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LIE ALGEBRA OF DIVERGENCE-FREE VECTOR FIELDS AND
SOLENOIDALITY OF KILLING VECTOR FIELDS
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jasurbek05@gmail.com

RESUME

The article investigates solenoidal vector fields and demonstrates that they form
a Lie algebra with respect to their Lie bracket, while also proving that Killing
vector fields are solenoidal. These fields are pivotal in the Helmholtz decomposition
theorem and have diverse applications, such as in the design of solenoid valves
and electromagnets. Furthermore, the proven theorems confirm that the space of
solenoidal vector fields constitutes a Lie algebra, with the Lie bracket acting as the
multiplication operation.

Key words: Vector field, Killing vector fields, Solenoidality, Lie bracket, Lie
Algebra.

Vector fields whose divergence is calculated in different physical applications have very
different physical meanings. However, everywhere the divergence of the vector field is directly
related to flows through closed surfaces S.

The very concept of flow originally arose in hydrodynamics, when describing the motion of
an incompressible fluid, the bulk density of which is the same at all points in space: p = const.
Since the concept of hydrodynamic flow is closest to life, therefore its discussion makes sense.

In addition to the gradient and divergence discussed above, in applications one more 1st
order differential operation, called a rotor, is often encountered, which maps a vector field into
a vector field.

Divergence and curl are defined invariantly. If the system of Cartesian coordinates Oxyz
is introduced in the three-dimensional Euclidean space R?, and the vector field X (x,y,2) =
P(z,y,2) ]+ Q(x,y,2) ] + R(x,y,2) k is given, then they can be calculated by the following
formulas

P (My)  0Q(My) DR (My)

divX (M) = PR L M

rotX (My) = (R, — Q.)i+ (P. — Ry) j + (Q. — P,) k.

Now, using the properties of differential operations, we will prove several propositions
that can be used in problems in the theory of vector analysis.



ActAa NUUz EXACT SCIENCES Vor.2, Nel, 2025, pp.3-9

Consider the scalar field u = zyz. Let us prove that any integral curve of the potential
vector field X = gradu is the intersection of two surfaces of the second order. That is, we prove
the following

Proposition 1. Any integral curve of a potential vector field X = gradu is an intersection
of two second-order surfaces.

Proof. For a vector field X (z,y, z) = gradu (z,y, z) = yzo, + x205 + xy0s,
where 01, 0y, 03 are basic vector fields, the system defining integral curves has the form

T =1yz,
y=uwz,
z=ay.
Where
2 P
— L _C 1
2 2 b (1)
2 2
Y z
= — — =, 2
2 2 2 (2)

Equations (1) and (2) define two families of hyperbolic cylinders whose generators are
parallel to the axes Oz and Oux, respectively, as well as two pairs of planes, x+ = +y and
y==+z at C; = Cy = 0.

Any integral curve of a vector field X, is a line of intersection of two surfaces, which are
obtained at fixed values of constants C and Cs, from families (1) and (2).

If 7 = C5 = 0, then the line of intersection of the planes x = y and y = 2 is a straight
line passing through the origin. Its canonical equation has the form

r Yy oz
c_J_Z 3
1= 1 (3)
And the vector field X (z,y, z) at the points of the straight line (3) has the form
X (z,y,2) = 2°0, + 2°0y + 2°03.

Definition 1. A scalar field that depends only on the distance of a point to the origin is
called spherical.

Proposition 2. The gradient vector field of a spherical scalar field is a potential vector
field.

Proof. Let a scalar field u = f (r) be given, where r = /2% 4+ y2 + 22. The scalar field
u = f (r) depends only on the distance of the point (z,y, z) to the origin, therefore it is spherical.
Find the gradient field of u = f (r):

gradu = gradf ()= { - 1) 51 0). 3£ )} =
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It follows from the relation X = f'(r)Z = gradf(r) that the vector field X = f/(r)f is
potential, and the function f(r) is its potential.

Corollary 1. The Coulomb field X = & - Z(C' = const) is a potential field.

Indeed, the Coulomb field X = r% - = is a special case of the potential field f'(r)~
considered in Proposition 2 and having the potential f (r). Therefore, sloping f'(r) = If‘l%’ we
find f(r) = =€ + Cy, where C) is an arbitrary constant. This means that the Coulomb field
is potentially and can be represented as X = 7% . ;3 = gradf (r), where f (r) = C; — % is its
potential.

3133

It should be noted that the potential of any vector potential field is determined up to a
constant term. This term does not affect the coordinates of the vector field, which is obtained
by differentiating the potential.

Let the vector field X = f (r) 7.

Proposition 3. If X is a vector field of a spherical scalar field, then it is solenoidal in
any region that does not contain the origin.

Proof. A vector field X is called solenoidal if it is a vortex of some field Y, i.e. X = rotY.
In this case, the vector field Y is called the vector potential of the field X. A necessary condition
for such a ratio is the equality div X = divrotY = 0. Therefore, the flow of the solenodial field
through a closed surface is zero. If the vector field is the velocity field of a continuous medium
or liquid, then the flow of this field through a closed surface characterizes the total power of
sources or sinks.

Divergence is a point characteristic of the distribution of sources and sinks. In the case
of a Solenodial field, there are no sources and sinks. An example of such a field is the field
of magnetic intensity. This component of the electromagnetic field is different in that it is not
generated by static elements such as static electric charge. The absence of magnetic charges in
nature from a mathematical point of view is a property of the solenoidal nature of the magnetic

field.

Consider the vector field X of a spherical scalar field X = f (r) 7, 7 = zi+yj + 2k, r = |7]
and determine the form of the function f (r) for which the field X is solenoidal. By definition
of divergence, we find

0 0 2

X = 5 (F0)2)+ 5 ()0 + 5 ()2 = /()5 +

2 2

FFE) I @) A f @)+ )+ F )= /(1) +3F ().

It follows from the solenoidality condition divX = 0 that f'(r)r + 3f (r) = 0. Next, we
find a solution to the equation f’'(r)r+3f(r) =0:

df (r) dr
=-3—,In|f(r)==-3Inr+1InC,
=8 mlf ()
where f (r) = &, where C is an arbitrary constant.

Hence, the divergence of the spherical vector field X = f (r) 7 is equal to zero only when
f(r)= 7%, i.e. only in the case of a Coulomb field X = T%F This field is solenoidal in any region
that does not contain the origin.
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Proposition 4. If X is a vector field of a spherical scalar field, then it is irrotational.

Proof. The vector field X, whose rotor is equal to zero, is called irrotational. In this case,
if X = X'0; + X20, + X393 (here 9; = {1,0,0},0, = {0,1,0},05 = {0,0, 1} are basic vector
fields) then

_ 9xXr _ ax3 _
rot,X = o 0, (4)
rot, X o~ oy 0

Note that conditions (4) coincide with the conditions for the potentiality of the field X.
This means that there is a scalar field u (x,y, z) whose gradient is X : X = gradu.

Thus, the equation rotX = 0 expresses the condition of the potentiality of the field X.
Consider a spherical vector field X = f (r) 7,7 = zi+yj + 2k, = |7]. By definition of a
curl, we find

1 J k
—| 9 9 9 | =
rotX = Ox Oy Oz -

(a—yfmz—@ (r)y)i + (@f(m:c—% (r)z)jJr + (£f(r>y—a—yf(r)x> k=

P (E -y re (Z - (B - )R-

r r r r r

It follows from this that the curl of any spherical vector field is equal to zero, i.e. the
spherical vector field is vortex-free field.

Let M be a smooth connected Riemannian manifold of dimension n, and let a smooth
vector field X be given on the manifold M.

Definition 2. A vector field X on M is called a Killing vector field if the one-parameter
group of local transformations generated by the field X consists of isometries [6].

Example 2. In three-dimensional Euclidean space M = R3 (x,y, z) there are six linearly
independent Killing fields over the field of real numbers: X; = 0y, Xs = 05, X3 = 03, Xy =
282 — y03,X4 = —281 + 1'83, XG = y81 — ZL‘@Q.

The transformation groups generated by the vector fields X, X5, X3 are the groups of
parallel translations in the direction of the axes Ox, Oy and Oz respectively, and the last three
are the groups of rotations around the axes Oz, Oy and Oz respectively.

The last three fields are also Killing fields on the two-dimensional sphere S2.
The Killing vector field has the following properties [12]:
1. The Lie bracket of two Killing fields again gives a Killing field.

2. A linear combination of Killing fields over the field of real numbers is also a Killing
field. Therefore, the set of all Killing vector fields on the manifold M, denoted by K (M), forms
a Lie algebra over the field of real numbers.

Theorem 1. [12] The Lie algebra K (M) of the Killing vector fields of a connected
Riemannian manifold M has dimension at most $n(n + 1), where n = dimM. If dimK (M) =
sn(n+ 1), then M is a manifold of constant curvature.

6
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Proposition 5. The Killing vector field in three-dimensional Euclidean space is a
solenoidal vector field.

Proof. As shown in the proof of Proposition 3, in order for a vector field to be potential
or irrotational, it is sufficient that condition div X = 0 be satisfied. It is known that in three-
dimensional Euclidean space any Killing field can be represented as a linear combination of the
following basis Killing vector fields:

X1 =01, Xo =0y, X3 =03, Xy = 200 —y03, Xy = —201 + 203, X¢ = y0; — x0s.

It is easy to see that the divergence div X = 88)2 -+ 68—);2 + 38—)23 of the basis vector fields is
equal to zero, i.e. they are solenoidal.
The Killing vector field in three-dimensional Euclidean space can be written as

X = MX1 + XX+ A3 X3 + M Xy + As X5 + Ae X,
where A1, Ao, A3, A4, A5, Ag are real numbers. Using the divergence property
div(AX + pY') = MivX + pdivy,

we can state that divX = 0.

Theorem 2. The Lie bracket of two solenoidal vector fields in three-dimensional Euclidean
space is a solenoidal vector field.

Proof. Let X = X9, and Y = Y9, be given in R? - solenoidal vector fields. Consider
the Lie bracket of these vector fields, which is defined in local coordinates as follows [X, Y] =
(X' %’;f & %)fo )0;, where 0; are basic vector fields. Since the considered vector fields X and Y
are solenoidal, it can be argued that X = rotX,Y = rotY. Then, we prove that if Z = [X,Y]
then Z = rotZ. It is known that if Z = rotZ, then divZ = 0.

Let’s check the divergence of the vector field, which was obtained using the Lie bracket
of two solenoidal vector fields:

oYy ’ YT 0X axt oyt 92Y!

Jj=1

) ). & 19°x1 fé) oyt 2 92yt avy?  ax! 2 0%2X!
-Y + +X Y 8x1622+

X2
Or1  Omy 0z3 Oz1  Oxa Ox10z2 Ox1  Oxa

0X* oyl L, oY oy' ax' X 9X! oy, oMY

+ (91'1 . a_l’g + 8.1'161'3 - (91'1 ‘ al’g - (91’161'3 + (91'2 . (933’1 + 81'10.1'2 -
oYt Oz? L 0%z Orr OY?  L,0%Y? 9Y? 0Oa? o, 02 a?
— . -Y + . +x 5 — . -Y 5 +
Odry 011 0xr10xy Oxg O 0x; O0xry  Oxo 0x;
0x® 0Y? , 0?Y? Y3 0x? , 0%2? oxt oY? . 0*Y!
+ . +x . -Y + . +x
O0xy Oxs 81*283:3 O0xy Oxs 0x90x3 Oxs 01 axlax2
_8_Y1 8i vl 0%’ N ox? 9Y? Ly , O?Y3 Y% 023 _y2 o n
8x3 8.1‘1 81’281’3 81’3 8 396281:3 8x3 8.772 81’281’3
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+8933 oy3 N L0773 B oy?3 0oa3 B Y302353
Oxs Oxs o 3 Oxs Oxs ox3’

If we take into account that the considered vector fields X and Y are solenoidal, then
from the relations

it follows that

which was required to prove.

Solenoidal vector fields, with zero divergence, are crucial in fluid dynamics for describing
incompressible flows and in electromagnetism for adhering to Gauss’s law, which indicates
the absence of "magnetic charges." These fields are essential in the Helmholtz decomposition
theorem and are used in various applications, including the design of solenoid valves and
electromagnets. Additionally, Theorem 2 establishes that the space of solenoidal vector fields
forms a Lie algebra, with their Lie bracket functioning as the multiplication operation.
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REZYUME

Magqolada solenoidal vektor maydonlarini o’rganilgan va ularning Lie algebrasi
tashkil etishi ko’rsatilgan, shuningdek, Killing vektor maydonlari solenoidal
ekanligini isbotlangan.

Kalit so‘zlar: Vektor maydon, Killing vektor maydonlari, Solenoidallik, Lie qavsi.

PESIOME

B craTne N3y4eHbl COJIeHOUdaJIbHbIE BEKTOPHbIE I10JId U IIOKa3aHO, 9YTO OHU O6p&3y—
0T am‘e6py JIn oTHOCHTEILHO X CKODOK JII/I, a TaKzKe JOKa3aHO, 9YTO BEKTOPHLIE
nosg Kujinnara aBiigioTcsd COJICHON JaJIbHBIMU.

Kaouesvie caosa: Bexkropubie nosisi, Bekropubie nosst Kummmara, CosteHonab-
Hocth, CrobKa Jln.
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RESUME

In this paper, using the modified Galerkin method and the methods of a priori
estimates, “e-regularization”, we study the unique solvability and smoothness of a
regular generalized solution of a nonlocal boundary value problem of periodic type
for a mixed type equation of the second kind of the fourth order in Sobolev spaces.

Key words: equations of mixed type, nonlocal boundary value problem, e-
regularization, Faedo-Galerkin, Sobolev spaces.

As is known, A.V. Bitsadze in his research has shown that the Dirichlet problem for a
second-order mixed-type equation is ill-posed [2|. The question naturally arises: is it possible
to replace the conditions of the Dirichlet problem with other conditions that cover the entire
boundary and ensure the well-posedness of the problem ? For the first time, such boundary
value problems (nonlocal boundary value problems) for a second-order mixed-type equation
were proposed and studied by F.I. Frankl [13]. Problems for second-order mixed-type equations
of the second kind, close in formulation to the ones under consideration, were studied in
bounded domains in [6]-]9], [14], [16], [20]. Nonlocal boundary value problems for a high-order
partial differential equation without degeneracy were studied by many researchers; a complete
bibliography of these studies is given in books [11], [19] for a high-order mixed-type equation
with local boundary conditions in various spaces, they were discussed in [4], [5], [18] and with
nonlocal boundary conditions such problems were studied insufficiently [10].

In this paper, applying the results obtained in [4], [5], [8], [9] and the modified Galerkin
method, methods of a priori estimates and “e-regularization”, we study the unique solvability

10



ActAa NUUzZ EXACT SCIENCES Vor.2, Nel, 2025, pp.10-19

of a regular generalized solution to one nonlocal boundary value problem of periodic type for
the fourth-order mixed-type equation of the second kind in Sobolev space.

In domain @ = (0,1) x (0,7) = {(z,t);0 <z < 1;0 <t < T < 400} we consider the
fourth-order mixed-type equation of the second kind:

Lyu = Pu+ Mu = f(z,1), (1)
4 .
where P, = ZKi(x,t)Diu, Mu = QUgzps — Dlgey — Cligy, Ky(z,t) = Ky(t), Diu = 2% (i =
i=0

0,1,2,3,4), Du = .
Let the following conditions be satisfied for the coefficients of equation (1):

K,(t) € C*(0,T)NC[0,T]; Ki(z,t) € C*(Q)NC(Q); a,b,c — const s > 0,

K4(O) = K4(T) = O, K4t(0) = K4t(T>, KI(J],O) = Kz<$,T), 1= 0, 1,2,3, for all x € [O, ]_]

Equation (1) refers to equations of mixed type of the second kind since no restrictions are
imposed on the sign of function Ky(t) with respect to variable ¢ inside segment [0,77] [3], [8],
[9].

1. Nonlocal boundary value problem of periodic type: Find solution u(x,t) to
equation (1) from Sobolev space W3 (Q), that satisfies the following boundary conditions:

’YD;] u|t:0 - Dg u|t:T; q = 07 17 27 (2>

D£U|x:0 = D£u|x:1 P = 07 17 2a 37 (3)

where v is a non-zero value, which will be specified below.

In what follows, we need to determine the following definitions and auziliary propositions.

Let € (e, e5); (e, = cos(€,t), e, = cos(€,x)) be the unit vector of the internal normal

to boundary 9Q). When obtaining various a priori estimates, we often use Cauchy’s inequality
with o [12], that is
Yu, 9 > 0: Yo > 0; 2u-9 < ou? + o 2.

The class of smooth functions from space Wi (Q), satisfying conditions (2)—(3) we denote by
Cr.

Definition 1. We call function u(x,t) a regular solution to problem (1)-(3) if u € Cy,
and it satisfies equation (1) almost everywhere in domain Q.

Theorem 1. Let the above conditions be satisfied for the coefficients of equation (1);
Ki(z,t) > 0 is a sufficiently large function and, in addition, let the following inequalities be
satisfied for the coefficients of equation (1): —(2K3—3Ky+3AKy4) > 03 > 0, 2K — Koy + A\Ky >
02 > 0, AKg — Koy > 61 > 0, for any (z,t) € Q, where A = ZIn|y| > 0, |y| > 1. Then if for
any f(z,t) € Lo(Q), there is a regular solution u(x,t) to problem (1)-(3) from Sobolev space
WHQ), then it is unique and the following estimate holds for it:

20 < e IFIE. (4)

11
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Proof. We will prove the uniqueness of the solution to problem (1)—(3) using the method
of energy integrals. Let there exist a regular generalized solution to problem (1)—(3) u(z,t) from
Sobolev space Wy (Q). Consider the following identity:

2/ Lu-e ™., dedt = 2/ e M, dadt. (5)
Q Q

Due to the conditions of Theorem 1 and Cauchy’s inequality with ¢ [12], and based on
the boundary conditions (2), (3), by integrating identity (5), we easily obtain the following
inequality:

T

‘2/ e MLu - uy dxdt' > / e_’\t{—(QKg — 3Ky + 3NKy)uy, + AauZ, + \buZ, + Acu?
Q Q
—|—(2K1 — th + )\KQ)U? + ()\KO — KOt)U2} dxdt — ZO'HU“HS

—5>\4K0'_1 ||Ut||(2) + / G_At <—2K4utttut + 2(K4t — )\K4)uttut (6)
0Q

T

+Kyu?, — 2K3uyu; — 2Kou? — Kou® + au?, + buZ, + cui) ey ds

+/ e’\t{Zauxmut(aumum — 2bug gty — QCuzut) }ew ds.
oQ

where K = max {||K4||é2[07T] ) ||K3||?J1(Q)}. The conditions of Theorem 1 ensure that the

integral over domain () is non-negative and that the boundary integrals vanish. Then from
inequality (6), we obtain:

‘—2 fQ Lu-e -, dxdt‘ > Jo e M {03 - uZ + Nau?, + \bu?, + du+
FAcu? 4 0y - u?} dedt — 20 - |ugl]l — SN 0K - |||

(7)

Now, applying the Cauchy’s inequality with o at the left side of (7) above and choosing in
inequality (7) constant numbers J5 and &, such that d3 — 30 > o3 > 0, §o — SN oK > §pp > 0,
then denoting § = min{dp3, Aa, Ab, Ac, dp2, 01}, from inequality (7), we obtain the first a priori
estimate for solving problem (1)-(3):

2 2
Huﬂwg(Q) <a ”fHLg(Q) :

In what follows, we denote various positive constants by A;.
Now we will prove the uniqueness of a regular solution to problem (1)—(3).

We prove the theorem by contradiction. Let problem (1)—(3) have two solutions wu(z,t),
ug(x,t). Then new function J(x,t) = wuy(x,t) — us(x,t) satisfies the homogeneous equation
(1) with conditions (2)-(3) and the first inequality ||9]|> < 0 holds for it. This implies the
uniqueness of a regular solution to problem wu;(z,t) = ua(x,t).

Now we will prove the solvability of a regular solution to problem (1)—(3).
2. Fifth-order equation with a small parameter (auxiliary problem).

12
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We prove the solvability of problem (1)—(3) using the “e-regularization” method combined
with the modified Galerkin method and a priori estimates. Namely, in the domain @ = (0,1) X
(0,T), we consider a family of fifth-order equations with a small parameter.

0N,
L.u, = —¢ 8tu

+ Lu. = f(x,1), (8)

with nonlocal boundary conditions of periodic type:

vD{ uel,_og = D} u.|,_p; ¢=0,1,2,3,4, 9)
Dbue|,_o = Diuel,_,; p=0,1,2,3, (10)
where ¢ is a small positive number, Diw = %%”, q=0,1,2,3,4; Dw = w;
2
A%y = (g—; + g—;) U= (% + 2% + %) is the biharmonic operator.

Below we use a fifth-order equation with a small parameter (8) as a “e-regulating” equation
for a fourth-order mixed-type equation of the second kind (1) [3]-[9].

We will denote the class of functions such that u.(x,t) € WH(Q), ‘M;t“E € Ly(Q), satisfying
corresponding conditions (9)—(10) by V(Q).

Definition 2. We call function u.(x,t) a regular solution to problem (8), (9)-(10), if
u. € V(Q) and it satisfies equation (8) almost everywhere in domain Q.

Theorem 2. Let all the conditions of Theorem 1 be satisfied and, in addition, let the
following conditions be satisfied for the coefficients of equation (8):

—(2K;3+ (2] — 3) Ky +3\Ky) > 6 >0, j =0,1,2.

Then for any function f(x,t) € W3 (Q), such that v f(z,0) = f(x,T), there is a unique regular
solution u.(x,t) to problem (8), (9)-(10), from space V(Q) and the following estimates are valid
for it:

D) & (Jueuellg + el + Ntterallo) + luclls < ca | £15,

1) & || A% | + [luclly < e I £117:

Proof. The proof of inequality I) is done in the same way as the proof of the first estimate
of Theorem 1, from which it follows that there is a unique regular solution to problem (8), (9)—
(10) [3]-[9].

Let us give the proof of the first a priori estimate I).

Let ¢;(z,t) € Wy (Q) be the eigenfunctions of the following problem:

a4¢. a4¢4
—A2¢j = — ( at4j + 835‘5) - M?qua (11)
Dg¢j|t:0 = ngb]'lt:Ta q:071a2737 (12)
Dg¢j|x:0 = Dg¢j|x:1 =0, ¢=0,1,2,3. (13)

From the general theory [1], [12], [17] of linear self-adjoint elliptic operators, it is known
that all eigenfunctions of problem (11)—(13) belong to W3(Q) and form a complete orthonormal

13
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system in L9(Q). Using these sequences of functions, we construct a solution to the auxiliary

problem:
M\ Ow;
v wi(z,0) = w;(z, T), (15)

where 7 is a constant # 0, and |y| > 1. Obviously, problem (14), (15) is uniquely solvable and
its solution has the following form:

K AT 1 r Y
-1 P — P _ . . —_— .
Pl = w; /0 exp ( 5 ) ¢jdT + — /0 exp ( 5 ) ¢;dt.

It is clear that functions w;(x,t) € W3 (Q) are linearly independent. Indeed, if w;(z,t) €
W3(Q) for some set of sequences of functions wy,ws,...,wy, then acting on this sum with
operator P, we obtain Z;VZI cjPw; = Z;VZI cj¢; = 0, and it follows that for all j = 1, N
coefficients are ¢; = 0. Note that the following conditions for function w;(z,t) € W3(Q) follow
from the construction of function ¢;(x,1):

v Dg wjlt:o

= D{ wjl,_;, ¢=0,1,2,3,4, (16)
)

DPwj|,_o = Dbwj| p=0,1,23. (17

x=1"
Now, an approximate solution to problem (8)—(10) is sought in the form u®(x,t) =
Z;V:l cjwj(x,t), where coefficients ¢; for any j from 1 to N are defined as a solution to the

linear algebraic system:

At At
2/ Loul - exp (——) ¢jdxdt = 2/ fexp (——) ¢jdxdt. (18)
Q 2 Q 2

Let us prove the unique solvability of algebraic system (18). Multiplying each equation from
(18) by ¢; and summing over j from 1 to N, considering boundary conditions (16)-(17) and
algebraic system (18), we obtain the following identity:

2/ Loul - exp(—Mt)ulldwdt = 2/ f - exp(=At)ul dxdt, (19)
Q Q

from which, due to the conditions of Theorem 2, by integrating identity (19) we obtain estimate
I) for the approximate solution of problem (8)—(10), i.e.

- (lufhlly + Nl llg + e llg) + I3 < ex 115 (20)

This implies the solvability of algebraic system (18) [9], [12]. By the weak compactness theorem
[12], [17], estimate (20) allows us to pass to the limit at N — oo and conclude that a certain
subsequence {ul*(x,t)} weakly converges, due to the uniqueness of the solution (Theorem 1),
in space V' (Q) to the sought-for solution to problem (8)—(10), which has the properties specified
in Theorem 2 [12], [17]. For u.(z,t), under (20), the following inequality holds:

2 2 2 2 2
& (Juenello + luerallo + [uctaallo) + lluelly < er [ £llg- (21)
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Now, passing to the limit at N — oo in (18), we obtain the only weak generalized solution to
problem (8)—(10).

Let us prove the second a priori estimate II).

Using problem (11)—(15), from identity (18), we obtain:

1

L ul - exp (—%) A?Pw; dxdt = ——/ f-exp (—)\—) A?Pw; dxdt. (22)
“J

Multiplying each equation (22) by 2 - u?cj, summing over j from 1 to N and considering
conditions (16)—(17), from (22), we obtain the following identity:

—2/(LsuéV — f) - e MPul dadt = 0, (23)
Q

_ OAZ u
N = 5 —2)\at2Au +3)\28Au ——ugtt+16 é\i

Integrating (23), under conditions of Theorem 2 and boundary conditions (16), (17), we
obtain the following inequality:

where Pu_

2 a2y ||?
ca ||l Iy = o

(2K — K4t +3AK 2
+AauN o Abu2N

EXTXTTT

<2K3 + K4t + 3)‘K4> atttt
(2K3 + K4t + 3)‘K4) 6tttac
}dxdt

Exxtt

+ daul)

exxat

0 [[ul[f; = Mo (H“eth(ﬂL el + e | )
~Natr ([ ey - el Iy - (12 ) — o™t 0 B ]
+ Jog e M B(ul (s), Ki(s)) ds, i=0,4

exxl

(24)

where p, N; (i = 1,2) are the positive numbers, depending on the norm of function
Ki(x,t), i = 0,3, in space C*(Q), K = max{[|Ky4(t)l|cafory» 1K (2, 1) || 2y }» 0, c(07?) are the
coefficients of Cauchy’s inequality o [12], B(u (s), K;(s)) are functions, depending on traces of
function u¥ (z,t), K;(x,t) on the boundary of domain Q. Let 6y = min{ds, Aa, A\b, Ac, 02, 6; }. We
introduce the notation by N = max{N;, No}. Under conditions of Theorem 2 and boundary
conditions (16), (17) and 7?2 = e*”, we obtain that in (24) the boundary integrals vanish. Now,
choosing ¢ in such a way that 6o — No > 09 > 0, p — c(c}, X\, K) > po > 0, from inequality
(24) we obtain the necessary second estimate:

OA2N ||?

| o

2
+ [ < e (IS + AR < e lIFI13 (25)

The constant on the right side of (25) does not depend on N, therefore, from (25) the
second estimate for the approximate solution of problem (8)—(10) follows. Estimate (21) together
with estimate (25) allow us to pass to the limit at N — oo and conclude that a certain
subsequence {uMx(z,t)} converges weakly, due to the uniqueness of the solution to problem
(8)—(10) in V(Q), together with derivatives of the fourth and fifth orders, to the sought-for

15
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solution u.(x,t) to problem (8)—(10), which has the properties specified in Theorem 2 [12], [17].
Therefore, under (25), the following inequality is true:

2

 lluelly < e2 (11l + 1fellg) < e2 1117 (26)
0

0
—A
ot e

3

This implies the existence of a regular generalized solution u.(z,t) to problem (8)—(10) from
space V(Q). This proves Theorem 2.

3. Existence of a solution to problem (1)—(3).

Let us proceed to proving the solvability of problem (1)—(3).

Theorem 3. Let all the conditions of Theorem 2 be satisfied. Then the solution to problem
(1)-(3) from WHQ) exists and it is unique.

Proof. The uniqueness of the solution to problem (1)—(3) in the space Wi(Q) is proven
in Theorem 1. Now, we will prove the existence of a solution to problem (1)—(3) in the space
WHQ). To do so, we consider equation (8) and boundary conditions (9) and (10) for ¢ > 0
in the domain (). Since all conditions of Theorem 2 are satisfied, there exists a unique regular
solution to problem (8)—(10) for ¢ > 0 in V(Q), and the first and second estimates hold for it.
It follows that, from the set of functions {u.(x,t)}, e > 0, a weakly convergent subsequence can
be extracted in V(Q), such that {u.,(x,t)} — u(x,t) as e; — 0. We show that the limit function
u(z,t) satisfies the equation Lu = f (equation (1)) almost everywhere in the domain Q). Indeed,

since the subsequence {u.,(z,t)} converges weakly in W3(Q), the subsequence {,/g; W}
is uniformly bounded in Ly(Q), and the operator L is linear, we have
OA%u,, AT
Lu— f=Lu— Lu., +¢; ul:L(u—uei)+&?i Vet (27)

ot ot

From equality (27), passing to the limit at £; — 0, we obtain a unique solution to problem
(1)—(3) [3]-]5], [9]. Thus, Theorem 3 is proven.

4. Smoothness of the solution to problem (1)—(3).

Now let us study the smoothness of the solution to problem (1)—(3) in Sobolev spaces
W3 (Q), when 0 < m is the finite integer. Below, for simplicity, we assume that the coefficients
of equation (1) are sufficiently differentiable functions in closed domain Q.

Theorem 4. Let the conditions of Theorem & be satisfied. In addition, let p =
0,1,2,3,...,m, ¢ = 0,1,2,3,...,m, with —2(K5 + mKy) — (2§ — 3)Ky + AK4 > & > 0,
j=0,1,2, for all (x,t) € Q, and let D!*' K,|,_, = D' Ky|,_p, DI Ki|,_, = D{ Kil,_p for
i =0,1,2,3. Then, for any function f(z,t) € W31 (Q) such that vD} f|,_, = D fl,_p for
all x € [0,1], there exists a unique solution to problem (1)—-(3) in the Sobolev space W3 (Q),
where m = 0,1,2,3,... is a finite integer.

Proof. Taking into account the conditions of Theorems 2 and 3 for € > 0 and nonlocal
conditions at t = 0, t = T', from the following equality

0 At > t=T At =T

X

=A% +e 2 - Lu, —o = (e - f(x,1)) =0

(e’% - Leuy) ZOT = (—e e 2 T

we obtain v D}?Us t=0 — Dgufyt:T'
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It follows that function V. (z,t) = us(x,t) belongs to class V(@) and satisfies the following
equation:

3
Tsﬁs = Lsﬁz—: + K4t79€ttt = ft — Z KitDiug = Fs' (28)
1=0

From Theorem 3, it follows that the family of functions {F.} is uniformly bounded in

space Ls(Q), , ,
1Fello < e IS

Then under conditions of Theorem 3, it is easy to obtain that the coefficients of operator
T.(e > 0) satisfy the conditions of Theorem 4; hence, based on estimates I), II) and Theorem
3 for function {I.(z,t)}, we obtain similar estimates:

&+ (19ztatl1g + Wetea I + [19etazllo) + 19:15 < e /15 (29)

2

+10:N7 < e £ (30)
0

0 A2
5 A%z

Then, functions {u.} satisfy the following parabolic equation:

9

0 . .
Hus = Ugt — Ueggz = f + 5_A2U€ - ZKzDzus - MUE + Uet — Uegax = q)sa (31)
ot —
with conditions:
Y U€|t:0 = u6|t:T7 (32)
Dgugyxzo = Dguglle , p=0,1, (33)

and @, € W} (Q); by virtue of what was proven above, the family of functions {®.} is uniformly
bounded in space W3 (Q), i.e.

1Rcll} < co- (IFIT+ 1 Fielle) < eallFI5 < el fI5- (34)

Hence, based on a priori estimates for parabolic equations [3],[9],[12] and inequality (34), we
obtain:

el < ea|IF)12 (35)

Repeating similar reasoning, we prove the following inequalities:
2 2
||u€||m+1 < Cm+2||f||m7 m=1,23,... (36)
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REZYUME

Ushbu maqolada biz modifitsirlangan Galerkin usuli, aprior baholash va “e-
regulyarizatsiya” usullari yordamida Sobolev fazolarida to’rtinchi tartibli ikkinchi
tur aralash tipdagi tenglama uchun davriy nolokal chegaraviy masala yechimining
mavjudligi va yagonaligini hamda silliqligini o’rganamiz.

14

Kalit so’zlar: aralash tipdagi tenglama, nolokal chegaraviy masala, “e-
regulyarizatsiya” usuli, Faedo-Galerkin usuli, Sobolev fazolari.

PESIOME

B pmamnnoit pabore ¢ ucnoJib3oBanrneM Mo iuunpoBanuoro Meroja l'ajgepkuna, me-
TOJIOB AIPUOPHBIX OIEHOK M “‘£-perysspusanun’ MCCIeyeTcs: OJHOZHAYHAS Pa3pe-
IIIMOCTDb U TJIAJIKOCTH PEryJISIPHOro 0O00IIEHHOTO PeIieHns HeJIOKAJIBHON KpaeBoi
3a/1a91 TIEPUOJIMIECKOTO THUTIA IS YPABHEHUsI CMENAHHOTO TUIIA BTOPOT'O POJIA 9eT-
BepTOro mnopsijika B npocrpanctsax CobosieBa.

Karouesvle caosa: ypaBHEHHS CMEITaHHOTO THIIA, HEJTOKAIbHAasd KpaeBas 3ajadja,
MeTo “e-perynspusamnun’, Metos Pasno-Tanmepkuna, npoctpancrsa Cobosesa.
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UDC 517.55

BIRINCHI TIP MATRITSAVIY SHAR AVITOMORFIZMLARINING
XOSSALARI VA ULARNING BA’ZI TATBIQLARI

ERKINBOYEV Q. S.
O‘ZBEKISTON MILLIY UNIVERSITETI
gerkinboyev@gmail.com

REZYUME

Bu magqolada Rudin [2]| kitobidagi Teorema 2.2.5 ning C™ [m, m| sohadagi birinchi
tip matritsaviy shar uchun analogi keltirilgan. Birinchi tip matritsaviy shar
avtomorfizmlari xossalarining ba’zi tatbiglari keltirilgan. Jumladan, birinchi tip
matritsaviy sharga bigolomorf ekvivalent bo‘lgan sohalarning avtomorfizmlarining
ba’zi xossalari isbotlangan.

Kalit so‘zlar: Blok matritsa, bigolomorf akslantirish, ermit matritsa, klassik soha,
avtomorfizm.

Ma'lumki bir jinsli, simmetrik, qavariq va chegaralangan kompleks sohalar turli nuqtai
nazardan katta qizigish uyg‘otadi. Buning sababi shundaki, ular yordamida C" sohalari uchun
bir qator muhim, asosan ko‘p o‘lchovli natijalar olingan ([1], [2], [3] va boshqalar).

Bir jinsli sohalarda integral formulalar qurishda avtomorfizmlar gruppasidan
foydalaniladi. Bunda avtomorfizmlar gruppalari(|4], [5]) keng bo‘lgan elementi matritsalardan
iborat sohalar ([1], [6]) qaraladi. Matritsaviy sohalar birinchi bo‘lib E.Kartan va K.Zigel
tomonidan chuqur o‘rganilgan. Jumladan, ular to‘rtta klassik sohalar avtomorfizmlarining
umumiy ko‘rinishlarini tasvirlashgan. Xua Lo-Ken esa klassik sohalar uchun ko‘p kompleks
o‘zgaruvchili funksiyalar nazariyasida garmonik analizni qurgan (1944-1957yillarda) va ular
bo‘yicha natijalar Xua Lo-Kenning 1958-yilda xitoy tilida chop etilgan (1959-yilda rus tilida
chop etilgan [1]) monografiyasida keltirilgan.

C™ fazoni qaraylik. Bu fazodagi z € C™ nuqtalarni quyidagicha yozamiz: z =
(2115 212, -+ 2105 -2 Zmds Zm2s -y Zmn), DU Yerda, 2, = Ty + W, p=1,2,...m; v=1,2, .. n.
Ba’zi amaliy masalalarda C™" fazoning nuqtalarini [m xn] matritsa sifatida yozish qulay bo‘ladi:

211 R12---Z1n
7 =

Zml "m2---fmn
U holda ushbu C™" ~ C[m x n] izomorfizm bo‘ladi.

Ba'zi hollarda Clm x m| fazo bilan birgalikda n ta C[m x m] fazoning dekart
ko‘paytmalaridan tashkil topgan C"[m x m] fazo ham keltiriladi:

C"[m x m| = C[m x m| x ... x C[m x m].

[

Vv
n—ta
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Ushbu
Bun=1{2=(Z1,..,2,) € C*lm x m] : I'"™ —(Z,Z) >0}
to‘plam matritsaviy shar deyiladi, bunda, (Z, Z) = Z1 72" + Z2Z5" + ... + Z,Z,"— "matritsaviy
skalyar"ko‘paytma, 1™ — birlik [m xm]-matritsa, Z,* = Z, — matritsa esa, Z,,, (v = 1,2, ...,n)—

ga nisbatan qo‘shma va transponlrlangan matritsa. [ — (Z,Z) > 0 tengsizlik esa [ — (Z,7) —
ermit matritsaning musbat aniqlanganligini, ya’ni barcha xos sonlari musbatligini bildiradi.

Aytaylik,
I™m 0 .. 0 Ao Aot ... Aon
"o 0 —IM._.. 0 A= Ay Ayg . Al |
0 0 . -1 Ao A o A,
matritsalar ushbu
AHA*=H (1)

shartni qanoatlantiruvchi n + 1-tartibli blok kvadrat matritsalar bo‘lsin, bu yerda, A;-[m,m]
tartibli kvadrat matritsa. (1) munosabatdan quyidagi tengliklar kelib chiqadi:

Ao Agy = Age A, =1,

AjoAso ZAJSAZS, J#Fk, (2)

AjoALy ZA]S =—1™ j>1.

Endi ushbu ¢ = ({o, (1 --., () matritsaviy vektorni qaraylik, bu yerda ¢; — [m xm] —tartibli
kvadrat matritsalar bo‘lib, barcha 7 = 0, ..., n sonlar uchun quyidagi

CHE™ >0, (3)
munosabatni qanoatlantiradi (|7], [8]). Oxirgi (3) munosabatdan

CGo > GGt + -+ Gy

tengsizlikka ega bo‘lamiz. A matritsa qatnashgan
w=_C(A, (4)

chiziqli akslantirishni qaraylik. Bu akslantirish (1) munosabat yordamida berilgan matritsalar
to‘plamini o‘ziga akslantiradi, ya'ni

wHw* = CAHA*(* = CH(".
Endi (4) tenglikni

n
Wo = E CjAj07
J=0
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we =Y GAjp ,k=1,2,..n (5)
7=0

ko‘rinishda yozib olamiz va
{Z = (Zla ) Zn)7 Zk = CO_le ) (k = 1, 2, 77,)}

vektorlar to‘plamini qaraymiz.

Ushbu bir-biriga ekvivalent
CHC" >0

yoki
GoCo > Ci¢y + GG,

tengsizliklardan quyidagi munosabatlarga ega bo‘lamiz:

GG+ GG < GG & QGGG GGG T < I e
S DL+ .+ 2,2 < 1™ o (Z2,7) < T,

Demak, ushbu
{Z=(2y,...2,):(Z,Z) < I"™}

matritsalar to‘plami C"[m x m| fazodagi matritsaviy sharni hosil giladi. U holda (5) tenglikka
asosan quyidagi munosabatga ega bo‘lamiz:

n -1 n
Wk :w()_lwk — <A00+ZZ]A]0> <A0k+ZZJA]k> 5 k’ — 1,2,...,”. (6)

j=1 j=1

Bundan esa [9], (6) akslantirishning B,,, matritsaviy sharning avtomorfizmi bo‘lishi
uchun, A;;, i,7 = 0,1,...,n, koeffitsientlar (2) shartlarni ganoatlantirishi kerakligini ko‘rish
mumkin. Matritsaviy sharning (6) ko‘rinishdagi avtomorfizmini

P=(P,..,P)

nuqtani O nuqtaga akslantiruvchi quyidagi ko‘rinishda ham yozib olishimiz mumkin:

n

Wi=RI™ —(Z,P) " S (Z~ P)Qu  (k=1,..,n). (7)
s=1
U holda (2) munosabatlardan, m-tartibli
RvaQg (s, k=1,...,n),

matritsalarning ushbu

R*(I'™ — (P,P))R = I™
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shartlarni qanoatlantirishi zarurligi kelib chigqadi. Bu yerda ) va P matritsalar blok matritsa
bo‘lib,
Q11 Q12 .- Q1

PP, PP, .. PP,
ko‘rinishda aniqlangan. Aytaylik, W = ¢p(Z) — B,,,, matritsaviy sharning P € B,, , nuqtasini
O nugtaga o‘tkazuvchi avtomorfizmi bo‘lsin. U holda quyidagi tasdiq o‘rinli ([10]):
Tasdiq. Barcha Z, W € B,,,, nuqtalar uchun quyidagi tengliklar o‘rinli:

I — (op(Z), op(W)) = BRI — (2, P)) " (1t — (2,W)) (1™ — (P,W)) "' R*.

Teorema 1. ¢p (Z) avtomorfizm uchun ushbu

munosabatlar o‘rinli bo‘lsin. U holda quyidagi xossalar o‘rinli.
1° pp (P) =0, ¢p(0) = P;

20 2B — _R*Quy, P = R (PYRP, — Qi)

30, Ixtiyoriy Z, W € By(,%)n uchun quyidagi munosabat o‘rinli

det (10" — (P, P)) - det (1™ — (Z,W))

det (1" — {pp (2) , op (W))) = det (109 —(Z.P)) - det (100 — (P} (10)

4°. Ixtiyoriy Z € BY, uchun quyidagi munosabat o‘rinli

. det (1™ — (P, P)) - det (1™ —(Z,2))
det (1" — (pp (Z) ,p (2))) = det (I(m) — (Z, P)) - det (I™ — (P, Z))’

5% vp (¢p (Z)) = Z (involyutsiya bo‘lish xossasi);
6°. pp (Z) gomeomorfizm bo‘ladi.
Isbot. 1°. W), = R7'(I™ — (Z, P>)71 Y (Zs— Py)Qg k = 1,...,n avtomorfizmning P

s=1

nuqtadagi qiymatini hisoblaymiz

Wi (P) = R (I — (P, P)) " Z (P = P) Qo = R (1™ = (P,P)) -0 =0.

s=1

Endi (7) avtomorfizmning nol nuqtadagi qiymatini hisoblaymiz.

n

WK (O) = R_l (](m) - <O’ P>)_1 Z (O - Ps) st = R_l (_Pstk)

s=1
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(9) tengliklarni inobatga olsak

munosabatlarning o‘rinli ekani kelib chiqadi.
20, (7) avtomorfizm differensialini hisoblaymiz.

d(W) =d (Rl(ﬂ li Z,— P, st> =

3

= R'(I™ —(2,P)) Y (Z,— P)Qu + R (1™ — (2, P)) (Z (Zs— Py) st> =
s=1 s=1

n

= BRI —(2,P)) " d(2, P) (I = (2, P)) " " (Z = P)Quit
s=1

+R7Y(I™ —(2,P)) " d (i (Z, — ps)st> _

= RY(I™ —(Z,P))" (d (Z,P) (1" — (7,P))""- zn: (Zs — P)Qak +d (En: (Zs — Ps)st>> :

s=1 s=1

(7) avtomorfizmning ixtiyoriy Zj elementi bo‘yicha xususiy hosilasining Pva O nuqtalardagi
giymatini hisoblaymiz.

oWy (P)

aZi = Ril(I(m) - <P7 P>)_1 (Pz*<f(m) - <P7 P>)_1 ’ Z (Ps - Ps)@sk + <_sz)>

s=1
(8) munosabatlarga ko‘ra
R*(I™ —(P,P)) R=1" R* = R (I — (P, P)) "
tenglik o‘rinli. Bundan
oWy (P)
0Z;

munosabatning o‘rinli ekani kelib chigadi.

= —R'Qix

oWy (O)

a7 =R I™M-(0.p) (P*( —(0,P)) -3 (0= P)Quc+ (—Qik)) =

s=1

R (P 3 (-PQu) + <—Qik>> = R™ (PRP, — Qu)

s=1
3°. Tasdiqga ko‘ra

m det (R7Y) - det (10" — (Z,W)) det (R*)™
et (1) = {or (2) 00 (W) = 3 =17 BY) det (I(m))_ —
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tenglik o‘rinli. (8) munosabatga ko‘ra
det (I'™ — (P, P)) = det (R*)™" - det (R™)
tenglik o‘rinli. Bundan

det (1™ — (P, P)) - det (I'™ — (Z,W))

det (1™ — {pp (2) ,0p (W) = (I0M —(Z,P)) - det (10" — (P,W))

munosabatning o‘rinli ekani kelib chigadi.
49, (10) tenglikda W = Z almashtirish bajarsak ushbu

et (I0M — (P, P)) - det (1™ — (2, 2))
= det (10" — (Z, P)) - det (10" — (P, Z))

det (I'™ — (pp (Z),0p (2)))

tenglikga ega bo‘lamiz.

5°. F' = ¢p o pp akslantirishni qaraylik. F' (Z) akslantirish uchun quyidagilar o‘rinli

a) F'(Z) € Aut (Bﬁ)n)

b) F(O)=0

c) F(P)=P

yuqoridagi a) va b) xossalarga ko‘ra

F(Z): Wy =Y ZjAy (k=Tn)
j=1

munosabatlar o‘rinli.
F (P) = P ekanini inobatga olsak ushbu

PiAy + PyAy + PsAsy + ...+ PyAL =P
P1A12+P2A22+P3A32+...+PnAn2:P2

P1A1n+P2A2n+P3A3n+-~-+PnAnn:Pn

(11)

matritsaviy chiziqli tenglamalar sistemasiga ega bo‘lamiz. (11) tenglamalar sistemasi

yagona yechimga ega va quyidagicha aniqlanadi:

A — I agar i = j
N O, agari # j

Demak, F (Z) : Wy = Z), (k=1,n) ya'ni ¢p o ¢, = Z munosabat o‘rinli.
6°. pp(Z) € Aut (B%)n> demak ¢p (Z) gomeomorfizm bo‘ladi.

Izoh. Yuqorida keltirilgan teorema U. Rudin [2] kitobidagi 2.2.2 teoremaning anoligi.

1-teoremada keltirilgan xossalarni qanoatlantiruvchi avtomorfizmlar gruppasini I'g(T'y C

Aut (By(i)n>) orqali belgilaymiz.
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Lemma. I’y avtomorfizmlar gruppasi By(,i)n sohada tranzitiv.

Isbot. Ixtiyoriy Z1), Z® € B, elementlar berilgan bo‘lsin. U holda

Y =0z 0P

avtomorfizm Z(M) € B,(ﬁ,)n nuqtani Z? ¢ Bg)n nuqtaga akslantiradi.

Yuqorida keltirilgan 1-teorema @p (Z) akslantirish uchun o‘rinli bo‘ladi. Keyingi
keltiriladigan teorema birinchi tip matritsaviy shar Bf,?n ning ixtiyoriy golomorf avtomorfizmi
uchun o‘rinli bo‘ladi.

Teorema 2. Ushbu F' (P) = O munosabatni qanoatlantiruvchi ixtiyoriy F' € Aut (Bﬁi)n>

golomorf avtomorfizm berilgan bo‘lsin. U holda shunday yagona U unitar matritsa topiladiki
quyidagi tengliklar o‘rinli bo‘ladi.

1. F=Uoypp;

2. Ixtiyoriy 20, Z(?) ¢ Bﬁi)n lar uchun

_det (I —(P,P))-det (I - (2", 2®))
~ det (I — (ZW, P)) -det (I — (P, Z®))"

det (I — (F (20, F (2?)))

Isbot. Ushbu F' o pp akslantirish birinchi tip matritsaviy shar Bf,%,)n ning avtomorfizmi
nol nuqtani saglaydi yani (F o ¢p) (0) = 0.

U holda A .Kartanning yagonalik teoremasiga (|2| 2.1.3-teorema) ko‘ra F o pp akslantirish
chizigli. Ma’lumki ixtiyoriy chiziqli akslantirishni shunday yagona U unitar matritsa orqali

ifodalash mumkin [9].

Demak, ushbu
Fopp=U

munosabat o‘rinli bo‘ladi. 1-teoremaning 5°-xossasiga ko‘ra

wr(pp(Z2)) =2

involyutsiya xossasi o‘rinli. Bundan
Foyppopp=Uoypp
ya'ni
F=Uopp

tenglik o‘rinli bo‘ladi.

2. Ixtiyoriy Z, W € BT(,}L)n nuqtalar uchun quyidagilar o‘rinli

(F(2),F(W)) = (Upp(Z),Upp(W)) = (op(Z),pp (W))
ya'ni
(F(2), F(W)) ={er(Z),op(W)).

Bundan

det (I = (F(2), FF(W))) = det (I = {¢r (2),p (W)))
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tenglik o‘rinli ekani kelib chiqadi. 1-teoremaning 3°- xossasiga ko‘ra
_det (I = (P, P)) -det (I —(Z,IW))
~det (I —(Z, P)) -det (I — (P,W))

det (I = (F'(Z),F (W)))

munasabat o‘rinli.

Bizga f : Bfﬁ,)n — ) bigolomorf akslantirish berilgan bo‘lsin. U holda quyidagi teorema
o‘rinli.

Teorema 3. Ushbu ¢)p = f o pp o f~! akslantirish uchun quyidagi xossalar o‘rinli.

1°. ¢pp 0 ¢bp = Z(Involyutsiya bo‘lish xossasi);

20 p € Aut (Q);

3%, ¢p akslantirish Q sohada tranzitiv;

49 Vip € Aut () uchun oy unitar almashtirish mavjudki ushbu

Y =puotp
munosabat o‘rinli bo‘ladi.
Isbot. 1°. Quyidagi
F(Z) =poip
akslantirish uchun ushbu
F(Z)=4vpoyp=foppoflofoppoft=foppoppof
munosabat o‘rinli. 1-teoremaning 4°- xossasiga ko‘ra
F(Z)=foppoppoft=1Z
ya'ni
@Z}p e} @Dp =Z.
20 pp € Aut (B%)n) va f: BT(,Pn — 2 bigolomorf akslantirish ekanligidan ¥p € Aut (£2).

30. Ushbu ¢p (Z)akslantirish %, (m,n)da tranzitiv va f : BY, — Q akslantirish
bigolomorf ekanligidan 1 p akslantirish €2 sohada tranzitiv bo‘ladi.

49 Vi) € Aut () avtomorfizm berilgan bo‘lsin, u holda ushbu
p=floygof
akslantirish uchun ¢ € Aut (Bﬁ,?n> munosabat o‘rinli. 2-teoremaning 1°-xossasiga ko‘ra

p=Uopp
o‘rinli. Bundan
Uopp=f"ovof
p=foUoppoft=folUoflofoppof=qpyoip

Ya’ni

Y =y otp,
bu yerda ¢y ushbu

pu=folUof™

ko‘rinishdagi unitar akslantirish.
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PE3IOME

B sannoii crarbe nosyden anaaor Teopembr 2.2.5 u3 kauru Pyauna [2| njis maTpud-
HOTO Iiapa nepsoro tutna B obsiactu C™ [m, m|. IlpuBesenbl HEKOTOPBIE IPUMEHEHUST
CBOMCTB aBTOMOP(U3MOB MaTPUIHOTO IIapa IepBOro Tuma. B gacTHOCTH, JOKa3a-
Hbl HEKOTOPBIE CBOMCTBa aBTOMOPGMU3MOB 0bJiacTeil, OUroJJOMOPGHO IKBUBAJIECHT-
HBIX MATPUIHOMY TIIapy MepPBOTO THUIIA.

Karouesvie caosa: Biiounas marpuiia, ouromoMopdHoe 0ToOparkKeHne , SpMUTOBA
MaTpHIA, KJIaccuieckas 00J1acTb, aBToMopdu3Ma.

RESUME

In this article, an analogue of Theorem 2.2.5 from Rudin’s book [2] is obtained for the
first-type matrix ball in the domain C" [m, m|. Some applications of the properties of
the automorphisms of the first-type matrix ball are presented. In particular, certain
properties of the automorphisms of domains that are biholomorphically equivalent
to the first-type matrix ball are proven.

Key words: Block matrix, biholomorphic mapping, Hermitian matrix, classical
domain, automorphism.
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RESUME

This work is devoted to the study of the conditional correctness of the nonlocal
boundary value problem for a system of nonhomogeneous parabolic type equations
with two degeneration lines. In this article, based on the idea of A.N. Tikhonov,
the conditional correctness of the problem are proved, namely, the theorems of
uniqueness and conditional stability on the set of correctness are proved. For getting
a priori estimate of the solution we used the logarithmic convexity method and the
results of the spectral problem considered by S.G. Pyatkov.

Key words: Nonlocal boundary value problem, ill-posed problem, a priori estimate,
estimate of conditional stability, uniqueness of solution, set of correctness.

Introduction

In this paper, we consider a nonlocal boundary value problem for a system of partial
differential equations with changing the direction of time in space. Similar equations were
considered by N. Kislov, S.G. Pyatkov, K.S. Fayazov, I.LE. Egorov, S. Z. Djamalov, 1.O. Khajiev
and others. The correctness of nonlocal boundary value problems for some general differential
and differential operator equations is studied in various aspects in the works of A.A. Dezin,
V.K. Romanko, Y.I. Yurchuk and others.

The existence and uniqueness of solutions nonlocal boundary value problems for
nonclassical equations were investigated in works by A. Ashyralyev and O. Yildirim [1], F.
Zouyed, F. Rebbani, N. Boussetila [2|, A.I. Kozhanov [3|, K.B. Sabitov [4], S.Z. Djamalov|5],
A.1. Shadrina [6] and others.

The parabolic equation with changing direction of time represents various physical
processes. This is caused, in particular, by their applications in hydrodynamics by studying the
motion of a fluid with an alternating coefficient of viscosity. Problems arising in gas dynamics
lead to equations of this type. This class also includes equations that describe diffusion processes,
electron scattering and many other processes in physics [7].

[ll-posed problems in the sense of J. Hadamard were studied in the works of E.M. Landis,
S.G. Krein [8], M.M. Lavrent’ev [9], V. A. Morozov, V. Ya Arsenin, V. G Romanov, S. L
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Kabanikhin, B. A. Bubnov, H. A. Levine [10], L.LE. Egorov and V.E. Fedorov, A.I. Kozhanov
[11], S.G. Pyatkov, A.L. Buchheim [12|, K.S. Fayazov [13],[14],[15], V.Isakov, M.Klibanov,
A.Loiuse, P.Mass, E.Shock, A.Hasanugly, A.Amirov M.Kh. Alaminov, I.O. Khajiev [16],[17],
Y.K. Khudayberganov [18]| and others.

Formulation of the problem

Let Q = Qg xQ, Q=0 XxQxQ3, @ ={-1<z<l}, B={-1<y<l}, Q=
{0<z<7},Q=(0;T).

Consider the system of equations

(1)

ur + sign(z) gy + Sign(y) iy + tiz. + arug + bius = f1,
Ut + SIgN(T)Uogy + SIGN(Y)Usyy + Uzzz + A2Us + bty = fo,

in the domain QN {x,y # 0}, where a;, b; are some constants, by # 0, (a; — a2)2 + 4b1by > 0
and j = 1,2, f;(z,y, 2,t) are given sufficiently smooth functions.

Problem. Find a solution of the system of equations (1) satisfying the following
conditions:

nonlocal
Uj(%.ya Zat) |t:0 + auj(fanaZ,t) |t:T = @j(ﬂ?,y,Z), (%%2’) S QOv ] - 1a 27 (2)
boundary
uj(xayaz7t)|8§20 = 07 te [OvT]v (3)
and gluing

Ouj(x,y, z,t) _ Ouy(x,y, 2, t)

,(y,Z,t) EQZ ><Q3 XQa

ox? R oxt 2=t0 )
Fuy(,y, 2, t)|  _ O'u(ay 2 t) (r.58) €0 x Q3 x O, i = 0,1
ayz y=—0 ayl y=-+0

conditions, where « is some constant, ¢;(x,y, z) given sufficiently smooth functions.

In this paper, we study the correctness of the desired problem depending on the value of
the parameter o and obtain a presentation of the solution, as well as an a priori estimate of
the solution. In the case of well-posedness, conditional correctness is proved.

Let us introduce the notation

a1+ K2 ¢ ar + K1 .y
— """ (7, y, 2,t) + ————— "y (2,9, 2, 1),
by (k1 — 12) 1 (7,y ) b (F1 — ) 2 (2,y )

1 1 (5)

ety (xa Y, =, t) + ey (ma Y, 2, t) )

uy (z,y, 2,t) =

uz (2, y,2,t) = (s — )

(K1 — K2)
where k1, ko— roots of a quadratic equation
K%+ (ay + ag)k + ajag — byby = 0,

then (1)-(4) is transformed to the following problems.
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Problem 1. Find a solution to the equation

62?]]' . (921)]' 62Uj 7.
at 2+ sign(x ) 5 n(y) o2 T on fi, i =12, (6)
in the domain (2, satisfying:
nonlocal
vi(2,Y, 2,t) im0 + ae™ T v(z,y, 2,t) lier = ¢j(2,y, 2), (1,y,2) € Qo, j = 1,2, (7)
boundary
Uj(x7y727t)|8ﬂo :()7 te [OaT]7 (8)
and gluing conditions
d'v; t d'v; t _
Oulrpzd] _FuEnai) g e0xxQ
oxt R oxt J— (©)
d'v; t d'v; t L
Oulr gzt Ou@y |l e xQyx Q= 0,1,
0y y=—0 9y y=+0

where
@1(1" Y, Z) - ((al + /{1)@2(1',:% Z) - bQ‘Pl(% Y, Z)) 5

f_l(xvt) - (b2f1<l’,y,z,t) - (CL1 + "il)fQ(x7yvz7t)) e—mt,
@2(27,:%2) = (b2901(x7y’ Z) - (CL1 + '%2)902(‘%’:%2))7
f2<$’yaz7t) = (b2f1<x’yaz7t) - (al + :‘ig)fg(ﬁ(],?J,Z,t)) e_HZt

Spectral problem
Let { )\,(:l) " } , { )\,(fl) n } , {/\,(:’l) " } , { )\,(942 n } eigenvalues  and
o b D) ke in=1 O] k=1

k,l,n=1 k,l,n=1
{19,(32”(% Y, Z)}k Ly (j = 1,_4) eigenfunctions of the following spectral problem
, o9 %0 0%
szgn(x)@Jrszg n(y )W—Fm—i—)\ﬁ—() (x,y,2) € QoN{x,y # 0}, (10)
19('1.71/72) |x +1 *O ( ) GQQ XQg,
ﬁ(xayvz) |y +1 —0 ( ) GQl XQg,
19(%972’) fO =V, (:E,y) c Ql X QQ,
71 i) L (11)
di(x,y,2) :w (y.2) € Oy x O
8LU] £=—0 8x] 2=40
J j - -
i(w,y, 2) Pi(w,y, 2) (r2) €9 x Dy j= 0.1,
Oy’ y=-0 Ay’ y=+0

Let the solution of problem (10),(11) exist, we find presentations of the solution. We apply the

method of separation of variables, we have
Ha,y,2) = X(x) - Y(y) - Z(2). (12)
31



Acta NUUz EXACT SCIENCES

VoL.2, Nel, 2025, pp.29-48

Conditions (12) imply

X(=1) = X(+1) =0,
X(—0) = X(40),
X'(=0) = X'(+0),
Y(~1) =Y(+1) =0,
Y (—0) = Y(40),
Y'(=0) = Y'(+0),
Z(0) = Z(x) =0

Calculating partial derivatives of function (12), we obtain

PUEDE)  xrya) v (0) - 202
*0(x,y,2) "

oy = X(x)-Y"(y)- Z(2)
% = X(z)-Y(y)- 2"(2)

),

Y

Substituting expressions (10) into these data and separating the variables, we obtain

sign()X"(x) | sign()Y"(y)  2"(z) _ |
X(@) V(1) Z(z) ~
Further, since %w does not depend on vy, 2, %ﬁ/};"(y) on x,z , etc. % on x,y, we
have
sign(z) X" (z) _ sign)Y"(y) _  Z2"(2) _
Xy " Yy T Z(x) 7

For the functions X (x),Y (y), Z(z) we obtain the problems:

sign(z) X" (z) = =\ X (2),
X(=1) = X(+1) =0,
X(=0) = X(+0),
X'(=0) = X'(+0),
sign(y)Y"(y) = =AY (y),
Y(-1)=Y(+1) =0,
Y(=0) = Y (+0),
Y'(=0) = Y'(+0),
Z"(z) = —x\gZ(z),}
Z(0) = Z(n) = 0.

Thus, solutions of a problems (13),(14),(15) will have the form:
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at Ay >0, Ay >0, A3 >0,

X,gl)(x _ sinpug(z — 1)/ cospy, ,0<x <1, he N
shug(x +1)/chuy, —1 <z <0,
Y(1)< ): SiIlle(y— 1)/008/”’ O0<y<l, le N
: Shﬂl(y—i_l)/Ch:ul’ —1 <y<07 ’
Zn(z) =sinnz, n € N,
and at A\ < 0,y <0,
h —1)/chu, 0 <z < 1,
X (z) = ° @ = 1)/ chpik ! ke N,
sin pg(x + 1)/ cos pg, —1 < 2 <0,
shuy(y — 1) /chpy ,0 <y < 1,
Y@ (y) — by =1)fchpu .0 < y leN.
sinpu(y +1)/cosp , =1 <y <0,

where A\, = p2 > 0, A\ = —p2 <0, Ay = p > 0, Ay = —p? < 0.

ps are eigenvalues corresponding to eigenfunctions X ,gj )(:17), Yl(j )(y), j = 1,2, respectively.

