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H4,-WEAKLY PERIODIC P-ADIC GENERALIZED GIBBS MEASURES FOR THE
ISING MODEL WITH AN EXTERNAL FIELD ON THE CAYLEY TREE OF ORDER
TWO

ABDUKAXOROVA Z. T.
NAMANGAN STATE UNIVERSITY, NAMANGAN
zulxumorabdukaxorova@gmail.ru

RESUME

In this work, we study H 4,-weakly periodic p-adic generalized Gibbs measures for the Ising model
with an external field on the Cayley tree of order two. In the case |A| = 2, we prove that at least
one unbounded measure of this kind exists for the model. Moreover, we demonstrate that for any
odd prime p, a phase transition occurs in the considered model.

Key words: p-adic number, Gibbs measure, Cayley tree, p-adic Ising model with an external field,
H 4,-weakly periodic p-adic generalized Gibbs measure, phase transition.

Introduction

It is widely known that the set of Gibbs measures of a given model is the primary focus of research
in classical (rigorous) statistical mechanics based on the measure-theoretical scheme [1]. Such a method relies
on Kolmogorov’s probability theory axioms [2]. p-adic probability, on the other hand, represents a distinct
probability-like structure that has recently emerged in theoretical physics [4,5]. These probabilities naturally
arise in p-adic physical models, such as the p-adic string proposed by Volovich [22].

This paper investigates weakly periodic p-adic generalized Gibbs measures for the p-adic Ising model with
an external field on a Cayley tree. This model is known to have wide-ranging applications in various fields of
applied and theoretical sciences. However, this study uniquely focuses on the phase transition within weakly
periodic (in particular, non-periodic) p-adic generalized Gibbs measures, an area that has not been previously
explored. The existence of a phase transition in models on hierarchical trees is commonly analyzed using the
renormalization group (RG) technique, which involves constructing hierarchical lattices and models governed
by p-adic rational functions. For the p-adic Ising and Potts models, it has been shown in [8, 9, 11-13| that a
significant relationship exists between the phase transition and the chaotic behavior of the RG transformation.

In this paper, we study weakly periodic p-adic generalized Gibbs measures (associated with normal
subgroups of index two, specifically when |A| = 2) of the Ising model with an external field on the Cayley tree
of order two. Furthermore, we prove the existence of a phase transition for the model.

Preliminaries p-adic Numbers and p-adic Measure

Let Q be the field of rational numbers. For a fixed prime number p, any nonzero rational number z € Q
can be represented in the form
r=p
m
where r € Z, n € Z, m € N, and both n and m are integers not divisible by p. The p-adic norm of = is defined
as

—Tr

|, =p
Additionally, the p-adic norm of zero is defined by

|0|p = 0.
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This norm is non-Archimedean, i.e., it satisfies the strong triangle inequality:
|z + ylp, <max{|z|p,|ylp}, forallz,yeQ.

The completion of Q with respect to the p-adic norm yields the p-adic number field, denoted by Q,.
Every nonzero element = € @, has a unique canonical representation of the form:

z=p" (29 + z1p+ T2p® + - -+),
where v(z) € Z and the digits z; € {0,1,...,p — 1}, with z¢ # 0. In this case, the p-adic norm is given by
jl, = p7 7.
For a € Q, and r > 0, define the open p-adic ball as
B(a,r) ={z € Qp: |z —alp, <7}

The p-adic exponential is also defined by

00 n
epr(Z') = Z mv
n=0

which converges for x € B(0, 3) if p = 2, and for z € B(0,1) if p # 2.
Lemma 1 ( [7,21]). Let 2 € B(0,p~Y®=1). Then the following equalities hold:
lexp,(2)lp =1, [expy(z) — 1], =[], <1.

In [14], the authors introduced a new symbol ”0” to facilitate the computation of p-adic norms. This
symbol generalizes the notation = (mod p*), without explicitly referencing the exponent k. Let us recall the
main idea behind this notation. Given a p-adic number z, the expression o[x] denotes a p-adic number with
norm strictly less than p~7®) i.e.,

lo(@)lp < lzlp-

Example. If = 1 — p + p?, then one can write o[1] = 2 — 1 or o[p] = x — 1 + p. Thus, the symbol o]
provides a convenient tool to simplify calculations involving p-adic numbers.

Define the following subset of Q,
&= {ac €Qp:lz—1p< p_l/(p_l)}.
We recall the definitions of p-adic integers and units:
Lp={xeQp:lal, <1}, Zy={reQp:lz], =1}

The following result is a classical and widely used statement, known as Hensel’s Lemma:

Lemma 2 (Hensel’s Lemma [21]). Let f(z) = co + c1x + -+ - + cpa™ be a polynomial with coefficients in
Zy. Let f'(x) = c1 +2cox + 3c3x? + -+ nc, 2"t denote its derivative. Suppose a € Z,, satisfies the conditions

f@=0 (modp), f(a)#0 (modp).
Then there exists a unique root x € Zy, of f(x) such that
z=a (mod p).

A more detailed exposition of p-adic analysis and its applications in mathematical physics can be found
in [20,21].
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Let (X, B) be a measurable space, where B is an algebra of subsets of X. A function p : B — Q, is called
a p-adic measure if for any finite collection Ay, Ao, ..., A, € B of pairwise disjoint sets, i.e., 4; N 4; = ( for
i # 7, the following additivity condition holds:

p | U =D u4y).
j=1 j=1

A p-adic measure p is called a probability measure if ;1(X) = 1. One important property is boundedness:
a p-adic measure p is said to be bounded if

sup{|p(A)|p : A € B} < 0.

It is worth noting that p-adic probability measures are not necessarily bounded in general.
For more detailed information on p-adic measures, we refer the reader to [6,20].

Cayley Tree

The Cayley tree I'* of order k > 1 is an infinite tree in which each vertex is connected to exactly k + 1
neighbors. A more detailed description of the Cayley tree T'* can be found in [19].

Fix a vertex xo € I'*. Define the following sets (see [19]):

W, ={z €V :d(z,z9) = n}, Vn:UWm, L,={{z,y) e L:x,y € V,,},

S(z) ={y € Wypy1 : d(z,y) =1}, z €V,
Si(z)={y eV dx,y) =1}, =z =51(x)\S(x).

p-adic Gibbs measures for the Ising model with an external field

We consider the Ising model with an external field on the Cayley tree. Let & = {—1,1}. A configuration
o on A CV is defined by the function x € A — o(z) € ®. The set of all configurations on A is denoted by
Q4 = P4, and Qyp = Q.
A p-adic Hamiltonian in V;,, i.e., a function H, : Qy;, — Q,, for the Ising model with an external field is
given by
Hyon)=J Y olx)o(y)+a Y o), (1)
(z,y)ELn zEV,
where J, o € B(0,p~ /=) \ {0}.
We define a function h: 2 € V — ﬁx € Qp, and consider p-adic probability measure ,u%") on Qy, defined
by

n 1 ~
“(E )(Un> =0 exp,{ Hn(on)} H hE@ =12, (2)
Zn xeW,

where Z,gh) is the normalizing constant

Z0 = Y expy{Halon)} [ 2. (3)
on(x)EQy, zeW,
(n)

A p-adic probability measure p..~ is said to be compatable if for all n € N and 0,1 € Qy;,_,, we have

h
S o ve™) = p" Y (e, ). (4)
(M eQw,,
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In this case, by the p-adic analogue of the Kolmogorov theorem [15], there exists a unique splitting p-adic

v, =0n}) = ,ugl") (oy,) for all n € N and o, € Qy,,. Such a limiting

measure j7 on the set Q such that py ({o

p-adic measure generated by (2) is called a p-adic generalized Gibbs measure. We note that if hy € &y for all
x € V, then the corresponding measure is called a p-adic Gibbs measure (see [8,13]). Clearly, every p-adic Gibbs
measure is a p-adic generalized Gibbs measure; however, there exist p-adic generalized Gibbs measures which
are not p-adic Gibbs measures.

If there exist at least two distinct p-adic Gibbs measures, one of which is bounded and the other
unbounded, then a phase transition is said to occur. Furthermore, a quasi phase transition is said to occur
if there exist two different functions s and h such that the corresponding measures ps and pp exist and are
either both bounded or both unbounded (see [10]).

The following statement describes the condition on h guaranteeing compatibility of the sequence of

probability distributions { ,ufln) tn>1-

Theorem 1. [16] The sequence of p-adic probability distributions {,ugln)}nzl, determined by formula (2),
is consistent if and only if for any x € V' \ {xo}, the following equation holds:

- Oh, + 1
h:r: _ nk-‘rl H ,\ Yy , (5)
yeS(x) hy +0

where ¢ = exp,(2J), n = exp,, (%)7 and hy =1- exp,(2h;).

Note that, based on this theorem, the task of characterizing p-adic Gibbs measures is simplified to finding
the solutions of the functional equation (5).

H 4-weakly periodic p-adic generalized Gibbs measure

Let G}, be a normal subgroup with index r > 1 of the group Gy, and Gy /G5 = {Ho, H1,..., H,_1} be a
quotient group (see [19]).
Definition 1. A set h = {h,,z € Gy} of quantities is called Gy-periodic if hy = h;, for all z € H;. A
Gy -periodic function is called translation-invariant.
Definition 2.4 set of quantities h = {hy,x € Gy} is called G -weakly periodic if hy, = h;j, for any
r € H; and S Hj.
Definition 3. A p-adic generalized Gibbs measure py, is said to be Gy -(weakly) periodic if it corresponds
to a Gj-(weakly) periodic h. A Gy-periodic p-adic generalized Gibbs measure is called a translation-invariant
p-adic generalized Gibbs measure.

Note that any normal divisor of index two of the group Gy has the following form

Hyo={x€Gy: wa(ai) is an even number},
i€A

where ) # A C N, ={1,2,3,...,k + 1}, and w,(a;) is the number of letters a; in a word x € Gj. The subgroup
H 4 is a normal subgroup of the group Gy, (see [19]). It can be verified that the form of a weakly periodic Gibbs
measure depends on the choice of the normal subgroup H4 of Gi. Note that when |A| = k + 1, i.e., A = N,
the notion of weakly periodicity coincides with that of the usual periodicity (here, |A| denotes the cardinality
of the set A). Therefore, we restrict our attention to the case where A C Ny and A # Nj. Under this condition,
an H 4-weakly periodic collection {h;}.eq, takes the following form:

hoo, if ze€ H(), MRS f[o7
b — h017 if J?EH(), $¢EH1, (6)
v h107 if r € Hy, J)¢€H0,

h117 if JCEHl, I¢€H17
ie, Gp/Hy = {Hy, H1}, where Hy = Hy and H; = Gy \ Ha.



Acta NUUz EXACT SCIENCES Ne2/1/1, 2025, 3-12

In [16], translation-invariant and Gé2)—periodic p-adic generalized Gibbs measures for the Ising model
with an external field on the Cayley tree were studied. It was shown that if p = 1(mod 4), then there exist three

translation-invariant and two non-translation-invariant (i.e., Gg)—periodic) p-adic generalized Gibbs measures.
In contrast, if p = 3 (mod 4) with p # 3, then there exists a unique translation-invariant p-adic generalized Gibbs
measure. In [17], we considered H 4-weakly periodic p-adic generalized Gibbs measures for the case |A| =1, i.e.,
the normal subgroup of index two in the group G was of the following form:

Hy, ={zx € Gy :wy(a;) =0 (mod 2)},: € {1,2,3}

that is, the number of occurrences of the letter a; in the word x is even.

In the present paper, we aim to investigate H4,-weakly periodic (in particular, non-periodic) p-adic
generalized Gibbs measures for the Ising model with an external field on the Cayley tree of order two, specifically
focusing on the case |A| = 2. In this case, the normal subgroup of index two in the group Gy is given by:

HAz = {(E € Gk : ((“)E(a’i) + OJI(CL]')) =0 (mOd 2)} 7ivj S {17273}77’ 7& j7
that is, the total number of letters a; and a; in the word « is even. By (5), we have
~ ~ 2
_ 23 ( 6hiot+1

hoo = " (EIO"FG ) ’
39jL00+1 3 @014‘1

hoo+0 ho1+6 ’
39jL11+1 A @10+1 (7)

h11+60 hio+6 ’

~ ~ 2
i =13 (011014’1) )
1 77 ho1+6

hor =1

hio=n

It is easy to verify that the following sets are invariant under the mapping W, which is defined by the right-hand
side of equation (7):

Iy = {(hoo, hot, h1o, 1) € QP+ hoo = ho1 = hio = has},
I = {(hoo, ho1, h1o, h11) € Qs : hoo = ha1, hoy = hio}-

On the set I, the solutions of equation (7) coincide with the translation-invariant solutions which are studied
in [16].
On the set I, the system of equations (7) can be rewritten as follows:

~ _ 2
_ 3 [ 6ho1+1
hoo =1 ( Y ) ,

/ﬁ _ 3@00-‘-1 . @01+1 (8)
01 K hoo+6  ho1+6
The system of equations, is similar to (8), was studied in [17]. In [17], it was shown that a similar system exists
at least one H 4,-weakly periodic (non-periodic) solution as follows:

041’ if xe€ Hy, HANS Hy,
s if =€ Hy, HARNS Hy,
-3, if x € Hy, .’E¢€H(),
0" if weHy, =z, € H.

=)
8

Il
Hdw‘

(9)

Using similar methods as in [17], we obtain the following H 4,-weakly periodic (in particular, non-periodic)
solution of (8):

”7%’ if =€ Hy, $¢€H0,
0+n* .
~ 7977'27_{_1, if xeHy, =z, €H,
he={ Cwr (10)
BRTESE if JJEHl, .’IZ‘\LGH(),
77%, if =€ Hy, .’IZ‘\LGHl.
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Remark 1. We note that, according to Appendex A, the H 4, -weakly periodic solution and the H 4,-weakly
periodic solution are different. Hence, these solutions determine different weakly periodic p-adic generalized Gibbs
Measures.

Using this solution, we get the following theorem:

Theorem 2. For the Ising model with an external field, there exist at least one H 4, -weakly periodic
(non-periodic) and one H 4,-weakly periodic (non-periodic) p-adic generalized Gibbs measure on the Cayley tree
of order two.

Proof. The proof of the existence of at least one H4,-weakly periodic (non-periodic) p-adic generalized
Gibbs measure is given in [17]. Therefore, we provide the proof for the existence of an H 4,-weakly periodic
(non-periodic) p-adic generalized Gibbs measure.

The solution given in (10) is an H 4,-weakly periodic (non-periodic) solution of the system (7). According
to Definition 3, this implies the existence of an H 4,-weakly periodic (non-periodic) p-adic generalized Gibbs
measure for the p-adic Ising model with an external field on the Cayley tree of order two.

The theorem is proved.

Remark 2.

1. We note that the Gibbs measures depend on the choice of the normal subgroup H 4 of Gj. This implies
that selecting different values of |A| corresponds to choosing different subgroups H 4, which in turn leads to
different systems of equations and, consequently, to different types of H 4-weakly periodic Gibbs measures. The
set of weakly periodic Gibbs measures also contains the set of periodic Gibbs measures, including, in particular,
the translation-invariant Gibbs measures.

2. Translation-invariant p-adic generalized Gibbs measures for the Ising model on the Cayley tree of order
two were studied in [16].

3. In particular, when |A| = 1, the corresponding H 4,-weakly periodic Gibbs measures have been studied
in [17]. In [17], we establish the existence of at least one H 4,-weakly periodic p-adic generalized Gibbs measure
for the Ising model on the Cayley tree of order two.

4. If |A] = k + 1, then the Ha,_ -weakly periodic Gibbs measure coincides with the Gf)—periodic Gibbs
measure. In [16], the authors studied G;z)—periodic Gibbs measures for the Ising model on the Cayley tree of
order two.

Now we turn to the investigation of the boundedness of the above-established H 4,-weakly periodic p-adic
generalized Gibbs measure.

Theorem 3. Let p > 3. For the Ising model with an external field on the Cayley tree of order two,
there exists at least one unbounded H 4, -weakly periodic (non-periodic) and at least one unbounded H 4, -weakly
periodic (non-periodic) p-adic generalized Gibbs measure py,, .

Proof Assume p >. In [17], we proved the existence of at least one unbounded H 4,-weakly periodic (non-
periodic) p-adic generalized Gibbs measure. Hence, we will show at least one unbounded H 4,-weakly periodic
(non-periodic) p-adic generalized Gibbs measured. Using (2), we get

. 1 oM (p
1Y@l = |~ | - lepptHa(en} T A
z A » zeW,

p

According to Lemma 1, we have ’expp{Hn(an)}‘p = 1. Since 0 € &, and 1 € &,, we obtain | 5| =
P
‘f 99:;131 ) 1. Using these results and the equality (22) in [17] we rewrite the p-adic norm of the measure as
follow:
oo+ Do+ 0 @ + DG+ 0| | 1
n 00 + 00 + 01 + 01+
i (@)l = = - = 5 (1)
00 01 » Z) »
It is easy to check that
0< ’ZY"”) <1,
P
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~ 1—6?
Oh 1, =|——
| 01 + |;D ’9n3+1p ’
3002
~ n° (6" —1) >
h Ol, = |——— 1, |6h =1
|ho1 + 0, 0P 1 1 p< ; 10ho1lp )
~ 0 +n
|0hoo + 1|, = 3 <1,
oy
~ On® +1 ~
|h00 + 9|p = 3 <1, |0h00|p =1.
n P
From last results we get
lim ") (0,)]p = o0, (12)

n—soo = hg

This completes the proof.
We remark that the following statements are known for the Ising model with an external field:

1. In [16], the author showed that for any odd prime p, there exists a unique bounded translation-invariant
p-adic generalized Gibbs measure.

2. In [17], it was shown that for any prime p, there exists at least one unbounded H 4,-weakly periodic
p-adic generalized Gibbs measure.

3. According to Theorem 3, there exists at least one unbounded H 4,-weakly periodic p-adic generalized
Gibbs measure.

Using these facts we get the following result:

Theorem 4. For any odd number p, a phase transition occurs in the Ising model with an external field
on the Cayley tree of order two.

Appendix A

In this section, we prove that the measures defined by (9) and (10) are distinct.
Preposition 1. The measures corresponding to (10) and (9) are distinct.

Proof. To this end, let u%l) and uﬁf) denote the sequences of p-adic probability distributions corresponding

to (10) and (9), respectively. Assume that piY = jas n — oo, which implies limy o |,u$Ll) — plp = 0. Our

objective is to demonstrate that lim,, | ug) — ptlp = 0. By the strong triangle inequality, we have:

112 — plp = 1@ — p O+ D — )y < max{|p? — uP 1, (a8 — plp}.

Since lim,, o M}) — | — 0, the proof reduces to showing that lim,, |u%2) — p%1)|p #0.

Let .
0+n 1
ho = —0773 1 and h1 = 7’]73. (13)

According to equation (11) and equation (22) in [17], the sequences of p-adic probability distributions
corresponding to (10) and (9) can be expressed as:

) _ (6ho + 1)(ho + 0) 2-2" | (0hy +1)(hy + 0) 1_gn—1 |
= 9ho T

: o Bn+n
'Wexpp{ffn(an)}(ho) (hy)Pn+m,

)

((e)m +91})L(h1 + 9))“” . (((mo +;;(ho N 9))12n1
1 0
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W expp{Hn(an)}(hl)aﬁdn (hl)ﬂnﬂn :
1

where ay,, By, Yn, On represent the counts of hog, ho1, 1o, h11 on W, respectively. From Lemma 2.15 in [18], we

(1)

have o, +J,, = 2" and B,, + 7, = 2"~ '. The p-adic norm of the difference between ug) and p,, ° is given by:

(Ohy + 1)(h1 +6)
Ohy

22 g 2" (|2 [exp, {Ho (o)
hm
» 2",

1_271—1
| (8ho + 1)(ho + 6)
Ohg

1@ — P, = ‘
P

()™ ()

p

It follows from the results in the proof of Theorem 3 that

1my%ﬁlw¢ww”wﬂwm+M%+m*T
n—00 9h1 p 9h0 P
"ho‘pnvll §n71|€pr{Hr,L(O'n)}‘p _ (14)
ha -
1211,
Applying the strong triangle inequality, we deduce that
2n—tq 2" —1
lim (Oho + 1)(ho + 0) (h 1| <
n—oo |\ (Qhy + 1)(h1 +6) ho »
n—1 n
, (Oho + 1)(ho +0)\> ' [h\®
< 1 = 1, =1 1
= maxy ((em +1)(h1 +0) ho ’ 1
Since 0,6 € &, and by (13) we have
‘(Gho +1)(ho + 0) 2n=1-1 . @ 2" —1 _ ‘ (6% — 1) 2"t -1
(0h1 +1)(h1 4+ 0) |, ho |, (0% +1)3(0 + n?) »

Consequently, we obtain

2n71_1

- ‘ (Oho + 1)(ho + 0)

p

Equations (14) and (15) together imply that

12 — pfP |, = oo
@)

This result shows that g, — u. Therefore, the measures corresponding to (10) and (9) do not coincide; that

is,

10

they are distinct measures. This concludes the proof.
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REZYUME

Ushbu ishda biz ikkinchi tartibli Keli daraxtidagi tashqi maydonli Izing modeli uchun H 4,-kuchsiz
davriy p-adik umumlashgan Gibbs o‘lchovlarini o‘rganamiz. |A| = 2 bo‘lgan holatda, ushbu model
uchun hech bo‘lmaganda bitta chegaralanmagan H 4,-kuchsiz davriy p-adik umumlashgan Gibbs
o‘lchovi mavjudligini isbotlaymiz. Bundan tashqari, ushbu ishda qaralayotgan modelda ixtiyoriy p
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toq tub son uchun faza o‘tishi sodir bo‘lishini ko‘rsatamiz.

Kalit so‘zlar: p-adik son, Gibbs o‘lchovi, Keli daraxti, tashqi maydonli Ising modeli, H 4,-kuchsiz
davriy p-adik umumlashgan Gibbs o‘lchovi.

PE3IOME

B nannoit pabore Mbl usydaeMm H 4,-ci1ab0 LeprogudecKue p-aIudeckue o0o0mennble Mepel I'nboca
st Mogiesin V3unra ¢ BHemHuM 11osieM Ha jiepese Ko Broporo nopsiaka. B ciyuae |A| = 2 nokasbi-
BAETCH, 9TO IJId JAHHON MOIEIN CYIIEeCTBYET IO KpaiiHell Mepe OHa HEOrpaHMYCHHAS MEPa TAKOI'O
Tuna. Kpome TOro, Mbl MOKa3bBaeM, 9TO IPH JIIOOOM HEYETHOM IPOCTOM YUCJIE P B PACCMATPUBAE-
MOl MOZEJIM IPOUCXOAUT (PA3OBLIA IIepexo,.

Karouesnie caosa: p-anmaeckoe ducio, mepa ['mbbca, nepeBo Kamm, momens Vzunra ¢ BHemHUM
nosieM, H 4,-c1abo nepuopuyeckas p-ajudeckast obobménnast mepa ['uboca, dazosblii nepexoyr.
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REZYUME

Turizm jahon iqtisodiyotining eng jadal rivojlanayotgan tarmoqlaridan biridir. Xalgaro turizmni
rivojlantirish qonuniyatlarini bilish, uning jahon sayyohlik bozorida munosib o‘rin egallashi uchun
zarurdir. Ushbu maqolada graflar nazariyasi yordamida Qashqadaryo viloyatidagi ayrim digqatga
sazovor joylarni sayohat qilishning optimal xaritasini keltirishga harakat qildik.

Kalit so‘zlar: Turizm, graflar, optimal xarita, turizm modeli, matematik modellashtirish.

Kirish. O‘zbekiston boy turistik salohiyatga va turizmni rivojlantirishning barcha imkoniyatlariga ega,
shu tufayli mamlakatimizda turizm sohasini rivojlantirish uchun turli chora tadbirlar, Prezidentimiz qaror va
farmonlari ishlab chiqilib amalga oshirilmoqda. O‘zbekiston Respublikasi Prezidenti SH.M.Mirziyoyevning 2018-
yil 3 -fevraldagi "O‘zbekiston Respublikasining sayyohlik salohiyatini rivojlantirish uchun qulay shart-sharoitlar
yaratish bo‘yicha qo‘shimcha tashkiliy chora-tadbirlar to‘g‘risida"5326-sonli farmoni, "Turizm yo‘nalishidagi
islohatlarni yanada jadallashtirish va sohada davlat boshqaruvi tizimini samarali tashkil qilish chora-tadbirlari
to‘grisidagi" O‘zbekiston Respublikasi Prezidentining 27.07.2023 yilgi PQ-238 qarori turizmning rivojlanishi
postindustrial jamiyat iqtisodiyotining shakllanishida muhim rol o‘ynaydi. [[2],4-9].

Matematik model. Matematik muammolarni hal qgilish, matematik bilimlar bilan ishlash qobiliyati -
turlarni tanlashda, marshrutni tuzishda va sayyohlik biznesini yuritishda yordam beradi. Biz matematikaning
turizm bilan o‘zaro bog‘ligligini va matematika bilimlari turizm sohasidagi parametrlarni rivojlantirishda qanday
foydali bo‘lishi mumkinligini ko‘rsatmoqchimiz. Modellashtirish jarayonining asosi matematik usullardir. Ba’zi
bir tizimlarni ko‘rib chigayotganda, fikrlash natijasida ma’lum bir formula, diagramma, grafik, chizma, jadval,
algoritm olinadi, boshqacha qilib aytganda, matematik modelni yaratish tartibi amalga oshiriladi. Keng ma’noda
matematik model — bu obyektlar va ular o‘rtasidagi munosabatlarning matematik vositalaridan, shu jumladan
harflar, belgilar, mantiqiy belgilar, nuqtalar, chiziglar va boshqalardan tashkil topgan model. Matematik
fanlarning mazmunini "matematik modellashtirish"mazmuniga e’tibor qaratgan holda, tuzish jarayonida turizm
sohasi uchun mutaxassislarni tayyorlashda uzluksizlikni ta’'minlash besh bosqichda ajralib turadi: propedevtik,
motivatsion, nazariy, amaliy va professional.

Adabiyotlar tahlili. Graflar nazariyasining ayrim tushunchalari [1, 3]. Ehtimol, birinchi sayyohlarga
bo‘g‘liq masala, matematika fanining yangi turi - graflar nazariyasiga asos solgandir. Bu Konigsberg ko‘priklari
bilan bog‘liq masala edi.

G (V, E) — graf deyiladi agarda u ikki bo‘sh bo‘lmagan chekli to‘plam birikishidan iborat obyekt bo‘lsa,
V-to‘plam grafning uchi (tuguni, nuqtasi) va V -to‘plamdan olingan elementlarning bir necha jufti E CV x V
to‘plamning qirrasi deb ataladi, agar juftlik tartiblanmagan elementdan iborat bo‘lsa, agar juftlik tartiblangan
elementdan iborat bo‘lsa, u yoy deyiladi. Birinchi holda to‘plam manfiy yo‘nalishga ega bo‘lsa, ikkinchi holda
musbat yo‘naltirilgan bo‘ladi. Agar e = (v1,v2) bolib e € F bo‘lsa u holda v; va v,larni tutashtruvchie girra
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(yoy) deyladi. Agarda e = (v1,v2) bo‘lib v1 va vy larni tutashtruvchi e girra (yoy) uchun v; = vy bo‘lsa e girra
(yoy) sirtmoq deb ataladi.

Sirtmoq, odatda, yo‘naltirilmagan deb hisoblanadi. Qirralari (yoylari) orasida sirtmoqlari bo‘lgan graf
psevdograf deyiladi. Agar ikki v; va vyuchlarni tutashtruvchi girra (yoy) mavjud bo‘lsa, u holda v, va vyuchlar
qo‘shni deyiladi. Xuddi shunday, ikki har xil girra (yoy) qo‘shni deyiladi, agarda umumiy uchga ega bo‘lsa.

Ikki uch v; va v, agar ularni birlashtiruvchi chekka bo‘lsa, qo‘shni deyiladi. Xuddi shunday, ikkita
alohida chekka qo‘shni bo‘ladi, agarda ular umumiy cho‘qqiga ega bo‘lsa. Graf yoyi uchun uning chetki uchlarini
ko‘rsatish tartibi muhim ekanligini ta’kidlaymiz, ya'ni (a,b) va (b, a) yozuvlar bir-biridan farq giluvchi yoylarni
ifodalaydi. Agar yoy (a,b) ko‘rinishda ifodalangan bo‘lsa, u holda a uning boshlang‘ich uchi, b oxirgi uchi deb
ataladi. Bundan tashqari, yoy (a,b) ko‘rinishda yozilsa, u haqida a uchdan chiquvchi (boshlanuvchi) va b uchga
kiruvchi (uchda tugovchi) yoy deb aytish ham odat tusiga kirgan. Qirra uchun uning (a,b) yozuvidagi harflar
joylashish tartibi muhim rol o‘ynamaydi va elementlar girraning uchlari yoki chetlari deb ataladi. Agar grafda
yo (a,b) qirra, yo (a,b) yoy, yoki (b,a) yoy topilsa, u holda a va b uchlar tutashtirilgan deyiladi. Agar grafning
ikkita uchini tutashtiruvchi girra yoki yoy bor bo‘lsa, u holda ular qo‘shni uchlar deb, aks holda esa, qo‘shni
bo‘lmagan uchlar deb aytiladi. Grafning ikkita uchi qo‘shni bo‘lsa, ular shu uchlarni tutashtiruvchi girraga
(yoyga) insident, o‘z navbatida, girra yoki yoy bu uchlarga insident deyiladi. Grafda ikkita girra (yoy) umumiy
chetga ega bo‘lsa, ular qo‘shni girralar (yoylar) deyiladi. Shuni ta’kidlash kerakki, qo‘shnilik tushunchasi grafning
bir jinsli, insidentlik tushunchasi esa uning turli jinsli elementlari orasidagi munosabatni ifodalaydi. Ba’zan graf
undagi elementlar soniga qarab, ya’ni uchlar soni m va qirralar (yoylar) soniga n ga qarab belgilanadi va bu holda
grafni (m,n) - graf deb ataydilar. Agar G = (V,U) grafda U kortej fagat qgirralardan iborat bo‘lsa, u holda
yo‘naltirilmagan (oriyentirlanmagan) va faqat yo‘naltirilgan (oriyentirlangan) girralardan (ya’ni, yoylardan)
tashkil topgan bo‘lsa, u holda u yo‘naltirilgan (oriyentirlangan) graf deb ataladi. Oriyentirlangan graf, qisqacha,
orgraf deb ham ataladi. Ko‘p hollarda oriyentirlanmagan qirralari ham, oriyentirlangan girralari ham bo‘lgan
graflar bilan ish ko‘rishga to‘g‘ri keladi. Bunday graflar aralash graflar deb ataladi. Agar G = (V,U) grafning
(orgrafning) U korteji tarkibida V' x V' to‘plamdan olingan takrorlanuvchi elementlar bo‘lsa, u holda ular karrali
yoki parallel girralar (yoylar) deb ataladi. Karrali qirralari yoki yoylari bo‘lgan graf multigraf deyiladi.

Minimal uzunlikka ega yo‘l haqidagi masala [1, 3]. Berilgan bog‘lamli grafning har bir qgirrasiga
(agar berilgan graf oriyentirlangan bo‘lsa-yoyiga) qandaydir haqigiy son mos qo‘yib, bu sonni girraning (yoyning)
uzunligi, deb ataymiz. Qirraning (yoyning) uzunligi additivlik xossasiga ega deb faraz gilamiz, ya'ni girralar
(yoylar) yordamida tuzilgan zanjirning (yo‘lning) uzunligi shu zanjimi (yo‘lni) tashkil etuvchi girralar (yoylar)
uzunliklari yig‘indisiga tengdir.

Tabiiyki, girraning yoki yoyning uzunligi tushunchasi yechilayotgan masalaning mohiyatiga qarab,
muayyan bir ma’noga ega bo‘lishi mumkin. Masalan, ikki shahar orasidagi masofa, qandaydir operatsiyani
bajarish uchun zarur mablag’ (xarajatlar) yoki vaqt va boshqalar. Shu nuqtayi nazardan, umuman olganda, bu
yerda manfiy uzunlikka ega yoki uzunligi nolga teng qirra (yoy)ham ma’noga ega deb hisoblanadi.

Amaliyotda uchraydigan ko‘plab masalalarda marshrut uzunligi maksimallashtirilishi yoki
minimallashtirilishi talab etiladi.

G = (V,U) oriyentirlangan graf berilgan bo‘lsin, bu yerda V. = {1,2,...,m} G grafning biron s €
Fuchidan boshqa t € E uchiga boruvchi yo‘llar orasida uzunligi eng kichik bo‘lganini topish masalasi bilan
shug‘ullanamiz. Bu masalani minimal uzunlikka ega yo‘l haqgidagi masala, deb ataymiz. Quyida bu masalaning
umumlashmasi hisoblangan masalani qarab, uni ham o‘sha nom bilan ataymiz. Grafdagi (¢, j) yoyning uzunligini
¢;j bilan belgilab, C' = (¢;5),  i,j = 1,m, matritsa berilgan deb hisoblaymiz. Yuqorida ta’kidlaganlarimizga
ko‘ra, S matritsaning c;; elementlari orasida manfiylari yoki nolga tenglari ham bo‘lishi mumkin. Agar grafda
biron ¢ uchdan chiqib, j uchga kiruvchi yoy mavjud bo‘lmasa, u holda bu yoyning uzunligini cheksiz katta deb
gabul gilamiz (¢;; = 00). Bundan tashqari, G grafda umumiy uzunligi manfiy bo‘lgan sikl mavjud emas, deb
hisoblaymiz, chunki aks holda uzunligi eng kichik bo‘lgan yo‘l mavjud emas. Minimal uzunlikka ega yo‘l haqgidagi
masalani hal etish usullari orasida Deykstra Edsger Vayb (Dijkstra Wybe, 1930-2002) tomonidan taklif etilgan
algoritm ko‘p qo‘llaniladi. Quyida grafning 1 belgili uchidan chiqib (bu uchni manba deb gabul gilamiz), grafdagi
k uchgacha (bu oxirgi uch deb hisoblaymiz) eng qisqa uzunlikka ega yo‘lni topish imkonini beruvchi Deykstra
algoritmi keltirilgan. Agar grafda umumiy uzunligi manfiy bo‘lgan sikl mavjud bo’lsa u holda grafning qandaydir
s uchidan shu siklning biron 7 uchiga o‘tib, keyin esa sikl bo‘ylab harakatlanib, 7 uchga istagancha marta qaytish
mumkin bo lganligidan, istagancha kichik uzunlikka ega yo‘l tuzish mumkin. Bunda eski €; giymat aniqlangan
paytda ajratilgan yoyni ajratilmagan deb hisoblaymiz. Uchlarga giymat mos qo‘yish jarayonini oxirgi (k belgili)
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uchga giymat mos qo‘yilguncha davom ettiramiz. Grafning 1 belgili uchidan (manbadan) chiqib, uning ixtiyoriy
k uchigacha (oxirgi uchigacha) eng qisqa yo‘l uzunligi €5, bo‘ladi.

Tadqiqot metodologiyasi. Turizmda graflar nazariyasining ayrim tadbiqlari. Sayyohlikda yo’lni va
vaqtni tejash bu mablag‘ni tejashga olib keladi, bu esa sayohatchilarning eng muhim hayotiy qonunidan iborat.
Biz ham sayyohlarga yordam berish magsadida Qashqadaryo viloyatining ba’zi diqqatga sazovor joylarini graflar
nazariyasining minimal uzunlikka ega yo‘l masalasiga olib kelishga harakat gilmoqchimiz. Yandexda xaritalar
va boshqa global xaritalash xizmatlari yer yuzasidagi ikki nugta orasidagi masofani yerning sferik geometriyasini
hisobga olgan formulalar yordamida hisoblanadi. Bunday formulalardan biri Gaversin (Haversine) formulasidir,
bu ularning kengligi va uzunligi bilan berilgan shardagi ikkita nuqta orasidagi eng gisqa masofani (katta aylana
yoyi) hisoblash uchun ishlatiladi. Gaversin (Haversine) formulasi, (¢1, A1), (¢2,A2) koordinata nuqtalari bilan
berilgan bo‘lsin. Bu yerda ¢, 2 radianda berilgan kengliklar, A1, A2 lar radianda berilgan uzunliklardir. Tkki
nuqta berilgan masofa d quyidagi formula bilan hisoblanadi:

d = 2R arcsin l\/sin2 <A£P> + €os 1 €os Pasin? <A2)\)] .

Bu yerda R yer radiusi, Ap = @2 — 1, AN = Ay — A;. Gaversin (Haversine) formulasi yerning sharsimon
tabiatini hisobga oladi va aynigsa uzoq masofalar uchun aniq natijalar beradi.

Tahlil va natijalar. Qashqadaryo viloyati O‘zbekistonning ekologik jihatdan eng toza hududlaridan biri
bo‘lib, mamlakatning janubida, Qashqadaryo daryosi vodiysida, Pamir-Alay tog‘larining g‘arbiy yonbag‘irlarida
joylashgan. Toshkent shahrigacha masofasi 400 km ga yaqin. Viloyatning eng mashhur joylari bo‘lgan baland
tog‘lar observatoriyasi, Kitob qo‘rigxonasi, birinchi agroturizm qishlog‘i bo‘ylab sayohat qilishdan oldin,
sayohatchilarga O‘zbekistonning noyob dunyosini kashf etishda yordam berish uchun yaratilgan yangi maxsus
loyihamizni keltirib o‘tamiz.

1-jadval
Qashqadaryo viloyatidagi madaniy meros obyektlari

T/r|  Tuman (shahar) Umumly Arxeologiya| Arxitektura)| Monumental quqgtg 5

soni d sazovor
1 | Qarshi shahar 58 26 25 6 1
2 | Shahrisabz shahar 61 28 28 5 0
3 | Qarshi tuman 124 105 15 0 4
4 | Shahrisabz tuman 174 150 22 0 2
5 | Kitob tuman 305 281 16 3 5
6 | Yakkabog' tuman 237 195 38 2 2
7 | Chirogchi tuman 49 36 8 3 2
8 | Qamashi tuman 66 59 3 1 3
9 | Dehgonobod tuman 38 32 4 1 1
10| Muborak tuman 8 2 3 2 1
11| Nishon tuman 7 3 1 3 0
12| Mirishkor tuman 17 9 6 | 1
13| G'uzor fuman 109 94 9 3 3
14| Koson tuman 90 76 11 2 1
15| Ko‘kdala tuman 30 22 8 0 0
16| Kasbi tuman 95 79 11 3 2
Jami| 1468 1197 208 35 28

Ma’lumot: 1-jadval Qashqadaryo viloyati hokimligi turizm boshqarmasidan olindi. Qashgadaryo
viloyatidagi ayrim digqatga sazovor joylarni keltiramiz
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2-jadval

Diqgatga sazovor joy nomi | Joylashgan kengligi | Joylashgan uzogligi

1 | Odina masjidi va madrasasi | 38.86804437927726 | 65.80354502847449

2 | Qashgadaryo sohili yoki 38.89112533986972 | 65.81007673847897
G‘isht-tosh kuprik

3 | Ko'k- Gumbaz masjidi 38.86395311836226 | 65.79243399766575

4 | Abu Ubayda ibn al-Jarroh 38.881900734382704 | 65.82638273390437
mavzaleyi

5 | Al-Nasafiy ziyoratgohi 38.82678118099882 | 65.52956035176209

6 | Langar Ota ziyoratgohi 38.68174872591029 | 66.75842018597375

7 | Maydanak observatoriyasi 38.68493969542907 | 66.94369243443217

8 | Oq Saroy 39.058989597396526 | 66.83004185719831

9 | Hazrati Bashir zivoratgohi | 39.27127070974837 | 67.10432550796715

10 | Hazrati Sulton ziyoratgohi 39.06222076871807 | 66.8302180804815

11 | Suv tushar sharsharasi 38.95038974619961 | 67.34106731910228

12 | G'elon gishlog*i 39.08130544344419 | 67.45809314089759

13 | Kitob davlat geologik 39.19172891736008 | 67.2444009804881
qo‘rigxonasi

14 | Shamshod kulol 39.05390788689151 | 66.82096108973568

15 | Taxtakorachi dovoni ( Kitob | 39.28558942932864 | 66.92598341726843
davoni)

16 | Sulton Mirhaydar ota masjidi| 38.95073183278398 | 65.38980358232678

1-chizma
A Odina masjidi
H B Ko'k Gumbaz masjid
C Langar ota qabristoni
D Maydanak tog‘li

observatoriyasi

E Suvtushar sharsharasi
F G*elon gishlog*i

G Hazrati Bashir

H Kitob davoni

I Oq saroy

I

Qashqadaryo sohili yoki
Gisht-tosh kuprigi

2-chizma

Biz ziyoratgohlar orasidagi masofani yandeks masofasida o‘lchadik, bundan tashqari agar masofa 10 km dan
kam bo‘lsa 1 qo‘ydik, agar 10 km dan oshiq bo‘lsa yaxlitladik. Agar uchta qo‘shni ziyoratgoh orasidagi masofa
kki ziyoratgoh orasidagi masofa bilan teng bo‘lsa biz yagqin sifatida uchtasi orasidagi masofani taklif qildik.

Ziyoratgohlarga sayohat qilishning yo‘l xaritasing 2 il ko‘rinishda ifodaladik. [chizma-3,4]
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Odina masjidi
Ko‘k Gumbaz masjid
Langar ota gabristoni

|
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1/9(“ [ 1/ 5 10 Maydanak tog'li
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Suvtushar sharsharasi
G'elon gishlog*i

Hazrat Beshir

Kitob dovoni

Ogq saroy

Qashgadaryo sohili yoki
G'isht-tosh kuprigi
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3-chizma

Odina masjidi
Kok Gumbaz masjid
Langar ota gabristoni

w “‘iuk-u',/: N o Maydanak tog'li
/ 10 - 8 observatoriyasi

. / g - Suvtushar sharsharasi
# G*elon qgishlog‘i
Hazrati Bashir
Kitob davoni
Oq saroy
Qashqadaryo sohili yoki
G*isht-tosh kuprigi

=
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@
0w e

\
==z m|m

4-chizma,

Xulosa va takliflar. O‘zbekistonda turizmni rivojlantirish uchun zarur shart-sharoitlar mavjud: tabiiy
resurslarning noyob kombinatsiyasi, tarixiy madaniy xilma-xillik. Shu bilan birga, turizm infratuzilmasining
sifatini oshirish va sohani rivojlantirish bo‘yicha kompleks davlat siyosati mavjud, bu esa kelajakda O‘zbekiston
turizm bozorining mehmondo‘stlik sohasidagi jahonda yetakchilaridan biri bo‘lishiga olib keladi.

Qashqgadaryo viloyati O‘zbekistonning eng go‘zal mintaqasi hisoblanadi va atmosfera sayohatlari uchun
juda ko‘p giziqarli yo‘nalishlarga ega. Bu yerda sarguzasht izlovchilarga yoqadigan barcha narsalar mavjud: tog’
yo‘llari, ulkan tarixiy diqqatga sazovor joylar, mahalliy madaniyatga to‘liq kirib borish, mazali milliy va xorijiy
ta’omlar va boshqalar.

Ushbu maqolada graflar nazariyasi yordamida Qashqadaryo viloyatidagi ayrim diqqatga sazovor joylarini
sayohat qilishning optimal xaritasini keltirishga harakat qildik. Biz nafaqgat tashqi sayyohlikni, balki O‘zbekiston
Respublikasi Prezidentining tashabbuslari bilan boshlangan ichki turizimni rivojlantirish zarurligini sezdik,
sababi Respublikamizning diqqatga sazovor joylari hagida xalgimizda yetarlicha ma’lumot mavjud emas.
Bu esa joylardagi mutassaddi shaxslarning o‘z ishiga sovuqqonlik bilan garayotganini yoki vazifasini to‘liq
tushunmaganini bildiradi, bu masalalarga jiddiy e’tibor garatilsa magsadga muvofiq bo‘lardi.
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PE3IOME

Typuswm siBisieTcst OqHON U3 HanboJIee OBICTPO PA3BUBAIOIINXCST OTPACIEN MUPOBO SKOHOMUKHU. JHA-
HI€ 3aKOHOB Pa3BUTHS MEK Iy HAPOIHOI'O TyPU3Ma HEOOXOMMO JIJIsi TOTO, YTOOBI OH 3aHSLJI JJOCTOIHOE
MEeCTO Ha MUPOBOM TYPUCTCKOM PBIHKE. B 9T0i cTaThe MbI HONBITAINCH C IIOMOIIBIO Teopuu rpadon
MIPEJIOCTABUTD ONITUMAJBLHYIO KaPTY HEKOTOPBIX JOCTOIpUMedaTeibHocTel Kamkaapbuuckoit ob1a-
CTH.

Karouesnte caosa: Typusm, rpadsl, onTuMaibHas KapTa, MOIEIb TYPU3Ma, MATEMATHIECKOE MO-
JIeJINPOBaHIUE.

RESUME

Tourism is one of the most rapidly developing sectors of the world economy. Knowledge of the laws
of international tourism development is necessary for it to take its rightful place in the world tourism
market. In this article, we have tried to create an optimal map of traveling to some attractions in
the Kashkadarya region using graph theory.

Key words: Tourism, graphs, optimal map, tourism model, mathematical modeling.
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REZYUME
Ushbu ishda, yoyiluvchi funksiyaning tashuvchisi biror sohadan tashqarida bo‘lsin degan shart
asosida, aynan shu sohada ikki karrali Furye qatorlarining elliptik gismiy yig‘indilar ketma-ketligini
deyarli yaqginlashish masalasi o‘rganilgan. Bunday masalaga odatda umumlashgan lokalizatsiya
masalasi deb ataladi.

Kalit so‘zlar: Furye qatori, elliptik qismiy yig‘indi, umumlashgan lokalizatsiya, maksimal operator.

Quyidagi

nez?

ikki karrali Furye qatorini garaymiz. Bu yerda Z2 - tekislikdagi butun koordinatali vektorlar to‘plami,
fn=(2m)72 [ fy)e ™ dy- Furye koeffitsientlari, 7% = (—m, 7], bunda (—m,7]? = (—m, 7] x (—m,7]- dekart
T2

ko‘paytma, nx = nixy + noxs-skalyar ko‘paytma.

Thtiyoriy A > 0 son uchun S)f(x) orqali (1) qatorning elliptik soha bo‘yicha qismiy yig‘indisini
belgilaymiz, ya‘ni:

Sf@)= " fae™, (2)
A(n)<A

bu yerda, A(§) = a11&3 + 2a12€1€2 + a263- ikkinchi tartibli bir jinsli ko‘phad. Agar ihtiyoriy ¢ # 0 vektor
uchun ushbu A(£) > 0 tengsizlik o‘rinli bo‘lsa, u holda A(&) ko‘phad elliptik ko‘phad deyiladi (yoki ushbu
a%y — aj1azs > 0 tengsizlik bajarilsa).

Lo(T?)- T? da kvadrati bilan integrallanuvchi funksiyalar sinfi bo‘lsin. Bu sinfda normani quyidagicha

1

kiritish mumkin: || f||,r2) = ([7 [f(2)[2dz)? .

V.A. II’in [1] ishida xos funksiyalar bo‘yicha ihtiyoriy yoyilma uchun umumlashgan lokalizatsiya prinsipi

tushunchasini kiritdi. IIin tushinchasidan kelib chiqib, biz Ls(T?) da Sy f(z) uchun umumlashgan lokalizatsiya
prinsipi o‘rinli deb aytamiz, agar ihtiyoriy f € Ly(T?) funksiya uchun ushbu

Jim Sxf(x) =0 (3)

tenglik T2 \ suppf da deyarli bajarilsa.

Ko‘rinib turibdiki, klassik lokalizatsiya prinsipidan farqli o‘laroq bu yerda (3) tenglikni T2 \ suppf da
deyarli bajarilishi yetarli (hamma joyda emas). Ushbu ishning asosiy natijasi quyidagi teorema hisoblanadi.

1-teorema. Q C T? biror ochiq soha, A(§) ihtiyoriy ikkinchi tartibli bir jinsli elliptik ko‘pzad, f(x) €
Lo(T?) funksiya har bir argumentlari bo‘yicha davriy va davri 27 ga teng bo‘lsin. Agar ihtiyoriy x € Q da
f(x) =0 bolsa, u holda (3) tenglik Q ning deyarli hamma yerida bajariladi.

Eslatib o‘tamiz, n karrali Furye qatorlarining shar bo‘yicha qismiy yig‘indisi uchun umumlashgan
lokalizatsiya masalasini birinchi bo‘lib R.R. Ashurov tomonidan [2]| ishda o‘rganilgan.
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Deyarli yaqinlashish masalalarini o‘rganishda quyidagi maksimal operatorini kiritish magsadga muvofiq:
S.f(x) =sup|Sxrf(z)|. 1- teorema isboti maksimal operatorining quyidagi bahosiga asoslangan:
A>0

2-teorema. Kp = {z € R? : |z| < R} - doira, A(§) ihtiyoriy elliptik ko‘phad, f(z) € L2(T?) funksiya
har bir argumentlari bo‘yicha davriy va davri 2w ga teng bo‘lsin. Agar istalgan © € Kgr da f(x) = 0 bo‘lsa, u
holda ihtiyoriy r(r < R) uchun shunday C' = C(R,r) o‘zgarmas son mavjudki, quyidagi

/K [S.f@Pdr<C [ [f(@)Pds (4)

T2

tengsizlik o ‘rinli bo ‘lads.

Biror Kp C T? doirada f(x) = 0 bo‘lsin va ixtiyoriy » < R sonini tayinlaymiz. x;(t), t >
0- [0, b] segmentning xarakteristik funksiyasi bolsin. ¢1(¢) orqali quyidagi x r—» (t) < @1(t) <
3
X 2r—r) (t) tengsizlikni qanoatlantiruvchi silliq funksiyani belgilaylik. ¢ (¢) funksiya orqali |
3
ifodalangan @2(t) funksiyani ushbu @s(t) = 1 — ¢4 (¢) ko‘rinishida aniglaylik ( 1-chizma,
R—r )
= )

a =

1-chizma

Endi quyidagi yangi funksiyani aniqlaymiz: 1 (z) = po(|z|), 2 € T? va bu funksiyani butun tekislikka
davriy davom ettiramiz.
Quyidagi belgilashni kiritamiz: 6(z, \) = (27)~ ZA(n)<A e*. U holda tushunarliki: Sy f(z f 0(x

Y, A f(y)dy.
Endi quyidagicha 8y (z) = 0(x, A\)v(x) almashtirish kiritamiz.
1-xulosa. Iztiyoriy x € K, uchun quyidagi

Sifle / Ox(z — ) f(y)dy (5)
tenglik o‘rinli.
Isbot.
Sxf(z /9)\ -y dy—/Hx— —y)f(y)dy=/9(w—y)f(y) [1—pi(lz—y))]dy =
T2

- / bz — ) (y)dy — / 6z — ) F(w)er (|2 — yl)dy = Sxf(z)

T2 T2
bu yerda I = [ 6(x —y)f(y)p1(lz — y|)dy
T2

Shunday qilib, yuqoridagi tenglikka ko‘ra I = 0 ekanligini ko‘rsatsak xulosa isbot bo‘ladi. Buning uchun
ihtiyoriy = € K, larda quyidagi
supppr (|l —y|) N suppf(y) =0 (6)

munosabatni o‘rinli ekanligini ko‘rsatish yetarli.

Shartga ko'ra: suppypi(lz —y|) = {z —y € T?: |z —y| < 2a,|z| <r}, bunda a = R;r va suppf(y) =
{yeT?: |yl > R}

2-chizmaga ko‘ra, 1-xulosani to‘g‘ri ekanligiga ishonch hosil gilish uchun R — 2a > r ekanligini ko‘rsatish
yetarli. Hagiqatan ham:
2(R—7) R+2a

—%2a=R-— =
R—2a=R 3 3

2%:7".

Shunday qilib 1-xulosa isbot bo‘ldi.4

20



O‘zMU XABARLARI ANIQ FANLAR Ne2/1/1, 2025, 19-30

0<r< R 0<2a= @ < % < R boflgani uchun markazi koordinata boshida

va radiusi 2a ga teng bo‘lgan doira, markazi koordinata boshida va radiusi R ga teng
bo‘lgan doiraning ichida yotadi.

Boshga tomondan, (6) ni ko‘rsatish uchun, markazi z bo‘lgan nugtani ushbu {y : |y| <
2a} doiraning ihtiyoriy nugtasidan olib, r radiusli doira chizilganda bu doira quyidagi
{y : ly| > R} to‘plam bilan kesishmasligini ko‘rsatish yetarli (2- chizma).

2-chizma

Quyidagi a(n) = [A(n)]% belgilashni kiritamiz. Bu belgilashga ko‘ra 6(x, \) ni quyidagi ko‘rinishida yozib

olamiz: _
Oz, \) = (2m) 2 Y e (7)
a(n)<v/x

A(n) elliptik ko‘phad bo‘lgani uchun, shunday a; va ag musbat o‘zgarmas sonlari mavjudki, ushbu
a1ln] < a(n) < ag|n|,¥n € Z2 (8)

tengsizlik o‘rinli bo‘lishini osongina ko‘rish mumkin.
O‘rama ta’rifidan foydalanib (5) ni quyidagicha yozish mumkin:

Sif(x) = / Oz — 4)F(y)dy = (0x % f)(x) = Ox % f.

T2

Oxirgi tenglikka ko‘ra:
S« f(x) = sup [Sxf(x)| = sup |0x * f]. (9)
A>0 A>0

2
U holda (9) ga asosan quyidagi [ [S.f(z)]?dz = [ {sup |0 * f|] dx = [ suplfy = f]*dx
T2 72 [A>0 T2 A>0
tenglikni yozish mumkin.

Shunday qilib, (4) ni isbot gilish uchun oxirgi tenglikka ko‘ra, ushbu

/ sup[0, + f)2dz < C / [ (2)]2de (10)
T2

k>0
T2

tengsizlikni isbotlash yetarli, bu yerda supremum barcha natural sonlar bo‘yicha olinadi. Shuni e’tiboringizga
havola qilish lozimki, bu yerda jamlash (2) tenglikka ko‘ra ushbu {n € Z2: A(n) < A} to‘plam bo‘yicha olib
borilayotganligi sababli, (10) tenglikda supremumni fagat barcha natural sonlar bo‘yicha olishni o‘zi yetarli
bo‘ladi.

(0k)y, orqali 0 (x) funksiyaning Furye koeffitsientlarini belgilaymiz, ya‘ni: (6x), = (27)"2 [ Ox(x)e """ dz.

2

Bu Furye koeflitsientlari uchun quyidagi xulosa o‘rinli. !

1-lemma. Shunday € > 0 son mavjudki, iztiyoriy k > 0 butun son va iztiyoriy n € Z* uchun quyidagi

(O )n| < >yl (11)
ela(m)— V| <1

tengsizlik o‘rinli, bu yerda 1; = (2m)~2 [ Y(y)e "Ydy- ¢(z) funksiyaning Furye koeffitsientlari.
T2

Isbot.
(O)n = (27T)‘2/9k(y)e‘i"ydy= (277)‘2/9(y,k)w(y)e‘i"ydy:
T2 T2

— 02 [ {@n*
a(

o) wyle iy = 2m Y [uge Iy -
T2 )<\/E

a(j)<Vkr2

J
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=2m)77 Y day=020)77 Y W
a(j)<vk a(n—j)<vk

Shunday qilib, oxirgi tenglikdan, ushbu

B)nl < (2m)7% D [0yl
a(n—j)<Vk

tengsizlik kelib chigadi.
Dastlab a(n) > v/k holni garaylik. Quyidagicha belgilashlar kiritamiz:

M:{jGZQ:a(n—j)<\/E}, N:{jEZ2:|j|>€1(a(n)—\/E)}.

(12) tengsizlikka ko‘ra (11) tengsizlikni isbotlash uchun quyidagi xulosani isbotlash yetarli:
2-xulosa. Biror €1 > 0 son uchun, quyidagi

MCN

munosabat o‘rinli.
Isbot. O‘z navbatida (13) munosobatning o‘rinli ekanligini ko‘rsatish uchun, quyidagi

d, = min i| =e1 (a(n) = Vk
min ] 1 (aln) - V)

tenglikni o‘rinli ekanligini ko‘rsatish yetarli, o‘z navbatida A(€) elliptik ko‘phad
bo‘lganligi sababli (14) tenglik koordinata boshidan markazi n = (n1,ns) nuqtada
bo‘lgan a(n — j) = Vk ellipsgacha bo‘lgan eng gisqa masofani topish masalasiga
ekvivalentdir.

Faraz qilaylik a(n — j) = vk tenglikni qanoatlantiruvchi (ji,j2) vektor w =

n
In|

vektoriga paralel bo‘lsin. U holda tushinarliki, |Z—‘ = \Z%;I boladi (3-chizma).

3-chizma

Bundan tashqari, yuqoridagi mulohazalarga asosan quyidagiga ega bo‘lamiz:

= R

bu yerda a(n) = [A(n)]2, A(n) = a11n? + 2a12n1n2 + azn.

Endi a(n — j) = vk ekanligidan, quyidagilar

n—jl =

o) =151 = I~ 25 = L (am) V)

alw)  a(w)

kelib chigishini ko‘rsatamiz. Xaqigatan ham:

wﬁanﬁa(@jgnj)vzjm(Zjﬁ)MﬂMM>n.ﬂJ%.

Il
=
Il
.
N
Q
7 N
==
=
|
S
N—
Il
.
o
=
|
S
N—

di(n) = |j| = In| = In = j| = |n| —
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Endi j = (41, j2) uchun, ushbu
dr(n) > ay* (a(n) - \/@ (18)

tengsizlikni o‘rinli ekanligini ko‘rsatamiz, bu yerda as > 0 son (8) tengsizlik orqali aniglangan.
(8) ga ko‘ra ihtiyoriy n € Z2 uchun:
n

|n|> < as|n| = a1ln| < |nja (n) < as|n| =

n
a1|n] < a(n) < azln| = a1ln| < a (||
n

=06 4; < a(w) <ay = alw) > ay?,

bu yerda (16) tengsizlik |n| # 0 ekanligini ta’'minlab beradi.
Oxirgi va (17) tengsizliklardan (18) tengsizlik kelib chigadi:

di(n) = ! (a(n) - \/E) > ay? (a(n) - \/E) .

a(w)

Endi (j1,7j2) || w (ﬁ) bo‘lsa, u holda ushbu

di(n) = min_[j| =a;" (|n] - V&) (19)

a(n—j)=

munosabat o‘rinli bo‘lishini ko‘rsatamiz.
(16) tenglik va ushbu |n — j| > |n| — |j| tengsizlikka ko‘ra:

=l < =31 = 2 i1 ol = 2~ L (o)~ V) 2 07 (atm) — VE) =

a(w) alw)  a(w)

=di(n)= min [j|=a3" (a(n) - \/%)

a(n—j)=k

Shunday qilib, biz (19) tenglikni bajarilishini ko‘rsatdik, o‘z navbatida (ji,j2) || w (ﬁ) hol uchun (18)
va (19) ko‘ra (14) tengsizlikni o‘rinli ekanligi kelib chigadi.

Endi j ihtiyoriy va k tayinlangan son bo‘lsin. di(n) = (d},d37) € {a(n —j)= \/E} orqali j ga minimum
beradigan ihtiyoriy nugtani belgilaylik. Oshkormas funksiyani mavjudligi hagidagi teoremaga ko‘ra a(n) = Vk ni
qanoatlantiruvchi n lar uchun a(n—j) = vk dan jo = fx(j1) = d? = fix(d}) ni hosil gilamiz (bizning holimizda,
A(€) elliptik ko‘phad bo‘lgani uchun, ushbu a(¢) = Vk tenglik bilan aniglangan & = fi(&1) oshkormas
funksiya yuqoridagi tengsizlikni qanoatlantiruvchi barcha (£1£2) nuqtalarning yetarlicha kichik atrofida mavjud
va yagonadir).Oxirgi tenglikni hisobga olib, koordinata boshidan ellipsgacha bo‘lgan masofa uchun, quyidagini

hosil gilamiz: |dj(n)| = v/(d}.)? + (d3)? < \/|cl,16|2 + (fu(di) + 5)2,
bu yerda 6§ > ay* (a(n) - \/E) Agar |di| > 1§ bo‘lsa, u holda |dx(n)| > |d}| > 16. Boshga tomondan, agar

|dL| <18 va [ yetarlicha kichik bo‘lsa, u holda bir o‘zgaruvchili funsiyalar uchun Teylor formulasiga ko‘ra:

: « (m)
£la) = o) + L0 Aw 1+ L0 a2 g LU gy R, (20)
N (2o +0A%)

bu yerda R,,1(z) = sy (Az)™*+! - Lagranj ko‘rinishidagi qoldiq had, 0 < @ < 1, m > 0 butun

son, Az = x — x¢, f(x) funksiya o € R? nuqtaning biror atrofida aniqlangan va shu atrofda m + 1 marta
differensiallanuvchi funksiya. (20) formula m = 0 da quyidagi ko‘rinishda bo‘ladi:

f(x) = f(xo) + f (x0 + 0Az)Ax. (21)

Yoki Az = x — xp ekanligini xisobga olib, (21) formulani zy = 0 uchun, ya'ni Makloren qatorini yozsak:
f(x) = f(0)+af (6z). Oxirgi tenglikni biz qarayotgan j» = fi(j1) funksiya uchun qo‘llasak, u holda quyidagini
hosil gilamiz:

Fe(ir) = fr(0) + 1 £ (641). (22)
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a(n) = vk ni qanoatlantiruvchi barcha n lar uchun f,(0) = 0 bo‘lgani uchun (22) formula ushbu ko‘rinishida
bo‘ladi:
fe(1) = Jifi(651).

yoki

Fi(dy) = di fy(0d}). (23)
[ yetarlicha kichik bo‘lgani uchun (23) tenglikka ko‘ra quyidagini xosil gilamiz:

|di(n)| = \/\dil2 + (fildh) +0)° = | fu(dh)] + 6 = |d}]1fi(0d})| + 6.

dy, yetarlicha kichik va f; (0d},) chegaranlangan bo‘lganligi uchun, oxirgi tenglikdan quyidagini olamiz: |dj(n)| >
¢d, ¢ > 0. Shunday qilib, 2-xulosa o‘z navbatida a(n) > v/k hol uchun 1-lemma isbotlandi.
Endi a(n) < vk bo‘lsin. Quyidagicha belgilashlar kiritamiz:

M:{jeZQ:a(n—j)<\/%}, le{jeZQ:|j|§52(\/E—a(n))}.

Shunday €5 > 0 soni mavjudki, ushbu M D N; munosabatni o‘rinli ekanligini yuqoridagiga o‘xshash ko‘rsatish
mumkin.

¥ (x) cheksiz marta differensiallanuvchi va davriy funksiya bo‘lgani uchun, uni Furye gatoriga yoyishimiz

mumkin, ya‘ni ¢(z) = (27)72 Y ;e = ¢(0) = (2m) 7% > ;.

