida ikki va uch o‘lchamli evolyutsion
algebralarining tasnifi olingan, nilpotent evolyutsion algebralarining klassik xossalari tasniflangan [2,3].

Bizga biror K maydon berilgan bo‘lsin.
Ta’rif 1.[1] (E, -) biror K maydon ustidagi algebra bo‘lsin. Agar

e;-e;j =0, agar i#j, barcha i larda e;-e;= E AikCL
k

shartni qanoatlantiruvchi ey, e, ..., €,, .... bazis mavjud bo‘lsa, u holda bu algebraga evolyutsion algebra deyiladi.
Bu bazisga esa tabiiy bazis deyiladi.

Eslatma. Ushbu maqolada evolyutsion algebrani tashkil etuvchi konstantalari Zs maydonda o‘rganiladi.

Ikki va uch o‘lchamli kompleks evolyutsion algebralar tasnifi [2], [3] da, ikki va uch o‘lchamli haqiqiy
evolyutsion algebralar tasnifi [4], [5] da keltirilgan.

FE-evolyutsion algebra uchun quyi markaziy qator aniqglaymiz:
k—1
E'=E, EF=) E'E" k>1
i=1

Bizga (E,-) evolyutsion algebra va e; uning tabiiy bazisi berilgan bo‘lsin.

Ta’rif 2.[2] E va E’ evolyutsion algebralar va ¢ : E — E’ chiziqli akslantirish bo‘lsin. Agar ¢(e;) E' da
tabiiy bazis bo‘lsa, p- gomomorfizm deyiladi. Bundan tashqari, agar - biektiv bo‘lsa, u holda ¢- izomorfizm
deyiladi.
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Z> maydonda ikki o‘lchamli evolyutsion algebralarning tasnifi

Z5 maydonda ikki o‘lchamli evolyutsion algebra va {e1, e} uning tabiiy bazisi bo‘lsin.
Ma’lumki, agar E? = 0 bo‘lsa, u holda E abel algebrasi deyiladi, ya’'ni nol ko‘paytmali algebra deyiladi.

Teorema 1. Z,; maydonda ikki o‘lchamli evolyutsion algebralar o‘zaro izomorf bo‘lmagan quyidagi
algebralarning biri bilan izomorfdir.

(i) dimE? = 1 bo‘lgan holda

.E1: €1-€1 = €1
e Fy: ej-eg=e1; ex-€3=¢e
.E3: €1 €1 = €2

(ii) dimE? = 2 bo‘lgan holda

OE4Z €1 - €1 = €1, €2 €y =e] + €2
e E5: e1-e1=ey er-ea=e
e Fg: ej-e1=eg; e3-€3=e€1+e€s

Isbot. Ikki o‘lchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi
er ey =aie; + aseg, € - €2 = ase; + as€o, €1 €y =€9 €1 = O, a; € ZQ (ZQ = {0, 1})

(i) dimE? =1 bo‘lgan holda;
e1-e1 =ci(arer +ages), ex-ea = calaje; +ages), e1-ex =eq-e; = 0. Ravshanki, (¢, c2) # (0,0) aks holda
bizning algebra abel algebrasi bo‘lar edi. e; va ey simmetrik ekanligidan ¢; # 0 deb faraz qila olamiz, u holda
biz bazisni sodda almashtirishlar orqali ¢; = 1 qila olamiz.

1-hol. a; # 0. U holda biz bazisni quyidagi o‘zgarishini qabul gilamiz.
€] =e1+agey, €)= Ae; + Beg, bu yerda B — as A # 0. Natijani hisoblasak

0=c¢] ey = (e; +ages)(Aey + Beg) = A(er + ases) + asBea(eg + ases) =
= (A + (IQBCQ)(El —+ ageg)

Shuning uchun, A + asBcy = 0 ya'ni A = —asBey va B — asA = B + a3Bcy # 0.

Bu shuni bildiradiki, B # 0 (B = 1) va 1 + a3ca # 0 bo‘lganda biz yuqoridagi almashtirishlarni olamiz.
Natijani ko’rib chigsak

e - el = (e1 + azes)(er + ages) = (e1 + ases) + adea(er + azes) = (1 + ades) (e + ages) =
= (1 +a3ez)ey

eh el = (Aey + ez)(Aey + ez) = A%(eg + ages) + ca(eg + ases) = (A2 + ¢2)(eq + ages) =
= (a3c3 + ca)el = ca(1 + ajea)el

1.1-hol. ¢o =0. U holda €} - €] =€}, ex-e3=e1 e =ey-e; =0, bizga E; algebrani beradi.

1.2-hol. c; # 0. U holda €} - €] = (1 +a2)e}, eb-eh = (1+ a3)e} ga ega bo‘lamiz. Agar (1 + a3) # 0
ya'ni as # 1,a2 = 0 bo‘lganda bajariladi. Bizga e; - e = e1, es-e3 = €1 yani Fy algebrani beradi.

2-hol. a; = 0. U holda biz e; - e; = aser; es - ea = coages natijalarga ega bo’lamiz. Bu yerda ag # 0,
aks holda evolyutsion algebra bo‘lmaydi.

(&1 (&3]

€1 o . .
—— almashtirish orqali €} - e} = = e, €36 =0 ya'ni Ej3

Agar ¢y = 0 bo’lsa, bazisni €] =
algebraga ega bo‘lamiz.

€2 .. .
ey = —— almashtirishlar orqalie;-e; = €3, e2-e3 =es

N

A 0 = 1) bo‘lsa, bazisni e/ = —
gar co # 0 (¢ = 1) bo‘lsa, bazisni €} =

ya'ni Ey algebraga izomorf bo‘lgan algebrani hosil gilamiz.