In both cases uy are positive roots of the transcendental equation tga = —tha.

We note that
M+ = A it = A

3 4
—,ui + ,lLl2 + n2 = )\l(c,l),rw _Mi - :ul2 + 7’L2 = )\l(c,l),n

and the systems of eigenfunctions corresponding to them can be represented as
1w,y 2) = X (@) - ¥,V () - Zu(2),
ita(ey.2) = X0 (@) - ¥, ) - Za(2),
000 (w.y.2) = X0 (@) - YV () - Zu(2),

)+ Zn(2),

<
o
—
8
=
N
~—
I
sl
\'.‘3
—~
8
~
=
S
—~
<

where k,[,n € N.
It follows from the results of [20] that problem (10),(11) has a nondecreasing sequence

of eigenvalues {)\Sl)”}k; Ln=1" {)\’(‘fl)”}k Ln=1" {)\’(“31)"} 1 {)\’(“42”}k Ln=1 and a system of

kJn=
. o]
eigenfunctions corresponding to them {19,(€jl)n(x, Y, z)} , (j =1, ) )
™ k,l,n=1
Let ||ul|? = (u,u), where the inner product is (u,v) = [ wvdQy
Qo

Moreover,
(Szgn(x)szgn(y)ﬁl(fl)m(x, Y, Z), ﬁl(g?ll,nl (I’, Y, Z) - 07p 7é q, (p7 q= 17_4)7 Vka l7 n, kl? l17 ny € N7
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. . m m 1,]{7:]{51/\[:[1/\71:711
(szgn(m)szgn(y)ﬁé,l%(x,y, Z)aﬁi;l}l,m(%y;z)> = {0 Lk ?é kl Al 7£ ll An ?é N ,(m = 174)7

. . m m —1,k::k1/\l:l1/\n1:n1
(stgn(e)sign ()07, (@9, 2), 970, (2:9:.2)) = { 0 k£ kAl£L Angn TR
where k,l,n,ky,l1,n1 € N.

The norm
ad 2
fute g0l = Y {|(sionteisigntuiute. 0.0, (0.9) [+
k,l,n=1
2
+ (sign<a»sign<y>u<x,y,z,t»«9§in<x,y,z>)\ + "

2
+

+|(stgn(@)sign(uyute, . 2.1), 0, (r.3.2))
)

3

defined by the following formula is equivalent to the original norm in the space Hj.

© et ..

According to Theorem 2.1 in [19] and Theorem 4.1. in [20], the eigenfunctions
{19,(31)“(30 Y,z )}, (j =1,4) of problem [10],[11] normalized in Ly ((—1;1)* x (0;7)) form the
Riesz basiss in Ly ((—1;1)2 x (0;7)).

A prior estimate

Generalized  solution of problem (6)-(7) is a function wv,(z,y,z2,t) €
C (Ly((—=1;1)? x (0;7));[0;T]) which for any arbitrary function V(z,y,z,t) € Wy (Q),
Vi(z,y,2,T) + ae®"V(z,y,2,0) = 0, V(z,y,2,t)|yq, = 0, j = 1,2, satisfies the following
integral identity

/’Uj (sign(x)sign(y)V; — sign(y) Ve — sign(x)V,, — sign(z) sign(y)V,,) dQ2 =
Q

- / sign(z) sign(y)V f;d — /sign(m) sign(y) V|,_,®;d.

Q Qo

Let V(l’,y, Zat) = Hk,l,n(t)ﬁ](gj,l),n (x,y,z) ) (] :17_4) ) and ﬂk,l,n(T> + Oé@anMkJ’n(O) = 07
ukl,n( ) € W21 (O, ) Then

/51gn x) sign(y ﬁé{;}n(x,y,z)vi(aj,y, z,t) <p,'k717n(t) + )\,(cjgnukln(t)> d§)
Q

—l—uk,l,n(t)/sign(:c) sign(y)ﬁgl)’n((x,y,z)ﬁ(m,y,z,t)dQ (17)
Q

_'_:uk,l,n(o) /Slgn(l’) Slgn(yﬁ%(cj,l),n (‘Tu Y, Z)@Z(‘xa Y, Z)dQO
Qo
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From (17) it follows that

T
/Uz(Jk)ln(t) (N,k,z,n( ) + /\klnﬂkm( ))dt =
0

T
/ Mkln zkln( ))dt - Mk,l,n(o)@gg];l)7n7 k7l7n S N7
0

where
v () = (sign(@)sign(y)vi(z, y, 2,1), 07 (z,.2)), (5 =1,4),
) () = —(sign(x)sign(y)vi(x,y, 2,0),99) (2,5, 2)), (j=2,3),i=12,
P 1 = (sign(x)sign(y)gi(z,y, 2),9Y) (2,9, 2)), (j = 1,4),
P = —(sign(@)sign(y)@i(z, y, 2), 9] (2,4,2)), (j=2,3),
FO = (sign(z)sign(y) fi(z,y. 2, 1),99) (2, 9.2)), (= 1,4),

FOY, = —(sign(@)sign(y) Fi(w, y, 2, 1), 99) (2,9,2)), (G =2,3), i=1.2

Finally we have

<vi(,]k),l,n(t)>t o )\/(fjg nv'fjk?,l,n(t) = f;(.;c)l,n<t>7

A (18)
vffk)yl’n(O) + oze“lTvl(jk)ln(T) gogjk)ln, i=1,2,7=1,2,3,4, k,I,n € N.
From (18) we obtain
~(G) AVt A pier L
j clozkln Folon ae ke ‘ A9y 7
(0) = o [, (s
1 +OC€HZT+>\]“J’"T 1 +O{€HlT+)\kﬁl7n J
. t
(4)
+ ' / )\kln (t—7) fl n
1+Q{6MT+)\’(€]72*”T / k)l ( )
where 1 =1,2, 7 =1,2,3,4, k,[,n € N.
Lemma 1. Let v (z,y, 2,t) satisfies the equation
v 0% v v -
ot + sign(x )8 5 +sign(y )a 5 @:f,
and conditions v(z,y, z,0) = ¢(z,y, 2), (8)-(9), then for v (z,y,z,t) att € (0;T)
t
lv(@,y, 2, )]l < 2(/[0(2,y, 2,00y + B) T - (lv(z,y, 2, T)lly + B)T + 5, (19)

1

T
estimate is valid, where (5 (f || x,y, 2, 1) Hidt)
0
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Proof of lemma 1 one can find in [18§].

Lemma 2. Let a = 0. Then for any generalized solution to the problem (1)-(4) for
t € (0,7) the following inequalities hold:

CL1+/€1

by (I‘il - /iz)

CL1+/€2

r2t t ) ’
bg ("il . /ig) e w( y K2 72)

eﬁltw(ta K1, 71) +

o (2,92 8) g < \

1

+ memw(t, K2,72),

1
Hu2 (LU,y,Z,t)HO g ’ emtw<t7 "ilaf)/l)

ff1—ff2|

where )
1—4
w(t, ki, vi) = 2(|bal lnllg + lar + &l [[allg + i) 7 %

t
X (b2l lus (2, T)llg + las + sil Jua(@, y, 2, T)llp) €™ + %) T+,
T 2
Vi = 2/(|b2|2‘|f1(x7y727t)”(2)+‘al+"€i’2‘|f2(x7yazvt)”§)eMtdt 7i: 172
0

Proof. From (5) we have

Ul(‘ra Y, =z, t) - ((al + Kl)u2<w7 Y, z, t) - b2U1<J], Y, z, t)) e_ﬁlt7 (20)
va(,y, 2,t) = (byur (2, y, 2, 1) — (a1 + Ko)ua(x,y, 2,t)) e "

From inequalities (19) and taking into account [20] we have

_t
lor(z,y, 2, 8)llo < 2B llur (@, 9, 2,0l + lax + ka| [lua(@, y, 2,0) g + B1) 7 x

. (21)
X (([b2] lur(z, y, 2, T)lg + lar + k1l Jua(z,y, 2, 7)) e + B1) T + B,
_t
||U2($,y,2’,t)||0 < 2(|b2| ||U1(l‘,y, Z,O)HD + |a1 + /432| ||u2(x,y, Zvo)HO + 62)1 X (22)
t
X ((Ib2] lur(z, y, 2, T)lg + lar + kol Jua(z,y, 2, T)llg) €= + B2) T + Ba.
Taking the norm from both sides of equalities (5), we obtain the following estimates
a1+ K e a; + K o
Hul (xayazvt>H0 < ‘1—2 € ltuvl (xaya'Z?t)HO + '; € 2tH’U2 (l’,y, Z>t)H07
b2 </€1 — Iig) b2 (/{/1 - ’%2)
] ] (23)

||U2 (ZL‘,y,Z,t)HO < ’ eﬁltHUl ("L‘7yazvt)||0+

_ e“2t||1)2 (@, y,2,t) |-
K1 — Ka| |

|k1 — Ko

Finally, from these estimates and taking into account (21), (22), (23) the required inequalities
are derived

CL1+/€1

by (fil - /€2)

CL1+/€2

K1t t
bg (’fl —/ig) e w( 7"11771) +

Hul ($7yazvt)’|0 < emtw@? ’%2’72%

HU2 (x7y7 Z7t)HO < ”fl o ﬂ2|eﬂ1tw<t’ "{‘1771) + |I€1 . KJZ‘QI@tW(t’ ’%27’.}/2)7
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where .
w(t, k55,7) = 2(|ba| lenlly + lar + 53l lpally +7)' 7T %

X ((|ba| lui(z,y, 2, T) ||y + a1 + il Jua(z, y, 2, 7)) € + %)™ + i,
3 T 3

T
HJz(xay)Zat)Hth < 2 (|62|2HJ1||(2) |CL1 H1|2||.}2”§)6 tht ’%71 172
0
0

0

The lemma 2 is proved.
Let M denote the correctness set defined as follows

M = {uj(z,y, 2, t) : |lui(z,y, 2, T)l + [|ue(z,y,2,T)||, <m, m<oo},j=12.

Lemma 3. Let a # 0. Then for any solution to the problem (1)-(4) fort € (0,T) the following
mequalities hold:

2 2

ai + Ko 2 a; + Ky 2
uy (z,y, 2, )12 <2 ——2—) e* vy (z,y, 2, t —|—2<—> e 2 vy (x,y, 2, )||7
s o 2000 < 2( 7 ) e o O + 2 ) e o 1

2

2 eQKQtHUQ (a:,y, th)H?)'
(K1 — ko)

luz (,y, 2, )5 < it oy (2, 2,0) g +

(K1 — /12)2
where ) )
oj(z,y, 2,0, <C (1+a?) e ||gi(z,y, 2)ll

+C (1 + 042) (T —1) eQ’iiT/ Hﬁ(:c,y, Z,t)szT

—|—C’(1—|—a —2mT /llle‘y,zt”()dTZ—lZ

C'— some constant depending on o, T.
Proof. If a solution to the problem (1)-(4) exists and belongs to M, then it has the form

a1 + Ko a1 + K1

uy (x,y,2,t) = me’“tvl (z,y,2,t) + by (k1 — 12) "2ty (2,9, 2, 1),
ug (x,y,2,t) = ﬁe’“tvl (x,y,2,t) + ﬁe’”tvg (x,y,2,1),
where
vz, y,2,t) = Z Uzkln klnxy’ Z Uzkln 791(31)n($>yaz)
kl,n=1 e l,n=1

"‘Z Uzkln (1’ Y, 2) (24)

k,l,n=1

+ Z 'Lkln ("L‘ Y,z )7 172

k,l,n=1

37



ActAa NUUz EXACT SCIENCES Vor.2, Nel, 2025, pp.29-48

According to (15) we have

[e.9] (e 9]

1 2 2 2
ity 0l = 32 {eli@) + 32 {old0]
. ké,n:l N k;l’n:l (25)
3 4 .
£ L0+ 3 Lm) =
k,l,n:l k7l7n:1

We estimate the first sum on the right-hand side of equality (25). In this case, we take into
account the inequality (a + b+ ¢)? < 3(a® + b* + ¢?), the Cauchy-Bunkhouses inequality for the
integral, and we have

2 1)
_(1) ) ¢

ZOO W ? Zoo 3<‘Pi7k,l,n e
{vi,k,l,n(t)} < A 7\ 2
kln=1 kln=1 (1 + e T AR )

T T
2 2k, T+22) T 2
+ 30& e k,l, 62)\21.2 n(t*T)dT ‘]E(l) (7_) dT+
2 v i,kln
1 KZZT+)\§€1[) nT sl
+ «e i ! p

t t

3 M) g _ 2
+ T T>2 /e%kﬁl»n(t )dT/ (ff?ln(T)) dr
0

<1 + Oéeﬁl k,ln 0

From here, evaluating each participant separately for the amounts, then we can easily get the
following

2 5\ 2 1
o0 3 <@£1]3 ! n) 62)‘k,l,nt o0 3 <¢51]3 I n) 62)\k,l,n(t T) o0 9
sy _ Z syl < C a72€72,{1T Z _(1)
) (ORNs 2 O 2 = Vil (pz,k,l,n
k,l,n=1 (1 + OéemT-‘rAk,z,n ) kln=1 <€_ kot 4 Oé@“iT> klne1
where
3, a>0
1 —)\(1) T—r;T 2
Cip =4 3| —e M8 4 1) o< —1
«
3Di,1, —-l<a< 0,
1 - T—r;T - (1) 1 1
—e “koslo:mo ] ,k}ko,l2l0,n>no,)\kln>—ln— R
[0 sty T 1%
D = )
’ ]. _)\(1> T—r:T h (1) 1 1 .
max ((ae Rint T ] s Abin < fln R 1,2.
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Further we have
o

1) T
2k T+2\ T
3ale i kiln (1)
§ 2)\ (t—71)
k,l,
" dr z k,l,n dr

NG
kln=1 (1 + ae“’TJ”\k!lv"T)

\ 11 _t Z / kln T’

k,l,n=1 f
o0
S 3 L) g dr
T )\(1) 2 zk,l,n
k,ln=1 (1+ae“l Ak Ln ) o 0

© _ 2
Cirta~2e™ Ty / (70,,) .
n=1 0

Summing up these estimates, we get

T
S 1 K 1 2 > 1 2
Z {Uz(,k),l,n(t)} Cla € - ZTZ( z(k),l,n) +CZ,1(T_t> Z /(fz(k),l,n( )) B
kyln=1 kdn=1"%
(26)
+C’11t0¢ e 2T Z / zk,l,n dr
k,l,n=1 0

We estimate for the second sum on the right-hand side of inequality (25) for two cases:)\gjl)m >0
and /\,(fl)n < 0. Let )\,(fl)n > 0, then we get

> (o) <Gt 37 (A)

A2 >0 A2, >0
T
2
(2
#0003 [ (7)) o o
>\(2) >0t

2
+Ciata” e 2T Z /( zk,l,n )) dr,

(2)
Al >00

where
3, a>0

2
Cip = 3(16—&%—“ N 1) <1
o

3D;s, —1<a<0,
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1 o . -
<_ )‘ko lo» noT i -+ 1) ,]{J > k'07l > lo,n > No, /\]E/,Ql) > —In

o L \® pr - (2) 1
— kynt 1 A < —1
max ((ae + ) AT T n

Let A, < 0. Then

2 2
Z {Ufk),l,n(t)} <Ci,3 Z <@§,2k),l,n> +

M2 <0 A2 ,<0

+C¢,3a2€2mT(T_t) Z /(ﬁ(i)ln(7)>2d7 (28)

(2)
Aeln<Ot

+Cigt /(m ))Qdﬂ

A](j}’n<o 0

where
3, a>0

2
Ciz = 3(046/\3{71:”_'”11 + 1) ya < —1
3Di’3, -1 <a<0,
1
< =Inlo],

Dig = 2 -2 '
max ((ae’\kﬁlvnTﬂ"T + 1> ) ) Agfz)n > Tln lal, 1 =1,2.

) —2
A T+k; T
(ae kodomo” T 4 1) k> ko,

\Y
s
N
Y
5
-
5

We estimate for the third sum on the right-hand side of inequality (25) for two cases:)\,(jl)vn >0
and )\,(fl)n < 0. Let )\E’I)’n > 0, then we get

. 2 . 2
S (0,0 <Cua et 3 (60,)'

A2, >0 A2 >0
T
2
73
A >0
-2, 2T 2
FCiata~2e T Y /( () .
A3 .>00
where
3, a>0
L \® 1o ’
Ciag=1q 3| —e7Mi" "8 1) a< -1
o

3D;4, —1<a<0,
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1 .\ g -2 3) 1. |1
—e leOTLO 4 +1 7k>k07l>l07n>n0,)\kln>_].n_,
« ” T «
Diy = -2
’ L \® p_r (3) 1 1
kylnt TR 1 A < —In|— =12
max((a —i—) ), kln Tna,z
Let )\,(f’l)n < 0. We have
2
3 3
Z {Ui(,k),l,n t } 015 Z <S01( k),l,n>
A2 <0 A1 <0
T
2
4 (T 1) 3 [ (F0) dr (30)
A <0t
2
+Cist Z / < ik ( )) dr,
A ,<00
where
3, a>0
3) 2
Cis = 3(046)‘171’1T+’”T + 1) yoa < —1

3Di75, —l<a< 0,

3) . -2 1
(ae)\ko,lo,noT-ﬁ-mT + 1) ’k > k}o,l > lO,TL = ng, )\’(jl),n < —=1In |Oé| ,

l)@5=: AB) . T —2 3) 1 g
max ((ae kit TR 1) ) s Akin > fln laf, i =1,2.

We estimate for the fourth sum on the right-hand side of inequality (25) for two cases:)\,(fl)m >0
and )\,(fl)m < 0. Let )\,(:fl)’n > (, then we get

2 2
Z {Ugjl,g’lm(t)} <Cz‘,604_26_2”iT Z (@Ejl,g#n) +

(4)

Ak,1,n>0 Ap1n>0
T
2
(4
=1 3 [ (70,0) ar a1
A(4) >0t
~2,-2r;T 2
+Cigta~2e T § /( o )) dr,
A 00
where
3, a>0
Cig = 3(—6_ L 1) ya < —1
o

3D, —1 <a <0,
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1 @ -2 1. |1
<—e Mot T—RiT 4 1) k= kol =lo,n =mng, A > Zn |~
b o - T o
i,6 — )
- klnt —Hi 1 A < —In|— =12
max((ae + ) ) » Akin < 7 n a ) ,
Let )\,(fl)’n < 0. We have
(4) 2 <C _@ )2
Z Vi pun®) ¢ < Cig Z Pikin) T
)\;:fl),n<0 )\gc%l),n<0
T
_ 2
4t (@ =) Y [ () dar )
A <0
t
2
(4
+C’577t Z /(fz(,k),l,n(T)> dTa
A <00
where
3, a>0
Ciz = 3(046/\<1?273T+MT + 1>2, a< —1

3Di,77 —“l<a< O,

(4) , —2 1
<CY€/\’“0JO’”0T+MT + 1> k= ko, l = lo,n = no, )‘l(jjl),n < fln laf,
Di 7T _9
’ AY Tk T (4) 1 ;
max (ae kol TR 1) s AN > Tln laf,i=1,2.

Combining the last estimate and (26)-(27), we find that for the expression ||v;(x,y, 2, t)H(z) the
following inequality holds:

[v; (2,9, 2,0)llg < C (14 a72) e ||py(x,y, 2) g +
T
K r 2
+C (1 -+ a2) (T — t) e? T/t Hf,-(a:,y,z,t)HOdT (33)
t
1O (1 a ) e T / |Fia . 2, 0)|
0

where C' = max(Cy, Cy, Cs, Cy, Cs5, Cs, C7). Taking the norm from both sides of estimates
(23),(33), we obtain the following estimates

a1 + K1

a +I§J 2
1 2 2Kk1t 2
e v (x,y, 2z, t)||5 + 2
)) H 1( Yy )HO (b2 ("{/1 Ko

2
2Kot 2
—_ e v (x,y, 2, )5,
bQ(Hl—HQ )) H 2( Yy )”0

HUI (Z’,y, Zat)Hg < 2(

HuQ (x7y727t)||(2) < 262H1tHU1 <x7yazvt)”g+ 262n2tHU2 (xa?J;Z,t)Hg-

(f’vl - ff2) K1 — Féz)
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The lemma 3 is proved.
Uniqueness and conditional stability

Theorem 1. Let o« = 0. If a solution to the problem (1)-(4) exists and
(uy (2,9, 2,t) ,us (z,y, 2,t)) € M, then the solution to the problem (1)-(4) unique.
Proof. Let pairs of functions (urg (2,9, 2,t), wia (2,9, 2,1)),

(ugq (z,y,2,t) ,u22 (2,9, 2,t)), are solutions of the problem (1)-(4). Let us introduce the
notation U (z,y,2,t) = w1 (z,y,2,t) — uia(x,y,2,t), Us(x,y,2,t) = wusy(x,y,2,t) —
U (2,9, z,t). Then the pair of functions (Ui (z,y, 2,t), Us (x,y, 2,t)) satisfies the system of
equations

Ult + SZg?’L(.Q?)Ulm; + sign(y)Ulyy + Ulzz + alUl + b]_U2 = O,

Ust + sign(x)Usee + 5ign(y)Usyy + Usz. + agUs 4 bUy = 0,
with conditions

Ui|t:0 + an|t:T = O, 7= 1,2

and (3),(4). According to lemma 2, we have
|| Uy (.T,y,Z,t) ”0 =0

and
H Us (,CE, Y, Z7t) ||0 = 0.

Hence, for any (z,y,z,t) € Q, we have uy (x,y,2,t) = wio(z,y,2,t), usy (v,y,2,t) =
U (2,9, z,t). The theorem 1 is proved.

Let Ui (x,y,2,t) = u; (z,y,2,t) — we (x,y,2,t), i = 1,2, where the pair of functions
(uy (2,9, 2,t), ug (x,y, 2,t)) is a solution to the problem (1)-(4) with exact data, and the pair
of functions (us. (z,y, z,t) , us: (z,y, z,t)) as a solution to the problem (1)-(4) with approximate
data.

Theorem 2. Let o = 0,(uj,up) € M, (ue,u.) € M. Moreover, |¢; — s, <
e, Nfi = fiellp £ e, = 1,2, Then for the functions Uy, Uy for any t € (0;T) following
estimates is valid
aj + Ko
by (Hl - /€2)
1

|'<01 —’12\

aq + K1
by (Hl - /€2)
1

e
K1 — Ko

||U1€H0 < eﬁltwa(ta "’ila'ylaasam) + eﬁztwa(t7/€2772aa€7m)a

1Uszellg < e™'w.(t, K1, Vie, €,m) + 520 0e (t, K, Yoer €, M),
where
wi(t, ki m, &, i) = 2(2 ([ba] + as + #al) + 7ie) T (2m (|bo] + |a1 + ri|) e ™7 + 7ic) T4 Yies
(s? (1ol + Jar + %) )
Yie =

| K]

Proof. A pair of functions (U, Us.) satisfies system

Uret + sign(2)Usegs + 5ign(y)Useyy + Uteze + a1Usre + 01Use = f1 — fie,
UQst + Sign(x)UQSxm + Sign(y>U26yy + U2azz + a2U25 + b2U15 - f2 - f2€u
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with initial conditions
Uie|t:0 + an€|t:T = @i — Pie, 1= 17 27

and homogeneous boundary conditions (3), as gluing conditions (3). It’s easy to see that

||¢15 (fl'f,y, )HO |a1+/{1| ||S02 (,I’ Y,z ) P2e ($ayaz)||0
+ |b2| ||901 ((L’,y, ) — Pi1e (x7y7 )“0 X
e (Jar + k1| + b2])

||@2s (x,y, Z)“(] < |b2| H(Pl (l’,y, Z) — P1e (:c,y, Z)”O
+ ‘(11 + H?l ||902 (xvya Z) — P2 (xvy’ Z)”O g
€(|b2| + ]al + l€2|) .

Now, using the condition (uq,us) € M, (uye, ug:) € M, we have

|bo| [|Ure (2, y, 2, )l + a1 + k1] [|[Use(2, 9, 2, )|l = b2 [Jua (2, y, 2, T) —wie(,y, 2, T)||,
+ ‘al + /‘61‘ H’LLQ(.CE,:(/,Z,T) - Ugg(ﬂf,y,Z,T)Ho X ’b2| (Hul(xaya ZaT)”O + ’lulf(‘x?y?Z?T)HO)
+lay + s | (lug(z,y, 2, T)|| + lluge(z,y, 2, 7)) < 2m (|bo| + |ay + k1)),

|ba] | U1 (2, y, 2, T)lg + lar + w2| 1U2e (2, 2, T)lg = [bo| lua (2,9, 2, T) — wie(2,y,2,T)ll
+lan + sl ua(z,y, 2, T) = wae(z,y, 2, )l < |baf (llua (2, y, 2, T)lg + luac(z, 5, 2, T)l,)
+lar + sl (Jua(z,y, 2, T)llg + lluse(z, y, 2, T)lg) < 2m (|bo] + |ar + ko),

and

\’fz'\

1
2 (|ba]” + a1 + ri]?) e—W) 2

/‘ Z‘ Y5 2, t fis(x7y727t)}|§d7— < (6 (

According to lemma 2, we obtain

a1 + Ko a1 + K1
[Urelly < ‘m ew.(t, K1, Y1e,€,m) + b (k1 — a) €™ w.(t, K, Y2:, €,m),
||U26||0 < —emtws(t7 R1,Y1ey €, m) + eHthE<t7 K2, Y2e, €, m)7

|H1—'f2| |'<01—/‘”v2|

where

_t . +
wie(t, ki, M, €,%ie) = 2( ([b2] + a1 + ki) + %5)1 r (Zm (1bo] + a1 + Kql) e + ’Yz’s)T + Vies

1
g2 (|b2|2 + |CL1 + /€i|2) e 2T\ 2
Yie =

|'fz'|

The theorem 2 is proved.

Theorem 3. Let o« # 0. If a solution to the problem (1)-(4) exists and
(uy (z,y,2,t) ,us (z,y,2,t)) € M, then the solution to the problem (1)-(4) unique.

Proof. Let pairs of functions (w1 (2,9, 2,t), wa(z,y,21)),
(ugq (x,y,2,t) ,u22 (2,9, 2,t)), are solutions of the problem (1)-(4). Let us introduce the
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notation Vi (x,y,2,t) = wii(z,y,2,t) — wia(x,y,2,t), Val(r,y,z,t) = uss(z,y,2,1) —
U (2,9, 2z,t). Then the pair of functions (Vi (z,y,2,t), Va(z,y,z,t)) satisfies the system of
equations

‘/it + Slgn(x)‘/lxx + SZgn(y)‘/lyy + ‘/1ZZ + a'l‘/l + bl‘/Q = O,
‘/2t + Slgn('rﬂ/lzz + Sign(y)‘/?yy + ‘/27;2 + a2‘/2 + bQ‘/i = O,

with conditions
Vi’t:o +aVil_p=0,i=1,2

and (3),(4). According to lemma 3, we have
H V;(.T,y,z,t) HO = O,Z = 1,2

Hence, for any (z,y,z,t) € Q, we have uy; (x,y,2,t) = wia(z,y,2,t), usy (v,y,2,t) =
ug2 (x,y, z,t) . The theorem 3 is proved.

Let Vic (x,y,2,t) = u; (z,y,2,t) — we (x,y,2,t), i = 1,2, where the pair of functions
(ug (2,9, 2,t), ug (x,y, z,t)) is a solution to the problem (1)-(4) with exact data, and the pair
of functions (u1. (z,y, z,t) , us: (z,y, z,t)) as a solution to the problem (1)-(4) with approximate
data.

Theorem 4. Let a # 0,(uj,uz) € M, (uie,up.) € M. Moreover, ||p; —@jell, <
e, \fi = ficlly £ e, 5 = 1,2. Then for the functions Vie, Voo for any t € (0;T) estimates
1s valid
a; + Ko
by (K1 — K2)
1

|’11 —’f2|

a1 + K1

m €H2tw£(t7 /432,725,577”)7

[Vielly < ‘ e"™w.(t, K1, Me, €, M) +

”‘/2€H0 < enltws(ta R17715787m) + H2tw€(t7"€2772€767m>7

e
|1 — Ko
Proof. A pair of functions (Vi., Va.) satisfies system

‘/lst + SZQTL(x)‘/leacac + Sign(y)‘/layy + ‘/lazz + al‘/le + bl‘/Qe - fl - flsa
Vsz—:t + Slgn(x>‘/25xw + Sign<y)‘/ésyy + ‘/2622 + a2‘/2€ + b2‘/15 = f2 - f2£—:7

with initial conditions
‘/z's|t:0 + a‘/is|t:T = Qi — Pie, 1= 1727

and homogeneous boundary conditions (3), as gluing conditions (4). It’s easy to see that
C (1 + 0572) 672HiT ||@z(xv Y, Z) - @is(xv Y, Z)“g

T
+C (1+0®) (T —1t) emT/ [ fix,y, 2,8) = fiel,y, 2,8)||pdr
t

t
+C (1+a7?) te_mT/ |Fi(e,,2,8) = Fiel,y, 2,1)| dr
0
< O ((ar + ri)* + (1)?)

1 2\ (T — ¢ 1 =2\ te—2ki(T+t)
X(@+@4k4mqj +a) )jéﬁa ) te )

= w.(Ki, t)
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According to lemma 3, we have

a; + K a; + K
||‘/1€||0 < ‘m emthO{ivt) + m nztwe(/%t)»
1 K1t 1 Kot
[Vaellg < me we (ki t) + mé’ e (ki 1)

The theorem 4 is proved.

10.

11.

12.
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REZYUME

Ushbu ish ikkita buzilish chizig’iga ega bo’lgan bir jinsli bo'lmagan parabolik tipdagi
tenglamalar sistemasi uchun nolokal chegaraviy masalaning shartli turg’riligini
o’rganishga bag’ishlangan. Ushbu ishda A.N. Tixonov bo’yicha masalaning shartli
turg’inligi isbotlangan, ya’ni korrektlik to’plamida yagonalik va shartli turg’unlik
teoremalari isbotlangan. Yechim uchun Aprior baho olishda logarifmik qavariqlik
usulidan va S.G.Pyatkov tomonidan qaralgan spektral masala xossalaridan
foydalanilgan.

Kalit so‘zlar: Nolokal chegaraviy masala, nokorrekt masala, Aprior baho, shartli
turg’unlik bahosi, yechimning yagonaligi, korrektlik to’plami.
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48

PE3IOME

Jlannast paboTa TOCBHAINEHA HCCIEIOBAHUIO YCJIAOBHON KOPPEKTHOCTH HEJTOKAJILHOM
KpaeBoil 3aJ1a4u JIJII CUCTEMbI HEOTHOPO/IHBIX YpaBHEHUI 1apabo/IMIecKOro THIIA, C
JIBYMsI IMHUSIMU BBIPOKIeHusI. B mamHoit pabore Ha ocHose ngen A.H. Tuxonosa mo-
Ka3aHa yCJIOBHas KOPPEKTHOCTD 3a/1a9H, & NMEHHO, JOKA3aHbl TEOPEMbI €/ ITMHCTBEH-
HOCTU W YCJIOBHOW YCTOMYMBOCTU Ha MHOYKECTBE KOppeKTHOCTHU. i mosrydenus
AIIPUOPHOI OIEHKM pEeINIeHUs UCIOJIb30BaH METOJ JIOrapu(MUIECKOil BBITYKJIOCTH
1 Pe3yJIbTaThl CIeKTpabHON 3a1aqn, paccMoTpertoit C.I TIaTkoBBIM.

Karoueswvie caosa: HenokambHas KpaeBas 3ajiada, HEKOPPEKTHAS 3a/1ada, allph-
OpHas OIEHKA, OIEHKA, YCJIOBHOM YCTOMIMBOCTH, € IUMHCTBEHHOCTD PEIICHUsI, MHOYKE-
CTBO KOPPEKTHOCTH.



ActAa NUUzZ EXACT SCIENCES Vor.2, Nel, 2025, pp.49-56

UDC 517.54

RIESZ’S THEOREM FOR A(z)-ANALYTIC FUNCTIONS

HusenNov B. E.
BUKHARA STATE UNIVERSITY, BUKHARA
b.e.husenov@buxdu.uz

RESUME

We consider A(z)-analytic functions in case when A(z) is antianalytic function. In
this paper, an analogue of theorem Riesz’s is proved for A(z)-analytic functions
from the Hardy class.

Key words: A(z)-analytic function, Hardy class, A(z)-lemniscate, Taylor series,
Blaschke product, Riesz’s theorem for A(z)-analytic functions.

Introduction

A(z)-analytic functions. Let A(z) be antianalytic function, i.e. 22 = 0 in the domain

D C C and there is a constant ¢ < 1 such that |A(z)| < ¢ for all z € D. The function f(z) is
said to be A(z)-analytic in the domain D if for any z € D, the following equality holds:

of of
25 = A(Z)a' (1)

We denote by O4(D) the class of all A(z)-analytic functions defined in the domain D.
Since an antianalytic function is infitely smooth, then O4(D) C C*(D) (see [2]). In this case,
the following takes place:

Theorem 1. (see [3], analogue of Cauchy integral theorem). If f € O4(D)NC (D), where
D c C is a domain with smooth 0D, then

/f(Z)(dz + A(2)dz) = 0.
oD

Now we assume that the domain D C C is convex, and § € D is a fixed point in it. Since
the function A(z) is analytic, the integral

I(z) = /A(T)dT
V(&%)

is independent of the path of integration; it coincides with the antiderivative I'(z) = A(z).

Consider the function . .

k(=8 :%2—54—1(2)7
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where (&, z) is a smooth curve which connects the points &,z € D [5].
Theorem 2. (see [5]). K(z,§) is an A(z)-analytic function outside of the point z = &,
i.e. K(z,6) € Oa(D\{&}). Moreover, at z = & the function K(z,€) has a simple pole.

Remark 1. (see [5]). If a simply connected domain D C C is not convez, then the function

(€, 2) =2 =€+ 1(2),

although well defined in D, may have other isolated zeros except & : ¥(&,z) = 0 for except
z € P\{¢,&,&,...}. Consequently, v € Os(D), ¥(§,2) # 0 when z ¢ P and K(z,§) is an
A(z)-analytic function only in D\ P, it has poles at the points of P. Due to this fact we consider
the class of A(z)-analytic functions only in convexr domains.

According to [5], Theorem 1.2, the function ¥ (¢, z) is an A(z)-analytic function.

The following set is an open subset of D:
L(a,r)={z€ D :|¢(a,z)| <r}.

For suffiently small » > 0, this set compactly lies in D (we denote it by L(a,r) CC D)
and contains the point a. The set L(a,r) is called an A(z)-lemniscate centered at the point a.
The lemniscate L(a,r) is a simply-connected set (see [5]).

Theorem 3. (see [4], Cauchy’s integral formula). Let D C C be a conver domain and

G CC D be an arbitrary subdomain with a smooth or piecewise smooth OG. Then for any
function f(z) € O4(G) (N C(G), the following formula holds:

/f ) (d€ + A( )df), z€q. (2)

Note that from formula (2) it follows that if f(z) € Oa(L(a,7))(C (L(a,r)), where
L(a,r) CC D is a fixed A(z)-lemniscate, then in L(a,r) the function f(z) is expanded in a
Taylor series:

= at*(a, 2), (3)

whereck:%m 1l W(dfﬁtfl )df),0<p<r,k:[),1,2,....
[v(a.€)l=p

Angular limits and Hardy classes for A(z)-analytic functions. Let L(a,r) CC D

and f(z) € Oa(L(a,r)). We define the concepts of angular and radial limits of A(z)-subharmonic

and A(z)-analytic functions in lemniscate L(a, ). The radial limits of the function f(z) at some

point ¢ € OL(a,r) are denoted as f*(¢) and the angular limits are denoted as f%({) (see [6]).

In the classical case of the disk U = {w € C : |w| < 1} C C,,, the limit by the radius
e ={w=1t(}, 0<t<1, (€U of the function g(w),

9°(¢) = lim g(w)

w—,WETE

is called the radial limit, and the limit by the angle << C U, ending at the point ( € <, is called
the angular limit,

92(¢) = lim  g(w)-

w—C,weL
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Since lemniscate L(a, ) is a simply connected domain with a real analytic boundary, then
according to Riemann’s theorem there exists a conformal map x(z) : U — L(a,r), which is
also conformal in some neighborhood of closure U. Let y maps the boundary point A € U to
the boundary point ¢ € dL(a,r). Then the curve 7. = x(7,) has the property that it connects
points a, ¢ and is perpendicular to all lines of level 0L(a, p) = {|¢(a, 2)| = p},0 < p < r. In the
theory of A(z)-analytic functions, the curve 7. = x(7\) plays the role of the radial direction,
and the image of the angle (<) plays the role of the angular set at the point ¢ € OL(a,r). We

will denote this angle by < = <¢. The limit f*(¢) = 1Cim f(z) is called the radial limit, and
2—=(,2€7¢

f2(¢) = l(lm f(2) is the angular limit of the function f(z) at the point ¢ € dL(a,r) (see
2—(,2€¢
[6])-

Now we will show the smoothness of the boundary of lemniscate L(a, ). For this, we take
automorphism x~'(2) : L(a,r) — U by Riemann’s theorem. Let there be some neighborhood
V = {¥(a,¢) = re? |0] < e} for Ve > 0. Also has x }(V) C U and x () = X €
OU. Further, there is a diffeomorphism 7 = —ilnx~'(¢) : V' — [—1;1]. This diffeomorphism
represents all boundary points of the differentiability of the function f*(¢) and fX(¢) (see [§]).

Next we introduce the Hardy class for A(z)-analytic functions:

Definition 1. (see [6]). The Hardy class H?,p > 0, for A(z)-analytic functions is the set
of all functions f(z) such that its averages

! / F(2)P|dz + A(z)d7] (@)

2mp
[¥(as2)l=p

p
p<r [d(a,2)|=p
The Hardy class for A(z)-analytic functions in the domain L(a,r) is denoted as
H%(L(a,r)). The norms in them are defined by the formula (see [6]):

are uniformly bounded for p < r, i.e. sup {% i \f(z)\p‘dz + A(z)di’} < 00-

[ e+ e | <o

[¥(a,2)|=p

1
| fllun= sup | -—
A [Y(a,z)|<r 27Tp

Further, from the inequality b < % +1, 0 < g <p, b > 0 we conclude that f € HY
follows f € HY, i.e. H, C HY for all p and ¢. Let us define a class of bounded functions

HFE(L(a,r)) = {f(Z) € Oa(L(a,r)) = sup {[f(2)[} < OO} :

l(a,2)|<r
The norm in Hy(L(a,r)) is defined as || f(2) ||[z=sup {[f(z)|} (see [6]).
)

z€L(a,r
The Fatou’s theorems and Cauchy’s integral formula for Hardy class H}.
Now, we will consider the Fatou’s theorem for the class of functions H} :
Theorem 4. (see [6], the Fatou’s theorem for the class of functions H}). If f(z) €
H\(L(a,r)), then the angular limit

J2(Q) = lim f(z)

Z—)C,ZE<I<

ol
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exists and is finite for almost all ( € OL(a,r), except, perhaps, the points of some set E of
measure zero.

The following statements follow from Theorem 4:
Theorem 5. (see [6]). If f(z) € H.(L(a,r)), then f*(¢) € LY(0L(a,r)). Asp —r

[ Gl — [ ol o) 5
[(arz)|=p (@)=
and
1f(z) = [*(Q)l|dz + A(z)dz|— 0. (6)
[¥(a,2)|=p

According to Cauchy integral formula (2) for lemniscates L(a,r)

f6) =r [ HOK(ES) (d+ A©)).
[¥(a.€)|=p
we conclude that
) =5m [ TORE) (@ +AQ). @
[¥(a,C)|=r

This is the Cauchy integral formula for functions of HY.

Let the function f(z) € Oa(L(a,r)) and ay, as, as, ... be the zeros of the function in this
domain, r, = [(a, a,)|. If

M= sup %p / F(2)]|d= + A(2)dz]

0<p<r
0L(a,p)

then

Zr—|1/zaan)

n=1

is bounded and the Blaschke product

& )] daa) - vla.)
BE) = ) = po @i )

is A(z)-analytic in L(a,r), f(2) = B(2)G(z), where the function G(z) is A(z)-analytic and has
no zeros at [ (a, z)| < r (see [7]).

Also, from formula (7) it follows that if f(z) € H}(L(a,r)), then there exists a Blaschke
product B(z) and a function G(z) € H4(L(a,r)) that has no zeros in L(a,r), such that f(z) =
B(2)G(z).

Therefore, for almost all ¢ € L(a,r), the limit function B%(() at z — (4 exists from
Theorem 4.

n=1
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Main result

Theorem 6. (Riesz’s theorem for A(z)-analytic functions). If f(z) € H?(L(a,r)), then

|f(2) = fA(Q)]|dz + A(z)dz|— 0
li(a,2)|=p

at p — r, where f*(C) - there is almost everywhere an angular value of the function f(z).
Proof. If B(z) is the Blaschke product constructed from the zeros of the function f(z),
(

then f(z) = B(z)G(z), where G(z) € HP and G(z) have no zeros in L(a,r). For p < r and
O<p<l1
/ £(2) = £ |d= + A(z)dz|< t/ B)|£(2) — £(Q)[|d= + A(z)dz]+
[¥(a,2)|=p [vb(a,2)|=p
+ / |B(z) = B* (|| £ |dz + A(z)dz| <
¥ (a,2)|=p
< [ 1@ -rolara@as [ |Be - BOPIFOF s + AR,
[(a,2)|=p vb(a,2)|=p

For p > 1, similar inequalities hold, with the only difference being that the p"? degree roots are
extracted from the integrals.

Now, from the fact that |B(z)| < 1, B(z) — B*(() is almost everywhere for p — r and
|G*(¢)P € LY, it follows by Lebesgue’s theorem on majorized convergence that

/ B(z) - B/

li(a,2)|=p

’ ‘dz—i—A dz!—)O is for p — 7.

So we see that it is enough to show the following fact:

[ 150 = #OF =+ AG)E 0 at v
1Y (a,2)|=p

for functions G(z) € H? that have no zeros in L(a,r).

If p > 1, then this is simple, since according to the previous subsection

G@:%p / P(=,Q)G*(O)]d= + A(2)dz],

l(a,Q)|=r

because it is obviously G(z) € H}(L(a,r)), where P(z,() = rolb@)? s the Poisson kernel.

19(C,2)1?

By Theorem 5 the function is G*(¢) € L% (L(a,r)) if G(z) € HY(L(a,r)); therefore, since the
kernel P(z,() is an approximate unit,

/’|ﬂ@ O |dz + A(z)dz]— 0,

ib(a,2)|=p
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if p—r.
Let’s assume p > % Using Zygmund’s clever trick, let us set h(z) = /G(z); the square

root in this case is well defined, since the function G(z) never vanishes L(a,r). Then h(z) €
HP(L(a,r)) and 2p > 1. We have

/ 1G(2) = G*(Q)|"|dz + A(z)dz|= / |(h(2) = B*(Q)) (h(z) + h*(C)) [|dz + A(z)dz|,
[¥(a,2)|=p [ (a,z)|=p

which, according to the Schwarz inequality, does not exceed

I(z) — h(O)|*|d= + A(=)dz] - / (=) + h*(0)[*]dz + A(=)dz| <
[¥(a,2)|=p [¢(a,z)|=p

b

<’ / |h(2) — h*(Q)| ™ |d= + A(2)dz
|vb(a,2)|=p
where €’ does not depend on p, since h(z) € H?(L(a,r)). But due to the fact that 2p > 1,

and what was proved above, the last expression tends to zero at p — r. Therefore, it is proved
that the required result is valid for p > %

If now p > i, then, again introducing the auxiliary function h = v/G, we will reason as
above, using the result just proven. >

First of all, we note that the proof in case p = 2 is elementary. Indeed, if the function
o

f(2) = > cpb™(a, z) belongs to the space H3, then
n=0

| (2)Pldz + A(2)dz|=7p ) |eal*p™
(a2 =p =0

o
due to absolute convergence and orthogonality, therefore > |c,|? is bounded.
n=0

According to the Riesz-Fischer theorem, there exists a function f*(¢) € L%(0L(a,r)) with

oo o0
a Fourier series Y c,1"(a, z) = Y. ™ where 1(a,2) = pe?. Now, by direct calculation it

n=0 n=0
is easy to check that for p < r
1 N _
) =g [ PEOFON: + A
[¥(a,Q)|=r

(using series expansion), so that in fact
f(z) = f*(¢) almost everywhere at z — (4

and
/ | f(z) — f*(()|2]dz+A(z)d2}—> 0

[¥(a,2)|=p
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at p — 7.

Using this result we can prove the theorem of F. and M. Riesz as follows. Let’s take any
measure i(¢) by 0L(a,r), such that

/ "(a,Q)ldu()| =0, neN,

[¥(a,Q)|=r

and put

1
6 =5r | PO
[¥(a,C)|=r
for 0 < p < r. As is easy to see,

0
_ chd]n(a e ZC/ m@
n=0

where ¢, = 5

2
[ v™(a,2) (dz + A(2)dz) = 5= [ e7™du(f) = c,; therefore, the function
[(a,2)|=p 0

is f(2) € Oa(L(a,r)) and according to the previous subsection, f(z) € HY(L(a,r)). As at the
beginning of the proof of the theorem, we can represent the function G(z) as f(z) = B(z)G(z),
where B(z) is the Blaschke product, and h(z) € H}(L(a,r)), and the function h(z) has no zeros
in L(a,r). Therefore, there exists an A(z)-analytic function in L(a,r) such that h(z) = f?(z2);
it is almost obvious that f(z) € H%(L(a,r)). Now we use a special case of the theorem just
proven: let’s put G*(¢) = B*(¢)(f*(¢))?; then G*(¢) € L4(0L(a,r)). We have

/ £(2) = £(0)]|dz + A(=)dz| < / IB(2) — B*(O)||£*(Q)[*|d= + A(z)dz| +
[¢(a,2)|=p [¢¥(a,z)|=p

+ / B[ £2() = (F(Q))]|d= + A(2)dz|

[¢(a,2)|=p

At p — r, the first integral on the right-hand side tends to zero by Lebesgue’s theorem on
dominated convergence. The second does not exceed

/ |12(2) = (F*(C))?||d= + A(z)dz

[¥(a,2)|=p

and this last value tends to zero at p — r (we reason in the same way as When using Zigmund’s

method, taking into account the already proven fact that [ } fz)—f | |dz+A dz|—> 0
[¥(a,z)|=p
at p — r). Finally,
/ |G(2) — ‘ |dz + A(z)dz|— 0, at p— 7
l¥(a,2)|=p

%)
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But according to the previous subsection at p — r

G(z) (dz 4+ A(z)dz) — du(z).

Consequently, du(¢) = G*(¢) (d(’ + A(Q)d¢ ) and the measure p are absolutely continuous, which
proves the theorem of F. and M. Riesz.
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REZYUME

Ushbu maqolada A(z) funksiyani antianalitik bo’lgan holda A(z)-analitik
funksiyalarni qaraymiz. Ushbu maqolada biz Xardi sinfidagi A(z)-analitik
funksiyalar uchun Riesz teoremasining analogini isbotlaymiz.

Kalit so‘zlar: A(z)-analitik funksiya, Xardi sinfi, A(z)-lemniskata, Teylor qatori,
Blyashke ko’paytmasi, A(z)-analitik funksiyalar uchun Riss teoremasi.

PE3IOME

Maer pacemarpuBaioTcs A(z)-anannTudeckue GQyHKIN B ciydae, Korga A(z) - anTu-
aHanuTu4deckas pynknusg. B mannoit padbore jloka3biBaeTcs aHajor Teopembl Pucca
st A(z)-aHaauTudeckux QyHKIWNA U3 Kaacca XapJiu.

Karouesvie caosa: A(z)-amammrtudeckas dyHknud, kimacc Xapam, A(z)-
nemuncKara, psn Teitopa, mpomssenenne Busimike, Teopema Pucca mua A(z)-
aHATUTUIECKUX (DyHKIIHIA.
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RESUME

This article is devoted to the definition and study of strongly m—subharmonic
functions on compact Kahler manifolds. In particular, the Green’s function, the
P.,—measure and m—regular sets were studied. The main result of the article is
establishing the connection between locally m—regular sets and globally m—regular
sets in local coordinates of a compact Kahler manifold.

Key words: differential forms, strongly m-subharmonic functions, Kéhler
manifolds, m-polar sets, P,,-measure, m—regular sets.

1. Introduction

A compact complex manifold M is called Kahler if it admits a Kahler metric associated
with a smooth, positive, and d-closed (1,1)—form w. A Kéhler manifold M with a fixed w is
also denoted as (M,w).

Let us provide the definition of twice differentiable gsh,,—functions on a compact Kéahler
manifold (see, for example, |7, 8]).

Definition 1. A function v € C?*(D) is called quasi-strongly m—subharmonic function
(or qshy,) in domain D C M if the differential forms

[dd°u +w]" AW >0, k=1,2,...n—m+1, (1)
are positive in domain D.

The class of g¢sh,,—functions are analogous to a well-known class of strongly
m—subharmonic (sh,,—)functions in the space C". Let w be a smooth, positive, d—closed
(1,1)—differential form defined in domain D C M. Therefore, a function u € C*(D) is called
strongly mw—subharmonic (or briefly wsh,,) in domain D if the differential forms

(ddcu)k/\w”’kzo, k=1,2,...n—m+1, (2)

are positive in domain D.
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As in work [5], it is demonstrated that if vi,..., v i1 € wsh,(D)(C?*(D), then the
differential form ddv; A ... A ddvVp_pmi1 A w™ L is positive, i.e.,

dd“vy A\ ... N dd vy N wm >0,
Moreover, if for a function u € C?(D) the relations
ddu A ddvy A ... N ddvy,_py A W™ >0 (3)

holds for all vy, ..., v,y € wsh,, (D) (C?*(D), then u € C*(D), is a wsh,,,—function.
Using this, we can define wsh,,—functions in the class of upper semicontinuous functions.
Definition 2. A function u(z) defined in domain D C C" is called wsh,, if:
1. ot is upper semicontinuous in D;

2. for any twice differentiable wshy,—functions vi,...,Vp_m € wshy,(D)(C*(D) the
current dd°u A ddvy A ... A ddv,_,, A W™ defined as

dd®u A ddvy A ... AN dd vy, A™ Lo 6 = /uddcvl A e Add vy A W™ A ddCO

is positive for all € F*°(D), 6 > 0,i.e.

ddu A ddvy A ... A dd vy Aw™ Lo =
= /u cddévy A N ddU g AW™TEAdAD >0, VO € FOO 9 > 0. (4)

Here F(©0) is a space of test functions in D. Note that for m = 1 the class wsh; coincides
with the class of plurisubharmonic functions, and for m = n it coincides with the class of
w—subharmonic functions. Moreover,

psh = wshy C wshy C ... C wsh,, C ... C wsh, = wsh.

wsh,, —functions are the subject of study by many mathematicians and are well reflected
in the works [1, 9, 10, 11, 13, 14]. In the study of ¢sh,,—functions on a Kdhler manifold, we
often use these well-known properties of wsh,,,—functions on the complex space C".

2. g¢sh,,—functions on a compact Kahler manifold

A quasi-strongly m—subharmonic function on a Kéhler manifold (M,w) is defined using

wsh,, —functions. On a compact Kahler manifold M locally, in a neighborhood of each point

2% € M there exists a neighborhood U C M and some strictly plurisubharmonic function

p € psh(U) for which ddp = w.

Definition 3. A function u, defined in a domain D C M, with Kahler form w is called
qshy, in a domain D C M, if it:

1. is upper semicontinuous in D;

2. locally, in a neighborhood U > 2° of each point 2° € D for any twice differentiable
qshm—functions vy, ..., Vy_m € qsh, (D) (C*(D) the current

(ddu + w) A (ddvy + w) A ... A (dd Uy +w) AW™
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locally defined in a neighborhood U as

(dd°u + dd°p) A (dd“vy + w) A ... A (ddVy_py +w) AW 0 =

= / (u+ p) A (ddvy + w) A oo AddVp_py +w) Aw™ P AddG >0 (5)

(is positive) for all § € F*(D), 6 > 0.

If we put w = dd°p in a neighborhood U C M, then the differential form w = dd°p of
bidegree (1, 1) is positive and d—closed, dw = 0. From (4) and (5) it follows that if u € gsh,,(D),
then locally it can be represented in the form

u=v-—p, (6)

where v € wsh,,(U), p € psh(U).
qsh,,—functions have many of the local properties of wsh,,—functions. In particular,

1) A linear combination of qsh,,—functions with non-negative coefficients is also a
qsh,— function:
ug(2) € qshim(D), ax € RY (k=1,2,....,p) =

ar1uy (2) + agug(2) + ... + apuy(z) € qshy(D);

2) The following relation is true
qpsh(D) = qshi(D) C ... C qshy,(D) C ... C qsh,(D) = qsh(D);

The class of functions gpsh(D) = gshy(D) corresponds to the class of plurisubharmonic
functions. Therefore it is called the class of quasi-plurisubharmonic functions. And also, the
class qsh, (D) = gsh(D) is called the class of quasi-subharmonic functions.

3) The limit of a wuniformly convergent or monotonically decreasing sequence of
qsh.,— functions is also qsh,,—function:

uj(2) € gshm(D), uj(z) = u(z) = u(2) € gshm(D);

(2) 2 wsa(2) (= 1.2,.) = lim u;(2) € gshp(D);

J—00

4) Let uj(z) € shy (D) be a sequence of shy,— functions satisfying uj(z) <
A (7 =1,2,..) where > A; converges. Then > u;(2) is a shy,— function.
j=1 j=1

The functions w;(z) — A; (j = 1,2,...) are not positive. Therefore, the sequence
k 00
vi(2) = Y [uj(2) — A;] is monotonically decreasing. By property 3) we have ) (u;(z) — 4;) €
j=1 Jj=1
qshy, (D). Since the series Y A; converges, then Y u;(z) € qshy,(D);
P =1

5) Regularization of the limit of a monotonically increasing and uniformly upper-bounded
sequence of qsh,,—functions is also qsh,,—function:

uj(z) € gshp (D) : 3A, uj(z) < A, VjeN,Vze D, ui(z) 7,
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then {hmuj(z)] € qshm(D);

J]—00

6) The maximum of a finite number of qsh,,—functions is also qshy,—function:
uj(z) € gshn (D), 1<j<j, = max{ui(2);ua(2);...;u;(2)} € gshn(D).

In fact, it is enough to show the statement for two functions. By Definition 2 it is easy
to show that if u,v € gsh,,(D), then “* € gshy,(D) and In (e* 4 €”) € gshp, (D). This means
that if we take w; = In (e’ +¢/") € gsh,,(D), then we get limw; = lim < 1In (e’ +¢7) =

j—o0 j—00
max{u, v}, which means max{u,v} € gsh,,(D).

3. m—polar sets on a compact Kahler manifold

m—polar sets on a compact Kahler manifold are defined similarly to m—polar sets in C".
Let M be a compact Kahler manifold and D C M is a domain.

Definition 4. A set E C D is called m—polar set if there exists a function u(z) €
qshm(D),u(z) £ — oo, such that u|p = —oc.

It is clear that if the set £ C D is m—polar, then it is also k—polar for all k = m+1, m+
2,...,n. In particular, it is polar in the class of quasi-subharmonic (gsh) functions in D.

Recall that a set £ C D is m—polar if the intersection E' (U is m—polar in U () D for
each local coordinate neighborhood U C M.

Next we present a property that connects m—polars set with its Hausdorff measure. We
define the Hausdorff measure Hy(A), 0 < s < n, over the manifold M as follows: H,(A(U;) =
H, (qﬁ;l(AﬂUj)) , where (U;, ¢;), j=1,...,J map for M.

Property 1. If a set E C D is m—polar, then the Hausdorff measure Hop o, .(F) =
0, Ve > 0. In particular, it has Lebesque measure zero.

Proof. As we noted above, m—polar set is a polar set. Therefore, it is enough to show
the statement for polar sets. Let £ C D be a polar set. Then there is a function u(z) €
gsh(D),u(z) /= — oo, such that u|g = —oo. Therefore, by formula (6) there is a function
v(z) € wsh(D),v(z) £ — oo, such that v|p = —c0.

We take some map (U, ¢),¢ : U — B(0,1) C C". Then, by definition 2, the function v(z)
in local coordinates satisfies the inequalities

dd°v(¢™H(€)) Aw"H(¢71(€)) > 0, €€ B(0,1).

Consequently, the function v(¢'(¢)) is a a—subharmonic function, where a =
W Hp71(€)) (a—subharmonic functions can be found in [2]). This means that the set
oY (ENU) is an a—polar set and has zero (2n — 2 + ¢)—Hausdorff measure, i.e.
Hyy 24 c(07 (EFNU)) = 0 in C" = R?*". According to countably subadditivity, it follows that
Hs,—91.(E) = 0. Property 1 is proven.

Property 2. A countable union of m—polar sets is again m—polar, i.e. if E; C D are

m—polar, then E = |J E; is also m—polar.

7j=1
Proof. Let us prove it using ideas, as in the case of C". The sets E; are m—polar sets,
which means that there are functions u; € gshn(D), u; /= — 00, u;]p = —oo. Since the
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oo

m—polar set has measure zero, mes,F; = 0, then the countable union £ = |J E; also has
j=1

measure zero, mes, . = 0. Using this, we can find a point z2° € D\ E such that the functions

u;(2°) #£ —o0, 7=1,2,....
Using the point 2°, we construct a function u(z) such that u(z ) € qshn (D),

ulp /=— 00, u|y = —oo. For this we take exhaustion D = U D;, D; CC Djy; CC
=

D, 2° € Dy and denote A; = supu;(z) (= A4; > u;(2°)). Using u;(z" ) # —oo and A; # —oo

J

we construct u(z) = Z T A,_u .20)) Then on any fixed compact set K CC D, starting from

some number j > N (K ) the terms of this series are negative. It follows that the partial sums
of the series starting from the number j > N(K) be monotonically decreasing and converges
to the function u(z). Since the partial sums are gsh,,—functions in D, then u(z) € gshy, (D).
From u(z%) = —1 it follows that u(z) /£ — co. Clear , that u|, = —oo and F is an m—polar
set. Property 2 is proven.

4. The Green’s function on a Kahler manifold

Let K C M — be a compact set in the compact Kéhler manifold M.
Let’s put

Vim(z, K, M) = sup {u(z) € gshy,, (M) : ul|, <0}.

Then reqularization

V(22 . M) = T Vi (i, K, M)

is called the Green’s function K. It is not difficult to prove that either V7 (2, K, M) = +o0,
or Vo (2, K, M) € qshy,,(M). Moreover, V» (2, K, M) = +oo if and only if K is m—polar set
in M. If K is not is m—polar, then the set I = {z €K : Vy(z,K,M)> O} is m—polar.

To demonstrate the difference between the Green’s functions in the space C" and in the
space M, we give two examples (in the case of m = n):

Example 1. Let K = {||z| = 1} U{z = 0}. Then
V*(z, K,C") =1n" |2,

In|z|, |z|>1;
0, |z| < 1.

Example 2. We take a neighborhood U C M and a biholomorphism ¢ : U — B(0,R) C
C", for R > 1. Compact set K choose as K = {¢~'(S)} J{v"(0)} cC U, where S = dB(0,1)
and S| J{0} cC B(0, R).

Hence,

so V*(0, K,C") = 0. Here z = (21,22, ..., 2n), and In* |2| = {

1

Vo2 K M) = Vi (7€), K, M) = I [974()] = 2o(074(6) + o0 (1),
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where £ € B(0, R) and dd°(po¢™) = w|, oy
Then it is clear that V(¢ =1(0), K, M) = Lp(¢p~1(1)) # 0.

5. gsh,,—functions in local coordinates

In this section we will consider ¢sh,,, —functions in local coordinates, in some neighborhood
of U ¢ M. Using ¢ : U — B(0,R) we go to B(0,R) C C". In local coordinates { € B(0, R)
the differential (1,1)—form w is represented as w = dd°p(z) = dd°(p(¢v=1(£))) for some
smooth plurisubharmonic function p. Hence, in a local coordinates the class of quasi-strongly
m—subharmonic function is defined as follows:

Definition 5. A function u € C?(D) is called a quasi-strongly m—subharmonic function
(or qsh,,) in domain D C B(0, R) if the following differential forms

c — — k ¢ _ n—k
[dd(u( () + p(0~ ON]* A [ddp(w ™€))" 20, k=12 n—m+1, (D)
are positive in D. The differential form can be written as
[dd*(u+ p)] " Addp) )" F >0, k=1,2,...,n—m+1.