JjEZ? jez?
¥ (0) = 0 bo‘lgani uchun:

@MY Wi=0=(02m > g+emT? Y Y=0=

jez? a(n—j)<vk a(n—35)>vk
=@M Y y=-em Y
a(n—j)<vk a(n—5)>vk

Shunday qilib, bu holda oxirgi tenglikdan foydalanib, quyidagini hosil gilamiz:

@2 Y gl=en? - > g <en? Y i<

a(n—j)<vk a(n—5)>Vk a(n—j)>Vk

< (2m)~? > 5. (24)
|i12e2(VE—a(n))
Agar ¢ sifatida 1 va ey larni minimumini olsak, u holda |(6y),| < > |1;| tengsizlikni hosil gilamiz.
ela(n)—VE|<[jl
Shunday qilib 1-lemma to‘liq isbotlandi.4¢

2-lemma. Iztiyoriy | € N son uchun l, r va R larga bog‘liq bo‘lgan shunday C o‘zgarmas son mavjudks,
barcha k > 0 butun va n € Z2 lar uchun ushbu

C
(1 +e ‘a(n) - \/EDZ

Ok )nl <

tengsizlik o ‘rinli bo ‘lads.
Isbot. Ixtiyoriy A > 0 son uchun R —r ga bog‘liq bo‘lgan shunday c¢; o‘zgarmas son mavjudki, quyidagi

Ch

vl < ——
i (1+ 13"

(25)
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tengsizlik o‘rinli.
1-lemma va (25) tengizlikka ko‘ra:

Ch
[(Ok),] < Z lths| < Z m <
6|a(n)7\/ﬂ<|j\ s|a(n)7\/E|<|j| J
Cp, Ci

< .

- <
s|a(n)—z¢:é<|j (1+€‘a(n)—\/ED (1+5‘a(n)—\/ED

2- lemma isbotlandi.¢
2-lemmadan quyidagi natija kelib chiqadi.
1-natija. Quyidagi tengsizlik o‘rinli:

PANEDY |(0k),,)* < ca(n).
k=0 3=0;

= i <Vk<j+1

Endi quyidagicha belgilashni kiritamiz: (Ag), = (0x+1)n — (0 )n. Bu belgilashga ko‘ra, (Ag), ni quyidagicha

yozib olamiz:
(Ag)n = /0k+1(1’)e*inﬂidx — /Qk(m)e*imdx _ / Os1(z) — O (2)] eI g
T2 T2 T2
Ori1(x) = Ok(x) = [0(x, k +1) = 0(z, k)] ().
Ok + 1)~ 0 k) = (@) 2 D e -2 D e =

A(j)<k+1 A(j)<k
:(27‘1’)_2 Z eija:_,'_ Z ez’jx_ Z eijx :(27T)_2 Z ez’j;c:
A<k A@j)=Fk A<k A(§)=k
= (27r)_2 Z e,
a(j)=vk

(28) ni (27) ga qo‘yib:

Opsa (@) = O(0) = (2m) 72 D eT(a).
a(j)=vk

(29) ni (26) ga qo‘yib:

@a=n? [ Y @l Y [u@eita= Y

T2 a(j)=vk a(n—j)=vkr2 a(n—j)=vk

Shunday qilib, quyidagi tenglikka ega bo‘lamiz:

(Ak)n = Z ¢j'
a(n—j)=vk

Agar a(n — j) = Vk tenglama yechimga ega bo‘lmasa, u holda (Ay),, = 0 deb olamiz.

I-natijadan ko‘rinib turibdiki, (6 ),, ni bahosi a(n) bo‘yicha tekis bajarilmaydi. Bu holatni kompensatsiya
qilish uchun (Ay), son uchun yaxshi baho olish zarur. Buning uchun A7 = {k: j < v/k < j+ 1} sonli to‘plamni

quyidagicha Q7 = {k tk=j24+p,p=0,1,2,..., 2j} yozib olishimiz mumkin. Hagigatan ham:

J<VEk<j+1=>2<k<j?42j+1=k=424p, p=0,1,2,...,2].
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Endi yuqorida kiritilgan Q* to‘plamga asoslanib |(A;€)n|2 ni k bo‘yicha quyidagicha yig‘amiz:

o 2k

S IARP = DD [(Akegp)al” (31)
k=0 k=0 p=0
3-lemma. n € Z? bo‘yicha quyidagi
oo 2k
2
SN (A <C
k=0 p=0

tengsizlik tekis bajariladi.

Agar (Ag24,)n sonlarini p parametr bo‘yicha mos tarzda guruhlansa, u holda yana ham kuchliroq natija
olish mumkin. Bizning keyingi vazifamiz shu guruhlashni o‘tkazishdan iborat.

xg orqali ushbu {x ER?:a(x—n)<k+ 1} to‘plamning koordinata boshiga yaqin nuqtasini belgilaylik.
Txo—{x ER?:alr—n)<k+ 1} to‘plamning z( nuqtasiga o‘tkazilgan urinma bo‘lsin. [ orqali xy nuqtadan
o‘tuvchi va T, urinmaga perpendikulyar bo‘lgan to‘g'ri chiziqni belgilaylik.

Quyidagi to‘plamlarni tuzamiz:

By = {z €Tyt |lx—ao| <1} va B; = {z €Ty :Vj<|z—a0| <jF+1} bu yerda j = 1,2,...,2k — 1.
CJ’?, Jj=1,2,...,2k—1 asosi B; hamda balandligi [ to‘g‘ri chiziqga parallel va uzunligi |n| ga teng bo‘lgan to‘g‘ri
to‘rtburchak bo‘lsin. Ushbu K = {z € R? : k < a(x — n) < k + 1} xalqani qaraylik va uni quyidagi to‘plamlarga
ajratamiz: Pf =KnN Cf, 7=0,1,...,2k — 1.

f;, q=0,1,...,2k — 1 to‘plamini quyidagicha aniglaymiz. Q’; shunday butun p, 0 < p < 2k — 1, sonlari
to‘plamiki, qaysiki A(n — j) = k? + p tenglama P;”' to‘plamida yechimga ega. Agar biror p uchun P* to‘plam
A(n — j) = k? + p tenglamaning yechimlarini o‘z ichiga olmasa, u holda Q’; to‘plamiga bitta ixtiyoriy p sonini
qo‘shamiz, qaysiki oldingi ?, j=0,1,...,¢ — 1 to‘plamlariga kirmagan. Agar bunday p mavjud bo‘lmasa, u
holda Q?, i=q,q+1,...,2k — 1 to‘plamlarini bo‘sh deb xisoblaymiz.

Bunday tanlashda Q¥ to‘plam ko'pi bilan 41/q + 1 elementlarga ega bo‘lishini ko‘rsatish mumkin. Bunga
ishonch xosil qilish uchun P(f to‘plamning Oz; o‘qiga proeksiyasini uzunligi 21/q + 1 dan oshib ketmasligini
ko‘rsatish yetarli. O‘z navbatida, agar j € P,f da har bir tayinlangan p uchun A(n — j) = k? + p tenglamaning
yechimi mavjud bo‘lsa, qaysiki j ning birinchi koordinatasi ji, [24/q + 1] dan kichik bo‘lgan turli giymatlar
qabul giladi ([a] - @ butun gismi). Agarda p, 0 dan 2k — 1 gacha o‘zgarsa, har bir j; soni uchun bu hol ko‘pi
bilan 2 marta takrorlanishi mumkin. O‘z navbatida, har bir p parametr uchun Q’; to‘plam ko‘pi bilan 4[v/q + 1]
ta elementlarga ega bo‘lishi mumkin.

Q’(j to‘plamni bunday tanlashda biz quyidagi xulosaga ega bo‘lamiz.

4-lemma. ¢ = 0,1,...,2k — 1 va S, = {j €7%: Aln —j) = k? —|—p} bo‘lsin, bunda p = 0,1,...,2k.
Agar:

Ha(n) > k+1 bo‘lsa, u holda

min__[j| > \/(a(n) — k= 1)* + ¢ (32)

JESp, pEQE

tengsizlik o ‘rinli bo ladi;

2)k < a(n) < k+1 bolsa, u holda

min | = 33
jest pe%\]\ Vi (33)
tengsizlik o ‘rinli bo ‘ladi;
3)a(n) <k bo‘lsa, u holda
. 1 2
min > —\/(a(n) — k)" + 34
eamin il = 5\ (atn) — 0 g (34)

tengsizlik o ‘rinli bo ‘lads.
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Isbot. Lemmani isbot qilish, ushbu f(j) = |j| butun koordinatali funksiyaning P(f to‘plamida eng kichik
qgiymatini topish bilan bir xil. Buning uchun P(f to‘plamining koordinata boshiga eng yaqin nuqtasini topib,
f(5) funksiyaning shu nuqtadagi giymatini topish yetarli.

1)a(n) > k + 1 bo‘lsin. Bu holda kordinata boshidan B, to‘plamgacha bo‘lgan masofa ga teng bo‘lishini
osongina ko‘rish mumkin.

2)k < a(n) < k4 1 bo‘lsin. Bu holda, koordinata boshidan Pf to‘plamigacha bo‘lgan eng gisqa masofa

bu koordinata boshidan C(’f— to'g'ri to‘rtburchakkacha bo‘lgan masofadir, vaholanki, bu masofa ,/q ga tengdir.
Shunday qilib, bu hol uchun ham 4-lemma o‘rinlidir.

3) a(n) < k bo‘lsin. Bu holda koordinata boshidan P,f to‘plamigacha bo‘lgan eng gisqa masofa, C’(’; bilan
a(n — j) = k sirtning kesishish nuqtasigacha bo‘lgan masofadir. Bu holda ham isbot 1) gismi kabi isbotlanadi.
Shunday qilib, 4-lemma to‘liq isbotlandi.4

5-lemma. Ihtiyoriy I natural son uchun shunday c; o‘zgarmas son mavjudki, quyidag:

2k—1

¢
2 3 (Bl < (3%)

peQk

tengsizlik o‘rinli bo‘ladi.
Isbot. a(n) > k+1 bo‘lsin. (A;),, ni (30) tenglik bilan aniqlangan ta‘rifiga ko‘ra quyidagini xosil qilamiz:

SolAew) <e Y Qe =cd | X wl<e X il (36)

PEQK peQk peEQk |a(n—j)=k?+p peEQk a(n—j)=k2+p

4-lemmaning 1) gismiga ko‘ra, quyidagi baho

)NED DI T =D DI (1 o
PEQE a(n—j)=k2+p 51>/ (a(n)—k—1)2+q

o‘rinli. (37) da v, uchun o‘rinli bo‘lgan (25) tengsizlikdan foydalanib, ushbu tengsizlikni hosil gilamiz:

2k—1 2k—1
Sa+ 12 |[(Areay), ] <cZ g+1)% Y Z ;| <
q=0 peQFk pEQk a(n—j)=km+p

2k—1

2k—
¢
ZQ+1 Z |¢j|§CZ(Q+1)2 Z mﬁ
4=0 131>/ (a(m)—F—1)+q 9=0 31>/ @(m—F—1)71q J
2k—1

<cy (g+1)° > B <

kN

<
=0 131>/ (a(n)—k—1)*+q <1 + \/(a(n) —k—1)7+ q)
2k—1 l l
<c +1)2 ¢ < ¢ ,
2 1+ 2 (Lta(n)— (k+ 1) (L+a(n) — k)

15124/ (a(n)—k—1)%+q
Boshqa hollarda ham 5-lemma xuddi shunga o‘xshash isbotlanadi. 5-lemma isbotlandi.4
5-lemmadan quyidagi natija kelib chiqadi:
2-natija. Quyidagi

S+ 12 Y [(Aresy), < (38)

tengsizlik n bo ‘yicha tekis bajariladsi.
Endi (0;),, Furye koeffitsientlariga qaytamiz. 1-lemmadan quyidagi bahoni olamiz.
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6-lemma. Ushbu

oo 2k—1
S 3@+ Y (), e (39)
k=0 ¢=0 peEQk

tengsizlik n bo ‘yicha tekis bajariladsi.

Isbot. Yuqorida Q’; to‘plamning elementlari soni 4 [\/m] dan oshib ketmasligi aytilgan edi. Ushbu
mulohaza va 1-lemmaga ko‘ra quyidagini hosil qilamiz:

oo 2k—1 (%) 2k714 1
D IEEIRD SHI T N ppummR— ol LUERI P
= = reak = A+lan) — k) = (a+1)

6-lemma isbotlandi. ¢
2-teoremani isboti
Endi Aj(z) = 0j41(x) — 6;(x) bo‘lsin. Bu tenglikni har ikkala tomoniga 26;(x) ni qo‘shamiz:
Ojr1(2) +0;(x) = A;(x) + 26;(x)

yoki
Tushinarliki {a,} ketma-ketlik uchun quyidagi tenglik o‘rinli:

Q
—

(4341 —d3) =al —aj =a. (41)

.
Il
=)

Bu yerda ag = 0 deb qabul gilamiz (bizning holda bu bajariladi ag = 6y * f = (8(0, ) - ¥(x)) * f = [#(0,z) =
0] =0).
(40) ni har ikkala tomonini Aj * f = 6,1 * f — 0; * f ga ko'paytiramiz:

(0551 % F17 = [0 % 17 = [ # 17 + 2[A; ][0, = f].

Oxirgi tenglikni j bo‘yicha 0 dan ¢ — 1 gacha yig‘ib va chap tomonida (41) tenglikdan foydalanib, quyidagi
tenglikni hosil gilamiz:

qg—1 qg—1
0% 17 =D [0 % fI2+2> [+ f1[0;  f]. (42)
7=0 7=0

(42) tenglikka ko‘ra, ushbu tengsizlikka ega bo‘lamiz:

q—
|6q*f\2sZ|A « f|? +2Z|A x f]16; *f\<Z|A « fI +2Z|A x f110; + f| =
j=0 j=0

0o oo 2k—1
=008 5 P2 )T S Ay x fl (g + 1) X Oz + f (g +1) 7 (43)
j=0 J=0 g¢=0 peQk

(43) tengsizlikni har ikkala tomonidan supremum olib, quyidagi tengsizlikni hosil gilamiz:

oo 2k—1

sup|0 « fI? <Z|A « FP42Y 3N T Ay x f (@ + 1) X Oregy * f| (g + D)7 (44)

J=0 ¢=0 peQk

(44) tenglikni T? bo‘yicha integrallab va Parseval tenglidan foydalanib, 1- qo‘shiluvchining yig‘indi ostidagi
ifoda uchun quyidagi tengsizlikni hosil gilamiz:

/I(Aj*f)(:v>l2d:v: SO A RSB <A fa] < SO P (45)
T2

nez? nez?
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Ikkinchi qo‘shiluvchida esa dastlab, ushbu 2ab < a? + b? tengsizlikni go‘llab:

Q‘Akzﬂ,*ﬂ(q—i—l) X ‘Hkgﬂ,*f’(q—kl)_l < (q—|—1)2|Ak2+p*f‘2—|—(q—|—l)_2lﬁkzﬂj*f2,

so‘ngra bu tengsizlikni ham har ikkala tomonini 72 bo‘yicha integrallab va yuqoridagiga o‘xshash baholab,
quyidagi tengsizlikni hosil gilamiz:

2/ [(Apegp * f) (@)] (g +1) x| (Or2gp * f) (@)] (g +1) P <

<Xt P |(Biep) I+ D0 SR+ )7 | Bre) [ (46)
nez? nez?2
(45) va (46) larga ko‘ra (44) ni quyidagicha yozamiz:
oS ) oo 2k—1
[omie D@l < ¥ 23 1aLE A S @41 X (a4
T2 >0 nez? j=1 n€z? k=1 ¢=0 peEQk
oo 2k—1
+ DD (a7 (o), |- (47)
nez? k=1 ¢=0 ptel;

(47) ni o‘ng tomonidagi birinchi qo‘shiluvchi uchun 3-lemmani ikkinchi qo‘shiluvchi uchun 5-lemmani va uchinchi
qo‘shiluvchi uchun 6-lemmani qo‘llab va yana Parseval tengligidan foydalanib, quyidagini olamiz:

2
[ 5016, ) @) do < ellflzacro
q>0
T2
2- teorema isbotlandi.4¢
1-teoremani isboti

r € Qda f(z) = 0 bo'lsin, bu yerda Q C T? biror ochiq to‘plam. f(z) € C§°(T?) bo‘lsin, u holda ushbu
)\lim Syf(z) = f(z) tenglik = € T? bo‘yicha tekis bajariladi. Endi f(x) € Lo(T?) bo‘lsin. Ihtiyoriy € > 0 sonini
—00

tayinlaymiz. C§°(T?) fazosi Lo(T?) da zich, u holda shunday g € C§°(T?) mavjudki, ushbu || f — 9llLyr2y <€
tengsizlik o‘rinli bo‘ladi. Sxg ni g(z) ga T? da tekis yaqinlashishiga ko‘ra shunday M = M(e) soni mavjudki,
barcha A > M lar uchun quyidagi

159(2) — g(@)| < &, © €T

tengsizlik o‘rinli bo‘ladi.
U holda, A > M lar uchun quyidagi tengsizlikni olamiz:

ISxf = fI<|SA(f —g)| +19xg —gl +|f —gl <Su(f —g) +e+|f —gl

(4) tengsizlikdan foydalanib, quyidagi
| sup [Sxf = fl Lo = | sup [Sxflllzo0) S ellf = Dllrar2) +e1 + 1 = gllrare) <e
A>M A>M

tengsizlikni xosil gilamiz.
O‘z navbatida, oxirgi tengsizlikdan T2 dagi ihtiyoriy Q uchun ushbu

lim || sup [Sxf||lL,) =0
A—=00  ASM

munosabat o‘rinli ekanligi kelib chiqadi. Oxirgi munosabat )\lim Sxf(x) = 0 tenglikni © da deyarli bajarilishini
—00

anglatadi. Shunday qilib, 1-teorema isbotlandi.4
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PE3IOME

B nammoit pabore nsydaercs 3a1a9a MOITH BCIOLY CXOAMMOCTH ITOCJIEI0BATEIbHOCTH JITUITAIECKIX
YACTUYIHBIX CyMM psijioB Pyphe B 3aJlaHHOM 00JIACTH, MCXOJIsl U3 YCJIOBHSs, YTO HOCHTEIb pa3Jiara-
eMOil (pyHKIIUU JIEZKUT BHE 3TOI 06JIacTu. DTy IpodsieMy OOBIYHO HA3BIBAIOT 3aJ1a4deil 0O0OIIEeHHO
JIOKAJIN3AIUY.

Karouesnie caosa: Psiabt Oypbe, S/IIANTHIECKIX TaCTUIHBIX CyMMbI, 0000IeHHAsT JTOKATU3AITHSI,
MaKCUMaJIbHBIN OITEPATOP.

RESUME

In this paper, we study the problem of almost everywhere convergence of a sequence of elliptic partial
sums of Fourier series in a given domain, based on the condition that the support of the function
being expanded lies outside this domain. This problem is usually called the problem of generalized
localization.

Key words: Fourier series, elliptic partial sums, generalized localization, maximal operator.
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REZYUME

Ushbu ishda kinematik qo‘zg‘alishlarda gisterezis tipidagi dissipativ xarakteristikali ko‘ndalang
kesimi o‘zgaruvchan sterjenning chiziglimas tebranishlari ustuvorligini tekshirish masalasi qaralgan.
Lyapunovning birinchi yaqginlashish usulidan foydalanilib, ustuvorlik shartlari analitik ko‘rinishda
aniglangan, hamda ustuvorlik sohalari va chegaralari tahlil gilingan.

Kalit so‘zlar: nomukammal, elastik, sterjen, gisterezis, tebranish, amplituda-chastota
xarakteristikasi, ustuvorlik sharti.

Kirish. Zamonaviy texnika va texnologiyalardagi: mashinalar, mexanizmlar, qurilmalar va ularning
elementlari materialaridagi chiziglimas dissipativ xarakteristikalarini hisobga olgan holda tebranishlarini
o‘rganish va ustuvorligini tekshirish natijasida dinamik xarakteristikalarini aniqlash uzoq muddat samarali
ishlashini ta‘minlash nuqtai nazaridan dolzarb muammolardan hisoblanadi.

Tagsimlangan parametrli sistemalarning chiziglimas xarakteristikalarini hisobga olgan holda ularning
tebranishlarini matematik modellashtirish va ustuvorligini tekshirishga oid ko‘plab ilmiy tadqiqod ishlari
mavjud.

[1]-ishda bir uchidan boshlab qalinligi bir xilda kamayib boradigan sterjenning ko‘ndalang tebranishlari
ko‘rib chiqgilgan. Tebranishlar tezligi tahlil gilingan. Olingan differensial tenglamalar aniq yechimga ega ekanligi
ko‘rsatilgan. Bu yechimlar asosida qalinligi o‘zgarishi parabolik bo‘lmaganda sterjen tenglamasini yechish uchun
yangi usul taklif etilgan, xulosalar berilgan.

[2]-ishda o‘zgaruvchan ko‘ndalang kesimli sterjenlarning tebranishlarini tahlil qgilishning sonli usullari
keltirilgan. Ostrogradskiy - Gamilton printsipi sterjen bo‘ylama, buralma va ko‘ndalang tebranishlari
tenglamalarini olish uchun qo‘llanilgan. Turli xil chegaraviy shartlarda differensial hisoblashlar usullari bilan
berilgan chegaraviy masalalar yechilgan, tahlil gilingan.

[3]-ishda diskret va uzluksiz sistemalarning chizigli bo‘lmagan erkin va majburiy tebranishlari o‘rganilgan.
Sistemalar Lagranj tenglamalari yordamida matematik modellashtirilgan, yechish metodikalari ishlab chiqilgan.

[4]-ishda chizigli bo‘lmagan sistemalarning harakat ustuvorligi parametrlarining o‘zgarishiga bog'‘lig
holda nazariy o‘rganilgan. Sistema harakatining ustuvor va ustuvor bo‘lmagan sohalarini ajratishga doir
teoremalar keltirilgan. Harakati davriy koeflisientli bir jinsli bo‘lmagan differensial tenglamalar bilan ifodalangan
sistemalarning harakat ustuvorligi tahlil gilingan.

[5]-ishda chizigli bo‘lmagan sistemalarni tebranma harakatlarini tekshirishda qo‘llaniladigan garmonik
balans usuli haqida nazariy ma‘lumotlar berilgan. Sistema harakat differensial tenglamasidagi chizigli
bo‘lmagan koeffisientlarnining xarakteri tahlil gilingan. Bundan tashqari gisterezis tipidagi elastik dissipativ
xarakteristikaga ega bo‘lgan sistemalar uchun ularning xarakteristik tenglamasini aniglash usuli ko‘rsatilgan,
asoslab berilgan.
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[6-13]-ishlarda turli xil qo‘zg‘alishlar ta‘siridagi chizigli bo‘lmagan sistemalar harakat ustuvorligini
tekshirishning nazariy asoslari va qo‘llanilishi keltirilgan, chiziglimas xarakteristikalarni chiziglilashtirish
masalalari qaralgan.

Nomukammal elastik - gisterezis tipidagi dissipativ xarakteristikali ko‘ndalang kesimi o‘zgaruvchan
sterjenni kinematik qo‘zg‘alishlar ta‘siridagi tebranishlarini matematik modellashtirish va statsionar harakatlari
ustuvorligini turli chegaraviy shartlarda tekshirish yechilishni talab etadigan dolzarb masalalardan hisoblanadi.

Masalaning qo‘yilishi va yechish metodikasi. Ushbu ishda ko‘ndalang kesimi o‘zgaruvchan gisterezis
tipidagi elastik dissipativ xarakteristikali sterjenning kinematik qo‘zg‘alishlardagi ko‘ndalang tebranishlarini
ustuvorligini tekshirish masalasini qaraymiz.

Gisterezis tipidagi elastik dissipativ xarakteristikali elastik sterjenning kinematik qo‘zg‘alishlar ta‘siridagi
ko‘ndalang tebranishlarining keltirilgan harakat differensial tenglamasi asos tezlanishini Wy = —epgcoswt
ifodasini hisobga olganda quyidagicha bo‘ladi ( epy va w - mos ravishda asos tezlanishining amplitudaviy qiymati
va chastotasi) [14]:

Gi + {1+ Ny + jNuw} piq; = diepo cos wt, (1)

k
) dr+

hk 62Ui F
' Ox?

bunda

azui
0x2

3 771 ! 82 32u1-
N* = 77’100 2iD 2 qua 2]€ k + 3) / I(Z')’Uﬂ,@ 8.(1,'2
? 1

dx+

k=

E ! 821(1‘) 0?

+ 5 5 Ui
deQipi 0 ox 0

L _2F Yol(x) 0 [PPu;
pFdyp? |y 0z 'Oz | 022

k 2, |k
h 0%u; de;

kP 107U

X k; Crdio 30 3) | 92

3 772 t 82 827%
Noow = Coma + S5 02 Z Fa g 1 3) 2k k: +3) / lehugm | o
2iP; P

(k+3)

n
Ui k
2 [1 —mCo — 3m ]; Crkia oF

[1—mCo — 3 x

32ui
0z

)

dx+

]

¢i(t) - vaqt funksiyasi; j2 = —1; E— elastiklik moduli; 71,72 = 722 sign(w); lar sterjen materialining
elastik dissipativlik xossalariga bog‘liq bo‘lgan doimiy koeffitsientlar bo‘lib, gisterezis sirtmog‘idan aniqglanadi;
Cy,Cq,...,C, - gisterezis tugunining tajribadan aniqlanadigan parametrlari bo‘lib, sterjen materialining
dempferlovchi xossalariga bog'liq [11]; I = const, b = b(x) va h = const - mos ravishda sterjenning uzunligi,
eni va qalinligi; p, F' - mos ravishda sterjen materialining zichligi va ko‘ndalang kesim yuzi; p;, u; - sterjenning

E LorI(x) 0wy g

+ 62 U;
u;
pFdaip? Jo  Ox? Ox?

0x2

n ) hk
Conz + 3n2 Z Ckaam

82
32

(92 U;
0x?

L 2B l(“)I(x)u'B
dez,‘p? 0 Or ’8

hk
Cona + 32 Z qumm

xususiy chastotalar va tebranish formalari; I = %; d; = g—;?; di; = f(f u;dx; do; = f(f ufdx; Gia = |qil-
(1) differensial tenglamaning yechimini quyidagicha izlaymiz:

qi = De 9%t 4 Pe ¢t (2)

bu yerda D = D(t); P = P(t).
(2) ko‘rinishda izlanayotgan yechimlarning amplitudaviy giymatlari ¢;, = 2v/ D P shartni ganoatlantiradi.
(1) harakat differensial tenglamani (2) yechimni hisobga olib, standart ko‘rinishida ifodalaymiz.
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b) b)

[ (15p0di (e +e77) — (Nu + jNw) piai — (0} — w?) %‘) s

25w \2
: 1 1 - . )
P = T (25podi (/" +e77") + (=N, + jN.o) pigi — (7 — w?) qi> eIt (3)

(3) differensial tenglamalarni o‘rtalashtiramiz. U holda

. 1 1
27w [26170 (Ni + jNw) p;D = (pf —w®) D|
. 1 1
P=— 5 1 4V | N s 2P — (p? — WP . 4
i [gemd + (N 4N P = (- ) P 0

D = P = 0 shart asosida (4) differensial tenglamalardan Dy va Py statsionar yechimlarni aniglanadi va
ularga mos keladigan amplitudalarning qgiymatlari quyidagicha ifodalanadi:

G = epod;
IO+ N p? =2 + [N

(5)

Aniglangan yechimlar ustuvorligini tekshirish magsadida (4) differensial tenglamalarni variatsialaymiz.
Natijada quyidagi xarakteristik tenglamaga ega bo‘lamiz:

N+ hA+1=0, ©)
bunda
ON,
lh =2 (p'LZ - w2) + (QN* + Qia(%_) Pl (67)
0N, ON,
lo = N, (N* n qm) Pt <2N* + q) P2 (0 —w?) + (p? —w?)”. (617)
(9(]2'@ 3%@

Sterjenning chiziqlimas statsionar tebranishlari ustuvor bo"lishi uchun (6) xarakteristik tenglama
ildizlarining haqiqiy gismi manfiy bo‘lishi yetarli bo‘ladi. Gurvis kriteriysiga asosan (6) xarakteristik tenglama
ildizlarining haqiqiy gismi manfiy bo‘lishini ko‘rsatamiz.

l1>0; Ip>0. (7)

(7) tengsizliklarning birinchi tengsizligini tahlil gilamiz. Buning uchun uni (6°) ifodasini qo‘yidagicha
yozamiz:
Gia aN* w2

14+ N, + — .
* * 2 &ha pZ2 (8)

(8) tengsizlikning o‘ng tomonidagi ifoda musbatligidan, chap tomonidagi ifoda ham musbatligi kelib
chigadi, ya‘ni

Gia aN*
1+ N, +— > 0.
+ N, + 5 0 (9)

(7) tengsizliklarning ikkinchi tengsizligi tahlil gilsak, u quyidagi shart bajarilganda o‘rinli bo‘ladi.

aN* 2 a iaN* a iaN**
<2N* + qm%) —4 (N* e+ N**qaq) >0, (10)
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(10) shart gisterezis tipidagi elastik dissipativ xarakteristikali ko‘ndalang kesimi o‘zgaruvchan sterjenning
kinematik qo‘zg‘alishlar ta‘siridagi chiziqlimas stasionar tebranma harakatlarining ustuvorlik sharti hisoblanadi.
Bu ifoda sistema parametrlarining turli giymatlarida ustuvorlik sohalari hamda chegaralarini aniglash imkonini
beradi.

Sterjenning chap uchi qistirib mahkamlangan va bir uchi erkin bo‘lgan holni garaymiz. Bu hol uchun
sterjenning ko‘chishini quyidagicha olingan:

wi(z,t) = Zuz(x)ql(t) (11)
i=1
Xususiy tebranishlar formalaini quyidagicha olamiz:

bunda Aq, Ao, As, Ay - chegaraviy shartlardan aniglanuvchi koeffitsiyentlar;

K (kix) , Ky (ki) , K3 (kx) , Ky (kiz) — Krilov funksiyalari, ya‘ni
1 1, . .
K (kix) = 3 (cosh (k;x) + cos (k;x)) ; Ko (kix) = 5 (sinh (k;x) + sin (k;x)) ;

K3 (kx) = % (cosh (k;x) — cos (k;x)) ; Ky (kix) = % (sinh (k;x) — sin (k;x)) ; (13)

1
PE o\ *
ki= | —=pi| -

Qaralayotgan masala uchun chegaraviy shartlarni yozamiz.
x = 0 bo‘lgan sterjen uchi uchun:

811),‘
wi = wo; 5 (14)
bunda wq - asosning ko‘chishi.
x = [ bo‘lgan sterjen uchi uchun:
821111' 0 82wi
=0, — |EI =0. 15
Ox? T Ox ( () Ox? >|m_x0 (15)

Bu chegaraviy shartlarga asosan chastota tenglamasini quyidagicha aniglash mumkin:

1 + cosh (k;l) cos (k;l) = 0. (16)

1-rasmda (16) chastota tenglamasining grafigi (a) va uning birinchi (b) va ikkinchi (c) nollari keltirilgan.
Bu grafiklardan k; = 7.500416275 va ko = 18.77635 ekanligini aniglash mumkin.

Natijada tebranishlarning birinchi va ikkinchi xususiy formalari quyidagicha bo‘ladi:

up(x) = 999.668759(cosh(7.500416275x) — cos(7.5004162752))—

—773.8523515(sinh(7.500416275z) — sin(7.500416275x)); (17)
ug(z) = —2.81762557 - 10° (cosh(18.7764x) — cos(18.7764x) )+
+2.869669872 - 10°(sinh(18.7764x) — sin(18.7764x)). (18)

k1 = 7.500416275 va ko = 18.77635 giymatlar asosida sterjenning xususiy chastotalarini aniglaymiz.
Faraz qilaylik sterjen 40X markali po‘lat materialli bo‘lsin. U holda

N kg
_ 11 C oy —
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C)

Puc. 1: (16) tenglamani aniglovchi funksiyaning grafigi.

Birinchi va ikkinchi tebranishlar formalariga mos keladigan xususiy chastotalar quyidagicha bo‘ladi:

1
p1 = 167.6163034—8.

1
p2 = 1050.431816—.

40X markali po‘lat material uchun dissipativ xarakteristikalarni ifodalovchi parametrlarni quyidagicha
olamiz [11]:

3 1
00:0;771:1;772:*;
Vs

K =4.805-1073q1, + 2.2787 - g2, + 95.934 - ¢ .

Sterjen eni va balandligi quyidagicha bo‘lsin:
Ko‘ndalang kesimi o‘zgaruvchi bo‘lgan hol uchun:
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b = by + by sin (nex) = 0.02 + 0.01 sin(80x)m; h = 2 - 107 3m.

;bR (bt basin(naa) hP_ (0.02+0.015in(20)) - (2- 107%)°
YT 12 B 12
_0.02012945251 - (2-1073)°

12

=1.941963501 - 10~ m*;

Asoslari b, 4 by sin (n.x) qonuniyat bilan o‘zgarayotgan S yuzini hisoblasak,

1 0.25
S = 2/ (bs + by sin (nx)) de = 2/ (0.02 4 0.01sin(80z))dx =
0 0

0.25

0.01
=2 <0.02x T cos(80x)> =2(0.02 - 0.25—

0

.01
~ =0 cos(20) + 0.01) = 0.02989797948 m?.
Ko‘ndalang kesimi o‘zgarmas bo‘lgan hol uchun:

boh®  0.02-(2-1079)°

12 12
Parametrlarning keltirilgan qiymatlari asosida kinematik qo‘zg‘alishlar ta‘siridagi gisterezis tipidagi

dissipativ xarakteristikali ko‘ndalang kesimi o‘zgaruvchan elastik sterjen ko‘ndalang tebranishlarida olingan

(5) amplituda chastota xarakteristikasi va (10) ustuvorlik chegarasi ifodalarining grafiklarini chizamiz ( epy =
0.0001 m ).

Iy = =1.333333333 - 107! m*.

onooiz

0.o0oi0
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000006
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1]

Puc. 2: Ko‘ndalang kesimi o‘zgaruvchan sterjen uchun (5) amplituda chastota xarakteristikasi (1-chiziq) va (10
ustuvorlik chegarasi (2-chiziq) ifodalarining grafiklari

2-rasmda ko‘ndalang kesimi o‘zgaruvchan sterjen uchun (5) amplituda chastota xarakteristikasi (1-chiziq)
va (5) ustuvorlik chegarasi (2-chiziq) ifodalarining chastotaga bog‘liq holda o‘zgarish grafiklari keltirilgan.
Bunda ustuvorlik chegarasi bilan chegaralangan ichki soha noustuvor, tashqi soha uchtuvor soha hisoblanadi.
Gia € [0.00008;0.00009] amplitudalar sohasida rezonans chastotasi atrofida tebranishlar noustuvor bo‘ladi.
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Parametrlarning keltirilgan qgiymatlari asosida kinematik qo‘zg‘alishlar ta‘siridagi gisterezis tipidagi
dissipativ xarakteristikali ko‘ndalang kesimi o‘zgarmas elastik sterjen ko‘ndalang tebranishlari uchun (5)
amplituda chastota xarakteristikasi va (10) ustuvorlik chegarasi ifodalarining grafiklarini chizamiz ( epy =
0.0001 m ).

onoot4
000012
000010
000003
000006
000004

000002

167610 167412 167614 167 616 167612 167 620 167 622 167 624 167 626
n

Puc. 3: Ko‘ndalang kesimi o‘zgarmas sterjen uchun (5) amplituda chastota xarakteristikasi (1-chiziq) va (10)
ustuvorlik chegarasi (2-chiziq) ifodalarining grafiklari

3-rasmda ko‘ndalang kesimi o‘zgarmas sterjen uchun (5) amplituda chastota xarakteristikasi (1-chiziq)
va (5) ustuvorlik chegarasi (2-chiziq) ifodalarining chastotaga bogfliq holda o‘zgarish grafiklari keltirilgan.
Bunda ustuvorlik chegarasi bilan chegaralangan ichki soha noustuvor, tashqi soha uchtuvor soha hisoblanadi.
gia € [0.00008;0.00012] amplitudalar sohasida rezonans chastotasi atrofida tebranishlar noustuvor bo‘ladi. 2
va 3 - rasmlarni taqqoslab, ko‘ndalang kesimi o‘zgarmas sterjenning noustuvor sohalari ko‘ndalang kesimi
o‘zgaruvchi bo‘lgan holga nisbatan katta bo‘ladi. Ko‘ndalang kesimi o‘zgarmas sterjenning amplituda-chastota
xarakteristikalarining vertikaldan og‘ishi ko‘ndalang kesimi o‘zgaruvchi bo‘lgan holga nisbatan katta bo‘ladi.
Ko‘ndalang kesimi o‘zgarmas sterjenning rezonans chastotasi atrofidagi amplitudalar ko‘ndalang kesimi
o‘zgaruvchi bo‘lgan holga nisbatan katta bo‘ladi.

Xulosa. Kinematik qo‘zg‘alishlar ta‘siridagi gisterezis tipidagi elastik dissipativ xarakteristikali
ko‘ndalang kesimi o‘zgaruvchan sterjenning ko‘ndalang tebranishlari ustuvorligi tekshirildi. Ustuvorlik shartlari,
sohalari va chegaralari sistema parametrlariga bog‘liq holda aniglanib, sonli hisoblashlar asosida tahlil gilindi.

Ko‘ndalang kesimi o‘zgarmas sterjenning noustuvor sohalari ko‘ndalang kesimi o‘zgaruvchi bo‘lgan holga
nisbatan katta bo‘lishi, ko‘ndalang kesimi o‘zgarmas sterjenning amplituda-chastota xarakteristikalarining
vertikaldan og‘ishi ko‘ndalang kesimi o‘zgaruvchi bo‘lgan holga nisbatan katta bo‘lishi hamda ko‘ndalang kesimi
o‘zgarmas sterjenning rezonans chastotasi atrofidagi amplitudalar ko‘ndalang kesimi o‘zgaruvchi bo‘lgan holga
nisbatan katta bo‘lishi ko‘rsatildi.
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PE3IOME

B s10it paboTe paccMoTpeHa 3a1ada MCCJIEIOBAHUIO YCTOMYMBOCTY HEJIMHEHHBIX KOJIe0aHMl CTepK-
HsI IIEPEMEHHOTO TIOIIEPETHOr0 CEYeHNs C JINCCUNATUBHBIMU XapaKTEPUCTUKAMU TUCTEPE3UCHOTO TH-
ma Ipu KHHEMATHIeCKnX Bo3zeicTBusx. Mcnonn3ysa metona JIsoyroBa 1o mepBoMy TPHUOJIAZKEHITIO
OIpeieJIeHDbl YCJIOBUS YCTOMYIMBOCTH B AHAJIUTUYECKOM BHJIE, & TaKKe [IPOAHAIM3UPOBAHBI 00J1aCTH
U TPAHUIBI YCTOWIMBOCTH.

Karouessle €a08a: HECOBEPINEHHbBIN, YIPYTUil, CTep:KeHb, TUCTEPE3UC, KOJebaHne, aMILIUTY/IHO -
YJaCTOTHAA XapAaKTEPUCTHUKA, yCIIOBUE YCTONYNBOCTH.

RESUME

In this paper, the problem of studying the stability of nonlinear vibrations of a beam of variable cross-
section with dissipative characteristics of hysteresis type under kinematic excitations is considered.
Using the Lyapunov method, the stability conditions are determined in analytical form as a first
approximation, and the stability regions and boundaries are analyzed.

Key words:imperfect, elastic, beam, hysteresis, vibration, amplitude-frequency characteristic,
stability condition.
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Abstract

In this paper, we examine two-dimensional cellular automata with the Moore neighborhood under
specific conditions. Specifically, we delve into the characterization of 2D linear cellular automata
defined by the Moore neighborhood, considering mixed boundary conditions over the field Z,. Lastly,
we present the conditions that lead to the reversibility of the obtained rule matrices for 2D finite

CAs.

Key words: cellular automata, boundary conditions, rule matrix, reverisibility.

Introduction

It is understood that a cellular automaton (CA) comprises a collection of cells organized in a grid with a specific
shape. Each cell undergoes state changes over time according to predetermined rules influenced by the states
of neighboring cells. Cellular automata (CAs) have been suggested for various applications including public-key
cryptography, as well as in disciplines such as geography, anthropology, political science, sociology, physics, and
others (see references [1], [2], [3])-

A system’s configuration entails assigning states to all its cells. Each configuration dictates the subsequent
one through a transition rule that operates locally, meaning a cell’s state at time (¢ + 1) is solely influenced by
the states of certain neighboring cells at time ¢. Under certain boundary conditions and with a linear transition
rule, various outcomes emerge (refer to [13]). Typically, 2D cellular automata are explored within triangular,
square, hexagonal, and pentagonal lattices (see [4], [8], [10], [11], [12]).

The mathematical representation of 2D finite cellular automata enables the description of these studied
systems. Of crucial importance is determining the reversibility or irreversibility of these automata. Reversibility
is a critical characteristic signifying the absence of Gardens of Eden in cellular automata. A reversible
cellular automaton ensures that each configuration possesses a unique predecessor. It has been established that
determining the reversibility of cellular automata for dimensions equal to or greater than two is undecidable
(see [8], [9], [10], [11], [13]). This indicates that, in general, deriving the inverse of a given cellular automaton for
higher dimensions via an algorithm is unattainable due to its intricate structure. Consequently, it is evident that
determining inverses or instances of reversibility for 2D finite cellular automata presents a formidable challenge
in the broader context ([5]).

In this paper, we continue to study 2D CA for Moore neighbors on the square lattice with mixing boundary
conditions in [7]. These CA are investigated under new types of boundary conditions with the p-state spin value
case, i.e., over the field Z,. We obtain the transition rule matrices of the Moore finite CA over some mixed
boundary conditions. Then, we give the conditions under which the obtained rule matrices of 2D finite CAs are
reversible.
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Preliminary

The 2D finite CA consists of m x n cells arranged in m rows and n columns, where each cell takes one
of the values of the field Z,. From now on, we will denote 2D finite CA order to m x n by 2D CApxn. A
configuration of the system is an assignment of the states to all cells. Every configuration determines a next
configuration via a linear transition rule that is local in the sense that the state of a cell at time (¢ + 1) depends
only on the states of some of its neighbors at the time ¢ using modulo p algebra.

The von Neumann and Moore neighborhood on CA lattice.

In 2D CA’s theory, there are some classic types of neighborhoods, but in this paper we only restrict
ourselves to the Moore neighborhood. This neighborhood was used in the well known Conway’s Game of Life. It
is similar to the notion of 8-connected pixels in computer graphics. In Figure 4, we illustrate the von Neumann
and Moore neighborhoods. The von Neumann neighborhood the center cell is surrounded by four square cells
(see Figure 4 (left)). The Moore neighborhood comprises eight square cells which surround the center cell z;, ;)

(see Figure 4 (right)). From now on, we deal only with Moore neighborhood. Then the state xitj Y of the cell
(4;4)th at time (¢ + 1) is defined by the local rule function ¢ : Z3 — Z, as follows:

(t+1) = (i1, e . o i 1)
Tij = wz(*)lvjfl’ml*L(J’)wZ*LJJrl(?)x’L;J*Fhx1+1(,3)+17$2+1(,J)7xl+1,j71>:€1),371
¢ ¢ ¢ " ¥ ¢
=aw; -y ;_q +bx; 2y tewity iy + dxi,gﬂ +exigy st [T (1)
t

+gxij—1,j—1 + hxg,j—l (mod p)

where a,b,c,d, e, f,9,h € Z = 7, \ {0}.

Puc. 4: von Neumann and Moore neighborhoods

The value of each cell for the next state may not depend upon all eight neighbors.

Remark 1. If we assume a = ¢ = e = g = 0, then all obtained above results hold for von Neumann
neighborhood.

Note that it is impossible to simulate a truly infinite lattice on a computer (unless the active region always
remains finite). Therefore, we have to prescribe some boundary conditions (BC). Regarding the neighborhood
of the boundary cells, four approaches exist:

o If the boundary cells are connected to 0O-state, then CA is called null boundary (NB) CA (see Table 2A).

e If the boundary cells are adjacent to each other, then CA is called periodic boundary (PB) CA (see
Table 2B).

An Adiabatic Boundary (AB) CA is duplicating the value of the cell in an extra virtual neighbor (see
Table 2C).

A Reflezive Boundary (RB) CA is designed for the value of the left and right neighbors to be equal
concerning the boundary cell (see Table 2D).

The rule matrix of Moore CA and mixed boundary condition

Now, we can characterize the rule matrix Tg under null boundary conditions. In order to characterize the
corresponding rule, first we represent each state matrix of size m X n as a column vector of size mn x 1. If the
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0 0 0 0 0 CESWEDSY] Plitl.g—1)  T(i41.g)  P(i41G41) Tlitlj—1)
0 0 T(i—1,5+1) T(i—1,j—1)
0 CAzx3 0 T(i,j+1) CAsx3 T(ij—1)
P(it1,541) Pit1,5—1)
0 0 ° 0 0 T 1,541) TG-1-1)  F(i-1,j) *(-1441) Ti—1,j-1)
(A) (B)
Tliz1,j—1) Tliz=1,j=1) F(i=1.4) Tli—=1,j+1) Tli=1,j+1) T(i,4) T(ij—1) T(i,g) T(i,i+1) T(i,4)
T(i—1,j—1) T(i—1,j+1) T(i—1,5) T(i—1,5)
T(i,5—1) CAsx3 T(i,5+1) ©(4,9) CAzxs ©(4,9)
Ti41,5—1) P(i+1,541) P(i+1,5) P(i+1,5)
Z(it1,5—1) P(i+1,5-1) “”(i(+cl)-,j) P(i41,5+1) P(i+1,5+1) *(i,5) P(i,j—1) Lfﬁf) P(i,5+1) P(i,4)

Tabsuia 2: Boundary conditions on a 2D finite CAgx3: (A) — null; (B) — periodic; (C) — adiabatic; (D) — reflexive.

same rule is applied to all the cells in each evaluation, then those CA is called uniform or regular. Throughout
the paper we deal with uniform CA.

Thus, the problem of finding a rule matrix of the corresponding rule is taken from the space of m x n
matrices to the space of Z;'". In order to describe this problem more detailly we define the following map:

2 men(Zp) — anxl(Zp)
which takes the ¢t-th state X®) given by
ORENOREN

T11 12 Tin
P O )

C(t) := ] ] ) T X0 = (xﬁ),xg,...,xgtg,...,mgz)l,...,x%)n)T. (2)
SORPCRC)

where the superscript T' denotes the transpose and M, x»(Z,) is the set of matrices with entries {0,1,2,...,p—

1}.

Thus, local rules will be assumed to act on Z7*" rather than M,,x,(Zy,). The matrix C(t) is called
the configuration matriz (or information matriz) of the 2-D finite CA at the time ¢ and C(0) is the initial
information matrix of the 2-D finite CA. Therefore, one can conclude that p(C(t)) = X®).

Using the identification (2), we can define
T-XO =X (mod p).
Let e; ; € men(Z;) be the matrix units. Consider the following two sets:
X={eij, 1<i<n, 1<j<m}, Y =A{eoiemt1,i:€,0,€n+1, 0<i<m, 0<j<m}.

We define o, n, 7w, p: Y — X mappings by the boundary conditions in the Table 2. Namely, « is adiabatic BC,
7 is null BC, 7 is periodic BC and p is reflexive BC.

Now consider a mapping ¢: I' — T' where ' = {a,n, 7, p}.Then we study the CA under boundary
conditions that depends on the mapping ¢. In other words, the boundary cells are evaluated depending upon
o(x), ¢ € T (see Figure 5). A mixed boundary condition is defined when the boundary sides of the lattice are
not in the same boundary condition, that is, as in Figure 6. I, II, III, and IV type boundary conditions in Figure
6 are described one of the boundary conditions from the set T

In the paper [6] for the bijective function ¢ (i.e. the boundary condition as the form (A) in Figure 6)
the characterization problem of 2D finite von Neumann CA is completely solved. We divide the other forms of
mixed boundary conditions into two groups. The first group of mixed boundary condition consists two elements
of the set I'. The second one contains three elements of I'. As showed in Figure 6, the first group of mixed
boundary condition is illustrated in three appearances, i.e. (D), (E) and (F). In this paper we shall plan to
research CA with boundary conditions of forms (E) and (F).

The characterization of CA with boundary condition of the form (E)
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wla)
*11 | T2 | XTyz | - < | Tp
T3y a2 Tay s v Tan
e(p) w(n)
Tl | Tmz | Tonz | - -+ cor | Tonn
w(m)

Puc. 5: Mixed boundary conditions

Considering that I has four elements and the form (E), then 12 types of mixing boundary conditions can
be present. First, we give the rule matrices of 2D CA under the boundary conditions of all possible cases in the
form (E).

Let us define 15 is non-bijective maps on I' as

Ye(a) =ve(T) =n, ve(p) =ven) =p, (3)

If we study Moore neighborhood under the condition (3) there is ambiguity with setting boundary
condition in the cells 29,0, T0n+1, Tm+1,00 Tm+1,n+1. In order to distinguish this unclearness on the condition
(3) we fix null boundary conditions for those cells.

First, we use some denotations. By T we refer to the rule matrix 2D CA,, x, under the null boundary
condition and this matrix 7" with the order mn x mn is

A B OO .. O O O
C A B O .. OO O
O C A B O 0 O
T = (4)
O 0 O 0O C A B
O 0 0 O O C A

where

n—1 n—1 n n—1 n—1
A=dY i1 +hY €y, B=[Y €ited €Gir1+gY. i
=1 i=1 i=1 i=1 =1

n n—1 n—1
C=b E €+ cC E €i+1+a E €it1,i)
im1 i=1 i=1

€. € My xn(Z,) are the unit matrices and a,b,c,d, e, f,g,h € Z,,.
To establish the transition rule matrix Tf structure under the boundary conditions defined by (3), it is
needed to specify the action of Tf on the basis matrices e; j, respectively. Firstly, let us take the linear transition

Tf from m x n matrix space structure to itself. The images Tf(ew) of e; ; are connected to the four nearest
neighbor elements considering the Moore neighborhood. Note that the boundary condition 1 does not play role
for non-border cells. Hence, Tf(em-) elements are equal to a linear sum of its eight neighbor elements. Thus,
for non-border elements we have
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II type BC II type BC
T1,1 | T1,2 | T1,3 T1n Ti1 | T1,2 | 21,3 T1,m
T21 | 22 | 2,3 T2n T21 | T2,2 | T2.3 T2,n
I type BC III type BC I type BC III type BC
Tm,1 | Tm,2 | Tm,3 Tmn Tm,1 | Tm,2 | Tm,3 Tm,n
IV type BC I type BC
(a) (b)
II type BC I type BC
T11 | Ti2 | 1,3 Tin T1,1 | T12 | T1,3 Tin
To1 | Tao | T23 Ton T21 | 22 | 2.3 Z2.n
I type BC I type BC I type BC II type BC
Tm,1 | Tm2 | Tm,3 T Tm,1 | Tm,2 | Tm,3 T
IIT type BC II type BC
(c) (d)
II type BC I type BC
T11 | T1,2 | T1,3 T1n 1,1 | T1,2 | 1,3 T1,n
T2,1 | T22 | T2,3 T2.n 2,1 | T2,2 | 2,3 T2,n
I type BC I type BC I type BC I type BC
Tm,1 | Tm,2 | Tm,3 Tmon Tm1 | Tm,2 | Tm,3 Tmon
II type BC 1T type BC
(e) ®)

Puc. 6: Mixed boundary conditions: (A) all sides of the lattice have different types of boundary conditions; (B)-
(C) three types of boundary conditions on the sides of the lattice; (D)-(E)-(F) two types of boundary conditions
on the sides of the lattice.

Tf (eij) = T(eij) = aei—1j-1+bei1j+ cei1 41 +deiji1 +eeip1 i1+ feirr+ geivrj1+heij1. (5)
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Now, we define the action of Tf on the border elements. Border cells e; 1,€1p,€m, 1,€m,n have five
neighbors out of the configuration and cells o0, o,n+1; Tm+1,0, Tm+1,n+1 are under null boundary conditions
in mentioned above. Then we obtain

e1,1) = T(e11)+b(eo) + c(en2) + hp(ern) + g¥(eo,),

(el,n) + al/J(eo,nq) + bw(eo,n) + dw(el,nJrl) + 61/}(62,n+1)7
(em,1) + a(em—1,0) + d(em,0) + f(ems1,1) + e(ems1,2)s
(

m
m

®
3
—
~—

I

T
T
T(e

SR
S
'
&
|

,n) + Cw(em—l,n—f—l) + dw(em,n-i-l) + fw(em-&-l,n) + 9¢(€m+1,n—1),

where a,b,c,d, e, f,g,h € Z,,.
Moreover, the border elements excepting e1,1, €1,n, €m,1, €m,» have three neighbors out of the configuration.
Thus, we get the following:

Ti(eri) = Tleri)+av(eoi—1) +b(eo) + cib(en i),

Tpi(emi) = T(emi)+g¥(emirio1) + f(emiri) +eplemyriti),2 <i<n—1
Tj(ejn) = Tleja)+aplej10)+holejo) + gvlejiio),

Tj(ejn) = T(ejn)+c(ej1ni1) +d(ejn1) +et(ejring1),2 <j<m—1,

where2<i<n-1,2<j<m-1anda,b,cd,e,f,g,h€Z,.

If we consider the function ¢ in (3) and the boundary conditions in Table 2, then the following result is
true.

Theorem 1.Let TE: Ly — Ly be the rule matriz which takes the finite Moore CA over the

configuration C(t) of order m x n to the configuration C(t + 1) under the boundary condition of ¥g. Then
Tf has the following matriz form:

A, B O O ... O O O

cCi A, B O ... O O O

5 o ¢ Ay B ... O O O
Ty =T+ : : : C. : : I (6)

O O O o0 ... i A B

O O O O O C; A

where Ay = he1 2 +dépn—1, B1=ge12+eenn-1, C1=ae12+ cenn-1,
0,€1.2,€nn-1 € Myxn(Zy), O is the zero matriz and €12, €,,—1 are unit matrices.

Jloxazamenavcmeo. Firstly, let us take the linear transition Tf : Myuxn(Zp) = Minscn(Zy). The image Tf(ew-)
of e;; is connected to the four nearest neighbor elements considering the von Neumann neighborhood. Hence
Tf (e;,;) elements are equal to a linear sum of its five neighbor elements.

Let us denote by E(_1y,4; = €5, 1 < i < m, 1 < j < n, the row vector 1 x mn whose has the
((¢ = )n+ j)-th (or (¢,7)-th in matrix form) entry equals to 1 and the others are equal to zero. Then we have

€11 Tf(el,l) (d+h)e1 2+(e+g)ez,2+fez 1
Eq . : :
: 61.,” Tf(ely") (d+h)er, n—1+(e+g)ez n_1+fea,n
En .
E . _ mE | el _ TE o _ aei—1,j—1+b6i—1,jJ.rcez‘—1,j+1+d€i,j+1 _
Tl/’ : - Tl/’ i - v (ed) | teeivijritfeiriitgeiv1i—1thei i1 | T
€m,1 B/ :
: " Ty (em,1) (atc)em—1,2+bem—1,1+(d+h)em, 2
Emn
em,n

Ty (em,n) (a+¢)em—1.n—1-+bem—1.n+(d+h)em n1
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A, By O O O O O £y
Ci Ay B O O O O

O C; A B O O O

0] 0] @) @) Ol A1 B1 .
O O O O O C1 44 Ern

Hence, the transition of the representation of matrix related to the equations above presented in () is
obtained. So, the proof is complete. O

The matrix in Theorem 1 is described null-reflexive the boundary condition as the type (E). Now we give
the rule matrices for null-periodic, null-adiabatic, periodic-reflexive, adiabatic-reflexive, adiabatic-periodic cases
as the type (E). Let us formulate these boundary conditions accordingly using the following functions:

pe(a) = pe(r) =0, we(p) =pe(n) =,
ve(a) =ve(r) =7, ve(p) =ve(n) = a,
wp(a) =wp(r) =7, we(p)=we(n) =p,
() =1p(T) =@ T

(1) =«

’ TE(p): E(n):pv

Then the following theorem gives the rule matrices of 2D CA wunder the boundary conditions
HE,VE,WE,TE, YE-

Theorem 2. Let T: Zy" — Z;"" be the rule matrices which takes the finite Moore CA over
the configuration C(t) of order m x n to the configuration C(t + 1) wunder the boundary conditions of
we,VE,wg,TE,YE. LThen Ty have the following matriz forms:

Ay By, O O ... O O O A3 Bz O O o o o
C, Ay By O ... O O O C3 A3 Bg O o o o
O €, Ay By ... O O o O Cc3 As Bg o o o
E _ E _
Tw = s = ; ;
o o o o Cy Ay By o o o o Ccs A3 Bj
o o o o O Cy As o o o o O C3 Aj

4 B, o o© o o Cy Ay+Cc3 B O O ... O 0O o

¢ Ay By O o o it A, B, O ... O o0 o

o ¢ A B o o o o ¢ A, B ... O © o
TE =] . . . TF = . .

o o o o ... ¢ A B o o o o c1 A By

B, O O O ... O ¢ A o o o o O 01 A +Bjy

Ay 4+Cg By O o o o o
Cq Ay By O o o o
o cy A3 By o o o
E _
T‘y =
o O O O ... Oy Ay Ba
o o o o ... O C3 Ag+Bj3
where Ay = A+ hern +dey 1, By = B+ ge1p + e€p 1, Co=C+aery, +cena,

Az = A+ hey ) +dep p, B3 = B+ ge11 + e, C3 = C +ae + cepm,
0,€11,€nn € Myuxn(Zy), O is the zero matriz and €12, €, ,—1 are unit matrices.

In the beginning of the section, we refer that the number of all possible cases as the form (E) is 12.
Above we gave rule matrices for 6 cases. The remaining 6 cases are generated by permutating the previous
pairing boundary conditions with each other. Next theorem gives the rule matrices 2D CA under the boundary
conditions ¥ g, ug, VE,wE, Te, Y by rotating 180° degree in the lattice. We denote this boundary conditions by

Y A A
¢E7NE7 Ve, W, T, VE-
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Theorem 3. Let T: Zy" — Z;™ be the rule matrices which takes the finite Moore CA over
the configuration C(t) of order m x n to the configuration C(t + 1) under the boundary conditions of
Vi, W, Vg, Wi, T, V- Then T have the following matrix forms:

A B+C O O ... O o o A B O O o o c
c A B O ... O o o c A B O o o o
o c A B ... O o o o ¢ A B o o o
E E
TE = | . . . . . . |, rE = . . . .
»! : - : w! . . . . .
o o o o c A B o o o o c A B
o o o o O B+C A B O O O o ¢ a
A+Cc B O O o o o Ay Bo+C O o o o By
c A B O o o o Ccs Ag By O o o o
o c A B o o o o ch O o o o
E _ E _
TE = . : . : 5= . : . : .
o o o o c A B o o o o Co Ag Bo
o o o o O Cc A+B Cy o o o O Cy+B Ay
Ay Bs+C O O o o o Ay By O o o ¢
Cg Ag By O o o o c3 A3 Bg O o o o
o Cy A3 Bj o o o O C3 A3 Bg o o o
E _ E _
TE = . Tl = : .
o o o o Cy Ag Bs o o o o Ccs Az  Bj
o o o o O c©c3+B As B o o o O C3 Ay

Az = A+ heyp +den 1, By =B+ gern+een1, Cr=C+aen+ceqn,
As = A+ her 1 + dep p, B3 =B+geiq+eenn, C3=CHae+cepp,
Ay =A3+aer ) +cenyn, DBiy=ae, +cep, Cy = ge1n + €€ 1,

As = Az +ge11 + eenp,

O,€1.1,€nn € Myxn(Zy), O is the zero matrix and €; 9, €, ,—1 are unit matrices.

where

Reversibility of the rule matrices

In this section, we will outline an algorithm to determine the reversibility of the 2D (linear) cellular
automaton defined by the Moore rule under non-bijective boundary conditions represented by the function ¢.
Given that we have already derived the rule matrix Tf;\5 corresponding to the 2D finite cellular automaton with
the function ¢, we can express the relationship between the column vectors X (¢) and the rule matrix Tg as

follows:
X)) = Tg - X®  (mod p).

If the rule matrix T is non-singular, then we can express:

XO = (1)t XY (mod p).

Hence, our primary objective is to investigate whether the rule matrices Tf{ in Theorem 1, Theorem 2
and Theorem 3 are invertible or not. It is widely recognized that the 2D finite cellular automaton is reversible if
and only if its rule matrix Tg is non-singular. If the rule matrix Tg achieves full rank, indicating it is invertible,
then the 2D finite cellular automaton is reversible; otherwise, it is irreversible.

For solve the problem of reversibility we give the following lemma in [7].

Lemma 1.Let T € Mypnsmn(Zy) be a matriz of the following form:

Am X (0] ... O O
B’mfl Am71 X N O 0]
0] Bm—2 Am—2 ... O O

: : S ™
0] 0] 0] . A X
0] 0] 0] ... B A
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where all submatrices are n x n, O is the zero matrixz. If the submatriz X has full rank, then
rank(T) = (m — )n + rank(P,,),

with Py = Al, P,=—-By — AlX_lAg, P, = —Pk_QX_lBk_l — Pk_lX_lAk, ke {3, . ,m}.
Remark 1.Since the rank of the transpose of the matriz is equal to rank of itself, then we can prove
similar result to Lemma 1 for matrices T € My,pxmn(Zy) of the following form:

A B O ... 0 o0
X A B ... 0O 0
O X 4 .. 0 O
. : . . . . ’ (1)
O O O ... A1 Bua
0O 0 0 .. X A,

where all submatrices are n x n, O is the zero matriz, I is the identity matriz. If the submatriz X has full rank,
then
rank(T) = (m — )n + rank(P,),

where P, = Ay, Py = —AlX_lBQ, P, = —Pk,QX_lBk,1 — Pkle_lAk, ke {3, .. .,m}.

By Lemma 1 we can give the following result.

Proposition 1.Consider the rule matrices Tf, Tf, TF, TP, Tf and TE . These matrices is being as the
form in Lemma 1 or Remark 1, then it can be calculated their ranks by the formula in Lemma 1 or Remark 1.

Remark 2. According to the condition in Lemma 1, it was required that X has full rank. It should be
considered B, C, By, C1, Bs, C3, Bs, C5 as X.

Note that the determinant of all matrices are mentioned in the last remark comes to calculate the following
matrix

y 0 0 0 O
z Ty 0 0 O
0 2z = 0 0 O
X =
0O 00 ... 2z =z vy
0O 00 ... 0 =z =z

By using methods of evaluating higher-order determinants, for the determinant of X we obtain the
following result.

Proposition 2.Let X be a matrix n x n. Then

det(X) = A, =2A,_1 —yz»A,_o

Mk

; Ociitl(m)"72k(f2—4yz)k

o n1 . n S .
Qhere A, = o and [3] is the integer part of §. Moreover, we can simplify this
determinant under some conditions:

o if yz =0, then det(X) = 2";
0, n — odd;

n
2

(—y2)2z; n—even,

o ifx =0, then det(X) :{

n+1_zn+1 .

o ifyz#0, y+z =21, and z # y then det(X) = L—==—;
e ifyz#0, y+ 2 =1 and z =y, then det(X) = (n+ 1)y".