(i) dimE? = 2 bo‘lgan holda;
Ko‘paytmaning umumiy ko‘rinishi e1 -e; = aje; +asgea, es-es = agey +aqes bu yerda ajaq —asaz # 0,a; € Zo
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1-hol. a; # 0 va a4 # 0. Bazisning o‘zgarishi e; = aflel, e1 = a;leg orqali a; = a4 = 1 deb faraz qila
olamiz. Shu sababli biz 2 ta parametrik oilaga ega bo‘lamiz ya'ni
Es(as,a3): e1-e1 =e1+ages, es-e2 =age;+ ey, 1—agaz+# 0 bundan (as,a3) # (1,1).

Bazisning umumiy o‘zgarishini quyidagicha olaylik,
e} = Are; + Ases, eh, = Bie; + Boes, A1 By — AsB; # 0. Natijani ko‘rib chigsak,
0 = 6’16,2 = (A161 +A262)(3161 +Bg€2) = A1B1(61 +a262) +A2B2(a361 +€2) = (AlBl +A2B2a3)€1 —+ (A1B1a2+
A2B2)€2

Ushbu yangi bazisdagi algebra ham evolyutsion algebra bo‘lishi kerakligidan bizga A1 By + A3 Bsag = Ova
A1Bjas + A3By; = 0. Bundan A3 Bs(1 — asaz) = 0 va A1 B1(1 — azas) = 0. Bunda 1 — asas # 0 ekanligidan,
A1By; = A3 By = 0 ga ega bo‘lamiz.

1.1-hol. A5 = 0. U holda B; = 0 bo‘lsin.
ehel = Ale; - e; = A3(e1 + agez) = €} + abel = Ajer + ahBaes
= A2 Al,Alag = a2B2 = A =1
ehel = B3(azer + ez) = ahe) + eh = ayArer + Baes
:>B2a3fa3A1,B2 By = By =1
Demak, eje] = e1 + ahes, ehel = ajer + ey ekanligidan

ah = 0 bo‘lsa ay = 1, bundan e; - €3 = e1, e2 - e2 = €1 + €2 ya'ni E, ni beradi.

a%, =1 bo‘lsa aj = 0, bundan e; - e; = e + ez, €2 - €3 = ez ya'ni Es ni beradi.

1.2-hol. A; = 0. U holda By = 0 bo’sin va bizga Ey(az,as) = Ej(as,as) izomorf bo‘lgan algebra hosil
bo‘ladi.

2-hol. a; = 0 yoki as = 0 bo’lsin. e; va es simmetrik ekanligidan umumiylikka zarar yetkazmasdan
a1 = 0 deb olishimiz mumkin.
e1€1 = ases va eses = azey +ages bu yerda asas # 0, (azaz) # (0,0), Zy daas = ag = 1 bo‘lgan holda bajariladi.
1
aZa

o 1 5/ 5/ 1 1
el el = -ep = 5 €2; 62 62 agel + aqes) U —5—e1 + ¢ 5 gaae2
a2a3 a2a3 2&3 a5as3 a5G3

Biz algebralarning bir parametrik oilasini Eg(ays) :  e1-e1 = 62, es - €2 = e1 + aqes ni olamiz. Bundan,

=2 262 bundan,

l\’)\

Bauzisni o‘zgarishini quyidagicha qabul qilib €] = £

aqs =0 bo'lsa, e; - e1 =ea, eg-e3 =e1 ya'ni Eg ni beradi.
ay = 1 bo'lsa, e; -e1 = eg, eg-e3 = €1 + ey ya'ni By =2 E4 o‘zaro izomorf bo‘lgan algebrani beradi.
Teorema isbotlandi.

Zo maydonda uch o‘lchamli evolyutsion algebralarning tasnifi

Z5 maydonda uch o‘lchamli evolyutsion algebra va {e1, es, €3} uning tabiily bazisi bo‘lsin.

Teorema 2. Z; maydonda uch o‘lchamli E evolyutsion algebralar dimE? = 1 bo‘lganda quyidagi o‘zaro
izomorf bo‘lmagan algebralarning biri bilan izomorfdir.

OEli €1-€1 = €1

e Fy: ej-e1=e€1; ey-e3=¢

e [l3: ec1-ep=e€1; ex-ex=¢€1; €3-€3=¢]
0E4: €1-€1 = ey

e B5: e1-e1=e e3-ez3=e

e Fg: e1-e1=e€3; e3-e3=e3

Isbot. Uch o‘lchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi
e1-e1 = aje1 + ases 4+ ases
eg - e9 = brey + baes + b3es
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e3 - e3 = cie; + Ccaez + C3e3
Ma’lumki, €1 €2 —€1 €3 = €9 €3 = 0.
Bu yerda B = {ey, eq, e3}- tabiiy bazis, a;, b;, ¢; € Zs
Bizda dimFE? = 1 bo‘lganligi sababli,
€1 €61 = k’o(a161 + agses + (1363)
eg - ea = ki(are; + ages + ages)
e3 - e3 = ka(arey + azes + azes)
Ma’lumki, (ko, k1, k2) # (0,0,0) aks holda bizning algebra abel algebrasi bo‘lar edi. ey, e3, e3 simmetrik
ekanligidan kg # 0 deb faraz gila olamiz, u holda ky = 1 qgila olamiz.

e? #0; e1-e; = aje; + agzes + azes
€9 - €y = kl(alel + ases + CL3€3)
e3 - e3 = k2(aie1 + azes + ases)
ay a2 as
Mp=|\ kia1 kias kias | E evolyutsion algebrani B tabiiy bazisga nisbatan strukturaviy konstantalari
keay koaz  kaas
Biz tabily bazisni B’ = {e], €5, e5} quyidagicha almashtiramiz:
ey = et = aje; + azes + azes
eh, = Are; + Ases + Ases
e3 = Bie; + Baey + Bses
a1 as as
|Pg g|=|A1 A As|# 0. Natijani hisoblasak,
By By Bs
el-ehb=0, ej-ef=0, e et =0 ekanligidan
a1 A1 + axAsk1 + azAsks =0
a1B1 + agBok1 + a3Bzky = 0 (1)  ifodaga ega bo‘lamiz. Natijani ko‘rib chigsak,
A1By + Ay Boky + AsBsky =0
e} - e1 = (af + a3k + ajkz)e)
62 eh = (A2 + A3k + AZko)e)
-y = (BY + B3k + Biks)e}