Quasi-strongly m—subharmonic functions can also be defined in the class of upper
semicontinuous functions

Definition 6. A function u € L, (D) is called qsh,, in domain D if:

loc

1. ot is upper semicontinuous in D;
2. for any twice differentiable qsh,— functions vy, ..., Vp_m € qsh, (D) () C?*(D) the current

[dd(u(™1(€)) + p(™ (] A [dd*(va (7 (€)) + p(¥™ (D] A ...

o N[ W (071() + (L THEN)] A (ddp(¥1(€)) ™
defined as
[dd° (¥ () + p(¥ ()] A [dd* (o1 (7€) + p( ()] A -
A A W (7)) + p( O] A [ddp(v(€))] ™

_ / (dd*(u+ p)) A (dd* (01 + ) A oo A (v + p)) A [ddop™ T A6 =

o0l =

= / u(dd(vy + p)) A . A (dd°(Vn—m + p)) A [ddp)™ " ) A ddCO+

- / (dd(vy + p)) A oo A (dd(Vn—m + p)) A [ddp]™ ) A 6

is positive for all § € F*°(D), 6 > 0.
In the class gsh,,(D) we can introduce P, —measure w}, (£, £, D) = qum(c, E,D),
—

where
W (¢, B, D) = sup{u € qshu(D) = ulp <0, ul, < ~1}.
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Thus, the upper semi-continuous function u belongs to the class gsh,,(D), u € gshp, (D),
if w4+ p € shy,(D).
Hence, P, —measure

wqm (&, B, D) = sup{u € qshp (D) : ulp <0, ulp < -1}
in terms of sh,,(D) can be written as
wm(§, E, D) = sup{u € shy(D) : ulp < plp, ulp < -1+ plp},

where p,, = p(47(€)).
From the above it follows that the study of Py, —measure w}, (£, £, D) reduces to the

study of P,,—measures w, (&, E, ¢(£), D) with weight function ¢(£) = —1 + p(vp=1(€)).

Note that many properties of a P,,—measure w}, (&, E, ¢(£), D) with the weight function
#(&) = =1+ p(v=1(€)) have been studied by many authors (see, for example, [3, 4, 6, 12]). In
particular, questions of local or global regularity of compact sets, the relation of m—regularity
wi (&, E,0(€), D) with m—regularity w’ (§, E,D) = w;, (&, E,0,D) were considered in the
mentioned works.

Definition 7. Let D C B(0, R) be some domain, E C D some subset of it and ¢(&) is a
function bounded on E. For convenience, we assume that it is negative, ¢(§) < 0, V€ € E.

We take the function
wm(z, E,¢,D) =sup{u € sh,(D): u<0, u<op()}.
Its regularization w, (¢, E, ¢, D) = Ewm(g, E,¢,D) is called P,,—measure of the set E with
%

the weight function ¢(&).

Note that if ¢(§) = —1 we get the well-known P, —measure w?, (£, E, D) = w* (&, E,0, D).
It is known that P,,—measure w} ({, E,D) either = 0, or is nowhere is not equal to
0, wi(&,E,D) < 0. And, w! (¢, E,D) = 0 if and only if £ is m—polar. If the weight
function ¢(§) € shn(D), ¢(§) < 0Vz € D, then w,(§, E,0,D) > o), Vz € D.
Therefore, w(&, E, (&), D)y = ¢(§). However, after regularization, a "jump'is possible at
some points £° € E. Such points are called irregular points of the compact set E, otherwise, if
wi (€9 E,¢(£),D)| 5 = ¢(£°) then £° is called an m— regular point of the compact set.

Let us give the definition of m¢—regular compact.

Definition 8. A compact set E is called globally mo—reqular in & € FE
if Wi (% E,0&),D) = ¢(&°). A compact set E is called locally mo—regular if
wi (€0, ENB(E, 1), 6(£), D) = ¢(&°) for any ball B(%,r), r > 0.

Theorem 1. Let ¢(£) be a strictly m—subharmonic function in D. Then the point £° € E
18 locally mo—regular iof and only if it is globally mo—reqular.

Note that if the weight function ¢(¢) is not strictly m—subharmonic, then Theorem 1,
generally speaking, does not hold, i.e. globally regularity does not imply locally regularity of
the compact set F.

Example 3. Let D = B(0,2) = {z € C" : |z| < 2}—ball, E = {|z] = 1} 0, ¢(&) =
—1, 1 <m < n. Then

2(m—1) _
W, (€7E> _17B(07 2)) =—-1+ 222("171)71 <‘Z|2<W}71> + 22(771172)) ’ |Z’ S 1,
" 0, 1< |2 <2
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From here we have w?,(0, E, B(0,2)) = w’(0,E,—1,B(0,2)) = —1 and the point £ = 0 is
globally m—reqular. However, it is not locally m—reqular.

Proof of Theorem 1. For the class of plurisubharmonic functions (case m = n), the
theorem was proven by A. Sadullaev (see [6]).

It is clear that global m¢—regularity follows from local m¢—regularity. To prove the
opposite, suppose that the point £° is globally m¢—regular, w? (£°, E, ¢(£), D) = ¢(£Y), but is
not locally m¢—regular,

30> 01w, (0 K () BE% 1), 6(6), D) > ().
It is clear that
W€ K (VBE" 1), 6(8), D) = w;, (& K [V B(E.1"), 6(6), D) > 6(¢°) ¥r >1°.

We use strictly strongly m—subharmonicity of the weight function ¢(£). This means that
2
Je>0: (&) —2e|—0|; 1§ —E°" € shn(D).
We fix u(§) € shn(D): ulpngeo < ¢lpnBeo: ulp <0 and put

(&) = er’(u(€) — (€)) + B(&) — £ [—=dl - | — & .

Since )
p(&) = er?(u(€) — p(€)) + 6(€) — e |-l - [€ — € =
— er?u(€) + (1 — er?)p(€) — e |=o| - |€ — €],

then for all small » < 7° the function ¢(€§) € sh,(D) and ¢|, < 0. If £ € E(\B(£°,r),

then p(€) = £r2(u(€) — 6(E))+ H(E) —e |—0l - € — €F < H(€), since ulycpeony < cmieon
If ¢ € KN{|€ —&°] > r}, then

p(&) = er?u(€) + (1 —er?)p(€) — e | -9l - |€ — € <
< $() — er(9(€) + |~ ¢l ) < B(6).

It means that

p(€) = er?(u(€) — B(€)) + 6(€) — e |9l - € — " < wi (&, B, 6(€), D).

In this inequality we take the supremum (sup) over all the above functions u(§) :

er(wi, (&, B[ B(€.7),8(€). D) — ¢(€)) + ¢(€) — e |0l - |€ = €| <
<wn (& E,0(6), D).
Putting & = £° we get

er? (Wi (€ B[ B(€%,7),6(£%), D) = $(€°)) + (&) < wi, (€% E,6(6), D) = ¢(&”).
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Hence, w?, (€%, EN B(£°,7), ¢(&), D) < ¢(£°). Contradiction. Theorem 1 is proven.

Above, in the fourth paragraph we introduced the Green’s function V7 (2, K, D) and in
the fifth paragraph we introduced Py, —measure w,,, (&, E, D) using the class of quasi strongly
m—subharmonic functions w, differential (1, 1)—Fubini-Study form, which in local coordinates
¢ € B(0, R) subsetC™ is represented as w = dd*(p(v)"1(€))). Thus, we have reduced the study
of extremal functions into M to study them in the complex space C". In particular, the study
of Pyn—measure wy,, (&, E, D) was reduced to the study of P,,—measure w,, (&, E, ¢(§), D) with
the weight function ¢(£) = —1 + p(¢~1(€)).

The function ¢(§) = —1 + p(yp=(€)) is a strictly plurisubharmonic function in C". From
Theorem 1 we obtain the following result:

Theorem 2. A compact set K C M is locally m—reqular if and only if it is globally
m—reqular.
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REZYUME

Ushbu maqola kompakt Keyler ko’pxilliklarida kuchli ~m—subgarmonik
funksiyalarning aniglanishi va o’rganilishiga bag’ishlangan. Xususan, Grin
funksiyasi, P,,—o’lchov va m-—regulyar to’plamlar tadqiq qilingan. Magqolaning
asosiy natijasi kompakt Keyler ko'pxilligining lokal koordinatalarida lokal
m—regulyar to’plamlar bilan global m—regulyar to’plamlar o’rtasidagi bog’liqlikni
o’rnatishdan iborat.

Kalit so’zlar: differensial formalar, kuchli m-subgarmonik funksiyalar, Keyler
ko’pxilliklari, m-polyar to’plamlar, P,,-o’lchov, m—regulyar to’plamlar.

PE3IOME

Jlannast  craThsd  TOCBAIEHA  ONPEJEJIEHHI0O W W3YUEeHHI0  CHJIBHO M-
cybrapMoHImYecKUX (PYyHKIHMI Ha KOMIAKTHBIX K9/1epoBbiXx MHOTOOOpasusax. B
YaCTHOCTHU, uccienyoTed dyuknusa ['puna, P, —Mepa u m-pery/sipHble MHOKe-
crBa. OCHOBHOI pe3y/abTaT CTaTbU 3aKI0YAETCSI B YCTAHOBJICHUU CBA3U MEXKLY
JIOKaJIbHO M-pPeryjadpHbIMA 1 FJIO6a.HbHO m-peryjadpHbIMUI MHOXKeCTBaMU B JIOKa.JIb-
HBIX KOOPJMHATaX KOMIIAKTHOro KsaepoBoro muoroobpasus.

Karoueswvie caoga: nuddepennuaababie pOPMbI, CUILHO M-CyOrapMOHHYECKUE
dyukiuu, Ksnepoo wmHOroobOpasme, m-mojgpHble MHOXKeCTBa, P,,-Mepa, m-
peryJiipHble MHOYKECTBA.
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REZYUME

Ushbu maqolada kasallik tarqalishining epidemik SIR (Susceptible-Infected-
Recovered) modelining izohi va uning korrupsiya dinamikasida qo‘llanilishi va
modelning "asosiy reproduktiv son" (Ry) ning mavjudligi, uni topish usullari hamda
qaysi usul samaradorligi haqida fikrlar misollar bilan keltirilgan.

Kalit so‘zlar: epidemik model, asosiy reproduktiv son.

“Koronavirus pandemiyasi butun dunyo qatori xalqimiz, aynigsa O‘zbekiston tibbiyoti
uchun ham jiddiy sinov bo‘lganini barchamiz yaxshi bilamiz. El boshiga ish tushgan ana
shunday og‘ir va murakkab paytda birinchi bo‘lib yordamga shoshilgan, virus o‘choqlarida
o‘z hayotini xatarga qo‘yib, bu xavfli kasallikka garshi mardona kurashgan sog‘liqni saqlash
xodimlariga ushbu quvonchli ayyomda yana bir bor minnatdorlik bildiramiz”, — dedi Shavkat
Mirziyoyev [1].

Epidemik kasallik tarqalishi matematik modelining 1927-yilda birinchi marta Kermak va
MakKendrik [2] (Kermack, McKendrick,1927) ning asarlarida tatqiqot jarayonlari ko‘rsatilgan.
Kermak va MakKendrik modeli differensial tenglamalar sistemalari yordamida kasallikka
moyil (sezgir), kasallangan(infektsiyalangan) va kasallikdan tuzalgan shaxslar guruhlarining
dinamikasi tasvirlangan SIR modellarining (“Susceptible — Infected — Recovered”) keng
go‘llanilishiga olib keldi.

SIR modeli (Susceptible-Infected-Recovered) — bu epidemiyalar (yoki boshqa tarqaluvchi
jarayonlar, masalan, korrupsiya) dinamikasini o‘rganish uchun eng oddiy va keng qo‘llaniladigan
matematik modeldir. U shaxslarni uchta asosiy guruhga bo‘lib tahlil giladi va ularning o‘zaro
o‘tishini hisoblaydi. S (Susceptible) — yuqtirish xavfi ostidagi shaxslar soni. I (Infected) — hozirgi
vaqtda yuqtirgan va boshqalarga yuqtirish xususiyatiga ega shaxslar soni. R (Recovered) —
tuzalgan yoki immunitet hosil gilgan shaxslar soni. Bu guruhdagi shaxslar qayta yuqtirmaydi.
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SIR modeli uchta differensial tenglama bilan tavsiflanadi:

dsS
2 _BSI
dt b
dl
S BST —~I
o BST — v
dR
Ny §
a

bu yerda:

1. S — sog‘lom odamlar soni,
2. I — yuqumli odamlar soni,
3. R — sog‘ayganlar soni,

4. B — kasallik yuqish darajasi,

5. v — tuzalish darajasi.

Yugqtirish xavfi ostidagi shaxslar sonining o‘zgarishi:

ds
— = —4S51
dt p
bu yerda [ — yuqtirish koeffitsienti. Ushbu tenglama S shaxslarning I bilan kontaktga
kirishishi orqali kamayishini ifodalaydi.
Yuqtirgan shaxslar sonining o‘zgarishi:
dl
— =35I —~yI
7 =P g
bu yerda 7 — tuzalish koeffitsienti. Yuqtirgan shaxslar soni 5S7 tufayli ortadi va I tufayli
kamayadi.
Tuzalgan shaxslar sonining o‘zgarishi:

dR
@~

Ushbu tenglama yuqtirgan shaxslarning sog‘ayish tezligini tavsiflaydi [3-7].

SIR modelining quyidagi asosiy xususiyatlari mavjud: guruhlardagi shaxslar soni: S(t) +
I(t) + R(t) = N, bu yerda N(t) — populyatsiyaning umumiy soni. Boshlang‘ich vaqtda
yuqtirganlar soni 7(0), yuqtirish xavfi ostidagi shaxslar soni S(0) va sog‘ayganlar soni R(0)
aniq beriladi. Odatda R(0) =0 va I(0) > 0 deb olinadi.

SIR modeli vaqt oftishi bilan uch guruhning sonidagi o‘zgarishlarni quyidagicha
tasvirlaydi: S(t)— dastlab yuqori bo‘ladi va vaqt o‘tishi bilan kamayadi. I(¢)— boshlang‘ich
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holatda kasallanganlar soni kichik bo‘ladi, lekin epidemiyaning avj olishida maksimal qiymatga
yetib, keyin kamayadi. R(t) — vaqt o‘tishi bilan ortib boradi va sog‘ayganlar sonini ifodalaydi.
Bu matematik model muhim amaliy ahamiyatga ega bo‘lib, SIR modeli yordamida kasallik
tarqalishini oldindan bashorat qilish va kasallikning oldini olish chora-tadbirlari rejasini ishlab
chigish mumkin. Ry (asosiy reproduktiv son) orqali kasallikning tarqalish darajasini baholash
mumkin. Ry populyatsiyaning qancha gismini emlash kerakligini aniqlashda qo‘llaniladi [8].

Ry ga izoh beramiz. SIR modelining asosiy xossasi bu “kasallik tarqalishi” nomli
ko‘rsatkichning mavjudligi bo‘lib, unga ko‘ra, model Ry ko‘rsatkichdan kelib chiqib, turlicha
holatlarni izohlab beradi, Ry- infeksiyani yuqtirib olgan va bu hagida hali o‘zi behabar bo‘lgan
bir nafar kasallik tashuvchi odamning o‘zida infeksiya borligini bilguniga qadar muddatda
o‘rtacha necha nafar kishiga infeksiya yuqtirishi sonidir.

/ ;\ e

0 B Te O B
B N
YR 3

RE—=2 R<1

Agar Ry < 1 bo‘lsa, infeksiya tarqalishi kamaya boshlaydi; agar Ry > 1bo‘lsa, epidemiya
kuchaya boshlaydi va aholining katta qgismini qamrab oladi. Aynan qancha qismini epidemiya
qamrab olishi esa Ry ning aniq qgiymatidan kelib chiqadi [9]. Lekin bu giymatning arzimas
o‘zgarishi ham umumiy aholi sonining o‘nlab foizlarini epidemiya qamrab olishini belgilashi
mumkin. Masalan, Ry = 2 bo‘lsa, epidemiya tufayli aholining 80 foizgacha bo‘lgan qgismi
kasallikka yo‘ligishi mumkin deyiladi.

Aholining katta qismi mazkur kasallikka qarshi emlangan bo‘lsa, epidemik
o‘tish Ry bo‘yicha kichikroq sonni ko‘rsatadi va emlanganlar soni yuqori bo‘lsa, epidemiya
tezlik bilan to‘xtaydi. Bu hodisa fanda “guruhli immunitet” deyiladi va u aholini ommaviy
emlash tadbirlarining asosini tashkil giladi.

SIR modeli yuqumli kasalliklarning tarqalish dinamikasi borasida asosiy sifat
ko‘rsatkichini taqdim qila oladi; biroq miqdor dinamikasini modellashtirish uchun muayyan
aniq bir olingan kasallikning klinik xususiyatlaridan kelib chiquvchi turli boshqa parametrlarni
ham inobatga olish talab etiladi. Ko‘plab yuqumli kasalliklarning o‘ziga xosligi, uning
qo‘zg‘atuvchisining inkubatsion davri qancha ekani bilan bog‘liq bo‘ladi.

Bu davr shunday davrki, u paytda odam o‘zi allagachon kasallikni yuqtirib olgan bo‘lsa-
da, bundan hali o‘zi bexabar bo‘ladi va unda kasallik alomatlari hali yuzaga chigmaydi. Shunga
garamay, u atrofdagilarga kasallik yuqtirib yurgan bo‘ladi. Muayyan yuqumli kasallik uchun
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ushbu o‘ziga xoslikni, I guruhini yana kichikroq tarkibiy guruhlarga bo‘lish orqali e’tiborga
olish mumkin bo‘ladi.

Ry asosan chegaraviy parametr sifatida ishlatiladi: agar Ry < 1 bo‘lsa, kasallik aholida
yo‘qolib ketadi; agar Ry > 1 bo‘lsa, kasallik saqlanib qoladi va aholiga xos bo‘lgan endemik
holatga aylanadi. Bundan tashqari, R, kattaligi qancha katta bo‘lsa, kasallik shuncha tez
tarqaladi va uni nazorat qilish giyinlashadi.

Ry biologiya sohasidagi muhim tushunchalardan biri bo‘lib, uni 1952 yilda birinchi bo‘lib
Jorj MakDonald qo‘llaganidan beri keng foydalanilmoqda [8]. Biroq, Ry ning matematik ta’rifi
muammoli va ayrim hollarda noaniqlikka olib kelishi mumkin.

Ry ni hisoblash usullari

Ry ni hisoblashning bir nechta usullari mavjud. Eng keng tarqalgan usullar quyidagilarni
0‘z ichiga oladi:

1. Keyingi avlod matrisi usuli,
2. Endemik muvozanatning mavjudligi,
3. Xarakteristik polinomning doimiy hadlari va boshqalar [10].

Shuni ta’kidlash kerakki, ushbu usullarning har biri bir xil model uchun turli Ry giymatlarini
berishi mumkin, shuningdek, qaysi usulni modelga mos deb hisoblasa, shunga bog‘liq holda turli
qiymatlar olinishi mumkin. Har bir usul Ry ning chegaraviy xususiyatiga asoslangan shartlardan
kelib chigadi, lekin ko‘p hollarda biologik ta’rifga mos kelmaydigan qgiymatlar hosil giladi.

Tasodifiy bir usulni tanlab foydalanish birinchi zararlangan shaxsdan kelib chiqadigan
ikkilamchi infeksiyalar sonini aniq ifodalaydi, deb kafolat bermaydi. Hatto bir xil sistema uchun
turli usullar Ry ning turli qiymatlarini berishi mumkin.

Qanday qilib ikki xil giymat bir vaqtda bitta zararlangan shaxsdan kelib chiqadigan
ikkilamchi infeksiyalar sonini ifodalashi mumkin? Agar Ry ning faqat chegaraviy qiymat
xususiyatidan tashqari holatlar ham muhim bo‘lsa, Ry ni hisoblash uchun usul tanlashda
ehtiyotkorlik bilan yondashish kerak.

Keyingi Avlod Usuli (Next generation matriz). Ry ni hisoblashning eng keng
qgo‘llaniladigan usullaridan biri — keyingi avlod matritsasi usuli. Ushbu yondashuv
infeksiyalangan sinfning tenglamalaridan tegishli hadlarni ikkita vektor: F va V ga joylashtirish
orqali amalga oshiriladi:

1. F: Yangi infeksiyalar paydo bo‘lishini tavsiflovchi hadlarni o‘z ichiga oladi.

2. V: Mavjud infeksiyalarning boshqa holatlarga o‘tishini ifodalovchi hadlarni o‘z ichiga oladi
(bu hadlar manfiy ishora bilan olinadi).

Keyin, F va V vektorlarining mos keluvchi o‘zgaruvchilarga nisbatan Yakobian matritsalari
olinadi va ular kasallik yuqtirilmagan muvozanat holatida (Disease-Free Equilibrium, DFE)
baholanadi. Natijada ikkita matritsa hosil bo‘ladi:

Keyingi avlod matritsasi F'V ~'orqali aniqlanadi. Shu holda: Ry = p(FV™!) bu yerda
p-spektral radius operatori, ya'ni matritsaning eng katta absolyut giymatga ega bo‘lgan xos
soni.

Biologik ma’nosi:
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1. FV~! - ning (4, j)-elementi — xz;-holatidan kelib chiqgan z;-holatidagi yangi infeksiyalar
sonining kutilgan giymatini ifodalaydi.

2. Ushbu usul biologik R, ta'rifiga juda mos keladi va ko‘plab tizimlarda ishlaydi, lekin
hamma hollarda emas.

Afzalliklari va Kamchiliklari. Ushbu usul aniq matematik asosga ega, shuning uchun Ry-
ning ma’nosini foydalanuvchi aniq bilib olishi mumkin. Biroq, ayrim hollarda bu usul murakkab
bo‘lishi yoki Ry ning biologik ma'nosini to‘liq ifodalay olmasligi mumkin. Shunga qaramay, u
Ry-ni hisoblashda eng keng tarqalgan va moslashuvchan usul hisoblanadi [11].

SIR-modelining asosiy tenglamalari uchun keltirilgan usullar yordamida topamiz va
natijalarni solishtiramiz:

Keyingi avlod matrisi usuli

Bu usul infektsiyaning keyingi avlodini oldingi avloddan ganday hosil bo‘lishini tahlil
qiladi.

F va V matritsalarini aniglash

F — yangi infektsiyalarni ifodalaydi: F' = 35

V — infeksiyadan chiqish (tuzalish yoki o‘lim): V' =~

Keyingi avlod matritsasi quyidagicha bo‘ladi:

p=FVl= p5
g
SIR-modeli uchun keyingi avlodning asosiy formulasi:
)
f}/

bu yerda Sp boshlang‘ich soglom odamlar soni. Boshlang‘ich sharoitda S; ~ N
(populyatsiyaning to‘liq soni) deb hisoblasak:

Ry = g (agar Sy = 1 deb olinadigan bo‘lsa).
Endemik muvozanatning mavjudligi
Endemik muvozanatda infektsiya darajasi vaqt o‘tishi bilan o‘zgarmas holatda qoladi.

1. Muvozanat sharoitida % = 0 bo‘lganda: ST —~I =0
2. I # 0 bo‘lganda: BSI = ~I

3. Shundan: Ry = %

Boshlang‘ich sharoitda S = Sy =~ 1 deb olsak: Ry = g
Xarakteristik polinomning doimiy hadlari
Bu usul chiziglashtirilgan differentsial tenglamalar sistemasidan xarakteristik polinomni

topishga asoslanadi.
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1. SIR-modeli uchun infektsiyalanganlar tenglamasini chiziqlashtiramiz:% =(8Sy—)1

2. Xarakteristik polinom: A = Sy —

Yuqumli o‘sish bo‘lishi uchun A > 0 bo‘lishi kerak: Sy —~v > 0

1. Shundan: Ry = @, Ry ~ g (agar Sp = 1 deb olinadigan bo‘lsaRy ~ f—j

Natijalar shuni ko‘rsatadiki, har bir usul SIR-modeli uchun bir xil natija beryabdi: Ry = g

SIR modeli asosida korrupsiya dinamikasini o‘rganish mumkin. SIR modeli faqat

epidemiyalarni emas, balki ijtimoiy tizimlarda korrupsiya kabi "yuqumli"hodisalarni ham tahlil
qilish uchun moslash mumkin. Bu holda: S — korrupsiyaga aralashmagan va undan ehtiyot
bo‘lgan shaxslar. I — korrupsiyaga aralashgan shaxslar (yuqtirgan). R — korrupsiyadan xalos
bo‘lgan shaxslar (tuzalgan). Bu borada [12-16] da to‘liq talgini asosida tatqiqot ishlari olib
borilgan. Ry epidemiologiyada hal qiluvchi parametr bo‘lib, kasallikning tarqalish tezligini
tushunish, oldini olish strategiyalarini ishlab chiqish va sog'ligni saqlash tizimini samarali
boshqgarish uchun muhimdir. Shu sababli Ry ni to‘g'ri aniglash va uning dinamikasini kuzatib
borish har ganday pandemiya yoki epidemiyaga qarshi kurashda asosiy vositalardan biridir.
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PESIOME

B nammnoit crarhe HaHO OOBbsSICHEHUE SIHIEMITIECKOH MO PACIIPOCTPAHEHNUST 3a-
6onesanmii SIR (Susceptible Infected-Recovered) u ee npumenenue B uHamMuKe KOp-
PYIIMU U CYIIECTBOBAHUST «OCHOBHOE PEIPOyKTUBHOE YnCyI0» Mojenn (Ry), Meto-
bl KaK €ro HaI';ITI/I, n SCb(beKTI/IBHOCTb KaKOI'0 MeTO/1a IIPpeJCTaBJICHbI Ha IIpDUMEPaXx.

Karoueswvie caosa: sunjeMudecKas MOJIE/b, OCHOBHOE PEIIPOIYKTHUBHOE IUCIIO.
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RESUME

This article explains the epidemic model of disease spread SIR
(Susceptible Infected-Recovered) and its application to the dynamics of
corruption and the existence of the "basic reproductive number"of the
model (Ry), methods for finding it, and the effectiveness of which method
are presented with examples..

Key words: epidemic model, basic reproductive number.
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RESUME

Let G be the group M (3) of all motions of the 3-dimensional Euclidean space or
G is the subgroup of M(3) generated by rotations and translations of R3. Two
minimal complete systems of control G-invariants of a Bézier curve are obtained.
Correlations between elements of the second minimal complete system of control
M (3)—invariants are investigated.

Key words: Bézier curve, control invariant.

Introduction

Transformations and invariants of curves, surfaces and graphical objects appear in many
areas of Computer Aided Geometric Design, Computer Aided Design, computer graphics,
computer vision and pattern recognition. Applications of affine and projective transformations
of curves, surfaces and other graphical objects are considered in ([11], [13], [20], [22], [24]).
The invariance of curves and surfaces relative to the Euclidean group, the affine group and the
projective group is investigated in (|2], [3], [5], [6], [17]). The geometric invariance has been
obtained wide applications in the computer vision (see [18], [19]). Applications of the invariant
theory and invariants in computer vision and pattern recognition are discussed in ([1], [4], [8],
[14], [23], [24], [25]). Properties of Euclidean differential invariants (the curvature, the torsion,
the Gaussian curvature and mean curvature) of Bézier curves and surfaces are investigated in
(71, 191, [12], [27]).

The present paper is devoted to a study of Euclidean control invariants of Bézier curves.
This paper is organized as follows. Let G be the group M (3) of all motions of the 3-dimensional
Euclidean space R® or G = SM(3) is the subgroup of M(3) generated by rotations and
translations of R3. In Section 1, the definitions of a G-equivalence of Bézier curves, a control
G'—invariant of a Bézier curve, a complete system of control G—invariants of a Bézier curve and
a minimal complete system of control G—invariants of a Bézier curve are introduced. A minimal
complete system of control G-invariants is described. In Section 2, the definition of the type of
a Bézier curve is introduced and the other minimal complete system of control G-invariants is
obtained. In Section 3, correlations between elements of the second minimal complete system
of control M (3)—invariants are investigated.
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1. Monomial and control invariants of Bézier curves

Let R be the field of real numbers. We realize the 3-dimensional Euclidean space as the
3-dimensional vector space R? with the scalar product < z,y >= x1y; + 22y» + x3y3 of vectors
x = (21,29, x3) and y = (y1, Y2, Y3).

Let O(3) be the group of all orthogonal real 3 x 3-matrices. Then the group M (3) of
all Euclidean motions of an 3-dimensional Euclidean space has the form M (3)={F : R® —
R} | Fx = gx+p; g € O3), p € R*}, where gx is the multiplication of a matrix g and
a column vector z € R®. Denote by SO(3) the group all rotations of R* that is SO(3) =
{g € O3)|detg =1}. Put SM(3) = {F € M(3)|Fz = gx +p;g € SO3),p € R*}. SM(3) is a
subgroup of M(3).

By the property of the affine invariance (see [6, p.30]; [17, p.137]), if = (¢) is a Bézier curve
in R? then Fx (t) is also a Bézier curve in R* for any F' € M(3). Let G be a subgroup of M (3).

Definition 1. Bézier curves z(t) and y(t) in R* will be called G-equivalent and written
xS y if there exists F' € G such that y(t) = Fx(t) for all t € [0, 1].

Remark 1. In this definition, Bézier curves are considered as paths (see [3, p.796]; [16,
Definition 3|; [21, Definition 2.3|; [15, p.26]). The essential other definition of the congruence of
curves for the group of euclidean motions is given in [10, p.21].

Definition 2. Systems {z,29,...,2,} and {wi,ws, ..., w,} of vectors in R® will be
called G-equivalent and written by {z1,22,...,2m} < {wy,wq, ..., wy} if there exists F' € G
such that w; = F'z; for all j =1,2,...,m.

Definition 3. A function f(zo, z1,...,2m) of vectors 2g, 21, ..., 2, in R*® will be called

G-invariant if f(Fzy, Fz1,...,Fzyn) = f(z0,21,...,2m) for all F € G. A G-invariant
function f(bo, b1, ..., by) of control points by, by, ..., b, of a Bézier curve z(t) = byBom(t) +
biBim(t) + -+ + by Bpmm(t) will be called a control G-invariant of x(f). A G-invariant
function f(ag,a,...,an,) of monomial control points ag,a,...,a, of a polynomial curve
z(t) = ap + ait + - - - + a,t™ will be called a monomial G-invariant of x(t).

Example 1. Since < g(u),g(v) >=< u,v > for all g € O(3), we obtain that the scalar
product < u,v > of vectors u,v € R? is O(3)-invariant. Similarlly, the function f(u,v,w) =
<u—w,v—w > is M(3)-invariant.

Example 2. Let uy,ug, uz be vectors in R?. Denote by ||ujugus|| the matrix of column-
vectors uq, ug, uz. Then det ||ujugug|| is SO(3)-invariant. In fact,

det || guigusgus|| = det g ||uiusus|| = det g det ||ugugus|| = det ||ujugusl|

for all g € SO(3).

Example 3. Let z(t) and y(t) be Bézier curves of degrees of m and k, respectively.

16
Assume that z AV

y. Then m = k that is the degree of a Bézier curve z(t) is O(3)-invariant.
Example 4. The rank of a system {21, 2o, ..., 2, } of vectors in R? is O(3)-invariant, but
it is not M (3)-invariant.
Theorem 1. Let z(t) = ag + a1t + - - - + apt™ = boBom(t) + b1 B1m(t) + - -+ + by B (1)
and let y(t) = co+cit+- -+ cpt™ = doBom(t) + do By (t) + - - - + dyp By (t) be Bézier curves
of degree m. Then following four conditions are equivalent:
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M(3)

(1) z ~"y;
(ZZ) {b07b1,... m} {dg,dl,...7dm};

O(3
(#4d) {b1 — bosbs — oy - - by — bo ¥ ) {dy — do, do — do, . ., doy — do):

o)

M(3)

() {ay,a9,...,am} ~ {c1,coy. .., Cm}-

Proof. (i) <> (i7). According to the property of the affine invariance (|6, p.30]; [17, p.137]),
F(Sn0) -3 r0) o

for every F' € M(3). Assume that x Mo y. Then y(t) = Fz(t) for some F € M(3). Using
Eq. (5), we obtain d; = F'b; for all j =0,1,...,m that is {bo, b1, . .. m} {do,dl, ooy dm
Mo {do,d1,...,dn}. Then there exists F' € M(3) such

that d; = Fb; for all j =0,1,...,m. Using Eq. (5) we obtain y(t) = Fz(t) that is M Y.

(17) <> (di1). Assume that {bg, b, ... m} {do,dl, ...,dn}. Then there exists F €
M (3), where F has the form Fz = gz+p, g E 0O(3 ) p € R? such that d; = Fb; = gb;+p for all
j=0,1,...,m. These equalities imply dj —dy = g(b; — bg) for all j = 1,2,...,m. This means
that {b; — bg, ba — by, . . — bo} {d1 do,dy — dy, . .. ,d,, — dy}. Conversely, assume that
{bl — bo, bg — bo, RN m - bo} N {d1 — do, d2 — do, e ,dm — do} Then there exists g < O(TL)
such that d; — dy = g(bj — by) for all j =1,2,...,m. Put p = dy — gby. Then d; = gb; + p for
all j =0,1,...,m. This means that {bg, by, ... m} ME) {do,d1,...,dn}

Prove (i) <> (iv). Assume that x M y. Then there exists F' € M (3) of the form Fz =

gz + p, where g € O(3),p € R3, such that y(t) = Fx(t) = gx(t) + p. This equality implies that

Conversely, suppose that {bg, b1, ..., by} ~

o
c;j = gaj for all j =1,2,...,m and ¢y = gag + p. Hence {ay,as,...,an} A {c1,¢9,...,Cm}

Conversely, suppose that {a,as,...,an} 9% {c1,¢2,...,¢n}. Then there exists g € O(3) such
that ¢; = ga; for all j =1,2,...,m. Put p = ¢y — gap. These equalities imply y(t) = gx(t) + p
that is x M y. O

Theorem 2. Let x(t) =aqg+at+-- cFat™ = boBQm( )_'_blBl,m( )"‘ +b Bmm( )
and let y(t) = co+ it + -+ cmt™ = doBo i (t) + do By i (t) + - - - + dypy By (t) be Bézier curves
of degree m. Then following four conditions are equivalent:

(ZZ) {bo,bl,... m} {do,dl,...,dm};

SO(3
(mym—%@—%wq%—%}é%@—%@—%ww%—%h
() {ay,a9,...,am} 508) {c1,¢9,...,cm}-
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Proof. It is similar to the proof of Theorem 1. O

Theorem 3. Let u = {uy,ug,...,uy} and v = {v1,v9,...,v,} be two system of vectors
in R3. Then following two conditions are equivalent:

. O3
(Z) {Ul,U27...,Um} r(\') {U17v27"'avm};

(i1) < uj,up >=<wj,v, > forall j,k=1,2,...,m such that j < k.

Proof. (i) — (ii). Since the function f(u;,ux) =< u;j,uy > is O(3)-invariant, condition
() implies (7).

(14) — (7). Assume that condition (ii) is valid. Denote by r(u) and r(v) ranks of the
systems u = {uq, Uz, ..., upn} and v = {vy,vq, ..., v}, respectively.

A). First we consider the case r(u) = 3. Then there exist vectors u;,uy,u; which are
linearly independent. For simplicity, we assume that vectors wuy, us, uz are linearly independent.
We prove that vectors vy, vg, v3 are linearly independent. Let ||ujusus|| be the matrix of column-
vectors uy, iy, ug. Linearly independence of uy, uy, us implies det ||uyugus|| # 0. Let |Juyugus||”
be the transpose matrix of ||ujuqug|| and [|< u;, uy >|| is the Gram matrix of vectors
U1, U, ug. Then it is easy to see that

i,g=1,2,3

-
urugus|| " |urugus|| = || < us, uq >H5,q:1,2,3- (6)
Since < uj, up >=<v;,v; > for all j,k=1,2,...,m, we have
< ws, uq >||57q:172,3 = [|< vs, vq >H57q:17273' (7)

Eq. (2) and Eq. (3) imply
||U1U2U3HT HU1U2U3H = \|1)1U2U3||T HUlU2U3||; (8)

whence
det ||uyugus||® = det ||vyvvs]|” . 9)

Since det ||ujugus|| # 0, Eq. (5) implies det ||vjvavs]] # 0 that is vectors vy, v, v3 are linearly
independent. Then there exists a 3 x 3-matrix g such that det(g) # 0 and

|v1vovs]| = g [|urugus]| . (10)
Eq. (10) and Eq. (8) imply
[wrugus|| " (uruzus|| = [urusus|| " g" g lususus]| - (11)

Since det ||uyugus|| # 0, Eq. (7) implies g"g = I, where [ is the identity matrix. This means
that g € O(3). Eq. (6) implies v; = gu; for all j = 1,2, 3.
Let j > 3. Condition (ii) of our theorem and equalities
< Up, U >
g, g, ugl| ;= | <ugyuj > |,

< ug,Uj >
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< V1,V >
Hvl,vg,vg,Hij = | <wvqg,v; >
< U3, V; >
imply
s, uz, us|| " uy = J|or, v, v " vy (12)
Using Eq. (6) and Eq. (8), we obtain
s uz, us| " wy = Jlug, ug, usl| " g ;. (13)

Since g € O(n), we have g' = g~'. Hence Eq. (9) implies v; = gu; for all j > 3. These

equalities and Eq. (6) mean {uy, ug, ..., up} %) {v1,v9, ..., v }. Our theorem is proved in the
case rank(u) = 3.

B). Now we consider the case rank(u) = 2. We prove that rank(v) < 2. Assume that
rank(v) = 3. As above (in the case A)) the condition rank(v) = 3 implies that rank(u) = 3.
It is a contradiction. Thus rank(v) < 2. Denote by U and V the linear subspaces of R?
spanned by systems u = {uy, ug, ..., Uy} and v = {vy, 9, ..., v, }, respectively. Then dim(U) =
2,dim(V') < 2. There exists h € O(3) such that h(V) C U. Since dim(U) = 2, there exists a
vector Uy, 1 € R® such that < ty,q1, Upy1r >= 1 and < Uy, 2 >= 0 for all z € U. Consider

systems @ = {uy, Ug, . . ., U, Upms1 } and 0 = {hvy, hvg, . .., hvg,, hvg, 1}, where vy, = B .
Since < wuj,up >=< v;, v >=< hvj,hv, > for all j,k = 1,2,...,m, < Upq1, Upi1 >=<
hvma1, hvg, 1 >=1and < u;, Uy >=< hvy, hvg, 11 >=< hvj, Uy >=0foralli=1,2,...m,
we have < uj,ur, >=< hvj, hv, > for all j,k = 1,2,...,m + 1. The rank of the system u is

equal 3. Therefore, according to the case A), there exists g € O(3) such that v = gu. Then
hv; = gu; for all j =1,2,...,m+ 1. These equalities imply v; = h™'gu; for all j = 1,2,... ,m.
Since h™'g € O(3), this means that systems u = {uy, us, ..., %, } and v = {vy, vy, ..., v, } are
O(3)-equivalent. Our theorem is proved for the case rank(u) = 2.

C) A proof of the theorem for the case rank(u) = 1 is similar. O

Corollary 1. Let z(t) = ag + art + - - - + apnt™ = boBo 1 (t) + b1 B1m(t) + - - - 4 by By (1)
and let y(t) = co+ it + - + cmt™ = do By (t) + do By i (t) + - - - + dypy By (t) be Bézier curves
of degree m. Then following three conditions are equivalent:

. M(3)
(i) v ~"y;

(ZZ) <bj—b0,bk—b0 >=< dj—do,dk—do > for allj,k’:LQ,,m,jSk,
(iti) < aj,ar >=<cj,cp > forall j,k=1,2,...,m;j <k.

Proof. It follows from Theorems 1 and 3. O

Theorem 4. Let u = {uy,ug, ..., Uy} and v = {vy,vs,...,v,} be two system of vectors
in R3. Then following two conditions are equivalent:

: SO(3
(i) {uryus, s} " {or s, o s
(17) < uj,up >=<vj,v, >, det ||wujug|| = det [|[v;vv,|| for all 4,5,k =1,... . m,i < j <k.
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Proof. (i) — (i7). Since the functions f(u;, uy) =< u;,u, > and det ||u;u;ui|| are SO(3)-
invariant, condition (i) implies (7).

(73) — (i). Assume that the condition (i) is valid.

A). First we consider the case r(u) = 3. Then there exist vectors u;, uy,w; which are
linearly independent. For simplicity, we assume that vectors uy, us, uz are linearly independent.
This equivalent to det ||ujugus|| # 0. Condition (i7) imply det ||ujugus|| = det ||vyvevs|| # 0. By
Theorem 3, equalities < u;, u, >=<v;,v; > forall j,k =1,2,...,m,j < k imply the existence
g € O(3) such that v; = gu; for all j = 1,...,m. Using the inequality det ||ujusus|| # 0 and
following equalities

det ||ugugus|| = det ||vjveus|| = det ||gus guagus|| = det g det ||uqugus]],

we obtain that det g = 1 that is g € SO(3). The theorem is proved in the case A).

B). Let r(u) < 2. By Theorem 3, equalities < wj,u; >=< vj,v;, > for all j,k =
1,2,...,m,j < k imply the existence g € O(3) such that v; = gu; for all j = 1,...,m.
The property g € O(3) imply detg = £1. If detg = 1 then the theorem is completed.
Assume that det g = —1. Denote by W the linear subspace of R?® generated by the system
u = {uy,ug, ..., uy}. Since r(u) < 2, we have dim W < 2. Assume that dim W = 2. Denote
by u;,.1 a vector such that < wu,.1,y >= 0 for all y € W. Consider the linear mapping
h : R* — R® such that h(um,i1) = —Umy1 and h(y) = y for all y € W. It is obvious that
det h = —1. Then v; = gh(u;) = g(u;) for all j =1,2,...,m and det(gh) = 1. The theorem is
completed in the case r(u) = 2. In the case r(u) = 1, a proof is similar. O

Corollary 2. Let z(t) = ag + art + - - - + apt™ = bo By (t) + b1 Brm(t) + - - - 4 by B (1)
and let y(t) = co+cit+- -+ cpt™ = doBo i (t) + do By (t) + - - - + dyp By (t) be Bézier curves
of degree m. Then following three conditions are equivalent:

(ZZ) < bj — bo, bk — b() >=< dj — dg,dk — d() >, det ”(bz — bg)(b] — bo)(bk — bo)” =
det ||(d; — do)(d; — do)(dy — do)|| for all 4, j,k = 1,2, ... m,i < j < k:

(191) < aj,ar >=< c¢j,cp >, det ||a;aja;|| = det ||ciciex|| for all 4, j,k =1,2,....m,i < j <k.

Proof. It follows from Theorems 2 and 4. O

Definition 4. A system {f.,7 € Q} of M(3)-invariant functions f,(zo,z21,...,2m) of
vectors zg, 21, . . . , zm in R will be called complete if equalities

fT(‘/L‘()?xl) <o 7$m) - fT(y07y17 R 7ym>

for all 7€ Q imply {z1, 72, .., 2} X (Y1, Yr- -+ Y}
According to Corollary 1, the system {< b; — bg, b, — by >,7,k=1,2,...,m;j <k} is a

complete system of M (3)-invariant functions of control points by, by, ..., b, of a Bézier curve
z(t) in R®. By the same corollary, the system {< a;, ar >, 7,k =1,2,...,m;j < k} is a complete
system of M (3)-invariant functions of monomial control points ag, a4, ..., a,, of a polynomial

curve z(t) = ag + art + - - - + a,,t"™.
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Definition 5. A complete system U = {f;,7 € Q} of M(3)-invariant functions f. of
vectors 2o, 21, . . ., Zm in R? will be called minimal if every proper subset of U is not complete.

Theorem 5. The system U = {< z; — 20, 2, — 20 >, j,k =1,2,...,m;j < k} is a minimal
complete system of M (3)-invariants of vectors zg, 21, . . . , 2, in R3.

Proof. Every a proper subset of U is contained in a subset of the form U; = U \
{< 2, — 20,24 — 20 >} for some p,q, where 1 < p < ¢. U; is a proper subset of U. Prove
that U; is not a complete system of M (3)-invariants.

First we assume that p # ¢. Consider systems {z, 21, ..., zn} and {wq,wy,...,wy,} of
vectors in R3) where 2, = z, = (1,0,0),z; = 0 for all j such that j # p,j # q and w, =
(1,0,0),w, = (0,1,0),w; = 0 for all j such that j # p,j # q. Then < z; — 29, 2, — 29 >=
< wj — wp,wy, — wp >= 0 for all j,k such that j < k and (j, k) # (p,q). But these equalities

. M(3
are not imply {zo,21,...,2m} A5 {wo, w1, ..., wy,} because of 1 =< z, — 29,2, — 20 >F#

< wp — Wo, Wg — wp >= 0. This means that U; is not complete.

Now we consider the case p = ¢q. Consider systems {2z, z1, . . ., 2} and {wo, w1, ..., Wy},
where z, = (1,0,0),2; = 0 for all j such that j # p and w; = 0 for all j = 0,1,...m. Then
<z — 20,2 — 29 >=< w; — wo,wy, — wy >= 0 for all j,k such that j < k and (j,k) #
(p,p). But these equalities are not imply {zo, 21, ..., 2m } M) {wo,wn, ..., w,} because of 1 =
< zp — 20, 2p — 20 >F< Wy — Wo, w, — wy >= 0. This means that U is not complete. O

The number of elements in the system {< z; — 29,2, — 20 >, 4,k =1,2,...,m;j < k} is
%. In Section 3, for m > 3, we shall find the minimal complete system of M(3)-invariant
functions with 3m elements (Theorem 10).

Corollary 3.

(i) The system {<b; —bg, by —bo >,75,k=1,2,...,m;j <k} is a minimal complete

system of M (3)-invariants of control points by, by, . . ., b, of a Bézier curve z(t) in R>;
(i1) The system {< a;,ar >,j,k=1,2,...,m;j <k} is a minimal complete system of
M (3)-invariants of monomial control points ag, ay,. .., a, of a polynomial curve z(t) = ag +

at 4+ -+ amtm.

Proof. It follows from Corollary 1 and Theorem 5. O

Theorem 6. The system {< z; — 2, 2 — 20 >, det ||zizj2k]|, 4,5,k =1,2,... ,m;i < j <k}
is a minimal complete system of SM (3)-invariants of vectors zp, 21, . . ., 2y, in R>.

Proof. A proof is similar to the proof of Theorem 5. O

Corollary 4.

(7) The system {< b; — bo, by — by >, det ||(b; — bo)(b; — bo) (b — bo)|| , 2,5,k =1,2,...,m,
i < j < k} is a minimal complete system of SM (3)-invariants of control points by, by, .. ., b, of
a Bézier curve z(t) in R3;

(it) The system {< aj,ay >,det ||a;a;a|,7,7,k=1,2,...,m,i < j <k} is a minimal
complete system of SM (3)-invariants of monomial control points ag, ay, . . ., a,, of a polynomial
curve x(t) = ag + a1t + - -+ + @, t™.

Proof. It follows from Corollary 2 and Theorem 6. O

2. The type of a Bézier curve and the second minimal complete system of control
invariants of a Bézier curve
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Let Z = {z1,%2,...,2n} be a system of vectors in R3. Assume that the rank r(Z) of the
system Z is 1. Denote by k£ the minimum of s,1 < s < m, such that z; # 0. The number £k will
be called the type of the system Z in the case r(Z) = 1. Assume that the r(Z) = 2. Denote
by k the minimum of s,1 < s < m, such that z, # 0. Let [2;]z be the linear subspace of R?
generated by z;. Denote by [ the minimum of s,k < s < m such that z; ¢ [zx]r. The pair
(k,1) will be called the type of the system Z in the case r(Z) = 2. Assume that the r(Z) = 3.
Denote by k the minimum of s,1 < s < m, such that z; # 0. Denote by [ the minimum of
s,k < s < m such that z, ¢ [21]r. Let [z, z1]r be the linear subspace of R3 generated by
vectors z, z;. Denote by p the minimum of s,I < s < m such that z; ¢ [2x, z]g. The vector
(k,1,p) will be called the type of the system Z in the case r(Z) = 3. The type of the system
Z ={z1,2,...,2n} will be denoted by T'(Z).

We note that the type T'(Z) of a system Z = {z1, 29,..., 2} is not M (3)-invariant. But

Proposition 1. Let Z = {z;,...,2,} be a system of vectors in R3. Then T(Z) is O(3)-
invariant.

Proof. A proof follows easy from the definition of the type. O

Corollary 5. Let {zy, 21,...,2m} be a system of vectors in R3. Then the type T'(z; —
20,29 — 20 - - -y Zm — 20) 18 M (3)-invariant function of vectors zg, 21, . . ., 2.

Proof. Assume that systems {bg, b1, ..., b, } and {do, dy, ..., d,, } are M(3)-equivalent. By
Theorem 1, systems {b; — by, by — bo, ..., by, — bo} and {d; — do,ds — dy, . .., dp, — do} are O(3)-
equivalent. Then by PI‘OpOSitiOD ??, T(bl—bo, bQ—bO e ,bm—bo) = T(dl—dg, dg—do ce ,dm—b(]).
O

Theorem 7. Let fl?(t) = ag + Cllt + -+ amtm = bOBO,m(t) -+ blBl,m(t) + -+ mem,m(t)
and let y(t) = co+crt+ - -+ cpt™ = doBo i (t) + do By i (t) + - - - + dyp By (t) be Bézier curves
of degree m. Then

(1) r(by —bo,ba —bg ..., b — bo) = r(ay,aq,...,a;) for every k,1 < k < m;
(17) T(by — bo, by — by ..., b, —by) = T'(ay,as,...,a;) for every k,1 < k < m;
(1ii) T'(by — bo,bg — by ..., by — bg) is M (3)-invariant for every k,1 < k < m.

Proof. The assertion (7iz) follows from the definition of the type T'(by —bg,ba—bg . . ., by, —
bo). Prove assertions (i) and (7). First we prove the following

Lemma 1. The following equalities
w= ()T e (D e-m = (1) /(1 )e as
j=1 j=1

hold for all e =1,2,...,m.
Proof of lemma. We use following equalities in [17, p.157]:

S (e S/ e

Jj=0 J=0

foralli=0,1,...,m.
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According to Eq. (11), we have ay = by. Using equalities ag = by and

-2 (5)/ ()

=

bi—bozbi—aozi(;)/(?)aj.

j=1

we obtain

Using Eq. (11), ap = by and Zz‘:o (—1)t7 ( ; ) =0 for every ¢ = 1,2, ..., m, we obtain

w2 (1) (e (g (-
=(?)i<—1>i-j(j )(bj—bmbo(?;)i(—ni—j(j)=

j=0 Jj=0
i ol
(1) (o -
j=1
forall 7 =1,2,...,m. The lemma is proved.

Now assertions (i) and (i7) of our theorem follow from the definition of the type T'(b; —
bo,ba — by ..., by — bp) and Eq. (10). O

Definition 6. Let z(t) = byBom(t) + b1B1m(t) + -+ + by Bm(t) be a Bézier curve of
degree m. The type T'(by — b, by — by ..., by — bgy) of the system {by — by, by — by ..., by — bo}
will be called the control type of the Bézier curve x and will be denoted by T'(z).

Since the type of a Bézier curve is M (3)-invariant by Theorem 6, in the case T'(x) #
T(y), Bézier curves z and y are not M (3)-equivalent. Therefore, for an investigation of M (3)-
equivalence of Bézier curves x and y, we assume that T'(x) = T'(y).

Theorem 8. Let (L’(t) =ag+ ait+---+ amtm = boBgvm(t) + blBl,m(t) + -4 mem,m<t)
and y(t) = co+ 1t + -+ + cpt™ = doBom(t) + doBim(t) + - - - + dp B (t) be Bézier curves
of degree m. Assume that rank(z) = rank(y) = 3 and T'(z) = T'(y) = (k, [, p). Then following
three conditions are equivalent:

(B o "y,

(Es) < ag,a; >=< cg, ¢; >,
< ap,a; >=<C,¢5 >,
< Qp, a5 >=< Cp, Cs >,

forall7,j,s=1,2,.... m;j #k,s #k,s #1;

(Eg) < bk—bo,bi—bo >=< dk—d(),di—do >,
<bl—b0,bj—b0 >=< dl—do,dj—do >,
<bp—b0,bs—b[) >=< dp—do,ds—do>
forall7,j,s=1,2,....m;j #k,s #k,s # .
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Proof. (E,) — (E»). By Corollary 1, me y implies equalities < a;,a; >=< ¢;,¢; > for

all 4,5 =1,2,...,m. In particular, equalities (F5) hold. A proof of the implication (E;) — (E3)
is similar.

(Ey) — (E1). Assume that equalities (E») hold. Prove that < a;,a; >=< ¢;, ¢; > for all
i,7=1,2,...,m. Let 21, 20, 23, 24, W1, Wa, W3, w4 be vectors in R3. Denote by
Gr(21, 22, 23, 24; W1, Wa, w3, wy) the Gram matrix of the system 21, 29, 23, 24, W1, Wa, W3, Wy:

G (21, 22, 23, 243 W1, Wo, W3, wa) = [|< 2, w5 >, 09y (16)

The following lemma is known (see [26, p.75]; [15, p.106-107]).

Lemma 2. Let 21, 29, 23, 24, W1, Wa, W3, wy be vectors in R3. Then

det ||< 2, w, >||l.,j:1’273’4 =0.

Let r,q be numbers such that 1 < r,.q < m,r # k,r #1,r # p,q # k,q # l,q # p. Using
Lemma 2 to vectors z; = ag, 220 = aj,23 = Qp, 24 = Qp, W1 = A}, Wy = A1, W3 = Qp, Wy = (g, WE
obtain
< ag,ar > <ag,a > <ag,ap > < ag,0q >
<aparp > <a,a > <a,ap,> <a,aq>
< Ap, G > < Ap,ap > < Ap, Qp > < Ap,0q >
< Qp, 0 > < Ap,qp > < Qp,Qp > < Ap,0g >

det = 0. (17)

The matrix of this determinant is Gr(ay, a;, ap, a,; ax, ar, a,, a,). Cofactors of elements
< O, A >, < Qp, A >, < Ay, Ap >, < Qp, Qg > n GT<ak7 Qp; Qp, Qr; Ak, A, Ap, aq) denote by Drk<a>7
D,i(a), D,y(a), D,y(a), respectively. From Eq. (13), we obtain

< ay,ar > Dyp(a)+ < ap,a; > Dy(a)+ < ap,ap, > Dyp(a)+ < ap,a, > Dyg(a) = 0. (18)
Similarly, for the system {c,ca, ..., ¢n}, we obtain
< ¢y > Dop(c)+ < ¢y > Dye)+ < ¢y ¢y > Dyp(e)+ < ¢y ¢q > Dyglc) = 0.

By the definition of the type of the system {ai,as,...,a,}, we obtain that vectors ay, a;, a,
are linearly independent. This implies det ||agaa,| # 0. Applying equality (2) to vectors u; =
ag, Uy = aj, Uz = a,, we obtain

D,(a) = det||< a;,a; >|| = det HakalapHZ £ 0.

i)j:k7l7p

Similarly, we have

D,y (c) = det||< ¢, ¢; > = det HckclcpH2 £ 0.

i,j=k,l,p

Since D,4(a) # 0, equality (14) implies

< ay,a > Dyp(a)+ < ap,ap > Dyy(a)+ < ap,a, > Dyp(a)

< ap,aq >= 19
Ay, Qg qu<a> ( )
For vectors ¢y, o, . . ., ¢, we obtain similarly the following equality
< Cpycp > Do)+ < ¢y > Dyle)+ < cpycpy > Dyylc
< oy, 0y > b k() ! (c) » > Drylc). (20)

D,4(c)
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By equalities (E3), we have D,x(a) = D,k(c), Du(a) = Dy(c), Dyp(a) = Dyy(c), Dpg(a) =
D,4(c). Using these equalities, equalities (E3), (15) and (16), we obtain the equality
< Ay, Gy >=< CpyCq >
forall r,q =1,2,...,m. According to Theorems 7?7 and 3, this means that x M Y.
A proof of the implication (F3) — (E;) is similar. The theorem is completed. O
Corollary 6. The system

U:{T(I‘):(k’,l,p),<bk—b0,bl—b0 >,<bl—b0,bj—b0 >,<bp—b0,bs—bo >,

ij,s=1,2,... m;j#k,s#k s#Il}
is a minimal complete system of M (3)-invariants of a Bézier curve x(t) = byBo m (t)+b1B1m(t)+
4 by B (t).

Proof. A proof is similar to the proof of Theorem 5. O

The number of elements in this system U is 3m, where 3 < m.

Theorem 9. Let Let x(t ) =apt+ait+- - Fa,t" = bOBOm( )+ 01 B1m(t) 4 - -+ B (t)
and y(t) = co+ it + -+ - + cpt™ = doBom (t) + daB1jn(t) + - - - + dp B (t) be Bézier curves
of degree m. Assume that rank(x) = rank(y) = 3 and T'(z) = T(y) = (k, [, p). Then following
three conditions are equivalent:

SM(3)

(S1) ¢~ y;

(S2) det||agaa,| = det ||ckaicyl|, < ag, a; >=< cg, ¢; >,
<ap,a; >=<C,Cp >, < Qp,0s >=< Cp, Cs >,
forall7,j,s=1,2,.... m;j #k,s #k,s #1,s # p;

(53) det [[(bx — bo)(br — bo) (b, — bo)|| = det [|(di — do)(di — do)(dp — do)|,

< b, — bo,bi — by >=< d; — do,di — dy >, < b — bo,bj — by >=< d; — d[),dj — dy >,

< bp—bo,bs — by >=< dp—do,ds —dy >

forall i,j,s=1,2,....,m;j #k,s#k,s #1,s #p.

SM@3) ... o

Proof. (S;) — (S2). By Theorem 4, x =~ y implies equalities < a;, a; >=< ¢;,¢; > and
det ||araa,|| = det ||cpeicyl|, for all i,7,k,l,p = 1,2,...,m. In particular, equalities (S2) hold.
A proof of the implication (S;) — (S3) is similar.

(S2) — (S1). Assume that equalities (S2) hold. Prove that < a,,a, >=< ¢,, ¢, >.

Using Eq. (2), we obtain (det ||aya;a,||)? = det ||< a;, as > ||, mpp Using this equality and
equalities (Ss), we obtain the equality < a,,a, >=< ¢,, ¢, >. This equality and equalities (55)

imply the equalities (E5) in Theorem 8. According to Theorem 8, z M y. Then by Theorem

1, we have {aj, az,...,an} % {c1,¢2,..., ¢} that is there exists g € O(3) such that ¢; = ga;
for all j = 1,2,...,m. The equality det ||ayaa,|| = det ||cxcicy|| in (Se) implies det ||agaa,|| =
det ||gargaiga,|| = det g det ||axaa,l||. Since det ||agaia,| # 0, we have det g = 1. This means
that {ai,as,...,amn} 1 {c1,¢9,...,¢n}. By Theorem 2, z -
(S1)) have been proved. A proof of (S3 — (5)) is similar. O

y. The implication (Sy —
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Theorem 10. Let Let 2(t) = ap+ait+- - -+amt™ = by B m(t)+b1B1 10 (t)++ - -+ B (1)
and y(t) = co+ et + - - + cpt™ = doBom(t) + da By (t) + - - - + dpy B (t) be Bézier curves of
degree m. Assume that rank(x) = rank(y) = 2 and T'(z) = T'(y) = (k, ). Then following three
conditions are equivalent:

M(3)
(C1) v ~"

(Co) < ag,a; >=< cx,¢; >,
< ap,a; >=<C,¢5 >,
foralli,j =1,2,...,m;j # k;

(03) < b, —bo,bi — by >=< dj, —do,di —d >,
<bl—b0,bj—bo >=< dl—do,dj—do >,
foralli,j =1,2,...,m;j # k.

Proof. A proof is similar to the proof of Theorem 8. O

3. Correlations between elements of the second minimal complete system of
control M (3)-invariants of a Bézier curve

We find correlations between elements of the minimal complete system I =
{T(Z)=(k,l,p), <zp,z><z,2> <22 >10,75,5=12,....m; j#k,s#k,s#l} of
invariants of the system of vectors Z = {z1,2,...,2m, }, where 3 < m. For the system I,
the Gram matrix Gr (2, 21, 2p, 2k, 2p, 21, ) 1S a symmetric positive definite matrix. This condition
implies some system correlations between elements of the system I. We prove that an arbitrary
correlation between elements of the system [ is a consequence of the same correlations.

Theorem 11. Let &, [, p, m be natural numbers such that 1 <k <1 <p <m and |Jw;|| is

a real 3 x m-matrix such that the 3 x 3-matrix [|wi;|;_; 3., IS symmetric positive definite.

Then there exists a system Z = {z1,2,...,2,} of vectors in R® such that rank(Z) = 3,
T(Z) = (k,1,p) and < zi, z; >= wyj, < 21,2 >= Waj, < 2p,2; >=ws; forall j =1,2,...,m.

Proof. Put W = |Jw;|| . Since W is a symmetric positive definite 3 x 3-matrix,

i=1,2,3;j=Fk,l,p

it is known from the linear algebra that there exists a real 3 x 3-matrix g = [|g;;|; ,_, , 5 such
that det(g) # 0 and g' g = W, where g' is the transpose matrix of g. Put z, = 1gs1ll =1 05,21 =
19s2ll4=1 9.3+ 20 = [|gs3ll4=1 2.3- Then zx, 21, 2, are column-vectors such that [|< z;, z; >, .., =

W that is < 2y, 2; >= w;, < 21, 2j >= Waj, < 2p, zj >= ws; for all j =k, I, p. For j # k, [, p, put
2j = h Jwgjll,—y 5 5, Where h = g Then < zy, z; >= wyj, < 21, 2j >= wa;, < 2p, 2 >= wg; for
all j # k,l,p. Thus < 2,2, >= wy;, < 21,2 >= W, < 2p,2; >= ws;, forall j =1,2,...,m.
The theorem is completed. O

Corollary 7. Let k, [, p, m be natural numbers such that 1 <k <1 <p <m and |[|b;;| is
a real 3 x m-matrix such that the 3 x 3-matrix [|b;;[[,_, 55,4, is symmetric positive definite.
Then there exists a Bézier curve x(t) = byBom(t) + b1 Bim(t) + - - - 4 b B (t) of degree m
such that rank {by — by, by — by, ..., by, — by} = 3, T'(x) = (k,l,p) and < by — by,b; — by >=
b1j7< b — bg,bj — by >= b2j7< bp — bo,bj — by >= bgj for all j =1,2,....m.

