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RESUME

In the paper stable type p Banach spaces are considered. We extend a result known for independent
random variables to the mixing random variables. A sufficient and necessary condition for stable
type p Banach spaces is given.

Key words: Rademacher type p Banach space, a stable type p Banach space, mixing condition.

It is known that validity of limit theorems in Banach spaces depends on geometrical structure of Banach
spaces (see for instance [1]-[11]). There are several types of Banach spaces. We will consider two types of Banach
spaces.

Namely, we will consider Rademacher type p and a stable type p Banach spaces.

Let B be a separable Banach spaces with a norm |- || and {X,,, n > 1} be a sequence of independent
random variables with values in B. Now we will give a definition of Rademacher type p Banach space.

Definition 1. We say that B is Rademacher type p (1 < p < 2) Banach space if for any finite collection
of B—valued independent random variables X1, X, ..., X,, with EX; =0, ||X7,'||p < o0 there exists a constant

C = C(p, B) > 0 such that

n p

>

i=1

E <CY EB|Xi|.

i=1

Obviously any separable Banach space is Rademacher type 1 space. L, [, spaces are Rademacher type
2 Banach spaces for p > 2 and L,, [, are Rademacher type p spaces if 1 < p < 2. ¢y space is not Rademacher
type p space for any p € (1, 2].
By 6 we denote a real valued stable random variable with characteristic function

Eexp(ith) = exp (— [t|")
{0;, 1 > 1} is a sequence of independent copies of 6.

Now we give a definition of stable type p Banach spaces.
Definition 2. We say that B is a stable type p (0 < p < 2) Banach space if for each g < p there exists a

constant C' > 0 such that for all integers n and any x1, xs, ..., £, € B the following inequality holds
n q\ 1/aq n 1/p
(E > b ) <C (Z ||xi|”) :
i=1 i=1

It is known that B is of stable type p if and only if for all sequences z1, x3, ... of elements of B such that

o0
> ||$1Hp < oo the series
i=1

o0
E 0;x;
=1
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converges almost surely, see [4].

If B is of stable type p, then for independent random variables &1, &o, ..., &, with characteristic functions
exp (—a; [t|"),i=1, 2, ..., n and any 1, 2, ..., T, € B the following inequality holds (see [4])

q\ 1/q n 1/p
(]} <o (Smrer)
i=1
where ¢ < p and C =C(q) >0

Some of above results were extended to the case of mixing random variables.

n
> G
i=1

For the sequence {6;, i > 1} mixing coefficients are defined as following

P(AB) — P(A)P(B
P(k) :sup{| ( P)(A)P((B)) (B) c A€ Fl', Be F5,, ne N, P(A)P(B) > 0}
where F? is a o—field generated by random variables 0, ..., 0;.

We say that the sequence {6;, i > 1} is ¢»—mixing, if lim ¢(n) =
n—oo

Denote S, = > X;.

i=1
We will give some of the results for )—mixing Banach space-valued random variables from [11].
Theorem 1 ([11]). The following statements are equivalent:
1) B is a stable type p Banach space.
2) For any sequence {x;, ¢ > 1} of elements of B such that

(oo}
D lall” < oo
=1

and any sequence {6;, i > 1} of ¥y —mixing identically distributed p—stable random variables with characteristic
function fy, (t) = exp (— [t|*) and

o0
D (k) <oou(1) <1
k=1

the series

oo
E 0;x;
i=1

converges almost surely and in L, ¢ < p.

3) For any bounded sequence {x,, n > 1} of elements of B and any sequence {r,, n > 1} of ¢»—mixing random
variables with

1
P(rp=4)== 1,2, ..
2
> vk
k=1
the series
(o)
>
1 n
o n /P

converges almost surely.
4) For any bounded sequence {x,,, n > 1} of elements of B there exists a choice of £,, = +1 such that the series
oo
En
Z nl/p Tn
n=1

converges.
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Theorem 2 ([11]). Let B be a stable type p (1 < p < 2) Banach space and {X;, i > 1} be a sequence
of symmetric, identically distributed ¥ —mixing random variables with values in B. Assume that the following
conditions hold

D (k) < oo,
k=1

lim nP <||X1\| > nl/p) =0
n—oo

Then as n — oo

1

—7 > Xi =0 in probability.
n

i=1
MAIN RESULT.