1-hol. a; #0
€1 -€e1 = e1 + aze2 + ases
{Al = —(a2A2k1 + azAsks) )
By = —(a B2k + a3 Bsks)
1.1-hol. k; = ky = 0 bo‘lsin. U holda €} - e] = e}, e ey = Ale}, e} ey = B?e} (2) ifodadan
Ay =0, B;=0bundan e; - e; = e; bizga F; algebrani beradi.
1.2-hol. k1 #£0, ko =0 bo‘lsin. U holda
eh e =(1+ad)el, eh-eh=(AT+ Ad)e|, e} s = (Bf+ B3)e| (2) ifodadan A; = —asAs, By = —ayBo.
Bundan
- e = (a3A3 + A3)et = AZ(1+ ad)el
e5 - ey = (a3B3 + Bi)e} = B3(1 + a3)e
1.2.1-hol. 1 + a3 # 0. Aks holda Abel algebra, bundan as = 0 bo‘ladi.
eh el =e), ey-ey = A3el, e el = B3ei, (2) ifodadan A; = 0, B; = 0; (1) ifodadan A3By = 0, u
holda Ay = 1, Bs = 0 bo‘lganda bajariladi. Bizga e; - ey = e1, es-ey = e ya'ni Fy algebrani beradi.
1.3-hol. k1 # 0, ko # 0 bo‘lsin. U holda biz quyidagi natijalarga ega bo‘lamiz.
ei-e) = (1+a3+a3el, e, ep=(A7+ A3+ A3)e, e ey =(Bf + B3+ Bi)e
Ay = —(az2A2 + azA3)

(3.2.1.2) ifodadan
By = —(azBs + a3 B3)
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AQBQ + A3B3 =0
Ang — A3B2 7& 0
Ay =0,A3 =1; By =1,B3 =0 bo‘lganda o‘rinli. Bizga e; - e; = €1, ey-es = €1, e3-e3 = e yani Fj
algebrani beradi.

2-hol. a; = 0 bo‘lsin. U holda

e1 - e1 = ases + ases

es - eg = ki(azez + azes)

€3 €3 = kQ(GQeQ + a363)
as # 0 dan tabiiy bazisni quyidagicha almashtiramiz.
B’ ={ej,ases + azes,e3}, €} =e1, €h=ases +azes, e5=e;3

1.3.1-hol. az = 0, a3 = 0. U holda A; =0, B; = 0 (1) ifodadan { bundan

1 0 0
|Pp'g|=|0 a2 as|=as # 0. Natijani hisoblasak,
0 0 1

ehel = aze3 = agkael = 0 tenglikdan azks = 0 (3) ifodaga ega bo‘lamiz.
elel =ejep =€
ehel, = (e + azes)(ea + ages) = eaea + alezes = (ki + alka)eh
ehelh = eses = kae),
2.1.1-hol. ky =0, ko =0 bo‘lsin. U holda
elel =€y, ehel, =ehel =0 = e; e = ey bizga E4 algebrani beradi.
2.1.2-hol. k; =0, ks =1 bo‘lsin. u holda
elel = e
ehel, = ajely
chel = b
(3) ifodadan a3 = 0 ekanligidan bizga e; - €1 = e3, e3-e3 = eg ya'ni Ej5 algebrani beradi.
2.1.3-hol. k; =1, kg =0 bo‘lsin. u holda

VDN N |

€161 = €2

N 2 o
esen = (14 a3-0)ey = e
VPN

esez =0

Bundan bizga e1 - e = ez, eg-es = eq, Eg = E5 algebrani beradi.
2.1.4-hol. k; =1, ko =1 bo'lsin. u holda

VADN BN |
€161 = €2
eheh = (1+a3)eh
ezey = €j

(3) ifodadan a3 = 0 ekanligidan bizga e; - e; = ea, es-e3 = ey e3-e3 = ey ya'ni Ey & F3 izomorf bo‘lgan
algebrani beradi.

2.2-hol. a3 # 0 bo‘lsin. Tabiiy bazisni quyidagicha almashtiramiz.
B — {e1,e2,a2ea + ases}, €] =e1, €h=e2 e5=azes+ ases

1 0 0
|Pprp|=|0 1 0|=as# 0. Natijani hisoblasak,
0 ag as

ehely = aged = agkiely = 0 tenglikdan azk; = 0 (4) ifodaga ega bo‘lamiz.
eje] = ere; = azes + azez = e
ehel, = egeq = kyef
ehel = (azea + azes)(ages + azes) = (k1a + a3kq)ely = (k1a3 + ka)el
2.2.1-hol. k; =0, ko =0 bo‘lsin. U holda
elel =€, ehel, =ehel =0. Bizga eg - e; = e3 ya'ni Eg & E, izomorf bo‘lgan algebrani beradi.
2.2.2-hol. k1 =0, ko =1 bo'lsin. u holda

VPN BN |
ele] =es
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€5}

=0

ehels = el
Bizga eq - 61 = eg,
2.2.3-hol. k; =1,

! !
€161 =

! !
€2€9

! !
€3€3

!/

3

!
2,7
= agez

(4) ifodadan as = 0 ekanligidan bizga e -e; = e3, ez-e2 = ez yani Ejg = Es5 izomorf bo‘lgan algebrani beradi.

es - e3 = eg ya'ni Fy algebrani beradi.
ko = 0 bo‘lsin. u holda

2.2.4-hol. k; = 1,

! !
€161 =

€5¢h

e3€s

!
3

= 6/3
= (a3 +1)e}
(4) ifodadan as = 0 ekanligidan bizga e; - e; = e3, ex-e3 =e3 e3-es = ez ya'ni F1; & E3 izomorf bo‘lgan
algebrani beradi. Teorema isbotlandi.