Proof. It follows from Theorem 11. O
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a real 3 X m-matrix such that the 3 x 3-matrix | a;;||

Corollary 8. Let &, [, p, m be natural numbers such that 1 <k <1 < p <m and ||a;;|| be

i—12.3.j—kp 18 Symmetric positive definite.

Then there exists a polynomial curve z(t) = ag + ait + -+ + a,t™ of degree m such that
rank {ay,aq,...,an} =3, T(x) = (k,l,p) and < ag, a; >= a1, < @, a; >= ag;, < Ay, @j >= a3,
forall j =1,2,...,m.

10.

11.

12.

Proof. It follows from Theorem 11. O
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REZYUME

Agar G gruppa 3-o’lchovli Evklid fazosining barcha harakatlarining M(3)
gruppasi bo’lsa yoki G gruppa R3 fazoning aylanishi va siljishlari natijasida
hosil qilingan M (3) gruppaning qism gruppasi bo’lsa, Béze egri chizigi G-
invariantlar boshqaruvining ikkita minimal to’liq sistemasi hosil qilingan. M (3)-
invariantlar boshqaruvining ikkinchi minimal to’liq sistemasi elementlari orasidagi
korrelyatsiyalar tadqiq etilgan.

Kalit so‘zlar: Bez'e egri chizig’i, boshqaruv invarianti.

PESIOME

[Iycts G - rpynmna M (3) Becex JBuKeHUit 3-MepHOTO eBKJINJIOBA ITpOcTpaHcTBa nin G
nojrpytia M (3), mopoxK/ ieHHAsT BDAIIEHUSIME 1 CIBUTAME R3. Tlostyuens! JBe MUHNI-
MaJIbHBIE ITOJIHbIE CHCTEMBbI yIpaBJsionux G-mHBapuaHTOB Kpupoii Beswe. Mccie-
AYIOTCA KOPPEIAIMNA MeXKJy 3JIEeMEeHTaMU BTOPOH MUHUMAJILHONU ITOJHOM CUCTEMBbI
M (3)-uHBAPUAHTOB yIIPABJIEHHUSI.

Kaoueswvie caosa: Kpusas Besbe, nHBapUaHT yIIpaB/IeHUs.
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UDC 517.946

PANJARADAGI IKKI ZARRACHALI DISKRET SHRYODINGER OPERATORI XOS
QIYMATLARI UCHUN ASIMPTOTIKA

MaAaHMUDOV H.SH.
SHAROF RASHIDOV NOMIDAGI SAMARQAND DAVLAT UNIVERSITETI, SAMARQAND
mahmudovh276@gmail.com

REZYUME

Ushbu ishda ikki o‘lchamli Z? panjarada silindrik potensialli ikki fermionli sistema
Hamiltoniani qaralgan. Toq funksiyalar Gilbert fazosi L$(T?) sistema Hamiltoni-
aniga mos H (k) operatorga nisbatan invariant bo‘lgan L$°(T?) va L3¢(T?) fazolar
to‘g‘ri yig'indisi ko‘rinishda tasvirlanib, ixtiyorty S € (0,7) uchun H(kg) :=
H(kp) Lgo(T2)’ ks = (m — 203, 7) operatorning muhim spektrdan quyida cheksizta
xos giymatlarga ega ekanligi ko‘rsatilgan. 8 — 0 da H*’(kg) operatorning n— xos
giymati z,(5) uchun asimptotik formula topilgan.

Kalit so‘zlar: Shryodinger operatori, panjara, kvaziimpuls, fermion, muhim spektr,
xos giymat, invariant qism fazolar, asimptotik yoyilma.

Kirish va asosiy natijalar

[1] ishda ikki zarrachali uzluksiz hy = —A + AV Shryodinger operatori spektrining manfiy
elementlari to‘plamining chekliligi va h) musbat xos qiymatlari yo‘qligi sharti topilgan. Agar
V' < 0 bo‘lsa, u holda N(A) manfiy xos giymatlar soni A € (0,00) ning kamaymaydigan
funksiyasidir va har bir z,(\) xos giymat (0,00) oraliqda kamayadi. Ma’lumki [1]|, A bog‘liglik
konstantasi kamayishi bilan h, bog‘langan holatlarning energiyalari uzluksiz spektrning
chegarasiga intiladi va ba’zi bir chekli A uchun ular chegarada bo‘ladi. U holda ikkita savol
tug‘iladi: bog‘langan yoki virtual holat bunday chegara holatiga mos keladimi (ya’ni, mos
keladigan to‘lqin funksiyasi kvadratik integrallash mumkinmi?) va A yanada kamayganda,
bog‘langan holatlar “qayerga yo‘qoladi?” Birinchi savol [2], [3] va [4] ishlarda o‘rganilgan.

Ikki zarrachali Shryodinger operatorning bir o‘lchamli panjaradagi xos giymatlarining
qo‘zg‘alishi [5] ishda o‘rganilgan. H(7w) operatorining cheksizta z,,(r) = 0(m),m € Z,
(Z+ = {0} UN) xos qiymatlari borligi isbotlangan. Agar ¢ potentsial Z, bo‘ylab ortib borsa, u
holda faqatgina zy(m) xos gqiymat oddiy, boshqa barcha xos qiymatlar ikki karrali bo‘ladi. H ()
operatorning barcha z,,(7), m € N ikki karrali xos qiymatlarining har biri k € (7 —§, 7) kichik
qo‘zg'alishlar uchun z., (k) va z;} (k) oddiy xos qiymatlarga ajralishi ko‘rsatilgan.

6] ishda uch o‘lchamli Z* panjaradagi ikki zarrachali sistema Hamiltonianiga mos H (k),
k € T? Shredinger operatori qaralgan. Har bir k; € [0,7],% = 1,2,3 uchun H (k) operatorning
muhim spektrdan chapdagi xos qiymatlari soni N (k) = N(ky, k2, k3) kamaymovchi funksiya
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ekanligi isbotlangan. [7| ishda v — o‘lchamli panjara Z" da ikki zarrachali H (k) Shryodinger
operatorlari o‘rganilgan va H (k) ning manfiy xos giymatlari soni ¢ potensiallarining keng sinfi
uchun chekli ekanligi isbotlangan.

[8] ishda Z? ikki o‘lchamli panjarada eksponensial kamayuvchi potensialli ikki fermionli
sistema Hamiltoniani qaralgan. Qaralayotgan sistemaga mos H(k), k € T? operatori uchun
L3(T?) toq funksiyalar gilbert fazosi ikkita L3¢(T?) va L5°(T?) invariant qism fazolarga ega
bo‘lib, H**(kg), va H®(kg), ks = (m — 28, 7) lar orqali H(k) operatorning mos ravishda
L5e(T?) va L5°(T?) gism fazolardagi gismlari belgilangan. Ixtiyoriy S € (0,7) uchun H%(kg)
operatorning muhim spektrdan chapda joylashgan chekli sondagi xos giymatlarga ega ekanligi
hamda ixtiyoriyf € [0, 7] uchun H®(kg) operatorning esa muhim spektrdan chapda joylashgan
cheksizta xos qiymatga ega ekanligi isbotlangan. § — 0 da H°¢(kg) operatorning xos qiymatlari
soni N(5) cheksizga intilishi ko‘rsatilgan va u uchun asimptotik formula topilgan.

Panjaradagi ikki zarrachali sistema gamiltoniani impuls tasvirda quyidagi fon-Neyman
to‘g'ri integraliga yoyiladi [9]:

H ~ ®H (k) dk,
keT?
bu yerda T?— ikki o‘lchamli tor.

Tkki o‘lchamli panjarada ikki fermionli sistemasiga mos H(k), k € T? operator L(T?) C
L»(T?) toq funksiyalar gism fazosida quyidagi

H(k) = Ho(k) =V, (1)
formula bilan aniglanadi, bu yerda
1
(Ho(k)f)(a) = ex(@)f(a),  (VF)la) = / v(q—s)f(s)ds,
k k :
_ 2
ek(q) = (2—|—q)+€(§—q e(q ZZI 1—cosq), a=(q,q) €T (2)
V' integral operatorining v(q) yadrosi v(q) = 26— 1(q1)v2(q2) shaklida ifodalanadi va

olq) = 14 = 42 cos2 ( )—1+2§:10m (3)

Q) = g8+ 1 08 2q,  a(ge) = COS M(>.

m=1

Ma’lumki, L§(T?) fazoni L§(T?) = L5°(T?) & L¢(T?) to‘g'ri yig'indi shaklida, L5(T?) va
L5¢(T?) gism fazolarni quyidagicha tenzor ko‘paytmalar shaklida yozish mumkin [10]:

LY(T?) = Ly(T) ® Ly(T),  Lg%(T?) = Lg(T) ® Ls(T),
bu yerda
Ly(T) ={f € Lo(T) : f(=q) = f(@)},  L3T) ={f € Lo(T) : f(—q) = —f(a)}-

Ta’kidlaymizki, L5°(T?) qism fazo H(k) operatorga nisbatan invariant bo‘ladi (3.1.
lemmaga qarang). H® (k) orqali H(k) operatorning L5°(T?) qism fazodagi gismini belgilay-
miz.
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Ushbu ishda olingan asosiy natija quyidagi tasdiq orqali keltiriladi:

Teorema 1. a) H®(kg) operator H(w), ® = (m,m) € T? operatorning ikki karrali
z1(mw) = 4 — 0(1) zos qiymatining biror atrofida joylashgan oddiy zos giymatga ega va bu zos
qiymat uchun quyidagi astmptotik formula o‘rinli:

AVe(8) = y(m) — 220

F+0(BY), 80

9C0

b) He*(kg) operator H () operatorning to‘rt karrali ze(mw) = 4—v(2) zos giymatining biror
atrofida yotuvchi tkkita oddivy xos qiymatga ega va bu xos qiymatlar uchun quyidagt asimptotik
formulalar o‘rinli:

2103

A(8) = 2alm) - =5

32 +0(pY), B—0,

. 2
A7(8) = alm) — "L P O (5, 50

c¢) Har bir n > 3 uchun shunday 6,, > 0 mavjudki, ictiyoriy 5 € (0,6,) uchun H®(kg) operator
H () operator besh karrali z,(m) = 4 —0(n) zos qiymati xos giymatning biror atrofida yotuvchi
uchta xos qiymati mavjud va bu xos qiymatlar uchun quyidagi asimptotik formula o‘rinli:

210!

2(8) = alm) = =5 ——0" + O(8"), B0,
A4(B) = malm) — Tl O (8Y), B0,
ZBe(B) = 2z, () — 5 éi(?nﬂZ +0 (B, B—0.

Panjaradagi ikki zarrachali Shryodinger operatori muhim spektri haqgida

Tkki o‘lchamli panjarada ikki fermionli sistemasiga mos H(k), k € T? operator L3(T?) =
{f € Ly(T?) : f(—q) = —f(q)} qgism fazoda (1) ko‘rinishda va Hy(k) hamda V operatorlar
(2) formula orqali berilgan bo‘lsin. Ma'lumki, Hy(k) operator spektri e funksiya giymatlar
sohasidan iborat:

o(Ho(k)) = [m(k), M(k)],
bu yerda
m(k) = mineg(q) = ex(0) = 2¢ (E) :

qeT? 2

M(k) = maxeg(q) = ex(m) =8 — 2¢ (l—‘> .

q€eT? 2

V' operatorining spektri {0,7(n), n € N} to‘plamidan iborat, bu yerda v(n) lar V operatorning
xos qiymatlari. (3) shartdan V' operatorning Gilbert-Shmidt operatori ekanligi kelib chiqadi.
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V' kompakt operator bo‘lgani uchun Veyl teoremasiga ko‘ra H (k) operatorining muhim spektri
Hy(k) operatorining spektri bilan ustma-ust tushadi ([1] ga qarang), ya'ni

Oess(H(k)) = [m(k), M (k)].
w(k) orqali H(k) operator muhim spektri kengligini belgilaymiz. U holda

w(k):M(k)—m(k):8—4e(g) :4008%4—4005% (4)

va

min w(k) = w(m) =0, maxw(k)=w(0) =3,

bo‘ladi, bu yerda = = (7, 7), 0= (0,0).
(4) dan ko‘rinadiki, agar ikki zarrachali sistema to‘la kvaziimpulsi k ning koordinatasi
k; € [0,7],j = 1,2, ortsa, u holda muhim spektr kengligi w(k) kamayadi. H (k) operator
muhim spektrining yo‘nalishlar bo‘yicha kengligini e;, j = 1, 2, orqali ifodalaymiz:
k.
wj(k) = max ex(p) — min ex(p) =4cos 2, j=1,2.

pj€[—m,7] pj€l—m,m] 2 ’

U holda
w(k) = wi(k) 4 wa(k)
tenglikka ega bo‘lamiz.

Agar k = 7 bo‘lsa, u holda muhim spektr birgina {4} nuqtaga yig‘iladi, ya'ni w(w) = 0.
H(m) = 41 — V ning spektri 4 — v(n), n € N ko‘rinishdagi xos qiymatlardan iborat bo‘ladi.
Agar muhim spektrning kengligi kamaysa, H (k) Shryodinger operatorining xos giymatlari soni
ortadi.Faraz qilaylik, $) Gilbert fazosida ixtiyoriy B o‘z-o‘ziga qo‘shma operator uchun n[u, B]
soni B ning p, p > supoess(B) dan yuqorida joylashgan xos qiymatlari sonini bildirsin.

H(k) = Hy(k) — V operator o‘z-o‘ziga qo‘shmaligi va V' ning musbatligidan

o(H(k)) N (M(k),00) =0
kelib chiqadi, ya'ni o4;5.(H(k)) C (—o0, m(k)).
Invariant qism fazolar

Dastlab H (k) operatorga nisbatan invariant qgism fazo haqidagi lemmani keltiramiz.

Lemma 1. L$°(T?) qism fazo H(k) operatorga nisbatan invariant bo‘ladi.

Isbot. Dastlab, L5°(T?) qism fazoning Hy(k) operatorga nisbatan invariantligini keyin
esa V ga nisbatan invariantligini isbotlaymiz. (2) tasvirdan ko‘rinadiki, €, operator L5¢(T?)
ga qarashli bo‘ladi, bu yerda L5¢(T?) = L5(T) ® L§(T). Bu yerdan f € L°(T?) bo‘lsa, e f €
L5°(T?) bo‘lishini hosil gilamiz. Bu munosabat L5°(T?) qism fazoning Hy(k) operatorga nisbatan
invariantligini isbotlaydi. (3) shartga ko‘ra V operatorning v(py, ps) yadrosi L§*(T?) qism fazoga
qarashlidir. Bundan f € L5¢(T?) uchun g = V f ning L$*(T?) qism fazoga tegishli bo‘lishi kelib
chiqadi, ya’'ni:

21

’]I‘2

(V) (p1.p2) = L /U(Pl — s1,p2 — $2) f(s1, 82) dsidsy € L3°(T?).
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Yuqoridagi munosabatlardan L$°(T?) qism fazoning H(k) = Hy(k) — V operatorga nisbatan
invariantligini hosil gilamiz. Lemma isbotlandi.

(3) tenglikga ko‘ra Ve =V operatorning aniq ko‘rinishi quyidagicha bo‘ladi:

L5(T?)
1
o2

+2 cos py sin pg cos ¢ singa } +

(V<f)p) = /T {@(1)sinp23mq2+@(2){sin2p2sin2q2+

+ Z v(n)[sinnps sinngy + 2 cos py sin(n — 1)py cos ¢ sin(n — 1)ga+

+2cos 2p; sin(n — 2)py cos 2q; sin(n — 2)go] }f(q) dq, f € Ly(T?).

1
Faraz qilaylik, {wfl(q) = Tsin nq} sistema L§(T) qgism fazodagi ortonormal bazis,
T

) esa {1/10 )}, n € N vektorga tortilgan bir o‘lchamli gism fazo bo‘lsin. U holda:

= Z @®L%(n)

tenglikka egamiz. Bundan quyidagi
L5(T) ® Ly(T Z e{L5(T) @ L°(n)} = > &By,
n=1

yoyilmani hosil qgilamiz, bu yerda B¢ := L§(T) @ L°(n).

Lemma 2. Iztiyoriy n € N uchun B qism fazo H(ky, ) operatorga nisbatan invariant
bo‘lads.

Isbot. B¢° ning ixtiyoriy elementini (f wg)(pl,pQ) = f(p1) Y& (p2), ko'rinishda tanlab
olamiz. U holda H®(ky,n) = Hy(ky, ™) — V' operatorning L5°(T?) fazodagi ta’siri quyidagicha
bo‘ladi: k

(Ho(kn, ) f05) (1, p2) = [ (4 = 2cos - cos ) (1) |16 (p2) € B, (5)

(VEfn) (o1, ) =
1

=53 {27(1) sin pg sin g + 0(2){sin 2p, sin 2¢s + 2 cos py sin py cos ¢ sin gz } +
m T2

+ Z [sinnps sinngs + 2 cos py sin(n — 1)py cos qp sin(n — 1)ga+
+2 cos 2p; sin(n — 2)ps cos 2 sin(n — 2)go] }f (¢1)¢¥(g2) dqndge =
1
= — /{’U(n) +20(n + 1) cos py cos g1 + 20(n + 2) cos 2p; cos 2q1] U (p2) € B52. (6)

Lemma isbotlandi.
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(5) va (6) ifodalardan ko‘rinadiki, H®(ky, ) operatorning B¢ := L§(T) ® L°(n) qism
fazodagi qismi HE’(ky, ) quyidagi ko‘rinishda bo‘ladi:

H(ky,m) = [Ho(k1) — Vi & I, (7)

bu yerda I,, operator L°(n) dagi birlik operator, HS(ky) = Ho(k1) — V¢ esa L§(T) fazoda
quyidagicha ta’sir qgiladi:
(Hy (k1)) (p) = er (p) f(p)—
1
[0(n) 4+ 20(n + 1) cos p cos q + 20(n + 2) cos 2p cos 2q] f(q)dq. (8)

Cor
T

k
bunda e, (p) = 4 — 2 cos 31 Ccos p.
Shunday qilib, H¢°(ky, ) operator quyidagi to‘g‘ri yig‘indilarga yoyiladi:

H(ky,m) = Y GH (ky, ). (9)

Bu yerda H¢°(ky, ) operator (7) munosabatga ko‘ra aniglangan.

Shu tariqa ikki o‘lchamli H®’(k;, m) operator spektrini o‘rganish masalasini bir o‘lchamli
H¢(ky),n € N operator spektrini o‘rganish masalasiga keltirildi.

H¢(k,) operator spektri hagida

Ushbu bo‘limda biz (8) bilan aniqlangan H¢(k;),n € N operator spektriga doir ba’zi
tasdiglarni keltiramiz, so‘ngra (7) va (9) tasvirlardan foydalanib H¢’(kg), kg = (7 — 24, m)
operator uchun natijalarni keltiramiz.

Eslatib o‘tamizki, H¢(k;) operator muhim spektri kengligi bo‘lgan w(k;) := w(ky,m)
funksiya n dan bog‘liq emas va quyidagiga teng:

w(ky) = wi (k) = 4COS%.

Ma’lumki, H¢(k;) operatorning muhim spektrdan chapda yotuvchi xos qiymatlarini
o‘rganish o‘z-o‘ziga qo‘shma, kompakt va musbat T (ki,2) = ré(k:l,z)VTfré(kl,z) operator
xos qiymatlarini o‘rganishga keltiriladi (|11] ga qarang).

Faraz qilaylik, m(ky) va M (k1) sonlar g5, funksiyaning minimum va maksimum giymatla-
ri bo‘lsin. Ixtiyoriy z € (—oo, m(ky1)) uchun T(ky, z) operator L§(T) fazoda quyidagi formula
orqali aniglangan:

1 / [B(n) + 20(n + 1) cospcos s + 20(n + 2) cos 2p cos 25| g(s)ds

(T k1, 2)9)(p) = o Ve (p) — 2v/er, (s) — 2

T

T¢(k1,z) operator aniglanishidan ravshanki, har bir n € N uchun ushbu operator rangi
uchga teng.
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Lemma 3. z € (—oo,m(ky)) soni HE (k1) operatorning xos qiymati bo‘lishi uchun 1 soni
T¢(ky, z) operatorning xzos qiymati bo‘lishi zarur va yetarli.

Ushbu lemma isboti [11] ishdagi 5-lemmaning isbotiga o‘xshash bo‘lganligi uchun
keltirmaymiz.

Lemma 4. H:(ky) operatorining z < m(ky) dan chapda yotuvchi zos qiymatlari soni
T¢(ky, z) operatorining birdan katta zos qiymatlari soniga teng, ya’'ni:

2|1 T 9| = 0| = 2|

Ushbu lemma [11] ishdagi 7-lemma kabi ibotlanadi.

Teorema 2. Har bir n € N wuchun HS(ky) operatorning muhim spektrdan chapda
joylashgan kamida bitta zos qiymati mavjud.

Teorema 2 isboti [8] ishdagi 5.3 teorema kabi bajariladi.

Teorema 3. Iztiyoriy B € [0, 7] uchun H®(kg) operatorning muhim spektrdan chapda
yotuvche cheksizta xos qiymati mavjud.

Isbot. Teorema isboti bevosita Teorema 2 va (9) tenglikdan kelib chiqadi.

Endi H¢(m — 2/) operatorining xos qgiymatlari uchun kichik § larda ba’zi tasdiglarni
isbotsiz keltirib o‘tamiz. Ta’kidlab o‘tamizki, tayinlangan n € N uchun H¢(7) operator uchta
oddiy xos giymatlarga ega:

Z2n(m) =4 —0(n), zpa(m)=4—0n+1), zya(r)=4—0(n-+2).

Teorema 4. Har bir n € N uchun shunday 6,, > 0 mavjudki, izxtiyoriy B € (0,6,) uchun
He(m—20) operatorning zf(bl)e(ﬂ), 2’7(1242?(5) va 27(523(6) zos qiymatlari mavjud bo‘lib, ular uchun
quytdagi asimptotik formulalar o‘rinli:

20 - 10"

20¢(8) = z,(n) 9e0 B*+0(BY), B—0, (10)
. n+1

2500) = zaa(m) = S 4 O (8Y), B0, (1)
10n+2

A05(0) = ssalm) — S5 B+ 0 (8) . 50, (12

Isbot. Faraz qilaylik HS(m — 26)f = zf tenglama nolmas f € L§(T) yechimga ega bo‘lsin. U
holda bu tenglamadan

1

(4 —2sinfBcosp — 2)f(p) =
2T

/ ) +20(n + 1) cos pcos s + 20(n + 2) cos 2p cos 2s] f(s)ds
T

tenglikni olamiz. Quyidagi

- iﬂ/f(s)ds, cy = %/cossf(S)ds, c3 = %/COS?S}C(S)CZS (13)
T T B

96



O‘ZzMU XABARLARI ANIQ FANLAR Vor.2, Nel, 2025, ss.90-100

belgilashlarni olib, f(p) xos funksiya uchun ushbu tasvirga ega bo‘lamiz:

v(n 2v(n + 1) cos 2v(n + 2) cos 2
flp) = oln) 01 (n+cosp (n+2)cos2p (14)
4 —2sinfcosp — z 4 —2sinfcosp — z 4 —2sinffcosp — z

(14) ni (13) ga qo‘yib, ¢, ¢y va 3 larga nisbatan bir jinsli tenglamalar sistemasini hosil gilamiz:

(n)A11(B, 2)er + 20(n + 1)A1s(fB, 2)ca + 20(n + 2)A13(5, 2)cs,

c1T =17
Cy = E(H)Agl(ﬁ, Z)Cl + 217(n -+ 1)A22(ﬂ, Z)CQ -+ 217(% + Z)Agg(ﬁ, Z)Cg,
C3 = Q_J(H)Agl(ﬁ, Z)C1 + 21_}(71 + 1)A32<5, Z)CQ -+ 217(% + 2)A33(6, Z)
Bu yerda
1 f dp 1 cos pdp
A A A = — :
n(f,z) = 27 /4 2sinScosp — 2’ 12(8,2) = Aar(B, 2) = 27r 4 —2sinfBcosp — 2’
1/ cos 2pdp 1 cos? pdp
A =A = — A -
13(5,2) a5, ) 27r/4—251n@cosp—z’ (6, 2) 27r 4—2si1r1[5‘cosp—z7
(15)
1 r cos p cos 2pdp 1 cos? 2pdp
A =A = A _ .
(5, 2) 2(6,2) 2W/4—2$inﬁcosp—z’ w(f,2) 27r 4 —2sinBcosp — 2
Bu bir jinsli tenlamalar sistemasi nolmas yechimga ega bo‘lishi uchun
1—0(n)An(B,2) —20(n+ 1)A1(f, 2) —20(n + 2)A13(8, 2)
A(B,2)=| —0v(n)Axn(B,z) 1—-20(n+1)Ax»(B,2) —20(n+2)Ax3(8,2) |=0
—0(n)Asz (5, 2) —20(n + 1)As2(8,2) 1 —20(n+2)As3(5, 2)
bo‘lishi zarur va yetarli.
Kichik  lar uchun 1/(6 — z — 2sin 3 cos p) funksiyani Teylor qatoriga yoyamiz:
1 1 < 2sin fcosp  4sin? fcos?p (2sin B cos p)" )
4—z (4—2)2 (4—2z)" '

2sin B cosp T4
4- (1——)
(4-2) 1—

Ushbu tenglik o‘'ng tominidagi yoyilmani (15) ga qo‘yamiz. Agar

T

/ 2n 1pdp_0

-7

munosabatni hisobga olsak, A(f3, z) funksiya § ning juft funksiyasi ekanligini ko‘rish mumkin.
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Endi A(3,z) = 0 tenglamaning z = z(3) yechimini 32 aniglikda hisoblaymiz va quyidagi
tasvirlarni olamiz:

1 232
Ay (B, 2) = 1> + a _52)3, A12(B,2) = Mg (B, 2) = ﬁ)
1 332 2
A22(672) = 2(4_2) + 2(4€2)3, AlB(ﬂ,Z) = Agl(ﬁ,z> = (4f2)3’
2
Ans(B,2) = Agp(B,2) = = M) -t P

2(4 — 2)%’
Bu tengliklarni determinant A(f3, z) ga qo‘yib:

24— 2) | (4— 2

o(n) _217(n)52)‘( _17(71—1—1)_317(71—1—1)52).( _@(n+2)_21‘)(n+2)62)_
(4—2) (4-2)3 (4 —2) (4 —2)3 (4-2) (4—2)3

o(n+1)v(n +2)5> (- u(n) 217(n)ﬁ2) ~20(n)o(n +1)8% (- o(n+2) 20(n+ 2)52)
(4—2)* 4—2) (4-=2)3 (4—2)* (4—2) (4 —2)3

tenglikni hosil gilamiz. Bu yerdan ko‘rinadiki A(0, z) = 0 tenglamani uchta oddiy noli bor.

A(B, z) = (1-

2P0) = 4—v(n) = z(m,m), 205(0) =4 —0(n+1) =z (m,m),

ZSE;(O) 4—9(n+2) = zypo(m,m).
Ma’lum soddalshtirishlardan so‘ng A(/3, z) uchun 42 aniqlikda quyidagi tenglikka ega bo‘lamiz:

o(n) +0(n+1)+v(n+2) N v(n)o(n+1)+9(n)o(n+2)+v(n+o(n+2)

AlB,z) =1 - 4—z (4-2)

20(n)B% + 3v(n + 1)8% + 20(n + 2) 82 + v(n)v(n + 1)v(n + 2)+
(4—2)°
+317(n)27(n +1)B% + 4o(n)o(n + 2)8* + 4o(n + 1)o(n +2)*  40(n)o(n + 1)o(n + 2)5°
(4—2)* (4—2)°
Murakkab bo‘lmagan hisoblashlar ko‘rsatadiki, A(f,z) funksiyaning nollari $? aniglikda
quyidagi

2
v(n) —v(n+1)
v(n) —3v(n+1) +20(n + 2)
(o(n) —ov(n+1)) (v(n+1) —v(n+2))
3)e _ o(n+1) —20(n+2)
=4 2
an2(F) W) S e N G D) — (0 +2))
ko‘rinishda bo‘ladi. Ushbu yoyilmalar uchun g — 0 da sin 8 ~  hamda (3) potensial tasvirini

hisobga olib, teorema 4 tasdig‘idagi (10), (11) va (12) yoyilmalarni hosil gilamiz. Teorema
isbotlandi.

Teorema 4 tasdig‘idan bevosita teorema 1 isbotini hosil gilamiz.

Z(l)e(ﬁ) =4 7_)(71) _ sin2 ﬁ + O(ﬁ4),

2B =4—o(n+1) - sin® 8+ O(8%),

sin? 3+ O(3")
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PESIOME

B nacrosieii pabore paccMaTpbIBaeTCsl FaMUJIBTOHUAH CUCTEMBI JBYX (hepMHOHOB
Ha JByMepHOii perrerke Z2 ¢ NUINHIPUYECKAM IIOTEHIUAIOM. | MILOEPTOBO IIPo-
crpancTBo HeveTHbix Gyukimit L9(T?) npejcrapisgercsa B BUjie MPAMbBIX CYMM JIBYX
uHBapuaHTHLIX Tojnpoctpancts L¢(T?) u L5°(T?) ornocurensho onepatopa H (k),
ACCOIMMPOBAHHOIO 9TOMY TaMu/IbToHHaHy. [lokasano, uro jug moboro [ € (0,7),
oueparop H*(kg) := H(kg) Lge(T2) ks = (m—203, ) uMeer GecKOHEUHOE YUCIIO COO-
CTBEHHBIX 3HAYEHUI HUKE CYIIECTBEHHOTO CIEKTpa. 11oydeHbl aCHMITOTHYECKIe
dbopMyIIBL 1715 - cOBCTBEHHOTO 3HaUEHU: 2, () oneparopa H(kg) mpu  — 0.

Kaoueswvie caosa: Orneparop peaunrepa, pererka, KBA3HUMITYIbC, (DEPMUOH,
CYIIECTBEHHBIN CIEKTP, COOCTBEHHOE 3HAYeHHe, NHBApUAHTHBIE IIOIIPOCTPAHCTBA,
ACHUMIITOTHIECKOE PaKJIOKEHHE.
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RESUME

In this paper, we consider the Hamiltonian of a system of two fermions on a
two-dimensional lattice Z? with a cylindrical potential. The Hilbert space of odd
functions L$(T?) is represented as direct sums of two invariant subspaces LS¢(T?)
and L$°(T?) with respect to the operator H(k) associated with this Hamiltonian.
It is shown that for any /S € (0,7), the operator H*(ks) := H(kp) Leo(T2)?
ks = (m — 28, m) has infinite number of eigenvalues lying below the essential

spectrum. Asymptotic formulas are obtained for the n-eigenvalue of z,(3) of the
operator H(kg) for g — 0.

Key words: Schrodinger operator, lattice, quasi-momentum, fermion, essential
spectrum, eigenvalue, invariant subspaces, asymptotic expansion.
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UDC 517.55

OB-HAVO HOSILALARINING OQILONA NARXINI
MODELLASHTIRISH

RaxmaTtov M. Y.
RAQAMLI IQTISODIYOT VA AGROTEXNOLOGIYALAR UNIVERSITETI
makhmadrasul1972@Qgmail.com

REZYUME

Ushbu maqolada ko’p yillik ob-havo harorati ko’rsatkichlari yordamida hosilalarning
(xosilaviy gimmatbaho qog’ozlar) oqilona narxini baholash uchun matematik
modellar o’rganilgan. Hosilalar narxini baholashda Toshkent shahridagi I.Karimov
nomidagi xalqaro aeroport ob-havo stansiyasining so’ngi 30 yillik harorat
ko’rsatkichlari olingan. Shuningdek, maqolada hosilalarning oqilona narxini bir
necha matematik modellar yordamida olingan natijalar sonli va grafiklarda tahlil
qilingan. Bu natijalarni olish va ularni tahlil qgilishda MINITAB paketi va Borland
Delphi dasturlash tillaridan foydalanildi.

Kalit so‘zlar: ob-havo xosilalari, volatillik, o’rtacha chetlanish, oqilona narx,
o’rtacha kunlik harorat, opsion, call va put opsionlar.

Kirish. 20-asrning o’rtalaridan boshlab insoniyatning iqtisodiy-ijtimoiy rivojlanishi, ilm-
fan taraqqiyoti, iqtisodiy rivojlanishdagi inqirozlar, aynigsa, iqlim o’zgarishlari tabiiy ofatlar
va hokazolarga bog’liq bo’lgan qishloq xo’jaligidagi keskin zararlarning oldini olish yo’llarini
tadqiq etishni talab qilmoqda. Bu boradagi izlanishlarda xorijiy davlatlar, jumladan amerikalik
igtisodchilar, qgishloq xo’jaligi va boshqa sohalar mutaxassislarining tajribasi shubhasiz qizigish
uyg’otmoqda.

Yangi moliyaviy instrumentlar - hosilalar - o’tgan asrning oxiridan boshlab keng qo’llanila
boshlandi. Ulardan eng mashxurlari - fyuchers shartnomalari va opsionlar hisoblanadi. Ushbu
hosilalaviy qgimmatbaho qog’ozlar ishlab chiqaruvchilarning daromadlarini sug’urtalashga
garatilgan bo’lib, bunda ishlab chiqaruvchilarning mahsulot sotish hajmi tasodifiy tabiiy ofatlar
(misol uchun ob-havo o’zgarishi)ga bog’liq. Bunday gimmatbaho qog’ozlarning asosida qanday
tabiiy hodisa, ob-havoning qanday miqdoriy xususiyatlari yotishi aniq vaziyatga bog’liq. Bu
atmosfera bosimi, shamol tezligi va namlik bo’lishi mumkin. Ammo eng ko’p ishlatiladigan
hosilalar ob-havo harorati ko’rsatkichlariga asoslangan.

Ob-havoning noqulay kelishidan zarar ko’ruvchi sifatida elektr energiyasi ishlab
chigaruvchilari va iste’'molchilari, savdo tarmoqlari, dam olish maskanlari hamda qishloq
xo’jaligining ko’plab tarmogqlarini aytish mumkin. Ob-havodagi kutilmagan o’zgarishlarning
asosiy parametrlar sifatida harorat, namlik, turli ko’rinishdagi yog’ingarchiliklar qaraladi.
Ma’lumki, ob-havo bilan bog’liq eng ko’p qo’llanilib kelayotgan asosiy parametr sifatida harorat
qaraladi, shu sababli ushbu maqolada harorat ko’rsatkichlari asosiy o’zgaruvchi qilib olingan
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hosilalar qaraladi. Shuningdek, gimmat baho qog’ozlar bozorida ob-havo hosilalarining tez
sur’atlar bilan o’sishiga ta’sir etuvchi aksariyat omillar ichidan eng asosiylarini quyida keltirib
o’'tamiz:

e cnergiya narxlari ob-havo bilan juda bog’liq ekanligi;

e kapital va sug’urta bozorlarining bir-biriga yaqinlashganligi.
Shuningdek bu maqolada quyidagi muammolar hagida ham to’xtalib o’tamiz:

e harorat o’zgarishini xarakterlovchi stoxastik jarayonlarni o’rganish;

e hosilalarning oqilona narxlarini modellashtirish va Monte Karlo usulidan foydalanib sonli
yechimini hisoblash.

Mavzuga oid adabiyotlar tahlili. Tabiatdagi tasodifiy hodisalarning iqtisodiyotning
turli sohalariga qiladigan ta’siri risklarini minimallashtirish hamda hosilalarning oqilona
narxlarini hisoblash ilmiy izlanuvchilar oldidagi muhim va dolzarb masala bo’lib kelgan.
Umuman olganda, yuqorida keltirib o’tilgan muammolarning sonli yechimini topishda,
hozirgi kundagi iqlimning global isishi hamda tez o’zgaruvchanligi ham qo’shilganligi ilmiy
izlanuvchilarga yanada yangi ilmlar ustida ishlashga olib kelmoqda. Bu borada P.Alaton
(P.Alaton) ilmiy ishlarida ob-havo hosilalari orqali risklarni boshqarish va moliyaviy
instrumentlarning ogilona narxini hisoblashning matematik modellarini taklif qilgan [1].
Ma’lumki, ob-havodagi o’zgarishlar tasodifiy bo’lganligi sababli stoxastik jarayonlar matematik
modellashtirish hamda Monte-Karlo usulini qo’llab jarayonning sonli yechimini topish
metotologiyasini S.M.Ermakovning ishlarida ko’rish mumkin [2]. Hozirgi kunda O’zbekiston
olimlari tomonidan tasodifiy jarayonlarni modellashtirish, gimmatbaho qog’ozlar bozori hamda
ob-havo harorati ko’rsatkichlarining xalq xo’jaligi sektorlariga bo’ladigan ta’sir risklarini
boshqarish, moliyaviy intrumentlarning oqilona narxini hisoblashga oid ko’plab ilmiy izlanishlar
olib borilmoqda. Jumladan, bu borada A.S.Rasulov, M.T.Bakoev, G.M.Raimovalar tomonidan
chop etilgan ilmiy magqolalarda stoxastik jarayonlarni modellashtirishda kelib chiqadigan turli
integral va differensial tenglama hamda tenglamalar sistemasini taqribiy yechishda Monte-Karlo
usullaridan foydalanishgan [6;7].

Tadqiqot metodoligiyasi.

e Opsion - bu investorga muayyan aktivni kelajakdagi aniq bir narxda sotib olish yoki
sotish huquqini beruvchi shartnoma. Bu huquqni amalga oshirish majburiy emas.

e CALL opsion - aktivni belgilangan narxda sotib olish huquqini beradi.

e PUT opsion - aktivni belgilangan narxda sotish huquqini beradi.

Ob-havo hosilalari odatda turli xil iqlim indekslariga asoslangan svoplar, fyucherslar va call/put
opsionlari sifatida shakllanadi. Aksariyat hollarda iglim indekslari sifatida asosan kunning isish
va sovish daraja hamda yog’ingarchiliklar ko’rsatkichlari kiradi. Quyida biz ko’p holatlarda
ishlatiladigan har kunlik harorat indekslari haqgida ma’lumotlar berib o’tamiz.
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Ta’rif 1. T/ va T/™" lar i kunidagi maksimal va minimal ob-havo haroratini (Selsiy
gradusida) bildirsin. i kun uchun o’rtacha haroratni quyidagicha aniglaymiz

T;m’m, _|_ nmam
(R & )
Yuqorida ta’kidlaganimizdek, ob-havo hosilalari uchun muhim asosiy parametr bu kunlik
harorat ko’rsatkichidir. Bu kattalik kuyidagi sovitish va isitish kunlari indekslari orkali
tavsiflanadi.
Ta’rif 2. T; — ¢ kunning o’rtacha harorati bo’lsin. Isish kunlari indeksini H D D; va sovish
kunlari indeksini C'D D; sonini, kunlik harorat ko’rsatkichlari yig’'indisi sifatida topish mumkin:

HDD; = maz(18 — T;,0), (2)
CDD; = max(T; — 18,0), (3)

2-ta’rifga asosan biz ma’lum bir kun uchun HDD yoki CDDlar sonini, kunlik harorat
ko’rsatkichlari yig’indisi sifatida topish mumkin:

Cn= zn:CDDi, H, = En:HDDi (4)

i=1 i=1

Agarda harorat Farengeytda hisoblansa isish va sovish indekslari uchun harorat sifatida
65° Farengeyt (18°C') olinadi. Ob-havo indekslari ob-havo risklarini boshqarishda asosiy
parametr bo’lib xizmat qiladi.

Yil

1996 — 2009
15 1997 — 2010
— 1998 — 2011
— 1999 — 2012
— 2000 — 2013
2001 2014

=}

—— 2002 —— 2015
' —— 2003 —— 2016

Kunlik CDD

— 2004 — 2017
— 2005 — 2018

B

Rasm 1: 1996-2021 yillar davomida I. Karimov nomidagi aeroportida kunlik CDD
lar soni.
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Yil
1996 — 2009
0 1997 — 2010
1998 — 2011
1999 — 2012
2000 — 2013
— 2001 2014

o
=1

— 2002 2015

Kunlik HDD

—— 2003 2016

—— 2004 2017

=

— 2005 2018
— 2006 2019

{ u “ { — 2007 2020
, “ | U — 2008 2021

2000 2010 2020
Sana

Rasm 2: 1996-2021 yillar davomida I. Karimov nomidagi aeroportida kunlik HDD
lar soni.

Fyuchers shartnomasining narxlari, shuningdek, opsionning amalga oshirish narxi ma’lum
bir davr uchun HDD yoki CDD indekslarida ifodalanadi. Shartnomada ko’rsatib o’tilgan
meteorologiya stansiyasining aniq ma’lumotlari ob-havo hosilalarini amalga oshirish narxini
(strike price - shartnoma muddati tugagandan so’ng indeksning haqiqiy qiymati) aniglashda
ishlatiladi.

Haroratga asoslangan ob-havo hosilalarning narxi yilning ma’lum bir davri uchun yig’ilgan
HDD yoki CDDlar asosida aniglanadi. Odatda, HDD mavsumi noyabrdan martgacha, CDDlar
mavsumi esa maydan sentyabrgacha bo’lgan davrni o’z ichiga oladi. Odatda aprel va oktyabr
oylari bir mavsumdan boshqa mavsumga o’tish oylari deb ataladi.

Fyuchers shartnomasi bo’yicha to’lov, shartnoma tuzilgan narx va shartnoma muddati
tugagandan so'ng ma’lum bo’ladigan narxi o’rtasidagi farq bilan belgilanadi. So'ngra bu farq
shartnomada kelishilgan qayta hisoblash stavkasiga ko’paytiriladi. Shunday qilib, fyuchers
shartnomasining oqilona qiymati uning HDD yoki CDD indeksi birliklarida ifodalangan
joriy narxiga teng bo’lib, indeks miqdorining bahosiga ko’paytiriladi. Opsion shartnomalarini
tuzishda uni amalga oshirish narxi K, qayta hisoblash stavkasi p oldindan kelishib olinadi. Misol
uchun, HDD indeksiga tuzilgan call opsioni uchun ¢,, kunidagi y to’lovi quyidagiga teng bo’ladi:

x = {pmax(H, — K,0)}

Ba’zan sotuvchi va xaridor opsionning maksimal to’lovi MT ga cheklovni kelishib oladi.
Bunday holda, HDD indeksidagi call opsioni uchun to’lov quyidagi formula bo’yicha hisoblanadi:

X = min(pmaz(H, — K,0), MT)

Opsionning narxi bank foiz stavkasi r bo’yicha amalga oshirish kunida diskontlangan
avvaldan kelishilgan to’lov miqdoriga teng bo’ladi. Ob-havo shartnomalaridan foydalanishda
yuzaga keladigan asosiy matematik muammo opsionning oqilona narxini aniglashdan iborat.

Ob-havo harorati ko’rsatkichlarini modellashtirish asosida hosilalarning
oqilona narxini hisoblash.

Ob-havo harorati ko’rsatkichlarini modellashtirishga mo’ljallangan ekonometrik
modellarda harorat o’zgarishini bashorat qilish uchun odatda ko’pgina usullar qo’llaniladi,
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bularga: ARCH, GARCH, A-GARCH, E-GARCH, ARMA, ARFIMA, FBM, ARFIMA-
FIGARCH, LSTM, Bootstrap lar kiradi. Esga olingan modellar o’zgaruvchanligi ob-havoning
oldingi qgiymatlaridan foydalanilmasdan fagat uning korrelyatsiyasiga bog’ligligini hisobga
olishga imkon beradi. Masalan, GARCH modellari, kuzatilayotgan vaqt gatorlariga mos har
qanday o’zgarishlarga o’z aks ta’sirini bildirish hamda bu qator o’zgaruvchanligi bo’yicha
kuchli tebranishlardan so’'ng tezda tiklash xossasiga egaligidir.

Ob-havo hosilalarining oqgilona narxini aniglashda, unga ta’sir etuvchi omil sifatida ob-
havoning tarixiy ma’lumotlariga asoslanib joriy ob-havo o’zgarishining taxminiy tendensiyasini
olish mumkin. Shuningdek, ob-havo hosilalar bozori - hosilaviy gimmatbaho qog’ozlar bozoriga
mansub bo’lganligi sababli, unga boshqa bozorlar o’z ta’sirini o’tkazadi. Hozirgi kunda
hosilalarni narxlarini hisoblash usullarida ob-havoning o’tgan yillardagi ko’rsatkichlaridan
foydalaniladi, bu ko’rsatkichlar asosida yaqin kelajakda ro’y beradigan harorat o’zgarishlarini
bashorat qilish mumkin. Ob-havo harorati ko’rsatkichlarini matematik modellashtirish
bosqichlarni quyidagilardan iborat bo’ladi:

e O’tgan davr uchun ob-havo harorati ko’rsatkichlari ma’lumotlarini to’plash;

e Ob-havo ko’rsatkichlarining statistik modelini yaratish;

Kelajakda kutilishi mumkin bo’lgan ob-havo o’zgarishlarini modellashtirish (Monte-Karlo
usuli);

Har bir ssenariy bo’yicha opsion to’lovini aniqglash;

Ushbu ma’lumotlarni o’rta giymatini aniglash;

Hisob-kitob muddatiga diskontlash.
Ob-havo haroratini modellashtirish.

Yuqorida ta’kidlab o’tganimizdek, ob-havo hosilalari uchun asosiy parametri sifatida harorat
qaralayotganligi sababli, haroratni xarakterlovchi modelni topishga harakat gilamiz. Bundan
ko’zlangan maqgsad - harorat o’zgarishini tavsiflovchi stoxastik jarayonni aniqlash. Keyinchalik
ob-havo hosilalarini haroratga nisbatan baholamoqchi bo’lsak, iglim jarayoni qanday bo’lishi
haqgidagi ma’lumotlarga ega bo’lish ahamiyatli bo’ladi. Yaxshi modelni topishda yordam
berish uchun bizda Toshkent shaxridagi so’nggi 30 yildagi harorat ma’lumotlar bazasini
shakllantiramiz. Harorat ma’lumotlari 1 - ta’rifga muvofiq hisoblangan kunlik o’rtacha
haroratlardan iborat. 1-rasmda biz Toshkent shaxridagi I. Karimov nomidagi aeroportida ketma-
ket 10 yil davomida kunlik o’rtacha haroratning o’zgarish grafigini quramiz.

Keyingi tahlillarda Toshkent shahridagi I.Karimov nomidagi aeroporti uchun o’tgan 30
yillik ob-havo harorati ko’rsatkichlari ma’lumotlari bazasidan foydalanamiz. O’rtacha harorat 1-
rasmdan ob-havo haroratida kuchli mavsumiy o’zgarishlar mavjudligini aniq ko’ramiz. O’rtacha
harorat yozda taxminan 34° C va qishda 3° C gacha o’zgarib turadi. 1-rasmdan ob-havodagi
mavsumiy o’zgarishlarini sinus-funksiyasi orqali modellashtirish mumkinligini ko’rish mumkin.
Ushbu funksiya quyidagi ko’rinishda bo’ladi

sin(wt + ), (5)
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Rasm 3: 1996-2021 yillar davomida I. Karimov nomidagi aeroportida kunlik o’rtacha
harorat.

bu yerda ¢t kun bilan o’lchanadigan vaqtni, yani, ¢ = 1,2,... bo’lib, 1 yanvar, 2 yanvar
va hokazolarni bildiradi. Tebranishlar davri bir yil ekanligini bilganimiz uchun w = 27/365
ga teng bo’ladi. Odatda yilning eng minimal va maksimal o’rtacha haroratlari yil boshida
yoki yilning ikkinchi yarminining boshlanishida kuzatilmaganligi sababli faza burchagi ”¢”
tushunchasini kiritamiz. Shuningdek, ob-havo harorati ko’rsatkichlarining o’zgarishiga diqqat
bilan e’tibor berilsa, ma’lumotlar tendensiyasi ijobiy zaif, biroq mavjudligi ko’rish mumkin.
Ushbu tendensiyaning mavjudligidan, o’rtacha haroratning yildan-yilga o’sayotganligini ko'rish
mumkin. Iglim haroratining o’sishiga ta’sir qiladigan bir nechta omillar mavjud. Ulardan biri,
hozirgi kunda butun dunyoda kuzatilayotgan global isishni misol keltirish mumkin. Keyingisi
katta shaharlar aholisining tez sur’atlar o’sib borayotganligi sababli undagi harakatlarning
me’yoridan ortib borayotganligi natijasida, yaqin hududlarda ob-havo haroratining oshib
borayotganlgidir. Ob-havo harorati ko'rsatkichlaridan ushbu zaif tendensiyani aniqlash uchun
biz birinchi taxmin sifatida isish o’zgarishini chiziqli deb taxmin gilamiz. Biz uni ko’phad deb
hisoblashimiz ham mumkin, lekin u o’rtacha haroratning umumiy dinamikasiga kam ta’siri
tufayli, faqat ushbu ko’phadning chiziqli qismigina hukmronlik giladi.

Yuqoridagi ma’lumotlardan xulosa qilib aytadigan bo’lsak, 7}" — tkundagi o’rtacha ob-
havo harorati modeli quyidagi ko’rinishda bo’ladi.

T" = A+ Bt + Csin(wt + ¢) (6)

bu yerda A, B,C,w,p parametrlari haroratning ko’p yillik stoxastik kuzatuvlari asosida
baholanadi. Endi ushbu parametrlarni baholashni keltirib o’tamiz.

O’rtacha harorat modelini ma’lumotlarga moslashtirish.

(6) tenglamdagi noma’lum konstantalarning sonli giymatlarini baxolashni havo
ko’rsatkichlaridan tashkil topgan ma’lumotlari asosida kichik kvadratlar usuli yerdamida
amalga oshiramiz.
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Y = a1 + asot + azsin(wt) + a4 cos(wt) (7)

Bundan shunday xulosaga kelamizki, £ = (aj,aq,as,ay) parametr vektorini quyidagi
tenglamani yechish orqali topishiladi.

min = ¥ - X |2 0
bu erda Y- (7) tenglama orqali baholanayotgan kattaliklar vektori, X - ob-havo harorati

ko’rsatkichlaridan iborat ma’lumotlar vektori. U holda (6) modeldagi konstantalar quyidagicha
topiladi

A=a, 9)

B = as, (10)

C =\/a3+ aj, (11)

p= arctan(%) -7 (12)
as

Noma’lum koeffitsientlarning sonli giymatlarni (6) tenglamaga qo’yib, o’rtacha harorat
uchun quyidagi funksiyani olamiz:

2
T = 14.882 + 1.54 - 10~*¢ + 13.4830 sin(%t — 1.81042) (13)

Sinusoida funksiyaning amplitudasi qariyib 10°C' ni tashkil qiladi, bu esa odatdagi qish
kuni va yoz kuni o’rtasidagi harorat farqi taxminan 22°S ni tashkil qilishini bildiradi. Ushbu
funksiyaning holati ob-havo harorati ko’rsatkichlaridan tashkil topgan ma’lumotlari bilan birga
2-rasmda ko’rsatilgan.

Sinusoida funksiyaning amplitudasi qariyib 10°C' ni tashkil qiladi, bu esa odatdagi qish
kuni va yoz kuni o’rtasidagi harorat farqi taxminan 22°C' ni tashkil qilishini bildiradi. Ushbu
funksiyaning holati ob-havo harorati ko’rsatkichlaridan tashkil topgan ma’lumotlari bilan birga
2-rasmda ko’rsatilgan.

Afsuski, ob havo parmetrlari deterministik bo’la olmaydi. Shuning uchun realroq modelga
ega bo’lish uchun (6) deterministik modelga qandaydir shovqin, ya’ni standart Vinner (W;, ¢ >
0) jarayonini qo’shishimiz kerak bo’ladi.

Ob-havo harorati ko’rsatkichlaridan iborat ma’lumotlar gatoridan, haroratning o? € R,
kvadratik o’zgarishi yilning turli oylarida turli xil bo’lishi, biroq yilning barcha oylarida deyarli
o’'zgarmasligini ko’rish mumkin. Aynigsa, qish faslida o’rtacha kvadratik o’zgarishlar yilning
golgan faslllari bilan solishtirilganda ancha yuqori bo’ladi. Shuning uchun biz o¢; ni har oy
davomida o’zgarmas giymatga ega bo’lgan bo’lakli o’zgarmas funksiya deb quyidagi ko’rinishda
topamiz.
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Rasm 4: ikki yilllik o’rtacha harorat (13) va haqiqiy harorat.

o, Yanvar oyida

oy  Fevral oyida

fz) =

o012 Dekabr oyida

bu yerda {c;}}2, musbat o’zgarmas konstanta, (o;W; > 0),t > 0) esa haroratning shovqin
jarayoniga ta’sirini bildiradi.

Bu yerda biz ob-havo harorati ko’rsatkichlaridan iborat ma’lumotlardan ¢ ning ishonchli
bahosini olishga harakat qilamiz. To’plangan ma’lumotlar asosida har bir oy uchun o
ning bahosini chiqaramiz. N, kundan iborat aniq bir p oy davomida kuzatilgan harorat
ko'rsatkichlarini Tj(j = 1,..., N,) deb belgilaymiz. Birinchi baho 7T; ning o'rtacha kvadratik
o’'zgarishiga asoslangan holda olinadi.

N,—1
1 I
ol = N > (Tj = Ty)° (14)
I j=1

Olingan sonli giymatlarni (14) ga qo’yib, turli oylar uchun ¢ ning qgiymatlarini hisoblaymiz.
1-jadvalda ¢ uchun olingan baholar keltirilgan.

1-jadval. o kvadratik chetlanish va regressiya yondashuviga asoslangan
baholarning o’rtacha qiymati.
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Oylar O’rtacha chetlanish
Yanvar 5.005
Fevral 5.555
Mart 5.140

Aprel 4.800
May 4.286
[yun 3.183
Iyul 5.140

Avgust 3.676
Sentyabr | 4.022
Oktyabr | 4.789
Noyabr | 5.071
Dekabr | 4.697

O’rtacha qiymatga qaytish.

Ob-havo harorati ko’rsatkichlarini modellashtirish yordamida hosilalarning ogqilona
narxini hisoblashda turli xil usullar mavjud. Haroratni tavsiflovchi stoxastik jarayonni o’rtacha
giymatga qaytaruvchi xususiyatga ega modelni hosilalarlarning oqilona narxini aniglashda
go’llash mumkin. Ushbu modelning foiz stavkalari asosida qurilgan modeldan, hosilalar
oqilona narxini ob-havoning o’tgan davrlardagi ma’lumotlari bilan hisoblanishi bilan farq
giladi. Opsionlar uchun qo’llaniladigan standart stoxastik modellar ob-havo hosilalariga mos
kelmaydi, chunki harorat ko’rsatkichlari valyuta kurslari yoki aksiya narxlaridagi kabi keskin
o’zgarishlarga emas, balki sekin va uzluksiz dinamikaga ega bo’ladi.

Ob-havo haroratini modellashtirishda nazarda tutilmaydigan mavjud tabiiy holatlarni
iqlimning diskret holati bilan birlashtirib stoxastik differensial tenglamani (SDT) hosil gilamiz.
Ushbu SDThi sonli yechimini topish orqali ob-havo harorati ko’rsatkichlarini modellashtiramiz:

AT, = a(T — T,)dt + o dWV, (15)

bu yerda a € R bilan o’rtacha qiymatga qaytish tezligini belgilaymiz. (15) tenglama bilan
bog’lig muammo shundaki, u hagiqatdan xam uzoq muddatda 77" ga qaytmaydi. Shunday qilib,
hagiqatdan ham o’rtacha qiymat (6) ga qaytadigan jarayonni ta’minlay olish uchun biz (15)
tenglamaga quyidagi drift hadni qo’shishimiz kerak bo’ladi.

dTm
dt

T7" o'rtacha harorati o’zgarmas bo’lmaganligi sababli, bu had SDTning yechimi uzoq
muddatli o’rtacha 77" ga teng bo’lishini ta’'minlaydigan xolatda driftni to’g’irlaydi.

= B+ wCcos(wt + ¢) (16)

O’rtacha kunlik haroratning o’zgarishini tavsiflovchi stoxastik model quyidagi shaklga
ega:

ary"
dT, = { d; +a(T]" — Tt)} dt + w dWy, t > s, (17)

Ushbu tenglamaning yechimi quyidagicha bo’ladi
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t
T, = (x —TM)e %) 7™ 4 / e~y dW, (18)

Kuzatishlar shuni ko’rsatadiki, ob-havo harorati uzoq vaqt davomida o’sishi (yoki
kamayishi) mumkin emas. Shuning uchun, harorat o’zgarishini aniqlovchi stoxastik jarayon
"o’rtacha qgiymatga qaytish" xususiyatiga ega bo’lishi hamda harorat ma’lum bir o’rtacha
iqlim T}™ darajasiga qaytishi kerak. a parametrning giymati bu haroratning o’rtacha qiymatga
qaytish tezligini aniqlaydi. n kun mobaynida to’plangan kuzatish natijalari asosida, a uchun
samarali baho quyidagi a,, tenglamaning yechimi sifatida olinadi.

Co(@n) = 0, (19)
bu yerda,
Gola) = 3 "5, - BT (20)

va b(Tj_1;a) - drift hadining a parmetrga nisbatan hosilasini bildiradi.

dl;™
WT, 1) = =+ alTy" — T) (21)

(19) ni yechish uchun (20) dagi E[T;|T;-1] har bir hadlarni aniglashimiz kerak. Darhaqiqat,
(18) tenglamada ¢t > s uchun, quyidagi tenglamani yozamiz:

t
T, = (T, — TM)e o) 4 7™ 4 / e "o dW, (22)

bu tenglamadan, quyidagi tenglamaga o’tish mumkin.

E[L|Tia] = (T = T )e ™ + T, (23)

Bundan, yana avvaldan ma’lum bo’lgan munosabtni olamiz

I" = A+ Bt + Csin(wt + ¢).

Shuning uchun, quyidagi munosabatni keltirib chiqarish mumkin.

Gola) = 3 L Il gy e - ) (24)

e 0;1

Ushbu moslikni quyidagi munosabat bilan tekshirish mumkin
YT - T
a, = —log %:]_1 i m} (25)
Zj:l Yi—l{Ti—l - Ti—l}

(19) tenglamaning yagona yechimi hisoblanib, bu yerda Y; ; quyidagi tenglama orqali
ifodalanadi:
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™, — T
Y, ==L "2 =12/ (26)
0i1

Yuqoridagi hisoblashlarni amalga oshirgandan so’ng biz @ = 0, 131 ni olamiz.
Monte-Karlo usuli yordamida ob-havo haroratini modellashtirish
Moliyaviy matematikaning sonli ilovalarida, xususan, opsionlar narxini hisoblashda asosiy

usullardan biri sifatida Monte-Karlo usuli qaraladi. Monte-Karlo usuli bilan ob-havo haroratini
modellashtirish (17) tenglamani quyidagi ko'rinishga olib kelinadi:

T'j = ij - T‘]nil + anll + (1 — a)T’j_1 — )\O't + quj—l (27)

bu yerda - {¢;} standart normal taqsimotga ega bo’lgan tasodifiy miqdorlar ketma-ketligi.
Shunindek, standart normal tagsimotni modellashtirish uchun hisob-kitoblarda qo’llaniladigan
usul bilan tanishib chiqamiz [2]|. Aytaylik g, as lar (0;1) oraliqda tekis tagsimlangan tasodifiy
miqdorlardan ikkitasi bo’lsin. Oddiy tagsimlangan tasodifiy o’zgaruvchining ikkita mustaqil
amalga oshirilishi quyidagicha ifodalanishi mumkin:

& =V 2lnasin(2ras), & =/ —2Inay cos(2may) (28)

Yuqoridagi ifodalarga asosan, ob-havoning mumkin bo’lgan harorat o’zgarishi
senariylarining N o’zaro bog’liq bo’lmagan traektoriyalari modellashtiriladi. 3-rasmda (7)
formula yordamida qurilgan o’rtacha kunlik haroratning grafiklari ko’rsatilgan. Quyida opsion
uchun to’lovlarni ob-havo haroratining har bir ssenariyasi uchun aniglab chigamiz. Misol uchun,
HDD indeksidagi call opsionining to’lov miqdori quyidagicha aniglanadi:

x = max{H, — K,0}, H, :ZmaX{IS—Tt,O} (29)
i=1
Opsionlar uchun to’lovlar quyidagi tenglama bilan amalga oshirish sanasida diskontlangan

holda hisoblanadi:

(1) = —F— 2% (30)

Ob-havoning hosilalarining oqgilona narxini hisoblash.

Ob-havoning hosilalarining oqgilona narxini hisoblash modelida bazaviy parametr sifatida
Toshkent shahrining harorat ko’rsatkichi olingan, shu sababli, gish mavsumida shaxardagi
iglimning o’zgarish xususiyatlaridan kelib chiqqan holda, hisoblash formulalarini soddalashtirish
orqali opsionning oqgilona narxini aniglovchi formulasini qurish mumkin. Buning uchun Toshkent
shahrida qish mavsumida harorat 18° (' dan oshib ketmasligini faraz qilsak, hodisa ehtimoli
max{18 — T;,0} = 0 bo’lgan yetarlicha kichik miqdor bo’ladi. Bu fikrlardan quyidagi tenglikga
ega bo’lamiz:

H, = i:HDDk = 18n — iTti
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[t1;t,] oraliq bilan opsion shartnomasi tuzilgan oyni belgilasak, bu yerda t; - oyning
birinchi va ¢,, oxirgi kuni, ¢ esa shartnomani tuzish vaqti bo’lsa, opsion narxini baholash momenti
t < t1. Narxni baholash oyiga mos keladigan kvadratik o’zgarishlarning qiymati o; va shartnoma
oyidagi giymat o; bilan belgilanadi. Yuqorida eslatib o’tilganlarga ko’ra N(uy,,d,) parametrlar
normal tagsimotga ega ekanligini [108] ko’rsatish mumkin:

pn = E9[H,|F,) = 18n - Y = E°[T,

=1

)\O’i

J

—a(s—t) _ ATj

E°[H,|F) = (T, = T}")e ") + T —
a

(Oi — aj)e

02 = Var[H,|F)] = ZV@TE|E+QZZCoth7,ﬂJ|Ft]

1<J
Cov(Ty, T,|F)] = e " Var|T,|F),

VarlT.|F] = i 2 2\ _—2a(t—t1) O-_’LQ —2a(t—s) 0_]2
ar[Ts|Fy) = 2a(0i aj)e 2a€ + 5

bu yerda 0 < s < t < w, T;" ning qiymati (14) formuladan, parametrlari qiymati esa
1-jadvaldan olinadi.