Theorem 4. Let T be the rule matrix Tf in Theorems 1. If the matriz By and C1 have the full rank,
then
rank(T) = (m — 1)n + rank(Py,),
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where the submatriz P, is computed as in Remark 1.
Remark 3.1t can be calculated the rank of the rule matrices Tf, TE, TE, T7E and Tﬁ i Theorems 2, 3
in the method of Theorem 4.

Example. In order to illustrate the previous theorem, we take m = 4 and n = 3 and consider the rule
matrix Tf with over the ternary field Zs. Thanks to Theorem 1 we have

A, B, O O
C, A, B, O

T =
v O Cy A By |’
O O Ci A
where O is the zero matrix and
0 h+d O f g+e O b a+c 0
A= h 0 d |, Bi=1| g f e |, Ci=| a b c |,
0 h+d O 0 g+e f 0 a+c b
with a,b,c,d,e, f,g,h € Z3.
Now,let a=c=0,b=d=e=f=g=h=1. Then,
0 2 0 1 20 100
Aa=(101], Bp=|1 11 |,C;=10 10
0 2 0 0 2 1 0 0 1

Since C7 has the full rank (i.e. det C; = 1) we find the matrix P, in Remark 1. According to the recurrence
relation in Lemma 1, we get the following matrices:

02 0 11 1 00 0 11 1
Pp=(101], =222, PR=l000], =22 2
02 0 11 1 00 0 11 1

Therefore, by applying the algorithm for computing the rank of the rule matrix Tf (see Theorem 4) we have
rank‘(qu:) =(4-1)-34+rank(Py) =9+1=10.

Hence, the rule matrix 7, f does not have full rank. This implies that it is not reversible. In other words
the mapping Tf is not surjective.
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Annotatsiya

Ushbu maqolada ba’zi shartlar ostida ikki o‘lchamli Mur kletkali avtomatlari o‘rganilgan. Xususan,
Z, maydonida aralash chegaraviy shartli Mur qo‘shnilarili 2D chiziqli kletkali avtomatlarning
tavsifini ko‘rib chiqamiz. So‘nggida, biz 2D chekli KA uchun olingan qoida matritsalarining
teskarilanuvchanlik shartlari topilgan.

Kalit so‘zlar: kletkali avtomatlar, chegaraviy shartlar, qoida matritsasi, teskarilanuvchanlik.

AnHoTanus

B s70it craTrbe MBI ncceayeM IByMepHBIE KJIETOYHBIE aBTOMATHI C OKpecTHOCTHI0O Mypa mpu ompe-
JIeJIEHHBIX YCJIOBUSAX. B yacTHOCTH, MBI yIiIyOsisieMcsl B XapaKTEPUCTHKY JIBYMEPHBIX JIMHEHHBIX KJle-
TOYHBIX aBTOMATOB, OIPEJIEJIIEMbIX OKpecTHOCThI0 Mypa, paccMarpuBasi CMeNIaHHbIE I'DAHUYIHbBIE
yCcIoBUA HAJ TosieM Z,. Hakoner, MBI IIpecTaBIsAeM yCIOBHs, KOTOPbIe IPUBOJAT K 00PaTHUMOCTH
[OJTYYEHHBIX MATPHUIL TPABUJI JIJTsI JIByMEPHBIX KOHEUHBIX KA.

Karouesvle ca08a: KIeTOIHbIE ABTOMATHI, TPAHUYHBIE YCJIOBUS, MATPHUIA [IPABUJ, 0OPATUMOCTb.
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UDC 514.18

PIFAGOR UCHLIGINING FRAKTAL XOSSALARI

IBRAGIMOV H. H.
DENOV TADBIRKORLIK VA PEDAGOGIKA INSTITUTI, SURXONDARYO, DENOV
husniddinhikmatovich@gmail.com

REZYUME

To‘g‘ri burchakli uchburchak gipotenuzasida katetlari yordamida ajratilgan kesmalar bilan teng yonli
uchburchak orasidagi bog‘lanishlar, teng yonli uchburchak va R™ fazoda n o‘lchamli Pifagor g‘ishti
orasidagi bog’lanishlar ko‘rsatilgan. Hamda bu ishda teng yonli va to‘g‘ri burchakli uchburchaklar
orasidagi fraktal bog’lanishlar chizma hamda sxemalarda aks ettirilgan. Eyler g‘ishtining qirralari
va diagonalini hosil giluvchi qo‘shimcha r € Z parametrli tenglama keltirilgan.

Kalit so‘zlar: Pifagor soni, Pifagor taxtasi, Pifagor g‘ishti, Eyler uchligii, Eyler g‘ishti, diagonal,
to‘g‘ri burchakli uchburchak, teng yonli uchburchak, parametrli tenglama.

Agar butun musbat a, b va ¢ sonlari uchun a? + b2 = ¢? tenglik o‘rinli bo‘lsa, (a, b; c¢) uchlikka Pifagor
uchligi deyiladi.

Bizga, ABC to‘g‘ri burchakli uchburchak berilgan bo‘lsin (1-chizma).
Agar AC =0b, BC = a va AB = ¢ ga teng bo‘lsin. A nuqtani aylana markazi deb AC = AE = b ni, B nuqtani
aylana markazi deb BC' = BD = a ni chizamiz. Demak:

AC=AE=b, BC=BD=a, AD=AB—-DB=c—a, BE=AB—-AE =c—,
DE=AB-AD—-BE=c—(¢c—a)—(c—b) =a+b—c,
AD+BE=c—a+c—b=2c—a-1b

larga ega bo‘lamiz.

A c—a

/ a+b-c

/ E
bl

I c—b
c| a B

Puc. 7: 1-chizma

Demak, to‘g‘ri burchakli uchburchak gipotenuzasini (1-chizma) ¢ —a , ¢ — b va a + b — ¢ kabi kesmalarga
ajratamiz, gipotenuzadagi ikki chetki ¢ — a va ¢ — b kesmalar yig‘indisi 2¢ — a — b uchun:

(c—a)+(a+b—c)®+(c—b)?=(2c—a—b)?

tenglik o’rinli. Bu tenglik quyida 1-teoremada n = 3 desak kelib chigadi.
1-teorema. Agar a, b va c Pifagor sonlari bo‘lsa, u holda ixtiyoriy n uchun quyidagi

(n—2)(c—a)’+(b—(n—2)(c—a))’+

(c—a)+a—(n—2)b) :(w(cfa)Jrcf(an)b)

(n—1)(n—2)
2

+( 5
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tenglik o ‘rinli bo‘lads.
Quyida 1-teoremadan n ning ba’zi giymatlari uchun natijalar olamiz
n = 2 uchun, b 4+ a® = 2
n =3 uchun, (c—a)’+ (a+b—c)® +(c —b)*=(2c — a — b)*
n =4 uchun, (¢ —a)’+ (¢ —a)® +(b+ 2a — 2¢)°+(3¢c — 2a — 2b)* = (4c — 3a — 2b)°
n = 5 uchun, (c—a)’+ (c—a)’+ (c—a)® +(b+ 3a—3¢)>+(6¢ — 5a — 3b)’= (7c — 6a — 3b)* kabi
natijalarga ega bo’lamiz.

b
b? +a*=c*
(c—a)* +(a+b—c)? +(c—b)*=(2c—a—b)?

4c-3a -2b 3c- 2a -2b 7c-6a-3b 6¢- 5a-3b

b+2a-2¢c c-a b+ 3a-3c c-a c¢-a
(c—a)® + (c—a)® +(b+2a—-2c)*+ (3c—2a—2b)* = (4c — 3a — 2b)*>
(c—a)?+ (c—a)? + (c—a)? +(b+3a—3c)*+(6¢c—5a—3b)* = (7c— 6a — 3b)*

Puc. 8: 2-chizma

1-teoremadagi formuladan n ning n =2, n =3, n =4 va n =5 qgiymatlari uchun olingan natijalarning
2-chizmada tasvirlaymiz.

Endi 1-teoremadagi formuladan n = 3 holatdan foydalanib n = 2 holga o‘tishni chizmada ko‘rsatamiz:
n =3 uchun, (¢ —a)® + (a+b—¢)* +(c — b)*=(2c — a — b)* dan foydalanib
a+b—c+c—a=a
a+b—c+c—b=b
a+b—c+2c—a—-b=c

a, b va ¢ ni topdik, va bulardan

n = 2 dagi b*> +a*=c? kelib chiqadi (3-chizma).

Endi 1-teoremadagi formuladan n = 5 holdan n = 4 holga o‘tishni 3-chizmada ko‘rsatamiz.

n =5 uchun, (¢ —a)’+ (¢ —a)*+ (¢ —a)® +(b+ 3a — 3¢)’+(6¢ — 5a — 3b)°= (7c — 6a — 3b)* dan foydalanib

b+3a—3c+c—a=b+2a—2c

b+3a—3c+6c—5a—3b=3c+2a—2b
b+3a—3c+T7c—6a—3b=4c—3a—2b

¢ — a larning ikkitasi o‘z-o‘ziga o‘tadi. b+ 2a — 2¢, 3¢ — 2a — 2b va 4c — 3a — 2b ni topdik, va bulardan
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Puc. 9: 3-chizma

4c-3a-2b 3c- 2a -2b

b+ 3a—-3c

Puc. 10: 4-chizma

n =4 uchun, (¢ —a)’+ (¢ —a)® +(b+ 2a — 2¢)°+(3¢c — 2a — 2b)* = (4¢ — 3a — 2b)? kelib chigadi (4- chizma).
2-teorema. Agar a , b va c Pifagor sonlari bo‘lsa, u holda ixtiyoriy n uchun quyidagi

(n—2) (c+a)2+(b+(n—2) (c+a))2+

2

+(W(c+a)—a+(n—2)b) =
2
:(W(C_FQ)_FH_(TL_Q)IJ)

tenglik o‘rinli bo‘ladi.

Endi 2-teoremadan n ning ba’zi gqiymatlari uchun natijalar yozamiz

n = 2 uchun, b? +a?=c? Pifagor teoremasi.

n=3uchun, (c+a)’+ (a+b+c)® +(c+b)>=(2c+a+b)’

n =4 uchun, (¢ +a)’+ (c+a)® +(b+ 2a + 2¢)°+(3¢ + 2a + 2b)* = (4c + 3a + 2b)°
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n =5 uchun, (¢ +a)’+ (c+a)’+ (c+a)® + (b+ 3a+ 3¢)*+ (3b+ 5a + 6¢)* = (7c + 6a + 3b)*
Endi 2-teoremadan foydalanib (3,4;5) va (4,3;5) Pifagor uchliklari yordamida qurish mumkin bo‘lgan ikki

seriya Pifagor gfishtlari girralari hamda diagonalini 1- jadvalda keltiramiz [2-17 bet]:

P.G 2-teorema yordamida qurilgan 2-teorema yordamida qurilgan

Pifagor g‘ishtlari Pifagor g‘ishtlari
R (3,4;5) (4,3;5)

Qirralari Diagonali Qirralari Diagonali

R3 (8,12,9) 17 (9,12,8) 17

R? (8,8,20,29) 37 (9,9,21,29) 38

RS (8,8,8,28,57) 65 (9,9,9,30,59) 68

RS (8,8,8,8,36,93) 101 (9,9,9,9,39,98) 107

R” (8,8,8,8,8,44,137) 145 (9,9,9,9,9,48,149) 155

1-jadval.

Endi 2-teoremadagi formuladan n ning n = 2,n = 3,n = 4 va n = 5 qiymatlari uchun olingan natijalarning

5-chizma bilan ko‘rsatamiz [2-20 bet].

7c+6a+ 3b

4c + 3a + 2b 3c+2a+2b

..-+a

b+2a+2cc+a

Puc. 11: 5-chizma

Xulosa.

Endi 2-teoremadan n ning ba’zi qiymatlari uchun:

n =2 uchun, b* +a® = c? (a,b;c) - Pifagor uchligini,
n=3dan (c+a)’+(a+b+c) +(c+b?=2c+a+b)?
(c+a,a+b+c,c+b;2¢c+a+b) - Pifagor to‘rtligini,

n=4 dan (c+a)’+ (c+a)® +(b+2a+ 2¢)* + (3¢ + 2a + 2b)* = (4c + 3a + 2b)°

(c+a,c+ a,b+2a+ 2¢,3c+ 2a + 2b;4c + 3a + 2b) - Pifagor beshligini hamda

(c—a,c—a, ....,c—a,b+ (n—2)(c+a),

(n—3)ta

b+ 3a+ 3¢ c+a

6c+5a+ 3b

c+a

c+a

w (c+a)—a+(n—2)b; w (c+ a)+c+ (n—2)b) - Pifagor n ligini yozishimiz mumkin. Demak,
bitta Pifagor uchligidan qirralari butun musbat Pifagor n ligini, ya'ni n olchamli Pifagor gishtlatini qurish
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mumkin. Misol uchun, 2-teoremadan n = 3 uchun olingan,
(c+a)’+(a+b+c)+ (c+b)°=2c+a+b)?

natija teng yonli ABC' uchburchak va TNKODHFS to‘g'ri parallelepiped, ya'ni “Pifagor g‘ishti” orasidagi
boglanish 6-chizmada quyidaguicha ko‘rsatish mumkin [2-20 bet].

3
F
D >
1
H
c+b ™ 2c+a+b
c+a+b /o
K
T
c+a
N

Puc. 12: 6-chizma
Bizga « tekislikda teng yonli CT D uchburchak berilgan bo‘lsin,
AB=a+b+c¢, BD=c+a, DC=c+bva AC=2c+a+bnibiz TNKODHFS to‘g'ri parallelepipedning
OI'=SD=FH=KN=a+b+c
TN=0OK=SF=DH=c+a,
TD=NH=KF=0S=c+b

DK = 2c+ a + b ekanligidan R? ga taaluqli “Pifagor g‘ishti” girralari va diagonali bo‘lardi.
3-teorema. Agar (a,b;c) Pifagor uchligi  bo‘lsa, w orqali bir juft Pifagor wuchligi
(au, b11; 611) va (a127 blg; 012) ni ushbu

aj1=2a+b+2c, b1 = a-+ 2b+ 2c, c11 = 2a+2b+ 3c

aio=2a—b+2¢c, bio = a—2b+ 2c, c12 = 2a—2b+ 3¢

qoida yordamida hosil qilsh mumkin.
Buni quyidagicha 1-sxemada tasvirlaymiz (izoh: :—> ushbu belgi, o‘rniga qo‘yishda qo‘shishdan, = ushbu belgi
o‘rniga qo‘yishda ayirishshdan kelib chiggan ma’nosi o‘rnida):

_)
2a+b+2¢, at2b+2c, 2a+2b+3c + (ay1,b11;¢
(a,b;c>( ){ _)( 11,911, 11)

(@12, b12; c12)

1-sxema.

Xuddi shuningdek, olingan (a11,b11;¢11) va (a12,b12; c12) larni har biriga 3-teoremadan foydalanib:

_>
(2a114b11+2¢11, a11£2b11+2c11, 2a11+2b11+3c11) + ((121 b21' 021) .
( b ] ) b )
aii, bii;ern } g (@22, baz; c22)
, ; -
%
(2a12tb12+2¢12, a12£2bi12+2c12, 2a12E+2b12+3c12) + (a‘23 bas; 623) T
(a2, bz en) =5 ’
aiz, bi2; c12 - (@24, baa; c24)
, ; R

ga ega bo‘lamiz.
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Agar (ag1,b215¢21), (ag2,b22;¢22), (ag3,bas; c23) va (asq, bas; caq) larni har biriga 3-teoremadan foydalanib:

(a217b21;c21)(2a21:Eb21+2021w a21+2031 42¢21, 2a21i2521+3021){ ir> (as1,bs15¢31) - ..
— (a3, b32;¢32) ...
(azz,bzz;022)(2"'22ib22+2622’ a22i212>+2c22, 20,22i2b22+3622){ E (a33, b33; 033) -
5 (a34,b345¢34) . ..
(@2s.bag;cag) 20280282023, @23 2025+ 2e05, 2a23i2b23+3c23>{ ‘_f; (ass,bss;c35) - . .
— (ase,b36; C36) - - -
(a24,b24;c24)(2“24ib24+2°24’ (L24i252_4>+2024, 2@24i2524+3¢24){ E (a37, b37; C37) .
— (a3g, bsg;csg) ...

ga ega bo‘lamiz.
Demak, ushbu fraktal jarayonni 3-teoremadan foydalanib cheksiz davom ettirish mumkinligi ko’rinib qoldi.

Misol uchun (3, 4;5) Pifagor uchligi yordamida uch bo’g’in fractal jarayonni 2-sxemada korsatamiz:

_(696,697;985) <
(119,120;169) b
N(456,2175505)

(20,21;29)

481y e
_"(360,319;481)
(77,36;85) e

(3,4; 5)< \(288,175;;377)/?':::

(284,257;385) { "

- (55,48;73) <o
(12,5;13)C

(45,28,53)

\(228,145;273) <:::
_*(224,207;305) <:::

o3y S
i (168,953:193)
2-sxema.

Endi quyida hajmi eng kichik Eyler g‘ishtini keltiramiz [1,3-15 bet].

442 4+ 117%2= 1252
1172 + 240%= 2672
2402 + 442= 2442

4-teorema. Agar (a, b;;c) Pifagor uchligi bo‘lsa, u holda iztiyoriy r € Z uchun

rT=a [(br)2 — 02] . {<2b {(b?")2 —c?(2r— 1)D2 - (c [02 + (r2 —2r) bz])Q} )
y=> [(br)2 — 2 (2r— 1)} . {(2& [(br)2 - CQDZ - (C [02 + (r* —2r) 62})2} ,

z = 4abe [(br)2 - 02} . {(br)2 — 2 (2r — 1)} . [62 + (r* —2r) bﬂ

noldan farqli x, y va z sonlari Eyler uchligi bo‘ladi.

Isbot. Teoremaning isboti quyidagi
o +y?=d,

2422 = diz
v+ 22 =dy,

tengliklarni tekshirish orqali amalga oshiriladi.
Bunda, Eyler g‘ishtining yon yoqlarining diagonallari quyidagilar bo‘ladi:

Aoy = (cl®+(r2 — 20)B7))

e =aor?=] { ([ er - 1))+ (e[e40 -2 ]) ]
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e 0 ] o o s 20

Eyler uchliklarini beruvchi formulada r € Z ga qiymatlar berib Eyler uchliklari beruvchi cheksiz ko‘p
parametrik tenglamalarni hosil gilamiz.

Agar parametrik tenglamada r = 1 ga mos keluvchi parametrik tenglamani topsak

v =a =] {(2 [P -]) - (c[217])°),
y=b[=e {20 [*~))° — (e [*4))°}

2 = 4abe[b®*—c?] - [b*—c?] - [P —b?).
Hosil qilingan z, y, 2z sonlarni ularning umumiy bo‘luvchisi (b2 — 02)3 ga qisqartirib quyidagiga ega bo‘lamiz:
r = a(4b* — c?), y = b(4a”® — ¢?), z = 4abe.

Bu esa Eylerning birinchi parametrik tenglamasi formulasi bilan ustma-ust tushadi.
Agar parametrik tenglamada r = 2 desak, Eyler g‘ishtining qirralari:

v =a[42-c] { (2 [40°-3¢%]) '}

y=b [ 3] {(20 [~ )"~}

z = 4abc®[4b? — 2]-(4b° — 3¢?).
Endi a =3, b=4, c¢ =5 Pifagor uchliklariga mos Eyler g‘ishtining girralarini hisoblaymiz.

v=3-39-{(2-4-11)" - (125) },

y:4-11.{(2.3.39)2—(125)2},
z=4-3-4-125-39-11,
bundan esa
z =3-39(88% —125%),
y=4-11(234> — 125%),
z=4-3-4-125-39-11.

Natijada
x = 922077, y = 1721764, z = 2574000

Eyler uchligini olamiz.

Tekshirish:
9220772 +1721764%=19531252,
9220772 +25740002=27341732,
172176424-2574000%=30967642,

Qirralari (922077, 1721764, 2574000) bo‘lgan, Eyler g‘ishtining yon tomonining diagonallari bo‘lib
1953125, 2734173, 3096764 sonlar xizmat giladi

[5-20-bet, 4-33,34-betlar].

Demak, 4-teoremadan ko‘rish mumkinki (a, b;c) Pifagor uchligidan, har bir

r € Z uchun, uchta (z, y;dszy), (z, 2;dz2) va (y, 2;dy.) Pifagor uchligi hosil bo‘ladi
va bu fraktal jarayonni cheksiz davom ettirish mumkin(3-sxema).
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PE3IOME

ITokazanbl CBS3M MEXK /1y THIIOTEHY301 IPAMOYTOIBHOIO TPEYTOJIbHAKA U PABHOCTOPOHHUM TPEYTOJIb-
HUKOM, CBSI3UM MEXKJY PaBHOCTOPOHHHM TPEYTOJIBHUKOM U M - MepPHBIM KupnudukoMm lIndaropa B
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npoctpanctse R". B mannoit pabore moka3aHbl PABHOCTOPOHHME U (DPAKTAJIBHDBIE CBIA3M MEXKIY TIPSsi-
MOYTOJIbHBIMU TPEYTOJIbHUKAMU Ha, PUCYHKaxX U cxeMmax. lIpuBejieHO ypaBHEHHE C JIOTIOJHUTEIBHBIM
napamMeTpoM r € Z, HopoxKaaloliee pebpa U JUaroHa I Kupinuda Jiliepa, 1 IPUBEJEH OJINH IIPUMeED.

Karouesnte caosa: aucio [udaropa, nocka [ludaropa, kuprma [Tudaropa, tpeyronbauk Ditsrepa,
KUpIu4d Jilepa, JuaroHasb, TPsIMOYTOJbHBI TPEYTOJbHAK, PABHOCTOPOHHUI TPEYrOJbHUK, Hapa-
MeTPHUYECKOe ypaBHEHUE.

RESUME

The paper shows the relationships between the hypotenuse of a right triangle and an equilateral
triangle, the relationships between an equilateral triangle and an n-dimensional Pythagorean brick
in the space R™. This paper shows equilateral and fractal relationships between right triangles in
figures and diagrams. An equation with an additional parameter r € Z generating the edges and
diagonals of the Euler brick is given, and one example is given.

Key words: Pythagorean number, Pythagorean board, Pythagorean brick, Euler triangle, Euler
brick, diagonal, right triangle, equilateral triangle, parametric equation.
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RESUME

In this paper we investigate the subcritical and critical reduced processes generated by the Gal’ton-
Watson branching processes. The limit theorems for such processes in the case when in the population
at the initial moment there are a large number of particles are obtained.

Key words: branching process, reduced process, limit theorem.

Introduction

Let {Z (k),k > 0}- random Gal’ton-Watson branching process starting with one particle, in which the
number of immediate descendants of one particle has a generating function

f(s) :E‘sfzz:pksk7 0<s<1.
k=0

Let A = f'(1) < oo. Branching process {Z (k),k > 0} called subcritical, critical or supercritical if
A <1, A=1or A > 1 respectively.

Let us denote by Z (m,n) number of particles at moment m (m < n) in process {Z (k),k > 0}, whose
descendants exist at the moment n. Random process {Z (m,n), 0 <m <n} called the reduced process
generated by the Gal’ton-Watson branching process {Z (k),k > 0}. Reduced process {Z (m,n), 0 <m < n}
called subcritical, critical or supercritical if the corresponding Gal’ton-Watson branching process {Z (k) ,k > 0}
is accordingly. Reduced processes for Gal’ton-Watson processes were introduced by Fleischmann and Prehn
[1]. Fleischmann and Sigmund-Schulze [2] proved a functional limit theorem (under the assumption Z (0) =
1, Z (n) > 0) in which the convergence in Skorokhod space of critical reduced processes to the Yule process (
with a modified time scale ) has been established. Liu and Vatutin [3] proved conditional limit theorems (under
conditions 0 < Z (n) < 7(n)) for critical reduced processes starting with one particle (Z (0) = 1) and with a
finite variance in the number of immediate descendants of one particle, where 7 (n) = O (n), or 7 (n) = o (n) as
n — 0.

In this paper the conditional limit theorems for subcritical and critical reduced processes are proved.

Let us denote by f, (s) n- th iterationf (s):

fo(s) = s, fi(s)=f(s5), s fu(s) = fu1(f(5)) -

If
A=f(1)=E¢=1, o® = f"(1) =var§ € (0,00) , (1)

then it is known (see, for example, [4]Chapter I, paragraph 9) that

P(Z(n)>O/Z(O):1):1*fn(0)~% as n — 0o, (2)
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and Yaglom’s conditional limit theorem also holds:

) 27 (n) y
— = —_ >
nh_)rr;oP(ozn <y/Z(O) 1,Z(n)>0) 1—e¥, y>0. (3)
Fleischmann and Sigmund-Schulze [2]proved for critical reduced processes that for s € [0,1] and for
anyone ¢ € [0,1)
1-1t)s

lim B |52 [7(0) = 1,2 |- 1
lim B =12 >0 =502 @)
where is the sign [a], hereinafter, denotes the integer part of the number a.
If -
A=f(1)=E{<1, Y prklogk < oo, (5)
k=2
that is known (see for example, [4], Ch. I, paragraph 9), that there is a finite number K > 0 such that
P(Z00) >0y gy~ 1) =1 fu(0) ~ KA +0(4") a5 n — o, (6)
and Yaglom’s conditional limit theorem also holds: there are limits
ILm P(Z(n)=k/Z(0)=1,Z(n)>0)=by, (7)
and Y ;- by = 1, and the generating function
g (s) :Zbksk, 0<s<1
k=1
satisfies the functional equation
1—g(f(s))=A(l—g(s), 0<s<1 8

Joffe and Spitzer [5] proved that if A <1 and ) -, prklogk < oo, then for anyone k € Ny = N U {0} there
are limits
lim P(Z(n)=k/Z(0)=cA™"+0(A™")) =dx(c),

n—oo

where ¢ > 0 is constant,

and -
Z di (¢) s* = e~ Kell=9(s))
k=0
where K > 0 from the relation (6), and the function g (s) the same as in (8).
In what follows we need the following lemmas.
Lemma 1. The following formula hold

_ k (1 - fnfm (O))

E(Z(m,n)/Z(0)=k,Z(n)>0] = ) A™. 9)

Lemma 2. The following formula hold

k(= fom (0))? varZ (m)

var [Z (m,n) /Z(0) =k, Z (n) > 0] = T— /% (0) +
kfr—m (O) (1 — Jn-m (0)) A™ _ szr]f (O) (1 — Jn-m (O))2 Axm
B0 - o
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Proof of Lemma 1. It is easy to verify that

E [SZ(W”)/Z(O) = 1} = FE {E [sz(m’")/Z(O) =1, Z(m)H =

= B |[facmn (0)+ (1= famm () 8™ /2 (0) =1] =

= fm (fn—m (0) + (1 = fr—m (0)) 8) = fin (¥n—m (5)),

where ¢y (s) = fr (0) + (1 — f (0)) s.
Now, according to the additively property of branching processes, we have

B {SZ(W”)/Z (0) = k} = {E [sz(m’”)/Z(O) = 1} }k = I (on—m (s)). (11)

In the last relation we take the left derivative at the point s = 1:

/

E1Z(mn) Z(0) =K = [E [0 [2(0) = k]] = [fh (pnm )] ,_, =

= kffffl (Pn—m (5)) fin (Pn—m (8)) [s=1 (1 = fa—m (0)) =
=kfp (1) (1 = fu-m (0)) = kA™ (1 — fr—p (0)).

Now, taking into account (11), we have

sNF — f*
E [sz(m’n)/z (0) =k, Z (n) > O} _ [fm (@niwi(fzc)io) fn (O) (12)

Here I (A) denotes indicator of the event A.Taking left derivatives from both sides of the last relation at the
point s = 1, we have

E[Z (m,n) /Z(0) = k, Z (n) > 0] = [E [s*0"") [7(0) = k, Z (n) > Oﬂ;zl -

R O S (D (= e (0) _ RO = fomm (0) 4
1—-f5(0) 1—f5(0) ’
that proves the validity of the relationship (9).
Proof of Lemma 1 is complete.
Proof of Lemma 2. By virtue of (12) we have

’” k=2 4 2 (1 — 2
{E [Sz(m,n)/z (0) =k, Z(n) > 0} } :k (k= 1) [fm (Pn—m (5))] - [J;n]z Eg;—m ()" (1 = fu—m (0))
0)

Ll @ (N i (P (5)) (1= fum (0))°
0 |

+

Consequently

k(1= fo-m (0))°
1- /3 (0)

E[Z (m,n)(Z(m,n) =1)/Z(0) =k, Z (n) > 0] = fo () +

k (k — 1) (1 _ fn—m (0))2
1— /3 (0)
Now, substituting the last expression and (9) into the formula
var[Z (m,n) /Z (0) =k, Z (n) > 0] =
=FE[Z(m,n)(Z(m,n)—1)/Z(0)=k,Z(n) >0+ E|[Z(m,n)/Z(0)=k,Z(n)>0]—
—[E[Z (m,n) /Z(0) = k,Z (n) > 0]

+ A2m .

we arrive at relation (10).
The proof of Lemma 2 is complete.
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Formulation of the results.
Theorem 1. Let the condition (5) be satisfied. Then for s € [0, 1] and for anyone ¢ € [0,1)
E {sz([m]’")/Z (0)=1,Z(n) > O} — § as n — oo.
Corollary 1. Let condition (5) is satisfied. Then for anyone ¢ € [0, 1)

P(Z(nt],n)=1/Z(0)=1,Z(n) >0) =1 as n — oc.

Theorem 2. Let condition (1) is satisfied and Z (0) = ¢ (n) with probability 1, where 1) (n) = o(n) as
n — o0o. Then for s € [0, 1] and for anyone ¢ € [0,1)

Z(nt] ) _ A-ts
E[s /Z(O) w(n),Z(n)>O}—> T B nToo (13)
Corollary 2. Under the conditions of the theorem 2

P(Z(nt],n)=k/Z(0) =1 (n),Z(n) >0)— (1 -t)tk, ke N. (14)

Theorem 3. Let A <1, Y pipklogk < oo and Z (0) = v (n) with probability 1, where ¢ (n) such that
A™p (n) = 0 as n — oo. Then for s € [0, 1] and for anyone ¢ € [0, 1)

E[sz([nt],n)/z(o):q/;(n),Z(n)>0 — s as n— oo.

Corollary 3. Under the conditions of the theorem 3

P(Z([nt],n)=1/Z(0) =4 (n),Z(n) >0) > 1 as n — oc.

Theorem 4. Let A <1, Y prklogk < oo and Z (0) = ¢ (n) with probability 1, where A™) (n) — 0 as
n — oo. Then for m € N, s € [0,1] and for anyone ¢ € [0,1)

E |:SZ(n—m,n)/Z(0) =(n),Z(n)>0=>1—A""(1—g(pm(s))) as n — oo,

where g (s) satisfies equation (8), ¢, ($) = fm (0) + (1 — f (0)) s.

Remark 1. From Corollary 1 it follows that if it is known that the population has not degenerated by the
moment n, then at the moment nt there is almost certainly only one particle whose descendants will survive
until the moment n. It should be noted that the number of particles at the moment nt in the branching process
{Z (k) ,k > 0} itself differs significantly from the degenerate distribution law in unity.

Remark 2. Comparison of statement (4) with the result of Theorem 2 leads to the conclusion that if
at the beginning of the development of the population there are ¢ (n) = o(n) particles, then the number of
particles at the moment nt that have descendants at the moment n, have in the asymptotic such a distribution
as a process starting with one particle.

Proof of the results.

Proof of Theorem 1. According to Taylor’s formula

fint (Pt (9)) = i) (1) = fhug (0 (0, 9)) (K (1= 5) 4770 o (A=l ) (15)

where 6 (n, s) such that 1 — KA"~ " < g (n,s) < 1.
From (15), according the fact that f[’m} (1) = A" we get
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By virtue of (12) and (16), we have

B [s200m) [ 7(0) = 1,7 (n) > 0] = Jint) (Fa—tnt) (0) +1(1_—f fT(L(;)M 0)5) = £ (0)
1-K(1-5)A"+0(A") =14+ KA™ + 0(A"™)
~ KA + o (A") e

as n — 0o, which completes the proof of the theorem 1.
Proof of Theorem 2. By virtue of (11), we have

B [s70%) [Z(0) = 4 ()] = [fmn (- ()] (17)
Since the critical Galton—Watson process degenerates with probability 1, then
fn(0) =1 as n — oo. (18)
Therefore uniformly converges fors € [0, 1] and for anyone t € [0,1)
On—[ng (8) =+ 1 as n — oo. (19)
By virtue of (18) and (19), we can choose a natural number r = r (¢, s) so that the chain of inequalities holds
fr (0) < @npngy (8) < frta (0). (20)

taking into account relation (2) we have

2(1—5s)
Pn—[nt] (3) ~1- m as n — oo. (21)

Now relations (2), (20) and (21) allow us to conclude that

1 1-s 1
< < -.
r+1 " n(l-t) ~r
Hence,
1-t
rw% as n — oo. (22)
-

From here and from (20) we obtain

f[nt]—H’ (0) = f[nt] (fr (0)) < f[nt] (Qan—[nt] (S)) < f[nt] (f'r‘+1 (0)) = f[nt]+r+1 (0)

which in turn allows us to conclude

f[nt] (Qon—[nt] (8)) ~ f[nt]-i-?" (O) (23)
Therefore, from (12), (22)-(23) and (2), using the asymptotic relation
e’ ~1l—2 -0, (24)
we get
SRR i R
E [s20n0m [Z(0) = (n) , Z (n) > 0] = &————5t=——+o(1) ~
l—e o2 n

1_%-%")-11:2—14-%'M 1—s s(1—1)
P(n) 1—st 1—st

n

2 .
0-2

The proof of Theorem 2 is complete.
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Proof of Theorem 3. Taking (6) into account and applying relation (24) we have

(0 (T‘L) (1 - fn—[nt] (0))

At —
1— 2 (0)

E[Z([nt],n)/Z(0) =9 (n),Z(n) > 0] =

_ ) (KA o (A1) Ly (n) (KA 40 (A")

1—(1— KA" +o(An))¥™ ¥ (n) KA™ + o (¢ (n) A™)

—1 (25)

as n — oo. Further, according to (10), (6), (24) we have

2
var 12 ([t ) /2 (©) = 6 (), Z () > 0] = L) L= Inoton O) varZ ([nt)

1— 2 (0)
) Fatun (0) (1= Fagu (00) AT 92 () 2 (0) (1 = fupo (0))° A%
1— 2 (0) (1 _ o (o))2
O.QKAn—[nt]
A(1-A) (26)

as n — 0o. Now from (25) and (26) as well as from Chebyshev’s inequality the statement of Theorem 3 follows.
Proof of Theorem 4. According (6), (12) and (16) we have for any m € N

) (0 gy — )
E [sZ(n—m,n)/Z (0) = (n) .z (n) > = 0m (ff (f;LZ()n) (.(];) (O) ~

(1=K (1= g(pm () A" +0(A")"™ — (1 = KA" 4 0(4™)"™

~ ~

1— (1 - KA" 4+ o(An))*™
1-K(1—g(em(s)¢(n) A" +o (¥ (n) A") — 1 + K¢ (n) A" + 0 (1 (n) A™)

~ ~

K1 (n) An 4+ o (¢ (n) A™)
~1=AT" (1= g(pm(s))

as n — 0o, which completes the proof of the theorem 4.

The proofs of the corollary follows immediately from the continuity theorem for generating functions.
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REZYUME

Ushbu magqolada biz Gal’ton-Votson tarmoqlanuvchi jarayonlarining subkritik va kritik bo’lgan
hollarini o’rganamiz. Bunday jarayonlar uchun populyatsiyada boshlang’ich momentda juda ko’p
zarrachalar mavjud bo’lganda limit teoremalar olingan.

Kalit so‘zlar: tarmoqlanish jarayon, qisqartirilgan jarayon, limit teorema.

PE3IOME

B nannoit pabore uccienyorcss JOKpUTHIECKHE U KPUTUIECKUE PELYIIMPOBAHHBIE ITPOIECCHI, TIOPOXK-
JlaeMble BETBSIUMICH poreccamu [anbrona- Yorcona. Iloydensl ipe/iesibHbIe TEOPEMBI IS TAKAX
IIPOIIECCOB B CJIydae, KOTJIa B MOMYJISIIAA B HAYAJIHHBIH MOMEHT UMeETCsl OOJIBIIIOe TUCTIO JIaCTHII,

Karouesvle cA068a: BEeTBAIMIC IIPOIIECC, NIPEIeIbHAs TEOPEMA.
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RESUME

We consider the Hamiltonian of a system of three quantum mechanical particles (two identical
bosons and a fermion) on the one-dimensional lattice interacting by means of zero-range attractive
or repulsive potentials. We investigate the point spectrum of the three-particle discrete Schrodinger
operator H(K), K € T which possesses infinitely many eigenvalues depending on repulsive or
attractive interactions, under the assumption that the bosons in the system have infinite mass.

Key words: Discrete Schrodinger operator, Point spectrum, Threshold resonance, Zero-range pair
potentials, Threshold eigenvalues, Fredholm’ determinant

INTRODUCTION

In physics, stable composite objects often form due to attractive forces, allowing constituents to lower their
energy by binding together. While repulsive forces typically cause particles to scatter in free space, within
structured environments such as periodic potentials, and in the absence of dissipation, stable composite objects
can exist even with repulsive interactions due to the lattice band structure [1]. The Bose-Hubbard model, which
describes repulsive pairs, serves as the theoretical foundation for various applications.

The work [1] highlights the critical connection between the Bose-Hubbard model [2],[3] and atoms in
optical lattices, paving the way for numerous interesting developments and applications, as discussed in [4]. In
cold atom lattice physics, stable repulsively bound objects are expected to be common, potentially leading to
composites with fermions [5] or Bose-Fermi mixtures [6], and can even form with more than two particles in a
similar manner.

The Efimov effect, first discovered by V. Efimov in 1970 [7], is one of the most fascinating phenomena in
physics. It occurs in three-body systems in three-dimensional space that interact through short-range pairwise
potentials. It is possible to adjust the couplings of the interactions so that none of the particle pairs have
a negative energy bound state, but at least two pairs exhibit a resonance at zero energy. The existence of
this effect for a three-particle Schrodinger operator was discovered by Yafaev [8] and in the discrete case by
others [9,10,11,12,13,14]. This asymptotics problem was reduced to studying the asymptotics of the number of
eigenvalues of Faddeev-type compact integral operators.

Recently, the authors [15,16,17] considered perturbations of the system of three arbitrary quantum
particles on lattices Z?, d = 1,2, interacting through attractive zero-range pairwise potentials. They established
that the three-particle Schrédinger operators posses infinitely many negative eigenvalues for all positive non-zero
point interactions, under the assumption that two particles in the system have infinite mass. Also, note that
the author of [17] obtained asymptotics for these eigenvalues.

The main goal of the paper is to investigate the existence of infinite number of bound states of the
three-particle discrete Schrodinger operator associated to a system of two identical bosons and a fermion,
where the bosons have infinite mass and the fermion has a finite mass. This investigation is conducted on
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the three-dimensional lattice Z> and involves repulsive or attractive zero-range pairwise interactions. We show
that infinitely many eigenvalues may arise from threshold eigenvalues and threshold resonances or only from
threshold eigenvalues depending on the interaction energies.

It should be noted that, unlike the last three articles [15,16,17], we study eigenvalues below and above the
essential spectrum of the unperturbed operator for all repulsive or attractive zero-range pairwise interactions.

The paper is organized as follows. In Section 1, we introduce the three-particle discrete Schréodinger
operator H(K) and the two-particle discrete Schrédinger operators associated with subsystems of the system of
two identical bosons and a fermion. In Section 2, we study the essential spectrum of the three-particle disceret
Schrodinger operator H(K). The eigenvalues of H(K) below and above the spectrum of the non-perturbed
operator Hy(K) are investigated in Section 3. Section 4 is devoted to showing main result, Theorem 1. Section
5 is devoted to the description of the threshold resonance. The last section is conclusion.

Throughout the paper we adopt the following notations: Z2 is the three-dimensional lattice, T? =
R3/(27Z)% = (—m, m]? is the three-dimensional torus (the first Brillouin zone, i.e., the dual group of Z?) equipped
with the Haar measure, the subscripts «, 8,7 € {1,2, 3} are pairwise different numbers.

THREE-PARTICLE DISCRETE SCHRODINGER OPERATOR ON THE LATTICE 73

Let us consider the discrete Schrédinger operator H(K), where K € T3, associated with a system consisting of
two identical bosons and a fermion moving on the one-dimensional lattice Z (see [15,17]).

H(K) = Hy(K) -V

with zero-range attractive potentials
V=Vi+V+Vs,

where

(Vi) (pra) = / Fo.0it, (Bh)pa) = G [ (o)
T3
(Vaf)(p,) t, feLi(T°)?),pqeT’ (1)

and numbers A and p serve as the parameters of boson-fermion interaction and boson-boson interaction,
respectively.

Here the numbers A and p indicate repulsive pair-wise interaction when A < 0 and p < 0, and attractive
pair-wise interaction when A\ > 0 and p > 0. The operator Ho(K) is defined on the Hilbert space LZ((T?)?) by

(Ho(K)f)(p,q) = E(K;p,q)f(p, @), f € L2((T?)?),

and
E(K;p,q) =co(p) +eul(q) +55(K —p—q), p.ge T

Here, the real-valued continuous function €4 (-) and e5(-), referred to as the dispersion relation associated
with the free boson and fermion is defined as

3
Z 1—cosp;), peT?, (2)
=1

respectively, and m and m represents the mass of the boson and fermion, respectively.
Let k € T3 and L?(T?) be a linear subspace of the Hilbert space L?(T?) defined by

LY (T%) = {f € LX(T*)| f(p) = f(k —p)}-

A two-particle discrete Schrodinger operator corresponding to the subsystem {bozon,fermion} and
{bozon,bozon}, of the three-particle system acts on the Hilbert space L*(T?) and L3 (T?) as

hi(k) = hY(k) —vi, and ho(k) = h3(k) —ve, k€ T3, (3)
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respectively.
Here, the operators h0 (k)

(B(k)F)(p) = B (0) f(p), | € LA(T?),

and
(hSk)F) () = B () F (), [ € LE(TY),
where
B () =eo(p) +e5(k —p), B () =u(p) +2o(k—p), peT?. (4)
The operators v; and v are defined as
()0) = gz [ F@da, 1€ T pe T
TS
and
(2)0) = gz [ F@da. 1€ KT e T
’]TS
respectively.

SPECTRAL PROPERTIES OF THE TWO-PARTICLE DISCRETE SCHRODINGER
OPERATORS WHEN m =00 AND 0 <m < 00

With m = oo and 0 < m < oo and the equality (2), the functions (4) can be written as
EN(p) = ej(k —p) = e(k — EP(p)=0, peT?
w (p) = g5k —p) =e(k—p)/m, E7(p) =0, pe T

Consequently, since the potentials v,, @ = 1,2 have a convolution-type property, all three two-particle
Schrédinger operators do not depend on the quasi-momentum k € T3,

hii=hi(k), and ho = ho(k).
Then, the operators hi(k) and ha(k) act as
h(k)f(p) = £5(p)f(0) — (1 /)(p), [ E€LNT) and  ha(k)f(p) = —(v2f)(p), [ € LY(T?).

As vy is a finite rank operator, according to the Weyl theorem, the essential spectrum o.ss (hl(k)) of
the operator hy(k) in (3) coincides with the spectrum o (h{(k)) of the non-perturbed operator h{(k). More
specifically,

Oeos (M1 (k) = [E (k) EQ(R)],

where
£

min

(k) = min BV(p), Bl (k) = max BV (p)

Therefore, in our case we have
reee( () = [0.6/0] and o (ha(8) = {0,

The Fredholm determinants associated with the operators hj(k) are defined as

(2m)3 ) ej(s) =2
TJ

A2) =1 - Ado(2),  do(2) = — /gf(ds 2eC\ [0,6/m] (5)

Lemma 1. The number z € C\ [0,6/m] is an eigenvalue of hy(k) if and only if A(X;z) = 0.
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Proof. The equation
1

hi(k)f =zf e, f=Ah}(k)—2) vf

has a non-trivial solution if and only if
A(X2)C =0, CeC,

has a non-trivial solution.
Therein, the solutions C € C and f € L*(T?) are connected by the following relations

C=vf and f:)\(h(l)(k)—z)_lC.

Set
1 1

= a00) and Aj = 7d0(6/m)’
where do(0) and do(6/m) are continuation of do(z) at the edges of the essential spectrum of hj (k). One may see
that A§ = —Xo.

Lemma 2. (a) If A < =)o (resp. A\ > \g, then there exists a unique simple eigenvalue z = 29 of hy (k)
in the interval (G/m7 oo) (resp. ( — 00, 0)) Moreover, 29 does not depend on k € T3.

(b) If X\ = —Xg (resp. A = Xg, then the operator h, (k) has a threshold resonance at 6/m (resp. at 0).

(c) If =20 < A < 0 (resp. 0 < XA < Xo), then ha(k) has no eigenvalues in the interval (6/m,00) (resp.
(= .0

Proof. We prove (a) and (c) when A < 0. These assertions can be proven in a similar way when A > 0.

Ao

The function A(X; z) is monotonic increasing in (6/m,00) and A(X;z) > 1 in (—o0,0). Since

A
lim A(X2)=1 and lim A(\z)=1+—
z—+o0 z—6/m+ )\0

the intermediate-value theorem implies the ewistence of a unique simple zero z = 29, 20 € (G/m,oo) of the
function A(X;-), for X < —Xo, and A(X;2) has no zeros in (—o0,0) U (6/m,00) for —Xg < A < 0.
(b) The equation
hi(k)f =6/mf

has a non-trivial solution if
AN, 6/m)C =0, CeC, thatis A= —DMo,

and the solution

_ —6/m) " : __ o)
fF=XMn(k)—6/m) ¢, thatis f(p)= =) — 6jm’
where )
op) =vf= W - f(t)dt = constant

As g5(p) has a unique nondegenarate mazimum at the point (7,7, m), the function f belongs in the Banach
space L(T?), but not in L*(T?3), and it means 6/m is a threshold resonance.

Now we can summarize the results of this section in the following lemma.

Lemma 3.
oaciii)={ Ty SR
_ J 10,6/m], if =X <A< Ao,
"““(’“”‘{ CUD6m, i NS
and
ogisc(h2(k)) = {—u}, o(ha(k)) = {—p} U {0}
hold.
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ESSENTIAL SPECTRUM OF H(K)

One of the notable outcomes in the spectral theory of multi-particle continuous Schrédinger operators
involves characterizing the essential spectrum of the Schrédinger operators in terms of cluster operators (the
HVZ-theorem. See Refs. [18,19,20,21,22] for the discrete case and [23] for a pseudo-relativistic operator).

Lemma 4. The essential spectrum of H(K) satisfies the relation

oess (H(K)) = | {a(hl(K—k))—i-sb(k)}U U {J(hQ(K—k))—FEf(k)}.

kET3 kET3

Proof. The proof can be found in [17,20].
THE ESSENTIAL SPECTRUM OF H(K) with m =00 AND m < o0
Due to Lemma 3 and the relations €5(p) = 0 and €4(p) = €(p)/m, we obtain

U {o(ma = 1) +e0(h)} = o (),

keT3

U {J(hg(K — k) + sf(k)} - {{—u} U {0} +gf(k)} = [ = p,6/m— ] U[0,6/m].
keTs keT3

According the last two relations and Lemmas 3, 4 we have

Lemma 5. For the essential spectrum of the main operator H(K), we have

Uess(H(K)) = [0,6/111] U (A u [_N’a 6/1’(1 - :u‘]) )

where

. (%) Zf A€ [—)\0,)\0],
T i AeRN\ [, Aol

THE POINT SPECTRUM OF H(K) FOR m =00 AND m < o0

One can show easily that the subspace

Ao = {f € LX(T* x T*)| f(p,q) = g(p+ q), g € L*(T*)}

is invariant under the operator H(K), and so is A3 = L2(T® x T?) © Ay.

Therefore, we have

Opp (H(K)) = Opp (AO(K)) Uopp (Al (K)),

where Ag(K)and A;(K) are restrictions of H(K) on the linear subspaces A and Ajg, respectively.

Since Ay and L?(T?3) are isomorphic, the operator Ay(K) is unitarily equivalent to the operator By on
L?(T3), where

Bo = Eo(K) — pul — 2)w, (6)

Ey(K) denotes the multiplication by the function e;(K — p), I is the identity operator, and v is an integral

operator defined by
1
0N)0) = oz [ f@de. f €T pe T,
T3

The operator A;(K) takes the form
AL(K) = Ho(K) — AVy — AV,
Let Uk : L2(T3 x T3) — L%(T® x T?) be a unitary operator defined as

Uk f)p,q) = f(—K/2+p,—K/2+q). (7)
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It establishes a unitary equivalence between H(K) and H(0), and so we can proof the coming statements for
H(0).

SPECTRUM OF A,(K). The following lemma describes the behaviour of the eigenvector of Ay(K) in
the linear space H.

Lemma 6. (a) If A < —X\g/2, then Ag(K) has a unique eigenfunction in the space Ho with an eigenvalue
n € (6/m— p,00).

(b) If X > Ao /2, then Ag(K) has a unique eigenfunction in the space Hqy with an eigenvalue n € (—oo, —p).

(¢) If —=Xo/2 < XA < A\o/2, then Ag(K) has no eigenfunctions in the space Hy.

(d) If 2\ = —Xg/2 (resp. A = Xg/2), then Ag(K) has a resonance energy at —p (resp. 6/m — 1) (see.
Definition 1).

Proof. Recall that

Ho = {f(p,a) = 9(p + a)lg € L*(T°)}.

Again, we prove the theorem for Ag(0), using unitary equivalence of Ag(0) and Ay(K).

The equation

AO(O)f = Zfa f S HO?

has a solution if and only if the equation
c(1—=2\do(p+2))=0, ceC, (8)
has one, and their solutions are related by

f(p,q) =g(p+q) = W’C’ 9)

c= ﬁ /TS g(t)dt.

Equation (8) has a nontrivial solution if and only if

where

AN p+2)=1—-2Xdo(pn+ 2) = 0.

According to Lemma 1, if 2\ < —Xg (resp. 2A > —Xg), then A(2X\; u+ 2) has a unique eigenvalue 1 in
(—6/m, 00) (resp. in (—oo, —p)).

(b) Lemma 1 gives that A(2X; p+ z) has no zeros in (—oo, 00).

(c) If 2\ = £\, then the solution given in (9) lies in L*((T3)?)\ L?((T?)?), that is, Ag(0) has a resonance
energy at —p or 6/m — p.

SPECTRUM OF A;(K). As the operator A;(K) does not contain the parameter u, Lemma 5 implies
that

Oess (Al(K)) = {Z?} U [07 G/m]

In order to study we define the following integral depending on n € Z:

ei(n,t)
dn(z) = (271r)3/€f(t)zdt, 2 € C\ [0,6/m]. (10)

T3

Lemma 7. (a) For any fivred n € Z3, the function d,(z) is positive and monotonically increasing in the
interval (—o00,0) as a function of z.

(b) The following limit exists

) 1 e'(n,t)
4,0 = Jim d.(2) = o / ot (11)

T3

71



Acta NUUzZ EXACT SCIENCES Ne2/1/1, 2025, 66-79

Additionally, for any z € R\ [0,6/m], the relation

nlgrolo dn(z) =0 (12)

holds.

Proof. The first part of the lemma easily follows from the conditionally negative definiteness of the
function 5(-) (see [24, Lemma 4]).

(b) The asymptotic relation 5(q) — 0 ~ $¢* near the origin implies the existence of the relation 11.

We represent the operators Vi and V5 in (1) as V3 = A®;®; and Vo = AP Do, respectively, where the
operators @1, ® : L2((T?3)%) — L?(T?) are defined as

(@1/)(p

/ . t)dt and (@a)(g / 1t, (13)

3
2

Lemma 8. The number z € C\ 0ess(A1(K)) is an eigenvalue of the operator A;(K) if and only if
D(z) =0, where

D(z) = g )\ . H (X 2) (14)
nez?
with
SE(N2) =1 = Ndo(2) + dn(2)). (15)

If 2, € C\ 0ess(A1(K)) is an eigenvalue of A1(K) and 6,7 (X;z,) = 0, n € Z3, then the corresponding
eigenfunction is of the form

A

[cos ,(—K/2+ p)) + cos (n, K/2+q))} (16)

Proof. Given the unitary equivalence of H(K) and Ai(K) to H(0) and A1(0), respectively, we first
establish the claim for the latter operators.

Let z € C\ 0ess (Al(O)) be an eigenvalue of A1(0), and let f be the corresponding eigenfunction, then
[ =Ro(z)[AV1 + A\Va] f, (17)

where Ro(z) = (Ho(0) — 2I)~! is a resolvent of Hy(0).
The last equation has a non-trivial solution if and only if the system of two linear equations

Ga = Py (Ro(2)[ART@1 + AP5B2]), a = 1,2, ¢1, @ € L*(T?) (18)

on the space L?(T3) @ L?(T?) has a non-zero solution.
Solutions of the equations (17) and (18) are related by

f(p,q) = Ro(2)[A®1$1 + AD5po], (19)

and
Po=Buf, a=12 (20)

Since f is a symmetric function, $1 and Qo are same function, and only there arguments are different,
that is, the argument of @1 is the variable p, while q is an independent variable of ¢1:

$2(p) = ¢1(p).- (21)
We note that the functions

A, =1 — A\D,Ry(2)d*

a?

z2 € C\ 0ess(Hp), a=1,2,
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are nonzero for any z € C\ 0.55(A1(0)), and they are multiplication operator by a number or by the Fredholm
determinant A(X; 2) in(5), and due to Lemma 5 the inequlity A(X; 2) # 0 holds, and hence A1 exist and it is
a multiplication operator by a number

1/A(X; 2).
Then, the solutions @o,a = 1,2, of the equation (18) satisfy the following system of integral equations

P1 = AATLOB,,
{ Z2 = AA1Q G, (22)

where
Q = ®1Ry(2)P5 (23)
is the integral operator on L*(T3) defined as
1 g(t)dt 23
= L~(T 24
Q) = s | g 9 AT (24)
T3

and QF is the adjoint of Q.
Using the substitution method, the system (22) can be reduced into the form

o1 =Q(2)p1, e, Qz)=NATTATIQQO" (25)

Moreover, if o = (¢1,P2) is a solution to (22), then @1 is an eigenfunction of Q(z) corresponding to the
eigenvalue 1. Conversely, suppose that 1 is an eigenfunction corresponding to the eigenvalue 1 of the operator
Q(z). Then ¢ = (@1, P2), with $3 = mQQZl is a solution to (22) (i.e. (18)). Notice that the multiplicities of
the linearly independent eigenvectors ¢ and ¢ coincide.

We also note that the function f defined in (19) is an eigenfunction of A1(0) corresponding to an
eigenvalue z € C\ 0cs5(A1(0)). Moreover, the multiplicity of the eigenvalues z of A1(0) is the same as the
multiplicity of the eigenvalue Kk =1 of Q(z).

The operator Q(z) is a convolution-type trace-class integral operator. The standard Fourier transform
Fi: LA(T3) — (2(73),

1
(2m)*

(Fig)(n) = /ﬂwwm,mHWmmm
T3

establishes that Cj(z) = F1Q(2)F; acts as a multiplication operator on the space (*>(Z3) by the function

A2 \
kn(2) = de(z)d_n(z), nez. (26)

Thus, the spectrum of @(z) consists of the following union

o(Q(2)) = {0} u |J {ra(2)},

nez3

with the space of eigenfunctions
@n(m) = 5n,ma n,m e Z37

where 6. . is the Kroneker delta function on Z3.
Note that the compact operator Q(z) has eigenvalues k,(2), n € Z* with the corresponding eigenfunctions

Yn(p) = P e 7 pe T (27)

Therefore, the determinant of the operator I — Q(z) can be written as the following product

det(I = Q(2)) = [T (1 = ra(2)), (28)

nezs
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which takes the form (14), since d_,(z) = d,(z) and (26).
Let kn,(2zn) = 1 be an eigenvalue of Q(z,), then 1, is the first component of the solution p, = (1/Jn,1/~1n)
of equation (18), and the second component is defined as

~ . 1 s M (zn) ~
@) = 52(0) = A5 'Q ) = R 5Tl (29)
Using the equality (21) in the last relation, we get
3 — * /\d" Zn) —i(n
ei(mea) — AA; o) Unlq) = A()fz ))e ( 7q),

which is contradiction.
However, if 9,,(p) = (!™P) + e=4"P)) /2 = cos((n, p)), it satisfies (21) and (29) if and only if

Ay (zn) 1

ADioy — 1 e T(A2) =1 Aldo(zn) + dn(zn)) = 0.

However, for the functions 0, (p) = (e?™P) — e="P)) /2j = sin((n, p)) the relation

1 Ay, (2,
en = )‘AQ IQ Hn = _M07ta

holds, which contradicts with (21). It implies

m—l, ire. 0, (Ai2) = 1= Aldo(zn) = dn(zn)) = 0.

Since the system {Un,0,}, n € Z3 is complete in (?(Z3), the last three relations and (26) allow us to use
the Fredholm determinant (14) instead of (28).

Accordingly, the number z, is an eigenvalue of A1(0) and the corresponding eigenfunction can be found
by (19) as

A
ef(-p—q) — 2

According to the relation H(0) = Uy, H(K)Uk, the number z, is also an eigenvalue of H(K) with the
eigenfunction f, = U f0, i.e., (16), where the unitary operator Ug is defined in (7).

pq) = [ﬁn(p) +In(q)|-

EIGENVALUES OF H(K) BELOW AND ABOVE THE SPECTRUM OF H,(K)

First, we study the function 4,5 (\; 2) in () for any n € Z3.
Lemma 9. For any fized n € 73, the function do(z) + d,(z) is positive and monotonically increasing in
the interval (—o00,0) as a function of z. Additionally,

T (do(=) + du(2)) = do(0) + s (0), (30)
ZEIPW (do(z) + dn(2)) =0. (31)

and for any z € (—o0,0)
nh_}rrgo (do(2) + dn(2)) = do(2) (32)

hold.
Proof. The equality

do(2) + dn(2) = (2717)3 / 1;?:; Enz,t) dt

T3
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and Lemma 7 imply the positivity and monotonicity of do(z) + d,(2) in (—o0,0). The limits (30), (31) and (12)
follow from Lemma 7.

Let 2{ be a zero of A,(+) = 0, i.e. an eigenvalues of hq(k) in the interval R \ [0,6/m] (see 2). Note that
29 exists iff A € R\ [~Xo, Ao

The number defined by

2F = 1
" do(0) +dn(0)’
satisfies \
0< Ay <Af <Xo,neZ? and AJ:EO. (33)

Lemma 10. Letn € Z®. (a) If X < A\, then 6,5 (), z) has no zeros in the interval ( — 00,0).
(b) If \f < X, then &5 (X, 2) has a unique zero z, € (— 00,0), and it satisfies z, < z{.
Proof. Due to Lemma 9 the functions do(z) + dn(2) are positive and monotonically increasing in the

interval (—00,0), and so the proof of the existence of z, is quite similar to the proof of the existence of 29 in
Lemma 2.

Let A > 0. The inequalities z, < 2 follow the inequalities
SN 2) < AN 2)
and the monotonicity of the last three functions.

EIGENVALUES OF H(K) ABOVE [0,6/m]

The unitary operator Uy, in (7) is used to establish the equalities

6
U.,T/QH()(K)UW/Q = a — Ho(K) and Uﬂ-/QVUﬂ-/Q =V

which implies the relation
6

The final relationship enables us to shift the investigation of the eigenvalues of H(K) from above the
interval [0,6/m] to below it.

Lemma 11. Letn € Z3. (a) If =A\;0 > X, then 6,7 (), z) has no zeros in the interval (6/m, cc).
(b) If X < =\, then 67 (X, z) has a unique zero z, € (6/m,00), and it satisfies 6/m < 29 < z,.
Proof. The proof is a consequence of Lemma 10 and the identity 34.

MAIN THEOREM

Recall that 2 be a zero of A();-) = 0, i.e. an eigenvalues of hy(k), and 29 < 0 if A > 0 and 6/m < 2{ if
A < 0. Let i be an eigenvalue of H(K) mentioned in Lemma 6.

Now, we are ready to formulate the main result of the paper.
Theorem 1. Assume p € R and A € R.
(a) Let |A] < |Xo/2|. Then
app(H(K)) =0.

(b) Let |\o/2] < |A| < |Xo|. Then

Upp(H(K)) = U {zn} U {n},

[n|<no

and 6/m < 20 < z, if A <0; 2z, < 2 <0 if A > 0. Here ng is a positive integer number depending on \.
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(c¢) Let |Ao| < |\|. Then
JPP(H(K)) = U {zn} U {n},
nez’
and 6/m < 29 < z, if A <0; 2, <2Y <0 if A >0.

Proof. Lemmas 6, 10 and 11 provide the proof. For example, by combining the assertions (a) in Lemma
6, (b) in Lemma 10, we get the proof of the part (a) of the theorem.

Remark 1. According to Lemma 5
Gess (H(K)) = {20} U ([ — 1, 6/m — p] U [0,6/m]).

Theorem 1 demonstrates that zy, (., or n could be within oes (H(K)) or within a gap of the essential
spectrum.

Theorem 2. Let |\| > |A\o|. Then

: 0
lim z, = 27.
n—oo

Proof. Due to Theorem 1, there exists a sequence {z,} of eigenvalues of H(K) below 29.

As 65 (A 2n) = 0 and A1(X;2)) = 0, using the intermediate theorem we get

5TV = ST (1 — 20, 2 < 6 < 2,

G (A 21) = 6 (A 20) — A1(A;21) = —Adn (1)

and hence

|zn — Zg)| = dn(z(l))

LN &) ’
Since 0 < C < ‘d%(éj{()\;fn))‘ for some C >0 and n € Z¢ we get

|20 = 21| < Cldn(27)]
which together the limit (12) we get the first limit of the theorem.

THRESHOLD RESONANCES

In this section, we investigate how 7 or z, arises from or are absorbed into the essential spectrum o (H (K ))
Let v=—porv=0o0rv=06/m—porv=6/m
Definition 1.(Threshold eigenvalue and threshold resonance). Let f be a solution of H(K)f = vf.

(1) If f € L2((T?)?), v is called a lower threshold eigenvalue of H(K).

(2) If f € LL((T?)?) \ L2((T®)?), v is called a lower threshold resonance of H(K).

From the continuity of d,,(z) at 0 and 6/m, the function D(z) can be defined at 0 and 6/m. Let us denote
it by D(v).

Lemma 12. (a) The number v is a threshold eigenvalue (threshold resonance) of the operator Ai(K) if
and only if D(v) =0, where D(z) is defined by (14).