(a2

ko = 1 bo‘lsin. u holda

Teorema 3. Z, maydonda uch o‘lchamli E evolyutsion algebralar dimE? = 2 bo‘lganda quyidagi o‘zaro
izomorf bo‘lmagan algebralarning biri bilan izomorfdir.

.Ell
.EQI

.E3I

€2

€2

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

(D)

- €9

- e

-eq

-e1

- eq

ceq

ceq

-e1

-eq

-eq

-eq

-eq

- e

-e1

-e1

-e1

-e1

= €2; €3-€3=¢€1

e1t+ex; ez-ez3=e

=€1; €2 €3 =¢€3; €3 €3=¢€1

=e1; ex-ex=e€1+e2; e3z-e3=e

= €2; €2 €3 =€3; €3-€3=¢€1

=€2; €2 €3 =¢€1; €3 -€3=¢€1

=e2; €z-e2=¢€]t€e2; €3-€3=¢€]

= €2; €3-€3=¢€]

e1+e; ex-ex=e2; e3-e€3=e
=e;t+ex; ex-e2=e€1; e€3-€3=¢€
=e;t+ex; ex-ex2=e€1+e2; e3-€3=e€1
=e tey e3-ez=e

=e2; ex-ep=¢€]+e2; e3z-e3=e€;+e
=e1; ex-ep=e€;+ey; e3z-e3=e€;+e
=e)1; €ex-ex=e€1; e3-e3=e Fe
=€, €x-ex=¢€]; €e3-e3=e€ Fe
=e€1; e3z-ez=e€;t+e

=€, e3z-ez=¢€] e

Isbot. dimE? =2 da E? =< ej,es >, FE?=<ej, e3>, FE?=<ey, e3> niqaraymiz.

Zs maydonda a; + a; = 0,

(07

2 _
i =

«; ekanligini eslatib o‘tamiz.

Uch o‘lchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi

€1 €1 =

€9 €2 =

aijey + azes + ases
bier + baes + bzes
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e3 - e3 = c1€1 + cee9 + c3€3

ma’lumki, e; -eo =e;-e3=eg-e3=0

Bu yerda B = {ey, eq, e3}- tabiiy bazis, a;, b;, ¢; € Zo
Bizda dimFE? = 2 bo‘lganligi sababli,

e e = ore1 + ases

e - eg = Prey + Paes

e3-e3 = y1e1 + Y22 = 71 # 0, 1 = 0 bittasi noldan farqli bo‘lishi kerak, aks holda 2-o‘lchamli
evolyutsion algebra hosil bo‘ladi.

1-hol. 73 =1, 72 =0 bo'lsin. u holda e3 - e3 = e;.
Tabiiy bazisni quyidagicha almashtiramiz.
eh = Aje; + Ageq + e3
e, = Byey + Baes
€] = ehey = (Arer + Ageh + e3)(Arer + Ageh + e3) = Aj(aner + ages) + Az(frer + Paez) + 61 =
(1+ Ajay + AzpB1)er + (Araz + Azfa)er
(1+A10¢1+A2ﬁ1) (A1a2+A262) 0

| Py | B By 0| #£0 =
A A, ]
(14 Arar + Azp1)  (Arag + AzBs) £0 =
By By

Bo(1+ Ay + A1) # Bi(Aras + A382)  (5)  ifodaga ega bo‘lamiz.
elel, = el el = ehel, = 0 ekanligidan
Brai(1+ Araq + A2p1) + B2fi(Aras + A282) =0
Bras(1+ Aoy + Azp1) + Bafa(Aran + Azfz) =0
Ara1(1+ Ajag + AzBr) + A2B1(Aras + Azfa) =0
Aran(1+ Ao + A2p1) + A2B2(Aras + A2f2) =0
A1B1a1 + AQBQ/Bl =0
A1Bioag + AsBy1 =0
ko‘rib chigsak,
e'le'l = (a1(1 + A1 + A1) + 51(141&2 + AsB2))er + (Oéz(l + A1 + Asfr) + Ba(Aras + Az fBa))es
esey = (Brag + Bafi)er + (Biag + Bafa)er
eses =€) = (1 + Araq + AzfB1)er + (Arag + Azfa)er
1.1-hol. By(1+4 Ajay + A2B1) # Bi(Ajas + AzBs) (5) ifodadan
Bi(Ajas + Asf2) = 0 bo'lsin. Bundan Ba(1 + Ajag + A361) =1 =
By =1, (1 + Ajoq + A251) =1
1.1.1-hol. B; =0, (Ajas+ Asf2) =1 bo'lsin.

(6) ifodaga ega bo‘lamiz. Natijani

p1=0
B2 =0
(6) ifodadan Aron = A6 o sistema bajarilmaydi.
Aras = Asfs = ziddiyat (Ajas + A2B2) =0
A8 =0
AzfB2 =0

1.1.2-hol. B1 = ]., (A1a2 + AQBQ) = 0 bo‘lsin.
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041:0
QQZO
. A1a1:0
6) ifodad
(6) ifodadan Ay — 0
Ara; = A3B1 =0
Arag = Azf =0

elel =0, ehel, = 0re1 + Paea, ehes = eq ko‘paytmani hosil gilamiz.
Agar 1 =0, [a=1=eges =€y eze3=¢e FE; algebrani beradi;
Agar 81 =1, [a=0=ezes =€ eze3=e¢e F algebrani beradi;
Agar B1 =1, f[o=1=ezes =€1 +e3 eze3 =e; FE5 algebrani beradi;
Agar 51 =0, [Bo=0=eze0 =0 eze3=¢e FE, algebrani beradi.