HDD indeksi uchun call opsioning oqilona narxini navbatdagi formuladan foydalangan
holda topish mumkin:

c(t) = e—r(tn—t)EQ HlaXHn _ K,O Fl = e—r(tn—t) ( L — K)® —a,) + On 6_0‘2%) 31
() [ | ] (1 )O(—an) on (31)

bu yerda «,, = K;—n"” va ® standart normal tagsimot funksiyasini bildiradi.

Xuddi shu usullardan foydalangan holda, so’ralgan HDD put opsion uchun oqilona narx
formulasini keltirib chigarish mumkin:

K
p(t) = e "D EQmax{K — H,,0}|F] = e_T(t”_t)/ (K —2)fu, (z)dx =
0

— ) (K — ) (®(ay) — @ (—@) + \ZL_W <e—“5’ - e—%(ﬁﬁ)ﬂ (32)

(17) dan HDD indeksida ob-havo hosilalari uchun call opsionning oqilona narxini Monte-
Karlo usuli bilan hisoblashda foydalaniladi. Modellashtirilgan traektoriyalar sonini va foiz
stavkasi bo’yicha diskontlashni belgilaymiz. Bunda bozor riski bahosi A = 0,08 ga teng deb
hisoblanadi. 2-jadvalda keltirilgan quyidagi xususiyatlarga ega opsionlarni ko’rib chiqamiz.

Biz yanvar, fevral va mart oylari uchun HDD call opsioni "narxlarini"oldik. Ushbu
shartnomalarning texnik xususiyatlari 2-jadvalda keltirilgan.

2-jadval: Uchta HDD opsionining texnik xususiyatlari.
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Parametr I Opsion IT Opsion IIT Opsion

Ob-havo stansiyasi I.A.Karimov nomli aeroport | [.A.Karimov nomli aeroport | I.A.Karimov nomli aeroport
Indeks HDD HDD HDD

Turi Call Call Call

Davri 2018 yil yanvar 2018 yil fevral 2018 mart

Amalga oshirish narxi (Strike) | 600 600 600

Maksimum to’lov 365 306 275

3-jadvalda o’tkazilgan tajribaning asosiy natijalari keltirilgan. 3-rasmda modellashtirilgan
traektoriyalar sonining o’zgarishi bilan tuzilgan hisob-kitoblarning dinamikasi ko’rsatilgan.
Quyidagi 4-rasmda modellashtirilgan traektoriyalar sonining o’zgarishi bilan sig3
giymatlarining o’zgarishi ko’rsatilgan.

3-jadval. Hisoblash natijalari

Opsion I | Opsion II | Opsion III

(31) asosida opsion narxi, f 13,14627 | 22,2987 20,3657
Monte Karlo usuli
Opsion narxi, sx 13,14627 | 21,4622 20,0572
sig3 0,26387 0,4115 0,4133
Xotolik [f-sx| 0,99916 0,8365 0,3085
Asosiy qismni ajratish usuli
Opsion narxi, sx 19,7696 21,6804 20,1767
sig3 0,3753 0,0543 0,0349
Xotolik |f-sx| 0,0006 0,6183 0,189
Kvazi Monte Karlo usuli
Opsion narxi, sx 19,5501 21,9387 20,3491
sig3 0,3267 0,3261 0,3268
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—— Formula bo'vicha baholash
—— "Monte-Karle usuli™
"Antitetik o'zgarighlar” usul”
— "Kvazi tasodifiy ketma-ketliklar” usuli
“Ahamiyat namunagini olish™ usuli
—— "0rzgaruvchanlikni boshgarish™ usuli

Rasm 5: Opsion narxini N bo’yicha baholash o’zgarishi.

Ob-havo hosilalarini baholashdagi eng muhim masala - bu ob-havoning yaxshi
modeliga ega bo’lishdir. Bu yerda ishlatiladigan harorat modeli, albatta, haqiqiy holatni
soddalashtirilgan ko’rinishi bo’lib u harorat ma’lumotlariga juda mos kelishini ko’rish
mumkin. Yuqorida keltitrilgan modellar yordamida ko’p yillik ob-havoning o’zgarish holatining
o’zgaruvchanlik(volatillik) gonuniyatini topish mumkin. Stoxastik modellar yordamida aniq
yechimga yanada yaqinlashishga erishish imkoniyati mavjud. Eng yaxshi harorat modelini
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T T
5000 10 000 15 000 2000

—— Formula bo'yicha baholash
—— "Monte-Karlo usul™
"Antitetik o'zgarishlar” usul™
— "Kvazi tasodifiy ketma-ketliklar” usuli
“Ahamiyat namunasini olish™ usuli
—— "0'zgaruvchanlikni boshgarish™ usuli

Rasm 6: sig3 qiymatining N bo’yicha o’zgarishi.

topishda, haroratning bir necha xil parametrlardan tashkil topgan iqlim modellarini qo’llash
magsadga muvofiqdir. Hozirgi kunda yuqori xarakteristikali kompyuterlar va yaxshi iqlim
modellarining mavjudligi, mutaxassislar tomonidan ob-havo hosilalarining oqilona narxini
hisoblashda hamda kelajakdagi narx o’zgarishini bashorat qilish imkoniyatini yaratadi.
Qimmatbaho qog’ozlar bozorining o’sishi bilan bir qatorda ob-havo hosilalarining ma’lum
bir vaqtga mos keluvchi oqilona narxlari aniglash mumkin bo’lsa, bozordagi narxlar riskini
boshqarish uchun uchun yaxshiroq modellarni topish mumkin.
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PESIOME

B s10it crarbe uccieyoTcs MaTeMaTuuIecKue MOJIEIN JIjIsi OIEHKH pallloOHaJIbHO
CTOUMOCTHU JEPUBaTUBOB (HpOI/ISBO,[LHbIX IICHHDBIX 6YMaF> C UCIIOJIb30BAaHUEM MHOTI'O-
JIETHUX TIOTOJIHBIX TOKazaTeseil. [Ipu oleHKe cTOMMOCTH JIEPUBATHBOB OBLIU B3sI-
ThI TEMIIEPATYPHBIE TTOKA3aTEIN METEOCTAHIINN MEK, Iy HAPOJHOIO a3pOIopTa UMEHN
N.Kapumosa B TamikenTe 3a mocsegaue 30 jet. B pabore mpoaHam3upoBaH IUCIeH-
HBII PeE3YJIbTaThl, IIOJYI€HHBIC C ITIOMOIIBIO HEKOTOPLIX MaTEeMaTUYICCKHUX MO,ZLe.HeI';‘I
JJIAd HaXOXKICHUA paL[I/IOHaJU:)HOIU/I CTOUMOCTHU JA€pHUBaTUBOB. ILHH MOZAE/IMPOBaHUA 1
aHajm3a pe3y/abTaToB ucnob3opaanch naker MINITAB u a3bik mporpamMmupoBa-
uust Borland Delphi.

Karoueswvie caosa: NOrojHbie MPOU3BOJIHBIE, BOJATHILHOCTD, CPEJIHEE OTKJIOHE-
HUe, paluoHabHas CTOMMOCTh, CPEIHECYTOYHAs TeMIIepaTypa, OIIUOH, OIIUOHDI
call u put.

RESUME

This article examines mathematical models for assessing the fair value of derivatives
(financial instruments) using multi-year weather data. Temperature data from the
meteorological station at Islam Karimov International Airport in Tashkent over the
past 30 years were utilized for derivative valuation. The study analyzes numerical
results obtained through certain mathematical models for determining the fair value
of derivatives. The modeling and result analysis were carried out using the MINITAB
software package and the Borland Delphi programming language.

Key words: weather derivatives, volatility, mean deviation, rational value, average
daily temperature, option, call and put options.
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OIIMCAHUE ABEJIEBBIX W*- I C*-AJITEBP

BepauMmypPATOBA 111. K.
HAIIMOHA/IBHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 VJIVI'BEKA, TAIIKEHT
shaxrizadaberdimuratova@gmail.com

PE3IOME

B pabore nsygaiorca kommyraTusable W*- u C*-anre6por. [Ipusegensl ocHOBHBIE
MOMeHTEI onrcanue abesaesbix W*- n C*-aarebp, a Tak:ke onmcanue BeIeCTBEeHHbIX
abeneBbix WH-aynrebp. B wacrmom ciyuae, T.e. Korma sra asrebpa jeiicTByer
B cemapabeIbHOM BeleCTBEHHOM ['MiIbO0epTOBOM IPOCTPAHCTBE M HE COIEPIKUT
HEHYJIEBOTO MUHUMAJILHOTO MTPOEKTOpa, OMUcaHne 0oJjiee KOHKPETHO YTOTHEHO.

Karoueswvie caosa: kommyrarusabie W*- u C*-anreOpbl, IpocTpaHCTBO XapaKTe-
pOB, (TUIEP)CTOYHOBCKUiT KOMITAKT.

BBEJIEHUE

B pabore msyuarorca kommyrarusable WH- n C*-anre6pol. UToOBI HOMYyUNTEL OLUCAHEE
9TUX aaredp paccMaTpPUBAETCA MPOCTPAHCTBO BCEX XapaKTepOB ajreOpbl, KOTOPOE SBJISIETCs
CTOYHOBCKUM KOMIAKTOM. [TokazaHo, 4TO JijI IUIIEpCTOYHOBCKOTO IIPOCTPAHCTBA {2 IpOCTpaH-
crBo C(Q) simisierca abesiesoit W*-ajrebpoit u ecsin cyrecTByeT HOpMaJibHasi peryJisipHast
Bopenesckas mepa v na {2 ¢ suppry = (2, to mokazano, uro C() = L*(Q,v) asisercs
o-koneunoit W*-anredpoii. lokazano m obOparHoe yTBep:KIeHue, T.e. ecaiu Z — abesesa
WH*-anrebpa n ) — ee crekTpabHOE IIPOCTPAHCTBO, TO ) — I'MIIEPCTOYHOBCKOE IIPOCTPAHCTBO
U CYIIECTBYIOT JIOKAJILHO KOMIIAKTHOE XaycaIopdoBo mpocTpancTBo X u peryispHas bopees-
ckag Mepa v Ha X ¢ suppr = X takue, uro Z — *-uzomopdua L>(X, ). Takxke nokazaHo,
yro ecau A — kommyrarusHag C*-ajirebpa, To oHa m30MeTpUIeCKH u3oMopdHa ajaredpe Bcex
HenpepbIBHBIX yHKIWMI Ha (), mcyesaonmx B OeCKOHEUHOCTH, mpudeM, ajuredbpa A mmeer
eJIMHUITYy TOTJIa U TOJBKO TOT/a, Korja () — koMmmakTeH. [IpuBeieHa onmcanmne BeIeCTBEHHBIX
abenesbix W*-anrebp. B wacTaom ciayuae, T.e. Korja sTa agredpa JeiicTByer B cenapabeabHOM
BermecTBeHHOM ['mib0epTOBOM MPOCTPAHCTBE U HE COJEPKUT HEHYJIEBOI'0 MHHUMAJBHOIO
IIPOEKTOPAa, OIUCaHue 0oJiee KOHKPETHO YTOTHEHO.

INPEABAPUTEJIbHBIE CBEIEHN

[Iycts A — 6anaxoBo *-anrebpa. Ecin mist soboro a € A Boinosiasercs ycaosue ||a*al| =
lal|?, To A mazwBaerca C*-anzebpoti. Ecim ans C*-anre6psr A cymiecTByeT HOPMUPOBAHHOE
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upocrpancrso N takoe, uto N* = A, to A naszweiBaerca W*-aazebpoti. Ilpu sToM npocTpancTso
N Ha3bIBAETCI NPEICONPANHCEHHIM TTPOCTPAHCTBOM, 0DO3HATAECTCH KaK A,.

[Tycrs  — sokabHO-KOMITAKTHOE XaycaopdoBO IPOCTPAHCTBO U ¥ — HOPMAJIbHAS Pery-
JsipHast bopeseBckasi mepa Ha (). HamomuuMm, aro dyukmmonas f Ha {2 Ha3bBAETCs JIOKAJIHHO
CYIIECTBEHHO OrPaHUIeHHBIM (BKpaTie J1.¢.0.), eciu 3C > 0, f(t) < Cuav({t:|f(t)| > C}) =0
JIOKAJILHO 1109TH Beiofry. [lostoxkimm

Lo(Qv)={f:Q—C| f - usmepuma u f — j1.c.0.}.
Jlerko mokasarh, YTO 9TO MPOCTPAHCTBO SIBJISETCS HOPMUPOBAHHBIM OTHOCHTEIHHO HOPMBI
[flle = f{C >0 = [f(#)] < C}.
[omoxnm

L'Qv)={f:Q—C| ({|f(t)]dy<oo}.

HenocpencrBenno  nokaseiBaercs, 4ro (L>®(Q,v),|.||c) — abemeBa C*-anrebpa wu
LY (Q,v)* = L*>(Q,v), crenosarensuo L™ asisiercas W*-anre6poit.

Onpenenenne 1. I'osopsar, uro XaycaopdoBO IPOCTPAHCTBO IKMPEMANLHO HECBAZHO,
ecIi 3aMbIKaHUE KazK/I0r0 OTKPBITOTO MOJMHOZXKECTBa TaKzKe OTKPBITO. KoMIakTHOe 9KCTpe-
MaJIbHO HECBS3HOE IPOCTPAHCTBO HasbiBaeTcst Cmoynosckum npocmpancmeom. X Ha3bIBACTCS
2UNEPCNOYHOBCKUM TIPOCTPAHCTBOM, €CJIM OHO sABJseTCs CTOYHOBCKHM IIPOCTPAHCTBOM H JIJISI
moboro f € C(X) u f > 0 cymectByer HopMasibHas pery/sipuHas Bopenesckast mepa p Ha X
takas, 910 i(f) > 0.

OIIMCAHUE -KOHEYHHBIX ABEJIEBBIX W*-AJITEBP

Teopema 1 [1]. ITycts 2 — kommakTHOE Xaycmopdoso npocrpanctso, Cr(€)) — MHONKe-
CTBO BCeX JieficTBUTEIbHBIX HenpepbiBHBIX dyHKImi Ha ). Torma ciepyomnme yTBEpKIeHNsT
9KBUBAJIEHTHBDI:

1) 2 — CroyHOBCKOE MPOCTPAHCTBO.

2) st 1060t orpaHYeHHOl Bo3pacTalolieil cetn HeoTpurareabHbix Gynknuii uz C,.(£2)
CyIIECTBYET ee HauMeHbIas BepxHsia rpanuna B C,. ().

3) st smroboro orpanmaenHoro noamuozkecrsa C.(€)) cyImecTByer ero HauMeHbIast BEpX-
uss rpanuna B C,. ().

4) Tlycrb g — OrpaHUYEHHAs BEIIECTBEHHOZHAUHAS IOJIYHEIPEPbIBHASL CHU3Y (DYHKIUA
Ha Q. Torma cymecrsyer f € C,.(2) rakas, uro E = {t € Q| f(t) # g(t)} — Bopenesckoe
HOJIMHOKECTBO IepBoOil KaTeropuu u3 §).

Bosee mompobuble moKazaTeanLeTBa pe3yJabTaToB 00 ommcanue abesneBbix W *-amareGp
MOXKHO HaiiTu B [1-3]. 371ech MBI IPUBE/IEM OCHOBHBIE MOMEHTBI OIMCAHUE ITUX ajredp.

IIpenmnoxenue 1. Ilycts a; — orpanudeHHasi BO3PACTAIONIASA CETh CAMOCOIPSZKEHHBIX
/
sstementoB B(H), te., af = q;, |la|| < M (Vl), ninst mexoroporo uucio M, u ay > a;, VI > 1.
Torma nmeem a; — a = sup; @; (CUIBHO)
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HokazarenbcrBo. Tak kak {(q;§,£)} — orpanmuenHas Bo3pacTarolasi ceTb JeficTBI-
TeJIbHBIX dncest jiis Jioboro & € H, to lim(q,€,n) cymecryer mius yobbix £,n € H. Torna
seuy [(@&,n)| < M||||n]|, umeerca a € B(H) rakoii, aro lim(a,&,n) = (a&,n), V&,n € H.
Pasywmeercst, (a&, &) = sup; (@&, &), V¢ € H. Takum obpaszom, a = sup;a; u a; — a (c1abo).
Boustee Toro, jiis smoboro £ € H, Takke mMeeM

(@ —a)éll* < ll(a—a)' 2 [[(a — a)'/%)1* < 2M{(a — a)€, &) — 0.
[Mostomy a; — a (cunbHo). [Ipemnoxkenne gokazaHo.

Caemyrorue IpeioXKeHns JOKA3bIBAIOTCA HEIIOCPEICTBEHHO.

IIpennoxkenue 2. [lycrs () — CToyHOBCKOE IPOCTPAHCTBO, a (4 HOpMAaJIbHAs PEryspHast
Bopenesckas mepa na 2. Torma suppy OTKpPBITOE U 3aMKHYTOE TTOAMHOYXKECTBO ).

ITpennoxkenue 3. [Iycts €2 — CToyHOBCKOE TPOCTPAHCTBO, & h OrpaHUYIeHHAS M3MepUMast
dbyuxmuma wa Q. Torga cymecrsyer f € C(£2) rakas, uTo

f(t) = h(t), .4
JUTsT JTI000# HOpMAJIBHON perysspHoit BopereBckoit mepsbr 1 Ha ().

ITpennoxenue 4. Ilycts {2 — rumepcroyHOBCKOE MPOCTPAHCTBO. Toriaa cyIecTByeT
ceMelicTBO [y HOpPMaJIbHOW peryispHoii Bopenesckoit Mepbr Ha () Takoe, 4TO suppiy N
supppy = 0, VI # I" u Wsuppyy mwioro B .

Hanomunm, uro W*-anrebpa nasbiBaeTcst o-koHewHotl, eC/Iu ceMeiiCTBO TIOIapHO OPTOro-
HAJILHBIX [IPOEKTOPOB HE DOJIee YeM CUYETHO.

IIpennoxkenue 5. [lycts () — kommakTHOE Xayc10pdoBO TPOCTPAHCTBO U V PEryspHast
Bopenesckast mepa Ha 2. Torma L®(2,v) — o-koneunas abesea W*-asirebpa.

Teopema 2. Ilycts ) — rumepcroysoBo mpocrpanctso. Torma C() — abemeBa W*-
anrebpa. Bosee Toro, ecam cylecTByeT HopMaJIbHas pery/isgpHas OopeseBckas mMepa v Ha §) ¢
suppr = Q, o C(2) = L*>°(Q, v) asisgercs o-koueunoit W*-asrebpoii.

HoxkazareabcrBo. CHavaja [IPeJIoIoKIUM, YTO CYIIECTBYeT HOpMAaJbHasl PeryJisipHas
bopeseBckast Mepa v Ha ) Takas, aro suppr = ). Torga C(§2) mox#O BroKuTH B L>®(€, ).
Bosee roro, ms moboro h € L¥(Q,v) no Ilpemmoxkenunto 3 cymecrsyer f € C(2) Takas,
aro f(t) = h(t), n.B.v. Takum obpazom, C(Q) = L>®(Q,v). Hamree, C(S)) sBisiercsi 0-KOHEIHOI
abesiesoit W*-anrebpoit uz Ipejokenus 5.

B obmewm ciryuae, no [Ipemioxkenuio 4 cyiiecTByeT CeMeicTBO 1, HOPMAJILHBIX PEryJisip-
HBIX GopesieBCcKuX Mep Ha 2 rakoe, 4ro suppy, N suppyy = 0, VI # ' u X = U;suppy, IIOTHO B
Q. Io Ipemmoxenuto 2, suppy; OTKpbITO 1 3aMKHYTO, VI. Torma X ecTb JJOKaJIBHO KOMIIAKTHOE

Xaycmopdoso npocrpancrso. [Tyers v = > € v;. Torma v perynsipraast 6opeseBckas Mepa v Ha
I
X u suppr = X. Cuenosaresnbro, f — f|X nabekrusnoe orobpaxkenue n3z C(2) na L>(X,v).

Bosee Toro, s moboro h € L>®(X,v), nycrs h(t) =0,V t € Q \X. Torna no [Ipemroxenuto
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3 cymectyer f € C(Q) rakoe, uro f(t) = h(t), m.B.v. Takum obpazom f(t) = h(t), 1.m.B. v
Ha X. anee, C(Q) — x msomopdua k L2 (X, v) u asagerca W*-anrebpoii. Teopema jokazaHa.

Teneps gokazkeM pesysabrar 00 onucanue abeseBbix WH-aire6p.

Teopema 3. Ilycrs Z — abenesa W *-anrebpa u ) — ee crekTpaabHOE MPOCTPAHCTEO.
Torma {2 — rUnEepCcTOyHOBCKOE MPOCTPAHCTBO U CYIIECTBYIOT JIOKAJIHLHO KOMIIAKTHOE XayCIop-

doBo mpoctpancTtBo X u peryigpHas BopeneBckas Mepa v Ha X ¢ suppy = X Takue, 9TO
Z*-m3omopra L>®(X,v).

HoxkazarenbcTso. llycts Z C B(H), a f — my — * usomopdusm u3 C(2) na Z. Torga
Jus gmoboro § € H cymecTsyer perynapHad bopesesckas Mepa vg Takas, 9TO

mff g ff dl/g Vf - C( )

N3z Teopemsr 1 u Ilpennoxenua 1 ciemyer, 9to 2 — CTOYHOBCKOE IPOCTPAHCTBO, & Vg —
HopMmasibHast, V& € H. Ecim f — nenyseBoii mosioxkuresbublii smement C(2), To cyimecTByeT
¢ € H, rmakoit uro (ms€,&) > 0, re., ve(f) > 0. Cregosaresnnno, ) — IHIEPCTOYHOBO.
OcranbHOI BBIBOJL COJIEP:KUATCA B JI0Ka3aTe bcTBe TeopeMbl 2. Teopema mokasaHa.

Onpepenenne 2. [lycts A — anrebpa. Jluneitnoe oroopaxkenne x : A — C co cBoiicTBOM
x(ab) = x(a)x(b) (Va,b € A) nazwiBaercsa xapaxmepom aaredpor A. To ectb Besikuii roMoMop-
dusm n3 A B C HazbiBaeTcsa XxapaKTepoM.

OueutHo, uro X = 0 — ecTh Xapakrep, u ecyin Y = 0 u asrebpa A ¢ exununeit 1, o x (1) =
1. MuoxkecTBo Beex (HeHyJIeBbIX) XapaKTepoB obozHadunM depe3 (2 u (2, , cooTBeTCTBEHHO: {) =
{x — xapakrep}, QO = {x € Q: x #Z 0}. Eciiu B(H) — anrebpa Bcex JIMHEHHO OrpaHNYEHHBIX
OIIEPaTOPOB JIEHCTBYIOMMX B TMabbepToBoM npocrpanctse H, To € = (). Hemocpencreenno
nokasbiBaercs, uto ecan A — GanaxoBa ajrebpa, TO BCAKHUIT XapakTep orpaHndeH (a 3HAIUT
HenpepbiBeH ), u Gosiee Toro, cxkumaromuii dyukimonar, re. || x| < 1.

[Tockombky €2, C A*, To Ha {1, paccMOTPUM W*-TOIOJIOTUIO, T.€. TOMOJIOIUIO [IOTOYETHON
CXOJIUMOCTH:

Xo = X € Xala) = x(a), Va€A

Basza okpecrrocreit nyss 3agaercsa muoxkecrsamu U, g = {x : |x(z)| <&, Vz € F}, e F C A
— KOHEeYHOe TIOJIMHOKeCTBO. Ecim X1, Yo € 4 u x1 # X2, To Jxg € A: X1(%0) # X2(70). Torma
u3 nenpepssHocta Je > 0: | x1(zo) — x2(z0)| > €. Homoxum

Uy = {x: x1(z0) = x(x0)| < g}, ={x: Ixa(zo) — x(20)| < g}

Ouesunno, uro muo)kecTBa Uy, un V), — €CTb OTKpBITasd OKPECTHOCTH X1 U X2, COOTBETCTBEHHO,
takue, ato U, N'V,, = . Takum obpazom, Mbl JoKa3am, 910 {2y — ectb Ty-mpocTparcTso,
T.e. XaycmopdoBo MpoCTPaHCTBO. AHAJOIMIHO TTOKA3BIBAETCS, UTO eCJIN aJIredpa ¢ eJIMHUIER, TO
npocrpancTsa {2 u 2, — 3amkuyTa. OTCI0/IA CIETYET, YTO IPOCTPAHCTBO () — KOMIAKTEH, U €CJIN
ajiredpa ¢ eIMHUIEH, TO IPOCTPAHCTBO {2 — TaK»Ke KOMITAKTEH; & B 00IIEeM CIydae IPOCTPAHCTBO
() — JTOKaJIbHO KOMIIAKTEH.
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Teneps, masa kaxaoro a € A pacemorpum orobpazkenuto (bynkinmonan): a, : Qp — C
¢ a(x) := x(a). fdcuo, aro a(0) = 0. Cyxennio a4 Ha € o6o3HAUNM Kak @. JIerko mokasars,
qT0 G4 — W*-HempepbiseH, u ecau §) # (), To a4 — rakxke w*-mHenpepbisen u a(oo) = 0, Te.
dyHKIMOHAI, HcYe3aonuii B 6eckoHedHocTn. HamomMuuM, 9TO TOC/IE/[Hee YC/IOBHE O3HAYAET,
aro juia Ve > 0 cymecrsyer kommakt K C €, rakoit, uro |a(x)| < e, anga Becex y € Q\ K.
CoOBOKYITHOCTB BCexX TakuX @ 0003HaumM depes Cp(§2).

Pacemorpum orobpazkenne 'y @ A — C(€2), KOTOPBIil COMOCTABIISET KAZKIOMY JIEMEHTY
a € A dynknmonan a.,. HemocpenacTBenno mokasbiBaeTcs, 910 ', gBJIsIeTCST TOMOMOP(MU3MOM
U CKUMAIONIMM, a 3HAYUT HenpepbiBHLbIA. Ecmu © # (), o orobpaxkenue I' : A — Cy(Q) ¢
I'(a) := a aasercsa mzomopdusmom. Takum o6pa3oM, MMeeT MeCTO CJeiyolnas Teopema,
KoTopasi ectb TeopeMa lenndania-Haiimapka 06 onucanne kommyrarusabix C*-aare6p.

Teopema 4. Eciim A — xommyTartuBHas (abenea) C*-amrebpa, T0 OHA M30METPUIECKI
n3oMopdHa ajaredpe BcexX HENPEPBIBHBIX (DYHKIWI Ha (), mcue3armmux B OECKOHETHOCTH, T.€.
A = Cy(Q). Ilpuuem, anrebpa A uMeeT eJMHUIYY TOLJA U TOJBKO TOIJIA, KOTJa ) — KOMIIAKTEH.

ABEJIEBBI BEIITECTBEHHBIE W*-AJITEBPHI

ITpennoxkenue 6. [4]. [Tycrn A — abenesa Bemecrsennas C*-anredpa. Torma

A= Gy —) = {f € Go(Q)] f(}) = [(1), ¥t € Q},

e () — cmnekrpasbHoe mpocrpanctBo A. O6partno, eciaum {2 — JIOKAJbHO KOMIIAKTHOE
” ”

Xaycgopdoso mpocrpanctBo, u 7 x 7 — romeomopduszm () ¢ mepuogom 2, TO ajaredpa
Co(Q, =) = {f € Co(Q)|f(T) = f(t), Yt € Q} sBIsIeTCH AbEIIEBOI BeIECTBEHHOI C* anrebpoi,

Teopema 5. [4]. [Tycrs Z — koneunast abesnieBa Bermectennas W*-amrebpa, Z = C(, 1),
rje ) — criekTpasibHOe MPOCTPAHCTBO (KOMITAKTHOE Xayc1opdOoBO MPOCTPAHCTBO) Z, = Z + 17,
a 7 — romeomopdusM €2 ¢ nepuogom 2. Torma {2 — rumepcToyHOBO NPOCTPAHCTBO, U CYIIECTBYET
HOpMaJIbHasl peryispHas bopesesckas Mepa v Ha () Takas, 4TO

voT=v, suppyv ==,

C(Q1)=LQuv,7)={f e L®Quv)|f=for}

Samevanue. Ecim ) — kommakTHOE Xayc1opdoBo IPOCTPAHCTBO, T — roMeoMopdusm §2 ¢
neprosioM 2 u v — peryisipaasi bopeseBckast Mepa Ha () Takasi, 4to ¥ o T = v, 10 L¥(, v, T) —
o-KoHe4YHas abe/eBa Benecrsennas W*-asrebpa.

Samevanue. Ecnu €2 — runepcroyHOBO IPOCTPAHCTBO, a T — roMmeoMopdu3sMm {2 ¢ mepuojiom
2, 1o C(Q), 7) abeneBa Bemecrsennag W*-anrebpa. BoJiee Toro, eciin v — HOpMasbHasl PETYJIAp-
Hast BopesieBckasi Mepa Ha () Takas, 9ro v o7 = v u supp v = , ro C(Q,7) = L®(Q,v,7) —
TaKXKe SBJISIETCS 0-KOHEIHOIA.

Teopema 6. [4]. [Tycts Z — abenesa BemecrBennas W*-anrebpa, u Z = C(, 1), rue €
— CIIEKTPAJIbHOE TTPOCTPAHCTBO Z, = Z + 1/, a T — romeomopdusm () ¢ mepuogom 2. Torma €2
— TUIIEPCTOYHOBO MIPOCTPAHCTBO, U CYIIECTBYIOT IIJIOTHOE OTKPbITOE mojmMuoKecTBO [' 13 Q (I
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— JIOKaJIbHO KOMITAKTHOE XaycaopdoBO IPOCTPAHCTBO) ¥ pery/spHas BopeseBckas Mepa v Ha
I', Takue, 9To

T =T,vor =v,suppr =T,
uZ=L>®T,vrT).

113 BBIIIE 110JIy9eHHBIX PE3YJILTATOB II0JIyYAM
CQ)=C(Q,1)+iC(Q, 1), L=(Q,v) = L>®(Q,v,7) +iL=(Q,v,T),
OTCIOJIa TIOJIyYUM OCHOBHOI Pe3y/IbTaT paboThI

Teopema 7. Ecim Z — abenesa Bemectsennas W*-anrebpa B cenapabeabHOM Bere-
cTBeHHOM ['MiIbGEPTOBOM TIPOCTPAHCTBE, U Z HE COJAEPKUT HEHYJIEBOIO MHHHMAJBHOIO IIPO-
ekTopa, To Z — % m3omopdua L°([0,1]) mmm L>([0,1]) (kak BemectBennas W*-asrebpa)
win L°([0,1]) & L*°([0,1]). Bomree roro, sBemecrennsie W*-amrebpsr L°([0,1]), L>([0,1]) u
L*([0,1])) & L*=([0, 1]) ne aBasiorcs * n30MOPGHBIMBL APYT JAPYTY.
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REZYUME

Bu ishda kommutativ W*- u C*-algebralar o’rganiladi. Abel W*- va C-algebralarini
tavsiflashning asosiy xolatlari, shuningdek, haqiqiy Abel W*-algebralarining tavsifi
berilgan. Muayyan holatda, ya'ni bu algebra separabel xaqiqiy Gilbert fazosiga
ta’sir etsa va nolga teng bo’lmagan minimal proyektorni o’z ichiga olmasa, tavsif
yanada aniqroq bo’lishi ko'rsatilgan.

Kalit so‘zlar: Kommutativ W*- va C*-algebralari, xarakterlar fazosi, (giper)stoun
kompalkti.

RESUME

In the paper commutative (abelian) W*- and C*-algebras is studied. The main
points of the description of Abelian W*- and C*-algebras, as well as the description
of real Abelian W*-algebras are given. In the special case, i.e. when this algebra
acts on a separable real Hilbert space and does not contain a non-zero minimal
projection, the description is more specifically specified.

Key words: Commutative W™*- and C*-algebras, space of characters,
(hyper)stonean compact.
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UDC 519.214

HEHTPAJIbBHAZA ITPEAEJIbHASA TEOPEMA 1JI4 ABEJIEBBIX
CYMM C CJIYVUAMHBIMU KOO PUIINMEHTAMU

2KoBJIMEB A. 1.
NHCTUTYT [MPEAIIPMHUMATEJIBCTBA U IIEJAT'OI'MKNW UMEHU ,HEHOBA,
jovliyevaziz91@gmail.com

PE3IOME
B pabore mokasana IeHTpajbHas IpejesabHas Teopema (ILILT.) s AbGe-
JIeBOH CyMMBbI ¢ caydaiiabiMu  Koddbdurmentamun  S(v) = Z;io (IBIC

v, 0 < v < 1— cayvaiinag BeaudnHa (C.B.), He 3aBUCAINAs OT MOCIEI0BATEbHOCTI
{£,7 =0,1,2, ...} —HE3aBUCHMBIX OJJUHAKOBO PACIIPEEIEHHDIX C.B. B CJIydae KOr/a
BBINOJIHEHB! yenosus BE = 0, D& = 02 < oo, E|&|F < oo, k = 3,4,... u upn

P
n—o00v— 1.

Karouesoe caasa: AbeyteBasi cymma, CiydaiiHbIMe KO(DMUIMEHTHI, ITeHTpaIbHAST
npejebHas TeopeMa, HOpMUPOBaHHAs CYMMA.

1. BBegenune. Pabora mnocssimena ucciaenoBanmio AOeIeBoil CyMMBI CO CJIYYIaiHBIMUI
oo y o
kospdunmentam S(v) = 37 v7E;, tae v, 0 < v < 1— cayyaiinag senninua (¢.B.), He 3aBUCA-
mas oT mociegosareabuoctu {&;, 7 =0,1,2, ...} — HE3aBHCUMBIX OJUHAKOBO PACIIPEIEJICHHBIX
c.B. C moMOIIBIO METO/Ia MOMEHTOB JIOKa3aHa IEeHTPAJIbHAS [IpeJiesibHast Teopema (ILILT.) JIIs
i _S) E& = 0. D& = o2
HOPMHUPOBAHHON CyMMBbI D5 B CJIydae KOrIJla BBIOJHEHbI yesoBus K& = 0, D& = 07 < oo,
v
P

El&|F < oo, k=3,4,...mupun — cov — 1.

CpaBHEBas pe3yJbTaThbl, IOy YeHHbIE JIjI OOBIYHBIX U B3BEIIEHHBIX CYMM MOYKHO 3aKJIIO-
YUTh, YTO Ha CIydail B3BEIIEHHBIX CYMM IE€PEHOCUTHLCS JaJIeKO He Bce (PAKThI, JOKA3aHHbIE
JIsi OOBIYHBIX CyMM. B 9acTHOM cilydae B3BENIEHHBIX CyMM S(v)— JJIs CXeM CyMMHUPOBAHHUSI
HE3aBUCHMBIX CJIyJaifHbIX BeJM4uH (H.C.B.) 0 AGeso

oo

Sy =Y vg, ve (1),

J=0

rae {§;, j > 0} — H.c.B. U Vv Hec/IydYaifHBIl MapaMeTp, B 9TOM BOIPOCE YIAETCs IIPOJBUHYTCS
3HAYUTEJILHO JIaJIbIIe.

Amnanor usBectHoit Teopembl Beppu-Dccena st S, (v) moayden B pabore [1]. Hdamb-
HefiIIe UCC/IeI0BAHNS 110 TIPEJIJIbHBIM TeopeMaM JIJIsi CXeMe CyMMUPOBaHus H.C.B. 110 AGe-
JIIO, KOrja Kaxkjas §; mMeeT pasnmdnble pacupezestenust npoBoauuch C.X.CHpaKuHOBBIM
u M.¥V.Tadyposbiv [2], T.A.Aznaposbim u B. Mepenosbim (3], [4]. Paborsr [5], [6], u [8] Tax-
JKe TIOCBSIIEHBI JIOKA3aTebCTBY ILILT. U OIEHKU OCTATOYHOrO WieHa B ILILT. jijisd AGeseBoil
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cymMmbl S(v) ¢ Hecaydaitabivu Kodddurmerramu. [IodTn Bo BeeX MepevdrcIeHHbIX paboT JiIst
JIOKa3aTeIbCTBa IL.ILT. ¥ HOJIYYeHUs OIEHOK OCTATOYHOIO WieHa B ILILT. JId AOe/IeBBIX CyMM
C HecJIydailHbIM HapaMeTPOM IIPUMEHAEeTCd METOJ] XapaKTepucTuieckux dynkimii. cmnonbsysa
HE3aBUCUMOCTH 4JIEHOB, MOYKHO JIEIKO HAlTH XapaKTePUCTUIECKYIO QPYHKITHIO AGesIeBOil CyMMBI
U IIPUMEHUTDH Pa3/IMYHble METOJIbI aHAJIN3a YTOOBI JOKa3aTh TPeOyeMblil pe3y/IbTar.

B mocsieame rosibl BO3poc MHTEpEC K M3ydeHuio acumnrorukn Abesesoit cymmbr S(v) ¢
HecTy9aiiHbIME KO3hdUINeHTaMy IPA v — 1— B CBA3H C TEM, YTO, K 9TOI cXeMe CyMMHUPOBAHUS
IPUBOJAT MHOI'ME IIPUKJIATHbBIE 3a/adH.

B cBasu ¢ 3aBHCEMOCTBIO CJIaracMbIX MeETOJ XapaKTePUCTHIeCKUX (PYyHKIUH U Apyrue
U3BECTHBIE BEPOATHOCTHBIE METOIBI IJIOXO PAO0OTAIOT IIPH JIOKA3ATEIbCTBE ILILT. JiJIs AGesIeBbIX
CyMM c ciay4aitueiMu Koaddunuenramu. [losromy B pabore npumMeHsercs Ipyroit MeTo -MeTo/1
MOMEHTOB JJI¢l JIOKa3aTeIbCTBA II.II.T., OCHOBOII KOTOPOII sIBJISIETCS CJIE/YIONIAsl OCHOBHASI JIEMMA.

Jlemma 1. (cm. padory [10]) Ilycrs {&,, n = 1,2,...}— npousBosbHAS TOCIIEIO0BATEb-
HOCTD CJIyvaiinex Besuand, F,(z) = P (&, < x) — coorBercTBYyIONue GyHKINH PACIPEIETECHNS.

Oboznagum mgﬁ) = F¢*. Ecm npu Beex k = 0,1,2,... lim mi¥ = m® < 00, TO CYIIECTBYET
n—oo
byukiua pacnpenenenus F(x) = P (€ < x) taxag, uro m®) = E¢F. Ecim stoMy ycioBmio

YAOBJIETBODsIET eanHCTBeHHAs DyHKIWNA F'(x), To F,(z) npu n — oo caabo cxomures K F(x).
2. OCHOBHbIE MOHATHUS U PE3YJIbTATHI

Jlemma 2. Ilycrs = N(0, 1)— mnopmasbhas c.B. ¢ napamerpamu (0, 1) u 1 € N. Torga
MOMEHT [ -TOTO TIOpSIJIKA C.B. 1) IMeeT BH/I;

0, ecmm [=2k-—1
E l = ’ ? 1
() { UMl ecm | = 2k. (1)

Pagencrso (1) obmensBecTHo, €ro MOKHO HaiiTh, Hanpumep, B [11].

Jlemma 3. Ilycrs 0 < j; < 00 NpOM3BOJIbHBIE TIeJIbIe YnCaa, ¢ = 1,2, ...,5 U p; HATypaJIb-
Hble YUCJIA, YAOBJIECTBOPSIONINE YCIOBUIO Py + ... + ps = [. Toria ccpaBejiuBbl COOTHONIEHUSA:

a)V(s,p) - ZOSjl#h#...#J&w VP I2R2 TP < (1Tl1;)s;

21,252 22js — w2 vt 206D

0) 20§j1<j2<...<js<oov U U = T T A T
HokazaTteabcTBo. Tak kak, 0 < v < 1, TO HCITOTB3YsT CyMMYy OECKOHEYHO yOBIBarOIIei
reOMEeTPUYECKOI TPOTPECCUN, HAXOIM

V(s,p) <) (o)) (uPe)e = Hﬁ
j1=0 Js=0 =1

Otciofia, B CHILY 9JIEMEHTAPHOTO TOXK/IECTBA
-2 =1 —-2)(1+x+.. +2P ),

i 1 1 1 \°
V(s,p)gg 1—w 1—1—...—1—1}792'_1S 1—v) "’

9TO JIOKA3bIBAET COOTHOIIEHNE, &) AHAJIOTUIHO, UCIIOJIB3YS METO, MATEMATUIECKONH HHJLYKIIUH,
MOKHO JIETKO JI0Ka3aTh paBeHCTBO 0) Jlemma jokasaHa.
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Jlemma 4. Ilycts v, 0 < v < 1— c. B., He 3aBucdllasg OT IOCIEIOBATETLHOCTH
{¢,7=0,1,2,...} —He3aBUCHMBIX OJJMHAKOBO PACIIPEIEJIEHHBIX C.B. ¢ B& = 0, D& = 0% < oon
_ V1—v? oo g
S(v) = ijov &5

o

Torma crpaBeIuBO CJeyIoIee COOTHOIIEHNE:

2k! . .
. : . 2\k 21, 2ke2 2 | _ 12k
1}13H1 Zka%E (1 —v%) E v L6 | = BT

v—r1— 0<j1<...<jjp <00
JokazaresbcTBo. Vlcnosb3ys He3aBUCHMOCTb C.B. ¥ OT mociaenosarenbaoctu {€;, 7=0,1,2,. .. }
U PaBEHCTBO 0) JIeMMBI 3, UMeeM

2k! , ,
2k02kE (1 —v?)* Z v PR L

0<j1<...<Jp <00

| ) .
25 B[(1 - ) ] BE RS =

 Qkg2k
0<i1<...<Jk
2k! . )
= Z_kE Z [(1 — v2)kv2ﬂ..1)2j’“] =
0<j1<...<Jk
2k e O L
2k 1—v21 =047 1 —02
2k! Uk(k+1)

B .

26 (1+02)(1+ 024+ 0b). (1 + 02+ ...+ v2k-D)

Orcroma, ncnosb3yst TeopeMy Jlebera o mpeiesIbHOM Tepexojie MoJ 3HAKOM MaTeMATHIECKOTO
OXKNJIaHUAd, OKOHYAaTEe/JIbHO IIOJIYIUM, 9TO

2k!

i —_ AT 251 2jk ¢2 2| =
l}le 2k02kE (1—v7) E VIR L6 | =
v—1— 0<j1<...<jr <00
. 2k!
= lim —— n*k
P2k

B cieyorem myHKTe IPUBEJIEHO JT0KA3aTEIbCTBO CJIeIyIomei .11 T. /it AGeIeBoil CyMMBI O
caydafiHbIMU KO3 huimenTaMu.

Teopema 1. Ilycts v, 0 < v < 1 - c. B., He 3aBUCHAIIAA OT II0CJIEI0BATEILHOCTH
{&,7=0,1,2,...} —HE3aBUCHMBIX OJIMHAKOBO PAaCIpPE/IEJeHHbIX ¢.B. ¢ B = 0, D& = 0? < oo,
El¢|F < 0o, k= 3,4, ...

Mycrs S(v) = 3772, v7¢;. Toraa nocienosarenbhocts V1 —v2S(v) nopunsercs nex-
TPaJIbHON IIPEJICJIbHOI TeopeMe.

3. /loka3aTesibcTBO TeopeMbl 1.

Cuavana 3amernM, 9ro ES(v) =0 u

2
2 _ _ _ 2j¢2 2
B;=DS(v)=F JEZO Ve = ;:O Ev7¢ =o0°F (1 —112)
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Tenepsb st OKA3aTEILCTBA TEOPEMbI HAM HY?KHO JI0OKA3aTh CIIPABEJIMBOCTH COOTHOIIEHMUSI:
5 d P
V1—v2S(v) — N(0,)upu v — 1 —. (2)

(2) mokazkeM ¢ IIOMOIIBI0 MeTO/1a MOMEHTOB (1eMMbl 1). B ety memmer 1 u 2, i rokazaress-
crBa (2) ¢ IOMOIIBIO METOZA MOMEHTOB, JIOCTATOYHO MOKA3aTh CIIPABEIINBOCTD CJIEAYIOIIErO

COOTHOIIEHHUSI: l
Sy(v) 0,ecm | =2k — 1
lim (202} =3 ’ 3

nl—{{olo( B, ) { (22&)!!’ ecom | = 2k. )

HokazarenbeTBo (3) onupaercst Ha CJieyoriee MOJHHOMIAIbBHOE PA3JIOKEHNUST

l 1E(1 — v2)lyiipt  gJsps
E(\/l—UQS(U)> = Z NE( v*)' v Efl.. Ps (4)

1 ]s

1951 |

0<j1#...#Js<oosp1+...ps=1;pi 70 Prp2s.--Ps
OtnenbHble caaraeMble pasioxkenusi (4) npu (QUKCHUPOBAHHOM pi,...,pPs ODO3HAYNM depe3
E(p1, ..., ps)n IS IPOCTOTHI U3JIOXKeHHsT Ha3oBeM “pasmaxom”. B jemme 4 jo0ka3aHo, 9T0 1Mpu

viﬂ
I =2k, p1 = .. =p =2, B2,..,2) — En?. IostoMy J1a JI0Ka3aTeIbCTBA TEOPEMbI
JIOCTATOYHO 1TOKA3aTh, 9TO
.
v—>1

E(p1,...,ps) — 0 (5)

IIpu BCEX OCTaJIbHBIX CJIy4YadXx.

Tak xax E¢; = 0, B cuny mesasBucumoctu ¢.B. {&;} u v < 1, ro E(py, ..., ps)=0. Kpome
TOTO, JIsi BCEX U, JOCTATOYHO OJM3KUX K 1, ¢ pocToM pasmaxa BesmduHa F(pq, ..., ps) CTPOro
Bo3pacraer. Takum 06pa3oM, ecjiu IOKayKeM, 9T0 cooTHoIeHue (5) CIpaBeIuBo I P = ... =
Pk—o2 = 2, pr—1 =4, Bcnydae | =2k up;, = ... = pr_1 = 2, pr = 3, Bcaydae | = 2k + 1, 10
OTCIO/IA CJIEYeT JI0KA3aTeIbCTBO TeopeMbl. PaccMorpum TosbkO ciaydait [ = 2k + 1, B cirydae
| = 2k coornomenne (5) mokasbiBaercst aHajgorudHo. B ciaydae | = 2k + 1, ucnosb3yst gemmy 3
[YHKT &) HOJIyYUM, COOTHOIIIEHUE

E(p1,...,ps) =
k—
= %E (1 —0v?)"V1 — 22 Z VP P13k | <
' 0<j1 <<k
(1 — U2)k k viﬂ
< C(Z)E {W\/ 1 —’U2:| <2 C(Z)E\/ 1—v2 — 0.
Teopema mokaszana.
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RESUME

In this paper we prove the central limit theorem for an Abelian sum with random
coefficients S(v) = 2 17¢;, where 0 < v < 1— is a random variable independent
of a sequence of {¢;,7 =0,1,2,...} — independent identically distributed random
variable when conditions E¢; = 0, D& = 0% < oo, E|&1|F < 00, k = 3,4, ... and at

P )
n — oo v — 1 are satisfied.

Key words: Abelian sum, random coefficients, central limit theorem, normalised
sum.

REZYUME

Ushbu ishda koeffisientlari tasodifiy bo‘lgan S(v) = Z;io v/€; Abel yig'indisi uchun
markaziy limit teorema isbotlangan, bu yerda {¢;,j =0,1,2,...} —bog'ligsiz bir
xil tagsimlangan tasodifiy miqdorlar ketma-ketligi, B¢, = 0, D& = 02 < oo,
Bl&|F < 0o, k =3,4,...vav, 0 <v < 1— {&} ketma-ketlikka bog‘liq bo‘lmagan

tasodifiy miqdor bo‘lib n — oo da v L+ 1 shartni ganoatlantiradi.

Kalit so‘zlar: Abel yig‘indi, tasodifiy miqdor, Markaziy limit teorema,
normallashgan yig‘indi.
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PESIOME

B nannoit pabore usyuennl JjinHeitnbie guddepeHiaabible UTPbI, OMUChIBAEMbIE
CUCTEeMOI JIMHEHHBIX JiuddepeHImaIbHO-PA3HOCTHBIX YPaBHEHUN HEUTPaIbHOIO
THIIA TIPA TEOMETPUICCKUX OIPAHUYCHUSIX Ha yIpaBjeHus UrpokoB. C MOMOIIBIO
MO/ InUKAIINN TIEPBOIO METO/Ia 33 Ia9U TPECJIeIOBAHNS JIJI JAHHBIX UT'D MOy YeHbI
HOBBIC JIOCTATOYHBIC YCJIOBUSA MJISI Pa3pelInMOCTH UTIPOBBIX 3a/ia4 YIPaBJICHUSA
IIy4YKaMU TPaeKTOPUIA.

Karouesvie caosa: juddepenHimanbiag —uUrpa, 3ajada  IIpecselOBaHusd,
nuddepeHImaaIbHO-PA3HOCTHBIE  YPAaBHEHUST HEHTPAJbHOIO THIA, TEPMUHAIb-
HOE MHOKECTBO, IIPEC/Ie/IoBaTe b, YOeralomuii, yipaBJIeHue.

BazkHoit cocTaBHOIT 9aCTBIO MATEMATHIECKON TEOPUH YIIPABJISAEMBIX ITPOIECCOB SIBJIAETCS
Teopus JuddepeHImaaIbHbIX UT'D, TPEJIMETOM KOTOPO SBJISIETCS U3yUeHue yIpaBieHus 00b-
eKTaMU B KOH(DJIUKTHBIX CUTYAIIUsAX, JBUKEHUsT KOTOPBIX ONUCHIBAIOTCS AuddepeniinaabHbIMU
ypasuenuamu. [Ipobaembr Teopun muddepennuaabHbIX UTI'D UMEIOT CBOUM HUCTOYHUKOM TaKUe
aKTyaJIbHbIE TTPUKJIAIHBIE 38/1a491, KaK TPEC/IeI0BAHNIE OJTHOTO YIIPABJISIEMOr0 O0bEKTa IPYTUM,
[IPUBEJIEHNE YIIPABJIsIeMOro OObeKTa B 33/ JaHHOE COCTOsIHIE TP HEM3BECTHBIX 3apaHee BO3MYIIIA-
IONUX CUJIAaX, 33Jla9d BOEHHOI'O XapaKTepa, 33/la9l U3 SKOHOMUKHU U JIP. 3aJI0JIT0 JI0 Pa3BUTHA
Teopun JuddepeHnaabHbIX UI'P CYIIECTBOBAJ XOPOIIO pa3BUTHINA amnmnapat juddepeHimalib-
HBIX YPaBHEHUM, 9TO HAJIOXKUJIO OIPEJE/ICHHBIN OTIEYATOK Ha €€ TEePMUHOJIOTHIO U IIPOo0Jie-
MaTuky. MHOrme MOHATHS W MOCTAHOBKM 33/a9 OOINell TeOpUu Urp, eCTeCTBEHHBIM 00pa3soM
nepenocaTed Ha auddepeHiaabuble UIPhl U OKA3BIBAIOTCS TaM BechbMa moJe3HbiMu. O THAKO,
B Teopun guddepeHnnaabHbIX UI'D OOJIbIIOe 3HAUEHHEe UMEIOT CBOM ITOHSITUS W IIPOOJIEMBI, CBSI-
3aHHble cO crenudukoit TuddepeHnuaabHbIX YPaBHEHUN U OCOOEHHOCTAMU Te€X KOHKPETHBIX
[IPUKJIATHBIX 33/1a4, KOTOPbIe MOJIEJIUPYIOTCs TuddepeHiina bHbIMU UTPAMU.

[IepBore paboTs! Teopun mud depeHnraIbHbIX UT'D TPOSBUINCh B Hadase H0-x rogos. Ha-
YuHasg C 9TOro BpeMenu juddepeHImaibable UIPhl SIBJIAIOTCA OCHOBHBIM IPEIMETOM HUCCTIe-
JIOBAHUIT MHOI'MX COBETCKHMX U 3apYOEXKHBIX ydeHbIX. OJHUMHU U3 IEPBBIX CEPbE3HBIX HCCJIe-
JIOBAHUIT ABJISIOTCS PabOTHI AMEPUKAHCKOTO MaTemaTuka P.Ailizekca, KOTOPBIl U BBEJI TEPMUH
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" Mudbdepennnanbras urpa". O B cBoeil Monorpaduu [1] passua opuruHaIbHBIA METOJ pe-
IeHnsi BecbMa o0mux JauddepeHnuaibHbIX TP, PACCMOTPE TEbIH Psi/l TPUKIATHBIX 3314
U TIOJIYYNJI UHTEPecHbIe pe3y/ibTaThbl. Kpome Toro, B mepBbIX paboTax, OTHOCAIIUXCH K TEOPUN
nubepeHIaibHbIX UI'D, UCIIOJIB30BAJICS METO/ JIMHAMIYECKOTO TPOrpaMMupoBanust [2]. DTor
nozxozt onucan B Monorpadun P.Aitzekca " Iuddepennmanbabie urpst"[1], riae npeoxenbr K
PACCMOTPEHUIO HEKOTOPBIE IPUMEPHI NTPOBBIX 33184 JJMHAMUKA. /[pyroe HampaBieHne B TeOpun
JnddepeHIaIbHbIX UTD, KOTOPOe Pa3zpadaThIBAIOCh AMEPUKAHCKUMU MaTEMATHKAME, COCTAB-
JISIET MCCJIeIOBAHNE BOIIPOCA O CYIIECTBOBAHUN CEJ/JIOBON TOUKHN D DEPEHITNATbHON UTPHI.

OyHaMeHTaIbHBIN BKJIA/ B pa3BuTHe Teopuu auddepeHnnaabHbIX UTD TPUHAICHKAT
mkos1aM, Bosriasisiemble akagemukamu JI.C.Ioarparuaeiv n H.H.Kpacosckum. B paborpax
JI.C.Ilonrparuna, H.H.Kpacosckoro, E.®.Mumenko, H.C.Ocumnora, B.H.Ilmenuaroro,
JI.LA.Ilerpocsina, M.C.Hukosbckoro, H.FO.Carumosa, A.A.Azamona, A.A MenuksHa,
H.H.ITlerposa, A.I'Yenmosa, A.A.Hukpus u MHOrUX JApyrux, auddepeHIuaaibuble UIrPhI
PACCMOTPEHBI KaK KOH(MINKTHO-YIIPAB/ISIEMbIE CUCTEMbI U TPEJJIOKEHBl PA3JIMIHBIE TTOIXO0/IbI
ux (popMau3aIum.

OcHoBoroiaraiommue pe3yabrarbl B 9710i obaactu noiaydenst JI.C. IMourparunbiv [3-8],
H.H.Kpacosckum [9-11], ux corpyaaukamu n ux ydenukamu. B padore |7| JI.C.IlonTpsirun
IPEJIOXKIIT IPUHIMIINAILHO HOBYIO (hOPMAIM3aIUIO HOoHATUSA A EePeHINaJIbHONR UIPBI, 0CO-
OEHHOCTBIO KOTOPOIl sIBjIseTcst paceMorpenne audepeHnaabHoil UTPhl ¢ IBYX Pa3/InIHbBIX
TOUYEK 3PEHUsl: ¢ TOUKU 3PEeHus IpeceoBaTeist U ¢ TOYKK 3peHus yoeratomiero. Takum oOpa-
3oM, JI.C.ITonTpsirun cBs3biBaeT ¢ JqudepeHiaibHoil Urpoil JiBe pas/IndHbIe 3a/iauu: 3319y
pecsieloBaHrs 1 3a1a4y yoeranus. B epBoM ciiydae 3aja4a COCTOUT B OTHICKAHUH MHOYKECTBA
HAYAIbHBIX COCTOSHUM, U3 KOTOPBIX IIPEC/IeI0BATE b MOKET rapaHTUPOBAThL COMMKEHNE ¢ yoe-
rajonmmM. Bo BTopoMm cirydae 3ajada COCTOUT B OIMCAHUU MHOYXKECTBA, HAYAJILHBIX COCTOAHMUIA,
13 KOTOPBIX MPeCsIeyeMblii MOXKET IrapaHTUPOBATh U30eKaHUe BCTPEUN.

B pa6orax [3|-[4] JI.C.IToHTpArHHBIM MOIYYIEHBI TOCTATOYHBIC YCJIOBHUSA JIJIsi BO3MOXKHO-
CTH 3aBepIIeHNsI [IPeC/IeIOBaHus B JUHEHHBIX auddepenimanbabix urpax. B pabore [3] wmc-
MOJTH30BaH (hOPMaJIM3M HPUHIUIA MAKCUMyMa - OJHOTO W3 IEHTPAJbHBIX METOJ0B MaTeMa-
TUYECKON Teopun ynpapjeHus. Yiuporenue pesysibraros [4], nomyudennoe JI.C.IToHTpsirunabiM
u E.® Mumenko (8|, B koneunom cuere npuseno k cozgaruio JI.C.IIOHTpATUHBIM TIEPBOTO 1
BTOpOro (IPSIMbIX) METOJIOB PEIIeHNs 3a/1a49u IIPeC/IeI0OBaHus JIJist JINHEHHbIX TuddepeHIaib-
ubix urp [5]-[6]. B mpogoskenue nepsoro u Broporo meroga JI.C.Ilomrpsiruma B padore [12]
H.}O.CarumoBbIM TIpeI0?KeH HOBBI METOT TIPEC/IeIOBAHNS B JIMHEWHBIX (D dhepeHITnabHbIX
urpax. Moaudukanuu 3T0ro MeTo/ia, KOTOPBI Mbl Ha3bIBA€M TPETHUM (IIPOMEZKYTOTHbBIM) Me-
TOJIOM JIJIsl JIMHEWHBIX D PePEeHITUATBHBIX UI'D IIPEC/IeIOBAHUS.

B pa6orax H.H.Kpacosckoro u npecraBuresisivu ero HayqHoit mkodier [9]-[11] 6s11a npes-
JIO’KEHa Takas MaTeMaTHdecKas GpopMaan3anus HoHaTHs Anddepenuaabaoil HIPhl, KOTOpast
[O3BOJINJIA €MY U €r0 COTPY/IHUKAM JaTh IIOCTAHOBKY 3a/a4 MO3UIMOHHBIX JinddepeHIuaIbHbIX
Urp, J0Ka3aTh QyHIaMeHTAIbHbIE TEOPEMbI 00 aIbTepHATHBE U IIPE/IIOKUTH 3D MEKTUBHBIE Me-
TOJIBI TIOCTPOEHHST SKCTPEMAJIBHBIX CTpATernii COMKEHNs U yKJIOHEHNs HA OCHOBE HMPUHIIUIIA
9KCTPEMAJIBLHOTO MTPUTICTHBAHUSL.

[Tonyuennnie H.H.KpacoBckum u ero coTpyHuKaMu pe3yIbTaTbl IMEIOT (DYHIaAMEHTA b
HOe 3HaveHue B Teopuu JuddepeHuaibbix urp. VMu co3anbl MO3UIMOHHBIE METObI JIJIs
pelennsi UTPOBBIX 3aJlad i JIupdepeHImaIbHO ~-PA3HOCTHBIX YPAaBHEHUN B YaCTHBIX IIPO-
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U3BOJIHBIX, 33/1a49 C paclpe/leleHHbIMI napaMerpamu. HadaipHble njien B 9TOM HalpaBIeHUN
npunajrekar JI.C.IlorTpaArnay u peam30BaHBl UM B METOJE aJbTePHHPOBAHHOI'O MHTErpasa
[4]-]5]. B nmueiinom ciryuae s1oT MeTos gaer 3hbGhEKTUBHBIE TOCTATOYHBIE YCIOBUS Pa3pPeIIi-
MOCTH 3aJa4H IIPeC/IeIOBAHNA.