If D, (v) = 0 for some n € Z3, the solution of the equation A;(K)f = vf can be written as

A

ef(K—p—q) —v
and f € Li((T%)%) \ LI(T%)?).

Proof. We prove the lemma for K = 0.

In(pq) =

(cos (n,(—K/2+p)) + cos (n, (—K/2 + q)))
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(a) The proof of the part (a) is similar to the proof of Lemma 8.
The continuation of the operators Q(z) in (28) and Q(z) in (18) at z = v are defined by

Q) =A™ ()@ (Ho —v) "' @3

and
Q(v) = N2A2(1)®, (Hy — v) " 05®o (Hy — v) 107,
respectively.
The equation Ay (K)f =vf, f € LL((T?)?), has a solution if and only if the equation
QW)p =g, ¢e LT, (35)

has a solution and
Qe = ¢. (36)
Here the solutions are connected by the relations

A

f(P,Q):W

(2(p) + ©(q)) (37)

and

w=o1f. (38)

Since Q(v) is a Hilbert-Schmidt operator, and it has eigenvalues k., (v) = \2d% (v)/A%(\;v), n € Z3 with
the corresponding eigenfunctions _
Yn(p) =P n e Z3 pe TS (39)

Since Q(V)y, = Y_y,, which is contradiction with (36), the function ¥, = (V¥n + ¥_pn)/2 = cos((n,-))
satisfies (36), i.e.

and hence
SE(Av) =1=A(do(v) + dn(v)) =0.
Since the system {0y, 0.}, n € Z3 is complete in ?(Z3), the last three relations and (14) allow us to use
the Fredholm determinant (14) instead of (28).

Accordingly, the number z, is an eigenvalue of A1(0) and the corresponding eigenfunction can be found
by (19) as
A
fs p,q) = —[1971 p) + Jnlq ]
.0 = S g =y [ 0) + 90l0)
According to the relation H(0) = U}, H(K)Uk, the equation H(K)f = vf has a solution of the form

A
ef(K —p—q)—v

falp,q) = (00 (~E/2 4+ p) + I(~K/2 + q)-

(b) As the function 1/e;(p) is integrable on T3, the inclusion f° € LL((T?)?) is obvious.

Consider the relation

cos?(n,t/2)

/ / 1£2(p. @)|2dpdq = 4 / sin®(n,q)dg [ U112 g, (40)
T3 JT3 T3 ™ &(D)

As g5(p) = p? near the origin and ei(p) > ¢ for some ¢ > 0 when p is not close to 0, the last integral

satisfies the conditions
[ [ 152w.0Pdsts = .
T3 JT3

7
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Thus f € LM(T*)%) \ L2((T%)?).
For any n € Z3, define

T, = {m € Z%|d,(0) = d,(0)} and 7, = |T}|.

As d,,(0) < do(0) and the function €;(p) is invariant with respect to the permutations of its arguments
p) and p®), j k =1,2,3, the set T}, is singleton only for n = 0.
Notice that A\g/2 < A} < Ap and A} — Ao as n — .
Theorem 3. Let n € Z3 \ {0}.
(a) Let |\| = Ao/2, then the operator H(K) has a threshold resonance of multiplicity one at 0 if A = Ao /2;
at 6m if A = —Xo/2. Moreover o,(H(K)) = @.
Moreover, if p > 0 (resp. p < 0), then H(K) has a threshold resonance at the left edge (resp. the right
edge) of the two-particle branch [—u,6/m — p] of the essential spectrum oess(H(K)).
(b) Let |\| = A}, n # 0. Then, the operator H(K) has a threshold resonance of multiplicity one and
threshold eigenvalue of multiplicity 7, — 1 at 0 if X >; at 6m if A < 0.

(c) If || # AF the operator H(K) has a neither threshold resonance nor threshold eigenvalues at the
thresholds of the essential spectrum.

Proof. Due to Lemma 5, the interval [—p, 6/m—p] is a component of the essential spectrum oess(H(K)),
and hence Lemmas 6 and 12 imply the proof of the statement (a).

The proof of the remaining statements follows from Lemma 12.
CONCLUSION

The discrete Schrédinger operator corresponding to the Hamiltonian of a system of three quantum
mechanical particles (two identical bosons and a fermion) with masses m = co and m < oo, respectively, is
considered on the three-dimensional lattice for all non-zero point interactions. The point spectrum of the three-
particle discrete Schrodinger operator, which may posses infinitely many eigenvalues, has been studied for all
non-zero point interactions.

Moreover, we showed the conditions for the appearance of threshold resonances and threshold eigenvalues.
The dependence of their multiplicities on the parameters was explicitly derived.
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REZYUME

Biz uchta kvant mexanik zarrachalardan (ikki bir xil bozon va bitta fermiondan) iborat sistemaning
Hamiltonianini ko‘rib chigamiz. Bu zarrachalar bir o‘lchamli panjarada nuqtada tortuvchi yoki
itaruvchi potensiallar orqali o‘zaro ta’sirlashadi.

Bozonlarning massasi cheksiz deb faraz qgilingan holda, biz uch zarrachali diskret Shredinger operatori
H(K), K € T ning nuqtali spektrini o‘rganamiz. Bu operator, o‘zaro tortuvchi yoki itaruvchi ta’sir
kuchlariga bog‘liq holda, cheksiz ko‘p xos giymatlarga ega bo‘ladi.

Kalit so‘zlar: diskret Shro’dinger operatori, nuqtali spektr, bo’sag’a rezonasi, kontakt potensial,
bo‘sag‘a xos giymat, Fredgolm determinanti

AnHoTanust

MbI paccMaTpuBaeM TaMHJIBTOHHAH CUCTEMbl TPEX KBAHTOBO-MEXAHUYECKUX YaCTUI (IBa MIAECHTUY-
HBIX 6030Ha 1 PePMUOH) Ha OJHOMEDPHOM PeIleTKe, B3aNMOIEHCTBYIOMAX MOCPEICTBOM ITPUTATHBA~
FOIUX WJIM OTTAJKUBAIOIINX TOTEHINAJIOB HYJIEBOI'O Pajuyca JAeiCTBUS.

Mpbl ucciaegyeM TOYEYHBI CHEKTP TPeXYacTUYHOrO HJUCKpeTHoro omneparopa Illpemgunrepa
H(K), K € T, xoropslii 06iiajiaeT GeCKOHEUHLIM YHCJIOM COOCTBEHHBIX 3HAYECHUil, 3aBUCHINIUX OT
OTTAJIKMBAIOIINX WJIM IPUTITUBAIONINX B3AUMOEHCTBUN, B IIPEJIIIOI0KEHIH, YTO OO30HBI B CHCTEME
UMET DECKOHEUHYI0 Maccy.

Karouesnie caosa: nuckpersbiit oneparop IlIpequirepa, TOUeIHbBIN CIIEKTD, TOPOTOBLIN PE30HAHC,
KOHTaKTHBII IMOTEHINAJI, TTIOPOTOBOE COOCTBEHHOE 3HAYEHHE, onpeieanTesb Opearoabma
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Abstract

This study explores integral formulations and harmonic fundamental solutions for various media,
including elastodynamic, scalar, and poroelastic media. The integral formulations are expressed
in terms of boundary variables linking the variables in the internal domain with the boundary
conditions. The work highlights the significance of fundamental solutions in solving boundary
integral equations, enabling numerical solutions using the Boundary Element Method (BEM).
Detailed derivations and applications for each medium are presented, emphasizing methods to
address singularities and reduce computational complexity. The results offer foundational insights
for engineers and researchers applying BEM to complex media.

Key words: Integral equations, harmonic solutions, Boundary Element Method, wave equations,
poroelastics, elastodynamics, scalar media, computational mechanics.

Introduction

The boundary integral formulation for each of the three media is presented below. Using data derived
from the governing equations, it links the fundamental variables at internal points to their values and derivatives
at the boundary. These equations connect the actual field variables with those from a simplified, well-known
“fundamental solution”. Together, the formulation and fundamental solutions form the basis for solving the
problem numerically using the Boundary Element Method (BEM).

Literature Review

Fundamental solutions to elastodynamic integral equations-developed by Stokes, Cruse-Rizzo, and
Kupradze-enable modeling of elastic media, including half-spaces and point source problems, for practical
engineering use. In scalar media, wave propagation governed by the Helmholtz equation facilitates pressure
modeling, with modified fundamental solutions easing boundary computations and reducing computational
demands, particularly in fluid environments. For poroelastic media, integral formulations describe solid matrix
displacements and fluid stresses, with detailed coupling of phases as outlined by Dominguez and Aznarez.
The Boundary Element Method (BEM) connects these theoretical models with numerical solutions, efficiently
handling singularities and solving for internal variables using boundary data.

Research Methodology

Integral formulation in harmonic elastodynamics: In the absence of body forces, the displacement
field in a reduced elastodynamic state of a bounded domain 2 with boundary I' is given by:

ul + / £ u;dl = / £5;t;dl (1)

r r

Here, u’; is the displacement in direction j at point k, where the external force is applied. u; and t; are the
displacement and stress components in direction 7 of the actual problem. u}; and ¢}; represent the displacement
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and stress components of the fundamental solution due to a unit point load in direction j, satisfying the Navier
equation in the frequency domain: pVQU;Ti + A+ p)Ver, — pw2u;f7i + d (z — x) 6;5. The Dirac delta function
models the point nature of the excitation.

Integral formulation in harmonic scalar problems: The equation equivalent to the previous one
in the case of scalar media that relates the pressure at a point k& belonging to the domain 2 with the variables
pressure and its derivative in the contour T, is [1, 2]:

ap\" Ip

k e _ x Y

D +/< n) de—/p dr (2)
r r

where p* is the value of the pressure at the internal point k, n the normal to the contour and p* is
the fundamental solution that satisfies 2 the Helmholtz equation for a point source k pulsating in an infinite
medium with frequency w:

V?p +(Z>p+5(x—xk)=0 (3)
Analysis and results

Comprehensive formulation in harmonic poroelasticity: The integral formulation for the case of
poroelastic media is given by the following four equations [2,3-4]:

k * * * *
uj +/tjiuidf—/Unj7'dF :/ujitidf—/rj U,dl' (4)
Iy N Iy Iy
o / £y dD — / (U;;O - JX;*ni) 7dl = / whtydl— / U, dD (5)
T T T T

where J = ;o——

Equations (4) relate displacement in directions j = 1,2,3 at an internal point &k in the domain € to
displacements u;, U,, and stresses t;,7 in the porous medium along the boundary I', where U, is the normal
displacement of the fluid phase. The terms u}; and t7; are the fundamental displacements and tractions of the
solution in the solid matrix due to a point load in the direction j.

For the same load, 77 and Uy; represent the equivalent stress and normal fluid displacement at the
boundary. These known values form the fundamental solution when the load acts in the solid phase. Equation
(5) provides an integral representation of the equivalent stress at an internal fluid-phase point &k in Q. This
stress is related to boundary displacements u;, U,, and stresses t;, 7. Here, u}, and t}, are the displacement and
traction components of the solid skeleton caused by a point source applied in the fluid phase (subscript o, with
j = 4). Consequently, 7 and U}, are the response of the fluid to stress and normal displacement. These four

terms define the fundamental solution when the load is applied in the fluid phase [3,5].

Harmonic fundamental solution: In the previous section’s integral formulation, several terms involve
the fundamental solution a known solution to simplified problems with few restrictions. These allow the
formulation of boundary integral equations, solvable approximately via the Boundary Element Method (BEM),
as discussed next. The relevant problems and their solutions for each medium described in this chapter are
presented below.

Fundamental elastodynamic solution: In this case the problem consists of a point load applied at a
point in an infinite, homogeneous, elastic, linear and isotropic medium. The resulting stresses and displacements
constitute a classical problem that was solved by Stockes in the time domain, by Cruse-Rizzo in the Laplace
transformed domain and some years earlier by Kupradze for harmonic problems. For a point x that is a distance
r from the point of application £, the displacement in direction k for a load applied in direction [ is given by
[3,6]:

ugy (2, &, w) = ﬁ (Vo — xrirk) (6)
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where:
2 2
w = Z |:1 - (2) 5m1:| (z?nlr2 - zi'r +6m2)Em
m2:1 ) (7)
=3 [1 _ (21) 5m1] (ﬁ - 1)Em
m=1 m m
In these expressions F,, = %e‘ikmr, r=lr—¢§|, 21 = —iki, 20 = —iko

Starting from the solution in displacements (7) and using the law of material behavior, the stresses for a
surface of normal n are:

. 1 [or
e (7,8, w) = o [871 (Adig, + Bryry) + (Arng + CTlnk)} (8)
where:
_W X p_ofoX X\, LA dx x| X
A_dr r’ B_Z( r dr)’ C_u dr dr 27" 2r )

Fundamental solution in scalar wave propagation problems: The pressure at any point x in a scalar
medium as a result of the application of a point source is £ given by the expression:

ie*“" (10)

p* (x’é'?w) = 47_”,‘

Where r = |z — £] and k = %, where c is the speed of wave propagation in the medium. The derived
variable, that is, the pressure flux on a surface with normal n is given by:

opr 1 <1+”f> o—ikr O (11)

on  4r \r2? r on

In this type of medium, equation (2) enables the exclusion of certain boundaries if the fundamental
solution satisfies the boundary conditions of the real problem. This applies to water in the presented models,
where the free surface boundary can be omitted. Consequently, the Boundary Element Method (BEM) reduces
the number of degrees of freedom, enhancing computational efficiency.

The modified fundamental solution is derived by introducing two point sources: a positive source at the
domain point &, where the integral equation is evaluated, and a negative source at its mirror image with respect
to the free surface. Figure 1 illustrates the placement of these sources.

~5(x-T)

Puc. 14: Position of the charges for obtaining the fundamental source-image solution in scalar problems.

By making this double placement of the source we arrive at the following fundamental solution, which
obviously leads to zero pressures at the points of the free surface of the medium.

P 6w) = - (16“” - 1e““f> (12)

4 \r T
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Where 7 = |z — £|. As already indicated, using p* only it is necessary to apply the integral equation to
the part of the contour that in the figure appears with the designation I'g.

Fundamental poroelastic solution: The basic solution for poroelastic media is presented below. In this
case, the load can be applied both to the solid matrix and to the fluid phase of the porous medium, which leads,
depending on the response considered, to the values contained in tables 1 and 2.

Load applied in ! direction on the solid matrix. Displacement response of the solid matrix in
direction k.

u (2, &, w) = (Ydik — X7i7k) (13)

1
At
Load applied in ! direction on the solid matrix. Equivalent stress response of the fluid phase.

Tl*(x’§7 ) (Z; (14)

wn
dtp
Point source in the fluid phase. Response to solid displacements in the direction k.
ugk(x7€7w) = lék (15)
47

Point source in the fluid phase. Equivalent stress response of the fluid phase.

1

T(f(a?,f,w) :E’% (16)

Auxiliary expressions:

W 9 1 1
(= _ - = E
o B s (5 ) b () )
2 " w 3 1
= —_yr— (=22 _ = 1) FE
m+1
b= > e ()
— )\+2u 291 ZmT
2
~ (_1)m+1( M 2 2)
= — Emm 17
= it (1)

Table 1. Fundamental poroelastic solution in terms of the fundamental variables: Solid matrix displacements
and equivalent stress in the fluid phase.

Load applied in [ direction on the solid matrix. Stress vector in the solid matrix in direction k.
1 [87“

t?k($7£7 ) 47T P

(Aﬁzk + Blrk) + ([lrkm + C'ka)} (18)

Point source in the fluid phase. Stress vector in the solid matrix in direction k.

0
Tor(@, & w) = % (ar F. + Gk) (19)

Load applied in ! direction on the solid matrix. Displacement response in the fluid phase.

1 [or - ~
Uni(z, & w) = In (&:DTZ + Em) (20)

83



Acta NUUzZ EXACT SCIENCES Ne2/1/1, 2025, 80-87

Point source in the fluid phase. Displacement response in the fluid phase.
1 or -
" i

Xy = — — 21
Uno J UL A7 On ( )
Auxiliary expressions:
A=W X g:2<2><_d><>
ror r dr
5 _Afdy  dx X X, Q.
=—|—=—4+=-2=|-224+=
¢ ,u(dr dr r) +RM¢
- b o\ Z
D:zwnJ(Cw—(b)—f(
dr r I
- b7 - . 5 &
B=ions®+ 24, F:2u<d¢_¢>
T roor
. o o 6. Q. 5 _ dR -
¢ A(dr+ r) 'u1"—~_R'yli7 Jdr+ ¢ (22)

Table 2. Fundamental poroelastic solution in terms of the derived variables: Stress vector in the solid

matrix and normal displacement in the fluid phase associated with a surface with exterior normal n.

In all the above equations 7 = |z — &|, B, = £€*", 2 = —ikmy (m =1,2,3) and 201 = 23 — 2.

Comprehensive Contour Formulation: The application of the BEM to problems in viscoelastic, scalar, and
poroelastic media requires that the integral formulations in equations [(1), (2), (4), (5)] involve only boundary
variables. These equations link internal fundamental variables to their values and derivatives on the boundary.
To ensure consistency, placement points must lie on the boundary. However, this introduces challenges, as the
integrands become singular at these points [8,3].

The usual way to overcome this fact is by means of a process of passing to the limit, replacing the real
contour I' by an approximate one that avoids the singularity, composed of two contours, (I'—T'.) and I, where
I, is an infinitesimal spherical volume of radius ¢ — 0 with center at the placement point (figure 2). With this
technique each of the contour integrals can be decomposed into two others extended to the contours I' — I'. and
r..

Location point on the contour

Puc. 15: Contour decomposition I' — I', and I', “avoiding” the singularity.

To describe the process, this procedure will be applied to the case of viscoelastic regions. Starting from
the integral equation (1) we have:

ub + / thupdl + / thupdl = / wly tpdl + / uy tpdl (23)
r-r. T r-r. I
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In order to achieve our goal of having variables appear only on the contour, it is necessary to study the
behavior of these integrals when € — 0. Thus, the integrals on I' — ', do not present problems since the contour
on which they extend does not include the singularity and in the limit they must be understood in the sense of
the Cauchy Principal Value (CPV) [4, 5p].

lim thupdl = CPV/t?‘kude, lim / uptedl = CPV/ufktde (24)
e—0 e—0
r-T. r r-T. r

If limits are taken on the integrals along I'.:
lim / ulitpdl =0, uf + lim / thupdl = ciub. (25)
e—0 e—0
r. Ie

Where ¢}, called the free term, with a value equal to that appearing in elastostatics, is a constant that
depends on the geometry of the contour at the point of application of the load £ and v. Taking into account
(24) and (25) (23) can be written, omitting for convenience the acronym “CPV” from the expressions (24), as
follows:

choul + /tfkukdl“ = /ufktkdf (26)
e I
Or in a more compact matrix notation in which the placement in the three directions is recorded together
[6, 4p]:

cut + /p*udf = /u*de‘ (27)
r r
where u and p will be the vectors of the field variables, ©* and p* the tensors of the fundamental solution
and ¢’ the tensor of the elastostatic free term at the collocation point (as is obvious i ¢! = I (These are internal
points) [5, Tp]:

cil cla Cis
= ¢y chy oy (28)
C31 C3y C33
Following an analogous procedure for scalar wave propagation problems starting from equation (2), the
integral formulation on the contour in this case becomes [9,3]:

c'p +/(8n> de—/p andf (29)
r

T

where the free term takes the value ¢’ = %(9 is the solid angle of the contour at the point).

In the case of poroelastic media, carrying out the limit step of equations (4) and (5), a matrix equation
of the type (27) is obtained where the tensor corresponding to the free term has an expression of the type [7,

3p|:

€1 Cl2 i3 0

= €1 €33 Co3 0 (30)
C3p Cyy C33 0
0 0 0 —Jc
In this casei ¢ depends on the geometry of the contour in ¢ z, the Poisson ratio of the drained material and the

value of J = ——L— [10, 5p].

iwb—w2p22

Conclusion/Recommendations
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This article has detailed the integral formulations and fundamental solutions for elastodynamic, scalar,

and poroelastic media, emphasizing their application in Boundary Element Methods. By addressing challenges
such as singularities and computational complexity, these methodologies offer powerful tools for solving complex
mechanical and physical problems. The work highlights the importance of fundamental solutions in enabling
numerical solutions, laying the groundwork for further research and application in engineering and computational
sciences.

10.

86

REFERENCES

. Kholmurodov A.E., Toshmurodova G. Singular solutions of one-dimensional SH wave equation in porous

media. Siberial Electronic Mathematical Reports, 2016. 300-304-p

. Leontovich M.A. Introduction to thermodynamics. Static physics: Textbook. Village - M.: Science. 1983.-

416-p.

. Dorovsky V.N. Equations of continuum theory of filtration. Novosibirsk, 1987, 9 p.
. Khalatnikov I.M. Theory of superfluidity. - M.: Nauka, 1971.- 320 p.

. Kholmurodov A.E., Imomnazarov Kh.Kh. Direct and inverse dynamic problems for the equation of SH

waves in a porous medium//Bulletin of NUUz, series mechanics-mathematics, 2006, No.2, pp. 86-91.

. Kholmuradov A.E., Imomnazarov Kh.Kh. Direct and inverse dynamic problems for SH-waves in porous

media//Mathematical and Computer Modelling, V.45, Issues 3-4, 2007, pp. 270-280.

. Xolmurodov, A., Matanov, M., Quzratov, M. (2024, November). Propagation of harmonic plane waves in

an elastic half-space. Field equations. In ATP Conference Proceedings (Vol. 3244, No. 1). AIP Publishing.

. Kholmurodov, A. E., Matanov, M. C. (2024). Seismic excitation model of half-space propagation of rayleigh

waves. [IpoGieMbl BBIYUCIUTEIBHON U IPUKIIAIHON MaTeMaTuku, (6 (62)), 45-56.

. Matanov M. Integral equations and harmonic fundamental solutions for wave equations in poroelastic

media. SamDU ilmiy axborotnomasi No 1/2 (149) 2025

Xolmurodov, A. E., Matanov, M. C. (2024). Reflection of sv waves in the elastic half-space. field equations
for angles of incidence less than the critical one: Reflection of sv waves in the elastic half-space. field
equations for angles of incidence less than the critical one. MODERN PROBLEMS AND PROSPECTS
OF APPLIED MATHEMATICS, 1(01).

Annotatsiya

Ushbu tadqgiqot ishida turli xil muhitlar, jumladan, elastik, skalyar va g‘ovak elastik muhitlar uchun
integral tenglamalar va asosiy garmonik yechimlar o‘rganilgan. Integral tenglamalar chegaraviy
o‘zgaruvchilar nuqtai nazaridan ifodalanadi va ichki soha o‘zgaruvchilarini chegaraviy shartlarga
bog‘laydi. Ushbu ish asosiy yechimlarning chegaraviy integral tenglamalarni yechishda muhim
hisoblanadi va Chegaraviy elementlar usuli (CHEU) yordamida sonli yechimlarni ta’'minlaydi. Har
bir muhit uchun tenglamalar va yechimlar keltirilgan bo‘lib, ularni hal qilish usullari va hisoblash
murakkabligini kamaytirish yo‘llari yoritilgan. Natijalar CHEU ni murakkab mubhitlarga qo‘llashda
muhandislar va tadqiqotchilar uchun asosiy tushunchalarni taqdim etadi.

Kalit so‘zlar: Integral tenglamalar, garmonik yechimlar, Chegaraviy elementlar usuli, to‘lqin
tenglamalari, g‘ovak elastik, elastik, skalyar muhitlar, hisoblash mexanikasi.

AnHOTanUs

B jmanHOM mCCiIe[0BaHUN pacCMATPUBAIOTCS WHTErPAJIbHBIE (DOPMYJIMPOBKU M FapMOHUYECKHE (DYH-
JAMEHTAJIbHBIE PEIleHus JJIsi PA3JIMIHBIX CPEJI, BKJIIOUas CUCTEMbI B 00JIACTH JIACTOJUHAMUKY, CKa-
JIIPHBIX TT0JIelt u mopoynpyrocru. aTerpasibabie (hOPMYIMPOBKH BBIPAXKEHBI U€pe3 IePeMEeHHbIE Ha,
rpaHUIle, CBSA3bIBasi BHYTPEHHUE II€PEMEHHbIE 00JIACTH ¢ IPAHUYHBIMA yCJIOBHAME. Pabora momgdaep-
KHBaeT BaXKHOCTh (DyHIAMEHTAJIbHBIX DEIeHnil B PEIlleHNH I'PAHNYHBIX HWHTErPAJIbHBIX YPaBHEHHII,



Acta NUUz EXACT SCIENCES Ne2/1/1, 2025, 80-87

YTO MO3BOJIAET YUCJIEHHO PEIIATH UX C UCIIOIb30BAHUEM METO/Ia IPaHIHbIX dsteMenToB (MI'D). Ilpu-
BeJIEHBI [TOJIPOOHBIE BBIBOMBI M IIPUMEPHI IIPUMEHEHUs JIJIsT KaXKJI0i Cpefbl, C aKIEHTOM Ha METOIIbI
YCTpaHEHUs] CHHTYJISIPHOCTEH W YMEHBITIEHUsI BBIYUCIUTENbHON caoKHOCTH. [losydeHnHbie pe3yiib-
TaThl TPEIOCTABJSIOT 0A30Bble 3HAHUS JJIs WH2KEHEPOB M WCCJIEIOBATEEH, TPUMEHSIONIMX METOT
TPAHUYHBIX 3JIEMEHTOB K CJIOZKHBIM CpeJiaM.

Karouesvle cao8a: MHTErpaJIbHble YPaBHEHUS, TAPMOHIYECKNE DEIEHNs, METOJI IPAHUYIHBIX dJIe-
MEHTOB, BOJIHOBBIE yPaBHEHHUs, [IOPO3JIACTUYHOCTD, 3JIaCTOJAUHAMUKA, CKAJIAPHbIE CPEIbl, BHIYNCIIN-
TeJIbHAsT MeXaHUKa.
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RESUME

In this paper, we study some homotopy properties of the space n-fold symmetric product of the
space X. We prove that if mappings f,g : X — Y are homotopic, then the mappings F, f, F.g :
FnX — F,Y are also homotopic. Also shown that the functor of n-fold symmetric product F,, is a
covariant homotopy functor. Besides proved that if spaces X and Y are homotopically equivalent,
then the spaces F, X and F,Y are also homotopically equivalent.

Key words: Functor, n-fold symmetric product, homotopy, homotopically equivalent.

Recently, the topological properties on hyperspaces with the Vietoris topology and the homotopy
properties of the topological spaces have been studied by many authors ([1], [2], [3], [4], [5], [6])-

In [1] the connection between a finally compact, pceudocompact, extremely disconnected, R-space and
its hyperspace is studied. And in the work [2] have been studied the connection between a uniformly connected,
uniformly pseudocompact, P—precompact and its hyperspace. In the works [3] and [4] have been studied some
cardinal and homotopy properties of the superextension AX of a topological space X. And in [4] proved that the
superextension functor A preserves homotopy, i.e. that it is a homotopy functor. In [5] showed that the functor
of Permutation Degree SPJ preserves the homotopy and the retraction of topological spaces. And in [6] have
been studied some homotopy properties of the space of complete linked systems.

Recall that a covariant functor is a mapping F which assigns to a topological space X the space F(X),
and to a continuous mapping f : X — Y, the mapping F(f) : F(X) — F(Y) satisfying the following conditions:

1) F preserves identity, that is, if idx is the identity mapping of X, then F(idx) = idr(x);
2) F preserves composition, that is, if f: X — Y and g : Y — Z are continuous mappings, then we have

Flgo f)=F(g)o F(f)-

We refer the reader to the book [7] and the article [8] for more information about functors. Some metric
properties of n-fold symmetric product of the space X is studied in the work [9]. In this paper we study some
homotopy properties and retractions of n-fold symmetric product of the space X.

All of our space are Hausdorff unless otherwise indicated. The symbol N stands for the set of positive
integers and R stands for the set of real numbers. Given a space X, we define its hyperspaces as the following
sets:

1) CL(X) ={A C X | Ais closed and nonempty };

2) 2% = {A € CL(X) | A is compact };

3) Fn(X) = {A € 2% | A has at most n points }, n € N (see [9, 10]).

CL(X) is topologized by the Vietoris topology defined as the topology generated by

B ={(U1,..,Ux) | U1, ..., Uy are open subsets of X, k € N},

where (U,...,Ux) = {A € CL(X) | ACJU; and ANU; # 0 for each j € {1,..., k}}.
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Note that, by definition, 2%, F,,(X) and F(X) are subsets of CL(X). Hence, they are topologized with
the appropriate restriction of the Vietoris topology. Moreover,

1) CL(X) is called the hyperspace of nonempty closed subsets of X;

2) 2% is called the hyperspace of nonempty compact subsets of X;

3) F.(X) is called the n—fold symmetric product of X;

4) F(X) is called the hyperspace of finite subsets of X.

On the other hand, it is obvious that F(X) = |U;—; Fn(X) and F,(X) C Fpp1(X) for each n € N (see
[9, 10]).

Remark 1. Let X be a space and let n € N.
1) Fn(X) is closed in F(X);
2) f1: X - Fi(X), (z = z), is a homeomoerphism;
3) Every F,,,(X) is a closed subset of F,,(X) for each m,n € N, m < n (see [11]).

Notation 1. If Uy,Us,...,U, are open subsets of a space X, then (Uy,Us,...,U,)r(x) denotes the
intersection of the open set (U, Us, ..., U,) of the Vietotis topology, with F(X) (see [12]).

Notation 2. Let X be a space. If {x;,29,...,2,} is a point of F(X) and {x1,z9,..,2, €
(U1,Us, ... Un) 7(x)}, then for each j < r, we let U,; = "{U € {Uy,Us,...,Us} : w; € U} Observe that
<U3617 Uibzv () Ufcr>.7:(X) - <Ula Us, ..., US>.7:(X) (See [13])

For some undefined or related concepts, we refer the reader to [14], [15] and [16].

Now we will consider some homotopic properties of n-fold symmetric product of the space X. We begin
with definitions of notions that will be used in this section. We mainly follow terminology from [15] and [16].

Continuous mappings f, g : X — Y are said to be homotopic if there is a continuous mapping H : X xI —
Y such that H(z,0) = f(x) and H(z,1) = g(x). The mapping H is called a homotopy between f and g and we
write f ~ g [15].

Let f: X — Y is a continuous mapping and A € F,, X. Let’s assume that (F,,f)(A) = f(A). Then the
mapping F, f : F,X — F,Y also is a continuous mapping.

For the functor of n-fold symmetric product F,, the following theorem holds.

Theorem 1. If mappings f,g : X — Y are homotopic, then the mappings F, f, F.g : F,X — F, are
also homotopic.

Proof. Assume that the mappings f,g : X — Y are homotopic. Then there exists a continuous mapping
H : XxI — Y such that H(x,0) = f(x), and H(z,1) = g(z). On the other hand, we have that (F,, f)(4) = f(A)
and (Frg)(A) = g(A) for all A € F,,X. Now we can define the mapping (F,,H)(A,t) = H(a,t), where A € F,, X
and t € [0,1]. It is clear that since the mapping H is continuous, the mapping F,, H is also continuous. Now we
will show that the mapping F,, H is a homotopy between the mappings F,, f and F,g. Indeed (F,H)(A,0) =
H(A,0) = f(A) = (Fof)(A), and (F,H)(A,1) = H(A,1) = g(A) = (Fng)(A). This means that F,, f ~ F,g.
Theorem 1 is proved.

From the Theorem 1 we get the following corollary.

Corollary 1. If the mapping H is homotopy between f and g, then the mapping also F,, H is a homotopy
between F,, f and F,g.

A continuous mapping f : X — Y is said to be a homotopy equivalence if there exists a continuous
mapping g : Y — X such that the compositions g o f and f o g are homotopic to the identity mappings on X
and Y respectively. Two topological spaces X and Y is said to be homotopically equivalent (notation, X ~Y )
if there exists a homotopy equivalence f : X — Y (see [15]).

Proposition 1. If the mapping f : X — Y is homotopy equivalence, then the mapping F,f : F, X —
FrY is also homotopy equivalence.
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Proof. Suppose that the spaces X and Y are homotopically equivalent. Then there exists two continuous
mappings f : X — Y and g : Y — X such that fog ~ idy and g o f ~ idx. It means that there are
two homotopy Hi(y,t) and Ha(z,t) such that Hi(y,0) = (f o g)(y), Hi(y,1) = y, and Hz(x,0) = (g o f)(z),
Hy(xz,1) = . We can define the compositions F,, f o Fng : F,Y — F, Y, and F,go F,.f : FoX — Fp,X
of the mappings F,,f : F,X — F.Y and Fphg : F,Y — F,X as follows: (F,.f o Frg)(B) = (f o g)(B) for
all B € F,Y, and (Fog o Fpof)(A) = (go f)(A) for all A € F,,X. One can easily check that the mapping
(FnH1)(B,t) = H1(B,t) is a homotopy between F,, f o F,,g and idr,y, where B € F,,Y and ¢ € [0, 1]. Indeed,
(FnH1)(B,0) = H1(B,0) = (fog)(B) = (FnfoFng)(B) for all B € F,Y, and (F,H,)(B,1) = Hi(B,1) = B =
idr,y. Similarly, the mapping (F, H2)(A,t) = Hz(A,t) is a homotopy between F,g o F,, f and idr, x, where
A€ F,X and t € [0,1]. Indeed, (F,,H2)(A,0) = H3(A,0) = (go f)(A) = (FnfoFng)(A) for all A € F, X, and
(FnH2)(A,1) = Ho(A,1) = A = idr, x. It means that F,, X and F,,Y are homotopically equivalent. Proposition
1 is proved.

Corollary 2. If spaces X and Y are homotopically equivalent, then the spaces F, X and F,Y are also
homotopically equivalent.

By a covariant homotopy functor we mean a functor F in the category Top of topological spaces and
their continuous mappings satisfying

(*) F preserves homotopy, that is, if a mapping H(x,t) is a homotopy between continuous mappings
fig: X =Y | then F(H(z,t)) is also a homotopy between mappings F(f), F(g) : F(X) — F(Y).

Theorem 2. The functor of n-fold symmetric product F,, is a covariant homotopy functor.

Proof. Now we will show that the functor F,, satisfies the above three conditions.

(i) Let idx be identity mapping in the topological space X . Then we have that (F,idx)(A) = idx(A) = A.
It means that the mapping F,idx is an identity mapping in the topological space F, X.

(ii) Let f: X = Y and g : Y — Z be the continuous mappings. Then it follows that F,,(g o f)(A) =
(90 f)(A) = g(f(A)) = (Fng)(f(A)) = Fng(A) o Fnf(A).

(*) Tt follows easily from Theorem 1. Theorem 2 is proved.
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REZYUME

Ushbu magqolada biz X fazoning n-darajali simmetrik ko’paytma fazosining ba’zi gomotopik
xossalarini o’rganamiz. Agar f,g: X — Y akslantirishlar o’zaro gomotop bo’lsa, u holda F,, f, F,,g :
FnX — F,Y akslantirishlar ham o’zaro gomotop ekanligi isbotlangan. Bundan tashqari, n-darajali
simmetrik ko’paytma funktori F,, kovariant gomotopik funktor ekanligi ko’rsatilgan. Shu bilan birga,
agar X va Y fazolar gomotopik ekvivalent bo’lsa, u holda F,X va F,Y fazolar ham gomotopik
ekvivalent ekanligi isbotlangan.

Kalit so‘zlar: Funktor, n-darajali simmetrik ko’paytma, gomotopiya, gomotopik ekvivalentlik.

PE3IOME

B mannoit pabore M3y4aioTcss HEKOTOPhIe TOMOTOINYECKHE CBONCTBA MPOCTPAHCTBA N-KPATHOTO CHM-
MEeTPHUYECKOro Ipoun3BejieHus npocrpancrsa X . JlIokaseiBaercst, 4to ecyim orobpaxkenust f,g: X — Y
TOMOTOIHBI, TO oTobpaxkenust F, f, Fng : FnX — F,Y Takxke romoronHbl. Takxke MMOKa3aHO, UTO
GYHKTOp N-KpaTHOrO CUMMETPUYIECKOrO MPOU3BEEHUS J;, SIBJISIETCS KOBAPUAHTHBIM TOMOTOITYE-
ckuM pyHKTOpoM. Kpome Toro, mokazano, 9to ecau npocTpaHcTBa X U Y TOMOTOIUYECKH SKBUBA-
JIEHTHBI, TO npoctpancrsa F,X un F,Y Takxke roMOoTONNYeCKN SKBUBAJIEHTHBI.

Karoueswie caosa: OyHKTOP, N-KpaTHOE CUMMETPUIHOE IIPOU3BEICHUE, TOMOTOINS, TOMOTOIIYE-
CKasl 9KBUBAJIEHTHOCTb.

91



O‘zMU XABARLARI ANIQ FANLAR Ne2/1/1, 2025, 92-105

UDC 512.554

Zo MAYDONDA IKKI VA UCH O‘LCHAMLI EVOLYUTSION ALGEBRALARNING
TASNIFI

NormaTOV E. P.
O‘ZBEKISTON MILLIY UNIVERSITETI, TOSHKENT XALQARO MOLIYAVIY BOSHQARUV VA TEXNOLOGIYALAR
UNIVERSITETI, TOSHKENT
erkinnormatov@yandex.ru
ELBOYEV K. E.
TOSHKENT XALQARO MOLIYAVIY BOSHQARUV VA TEXNOLOGIYALAR UNIVERSITETI, TOSHKENT
k.elboyev@tift.uz

Rezyume

Hozirgi vaqtda zamonaviy algebraning muhim yo‘nalishlaridan biri evolyutsion algebralar
nazariyasini tadqiq qilishdir. Evolyutsion algebralar matematikaning boshqa sohalari, jumladan
graflar nazariyasi, Markov jarayonlari, dinamik sistemalar bilan bogliq. Evolyutsion algebralar sinfi
birinchi marta Lyubich tomonidan 1992 yilda kiritilgan. 2008 yilda Tian o‘zining monografiyasida
evolyutsion algebra atamasini ishlatib, bu algebralarning tadbiqlari va ba’zi xossalarini keltirib
o‘tgan. Bu maqgolada Zs maydonda ikki va uch o‘lchamli evolyutsion algebralar tasnifi keltirilgan.

Kalit so‘zlar: Evolyutsion algebra, tabiiy bazis, gomomorfizm, izomorfizm, maydon, o‘lcham.

2008 yilda J.P. Tian tadqiqotlarining asosiy yo‘nalishi evolyutsion algebralarning tadbiqiy muammolariga
bag‘ishlangan edi. Shu bilan birga chekli o‘lchovli algebralarning biror ko‘pxilligini o‘rganishga tabiiy yondashish,
masalan, strukturaviy nazariyani qurish u tomonidan qaralmagan edi [1]. Strukturaviy nazariyani o‘rganishga
bag‘ishlangan dastlabki natijalar B.A.Omirov, U.A.Rozikov, M.Ladra, J.M.Casas, M.V.Velasco va boshqalarning
ishlarida paydo bo‘ldi. Xususan, kompleks, haqiqiy sonlar maydonida ikki va uch o‘lchamli evolyutsion
algebralarining tasnifi olingan, nilpotent evolyutsion algebralarining klassik xossalari tasniflangan [2,3].

Bizga biror K maydon berilgan bo‘lsin.
Ta’rif 1.[1] (E, -) biror K maydon ustidagi algebra bo‘lsin. Agar

e;-e;j =0, agar i#j, barcha i larda e;-e;= E AikCL
k

shartni qanoatlantiruvchi ey, e, ..., €,, .... bazis mavjud bo‘lsa, u holda bu algebraga evolyutsion algebra deyiladi.
Bu bazisga esa tabiiy bazis deyiladi.

Eslatma. Ushbu maqolada evolyutsion algebrani tashkil etuvchi konstantalari Zs maydonda o‘rganiladi.

Ikki va uch o‘lchamli kompleks evolyutsion algebralar tasnifi [2], [3] da, ikki va uch o‘lchamli haqiqiy
evolyutsion algebralar tasnifi [4], [5] da keltirilgan.

FE-evolyutsion algebra uchun quyi markaziy qator aniqglaymiz:
k—1
E'=E, EF=) E'E" k>1
i=1

Bizga (E,-) evolyutsion algebra va e; uning tabiiy bazisi berilgan bo‘lsin.

Ta’rif 2.[2] E va E’ evolyutsion algebralar va ¢ : E — E’ chiziqli akslantirish bo‘lsin. Agar ¢(e;) E' da
tabiiy bazis bo‘lsa, p- gomomorfizm deyiladi. Bundan tashqari, agar - biektiv bo‘lsa, u holda ¢- izomorfizm
deyiladi.
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Z> maydonda ikki o‘lchamli evolyutsion algebralarning tasnifi

Z5 maydonda ikki o‘lchamli evolyutsion algebra va {e1, e} uning tabiiy bazisi bo‘lsin.
Ma’lumki, agar E? = 0 bo‘lsa, u holda E abel algebrasi deyiladi, ya’'ni nol ko‘paytmali algebra deyiladi.

Teorema 1. Z,; maydonda ikki o‘lchamli evolyutsion algebralar o‘zaro izomorf bo‘lmagan quyidagi
algebralarning biri bilan izomorfdir.

(i) dimE? = 1 bo‘lgan holda

.E1: €1-€1 = €1
e Fy: ej-eg=e1; ex-€3=¢e
.E3: €1 €1 = €2

(ii) dimE? = 2 bo‘lgan holda

OE4Z €1 - €1 = €1, €2 €y =e] + €2
e E5: e1-e1=ey er-ea=e
e Fg: ej-e1=eg; e3-€3=e€1+e€s

Isbot. Ikki o‘lchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi
er ey =aie; + aseg, € - €2 = ase; + as€o, €1 €y =€9 €1 = O, a; € ZQ (ZQ = {0, 1})

(i) dimE? =1 bo‘lgan holda;
e1-e1 =ci(arer +ages), ex-ea = calaje; +ages), e1-ex =eq-e; = 0. Ravshanki, (¢, c2) # (0,0) aks holda
bizning algebra abel algebrasi bo‘lar edi. e; va ey simmetrik ekanligidan ¢; # 0 deb faraz qila olamiz, u holda
biz bazisni sodda almashtirishlar orqali ¢; = 1 qila olamiz.

1-hol. a; # 0. U holda biz bazisni quyidagi o‘zgarishini qabul gilamiz.
€] =e1+agey, €)= Ae; + Beg, bu yerda B — as A # 0. Natijani hisoblasak

0=c¢] ey = (e; +ages)(Aey + Beg) = A(er + ases) + asBea(eg + ases) =
= (A + (IQBCQ)(El —+ ageg)

Shuning uchun, A + asBcy = 0 ya'ni A = —asBey va B — asA = B + a3Bcy # 0.

Bu shuni bildiradiki, B # 0 (B = 1) va 1 + a3ca # 0 bo‘lganda biz yuqoridagi almashtirishlarni olamiz.
Natijani ko’rib chigsak

e - el = (e1 + azes)(er + ages) = (e1 + ases) + adea(er + azes) = (1 + ades) (e + ages) =
= (1 +a3ez)ey

eh el = (Aey + ez)(Aey + ez) = A%(eg + ages) + ca(eg + ases) = (A2 + ¢2)(eq + ages) =
= (a3c3 + ca)el = ca(1 + ajea)el

1.1-hol. ¢o =0. U holda €} - €] =€}, ex-e3=e1 e =ey-e; =0, bizga E; algebrani beradi.

1.2-hol. c; # 0. U holda €} - €] = (1 +a2)e}, eb-eh = (1+ a3)e} ga ega bo‘lamiz. Agar (1 + a3) # 0
ya'ni as # 1,a2 = 0 bo‘lganda bajariladi. Bizga e; - e = e1, es-e3 = €1 yani Fy algebrani beradi.

2-hol. a; = 0. U holda biz e; - e; = aser; es - ea = coages natijalarga ega bo’lamiz. Bu yerda ag # 0,
aks holda evolyutsion algebra bo‘lmaydi.

(&1 (&3]

€1 o . .
—— almashtirish orqali €} - e} = = e, €36 =0 ya'ni Ej3

Agar ¢y = 0 bo’lsa, bazisni €] =
algebraga ega bo‘lamiz.

€2 .. .
ey = —— almashtirishlar orqalie;-e; = €3, e2-e3 =es

N

A 0 = 1) bo‘lsa, bazisni e/ = —
gar co # 0 (¢ = 1) bo‘lsa, bazisni €} =

ya'ni Ey algebraga izomorf bo‘lgan algebrani hosil gilamiz.

(i) dimE? = 2 bo‘lgan holda;
Ko‘paytmaning umumiy ko‘rinishi e1 -e; = aje; +asgea, es-es = agey +aqes bu yerda ajaq —asaz # 0,a; € Zo
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1-hol. a; # 0 va a4 # 0. Bazisning o‘zgarishi e; = aflel, e1 = a;leg orqali a; = a4 = 1 deb faraz qila
olamiz. Shu sababli biz 2 ta parametrik oilaga ega bo‘lamiz ya'ni
Es(as,a3): e1-e1 =e1+ages, es-e2 =age;+ ey, 1—agaz+# 0 bundan (as,a3) # (1,1).

Bazisning umumiy o‘zgarishini quyidagicha olaylik,
e} = Are; + Ases, eh, = Bie; + Boes, A1 By — AsB; # 0. Natijani ko‘rib chigsak,
0 = 6’16,2 = (A161 +A262)(3161 +Bg€2) = A1B1(61 +a262) +A2B2(a361 +€2) = (AlBl +A2B2a3)€1 —+ (A1B1a2+
A2B2)€2

Ushbu yangi bazisdagi algebra ham evolyutsion algebra bo‘lishi kerakligidan bizga A1 By + A3 Bsag = Ova
A1Bjas + A3By; = 0. Bundan A3 Bs(1 — asaz) = 0 va A1 B1(1 — azas) = 0. Bunda 1 — asas # 0 ekanligidan,
A1By; = A3 By = 0 ga ega bo‘lamiz.

1.1-hol. A5 = 0. U holda B; = 0 bo‘lsin.
ehel = Ale; - e; = A3(e1 + agez) = €} + abel = Ajer + ahBaes
= A2 Al,Alag = a2B2 = A =1
ehel = B3(azer + ez) = ahe) + eh = ayArer + Baes
:>B2a3fa3A1,B2 By = By =1
Demak, eje] = e1 + ahes, ehel = ajer + ey ekanligidan

ah = 0 bo‘lsa ay = 1, bundan e; - €3 = e1, e2 - e2 = €1 + €2 ya'ni E, ni beradi.

a%, =1 bo‘lsa aj = 0, bundan e; - e; = e + ez, €2 - €3 = ez ya'ni Es ni beradi.

1.2-hol. A; = 0. U holda By = 0 bo’sin va bizga Ey(az,as) = Ej(as,as) izomorf bo‘lgan algebra hosil
bo‘ladi.

2-hol. a; = 0 yoki as = 0 bo’lsin. e; va es simmetrik ekanligidan umumiylikka zarar yetkazmasdan
a1 = 0 deb olishimiz mumkin.
e1€1 = ases va eses = azey +ages bu yerda asas # 0, (azaz) # (0,0), Zy daas = ag = 1 bo‘lgan holda bajariladi.
1
aZa

o 1 5/ 5/ 1 1
el el = -ep = 5 €2; 62 62 agel + aqes) U —5—e1 + ¢ 5 gaae2
a2a3 a2a3 2&3 a5as3 a5G3

Biz algebralarning bir parametrik oilasini Eg(ays) :  e1-e1 = 62, es - €2 = e1 + aqes ni olamiz. Bundan,

=2 262 bundan,

l\’)\

Bauzisni o‘zgarishini quyidagicha qabul qilib €] = £

aqs =0 bo'lsa, e; - e1 =ea, eg-e3 =e1 ya'ni Eg ni beradi.
ay = 1 bo'lsa, e; -e1 = eg, eg-e3 = €1 + ey ya'ni By =2 E4 o‘zaro izomorf bo‘lgan algebrani beradi.
Teorema isbotlandi.

Zo maydonda uch o‘lchamli evolyutsion algebralarning tasnifi

Z5 maydonda uch o‘lchamli evolyutsion algebra va {e1, es, €3} uning tabiily bazisi bo‘lsin.

Teorema 2. Z; maydonda uch o‘lchamli E evolyutsion algebralar dimE? = 1 bo‘lganda quyidagi o‘zaro
izomorf bo‘lmagan algebralarning biri bilan izomorfdir.

OEli €1-€1 = €1

e Fy: ej-e1=e€1; ey-e3=¢

e [l3: ec1-ep=e€1; ex-ex=¢€1; €3-€3=¢]
0E4: €1-€1 = ey

e B5: e1-e1=e e3-ez3=e

e Fg: e1-e1=e€3; e3-e3=e3

Isbot. Uch o‘lchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi
e1-e1 = aje1 + ases 4+ ases
eg - e9 = brey + baes + b3es
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e3 - e3 = cie; + Ccaez + C3e3
Ma’lumki, €1 €2 —€1 €3 = €9 €3 = 0.
Bu yerda B = {ey, eq, e3}- tabiiy bazis, a;, b;, ¢; € Zs
Bizda dimFE? = 1 bo‘lganligi sababli,
€1 €61 = k’o(a161 + agses + (1363)
eg - ea = ki(are; + ages + ages)
e3 - e3 = ka(arey + azes + azes)
Ma’lumki, (ko, k1, k2) # (0,0,0) aks holda bizning algebra abel algebrasi bo‘lar edi. ey, e3, e3 simmetrik
ekanligidan kg # 0 deb faraz gila olamiz, u holda ky = 1 qgila olamiz.

e? #0; e1-e; = aje; + agzes + azes
€9 - €y = kl(alel + ases + CL3€3)
e3 - e3 = k2(aie1 + azes + ases)
ay a2 as
Mp=|\ kia1 kias kias | E evolyutsion algebrani B tabiiy bazisga nisbatan strukturaviy konstantalari
keay koaz  kaas
Biz tabily bazisni B’ = {e], €5, e5} quyidagicha almashtiramiz:
ey = et = aje; + azes + azes
eh, = Are; + Ases + Ases
e3 = Bie; + Baey + Bses
a1 as as
|Pg g|=|A1 A As|# 0. Natijani hisoblasak,
By By Bs
el-ehb=0, ej-ef=0, e et =0 ekanligidan
a1 A1 + axAsk1 + azAsks =0
a1B1 + agBok1 + a3Bzky = 0 (1)  ifodaga ega bo‘lamiz. Natijani ko‘rib chigsak,
A1By + Ay Boky + AsBsky =0
e} - e1 = (af + a3k + ajkz)e)
62 eh = (A2 + A3k + AZko)e)
-y = (BY + B3k + Biks)e}

1-hol. a; #0
€1 -€e1 = e1 + aze2 + ases
{Al = —(a2A2k1 + azAsks) )
By = —(a B2k + a3 Bsks)
1.1-hol. k; = ky = 0 bo‘lsin. U holda €} - e] = e}, e ey = Ale}, e} ey = B?e} (2) ifodadan
Ay =0, B;=0bundan e; - e; = e; bizga F; algebrani beradi.
1.2-hol. k1 #£0, ko =0 bo‘lsin. U holda
eh e =(1+ad)el, eh-eh=(AT+ Ad)e|, e} s = (Bf+ B3)e| (2) ifodadan A; = —asAs, By = —ayBo.
Bundan
- e = (a3A3 + A3)et = AZ(1+ ad)el
e5 - ey = (a3B3 + Bi)e} = B3(1 + a3)e
1.2.1-hol. 1 + a3 # 0. Aks holda Abel algebra, bundan as = 0 bo‘ladi.
eh el =e), ey-ey = A3el, e el = B3ei, (2) ifodadan A; = 0, B; = 0; (1) ifodadan A3By = 0, u
holda Ay = 1, Bs = 0 bo‘lganda bajariladi. Bizga e; - ey = e1, es-ey = e ya'ni Fy algebrani beradi.
1.3-hol. k1 # 0, ko # 0 bo‘lsin. U holda biz quyidagi natijalarga ega bo‘lamiz.
ei-e) = (1+a3+a3el, e, ep=(A7+ A3+ A3)e, e ey =(Bf + B3+ Bi)e
Ay = —(az2A2 + azA3)

(3.2.1.2) ifodadan
By = —(azBs + a3 B3)
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AQBQ + A3B3 =0
Ang — A3B2 7& 0
Ay =0,A3 =1; By =1,B3 =0 bo‘lganda o‘rinli. Bizga e; - e; = €1, ey-es = €1, e3-e3 = e yani Fj
algebrani beradi.

2-hol. a; = 0 bo‘lsin. U holda

e1 - e1 = ases + ases

es - eg = ki(azez + azes)

€3 €3 = kQ(GQeQ + a363)
as # 0 dan tabiiy bazisni quyidagicha almashtiramiz.
B’ ={ej,ases + azes,e3}, €} =e1, €h=ases +azes, e5=e;3

1.3.1-hol. az = 0, a3 = 0. U holda A; =0, B; = 0 (1) ifodadan { bundan

1 0 0
|Pp'g|=|0 a2 as|=as # 0. Natijani hisoblasak,
0 0 1

ehel = aze3 = agkael = 0 tenglikdan azks = 0 (3) ifodaga ega bo‘lamiz.
elel =ejep =€
ehel, = (e + azes)(ea + ages) = eaea + alezes = (ki + alka)eh
ehelh = eses = kae),
2.1.1-hol. ky =0, ko =0 bo‘lsin. U holda
elel =€y, ehel, =ehel =0 = e; e = ey bizga E4 algebrani beradi.
2.1.2-hol. k; =0, ks =1 bo‘lsin. u holda
elel = e
ehel, = ajely
chel = b
(3) ifodadan a3 = 0 ekanligidan bizga e; - €1 = e3, e3-e3 = eg ya'ni Ej5 algebrani beradi.
2.1.3-hol. k; =1, kg =0 bo‘lsin. u holda

VDN N |

€161 = €2

N 2 o
esen = (14 a3-0)ey = e
VPN

esez =0

Bundan bizga e1 - e = ez, eg-es = eq, Eg = E5 algebrani beradi.
2.1.4-hol. k; =1, ko =1 bo'lsin. u holda

VADN BN |
€161 = €2
eheh = (1+a3)eh
ezey = €j

(3) ifodadan a3 = 0 ekanligidan bizga e; - e; = ea, es-e3 = ey e3-e3 = ey ya'ni Ey & F3 izomorf bo‘lgan
algebrani beradi.

2.2-hol. a3 # 0 bo‘lsin. Tabiiy bazisni quyidagicha almashtiramiz.
B — {e1,e2,a2ea + ases}, €] =e1, €h=e2 e5=azes+ ases

1 0 0
|Pprp|=|0 1 0|=as# 0. Natijani hisoblasak,
0 ag as

ehely = aged = agkiely = 0 tenglikdan azk; = 0 (4) ifodaga ega bo‘lamiz.
eje] = ere; = azes + azez = e
ehel, = egeq = kyef
ehel = (azea + azes)(ages + azes) = (k1a + a3kq)ely = (k1a3 + ka)el
2.2.1-hol. k; =0, ko =0 bo‘lsin. U holda
elel =€, ehel, =ehel =0. Bizga eg - e; = e3 ya'ni Eg & E, izomorf bo‘lgan algebrani beradi.
2.2.2-hol. k1 =0, ko =1 bo'lsin. u holda

VPN BN |
ele] =es
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€5}

=0

ehels = el
Bizga eq - 61 = eg,
2.2.3-hol. k; =1,

! !
€161 =

! !
€2€9

! !
€3€3

!/

3

!
2,7
= agez

(4) ifodadan as = 0 ekanligidan bizga e -e; = e3, ez-e2 = ez yani Ejg = Es5 izomorf bo‘lgan algebrani beradi.

es - e3 = eg ya'ni Fy algebrani beradi.
ko = 0 bo‘lsin. u holda

2.2.4-hol. k; = 1,

! !
€161 =

€5¢h

e3€s

!
3

= 6/3
= (a3 +1)e}
(4) ifodadan as = 0 ekanligidan bizga e; - e; = e3, ex-e3 =e3 e3-es = ez ya'ni F1; & E3 izomorf bo‘lgan
algebrani beradi. Teorema isbotlandi.

(a2

ko = 1 bo‘lsin. u holda

Teorema 3. Z, maydonda uch o‘lchamli E evolyutsion algebralar dimE? = 2 bo‘lganda quyidagi o‘zaro
izomorf bo‘lmagan algebralarning biri bilan izomorfdir.

.Ell
.EQI

.E3I

€2

€2

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

(D)

- €9

- e

-eq

-e1

- eq

ceq

ceq

-e1

-eq

-eq

-eq

-eq

- e

-e1

-e1

-e1

-e1

= €2; €3-€3=¢€1

e1t+ex; ez-ez3=e

=€1; €2 €3 =¢€3; €3 €3=¢€1

=e1; ex-ex=e€1+e2; e3z-e3=e

= €2; €2 €3 =€3; €3-€3=¢€1

=€2; €2 €3 =¢€1; €3 -€3=¢€1

=e2; €z-e2=¢€]t€e2; €3-€3=¢€]

= €2; €3-€3=¢€]

e1+e; ex-ex=e2; e3-e€3=e
=e;t+ex; ex-e2=e€1; e€3-€3=¢€
=e;t+ex; ex-ex2=e€1+e2; e3-€3=e€1
=e tey e3-ez=e

=e2; ex-ep=¢€]+e2; e3z-e3=e€;+e
=e1; ex-ep=e€;+ey; e3z-e3=e€;+e
=e)1; €ex-ex=e€1; e3-e3=e Fe
=€, €x-ex=¢€]; €e3-e3=e€ Fe
=e€1; e3z-ez=e€;t+e

=€, e3z-ez=¢€] e

Isbot. dimE? =2 da E? =< ej,es >, FE?=<ej, e3>, FE?=<ey, e3> niqaraymiz.

Zs maydonda a; + a; = 0,

(07

2 _
i =

«; ekanligini eslatib o‘tamiz.

Uch o‘lchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi

€1 €1 =

€9 €2 =

aijey + azes + ases
bier + baes + bzes
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e3 - e3 = c1€1 + cee9 + c3€3

ma’lumki, e; -eo =e;-e3=eg-e3=0

Bu yerda B = {ey, eq, e3}- tabiiy bazis, a;, b;, ¢; € Zo
Bizda dimFE? = 2 bo‘lganligi sababli,

e e = ore1 + ases

e - eg = Prey + Paes

e3-e3 = y1e1 + Y22 = 71 # 0, 1 = 0 bittasi noldan farqli bo‘lishi kerak, aks holda 2-o‘lchamli
evolyutsion algebra hosil bo‘ladi.

1-hol. 73 =1, 72 =0 bo'lsin. u holda e3 - e3 = e;.
Tabiiy bazisni quyidagicha almashtiramiz.
eh = Aje; + Ageq + e3
e, = Byey + Baes
€] = ehey = (Arer + Ageh + e3)(Arer + Ageh + e3) = Aj(aner + ages) + Az(frer + Paez) + 61 =
(1+ Ajay + AzpB1)er + (Araz + Azfa)er
(1+A10¢1+A2ﬁ1) (A1a2+A262) 0

| Py | B By 0| #£0 =
A A, ]
(14 Arar + Azp1)  (Arag + AzBs) £0 =
By By

Bo(1+ Ay + A1) # Bi(Aras + A382)  (5)  ifodaga ega bo‘lamiz.
elel, = el el = ehel, = 0 ekanligidan
Brai(1+ Araq + A2p1) + B2fi(Aras + A282) =0
Bras(1+ Aoy + Azp1) + Bafa(Aran + Azfz) =0
Ara1(1+ Ajag + AzBr) + A2B1(Aras + Azfa) =0
Aran(1+ Ao + A2p1) + A2B2(Aras + A2f2) =0
A1B1a1 + AQBQ/Bl =0
A1Bioag + AsBy1 =0
ko‘rib chigsak,
e'le'l = (a1(1 + A1 + A1) + 51(141&2 + AsB2))er + (Oéz(l + A1 + Asfr) + Ba(Aras + Az fBa))es
esey = (Brag + Bafi)er + (Biag + Bafa)er
eses =€) = (1 + Araq + AzfB1)er + (Arag + Azfa)er
1.1-hol. By(1+4 Ajay + A2B1) # Bi(Ajas + AzBs) (5) ifodadan
Bi(Ajas + Asf2) = 0 bo'lsin. Bundan Ba(1 + Ajag + A361) =1 =
By =1, (1 + Ajoq + A251) =1
1.1.1-hol. B; =0, (Ajas+ Asf2) =1 bo'lsin.

(6) ifodaga ega bo‘lamiz. Natijani

p1=0
B2 =0
(6) ifodadan Aron = A6 o sistema bajarilmaydi.
Aras = Asfs = ziddiyat (Ajas + A2B2) =0
A8 =0
AzfB2 =0

1.1.2-hol. B1 = ]., (A1a2 + AQBQ) = 0 bo‘lsin.
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041:0
QQZO
. A1a1:0
6) ifodad
(6) ifodadan Ay — 0
Ara; = A3B1 =0
Arag = Azf =0

elel =0, ehel, = 0re1 + Paea, ehes = eq ko‘paytmani hosil gilamiz.
Agar 1 =0, [a=1=eges =€y eze3=¢e FE; algebrani beradi;
Agar 81 =1, [a=0=ezes =€ eze3=e¢e F algebrani beradi;
Agar B1 =1, f[o=1=ezes =€1 +e3 eze3 =e; FE5 algebrani beradi;
Agar 51 =0, [Bo=0=eze0 =0 eze3=¢e FE, algebrani beradi.

1.1.3-hol. B; =0, (Alag + Agﬁg) = 0 bo‘lsin.