1.1.3-hol. B; =0, (Alag + Agﬁg) = 0 bo‘lsin.

0=0
0=0
A =
(6) ifodadan 101 =0 ekanligidan
AlOéQ =0
A1 =0
AzB2 =0

elel = ajer, eheh = Pre1+Paea, ehes = e nihosil gilamiz. Bunda (aq; ag) # 0 aks holda 1.1.2-holga
kelamiz va bundan quyidagi holatlar hosil boladi.
1.1.3.1-hol. a; =1, a5 =0 bo‘lsin. Bundan
e1e1 = e, eses =eq, eszez = ey Fy algebrani beradi;
e1e1 = €1, eses =e1, esez = e Fg algebrani beradi;
e1e1 = €1, egea =€+ e, eszez = e Er algebrani beradi;
ere1 = ey, egeo =0, egzez3 =e; Eg algebrani beradi.
1.1.3.2-hol. a; =0, a3 =1 bo‘lsin. Bundan
e1e1 = e, €969 = €9, ezez = e1 Fg algebrani beradi;
e1e1 = eg, ege9 =e€1, eges = e1 g algebrani beradi;
e161 = e, €969 =e1+ €3, ezez = ey Fyp algebrani beradi;
e1e1 = €3, egses =0, eze3 =e; Eio algebrani beradi.
1.1.3.3-hol. a; =1, a3 =1 bo‘lsin. Bundan
e1e1 = €1 +ea, egey =e€9, ezez = ey F13 algebrani beradi;
e1e1 = e1 +ey, egeq =e1, ezez = e Epy algebrani beradi;
e1e1 = e1 +e3, egeg =e1+ ey, esze3 =e; Fi5 algebrani beradi;
e1e1 =e1 +e3, egeo =0, eses =e; Fig algebrani beradi.
1.2-hol. BQ(]. + A1a1 + Agﬁl) 75 B1 (Al()é2 + AQ/BQ) (5) ifodadan
By(1+ Ajag + Asf1) = 0 bolsin. Bundan By (Ajas + A2f) =1 =
Bl = 17 (Aloég + Agﬁg) =1 kelib Chlqadl
Ushbu holatdan bolishi mumkin bo‘lgan holatlarni hisobga olib, (6) sistemaga qo‘yganimizda biz ziddiyatga ega
bo‘lamiz ya’ni sistema birgalikda emas.
2-hol. 71 =0, 72 =1 bo‘lsin. u holda e3 - e3 = es.
Tabiiy B’ = {e], €5, ¢4} bazisni quyidagicha almashtiramiz.
eé = Aje; + Ases +e3
6’1 = Che1 + Caeq
ey = eses = (Arer + Agey + e3)(Arer + Ages + e3) = Ar(arer + agez) + Ax(Brer + foez) + e2 =
(Arag + AzBr)er + (1 + Arag + Axfz)es

Ci Cy 0
|Pppl=|(Arar + A2B1) (1+ Ajas + A2f2) 0| #0 =
Ay Aq 1
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Cl CQ
(Arar + A2p1) (14 Arag + AzBs)

Ci(1+ Aras + AsfBs) # Cy(Araq + AzB) (7) ifodaga ega bo‘lamiz.
elel, = elel = ehel, = 0 ekanligidan
Cran(Arar + AaBr) + Cafr (1 + Ajaz + Azfz) =0
Crag(Arar + AaBr1) + Cafa(1 + Ajaz + Azfz) =0
Ao (Arag + AgBy) + AaBr (14 Arag + AaB2) =0
Araz(Aron + A2fr) + A2B2(1 + Araz + A22) =0
Ci1Ai1aq + Cr A58, =0
C1Ajan + C A28, =0
ko‘rib chigsak,
ele] = (Craq + Caofr)er + (Craz + Caffa)es
ehey = (ap(Arar + Az61) + Bi(1+ Arag + AzfBs))er + (az(Aron + Azfr) + Bo(1 4+ Aras + Azf2))ez
eheh = e = (Ajag + Asfr)er + (1 + Aras + Az fa)es
2.1-hol. C1(1 4+ Ajas + AsBs) # Cy(Araq + Asfy) (7) ifodadan
Cy(Araq + A1) = 0 bo'lsin. U holda Cy (1 + Ajas + Agf2) =1 =
Cr=1, (1+Ajaz+A253) =1
2.1.1-hol. C, =0, (A1 + Aszf1) =1 bo'lsin.

#0=

(8) sistemaga ega bo‘lamiz. Natijani

a1 = 0
Qo = 0
A =A =0 = ziddiyat(A A =0
(8) sistemadan L1 261 ziddiyat(Aran + Az ) sistema bajarilmaydi.
Arag = AzB2 =0
A10Z1 =0
A20é2 =0
2.1.2-hol. C, =1, (Aja; + Azf1) =0 bo'lsin.
B1=0
B2 = 04281 =0
(8) sistemadan ¢ AyBy =0
Aoy = A251
Arag = Azf
elel = aje; + azes, ehel, =0, ehel = ey ko'paytmani hosil gilamiz.
Agar a1 =0, as=1=e1e;1 =e3 e3ze3 =eo FEy7 =2 E5 algebrani beradi;
Agar a1 =1, as=0=e1e;1 = €1 eze3=ey F1s = Fq algebrani beradi;
Agar a1 =1, as=1=eje; =e; +ey eze3=ey F19 =2 FE3 algebrani beradi;
Agar a1 =0, as=0=e1e1 =0 eze3=eo Fy algebrani beradi;
2.1.3-hol. Cy =0, (A1a1 + Azﬁl) = 0 bo‘lsin.
0=0
0=0
A =0
(8) sistemadan 261 ekanligidan
Axfy =0
A1a1 =0
A1a2 =0

ele] = arer + agea, eheh, = Prer + Paea, ehes = eo ni hosil gilamiz. Bunda (81;82) # 0 aks holda
2.1.2-holga kelamiz va bundan quyidagi holatlar hosil bo‘ladi.