Bo Bcex ynmomsiHyTBIX BBIIIE paboTax M3ydaauch guddepeHnnaabHble UIPbI, ONUCHIBae-
Mble OOBIKHOBEHHBIME JinddepeHimaibubiMu ypasueausamu. OHako, mpu 60jiee TIaTeIbHOM
U3YYE€HUHU YACTO CTAHOBUTCS OYEBUIHBIM, 9TO OOJIee PeaTucTHIHAST MOJIETh UTPBI JOJIZKHA BKJTIO-
JaTh HEKOTOPbIE U3 MPEIIIECTBYIONNX COCTOsHM cucteMbl. [loaToMy B HacTositiee BpeMs pu
COBJIAHUN U UCCJIEJIOBAHUN MATEMaTUIeCKUX MOJIejiell B OOJIbINMMHCTBE CJIYYIAEB HCIOIb30BAHNE
OOBIKHOBEHHBIX D epeHITnabHBIX YPABHEHUN yKe HEJIOCTATOYHO. BoJsiee ajileKBaTHBIM SB-
JIIeTCsl MCIOJIb30BaHue ammnaparta JuddepennuaabHo-pa3HOCTHRIX ypaBuenuii. Ha mpakTuke
CeroJiHs BO3HUKJIa HEOOXOIMMOCTb B MOJICJTMPOBAHUN UT'D HpecseoBaHus JuddepeHIraIbHO-
PA3HOCTHBIMU YPaBHEHUSIMU, B KOTOPBIX YUUTBIBACTCS MPEIUCTOPUS COCTOSHUSI CHCTEMBI, ITO
1103BOJIsieT OoJIee aJIeKBATHO OTpaXkaTh JUHAMUKY. [ perenns Takux 3a1ad pa3paboTaH Me-
To1, paspermaonux GyHknuii [14], koropsrit pazsusaer mepsbiii ipsimoit metos JI.C.ITorTpsiruma
4]

Nzyuenuto auddepeHImaibHbX U, OMUCHIBAEMbBIX 1 depeHInabHO-PA3HOCTHBIMEI
ypasHeHusimu, ocssiensl paborsl H.H. Kpacoscekoro, F0.C. Ocumosa [15], A.B.Kypzkanckoro
[16], B.1. Makcmmosa [17], M.C. Huxomnnsckoro [18]-[19], E.C. ITorouakuna [20], A.A.Yukpus,
[II.Yukpus [21], A.Il.Konosanosa [22]-[23|, H.A.Mamaznamuesa [24]-[31], JI.B.Bapanosckoii
[32] u ap. B srux paborax UPUBOAATCA JOCTATOYHBIE YCJIOBUS YCIENTHOTO 3aBEPIIEeHHs]
nuddepeHImaibHO-PA3HOCTHON UIPhl COJIMKEHUSI, BBISCHIETCS CTPYKTYpPa SKCTPEMAJIbHBIX
crpareruit cO/IMKeHUs, JTOKa3aH psiji TeopeM 00 ajbTepHATUBE, JAIOTCS JIOCTATOYHBIE YCJIO-
BUs 3aBepieHus quddepeHnnaabHo - pa3HOCTHON UTPBI COMMKEHNsT, B OCHOBE JIEZKUAT TOHSTHE
MUHUMAKCHOTO ITPOIPAMMHOTO MOTJIONIEHUsT, MOIUMDUITTPOBAHHOE JIJTsI TIPUJIOXKEHUSA K U3ydae-
MOMY KPYTY BOIIPOCOB, U3y4aroTcs JuddepeHnasbHO-PA3HOCTHBIE UI'PBI IPEC/ICIOBAHUS [TPU
reOMETPUIECKUX, MHTErPAJIbHBIX U PA3JIMIHBIX OIPAHIMIEHUSIX HA YIIPABJIEHUsI UTPOKOB TIPH Ha-
JIMYUU 3aMa3/IbIBaHUs, U3y9Iat0TCs TudHepeHinaabHO-pa3HOCTHBIE UTPBI IIPEC/IeI0BAHIS MHO-
TUX JIAIL.

OTMmeTnM, 9TO UTPOBBIE 38/Ia9H YIIPABJIEHUS Iy YKAMU TPAEKTOPHIT BIIEPBBIE MCCJIEI0BAHDI
B paborax H.}O.Carumosa [33]-[34]. B srux paborax usydens! kBazumHeiinas auddepeniiu-
aJIbHasl UTPa MPECsIeJOBaHUST IPU T€OMETPUIECKIX OIPDAHNIEHUSIX Ha yIIPABJICHNS UT'POKOB 6€3
3arra3aplBanns. [[o/IydeHbl JOCTATOYHbBIE YCIOBUST PA3PEITUMOCTH 3a/Ia91 YIIPABICHUS Iy IKa-
MU TPAEKTOPUN TIPU FCOMETPUICCKUX OTPAHMYCHUSX Ha YIPaBICHUs UTPOKOB. Bce Teopembl
hopMyIMPYIOTCS B TEpMEUHAX aHAJIOrOB 11epBoro u Broporo metoyuos JI, C. Tlonrparuna [1]-2],
a TaKyKe MEeTOJIOB, IPEJJIOKEeHHBIX B pabore [12]. B nanbHeiimem 511 3aj1a4qu n3ydeHsl B pabo-
tax M.Tyxracunosa [35]-[36], B cirydae, Korjia Ha yIpaB/ieHIsI HTPOKOB HAJIOZKEHBI HHTEIDAJIb-
HbIE U Pa3/INYIHbIe OTPAHNIeHNs 0e3 3amma3/pBannsd. Kak mpoIo/KeHne BoIleyKa3aHHbIX PaboT
H.}O.Carnmosa n M.Tyxracunosa, H.A. Mamananuessim [24],[30], [31] npemtoxkensr pasmd-
HbIE CXEMBbI JIJI TIOJIy9IeHUsT JOCTATOYHBIX YCJIOBHUIl YCIENTHOTO 3aBEPIICHIS MIPECIe/IOBAHUs B
JINHEWHBIX U KBA3UJIMHEHHbIX Jud depeHIraaIbHbIX UIPaX ¢ TeCOMETPUIECKUMU, HHTETPAJTbHBIMU
U PA3JINIHBIMU OTPAHUYCHUSIMEA HA YIIPABJICHUS UTPOKOB IIPYU HAJTUIUH 3aTIa3/[bIBAHNI.

Jlannas pabora MOCBAIEHa UCCIeJOBAHNIO HTPOBOIT 3a/1a1N YIIPABJIEHIS Iy YKAMI TPaeK-
TOpHUil onuckiBaeMas cucteMoil JnddepeHImalbHO-PA3HOCTHBIX YpaHeH!I HeHTpaIbHOTO THIIA
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[30]-[31], [37] B dopmanuzaiyu muddepentmanbabix urp, npeioxentoit J1.C.IloaTpsiruabim
[6]. B namnoit crarhe B OTIMUME OT BBINIEYIOMSIHYTHIX PA0OT MPEJIATAIOTCA PA3INIHBIE MO-
muduKanuy mepBoro 4] Merona npecieoBaHUs B CIydae, KOrja OCYIIECTBIIACTC YIIPaBICHHe
[yYKaMU TPAeKTOPHUii C TeOMETPUIECKUME OIDAHUYEHUSIMEU Ha ylpaBJeHHs UI'POKOB. Ilosry-
YEHbI JIOCTATOYHBIE YCJIOBHsI JIJIf BO3MOXKHOCTH TI€PeBOJIa IyUKa TPAEKTOPUil, UCXOMSAIIIUX U3
HagasipHoro Muoxkecrsa N (X (), Ha TepMuHAIBHOE MHOXKeCTBO M 3a HEKOTOPOE KOHETHOE
Bpems. [losrydennble pe3yIbTaTsl pa3BuBaiOT U 000OIAIOT PsAJT N3BECTHBIX JOCTATOYHBIX YCJIO-
BUIl U3 Teopun npecsenobanus. Jlanuas paboTa HEIOCPEICTBEHHO MPUMBIKACT K HCCIIEI0Ba-
ausm [21]-[24], [32], u upogoskaer uccaenosanus [18]-[19], [25]-[30]. Caemyer ormeruts, Uro:
a) ecsim h = 0, TO U3 HAIKX PE3YJILTATOB CJELyeT Pe3yabTarbl pador [34], [36], momyuenubie
Jytst MOJIDUKAIINN [IEPBOIO METOJa Ipec/ieloBaHus; 0) ecan HadagbHoe MHOXKecTBO N (X (+))
COCTOHT W3 OJIHOTO dJIeMEHTa (TOYKM), TO U3 HAIINX PE3YJILTATOB CJIEIYIOT COOTBETCTBYIOIINE
Teopembl pabor [19], [23], [25]. IIpeiaraembre cxeMbl sBIISAIOTCH €CTECTBEHHBIM OOOOIEHIEM
koucrpykiwn JI.C.Ilonrpsiruna [4]-[5] na cayuail suneitnbix quddepeHnuagibHbIX UID ONUCHI-
BaeMbIX cucreMoil nuddepeHnnaibHO-Pa3HOCTHBIX ypaHeHuii HefirpasbHoro tuma. Vexomust us
9TOTO TOJIyYeHHBbIE B HACTOsAIIEH paboTe pe3yibTaThl OTJINYAIOTCA OT MOJIYyYeHHBIX paHee s
YPaBHEHUI HEUTPAJIbHOI'O THUIIA.

[Tpn nzyuennu urpst (1), (2), (3) MBI OTOXKIeCTBIIsIEM CeOsI C TIPECTIEOBATEIIEM.

Bamernm, uTo Korja Hadaabroe MHOKecTBO N (X (+)) 0HOTOUEYHO, TO TaKue 381891 U3y-
JaJIICh MHOIMME aBTOPaMHE, U3 HUX CJIEJyeT OTMETUTH cieayionme padorst [18]-[19], [21]-[23],
[25]-[29], [37]. TTosromy ¢ Touku 3penus passurus Teopun JuddepeHIaibHbIX UID PeICTaB-
Jger uHTepec ciaydail, korga N (X (+)) comep:kur Gojee oxHOrO sjeMenHTa. Tak Kak B CIydae
onuosstemerTHoro N (X (+)) crparerus mpecsesoBaTesis CTPOUTCS, B 9ACTHOCTH, UCXOJIsl U3 JTaH-
HOTO HaYaJbHOTO MOJIOKEHUsI Z,(+), To B ciaydae, korga N (X (-)) comep:kur GoJiee 0JHOTO e~
MeHTa, TPYJHOCTh 3aKJII0YaeTCsl B TOM, 9TO JJisl BCEX HAYaTbHbBIX TOJIOXKEeHUit 2, (+), uz N (X (+))
CTPOMTCH OJIHA W Ta YKe CTPaTerus Ipecsegosaress. /s paccMaTpuBaeMoil 3a/1a4u cTpaTerust
npecJiejioBaTesis crpoutcd B Buje u = u(t,v), t > 0, v € RY upu ycaoBuu, 9To Jyisi J11060r0 J10-
mycTumoro yupasienusi v = v(t), t > 0, yberarorero urpoka dyuknus ult] = u(t, v(t)), t > 0,
U3MEpUMa U sIBJISIETCsI JIOIyCTUMBIM yIIPABJIEHUEM [PECIeyOMero Urpoka. B gacTHoCTH, U3-
MepuMOCTh u(t], t > 0, rapantupyercs, ecau u(t, v), HeIpepbIBHA 110 U TPU (DUKCUPOBAHHOM © 1
u3MepuMa 110 ¢ nipu ukcupoBarnoM v [38|-[39]. Ormerum, uTo paccMaTpuBaemas 3a/1aua paHee
B GeckOHDIIMKTHO} curyanuu usydasach B [40], a B KOHGIMKTHOI cuTyaruu, HoO HECKOJIBKO C
JPYTOit TOUKM 3peHust - B pabore [16].

IloctanoBka 3amaum. I. B npocrpancrse R™ paccmarpuBaeTcsd KBasuauHelHas Jud-
dbepennmaibHas Urpa IpPeCcse0BaHNsl, OUChIBAEMAas CHCTEMOI ypaBHEHUIT HEHTPAJIBLHOIO TUIIA
142, ¢.36]

A(t) = Az(t) — Bi(t — h) — Cz(t — h) — f(u(t),v(t)), t>0, (1)

rae z(t) € R", wu(t) € RP, v(t) € Rin > 1, p>1, ¢ > 1; A, B,C— nocrostatibie (n X n)
Marpuilel; f @ P X () — R"— nenpepbiBHasg (QyHKIUA. h— (PUKCUPOBAHHOE TOJIOXKUTEIHHOE
qucsio.; u(t), v(t)— HA3BIBAIOTCA YNPABACHUAMYU TPECIIEYIONIEr0 U yOEralIero urpokKoB, co-
OTBETCTBEHHO, OHU BBIOMPAIOTCS B BHUJIE M3MEPUMBIX BEKTOPHBIX byHKImi v = u(-),v = v(-),
ompejieleHHbIX Ha oTpeske [0, +00). Kpome Toro, oHI yI0BIETBOPSIIOT OrpAHNYIEHHSIM BHJIA

u(t) e P, v(t) € @, 0<t< +oo, (2)
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e P u (Q— HemycTble KOMIIAKTHBIE TTOJMHOZKecTBa mpocTtpancTB RP u RY) coorBeTcTBEHHO.

Usmepumbie dyukmun u(t), v(t), 0 < t < +00, YIOBIETBOPSIONINE I€OMETPIUICCKUM
orpanuveHusM (2), Ha30BeM JONYCMUMBLMY YNPAEACHUAMYU TIPECIIEYIONIEr0 U YOETralIero ur-
POKOB, COOTBETCTBEHHO.

Kpowme toro, B npocrpancrse R" BblIeIeHO TepMUHAILHOE MHOXKECTBO M uMeroree 1u-
mubagpudeckuii sug M = My + My, tne My— nuHeHHOe OAIIPOC-TPAHCTBO IIPOCTPAHCTBA
R"™ M;— KoMIlaKTHOE IOJIMHOXKECTBO IOJIpocTpancTBa L, [L— opToroHaJibHOE JIOIOJTHEHUE
K mojmnpocrpanctey My B R™*(r.e. My @ L = R"™); uepe3 m— 00603HAYNM MATPHILy OlepaTopa
opToroHaJbHOro npoekTupoBannd u3 R™ na L : w : R" — L; moa uHTErpagoM OIHO3HATHON
WJIM MHOTOZHAYHON (byHKIMU (MHOIO3HAYHOTO 0TOOpAYKeHUs) MOHUMAaeTCs ee nHTerpaJ Jlebera
[7, c. 411];

B npocrpancree R"™, kpome muoxkecTBa M, BbIIeseno muoxkectBo N (X (+)), m3 Todek
KOTOPOIO MCXOJST TpaeKTopuu urpbl (1), HaszbiBaeMoe HAYAJILHBIM MHOXKECTBOM. B KadecTse
HavasbHOro MHoxkectBa NV (X (+)), Gepercs MHOXKECTBO M3MEPUMBIX OJTHO3HAYHBIX BETBEH MHO-
rozaagHoro orobpazxkenust X (s), —h < s<0:

N(X()) = {p(t) - 2(s) = ¢(t), —h <t <0}

[Iycts u = u(t), 0 <t < 4+ooumv =u0(t), 0<t< +00,— NPOU3BOJIBHBIE JOIYCTH-
Mble yupasienns B urpe (1)-(2). Yepes Z(u(-),v(-), N(X(+))) obosmadum MHOXKeCTBO (IIy<OK)
BCcex TpaekTopuil ypasHenus (1), ucxomsammx u3 Touek mMuokectsa N (X (+)) mpu gomycTuMbix
yipasiaeHusx u(-), v(-) Ipecaeyromero n yoerarolero nrpokoB COOTBETCTBEHHO. B arom ciry-
Jae HaIlla Ie/Ib 3aK/II09aeTCs B IPUBeIeHnH Iy dka Tpaekropuii Z(u(-),v(-), N(X())) na Tep-
MHHAJIBHOE MHOXKECTBO M 3a KOHEUHOe BPeMsl.

Bajiava yrpasieHus [IyIKaMi TPAeKTOPHil cocTONT B HaxoxKjeHun unciaa ' > 0 u KoH-
cTpyupoBaHuu 1pu KaxjoMm ¢ € [0, + oo) 3Havenus u[t] mapameTrpa u Tak, YTOObI KayKast
tpaektopus 2(t), 0 <t < +oo, nyuka Z(ul-],v(-), N(X(-))) nonana Ha TepMHHATIBHOE MHO-
kectBo M 3a Bpewms, He mpeBocxojgiiee 1)) T.e. i Kax/Joit Tpaekropun z(t), t € [0,+00),
nyuka Z(u[-],v(-), N(X(-))) upu nekoropom ¢t = t* € [0, T'| ZOIKHO UMETH MECTO BKJIIOYCHHE
z(t*) € M. Yucso T nasbBaeTcst 6pemenem nepesoda.

B ciyuae, korja 3a/1a4a yIpaBiIeHIs Iy YKaMU TPAEKTOPHI Pa3pelInMa, TO TOBOPHT, ITO
B urpe (1) my<ok Tpaekropuii n3 HadagsbHOro MHOKeCTBa N (X (+)) MOXKHO IIEepeBeCTH Ha TePMHE-
HaJIbHOE MHOYKecTBO M 3a Bpems 1. g paccMaTpuBaeMoii 3a/adu CTPATErus IPECIIeI0BATE IS
crpoutes B Bujie u = u(t,v),t > 0, v € RY npu ycioBuu, 910 115t JIIOOOTO JOIYCTUMOIO YIIPAB-
nenust v = v(t), yberatorero urpoka Gyukiwms u[t] = u(t, v(t)), t > 0 usMepuMa u sIBJIAETCS
JIOIYCTUMBIM YIIPABJICHUEM IIPECJICIYIONIEr0 NI'POKa.

O6oznaunM gepes ) COBOKYIIHOCTH BCEX BBITYKJIBIX KOMIIAKTHBIX MoaMHOXKecTB R™. He-
pe3 So603HAaYMM 3aMKHYTBI €IMHUYHBIA IIap ¢ HEeHTPOM B HyJe mnpocrpancrsa R™. ITycrsb
X,Y € Q. Torma muoxkectso {z : © +Y C X} Ha3bIBaeTCsi FeOMETPUIECKOl PA3HOCTLIO (pas-
HOoCcTh MunKOBCKOrO) MHOKecTB X 1 Y u obosnHa-daercs X *x Y |7, ¢.459).

[Iycrs 7 > 0— Hekoropoe uucsio u t € [0,7]. Hepes K(t),—co < t < 7,— 0603HAIUM
MATPHYHYIO (DYHKIIIIO, 06,1810y IO CIeaylomuMy cBoiicrsani [2,¢.199]: a) K (t) = 0,t < 0,0—
HyJsieBas Marpura nopsizika n; 6) K(0) = E, E—ejaunudnas MaTpUIa mopsijika n; B) 3JIeMEeHTbI
marpunst K (t), 0 <t < 7, npunagexar kiaccy C1[0,7]; r) K (t) yaosiersopger MaTpUIHOMY
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nuddepeHIaIbHOMY YPaBHEHUIO
K(t) = AK(t) — BK(t —h) — CK(t — h), (3)

upu t > 0, t ¢ S® = SU(—h,+00), tme S ={t : t = 2, jihi}, ji— mensle unca.
Matrpuunas dynxknusa K (t) npunagieskut knaccy C1 npu t > 0, t ¢ S° no, B obmem
cllydae, HMeeT pa3pbiBbl IEPBOro Pojia B ToYKax MHOxkecTBa SP.

[Iycte v = u(s),v = v(s) gomycrumble ynpasieHus: BeiOpanbl Ha orpeske [0,t], ¢t > 0.
Torya s perienust z(t) cucrembl (1), npu Hagagbuom yeaosuu (1) € N(X(4)), (z(s) =
©o(s), —h < s <0), B cuny dopmyssl Komum nmeer mecto ciepyroiree npejcrasienue [2.¢.201]

2(t) = [K(t) — K(t — h)B] ¢(0) + /_h K(t—s—h)[Bo(s)+ Co(s)] ds—

— /0 K(t—s)f(u(s),v(s))ds. (4)

CyrecTBoBaHNE U €IMHCTBEHHOCTh MaTpudaHoil dyuknun K (t), —oo < t < 7, yuosie-
TBODSIFOITEH YCIIOBUSIM a) - T'), MOTYT ObITh JOKA3aHbI OOBIYHBIM METOJIOM HHTEIPUPOBAHUS 110
maram ypasrenus (3).

[Iycrs 7 > 0 u t € [0, 7]. Paccmorpum ciremyrormume MHOrO3HaUHbIC OTOOpazKkeHus [33|

W) = () Flt.), Wir) = /0 Wt (5)

vVEQR

riae F(t,v) =aK(t)f(P,v) u nK(t)f(P,v) = {rK(t)f(u,v) : u € P}.
Hanee, wepes Wi [Myx H |1, N(X(-))], 7] obo3HauuM ciieryioniee MHOXKECTBO [34]

Wi[Myx Hlr, N(X ()], 7] = [Myx H[r, N(X())]] + /OT W(t)dt, (6)
rne Hit, N(X("))] = [rK(t) — #K(t — h)B] X (0)+

+ / 0 7K (t—s—h) |BX(s) + CX(s)| ds = {[rK(t) — 7K (t — h)B] 0(0)+

—h

—h

+/ TK(t —s—h)[Bo(s) + Cp(s)]ds : ¢(s) € X(s), —hSSSO}.

Ipeanonoxenue 1. Muoowcecmeo W (t) nenyemo dan ecex t € [0,7] [7].

Teopema 1. IIpednonoorcum, umo npu wexomopom T = 71 > 0 umeem Mecmo 6KA0UEHUE
0 € Wi[MyxH[r, N(X(-))], 7]. (7)

Tozda 6 uepe (1), (2) nywox mpaexmopui us nauarvrozo mroocecmea N(X(-)) moorcho
nepesecmu Ha mepmunasvroe muocrcecmeo M sa konewnoe epema T = Ty.
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HokazareabcTBo. [lycTh BBIIOIHEHO YCIOBUE TEOPEMBI, T.€.
0€[M xH[r, N(X(+))] +/ W(t)dt, (8)
0

Buaunt (cm. (6), (8)) maitmyres Bekroper w € W(m) u d € MyxH|[m,N(X(-))], u B
COOTBETCTBUH ¢ ompejiesiennemM unterpaia W(r) cymectsyer cymmupyemast BeKTOp-pyHKIHs
w(t) € W(t),0 <t <7, Takas, 9To

w(t) e W(t),d+ / w(t)dt,0 <t < T, (9)

B coorsercrsun ¢ (5) st IPOU3BOIBHOTO (PUKCHPOBAHHOIO 3HAUEHUSI TIAPDI
(r,v) € [0,71] X Q ypaBHeHUE

w(m —t) =7nK(m —t)f(u,v), 0<t<m, (10)

orHocuTesbHO U € P umeer pemenne. [lycrs st (r,v) € [0,71] X @ Bekrop u(r,v)— Hau-
MeHblIlee B JIeKCHKOrpaduueckoM cMbiciie perenne ypasaenus (10), a qist (r,v) € (11,00) X @
nostoKuM u(r,v) = ug, TJe Ug— IPOU3BOJIbHAS TOUKa M3 MHOXKecTBa P. ITosromy st mpo-
U3BOJIBHON m3Mepumoii dyukmuun v = v(t) € Q, 0 < t < oo, v(t) € Q, dyHkuus
ult] = u(t,v(t)),0 <t < oo, — sBisieTcst JieberoBeckn m3mepuMoit dyuximeit [39,c.179).
YrBepKaercs, 9ro mydok tpaekropuii Z(ul-],v(-), N(X(-))) 3a Bpema T = 11 (p(-)) mo-
najaer Ha TepMUHAJIbHOE MHOXKecTBO M. JleficTBUTe/IbHO, IyCTh ¢(+)— NIPOU3BOJILHAST TOUKA
u3 HadasbHoro Muoxkectsa N (X (+)), z(t), 0 <t < oo, — Tpaekropus ypasnenus (1). meem

wz(m) = [nK(n) —7K(m —t — h)B] p(0) + / 7K(m —t—h)[Bp(t) + Co(t)] dt—

—h

- / K (ry — ) f(ult), v(8))dt = [wK (n) — 7K (1 — t — h)B] p(0)+

—|—/0 7K (m —t—h)[Bo(t) + Co(t)] dt — /OT1 w(m —t)dt =

—h
0

= [rK (1) —7wK(m1 —t — h)B] »(0) + / 7K (1 —t—h)[Bo(t) + Co(t)] dt + d. (11)

—h
Hanee (em.(11)),
7z2(m) = [7K(m) — 7K (r —t — h)B] ¢(0) + / 7K(mi —t—h)[Bp(t) + Co(t)]dt + d €

€ Hlm, N(X())Il +d € H[r, N(X ()]l + [Myx H[ry, N(X())]] € My,

B COOTBETCTBUU C OIPEJIe/IEHHEM INeOMeTPUIecKOl pas3HOCTH *x. TakuMm obpas3om, Jjisd JIFoO0ro
HaudaabHOro nosioxkenus ¢(-) € N(X(+)) umeer mecro Briovenue 7wz(7y) € My, 4T0 9KBUBa-
JeHTHo z(7y) € M. DTo 0o3Hauaer, 4TO 3aJiava YNPABJIEHUS IIy9YKAMU TPAeKTODHUil pelieHa, a
BPEMEHEM IepeBoJia sBjsgeTcsd T1. Teopema 1 jgokazana.
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I1. Badukcupyem HeKOTOpOE HadaabHOE HOsIOKeHUE (). TTomoxmm

g1 (), ()] = [rK(t) — mK(t — h)B] p(0)+
+ /h 7K(t—s—h)[Bp(s)+ Cp(s)|ds — f(1), (12)

B cwty npe/mosiozkenns 1 u B COOTBETCTBUM C OIPE/IeJIeHIEM HHTErPajia OT MHOIO3HATHO-
ro orobpazkenus (5) cieyer cymiecTBoBaHne cymMmupyemoit dyukimn w(t) € W(t), nis Beex
0 <t < 7, Takoit, 9TO BBIIIOJIHEHO PABEHCTBO

f(r) = /OTuN)(t)dt.

Badukcupyem ero. Torma dyuxmus £[T, ¢(+), w(-)] umeer Bu

£l (), w()] = [nK(t) — mK(t — h)B] 9(0)+

—I—/ TK(t—s—h)[Bo(s)+ Cp(s)|ds — /OT w(T —t)dt. (13)

—h

Eenu {[7, ¢(-),w(-)] # 0 1o

oy Erp()()
e Ol = e o0, 01

U JIJIsE TPOU3BOJIBHOTO BEKTOpa v € () onpeiesnM pasperaortyo GyHknuio A(¢(-), 7,t, v, w(+))
OIPEJIEIEHHY IO CIIeJYIONIM 00pasom [24]:

A(p(), 7,8, v) = sup{ A = 0: An[r, (), w ()] € TK (T — 1) f(P,v) —w(T = 1)},

Me(+), 7, t,w(+)) = inf {A(p(-), 7, t,v,0()) : v € Q}; a ecam &[T, (-),w(:)] = 0, To cunraercs
n[r, (), w(-)] =0, A () v, () :A( ()mta%w(')) =0.

Tyers €[r, ¢(), @()] = —d — [ (t)

IIpennonoxxkenne 2. Cyu;ecmeymm wucao T =Ty > 0, BeKTop d e MyxH[m, N(X(-))],
u cymmupyeman dyrryua w(t), w(t) € W(t), 0 <t < 1, d + Jow(t)dt # 0, maxue, wmo:
a) pynruua Ao(-), 72, t,w(-)), 0 < t < 79, a makoce cynepno3uyus /\( (+), T2, t,0(t), w(-)),
0 <t <, pynkyuu Np(:), 72, t,0,70()), 0 <t < 1, v € Q, npu NPOU3EOALHOT USMEPUMOT
dynryuu v(t), 0 <t < o, AGAAIOMCA CYMMUPYEMBMU; O) BLINOAHENO HEPABEHCTNEO

me%%@OH—ADMﬂ%hJﬂ%WRSO (14)

Teopema 2. Ecau 6unoanenv, chopmyauposannvie sviue npednosodicenus 1, 2, mo 6 uepe
(1) npu oepanuvenuszr (2) nywox mpaekmoputi u3 navarvrozo mroscecmaea N(X(+)) moorcro
nepesecmu Ha MepMuHaIbHoe mrodcecmeo M za konewnoe epems T = To.

HokazarenbcTBo. Ilycrs mis madanbHoro nosoxkenns ¢(-) € N(X(-)) BBIIOIHEHBI
ycstoBus npenanosioxkenns 1,2, s npousBosibHOI mamepumoit dyaknun v = v(t), 0 < ¢t <
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To, v(t) € @, pacemorpum byskmmio p(7e; v(t), 0 < t < Ty), OUPEJETEHHYIO CJIELYIOIIIM
obpaszoM:

T2

p(r2; v(t), 0 <t <) = [€]m2, (), w(-)]| — /0 A(p(+), 72, 8,0 (-) )dt.

B cuty 11.6) mpeanosiokenus 2 cyiecTByer MoMeHT Bpemenu ¢ = t* € [0, 75| Takoii, uro

N
p(t55v(t), 0 <t < t*) = 0. dcro,aro ecam w(t) € W(M(t),t), To MmoxkHO camrarh t* = 0.
Iycrs £t ¢(-),w(-)] # 0 m p(7; v(t), 0 <t < 7) > 0 na orpeske [0, 72]. HeiictBurensio, B
[POTHBHOM CJLyYae

0 < plry: 0(t), 0 <t < ) = [€]m, 0()]] — / UM ()mant ()t <

T2

< I€lm, o(]] - / Ao (), 7o, 1),

910 nporuBopednt HepaseHcTBy (14). Takum obpasom, mycrb p(t*; v(t), 0 < t < t*) = 0.
YuauTbiBast 3707 BHaKT, PEKOMEH/yeTcs 3HaYeHne u[t] mapamerpa u BIOUPATH KAK MePBbIi KOM-
[IOHEHT peIleHnus] ypaBHEHUA

ﬂ-K(TQ - t)f(uv U(t)) = w(TQ - t) + )\(QO(), T2, 1, U77“D('>)77[7—7 90(')712)(')]7 0<t< t*7 (15>

7K (o — ) f(u,v(t)) =w(m —t),t" <t <o, (16)

oraocuresnbHo u € P. Ucnonssys nemmy @urmnmosa-Kacrena [39. ¢.179] moxkmHo mokaszarnb
CyIIECTBOBAHME M3MEpPHMBIX pernenuit ypasuenuit (15), (16). Kak oberano, 3a pemenne ult]
ypasrenuii (15), (16) npuHEMaeTcsi HAUMEHBIEE B JIEKCUKOIPaUIECKOM CMBICJIE CPEJIU BCEX
perrernii ypasuenuii (15), (16). [Ipu Takom criocobe yrpasienus mapameTpom ult] yoemumest,
910 my4oK Tpaekropuit Z(u(-),v(-), N(X(-))) momamaer na MaoxKecTBO M K MOMEHTY BpEMEHH
7. HeiicrBurensno, (em.(15), (16)) nmeem cooTHoImenue

d = —&[r,0(-),w(-)] — /0T2 W(Ty — t)dt = —{[m, (), w()]—
—/O [mK (12 — 1) f(ult], v(t) — AM@(-), o, t, 0, ()T, (), w(-)] dt—
—/;2 TR (ma—t) f(ult], v(t))dt = —5[72,90(-),@(-)]+/0 Ap(+), 7, t,0(t), 0 (-))n[T2, (), w(-)]dt—

*

_/OTZ 7K (ry — 8 f (ult], 0(1))dt = —/072 7K (s — 0) f(ult], v(t))dt, (17)

ub0, U3 yCTAHOBJIEHHOTO BbIIe paBeHcTBa p(t*; v(t), 0 <t < t*) = 0 nmeem

—¢[m2, (), w(:)] +/0 Ap(), 2,8, 0(t), w(-))nlre, (), w(-)]dt =

= —\5[7790(')7@(')]!77[7790(-),@(')]+/0 Al (), 7o, t 0(t), w()nlT, @(-), w(-)]dt =
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= — &[T, 0(), W), 90('),@(~)]+/0 Ap(), 2,8 0(t), w(-))dt - [T, o(-), ()] =

= {—|€[72790(')>@(')]|+/0 A(@(), 7, 0(t), w(-))dt | nlm, (), w(-)] = 0.

Caenosarenbio (em.(17)), nomydaem
- /0 7K (rs — 1) F(ult], v(8))dt = d € [Myx Hlrs, N(X(-))]].
I/I3 OlIpeJIeJICHU 1 FeOMeTpI/IquKOﬁ Pa3HOCTU MHOXKECTB CJIeyET, 9TO
i, N(X()] - /O K (rs — ) f(ult], 0(t))dt C M.

Takum 06pa3oM, yIuThIBag MPOU3BOJLHOCTH HadaabHOro mojoxkenus ¢(-) € N(X(-)),
y9oK Tpaekropuii, u3 maoxkecrsa N (X (-)) nepeBejien Ha MuO)KecTBO M 3a Bpemst To. Teopema
2 5okazaHa.
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REZYUME

Mazkur ishda o‘yinchilarning boshqaruvlariga geometrik chegara qo‘yilgan
differensial-ayirmali neytral tipdagi differensial o‘yinda traektoriyalarni
boshqarishning o‘yin masalasi tadqiq qilinadi. Quvish masalasi birinchi usulining
modifikatsiyasi yordamida traektoriyalar dastasini boshqarishning o‘yin masalasini



BEcTHUK HY Y3 TOYHBIE HAVKU  ToMm.2, Nel, 2025, cT.127-139

yechish uchun yangi yetarli shartlar olingan.

Kalit so‘zlar: differensial o‘yin, quvish masalasi, neytral tipdagi differensial-
ayirmali tenglama, terminal to‘plam, quvlovchi, qochuvchi, boshqaruvlar.

RESUME

In this paper, we study linear differential games described by a system of linear
differential-difference equations of neutral type under geometric constraints on the
players’ controls. Using a modification of the first method of the pursuit problem for
these games, we obtain new sufficient conditions for the solvability of game problems
of control by trajectory bundles.

Key words: differential game, pursuit problem, differential-difference equations of
neutral type, terminal set, pursuer, evader, control.
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I'PYIIIIBI R <Sp(6,R) u RS <T'Sp (6,R)
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PE3IOME

[Iycts R® oHedHOMepHOE JMHEHHOE IIPOCTPAHCTBO HAJ HOJEM JIeHCTBUTETHHBIX
qucen R. Hepes GL (6, R) o6o3HaIMM TPYIILYy BCeX OOPATUMBIX JTHHEHHBIX IPeodpa-
soBanuii npocrpancrea RS . O6oznauum wepes Af f (R® )= RS <GL (6, R) rpynmy
Beex adduHHbIX npeobpasosanuii npocrpancts R® . Kaxoe npeobpaszobanue us
Aff(RY) asnsierca cyneprnozunueii TMHEHHOTO HEBBIPOKIEHHOTO TTPEOOPA3OBAHUS
g € GL(6,R) u cupura, moposxennoro smementom u = (u;)s_, w3 R . Tlycrs
R® aSp(6,R) (R® «T'Sp (6, R)) moxrpyrma rpymmst Aff (RS ) .

B macrosimeii pabore Jaercss HeOOXOAWMBIE U JIOCTATOMHBIE ycaoBUs jijist RS <
Sp(6,R) (R% <«T'Sp (6, R))-skBuBasnentHoctu mnyteit B RS .

Karoueswvie caosa: neiicTBue PyIIbl, SKBUBAJIEHTHOCTD 1yTell, adpdUHHBIX ITpe-
obOpa3zoBanuii, ['anmeeBo-CUMILIEKTUYIECKAs TPYIIA, MOJYyIPAMOTO ITPOU3BEICHUS,
peryiaspHble My TH.

1. BBEJEHUE

[Iycts R® — 6 - MepHOe BEKTOpHOE HPOCTPAHCTBO HaJl MOJIEM PallMOHAJLHBIX ducena k.
Quementsl u3 R® npejcrasisem B Buje 6—MepHbIX BekTOp cTpoK. Yepes GL (6, R) obosHauum
IPYHITYy BCeX OOPATHUMBIX JIMHEHHEIX TpeobpasoBanuii mpocTpancTsa Re, u myers G moarpymma
rpymer GL (6, R). Tlyrem B RS maspsaercst Bektop-bymkimms z : (0,1) — RS |z (t) = {z;}°_,
y KOTOpOii Bce KoopauHaTHble oTobpakenus w; : (0,1) — R saBisiercs 6eckoneuHo nudde-
penrupyeMbiMu yHKIHAMA. OIHON U3 BaKHBIX 3aja9 AuddepeHnnaabHoil TeOMeTPUN siB-
JISIeTCS HAXOXKJIEHHUE JIETKO MPOBEPSEMbIX HEOOXOJUMBIX U JOCTATOYHBIX YCJIOBUIL, 0becrevn-
Batonmux (G— 9KBUBAJIEHTHOCTH IyTel, jexkammx B X. [lpm pemrenun 3Toit 3a1a9u UCHOJb-
3YIOTCS MEeTO/bI Teopun i depeHInaJbHbBIX THBAPUAHTOB, JAIOIINE OIMNCAHNE 00Pa3yoIX
nuddeperimaabuoro mnoyg G -uHBApUAHTHBIX U @EPEHITHATBHBIX PaIMOHAIBHBIX (DYHK-
1uit. ZIBHBIA B 9TUX 00pa3yIoUX II03BOJISIET YyCTaHOBUTH 3 deKTuBHbIe Kpurepun it G-
9KBHBAJICHTHOCTH IyTeil. B pabore [5] sTum MeTomoM ObLia perrrena 3a1at1a 00 SKBUBAJICHTHOCTH
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KPUBBIX, B CJIydae JeifiCTBUs CUMILIeKTHIecKoil rpymmbt Sp (2n, C'), a B [4]- miaa gefictus rpymi
R" >0 (n,R) R" >S0 (n,R). B paborax [7|, [8] manbr HeoGXxoauMble 1 JOCTATOUHBIC YCIOBUS
JUIS 9KBUBAJIEHTHOCTU IyTeil pu jeficTBun ncesooproronaibuoit rpymmst O (n, p, R) u ce-
[UaJIbHOM 11ceB1oopToroHabaoii rpymmsl SO (n, p, R). Takoit mojxos GbLI UCIOJIB30BAH TIPU
pereHnn 3a1a91 00 SKBUBAJIEHTHOCTH IIyTell OTHOCHTeIbHO neficTus rpymn K™ > O (n, p, K)
u K" SO (n,p, K) (rme K - nose neficTBUTEIbHBIX dnce R, 1160 1M0J1e KOMILUIEKCHBIX 9UCeT

C) 16].
2. IIPEJBAPUTEJIBHUE CBEJEHNA

[Tycts GL (6, R) rpynmna Bcex oOpaTHMbIX JMHEHBIX npeobpasopanuii RS a G =
Sp(6,R) ={g€ GL(6,R):glg" = g"Ig=1I} eé cummeKTHIeCKas TOATPYIIIA, [

0O 1 .. 0 0
-1 0 .. 0 0
0O 0 .. 0 1
0O 0 .. 1 0

Paccmorpum npagoe jeiictsue (g, z) — gx rpynnsl Sp (6, R) B RS, T.e. 06blHOe yMHOMKEHHE
CTPOKHU Ha MaTPHUILY.

[Tyrem z (t) ,t € (0,1) , HazoBém Geckonewno nuddepeHimpyeMoe 0TO6paKeHne T HHTEP-
Basa (0,1) B R.

Hpa mytu x (t) u y (t) vHassatores Sp (6, R) - 9KBUBAJEHTHBIMHI, €CJIH CYIIECTBYET TAKOI
sseMenT g € G uro y (t) = gx (t) mas moboro t € (0,1).

®yuxiwst f ot x () 1 KOHEYHOrO YHCJIa €€ TIPOU3BOIHBIX HA3BIBAETCS MHBAPUAHTHOMN, €C/I1
ee 3navenus i Sp (6, R) - 9KBUBAJEHTHBIX ITyTeil COBIAATOT.

Ecmu z(t) = {z: (1)}, y(t) = {y: (t)},_, npoussosbubie smementer u3 RS o 21y
obozHaIMM Uepes [x,yl, T.e.

[z, y] = 21y — Tay1 + T3Ys — Tays + ... + TsYs — TeYs

KOCOCUMMETPHUYIECKOE ITPON3BE/IEHE BEKTOPOB X, 4.

B reopun unBapuantos npu uzydenuu Sp (6, R)- 9KBUBAJEHTHOCTH KOHEUHBIX MHOYKECTB
TOYEK BaXKHYIO pojib urpator mnoHatus Sp (6, R)- uasapuantHoro muorodwiena u Sp (6, R) -
MHBAPHUAHTHON paryuoHaIbHOi (DYyHKIMI OT KOOPAMHAT TOYCK. AHAJIOTMYHbIC TOHSATHA BBOIATCS
U B CIydae, KOTJIa KOOPIMHATE BeKTopos n3 RS apmsioTes 6eckonedno muddepeHnnpyeMbIMi
PYHKITHSIMU.

PaceMoTpuM MHOKECTBO Beex myTeit B RO, T. e. MuOKecTBO BekTopos @ (1) = {z; (t)})_,
rie z; (t) seagorcs beckonedno nuddepennupyembivu GyHkimsMu Ha uaTepBase (0,1) | i =
1,...,6. IIpomsBomHOii 7 - OTO TIOpsAIKa OT TyTH 7 (t) HasoséM BekTop ") (t) = {xzm (t)} -
g xaxmoro mytu x (t) MozkHO pacemorperb 6 X 6 - marpuity M (x), B KOoTopoii r - CTpOII{Oﬁ
caryzKat KoopaunaTsl Bektopa Y. Onpenemurens Marpuist M () GyeM 3aIliChIBATh B BH-
ae [z, 2W 2@ . 2®)]. Iyrb z (t) HasbIBaETCS pErysPHBIM, €C/H OIPEeEIUTeNb MATPUIbL
M (z (t)) ue pasen mysio npu Beex t € (0,1). B nambHeiiniem 6ymyT paccMaTpuBaThCs TOJBKO
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peryJisipHble TIyTH, T. €. TakKue myTH & (1), Jjisi KOTOPbIX [a: AN G ..,SL’(S)} (t) # 0 mpu Beex
€ (0,1). BameruMm, uro asa mytu z (t) u y () asiasgores Sp (6, R) SKBUBAJIEHTHBIMU B TOM
U TOJIBKO TOM ciydae, Korjga M (y) = gM ( ) g mekoroporo g € G. B srom ciyuae, ode-
sumno, aro ™ (t) = gz™ (t), m = 1,6 n nosromy G - sKBuBajeHTHOCTH myTeit (1), (t)
paBHOCHJIbHA BhIoTHeHNIO paBeHcTBa M (y) (t) = gM (x) (t) upu Beex t € (0, 1).

Jlemma 2.1.[1] Jsa nymu z (t) uy (t) Sp (6, R) - sxsusarenmiw, mozda u moavko moezda,
k0200 BVINOANEND. CACOYIOULUE PABEHCTNEG:

LM (@) (M (2)" = M'(y) (M (y))"

2. M (z) IMT (x) = M (y) IMT (y).

Hszeecmnmi caedyrougue neobrodumvie u docmamounvie ycaosus G- IKEUSANEHMHOCTU Pe-
eyaaproi nymed x (t) uy (t), onucosaemuvie ¢ nomouwvro mampuy, M(x(t)) u M(y(t)), 6 cayuae,
kozda G asamomen epynnoti Sp (6, R) (cm. [1]).

Teopema 2.1. /[6a peeyaspuvix nymu x (t) uy (t) asasomes Sp (6, R)-sxeusarenmmvimu
mozda u moAvKo mo2da, K020a 6LINOAHEHD PABEHCTNEA:

M’ (x) (M (2))"" = M’ (y) (M (y))" (1)

M (x) IM" (z) = M (y) IM" (y) (2)

detM (x (t) = detM (y (t)) das ecext € (0,1). (3)

Paccmorpum komsrio R {z} = R{xy,...,%¢} BceX MHOIOYIEHOB OT CYETHOIO IHC/IA IEPe-
MEHHBIX T1,...,Tg, 3:/1, . ,:1:/6, co, @Y, ..., g 1 ToJIOKUAM d <.:1:§T)) = :1:1(;”1) dcno, aro d Mox-

HO OJTHO3HAYHO IIPOJIOJIKUTH 110 JAuddepentmpoBanns B Kosblie R{x} , Hajesss 9T0 KOIBIIO
crpykTypoit auddepennmanbHoro Kobia ( d - KOJbIA). DJIeMEHTHI 9TOr0 d - KOJIbIa HA3bI-
BatorTcst d - MmHOroueHamu ( auddepeHnnaabHbIMU MHOrOUIeHaM” ). 3BecTHO |, uTo nudde-
PEHIIMpOBaHNe Ha €JIMHCTBEHHBIM 00pa30M IPOJIOJIKaeTcs 10 AuddepeHinpoBaHus Ha COOT-
BETCTBYIOIIEe T0JIe OTHOIIEHUH. D10 nose OyaeMm HasbBarh d - mosieM ( wm JuddepeH -

aJIbHBIM TIOJIeM) U 0bo3HadaTh depe3 R (x) = R(xy,...,Zs), a €ro 31eMeHThl OyaeM Ha3bl-
BaTh d - paruoHaJIbHBIMU QYHKIUAME U Oyjem 3amnucbiBarh B Buje f () = f(x1,...,zq), T1e
x =x(1,...,%¢) 6- MepHBIii d - TIEpEMEHHBIIT BEKTOP.

Heticteue rpytmst Sp (6, R) Ha 6 MepHbIi d - IepeMeHHbIl BEKTOP & U €ro POU3BO/IHbIE
2 onpenemm xak ymuoxkenue x("cnpasa na marpuiy g € G : 2g, rner € NU{0} = Z; d
- paroHasibHas GyHKIMs Ha3biBaercs f () - HHBApUAHTHOI, ecyiu 1pu JioboM g € G,

3BecTHO, uTo MHOXKECTBO Beex Sp (6, R)- HHBApHAHTHBIX d - PAIMOHATBHBIX (DYHKITHIA,
obosmadaemoe uepes R(x)"? 6B apisgerca mudbepeHTMaIbHBIM TOTeM OTHOCHTENLHO WHTY-
rupoBarHoro auddepeniuposanus u3 R (x).

Huddepennnanbaoe kosbio Beex Sp (6, R)- nHBapuaHTHBIX auddepeHnuaabHbIX MHOTO-

aenoB Gyem obosHauars uepes R{x} POH.

[oBopsar, uro cucrema snementoB A = {a;, i € T'} saBasgoTcsa cucremoii obpasyomux d -
nosist R (x) (d - kosba ), ecou 11060it sement b € R (x) MoKeT OBITh MOJTyYeH U3 KOHETHOIO
qHCIIa 9JIEMEHTOB MHOXKECTBa PUMEHEHHEM KOHEYHOro 4ucia pa3 omneparmii d - nona R (x) (
d - xosbiia R{z}). B ciyuae, Korja B KauecTBe CHCTEMbI 00PA3yOIIUX MOXKET ObITh BHIOPAHO
KoHeuHOe MHOXKecTBO A = {ay, ..., am,} 10 roBopsr, uto d - nose (d - KOJIbIo) UMeeT KOHETHOe
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YHCII0 0OPABYIOMIUX A1, . . ., Upy. DIEMEHTHI Ay, . . . , Gy, U3 R {2} HA3BIBAIOTCH d - anrebpandecku
3aBUCHMBIMU, €CJIU CYIIIECTBYeT TaKoil HeHyseBoit Muorodnen f € R{x} uro f (a1,...,a,) =0.
B IpOTUBHOM CJIydae CHUCTEMa 3JIEMEHTOB @1, . . . , 4y, HA3BIBAETCH d - aarebpanvaecKu He3aBUCH-
MOYA.

Jlns d - nepeMeHHbIX BeKTOpoB ¥,y u3 R® uepes [z, y], 0003HAYUM TIEPBYIO IIPOU3BOIHYIO
KOCOCUMMETPHYECKOro npousBejienus [x,y]. fdcuo, uro [x,y] = [2/,y] + [z, v/]. ( em. [1, 2]).

Teopema 2.2.[1] B d - noae R(:E)Sp(6’R) caedyrowgue d - MHO20MACHDL ABAAIOMCA €20
006Pa3YI0ULUMU
f(m) (I’) _ [xmfljxm} )

Oma cucmema QuPPepeHyuasbHvs MH0204AEH0E d - aN2e0PAUNECKU HE3ABUCUMA, T.E. CIMENEHD
. Sp(6,R)
dugppepenyuanvrott mpancyendenmmuocmu d - nosa R (x) pasha 6. .
Teopema 2.3.[3] /Jsa peeyaapror nymu x(t) u  y(t) sasamomcsa Sp(6,R)-
IKBUBAACHMHBIMU 0204 U MOAbKO moeda, kozda das ecex t € (0,1), m = 1,6 swnoanero
CAEYIOULUE PABEHCTNEA:

(20D (@), 2™ () ] = [y (), ™ () ] - @

ons ecex t € (0,1) um =1,6.
Paccmorpum B RS Gusnneitnyto dopmy (x,y) = 19y + ... + TYs U COOTBETCTBYIONLYIO

6

eBKITHIOBY MeTpuKY p(x,y) = (| . (z; — y;)* . Oproronansmas noxrpymma O(6, R) 8 GL(6, R)
i=1

OIIPE/JIEIISIETCS € TIOMOIIBIO PABEHCTBA

O(6,R) = {g € GL(6, R) : (gx,9y) = (x,y); x,y € R°} .

O/H U3 BayKHBIX [IPUMEPOB HEEBKJIMJIOBBIX MeOMeTpuil peasnsyercs B npocrpascTse [a-
6 6
munest (R%, d) = T |9, Dnasa 6], rue merpuka Lamunes d(z,y), © = {xi},_, v = {vi},_y
OIIPE/IEIISIETCS € TIOMOIIBIO CJIE/YIOIIUX PABEHCTB

d(ff,y) = |351 - ?/1|a eci Ty # Y1,

O6oznaunm uepes e; = (0, ...,0,1,0, ..., 0) kanonnueckuii 6azuc & RS, rie 1 croar na i-om
mecte, 1 = 1, ..., 6. [Tosoxum

6
Us = {ae; : a € R}, %:{Zaiei:aiER, i=2, ...,6},

u obosnaunM [epe3 I'(6, R) MHOXKeCTBa BCEX TaKUX Y = {gi’j}?jzl € GL(6, R), 1yist KOTOPBIX

g(Us) = Us, g11 = =1, g(Vi) = Vs , u cyxkenne g Ha Vg €CTh 3JIEMEHT OPTOrOHAILHON IPYIIIIbI
O(5, R). Ussectno, uro I'(6, R) ecrb moarpymmna 8 GL(6, R) , KOTOpy0 Ha3bIBAIOT TPYIIOLl
Tasmutest mpeoGpasosanuii B RS [3].
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Myt x = {z; (t)}0_, C T, t € (0,1) mazpmaior I'g - PeryIapHbIM, €CTH ONPEICTITETh
MaTpUIbL T = {:c(»j )

; (t)} ' ' OTJINYEH OT HYJIS.
7=0,1,...,4,i=2,...,6

Crneayromast Teopema naet kpurepuii s I'(6, R) -sxBuBaseHTHOCTH ['g - pEryssipHBIX
nyTeit B mpocrpanctse Lammnes ['g.

Teopema 2.4.[3] Jlsa T'\,- peeyaaproxr nymu z(t) u y(t)asamomen (6, R)- sxsusa-
AEHMHDLMU 6 MOM U MOABKO 6 MoM CAY1ae, Ko2da Yy (t) = L£x1(t) u eeprv pasencmea

ST @) =3 (™)

=2 =2

das ecext € (0,1)um =0, 1,...4. PaccMoTpum cJieiyroniuii CHMILIEK TUIECKHH BAPUAHT MDY B
Tammnes. [Tycts, kak u panee, e; = (0,...,0,1,0,...,0) ectb Kanonnueckuit 6azuc B RS | rae
1=1,...,6 . ITomoxum

6
Us = {ae; : a € R}, %:{Zaiei o, € R, i:2,...,5}, Ws = {aes : a € R}
i=2

Kak u npu onpezenenne rpymmsr Lagmies pacemorpum noarpymiy ['Sp(6, R)u GL(6, R) Bcex
TaKNX § = {gm}?’jzl € GL(6, R), nyist koropwix g(Us) = Us, g11 = £1, g(Ws) = Ws, ges = £1,
u g(Vg) = Vs, upm 91OM CyKeHHe ¢ Ha MPOCTPAHCTBA Vg €CTh JEMEHT CHMILICKTHIECKO
rpynusl Sp(4, R). Ouesuno, uro Us & Vg & Ws = RS, npu stom, (z,y) = 0 u (y,2) = 0 aua
Becex € Ug, y € Vi, 2z € Wh.

g xaxmoro smementa g € ['Sp(6,R) umeem ge; = {y1,0,...,0} € Us,geg
{0,...,0,y6} € W, B wacTHOCTH,

g1; = (ger,e;) =0,mpuj =2,...,6; gis = (g9es,€;) =0, mpui = 1,..., 5.

Kpome toro, B cmimy pasencrBa ¢(Vg) = Vg momyumm uro ¢;; = 0 gusa Beex j =
2,...,5.CienoBaresino, marpuiia g € Sp(6, R) umeem ciieymmii Bu:

1 0 0 0 0
922 G23 924 G25
932 033 g34 g35

Ga2 43 Gaa  G45

52 953 gsa gs5 O
0 0 0 0 Je6

OOOOOS
o O O O

[Ipu sTom, cyxkenue
922 923  G2a Y25

932 933 G314 Yg3s
Ve = € Sp(4,R).
g/ 0 942 G43  Gaa Ga5 p( )

952 953 G54 Uss

Takum oOpa3zoM, BBEJIEHHYIO MOJTPYIIILY
T'Sp(6, R) = {g ={gi;};,1 € GL(6,R) : g1 = 1,966 = 1, {g;5};,_, € Sp(4, R)}
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€CTECTBEHHO HA3BIBATDL IPYINOH [aimies CHMIICKTHYeCKIX TUHEHHBIX Tpeobpasosanuit B RS,

O6ozmauum yepes R < 21, Ty, ..., 16> PO mudbdepennmansuoe momne seex I'Sp(6, R)-
MHBAPUAHTHBIX d - panuoHaabHbIX hyakimit. Crieyionias TeopeMa OluChIBAET KOHETHBIH HAGOD
obpasyiomux B auddepeHImantbHoM moste R < Ty, Ta, ..., x> oP6:H),

Iyms z(t) = {z;(t)}° € RS, t € (0,1), nasosem I'Sp(6,R) - peryaspueIM, ecim

det My(z(t)) # 0 yist Beex t € (0, 1), rue

My(z(t)) = (%(j)(t))j:o,m,?,, i=2,.,5 7 $§0) (t) = i(t),1=2,...,5.

Caemyroriast TeopeMa ycranaBiubaer kpurepuit st ['Sp(6, R) sksubasentaoctu I'Sp(6, R) -
peryjsipHbIX IIyTeit B mpocrpancTse RS

Teopema 2.5. [11] Sp(6, R)-peeyaaprve nymu x(t) u y(t) asamomes I'Sp(6, R)-
IKBUBAAEHMHBLMU 0206 U TMOoAvko mozda, Kozda das ecex t € (0,1) ewnoanenue caedyrougue
PaBEHCMBA

C nomompio Teopem 2.3 u 2.5 ycranaBimBaercs ciejytonie Kpurepuit st 'Sp(6, R)
skuBasienTHOCTH ['Sp(6, R)-peryspHbIx 1yTeii B mpocrpancTse RS

Teopema 2.6. [10] I'Sp(6, R)-peeyaapnvie nymu x(t) u y(t) asasmomea I'Sp(6, R)-
IKGUBAACHIMHBIM 68 MOM U MOAKAG 8 MOM CAyuae, koz2da das ecex t € (0,1) u k = 1,...,4
BHINONHEHDL CACOYOULUE PABEHCMNEA

yr(t) = £ (t); ye(t) = F6(1);

k—1 k k k—1 k—1 k k k—1
20 () — 2P OV @) + o+ 2TV 0P (1) — 2P ()2 () =

k k k—1 k—1 k k k—1
=y (1) — v OV @) + o+ VO ) — P OV @),

3. IIOCTOHOBKA 3AJTAY 1 METOAMWUKA EE PEINIEHUNA

O6oznaunm uepes Af f (RS ) rpynmy Beex addbunubix npeobpasopanuii mpocrpatcts RS .
Kazk1oe npeobpazosanne u3 Af f (R ) sBasgerca cynepnosuimeii IMHEHHOTO HEBBIPOXK ICHHOTO
npeobpazoBanus g € GL (6, R) u ciBura, HOPOXKJIEHHOIO 9JIEMEHTOM U = (ui)?zl us RS | 1 e.,
addunnoe npeodbpazosanue (u, g) € Af f (R® ) neiicryer B R® 1o npasuny: (u, g) () = gr+u,
re v,u € RS g € GL (6, R).

Onepanus ymuoxenns B rpynmne Aff (RS ) ounpenenserca pasencrsom (u,g) (v,h) =
(u+g-v,h)raeu,v € RS, g € GL (6, R). B atom ciy4ae, rosopsart, uto rpynma Af f (R® ) ects
nojtynpamoe tipousseienue rpynn RS u GL (6, R), 9To 3aluchiBaeTcs CIe/IyIONUM 00pa3oM:

Aff(R°)=R® «GL(6,R).
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Ecau Sp (6, R) - nonrpynna B GL (6, R), To ciieyioniee MHOXKECTBO sIBJISIETCS TIOJIPY IO
B RS <GL(6,R) , KOTOpYIO Ha3BIBAIOT TOJIYIPAMBIM TIpousseienuem rpyni RS u Sp (6, R):

R® «Sp(6,R) = {(u,9) € R® <GL(6,R);g€ Sp(6,R)} .

[yru x (t) ny (t) B R® Ha3bIBAIOT SKBUBAJEHTHBLIMU OTHOCUTEILHO JEHCTBHS Oy b
RS <Sp(6,R) B rpymmne RS <GL (6, R) ( R® <Sp (6, R) - 5KBUBAJIGHTHBIME), €CJIU CYIECTBYET
Takoe (u,g) € RS <Sp (6, R), uro aya seex t € (0,1) BbloHEHO ciejtylomee:

y(t) = g (t) +u

Crenyromast Teopema csojut 3ajaay o RS <1Sp (6, R)-sksusanentnoctu myteit = (¢) u y (t)
K 3azade Sp (6, R)-skBuBajentHoctn myreii  (t) u y (t).(cm. [3, 8])

Teopema 3.1. ITycmv Sp (6, R)- nodepynna 6 GL (6, R). Toeda nymu x(t) u y(t) ¢ R°
aeasomes R® <18p (6, R) - oK6USGACHMHOLMU 6 TROM U MOABKO oM cAyyae, ko2da nymu ' (t)
uy (t) asamomen Sp (6, R) - ok6usasenmuoLmu.

Hokazaresabctso. Ecim [—nyru z (1) u y (t) B RS -R® <Sp (6, R)- sKBUBATEHTHBI , TO

y (t) = g (t) + u st Beex ¢ € [ u nexoropwix u = {u;}o_, € RO u g = {gij}szl € Sp(6,R).

yi (t) = Z gij; (t) + u; (5)

() = 95 (1) ©)

s Beex @ = 1,6, Te .y (t) = g2’ (), t € [, uro Bravar G—sKkBuBasenTHocTh [ —MyTeit x (t)
ny(t).

O6parno, mycrb BepHO paeHcTBO Y (t) = ga’ (t) ;s HeKoTOpOrO ¢ = {gij}6

ij=1 €

6

Sp (6, R) u Bcex t € I. Torma Bepuo pasemncrso (6), n mosromy st u; (t) = y; (t) — Y gi;x; ()
=1

(0)

mmeen, aTo u; (1) = 0 s Beex t € I, me. u; (1) =y (t) € R, t € I, i = 1, 6. CienoBaresibio,

TISE U = {ugo)}é € R% Bepno pasencrso y (t) = gx (t) + u qua seex t € I, re. [—myTn z (1)
uy(t)— RS < §_1(6, R)- 9KBUBaJIEHTHBI.

N3 reopembr 2.4 1 TeopeMbl 3.1 BBITEKAIOT CJIEIYIONIIEe HEOOXOUMBbIE U JIOCTATOYHbBIE YCJIO-
Bug it RS < Sp (6, R) — 5KBUBAJIGHTHOCTH ITyTeil.

Teopema 3.2. ITycmo x (t) u y (t) maxue I— nymu 6 R® | wmo I— nymu o' (t) wy' (t)-
peayaapmo.. Toeda nymw x (t) wy (t) asamomea R® <Sp (6, R)- sxeusanrermmv, mozda u moavko
mozda, xozda [x™ (t),z™ TV (t) | = [y (¢),y"™ TV (t) | dan ecext € I, m =1,6.

[Tycrs H = R®<T'Sp(6, R) norpynna B RS <GL(6, R).

IBa nytu z(t) u y(t) 3aganusie R®, nazpipatorcs H SKBUBAJCHTHBIME, €CJIU CYIIECTBYET
takoe (u,g) € H , aro y(t) = gz(t) + u ana seex t € (0,1).

Teopema 3.3. /léa nymu x(t) u y(t) sadanue R®, acamomcsa RS <TSp(6, R)- sxeusa-
Aenmuvtmu moeda u moaxa moeda, xozda nymu z (t) uy (t)- DSp(6, R)- sxeusarernmao.
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HoxkazarenbcrBa. Ecin mytu z(t) u y(t) ['Sp(6, R)- sxksusasentasl, 10 y(t) = gx(t) +u
ast Beex ¢ € (0,1) i mexoropwix u = {u;}o_, € RO m g = {gij}ij:]_ e I'Sp(6, R).
[Tockousbky

yi(t) = Z 9ij(t) + u; (7)

TO

yi(t) = Zgz‘ﬂ;(t) (8)

g Beex i = 1,...,6 T.e y (t) = ga'(t), t € (0,1) , aro Bewer ['Sp(6, R) myreit x(t) u y(t).
6

O6parno, mycTs BepHo pasencrsa y (t) = ga'(t) mia mexoToporo g = (i), -1 €

6
I'Sp(6, R) u Bcex t € (0,1). Torna Bepro pasencrsa (8) mosromy st u;(t) = y;(t) — > gi;x,(t)
=1

umeeM, uto u;(t) = 0 aaa seex t € (0,1), re. w;(t) = w,V(t) € R, t € (0,1),i = 1,...,6.
CrenoBaTebHO, T4 U = {ui(o)}?zl € R® Bepno pasenctsa y(t) = gz (t) +u ana seex t € (0, 1),
T.e.. mytn z(t) u y(t)-R® <« T'Sp(6, R)-5KBUBaIEHTHO.

13 reopembl 2.5 1 TeopeMbl 3.3 BBITEKAIOT CJIE/LYIONIHE HEOOXOUMbIE 1 JIOCTATOYHBIE YCJIO-
sus g R < T'Sp(6, R) SKBUBAJIEHTHOCTH ITyTeil.