0=0
0=0
A =
(6) ifodadan 101 =0 ekanligidan
AlOéQ =0
A1 =0
AzB2 =0

elel = ajer, eheh = Pre1+Paea, ehes = e nihosil gilamiz. Bunda (aq; ag) # 0 aks holda 1.1.2-holga
kelamiz va bundan quyidagi holatlar hosil boladi.
1.1.3.1-hol. a; =1, a5 =0 bo‘lsin. Bundan
e1e1 = e, eses =eq, eszez = ey Fy algebrani beradi;
e1e1 = €1, eses =e1, esez = e Fg algebrani beradi;
e1e1 = €1, egea =€+ e, eszez = e Er algebrani beradi;
ere1 = ey, egeo =0, egzez3 =e; Eg algebrani beradi.
1.1.3.2-hol. a; =0, a3 =1 bo‘lsin. Bundan
e1e1 = e, €969 = €9, ezez = e1 Fg algebrani beradi;
e1e1 = eg, ege9 =e€1, eges = e1 g algebrani beradi;
e161 = e, €969 =e1+ €3, ezez = ey Fyp algebrani beradi;
e1e1 = €3, egses =0, eze3 =e; Eio algebrani beradi.
1.1.3.3-hol. a; =1, a3 =1 bo‘lsin. Bundan
e1e1 = €1 +ea, egey =e€9, ezez = ey F13 algebrani beradi;
e1e1 = e1 +ey, egeq =e1, ezez = e Epy algebrani beradi;
e1e1 = e1 +e3, egeg =e1+ ey, esze3 =e; Fi5 algebrani beradi;
e1e1 =e1 +e3, egeo =0, eses =e; Fig algebrani beradi.
1.2-hol. BQ(]. + A1a1 + Agﬁl) 75 B1 (Al()é2 + AQ/BQ) (5) ifodadan
By(1+ Ajag + Asf1) = 0 bolsin. Bundan By (Ajas + A2f) =1 =
Bl = 17 (Aloég + Agﬁg) =1 kelib Chlqadl
Ushbu holatdan bolishi mumkin bo‘lgan holatlarni hisobga olib, (6) sistemaga qo‘yganimizda biz ziddiyatga ega
bo‘lamiz ya’ni sistema birgalikda emas.
2-hol. 71 =0, 72 =1 bo‘lsin. u holda e3 - e3 = es.
Tabiiy B’ = {e], €5, ¢4} bazisni quyidagicha almashtiramiz.
eé = Aje; + Ases +e3
6’1 = Che1 + Caeq
ey = eses = (Arer + Agey + e3)(Arer + Ages + e3) = Ar(arer + agez) + Ax(Brer + foez) + e2 =
(Arag + AzBr)er + (1 + Arag + Axfz)es

Ci Cy 0
|Pppl=|(Arar + A2B1) (1+ Ajas + A2f2) 0| #0 =
Ay Aq 1
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Cl CQ
(Arar + A2p1) (14 Arag + AzBs)

Ci(1+ Aras + AsfBs) # Cy(Araq + AzB) (7) ifodaga ega bo‘lamiz.
elel, = elel = ehel, = 0 ekanligidan
Cran(Arar + AaBr) + Cafr (1 + Ajaz + Azfz) =0
Crag(Arar + AaBr1) + Cafa(1 + Ajaz + Azfz) =0
Ao (Arag + AgBy) + AaBr (14 Arag + AaB2) =0
Araz(Aron + A2fr) + A2B2(1 + Araz + A22) =0
Ci1Ai1aq + Cr A58, =0
C1Ajan + C A28, =0
ko‘rib chigsak,
ele] = (Craq + Caofr)er + (Craz + Caffa)es
ehey = (ap(Arar + Az61) + Bi(1+ Arag + AzfBs))er + (az(Aron + Azfr) + Bo(1 4+ Aras + Azf2))ez
eheh = e = (Ajag + Asfr)er + (1 + Aras + Az fa)es
2.1-hol. C1(1 4+ Ajas + AsBs) # Cy(Araq + Asfy) (7) ifodadan
Cy(Araq + A1) = 0 bo'lsin. U holda Cy (1 + Ajas + Agf2) =1 =
Cr=1, (1+Ajaz+A253) =1
2.1.1-hol. C, =0, (A1 + Aszf1) =1 bo'lsin.

#0=

(8) sistemaga ega bo‘lamiz. Natijani

a1 = 0
Qo = 0
A =A =0 = ziddiyat(A A =0
(8) sistemadan L1 261 ziddiyat(Aran + Az ) sistema bajarilmaydi.
Arag = AzB2 =0
A10Z1 =0
A20é2 =0
2.1.2-hol. C, =1, (Aja; + Azf1) =0 bo'lsin.
B1=0
B2 = 04281 =0
(8) sistemadan ¢ AyBy =0
Aoy = A251
Arag = Azf
elel = aje; + azes, ehel, =0, ehel = ey ko'paytmani hosil gilamiz.
Agar a1 =0, as=1=e1e;1 =e3 e3ze3 =eo FEy7 =2 E5 algebrani beradi;
Agar a1 =1, as=0=e1e;1 = €1 eze3=ey F1s = Fq algebrani beradi;
Agar a1 =1, as=1=eje; =e; +ey eze3=ey F19 =2 FE3 algebrani beradi;
Agar a1 =0, as=0=e1e1 =0 eze3=eo Fy algebrani beradi;
2.1.3-hol. Cy =0, (A1a1 + Azﬁl) = 0 bo‘lsin.
0=0
0=0
A =0
(8) sistemadan 261 ekanligidan
Axfy =0
A1a1 =0
A1a2 =0

ele] = arer + agea, eheh, = Prer + Paea, ehes = eo ni hosil gilamiz. Bunda (81;82) # 0 aks holda
2.1.2-holga kelamiz va bundan quyidagi holatlar hosil bo‘ladi.

2.1.3.1-hol. p; =1, [2 =0 bolsin. U holda
e1e1 = ey, €969 =€1, €363 = €o Fo1 =2 FEqg algebrani beradi;
eie; = ey, €gey =e1, €363 = €3 FE55 =2 Ey algebrani beradi;
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e1e1 =e1 + e, €969 =€1, €363 = €9 Fo3 =2 Fq;p algebrani beradi;

ere1 =0, egeg =eq, e3ze3 =e9 FE5y = Ejsalgebrani beradi.
2.1.3.2-hol. B84 =0, (B2 =1 bo'lsin. U holda

€161 = €3, €26y = €3, €363 = €3 FEs5 = Eg algebrani beradi;

e1€1 = €1, €6y =€y, €363 = €3 FEss = E5 algebrani beradi;

e161 = €1+ €3, €6y =e€3, €363 = €3 FEo7 =2 FE7 algebrani beradi;

ere; =0, eges =eg, esze3 =e9 Fss =2 Fg algebrani beradi.
2.1.3.3-hol. 5; =1, B =1 bo‘lsin. u holda

e1e1 = ea, €96y =e€1 + €y, €363 = € Fog =2 Eq4 algebrani beradi;

e1e1 =e1, €xeg =e€1+ €y, €363 =€ Fsg =2 E13 algebrani beradi;

ere1 = €1+ €3, egen =e€1+ ey, €363 =€y Fs31 = Ey5 algebrani beradi;

eie1 =0, egeg =e1+ e, e3e3 =¢€y E35 =2 Ejgalgebrani beradi.

2.2-hol. Cl(l + Ajog + Agﬂg) 75 Cg(Aloq + Agﬁl) (7) ifodadan
Cl(l + Ajog + AQ@Q) = 0 bo‘lsin. U holda CQ(AlO[l + Agﬂl) =1=
Cl = ]., (A1a1 + Agﬂl) =1 kelib Chlqadl

Ushbu holatdan bolishi mumkin bo‘lgan holatlarni hisobga olib, (8) sistemaga qo‘yganimizda biz ziddiyatga ega

bo‘lamiz ya’'ni sistema birgalikda emas.
3-hol. v1 =1, 79 =1 bo‘lsin. u holda e3 - e5 = e1 + es.
Tabiiy B’ = {e], €}, e5} bazisni quyidagicha almashtiramiz.
eh = Aje; + Ases + €3
e, = Biej + Boeg
ey =1+ B+ Ajog + Azfr)er + (1 4+ Ba + Aras + Axf3a)es
bu yerda (ejef =€) +ef =€) =ehes —eb)

(14 By + Ajoq + A1) (14 Ba+ Araz + Axfa) 0

|PB’B|: By By 0 #0@
Ay Aq 1
(1+ B+ Arar + A251) (14 By + Avap + Azfs)
B, B, %0 =

By(1+ By + Ajag + AsBr) # Bi(1+ Ba+ Ajas + Asfs) (9)
eleh, = eles = ehel, = 0 ekanligidan
Biag(1+ Br + Ajar + A2B1) = Bafi(1 + Bz + Arag + A232)
Blag(l + By + Aja1 + A2ﬂ1) = Bgﬂz(l + By + Ajag + AQﬂg)
Arai(14 By + Arar + Aspr) = AsBi(1 4 By + Arag + Asfa)
Arao(1+ By + Arag + Agpr) = Agfa(1+ Bz + Aran + Azf2)
A1Biag = As By
A1Brag = Ay Bsfo
Natijani ko‘rib chigsak,

1
1

(10)

ifodaga ega bo‘lamiz.

sistemaga ega bo‘lamiz.

ehel = (a1(1+B1+A10q +As81) 4+ B1(1+ Ba+ Aras + Az fa))er + (aa(1+ B1 + Arar + Az 1) + fa(1+

Bs + Ajan + AQBQ))@Q
esey = (Bran + Bafi)er + (Biao + Bafa)es
eheh =e) +ehy=(1+ Aras + AsB1)er + (1 + Ajas + AzBs)es
3.1-hol. By(1+ By + A1y + A1) # Bi(1 4+ By + A + Aof3s)

A1a2 + Azﬁg) = 0 bo‘lsin. U holda Bg(l + By + A1a1 + Agﬁl) =1= By = ].,

3.1.1-hol. Bl = O, (1 + BQ + A1a2 + Agﬂg) = 1 bo'‘lsin.

9) ifodadan By (1 4+ B +
1+ B+ Ao +Ax6) =1
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B1=0

B2 =0

Ajan = Axph
Arag = Az
Azp1 =0
Azf2 =0
3.1.2-hol. By = 1,(1 + By + Ajaa + As3) =0

a1:0

(10) sistemadan ziddiyat hosil bo‘ladi. Sistema bajarilmaydi.

= (A1a2 + Agﬁg) = 0 bo‘lsin.

as =0
Ao =0
Asas =0
Ajay = AsBy = 0 = ziddiyat(Ajay + AsB1) =0
Ajag = Azf =0

3.1.3-hol. B; =0,(1+ By + Ajas + A332) =0

(10) sistemadan sistema bajarilmaydi.

= (A1a2 + Agﬁg) = 0 bo‘lsin.

0=0
0=0
(10) sistemadan Arag =0 ekanligidan
Aran =
A1 =0
Asfr =0

. . . a1 Qg
elel = aje; +ages, ehel, = Bre; + Paea, ehel = e + es ko'paytmani hosil gilamiz. Mp= (ﬂl 52> E

evolyutsion algebrani B’ tabiiy bazisga nisbatan strukturaviy konstantalari uchun «;, 3; larni Zy maydondan

tanlasak, quyidagicha 16 ta evolyutsion algebralar hosil bo‘ladi.

e1-e1=e; ey-ea=e1+e; eg-e3=e1+ex FEsg

er-ep1=ey1+ey; ex-ep=e1+ey; e3-ez=e;+ex L3y

el-ep=ey; ex-ex3=e;+ex; eg-e3=e;+ex Kss

e1-ep =e1+ey; ex-ex=e3; e3-ez3=e;+ex K3 = Ess
e1-ep =ey+ey; ex-ex=e1; ez-ez3=e;+ex F3r = Fs3
61'61:€1+€2; 62'62:0; 63'63:€1+62 E38
e1-e;p=e1; ex-ex=e€1; ez-ezg=e1+ey K

€1-€1 =e€3; €z-€3=¢e3; e3-e3=e€1+ey Fyp = Fg

e1-e1=0; ex-ex=e1+ez; e3-ez3=e1+e Ky = Fig
e1-e; =ez; ex-ex=e1; ez-ezg=e;+ey Fy

e1-e;p =e1; ex-ex=¢ez; e3-ez3=e1+e Fi3=Fy
e1rep=e1; ex-ea=0; e3-e3=e1+e FEy
erre1=0; ex-ex=e2; e3-e3=e1+ex Kz = FEy
e1rep=ez; ex-e2=0; e3z-ez3=e1+ex FEyg
e1re1=0; ex-exa=e1; ez-ez3=e1+ex Ky 2 Eyy
e1re1=0; ex-e2=0; e3-e3=ec1+ex Fys

3.2-hol. Bg(l + Bl + A1a1 + Agﬁl) # B1(1 + BQ + Alag + A2ﬂ2)

A1a1 + Agﬂl) = 0 bo‘lsin. U holda Bl(]. + BQ + Alag + Agﬂg) =1

By =1,

(14 B+ Ao + Axfo) =1

=

ifodadan By(1 + By +

Ushbu holatni ko‘rib chiqqanimizda 3.1-holatda hosil bo‘lgan evolyutsion algebralarga izomorf evolyutsion
algebralar paydo bo‘ldi. Teorema isbotlandi.
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o F:
o Fy:
o Fs:
o F,:
o [ :
o Fj:
o [

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

€1

-e1

- e

- eq

-e1

- eq

- e

- eq

-e1

-e1

-eq

- el

-e1

- el

-eq

-eq

- el

-eq

-e1

-eq

-eq

- el

-eq

- el

-e1

-eq

- e

-eq

-e1

-eq

-eq

- e

-eq

-e1

€1; €2
€15 €2
€1; €2

€1; €2

€1; €2

€1; €2

€15 €2

€1; €2

€1; €2

=€1; €2
=e1; €
=€1; €2
= €1; €2
=€1; €2
=e; t+es;
=e1 tes3;
= e1 + €3;
=e1 t+es;
= e1 + e3;
=e; t+es;
=e1 tes3;
=e; t+es;
=e1 +es;
= e1 + es3;
=e1; t+es;
=e1 tes3;

=e1 + es;

- €9

(D)

)

)

- €2

)

- €9

)

- €9

- e

- €

e

- e

- €

= €3; €2-€2

=€3; €2-€2

€1+ ez + es;
e1 +es + es;
e1 + ez + es;

€1+ ez + es;

=e1tey; e3-e3=e3
=e;t+ez; esz-e3=e2+te3
=e1+eg; ez-e3=e;tes
=e+ey e3-e3=e +extes
= €3; €3-€3=¢€2
=e3; e3-ez3=exte3
=e3; e3-e3=e1+e2
=e3; ez-ez3=e;+extes
=ezte3; e3-e€3=¢€3
2 =ex+e3; e3-e3=e1+e
2 =€2; €e3-€e3=e3
2 =¢€2; e3-€3=e€1+e2+e3
2=e€1te3 e3-e3=e;t+e
2=e€1+te3; e3-ez3=e+extes
ex-ez=e1+e; e3-ez3=e1
ex-ex=e€1+e e3-e3=e3
€ex-€z=e€1; €3z-ez=¢e;+e
ex-ex3=e€1+ey e3-ez3=e;t+extes
€2 €3 =€1; €3°€3=E2
ex-ez=¢e€1; €3z-ez=¢€;+extes3
€2 €3 =€3; €3°€3=E€2
€x-€z=e€3; €3-e3=¢€] e
€9 * €2 = €3; 63'63:61+€2+63
ex-e3=e€xte3; e3-ez3=e
ey ey =€zt €3, e3-e3=e€1+exte3
ey ey =e€1t+ex+e3; ez-ez3=e
ex-ez=e€1+ex+ez; e3-ez3=e1+e2
ex-e3=e€1+eg; ez-e3=e
ex-e3=e€1+ez; ez-ez=e;+e
€2 €3 =€1; €3€3=E¢€2
€2 €2 = €3; €3-€3 =€
=e1+e3; ez-e3=e;+e
=e1; e3-ez=e;t+e
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o F3y: e1-e1=e3; ex-ex=e1+e3 e3-e3=e

e F35: e1-e1=e3 ex-ex=¢e1; €3-€3=¢e

e F36: e1-e1=ex+e3; ex-ex=e1; e€3-€3=e

o F37: e1-e1=ex+e3; ex-ea=e1+e3 e3-€3=e
e [il33: e1-ep=ey+te3; ex-ex=e1; e3-€3=¢€1+¢€

Isbot. dimE? = 3 bo‘lganda E? =< ey, €3, e3 > ni qaraymiz.
Zy maydonda «; +a; =0, o? = q; ekanligini eslatib o‘tamiz.
Uch oflchamli evolyutsion algebra uchun ko‘paytmaning umumiy ko‘rinishi
el -e; = aie| + azes + ages
es - eg = brey + baes + b3es
e3 - e3 = c1€1 + cee9 + Cc3€3
ma’lumki, e; -eo =e;-e3=ey-e3=0
Bu yerda B = {ey, eq, e3}- tabiiy bazis, a;, b;, ¢; € Zo

a; az as
Mp=1|by b b3z | E evolyutsion algebrani B tabiiy bazisga nisbatan strukturaviy konstantalari
i C2 C3
ay az as
|Pg|=|b1 b2 b3| # 0. Natijani hisoblaymiz.
C1 C2 (3
1-hol. a; = by = ¢3 = 0 bo‘lsin.
0 az as
|PB|: b1 0 b3 75 0. = agb3C1 + a3b162 7& 0= a2b361 7& agblcg
C1 Co 0

1.1-hol. asbszc; = 0 bo'lsin. U holda agbico =1 = a3=01 =cx =1

Agar as = 0 bo‘lsa;

bs3=1, c1=1; ejeg =e3, egea=¢€1+e3, esze3=e1+ e FEp algebrani beradi;

bs3=0, c1=1; ejeg =e3, eges=¢€1, ezez3=e;+ ey FEy algebrani beradi;

b3=1, ¢ =0; eje; =e3, egeg =e1+e3, ezez3 =ey FE3 algebrani beradi;

b3 =0, ¢ =0; eje; =e3, egeg=e1, eszez3=ey FE4 algebrani beradi;

Agar as = 1 bo‘lsa;

b3=0, c1=0; eje1 =ex+e3, egeq=c¢e1, eze3=ey FEj5 algebrani beradi;

bs=1, c1=0; eje1 =es+e3, egega=¢€1+e3, e3ze3=cex Fgalgebrani beradi;

b3 =0, c1=1; eje1 =esx+e3, egea=c¢€1, eze3=e1+ ey FE7 algebrani beradi.
1.2-hol. asbzc; = 1 bo'lsin. U holda agbico =0 = as =b3=c1 =1

Agar a3 = 0 bo‘lsa;

by =1, ca=1; eje;1 =ea, eseg =e€1+e3, ezes3=e1+ey FEg= FE7 algebrani beradi;

by =0, ca=1; eje;1 =ea, egea =e3, eses3=e1+ex Fg = Fy algebrani beradi;

by =1, c2=0; eje1=e2, egea=¢€1+e3, eze3=e; FEjg= FE5 algebrani beradi;

by =0, c2=0; e1e1 =e2, eges=ce3, ezez3=e F11 = FE, algebrani beradi;

Agar a3 = 1 bo‘lsa;

by =0, c2=0; eje; =ezx+e3, ege0=-ce3, e3e3=¢e17 Fi3= FE3 algebrani beradi;

by =1, c2=0; eje1 =ex+e3, ese0=e1+e3, eze3=c1 F13= Fg algebrani beradi;

by =0, co=1; eje1 =ex+e3, e2e0=-e3, ezes3=e1+ey Fi4= F; algebrani beradi.
2-hol. a; = 1 bo'lsin.

1 as as
U holda |PB|i bl bg bg 7é 0.
€1 C2 C3

Ushbu evolyutsion algebraning strukturaviy konstantalarining determinanti noldan farqli bo‘ladigan
holatlarni ko‘rib chiqqanimizda jami 96 ta evolyutsion algebra hosil bo‘ldi. Bunda o‘zaro izomorflarini ajratib
chiqganimizda 31 ta o‘zaro izomorf bo‘lmagan evolyutsion algebralar hosil bo‘ldi. Teorema isbotlandi.
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Rezyume

At present, one of the important directions in modern algebra is the study of the theory of evolution algebras.
Evolution algebras are connected to various other areas of mathematics, including graph theory, Markov
processes, and dynamical systems. The class of evolution algebras was first introduced by Lyubich in 1992. In
2008, Tian, in his monograph, used the term evolution algebra and presented certain applications and properties
of these algebras. This paper provides a classification of two- and three-dimensional evolution algebras over the
field Z4

Key words: Evolution algebra, natural basis, homomorphism, isomorphism, field, dimension.
Rezyume

Ha coBpemennom sTame omHNM M3 aKTYaJbHBIX HAIIPABJIEHUH B PA3BUTUU AJITeOPbHI SABJISIETCS TEOPUS SBOJIIONN-
oHHBIX aJyirebpa. JlaHHBIN Kiacc ajaredpa IpecTaBJIsgeT co0ON OTHOCUTEJILHO HOBOE HAaIIpaBJIeHHE, 001 1arolee
MIIPOKOH 00JIACTBIO IPUMEHEHNST U TECHO CBSI3aHHOE C JIPYTHMHU PA3JIeIaMi MATEeMATUKM, TAKAMUA KaK TEOPHUst
rpadoB, MAPKOBCKUE IPOIECCHI M TEOPUsT TUHAMUIECKUX cucTeM. [IoHsITIe 9BOJTIONMOHHON aredphl OBLIO BIIEp-
Bble BBejsieHO Jlrobmdaem B 1992 roxy. CyIecTBeHHBIH BKJIAI B pa3BUTHE JAaHHOW Teopun BHEC THuaH, KOTOPBIi
B cBoeit moHorpaduu, n3nannoit B 2008 roay, cucreMaTu3npoBaJ OCHOBHBIE CBOIICTBA IBOJIIOIMOHHBIX ajredp
U TIPOJIEMOHCTPHUPOBAJ UX Tpuioxkenus. Hacrosrmas pabora mocBsIeHa KIaCCUMUKAIIUN JIBYX U TPEXMEPHBIX
9BOJIIOIIMOHHBIX aJiredpa HaJl 1moyieM Zso

Karouesnie ca08a: IBOJIONNOHHAS ajirebpa, HaTypaJbHbIN 6a31C, TOMOMOPMOU3M, H30MOPMU3M, IOJIs,
Pa3MepHOCTb.
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UDC 519.21

STRONG LAW OF LARGE NUMBERS FOR BANACH SPACE-VALUED RANDOM
FIELDS WITH WEIGHTS

Ruzieva D. S.
NATIONAL UNIVERSITY OF UZBEKISTAN, TASHKENT
dilnura.saidovna@gmail.com

RESUME

We consider random fields with values in infinite dimensional spaces. We assume that random fields
can be represented as a functional of random fields consisting of independent identically distributed
random variables. For such random fields we prove strong law of large numbers.

Key words: random field, strong law of large numbers, Banach space.

Let {Yi, i€ Zd} be a real-valued random field with d > 2. We assume that {Yi, i€ Zd} can be
represented as
Y, =g(eis, s € 2% icz? (1)

where (€;);ecz¢ are iid random variables and g is a measurable function.

We define the dependence measure as follows: let (5|j)j€ za4 be an iid copy of (g;);eze and consider for any

positive integer n the coupled version Y;* of Y; defined by

K2

Y =g(er,, s €2, ic 2z

7 1—89

where for any j in Z¢,

et — €5, .77&0
77 ey j=0

denote )
0ip = IIY; =Y, = (E|Y; =Y "[")7.

In [1] a central limit theorem for {Y;, i € Z¢} was proved under some additional conditions.
Generalizations of such random fields in infinite dimensional Banach spaces were considered in [4]. In [4] the
central limit theorem was proved for random fields with values in some Banach spaces. Strong law of large
numbers for random fields with values in infinite dimensional spaces was proved in [5].

Let {£(t), t € Z*} be arandom field of independent identically distributed random variables with values

in a separable Hilbert space H (with inner product (-,-) and a norm |-|| = /(-,-)) and let {X(¢), t € Z?} be
a random field with values in H. By {e;, j > 1} we denote an orthonormal basis of H. Thus, we can write

X(t)=> XU(t)e;, teZz”
Jj=1

Assume that the following representations hold
XU(t) = g;(e(t—s), s€ 2, j=12,.. @)

where g;,j = 1,2, ... are measurable functions.
Let {¢/(t), t € Z?} be an independent copy of {{(t), t € Z2} and

XV =gy (et —s), s€2?)
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where
X)) = gi(ert—s), sez?)
. §(), if 7#0
&u)= { €l0), if =0
Denote y
5i(t.p) = (B[xD0) - X))
j) =Y 8t
teZz?

{G,, n=1,2,..} — is a sequence of finite sets from Z? such that Gy C Gjy1, k= 1,2, ...,

|G| = card Gy, f(|Gn]|) = Z al, Sa., Z a; X;.

i€Gp i€Gp

where a;—real numbers.

Random fields with values in ¢ (a space of all sequences {x1, x2, ...z, } such that lim z,, = 0 with a
n—oo

norm ||z|| = sup|z,| ) and I,(1 < p < 2) (a space of the sequences = = (z(!), 2(?) ...) such that > ’x(i)’p < oo
n i=1
1/p
with a norm ||z|| = (Z |x z)| > ) can be defined analogously. In these spaces as a basis we take the following
standard basis {e;, i > 1}, e = (0,...,0, 1,0, ...).

We establish the strong law of large numbers for { X(t), teZ 2}. In [2] the strong laws of large numbers
were proved for mixing random variables with values in Banach spaces. In [3] the strong law of large numbers
were proved for mixing random fields with values in some Banach spaces.

Main results
Now we formulate our results.

Theorem 1. Let {Xi, i€ Z2} be a random field with values in H defined by equation (2). Assume that
the following conditions hold:

1. EX; =0, 3 (Ay(4)) < oo
j=1
2. There exists an integer valued increasing function p(m) such that

i I (Geoml) _ . )

i |G|

Z |Gotms1)\Gom | (f (G <m+1>|) — [ (1Gom)))
|G ooy |”

< 0. (4)

Then as n — oo

Sa,

— 0 a.s..
|G

Theorem 2. Let {Xi, 1€ Z2} be a ¢y -space-valued random field defined by equation (2). Assume that
the following conditions hold:

1 EX(t) =0, 3 A() < oc.
i=1
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2. There exists an integer valued increasing function (m) such that

- f(‘Gsa(Tn)D

2 |G|

i |Gotmi\Gom | (f (|Gomin]) = F ([Goom )
2
=1 |Gom)|

< 00,

< 00.

Then as n — oo

Sa,,

— 0 a.s..
|Gl

Theorem 3. Let {Xi, i€ ZQ} be a l,(1 < p < 2) space-valued random field defined by equation (2).
Assume that the following conditions hold:

1. EX(t) =0, Y. (Ax()P? <00, 1<p<2
j=1

2. There exists an integer valued increasing function p(m) such that
o S (Goim )

= |G|’

i |Gotmin\Goim | (f (|Gomin|) = F ([Goom )
2
=1 |Gooom)|

< 00,

< 00.

Then as n — oo

Proof of theorems.
We now present the proof of the above theorems.
In the proof of the above theorems, we use the following theorems from [5].

Theorem 4. Let {X(t), t € Z*} be a random field with values in H defined by equation (2). Assume
that the following conditions hold:

oo

EX(t) =0, (A2(5))? < o0.
j=1
Then there is a constant C > 0 such that the following inequality holds:

oo

ElSc|® < C 1G] Y (A2(4))*.

j=1

Theorem 5. Let {X(t), t € Z*} be a co - space-valued random field defined by (2). Assume that the

following conditions hold:

EX(t)=0, > A}(j) <o
j=1
Then there is a constant C > 0 such that the following inequality holds:

E|Sc|” < C |G| P2 A3 ().

j=1
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Theorem 6. Let {X(t), t € Z*} be a l,(1 < p < 2) space - valued random field defined by (2). Assume
that the following conditions hold:

EX(t)=0, Y (As(j)"* <00, 1<p<2.
j=1
Then there is a constant C > 0 for which the following inequality holds:

E|SclP < C- |G- (Aa(i))?, for 1<p<2.
j=1

Proof of Theorem 1.
Using the inequality from Theorem 4 we obtain:

BN aX| <03 a3 (00 =Cr(aD S (Aa(i))?. (5)
j=1

i€G i€G j=1

Using Chebyshev inequality and (5) we have for any ¢ > 0

cl X af) S (Ag(i)?
) < EHSGMM)HQ < <i€Gw<m> i€Gp(m) ~ Cf (|G D
— 2 —
&2 |G| €2 |Gyimy|” €2 |Gyimy|”

e
P UKL
< |Gw(m)|

It follows from Borel-Cantelli lemma that as m — oo

’ch( ! HSGw(m — 0 a.s. (6)
Again using Chebyshev inequality we have
p [ gom<nSemin 156, = Sa,um AP By B8 1560 = St |
|Geoom | B €2 |Goomy|” B
p(m)
|Gomt1) = G| X EllaiXil*  |Gymi1) = G| X A E X
1€G o (m+1) \Gp(m) 1€G o (m+1) \Gp(m) .
> 2 > 2 =
&2 |G| &2 |Gom)|

_ Getmsn) = Gl EIXI (£ (|G pmin]) = f (|G )
2 2 ’
&2 |G(m)|

From (4) and Borel-Cantelli lemma we have as m — oo
max HSG SG
p(m)<n<p(m+1)

|G o(m)]

From (6) and (7) follows the statement of the theorem.

P (m) H

— 0 a.s. (7)

Theorems 2-3 can be proved using the same method and therefore we omit their proofs.
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REZYUME

Cheksiz o‘lchamli fazolarda giymat gabul giluvchi tasodifiy maydonlarni ko‘rib chiqamiz. Tasodifiy
maydonlarni bog‘ligsiz bir xil tagsimlangan tasodifiy miqdorlardan tuzilgan tasodifiy maydonlarning
funksionali sifatida yozish mumkin deb faraz qilamiz. Bunday tasodifiy maydonlar uchun biz
kuchaytirilgan katta sonlar qonunini isbotlaymiz.

Kalit so‘zlar: tasodifiy maydon, kuchaytirilgan katta sonlar qonuni, Banax fazosi.

PE3IOME

PaccmarpuBatorcst ciryuaitabre moJsis CO 3HAUECHUSIMU B OECKOHETHOMEPHBIX ITpocTpaHcTBax. MbI pe-
[oJIaraeM, 9TO CJIydaifHble HOJIsi MOTYT OBITh IPEICTABJIEHBI KAK (DYHKIIMOHAJ OT CJLyYaifHbIX OJIEil
COCTOSIINNX U3 HE3ABUCUMBIX OJMHAKOBO PACIIPEIEJIEHHBIX CIydailHbIX BeauduH. [ Takux cirydaii-
HBIX TI0JIeHl MBI JIOKA3bIBAEM YCUJIEHHBIH 3aKOH OOJIBITUX THCEeT.

Karouesnle caosa: ciaydaiiHoe 10Jie, yCUJIEHHBIN 3aKOH OOJIBINNX Yuces, DaHaX0BOe IPOCTPAHCBO.
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RESUME

In this paper we study invariant measure of circle homeomorphisms with break type of singularities.
It is proven that invariant measure of circle homeomorphisms have four break points with trivial
total product of jumps and irrational rotation numbers of bounded type is singular with respect to
Lebegue measure on the circle.

Key words: circle homeomorphism, rotation number, invariant measure, break point.

In the present paper, we study invariant measures of circle homeomorphisms with break type of
singularities.

Let f be an orientation preserving circle homeomorphism. It is well-known that any this kind of
homeomorphism can be written as

f(x) = F(x)(mod1), x € S*,

where F(x) - continuous, strictly increasing function on R! satisfying condition
Fx+1)=F(z)+1,x2 €R.

The function F is called a lift of the homeomorphism f. Let F' be the lift with initial condition F(0) € [0,1) .
We denote by py the rotation number of the homeomorphism f (see [1]), that is,

n
pr = lim m, x € R
n—o00 n
Henceforth, F"(x) denotes the nth iteration of the function F. The limit p; belongs to the interval [0,1)
and does not depend on the point x . The number p; is the most important numerical characteristic of the
homeomorphism f. Namely, if the rotation number p; is irrational, then the homeomorphism f has a unique
probability invariant measure py. Moreover, there exists a continuous, non-decreasing function ¢ : S L gt
such that po f = f, o , where f,, = 2 + ps(mod1) (see [1]). Note that the semi-conjugation ¢ and the
invariant measure s are connected by the relation ¢(x) = u¢([0,z]), z € S'. Because of this relation, invariant
measure p¢ is absolutely continuous with respect to the Lebesgue measure ¢ if and only if ¢ is given by an
absolutely continuous function.
The fundamental results in the problem of smoothness of the conjugacy were obtained by V.I. Arnold, J.
Moser, M. Herman, J.C. Yoccoz, Ya.G. Sinai and K.M. Khanin, Y. Katznelson and D. Ornstein and others.

We formulate the last two important results in this area.
Theorem 1. (Katznelson-Ornstein,|2]). Let f be an orientation preserving C*— circle diffeomorphism.

If ' is absolutely continuous, J}—, € L, for some p > 1 and the rotation number p = py is of bounded type, then
the invariant measure puy is absolutely continuous with respect to Lebesgue measure.

Theorem 2. (Khanin-Sinai,[3]). Let f be a C**¢ circle diffeomorphism for some ¢ > 0, and let the
rotation number p = py be a Diophantine number with exponent § € (0,¢), i.e., there is a constant c(p) such
that
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c(p)

p
‘p_§|2 q2+57 foranypaqu'

Then the conjugating map @ belongs to C1+<=9,

One of the important class of circle homeomorphisms are homeomorphisms with break points, or the
class of P -homeomorphisms.

Definition 1. Let f be circle homeomorphisms with the lift F. If at the point x, € S' there emist
one-sided positive derivatives F'(xy, — 0), F'(zp +0) and F'(xp — 0) # F'(xp + 0), then © = xp is called break
point of the homeomorphism f.

The number o¢(zp) = % is called jump ratio or jump of the homeomorphism f at the point
T = Tp-

Definition 2. An orientation preserving circle homeomorphism f with the lift F is called P -
homeomorphism, if F satisfies the following conditions:

1) F is differentiable on S* except at a finite or countable number of break points;
2) there exist constants 0 < ¢; < ¢a < 400 such that

c1 < F'(xp —0), F'(zp, +0) < c2, Va, € BP(f),

c1 < F'(z) < cp, Yz € S*\ {BP(f)},

where BP(f) - set of all break points of f;
3) In F' has bounded variation in S, i.e. v(F) = varg: In F' < co.

The regularity properties of invariant probability measures of circle homeomorphisms with break points
differ from the properties in the case of circle diffeomorphisms. The piecewise-linear (PL) orientation preserving
circle homeomorphisms with two break points are the simplest examples of P-homeomorphisms. The invariant
measures of PL homeomorphisms were studied first by Herman in [4].

Theorem 3. (Herman). A PL circle homeomorphisms with two break points and irrational rotation
number has an invariant measure absolutely continuous with respect to Lebesgue measure if and only if its break
points belong to the same orbit.

General (non PL) circle homeomorphisms with one break point have been studied by Dzhalilov and
Khanin in [5]. The character of their results for such circle maps is quite different from the one for C%*¢-
diffeomorphisms. The main result of [5] is the following:

Theorem 4. Let f be a circle homeomorphisms with a single break point xy,. If the rotation number p¢
of [ is irrational and f € C**¢(S*\ {xp}) for some € > 0, then the f— invariant probability measure pis is
singular with respect to Lebesgue measure £.

The invariant measures of circle homeomorphisms with two break points of "general type" , that is, which
are not piecewise linear, were studied in [6], [7]. We state the main results of these papers.

Theorem 5. ([6]). Suppose that a circle homeomorphism f with lift F' satisfies the following conditions.

1) The rotation number py is irrational of "bounded type”, that is, the sequence of elements of the
expansion of py into a continued fraction is bounded.

2) f has break points at two points by, by of the circle that do not lie on the same trajectory.

3) The derivative F'(x) exists on the set S*\{by, by} and satisfies Lipschitz conditions on every connected
component of that set.

Then the f—invariant measure piy is singular with respect to Lebesgue measure £.

Circle homeomorphisms with two break points but arbitrary irrational rotation number were studied in
[7].
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Theorem 6 ([7]). Suppose that a circle homeomorphism [ with lift F satisfies the following conditions.
1) The rotation number py is irrational;

2) f has break points at points by, be and the derivative F'(z) is absolutely continuous on every connected
component of the set S\ {b1,ba};

3) F"(x) € Ly(SY,dl);
4) The product of the jumps at the break points is non-trivial, that is, o1 - 03 # 1.
Then the f— invariant probability measure py is singular with respect to Lebesgue measure.

Now we formulate the main result of the paper of A.A. Dzhalilov, D. Mayer, U.A. Safarov [8].

Theorem 7. Suppose that the lift F(x) of circle homeomorphism f with irrational rotation number
satisfies the following conditions:
(1) f has break points b(1), b(2), ...,b(k) € S* and F'(z) absolutely continuous function on each connected
component of the set ST\ {b(i), i = 1,k};
f |F"(z)|dl < oo;

(3) _1;[1 o; # 1.

Then the f - invariant probability measure iy is singular with respect to Lebesgue measure £ on the circle
S, i.e. there exists a set A C S such that ((A) =1 and ps(A) = 0.

In the paper [9] author answered positively a question of whether it is possible for a circle diffeomorphisms
with breaks to be smoothly conjugate to a rigid rotation in the case when its breaks are lying on pairwise
distinct trajectories. An example constructed is a piecewise linear circle homeomorphisms with irrational rotation
numbers of "unbounded type"that has four break points lying on distinct trajectories, and whose invariant
measure is absolyutely continuous w.r.t. the Lebesgue measure.

Now we formulate our main result.

Theorem 8. Let f be a P-homeomorphism with irrational rotation number p of "bounded type". Suppose

that

(a) f has four break points b i = 1,4, lying on pairwise distinct trajectories, with break jumps
or(b®), i = 1,4, respectively and f'(z) absolutely continuous function on each connected component of the
set SU\ {pW), i =T 4};

() [ 1f"(z)|dl < oo;

(¢) ap(0)) # oy (b)), i = 2,3,4;
(d) TTos0) =1

=1

Then the f-invariant probability measure py is singular w.r.t. Lebesgue measure £ on the circle St

Sketch of the Proof of the Main Theorem. In this section, we provide a sketch of the proof for the
main theorem, highlighting the critical ideas and techniques involved. While the full details are omitted, this
outline aims to give a clear understanding of the underlying approach and the key steps that lead to the result.
In the first step of the proof, we study cross-ratio of triple of intervals ([z1, 23], [22, 23], [23, 24]) and its distortion.
More precisely, we estimate cross-ratio distortion for two cases: (7) interval [z1, z4] does not cover any of break
points, that is, diffeomorphism in the interval [z7, z4]. (#4) interval [z, z4] covers some of the break points with
either [z1, 22] or [z3, 24]. In the case (i) cross ratio distortion tends to 1 as length of interval [z, z4] approaches 0.
In the case (i7) cross ratio distortion tends to product of jumps of break points, covered by the interval [z1, z4],
as length of interval [z1, z4] approaches 0.

In the step 2, we establish the existence of subsequence of dynamical partitions of the circle &,(xq) =
{AE") (20),0 <@ < g1, Agn_l)(:ﬁo), 0 < j < gy} that trajectories of break points separate at least two groups
with nontrivial product of jumps.

In the step 3, we construct triple of interval ([z1, 23], [22, 23], [23, 24]) that iteration of the interval [z, z4]
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under the f*(z), s = g, V ¢n—1 covers subset of break points with nontrivial product of jumps either iteration
of f*([z1,22]) or f*([z3, 24]) such that the break points sufficiently close to trajectory of either z3 or zs.

In the step 4, using the steps above we prove that invariant measure is singular w.r.t Lebegue measure.
Let p(z) = pu([0,z]), = € S* be conjugacy between f and f,. Assume the contrary, that is, p(z) is absolutely
continuous homeomorphism. Then Jzo € S! such that ¢'(zg) > 0. In the small neighbourhood of xy we
construct triple of intervals satisfying condition of step 3. If we consider cross-ratio distortion of triple of
interval ([21, 2], [22, 23], [23, 24]) w.r.t f), s = ¢, V ¢u_1, then it differs from 1. On the other side, if we use the
properties of conjugation map it must close to one. This contradiction proves the theorem.

Conclusion. The question of the absolute continuity and singularity of two probability measures is one
of the important problems of modern probability theory. These results confirm that for circle homeomorphisms
with four break points and with an irrational rotation number of bounded type, it is proved that the invariant
probability measure is singular with respect to the Lebesgue measure.
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REZYUME

Ushbu magqolada sinish tipidagi maxsuslikka ega aylana gomeomorfizmlarining invariant o’lchovi
o’rganilgan. Bunda to’rtta sinish nuqtalariga ega bo’lib, sinish kattaliklari ko’paytmasi trivial va
bo’rish soni chegaralangan tipdagi irratsional bo’lgan aylana gomeomorfizmlarining invariant o’lchovi
aylanada Lebeg o’lchoviga nisbatan singulyar bo’lishi isbotlangan.

Kalit so‘zlar: aylana gomeomorfizmi, burish soni, invariant o’lchov, sinish nuqtasi.

PE3IOME

B nanmoit pabore usydaercs MHBApUAHTHAS Mepa TOMEOMOPMU3IMOB OKPYKHOCTU C OCODEHHOCTSI-
MU THIa u3joma. /lokazaHo, YTO MHBAPDUAHTHAST Mepa FOMeOMOP(MU3MOB OKPYKHOCTH C YeThIPbMsI
TOYKAMU U3/I0MA, TPU TPUBUAIHLHOM ODIIEM ITPOU3BEIEHNN CKAYKOB U UPPAINOHAILHOM YHCJIOM Bpa-
MEHUs OIPAHNYIEHHOTO THUIIA, SBJISETCS CUHTYISPHON OTHOCUTEIBHO Mephl Jlebera Ha OKPYKHOCTH.

Karouesnle cao8a: roMeoMOpGU3M OKPYKHOCTH, YUCJIO BPAIIEHUs, MHBAPHAHTHAS Mepa, TOYKa
U3JI0MA.
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RESUME

In the paper stable type p Banach spaces are considered. We extend a result known for independent
random variables to the mixing random variables. A sufficient and necessary condition for stable
type p Banach spaces is given.

Key words: Rademacher type p Banach space, a stable type p Banach space, mixing condition.

It is known that validity of limit theorems in Banach spaces depends on geometrical structure of Banach
spaces (see for instance [1]-[11]). There are several types of Banach spaces. We will consider two types of Banach
spaces.

Namely, we will consider Rademacher type p and a stable type p Banach spaces.

Let B be a separable Banach spaces with a norm |- || and {X,,, n > 1} be a sequence of independent
random variables with values in B. Now we will give a definition of Rademacher type p Banach space.

Definition 1. We say that B is Rademacher type p (1 < p < 2) Banach space if for any finite collection
of B—valued independent random variables X1, X, ..., X,, with EX; =0, ||X7,'||p < o0 there exists a constant

C = C(p, B) > 0 such that

n p

>

i=1

E <CY EB|Xi|.

i=1

Obviously any separable Banach space is Rademacher type 1 space. L, [, spaces are Rademacher type
2 Banach spaces for p > 2 and L,, [, are Rademacher type p spaces if 1 < p < 2. ¢y space is not Rademacher
type p space for any p € (1, 2].
By 6 we denote a real valued stable random variable with characteristic function

Eexp(ith) = exp (— [t|")
{0;, 1 > 1} is a sequence of independent copies of 6.

Now we give a definition of stable type p Banach spaces.
Definition 2. We say that B is a stable type p (0 < p < 2) Banach space if for each g < p there exists a

constant C' > 0 such that for all integers n and any x1, xs, ..., £, € B the following inequality holds
n q\ 1/aq n 1/p
(E > b ) <C (Z ||xi|”) :
i=1 i=1

It is known that B is of stable type p if and only if for all sequences z1, x3, ... of elements of B such that

o0
> ||$1Hp < oo the series
i=1

o0
E 0;x;
=1
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converges almost surely, see [4].

If B is of stable type p, then for independent random variables &1, &o, ..., &, with characteristic functions
exp (—a; [t|"),i=1, 2, ..., n and any 1, 2, ..., T, € B the following inequality holds (see [4])

q\ 1/q n 1/p
(]} <o (Smrer)
i=1
where ¢ < p and C =C(q) >0

Some of above results were extended to the case of mixing random variables.

n
> G
i=1

For the sequence {6;, i > 1} mixing coefficients are defined as following

P(AB) — P(A)P(B
P(k) :sup{| ( P)(A)P((B)) (B) c A€ Fl', Be F5,, ne N, P(A)P(B) > 0}
where F? is a o—field generated by random variables 0, ..., 0;.

We say that the sequence {6;, i > 1} is ¢»—mixing, if lim ¢(n) =
n—oo

Denote S, = > X;.

i=1
We will give some of the results for )—mixing Banach space-valued random variables from [11].
Theorem 1 ([11]). The following statements are equivalent:
1) B is a stable type p Banach space.
2) For any sequence {x;, ¢ > 1} of elements of B such that

(oo}
D lall” < oo
=1

and any sequence {6;, i > 1} of ¥y —mixing identically distributed p—stable random variables with characteristic
function fy, (t) = exp (— [t|*) and

o0
D (k) <oou(1) <1
k=1

the series

oo
E 0;x;
i=1

converges almost surely and in L, ¢ < p.

3) For any bounded sequence {x,, n > 1} of elements of B and any sequence {r,, n > 1} of ¢»—mixing random
variables with

1
P(rp=4)== 1,2, ..
2
> vk
k=1
the series
(o)
>
1 n
o n /P

converges almost surely.
4) For any bounded sequence {x,,, n > 1} of elements of B there exists a choice of £,, = +1 such that the series
oo
En
Z nl/p Tn
n=1

converges.
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Theorem 2 ([11]). Let B be a stable type p (1 < p < 2) Banach space and {X;, i > 1} be a sequence
of symmetric, identically distributed ¥ —mixing random variables with values in B. Assume that the following
conditions hold

D (k) < oo,
k=1

lim nP <||X1\| > nl/p) =0
n—oo

Then as n — oo

1

—7 > Xi =0 in probability.
n

i=1
MAIN RESULT.

Our goal is to give another sufficient and necessary condition for type p stability of Banach spaces. We
will extend Theorem 1 of [7] to the case of mixing Banach space-valued random variables.

Let {X;, i > 1} be a sequence of ¢»—mixing random variables with values in B a separable Banach space

B.
Denote
Ap(X) =sup PP (| X|| > ¢).
t>0
The following is our main result.
Theorem 3. B is stable type p (0 < p < 2) Banach space if and only if
MPSEAELD v 0
i=1 i=1
for all symmetric ¥y—mixing B—valued random variables X7, Xs, ..., X, such that
Ay (X)) <o0,i=1,nn>1
and

Z P(k) < oo.
k=1

Proof of Theorem 3.

Necessity follows from Theorem 1 of [7] where this theorem was proved for independent Banach space-
valued random variables. As independent random variables are )—mixing, the necessity part of the theorem
follows from Theorem 1 of [7].

It remains to prove that in stable type p (0 < p < 2) Banach B (1) holds for Xy, Xs, ..., X,.

It is known (see for instance [4]) that if B is a stable type p (0 < p < 2) Banach space then there exists
p’ > p such that B will be Rademacher type p’. We will use this fact for the Y; = X; I (|| X;] < 1).

As in [7] we have
p< >1>§P<
g

DY
i=1
Now we will use the following

Theorem 4 ([10]). Let B Rademacher type p’ (0 < p’ < 2) Banach space. Then for any finite set of
1®p—mixing B—valued random variables X7, X5, ..., X, such that

n

S,

i=1

>

=1

> 1, max | X;]| < 1) +P(max | X > 1) <
1<i<n 1<i<n

> 1) +§n:Ap (X,).
=1

EX; =0,E||X;|]” < oo,
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> (k) < oo
k=1

there exists a constant C (B, p’, 1) such that the following inequality holds

I)l n
E <C(B, P, ¥)Y EIXi|".

i=1

>x
i=1

Using above theorem and Markov inequality we have
Py

i=1
E

> 1) +57A, (X)) <
=1

’
n p

> Y

i=1

n

+ ZAZJ (X5) <

i=1

C(B. v )Y EIYIl" +) Ay (X)).
i=1 i=1

It is proved in [7] that
/

p

E|Y;|]” = A, (X;).
Y]] pr— » (Xi)
Thus
- C(B, p, ¥)p ) g
(0] 1) = (2525 ) Sy

Xi

Replacing X; by =

as in [7] we get

>x
i=1

p<‘

C n
> t> <D A (X).
i=1
The theorem is proved.
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REZYUME

Magolada turgun tip p Banax fazolari ko‘riladi. Biz bog‘ligsiz tasodifiy migdorlar uchun ma’lum
bo‘lgan natijalarni qorishmali tasodifiy miqdorlar uchun umumlashtiramiz. Turg‘un tip p Banax
fazolari uchun zarur va yetarli shart keltirilgan.

Kalit so‘zlar: Rademaxer tip p Banax fazosi, turg‘un tip p Banax fazosi, qorishmalilik sharti.

PE3IOME

B crarpe paccmarpuBarorcs BanaxoBbie mpocTpancTBa ycroiiunBoro tuma p. Mbl pacmpocTpaHseMm
pe3yabTaTbl, U3BECTHBIE I HE3aBUCHUMBIX CJIy4YailHbIX BeJWYHWH, Ha CJydaiiHble BeJIUYUHBI C IIe-
pemernuBanueM. IIpuBoguTcss HeOOXOIUMOE M JOCTATOYHOE YCJIOBHE JJIsi BaHaXOBOBIX IIPOCTPAHCTB
YCTOWYUBOIO THUIIA P.

Karouesvie caosa: banaxoBo mMpoCTpaHCTBO PaIeMaXepPOBCKOTO TUMA p, BaHAXOBO IIPOCTPAHCTBO
YCTOMYINBOrO THUIIA P, YCJIOBUE ITEPEMETTUBAHNS.
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RESUME

We consider functionals of the sequences of independent random variables with values in Rademacher
type p Banach spaces. Under some additional conditions we prove a strong law of large numbers for
the sequences of such functionals.

Key words: Banach space, a functional of the sequence random variables, strong law of large
numbers.

Strong law of large numbers for Banach space valued independent and weakly dependent random variables
were studied by many authors, see for instance [1]-[15] and references therein. We are interested in strong laws
of large numbersfor dependent random variables with values in Rademacher type p Banach spaces.

We say that the sequence {X,,, n > 1} satisfies a strong law of large numbers if (assuming EX; =0, ¢ €
N) as n — oo,

;iXi — 0 a.s.

Our goal is to establish strong laws of large numbers under some dependence conditions.

Definition 1. A separable Banach space B(with a norm ||-||) is called Rademacher type p (1 <p < 2)
Banach space if for any finite collection of B-valued independent random variables X7, Xo, ..., X;, with EX; = 0,
E||X;||” < oo, i=1,2,...,n there exists a constant C' (B, p) depending on B and p only such that the following
inequality

p
n

BN X\ <c@p)d El1X)",
j=1 j=1
holds.

For the sequence {X,,, n > 1} of independent random variables with values in Rademacher type p Banach
space the following result is known.

Theorem 1([9]). Let B be a Rademacher type p (1 < p < 2) Banach space and assume that {X,,, n > 1}
is a sequence of independent random variables such that the following hold

EXy=0,F ||X]€Hp <oo, k=1,2,...,

oo

E || X|?
S EINL

kp
k=1

Then {X,, n > 1} satisfies the strong law of large numbers i.e. as n — oo,
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leizj;Xi — 0, a.s.

Theorem 1 was extended to the mixing random variables with values in Rademacher type p Banach
spaces.

Definition 2. For the sequence of B-valued random variables {X,,, n > 1}, the mixing coefficients are
defined as following:

¢(k):sup{‘P(A]?(;)PP(?BZ;D(B) . Ae Fp, BGFM,neN}

where F? is a o—field generated by the random variables X, Xo11, ..., Xp-
We say that {X,,, n > 1} is ¢-mixing if lim ¢ (n) =0
n—oo
The following theorem was proved in [12].

Theorem 2. Let B be a separable Rademacher type p (1 < p <2) Banach space. Assume that
{X,, n > 1} is ¢-mixing sequence of random variables with values in B satisfying the following conditions:

X =0, E||Xk||p<oo, k=1,2,...,

¢ =[O +vk) <o,

k=1

i EIIXka
=1
Then as n — oo,

1 n
— E X — 0, a.s.
n

k=1

Our goal is to prove strong laws of large numbers for dependent random variables with values in
Rademacher type p Banach spaces.
Main result.

Consider a two-sided, sequence {Y,,,n € Z} of independent random variables with values in a separable
measurable space T'. We say that {X,,,n € Z} is a functional of {Y,,,n € Z} if there exists a measurable function
f:T? — B such that

X, = f ((Yn+i)ieN) (1)

We say that f is a p-approximating functional (or near epoch dependent) if there exist sequences
{an (m), n>1, m > 1} with a,, (m) — 0 for any fixed n as m — oo and for every m a function f,, : T?m —
B such that

EXn = fon Yo, - Yoim)||” < an(m)for all me N, ne Z. (2)

Examples of such functionals can be found in [16].

As an example, consider a sequence {Y,,n € Z} of independent random variables with values in a
separable Rademacher type p Banach spaces.
Set X,, = Zle 7 @iYn1i, n € Z assuming that the series converges almost surely.
In this case we can take f,, (Yn—m,..-Yntm) as following

fm (YTL—YYM -~-Yn+m) = Z a;i Yy,

n—m<i<n+m
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and (2) means
P

EIXn = fn Vo Yogm) P = E || > aiVopi|| < an(m).
[i|>m
The following is our main result

Theorem 3. Let {Y,,,n € Z}be a sequence of independent random variables with values in Rademacher
type p (1 < p < 2) Banach space B satisfying (1), (2) and EXy, =0, E|[|Xi|” <oo,k=1,2,..,

C
maxa; (m) < — for some C >0, ~v>1.
[ m

Then as n — oo,

leiXi — 0, a.s.

Note that we can consider in (1) one sided sequences with corresponding changes in theorem.
Proof of Theorem 3.

Denote Ng = N U {0}, Sap = a+b YX., abeN.

In the proof we will use the followmg results.

Theorem 4 ([5]). Let 1 < p < oo. Assume that {X,,,n € Ny} is a sequence of random variables with
values in a separable Banach space B satisfying the following conditions:

EX;, =0, FE ||XZ||p < 00, %€ Ny,

Z sup F H k’j | <o
n—0ok€No 2

Then the sequence {X,,,n € Ny} satisfies strong law of large numbers.

Theorem 5 ([17]). Let {X,,,n € Z} be a sequence of random variables with values in a separable

Rademacher type p (1 < p < 2) Banach space B satisfying conditions (1) and (2). Then there exists a constant
C4 (B, p) such that

p

n

>

i=1

E

<, (B,p) ((2m +1)P! ZE | X7 ||P + nPt Zai (m)> ,

i=1 i=1
for all n > 4m + 2.

By C we denote a constant which might be different even in one chain of inequalities.
Denote X! = fr, Yoy, o, Vi), Sno= 2 i XM+ >0 (X — X™).

Using Theorem 5 we have

on_1 P
k-‘r X,

‘:]g ()

P

k+2"—1 p
Zn 0 anSHPEHZ + X;

IN

<

—1 k42" -1 _ k427 —1
oo giwsup (C(B.p) (2m + 17 ST BN 420070 T o ()
Now using conditions of the theorem we get

2m+1 p—1 (3)
CZn 0

2np— T onp—1

St aepsup (2m+ 177 ST BN ) < T o (((2m 1) 20) <

and
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o gosup (2070 S e (m)) < 5000 5 (2007 S maxas (m)) <

Yoo e

(4)

We take m = m(n) = ng, 1< p <7, forn>1 and m(0) = 1. Then series in (3) and (4) converges.

Now Theorem 4 implies Theorem 3. The proof is complete.

10.

11.

12.

13.

14.

15.

16.
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REZYUME

Rademaxer p tipli Banach fazolarida giymat qabul qgiluvchi tasodifiy migdorlar ketma-ketligining
funksionallarini ko‘rib chiqamiz. Ba’zi qo‘shimcha shartlar ostida biz bunday funksionallar ketma-
ketligi uchun kuchaytirilgan katta sonlar qonunini isbotlaymiz.

Kalit so‘zlar: Banax fazosi, tasodifiy miqdor, funksional tasodifiy miqdor, kuchaytirilgan katta
sonlar qonuni.

PE3IOME

PaccmaTrpuBarorcs yHKIMOHAIBI OT MTOCTIEI0BATEIHHOCTEN HE3aBUCUMBIX CJIYIAWHBIX BEJIMYUH CO
3HaYEHUSIMA B 6aHAXOBBIX IMPOCTpPaHCTBax Pamemaxepa Tuma p. IIpr HEKOTOPBIX HOMOTHUTEILHBIX
YCJIOBHSIX JIOKA3bIBAETCS YCUJIEHHBIN 3aKOH OOJIBINX YHUCEJT JIJIsI TOC/IEI0BATEILHOCTEN TaKNX (DYHK-
IIMOHAJIOB.

Karouesnte crosa: BanaxoBo mpocTpaHCTBO, (PYHKITMOHAJ TOC/TIEI0BATEILHOCTH CIIYIaHBIX BEJIU-
YUH, YCUJIEHHBII 3aKOH OOJIBIINX JHCEJI.
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RESUME

This article proposes and analyzes a nonlinear mathematical model of the unemployment problem,
based on the consideration of three main variables: the number of unemployed individuals, employed
individuals, and those not officially employed. The model reflects the situation observed in some
countries with a transitional economy or in countries with a strong agricultural sector, where the
unemployed rarely turn to labor authorities for job placement, which in turn leads to an increase in
the rate of hidden unemployment. The results for the mathematical model were obtained using the
stability theory of nonlinear differential equations.

Key words: Hidden unemployment, system of nonlinear differential equations, equilibrium point,
stability analysis.

The increase in the number of unemployed people in the country is economically dangerous because it
can lead to a decline in gross domestic product and an increase in the social burden on the state. From a social
perspective, it can result in a rise in poverty levels, which may contribute to an increase in crime.

If we define unemployment, then according to the legislation of the Republic of Uzbekistan on employment,
the following individuals are considered unemployed: "Unemployed persons are able-bodied individuals aged
sixteen and older, up to the acquisition of the right to pension benefits, who do not have paid work or income-
generating activities, are seeking employment and ready to start working as soon as a job is offered to them,
or are willing to undergo vocational training, retraining, or skills improvement (except for those studying in
educational institutions).

Persons specified in the first part of this article who have applied to local labor authorities for assistance
in employment and have been registered by them as job seekers are recognized as unemployed."[5].

Unlike officially registered unemployment, there is hidden unemployment. In countries with a transitional
economy or a highly developed agricultural sector, hidden unemployment tends to grow significantly. As K.
Mukulsky states, the reason for this is "employment and self-employment in personal households that are not
officially recorded."[7] The article examines the dynamics of unemployment and proposes a mechanism to reduce
the rate of the hidden economy.

The history of the development of this topic begins with the work of A.K. Misra and Arvind K. Singh,
dedicated to the development of a mathematical model of unemployment. In their article, published in 2011,
they modeled the problem of unemployment using nonlinear ordinary differential equations [1]. The study [1]
considered three main variables: U is the number of unemployed individuals, 7" is the number of seasonally
employed individuals, and R is the number of permanently employed individuals. The model assumes that
unemployed individuals can either obtain permanent employment or become temporarily employed. At the
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same time, temporarily employed individuals attempt to transition from the temporary employment class to
the permanent employment class. It is also assumed that permanently employed individuals may be dismissed
from their jobs or voluntarily resign, thereby joining the class of unemployed individuals.

This study was motivated by the work of Nikolopoulos and Tsanetis, which developed a model for
providing housing to the homeless population in response to a natural disaster [2].

In the future, based on this model, Misra and Singh proposed a nonlinear mathematical model for
unemployment control [3]. In [3], they considered three dynamic variables: U - the number of unemployed
individuals, E - the number of employed individuals, and V' - the number of new job vacancies created through
government measures. In this case, the time delay is proportional to the number of newly created vacancies and
is denoted as U(7—t). In the model [4], Gulbanu Pathan and Bhattachwala also consider three dynamic variables
and assume that there is no time delay from the state and the private sector in creating new job vacancies.
They also assume that the unemployed attempt to engage in independent economic activities, creating self-
employment opportunities, which is essential for their survival.

Given the statements in articles [1], [2], [3], and [4], we proposed a different model of unemployment
consisting of three dynamic variables: U— the number of unemployed individuals, V — the number of unemployed
individuals who have applied to local labor authorities for employment, £— the number of employed individuals.
It is also assumed that employed individuals can lose their jobs and move from the employed class to the
unemployed class. Mortality and population migration are taken into account for each class in the model. A
distinctive feature of our work is that, in describing the model, we use a closed biological model of infection
spread, whereas the researchers mentioned above use an open model [6].

The model was constructed considering three main variables: the number of unemployed individuals
U(t), the number of unemployed individuals who have applied to local labor authorities for employment V (¢) ,
and the number of employed individuals E(t). When formulating the model, we assume that people enter the
unemployed class at a constant rate A and may either migrate in search of work or find employment. In order
to be employed, unemployed individuals must apply to local labor authorities. The number of applications to
labor authorities is assumed to be proportional to the existing job vacancies and the number of unemployed
individuals. It is also assumed that the number of newly created jobs is proportional to the number of officially
unemployed individuals. Additionally, migration levels are considered proportional to the population size of
each class separately. In our study, unlike researchers such as Misra, Singh, Gulbanu Pathan, we used a closed-
type model to better reveal the internal mechanisms of employment. However, in the future, we plan to study
employment issues using an open model, as employment dynamics need to be analyzed in the long term, taking
external factors into account. Furthermore, our model is a modified version of a virus spread model, which allows
us to more accurately simulate employment dynamics and hidden unemployment in countries with a developed
agricultural sector.

The formulation of the model is as follows:

%:A—@UV—HLE—vU

W = UV =6V =V (2)
%=5V—ME—7E

The parameters involved in system (1) are detailed in the following table:

Parameter Descriptions of the parameter
A Rate of increase in the number of unemployed
® The rate of unemployed individuals applying to labor authorities for employment.
I The rate of job loss for employed individuals
¥ Migration rate
1) The employment rate after contacting labor authorities.

Initial conditions at time ¢ = 0:

U0)=Uy >0
V(0) =V, >0
E(0)=FEy>0
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Ut)+V(t)+ E(t) = N(t) = const
WV dE
dat  dt  dt
Here, N(t) is the number of the working-age population at any moment t.
Theorem 1. Let for all, the set Q@ = {(U,V,E) € R3 : U(0) > 0,V (0) > 0,E(0) > 0,0 < N(t) < %} be
positive and bounded, then the system (3.1) has a solution.
Proof. First, we will check each equation in system (1) for positivity.
% > —UV —~yU

dU
s (= _
o > (—UV —y)U

th t
—— > — — )dt
/0 Udt*/o( UV —7)

U(t) > U(0)els (—eUV-dt >

If we integrate the second and third equations in system (1) in a similar manner from 0 to ¢, we obtain the
following inequalities:
V(t) > V(0)elo (U=t >

E(t) > E(0)e)or=midt >

Let’s check for boundedness:
AN _dU_dv dE o
at —at T ar Tae ~ 07

taking limit supremum, we get
A
. <A
t_l}_&n()O supN (t) <
Let’s begin the equilibrium analysis. To do this, we must find the equilibrium point. If we solve each
equation in system (1) by setting it to zero, we can find the equilibrium point.
%:A—(pUV+uE—7U:0
= oUV =6V =4V =0 (3)

9E =6V —uE—vE =0

d
dt %)
dE . (n+7)E”
7 =0 = V= 5
2
aw _y o g 0y +7" Ay
dt o(p =0 +7)(p+7))

Thus, we have found the equilibrium point E,(U*,V*, E*).

After finding the equilibrium point, we must check its stability. We will perform this check by calculating
the Jacobian matrix for system (1).