2.1.3.1-hol. p; =1, [2 =0 bolsin. U holda
e1e1 = ey, €969 =€1, €363 = €o Fo1 =2 FEqg algebrani beradi;
eie; = ey, €gey =e1, €363 = €3 FE55 =2 Ey algebrani beradi;
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e1e1 =e1 + e, €969 =€1, €363 = €9 Fo3 =2 Fq;p algebrani beradi;

ere1 =0, egeg =eq, e3ze3 =e9 FE5y = Ejsalgebrani beradi.
2.1.3.2-hol. B84 =0, (B2 =1 bo'lsin. U holda

€161 = €3, €26y = €3, €363 = €3 FEs5 = Eg algebrani beradi;

e1€1 = €1, €6y =€y, €363 = €3 FEss = E5 algebrani beradi;

e161 = €1+ €3, €6y =e€3, €363 = €3 FEo7 =2 FE7 algebrani beradi;

ere; =0, eges =eg, esze3 =e9 Fss =2 Fg algebrani beradi.
2.1.3.3-hol. 5; =1, B =1 bo‘lsin. u holda

e1e1 = ea, €96y =e€1 + €y, €363 = € Fog =2 Eq4 algebrani beradi;

e1e1 =e1, €xeg =e€1+ €y, €363 =€ Fsg =2 E13 algebrani beradi;

ere1 = €1+ €3, egen =e€1+ ey, €363 =€y Fs31 = Ey5 algebrani beradi;

eie1 =0, egeg =e1+ e, e3e3 =¢€y E35 =2 Ejgalgebrani beradi.

2.2-hol. Cl(l + Ajog + Agﬂg) 75 Cg(Aloq + Agﬁl) (7) ifodadan
Cl(l + Ajog + AQ@Q) = 0 bo‘lsin. U holda CQ(AlO[l + Agﬂl) =1=
Cl = ]., (A1a1 + Agﬂl) =1 kelib Chlqadl

Ushbu holatdan bolishi mumkin bo‘lgan holatlarni hisobga olib, (8) sistemaga qo‘yganimizda biz ziddiyatga ega

bo‘lamiz ya’'ni sistema birgalikda emas.
3-hol. v1 =1, 79 =1 bo‘lsin. u holda e3 - e5 = e1 + es.
Tabiiy B’ = {e], €}, e5} bazisni quyidagicha almashtiramiz.
eh = Aje; + Ases + €3
e, = Biej + Boeg
ey =1+ B+ Ajog + Azfr)er + (1 4+ Ba + Aras + Axf3a)es
bu yerda (ejef =€) +ef =€) =ehes —eb)

(14 By + Ajoq + A1) (14 Ba+ Araz + Axfa) 0

|PB’B|: By By 0 #0@
Ay Aq 1
(1+ B+ Arar + A251) (14 By + Avap + Azfs)
B, B, %0 =

By(1+ By + Ajag + AsBr) # Bi(1+ Ba+ Ajas + Asfs) (9)
eleh, = eles = ehel, = 0 ekanligidan
Biag(1+ Br + Ajar + A2B1) = Bafi(1 + Bz + Arag + A232)
Blag(l + By + Aja1 + A2ﬂ1) = Bgﬂz(l + By + Ajag + AQﬂg)
Arai(14 By + Arar + Aspr) = AsBi(1 4 By + Arag + Asfa)
Arao(1+ By + Arag + Agpr) = Agfa(1+ Bz + Aran + Azf2)
A1Biag = As By
A1Brag = Ay Bsfo
Natijani ko‘rib chigsak,

1
1

(10)

ifodaga ega bo‘lamiz.

sistemaga ega bo‘lamiz.

ehel = (a1(1+B1+A10q +As81) 4+ B1(1+ Ba+ Aras + Az fa))er + (aa(1+ B1 + Arar + Az 1) + fa(1+

Bs + Ajan + AQBQ))@Q
esey = (Bran + Bafi)er + (Biao + Bafa)es
eheh =e) +ehy=(1+ Aras + AsB1)er + (1 + Ajas + AzBs)es
3.1-hol. By(1+ By + A1y + A1) # Bi(1 4+ By + A + Aof3s)

A1a2 + Azﬁg) = 0 bo‘lsin. U holda Bg(l + By + A1a1 + Agﬁl) =1= By = ].,

3.1.1-hol. Bl = O, (1 + BQ + A1a2 + Agﬂg) = 1 bo'‘lsin.

9) ifodadan By (1 4+ B +
1+ B+ Ao +Ax6) =1
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B1=0

B2 =0

Ajan = Axph
Arag = Az
Azp1 =0
Azf2 =0
3.1.2-hol. By = 1,(1 + By + Ajaa + As3) =0

a1:0

(10) sistemadan ziddiyat hosil bo‘ladi. Sistema bajarilmaydi.

= (A1a2 + Agﬁg) = 0 bo‘lsin.

as =0
Ao =0
Asas =0
Ajay = AsBy = 0 = ziddiyat(Ajay + AsB1) =0
Ajag = Azf =0

3.1.3-hol. B; =0,(1+ By + Ajas + A332) =0

(10) sistemadan sistema bajarilmaydi.

= (A1a2 + Agﬁg) = 0 bo‘lsin.