Teopema 3.4. ITycmwv z(t) u y(t) maxue nymu 6 RS, daa xomopwx nymu xV(t) u y(t)
peayaspho.. Toeda nymu z(t) u y(t) asamomes R < T'Sp(6,R) sxeusarernmmuovmu mozda u
MoAKka Mo2da, K020a uNONHEHUU PABEHCNEA
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REZYUME

RS — R haqiqiy sonlar maydoni ustidagi chekli o‘lchovli chiziqli fazo bo‘lsin.
GL (6,R)— R® fazoning barcha teskarilanuvchi chiziqli almashtirishlar guruppasi
bo‘lsin. RS fazoning barcha affin almashtirishlari gruppasini Aff (R® )= R’ «
GL (6, R)- orqali belgilaymiz. Aff(R®) gruppaning har bir almashtirishi g €
GL(6,R) va u = (u,-)le € RS elementlarning superpozitsiyasidan iborat.
Aff(RS) gruppaning R® «Sp (6, R) (R® < Sp (6, R)) gruppaostisi berilgan bo‘lsin.

Ushbu maqolada RS <Sp (6, R) (R® < Sp (6, R)) - yo'llar ekvivalentligi uchun zarur
va yetarli shartlar berilgan.

Kalit so‘zlar: guruppa tasiri, ekvivalent yo‘llar, affin almashtirishlar, Galiley-
simplektik guruppa, yarim to‘g’ri ko‘paytmalar, regulyar yo‘l.

RESUME

Let RS be a finite-dimensional linear space over the field of real numbers R. Denote
by GL (6, R) the group of all invertible linear transformations of RS let G be a
subgroup of GL (6, R). Denote by Af f (R® )= RS «GL (6, R) the group of all affine
transformations of R°. Each transformation from Aff (R° ) is a superposition of a
linear non-degenerate transformation g € GL (6, R) and the shift generated by the
element u = (u;)°_, from R® . Let R® aSp (6, R) (R*® <Sp (6, R)) be a subgroup of
Aff (RS ) This article gives necessary and sufficient conditions for the equivalence
of lines RS < Sp (6, R) (R*™ < Sp (6, R)).

Key words: group effect, equivalent of paths, affine transformations, Galilean-
symplectic group, regular paths.
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O HEKOTOPBIX CMEIITAHHBIX 3AJJAYAX C NTHTEI'PAJIbBHBIMMUN
YCJIOBUAMMN NJIAd YPABHEHUN A TPETBHEI'O ITIOPAJIKA

CATOVIIJTIAEBA M. M.
HAIIMOHAJILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YVJIVIBEKA, TAIIKEHT
sagdullayevam@mail.ru

PE3IOME

B nmanmnOll pabore paccMaTpuBaeTcs HeJOKaJbHas 3ajada ¢ MHTErPAJIBHBIM YCJIIO-
BHUEM /I yPaBHEHWS B YACTHBIX ITPOU3BOIHBIX TPETHETO IMOPSIKA C OIEPATOPOM
TEILIONPOBOHOCTH B TVIABHOHN YacTH. 3JIeCh JIOKA3aHbl TEOPEMbBI O CYIIECTBOBAHUT
U €JIMTHCTBEHHOCTH PENIeHNs N3yvdaeMoil HeJIOKaIbHOH 3a1aun. [Ipu 1okazarenbeTBe
Pa3pEImMOCT! 33/1a91 [IPUMEHSIOTCA MeTOJIbl Teopuu juddepeHnuaabHbIX ypaB-
wennii, pyuKImu ['puHa n Teopunm MHTErpajbHBIX ypaBHeHuil. 3ydaemas 3agada
CBOJINTCS K 9KBUBAJEHTHOMY HHTErpajJbHOMY ypaBHEHUIO BoabTeppa BTOPOro poja,
KOTOpOe 6e3yCJIOBHO pa3pernMa.

Karouesvle caosa: KpaeBas 3ajada; peryjasgpHOe pelleHne; HeJOKAJIbHOE YCJIO-
BH€; UHTETPAJILHOE YCJIOBUE; HEJOKaIbHasd 3a/a4a; ypaBHEHUE TEIJIOITPOBOIHOCTH;
dyuknus ['puna; nuarerpaabnoe ypaBHenue; ypasaenne Bobreppa; ypasaenne Abe-
JId.

BBegenue

UccneioBanne pa3permMOCT HEJIOKATBHBIX 38729 ¢ MHTEIPATBHBIME YCJIOBUAMU ISt
napaboIMIecKux ypaBHEHUH HaYa/UCh, TO—BuauMoMy, ¢ pabor [1| u [2]. Cmemanubie 3agaun ¢
MHTErPAJbHBIMU YCJIOBUAMHU JIjIs 1aPabOJIMUeCcKOro ypaBHeHUs ObLIM PACCMOTPEHBI B paboTax
[3]-]9], HO TIPM 3TOM, B OCHOBHOM HCCJIEOBAJNCH yPABHEHUS BTOPOTO MOPsIjiKA, KaK B OJHOME]D-
ubIx [3]-]7], Tak u B MHoromepubix [8]-|9] obmacrax.

Pasjimunble HeJIOKAIbHBIE 3314l ¢ UHTErPAJLHBIMU YCJIOBUSIMU JIJI OTJEIbHBIX TUIIOB
muddepeHnnanbHbIX ypaBHEHUH B 9aCTHBIX MPOM3BOJHBIX TPETHErO MOPSJIKA U3YYaJUCh BO
mHOrEX paborax (cm. mampumep [10]- [16]).

Paspenmmocts HeJOKaIbHBIX 3aja4 it AuddepeHIaibHbIX YPABHEHUH TPETHEro Mo~
psiJIKa TIPEJICTABJIsIeTCsl BAYKHBIM KaK C TOYKM 3PEHUs Pa3BUTUS TEOPUU HAYAIbHO—KPAEBBIX
3a/1a4 JIId yPABHEHUI B 4ACTHBIX IIPOM3BOJHBIX, TAK M ¢ TOUYKU 3PEHUS NIPUIOKEHUT MaTeMa-
TUYECKOIO MOJIEJIMPOBAHUSI PA3JIMIHBIX TPOIECCOB.

B sanHoil paboTe n3ydaercst HeJIOKaJIbHAsI TPAHUYHAS 38/1a9a ¢ MHTEIPATbHBIMEI YCIOBU-
SIMU JIJIE YPABHEHHsI TPETHErO TOPsijIKa ¢ ONEepaTOPOM TEILJIONPOBOJHOCTH B IVIABHO YaCTbU.
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ITocranoBka 3aJa4un

B obmactu D = {(z,t) : 0 <2 <[, 0 <t < T} paccMOTpUM ypaBHEHHE B YaCTHBIX
[POU3BO/HBIX TPETHErO HOPSIJIKA BHJIA
o (Oou O%u
Lu= (- — o5 | = f(a,1), (21)
Or \ 0t Ox
rie f(z,t) — 3anannas QyHKIWA.

Bamernm, 4To ypasHenue (1) OTHOCHTCS K HEPBOMY KAHOHHYECKOMY BHJLY OTHOCHTEIBHO
CTApINUX MPOM3BOJIHBIX, YKA3aHHBIX B pabote [15], T. e. ypaBHEHHE XapaKTePUCTUKH MMEeT OJINH
OOIIHit HHTErpast, IPIHIEM TPEXKPATHBI. DTOT (haKTOP CYIIECTBEHHO BJIMACT KaK Ha KOPPEKT-
HOCTH [IOCTAHOBKHM 38184, TaK M HA UX Pa3pPEIINMOCTb.

B pabore jyist ypasuenus (1) nccreyercs cieyroras HeJIOKaJIbHAS 3a/a9a.

HEJIOKAJIbHAA 3AJIAYA. Hatimu peeyasproe 6 obaacmu D pewenue u(z,t) ypasrernus
(1), ydosaemeopaouwsee HAHANHOMY

u(z,0) = ¢(x), 0<z<l, (22)
2DAHUNHBIM
w(0,t) = ur(t),  ue(0,t) = ua(t), 0<t<T, (23)
U UHMEZPANOHOIM YCAOBUAM
I
/k: u(zx, t)dr = us(t), 0<t<T, (24)
0

rie p(z), k(x), wi(t), (i = 1,3) — 3agannble, nenpepbisabie Ha [0,1] u [0,7] cooTBeTCTEEHHO
byHKIWHI, YIOBIETBOPSIONIHAE YCIOBHUSIM COTJIACOBAHMUSI:

PO =m0, $O =), [ Ha)plalds = (o)

B yenosuu (4) k() 3amannas, HenpepbiHas Ha [0, [| dyHknus, u obramaer HeOOX0IMMOM
JIUIST TIPEJICTOSATINX TPeoOpasoBaHmil TIaIKOCTHIO.

B nocrasiieHHO# 3a/1a4e B KPAeBbIX YCJIOBUAX COJIEPIKUTCA HEJOKAJIBHOCTH 110 BPEMEHH,
paccmorperHas B pabote [16|. 3amernm, uro B paborax A.M.KokanoBa 1 €ro y9IeHHKOB HC-
cJie/loBaHa PaspelrmMOCTh KPAEBbIX 33J1a4, COYETAIONINX 3a/[a9i ¢ HEeJIOKAJIbHBIME YCJIOBUAMU
A.A.Camapckoro m 3aJia9qu ¢ HHTErPATbHBIMI YCTOBUSIMIU.

PazpemumocTs HestokanbHOI 3amaun (1)—(4)
Yepes C*! (D) obosnauen kiace bynkuuii u(z, y), HeNPEPbIBHLIX BMECTE CO CBOMMHU YaCT-
HBIMH [TPOU3BOAHBIME TIOpAaka O™ u(z,y)/dz™y" g seex m = 0,k, n = 0,1; C%(D)

oboznaauM depe3 C(D).
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on kmaccom CFY)(D) nornMaroresi onpe/iesiennbie B obaacT D bYHKIN, Y KOTOPBIX
BCe YacCTHBIE MTPOM3BOJIHBIE MOPSAJKA k CYIIECTBYIOT W YJOBJIETBOPSIOT yCIOBUIO [ebiepa ¢
nokazarejem v, 0 < v < 1.

ONPEAEJIEHUE. [lod pezyaapnvim 6 obaacmu D pewenuem 3adavu (1)-(4) 6ydem nownu-
mamv deticmeumenviyro dynxyuro u(z,t), us xaacca C>1(D) N C%*°(D), ydosaemsopaouyyro
yeaosuam (1)-(4) 6 obviurnom cmwvicae.

Bagauy (1)-(4) uccrenyem B npoctpancrse C31(D) N C*Y(D), npu aTom, crpaseinBa
CJIe/IyIOIast TeopeMa O Pa3peINMOCTH HeJoKaIbHoil 3agadn (1)—(4):

Teopema 1. ITycmv evinoaneno ycaosue f(x,t) € C(D) u sadannwvie dynwyuu o(z),
wi(y), (i =1,2,3) ydosaemsoparom ycaosusim

p(z),k(x) € 02[07”3 pi(t), pa(t) € 01[07T]7 pe(t) € €0, T7.

Tozda cywecmsyem eJuHCMBEHHOE PE2YAAPHOE Pelenue Heaokasbhol 3adavu (1)—(4).

[Moctpoum pererne 3aauu (1)—(4) ¢ momorpio dyukiuu ['puna jijist ypaBHEHUsT TEILIO-
IIPOBOIHOCTH.

BBena obosnadenne
Ou(x,t)
ox

=v(x,t), (5)

u3 ypasuenue (1) mosryanm

ov 0%

E—%:f@at)- (6)

O6osnauanm v(l,t) aepes pu(t) u misg ypasuenus (6) permM ciepyrontyio 3auady: Hatmu
pewenue v = v(x,t) ypasuenua napabosuveckozo muna (6), ydosiemeopaouiee Ycao8UAM

v(z,0) = (z), 0<z<I,
tlirgo V(z,t;€,7) =< v(0,t) = pa(t), 0<t<T, (7)
o(l,t) = p(t), 0<t<T.

Barem onpenennm dyHKIWO (1(t) u3 yeaosus (4).

Ot dbyukiwn u(t) Gymaem TpeboBaTh COOIIONEHUST CEIYIONIIX TPEIIOIOKEHUIT: byHKIHsT
w(t) menpepoisao-muddepentupyema Ha [0, 7], uarerpupyema ua (0,7) u p(0) = 0.

IIpencrasum perenne 3amain (6)—(7) B Bune v(x,t) = w(z,t) + v1(x,t), nae dynkims

T

o) = (1= ) salo) + 5 (0

YZOBJIETBOPSIET I'PAHIYIHBIM yeaoBuaM (7), a dyHKIws w(x,t) — HyJIeBBIM TDAHUTHBIM yCIOBH-
SIM.

Taxkum obpasom, perierne 3aa4au (6)—(7) cBeJOCH K PEIIEHUIO CIIeyIolieil KpaeBoil 3a-
naan: Hatmu pewenue w(x,t) Heodnopodnozo ypagHenus menionpogoHocmu

ow  0*w
E—@—F(%t)a (8)
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ydosﬂemeopﬂmwee YycaosuAm

w(z,0) = p1(z), w(0,t) =w(l,t) =0, 9)

rIe

/

Flo.t) = fo.0) = (1= )0 = T4 0, 910) = ¢ @) - u(2.0)

Teneps peobpasyem yciaosue (4) B HOBBIX 0603HAUEHUSAX, st 9TOIO MHTEIPUPYST PABEH-
crBO (5) M HOIB3YACH ycaoBreM (3), HAXOUM

x

w(z,t) = up(t) + /v(z,t)dz.

0

YuaurbiBas BeIpaykeHus jijist GyHKIuN v(z, 1), U3 MOCAeIHEr0 PABEHCTBA, TOJTY IHM

T

w(z,t) = up(t) + (x — 2—?) o(t) + z—ju(t) + /W(z,t)dz. (10)

Yuuoxum obe gactu (10) Ha dyuKImo k(x) 1 HHTErprpyeM MOJIyIeHHOE BBIPAYKEHUE OT
0 o [, mocjie HEKOTOPBIX ITpeodpa30BaHmil, UMeeM

l

/k@m@jﬂx:uﬂ)/k )dz + ot /(z——) 2)da+
o [

S

I
—I—/k / w(z,t)dzdx
0

Takum o6pazom, yeiosue (4) B HOBBIX 0603HAYEHUSIX UMEET BUJI:

l l

/ko( Yw(z, t)de = py(t) /

0

(11)

gw

3/1eCh

l l

ko(z) = /k(z)dz; pa(t) = /k Ydx — us(t) /Z<x— —) x)dx.

T 0

I3 [17] ciemyer, uro ¢ momonipio dbyHKun ['puna mepBoii KpaeBoit 3a1a4u JJist ypaBHEHUST
TEIJIOIIPOBOHOCTH, perrerne 3aa4n (8)—(9) MOKHO BBIIHCATH CJIELYIONNM 06pa3oM:

w(z,t) = /G@tfow dﬁﬁ// (z,t;€,7)F(E, 7)dédr, (12)
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rje
2 X nm\” nmw nmw
Gz, t; €, 1) = 7 ;exp{—<7) (t — 7')} smeSlnTg.
[Moncrasissa (12) B aeByio gacts (11) nmeem
I I I
[t = [ k@ [ Gne 0@
0 0 0
to
/ dx//Gxth F& r)dédr = Jy + Jo; (13)
0
3/1€Ch

0

/ da:/O/Gxth (&, 7)dedr;

YunrsiBas sBublit By dyuknun ['puna G(z,t;E, 7), uarerpai Jy mepenuieM B BUJIe

s | jgexp{_(g)u_ﬂ}sm(% an( 7€) e e
2 [ iapsn i [ (1) aneae /exp{ (5 = btorars

0

z ! )
—i—% /kg( )sm?mdw/% sin?ﬁdﬁ/exp{—(?) (t—T)}M/(T)dT-
0 0 0

[Ipeobpasyst nnTerpaJbl U3 MOCAETHETO BhIPAYKEHUS, TOJIYIUM

- foterte | [ oo (25 e (1) (27t e
A5l (7) [ () -
5=l (7) feof ()] oo

l
/ de/GxtSO@lg)dg;
l
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e
) !
ki = 7 /ko(x) sin(nTW m)dw. (15)
0

[Moacrasiss (14) B yenopue (11) 1, moMeHsIB MeCTaMK ONEPAIMNA HHTEIPUPOBAHUS U CYM-
MUPOBaHUsI, OJIYIMM OTHOCUTEIBHO (hyHKIMHU 4(t) MHTErpajbHOe ypaBHeHue Bosibreppa BTO-
poro poja

aplt) + / K (t, 7)u(r)dr = gt), (16)

¢ A7IpOM

K(t,7) = G)Q f: Coimkg exp{— ("l—”f(t = 7)}; (17)

2 [ [ [ Sl (%) 1 n(252) () e i
_£ Zlcosmkg [ug(zﬁ) (?)2] exp{—<”—f>2<t—7)}u2(7)d71, (18)

3/1eCh

n=1

I
7 I\° < cosmn
a—/gk(x)dx—l—(;) Z . kg . (19)
0

Terepb HoOKaykeM CyIeCTBOBAHUE U ¢IMHCTBEHHOCTD perieHus ypaBHenus (16).

Teopema 2. Ecau vinoasnens, 6ce ycaosus meopemvt 1, xpome mozo
ko(0) = ko(l) = 0, kg (0) = kg (1) = 0, (20)
mo uwmezpaavroe ypasrenue (16) umeem eduncmsennoe pewenue p(t) 6 xaacce Pynryud
Cclo, T].

HokazarenbcTBo. 1. VHTerpupys mo dactbsiM Tpu pasa wHTepras u3 dpopmyssr (15) ¢
yderoM ycsosuii (20), nveem

2/ 1\* l nmw [ 3p
ki = 7(%) /ko (x) COST$d$ = (;) n—g, (21)
0
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"
[Tockonbky dyukius k, (z) nenpepsiBHa Ha cermente [0, 1], To KaK W3BECTHO M3 TEOPHU
pagoB Pypbe, B cuily HepaBeHCTBa Becceris, ceyomuil psajl u3 KBaJapaToB

l
> 2 "
Sz [ @k
n=1 0

€
CXOJIUTCH, a 3HAYUT, P, — 0 pu n — oo. Orciona 6ygaem umers k| < —Z, rnee, >0me, -0
n

Ipu N — 00.
YuaursBas (21), nepennmem psz (17) B Buje

ke < (L) SBleo{ () -l (22)

n=1
. Pn
rae, pan (22) PaBHOMEPHO CXOJUTCS IIpHU 1. — OQ. B camom JeJie, 9UCJIOBOU DAL 2 cXoauTcd
n

npu n — oco. Torma siapo K (t, 7) HenpepbiBaa Ha MHOKecTBe 0 < 7 < ¢ < T

B custy pasercrBo (21), jierko mokasarh HElIPEPLIBHOCTD 1IpaBoil yactu ypapuerus (16).

Taxum o6pasom, ypasrenue (16) npecrasiser coboii nHTErpagbHoe ypaBHenne Bosbrep-
pa BTOPOro pojia ¢ HEHNPEPLIBHBIM SIPOM U C HEIPEPBIBHON MPaBOil 4acThiO, a 3HAYUT UMeEeT
eJINHCTBEHHOE DeIleHre B Kiacce HenpepbiBHbIX Ha [0, 1] dyHKImii.

2. Tenepn paccmoTpuMm cirydait, koria B ypasaerun (16) o = 0, To OTHOCHUTETHHO HEU3-
BecTHO# dyHKIWHN (4(t), TOJTyYnM UHTerpajibHOe ypasHeHue Bosreppa mepBoro poja

/ K(t, r)u(r)dr = g(t). (23)

rae dyukmun K (¢, 7) u g(t) onpenerenst B (17) u (18) coorsercTBeHHO.

Ecsn ypasrenue (23) paspemumo B kiaacce C[0, T, To g(t) € C*0, T]. B cuny cxomumoctn
qncsioBoro psja (21) supo (17) cxoaurest paBHOMEPHO 1 JOITYCKAeT MowieHHoe Aud depeHtmmpo-
Banue 1o t ipu 0 < 7 < ¢t < T'. Torpa dbyskus K/ (t, 7) HenpepbIBHA Ha yKa3aHHOM MHOKECTBE.
Huddepennupyst obe gactu paBercTBa (23), nmeem

K(e.out) + ORT) wyar = o 1), (24)

0

[Monoxkus B (17) 7 = t, nosyanm

K(t,t) = (1>2 i Coim kr, (25)

™

n=1

£
B cuny onenkn |kf| < —"3, psiz (25) cxomuTess paBHOMEDHO, TOITOMY ypaBHeHue (24) mpej-
n

cTaBjisieT coO0 MHTerpaJibHOe ypaBHeHne Bobreppa BTOPOro pojia ¢ HEPEPBHIBHBIM SIPOM U
HEIPEPHIBHON PABOil YaCThIO, CJIEJI0BATEIBHO ypaBHeHue (24) uMeTh eJMHCTBEHHOE DellleHne
u(t) € €10, T1).

Taxkum 06pa3oM, pa3permnMocTh HesloKaabHOit 3aaun (1)—(4) mokasaHa.

155



BEcTHUK HY VY3 TOYHBIE HAVKU  ToMm.2, Nel, 2025, cT1.149-158

3akJrroueHue

OrmernMm, 9ro ucmosb3ys GyHIaAMEHTAJbHON pemtennii u dynknuio ['puHa ypaBHeHus
TEILIONPOBOHOCTH, MOYKEM OIUCATH CJIEJIYIONIIe KOPPEKTHbIE HEJIOKAIbHBIE KPAEBbIE 3a1a49H C
MHTErpaJIbHBIMU YCJIOBUSAME JIjisl YDABHEHUSI TPETHEro TOPsIJIKa C OIIEPATOPOM TEILIONPOBOIHO-
cru B raBHOW vactu (1), Oymyr:

Bamaua 1. Haiitu perymsipaoe B obstactu D perenne ypasaenusi (1), HelpepbiBHOE B
3aMKHYTOI ob/tacTu D U yJI0BJIETBOPSIONIEE IPAHUTHBIM yCJIOBUSIM

u(z,0) = ¢(x), 0<x <Y,

(0 )::u1<t)7 u(&t) ::LLQ(t)v 0<t<T,

T
L(0.1) = /MxWMﬂMﬂ 0<t<T
0

u
u
rie o(x), 1i(t), (1 = 1,2,3) — 3ajannble Tiajakue GyHKIUH, TPHYEM

PO =), () = a(0), [ pla)dn = pa(0)

Bagada 2. Haiitu perynspuoe B obsiactu D perienue ypasHenusi (1), HempepbiBHOE B
3aMKHYTOI obstacT D U yJIOBJIETBOPSIONIEE MPAHUTHBIM yCJIOBUASAM

u(z,0) = p(z), 0<z<Y,

u(0,t) = v1(t), ugx(l,t) = (), 0<t<T,
¢
/u:ctdx—ug(t) 0<t<T,
0

rie o(x),v;(t), (i = 1,2) — 3agannble rajarne OYHKIUNT, TPUIEM
¢
#'(0) =n(0), ¢(0) /90 )dz = pi3(0).
0

Kom6uHupyst MeTos HacTostIeit paboThl 1 paboThl [14], MOKHO HOIyYUTH HOBBIE YCJIOBHS
Pa3pEeNmMMOCTH KPAEBBIX 33/1a1 ¢ MHTEIPAJILHBIMI YCJIOBUSIMUI JIJI HEKOTOPBIX APYTUX KJIACCOB
s depeHImaIbHbIX YPaBHEHU, HAIIPUMED, [IJIsi YpaBHEHUs

0 [(Ou  D*u
Lu = E ((‘% (91:2) + c(z, t)u = f(x,1),

rie c(x,t) u f(x,t) — 3amanable HyHKIMNA.
JINTEPATYPA
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REZYUME

Bu maqolada bosh gismida operator gatnashgan integral shartli uchinchi tartibli
xususiy hosilali differensial tenglama uchun ba’zi nolokal masala hagida. Bu yerda
yechimning mavjudligi va yagonaligi isbotlangan teoremalar keltirilgan o’rganilgan
nolokal masala. Aralash masalani yechishda differentsial tenglamalar nazariyasi
usullaridan foydalangan holda hal gilinadi, Grin funksiyalari va integral tenglamalar
nazariyalari. O’rganilayotgan masala ekvivalent integral tenglamaga keltiriladi.
Ikkinchi turdagi Volterra, va Abel integral tenglamasi yechiladi

Kalit so‘zlar: Grin funksiyasi, integral shart, integral tenglama,chegaraviy masala,
tegulyar yechim,Volter integral tenglama, Abel integral tenglama

RESUME

In this paper, we consider a non-local problem with an integral condition for a
third-order partial differential equation with the thermal conductivity operator in
the main part. The theorems on the existence and uniqueness of the solution of the
studied non-local problem are proved here. Methods of the theory of differential
equations, the Green’s function and the theory of integral equations are used to
the prove the solvability of the problem. The problem under study is reduced to an
equivalent second kind Volterra integral equation which is certainly solvable.

Key words: boundary value problem; regular solution; non—local condition; integral
condition; non—local problem; equation of thermal conductivity; Green’s function;
integral equation; the Volterra equation; the Abel equation.
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PE3IOME

B nannoit pabote mcciemayercs 3ajada Kormm it HEOTHOPOIHOINO OOBIKHOBEHHO-
ro ypaBHEHUsT HHTErPo-1ud hepeHnnaaIbHOTO YPaBHEHN, COIEPKAIIEr0 MHTErPAJIb-
Hblil onepaTop ¢ dgyukmnueit Beccenst B sipe. [locraBiennas 3a1a4ua SKBUBAJICHTHO
CBeJIeHa K MHTerpaJjibHOMy ypaBHeHHUio BoJsibreppa BTOpOro posga. Merogom mociie-
JIOBaTE/IbHBIX PUOINKEHUI HaliIeHO pelleHne HHTerpajabHoro ypasuenns. Jlokasa-
HO, YTO HaiiJleHHOe pellleHre AefiCTBUTE/IFHO YIOBIETBOPAET YCJIOBUAM IIOCTABJICH-
Hoit 3amaqan. [Ipu BBIBOEe pOPMYJIBI JIJIsT PellieHns TIOCTABIEHHON 3a/1a"1 BhIBEICHA
HOBas crienuajbHas (pyHKINsI, KOTOpasi B YaCTHOM cjIydae ciaemayer (pyHkius Munt-
tara - Jlepdepa. zydeno cBoiicTBa BBeIeHHON (DYHKIIUN, B 9aCTHOCTH, BBIITUCAHBI
dopmyiibl guddepenniupoBanms st HEE.

Karoueswvie caosa: dyukius Beccess, nnrerpo-nuddepenimaibHoe ypaBHeHue,
UHTETIPAJILHBIN oreparop, 3aa4a Kormn.

1. Beegenne

Teopus jgpobHOrO MHTErpupoBaHus u AuddEPEHINPOBAHS B HACTOMIIEE BPEMs CTaJIa
OJIHUM U3 TEHTPAJIBHBIX PA3/IeJI0OB MaTeMaTUIeCKON HayKu. B 3apoxKIeHnr 1 pa3sBUTUN TEOPUN
UHTETrPo-/ndepeHImpoBaHus JIPOOHOIO TOPs/iKa OOJIBIIYIO POJIb ChIIpad 3HAMEHHUTDLIE YUe-
uoie H. A6esn, 7K. Jlnuysumt, B. Puman, X. Xoabmrpen, A. I'pronBaibi, A.B. Jleraukos u mp.
Boutee moipobuyio nndopmaimio 06 3THX HAIPABICHUAX, & TAKXKE O MPUIOKEHUIX HHTEIPAJIOB
U IPOU3BOJIHBIX JIPOOHOTO MOpsijiKa, MOKHO Haitu B [1], [2], [3].

pobuble nHTErpO-THddepeHnaIbHbIe OnepaTopbl B cMbicie Puvana-Jlnysuinng n Ka-
nyTo u juddepeHuaabuble yPaBHEHUS, B KOTOPBIX OHH yYaCTBYIOT, JO CUX IIOD U3YYAJUCH
mHOrEME uccaepoBaressivu [4]-[8]. B nacrosiiiee Bpemst Hab/II0aeTCsl HOBBIIEHHBIN HHTEPEC K
U3YYEHUIO JIPOOHBIX UHTErPo-uddepeHITnaIbHbIX OMEPATOPOB CO CHEIUATbHBIMEI (DYHKITUAMU
B sapax [9], [10], [11].

B nannoit pabore j10Ka3bIBaeTCs OHO3HATHAS PA3pPEIUMOCTh 3a1a4u Kot 11t mHTerpo-
nuddepeHImaibHOr0 ypaBHEHHsT, COJIEPIKAIIEro HHTEIPAJIbHbIN ortepaTop ¢ pyukiueit Becces
B sJIpe.
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I1. ITocTanoBka 3aga4a

Paccemorpum ypasnenue

y' (@) + MGy (2) + 9%y (2) = f(2), 2 €(0,T), (1)

rie y (z) - HemsBectHas pyukiws, a f () - 3agannas GyHKIWM; a7y, A, T - 3a1aHHbIe JTEHCTBY-
TeJbHBbIE Yncia, npuieM « > 0, T' > 0,

I57y (z) = / —2)" Ty (- 2)]y(2)dz

— 06oIIeHHBIM JPOOHBIM HHTErpaioM Pumana-/luysuiis nopsijka o, J, (2)-byuaknus Beccesst
- Kimddopaa, onpeaensiemasi paBeHCTBAMI

LG =T+ 1 (20 (6 = X Sy CDG/27 @)

V—|-1

(2),, - cumBoa Iloxrammepa, I'(z)- rammva-dynkrus Ditnepa [12], J, (z) - dyuknus Beccess
[epBOTo pojia mopsaka v [13].

Bagaga Komu. Hatimu gynruyuwo y(x), ydosaemesoparowyro ypasneruto (1) u nauasv-
HOLM YCAOBUAM

y(0)=A, ¥ (0) =B, (3)

2de A, B - 3adarmnvie deticmeumenvbrvle YUCAq.
I11. MccnepoBanue 3agauu Korin

[Tpumensiem Kk ypasaenuto (1) oneparop IO Barem, yanrsiBas pasencrso [11] IG5 b —
ISP nomyanm

Iy (o) + M2y () + 21y () = I f (x). (4)
[Ipunnmasa Bo BHIMaHNE paBeHCTBA Ji /2 (2) = 2~ 1sin 2z, mosmyunm

120y " (z) = ﬁ / () Taply (@ — 2]y () dz = % / sinfy (z — 2)]y (2) dz.

Jlayiee, npuMeHsis TPABUIO MHTEIPUPOBAHUS 110 YacTIM JIBa pa3a K MHTErpaJsy, HMeeM

xT

+ y(z)cosly(z—2)]|i_5 — fy/sin [v(x—2)]y(2)dz.

Z=T

1y (@) =y () 2=

z=0
Ucnonbays yeaosue (3), mostydaeMm
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Iy " (x) =y(x)— B SID(TW) — Acos (yz) — % Ig)y (x).

[Tomcraiisist 310 BeIpazkenue B (4), obpasyem ciejryioliee HHTerpajibHOe ypaBHeHne Bob-
Teppa BTOPOT'O POJIa:

y (@) + METy (2) = 120 f (2) + Acos (12) +B%, (5)

rae = a4+ 2.
st pemenust ypaBHenus (5) IPUMEHUM MeTO| OC/IEI0BATEIbHBIX TIPUOINKEHNI:

sin (vx
yo (z) = 157 f (z) + Acos (yx) + B Ej >, Y (2) = 90 (2) = AT} Y1 (z), m € N.

Ucnons3ys dbopmyry I8 I8 = I8HP7 | prraucisenm y,, ():

Ym () = yo (2) = MG yo () + NI5 g0 () = NIgy Yo () + oo 4 (=) L5, Myo (). (6)

CoryiacHO Teopun WHTErpasibHbIX ypasHenwuil, [14] ecau cymecrsyer lim y,, () paBHO-
m—0oQ

MEPHO II0 X, TO €ro npejiejibHas QYHKIMS ABIAETCS PEleHINeM HHTerpabHOro ypaBaeHus (5).

[Tepexois K mpemesny npu m — oo B (6) u mojcraBiisigd BbIpayKeHue Yo (), MOIyIUM
pertienne ypasHenus (5) B Buje

—+o0 +o0 —+o0
n n B n n . n n
y(x) =AY (=N)"I"" cos (vr) + > > (=N sin (ya) 4+ (=N f (). (7)
n=0 n=0 n=0
Ucnonbsyst popmysist [15]
el -
0a | €08 (yT) = mJ(ﬁn—n/g (vx), (8)
An+1
n, : /7‘7: T
197 sin (yz) = mJ(anH)/Q (vx), 9)
. 1 i
Ig7f (2) = m/(l’ — )" T gy [y (7 — 2)] f (2) dz. (10)

0

samuiieM (7) B BujIe

y(x) = AEg 1, (~1/2) [—)\xﬁ;fyx] + BzEg 2.1/2 [—)\xﬂ;’yx} +

T

+ / (x —2)Eg 2,1/ [—)\(:U — 2)6;7 (x — z)} f(2)dz, (11)

0
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rie
+oo n
X —
Ea, 8,0 [f; y] = Z m%mzw (y) (12)
n=0

OueBnHo, uto (12) ects dbyukrums tuna dbysximmun Murrara - Jledbdaepa [16]:

ZF (ak+ B) (13)

k=0

[Tosb3ysich paBHOMEDHO# CcXOMUMOCTBIO psagoB (2) m (13), a TakKe HEPaBEHCTBOM
’J v (z){ < 1, Koropoe Bepro npu v > (—1/2), serko ybeaurbes, aro psag (12) cxomuresa ab-
COJIFOTHO M PABHOMEPHO IpH —00 < &, Y < +00.

Hns dysaknun (12) cnipaBeiiBbI cyiejiyoline PaBeHCTBa

_ 1
J& (y)a Ea,ﬁ,@[(];()] = 5o

Ea,ﬁ,@[x; O] :Ea,ﬁ (fﬂ), Ea,ﬁ,@[o;y] = F( )

1
I'(B)
u caejytomiue GpopMyasl auddepeHImpoBaHus

d

%Ea,l,(—l/% [—)\l’a;’ﬂ] = =z lEa oy (a—1 /2[ Az 7795] ’721'Ea,2,1/2 [—)‘xa§7x], (14)

d — o
o {27 a5, (512 [ A% 7] } = 277 Ba g1, (5-s)2 [- A2 2], B# 1. (15)

Teopema 1. Ecau f(x) € C'[0,T], mo pewenue sadawu Kowu {(1),(2)} eduncmeenrvui,
cywecmeyem u onpedeasemcs gopmyaots (11).

Jlokasamenvcmeo. Cradasa nokazkeM, aro dbysakims (11) ynoBirersopsier yeaosusam (3).
B cuny E, 5.6[0;0] =T (8) u f(x) € C[0,T], uz (11) creayer, aro y(0) = A.
Huddepennupyem pasercrso (11). Torya, cormacuo (14), (15), moayunm

Y (@) = —AN" g p 512 [~ A" yx] — Ay'aBg . [—Aa ] +
+BEg 1, (—1/2) [—Mﬁ;w] + /Eﬂ,l,(—l/Q) [—)\(x - Z)ﬁW(x - 2)] f(z)dz.
0

Orciona, B cuny By 54[0;0] =T71(8), B=a+2,a > 0u f(z) € C[0,T], caemyer, uro
y'(0) = B.

Teneps mokazkem, aro dyukiws (11) ymosrersopsier ypasaenuto (1). C 970it 1eb10 3a-
rureM eé B Bugie y (¢) = y1 (z) + yo () + y3 (x) , ne

Y1 (x) = A]E,B,l,(fl/Z) [—/\wﬁ;%ﬂ ) (16)
Y2 (x) = BJCEﬁ, 2,1/2 [—Axﬁ;w} ) (17)
w @) = [ (o= DBaie [N - 25y (0 - )] £ )= (18)

0
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CrenoBaTesibHO, Telephb HAI0 JI0Ka3aTh, 9TO (DYHKIMU Y (T) U Yo () yIOBIETBOPSAIOT
ypasaenwuto (1) mpu f (z) =0, a y3 (x) - ypasaenuto (1).

Pacemorpum dyukimio vy (z). Beraucasem yf ().

Ucnonwsys dopmyssr (14) u (15), Haxoaum yf (x) B Buje

yi (2) = AN B 5o1,5-3)2 [~ A" 7] — AVEgy, 1) [~ e ya] (19)
Ucnonb3ys (16) u (19), Haxonum paBeHCTBO
vl (@) + 7 (2) = AN Ep 51 (5-3 /2 [~ Aas ] (20)

a7’y .
Teneps Borancisiem I, "y, (x):

15 /x—z a2 Iy (2 = 2]y () de =

T

Ecismn BBecTu obosnadenne
H<aaﬁ7n77;x) ==
1T (@) /(m — 2) 2P T a2 [V (@ = 2)] T (gnnyy2 [v2] d2, (21)

0
TO IIOoCJjIeJHee PaBECHCTBO 3allUIIETCA B BUIE:

B 1
L'(pn+1

ngW?Jl AZ /Ban ey ) (22)

Borancmanm marerpan H (a, 8,n,7; x). C a1oit nembio, 3amenss dynkmmo J, () 1o dop-
myJie (2), moryanm

Jamryz [y (2 = 2)] Jgn-1yy2 [v2] = Z (_137112?421 1)(;:2; . Z k! 1 nY? ) /2),

OTCIO,ZL&, IIPpUMCHAA IIPaBUJIO Kormm YMHO2KEHU CXOOATTUXCA PAJO0B, UMECM

Ja-ny2 [ (@ = 2)] T gn-1)2 [72] =

SR e ) el oV V) et
ZZM( nt /2, (m-ki@+1) /2,

=0 k=0
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ng ( Z) 2m—2k

=2 00" Y G D e D) B R R

[Toncrasisist 910 B uHTerpad (21), Haxoaum

1
H(a,ﬁ,n,v;x) = F(6n+1)F(a)X
f _a—1_gn - ym 2m =) d
><0/(a: 2"z mZO( 1D™(v/2) ;((5n+1)/2)k((a+1)/2) BL(m— R
[ToMeHsB TOPSAIOK UHTEIPUPOBAHUS U CYMMUPOBAHUSI, [IOJIYIUM
H(Oﬁﬂanaf}/;m) -
:oo (—1)™( /22m - H; (« ﬁnmkx) 93
2 TG U@ & Gr s DDt o, i %)

rIe
x

Hl (O(, 6: n,m, k}’ [E) = / (CU _ Z)Qm—2k+oc—1zﬁn+2kdz'
0

B unTerpasie BBIIIOJHUM 3aMeHY IIepeMeHHOi 110 hopMyie 2 = TS :

z 1
/ (ZE _ Z)2m72k+a71 Z[)’n+2kdt — xﬁn—i—Qm—i—a / (1 _ S)2m72k+a71 Sﬁn+2md8.

0 0

[Ipunumas BO BHUMaHUE HHTErPAILHOE TIPejIcTaB/IeHne OeTa-PyHKIINU U €€ CBA3b ¢ raMMa-
dyHKIHEN, HAXOTM

xT

/(ZL‘ i Z)Qm—Zk’—i-a—l Zﬁn+2kdt — xﬁn—l—Qm-‘raB (Qm — 9%k + a, ﬁn + 2%k + 1) _

0

= P2 (9m — 2k + o) T (Bn + 2k + 1)/T (Bn + 2m + a + 1).

[Tomcraiisst 910 B (23) U IpUMEHsisl TTOCTIE0BATENBHO CJIEIYOIINe PABEHCTBA

Catn) = @,0 (@, (@ =2"(5) (“5) (24)

nMeeM

( ﬁ’n ) Z 1 m 2mxﬁn+2m+a Z ﬁn_’_ 1 /2 ((a+ 1) /2)m—k
m=0

'(Bn+2m+a+1) P k! (m — k)!
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YuuTeIBasg paBeHCTBO, KOTOPOE CJIeyeT U3 CJIEIyIONeil n3BeCTHON (DOPMYIIBI

i (O)Mns _ O+ V. (25)

— kI (m — k)! m!

U3 1IocjieJJHEeTO0 paBEeHCTBa IIOJIYIUM

S (U (B 04 2) 2
Z |

H .
(o, 8,7 2) ['(Bn+2m+a+1)m!

=0

Orciosa, npumenssi nocjeosaresibuo pasencrsa (24) k I'(fn + a+ 2m + 1), naxomum

pPnto > ( /2)2m 2m
['(fn+a+1) mz: Bn+a+1)/2

=0

H(O[,B,?’L,’Y;Qf) -

m

Torya, cornacuo obo3Hadenuio (2), umeem

xﬁn-‘,—a .
H jx) = J (Bn+a— .
(Oé,ﬁ,n,")/,l') F(ﬁn—l—a + 1) (Bnt+a—1)/2 ["}/[B]
Ioxcrasiss 910 B (22), nMeeM
- —)\xﬁ)n —
J ikl — Ag® ( J o .

Orcroza, npuHEMasi BO BHUMaHue obo3nadenust (12), Haxomum

I3y () = Az®Eg a4 (a-1)2 [—A27; 7] . (26)

U3 (20), (26) u 5 = a + 2 caenyer, uro dyuknus y;(x) yuosaerBopsieT ypapHenuto (1)
upu f(x) = 0.

AHAJIOTIIHO MOXKHO JI0Ka3aTh, 9T0 ¥4 () + A5 ys (2) + v2y2 (x) = 0,

Teneps mokazkem, 9T0 3 (x) yaosjaeTBopsier ypaBaeruto (1).

Ucnonesys dopmyny (14), naxomum y4(x):

T

Yz (2) = /E/s,1,(_1/2) [~ Xz — 2)% 7 (z — 2)] f (2) dz.

0

Ucnonbzys B, 5.4[0;0] = T (3) u dbopmyay (15), naxommm

ys (z) A/ z—2)"'Eg 5, (5-1)/2 [—A(x — )%y (- 2)} f(z)dz—
0

—y / r—2)Eg 212 [—)\(x—z)ﬁ;fy(x—z)}f(z)dz. (27)
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Ucnons3ys (18) u (27), maxogumM paBeHCTBO

)+ @) = F @)= [ (0= 2 B [Mo - 2= 9] £ )z (29)

0

Teneps Borancisiem I, 'ys (x):

157ys (2 :—)0/ " Tanyja by (@ — )] ys () dt =

/ (&= 0" Taryya [y (& — )] dix
0

‘

/ (t — 2)Eg,2,1/2 [—A(t—z)ﬁ;y(t—z) f(t)dt.

B IIocJjaeHeM paBE€HCTBE MeHdAeM IIOPAJOK MHTErpUupOBaHUA:

Iog ys (x) =

x T

~ [r@a: [EEE T b - 0 Basan A - 2 - 2

0 z

Eciau BBecTn obo3znauecnne
G(a,B,7, Az, 2) =
x

e e N S eI

z

TO IIocjieJJHEeE PaBEHCTBO 3allUIIETCA B BUJIC:

197y, (2 / F(2)G (o B,y A, 2) de. (20)

Beranciaum nuarerpan G («, 5,7, A; z, z). C aroit nesbio, 3amensas dyukunio E, s ¢ [2;y]

o dopmyste (12), moayaum
G (o, B, 7, A, 2) =

i x — a-l1 —z)— +oo /1 y\n _Zﬁn_
:/( t;(@)(t )J(a_1)/2 [”Y(x—t)]Z( ?255;5_1_2)) J(gn+1)2 [y (t = 2)] dt =
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xT

S _)\ " a—1 nd+1—7 —
- ; I (5n(+ 2)) T (a) /(x — )"t = 2" Ty [y (8 = )] Tgnany2 [y (= 2)] dt =

z

—\)"
= G (04,57%”3%2)7 (3())
;P(ﬁn+2)F(a) !
rie

Gi (@ Bmiz, ) = [ (o= (0= 2)Twmrya o = O Ty (6= 2] (31)

z

Bamenas dynkmmio J, (1) mo dopmyre (2), momyamm

Ja-/2 [y (@ = 8)] Jgnsny2 [y (E = 2)] =

> &
= (a + 1)/ 2) e ((Bn+3) /2),,m!

Orcrosia, mpuMeHsist TpaBuIo Komm yMHOKEHNST CXOJISIIIXCSA PSI0B, NMeeM

Ja-n2 [ (@ = )] Jgnsny2 [y (t = 2)] =

B S KT T et et
2 2 (m— k) (o + 1) /2), (B + 3) /2),,

+0o0 m

. m 2m (z — t)%(t -
=2, CU0R) § W m =B ((a+1)/2)((Bn+3)/2).,

[Moncrapisis 510 B (31) 1 HOMEHSAB MOPSIOK MHTETPUPOBAHUST 1 CYMMUDOBAHHUSI, TOJTY THM

z)2m—2k

Gl (OK,B,’}/,H;I,Z) =
+oo

m 1
2, VO Y e i+ ) D 7B Py

m=0

xT

« / (I i t)2k+a_1(t _ Z)Qm_2k+ﬁn+1dt.

z

B unHTerpasie BBIIOJIHUM 3aMeHy mepeMeHHOi o dopmyie: t = (z — 2) s+ 2 :

Gl (Oéaﬁa%n;%z) -

Foo B m (I_Z)Qm-i-ﬁn—&-a—&-l
2 0T Y VY EIR (TR e

167



BEcTHUK HY VY3 TOYHBIE HAYKU  ToMm.2, Nel, 2025, cT.159-171

1
2k+a—1 —
X/(l —S) +a S2m 2k+ﬂn+1ds'
0

[Ipunumas BO BHUMaHUE HHTErPAILHOE TIPejicTaB/ienne OeTa-PyHKIINU 1 €€ CBA3b ¢ raMMa-
dyukIMEil, nMeeM

Gl ((X,B,"Y,TL;.%,Z) =

(z — 2)?" P 2k 4 ) T (2m — 2k + fn + 2)
_Z " /2’ ;k!(m—kz)!((a—l—l)ﬂ) ((Bn+3)/2),,_ (2m—|—ﬂn~|—a+2)

_ Z Ty )2)P (= 2)P N T T2k +a) T (2m — 2k + fn+2) (32)

['(2m+ fn+a+2) = K (m = E)((a+1) /2),((Bn +3) /2),,, 4
[Toncrasiss (32) B (30), momyunm
)2m+5n+a+1

G (0, 8,7, N, 2) = ZFB( i > E "0/ e "

n+2)r L2m+pn+a+2)

m:O

2k+a)F(2m 2k + fn + 2)
Z KL (m— B)((a + 1) /2)(Bn + 3) /2),

[Tpumenss dopmysner (24) k Gynkiwam ' (2k + ) u ' (2m — 2k + fn + 2), uveem

G (o, 8,7, Nz, 2) =
+oo +o0o 2m+pBn+a+l m
o 2m(y — 2) (a/2),((Bn+2)/2),, 4
nz; ZO 2m+5n+a+2) e k! (m — k)]

Orcroza, yanTsiBas pasencrsa (25) n (24), maxoaum

G (a, 8,7, A5, 2) f nf )™ ((Bn + o+ 2) /2),,(x — 2)*" et
77 n=0 m=0 m'r(2m+ﬁn+a+2) =

(A" (@ = 2" XD (Bn+ 0+ 2) /2),, (e — )"
['(Bn+a+2) ml(fn +a+2),,

n=0 m=0

(A" (@ =) R ()PPt a+2) /2),, (e — 2"
F(Bn+a+2) = 22mml((Bn+a+2)/2),(Bn+a+3)/2),

2 ()= ) R ()0 -
L(fn+a+2) o= mi((fnt+at3)/2),

n=0
= (N (e =)

- F(fn+a+2) JBrrar2 [y (€ — 2)] =

n=0
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10.

— (&= 2" Bgasn @in |[-A@ = 257 (2 - 2)]

[Moncrasiss 510 B (29), mosyanm
Iy ( / 7= 2 By asn arne | -AN@ = 25y (@ = 2)| f(2)dz (32)
0

U3 (28), (33) u f = a + 2 caeayer, uro dbyuKIms ys(r) yaoBiaersopser ypasaenuto (1).
Crenosarensno, dynknus (11) asiasgercs perennem 3amadn Kommm {(1), (3)}.
EAMHCTBEeHHOCTD pelenns 3a1a91 UCXOAUT U3 TEOPUH MHTErPAILHBIX YPABHEHUIA.
Teopema 1 jmoka3zaHna.
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REZYUME

Ushbu magqolada bir jinsli bo‘lmagan yadrosida funksiyasi qatnashgan integral
operatorni o‘z ichiga olgan integro-differensial tenglama uchun Koshi masalasi
tadqiq etilgan. Qo‘yilgan masala ikkinchi tur Volterra integral tenglamasiga
ekvivalent keltirilgan. Ketma-ket yaqinlashish usuli yordamida integral
tenglamaning yechimini topilgan. Topilgan yechim qo‘yilgan masalani shartlarini
qanoatlantirishi isbotlangan. Masalaning yechim formulasini yozishda uchun yangi
maxsus funksiya kiritilgan, xususiy holda undan Mittag — Leffler funksiyasi kelib
chigadi. Kiritilgan funksiyaning xossalari o‘rganilgan, xususan differensiallash
formulalar keltirilgan.

Kalit so‘zlar: Bessel funksiyasi, integro—differensial tenglama, integral operator,
Koshi masalasi.

RESUME

In this paper, we study the Cauchy problem for an inhomogeneous ordinary integro-
differential equation, containing an integral operator with the Bessel function in the
kernel. The problem posed is equivalently reduced to the integral equation Volterra
of the second kind. A solution to the integral equation was found using the method
of successive approximations. It has been proven that what was found the solution
actually satisfies the conditions of the problem. When deriving the formula for
solving the problem, a new one was derived a special function, which in a particular
case follows the Mittag-Leffler function. The properties of the introduced function
are studied, in particular, differentiation formulas have been written for it.
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Key words: Bessel function, integro—differential equation, integral operator, the
Cauchy problem.
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HAIIMOHAJ/IBHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 VJIVI'BEKA,
TYPUHCKUI TOJIUTEXHUYECKUN YHUBEPCUTET B 'OPOJIE TAIIKEHTE
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PE3IOME

B nmanmnoit pabore ucciejryercs ycjaoBHasd KOPPEKTHOCTH KPaeBOi 3a/1avu I HEOJI-
HOPOJIHOT'O ypaBHEHUA 1MapabOIMIecKOro TUTIA ¢ OJIHON JIMHUEH BbIpOXKeHud. [lis
pellleHnd 3a/1a4i JIOKa3aHbl TeOpeMbl €JIMHCTBEHHOCTH U YCJIOBHOH yCTOWYMBOCTH.
PeryngapusupoBannoe perienne 3a/iaqu MOCTPOEHO Ha MHOXKECTBE KOPPEKTHOCTH.

Karoueswvie caosa: ypaBHEHUs C OJHON JIMHUEN BBIPOXKJIEHNUS, HEKOPPEKTHAS 3a-
Jada, YCJIOBHasl YCTONYMBOCTb, MHOXKECTBA KOPPEKTHOCTH, PeryJIApPU30BaHHOE pe-
IIIeHNe.

[Iycrs Q = {(z,y,t): (z,y) € Q,0<t < T}, Q= {(z,y): || <l,0<y <} B obna-
cru Q@ N {x # 0} paccMOTpUM ypaBHEHHUST BUJIA

U = SGN(T)Ugy + Uyy + cu+ f(x,y,1), (1)

riae f(z,y,t) - 3aganHas YHKIMs UCTOYHUKA, ¢ € R, ¢ < 00.

ITocranoBka 3agaun. Haiitu dbyukimio u(x,y,t) yaosieTsopsiolinyto ypasaeruio (1) B
obsactu Q N {x # 0} u ciaemyomuUM yCIOBUSIM: HAYATHHOM

U’|t:0 - SO(ZE)y)a (:U,y) S Q (2)
KpaeBbIM
ul,_g=ul,,;=0,-1<zr<[,0<t<T,
1 yCJIOBUAM CKJIEMBaHUA
ulx:*O - u‘z=+0’ Uw’x:70 = uf‘z=+070 S Y S l? 0 S t S T7 (4)

riae ¢(z,y) 3a7aHHas JTOCTATOIHO DI IKast (OyHKIUA.

UccnenoBanus KpaeBoil 3a/ladu HA YCJIOBHYIO KOPPEKTHOCTH ¥ IIOCTPOEHUE ee PuO/Iu-
JKEHHOTO PeIleHusl Jijisi OJIHOPOJIHOIO yPaBHEHUsI, aHAJIOTUIHOrO ypaBHeHuto (1), m3ydeHnl B
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paborax [1, 3|. Kpaesbie 3aiaun /jist cucTeM ypaBHEHUIA 1apaboImIecKoro THIIA ¢ MEHSAOIIM-
csl HaIIpaBJIEHUEM BPEMeHH PAacCMOTpeHbl B paborax |1, 2, 4, 9.

B nmammnoit pabore ucciejyercd HEKOppeKTHad 3ajada Jiid HEOJIHOPOJHOTO yPABHEHUS C
OJIHON JIMHUEH BBIPOXKienud. [ljg pemrenus 3ajiaum 1OJIydeHa allpruopHas OIEHKA, JTOKA3AHbI
TeOpeMbl € IMHCTBEHHOCTH U YCJOBHOI yCTOMYMBOCTU W MIOCTPOEH PEryJsipu30BaHHOE peIeHrne
Ha MHOXKECTBE KOPPEKTHOCTH.

[Ipu uccieioBanuy JJaHHON 3a/1a91 IPUXOIUM K CJIELYIONIEl crieKTpaJbHoi 3a1a4de: Haili-
TU TaKue 3Ha4YeHUus A IPU KOTOPOM 3ajada

n(x) 02¢(x,y) + 0io(x,y) = Ap(z,y), (z,y) € QN {x # 0},

sgn(z)
E l)y) (ly)—O y € [0; 1], (5)
o(—

¢(z,0) = ( 1)=0, z e[,
0,y (+07y), $2(—0,y) = ¢.(+0,y), y € [0; I].

nMeeT HeTPUBUAJIbHBIE DEIeHNs.
— -\ 2 ~ -2 — 0o ~ o0
=yt - (2 L=y = (M , -
Bagada (5) umeer \p; = (z ) s Ak = Mg (l) , {)\k’J}kFl, {)\k’]}k cob

S ~
CTBEHHbIE 3HAYEHUsI U COOTBETCTBYIOIINE UM COOCTBEHHBIE (DYHKIIUH {(bk]} fjel {¢

W k,j= 1
KOTOPbIe MOYKHO IIPEJICTABUTH B BHUJIE:

Ong(2,y) = X (2) - Yi(y), onylz,y) = X (2) - Yi(y),

1 OHU 00JIJAIOT CBOMCTBAMN

o -y _JLk=rANj=s (7 -\ ) L k=rANj=s (< s\
(¢k7j'¢r,s) _{ O, k?é’l“ \/j7é8, <¢k7j'¢r,s> _{ O, k;;ér \/]'7&8, <¢k,j'¢r,s> _07

k,j,T,SEN,I‘,ZLe

sm\/uk(az+l —l<(L’<0 sha/—p (z+1) <2 <0

Vicos+/ 1 17 — Vichy/—p; 1 ’ - ’
Xy () = § Xe(®) = o/

sha/py (1) 0 <z < l sin 4/ —pip, (le)’ 0<xz< l,

Vich ,ukl Vlcos —py

Y;(y) = f sin —y Yucna pi, —p1, 06pasyioT HeyGBIBAIOIIIE MOC/IEI0BATEIBHOCTH 1 ABJISIOT-

Csl PEIICHUsIMA TPAHCICHICHTHOTO yPABHEHUS g/ :I:,ukIl + th\/:I:,ukIl =0.
O6o3Ha M ckaaspHoe npoussegenne (u, v) = [uv drdy a Hopmy |Jul| = /(u, u) B La(€2).
Q

Cornacno 2|, nmeem
oo o0 B 2
(e, y, )5 = ZZ sgn(x)u(z,y,t), on,)° + Z(sgn u(z,y, ), ¢k,j) . (6)
k=1 j=1 k=1 j=1

U3 pesynbraTos paborsl [7| ciemyer, uro coberBennbie dyHKImu 3anaun (5) obpasyor 6asuc
Pucca B Hy,a Hopma B mpoctpancTBe Lo(S2), onpejesiennast paBeHcTBoM (6), SKBUBaJIEHTHA
NCXOOHOI.
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Jlemma 1. Jlna pemenns 3agaqau (1)-(4) npu ¢t € (0,7) uMeeT MeCTO HEPABEHCTBO

lue, 5, 8)llo < V2(Ju(x,5,0)ly + ) T (Julz, y, Ty + )T +a, (7)

o= (/ ||f(:v,y,t)l|2dt);.

JlokazaTesbecTBO JIeMMbI TpUBEIeHo B [9].

BBejieM MHOXKECTBO KOPPEKTHOCTHU CJIEJYIONUM 0OPAa30M
M = {(u(z,y,1)) - |u(z,y, )]y <m, m < oo},

TeopemMbl 0 €AMHCTBEHHOCTU W yCJIOBHOI YCTOMYWBOCTH

Teopema 1. [Tycrs pemmenne 3agaan (1) - (4) cymecrsyer u u(x,y,t) € M. Torna perre-
uue 3aja4n (1)-(4) euHCTBEHHO.

HokazareascTBo. Jonycrum, aro mapa GyHkmu uy (2, y, t) u ug(x, y, t) aBisorcs perire-
aueM 3ajaqu (1)-(4), BBemem obo3Havdenue u = uy — ug. Torma dyuknus u(z, y, t)ya0BreTBopsier
yPaBHEHUIO

Up = SGN(T)Ugy + Uy + €+ U (8)

B obstactt Qr N (2 # 0) U CIIeAyIOMuM yCIOBUSIM: HATATBHBIM

ulyeg = 0, (,9) € Q, (9)

KpaeBbIM (3) n yciaoBusaM ckienBanus (4),aro dynknun f(x,y,t) = 0, ¢(x,y) = 0. Torga na
ocxose Jlemmbr 1 nosmyunm nopma ||uf|, < 0. Orciona BbITekaer 4To u(z,y,t) = 0 u ciaemyer
uy = ug i Y(x,y,t) € {Q N {x #0}}.

Teopema 2. Ilycts pemenue 3agaqau (1) - (4) cymecrsyer, u(x,y,t), u.(z,y,t) € Mn
lo(z,y) — v (z,9), < e, I&g}T(] | f(z,y,t) = fo(z,y,t)]|, < e. Torma mmeer MecTO HEPABEHCTBO

Tt .
o t

(e, y,t) = ety Olly < (VI +1) ) ™ @m+VT)" +VTe,

rie u.(x,y,t) permenne 3amaan (1)-(4) o npubIMKEHHBIM JaHHBIM @ (2,Y), f-(z,y,1).

oxkazareabcTBo. Beegem obosnauenne v = u — u.. Toryga GyHKIUS v yJIOBJIETBOPSET
YPABHEHUIO

V¢ = Sgn(x)vmz + Uyy +c-v+ f(xu Y, t) - fs('xv Y, t) (10)
B obsacti Q; N (x # 0) 1 CIeYIONM YCIOBHSIM: HAYATbHBIM

vtzo:go(x,y)—gog(x,y),(x,y) €l (11)

KpaeBbIM (3) u ycsoBusaM ckienBanus (4). OuesnHo, uTo Jyis perenns 3ajaqu (10)-(11) Bepra
OIlCHKA

Ir—t t
lo(@,y,1)lly < V2(llv(@,5,0)lly + ) ™ (lo(z,5,T)lg + )T +a
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1
T 3
e a = (f||f($,y,t)—fg(x,y,t)H(z)dt) . Tlonysum « < VTe, |jv(z,y,0)]|, < € u
0
|v(z,y, T)|ly < 2m. Torma

T—t

v(z,y,t)|, < ﬁ((l—i—ﬁ) €)T<2m+ﬁ£>% +VTe.

Orciona cieyer Tpebyemoe HEpaBeHCTBO. Teopema ObLIa JI0Ka3aHa.
Perynapuszamnun

[Tycrs pemenne 3amaun (1)-(4) cymecrsyer. Torja ero MOXKHO MPEJICTABATEL B BUJIE

t
00

u(z,t) = ZZ BNt 4 / eQent ) F (P | Gt

k=1 n=1 0

t

3 | a0 )i ) (12

k=1 n=1 0
rie

P = / sgnz(z,y)dpn (2, y)drdy, Pr, = — / sgna(, y)op.n(z, y)dedy,
Q Q

fk,n(t) = /sgnxf(m, y?ﬂék,n(za y)dxdya fk,n(t) = - / Sgnmf(x,y,t)m’n(x, y)dxdy
Q Q

B zagnaue (1)-(4) Begem zameny u(zr,y,t) = v(z,y,t) - e“t. B pesyabrare npuxoamm K 3a1aqe:

Vt(x7y7t) = sgn(x) ’ me(xay7t) + Vyy<x7y7t) + g(x7y>t)7 <]'3>
V0mo = ¢(z,y), (z,9) € Q, (14)
l/‘zzfl: U’x:l:O, OSySl,OStST, (15>
Vo=Vl =0, -1 <2 <0<t <T,
U peo = Vlyeior Valomo = Valoey0: 0<Sy <L O0<E ST, (16)

rie g(z,y,t) = f(x,y,t)e .