&3]
~
Q
~
Q
[~

P L A T (e o S
=l £ FZ)= ® U* —6 —~
& 9
U oV O 0 Y —h=T

Let’s introduce the following notations in J:

ar=—pV* —vy
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ag =U" =0 —v
a3z = —pH—=7

To find the characteristic number of matrix J, we must solve the following equation:

a; — A —pU* I
det(J —AE) = | ¢V*  ag— A 0 |=0
0 1) asz — A

A% — (a1 + ag + az) A’ + (a1a2 + a1a3 + azas) X — arazag + VU (gp+ @y — p) =0
bi =a1+az+as
by = aiaz + aras + azas
bs = —arasas + VU (pp + oy — )

Then we obtain the following characteristic equation:
AP+ biA% + X + b3 =0

We will check the stability of the system using the Routh-Hurwitz criterion [8]. According to this criterion, if
the following conditions are satisfied, the system will be stable:

by >0

bs >0
bibg —b3 >0

These conditions are satisfied when V* > U*. Therefore, the system will be stable when V* > U*.

From the equilibrium analysis, we can see that there exists an equilibrium point that is stable for certain
parameter values. This implies the possibility of achieving a stable level of employment. However, changes in
certain coefficients, such as migration or the rate of job applications, may lead to instabilities, which characterize
the growth of hidden unemployment. In turn, this suggests that without government employment programs and
without state regulatory intervention, the unemployment rate may remain at a high level.

The developed mathematical model can be applied to forecast the long-term consequences of employment
policy. For example, by increasing the rate of job placement after an application and decreasing the rate of job
loss, it is possible to stabilize employment. In the model, these actions are represented by the parameters § and
1, respectively. Everything stated above indicates that the model is practically significant.

If we compare the results with previous studies, we can see that the proposed model describes the internal
mechanisms of employment more accurately, such as the balance between employed and unemployed individuals.
Our further research will focus on studying the balance between seasonally employed workers and those employed
on a permanent basis.

In this part, we will consider the following solution to system (1) using the "RK45"method in the Python
programming language. In the graphs below we can see a graphical modeling of unemployment levels depending
on changes in the parameters affecting it. The values of additional parameters are given below: A = 0.1, ¢ =
0.02, w=0.05, v =0.01,

6 = 0.03. Initial conditions for a country with a developed agricultural sector, where the population is about 38
million people, with 60 percent being youth.

U0)=1.6 min., V(0)=045 min., E(0)=142 min.
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In the first graph, we can observe changes in the number of unemployed individuals as the employment
rate increases after contacting local labor authorities:
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Figur 1: Impact of the employment rate on the unemployment rate

In the second graph, we can see changes in the number of unemployed due to changes in the migration
level:
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Figur 2: Impact of migration level on unemployment rate
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In the third graph, the change in the number of unemployed under the influence of migration is shown:
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[«
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Figur 3: Impact of the rate of job loss on the unemployment rate

The present article examines a mathematical model describing the dynamics of unemployment. The
model considers three main variables: the number of unemployed individuals, the number of officially registered
unemployed individuals, and the number of employed individuals. The conducted research has shown that the
proposed model adequately describes the internal mechanisms of the labor market while accounting for the rate
of unemployed individuals seeking assistance and the impact of migration. Stability analysis has revealed an
equilibrium point that remains stable under certain conditions. This implies that, under specific conditions, the
unemployment rate stabilizes.

The practical significance of the proposed model lies in its application for analyzing dynamics and
forecasting the effectiveness of various strategies to combat unemployment. As a particular case, we can illustrate
that an increase in the employment rate and a rise in the number of registered unemployed individuals can
significantly reduce the level of hidden unemployment.

Future research on this topic will continue, taking into account external economic factors and workforce
qualifications. In addition to the methods presented, numerical analysis will be employed in further studies,
allowing for a better understanding of unemployment dynamics.
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REZYUME

Ushbu magolada ishsizlik muammosining chizigsiz matematik modeli taklif gilinadi va tahlil gilinadi.
Ushbu model uchta asosiy o’zgaruvchini hisobga oladi: ishsizlar soni, bandlar va norasmiy ishlayotgan
shaxslar. Model o’tish iqtisodiyotiga ega ba’zi davlatlarda yoki gishloq xo’jaligi sektori rivojlangan
mamlakatlarda kuzatiladigan holatni aks ettiradi. Bunday mamlakatlarda ishsizlar ishga joylashish
uchun bandlik organlariga kamdan-kam murojaat qiladilar, bu esa yashirin ishsizlik darajasining
oshishiga olib keladi. Matematik model uchun natijalar chizigsiz differensial tenglamalar turgunligi
nazariyasi yordamida olingan.

Kalit so‘zlar: Yashirin ishsizlik, chizigsiz differensial tenglamalar tizimi, muvozanat nuqtasi,
turg’unlik tahlili.

PE3IOME

B mammoit craTbe mpejaraeTcs u aHAJU3UPYETCs HEJIMHEHHAS MATEMAaTUIeCKasi MOJIEIb TPOOIEMBbI
6e3paboTHuIlbl, OCHOBAHHAsI HA PACCMOTPEHNM TPEX OCHOBHBIX MEPEMEHHBIX: KOJIMYECTBa 0e3paboT-
HBIX, 3aHSTBIX U HEOMPUIINATBLHO TPYIOYCTPOEHHBIX Jinil. Moe/b oTpaxKaeT CUTyaluto, HabJIro1ae-
MY B HEKOTOPBIX CTPaHaX C IEPEeXOJHOM IKOHOMUKON WM B CTPAHAX C PA3BUTBHIM CEJIbCKOXO3sii-
CTBEHHBIM CEKTOPOM, Te 0e3paboTHBIE PEIKO ODPAIAIOTCS B OPTraHbl 3aHSITOCTU JJIsl TPYAOYCTPOii-
CTBA, 9TO, B CBOIO OY€PE[lb, IIPUBOINAT K yBEJIUIEHUIO yPOBHS CKPBITON Oespaboruribl. PesyabraTs
JITST MATEMaTHIECKON MOJIe/ M OBbLIN TTOJIYYEHBI C HCIOJIB30BAHNEM TEOPUU YCTOWIUBOCTH HEJIMHET-
HBIX JudPepeHITuaIbHbIX YPABHEHUI.

Karouesvie caosa: CkpoiTas 6e3paboTuila, CUCTEMa HeJTMHEHHBIX TuddepeHnna bHbIX ypaBHEHMIA,
TOYKA PABHOBECHUsI, AHAJIN3 YCTONINBOCTH.
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YIK 539.3

TEOPUSA PABHOBECU A IIJIACTUH B HAIIPAXKEHU AX

Axmenos A. B.
HAIIMOHAJ/IbHBIIT YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIVI'BEKA, TAIIKEHT, Y3BEKUCTAH
Ahmedov-1956@mail.ru
No6parumosa H.A.
HAIIMOHA/ILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIVI'BEKA, TAIIKEHT, Y3BEKHUCTAH

PE3IOME

B nmanmoit pabore mpesaraeTcss HOBas TEOPHUs ILUIACTHH B HaIpsiKeHusAX. [logydeHbl pasperraio-
mye ypaBHEHUs B TEPMUHAX IPOJOJIbHBIX YCUJINU, I€PEPE3bIBAIONINX CUJI M BHYTPEHHUX MOMEHTOB.
CdopmynupoBaHbl TPAHIYHBIE YCIOBHUS JJIs IIACTUH B HANPsiKeHUAX. 1loJryaeHHbIe peIleHns: B Ha-
NIPSAKEHUAX OJITHOBPEMEHHO YJIOBJIETBOPAIOT YPAaBHEHUAM DPABHOBECHU:A U COBMECTHOCTHU HAIIPAXKEHUN
Besbrpamu-Mutuesura. CopmysmpoBaHa KpaeBast 3a/ia4a J1JIsl IJIACTHHBI TTOJT JeHCTBIEM CaMOyPaB-
HOBEIIEHHBIX HATPY30K. PereHbl HeKOTOpble TPUKJIAIHbIE 33 Ia4H.

Karouessie caosa: Teopus ynpyroctu, 3ajada B HAIPSIPKEHNUAX, TapaJllesIelInIe]l, TOTeHIual Ha-
MIpsi?KeHNi, B3aNMHO yDABHOBEIIEHHbIE HATPY3KH, IUIAcCTHHA, Bexprpamu-Muraet.

BBenenue

Kak u3BecTHO, B MHKEHEPHBIX TPUIOKEHUSIX JIJII PACIeTa MTPOYHOCTH U KECTKOCTH 3JIEMEHTOB KOHCTPYK-
Ui, ONEPUPYIOT KOMIIOHEHTAMU TEH30pa HAIPSKEHUil, BOSHUKAIOIINE, IIPU ITOM, ITEPEMEIICHUS IIPeICTaBIIsI-
0T cO0Oil 4MCTO aKaJIeMudIecKuii naTepec. Bmecre ¢ TeM, KOppEKTHas ITOCTAHOBKA 3aJIa9¥M TEOPUH YIIPYTOCTH
cdopMyIrpoBaHa B MEPEMEIEHUIX, CJIeI0BATEILHO, HEIIOCPEICTBEHHOE BEIYNC/IEHIE KOMIIOHEHTOB TEH30pa, Ha-
TpsI?KEHN B MTPOCTPAHCTBEHHBIX 3a/avaX He IPEeICTABISeTCT BO3MOXKHBIM. Kitaccuiaeckass MMOCTAHOBKA 3aadH
TEOpUM YIIPYTOCTU B HAIPSKEHUSIX 3aKJI0YAETCS B PEIEHNN TPEX YPaBHEHUI PABHOBECHSI:

0ij; +Xi =0, xze€V, (1)
IIPU BBIIIOJTHEHUHN TPEX CTAaTHUYICCKUX I'PaAHUYIHBIX yC.)'IOBHfIZ
oijnile =S, x€G, (2)

LJi€ 05 5 - KOMIIOHEHTBI CUMMETPHUYIHOI'O TEH30Pa HaHpH)KeHHfI Xi u Si - COOTBETCTBEHHO KOMIIOHEHTHI MaCCOBBIX
1 IIOBEPXHOCTHBIX CHJI. 71; - KOMIIOHEHTBI BEKTODA BHeEITHe HOpMaJIn. HpI/I 9TOM Ha JIMIIO HEKOPPEKTHOCTDL
IIOCTaHOBKHU IIPOCTPAHCTBEHHBIX 3a/1a9 B HaIIPAKCHUAX.

B mockux 3amadax Teopuu yIpPyroCTH, C KCIOJIb30BaHUEM (DYHKIIUU HAIPSXKEHUN DPH, JTOCTUTAETCS
TOYHOE Y/IOBJIETBOPEHNE yPABHEHUSIM paBHOBecHs. [[7g ompesiesleHnsT HEM3BECTHOTO MOTEHITNAIA HAIPSIZKEHUH
HCIIOJIB3YETCS ypaBHEHHEe coBMecTHOCTH Aedopmanuii. Ciie0BaTesbHO, B INIOCKAX 33/1a9aX TEOPUU YIPYTOCTH
MMeeTCsl BO3MOXKHOCTh HEIIOCPECTBEHHOTO UCCJIEIOBAHNS HAIPS2KEHHO-1ePOPMUPOBAHHOTO COCTOAHUS PA3JIIY-
HBIX TeJI.

IlepBble NONBITKM OCTAHOBKH IIPOCTPAHCTBEHHBIX 33,129 TEOPHH yIPYIOCTU B HAIPSKEHUSX IIPEIIIPH-
HATHL B paborax Konosamosa A.H. [1], B KOTOPBIX IPOCTPAHCTBEHHBIE YPABHEHNsI PABHOBECHSI C IPUMEHEHNEM,
TaK HA3bIBAEMOU onepanuu 1eOpMUPOBAHUS, IPUBEJIEHBI K IIECTA YPABHEHUSIM B HAIIPSI)KEHUSX, BMECTE C TEM
UMEETCd B HAJMYUM TOJIBKO TPU CTATHYECKHME MPAHUYHBIE yCaoBus (1.2) B HAIDSKEHUSIX.

B dysnamentanbroit padore Iobeapu B.E. [2] ¢ TpeGoBaHueM BBIOJHEHNs! YPABHEHNsI PABHOBECUST HA
TPaHUIle PACCMATPUBAEMOT'O TPEXMEPHOrO TeJa, JIOCTUTAETCS 3aMKHYyTas 3aJlada IPOCTPAHCTBEHHOU TeopuH
YIPYTOCTA B OTHOCUTEJHHO IECTH KOMIIOHEHT CHMMETPUYHOIO TEH30DA HAIIPSKEHUIA.

B paGore [4] npemioxken BapruanuoOHHO-PA3HOCTHBI METOJ, PEIlleHus] 33/a4u B HAIPsKeHusx. B pabore
[5] mAaHHBIM METOMOM peIIeHBI 33/a9n O KBA3HUCTATUIECKOM DABHOBECHH BSI3KOYTIPYTOTO MapaJlJIeeNnnena B
HAITPSIKEHUAX [IOJT JIeHCTBUEM CaMOyPaBHOBEIIEHHBIX HAIPY30K, B TOM YHCJIE€ U COCPETOTOYEHHBIX CHIIL.
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B pabore [6] BBeZIeHIEM TpPEX TIOTEHINAJIOB HATIPSIYKEHNIH, [OJIb3YICh TIOCTAHOBKOM 3a/1a41 B HAIPSIZKEHUSX
TlobGenpu, pereHbl 33/1a4u O PABHOBECUU TIAPAJLIEJIEIIUIIE A [T0/ BO3AEHCTBUEM PA3JIMYHBIX CAMOYPaBHOBEIIEH-
HBIX MMOBEPXHOCTHBIX U OOBEMHBIX HATIPY30K. 37€Ch, ITOKA3aHO, UTO i IJACTUHBI, KAK IIPEIEJIbHBIA CIydail
apaJiiesennie/1a, MoJyYeHHbIe PelleHNs TOYHO YAOBJIETBOPAIOT YPaBHEHUAM PaBHOBECHSL.

B Teopun miactuH, OOBIYHO BBEIEHUEM IIPOIOIHHBIX YCUIUN, EPEPE3bIBAIONINX CUJI U BHYTPEHHUX MO-
MEHTOB PeIlyuPYIOTCs K JIByMEPHBIM 3aja4aM. B paborax [7-10] npeijiozkena HeKIacCUuIecKas TEOPHsl IIACTUH
6e3 YIPOIIAIONINX [IPE/IITOJIOKEHNI U THIIOTE3 B IIEPEMEIEHUSX.

B mammoit paboTe mpemaraeTcsa HoBasg TEOPUs IUIACTHH B HAIDPAKCHUAX.
OcHoBHas 4acTb

C 1e/1bI0 YIPOITIEHNsT BBIKJIAIOK [IJIsT PACCMATPUBAEMON 33/1a91 IIPE/IITOIOKIM, ITO HA IJIACTUHY C TOJI-
MMHOM - h, HefiCTBYIOT TOJBKO IHOBepXHOCTHBbIE HArpy3ku (X; = 0) u UpAMOyroJibHAs JeKapToBas CUCTEMA
KOOD/IMHAT PACIIOJIOKEHA B T€OMETPUYECKOM IIEHTPE paccMaTpuBaeMoil macTunbl. HopMasbHyo, K cepeunHHON
[JIOCKOCTH ILIACTUHBI KOOPJMHATY, 0003HaYasi Yepe3 — z, OylIeM UMeTh KOOPIAUHATHYO cucremy- Or1Toz, TOrIA
B MHJIEKCAX TEH30pa HAUPSXKEHUI CJIelyeT BBECTU 3aMeHy 3— > z, CJIeIOBATEIbHO, ypaBHeHus pasHoBecus (1):

0ij,5 +Jiz,z =0
957 (3)

0zjj + 0222 =0

n benbrpamu-Murdenna npuMyT BUIT:

AO’ij + 0ij2z + 1-4-% (Ukk + Uzz),ij =0
Agiz + Oiz,zz + H-% (Ukk + UZZ),iz =0 (4)
AUZZ + %0—22,22 + H%Ukk,zz =0
l—Ipe)':LHOJ'[O}KI/II\{7 YTO Ha IIPOTUBOIIOJIO?KHBIX IIJIOCKOCTAX IIJIACTHUHBI, II0 HOpMaﬂbHOﬁ KOOpJIMHATE -Z jleﬁ-
CTByeT HOpMaJbHBIe —qL (1, T2), U KacaTelbHble HATPY3KH - —qii (21, x2) ocrajbHBIE I'DAHU CBOOOJHBI OT Ha-
IPY30K.

Tora cOOTBETCTBYIONINE TPAHUYIHDBIE YCIOBUS HA MMPOU3BOJIBHBIX IPAHAX MAPAJIIeICITUIIE A MOXKHO 3aIln-
CcaTh B CJEIYIONEM BUJE:

Ozi = q'ii(zlaxz)a

Ozz = q;t(xlaxQ)a pun z = +—

2 (5)
Oiz,z = —045,5,
— +
Ozz2,2 = _qi’i(l‘17$2).
011=0, o0129=0, 01,=0, -
1 1
Oig + im0, wpn 1 = 2, L, ©)
Ozz,2 T O0ziyi = 0,
021 =0, 022=0, 02,=0, l l
2 2
Oijj + iz, = 0, IIpA Lo = 9 o (7)

Ozz2,2 + Ozii = 07

JlJIst IUTACTHH MCKOMOE PellleHne B HAIPSKEHUSAX [IPEJICTABUM B BH/IE [IOJIMHOMA [0 HOPMAJILHON KOOD/IU-
Hate z [6]:

1 12

Ory = ENZ + ﬁMzz — ®y(2)C — ®3(2)D
N, 12

Oy = 7 + ﬁMiZ — (I)Q(Z)CZ — ‘bg(Z)Di (8)
N;; 12

035 = J + fMijZ — (PQ(Z)OZJ — (I)g(Z)Dw

“h R3
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e,
N, h/2 [Ozz M, h/2 [O0zz
N; | = / i, | dz, | M; = / oir | zdz,
Nij /2 \oi M;; “hi2 \oi
h? 22 3h? 20 22
By(z) = = (1-122) @ = (-2
2(2) = 15 ( h?)’ 3(2) 20 < 3 h2) ‘
[Ipw 3TOM, MMEET MeCTOo f ny2 Or(2)dz =0, fh,{jz Jzdz =0, r=23.

IMocsie ynoBIETBOPEHNST TPAHUIHBIX Yea0BHi (5), 71T HODMAJIBHBIX 0, U KACATEJIBbHBIX 0, HAIPSKEHUI
OyJleM MMeTb CJIEIYIONINE BhIPAXKEHMUST:

3 h? z 1 22
Ozz = % z+12 +3E Qz+6mi,i 174?
1 2
—1 <1 12? + 6 )
1 22
— 2 1—12h— —|-40
9
. 3 N; +§ h3 L z 9)
Oiz = 2 h 2 z_],] qi h
1 2
1 <1 12ﬁ + 6 40>
1 22 z
- 1—12—— 40—
4< w05 +405 >
rue
hb h?
P = 360013] + 12(]72’Dij7j =0,
h? h?
Mz z PSR
10% T "M
N, =m, + hj%’i (10)
127"
+ J—
quq;r—q; mz:qz—;qzhv
+ -
=4 —4 > miziqz—;qlh

ITocsie nozgcranosku (10) B (9) mosyduM OKOHYATENBHYIO (DOPMYILY IS O,

7= = o\ T 12 =T 6™ ) 12

1 22 z
——(1- 6= —40= | ¢F 11
4 < h2 oy h3) (11)
1 22 z 23
—=(1- 4 -
4< 252 Oy T Oh3)qz’
B gacTHOCTH, U3 IOy I€HHOTO BBIPAYKEHUS TSI 0, , U (10) cJIeAyeT 9TO, 1PN qj =—q, =4z, qj =gq; = 0,

Oy/eM MMeTh:
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N, =0,

h2
M, = g qz,

3N; 30 22

z 23
Oyy — (Sh — 4h3) q.

a g caydas ¢ = q., q; =0, q;r =q; =0, 6yzem umMeThb:

h
Z_2q27

h2
Mzzi E2)
10

— 1+§E_2£
UZZ_qZ 2 2h h3 M

311ech, BBIpaXKeHNE HOPMAJILHOTO HAIPSIY)KEHUs- 0 ,,, COOTBETCTBYET IpeioxKeHHoi dopmysie Peiicaepa
[10]. KoMIioHEHTBI T€H30pa HANIPSIXKEHU 0, U 0, BOIPEKU U3BECTHBIM KJIACCHYECKUM U YTOYHEHHBIM TEOPUIM
wiactud [11] HeTPUBUAIBHBI U TOYHO YJOBJIETBODPSIOT 3aJAHHBIM I'DAHUYHBIM YCJIOBHAM, YTO CBUIETEIIbCTBY-
€T O IPEUMYIIEeCTBe INIPeJIOKEHHOI Teopuu. HewmsBecTHble DyHKINKA IPOJIOIBHBIX U IOMEPEYHBIX KOOD/INHAT,
yuaactByiomue B BbipaxkeHusix (8)-(11) moguexkar k onpenesnennto. C IeIbI0 UX OIpeJIeJeHNs] B YPABHEHUSIX
pasrosecusi (3) u Benbrpamu-Muruesuia (4) npoussejeM CTAHIAPTHYIO IPOIEAYyPY WHTEIPUPOBAHHUSI 11O TOJ-
IMUHEe paccMaTPUBAEMOIl IIJIACTUHBL:

AMij + (ZO’ij’z)
AM1 + (Zgiz,z)|

AM, +

Nijj+4¢ =0
Nii+4q.=0 (12)
Mij’j—Ni+mi:0
MM—NZ+mZ:0
ANij +0'ij,z n + r (Nkk +NZ),ij =0
h
: 1 o 13)
AN; + Ciz,z N + m (Ukk “V‘Uzz)ﬂ L =0 (
2
: P E
+v
ANZ 2z,2 z _0
+1+ Oz, +1+V0'kk, -
5 L
|_% — Jij|_% + 110 (Mkk +MZ)7z'j =0
h h 1 b
5y oulfy o (eom + 0e) )l — Vi 4 V)] =0 14
2 2 1+v 2 '
2+v & 1 3
m (ZUZZ,Z - O-ZZ)|iL2L + m (Zakk,z - O’kk)|i}§b = O

Ipurumas Bo BHuMaHue (8) GyjeM MMETb:
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h h
Tijz <2) — Oijz <2> = 2hC;j
h h 12
Tij.j (2> — Tijj (2) = =4z (mi — Ni)
h h
05,5 (2) — 04jj <—2> = Gi;
h h
Ozz2,i (2> — 022, (_2) =4z,
h h
Okk,z (2> — Okk,z <—2> = 2hCiy,
h h 12 h3
Okk,i <2> — Okk,i <2> =5z My ; + EDkk,z
h h 24 6h2
Oij,z 2) + O0ij,z <_2> = EMU + ?Dz‘p

h
2
h 120 12
. BN Ik V/ R
) +Uzz,z ( 2) B3 i+ h qis

N
S
. P
M~ N /N N> /NN N
[ o N>
| |
Q :
Y .
7N
NS
~__
Il
2

Q

n

n
7N
[NCR
N~ N>

|

Q

n

n
N
| =
N~
S

h 2 h?
Okk,i +orki | —= | = 7 Nekyi + - Chk,is
2 h 3 (15)
h 2
02z, + 022, _5 = Emz,za
h 120 12
Oz2,2 ) + Ozz,2 <_2> = _WMZ + Fq,za

h h 24 6h2
Okk,z (2> + Okk,z (—2) = ﬁMkk + ?Dkky

h h 12 h3
Okk (2> — Okk <2> = ﬁMkk + TODkk.

u nozcrabisist ux B (13) - (14), npu 9TOM cBepThIBasi €PBble YPABHEHUS] 9TUX CHCTEM, YUIUTBIBasl rpa-
auanble yciaosus (5)-(7) u BbIpaykeHus jig TeH30pa Hanpsikenuii (8)-(9), a takwxke Boipaxkenmii (10) mocse

HEKOTOPBIX MATEeMATUIECKHX BBIKJIAJI0K OyIeM MMETh OKOHYATEILHYIO CHCTEMY MupPepeHnaaIbHbIX ypaBHe-
HHI:

h2
ANy, = [VA <mz + Qk-k> —(1+ V)Qkk}

12
12 112 (16)
AN; — ﬁ(Ni —m;) + mﬁMkk,i +Q,;=0
thkk == *(1 + V)ANZ + (2 + V)Qk-k
h? h?
kk =V <10qz + 60m7,,z> (14+v)(mi;+q.)
60
AM; — 5 M;+5¢; +T; =0, (17)

h2
h3
o Dix = —(1+ V)AM + (24 v) (mii + gz)
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Q= e (2+v)(mii+q.)— (1+v)A e Jrh—2 i) )+
T 145 V)M T 4z YIS\ 10% T ) ) T

J ! i (I+v)A +h2 +(2+v) U
= — —_— l/ — . —_— — .
1 T 12 mz 12Qk k V)Qk.k 12(]k k

B monyuennsix ypasaenusix (16) u (17) Bropble ypashenusi, quddepeHnupyst 00 Z; U CBEPTHIBAas WX
[TOJIy9MM YCJIOBUSI PABHOBECHOI'O COCTOSsIHUSI IO BHEIIHBIM HArPy3KaM ¢, U ¢;, YCJIOBUS IIPU KOTOPOM He Oyier
IepeMeIIeHns IJIaCTUHBI KaK »KECTKOe TeJIO:

1
6
2

h
—A AT =0.
15 Dk k + AT

24 6 v
-Aq. + w2 (mi,i + QZ) + gmA <Qz +

mi,i) +AQ =0,
(18)

Taxnm 06pasom, oTHOCHTETBHO Hem3BeCTHBIX M;j;,N;; ,D;;,C;; ,N;,M; 6yieM IMeTh cJleTyToIue CHCTeMbI
16 B3ammocBsazanubix AuddepeHnnaabHbIX YPABHEHUI B 9aCTHBIX [TPOM3BOIHBIX:

Nijj+q =0,
360 30
Cijj — ﬁMl + 3= 0,
h2
ANkk = |:VA (mg; + 12(]167]@) — (]. + I/)Qk’k:| s ’ (19)
1+v h? 2+v
Cri = — Alm,+ — 7 Uk k>
kk oh [ (m + 12%,1@” + op kK
2 1 12
AN; — ﬁ(Ni —m;) + mﬁMkk,i +Q,:=0.
Mijyj — NZ +m; = 0,
Dijj =0,
h? h?
AMyp =vA | —q. + —m;; | — (1 i +42),
= v (g0 + ggmas) = (L »)mas + 0 .
9 B2 2 ’
Dy, = e [—(1 +v)A (qu + 60mt,i) + @2+ v)(mii+4.)|,
60
AM; — ﬁMz +5¢; +J: = 0.

U3 rpanngnbix ycaosuit (6) u (7) Ha Kpasx ILIACTHHBL OyJIeM UMeTh CBOOOJHbIE IPAHUIHbIE YCIIOBUS JJIst
9TUX MHTErPAJIbHBIX BEJIUYUH:

N1 =0, Nig=0, M; =0, Mi2=0, My =0, N;i=0
Nijj+a¢=0 My;—Ni+m;=0, Ci1=0, Ci2=0
1+v h? 24v
Cog = — A 2+ — - , I 1
22 2h [ (m + 12%’6)} T e upn ) =~ (21)
D1 =0, D=0,
2 h2 2
Doy = 73 [—(1 +v)A (qu + 60mi’i> + (24 v)(mi; +qz)
Noo =0, N2y =0, Mep=0, My =0 M;=0, Na=0
Nijj+a =0, My;—Ni+m; =0, Coy=0, Dy =0,
1+v h? 2+v
=— A :t =i , la 1
Cn 2h { (m * 127 ﬂ i on I* upu Ty = —52, 52 (22)
Co1 =0, Ds =0,
D _ 2 -(1+v)A » +h—2m~ +2+v)(mii+q.)
11 — h3 10‘]z 60 1,1 1,1 q-
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Taxum ob6pa3oM, mMeeM HOBYIO IIOCTAHOBKY 33/1a4 O PABHOBECUU ILIACTUH B IIPOJOJIBHBIX YCHUJIHUSX, II€PEPE3BI-
BAIOIIUX CHJIAX W U3rUOAIOIIIMX MOMEHTAX, C IMOMOIIBI0 KOTOPBIX HEIOCPEICTBEHHO BBIYHUCJISIFOTCST KOMIIOHEHTHI
CUMMETPHUYHOI'O TEH30pa HAIPAKEHUI.

O6cyxk/1eHue pe3yIbTaTOB
KpaeBasi 3agaya B moTeHIuaJax.

ITycTs BHemHne KacaTesJbHBIE HAIPY3KH SIBJISIIOTCS IOTEHINAIBHBIMA, T.€. ¢; = (4, M; = M,; . BBemeMm B
PacCMOTPEHMH Jls MCKOMBIX nepeMeHHbIX M;j;, Nij, Dyj, Ci; dynxumio 9pu B ciejyioneM BH/Ie:

M;; = (AM — hq + Q) 05 — M 44,
Nij = (AN —q) 6;; — Nj,
360, 30 (23)
Cij = (AC + 7T h3 q> 5” — C,ij, )
Dij = AD 5ij — Jj
IIPU 9TOM, KaK CJIEJICTBAE, C YIeTOM BBIDasKeHUIT Juist nocsaeqanx ypasaernit (19)-(20) MOXKHO TOIOKATH
N, = Q,; u M; = T,;, Torna ypaBHeHHs] PABHOBECHsI B MOMEHTaX U IIPOJOJIBHBIX YCUJIUSIX, & TaKKe BTOPbIE

ypasrenus oraocurensuo Cy; u Dy; B (19)-(20) cranossarces toxaecrBaMu. Torna, BMECTO CHCTEMbI U3 BOCHMU
ypasuenuii (19)-(20) GyzeM umeThb CJIEIYIONYIO CACTEMY U3 TPEX YDPABHEHWIA:

2
AAN =vA <mz + }112Aq> —(1+v)Aq

720 1 h? 1+v 60
- _ n _ o 24
AC + h5T o |:(2+I/)Aq (1+V)12AAq] o Da+ 5 (24)
—v12 112
BQ+ T a (@ m)+ i M+ Q=0
h? 1
A(AM —2m +2Q) =v EA(qz + éAm) —(1+v)(Am+q,)
2 h2 2
AD = 73 { (1+v)A (10qz + Am) +24+v)Am+ Ch)] (25)
60
ATfﬁT+T+5q:O

Ipanuunbie yenosua (21), (22) na cBOGOAHBIX Kpasdx IJIACTUHBI B TEPMUHAX HOTEHIUAJIOB IPOJOIbHBIX
yeuuit- N, mepepe3nlBaoONnX yCuauii-() 1 BHyTpeHHBbIX MOMeHTOB-M , a takxke muist C';, D ¢ ydeToMm TOXKIe-
CTBEHHOI'O BBIIIOJTHEHUSI COOTBETCTBYIOIINX yPABHEHUI PABHOBECHS HA IPAHUIIE, IPUMET CJIEAYIONENl BU/I:

)

N=0, N;=0, M=0, M;=0, .
npn z; = £3 (26)
CZO, DZO, Q,izoa 7:71:07

J1s1st IPOCTATHI PACCMOTPUM CJIydail B3ANMHO YPABHOBEIIEHHBIX BHEITHIX HATPY30K

¢t =-¢=q¢, "=-q¢ =q¢ m.=0, m=0.

JlJist 9THX HArPY30K cucreMy ypasHeHuit (24) u (25), MOXKHO 3amucaTh B 60Jiee KOMIIAKTHOH dopme

AAN = v AAg+ Ag(1 —v)
AC + 720T_i [(2+y) Ag—(1+v) ;AAq} 1+VAq+ hsq (27)
AT — 9T +5¢ + 2 (Aq - ﬁAAq)
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A(AM +2Q) — vBAq. + (1+v)g. =0
2
AD = h% —(1+ I/)h—qu +(2+ V)qz> (28)
2
AQ + %%Q + 1+1/ 12AM + 5(71?;)‘12 - %qu =0

U3 (27) cnenyer, uro upu ¢ = 0 mememyienno cieayer, uro N =T = C = 0.
elicTBue monepedyHoii 1 KacaTeJIbHOII HArpy3KW HA MJIACTUHY.
IlycTs Ha miacTuny mefCTBYIOT MPOU3BOJILHBIE CAMOYPABHOBEIIEHHBIE HAIDY3KU:

¢ = q-(21,72), q=q(x1,72)

st paccMaTpuBaeMoii KpaeBoit 3a/1ady Kak CJieJyeT M3 DAHUIHBIX ycjoBuit (26), uis MOTEHIMAIOB
pellleHre MOYXKHO MPEJICTABUTHL B BHUJE OECKOHEUHBIX TPUTOHOMETPUYIECKUX PSIJIOB CJIEIYIONIETO BHUIA:

N(l‘l, 552) Nnm
M(xh .272) Mnm
Q(xlv 332) o — — Qnm
T(l’l,lﬂg) - Z Z Tnm (pnm(xl,-TZ), (29)
C(xlv 1'2) n=om=0 Cnm
D(xla 372) Dnm
rie
2nmw 1 6nmw . 2mm 1 . 6mn
Onm(Z1,29) = [sin —x1 — = sin —x1 | |sin ——x9 — = sin To
ll 3 ll l2 3 lg

6a3ucHble (DYHKIUA TOYHO YJ/IOBJIETBOPSIOT IPDAHMYHBIM ycjaoBusaM. [Ipu sToM 3Tm GazucHble byHKIAN
B BUJle OMHOMA, SIBJISIIOTCsI OPTOHOPMHMPOBAHHBIME, TeM CaMbIM obeclieunBas HOJIHOTY pernenuii (29), B Buze
GECKOHETHOIO TPUTOHOMETPUYIECKOro psna. OTKya ciejyer, BHENIHAE HAPY3KU ¢, (r1,22) u q (z1, 23) Takxe
JIOJIZKHBI PA3JI0YKeHbl B OECKOHEUHbBI TPUTOHOMETPUIECKUI PsiJl IO 9TUM OasucHbIM (GyHKIusM. Torma BMecTo
cucreMbl quddepeHnnaabHbIX YPABHEHUI MOy INM CJIEYIOIIYI0 CUCTEMY aare0OpandecKux ypaBHEHUI:

Qern n? ’Ynm
Npm = e (1 +rv—),
1 Rz nm
Mnm:_')/i'm |:1+V+VT7” qnm+2%7m’
1 'Y 2.2
Qnm = 12h(1+0) |:2h27;21m (1 +v nm) qnm — h ’Ynmq,znm:| )
7o 11 5 _ IRy, My, ’ (30)
g0 rEE, |07 T (dy) 144 Qnm;s
3
2 1 W Yam 1440
h*Cppm = ZV 1- 12 Gnm + 32 Tnma
3 ___1 _ Q+v)h®y2, _ 480

rae

wmr\2 /2 2 omn 2 (1,
y2 =2 (mr) +<mﬁ) P / / G@ne) | ) diedi
9 ll 12 dnm 7171 xlaxQ)

B katecTBe BHeNHEH HOPMAJILHOM HATPY3KNA PACCMOTPUM BO3/IEHCTBUE TTOMEPETHON, TPUIOKEHHON B TOU-
ke M (X710, X50), caMOypaBHOBEIIEHHO COCPEeIOTOYEHHOM Citbl, Ipu z = +h/2, HA CBOGOHYIO MIIACTHHY

qZ(Il,SCQ) = P§(I1 — 21310) 5(I2 — Igo), (31)

rie §(x) - dynkus Jupaka
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A s moreHImaIa KacaTeJIbHON HATPY3KU BBEJEM CJEYIONIYIO (DYHKIUIO:

q(x1,29) = %O [H(ﬂﬁl —210) — H(z10 — 961)} [H(Cl?z — 290) — H(z20 — xz)], (32)

OTKy,Ha, JJ1d KaCcaTeJIbHBIX Hany3OK 6y,ZLeM NMETDH
q1(71,72) = %0 6(z1 — x10) [H(JUQ — Tg0) — H(w20 — 332)],
@z, x2) = %O |:H(-T1 —x10) — H(z10 — 531)}5(362 — Tap).

Torma myist K03 PUIMEHTOB BHEITHUX HATPY30K OyIeM UMETh :

qum _
qnm
/121 /122 P5($1 — 3310) (5(1‘2 — IL‘QQ)

@mm(x y L )dx dry =
-4 K [H(m —x10) — H(z10 — xl)] [H(mz — 90) — H (w20 — x2)} 1,2 1dxzo

4
. 2nm 1 . 6nm . 2mm 1 . 6mm
= P [sin —X10 — 7SI ——X790 SN ———X2p0 — 7 SIN ———X20 | ,
ll 3 ll 12 3 l2
qo 2nm 6nm 2mm 6mm
———— |COS ——T19 — COS ——X COS ——T0 — COS ——T
16m2n? I 10 I 10 I 20 I 20

Taxum obpaszom, aro upu x19 = 0, 19 = 0 paccmarpuBaemas 3a/1a9a IO BCEM OCSIM CTAHOBUTCS a0COJIIOTHO
CUMMETPUYHOMN, [JId KOTOPOII B TOYKE IIPUJIOKCHUS CaMOYPaBHOBEIICHHON COCPEIOTOYCHHON CUJIbl 3HAYCHUE O, ,
6eckonevHO. Bee ocTasibHbIE KOMIIOHEHTBI HAIIPSI?KEHUN JIJIT PACCMATPUBAEMON 33,1241 TPUBUAJIBLHEI.
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REZYUME

Mazkur magqolada plastinalar nazariyasining kuchlanishlardagi yangicha talqini taklif etilgan.
Bo‘ylama kuch, qirquvchi kuch va ichki momentlar terminida yechimga ega bo‘lgan
tenglamalar olingan. Plastinalar uchun kuchlanishlardagi chegaraviy shartlar shakllantirilgan.
Kuchlanishlarda olingan yechimlar bir vaqtning o‘zida ham muvozanat tenglamalarini, ham
kuchlanishlarning birgalikdagi tenglamasi bo‘lgan Beltrami-Mitchell tenglamalarini qanoatlantiradi.
Of‘zaro muvozanatlashgan yuklanishlar ta’siri ostida bo‘lgan plastina uchun chegaraviy masala
shakllantirilgan. Ba’zi amaliy masalalarga yechim topilgan.

Kalit so’zlar: Elastiklik nazariyasi, kuchlanishlardagi masala, parallelepiped, kuchlanish potensiali,
o‘zaro muvozanatlashgan yuklanish, plastina, Beltrami-Mitchell

RESUME

In this work, a new theory of plates in terms of stresses is proposed. Governing equations are derived
in terms of axial forces, shear forces, and internal moments. Boundary conditions for stress-based
plate theory are formulated. The obtained stress solutions simultaneously satisfy the equilibrium
equations and the Beltrami—Mitchell stress compatibility conditions. A boundary value problem is
formulated for a plate subjected to self-equilibrated loads. Some applied problems are solved.

Key words: Theory of elasticity, stress-based formulation, parallelepiped, stress potential, self-
equilibrated loads, plate, Beltrami-Mitchell
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YIK 512.548

O HOPMAJIbBHBIX ®OPMAX I HEKOTOPHIX CBONCTBAX JIMHEMHBIX
KBABUTPVYIII U KBABUTPYIIII CMEIITIAHHOTO TUIIA IIEPBOT'O (BTOPOTO)
POJIA

JIABJIATBEKOB A. A.
JEHAYCKUN UHCTUTYT IPEJIIPUHUMATE/IBLCTBA U IEJATOTUKU, TEPME3
akimbekd@mail.ru
CosuproBA M. P.
,Z[EHAYCKI/Iﬁ NMHCTUTYT NPEJAIIPUHVUMATEJIbLCTBA 1 IIEJATOI'MKH, TEPME3
mavjudasobirova79@gmail.com

PE3IOME

Ksazurpymnmbl, rimaBHbIM 00pa30M H30TOIHBIE TPYIIIE, abeIeBoi TPYIIe, 0COOYIO PO UTPAIOT JIN-
HefiHble KBa3UTIPYIIIIbI, aJIMHEAHBIE KBAZUIPYIIILI, 0GOOIIGHHBIE JIMHEHBIE KBA3UTIPYIIITbI (JIMHEHHbIE
(cniema), cupasa, ajguHelHble (cjeBa), CIpaBa, CMENIAHHOIO THIa Iepsoro (Broporo) poga) u T-
KBa3HI'PYNILL. B manHO# paboTe HaéTcsad XapaKTEePHCTHKA OOOOIIEHHBIX JTHHEHHBIX KBASUIPYII, 2
TaKzKe JIMHEHHBIX KBa3UTPYIII ¢ moMommbio A- dopm kBasurpynmsl. CrielyeT OTMETHTD, 9TO B pabo-
tax [1-2] mexoropsle ceoiicTBa T-kBasurpyums! B |3] auneiinoit kBasurpyumne, B [4| jeBbix (IpaBbIX)
JINHEHHBIX KBA3UTPYII M3yYAJIUCh C IMOMOIIBIO KBA3UTPyI A-dopMbl. AHAJIOIMYHO JUJIsT KBA3UI-
PYIIIbI CMEITaHHOTO THUIA MEePBOro (BTOPOrO) pojia 3TH CBOHCTBA JOKA3aHBl C MOMOMIBI0 A-pOpMBbI
KBa3UIPyIIl. KpoMe TOro, yCTaHABIMBACTCS CBA3b MEXKY PA3JUYHBIMU BUJAMU KBA3UIPYIIILI CMe-
MIAHHOTO THUIIA TEPBOTO (BTOPOro) poja ¢ T-KBazurpyTms.

KirroueBbie ciioBa: anmHelinast KBa3UI'PYIIIA, JUHEHHAT KBA3UTPYIIA, (OPMa KBa3UTPYIIIIbI, KBa-
3UTPYIITA CMEITAHHOTO TUTIA TIEPBOTO POja KBa3UTPYIIIA CMEIAHHOTO BTOPOTO POJIa, SHIOMOPMU3M,
aHTHABTOMOP(U3M, KBazuaBromopdusm, T-KBasurpyimia.

B Teopun sinHeHHBIX KBA3UTPYIIT BA2KHYIO POJIb UT'PAIOT TPYIIIBI, N30TOMHbBIE STUM KBasurpymmaMm. Muao-
rue pe3ysIbTaThl, & TAKKe BAaXKHYI0 MHMOPMAIUIO O CTPYKTYPE JNHEHHON KBA3UTPYIIBI MOXKHO HOJIYIUTH I0-
CPeJICTBOM M30TOMHOI rpynmbl. [ToHsATHE M30TONNK HA KBA3UI'PYIIIBI CJIELYIONIMM 00pPa30M, UTO KBa3UI'PYIIIA
(Q, Q) MoHOMY, TOMYTpyLIIE, IpyIIe, abesesoii rpymnme (Q, +), ecan jJist n—apHoii onepanuu A € ) cymiecTBy-

0T HOJCTAHOBKE o', ... ) B4 muoxectsa @ Takue, 4To
_ a1 A A A
(I1,$27...,In) - /BA (al L1, Qg ng,...,OLnxn) )
JUIs BCEX X1,T2,...,%n € Q. Ecmm B, = 1 (1— eauamanoe orobpaxkeHusi) Jyist Bcex A € ), To m3oTONNS

Ha3bIBACTCA IVIABHOI.
Kpaszurpynna (Q, ) HasbiBaercs «juHeiiHol Hax rpynnoit» (Q,+), eciu (Q, ) umeer BUL T -y = @ +
c+ Yy rme o, € Aut(Q,+) ,c— duKCHpOBaHHBII 1eMEHT MHOXKecTBa @), [5].

Kpasurpynmna (@, -) Ha3bIBA€TCsI «CMENIAHHOIO THIIA 1IepBOro (BTOPOro) poja Haj rpyumoiis (Q,+), ecin

(Q,) mmeer Bu: x-y =gpr+c+vy (x-y=@r+c+vy ), me ¢ () € Aut(Q,+), ¢ (@) € Aaut(Q,+),c—
bUKCHPOBAHHBIN 3JIEMEHT MHOXKeCTBa (), [6]

Bce neoGxonmmble cBefennst 0 A— dbopMme KBa3UTPYIIBI MOXKHO Hafitn B paborax [7-9].

_ Ompegenenne. Ilycrs(Q,-)- KBasurpynia cMemaHHOrO THIIA TIEPBOTO (BTOPOTO) poja: x -y = @ +
ety (@ y=gatctiy), uersepka((Q,+), ¢, ¥, ¢) (Q,+), &, ¥, c)) rae ¢ (V) € Aut(Q, +), ¥ (¢) €

Aaut(Q,+),- c— bUKCUPOBAHHDI JIEMEHT MHOXKECTBA (), TO HA3BIBAETCS HOPMAJIBHONU (hOPMOil KBa3UTPYIIIIBI

(Q,+) u obosnauaercs cieyomum obpasom: A = ((Q,+), ¢, ¥, ¢) (A= (((Q,8), a, ¥, ¢))). Ipynna (Q,+)

HazbIBaercsd A - rpynnoii kBazurpymnusl (Q, ) .
,Z[OK_aSaTeJ‘II:CTBO. I/I_3 YCJIOBHSX JIEMMBI CJIE€AYET, 9YTO T Y = ©1& + €1 + 7,/31y = p2x P ca D 1/_ng, x-y =
RY o1+ 1y = RE pox @ 1hoy tine RE 12 = o120+ ¢1, RE pox = pox @ ¢z 1o ects rpymusl (Q,+) u (Q, @)

U30TOMHBIL, Torja mo reopeMM Anbepra [8] rpymmer (Q, +) u (Q, @) usomopdHsL, TO ecth (Q,+) = (Q, D) .
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CaencrBue 1. Ilycrs (Q,-)- KBasurpynma CMEIIAHHOTO THIA BTOPOTO DPOJA, MMEKIAs JBe CMe-
manHHoro rtuna sroporo poma A - dopmbr Ay = ((Q,+), g1, Y1, c1)u Ay = ((Q,D), P2, V2, c2), Tae
Y1 € Aut(Q,+),p1 € Aaut(Q,+) u s € Aut(Q,®),p2 € Aaut(Q,®),c1,c2 € Q. Torga rpynust (Q, +) u (Q, D)
uszomopdubl, TO ecTh (@, +) = (Q, ) .

Jlemma 2. Ilycrs (@, )u (Q,*) KBa3urpylma CMEIIAHHOTO THUIA IIEPBOTO POJA HAJ, OAHON TpyNIION
(Q,+) -y = prx+yuxxy = @ox + Yoy tae c1,cp = 0 Hymesoit snement rpymmst (Q,+) .Torma
kBasurpymna (@, )u (Q,*) U30TONIHBI, IpUIeM u30TOIM UMeeT BUI — («, 3,€), Takoii, uro a € Aut(Q,+) u

B € Aaut(Q,+).

JlokazaTenbeTBo. 13 yCIoBIAX JIEMMBI UMeeM T+ = 12+ 1y 1 L%y = P2 4oy, TOTIA €Cln T+ =
oy ey ty maty = o) ey ty mo o7 e Ty = @) tehy ty wma o7 we Ty = 5t s My = awx By,
e o = @y Lpy,8 =y ", mostomy o € Aut(Q,+) u B € Aaut(Q, +).

CaencrBue 2. Ilycrs (Q, ) u (Q,*) KBasurpyIa CMENIAHHOIO TUIIA BTOPOTO POJA HAJ| OJHOM rpymoil
(Q,+) -y =@rx+11y uxxy = Gox+1)oy rue ¢y, ca = 0 HyJseBoii ssement rpynust (Q, +) .Torna kBazurpymumna
(Q, ) u (Q, *) uzoronnsl, npudeM uzoronus umeer Bug — (o, 8, €) , Takoii, uro f € Aut(Q,+) u a € Aaut(Q,+).

Teopema 1. Ilycrs (Q1,) Jmmeiinble kBasurpymunsl = -y = & +¢1 + ¥ y: Ay = ((Q1,+), @, ¥, 1)
uxX HOpMasIbHbIe (GOPMEI i ((Q2,0) AJHHEHHbIE KBA3UIPYIILI £ 0y = @x & ca & hy: Ay = ((QQ, @), @, Y, 62)
ux HOpMaJsbHble POpMBbL, Y : (Q1,) — (Q2,0) romomopdusm kBaszurpyuist (Q1,-) B (Q2,0). IHomoxum na =
vy * 40, nx = *y0 & 40 gy moboro x € Q. Torma 11 u 1y romomopdusm rpynnst (Q1,+) B (Q2,PB) u
me = @n1 My = 1m2 , Kpome toro 1y (12) , —B3aMMHO OJIHOZHAMHO TOTJIA M TOJIBKO TOTJIA, KOTJIA Y— B3ANMHO
OJTHO3HAYHO.

Hoxka3zaresbeTBo. Ilycrs v : (Q1,+) — (Q2, ®) roMmoMopdusm, TO €CTh
V(z-y)=yzovy,
T(prt+eat+idy) = gra@cdPyy. (4)
Honoxum B () y =~ (—cy),
YT = PyT®er ®PyYi(—a) = pyz @ e, (5)

e ¢z = ¢y @y P (—er).
Amnasornuno nosoxus () x = ¢~ (—c1), noayanum

YWy = gy (—c1)z®ca D UYyy = cq ®Pyy, (6)

re ¢y = gy~ (—c1)z D co.
Tenepn, tpu = = ¢~ (—c1), y=1v"1(—c1) u3 () creayer

Y(=e1) = @y H—c1) Bea Yy (—e1) = ca k2 D c3, (7)
s (),(),0),() cremyer
YaE+y) =y lrta+v (—a+y) = v YD @Y (—a +y) =
= 7@1@_1m*03@02*04€97w1/1_1 (maa+y)=vxxcsDeaxcs +Dy(—c1 +y) =
=yz*(caxca®c3) Dy (—c1+y) =yrxy(—c1) @y (—c1+y),
Y(@+y)=yz*xy(—c1) By (—c1+y) . (8)
Amnastiornano
Ya+y) =yt @—a)ta+vly) = gre ! (—c) B ddyy Ty =
= *ygog@fl (:c—cl)*63@02*04®7ﬂ1ﬂ1—1y:7 (r—c1)*xcgDeaxey Dyy =
=y (@—c)*(caxca®e)®yy=7 (v —c1) *(—c1) Dy,
Y(E+y)=yr*ry(—c) @y (~e1+y) . 9)
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IIpu Yy = —c; NoJIydaeMm
V(@ =) =yzxy (=) &7 (=2c1) (10)

IMosnoxkum 3Hauenue 7y (z — ¢1) B (), yunrssas ():

Y(@+y)=yz*xy(—c1) By (—2c1) *7 (—c1) B7Yy.

IMonoxum B (), z =y =0:
70 =70x7y(=c1) B (=2c1) 7 (1) 0.

Torna
Y0 =7 (—c1) ®y(—2c1) ¥y (—c1) -

CrnenoBaresbHo (), UMeeT BUJ
Y@ty =vr*x0©7y.

Ornpenenum ciemyromnue orobpaxkenust Q1 B Qs.
mz = vz *y0,mx = *y0 & vy.

JIerko 3aMeTuTh, ITO 7)1 U 7)2 TPYIIIOBbIe TOMOMOpPGdu3MbI. JleficTBuTe/IHHO,

m (z+y) = 7 (x +y)*70 = Yo+ 007 y+70 ;mzdmy = yr+y0&y y*+70 .Crenoparemsno, n1 (z +y) = mardny.

Bropoe nposepsiercst ananorunguo. lasee, yauTeiBas oupenesierne 1 —u () uMeeM: n1px = yox * 70 =
@yrdce3—0 . Iycrs B () 2 = 0,rorma moxyunm 0 = gn0xPes, otkyga c3xy0 = x@n0. CiaemoBarenbHo, Ny p & =
@y2xp70 = @ (yx *70) = @M ,To ecTb 1 = P11 AHATOTHTHO, N2y T = *Y YODYyz = P (x70 & yz) = Y,
TO ecThb 1)g1) = YP1).

Caeacrsue 3. Ilycrs (Q1, ) Jmuelinble KBa3Urpyunst -y = @1x+c1 +¥1y: Ay = ((Q1,+), @1, ¥1, 1)
1x HOpMasbHBIe (hOpMBI I (Q2,0) KBa3UTPYIIILI CMEITHOTO THIIA MEPBOTO POIA T 0 Y = poX & ¢y ® oy: Ay =
((Qg,@), 02, P, cz) nx HOpMasbHbIe dopMbl, ¥ ¢ (Q1,-) — (Q2,0) romomopdusM KBazurpynmsl (Q1,:) B
(Q2,0) . omoxkum mx = vy * 40, Nz = xy0 S ~0 aua moboro x € Q1 Torma n; u 1 romoMopdu3M IPyIIIbI
(Q1,+) B (Qa2,®) 1 M1 = Pam1 ,M2th1 = Pana , Kpome Toro 1y (12) , — B3aMMHO OJHOZHAYHO TOTJIA U TOJIHKO
TOr/a, KOTJa Y— B3aUMHO OJHOZHAYHO.

CaencrBue 4. Ilycts (Q1,-) KBa3sUIPYIMIBI CMEIIAHHOIO TUIIA BTOPOTO poja & -y = @12 D ¢1 d P1y:
A = (@1, D), ¢1, 1, ¢1) ux HOpMaJbHBIE HOPMBL U (Q2,0) JIMHEHHBIE KBA3UTPYIIILL Z 0 i = Vo + C2 + hay:
A = ((Q1,4), w2, V2, ¢3) ux mopmasbubie dHopmbl, v : (Q1,) = (Q2,0) romomopdusm Kazurpyuis ((Q1, )
B (Q2,0). Ionoxum ma = vx *~0, nex = *y 0B ~0 mus moboro x € Q1. Torma 11 u 12 roMmoMopduU3M TPYIIIBL
(Q1,+) B (Q2,D) u M1 = @am1 ;a1 = PYana, Kpome Toro 7 (12) , —B3aUMHO OJHO3HAYHO TOLJA U TOJIBKO
TOr/Ia, KOTJIA Y— B3AUMHO OJHO3HAYIHO.

Beuty TOro, 9TO I0KA3aTENBCTBO CIEACTBA 3 1 4 TIOYTH NOJTHOCTHIO IOBTOPSIET JOKA3ATENBLCTBO TEOPEMBI
1, canraem, 94TO HeT HEOOXOAUMOCTH IPUBOJIUTDL JOKA3aTEILCTBO CJIEJCTBUN 3 U 4.

JIemma 3. Ilycrs (Q,-) munelinas cieBa KBasurpymma -y = @« + ¢+ Sy u (Q,0) anuHeitHasi cipasa
KBasurpynma oy = ax O ¢; @ Py . Ksasurpymmst (Q,-) u (Q,0) ABIAIOTCA KBA3UPYIIIOH CMENTAHHOTO THITA
[EePBOro POJIa, TOTJA U TOJLKO TOra, Korma [ 1 « aBIgIoTCes KBasuasroMopdusmom rpymmoit (Q,+) u (Q, )

HoxkazareabcTBo. IlycTs

zy=prt+c+Py=ardc dYy, (11)

rje S U « OACTaHOBKK MHOXKecTBa Q , ¢ € ut (Q,+), ) —aHTHABTOMOPMHU3M I'PYIIIHI (Q,®) , uc,c1— dbuk-
cupoBaHHBII 7eMeHT MHOXKecTBa ) Torya us pasencrsa () mosryanm

zoy=LEry=LE% dy, (12)

e 7 =c+fyuoc =axdc;. Vs pasercrsa () caenyer, uro rpynust (Q, +) u (Q, G) TIaBHO U30TOIHBI, IOTOMY
o TeopeMe Anbepta [7], ecam JiBe TPYIIBI H30TOMHBI TO OHM M30MOMHBL. Bosiee TOro, u3 JoKa3aTe bCTBa TON
TEOPEMBI CJIEIyeT, ITO CYIIECTBYET, TAKOH 3J1eMeHT, Kak 0 € () ,4To

Lo(z +y) = Loz @ Loy,
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rae Lox = 0+ x. Torna u paBeHcTBO () IOJIyYuM

Lo (L BT y) =LoL}, LoYy,

Hn 3 o

or+71Lyty=o0x+ LovLly'y, (13)
[onoxkum B paBencTse () :E =0, Torga cp0+TL0 y= 00—|—L01/JL0 Y WA T L0 y= 2+L01/)L0 Y, TLO y=2+
Y1y, tae 2 = o 0, LO’L/J Ly' = 91 —anrnasromopduzm rpymmt (Q, +) ITo nemme 2.5 7|7 L0 ,& CJIeJIOBATEILHO
T— KBaSI/IaHTI/IaBTOMOp(bI/ISMI)I rpynmst (Q,+) . Tak kax Ly = L ! _kBazsmanTHABTOMOPMUIMBI STOIl TPYIIIBI

(Q,+) . Hosromy TLO y=s5+1oy,s€cQ,ax-y= <px—|—c—|—1/)2y . —anTHaBTOMOpdU3M TpyHIE (Q, +) 4 €
ut (Q,+) . To ectb (Q, ) — KBa3UpyIIIa CMENIAHHOIO THUIIA IIEPBOTO POJA.

Takum 00pazom, BepHA CJIEIYIONIEE CIECTBHE.

Caencrue 5. ITycrs (Q, ) ubeiinas cupasa KBasurpynna & -y = ax + ¢ + Yy u (Q,0) anuneitnas
cieBa KBasurpymna z oy = @ @ ¢ ® By . Ksasurpymna (Q,-) u (Q,0) sBisiercsd KBa3UPYIIIOH CMEIIAHHOTO
TUIIA BTOPOIO POJia, TOrJa U TOJBKO TOrJA, KOrja @ U [ fBJsIOTCA KBasuaBroMopdusMom rpynnbl (Q,+) u
Q).

JIemma 4. Ilycrs (Q, ) KBa3upyIlia CMEIIAHHOIO THUIIA IEPBOIO POJA Y = ¢ x—i-c—}-z/;y HaJ HEKOTOPO#
rpymmoit (Q,+) u (Q,0), a KBasupyIna CMENIaHHOrO THIIA BTOPOTO POjia & 0 Yy = @ @ ¢1 @ ¢y HaJ| HEKOTO-
poii rpynmoit (Q, ®). Torga xkeasurpynust (Q,-) u (Q,o) ssisiercst T-kBasurpymmoii, ecian RkQRlzl SABJISIETCS
aaTuaBTOMOpduU3MoM rpyunst (Q, +) .

Hoxka3zaresbcerBo. Ilyers (Q, ) KBasupyla CMENIAHHOIO THIA [IEPBOrO POJa HaJ, HEKOTOPOii TpyIoi
u (Q,0) KBa3upyIa CMEMIAHHOIO TUIIA BTOPOrO POJA HAJ, HEKOTOPOIi IPyIIIOi

T y=prtc+iPy=@r®c DYy (14)
e ¢ € Aut (Q, +), ¢ € Aaut (Q, +) , ¢ € Aut (Q, @), ¢ € Aaut (Q, ®).
Torza
T-y=pr+ay=qgr® Py, (15)

e ay = c+ 1y, By = cDYy. a, 3 noncranoska Muokectsa (). Torma mo Teopeme Annbepra (Teopema 1.4
[7]) (@, +) = (Q, @), 6osee TOro, CymecTByeT 3a6MeHT k € () TAKOi, 4TO

Ry (z & y) = Rpx + Ry, (16)
rje Rix = x + k. Yuureisasi, 310 B (), moaydaem
Ry, (Jo ™tz @ ay) = Ryp~'w + RyBy

nJjan
pr+ay =g+ k+ By.

Tlomoxxkum y = 0: oz + a0 = @z + k + 0. Torma px + a0 — B0 — k = ¢z, px = pxr + p = Rppx, Tae
p=al0—p50—k.
IlomcranoBka ngBR,;l sBJIeTCa anTuaBToMopduaMoM rpyumbl ((Q, +), geficTBUTENLHO,
RepR; M (x+y) = Rep (R 'z @ R 'y) =
=Ry, (pR, 'y ® R, 'v) = RyoR; 'y + Ry Ry '

VaursiBas, 9To RkQR,Zl = RkRpgoR,:l. CemoBaTeIbHO,

RiRyoR. ' (v +y) = R RypRy 'y + R Ry Ry ',
ple+y—k)+p+k=vly—K +p+k+eo(z—Fk) +p+k,
plat+ty—k)=ply—k +p+k+ex—k)),

ox + oy — pk = py — ok +p+k + px — ¢k,

pr+ oy =9y —pk+p+k+px

Monoxkum z =y =0: 0= —pk+p+ k. Torua px + py = @y + @z wiau ¢ +y = y + x, 1o ecrb rpynua (Q, +)
- abeseBa. CrreioBaressHo, (@, -) T-kBasurpymma.

145



BEcTHUK HYVY3 TOYHBIE HAYKHU Ne2/1/1, 2025, 142-146

JIureparypa

1. Kepka, T. T-quasigroups I, Acta univ. Carolin. Math. Phys. -1971. - Vol.12. - Nol.- Pp.31-39.
2. Kepka, T. T-quasigroups II, Acta univ. Carolin., Math. Phys. — 1971. - Vol.12. - No2. - pp.39-49.
3. Tabapor A.X. ToxnpecrBa u nmureitHOCTH KBaszurpyi, Mocksa 2009. 203 C.

4. Hasmar6ekoB A.A. ABTOMOPMU3MBI, SHAOMOPGMU3MBI U KOHI'PYIHIUsT 000OIIEHHBIX JTUHEHHBIX KBA3UTPYIIIL.

Hymran6e 2019. 115 C.
5. Benoycor B.[l. YpaBHoBerennbe ToK1€CTBa B KBasurpymnmnax, Mar. coopuuk, 1966, 70: 1. C. 55-97.

6. Bensasckas I.B., Tabapos A.X. XapakrepucTuka JUHEHHBIX U aJUHEHHBIX KBA3UrpyIl, Jluckpernas ma-
remaruka, PAH, 1992, Tom 4, Boim.2, C. 142-147.

7. Bemoycos B./. OcroBbl Teopun kBasurpymm u Jyi, -M.: Hayka, 1967.- 222. C.

8. Tabapor A.X. l'omoMopdusMbl 3HIOMOPGMU3MBI JIMHEHHBIX U AJIHHEHHBIX KBA3urpyI, Juckpertas mare-

maruka, PAH, 2007, Tom 19, Bom.2, C. 67-73.
9. Tabapos A.X. JI-@opwmsl smreiiubix kBazurpy, Jokmagasr. AHPT, 2005, rom. XLVIII, No 11-12, C. 13-21.