0=0
0=0
(10) sistemadan Arag =0 ekanligidan
Aran =
A1 =0
Asfr =0

. . . a1 Qg
elel = aje; +ages, ehel, = Bre; + Paea, ehel = e + es ko'paytmani hosil gilamiz. Mp= (ﬂl 52> E

evolyutsion algebrani B’ tabiiy bazisga nisbatan strukturaviy konstantalari uchun «;, 3; larni Zy maydondan

tanlasak, quyidagicha 16 ta evolyutsion algebralar hosil bo‘ladi.

e1-e1=e; ey-ea=e1+e; eg-e3=e1+ex FEsg

er-ep1=ey1+ey; ex-ep=e1+ey; e3-ez=e;+ex L3y

el-ep=ey; ex-ex3=e;+ex; eg-e3=e;+ex Kss

e1-ep =e1+ey; ex-ex=e3; e3-ez3=e;+ex K3 = Ess
e1-ep =ey+ey; ex-ex=e1; ez-ez3=e;+ex F3r = Fs3
61'61:€1+€2; 62'62:0; 63'63:€1+62 E38
e1-e;p=e1; ex-ex=e€1; ez-ezg=e1+ey K

€1-€1 =e€3; €z-€3=¢e3; e3-e3=e€1+ey Fyp = Fg

e1-e1=0; ex-ex=e1+ez; e3-ez3=e1+e Ky = Fig
e1-e; =ez; ex-ex=e1; ez-ezg=e;+ey Fy

e1-e;p =e1; ex-ex=¢ez; e3-ez3=e1+e Fi3=Fy
e1rep=e1; ex-ea=0; e3-e3=e1+e FEy
erre1=0; ex-ex=e2; e3-e3=e1+ex Kz = FEy
e1rep=ez; ex-e2=0; e3z-ez3=e1+ex FEyg
e1re1=0; ex-exa=e1; ez-ez3=e1+ex Ky 2 Eyy
e1re1=0; ex-e2=0; e3-e3=ec1+ex Fys

3.2-hol. Bg(l + Bl + A1a1 + Agﬁl) # B1(1 + BQ + Alag + A2ﬂ2)

A1a1 + Agﬂl) = 0 bo‘lsin. U holda Bl(]. + BQ + Alag + Agﬂg) =1

By =1,

(14 B+ Ao + Axfo) =1

=

ifodadan By(1 + By +

Ushbu holatni ko‘rib chiqqanimizda 3.1-holatda hosil bo‘lgan evolyutsion algebralarga izomorf evolyutsion
algebralar paydo bo‘ldi. Teorema isbotlandi.
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o F:
o Fy:
o Fs:
o F,:
o [ :
o Fj:
o [

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

-e1

- e

- eq

-e1

- eq

- e

- eq

-e1

-e1

-eq

- el

-e1

- el

-eq

-eq

- el

-eq

-e1

-eq

-eq

- el

-eq

- el

-e1

-eq

- e

-eq

-e1

-eq

-eq

- e

-eq

-e1

€1; €2
€15 €2
€1; €2

€1; €2

€1; €2

€1; €2

€15 €2

€1; €2

€1; €2

=€1; €2
=e1; €
=€1; €2
= €1; €2
=€1; €2
=e; t+es;
=e1 tes3;
= e1 + €3;
=e1 t+es;
= e1 + e3;
=e; t+es;
=e1 tes3;
=e; t+es;
=e1 +es;
= e1 + es3;
=e1; t+es;
=e1 tes3;

=e1 + es;

- €9

(D)

)

)

- €2

)

- €9

)

- €9

- e

- €

e

- e

- €

= €3; €2-€2

=€3; €2-€2

€1+ ez + es;
e1 +es + es;
e1 + ez + es;

€1+ ez + es;

=e1tey; e3-e3=e3
=e;t+ez; esz-e3=e2+te3
=e1+eg; ez-e3=e;tes
=e+ey e3-e3=e +extes
= €3; €3-€3=¢€2
=e3; e3-ez3=exte3
=e3; e3-e3=e1+e2
=e3; ez-ez3=e;+extes
=ezte3; e3-e€3=¢€3
2 =ex+e3; e3-e3=e1+e
2 =€2; €e3-€e3=e3
2 =¢€2; e3-€3=e€1+e2+e3
2=e€1te3 e3-e3=e;t+e
2=e€1+te3; e3-ez3=e+extes
ex-ez=e1+e; e3-ez3=e1
ex-ex=e€1+e e3-e3=e3
€ex-€z=e€1; €3z-ez=¢e;+e
ex-ex3=e€1+ey e3-ez3=e;t+extes
€2 €3 =€1; €3°€3=E2
ex-ez=¢e€1; €3z-ez=¢€;+extes3
€2 €3 =€3; €3°€3=E€2
€x-€z=e€3; €3-e3=¢€] e
€9 * €2 = €3; 63'63:61+€2+63
ex-e3=e€xte3; e3-ez3=e
ey ey =€zt €3, e3-e3=e€1+exte3
ey ey =e€1t+ex+e3; ez-ez3=e
ex-ez=e€1+ex+ez; e3-ez3=e1+e2
ex-e3=e€1+eg; ez-e3=e
ex-e3=e€1+ez; ez-ez=e;+e
€2 €3 =€1; €3€3=E¢€2
€2 €2 = €3; €3-€3 =€
=e1+e3; ez-e3=e;+e
=e1; e3-ez=e;t+e
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o F3y: e1-e1=e3; ex-ex=e1+e3 e3-e3=e

e F35: e1-e1=e3 ex-ex=¢e1; €3-€3=¢e

e F36: e1-e1=ex+e3; ex-ex=e1; e€3-€3=e

o F37: e1-e1=ex+e3; ex-ea=e1+e3 e3-€3=e
e [il33: e1-ep=ey+te3; ex-ex=e1; e3-€3=¢€1+¢€