Our goal is to give another sufficient and necessary condition for type p stability of Banach spaces. We
will extend Theorem 1 of [7] to the case of mixing Banach space-valued random variables.

Let {X;, i > 1} be a sequence of ¢»—mixing random variables with values in B a separable Banach space

B.
Denote
Ap(X) =sup PP (| X|| > ¢).
t>0
The following is our main result.
Theorem 3. B is stable type p (0 < p < 2) Banach space if and only if
MPSEAELD v 0
i=1 i=1
for all symmetric ¥y—mixing B—valued random variables X7, Xs, ..., X, such that
Ay (X)) <o0,i=1,nn>1
and

Z P(k) < oo.
k=1

Proof of Theorem 3.

Necessity follows from Theorem 1 of [7] where this theorem was proved for independent Banach space-
valued random variables. As independent random variables are )—mixing, the necessity part of the theorem
follows from Theorem 1 of [7].

It remains to prove that in stable type p (0 < p < 2) Banach B (1) holds for Xy, Xs, ..., X,.

It is known (see for instance [4]) that if B is a stable type p (0 < p < 2) Banach space then there exists
p’ > p such that B will be Rademacher type p’. We will use this fact for the Y; = X; I (|| X;] < 1).

As in [7] we have
p< >1>§P<
g

DY
i=1
Now we will use the following

Theorem 4 ([10]). Let B Rademacher type p’ (0 < p’ < 2) Banach space. Then for any finite set of
1®p—mixing B—valued random variables X7, X5, ..., X, such that

n

S,

i=1

>

=1

> 1, max | X;]| < 1) +P(max | X > 1) <
1<i<n 1<i<n

> 1) +§n:Ap (X,).
=1

EX; =0,E||X;|]” < oo,
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> (k) < oo
k=1

there exists a constant C (B, p’, 1) such that the following inequality holds

I)l n
E <C(B, P, ¥)Y EIXi|".

i=1

>x
i=1

Using above theorem and Markov inequality we have
Py

i=1
E

> 1) +57A, (X)) <
=1

’
n p

> Y

i=1

n

+ ZAZJ (X5) <

i=1

C(B. v )Y EIYIl" +) Ay (X)).
i=1 i=1

It is proved in [7] that
/

p

E|Y;|]” = A, (X;).
Y]] pr— » (Xi)
Thus
- C(B, p, ¥)p ) g
(0] 1) = (2525 ) Sy

Xi

Replacing X; by =

as in [7] we get

>x
i=1

p<‘

C n
> t> <D A (X).
i=1
The theorem is proved.
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REZYUME

Magolada turgun tip p Banax fazolari ko‘riladi. Biz bog‘ligsiz tasodifiy migdorlar uchun ma’lum
bo‘lgan natijalarni qorishmali tasodifiy miqdorlar uchun umumlashtiramiz. Turg‘un tip p Banax
fazolari uchun zarur va yetarli shart keltirilgan.

Kalit so‘zlar: Rademaxer tip p Banax fazosi, turg‘un tip p Banax fazosi, qorishmalilik sharti.

PE3IOME

B crarpe paccmarpuBarorcs BanaxoBbie mpocTpancTBa ycroiiunBoro tuma p. Mbl pacmpocTpaHseMm
pe3yabTaTbl, U3BECTHBIE I HE3aBUCHUMBIX CJIy4YailHbIX BeJWYHWH, Ha CJydaiiHble BeJIUYUHBI C IIe-
pemernuBanueM. IIpuBoguTcss HeOOXOIUMOE M JOCTATOYHOE YCJIOBHE JJIsi BaHaXOBOBIX IIPOCTPAHCTB
YCTOWYUBOIO THUIIA P.

Karouesvie caosa: banaxoBo mMpoCTpaHCTBO PaIeMaXepPOBCKOTO TUMA p, BaHAXOBO IIPOCTPAHCTBO
YCTOMYINBOrO THUIIA P, YCJIOBUE ITEPEMETTUBAHNS.