REZYUME

Kvaziguruhlar asosan gruppaga izotop bo’lgan kvaziguruhlar, Abel guruhga izotop kvaziguruhlar
bilan bog’liq bo’lib, chiziqli kvaziguruhlar, achiziqli kvaziguruhlar, umumlashtirilgan chiziqli
kvaziguruhlar (chapdan chiziqli, o’'ngdan chizigli, chapdan achiziqli, o’'ngdan achizigli, aralash
turdagi birinchi (ikkinchi) turdagi) hamda T-kvaziguruhlar muhim o’rin tutadi. Ushbu ishda
umumlashtirilgan chizigli kvaziguruhlar hamda chizigli kvaziguruhlar A-shaklli kvaziguruhlar
yordamida tavsiflanadi. Ta’kidlash lozimki, manbalarda [1-2] T-kvaziguruhlarning ba’zi
xususiyatlari, [3| chizigli kvaziguruhlarda, [4] chap (o'ng) chizigli kvaziguruhlarda A-shaklli
kvaziguruhlar yordamida o’rganilgan. Shuningdek, birinchi (ikkinchi) turdagi aralash turdagi
kvaziguruhlar uchun ham bu xususiyatlar A-shaklli kvaziguruhlar yordamida isbotlangan. Bundan
tashqari, birinchi (ikkinchi) turdagi aralash turdagi kvaziguruhlar bilan T-kvaziguruhlar o’rtasidagi
bog’lanish aniglangan.

Kalit so‘zlar: achiziqli kvazigruppa, chiziqli kvazigruppa, kvazigruppa shakli, birinchi turdagi
aralash kvazigruppa, ikkinchi turdagi aralash kvazigruppa, endomorfizm, antiavtomorfizm,
kvaziavtomorfizm, T-kvazigruppa.

RESUME

Quasigroups, mainly isotopic groups, Abelian groups, a special role is played by linear quasigroups,
alinear quasigroups, generalized linear quasigroups (linear (left), right, alinear (left), right, mixed
type of the first (second) kind) and T-quasigroups.

This paper provides a description of generalized linear quasigroups, as well as linear quasigroups using
the forms of the quasigroup. It should be noted that in [1-2] some properties of the T-quasigroup
in [3] linear quasigroups, in [4] left (right) linear quasigroups were studied A-form quasigroups.
Similarly, for a quasigroup of mixed type of the first (second) kind, these properties are proved using
A-form of quasigroups. In addition, a connection is established between different types of mixed-type
quasigroups of the first (second) kind with T-quasigroups.

Key words: alinear quasigroup, linear quasigroup, A-form quasigroup, quasigroup of mixed type
of the first kind, quasigroup of mixed type of the second kind, endomorphism, anti-automorphism,
quasi-automorphism, T-quasigroup.
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UDC 519.214

IHEHTPAJIBHAS IIPEJIEJIBHASI TEOPEMA U OILIEHKA OCTATOYHOTIO
YJIEHA B IIEHTPAJIbHOM INPEAEJIBHOM TEOPEME (II.II.T) AJIs
JINMHEMHBIX ITPOIIECCOB

3vroaroB T.M.
YUUPYUKCKUN I'OCYIAPCTBEHHBIN MMEJATOTMYECKUIN YHUBEPCUTET
2KoBJyueEB A.N.
JIEHAYCKUI UHCTUTYT MPEANPUHUMATE/ILCTBA U IEJIATOTUKU, TEPME3

PE3IOME.

. o o o0
B pabore paccmarpuBaeTcss BUKCUPOBAHHBIN JIMHEWHBIN mponece X, = ijo jnék—jn— THE k € Z
U JIJIsI HEro JIOKA3bIBAETCS IEHTpAJbHAsA MpeJebHasl TeOpeMa U YKA3bIBACTCS OIEHKA CKOPOCTU CXOJIUMOCTH
2
. . 22 )
K Hymo pacupejesenust X, ¢ HEKOTOpoil HopMupoBkoili Kk ®(x) = \/%e 2 — PACIIPEJIEJIEHUIO CTaHIAPTHON
HOpMaJbHO# Besmauabl N (0, 1).

KimroueBbie ciaoBa. JIuHeitHbI IIpoIiece, IeHTPaJIbHA IIPejiesibHas TeopeMa, HepaBHOMePHAas OIleHKa B
IIEHTPAJbHON TIPEJIeNILHOM TeopeMme.

BBe,Z[eHI/Ie " BCIIOMoOrartreJibHbIe yTBep>KJIeHUsd

Iycrb {&in, i € Z} — 10CII€I0BATEILHOCTD CIIYUYafHBIX BeJIMYNH (C.B.) 3a8/IaHHBIX HA BEPOSITHOCTHOM IIPO-
crpanctse (2,4, P) u {a;,,i=0,1,2,.., n > 1} — uuciosas 10CIeI0BATEIIBHOCTD.
Onpenenenue 1. Eciu psig

o0
Xpn = Zaingk—i,n

i=0
CXOJIUTCSI C BEPOSITHOCTD 1, TO TI0CJIEI0BATELHOCTD CIIydaiiHbIX BeanduH { Xk, k € Z} Ha3blBaeTCH JMHEHHBIM
uportieccoM ¢ Koaddurmenramu {a;n, 7 = 0,1,2, ..., n > 1} u HOPOKAEHHBI UHHOBAIIMOHHON [OCJIEI0BATEIHHO-
ctb1o {&in, 1 € Z}.

3ameuanne 1. Eciu smmeiinoiit uponece {Xg,} HOPOXKIEH MHHOBAIIMOHHOW MNOCJIEIOBATEIHHOCTHIO

{&n,j € Z, n > 1} — He3aBUCHUMBIX CJIyYailHBIX BEJIUIMH U BBLIIOTHEHbI YCIOBHUI

E¢, = 0,F Jzn = 012» < oo m Z;io a?a,%fj < 00, TO coryacHO TeopeMme XwumumHa-Kommoroposa psn

o0 . .
Y ico @ink—in CXOMUTCS C BEPOSTHOCTBIO 1 M B 9TOM CIydae JIMHEHHEBIT IIPOIIECC OIPe/Ie/IeH BIOIHE KOPPEKTHO.
CpaBHuBasi pe3yJbTaThl, TIOJYJIEeHHBIE sl OOBITHBIX W B3BEIEHHBIX CYMM MOYKHO 3aKJIOUHAThH, ITO HAa
cityuail B3BEIIEHHBIX CYMM IIEDEHOCHUTHCSI JaJIeKo He Bee (DaKThl, JTOKA3aHHBIE JJisl OOBIYHBIX CYMM. B 9acTHOM
poae
ciydae B3BeleHHbIX cymm S(v) := 307 (07§, tae 0 < v < 1 - 1151 cXeM CyMMHPOBaHHs HE3ABUCHMBIX C.B. IO
Abesio B 9TOM BOIpOCE yAaeTCs IPOJBHHYTCH 3HAUNTENbHO nasbiie cM([1],[7]).

Awnasnor uzBectHoit Teopembl Beppu-Dccena st S(v) nosyuen B padore [4]. JanbHeiinine nccienoBanust
[0 TIpeJeNbHLIM TeopeMaM VIS CXeMe CyMMHPOBAHNS HE3aBHCHMSBIA ¢.B. 10 AGeio, KOrga Kaxaas {; HMeeT
pasmmanbie pacnpenenenns: nposogumuchk C.X.Cupaxmuaoseim n M.Y.Tadyposemv [7], T.A.Asnapossm u B.
MepenosbiM [1]. DT paGoThI MOCBSIIEHBI JOKA3ATENBCTBY IL.IL.T. ¥ HEPABHOMEDPHON OIEHKN OCTATOYHOTrO TJIEHA
B IL.ILT. Jyisi AGesieoit cymmbl S(v). B mocsieiaue rofpl BO3pOC MHTEpEC K M3YIEHUI0 acCUMITOTUKU AGesieBoi
cymmbl S(v) ¢ HecmydalinbiMu KosddurmenTaMu Ipu v — 1— B CB3U € TeM, 9TO, K ITOI cXeMe CyMMUPOBAHUSA
MPUBOJAT MHOTHE MPHUKJIATHBIE 3aa4H.

Jlerko zamerurh, urTo AGeEBble CYMMBI SIBJSIIOTCS JIMHEHHBIME IIPOIECCAMU HUMeomii Buy Xo =
o0

Sl C—j, C—j=¢&, 7=0,1,2,... 1 103TOMY BO3HHKAET €CTCCTBEHHbIII BOIIPOC OCTAIOTCS JIU CIPABEINBEIMU
7=0

pe3y/IbTaThl, TOJyYeHHbIe i AGeIeBbIX CyMM U Jjisi OOIIMX JIMHEHHBIX 1porieccoB. OTBET HA IIOCTABJICHHBIN
BOIIPOC IIOJIOZKUATEJICH 10 KpaliHeil Mepe B cily4dae LEeHTPaJIbHOI IIpeebHOI TeopeMe.
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B nannoii pabore paccmarpuBaercst (pUKCUPOBAHHBIN JMHERHbIH mponiece Xip = Y. oe o Gjnék—jn— TJe

kn j=0 YgnSk—j,n A
k € Z n njisa Hero JOKa3bIBAeTCsl IeHTPAJIbHAs IIPejie/ibHasi TeOpeMa U YKa3bIBAeTCsl HEPABHOMEDHasI OIEHKA
CKOPOCTHU CXOJUMOCTH K HYJIIO pacupeseaeaus Xy, ¢ HeKOTOpoii HopMupoBkoit k $(x)— pacupempenenuio cran-
JIAPTHOI HOpMAaJIbHON cirydaiinoil Besmauunr N (0, 1).

B cnenytomem paszfesne MbI UCTOMB3yeM U3BECTHOE MOMEHTHOE HEPABEHCTBO PO3EHTAss I CyMM He3a-
BHCHMBIX C.B.
t .
JIemma 1. (em. [5]) IIyeTs 11p, M2n, o) nn HAOOp He3aBHUCHMBIX C.B. ¢ En,, = 0,E|n;,| < oo, j =
1,2,...,n, t > 2. Torma

t t/2

E]> njn| <c(t)max{ > Elnal', | D Enj, :
j=1 j=1 j=1

rie ¢(t)— HOCTOsTHHASL, 3aBUCHIIAs TOJBKO OT t.

1t ycTaHOBJIEHUS I1.I1.T. 1J1st Xk, MBI HCIIOJIB3yEM CJIEYIOINLyIo I.11.T. JIummebepra, 710Ka3aTeIbCTBO STOM
TEOpeMbl MOYKHO HalTh, HanpuMmep, B Kaure [3|, crp. 187, Teopema 5 u Teopema TA.

Teopema 1. Ilycts 1p1, 02, -, Mun, N > 1— ccepun ciy4aitapix Besnyaunn ¢ Eng, = 0, En,%n = U,zm <

00.
1) Ecsin Bbimosineno ycsosue Jlunpebepra: 1 soboro € > 0
1 n
Ay) —QZ En? I{|nkn| > By} = 0, n — oco.
By k=
vie By =37, 03,,. Torma P (C” ) —— ®(x) paBHOMEpHO TIO .
n—00
2) Ecan Enjn <00, j=1,2,...,n, To cupaBeaInBa OIEHKA
A —sup |P S < o(x)| < CLY
n = Sup 5SS - (x)| < CL3, ",
x n
" Elninl®
rine C' abcomorHas nocrogannas u Ls,, = EFIB#.

ITpu nostyueHnH OIEHOK OCTATOYHOrO 4WileHa B ILILT. Jyis JuHeiiHoro nporecca { Xy} norpebyercs ciemy-
I0Iast HECKOJIBKO BUIOM3MeHEHHast oneHka A.Buksinca (2] B mL.ILT. 17151 HE3aBUCHMBIX C.B.

JIemma 2. (em. [2]) Ilyers 79, 71,M2, .. nt1— HE3ABHCHMBIE CIydaiimble Benmdauubl, Mn; = 0 u mas
HEKOTOPOT'O TIOJIOXKUTEJIBHOTO §; 2 < s < 3,
s=IniI” <o (j=0,1,2,....,n+1). Beegem caepyronue 0603HATEHNS:

n n+1 n
— M2 B2 = = 2 72 |3| _ -1
Mg B2 =Y ot L= L A ) = | (B Y < | o)
j=0 n j=

Torma cupaBeInBO CIEIyIONIee HEPABEHCTBO:

C(s)

An x S 71’57
@) < T e

(1)

rie C(8) HONOXKATENbHOE TIOCTOSTHHOE, 3aBUCSINEe TOJIBKO OT S.

IIpu mosry<eHnn ONEeHKH OCTATOYHOIO YJI€HA B IL.II.T. MBI UCIIOJIb3YEM CJIETYIOIINI OOIEen3BECTHDIN yTBED-
KjieHus (cM, Hanpumep [5]).

JIemma 3. ITycts X u'Y c.B., F(x) dyHKIMs pactpeieeHust 1 € — IPOU3BOJIBHOE TIOJIOXKUTEIBHOE TUCIIO.
Torma cupaBeIyINBO HEPABEHCTBO

sup |[P(X +Y <z) — F(x)| <sup |P(X < x) — F(x)|+

sup | F(z +¢) — F(z)[ + P([Y] > ).

148



BEcTHUK HYVY3 TOYHBIE HAVKMU Ne2/1/1, 2025, 147-154

OcHoBHBIE pe3yJibTaTbl

Jlemma 4. Ecom jmmmeiitnsiit nponece { Xy, k € Z} TOpOXKIEH WHHOBAIIMOHHON MOCIIEI0BATEIBHOCTHIO
{&n,j € Z, n > 1} — HE3aBUCHMBIX CJIyYallHBIX BEJIUYNH, YIOBIETBOPSIONINX YCIOBHIM

Ejn =0,E|&jn|" = Bjns < 005 t > 2,

nmeer kKoaddumenTsl {a;n, i =0,1,2,..., n > 1}, To must so6oro [ = 0,1,2, ... cipaBe/yInBoO HEPaABEHCTBO

t t/2

oo o0 o
t
B> aimbejm| <c) | Y lagnl Bejmi+ | D @507 ;n ;
=l =l =l

re ¢(t)— mocTosiHHASI, 3aBUCSIIAsT TOJBKO OT t.

JokazaTesbCTBO JIeMMBI CileilyeT U3 HepaBeHCTBa PozenTass (stemma 1.1): mycTsb | HpOM3BOJIBHOE IieJI0€
HeoTpHUaTesbHoe Yucio. Torma, ucroabp3yst HepaBeHCTBO Po3enTass j1ist 100010 33/ [AHHOTO M > |, CIIPaBEJINBO

HEPaBEHCTBO
t t/2

m m m
B ajnér—jn| <c®) | D lamnl Brojmi+ | D al,ot ;. : (2)
j=l j=l j=l

TeHepb HCIIOJIB3Yy<d TeoOpeMy O MOHOTOHHOI CXOAUMOCTHU, MbI U3 HEPpaBCHCTBaA (2) IIpU M — OO IIOJIyYUM J0Ka3a-
TE€JIbCTBO JIEMMDBI.

(oo} o o o .o
Teopema 2. Ilycrs Xjp, = > =0 @ jn&k—jn— JMHEHHBIH ITPOIIECC, MOPOXKIEHHBIH NHHOBAIMOHHOMN IoCTe-

JIOBATENBHOCTBIO {&)n, j € Z, m > 1} HesaBucHMBIX Ciaydaiinerx Bemmund ¢ E;, = 0, 02 =F j2n < 00,
— a2
umerornuii Kosbdunuents! {aj,, j = 0,1,2,..., n > 1} u BbIIOIHEHO yCiI0BUE Z] 0 ]nak_j’n < o0. Kpome

TOI'0, €CJIX IIpU 1 — OO
D e nt1 Bn T
j=n+1"jn"k—jn
n 2 2
Zy Oa]nak—j,n
7 BBINOJIHEHO CJefyfornee ycjoBue JIlmapmebepra: s JiroOOr0 MOJIOKUATENBHOTO € IPU N — OO CIIPABE/JINBO
COOTHOIIIEHHE

-0 (3)

An B2 Zaangk 7 nI{la’jnfk 7y n| > EB } — 0 (4)
7=0

2 _ o 2 2
tne By =370 aj,05_; - Torma upu n — oo

anD
— N(0, 1).
B LN, )

D
e “=” 03HAYaeT CXOMMOCTD I10 PACIIPEICICHUIO.

HokazaTesbcTBo. PaccMorpuM cireyioniee pa3yiokKeHne JHHEHHOTO mporiecca Xk, B BUIE CYMMBI

Zamgk jm Z ajn&p— J"_X(1)+Xlin)7

j=n+1
rie
(1) Zajngk jms kn) = Z ajngkfj,n~
j=n+1
Orcrona X ,
B, B, B,

Corutacua 1.11.1. Jlungebepra (Teopema 1), ijist 1epBoro 4ieHa B IIPaBOil YacTu pasJioxKenus (5) cupasei-
JIUBO CJIEIYIONIEE COOTHOIIEHNE
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Xl Dy N0, 1) 1
B , pu n — 00.

Tenepb JyIs JOKA3aTEILCTBA TEOPEMBI 2 JOCTATOYHO ITOKA3aTh CXOJAUMOCTH K HYJIO 110 BEPOSTHOCTH,
BTODOI'O 4iIeHa paziioxkeHus (5) T.e. Hy»KHO J[0Ka3aTh, 4TO

x@
‘B,

st lokasaTenbeTBa cooTHOMEHns (6), NCIOIb3yeM N3BECTHOE HepaBeHCTBO eOblleBa U HE3aBUCHMOCTD C.B.
{&n, j € Z}. Nmeem

L5 0 tpu n — oco. (6)

2
Xlgri) = E (Z] n+1 ]ngk -7, n)
P B7n >c =P J:;_l a‘jngk,'fj,n > an § {-:QB% =

E a O—k:
j=n+1"jn" k—jn
= =" J 2 J — 07 n — oo,

B cuity ycsoBuii (3) Teopembl. Teopema Jokazana.
© 2 2

Sameuanne 1. CiiejryeT OTMETUTD, YTO B CJydae PACXOIUMOCTH DLAIa » j=0 @50 j , IPH OTCYTCTBHE
JPYIux yCJIOBUM JIMHEHBINH mponece X, He cymecTByeT. Clie10BaTeIbHO, CXOAUMOCTD 9TOTO psijia B TeopeMe 2
SIBJISIETCS] HEOOXOIUMBIM YCJIOBHEM.

W3 TeopemMbl 2 HEIIOCPEJICTBEHHO CJIE/IyeT CIIPABEJINBOCTD CJIEIYIOIIErO CJIeJICTBUSI.

CaenctBue 1. Ilycto Xy, = Zﬁo @ jn&k—jn— JTUHEHHDBIH IPOIECC, HOPOXKICHHDIH HHHOBAITMOHHOM II0-
cJ1e10BaTeNIbHOCTBIO {€jp, J € Z, n > 1} He3aBUCHMBIX, OJMHAKOBO PaCIIPe/IeJIeHHbIX B KaxKJI0il cepun CJrydaii-

HBIX Besmuun ¢ By, = 0, 03, = Eﬁgn < 00, I/IMeIOLL[I/IfI kosddurments! {a;,, j =0,1,2,..., n > 1}, KoTopsle
> a?

Y/IOBJIETBOPSIIOT YCJIOBUAM Y oo 0 Jn <oom %L;” — 0, n — co. Ecan Bemosineno ycnosue JInnmebepra
J=0 "jn

2 X
(4) ¢ By = 03, > a3, Torma p 24 N(0, 1) npu n — .
13 Teopemsl 2 TakzKe cneﬂyeT CLIPABEIJINBOCTD AHAJIOIA TeOpeMbl JISIyHOBA JIsl IMHEHHBIX [POIECCOB.

CaencrBue 2. Ilycrs Xp, — JUHEHHBIH IPOIECC, TOPOXKIEHHBIN MHHOBAIMOHHO I10C/IE0BaTEIbHOCTHIO

{&n, j € Z, n > 1} HesaBuCHMBIX CIIydaiHbIX Benumuud ¢ FE;, = 0, O’?n E ]2n < o0, E|§]n|2+‘s
00, rme 6 > 0, mmeromuit koabdurmentst {a;,, j = 0,1,2,..., n > 1}, KOTOpble yIOBIETBOPSIOT yCIOBUIM

oo 2 92 .
> =0 45n0i—jn < 00 1 (3) Kpome Toro, eitonneno cienyiomee yciosue JIsamynosa: Ipu n — 0OCHPABE/1IHBO

COOTHOIIIEHUE ors
Z] 0 £ 1ajn€k—jnl

Ln6 :
2446
Bn+

=0, n—oo. (7

Torma nuueitHbIil porece Xg, yIOBIETBOPsIET EHTPAJIbHON IIPeIesIbHON TeopeMe:
%‘: 2, N(0, 1) npu n — 0.
HoxkazareabcTBo. Ilycts € > 0, Torma
Elajnéh—jnl™ > Elajnr—jnl” " T{lajn€i—jnl > eBn} >
> & BB & {|ain&ijul > 2B}

U, 3HAYUT,

245
1 > j—0 Elajéi—jl
A, = B2 Zaanfk ]nI{|a’Jﬂ£k ]n| > 58”} < = B2+d ’

7=0
CueroBaresibuo, u3 ycaosus JIanynosa (7) caemyer yenosue Jlunmebepra (4). Orciona cieyer 10Ka3aTebeTBO
cJIeCTBUS 2.

Ec/u HHHOBAIMOHHLIN ITOCIEL0BATEIBLHOCTD {£)y, j € Z, n > 1} B cencTBHE 2 COCTOUT U3 HE3ABHCUMBIX
7 OIMHAKOBO PACIPEIEIEHHBIX B KaXKI0# cepum C.B., TO ApoOb JIamyHoBa nMeeT BUI,

246 245
L= Bats,n E?:o |ajn| o Z?:o |ajn|
nd = oS n g NP2 P2ton= — 5\ /2
on (ijo a’jn) (Ej:O a’jn)
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246
rae Boysn = E|&onl Ty P2tom = % B cuity sToro, uz cieiacrsus 2.2 Mbl IOy YUM.

on

Caencteue 3. Ilycrs Xy, — JUHEAHBIH IpoOIIECe, TOPOXKIEHHBI HHHOBAIIMOHHOMN I10C/Ie10BaTE/IbHOCTHIO

{ﬁjn, j € Z, n > 1} He3aBUCHUMBIX, OJMHAKOBO DACIIPEJIEJEHHBIX B KaXKJIOH Cepur CJIydaiiHbIX BEJHYUH C

E&y, =0, 0}, = F&, < 0, Baysn =F \§0n|2+6 < 00, rae 0 > 0, koadbdurmenrer {a;,, j =0,1,2,..., n > 1},

KOTOPBIE YJIOBJIETBOPAIOT yCJIOBUAM Z?io aj, <00 u
Siolagn*t°

(Sya,) ™

Torma mumeitnbit mporece Xg, YIOBIETBOPSET IMEHTPAIbLHON MpeIebHON TeopeMe:

— 0 mpu n — oo.

Xpn D

g — N(0, 1) upu n — oo.
B ciemyromeii TeopeMe moJIydeHa OIEHKa OCTATOYHOrO YjIeHa B ILILT. JJIs JIMHEHHOro mmporecca Xy .
Beenem obo3HaueHms:

Au(z)=|P(B7'X), <) — @(x)],

0o n ) s n
B2 — 2 2 L — ZJ'=0E|aﬂ§k—ﬂ| B2 — 2 2
=290k tns = Bs » Pn = 50—k
=0 =0

IIpu 3Tux 06O3HAUEHUSX CIIPABEIINBA CJIELYIOMAs TEOPEMA.
o0 . . . .
Teopema 3. Ilycte X, = =0 aj&k—j— JUHEHHDII Ipolece, IOPOXK/ICHHbIH NHHOBAIMOHHOM 0CIe10-
. . _ 2 _ g2 — s
BaTeLHOCTLIO {§;, j € Z} He3aBUCHMBIX CayvaitHbx sesmyamn ¢ B = 0, 0f = E§F < oo, B, = E§;]” < oo,
o - oo 2 2
rae s > 2, nMmetomuii koabdurments {a;, j = 0,1,2,...} yI0BIeTBOPSIONIE YCIOBUIO ijo a;o;_y, < 0.

J
Torna crupaBemMBO HEPABEHCTBO

s/2
7 o)
Ap() C(s)S Lns + B™ > a;° B+ (B2 D alo? :
j=n+1 j=n+1

rae C(s)— mocrosiHHAS, 3aBUCSIIAS TOJIBKO OT S.
. o
HokazareabcrBo. B jemme 2 nonoxum 1 = a;j€k—; 7 =0,1,2,...,nun, = Zj:n+1 a;€k—j.
Torna A,(E) = A,(F) n tak Kak, n;, j = 0,1,2,..,n+ 1 0YeBUIHO SIBISIOTCS HE3ABUCUMBIMIE, TO

HepaBeHCTBa (1) B IAHHOM Cilydae MMeeT BHJL

S

i O(s)  2g=o Bl + B350 aiée

IMpumvensis memmy 1 npu | = n + 1 ¥ UCHOMB3Ys HE3ABUCUMOCTD C.B. {&;, j € Z}, momyaum

s s/2
E Z ajé_j| < C(s) Z |aj|S Br—j,s + Z G?Ui_j . 9)
j=n+1 j=n+1 j=nt1

s (8), B CHJIYy IOCJIEJHETO HEpaBE€HCTBa CJICAYyEeT CIIPaBEIJIMBOCTL CJICAYIOIIECI'O HEPAaBEHCTBA

S

- O(s) 2j=oPlaée—sl" + E ‘Z?in-{-l ;)

A7l < S S
)= T Rl B
s/2
< C(s) B s . C s ) 2 2
= 5 Z |a;|” Br—j,s + C(s) Z |aj|” Br—j,s + Z Aj0k_j
1+ |=|) — 4 £
7=0 j=n+1 Jj=n+1

Orcrosia ciieflyer J10Ka3aTe/IbCTBO TEOPEMBI 2.
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W3 Teopembl 2 HEMTOCPEACTBEHHO CJIEIyeT CIPABEINBOCTD CJIEYIOIIErO CJIEICTBUS.

Caexacrsue 4. ITycrs Xj—uHeiiHblil IpoLece, MOPOZK IEHHbI OCIeI0BaTeNbHOCTIO {&;, j € Z} He3a-
BHUCUMBIX, OJUHAKOBO PACIIPEIETICHHBIX CIYYARHBIX BEJIUIUH C Efo =0, 02 = B < 00, Bs = E &) < o0, T1e
s > 2, K03 PUIUEHTBI KOTOPOTO YIOBJIETBOPSIOT YCJIOBUIO - =0 a < 0o. Torma

s/2
oo

An(z) < C(s Jfrerm flxl Z|aj| 3 @ :

j=n+1

2 _\oo 2
e b =) 2, a;

st miiIrocTpaIny oIy YeHHBIX Pe3yIbTATOB O IL.II.T. ¥ OIEHKN OCTATOYHOTO “IJIEHA B IT.II.T. JIJIs TMHEHHBIX
IIPOIECCOB, PACCMOTPUM HECKOJIBKO IIPUMEPOB.

j%, a > 1/2 1 UHHOBAIIMOHHAS IIOCJIEI0BATEILHOCTD {§j} COCTOWUT U3

2 _ 2 2 _ oo
HE3aBHCHMBIX, OIMHAKOBO paclpeJieseHtbix ¢.B. ¢ By = 0, B = 0. Torma Zj 005 = Z] 0 Jza < 00, HO
ILIL.T. He uMeeT MecTo. OIHAKO, eI HHHOBAIIMOHHAS II0C/Ie0BATEILHOCTD 33/JaHa B CXeMe cepuil ¢ auciepcueit

. s
pasHoit 02) — 0, n — 00, ag, = 1 aj, = j%, a>1/2npu j=01,.,n4a, = ?7, B+1—-2a<0 upu

J >n+1, To B 3TOM CjIydae JI.II. TOJINHIETCS II.I1.T. JlefiICTBUTEIbHO, B 9TOM CJIydae

IIpumep 1. Ilycts a9 = 1 a; =

o0

oo B e} B+1—2«
2 _ n B —2a._ 1
a;, = — <n % = ———
Jjn j2o 200 — 1
j=n+1 j=n+1 n
Ajr
U, 3HAYUTD _Eiolam” — 0 mpu n — oo.
) n > \11+6/2
(Zj:o ajn)

Kpowme Toro, mpu n — oo

- ZT‘L 0 a?
2 2 2 j=0 %jn 2
= 52 E aangk—j,nIﬂajnfk—j,ﬂ >eBy,} < OOmiBQ = oy, — 0.

n =0 n

Taxum 00pa30M BBIIIOJIHEHBI BCE YCJIOBUS CJIEJICTBUSA 1, M TO9TOMY U3 3TOTO CJIEJICTBUS CJIEYeT CIPABE/l-
JIMBOCTD II.IL.T.

Ecan mepasenctBo 4+ 1 — 2a < 0 He BBINOIHSAETCS, TO XOTs CIIPABEIINBO ycjoBue JInHaebepra, oJiHAKO
II.II.T. MOXKET HE UMEET MEeCTO.

OrmeTnM, 9TO TaKue IIPUMEPHI MOXKHO IIOCTPOUTD U JIJIsl MJLIFOCTPAIMH JPYTIUX PE3YIBTATOB, IOy YeHHBIX
B JaHHOIT pabore.

IIpumep 2. B cneacrsue 4 mONOXKUM a; = v/, I/le ¥ HOCTOSHHOE YHCJIO YAOBJIETBOPSIONIHE YCIOBUIO
0 < v < 1. Torma cupapeJInBbl pABEHCTBA:

> 1
=Y e e el = =
=0

,US
7=0

(o) o0
) 0 ,02(n+1)
_ o
Z a; = Z v = 2
1—w

j=n+1 j=n+1

Tenepb, BeIGUpast n = n(v, $) JOCTATOYHO GOJIBIINAM, Mbl U3 CIEACTBUS 2.4 [OIYyYUM CJIELYIONLYIO OIEHKY
OCTATOYHOTO WIEHA B ILILT. Jijist AGeseBoit cymmsr S(v).

A(z) < O(s) 22 (1 - 0?) 07272,

- (1 + |2[)

Dra oreHKa 3HAUNTENBHO JIyUIlle, YeM OlleHKa [ epbepa, moaydeHHas B cratbe [4].
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B cremyrorieit Teopeme moJiytdena OneHKa OCTATKA B ILILT JUIT Xy, .
Teopewma 3. IIycts X, = Z;io @ jn&k—jn— JUHEHHDIH IIPOIIECC, TOPOXKICHHDBIH HHHOBAIIMOHHOM 1oCIe-
: & _ 2 2 s
JOBATEILHOCTIO {&jy, J € Z, n > 1} He3aBUCHMBIX CJIydailHbIX Besmdun ¢ EEj, =0, o5, = B, < o0, Bip =
s " o 2 _ " 2 2
E¢B]° < 00, s > 3, umeromnuit kosddurments! {a;,, j = 0,1,2,..., n > 1} u B; = ijo a3,0% - Torma
CIIpaBeJInBa, OIlEHKa,

s/2) I/ (s+1)

1/4 s
Bn < Clan iy D anl* Bijn | D aGaoijn ; (10)
n j=n+1 Jj=n+1

e A, = sup A, ().

IoxkazaresabcTBo. [lomoxum X = B, ! Z?:o Njn 1Y = By 0n i1 0, 1€ Nin = @jnk—jn j = 0,1,2,...,n
U Nt in = Doy @nk—jn- Toraa us emmsr 1.3 npu F(z) = ®(z), nomy=m

o0
€
A, <supA,(x)+—=+ P Z jn€k—jn| > €Bn (11)
x A 2T j=n+1

IIpumensis oneHKy B ILIL.T. cchopMysnpoBaHHyio B Teopeme 1.1, mmeem
1/4
sup A, () << CLgL, (12)
xr
> i—olai®BR_jn .
rjie Ly, = =g, Urobbl ONeHUTH MOC/Ie/[HEe C/IaraeMoe B MPABOil YacTi HEPABEHCTBA (), MBI HCIIOJIb-
H

3yeM CHAYAJIO HEPABEHCTBO JeObIeBa, a 3aTeM Po3eHTasIst U TOIyInM, 9TO

S

> [eS)
P Z ajnfk—jyn > EBn < o5 Bs Z ajnfk—j,n <
j=n+1 n j=n+1
C( ) 00 oo s/2
S .
O S i (3 i) b ”
" j=n+1 j=n+1

W3 nepasencrsa (11), B cuity orenok (12) u (13), mosy4unm

c o) | & i v
1/4 2 2
A, <CLY ¢ =t o S lal Bt | Y dduoin
o j=n+1 j=n+1
Orcrona, BeIOUpas
s/2y V/(s+1)
1 = S s = 2 2
€= BS/(S+1) Z ‘ajn| Bk—j,n + Z AinOk—jmn )
n j=n+1 j=n-+1

Mbl ipuieM K HepasencTBy (10). Teopema nokaszana.

Caenctsue 5. Ilycrs Xi,, = Z;io ajn&k—jn— JTUHEHHDIH IIPOIECC, TOPOXKICHHLIH NHHOBAIIOHHON II0-
CJIEIOBATENILHOCTBIO {&jp, j € Z, n > 1} He3aBUCUMDIX U B KasKI0Hl CEpUM OTUHAKOBO PACIPEIETEHHDBIX CIIy-
gajiaex Bemann ¢ By, = 0, o3, = B3, < 0o, 85, = E ||’ < o0, s > 3, umerommuit koacdurmenTsr
{ajn, j=0,1,2,..., n>1} u B2 =, > im0 a3,,. Torna cupaseyiuBa oueHKa

1/4

Yo lanl’
AnSCles{;l = 3/2 +C(s) ety
(Zj:()a?n)

)1/(3+1) s/2(s+1)

(52 lal? > ent1 B

T ,
(Zoo 2)6/2( o 250 %n

=0 %jn

B
TA€ Pspn = U(;Tn-
n

153



BEcTHUK HYVY3 TOYHBIE HAYKHU Ne2/1/1, 2025, 147-154

JIureparypa

1. T.A.Azmapos, B.Mepenos, Hekoropbie OleHKY B IIPEIEIbHOM TeopeMe JIJTst CYMMUPOBAHUST CJTY YAl HBIX
Besimane o A6esro, Uzs. AH Y3CCP, cep. dus. — mat. nayk, Nob, 1977, 7 — 15.

2. Buksutne A. Onerka 0CTaTOYHOTO YWIeHA B EHTPAILHON MpeesibHOM Teopeme, JIuToBeckuit MmareM. ¢b.,
(1966), 6, No3, cTp. 323 — 346.

3. Boposkos A.A. Teopust BepositHocTeit, Mocksa “Hayka”, 1986, 432 crp.
4. Gerber, H.U. The discounted central limit theorem and its Berry-Essen
analogue, Ann. Math. Statist. 42, 1, 1971, 389 — 392.

5. Bymapo T.M. O ckopocTH CXOAMMOCTH B IEHTPAJBHON MPEIEIbHON Teopeme Jjisi CJIab0 3aBUCHMBIX
BesimanH, Teopus BeposiTH. u ee mpuM., 1991, 1.36, No4.

6. Rozenthal, H.P. On the subspace of m spanned by sequences of independent random variables, Israel
Journal of Mathematics, 8, 1970, 273-303.

7. C.X.Cupaxmunos, M.¥Y.I'abypos, 3ameqanune K onHO# npenesbHoit Teopeme, B ¢6. “Corygaiinbre mpo-
LIECCHI U CTATHCTHYeCKre BbIBOABI, B3 U3a-Bo. “@an” Y3CCP, 1973, 170 — 172.

RESUME

The paper considers a fixed linear process: Xx, = Z;io ajn€k—jn— wWhere k € Z. For this process, the

Central Limit Theorem is proved. Additionally, an estimate of the rate of convergence to zero of the distribution
22

of X, with some normalization, to the standard normal distribution: ®(z) = \/%677 — of the standard normal

random variable N (0, 1), is provided.

Key words: Linear process, Central Limit Theorem, non-uniform estimate in the Central Limit Theorem.
REZYUME

Ushbu ishda quyidagi ko’rinishdagi fiksirlangan chizigli jaroyonlar ko’rib chiqgiladi: Xy, =
Z;io ajn€k—jn— bu yerda k € Z. Ushbu jaroyon uchun markaziy limit teoremasi isbotlanadi.Bunda Xj,
tagsimotining ma’lum normallashtirish ostida, standar normal tagsimotga yaqinlashish tezligi uchun baho ham

keltirilgan: ®(z) = \/%e*%— bu yerda ®(z) — N(0, 1) standart normal tasodifiy o’zgaruvchining tagsimot
funksiyasi.

Kalit so’z Chiziqli jarayon, markaziy limit teorema, markaziy limit teoremadagi notekis baho.
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AHHOTAIIA

B pabore mokazana Teopema CyIIeCTBOBAHUSI U €IMHCTBEHHOCTH DPEIEHUs [TOCTABJIEHHON 3aJ[adu B
kitaccax CobosteBa. Permenne paccmarpruBaemMoii 3a/1a4u MOCTPOEHO B BHUJIE CYMMBI PSIia IO CHCTEME
COOCTBEHHBIX (PYHKIUIT MHOTOMEPHOU CIIEKTPAJIBHON 3a1a9u, I KOTOPOil HaliIeHbl €€ COOCTBEH-
Hble 3HaYeHUd KaK KOPHHU TPAHCIEHJIEHTHOIO YDaBHEHHUsd U IIOCTPOEHA COOTBETCTBYIOIIAas CHUCTEMa
cobcrBennbix dyuknumit. [lokazano, 9To 3Ta cucreMa COOCTBEHHBIX (DYHKIINNA SIBJISETCH TOJHON U
obpasyet 6asuc Pucca B mpocrpancrBax CobosieBa. Ha ocHOBaHUU TIOJTHOTBI CHCTEMBI COOCTBEHHBIX
byHKIMIT TOJIyIeHa PEIIeHns TOCTABIEHHON HAYAIHHO - TPAHNIHON 3aatu.

Karoueswie cnosa: muddepennuaabable YPaBHEHUS B YACTHBIX TPOU3BOIHBIX BBHICOKOTO TIOPSIKA,
HAYAJIBHO - TPAHWYHAs 3aJada, JAPOOHAsl IMTPOU3BOJHAS 110 BPEMEHHU, COOCTBEHHbIE 3HAYEHUS, COO-
CTBeHHbIe (PYHKIIUU, TIOJIHOTA, CIIEKTPAJIbHBIA METOJ, CyIleCTBOBAHUE, €JIMHCTBEHHOCTD, PsiJI.

BBenenune. Muorue 3a1a4qu Kosedbannii crepKueit, 6aI0K U IJIACTUH, KOTOPbIE UMEIOT DOJIBITIOE 3HAYCHIE
B CTPOMTENILHON MeXaHUKe, IPUBOAAT K JuddepeHnnaIbHbIM ypaBHeHnusIM 60Jiee BBICOKOro nopsiaka [1, ¢.141-
143; 2; 3, c. 3375-3389; 4, c. 52-62; 5, c. 650-671; 6, c. 63-77; 7, c. 614-628; &8, c. 311-324; 9, c. 89-100; 10, c.
665-671]. K ypaBuenuto kosiebanuii 6ajKu IPAXOJUT TaKKe IPU PACIETE YCTONIMBOCTH BPAIAIONIUXCS BAJIOB
u usydenunn Bubpanuu Kopabieit [2, ri. 2|. Usrububle mnorepednbie KosiebaHus OIHOPOAHBIX TOHKUX YIPYTUX
crepkHell U OAJIOK C yI€TOM UX BPAIIATEIHHOIO [IBUYKEHUS NPU U3rube ONUCHIBAIOTCH AuddepeHIna bHbIM
YPABHEHNEM B UACTHBIX IPOM3BOJIHBIX UeTBEPTOro nopsiaka [11, c. 364-374].

B pa6ore [4] nccnenyrores 3amaun ¢ HAYATIBHBIME yCIOBUSIME JIJIsl YDABHEHUs KOJIEOAHUIT MTPSIMOYTOJIb-
HOM IJIACTMHBI C PA3HBIMU I'DAHUYHBIMU YCJIOBUSIMH. YCTAHOBJIEHO SHEPreTUYECKOE HEPABEHCTBO, U3 KOTOPOI'O
cJielyeT eIMHCTBEHHOCTD PElleHus] [IOCTABJIEHHBIX TPEX HAYAJIbHO-TPAaHUYIHBIX 33J/1a49. B ciydae mapHUpPHOro 3a-
KpeIUIEHUs IIACTUHBI Ha, KPasX JTOKA3aHbI TEOPEMBI CYIIIECTBOBAHUS U YCTOWIMBOCTH PEIIEHNS 3a/Ia91 B KJIACCAX
PEryJIsipHBIX U ODODIEHHBIX PEIIEeHMUIA.

B pabore [6] usyduena 3ajada ¢ HAYAJLHBIMU yCJIOBUIME JIjisi yPABHEHUs KOJEOAHUl MPIMOYIOJIBbHON
ILUTACTUHBI CO CMEIAHHBIMA I'PAHUYHBIMA YCIOBUSIMU. YCTAHOBJIEHO SHEPIeTHIECKOEe HEPABEHCTBO, U3 KOTOPOTO
cJleJlyeT eJIMHCTBEHHOCTDb PEIleHns IOCTABJIECHHON HAYaJbHO-TPAaHUYHON 3asa4u. g 3roit 3a7a4un moka3aHbl
TEOPEMBI CYIIECTBOBAHUS W YCTONYIMBOCTU PEIICHUS 3319 B KJIACCE PETYISPHBIX U OOOOIIEHHBIX PEIIeHUIA.

B paGore [7] mist ypaBHEHHUsI CMEIIAHHOTO THIIA € onepaTopoM JlaBpeHTbeBa-Bunaze B mpsiMoyrobHOi
00JlacTH M3ydYeHa IepBasi I'PaHUYHAs 3ajada. [loKa3aHO, 94TO KOPPEKTHOCTh ITOCTAHOBKM 3aJa4d CYIIECTBEH-
HBIM 00pa30M 3aBUCHUT OT OTHOIIEHUSI CTOPOH IPSIMOYTOJBHUKA U3 TUIEPOOINIECKON JaCTH CMENaHHON 00J1a-
crTu. YCTAaHOBJICH KPUTEPHUIl €IMHCTBEHHOCTH pernenns. JlOKa3aHbl OIEHKY YCTONYIMBOCTH PEIEHUsT OT 33 JaHHBIX
TPAHUIHBIX (DYHKINH U IPABOil JacTH.

B pa6ore [12] miig ypaBHEHUSI CMEIIAHHOTO TUIA C JPOOHBIMU IIPOU3BOIHBIMY U3y YeHA [epBasl MPAHUIHAS
3a/1a49a B MPSIMOYTOJIBHOM 00JIaCTH. YCTAHOBJIEH KPUTEPHil eJMHCTBEHHOCTH pelenus 3aja4qu. CaMo perenne
IIOCTPOEHO B BUJIE CYMMBI OPTOIOHAJILHOI'O Psjla U IOKa3aHa €ro CXOJUMOCTb B KJacCe Pery/dpHBIX DelleHni
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JIAHHOTO YPaBHEHUsI. YCTAHOBJIEHA YCTONYIUBOCTH PEIEHUs] OTHOCUTEIBHO 3aJIAHHBIX IPAHUYHBIX (DyHKIUN B
KJIACCE HEMPEPBIBHBIX U KBAIPATUIHO—CYMMUPYEMBIX (DYHKITHIA.

OrmernM, aro B padore [15] mokasano TeopeMa 06 OJHOZHATHON PA3PENTMMOCTH CMENTaHHON 3a/1a9n JJIst
b depeHInaJIbHON0 YPABHEHNSI B 9aCTHBIX ITPOU3BOIHBIX BBICOKOIO MOPSIIKA C JPOOHBIMU ITPOU3BOIHBIMU 10
BPEMEHH, CO CTEleHsIMI oriepaTopamu Jlariaca ¢ IpOCTPAHCTBEHHBIMU IEPEMEHHBIMI ¥ HEJIOKAIbHBIMU TPDAHIY-
HbIMU ycsioBusMy B Kiaaccax Cobosiea. B pabore [16] ucciemyercs HauabHO-IPAHUIHON 384491 JJIsl Y PABHEHUsI
6aJKM B MHOTOMEPHOM CJIy9ae M YCTAHOBJIEHO TeopeMa 00 OJHO3HAYHONW Pa3peInMOCTH HAYAJIbHO—TPAHUIHON
3a/1a4M JIs ypaBHeHus: OGajJKu B MHOTOMEPHOM ciyuae. B pabore [17] joka3aHO 0 paspermmMoCTy CMENTaHHOM
3a/a9u I yPABHEHUs] C YaCTHBIMU ITPOU3BOJHBIME JIPOOHOrO mopsiika ¢ oneparopamu IlTypma—JInysuiiis
C HEJIOKAJIBHBIMU KpaeBbIMHU ycJIoBusMu. B pabore [25] jmoka3aHo 00 OJHO3HAYHON PA3pPElIMMOCTH MHOTOMEp-
HO HAYaIbHO-TPAHUYHON 3aJ1a4H, CBI3aHHBIE C YPABHEHUSIMU KOJeOaHUN OAJKN ¢ yI6TOM €€ BparaTeIbHOro
JIBUZKEHUsI TP U3rubde, ¢ HeJIOKAJBHBIMUA TPAHUIHBIME ycJioBusaME B Kinaccax CoboieBa.

B pafore [22| usyduena HauaJbHO-TpAaHUYHAS 3848 JJIs yPABHEHUs BBIHYKJICHHBIX KOJIEOAHUN KOH-
COTbHO 3akperiénnoil 6anku. Takne mmHeitHoe nuddepennnaabHOoe ypaBHEHNE FYETBEPTOTO MOPSIKA OIMUCHI-
BaeT M3rubHbIE MOIepevYHble KOJeOaHus OMHOPOIHON OAJIKN IPU BO3/EHCTBUN BHEIIHE CUJIBI DU OTCYTCTBUU
BpAIIATEIbHOIO JIBUXKEHUsI TIPU U3rude.

ITocranoBKa 3amauu. B manHoii paGore B obmactu Q = II x (0,7) toe II = (0,1) x ... x (0,1), a
|, T—3a1aHHbBIE TIOJIOKUTEJIBHBIE YUCJIA, PACCMATPUBAELTCS CJIeyrolee OoJiee 00IIee ypaBHEHUE BUIA

ru(zy, ..z oYru(xy,...,zN,t)
2 1, N7 2 2 1, N
D;?‘u(ml,.. TN,t +Z 4pp +b Z Da 8x4pp +

+u(zy, oy xn,t) = flxg, . xn,t), (,t) €Q, n—1<a<n, 0<j<n-—1,
N, n, j+1€eN, p,eN, a,>0,b>0, p=1,N, c= const (1)

C HAYaJIbHBIMUI yCHOBI/IHI\JI/I
0* t
Dl 1), = $0(a), i=0,...,5—1, LUnh 0w, s=0, . m—j-1 (@

U 'PaHUYIHBIMA YCJIOBUAMM

vz, t) _o 0oty (z,t) _0 oo tly(z,t) _0 O¥r 3y (z, ) _0 3
3I4kp e 8z4kp+1 e aIzucp-u e a0T4lep+3 e ( )
p z,=0 p z,=0 p Tp=l p Tp=I

kpzovpp_la p:]-an

e (x,t) = (x1,...,2n,t) € Ux (0, T) u f(z,t), 3 (z),i=0,...,5—1,¢%x), s =0,...,n—j—1— nocraroumo
raajKue QyHKINH, pasjiaraeMple 110 COGCTBEHHBIM DYHKIHMAM {Um, . . my (T1,...,25), (m1,...,my) € NV}
CJIeJIYIOIIEl CIIEKTPAJIbHON 3a/1a4u:

84f’p
ai& — Xv(z) =0, (4)
! Oz
P
a4kp,v(x) 0 84kp+1v( ) 0 a4k,,+1v(x) 0 84kp+3v( ) 0 (5)
ax;l)kp 20 ’ b) ;l)kp"rl - ’ 6x;17k3p+1 - ’ ) ;l)kp+3 - ’

kp:O7pp_1a jZI,N,
A—CHeKkTpasbHbll mapamerp. Df —unrerpo-nuddepennuanbueii oneparop B cmbicae Mumrepa—Pocca mo
Pumana—JInyBus.

Mycrs f(t) : Ry — R™ dbynkuua n pa3 venpepoisao auddepenmupyemag un — 1 < a < n, n € N.
I pobuas nponssoguas no Pumana—JInyBusiis mopsiaka o onpeessieTcs ¢ paBeHCTBOM

010 =y (i) | e o
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rae T'(-)—ramma—bynknus Ditepa. Jra dyHKuus yaosrersopsier paseHcTso ['(z + 1) = 2I'(2). Jpobuas mpo-
M3BOJHAA WU PeryJIspu30BaHHOli J1poGHOI mponssoanoil mo KamyTa mopsaka o onpeIessercs ¢ paBeHCTBOM

o
D0 = iy | e @
0

CupasesymBa (HopMyJia

a *) f("
D7 f() ZOF oz—l-l)fk(o) (n—a) / ) ”“dT )

0

Taxum 06pa30M, IIpoOu3BO/IHaAd B CMbICJIE PI/Il\laHafﬂI/IyBI/I.H.HH MOXKeT ObITh apeacTaB/ieHa B BUJAE CYMMbI CUHIY-
JIAPHBIX YJICHOB

n—1 k—a
> 71“(];_ e A 9)
k=0

U peryiaspu30BaHHON ApoOHOI mpon3Bomuoil o Kamyra mopsinka o

t
f
l _ a / (x n+1 dr. (10)
0

IpucyrcrBue ciaaraeMbix (9) OpUBOAKUT K TOMY, 94TO ApobHbIe npon3BoaHble Pumana—JIuyBuiuis umeror ocoben-
HOCTH B HyJe n B 3amade Komu qus muddepeHnmnaabHbIX ypaBHEHNH IPOOHOrO MOpsiIKa B cMbicie Pumama—
JlnyBusist HeOOXOMMO 3a/1aBaTh HadvajbHBIE YCJIOBHUSI CIIEIMAJILHOTO BUJA, HE UMEIOIINE YETKO (PU3NIECKOI
MHTEPIIpeTaIun.

DTUX HEJIOCTATKOB JAPOOHON 1pon3BogHOil Pumana—/IuyBuiiist juilieHa pery/isipu30BaHHasl IIPOU3BOIHAST
nopsgka @ (n—1 < a<n, neN)

() _ 1 / F(r) a — (k)
D f(t) F(n . Ot) 0/ (t - T)a7n+1d =D f kg —a+ 1).f (0)7 (11)

KoTopas OblIa BliepBble BBeJeHa B pabore KamyTo [13], a Tak»Ke He3aBucuMo oT Hero B paborax JKpOanisitHoM
n Hepcecsirom [20].

Kak npomssonnble Pumana—JInyBuiuis, Tak m nmpousBognbie KamyTo He 00/1a1al0T HA MOJIYTPYIIIOBBIM
cBoiicTBOM, HU TeM 60Jjiee CBOMCTBOM KOMMYTATHBHOCTH, T.€. cyliecrByer dbyuxuuu f(t) u g(t), KoTopbiit

D7 f(t) # D*DPf (1), D*D7f(t) # DD f(1),
DA (1) # DWDWP f(1), DODWB f(t) £ DEDO f(4).

B CBA3U C 93TUM MI/IJIJIepOIVI n POCCOIVI [14] 6BIJII/I BBE€JI€HbI TaK Ha3blBaeMbl€e CEKBCHIIUaJIbHBIE ITPOU3BOIHBIE,
JPOOHOTO TOPSIIKA.:
Def(t) = DD ... D" f(t), (12)

rae « = (a1, Qa,. .., 0y )— MyJbTHAHAEKC, dyHKIM f(t) IpezmnosaraeTcs JOCTATOUHOE YUCIO PA3 HelPepbIB-
no nuddepennupyemoii. Boobiie rosopsi, B KadecTBe omeparopa DY, jexalero B OCHOBE CEKBEHIIMAJILHOM
npoussoaHoit Mustepa—Pocca, MOXKHO HCIIOJIB30BaTh OIepaTop JpoOHOro anddQepeHnupoBanus 1mo Pumany—
Juysusns, Kanyra wim j106y10 apyryio erod Pa3HOBUJIHOCTb. B 9acTHOCTH, JUIS MEJBIX (; 3TO MOMKET OBbIThb

poo
orepaTop obbraHOrO muddepeHImpoBaHust (E) ‘. Ucnosb3oBanne CeKBEHIMAIBHBIX ITPOU3BOAHBIX Muiepa—

Pocca mo3BosisierT, B 9aCTHOCTH, MOHMKATE MOPAIOK AUMPEPEHITNATHHBIX YPABHEHNH.

Bribepem nekoropoe v, n —1 <v <n,n € Nwunycrb o« = (j,v—n+1,n—1—3),7=0,...,n— 1.
OrmpesiesiiM TIPOU3BOIHBIE JIPOOHOTrO Topsiika B cMbiciie Muntepa—Pocca o Pumana—JluyBmwuist u B cmbiciie
Munnepa—Pocca o KamyTa ¢ paBencTBaMu COOTBETCTBEHHO

v o d J v—n-+1 d noi (v) _ d I (v—nm+1) d not
vi= () 0 (5) o pPrw=(5) b (L) .
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rme j =0,1,...,n—1.
DTH NPOU3BO/IHbIE JIPOOGHOTrO Topsi/iKa B cmbic/e Musiepa-Pocca no Pumana-JInysumnna DY f (t) u B cMbIC-

ste Musnepa—Pocca o Kamyra Dgu) f(t) cBsi3anbl ¢ paBeHcTBAMU

n-1 k—v
Dy’ f(t) = DV f(t) = D" f(t) = mjd’“)(ox
k=0

n—1-v n—-2
D £(t) = D (1) = D1 (1) + 5 110 = PN !
v) = thv k i k
D; f(t)ZD]”‘—J(t):D(”)f(t)‘i‘kZ mf( 1(0) =D¥f(t) — kz mf( (0),
B =0

k—v v

DY f(t) = DY_,f(t) = DV f(t) + i ﬁf@)(o) =D () = 5y /O,
k=1

DY _ f(t) =D f(t) Z —————— ) (0) = D" f(1),

—1/+1

rmen—1<v<mn, l €Nu g byakuuu f(t) npoussonnas nmopsaka | — 1 abcooTHO HerpepbiBHAs BYHKIHS.

JokazaTeabcTBO 9TUX yTBEpXKIAeHUi nano B paborax Yukpuit 1 Maruauna [24].

81,82,...4 SN

CkasgpHoe mpousseieHue B pocTpancTBe W (II) BBOmUTCS TaK:

(f (@), 9 (@))ygrmzmen iy = (F (2), 9 () 1,0+

N
£ 20 (DES @), D g @)y + DD (DEIDILS (), DL D2 ()
i1=1

1<i1 <iz<N
Si1 Sio G,N Siy Sio Sin

4+ ...+ E (Dgh1 Dz .. f( ), Dy Dzl ... Dz g (x))Lz(H).

1<i1<i2<...<in<N

Torma cooTBETCTBEHHO HOPpMAa B IIPOCTPAHCTBE WQS 1,52, 8N (H) OIIpejiesisieTcs 1Mo (PopMyJie

@) 2o gy = L @)y +Z\!Diiif<w>||iz<n>+

7,11

S Si 2 Si 5 i 2
+ > IDEDRE @),y et > 1Dz D22 - DEX F @), oy

ZL’lN
1<iy <ia<N 1<ig<in<...<in <N

II) mmozkecTBO BCex (PYHKIIMI € W2s1:282:258 (1) yropierBo-
Y 2 y Y
N 34’“ i)

O6o3HaunM gepes W
0**i f (@)

PSIIOIIUX TPAHIYHBIM YCIOBUAM —jig-— =0mpu 0 < k; < 4SJ8 T =0mnpu 0 < k; <
6xj ;=0 Oz J ;=0
L N-— 4k +1 4k +3 )
4s; 8N 2’ o) J4k.Jj—(1;E) — 0 mpu 0 < k; < 45— N 27 ) J4k‘]:—(3£v) =0 pm 0 < k; <w’ j=T,N.
oz, 7 _ oz 7 _
J zj=l J zj=l
B mpocTpamncTse W251’252’ 25N (1) pynxumit N—nepemennsix f (z) = f (21, . ..,%N) TOIHYIO0 OPTOHOD-
MaJIbHYIO CHCTEMY 00pa3yioT M3 BCEX IMPOU3BEIECHUI
Umym (T15 05 BN) = Xony (1) -0 Xy (TN) (13)
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re
1 1 cosdy,. (I — x; chd,,. (I —x; _
ij(xj): ( mJ( ]) MJ( J)>’ m; GZJr,
14 dts V- ’Ctgdmjl’ sin dyy,, 1 shdy,, 1
J
dy; —KOPEeHb TPaHCIeHIeHTHOTo ypapHenus tgld = —thid. Cnpasenusa cienyromas
Teopema 1. Cucrema coOCTBEHHBIX (DYHKIHI
N
{Vms e (@15 N Y gy myezy = 1] Xom, (27) (14)

j=1

(ml,...,mN)GZf

creKkTpasbHoil 3amaun  (4), (5) sdABigercs IOJHOM OPTOHOPMUPOBaHHBIA cucTemoit B Kiacce CoboseBa
[e]

251,252,...,25]\7
W5 (II).

o]
O6o3naguM yepe3 H #1558 (1) muokecTBO Beex dynkuuit f(x) € H5525N (1), yI0BI€TBOPSIONIUX

e _7 k41 _N—

TPAHUYHBIM YCJIOBUSIM ij(f) =0mpu 0 < k; < 2SJ8 N, g ]4kj'7jr(1w) =0mpu 0 < k; < w7
Zj x;=0 azi ;=0

ki t1 2s;—N-2 9*hit3 25;,—N—6 .

Wﬁw =0mpu 0 < kj < 2222 8x4kj’i2,””) =0mpu 0 < k; < 2=, j=1,N.

J zj=l J zj=l
CrpaBeymBa CJeayomast
Teopema 2. Cucrema coberBennbix dyuknuii (14) crekrpasbuoit 3amaqu (4), (5) obpasyer 6azuc Pucca
B npocrpancrse CoboJieBa H S1s2ensy (II).
Teopewmsbr 1 u 2 mokazana B pabore 23.

CyIII‘eCTBOBaHI/Ie N € JMHCTBEHHOCTHb pellleHUsd Ha‘IaJ’IbHO-I‘paHH‘IHOﬁ 3aJa4M. PerJIHprII\/I pe-

mervem ypasaenusi (1) B obmactu @ = II x (0,7) maszosem dynkuumio u(z,t) u3 kmacca u(z,t) € C(Q),

4 — 4 —
D§u(w,t) € C(Q),% e C(Q), D}X% € C(Q), p=1,2,...,N u yIOBIeTBOPSIOINIYI0 YPABHEHUIO
Tp Tp

(1) Bo BCex TouKax (z,t) € Q.

o . .
O6osuaunmm depes W5 *¥ ¢ () mmoxkectso Beex bynkumit u(x,t) € Wit 2"V (Q), yrosrerso-
Ak ; o Ak 41
PSIOMAX TPAHUIHBIM YCJIOBUSIM %ﬂgﬂj) =0mpu 0 < k; < 25]8 N, 8814&7‘1;(11:) =0mpm 0 < k; <
Zj ;=0 Tj ;=0
2s;—N-2 g*kit! 2s,—N-2 9*;jt3 2s,—N—-6 . _ T 7
= , am‘%kjﬁ(lﬂ) =0upu 0 < k; < = S aﬁkﬂﬁ(‘o’x) =0mpu 0 <k; < =4—, j=1,N.

J xj=l J xj=l

DOyuxuuio u(z,t) Ha3oBeM pery/gpHbM pemmenueM 3aga4a (1)—(3) B obmactu @ = I1 x (0,7, eciiu bynk-
uus u(x,t) peryssapuble pemenue ypasaenus (1) B obmacru @ = II X (0,7T) u yuoBierBopsieT HAYAJbLHBIM U
IPaHUYIHBIM ycstoBusM (2) u (3).

Iycrs byukuus u(x,t) € W;l’sz""’sN’e (Q) c nokazaresem 1 > 4p1+%, S9 > 4p2+%, ..., 8N > 4pN+%7
0 > —[—a] + % yI0BIeTBOPAIOT ypasHeHuio (1) Bo Bcex Toukax (x,t) € ) U yJIOBIETBOPAET HAYAJBHBIM U
rpaHrgHbIM yestoBusiM (2) u (3). Torma dyukims u(x,t) sABIsieTcst peryIsipHbIM pelrnenneM 3agada (1)—(3) B
obaactu @ =11 x (0,7).

JlokazkeM Tenepb CyIIECTBOBAHHE M €AMHCTBEHHOCTH PENICHHS HadaabHO-TpaHmdHoil 3amadn. Crpases-
JIIBA, CJIEIyIOMas

Teopema 3. Ilycrs nagambubie bynkmm @0 (x), i =0,...,5—1; ¢%(z), s=0,...,n—j— 1 u3 Kracca
W 5b*2 "N (D) ¢ nokasarenem s, > 4p + &, p = 1,N n upasas wacrs f(-,t) € C([O,T]; W gts2sN (H))

o . _
Torza peryasipuoe pemene sagaqu (1)—(3) u3 kacca 1 575 *V (Q) ¢ noxasarenenm sp>dpp+5, p=1,N,

0> —[—a] + % CyHIECTBYET, €IMHCTBEHHO W IIPEJICTaBJIIETCA B BUJE Psa
[ee] [e%e] —[—a]—]—l )\ + 62
f— PN 0 . s . f—ml’””mN . .
W)=Y 3 | X et B (e )+
m1:0 mN—O s=0 ’ ’
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; A +c?
a—i—1 mi,..,MN «, .
+Z iP5 myemy 'E;<_1+b2)\m1 ..... mN'tya—l>+
t \ 9
ma,my T C - 1
+/ (t—7)""" - E1 {—%(t—ﬂ ;o mfmh“me(T)dT Vg ,my (€). - (15)
0

Bzmecy E, (x; p) = Z m dyuxmus Murrar-Jledmepa, Ay, = Z anmp;’ , 1€ dyy, KOpeHb

.....

7Tmp

TpaHCIeHIeHTHOrO ypaBHeHus tgld = —thld u B KaXXIOM 13 UHTEDPBAJOB T” < dmp < + ?er, my, =
0,1,2,..., p=1,2,..., N umeercsa paBHO OJIUH KOPeHb dyp , —dp, = 0 an/I mp — 00 1
KO3 DUITUEHTHI OMPEIEsISeTCss 10 (POPMYJIaM

ar

Fomnomn (£) = / F @) Vi ()T, By = / B@) ... (2)d,

I
i=0,...,5—1; my,...,my € Zy,
(pg;mh---JNN = /wg(x)vmla--me ('T)dxv § = 07 EEEE [—Oé] _j -1 ;0 Mi,..., My € Z-‘r'
i
JokaszarenbcTBo. Benem byHarnym
T (O = [ 000 v (&) (16)
I
rie
N
Vs, (€)= [ [ Xom, (). (17)
i=1

B cuy (1)—(3) nemssecrusie dbyakuun T, (t) = Thn, . my (t) YIOBIETBOPSIOT ypaBHEHHIM

.....