Isbot. dimE? = 3 bo‘lganda E? =< ey, €3, e3 > ni qaraymiz.
Zy maydonda «; +a; =0, o? = q; ekanligini eslatib o‘tamiz.
Uch oflchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi
el -e; = aie| + azes + ages
es - eg = brey + baes + b3es
e3 - e3 = c1€1 + cee9 + Cc3€3
ma’lumki, e; -eo =e;-e3=ey-e3=0
Bu yerda B = {ey, eq, e3}- tabiiy bazis, a;, b;, ¢; € Zo

a; az as
Mp=1|by b b3z | E evolyutsion algebrani B tabiiy bazisga nisbatan strukturaviy konstantalari
i C2 C3
ay az as
|Pg|=|b1 b2 b3| # 0. Natijani hisoblaymiz.
C1 C2 (3
1-hol. a; = by = ¢3 = 0 bo‘lsin.
0 az as
|PB|: b1 0 b3 75 0. = agb3C1 + a3b162 7& 0= a2b361 7& agblcg
C1 Co 0

1.1-hol. asbszc; = 0 bo'lsin. U holda agbico =1 = a3=01 =cx =1

Agar as = 0 bo‘lsa;

bs3=1, c1=1; ejeg =e3, egea=¢€1+e3, esze3=e1+ e FEp algebrani beradi;

bs3=0, c1=1; ejeg =e3, eges=¢€1, ezez3=e;+ ey FEy algebrani beradi;

b3=1, ¢ =0; eje; =e3, egeg =e1+e3, ezez3 =ey FE3 algebrani beradi;

b3 =0, ¢ =0; eje; =e3, egeg=e1, eszez3=ey FE4 algebrani beradi;

Agar as = 1 bo‘lsa;

b3=0, c1=0; eje1 =ex+e3, egeq=c¢e1, eze3=ey FEj5 algebrani beradi;

bs=1, c1=0; eje1 =es+e3, egega=¢€1+e3, e3ze3=cex Fgalgebrani beradi;

b3 =0, c1=1; eje1 =esx+e3, egea=c¢€1, eze3=e1+ ey FE7 algebrani beradi.
1.2-hol. asbzc; = 1 bo'lsin. U holda agbico =0 = as =b3=c1 =1

Agar a3 = 0 bo‘lsa;

by =1, ca=1; eje;1 =ea, eseg =e€1+e3, ezes3=e1+ey FEg= FE7 algebrani beradi;

by =0, ca=1; eje;1 =ea, egea =e3, eses3=e1+ex Fg = Fy algebrani beradi;

by =1, c2=0; eje1=e2, egea=¢€1+e3, eze3=e; FEjg= FE5 algebrani beradi;

by =0, c2=0; e1e1 =e2, eges=ce3, ezez3=e F11 = FE, algebrani beradi;

Agar a3 = 1 bo‘lsa;

by =0, c2=0; eje; =ezx+e3, ege0=-ce3, e3e3=¢e17 Fi3= FE3 algebrani beradi;

by =1, c2=0; eje1 =ex+e3, ese0=e1+e3, eze3=c1 F13= Fg algebrani beradi;

by =0, co=1; eje1 =ex+e3, e2e0=-e3, ezes3=e1+ey Fi4= F; algebrani beradi.
2-hol. a; = 1 bo'lsin.

1 as as
U holda |PB|i bl bg bg 7é 0.
€1 C2 C3

Ushbu evolyutsion algebraning strukturaviy konstantalarining determinanti noldan farqli bo‘ladigan
holatlarni ko‘rib chiqqanimizda jami 96 ta evolyutsion algebra hosil bo‘ldi. Bunda o‘zaro izomorflarini ajratib
chiqganimizda 31 ta o‘zaro izomorf bo‘lmagan evolyutsion algebralar hosil bo‘ldi. Teorema isbotlandi.
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Rezyume

At present, one of the important directions in modern algebra is the study of the theory of evolution algebras.
Evolution algebras are connected to various other areas of mathematics, including graph theory, Markov
processes, and dynamical systems. The class of evolution algebras was first introduced by Lyubich in 1992. In
2008, Tian, in his monograph, used the term evolution algebra and presented certain applications and properties
of these algebras. This paper provides a classification of two- and three-dimensional evolution algebras over the
field Z4

Key words: Evolution algebra, natural basis, homomorphism, isomorphism, field, dimension.
Rezyume

Ha coBpemennom sTame omHNM M3 aKTYaJbHBIX HAIIPABJIEHUH B PA3BUTUU AJITeOPbHI SABJISIETCS TEOPUS SBOJIIONN-
oHHBIX aJyirebpa. JlaHHBIN Kiacc ajaredpa IpecTaBJIsgeT co0ON OTHOCUTEJILHO HOBOE HAaIIpaBJIeHHE, 001 1arolee
MIIPOKOH 00JIACTBIO IPUMEHEHNST U TECHO CBSI3aHHOE C JIPYTHMHU PA3JIeIaMi MATEeMATUKM, TAKAMUA KaK TEOPHUst
rpadoB, MAPKOBCKUE IPOIECCHI M TEOPUsT TUHAMUIECKUX cucTeM. [IoHsITIe 9BOJTIONMOHHON aredphl OBLIO BIIEp-
Bble BBejsieHO Jlrobmdaem B 1992 roxy. CyIecTBeHHBIH BKJIAI B pa3BUTHE JAaHHOW Teopun BHEC THuaH, KOTOPBIi
B cBoeit moHorpaduu, n3nannoit B 2008 roay, cucreMaTu3npoBaJ OCHOBHBIE CBOIICTBA IBOJIIOIMOHHBIX ajredp
U TIPOJIEMOHCTPHUPOBAJ UX Tpuioxkenus. Hacrosrmas pabora mocBsIeHa KIaCCUMUKAIIUN JIBYX U TPEXMEPHBIX
9BOJIIOIIMOHHBIX aJiredpa HaJl 1moyieM Zso

Karouesnie ca08a: IBOJIONNOHHAS ajirebpa, HaTypaJbHbIN 6a31C, TOMOMOPMOU3M, H30MOPMU3M, IOJIs,
Pa3MepHOCTb.
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