L Hyers f(z,y,t) = 0, u(z,y,T) € M, [lp(z,y) = ¢=(x,y)lly < &, 10 g(2,9,1) = 0,
|v(z,y, T)|l, < me=T, rae p.(x,y)- 3amano npubmmxento. Torma pemenne nocneaneil 3aman
Oy/IeT CJIeIYIONINM:

o

~ oo oo ~ ~
V(SU, Y, t) = Z @k,ne)\k’nt(gk,n—i_ Z Z @k,ne)\k’ntgﬁk,n-

k=1 n=1 k=1 n=1

B kauecTBe MpHOINAKEHHOTO PEIIeHNs 10 TOYHBIM JaHHBIM [T 3aja4n (13)- (16) pacemorpum
[I0CJIeJOBATEIbHOCTD (PYHKITHI B BU/JIE

N oo 0o 00 ~ _
VN (.ZC, Y, t) = Z Z Sbk,nexhnt&k,n—i_ Z Z @k,ne/\k’nt¢k,n7

k=1 n=1 k=1 n=1
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a MPUOJINKEHHOE pPeIleHne 110 MPUOINKEHHBIM JIaHHBIM

N oo ~ . 0o 00 _ ~
UNe (l‘, Y, t) = Z Z @*%,ne)\k’ntgbk,n_{_ Z Z SBEk,neAk’nthkm,

k=1 n=1 k=1 n=1
rje

B, = / sgnae. (x,9)bun (@, y)drdy,
Q

Pepn = — / sgnap. (v, y)op.n (2, y)dzdy,
Q

31ech N- mapamerp peryagpusanun. O9eBUIHO, ITO
v — VNsHo <|v- VNHo + [lvn — VN€||0' (17)
Onennm

N o ~ oo 00 _
low —onelly =30 et (G — e )P DY € (G — @i, ) =

k=1 n=1 k=1 n=1

N 0o 0o 00
n 2 Y
E 62:“:7: z €_< ! ) t(gak?an @Ek,n>2 z E ezAk’nt((ﬁk»n gbak:,n)Q <— €2MEt€2'

k=1 n=1 k=1 n=1

Terephb oreHNM MEPBBIN YIeH B MpaBoii YacTh HepasercTBa (17)

lv—wwllg= > > e, (18)

k=N-+1n=1
pH yCJIOBIHI HV(%’, Y, T)Ho S me_CT, T.€.
oo oo ) 0o oo )
HV(:C, y, T)”2 = Z @iynGQ)\k,nT_i_ Z Z ¢i7ne2/\k,nT S m26720T
k=1 n=1 k=1 n=1
nJInm
oo 0o )
Z @inemﬂ < m2e 2T 19)
k=1 n=1

Jlerko BuzeTh, 4T0 cymMMa B mpasoil qactu (18) mocruraer mpu yeaosun (19) MakcHMaIbHOTO
3HA4YeHUs B Cirydae, Korja KodMOUIUEHTD! P, DABHBI:

L m'e_;\k’"T_CT,k:N—l—l,n:l,
Pln =, k£ N+1n+#1.

Torna

v — VN”2 — m2e—2eT AN 411(t=T)
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CyMMEpPyst BCE COOTBETCTBYIOIINE OIEHKHU, Oy IUM:

HV - VZEVHO < €u?\—’t€ + meicTej‘NJrl,l(t*T)_

ct

Ecau samenurs u(x,y,t) = v(z,y,t) - et 1o mua 3anaun (1)-(4) Gygem uMeeTh CJIeIyOILy o

OIEHKY i
' — unell, < Nt e 1 meAnt11+)(t=T)

Munumusupys mocje o onenky npu € > 0 mo N, HaxoauM GopMysTy s IapaMeTpa pery-
JIAPUBAINN 3aBUCAIILYIO OT €, m, t uw 1.

2. Myere p(a,y) = 0, w(z,y,T) € M, max||f(z,y,t) = fo(z,y,0)ll, <&, rae fo(z,y,1) -
3a/1aH0 Tpub/ImKeHHo. Torma perenue mocjeneii 3a/a9u OyIeT Cie Ty IoIM:

o0 [e.e] t
=35 [ e 3 / e -G
k=1 n=17 k=1 n=1

PaCCMOTpI/IM CJICAYIOIIYIO IIOCJIeJOBATE/JIbHOCTD JIJId PEryJjisApu3oBaHHOI'O HpI/I6.HI/I}K€HHOFO pe-
mMeHnd Ha OCHOBE TOYHBIX JTaHHDbIX!:

:Et ZZ/ Aknt TfkndT ¢kn+ ZZ/ /\kn(t T)fk:ndT ¢kn
k=1 n=1 k=1 n=1
U eIle Ha OCHOBE TMPUOJINKEHHBIX JTAHHBIX
N oo ¢ oo 00 ~ ~
- Z Z/ . i T)fa kndT ¢k n Tt Z Z / € n(t_T)fE,k‘,ndT : ¢k,n~
k=1 n=1 0 1 n=1
[Tepeitmem K orenke. 3aMeTUM, ITO
lv = vl < lv = vwllg + llvw = valllo-

[Ipexx e, oreHnMm

2 ' 2

N — VJEVHO Z Z / An (b= D frm — Fepn)dr —i—Z Z /e’\’“’”(t_ﬂ(fk,n — fern)dr

t t t

N 00 o o0
<N [ dr [ = Fodr Y S [ ety [ Fonfiir <

k=1 n=1 0 k=1 n=1 0
62”} N oo ! B B o oo B N 62;& / 9
< ’5\1 1‘ Z Z /(fk,n_fs,k,n)2d7+tz Z /(fk,n_fs,k,n)QdT < m +1 / ”f - fEH dr.
0 0 ' 0

k=1 n=1
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YauThiBast ycIoBue max | f(x,y,t) = fo(z,y,t)||, < € momyanm
1/2
€ te M 2
lvn = villp < ‘ 11‘ +1t € (20)

Teneps, pacemorpum ||v — vy ||,. To

2

lv — vnlly = Z Z /A’“’”“‘T)fk,ndT . (21)

k=N+1n=1
U3 yenosuu ||v(z,y, T)||, < me™T, nmeem
2
v(@ = _knT + 2T fondr
ot TR = D03 / s |+ 03 / T
k=1 n=1 k=1 n=1

Orcrosa oy aum
2

0o 00 A B
§ E : /GAk‘"(TT)fkde < m2672cT.
k=1 n=1 \j

Beemem oboznauenue
T

v _
/6 k,ankmd,]_ = Gkn-

0
Torna

0o 00
E E 2>\k nT 2 m2672cT (22)
k=1 n=1

Ucnone3ys yeaosue (22) onenum (21). Ilpm stom nmpumenus meroz Jlarpamxa s Ha-
XOZKJIEHUSL YCJIOBHOTO SKCTPEMYMa I MOy THM

L m~e‘X’%"T_CT,k: N+1,n=1,
Jkn =19 0, k£ N+1n+#1.

Orcroma, n n3 (21) nmeem

oo o] t 3 2 o . ) . ) ) 9
Z Z (f eAk,n(tT)fk,ndT) = Z Z (e)\k,ntfe)\k’ank,ndT) <

k=N+1n=1 \0 k=N-+1n=1 0

o] o — —
Z Z GZAk’ntgi,n S m2 . 672CT€2)\N+171(t7T).
k=N+1n=1

Orciona u u3 (20) umeem
- 1/2 -
v —villy < (‘)‘1,1| YRt 4 t2> e + me~Tern+1a(=T),

MuHuMu3UpyeM MOCTIeIHION ONeHKY 1pu € > 0 mo N, Haxomum HopMy/Iy I apaMeTpa
peryJsipusaliii 3aBUsiCsIyo ot €, m, t u 1.
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REZYUME

Ushbu maqolada bitta chiziqda buzilishga ega bir jinsli bo‘'lmagan parabolik tipdagi
tenglama uchun chegaraviy masalaning shartli korrektligi o‘rganilgan. Masala
yechimi uchun yagonalik va shartli turgunlik teoremalari isbotlangan. Korrektlik
to‘plamda masalaning regulyarlashgan yechimi qurilgan.

Kalit so‘zlar: bitta chiziqda buzilishga ega tenglama, nokorrekt masala, shartli

turg‘unlik, korrektlik to‘plami, regulyarlashgan yechim.

RESUME

In this paper, we study the conditional correctness of a boundary value problem
for a non-homogeneous parabolic equation with one degeneration line. Theorems of
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uniqueness and conditional stability of the solution to the problem are proved. A
regularized solution of the problem is constructed on the set of correctness.

Key words: equation with one degeneration line, ill-posed problem, conditional
stability, set of correctness, regularized solution.
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YIK 517.55

COOTHOIIUEHUE /IJ1d YNCJIOBOM OBJIACTU 3HAUYEHUN
MOAEJIN ®PNJIPNXCA C TPEXMEPHBIM BOSMVYIIIEHNEM

XVCEHOBA K. T.
BYXAPCKUI1 TOCYIAPCTBEHHBINI YHUBEPCUTET
j.t.husenova@buxdu.uz

PESIOME

B nannoit crarbe paccMmarpuBaeTcd Mojieb Ppuapuxca H, COOTBETCTBYIONIAS OIle-
paTopy PHEPTHH CHUCTEMBI JIBYX YacTHUIl Ha OJHOMepHOI perrerke. CHavaa OIMUCAH
criektp Mojesn Opuspuxca H, u onpejiesieHa ero BepxHsis r'paHb (KoTopasi 0603Ha-
vyena depe3 M ). [Tokazano, aro Touka M siBIeTCs NPEJIEJIBHON TOYKON YUCIOBOI
obnacru 3uavennit W(H) momenn @punpuxca H, vHe npunaiexkamieit W(H ). Bee-
JICHBI TPHU BcromoraTenbabie Mojenn Ppunpuxca Hy, k = 1,2,3 ¢ oJHOMEPHBIMEI
BOBMYIIEHUSIME, U YCTAHOBJIEHA CBS3b MEXKJIy UX UUCJIOBBIMU OOJIACTSIME 3HAUECHUN.
[Tokazano, uro eciu mapameTpbl (BYHKIUH YIOBIECTBOPSIOT OIPEIEICHHOMY YCJIO-
BHIO, TO CyIIeCTBYeT Takoil ungekc k € {1,2,3}, aro W(Hy) = W(H).

Karoueswvie caosa: mojens Opupapuxca, omepaTop dHEPIUU, GUCIOBasg 00IaCTb
3HAYCHU, MHJEKC, mapamMeTp (PyHKIINNA, HOCUTE/Ib (pyHKIH, Mepa Jlebera.

1. BBenenue.

O,HHI/IM U3 KJIaCCUYECKUX METO/I0B HU3Yy4YeHU:dA CIIEKTpa JIMHETHOTO OI'paHUY€HHOI'o OIIe-
paTropa A B KOMILICKCHOM FI/IJIb6€pTOBOM IIPOCTPaHCTBE H aBiseTcs nusydenue ero YHUCJIOBOI
00J1aCTH 3HAYCHUI. HOCJ’IG,ILHGG MHO2KECTBO OIIpeae/IdeTcCsd CJIEYIOINM O6p&30MZ

W(A) = {(Ax,x) :x € H, ||z]| = 1}.

U3 onpenenenust BUjiHO, 910 MHOKeCTBO VW(A) sBJIsIeTCsl TIOMHOKECTBOM KOMILJIEKCHOMN T1JI0C-
KOCTHU, 1 TeOMEeTpUIecKre cBoiicTBa MHOXKecTBa VW (A) maioT HeKOTOpble CBeJIeHust 06 olieparope
A. D70 nonsiTHE BliepBbIe BBeseHO B pabore Termia 1] s MaTpuil, u 10Ka3aHO, 9TO 9UCI0-
Basi 00J1aCTh 3HAYEHUIT MATPUILI COJEPKUT BCE ee COOCTBEHHBIE 3HAYEHUS, T.€. ee CIEeKTpP (Tak
KaK MHOXKECTBO BCEX COOCTBEHHBIX 3HAYEHUI MATPHUIIBI COBIIAIAET CO CIIEKTPOM TOI MATPHUIIHI ).
Hanee, B pabore Xayciopda [2| mokazano, 9ro ducioBas 06IacTh 3HAYEHUIT OIEPATOPa ABJIs-
€TCsI BBIIYKJIBIM MHOXKeCTBOM. OTMETHM, 9TO BBIIIE YKAa3aHHbIE PE3Y/ILTAThl BEPHBLI HE TOJIHKO
JIJIST MAQTPUIL, HO U B OoJjiee 00IIeM ciydae i JIF0OOTO JIMHEHOINO OrPaHUIEHHOI'O OIIepaTopa.
B pa6ore Bunrrepa [3] mokazaHo, 9To crieKTp 06010 JIMHEHHOIO OrpaHUYIEHHOIO OIepaTopa
COJIEPKUTCS B 3aMBIKQHUK YHMCJIOBON 00JIACTH 3HAUEHMI 9TOrO OIIEpaTopa.

B IIocJjsie iHue roabl BO MHOI'EX pa60TaX 4HCJIOBad 00JIaCcTh 3HAYCHUH peneT9aTbixX MO,ILeJIeﬁ
ucciieJgoBada METOJaMMi TE€OPpUU ITOPOI'OBBIX apjennii. Huxke Mbl 0CTAaHOBUMCH Ha, aHaJII3€ Tpex
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Takux pabor. B pabore [4] onmcana crpykTypa dncaoBoit obractu 3suadennii Mojesn puapuxca
¢ JBYMEPHBIM BO3MYIIEHNEM, HailJIeHbl yCJIOBUsA, MPU KOTOPBIX YHCJIOBasg OOJACTb 3HAYEHUN
CTAHOBUTCS 3aMKHYTBHIM MHOXKECTBOM M COBIAJIAET CO CIIEKTPOM.

B pabore [5| paccmarpuBaeTcst 2 X 2 oniepaTopHasi MATPHIIA, TaK HasblBaeMasi 0000IIeHHAsT
Mojiesib Opuapuxca A, acconmunpoBaHHasI ¢ CHCTEMON He 60Jiee IeM JIByX KBAHTOBBIX JaCTHUI] HA
d—wepHnoit pererke. CTpyKTypa 3aMbIKaHus YUCI0BON obsactu 3Hadenuit W(A) 0606ieHHoi
mogesin @puapuxca A moapobHO ucceoBaHa B TEDMIHAX €r0 MATPUIHBIX 9JIEMEHTOB IIPHU BCEX
pa3MepHOCTsIX Topa. Bbuiesensr ciaydan, korjga MuokectBo W(A) 3amkuyTo. Haiinenbl Heob-
XOJIUMbIE€ U JIOCTATOYHBbIE YCJIOBHUSI JIJIsT TOTO, UTOOBI CHEKTP 0000IeHHoi Mojaean Ppuapuxca
A coBnasias ¢ MHO)KeCTBOM W(A).

B pabore [6] paccMmarpuBaercst orpaHUYeHHAs U CAMOCOIIPsAYKeHHas Mojeab Dpuapuxca
A(pr, p12), pa, 2 > 0, 1 obcyxkgaercs oJHOMEPHBII ciydail ¢ [ByMepHbIM Bo3MyIneHuem. Me-
CcJleJlyeTcsl ucyIoBast 06/1acTh 3HadeHust oneparopa A(f, fi2) OTHOCUTENHLHO TAPDAMETPOB fi] U
fto. Halimeno kpuruaeckoe 3na4eHne mapaMerpa fl,, & = 1,2, rapaHTUPYIOIIEe COBIAIaeMOCTh
CIIEKTpa U YKUCJIOBOI obsiacTy 3Hauenuit oneparopa A(puy, fio).

B nannoii pabore paccmarpuBaercs: mojiesab Opuiapuxca H ¢ TpexMepHbIM BO3MYIIIEHUEM,
aCCOTMUPOBAHHASI C CUCTEMOI JIBYX KBAHTOBBIX YACTHIL HA OJTHOMEPHOI perrerke. OTMeTnM, ITO
BOIIPOCHI, IIPUBOJISINNE K U3YUEHUIO CIEKTPAIbHBIX CBOMCTB TAKNX MOJeJIeil, 0ObIYHO BO3HUKA-
I0T B 33Ja49aX CTATUCTHYCCKON (DU3MKM, I'MIPOJIMHAMUKKA ¥ TEOPUU TBEPAOro Tena. M3ydeno
COOTHOIIEHUE MKy YHCJI0BOI 00sacThio 3Hadenuit mojesn Opuapuxca H u Tpex BCroMora-
TEeJIbHBIX MO,ZLe.HeI’?I @pI/I,Z[pI/IXC& C OAHOMEPHBIMM BO3MYHIICHUAMMN.

s ynobeTBa dnuTaTeseil mepednc/iuM OCHOBHBIE CBOMCTBaA, YMCJIOBOI 00JIacTH 3HAYCHUI
[7]. Tlycts A - nuHeliHbBI OrpaHUYeHHbIH ollepaTop B TujibbepToBoM npocrpancTtse H. Toria
CIIPABE/JIUBLI CJICLYIONUE YTBEP2K ICHUSL:

D W(A) c{reC: [N <4}

2) W(A*) ={X: X e W(A)}.

3) W(I) = {1}. Eciim & u 5 mpousBoJIbHBIE KOMILIEKCHBIE YHCJIA, TOTJa UMEET MeCTO
pasencrBo W(aA + BI) = aW(A) + 5. Buech I - eMHUYHBIA onepaTop B IUJIBOEPTOBOM
npoctpancTse H u

aQ:={ar: XeQ}, Q+p:={A+0: A€ Q}.

4) Jlyst camoconpsizkeHHOTO ornieparopa A umeer mecto coornomenue W(A) C R.

5) Eciu H koHeIHOMEpPHOE HPOCTPAHCTBO, TOrIa MHOXKeCTBO WW(A) siBIsieTcss KOMIaKT-
HBIM.

6) Eciim A, B : H — H yHurapHO SKBUBaJIeHTHBIE onepaTopsl, Torga W(A) = W(B).

Crenyiomee yTBeprK/IeHHE YCTAHABIMBAET CBA3b MEKJy TOUYEUHBIM CIIEKTPOM op(A),
criektpoM o (A) u aucoBoit obsracteio 3Havernit YW(A) oneparopa A :

7) op(A) CW(A); o(A) Cc W(A).
[Tocyieaee cooTHOIIIEHNE B COBPEMEHHOIT MaTeMaTHKEe U3BECTHO KAaK CIIEKTPAJILHOE COOT-
nomenue. CorsiacHo cBoiicTBam 1) u 7) umeem

a(A) CW(A) Cc {A e C: Al < [lA]]},

T.e. MHOKeCTBO W(A) menbine kpyra {A € C : |A| < ||A]|}, comepxarero criektp omeparopa A.
Ecmu A - nuHeitHbII orpaHnYeHHbBI cCaMOCOIPSI?KEHHBIN OIIepaTop, TO UMEIOT MECTO CJIEIYIOIIHe
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"crekTpasbHbIe OIeHKI " :
mino(A) > inf W(A), maxo(A) <supW(A).

Taxum obpazom, ducaoBast 00JIaCTb 3HAYEHUI JIMTHEITHOTO OrPaAaHUIEHHOI'O CAMOCOIIPZKEH-
HOT'O OIlepaToOpa MO3BOJISIET TOJYIUTh ONEHKN HUXKHENW W BepXHel IPaHUIL 9TOTO OIepaTopa.

2. Mogens @pujpuxca m ero ClekTp.

Tenepb BBejieM onepaTop, KOTOPBI OyIeT u3ydeH B JaHHOU paboTe.

B runsbeproBoMm mpocTpaHcTBe Lo[—; T KBaJpaTUIHO-UHTErPUPYEMBIX (KOMILIEKCHO-
SHAYHBIX ) (DYHKIWIL, ONpeJIeJIeHHBIX HA OTPE3Ke [—7; 7|, PACCMOTPHUM OIIEPATOD BUJIA:

H:=Hy—-V, -V, —Vj, (1)
rie Hy - oneparop ymHOXKeHust Ha QyHKIMO U(+):

(Hof)(x) = u(z)f(x), [ € Lo[—m;];

a Vy, = 1,2 3 - uaTerpabuble OlepaTopbl BUIA:

™

(Vo )@) = vale) [ val)f(O)dt, 1 € Lol
—T
Baech u(-) u vy(+), @ = 1,2, 3 — BelecTBeHHO3ZHAYHbIE HENPEPBIBHBIE (DYHKINN, OIIPe/Ie/IeHHbIe
Ha orpeske [—; w|. [Ipuaem dbysximn vi(+), ve(:) u v3(+) - TUHEHHO HE3ABUCUMBI.
[Tpu 5TUX IpeanoIokKeHuax Ha mapaMerp GyHKImH, oreparop H , onpeneaeHnblii mo ¢hop-
myJie (1), orpaHuteH u caMOCONPSIZKEH B IHJIBOEPTOBOM IIPOCTPAHCTBE Lo[—T; 7).

Oneparop H, onpejenennsiii o dopmyiie (1), 06brano HazbiBaeTcst Mojesbio Opujpuxca.
[Mockobky mapamerp dyukmuu vq(-), vo(+) u v3(+) JauHE#HO He3aBucuM, oneparop V = V) +
Vo4 V3 asisiercs TpexmepubiM. CiiefoBaTesibHo, orieparop H HasbiBaeTcs mojesbio Opuipuxca
C TPEXMEpPHBIM BO3MYIIEHUEM.

Omnepatop Bo3MyIIeHus V' HEBOZMYIIEHHOTO orieparopa Hy aBJIsieTcs CaMOCONPIyKEHHBIM
orteparopoM panra 2. CienoBaresibHo, u3 uzsectHoil reopembl ['. Beitis o coxpanenuun cyiie-
CTBEHHOTO CIIEKTPa IIPU BO3MYIIEHUAX KOHEYHOI'O PAHTa BBITEKAET, YTO CYNIECTBEHHDBINA CIEKTP
Mogiesin Ppujipuxca H coBIiajiaeT ¢ CyIEeCTBEHHBIM CIIEKTPOM HEBO3MYIIIEHHOIO orieparopa Hy.

Usgectro, uto o(Hy) = 0ess(Ho) = [m; M], tae aucia m u M oupenessiioTcs CJieIy oM
obpaszoM:
m:= min u(zx), M := max u(z).
x€[—m;m] x€[—m;m]

N3 nocieanux (pakToB CIe/lyeT, U9To
Oess(H) = [m; M].

Jlist onpeseienus cOOCTBEHHBIX 3HAYEHUI M IUCI0BON obnacTu 3HadeHuii momesn POpu-
npuxca H BBesem perymspayio yuknuio B obaactu C\ [m; M| caemyronmm o6pazom:

Los(2) == /7r %, a,B=1,2,3.

—T
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Hcnosnp3yst mpocThie cOO0pazkemusi, MOXKHO HOKa3aTh, 4ro uncio z € C\ [m; M| asngercs
cobcTBeHHBIM 3HaueHneM mojean Ppunpuxca H Torja 1 TOJILKO TOIJa KOTJIa

1—]11(2) —112(2’) —]13(2’)
A(z) = | —In(z) 1—In(z) —In(z) |=0.
—I51(2) —1Is(z) 1—1I33(2)

Orcrofa Jiyist TUCKPETHONO CIIeKTpa orepatopa H nmeem
Udisc<H) = {Z € C\ [m; M] : A('Z) = 0}

Oyukuums A(-) HasbiBaeTcs gerepMuaanToM PpenrosbMa, acCoMIPOBAHHBIM ¢ MOjiebio Ppu-
npuxca H.

Takum o6paszom, jyist criekrpa Mogenn @puypuxca H umeeT MeCTO PaABEHCTBO:
o(H)=[m;M]U{zeC\[m;M]: A(z) =0}.

Js mobeix k € {1,2,3} u f € Ly[—m; 7] mmeeT MeCTO COOTHOIICHNE

2
> 0,

(Vif. f) = \ JRr

IIO3TOMY OIlepaTop Vk ABJIACTCA IIOJIOZKUTEJILHBIM. CJIG,ZLOB&TG.HBHO, orepaTop V aBasercs moso-
KUTEJIbHBIM KaK CYMMa ITIOJIO?KUTEJIbHBIX OIIEPaTOPOB. Tenepb 13 IIOJIOZKUTEJIbHOCTH OIlepaTopa

V' cinenyer, uro mozpenbr @pujapuxca H He nMeeT cOOCTBEHHBIH 3HaYCHUiL, Jekamux mpasee M
U TI03TOMY

max o(H) = max oe(H) = M.
3. OcHOBHBIE pe3yJbTaThl U CXeMa J0Ka3aTeJbCTBA.

Terneps chopMmyaupyeM OCHOBHBIE Pe3YJIbTaThl PaOOTHI.
Teopema 1. a) Umeem mecmo coommnowernue M ¢ W(H);
6) Yucao z = M asasemesa npedesvnot moukot mmoocecmsa VW(H).

Cxema dokasamenavcmea meopemuvi 1. st jokasaTebeTBa yTBEPXKIEHAS a) TeopeMbl 1
IPEJIIONIOKIM TIpOTHBHOE, T. €. mycth M € W(H). Torga cymecrsyer snement f € Lo[—m; 7]
takoit, uro ||f|| =1u (Hf, f) = M. Orcrona ciemayer, 910

/ﬂ(U(w)—M)!f(w)lzdeO, wlf =0, k=123,

—Tr

cienoBaresibHo, f = 0. DT0 yTBep:KIeHNe TPOTUBOPEIUT YCIOBHIO HOpMupoBkH || f|| = 1. 3na-
anr, M € W(H).
Tenepsb jokazkeMm yTBepKjieHne 0) TeopeMsr 1, T.e. uncyio M siBjisieTcst npeieIbHON TOYKOM

st muOozkectBa W(H). Tak xak M € o.(H), B cuity Kpurepun Beitsrst cymectByer opToHOD-
MastbHast cucreMa {g,} € Lo|—7; 7| Taxas, aro
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ik}

opu n — 00 cJieftyer, 91o ducyao M sBisiercst npejiebHol Toukoil MHOKecTBa VW (H).
Teopema 1 jiokazaHa.

Yr10o0bI UCIIOIB30BATH B JAJBHEHINNX UCCICIOBAHUIX Hapsly ¢ Mojiesibio Opujipuxca H,
PacCMOTPUM JIMHEHHBIE, OrPAHUIEHHbIE U CAMOCOIPSI?KEHHBIE OIIEPATOPbI

H,:=Hy—Vi,, k=123

B TusIbbepTOBOM mpocTpancTBe Lo|—m; 7. Tlo onpenenenuto monenn Opunpuxca Hy, Hy u Hj
UMeIOT OJJHOMEepHOe Bo3MmymeHue. [Ipocreie paccyKaeHns MOKa3bIBAIOT, 9TO

Oess(Hg) = [m; M|,  oaisc(Hg) = {2 € C\ [m; M] : Iix(2) =1}, k=1,2,3.

Bosee Toro, oneparop Hj He nMmeeT cOOCTBEHHBIX 3HAUEHUI, JiexKaIux papee Toaku M.
Teopema 2. Cywecmsyrom undexco i, j, k € {1,2,3} maxue, wmo

W(H,;) C W(H;) C W(Hy).

Crema doxazamenvcmea meopemu, 2. st joboro k € {1,2,3} umeem

W(H},) = [mino(Hy); M].

O6o3naunm vepe3 Fj cobcrBennoe 3nadenue oneparopa Hy, (ecim cymecrsyer). Korga cyiie-
cTByer cobcTBeHHOE 3HavdeHne nmeeM min o(Hy) = Ej < m. B nporusaom ciaydae min o(Hy) =
m.

Bo3moxKHBI crte/ryronue THITIHBIE CTyYan:

Ecaun jgs moboro k € {1,2,3} oneparop Hj umeer coOCTBEHHOE 3HAYEHUE, JierKAllee
geBee Touku m u K3 < By < Ey, 01 =2, 7=1,k=3mn

W(Hy) C W(H;) C W(H3).

Ecan ontepatop Hs He nmeeT cOOCTBEHHBIX 3HAUECHUI, JIEXKAIIUX JIeBee TOUKH 1M, a olepa-
Topbl Hy u Hy mMeroT coOCTBEeHHbBIE 3HAYUEHMS, JIeXKallie JieBee TOUKU m, upudeM Fy < E; = m,
T01=3,7=1,k=2mn

W(H3) C W(H,) C W(H,).

Ecau mis soboro k € {1,2,3} oneparop Hy He mMeeT COOCTBEHHBIX 3HAUEHNUIT, JIEZKATIITX
JeBee TOUKH m, To mino(Hy) =m u

W(H,) = W(H,) = W(H3).

Teopema 2 j1oka3aHa.

Jnst popMyTMPOBKE CJIEJIyIOIIEro pedysbrata 0003HaunM vepe3 supp{v.(-)} Hocuresnb
dbyurIwm v, (+) u gepes p(€2) mepy Jlebera muO)KecTBa {2 C R.
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Teopema 3. Ecau das awobwvx i # 7, 1,7 = 1,2,3 evnoanaemca ycirosue

p(supp{vi(+)} Nsupp{v;(-)}) =0, (2)

moeda cywecmeyem undexc k € {1,2,3} maxot, wmo W(Hy) = W(H).
Cxema doxazamesvcmea meopemos 3. Ecim BoinonHsercs ycaosue (2), Torna

Az) = (1= Iu(2))(1 = I22(2)) (1 — I33(2)).
Orcrona cieayer, 9To
Odise(H) = Odisc(H1) U Oaise(H2) U 0disc(Hs).

13 DaBEHCTB
mino(H) = min{min o (H;), mino(H,), min o(Hs)}

u W(H) = [mino(H); M] noiy4anm ucKOMOe paBeHCTBO.

Teopema 3 joxkazana.
4. IIpumepsi.

Creayer oTMeTuTh, 9T0 Kitace MyHKIWA vg(-), k = 1,23 yIOBIETBOPSIONINX YCIOBHIO
(2), e mycr. Hanpumep, napamerpavu (hyHKIMT BHIA:

B sin(2x), ecom x € [1/2; 7];
vi(z) = { 0, ecn T € [—m;m/2];
[

_f sin(2x), ecm x € [0;7/2];
va(x) = { 0, ecm x € [—m; 0] U [7/2; 7];
sin(2z), ecm x € [—7; 0];
vs() = { 0, ecmn x € [0; 7]

SIBJISTIOTCSI BEIIECTBEHHO3HAYHbBIE, HelIPEPhIBHBIE, JIMHEHHO He3aBUCHMBbIe (DYHKITUH, OIPEe/I1e/IeH-
HBIC HA OTPE3Ke |—7; 7|, YAOBIETBOPSIONINE YCIOBHIO (2).
[Ipusenem ere onuu npumep. Pacemorpum pasbuenue orpeska [—m; 7] :

[—m; 7] = [-malUla;b)U [byw], —m<a<b<m.

[Tycrs dyukun vy(+), Ua(+) u v3(+) onpejeseHbl, BelECTBEHHOZHAYHBI 1 HENPEPBLIBHBI HA OT-
peske [—m;al, [a;b] u [b; ], coorBeTcTBEHHO, TIPUYEM

,?,71(—77) = ,?,71(&) = ’172(&) = ’172(87) = ’173([)) = 53(77') = 0.
Torna napamerpamu QyHKIUT BUIA:

v1(x), ecsm x €
, ecam xr €

x), ecam x €

0
vo(x), econ x €
02(55):{ 2(0>
(
0, ecmm x €

-
[a;
[a;
, ecom x € [—m;al U [b;7l;
[b;
-
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ABJIAIOTCA BEIICCTBEHHO3HaYHbIC, HEIIPEPbIBHLIC, JIMHETHO HE3aBUCHUMBIE d)yHKI_H/H/I7 OIIpeJeJICH-
HBIe Ha OTPe3Ke [—; 7|, yJA0BIeTBOPSIIOIITe YCJOBUIO (2).

Tak xak yskmuu Ix(-), £ = 1,2,3 MOHOTOHHO BO3pACTAIOT Ha HHTEpBaJje (—00;m),
CyYHIECTBYIOT KOHE€YHbIC WJIN 6eCKOHequIe nHrerpaJibl

Lun(m) = /7r M

™ U’(t) -m

Ecau Beimosaeno ycsosue (2) u Iy, (m) = +o0o masa vekoroporo k € {1,2,3}, To mis HuKHel
IPAHUIBLI 9UCI0BOI 06acTn snadenuit mojgesm Opuapuxca H cripaseinBa Ceyonas OleHKa:

min W(H) < min W(Hy) = E, < m.
[Tpuseem npumep dyskmit () u vy(+), 11 KOTOPBIX BBIIOJIHEHO YCJIOBHE [99(m) = +00:

cos(x), ecou x € [—m/2;7/2];
u(x) =1—cosz, U2(«T) = { 0, eciii T € [—7T; —71/2] U [7r/2;7r].

Heiicteuresnbro, nmycrs § € (0;7/2). Torma m = 0 u cymecryer unciao C' > 0 Takoe, 910
1 —cos(z) < Oz?, |cos(z)| > cos(d)

upu Beex x € (—0;0). IHosromy

1_22<m):/7r v3(t)dt :/”/2 cos?(t)dt Z/_‘s cos?(t)dt S cos?(d) /‘5 dt—l—oo.

L u(t) —m —aj2 1 —cos(t) s1—cos(t) = C 5 12

[Tonyuennble B jgaHHON paboTe yTBEPXKJIEHUS O COOCTBEHHBIX 3HaUYeHUsix Mojean Ppu-
apuxca H BaxXHBI IPU OPeIeIeHUN CyIIECTBEHHOIO CIIEKTPa, a TaK:Ke IPU OIpeIeeHUN nC/Ia
U PaCIIOJIO?KEHUsI KOMIIOHEHTOB CYIIECTBEHHOI'O CIIEKTPa MOJICJIBHOIO OIlepaTopa, COOTBETCTBY-
IOIIEero CUCTEMEe TPeX YACTHI] Ha pelleTKe.

3akJo4deHnne. B mannoit pabore paccMaTrpuBaeTcs OrpaHUYEHHAs U CAMOCOIIPSIZKEHHAS
moestb Opuapuxca H ¢ TpexXMepHbIM BO3MYIIEHHEM, KOTOPas COOTBETCTBYET OIIEPATOPY IHEP-
IUN CUCTEMBI JIBYX YaCTHUIl Ha OJHOMepPHOI pererke. CHavdajIa OMUCAHBI CYIIECTBEHHBIN 1 JIHC-
KpeTHbIii criekTpbl Mojiesn Opupuxca H, u ompe/iesieHa ero BepxHsist I'paHb (KOTOpasi 0603Ha-
vena 1yepe3 M). [Tokazano, 4o Bo-1IepBBIX, TOUKa M siBJIsieTCs peJeIbHON TOYKON YUCI0BOI
obnacru 3uavennit W(H ) mozenun @pujapuxca H, BO-BTOPBIX, 3Ta TOYKA HE TIPUHAJJIEIKUT MHO-
xectBy W(H). Beemennbt Tpu Beromorarenbubie Mojean Opuiapuxca Hy, k = 1,2,3 ¢ ozmo-
MEPHBIMU BO3MYIIEHUSIMU, U YCTAHOBJIEHA CBA3b MEXK/y UX YMCJIOBBIMH OOJIACTSIMU 3HAYCHUIA.
[Tokazano, ¥TO ecyiu mapaMeTpbl PYHKIIUHE YIOBJIETBOPSIOT OIIPEIEIEHHOMY YCJIOBUIO, TO CYIIe-
crByer Takoit uugekc k € {1,2,3}, aro W(Hy) = W(H).
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REZYUME

Ushbu maqolada bir o‘lchamli panjaradagi ikkita zarrachalar sistemasi energiya
operatoriga mos H Fridrixs modeli qaralgan. Avval H Fridrixs modelining spektri
tavsiflangan va uning yuqori chegari aniglangan (uni M orqali belgilaymiz). M
soni H Fridrixs modeli W(H) sonli tasvirining unga tegishli bo‘lmagan limitik
nuqtasi ekanligi ko‘rsatilgan. Bir o’lchamli qo’zg’alishga ega uchta yordamchi Hy,
k = 1,2,3 Fridrixs modellari keltirilgan hamda ularni sonli tasvirlari orasida
munosabat o’rnatilgan. Agar parametr funksiyalar aniq shartni ganoatlantirsa, u
holda shunday k € {1,2,3} indeks topilib, W(Hy) = W(H) tenglik bajarilishi
ko’rsatilgan.

Kalit so‘zlar: Fridrixs modeli, energiya operatori, sonli tasvir, indeks, parametr
funksiya, funksiya tashuvchisi, Lebeg o‘lchovi.

RESUME

In this paper the Friedrichs model H corresponding to the operator energy of a two-
particle system on the one-dimensional lattice is considered. Firstly the spectrum of
the Friedrichs model H is described and its upper bound is defined (we denote it by
M). It is shown that the number M is a limit point of the numerical range W(H) of
the Friedrichs model H that does not belong to it. Three auxiliary Friedrichs models
Hy, k = 1,2,3 with rank one perturbations is introduced and relation between its
numerical ranges are established. It is shown that if the parameter functions satisfy
the exact condition, then there exists an index k € {1,2,3} such that the equality
W(H),) = W(H) holds.

Key words: Friedrichs modeli, operator energy, numerical range, index, parameter
function, support of the function, Lebesque measure.
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IMEPUOINYECKUE *-ABTOMOP®V3Mbl PABHOMEPHO
T'MIIEP®VHUTHOT'O AW*-®AKTOPA TUIIA II,

YEnyxaysmH C. A.
TANIKEHTCKUM YHUBEPCUTET NHOOPMAIMTOHHBIX TEXHOJIOTUN
sergey _rights@mail.ru

PESIOME

B crarbe, no ananorum ¢ paboroit A.Konna, paccMaTpuBaloTcs IeprojnmdecKkne -
aBTOMOPGMU3MBI paBHOMepHO runepduanTHLIX KoHedHblx AW*-dgaxropos. Ilomy-
YeHBl aHAJIOTM HEKOTOPBLIX Pe3yJILTATOB I paBHOMEpHO rurepduauranoro AW*-
daxTopa Tura II;.

Karoueesnvie caosa: *-apromopdusmbl, nepuogndeckue *

JKEHHOCTD, BHEITHsS conpsizkeHHocTb, UHF-aredpa.

-aBTOMOP(U3MBI, COIPS-

BBE/IEHUE

Kak m3BecrHo aBTOMOp(U3MBI OllEpaTOPHLIX ajaredbp, B dacTHocTu ajredp don Heiima-
Ha, UI'PAIOT Ba)KHYIO POJIb B U3YUYEHUU CTPYKTYp dTux ajredp. Hamnpumep, mo xiaccutieckum
paboram A.Konna mbl 3naeM, uro kiaaccuduranus W*-anre6p tuma III, ¢ momompio moHs-
THs CKPEIIEHHOI'O IPOU3BeIeHNs, Oblia cBejena K Kiaaccudukanun W*-anrebp tuma I n nx
*_aBTOMOP(MU3MOB ¢ TOYHOCTHIO JIO BHENIHEH CONPAXKeHHOCTH. B ¢Ba3m ¢ atum, B KoHIe 70-x
rOJIOB IIPOIILIOrO CTOJIETH, HOABIIACH cepust paboT 1o uccjaesosanusamM *-apromopdusmos WH-
anre6bp. B wacrnocru, B pabore [1] A.KoHH mo/IydnI NoaHY0 KIaCCUPUKAIMIO TIEPUOIUIECKUX
*-apromopdusmos runepdunuTHOro dakropa Tuia Iy, a B pabore [2] oH mosyumi mMOJIHOE
OlMCAaHKE KJIACCOB BHEITHEH CONpPszKeHHOCTH *-aBToMOpdu3MoB (haKkTOpOB.

Usectno, uro AW*-asre6psl saisiores obobmenuem W*-anrebp (anrebp dhon Heiimana),
U, eCTECTBEHHO, BO3HUKAET BOIPOC 06 00OOIIEHUE PE3y/ILTATOB, MOJIyYeHHbIX st WH-ajireop,
Ha AW*-ajire6psl, 4To sABJIsieTCs BechbMa akTya bHbIM. K Hacrosimemy pemenn, AW*-ajrebpnbr
U3y9YeHbl OTHOCUTE/IBHO HEIJIOX0, TaK KAaK 9T aJredpbl 00/Ia/Iaf0T JOCTATOIHBIM KOJTUIECTBOM
npoekTopos. Oanako, *-apromopdusmbr AW*-anrebp eme ne nsydennl. B mannoii crarbe, 1mo
anajorun ¢ paboroit A.Konna, Mbl paccMaTpuBaeM IEpUOANYECKUE F-aBTOMOP(MU3MBI PABHO-
MepHO runepduHITHLIX KoHeunbix AW *-dakropos. TTorydennl aHagsorn HeKOTOPBIX Pe3yJIbra-
TOB I paBHOoMepHO runiepdunuTaoro AW*-daxropa tuna I1;.

INPEIBAPUTEJ/IbHBIE CBEJEHN A

Onpepenenne 1. [3] [Tycmov A — 6anazosa *-anzebpa nad nosem C. Anzebpa nasvisaemcs
C*-anzebpoti, ecau ||aa*|| = ||a||* dan mobozo a € A.
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Onpepenenne 2. [4] C*-anrzebpa M nasvieaemes W*-anzebpoii, ecau cywecmsyem bana-
xo6o npocmparncmeo M, makoe, wmo (M,)* = M. Ipu amom npocmparncmeo M, nasvisaemcs
nPeconpANCEHHLM NPOCMPAHCMEoM Ois M .

Ilycte M C B(H) — *-noganrebpa. [ToxmuozxkecTso
M'={a € B(H) : ba = ab,Vb € M}
HA3bIBAECTCS KOMMYTAHTOM ajreGpbl M. JIerko BUeTh, 9T0
McM =M® =M = gM=M"=M=_,

rae M" = (M'). Ilpu srom, ecim M = M", 1o M HnaseBaercsa anrebpoit dhon Heiimana.
BeimenpuBe/ieHHbIE TTOHATHS CBSI3aHBI JIPYT € JPYyroM TeopeMoilt o OukommyTanTe [losromy
WH*-anareOpnl moIyunan Takzke Hazpanue anrebp ¢dpon Heiimana.

[Iycts A - KoJbIlo 1 S — HEIycToe MOJAMHOXKECTBO A, 0003HaINM
R(S) = {z € Alsz = 0 nusa Beex s € S}

u HazoBeM R(S) mpasbim axnysstopom S. Amanormuano, L(S) = {z € Alxs = 0 mia Bcex
s € S} obo3HavaeT JIEBBI aHHYJISATOD S.

Onpepesienne 3. [5| Baposo *~koavyo — amo koavuo A makoe, wmo das kascdozo neny-
cmozo noommooicecmea S uz A, R(S) = gA das nodzrodswezo npoexmopa g. (Omceroda caedyem,
umo L(S) = (R(S*))* = (hA)* = Ah daa nodrodawezo npoexmopa h). AW*-arzebpa — smo
C*-aneebpa, xomopwi saeaiemces Baposckum *-koavyom.

[Iycts, M C B(H) — W*-anre6pa. CoBOKYITHOCTb BCEX 9J1€MEeHTOB M, KOMMYTHDYOITIX
co Bcemu 3jieMeHTamu u3 M, HasbiBaercd 1eHTpoM aarebpbl M u obosnauaercss Kak Z(M).
Jlerko Bujers, aro Z(M) = M N M’. Dnements! Z (M) Ha3BIBAIOTCS IEHTPAJIBHBIMIL.

Onpepesienne 4. [4] Aneebpy, y xomopol UeHMPAALHOMU IAEMEHMAMU ABAAIOMCA
moavko asemenmo, suda A - I, A € C, naswesarom daxmopom.

Onpepenenne 5. 6] Keasucaed T na A — amo dynxuyua 7 : A — C, xomopas ydosie-
MEoPAEM.:

(1) T(z*x) = T(xa*) > 0 dan 6cex x € A,

(11) T(a 4+ ib) = 7(a) +i7(b) das a,b € Aga,

(111) T aunetina ma xascdol abesesoli C*-nodanrzebpe B anzebpor A,

(iv) Cywecmeyem dynrwyus o @ Ma(A) — C, ydosaemesopsowasn (i), (i), (iii) makas,
Ymo

T(z) =n(r®en),z e A

Ksasucaed nopmanuzosan, ecau 7(1) = 1, a mMnostcecmso Hopmasu306aHHbLE KEA3UCAED08 Ha
A obosnavaemes wepes QT (A).

JIemma 1.[6] Ilyems T — x6a3ucaed na A, u nycmo

1/2

| x ||o= T(z"z)"* z € A.

Toz0da
(1) T(a+ b))% < 71(a)? +7(b)"/%,a,bc A,
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2/3 2/3 2/3
@) lz+y3°<|| 3+ y I 2y € A

(3) Loy o<l 2 |y ll2 wll zy [lo<[l 2 [l y I, 2,y € A.
Onpenenenue 6. [6] Ecau 7 — mounwi keasucaed na A, mo noaoscum

2/3
T(xvy) :H r—y |I2/ , T,y € A.

o aemme 1, d, — mempura 1a A.

OCHOBHBIE PE3VYJIBTATHI

[Tycts N — *-anrebpa c¢ emununeii. JIuneiinoe B3amMHO-0HOZHAUHOE OTOOpayKeHUE « :
N — N naspiBaercsa *-aBToMOP(MU3MOM, €CIIH

(i) afz”) = o)

(i) afzy) = a(x)aly), (Ve,y € N).

O6o3naunm depe3 Aut(N) rpymiy Beex *-aBromopdu3MoB.

TosopaT, 9To aBa *-apToMOpdmU3Ma o 1 3 conpszKeHsl, ecim o = 03071 naa mekoToporo
*_apromopdusma § u obozHagaTCa O ~ [3.

Onpenenenmne 7. [1| ITyemov N — AW*-gaxmop v o € Aut(N). Ecau dan nexomopozo
namyparvrozo wucao p € N ewnoansemcs pasencmeo of = id, m.e. 6 p-oll cmenenu a6MoMop-
Pusm cmanosumbCa MosrtcecmeerHvim, Mo *-a8MmomMopPusm @ HA3LEAEMCA NEPUOOUHECKUM,
a4 YUCAO P HAZVIBAEMCHA NEPUOOOM (L.

Onpenenenne 8. [1| a, 8 € Aut(N) nasvisaromcea 6neuwne cCONpANCEHHOMU, ECAL CYULE-
cmeyem o € Aut(N) maxoti, wvmo B u cac™! umerom odun u mom owce obpas 6 Out(N) =
Aut(N)/Int(N), m.e. 3 W — ynumapnwiti, maxot, wmo 3 = AdW - cac™!.

IIpengioxxkenne 1. I[lycmo N — AW*-ghaxmop, o - *-asmomoppusm aneeopo. N, marot
ymo o = AdU das nexomopozo p € N u U - ynumapnozo usz N. Tozda cyuecmeyem v € C ¢
|v] = 1, maxoe wmo a(U) = ~yU.

Joxasameavcmeo. Ilycts € N. Ouesnmno, uto z = a(a P(aP~!(z))), orcioma = =
a(U (=Y z))U), te. = a(U*)a?(x)a(U). Torga a(U)x = o?(z)a(U). Uz of = AdU umeem
a(U)x = UzU*a(U), cnenoarensro nonyanm U a(U)x = zU*a(U).

Takum o6pazom, sstemenT U* o (U) KOMMYTHPYET € IIPOU3BOJILHBIM SJIEMEHTOM T, & 3HATHT
sement U*a(U) nexut B nearpe anredbpsl, T.e. U*a(U) € Z(N). Tak xkak N — AW*-dakrop,
To 1ielrp Z(N) — rpusnadien, t.e. Z(N) = {\-1, A € C}, crenosarensno, 3y € Ccy = U*a(U),
T. e. a(U) =4U.

Hamnee mokaxewm, aro |y| = 1. Umeem ato o = AdU 10 ectb o (x) = UzU, n a(U) = yU,
Tor/IA

Pt = aa? (1) = a(U)a(z)a(U*) = yUa(z)FU* = |y|*Ua(z)U*
C apyroit cropoust aPa(z) = Ua(x)U*, suauur |y|?Ua(z)U* = Ua(x)U* nepenecem U u U*
U3 npasoil wactu pasenctsa B ey |Y|*U*Ua(z)U*U = a(x), Tak kak U — yauTapublii, T0
ectb UU* = U*U = 1 umeem |y|?a(z) = a(z), creposarensuo |[y]? = 1, orciona |y| = 1.
[Ipennoxkenune q0Ka3aHo.

Teopema 1. ITycmv N — AW*-axmop. Ecau nepuoduueckue *-asmomoppusmor o u [3
— GHEWHE CONPANCEHL, MO, YUCAL Do U Y, HASBEAEMBLE UL BHEUHUMU UHBAPUAHMAMU, COBNA-

darom, m.e. po(a) = po(B), () =v(p).
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Jlokasameavcmso. IlepBoe paercTBo po(a) = po() — oueBuHO, U MycTh Py = pPo(a) = po(f).
st moKazaTeIbCTBa BTOPOIO PABEHCTBA, U3 BLIIIECKA3AHHOIO, MBI MOMKEM IIPEIIIO-

JgoxkuTh, uro B = AdW - «, ana sekoroporo yuurapuoro W, Tak Kak 10 YCJIOBHUIO, -
aBTOMOPU3MBI v U 3 — BHemme conpskensl. [lycrn a?(®) = AdU, a(U) = vy(a)U. Toraa
Mbl nmeeM P = Ad(Wa(W)..a? Y (W)U). Ob6osraunm: V. = Wa(W)...a?~ (W)U. Torna

fro = AdV, u
BWa(W)...a H(WHU) = Wa(W)...a? Y (W)Y UWU*a(U)W*.
Tak xax a(U) = y(a)U, 1o
B(V) = BWa(W)..a? *(W)U) = Wa(W)...a? H(W)Uy = y(a)V.

N3 o = AdV umeem (V) = v(B)V. Orcroma v(a) = v(B). Teopema moxaszana.

[Tycts o = AdU — nepuopmveckuii BHyTpenuuii *-apromopdusm ¢ nepuogom p. Torma,
oueBuiHO, uTo UP = A1, A9 — HekoTropoe uucso. M3 storo cieayer, uro U ecTb KOHeUIHasd
JINHEHHAas KOMOWHAINS CIIEKTPAIbHBIX MTPOEKTOPOB, T.e. U = Z?Zl a;ej, TJe e; — CIeKTpaJsb-
HBII TpoeKTOp yHHTapHOro U, cooTBeTcTByomuil a;. OnpeennM BHY TDEHHUN HHBAPHAHT € (o)
aBroMopdusMa . DTO BepoATHOCTHAA Mepa »  T(ej)eq;, KOTOpas OLPEJIe/AeTcsa ¢ TOYHOCTHIO
1o nopopota Ha 1" = {2 € C, |2| = 1}, t1ie £,; — Mepa, cocpeJoTOYeHHAd Ha @, TO €CTh

1 € B
o (E) = {0 eCIIH @
ecin a; ¢ E.

Toryia JiBa BHYTPEHHUX aBTOMOPhU3Ma (v U 3 CONPSIZKEHbI TOIJIAa U TOJILKO TOTIa, Korja &(q) =
£(f) m Bce MX BEpOATHOCTHBIE MePbl Ha 1', KOTOPbIE UMEIOT HOCHUTEIh, COJAEPIKAIIUICS B P-BIX
KODHSIX HEKOTOPOro Ao € T', BO3HUKAIOT Kak £(a).

Teopema 2. I[Iycmv B = AdV, P = id. Toeda V = ?:1 bjfj. Honootcum e(fB) =

L1 7(fj)ew;. Tozda a ~ B < e(a) = £(B).

Joxasamensvcmeso. Ilycts a ~ (3, 1.e. AdU ~ AdV. Torma cymectByer apromopdusm 6 Ta-
koit uro a(z) = 6o B o 07 (z). Orcioma UzU* = (VO (z)V*) = 0(V)z0(V*). Torma
OV Uz(0(V*)U)* = z u, cneposarensro jwig W = 0(V*)U umeem WaW* = z. Orcrona
aW = Wz, re. W € Z(M). Tak kax M — daxrop, To W = A1, mua mexoroporo A € C, Te.
O(V*)U = A\1. Orcrona 0(V) = AU, u crenosatensro A ae; = >, b;0(f;). Torna e; = 0(f;),
u oTciofa uMeeM e; ~ f;. Torma cymecrtByer dacTudHas H30METPHs v; TAKasd, 9TO €; = U V; U
fi = vv}. Ilo onpeznenenmio kBasucaena nmeeM 7(e;) = 7(viv;) = 7(v;vf) = 7(f;), Vi. Orciona
nostydaeM €(a) = £(f). Crenyss obpaTHBIM UMIUIMKAIUSM TIOJIyIUM OOPATHOE yTBEPIKJICHUE.
Teopema j10Ka3aHa.

Onpepenenne 9. 7| UHF-anzebpa (Uniformly hyperfinite algebra) — amo C*-anzebpa A
¢ edunuyet, das xomopoti cywecmeyem nocaedosamenvrnocmo Ag C Ay C ... C A *-nodanzebp,
codeporcaruyux eOUHUYY, MAKaA, Mo

o xaoicdan Ay *-uzomopgra mampuunot anzebpe M, (C);

[ A = UkGN Ak

B cusy [8, Proposition 2.2.7| Beskass UHF-asre6pa ob/1a1aeT € [MHCTBEHHBIM KAHOHMYe-
CKUM CJIEJIOM T.
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Jasee, mycts B panbreiiniem, A — UHF-anrebpa ¢ emHCTBEHHBIM KAHOHHIECKUM CJIE0M
7. s p = 1, nycth 81 — ToKecTBeHHbIH aBToMopdusm anredbpsr A. Ilyers p # 1. Tpen-
craBuM A B BuJie GECKOHEUHOro TeH3opHoro mnpousseienus (F),, tr,), rae F, — amrebpa Bcex
KOMILJIEKCHBIX P X P-MaTPUIl, ¢ MATPUIHON exunuteit (e;;); -1, p 1 tr, — KAHOHUIECKUN CIIe]
Ha Fj,.

Mz g € N, myers m, — xanonuyeckuit nzomopdusm ajnredpot F, na nojadakrop Fi C A,
TaKOU 4To

T(2) =10 . 91lrx 1.
[ycrs ef; = m(ei;) m 0 — cupur: Omy(x) = m4q1(2), v € F,. Torma capur 6 — usomopdusm uz A
Ha OTHOCHTEJIbHBI KOMMYTaHT (Fz}), N A.
Ilycrb y € C, /"?» =1nU, € Fp1 YHUTAPHBIN, OIIpe/IeJIeHHbII KaK

p
_ Jpl
U, = E v €jj-
Jj=1

Vaurapnsiit v, € (F} U F2) onpegemm xak: v, = el 0(UZ) + 30| el

j=16jj+1°
1/2

31ech 3aMBIKaHUe

—" o3HavaeT OOBITHOE 3aMBIKAHUE 110 CJIe10BOI HOopMe ||z||2 = 7(2%x)
i o

B creyromeit Teopenme 3a0,1HO onpeJiesmM aBToMophusM 57 anrebphi A.

Teopema 3. [Tycmv A — UHF AW*-axmop muna I, ¢ eduncmeenmbim KaHOHUMECKUM
caedom T. Ilycmov danvt wucaa p u vy kax eviwe. Toz2da, eeprol, credyroujue ymeeprHcoeHus.

(a) nocaedosamenvrocmo enympennur *-asmomoppusmos, onpedeaseman Kax
ay = Ad(v,0(v,)0%(v,)0°(v,) ... 0" (v,))

CTOOUMCA, NOMOMEHHO CUALHO, K Hexomopomy *-asmomopdusmy A, obosnauaemoe Kax ).
- Y\p ok Y ol —
(b) p-mas cmenenv (s))P *-asmomoppusma s} pasna AdU, u s)(U,) = ~U,.
(c) snewnue uneapuarmot *-asmomopdusma s) pasror nape (p,7), a €20 eHympennul UH6a-
puanm ey .

Jlokasameavcmso. (a) Ilycrs m € N, u mycts x € Fbm = (UK E
Torma npu n > m Mel umeeM [0™(v), x] = 0 g moboro v € R. Orciona ciemyer, 9o

an(7) = Ad(v,0(v,) ... 0" (1)) (%) = A (z).

Taxkum 06pasoM, MOCIETOBATEBHOCTD (0, (T))peny MOCTOSTHHA It 1 > m. s Kaxkgoro n,
orobpazkenne «, sBisgercs msomerpueir B ||.||s mopme ma A. Torma u3 CHIBbHON IUIOTHOCTH

1, ;
- FIS ™ g A cymectsyer romomopdusm s} 1 A — A Takoit 4o

sp(x) = limy 000 (1), T € A, an = Ad(v,0(vy)...0"(vy))

nozaare6psr | J

Jlokaxkem Tenepb (sz)p = AdU,. D10 o3nadaer, 4TO S, — CIOPBEKTHBEH M SIBJISETCH *.

aBromopdusMoM Ha A.
(b) Ucnonmnzys pasenctso s7(U,) = ao(U,) momyHamm

p

s)(U,) = Adv,(Uy) = Ad(Y e 41)(U,) =

j=1
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- (Z ejvjﬂ)(z Vkekk)(z Ciy1i) = Z”y”lem = U,
j=1 k=1 =1 jZl
Bageprmm JoKazaTeabeTBo (b), MoKazaB HHIYKIWE 110 m, CJIELYIONee yTBePKICHIE:
(P =Tt V€ =1 pe F )

[Ipesaroioxkum, 9TO yTBEP:KIEHUE BEPHO JIJId M, U JIOKAXKeM €ro Jijisd m + 1, mpudem cipaBeji-
JIMBOCTH yTBEPXKJIeHNE JJis m = 1 cJIeJlyeT U3 9TOTO BBIYUCIICHU.

s x € A, monoxum

Blx) = lim Ad(0(,)0%(v,)...0"(v,))(2)

n—oo

Torna, kak cka3zaHo BbIle, [3 gBsIeTcsT roMoMopdu3Mom A B A, KOTOPBIil MOTOYETHO WHBAPH-
1 :
anTeH B F, 1 yJOBIETBOPsIeT PaBeHCTBY:

pO(x)) = O(s,(x)),z € A (26)

Bepem x € FV™Y oz = > eif(ry), toe wi; € FM™ . W3 (26) # mHyKIMOHHOMY
IIPE/IIOJIOZKEHUIO MBI 3aK/IF0UAEM UTO:

BPO(ziz) = 0((s))P (zij)) = O(U,)0(xi)0(U,)" 4,5 =1,...,p

1

1 OTCIOJIa UCIIOJIb3YS PABEHCTBO ﬁp(e}j) = €;j, WA 1, ] = 1,...,p noxyanm

pP(x) = 0(U,)x0(U,)" (27)
Opmaxo Mbr mmeeM s) = Adv, - 3. Orcrona (26) cieyer us papencTsa

v B(v,) . B (vy) = U,0(U7) (28)

s mokazaresnbeTBa (28), MBI IIPOCTO JIOJIZKHBI HCIIOJIB30BATH DABEHCTBO

ﬁe(U’Y) = 9(‘9;([]7))9(7[]7)
TaK 4TO MbI MMEEM:
BEO(Ux) = *o(U)

Orcrona

p—1

B (vy) = ’Y_kezlne(U:) + Z e;,jﬂ

j=1

Torna
0y (B(vy) . BN (vy) =D Ale0(U3) = U, 0(U3).

(c). HTobb1 TOKA3ATH yTBEPZKIeHIE, IIPOCTO HA/IO JIOKA3ATD, UTO S sIBIACTCA BHEITHIM JI7IT BCEX
ancen ¢ € {1,...,p—1}. Jns sroro, ormernm, 9o v, kommyrupyer ¢ 67 (U,) gz j < 0,47 = 1.
Kpowme Toro, HernocpejcTBeHHO POBEPAETCs, 9TO

/
U’Y” U,YI"U;// =7 U,y/
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IIO3TOMY HMEEM

sp(0™(Uy)) =+'0"(Uy),Vn € A VY, 7" =1

Do nokaswiBaet, uto st ¢ € {1,...,p — 1} umeem
I(s3)70" (Uyr) = 0"(Uy)ll2 = |7 — 1]

JleficTBUTEILHO, UCTIOJIB3YS ONpejiesienne d,-MeTPUKY:

[lall2 = 7(227)"/

HEIIOCPEeACTBEHHO IIOJIYIUM:
(596" () — 0" (Tl = (10" = DO (Ul =
= [ = 10" (U0 (Uy))? = [y = (0" (U, U) 2 =
-y
= ”}/q - 1‘7

cJeI0BaTeNbHO, “-aBTOMODPMU3IM (sg)q HE MOXKET ObITh BHYTPEHHUM, TaK KaK I0CJIe/I0BATE /b
HOCTDb

n
(0" (Uy) Jmen
SIBJIETCS IIEHTPaJIbHOM 1ocIeoBarebHocThIo B A. Teopema nokaszana.
Tenepb MbI MOY)KeM CHOPMYJIMPOBATH BazKHOE CJIeICTBHE TeopeM 1,2 u 3.

CanencrBue 1. [lycmv A — UHE AW*-gaxmop muna I} ¢ eduncmeentvim kanonuwe-
ckum caedom 7. Hlyemv p € N,y € C ¢+ = 1 u nyemo € — sepoamuocmuas mepa wa T ¢
support(e) C {n-mue Kopru Ao}, das nexomopozo \g € T un € N. Tozda cywecmeyem nexo-
mopoili nepuoduneckut *-asmomoppusm a ¢ unsapuarmamu po(a) = p,y(a) = v,e(a) = €.
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REZYUME

Ushbu maqolada A.Konn ishiga o’xshah holda, tekis giperfinit chekli AW*-
faktorlarning davriy *-avtomorfizmlari ko’rilgan. II;-tipidagi tekis giperfinit AW*-
faktor uchun ba’zi natijalar olingan.

Kalit so‘zlar: *-avtomorfizmlar, davriy *-avtomorfizmlar, qo’shmalik, tashqi
qo’shmalik, UHF-algebra.

RESUME

In paper, by analogy with the work of A.Connes, periodic *-automorphisms of
uniformly hyperfinite finite AW*-factors are consider. Analogues of some results
for a uniformly hyperfinite AW*-factor of type II; are obtained.

Key words: *-automorphisms, periodic *-automorphisms, conjugacy, outer
conjugacy, UHF-algebra.