A ’ 1
MTml,m,mN (t)

= m m (t), Z ) 18
(R S— T+ Py oy e (O M €2 (19)

D?Tml,...,mN (t) +

n—1l<a<n, 0<3<n—1, N, n, j+1€N, peN, a>0,b>0, c=const
U HAYAJBHBIM YCJIOBUIIM

hm D;’ e ) =@ oy =0, =15 my,...my €Ly,

dsTm my (¢ . =
}%TN() =0 mny $5=0,...,—[-a]—j—1; my,...,my €Zy, (19)

re
oo 0 = [ £ 0,y (), (20)
I
B = [ G @), §= 0,0 G = L sy € o, (21)
N

Pismi,...mny — @?(x)vml N(m)dx, 5:07”'77[70‘]7j71;m13'~'am1\/' €Z+' (22)

n\‘

Pemenne 3anaun Kommu (18), (19) usBecrro (cM., HanpuMmep [24]), u oHO nMeeT BUJ,

—[-a]-j-1 A +02
_ 0 s mi,...,MN .,
Ty ,.omn (8) = E Poimymy t” - E1 (_H’bzA’rnl’mNt ; 3+1>+
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j—1 )
~ . A c )
+Z@?§mlv"'vm1\’.ta_l_l Eé <_W tay Oé_l> +

P L+ b2 Am,my
t )\ 9
o ma,...my +C a 1
+/(t—7) ON {—“’N(t—T) ; Oé] o fma,my (T)AT, (23)
/ | 14+ 0%, L+ 02Ny
rae
N
Moomn = D andyir, (24)
p=1
Angvemn ¢ La)?
A + ¢ > ( fEEED W— 't>
EL (_ MM yeeyMN ta7 S+1> — 1 N , (25)
o 14+ 02 . mn q;) F(aq+s+1)
Amy,...omy+C° a\?
A + ¢ ) > (_1+b pS— 't)
E. (- Rt t a—i) = SR ; (26)
a1+, qz:; I'(ag+ o —1)
m o 3 « a1
Mg omy + €2 T _ i ( 1+b2)\n;1,?\.[..7nN (t=7) ) (27)
IR . B I' (aq)

q=1

Tockonbky dyrkmu (16) mocrpoens! B siBHOM BHJIE (23), TO Ha OCHOBAHHMU HOJIHOTHI CUCTEMbI COOCTBEH-
HbIX Gyukwii (14) B Lo(IT) HETPY/IHO JTOKA3aTh €MHCTBEHHOCTE perenus 3aaadn (1)—(3). Iycrs f(z,t) =0n
wi(t) =0, i=1,—[—a]. Torma u3z dopmyis (20)—(22) u (23) caeayer, dro

/u (l’,t) Umy,...,mpn (.’17) dz =0

I

IpH BCEX My, ..., my € Z, u mobom t € [0, T]. OTciona B CHITY TOTHOTHI CHCTEMbI COOCTBEHHBIX byHKImit (14)
B Lo(IT) BoiTekaer, aro u(z,t) = 0 nouru Berogy B obmnacru 11 npu smo6om t € [0, 1.

Kaxk msBecTHO, 10 Teopeme Bioxkenns Cobosesa dbynkusa u(r,t) renpepssra Ha Q, T0 u(z,t) =0 B Q.
D10 MOKA3BIBAET €JMHCTBEHHOCTH perenns 3agaqn (1)—(3).

o .
ITpu kazxkaom ¢t > 0 dynkmus u(z, t) € W 5525 % (Q) 1o nepenmennoii z aBsiercs GyHKIMell H3 Kiacca
o .
u(z,t) € WSI’SZ"“’SN’Q (IT). IIosromy, paccmarpusas t > 0 kak mapamerp, perenue 3agaau (1)—(3) Gymem

;0 " ,
HCKATh U3 KJIacca W 5772 PNV (Q) B BIle CyMMBI psijia 110 cucTeMe cobeTBeHHbIX dyHKIwmit (14) crekTpanbHoil
sagaqan (4), (5):

= Z o Z Tmh...,mz\r (t) “Umi,...omy (x)’ (28)

m1:0 mN:O

N
0I€ Uy,.omy () = [ Xmi (@), Tiny.... omy (t) oupenensiercs mo dbopmyie (16).

Tocsie mopcranoBky (23) B (28) MBI HOJYIUM eIMHCTBEHHOE pereHue 3aaaun (1)—(3) B Buze psna

o o [la N iy
my

m1=0 my=0 s=0

. )\ C 167 — —|—
1 M1, ,TMN t )
..... 6(¥—7z_ . E < P A R N ) 8] Z>
Z SO’L ma mp '’ a I + D )\77L17~--17”‘N
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IMockonbKy cucrema coberBennbix dbynkuuii (14) cnexkrpanbhoii 3agaqm (4), (5) obpasyer 6asuc Pucca B
[e]
upocrpanctse Cobosea H 10525V (TI), yobast DYHKIWSA M3 ITOrO KJacca pas3jiaraercs eJUHCTBEHHBIM 00-
pasom B psag @ypree, cxopsimmiicss Mo HOpMe TpocrpaHcTBa H 525N (1), Tlostomy psag (29) cxomurcst B
o
s s Y
H#1:52:558 (TT) ipu ymro6om ¢ € [0, T']. BisicHUM yCII0BHs CyIIeCTBOBAHUS pellleHnst U3 Kiaacca W 5" "2 "N (Q).
Corytacao Teopeme 2, cucreMa cobcTBeHHbIX dyHKimii (14) crekrpasnbuoit 3anadn (4), (5) obpasyer 6asuc Pucca

o] o N N
B npocrpancreax Cobosesa H 515258 (I1) m W 5% "N (Q).
(e}

[Tycrs nauambhbie by G9(x), i =0,...,5—1; ¢%(x), s =0,...,n—j—1 u3 knacca W 5"°> N (II)
¢ nokasareneM s, > 4p+ &, p=1,N u npasas wacrs f(-,t) € C ( [0,T]; W 552N (H)) Torma o Teopeme

Baoxkenust CobosieBa CIpaBeINBO HEPABEHCTBO

=
—
8

~
=
qw

&

°

kS

>

-
2
g

IN

)
oo
=
—~
&
=
o)
&

=
2

IN

) o |—[-a]l-j-1
< 0 By (= Ay a4
D I D D L e wm R A

Q=

m1=0 mpy=0 s=0
j—1 2
. A +c
~0 a—i—1 M1,..ey mn « .

+ Di:m ot -E1<~t,az>+

; L AN .

t \ ) 2
—1 mi,...,,myN +c a 1
+ | t-7)"" By |- AN ) e ———————— T)dT| < const.
O/( ) P |: 1 +b2Am1,_“7mN( ) ) :| 1 +b2Am17,,,7mN fml, 1mN( )
Otcroma creyet uTo, ecn Hadambabie byakmm @O (x), i =0,...,75 —1; p2(z), s =0,...,n — j — 1 u3 K1acca

Vi[)/gl’s?"”’sl\’ (IT) ¢ nokasaresnem s, > 4p—|—%, p =1, N, u npasas sacrn f(-,t) € C ( [0,T]; I/?/gl’sz"“’sN (H))7 TO

peryasproe pemenne 3amaun (1)-(3) us kmacca W 5*2 V% (Q) ¢ noxazarenem s, > 4p + X, p=1,N,0>

—[—a] + % CYIIECTBYET, eJJMHCTBEHHO U IIpejcTaBisAercs B Buje pana (15). Teopema 3 mokazamno.
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ANNOTATSIYA

Mazkur ishda Sobolev sinflarida qo‘yilgan masala yechimining mavjudlik va yagonalik teoremasi
isbotlangan. Qaralayotgan masalaning yechimi ko‘p o‘lchamli spektral masalaning xos funkiyalari
sistemasi bo‘yicha yoyilgan qator ko‘rinishida qurilgan, bunda xos qiymatlar transsendent
tenglamaning ildizlari sifatida topilgan va mos xos funksiyalar sistemasi qurilgan. Bu xos funksiyalar
sistemasi Sobolev fazolarida to‘la va Riss bazisini tashkil etishi ko‘rsatilgan. Xos funksiyalar
sistemasining to‘laligi asosida qo‘yilgan boshlang‘ich-chegaraviy masalaning yechimi olingan.

Kalit so‘zlar: yuqori tartibli xususiy hosilali differensial tenglamalar, boshlang‘ich-chegaraviy
masala, vaqt bo‘yicha kasr tartibli hosila, xos funksiyalar, to‘lalik, spektral usul, mavjudlik,
yagonalik, qator.

ANNOTATION

The paper proves the theorem of the existence and uniqueness of the solution of the problem in
Sobolev classes. The solution of the problem under consideration is constructed as the sum of a
series according to the system of eigenfunctions of a multidimensional spectral problem, for which
its eigenvalues are found as the roots of the transcendental equation and the corresponding system
of eigenfunctions is constructed. It is shown that this system of eigenfunctions is complete and forms
a Riesz basis in Sobolev spaces. Based on the completeness of the system of eigenfunctions, solutions
to the initial boundary value problem are obtained.

Key words: high-order partial differential equation, initial-boundary value problem, fractional time
derivative, eigenvalues, eigenfunctions, completeness, spectral method, existence, uniqueness, series.
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YIK 517.55

CBOVICTBA M-CYBIAPMOHUMNYECKUX ®VHKIINUN

MaagpaxumoB P. M.
HAIIMOHAJILHBIN NTEJATOT'MYECKUN YHUBEPCUTET Y3BEKUCTAHA, TAIIKEHT
mruzimbay@mail.ru
OmoHoB O. .
HAIIMOHAIBHBIN MMEJATOTMYECKUN YHUBEPCUTET Y3BEKUCTAHA, TAIIIKEHT
o.i.omonov@mail.ru

PE3IOME

B nmamnboit craTthe mpesicTaBIeHbI OCHOBHBIE CBOMCTBa M-cyOrapMoHUYecKoil byHKINN U JTOKA3AHO,
9TO ecam cpe3-hyHKIUs ABIsgeTcs M-rapMOHUIECKOH Ha eJMHUIHOM mmape (IoJauKpyre), T0 (hyHK-
AT STBJISIETCST ILIFOPUTAPMOHUIECKOIA.

Karouesvie caosa: cpe3-byHKINs, TapMOHIIecKasi (DyHKIUs, CyOrapMOHIYIecKas (OyHKITUs, IO~
purapmonuteckas Gyukimus, M-rapmorntdeckas GyHKIms, M-cybrapMmonndeckas QyHKITAA.

ITycrs C™ —komiuiekcHoe npoctparcTBo (n > 1), B = {z € C" : |z| < 1}—OTKpBITHIN € MHUYHBIA map
B C" ¢ meHTPOM B HadaJle KOOPAMHAT, FPAHUIIA KOTOPOTrO ABJIAeTCS cdepoit

S={zeC":|z|=1}.
Korma n = 1, equanyansiii nosmkpyr B C 6yger obosnadarbes yepes U, a jist n > 1
Urt={zeC": |z <1, j=12,...,n} (1)

Mmuoxecrso IT" = {z € C" : |z;| =1, j = 1,2,...,n} nasuiBaercsa BoAenennoil rpanumeit U™,
Kak ussectno, dbynxnus f(z) € C?(D) HasbBaeTcs ITIOPUTApMOHIYECKOi B D, €C/Ii OHa YJI0BIeTBOPSIET
careytommuM n2-auddepeHnnatbHBIM YPaBHEHIAM

9%f(2)
=0 1,j=1,...,n).
aZi 82_] ( )j ’ I )
ﬂeﬂCTBHTeHbHaH (k)yHKH‘I/IH f(Z), —00 S f(z) < 0 onpege/IeHHad B OKPECTHOCTU TOYKHU 2, Ha3bIBa€TCA
HOHyHereprBHOﬁ CBEPXy B STOM TOYKe, eCJIn JJIid JIIO6OFO g > O Haf/iﬂeTCH (5 > O TaKoe, 9TO
lim f(z) < f(z0) (1)
Z—r20

Onpepenenue 1. @yukus f(z): B — [—00, 00) HasbiBaercst M-rapmonnyeckoit (M-cyBrapMonmaeckoii )
B mape B, eciu oHa yioiersopsier ycaosusaM: a) f(z) mosyHenpepbiBHa cBepxXy B B; 6) juisl KaxKIoi TOUKH
z € B uMeeT MeCTO PaBEeHCTBO (HEPABEHCTBO)

f(a) = /S F(@alrt)) do(t)(f(a) < /S £ (@alrt)) do(t)) (2)

It BCeX a € B mocTaTOvHO MAJIoro pajmyca r cdepsl o.

Onpegenenne 2. Ilycrs B-eqpmwmumeii map B C". ®ymkuus  f(z) € C*(B) naspsaercs M-
rapmonmnyeckoil (M-cybrapmonmaeckoit) B B, ecm Af(z) =0 (Af(z) > 0) B B, rae

A= U5 Y 6 - 52 ®)

i,5=1
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(3meck 0;; = 0 mpu @ # j, 0;; = 1) uHBapuanTHBI Jantacuan B B [5].
Omnpenenenne 3. Ilycts U'-eammmanbii moymkpyr B C". Oymkmusa f(z) € C?(U™) maspisaerca M-
rapmonndeckoii (M-cybrapmonnueckoii) B U™, eciu Af(z) =0 (Af(z) > 0) B U™, rue

=23 (1= 3ng2 (4)

MHBApHUAHTHBIN Jamiacuan B U™ [4].

Nzyuenne Teopun rapMOHUYECKUX (DYHKIMIA ¢ y9eTOM MHBAPUAHTHOIO JIAILJIaCHaHa aKTUBU3UPOBAJIOCH B
1960-x rogax Gaaromapst paboram Propcrendepra ([8], [9]), riae nosiBuiioch HHTErpasIbHOE HpejcTapienue Ilyan-
Kape JJIg OrPaHMYeHHBIX MapMOHMYECKHX (DYHKIMI HA CHMMETPHYHBIX IPOCTPAHCTBAX, & TAKKe PACIINPEHHE
kiaccudeckoit Teopembl Pary ([12]) ma unrerpanst Ilyankape s mapa u orpaHUYEHHBIX CUMMETDPHYHBIX 00-
aacreit Kopanbu ([10]), Hreitna u Baiica ([11], [13]). C Tex 1n0op HpoBOAsTCS aKTHBHbIE HCCIIEI0BAHNA NHBADY-
aHTHBIX FrapMOHMYECKUX (DYHKIWMIT U, B IIOC/IeIHee BpeMsl, TeOPUH MHBAPUAHTHOIO IIOTEHIUAJA B IeJIOM.

Y. Pymun B pabGore [3]| mosmyumn coemyrommii pesyabrar: ecau dyHKums u(z) rapMoHmdeckas u M-
rapMOHHYecKass B B, sIBJIsSeTCA ILIIOPUTapMOHUYIECKOil B B.

P.M. Magpaxumos u M.JI. Baucosa B pabore [15] mokazanu ciezmyroriyo Teopemy: ecan GyHKIms u(z)
rapMoHnYeckass 1 M-cybrapMonnyeckas B B, TO sBIsSIeTCA ILIIOPUTapMOHUYIECKO B B.

OcHOBHbBIE pe3yJIbTAaTbl PabOThI

Ilens mammo#t paboThl - chopMyIUpOBaAThH cBOiicTBA M-cybrapMoHutecknx (GpyHKIHUI Ha mape B u mpoka-
3aTh CJIELYIOILYIO0 TEOPEMY O IIIOpUrapMoHndeckux GpyHKIuaX B mape B (moaukpyre U™).

CpoiictrBo 1. Jlwobast JjmHeiiHass KOMOWMHAIWS C  IIOJIOYKUTEJbHBIMU KO3 urmentamu M-
cybrapMmormdeckux (pyHKIui spjsercs M-cybrapMoHnIecKoil byHKIHEld.

HokazarenbcTBO cBoiicTBa 1. /lokaxkem, uro npousseienne M-cybrapMoHnIecKoil pyHKIINY Ha TI0JIO-
KUTEJTHbHYI0 KOHCTAHTY CHOBa siBjsieTcss M-cybrapMoHuveckoit pyHKITmeid.

JleficTBUTEIPHO, TPH YMHOXKEHUU Ha IOJIOKUTEIBHYIO IIOCTOSIHHYIO IIOJIYHEIPEPBIBHOCTh CBEPXY
lim pf(2) < pf(z0), Tax u yenosue puf (z) < [o puf(p.(rt)) do(t) coxpansorcs.
zZ—20

Temeps m0KaxkeM, uTO cymMmMa AByX M-cybrapmonndeckux dyHkinit ectb M-cybrapmonmdeckast pyHKITAS.

Iycrs f(2) u h(z)-M-cybrapmonnueckue dyukuuu. Oyukuun f(z) u h(z) HOJ’IyHereprBHbI CBEPXY, T
€. BBITOJIHAIOTCS lim f(z) < f(z0) m lim h(z) < h(zp). Takxke BemomHsitoTcs  f(2) < fS (p2(rt))do(t) n
Z—r 20

) < [g hle.( rt da(t).
OTCIO,II;a CJTEJIYeT, UTO mf(z) + mh(z) = lim [f(2) + h(2)] < f(z0) + h(z0) m f(2) + h(z) <

Q Z—>Z0 Z—20

Js fle=(rt)) do(t)+ [¢ h(p.(rt))do(t) = [4 [f t))+h(p.(rt))] do(t). Takum obpaszom, f(z)+h(z) asnsercs
M- Cy6I‘apMOHI/I‘{eCKOI/I beHKLLI/IeI/I

Hcnonb3yst 910, MBI JOKa3biBaeM cBoiicTso 1. Ilycrs dyukuun f;(z) (j = 1,...,n)- M-cybrapMmonudeckue
dbyukunu, a A; (j = 1,...,n) - monoxuTenbHble meficTBuTeNbHble uncaa. Torma A - f;(z), (j = 1,...,n)
aBjsgercsa M-cybrapMoHndIecKoit byHKITIeid.

3 3TuX CBOMCTB HEMOCPEJICTBEHHO CJEIyeT NOKA3aTeTLCTBO CBOUCTBA 1.

CgoiictBo 2. Bepxusisi ormbaromasi KoHedHOro uqwmcjia M-cybrapmonmdecknx GyHKImit ecrb M-
cybrapMoHuYIecKass QyHKITASI.

JokasarenbcTBo cBoiicTBa 2. B camom nere, mycrhb

F(z):max{fl(z),fg(z),...7fN(z)} (5)

ecTb BepxHsist ormbarontas M-cybrapmonndeckux bynkuuit f;(z), (j =1,2,...,N). OgeBuznno, uro F(z) momry-
HeNpepbIBHA CBEPXY, IOTOMY 4TO f;(z) MOIyHeIPepBIBHEL CBepXy. Jlajee JIerKo MPOBEPUTH BBLIIOIHEHNE YCIIOBHSI
(2) ms F(z).

Heitcrurensuo, f;(z) < F(z), rae j = 1,..., N. CienosareisbHo,

)< /S £3(s(rt)) do(t) < /S Flps(rt)) do(t) (6).
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Tak Kak I0CJIe/lHee HEPABEHCTBO CIPaBEeINBO [yist BCeX fj(z), TO, B 4aCTHOCTH,

Pl2) < /S Fleo.(rt)) do () (1),

9TOo U Tp€6OBaJIOCb JI0Ka3aTh.

B gactHOCTH, U3 9TOTO CBOMCTBA BBITEKAET, UTO BEPXHsis OIMOAIOIIAs KOHETHOTO Ynciaa M-rapMOHHIeCKUX
dyukImit ectb M-cybrapMoHuYIecKasi.

CsoiicTBO 3. PaBHOMEPHO CXOJISIIAsICS TOCIEI0BATEBHOCTE M-cybrapMoHrneckux (DyHKIUI nMeeT CBO-
uM npegeaom M-cybrapMoHndeckyto (OyHKIHIO.

Hoka3zaresberBo cBoiictBa 3. Ilycrs {f,(2)} - 3amannas GyHKIMOHAIBHAS [OCIE0BATEIBHOCTD, &
f(2) paBHOMepHO cxongmascs K npeaeabnoit yaknuu, .e. lim f,(2) = f(2), fu(z) = f(2).
n—oo
ITokazkeM, 4TO HepBas sABJIAETCs MOJYHENPEPbIBHOH cBepxy dyukuueii. {f,(z)} - M-cybrapmonunyeckue

QyHKIMN, 3HAYNT, OHU TOJYHENPEPBIBHBI CBEPXY, T.e., lim f,(2) < fn(z0) (mus Beex j = 1,2,...). Orciona u
Z—r20

u3 nl;ngo fn(2) = f(2) cneayer

lim lim f,(z) = lim lim f,(z) = lim f(2) < lim f,(20) = f(20) (8).
n—o00 2— 2o Z—r20 N—00 z2—20 n—oo

CrenoBaresbho, f(z) - HosyHenpepbiBHAS CBEPXY (DYHKIIUSI.

Tenepb nOKazKeM, 9TO yCsoBHe (2) BBIIOIHACTCS I NPEIEeabHOH dyHKIn.

[Mockonbky {fn(z)} - M-cybrapmonudeckue (pyHKIUE, U3BECTHO, Jist JIIOO0H (DyHKIUN TOCIEI0BATE b
HOCTH BBITIOJIHSETCA HEPABEHCTBO

< /S Fulip (1)) dor(t) (9)-

ITockobKY OHO CXOMUTCA PABHOMEPHO, MOYKHO MEePEefTH K MPEJIeTy MO/ 3HAKOM WHTErpaJIa

lim f,(2) = f(2) < lim fn(cpz(rt))do(t) :/ lim f, (. (rt)) /f v (rt)) do(t) (10).
n—00 n— 00 g n—oo
Orciona nonyuaem f(z) < [¢ f(pz(rt)) do(t). Nrak, cBoiicTBO J0Ka3aHO.

Tycrs f(2)- aBaxmubl ;mcb(bepeﬂnnpyeMaﬂ dbynkmus (to ects f(2) € C%(B)). YTo6b H3yIuTH MOBEICHIE
3TOi (DYHKINW B PA3INIHBIX HANPABJIEHUSIX BHYTPH MIapa (MOJUKPYTE), BBOIUTCS MOHATHE Cpe3-PyHKITAN.

Cpes-pyHKIUS ONMPEaeIaeTcs CIeAYIOMMIM 00Pa30M:

Jap(X) = fla+ Ab)

rne a € B (a € U™), b € C". Cpes-dyukuusa oupezensercs s Beex 3nadenuit A € C, Takux 910 TOUKA
lap=a+ b€ B (lgp =a+ Ab € U™). Cormaco sTomy onpenesenuio, GyHKuus fq ,(A) cranosurcs QyHKIneit
OJTHOM TTePEMEHHOM M0 KOMILJIEKCHOMY MapaMeTpy A.

Teopema 1. Oyuknus f(z) : B — R gBigercd mmopurapMOHIYeCKoil, ecn Kaxkgas QyHKms fq p(A)
AaBjgerca M-rapMOHIYeCcKOil B iepecedenun B 1 [, p.

Hoxka3zaresnbcrBo Teopemsbl 1. [Tockosbky y Hac n = 1, 1o (3) npuHuMaeT Cjeyomuii B

Af(z) =201 - |2?) (8855()? - zzaai(g?> =9(1— m%?%ﬁé?. (11).

Coryacno runorese TeopeMsl, GyHKIWM f, , gBageTcss M-rapMoHIdecKoil. DTo 03HAUTAET, ITO OTOOpaKe-
mue U, (A) = a + Ab asagerca romomopdueM, n byukims f,, = f o l, () momydaerca Kax Ccynepro3uuus
dyuxnun f u romomopduoro orobpazxkenus lq ,(A). Eciu npumenuts mennsle npasmia u3 ([5], ¢t 9, ypaBHenus
(1.1) m (1.2)) nBaxkaer mas dyakoun fu, = f 0l, p(A), To Belpakenue (3) IPUMET CJIeLyIONHI BAJI:

(Afap)(0) = A(f 010p)(0) = 2(1 — |a]*) beaazaaj : (12).

1,5=1
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O6o3naunM uepes3 Hr(a) KOMIITIEKCHBIH reccual GyHKIME f B TOUKe @, TO €CTh MATPHILY Pa3MePOM 1 X 1,
3JIEMEHTHI KOTOPOIT UMEIOT BUJ;:

ot o . _9%f
daq0a1 dao0aq dan,0ay
] alzaf ] a%df D] bg
a1 0as az0as anoaz
Hy(a) = . : :
oy ot 9%
0a10a, 0a20a, Oay, 0a,

Torna dopmyma (12) Moxker GbITH mepenucana B 60ee KOMIAKTHOM BUJIE KaK:
(Afap)(0) = 2(1 — [af*)*(Hy(a)b,b) = 0, (13)

rie (z,w) = > 1, z;W; 0603HAMAET SPMUTOBO cKassipHOe npoussesenue B C", a [z] = (z, z>%

UssectHo, uto 1 — |a|?> > 0 mst Beex a € B. Uz storo cieyer, uto Bee QyHKIUI fa,p aABIAIOTCT M-
rapMOHHYECKHMHI B TOM M TOJLKO B TOM CIydae, eCIH KOMILUICKCHBIH reccuan (pyHKIMH [ B KaxKJOi TOYKE
a € B paBeH HYJIO, TO €CTb

H¢(a) =0 pmsBeex a € B.

A 5710, B CBOIO OYepejib, IKBUBAJEHTHO TOMY, YTO BCE BTOPbIE CMEIIaHHBIE MPOU3BOJHBIE (GyHKIUUA [

[0 TIEPEMEHHBIM a; € B U COnpsKEHHBIM [TEPEMEHHBIM G; € B paBHBI HYJIIO /i BCEX HUHIEKCOB , TO €CTh
BBIIIOJIHAETCA yCJIOBUE:

0% f

— = 5,7 =1,...,n). 14
aalaaj O (Z)j ) 377’) ( )

Takum 06pa3zoM, MOXKHO CJIEJIATh OKOHYATEJbHBIN BRIBOM: (DyHKIUs [ SIBJSETCs IIIOPUTapMOHUIECKON B
B, Tak kax BbINOJHeHHEe paBeHCTBA (14) 1 0OHy/IeHNEe KOMIUIEKCHOTO MeCCUaHa O3HATAIOT, UTO [ Y/IOBIETBODSIET
OIIPEJIEJIEHUIO TIJIIOPUTaPMOHUYECKOM (DYHKIIAN.

Teopema 2. Oyukius f(z) : U™ — R sapisieTcs MIOpUrapMOHUIECKON, ecan Kaxaad GyHkuus fq p(N)
saBsAeTca M-rapMonnydeckoi B nepecevernu U™ u g p,.

HokazaresbcTBO TeopeMbl 2. Mbl JlokasbiBaeM TeopeMy 2 Tak Ke, Kak W TeopeMmy 1, HOCKOJIbKY
Ap = Ay, npu n = 1. ITo yc/I0BUIO TEOPEMBI, fa,p sABIAETCA M-rapmonmueckoit dpynkmumeit. Kak n B Teopeme 1,
€CJIH MBI IBaXKIbI IPUMEHNM [IPABIIIA HENOoUKN K GYHKIuH f,, = f ol (), T0 (12) BBITeKaeT u3 (4).

Torma sopaxkenme (12) mpeoGpasyerca B (13). Dro osmadaer, 4ro Bee PyHKIUH fq; ABIAIOTCT M-
rapMOHMYECKAMI TOTa U TOJBKO TOTAA, KOLa KoMIUleKcHbI leccman dyuxumu f, Hy(a), paBeH Hymo It
Bcex To4ek a € U™, To ecTh, KOI/Ia BBIIOJIHAETCH paBeHCTBO (14).

Taxum obpaszom, f sBisieTcs IIOpUrapMOHIYIecKoit dyukmnueit B U™.

Xorst TeopeMbl 1 U 2 UMEIOT CXOXKYIO CTPYKTYDY U MJIEU, MBI IIPEIIIOYATAEM PACCMATPUBATE UX OTIEJIBHO,
TakK Kak map B u nosukpyr U™ He ABISIOTCS OUTOJIOMODGMHBIMI.

U3 31X TeOpeM BBITEKAIOT CJIEIYIONINE CIEICTBHS:

CaencrBue 1. Oyuknus f(z) : B — R (f(z) : U™ — R) sBisiercss rapMOHNYECKOMH, €C/IH KaxKast
dbyaxuus f,, asusercs M-rapmonntdeckoil B mepecedenunt B u lqp, (U™ 1 lgp).

CaencrBue 2. Oynkius f(z) : B — R (f(z) : U™ — R) saBasercs M-rapMOHHYECKO, ecn KaxKiast
dbyukuus f,, asusercs M-rapmonntdeckoil B mepecedenun B u lqp (U™ 1 lgp).

Onpenenum A cireyronum 06pazoM:

Af(z) = Z 2-2-78 f(f)

(3 ]8
2 0Z;
i,j=1 B

Cuencrsue 3. Ilycrs dyuxiua fqp yaosiaersopser yciaoBuio Af,, = 0 B nepeceuenun B u l,p. Torna
dyukuus f(z) aBiagercs MWIIOPUrapMOHITYECKON.

TloaBoast mrorm craThbi, MOXKHO CKa3aTh, UTO U3YUEHBI CBOMCTBa M-cybrapMOHHYIECKUX (DYHKIINHA, aHa-
JIOTUYHBIE CBOWCTBaM cybrapMonmdeckux (yHkiuil. B Teopemax 1 u 2 maHbl KpUTepun MIIOPUTAPMOHUIHOCTH
byHKIWIA, OIpeIesIeHHbIX Ha eJMHIYHOM IIape U IMOJMKPYTe COOTBETCTBEHHO.
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REZYUME

Ushbu magolada M-subgarmonik funksiyaning asosiy xossalari va agar birlik sharda (polidoirada)
kesim-funksiya M-garmonik bo’lsa, u holda funksiya plyurigarmonik ekanligi isbotlangan.

Kalit so‘zlar: kesim-funksiya, garmonik funksiya, subgarmonik funksiya, plyurigarmonik funksiya,
M-garmonik funksiya, M-subgarmonik funksiya.

RESUME

This article presents the basic properties of the M-subharmonic function and proves that if the slice
function is M-harmonic on the unit ball (polydisc), then the function is pluriharmonic.

Key words: slice function, harmonic function, subharmonic function, pluriharmonic function, M-
harmonic function, M-subharmonic function.
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PE3IOME

B mammom pabore paccmaTpuBaeTcs KBazuanHeHas guddepeHnnaabHas Urpa IPec/ie0BAHNS O~
ceIBaeMasi cucreMoii JuddepeHnuaabHO-pa3sHOCTHBIX YpaBHEHN HelTpabHOro tuma. V3ydena 3a-
Jlaua o TIePeBoJIe MyYKa TpaekTopuil 3 HadasbHOro Muoxectsa N (X (+)) Ha TEPMUHAIBHOE MHOXKe-
ctBO M TIpu reoMeTpUYeCcKUX OUPAHWYEHHMSAX Ha yIpaBjeHus UrpokoB. C moMompio MoauduKamn
IIEPBOr0 METO/IA 33 [aY1 IIPECIIEIOBAHNS IOy 9€HbI HOBBIE JTOCTATOYHbBIE YCJIOBUS I PA3PENTUMOCTH
WUT'POBBIE 33JIAYN YIIPABJIEHUS [Iy9IKAMU TPACKTOPUIL.

Karouesnie caosa: guddepeHimaibiasg HUrpa, 3ajada IpecienoBanus, auddepeHimaaibHO-
pa3HOCTHBIE ypaBHEHUsS HEUTPAJBbHOIO THIIA, TEPMUHAJBHOE MHOXKECTBO, IpecjefoBare/ib, yboera-
oY, yipaBjieHuil.

Bsenenune

Bo BTOpOI! IT0/1I0BUHE ABAIIIATOrO BEKA OHIM W3 HHTEHCUBHO PA3BUBAIOIINXCS PA3/IEIOB COBPEMEHHON Ma-
TEMATHUKH CTAJIa TEOPHUs YIIPABJIAEMBIX MPoIrieccoB. KOHMINKTHO yrpaBiisieMble MPOIECCh, OIMUChIBAEMbIe -
depeHImaIbHBIMI yPABHEHUAME, Ha3bIBAIOTC auddepeHImaabHbIMu urpamu. HacTosimuit TepMuH ObLT BBEIEH
aMEepPUKAHCKAM MaTeMaTukoM P. Aif3eKcoM - OJIHUM U3 OCHOBOIIOJIOXKHUKOB Teopun jnddepeHIraIbHbIX Urp.
Nccnenosanust Aizekca no npoexty koopropanuun RAND (CIITA), BeinosiHeHHbIE B HavaJje BTOPOH IOJOBUHBI
20-ro Beka, ObuM onyGauKoBaHbl B 1965 roxy B Bume mounorpadun, "Tuddepennuanbubie urpet"[1], B koTo-
POii TIPE/IJIOZKEH OPUTHUHAJBHBIN MeTOJ perreHus MuddepeHInaIbHbIX UTP U JOCTATOYHO IIyOOKO BBISICHEHBI
BCE OCHOBHBIE TPUHIUIHUAJIBHBIE TPYAHOCTH TpobseMbl. [Ipu 9ToM 3aciiyKuBaeT BHUMAaHWME TO, YTO CTPATETUs]
IIPOTHBOOOPCTBYIONINX CTOPOH KOHCTPYHUPYETCSI B BUJIE CUHTE3UPYIONMX (DYHKIH, 3aBUCAIIIX TOJBKO OT CO-
crosiHusl Urpbl. P.Aii3eKc ¢ MOMOIIBIO CBOEr0 MeTOJ[a PEIIl OOJIbIIOe KOJMYECTBO MHTEPECHBIX MPUKJIAIIHBIX
3a/a4 U MOJIYYUJI OPIUHAJIBHBIE PE3YJIBTATHI.

CraHOBJIEHHE M CHCTEMATHUYECKOe pa3BUTHE Teopuu Aud@epeHInaJbHbIX UI'P HAYaJI0Ch B KOHIE H0-
x u Hadajge 60-x romoB XX croserus. OHO CTHMYJIMPOBAJIOCH MOTPEOHOCTSIMU MPAKTUKU, OOJIBITUMU
yCcIexaMu MaTeMaTUIeCKOl TeOpHWH YIPABJIEHUS, TEOPDUM HWIP U WHCCiemoBanms omeparuit. IIporpecc Teo-
pun guddepeHIuaIbHbIX UIP CBI3aH IIPEXKJEe BCEr0 C MMEHAMH COBETCKUX U 3apy0eKHBIX MaTEMaTUKOB
JI.C.Ilourpsiruna, H.H. Kpacosckoro, E.®. Mumenko, P.Ailizekca, ¥.®@emunra. KpynHbsiii BKjaj B pa3BUTHE
teopun juddepernuanbabix urp Baecsu HO.C.Ocunos, P.B. lamkpemmaze, A.M1. Cy66orun, A.B. Kypxan-
ckuit, A.B.Kpsokumvckuit, @.J1.9epuoycoko, B.H.Ymakos, H.}FO./Tykosinos, B.H.ITmenuunsiii, H.FO.Carumos,
A.A . Aszamos, A.I.Yennos, B.E.Tperssikos, JI.A.Ilerpocan, M.C.Hukonsckuit, B.M1.Makcumos, H.H.Cy66oruna,
I1.B.T'ycaruukos, H.JI.'puropenko, B.11.Yxo6oros, A.A. Hukpwuit 1 MHOTHE JIPyTHe MATEMATHKHA.

OcHoBomnonaraforuit  BKJIaJ B pa3Butue Teopun audDEpeHINANbHBIX UID BHECJH  IITKOJIBI
JI.C.ITonrpsirmaa u H.H.Kpacosckoro. H.H.KpacosckuMm m mpemcTaBuTensMu ero HAy9IHON MKOIBI [2-3]
OB TIPEJJIOYKEH W PA3BUT MO3UIHOHHBINA MOJX0/T K A dOEPEeHITnalbHBIM UIPaM. DTOT HOJXOJI, OCHOBAHHBIN
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HA KOHCTPYKTHBHBIX 3aKOHAX YIIPaBJIEHHUs C OOPATHON CBS3bIO, MO3BOJIWJI U3YYUTH CTPYKTYDPY Jdudddepen-
[MaJbHBIX UT'P U BBIABUHYJ (DYHIAMEHTAJBHBIN MPUHINAI IOCTPOEHUS Pa3PEIIaoluX YIIPaBJIeHAH-TTPUHITAL
9KCTPEMAJILHOTO TIPUIIEJIUBAHUS U C(HOPMYINPOBATH U JI0KA3aTh IEHTPAJBHBIN Pe3yJibTaT TEOPUU ITO3UIUOH-
HBIX JuddepeHImaibHbIX UTP - TeopeMy 00 ajbrepHaThuBe. 3aTeM ObLaa pa3BuTa 0ojiee 00Imasi KOHIIEIIIHST
MO3UIUOHHON b DepeHITuaIbLHON UIPhI, JOKA3aHbI TEOPEMBI CYIECTBOBAHUS IEHBI UTPHI U CEJJIOBOI TOY-
KU, TIPEJJIOKEHBI KOHCTPYKTHBHBIE METOIbI (POPMUPOBAHUS ONTHMAJILHBIX cTpareruil. VItoru mojBeseHbl B
coemectHOl ¢ AJ. Cy66oruabim MoHorpadun "Ilosurmonsse muddepennuanbabie urpbt”[2]. O6ocHOBaHBI
METOJbI JeTEPMUHUPOBAHHBIX U CTOXAaCTHMYECKUX IPOTPAMMHBIX KOHCTpyKIuii. Perenne wurposoit 3amaqn
CBOIUTCS K TIOCJEI0BATEHLHOMY BBIOOPY SKCTPEMAJIBHBIX YIIPABJIEHUN, COXPAHSIONNX TPACKTOPUIO KOHMIUKT-
HO YIPABJSEMOIO IPOIecca HA CTAOMJIBHOM MOCTY M IPUBOAANINX TPACKTOPHUIO MO HEMY HA TE€PMUHAJILHOE
MHOKECTBO.

OyHIaMEeHTAIBHBIE PE3YJILTATHI IO PereHnio nuddepeHInaabHbIX UIP IPECIeIOBAHNSA U YOEraHusl MOJTy-
gt JI.C.Ilourpsirua u E.® . Mumenko. B pa6ore [4] chopmymnpoBaHbl JoCTATOUHBIE YCJIOBHs PA3PEITUMOCTH
3aJ1a91 [IPeCjieIOBaHNUsI B HEJIMHENHBIX (D depeHIIuaIbHbIX UI'Pax. B Hell MCIIo/Ib30BaH (popMasiu3M IIPUHITUIA
MaKCHMyMa - OJTHOTO U3 IEHTPAJbHBIX METOJOB Teopuu yipajienns. OCHOBHOI pe3y/ibTaT 3aK/II0YAeTCsl B OIN-
CAHUU MHOXKECTBA HAYAJBHBIX [TO3UIUH, U3 KOTOPHIX FapaHTUPYETCS BO3MOXKHOCTH 3aBEPIICHUS ITPEC/ICIOBAHUSI,
a TaKyKe B BBIYUCJICHUN BPEMEHH TPEC/Ie0BAHUsI, U CII0cO0 (DOPMUPOBAHUS YIIPABJICHUSI IPECJIEIOBATEISI, Dea-
JIN3YIOIIETro Mporiecce upecienoBanus. Pesyiabrarst, noxyderusie JI. C. loarpsrunbiv u E. @. Mumesko npuseso
K cozyanuio JI. C. IToHTpsSIrMHBIM IEPBOrO W BTOPOT'O MPSIMBIX METOJIOB PEIleHMs 3aJa49u [IPeCcsIe0BaHusl JIJIsl
suHelHbIX nuddepennmanbabix urp [5]. Haunbosee mpocTsiM u 1ocTaTo9HO 3D HEKTUBHBIM sl PEIIeHNsT KOH-
KPEeTHBIX 3aja4 mnpecienoBanust spisercs nepsbiit meton JI.C.Iloarpsaruna. lepsorit meTox JI.C.IlonTpsruna
HOCJIY2KUJI OCHOBOI it MHOrEX 0600uIieHuit, B yacruoctu, [6-8], a Takzke 9TOT METOJ UMEET TECHYIO CB3b C
MeTozioM paspematomux dyHkmit [7]. B pabore [8] paspaboran TpeTuit IpOMeKyTOUHBIH MPSIMON METO /ISt
mHeitHbIX muddepennmanbabix urp. A.Azamossiv [10] o6HapyKeHA JBOWCTBEHHOCTD AJIBTEPHUPOBAHHOTO WH-
terpaJia JI.C. IlonTpsiruna.

Bo Bcex ynoMsiHyTBIX BbIIE paboTax H3ydaauch audpepeHnnaabHble UIPHI, ONUChIBaeMble OOBIKHO-
BeHHBbIME JubdepeHnnaibHbIMU ypapHernsaMu. OaHako mpu 6ojiee TIIATETbHOM HU3yYeHHH YaCTO CTAHOBUT-
cs OYEBUIHBIM, 9TO 0OJIee PeaJMCTUYIHAsT MOJEIb UIPBI JIOJXKHA BKJIIOYATH HEKOTOPBIE U3 IIPEIIEeCTBYIOIINX
cocrostauil cucrembl. [Ipocrefimuii THI 3aBUCUMOCTH OT MPONLIOro B JuddepeHIraIbHbIX UIPaX OCYIIEeCTB-
JnseTcsa depe3 (pazoBbie mepeMennbie. M3yuennio quddepeHnmnaabHbIX UI'P, OMUCHIBAEMbBIX M depeHITnaAIbHO-
Pa3HOCTHBIMU ypaBHeHusiMH, mocesiensl paborsr A.B.Kpsxmvckoro,}O.C. Ocunosa [11], A.B.Kyp:xkanckoro
[12], M.C.Hukonbckoro [13-14], A.A.Yukpwmii, I'.I.Yukpus [15]. B stux paborax NpUBOAATCS JOCTATOUHBIE
YCJIOBUSI YCHEITHOTO 3aBeplineHns AuddepeHnabHO-PA3HOCTHON UIPhl COJIMYKEHNSI, BBISICHSETCS CTPYKTYpPa
9KCTPEMAJIBHBIX CTPATErwil COMMKEHUs, TOKA3aH PsiJi TeOpeM 00 ajbTepHATHBE, U3yIalOTCs IuddepeHInaIbHO-
PA3HOCTHBIE UTPHI TPEC/ICIOBAHUS U yOeranus Py FeOMETPUIECKIX W HMHTErPAJBHBIX OTPAHUIEHUSIX HA YIIPAB-
JIEHUST UTPOKOB, UCCJIEIOBAHA CTPYKTYpa MM depeHInajbHbIX Urp.

I. Juramuka KOH(DIUKTHO-YIPAB/ISIEMOTO TPOIEecca B KOHETHOMEPHOM EBKJIMIOBOM IpocTpaHcTBe R™
OIUCHIBAETCS CUCTEMOI JTUHEHHDBIX TuddepeHnnaabHO-Pa3HOCTBHBIX YPaBHEHNN HEHTPaAJBLHOTO THUIIA, COIepKa-
1mieli Hem3BecTHYIO (DYHKIMIO U ee TIPOM3BOJHBIE B PA3JINUHBbIE MOMEHTHI BpeMenn [24, c¢. 198],[21]

m

D At = hi) + Biz(t — h)] = f(u(t), v(t)), t >0, (1)

=1

e z(t) e R",n>1; A;, B; (i =1,2,--- ,m) - nocrosiuabie (n x n), (n X n) marpurpl; Gyuknus f: Px Q — R”
- HeIpepbIBHA IO COBOKYITHOCTH ITEPEMEHHBIX - 010K ympasienus. 0 < hy < hy < -+ < hy, = h - dukcupoBan-
HbIE [OJIOXKUTEJbHBIE unciaa; u(t), v(t) - HA3BIBAIOTCA YNPABAEHUAMU IPECIEILYIONIEro U yOeraomero urpoKos,
COOTBETCTBEHHO, OHU BBIOUPAIOTCS B BUJE M3MEPUMbIX BEKTOPHBLIX (byHKIWA 4 = u(-),v = v(-), OIpeeIeHHbIX
Ha orpeske [0, +00). Kpome Toro, OHU yI0BIETBODSIIOT OrPAHMYIEHUSIM BHUIA

u(t) e P, v(t) €@, 0<t< +oo, (2)

e P u () HermycThle KOMITAKTHBIE TIOJMHOXKECTBa TpocTpancTB RP u R?) cooTBETCTBEHHO.

Usmepumbie dbyuxipn u(t), v(t), 0 < t < 400, yIOBIETBOPSIONINE N€OMETPUIECKUM OrpaHudeHusM (2),
HA30BEM JONYCMUMbBLMY YNPAGAECHUAMY TTPECTEAYIONEro U yOeraionero urpokoB, COOTBETCTBEHHO.
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Kpowme Toro, B mpoctpamctse R BbIfeIeHO TEPMUHAIBHOE MHOXKECTBO M mMeeonuit MUINHIPUIECKUit
Bug M = Mg+ My, rne My — nuHeitHOe OAIIPOCTPAHCTBO pocTpaHcTBa R™, M — KOMIIAKTHOE TIOIMHOYXKECTBO
noanpocrpanctsa L, L - oproronajibHoe gonosHenne K nognpocrpaucrsy My B R (T.e. My @® L = R™); uepes 7
- 0003HAYIM MATPHUILy OllepaTopa OPTOrOHAILHOrO mpoekTupoBanus n3 R™ na L : 7w : R™ — L; moa uaTErpagom
OZIHO3HAYHOI UJIM MHOIO3HAYHON (DYHKIMK (MHOMO3HAYHOrO OTOOpaXKeHUsl) IOHUMaeTcs ee uarerpad Jlebera [4,
c.411],[5],[6]-

B upocrpancrse R", kpome repMuHasbaoro Muoxkecrsa M sbiaesneno Muoxkectso N (X (+)), u3 Touek KOTO-
POTO UCXOJAT TPAeKTOpHU Urphl (1), HA3BIBAETCST HAYATBHBIM MHOXKECTBOM. B KauecTBe HAYAJIbHOIO MHOYKECTBA
N(X(-)) 6epercst MHOXKECTBO H3MEPUMBIX OJTHO3HAYHBIX BeTBel MHOrO3HAUHOTo oToOpaxkenust X (t), —h <t < 0:

N(X() =A{e(t) - 2(1) = ¢(t), p(t) € X, =h <t <0}

Mycrs v = u(t),0 <t < 400, u v = v(t),0 < ¢t < 400, - UPOU3BOJILHBIE JOIIYCTUMbBIE YIDPABJICHUS B
urpe (1), (2). Yepes z(u(-),v(-), N(X(-))), obosHaunM MHOKeCTBO (IIy90K) BCex TpaekTopuii ypasaenus (1),
ucxonAmux u3 rouek MHoxkectBa N (X (+)) mpu nomyctumbix ynpasiaenusx u(-), v(-) mpeciemyromero u yoera-
IOIEr0 UIPOKOB COOTBETCTBEHHO. B 9TOM cilydae HAIla IEJb 3aK/09aeTCd B IPUBEICHUN IIy9Ka TPACKTOPHIL
z(u(),v(-), N(X(+))) na repMunasboe MuO)KeCTBO M.

Bajgaua ynpasjieHus IIyYKaMU TPAEKTOPUil COCTOUT B HaxoxKjeHuu ducia 1T > 0 U KOHCTPYUPOBAHUU
upu KaxjoMm ¢ € [0,400) 3uadenus ult] napamerpa u Tak, 94Tobbl Kaxkgad Tpaekropus z(t),0 < t < +oo,
nyuka z(ul[],v(:), N(X(+))) nomasa ua repMunasbHoe MHOXKecTBO M 3a Bpems, He npesocxojgiree T, T.e. 1jist
KazK0i Tpaekropuu z(t),t € [0, +00), nyuka z(u[-], v(-), N(X(+))) upu nexkoropom t = t* € [0, 1] 1O/LKHO HMETDH
MecTo BKJtouenne z(t*) € M. Yucsio T HaswbiBaeTcst epemenem nepesoda. B cirydae, Korja 3ajada yrpaBJIeHust
[y9YKaMU TPAEGKTOPUIl paspermuma, To roBopar, 94ro B urpe (1) my4ok TpaekTopuii u3 HAYAJILHOIO MHOXKECTBA
N(X(-)) MOXKHO IlepeBecTH Ha TepMUHAJIBHOE MHOXKecTBO M 3a Bpems T.

ITycrs 7 > 0, u t € [0, 7]. Yepes

X+xY={z:2+Y CX}= m(X—y),
yey

- 0603HAUNM TEOMETPUYIECKYIO PasHOCTH (pasHocTh MunKOBCKOro) MHOXKecTB X u Y, rme X, Y C R™ [em.[6,
c.459]].

Yepes K(t), —o0 < t < 7, - 0603HAYUM MATPHIHYIO QYHKIHIO, 00JIJAI0NLYIO0 CJIe/IYIOIIMU CBOHCTBAMI
[23, ¢.199],[24]: a) K(t) = 0,t < 0,0 - Hynesass Marpuna nopsigka n; 6) K(0) = E, F - equHAYHAS MaTPUIA
nopsiKa n; B) 3MeMenTHl Marpunsl K (t),0 < ¢t < 7, npunamteskat kiaaccy CL[0;7]; r) K(t) yaosaersopster
MaTpudHOMY JruddOEPEHITHATLHOMY YPaBHEHUIO
m
> [AK(t = hi) + B;K(t — hy)] =0, (3)
i=1
upu t >0, t ¢ SO, tne S® = SU(—h,+o0), S ={t:t =3 5=, jihi}, ji - ueaste ancia.
Marpuunas byunximusa K (t) npunamiexur xiaccy C! npu t > 0, ¢t ¢ SO Ho, B 06uIeM cityuae, uMeer
Pa3pBIBEI IEPBOrO PO B TOUKax MHOXkKecTBa SO.
ITycrs u = u(s),v = v(s) - HomycTUMBle yIpaBIeHus olpejeneHbl Ha orpeske [0,t],¢ > 0, Torga st
pemenus cucremsl (1), mpu HauambHOM yesaosun () € N (X (+)), (2(s) = ¢(8), —hm < s < 0), B cruty dbopMyJIst
Kommm nmeer mecto npejicrasienune [23, ¢.193]

m

m 0
2(t) = — Z K(t—s—h;)A;e(0) + Z / . K(t —s— h;)[Aip(s) + Bip(s)]ds—
=17 ~hi

i=1

¢
— / K(t—s)f(u(s),v(s))ds.
0
Paccmorpum cirestyroniie MHOXKeCTBa [4]

F(t,v) =nK(t)f(P,v),
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W= () P, W= [ W (4)
veEQR 0
rae K (t) f(P,v) = {nK(t)f(u,v) : u € P}.
IIpeanomnoxkenune 1. Jlns Becex t > 0 oToOparkenue W(t) HE IIyCTO.

U3 npeamonoxkennst (1) ciegyer, 9To domW(t) = [0, 00). Torma MOCKOILKY MHOTO3HAYHOE OTODpazKe-

uue F(t,v) menpepbiBHO Ha MHOXKecTBe [0,00) X @, To B cuiy yrBepxienus 1.3.1 [6] orobpazkenue W (t)
[IOJIyHEIIPEPBIBHO CBEpXy, & 3HaduT, Oopesesckoe. CiemoBaresbro, corsacuo jemme 1.3.6 [6] u B coorser-
cTBUM C ompejesnenneM uHTerpaja W (m) cymectByer XoTsi 6bI OuH GOPEJOBCKUIl CYMMEDYEMBIil CEeJIeKTOD

T1
0

Yepes Y = {w(-) : w(t) € W(t), t > 0} 0603HAYUM COBOKYIIHOCTH GOPEIOBCKHUX CEJIEKTOPOB MHOIO3HAU-

o~

Horo orobpaxenus W (t). Hanee, uepes Wi [My x H[r, N(X(+))], 7] o6o3naunm cremyromee muoxectso [16],[17]

w(t) € W(t), 0 <t <7, Takasi, ITO IMEET MECTO PABEHCTBO W = w(t)dt. 3adbukcupyem ee.

WA M, % H[r, N(X()).7] = (M, % Hlr, N(X()]] + / Wy, (5)
rue

H[r,N(X(-))] = — ZK(T —t— hy) A X (0)+

m .0
+;‘/_hi K(r—t—hy)[A: X (t) + B; X (t)|ds = {Z K (7 —t — hi)Aip(0)+

i=1
+ i /Ohi K(1 —t—hy)[A;p(t) + Bip(t)]dt - (t) € X(t), —h, <t < O},

Teopema 1. IlycTb BBIIOJHEHO NPEANOIOKEHEE 1 W IPEIIOIOKAM, 9TO IPU HEKOTOpoM T = 71 > 0
HMeEeT MECTO BKJIIOUEHUE
0e W [MyxH[r,N(X(-))], 7] (6)
Torya B urpe (1) npu orpanmuenusix (2) mMydoK TpaeKTOpHiH n3 HadaabHOro MHOXKectBa N (X (1)) MOXKHO TIepe-
BECTH Ha TepMUHAJIbHOE MHOXKecTBO M 3a KoHeuHoe Bpemsi T(N(X(+))) = 7.

Hoka3zaresnbcrBo. IlycTh BbioHEHO yciosre TeopeMbl (cM.(6)), T.e. nmeeM
0 € Wi[MyxH[r, N(X(-))]] + W(r). (7)

Torna (cm.(7),(5)) Haiigyrcest Bekrop d € [Myx H[r, N(X(+))]] u cymmmpyemas byukuns w(t), 0 < ¢ < 7
TaKue, 9ITo

—~ T]‘
w(t) € W), / w(t)dt =0
0
B coorsercTBun ¢ (4) a1 Ipou3BONBHOTO GUKCUPOBAHHOTO 3HaUeHust napsl (t,v) € [0,71] X @ ypasHeHuUsI
mK(m —t)f(u,v) = w(n — 1), (8)

OtrrocuresnibHo 4 € P umeer pemenwe. Ilycrs mis (¢, v) € [0,71] X @ Bekrop u(f,v) - HAUMEHbIIIEE B JIEKCH-
korpaduueckoM cMmbicie penienus ypasHenus (8). Moxuo mokasars, aro dynkuus u(t,v),0 <t < 71,0 € Q,
SIBJISIETCST JTEGETOBCKM M3MEPUMOIH 110 ¢ 1 GopesieBcKn mamepumoit o v (28, ¢. 179]. Tlosromy y1st TpON3BOIBHOM
uamepumoit dyukmn v = v(t),0 < t < 7, bynkuus ult] = u(t,v(t)),0 < t < 71, Gymer ge6erOBCKA U3MEPHU-
Moit dyuknueit [28, ¢.179]. CremoBaresnbHo, B cuiy Teopembl @unnnosa-Kacrena [28, ¢.179], ypasaenue (8)
paspermnMa B KJIacce N3MEPUMBIX (DyHKITHIA.

TlokazkeM, 9YTO TIpH TAaKOM CIIOCOOE yIIpaBJIeHUsl IapaMeTpoM U BCe TPAeKTOPUM  IIydKa
z(ul-],v(+), N(X(-))) nonanaror Ha TepMuHAIBHOE MHOXKeCcTBO M 3a Bpems, He npeocxojsiee T (N (X (+))) = 1.

Toncrasus B ypasaenne (1) Bmecto u(t) m v(t), dbyrkuun ult],v(t),0 < ¢t < 71, COOTBETCTBEHHO, W3
dopmyubr Komu gyt perenust z(t),0 < ¢ < 71, mocjie ero npoekrupoBanus Ha L, mojaydaem

m m 0
wz(T1) = —ZWK(H —t—h;)A;p(0) +Z/,h, K(mi —t—hi)[Aip(t) + Bip(t)]dt—
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_ /O "R (r — 0 f(ult], o)t = — 3 7K (ry — t — hi) Asp(0)+
=1

m 0 "
+Z}/_hi K (11—t — hi)[Aip(t) + Bip(t)]dt _/0 (1 — t)dt =

m

m 0
=- ZWK(H —t—h;i)Aip(0) + Z /—h~ K (11—t — hi)[Aip(t) + Bip(t)]dt + d, 9)

tak Kak d + w = 0. Hasee, nuveem (cm.(9))
m m 0
7TZ(7‘1) = — ZWK(’H —t— hz)AzQO(O) + Z/ K(Tl —t— hl)[AZgD(t) + Bl(p(t)]dt + d S
i=1 i=1 " —hi

€ [Myx Hry, N(X())]] + H[r, N(X ()] € My,

B COOTBETCTBHH C OIIPEICICHNEM [eOMETPHYIECKOi pasHocTh *. TakuM o6pa3oM, Jyist JH060ro HadaabHOTO II0JI0-
xennst ¢(-) € N(X(-)) nmeer mecro BRiodeHue wz(71) € Mj 9TO SKBHBaJEHTHO BKJIOYeHHIO 2(T1) € Mp. Do
O3HAYAET, 9TO 3ajjada YIPABJIEHHs IIy9KaMI TPAEKTOPHIT PellleHa, a BpeMeHeM IIEPEBOJIA ABJIIEeTCs Ty. TeopeMa
1 nokaszana.

II. Iycrs no-npexxawemy 7 > 0 m t € [0,7]. Ilycrb d— mupoW3BOJBHAS TOYKA MHOXKECTBA
My« H[T,N(X(:))], w(t), 0 <t < 7,— npoussosbHas cymmupyemas byHkuusa w(t) € W(t) Badukcupyem
HEKOTOpoe HadasbHoe Hosoxkenue ¢(-) € N(X(+)). Ionoxum

Elr ()] = —d = f(7),

rae f(7) € W(r). Hasee, B cCOOTBETCTBUN € OLpejesieHneM uHTerpaiga W(T) cymecrsyer uamepnmsblii o Bo-
pemo cymmmpyembrii ceekrop w(t) € W(t), 0 < t < 7, Takoif, uTo BBIMOTHEHO paBencTBo f(7) = [/ w(t)dt.
Badurcupyem ero. Torma Bekrop dbyuxius [T, ¢(+)] umeer Bu

Elrp()) = —d- [
0
JlJ1st IPOM3BOJILHOTO BeKTOpa v € () onpejennm ducaoByo dyukmmo A(¢(-), 7,t,v) [8]:

(), 7, t,0) = { iu_li{A >0: Mlr, ()] € K (1) f(Prv) — (7 — t)}, EZZ 2: zéﬂ i 8

g L) o

Beenem obosnavenue A(¢(-), 7, t,) = inf{A(¢(-), 7,t,v) : v € Q}.

IIpennosioxkenue 2. CymiectByor uuciao 7 = 7o > 0, Bekrop d € MyxH[1o, N(X ()] u cymmupyemast
bysxmus w(t),0 <t < m,w(t) € /V[7(t), d+ [y w(t)dt # 0, Takue, qaro: a) dynkuus A(@(:), 72,1), 0 <t < 7,
a takxke cynepuosurust A((-), 72, t,v(t)), dyakuun A(p(-),72,£,0),0 < t < 79,0 € @, UPH TPOU3BOJIHHON
uzmepuMoii dyukun v(t),0 < ¢t < 7o, ABAAOTCA CYyMMUPYEMbIMH; 6) CIIPaBeJJINBO HEPABEHCTBO [25]

o] - / (), 72 )t < 0. (10)

Teopema 2. Ecsin BbinosiHeHO ¢HOPMYIMPOBAHHOE BBIIIE IIpeIosozkenue 2, 1o B urpe (1) npu orpa-
HUYeHUsAX (2) IydoK TpaeKTOpuil 3 HadajabHOro MuoxkecTBa N (X (-)) MOXKHO IEpeBecTH Ha TEPMHUHAILHOE
muO)KecTBO M 3a Bpemst T(N(X(+))) = 7o.

HoxkazaresbcerBo. Ilycrs mis HadanbHoro nojoxenus ¢(+) € N (X (+)) BBIIOJHEHBI yCJIOBHS IIPEIIOJIO0-
skenust 2. st nponssosibHO namepumoit dyukimu v = v(r),0 < t < 400, v(r) € Q, PACCMOTPUM KOHTPOJLHYTO
dynkuuio p(t;v(r),0 <r <t),0 <t < 7, OUPEIEJICHHYIO CIEAYIONM 00Pa30M:

T

0 < pl(r;v(t),0 < t < 7) = [€]r, o()]| - / A(p(),m £ o(t))dt.
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B cuiy 11.6) npeanosioxKeHus 2 CymecTByeT MOMEHT BpeMenu ¢ = t* € [0, 7o) Takoii, uro p(t*;v(r),0 <r < t*) =
0. Iyers E[t*, o(-)] # 0, u p(t;v(r),0 < r < t) > 0 Ha orpeske [0, T2]. JelicTBUTENBHO, B IPOTUBHOM CJIyYae

0 < p(72;0(1),0 <t <73) = [¢[72, 0()]| = /072 Ap(+), 72,1, 0(t))dt <

< lefras 0()]] - / P Ao, 1),

uTo nporuBopednt HepaseHCTBY (10). Takum obpasom, myctsb p(t*;v(r),0 < r < t*) = 0. YaursiBast 510T daxT
PEKOMEeH/IyeTCsl 3HaueHne u[t] mapaMerpa u BHIOUPATh KaK IE€PBbI KOMIOHEHT DellleHnsl ypaBHeHUH

mK (2 =) f(ult], v(t)) = @(ra = 1) + A( (), 72, 8, 0(O))n[72, 0()], 0 <t <t (11)

R (ry — ) (ult] o(0))dt = B, 1), "<t <7, (2

ornocuresibio u € P. Ucnonbsys snemmy Puinnnosa—Kacrena [28,¢.179] M0KHO HOKa3aTh CyIIECTBOBAHUE U3-
MepuMbIX perennit ypasaennit (11),(12). Kak o6erano, 3a permenne w[t] ypasmenwit (11),(12) npurnmMaercs
HAMMeHbIIlee B JIEKCUKOrpadIecKoM CMbIcie cpean Beex pemenuit ypasrenuii (11),(12). IIpu Takom cmocoGe
yIpaBJIeHHs! TTapaMeTpoM u[t] ybemnmcesi, aro my4ok tpaekropuii z(u[], v(-), N(X(+))), nonamaer Ha MHOKECTBO
M 3a Bpewmsi, He npeocxoggiee T (N (X (+))) = 2. HeitcrBurensro, (em. (11),(12)) umeem cooTHOIIEHHE

d= —€lry, ()] — / P s — )t = €l ()] / [wE(* — ) f(ult], o(t)—

M), 8, 0() e, o] dt / 7 (s — ) (ult], o(t))dt =

t*

= €[t o) — / A(z0()s %, 72, 0(8) [ ()t — / " R vy — ) F(ult], (1))t =

= [ wK =0l o0)at, (13)

u6o0, U3 YCTAHOBJIEHHOTO Bhiie paseHcTBa p(t*;v(t), 0 < t < t*) = 0 umeem (cm.(13))
_ /072 K (7 — ) fult], o(8))dt = d € [MyxH[ra, N(X())]].
U3 onpe/ie/IeHNst TeOMETPHIECKOH PASHOCTH MHOMKECTB CJIEJYET, UTO
Hir, N(X ()] — /OT2 7K (1o — t) f(u[t],v(t))dt C M.

Taxkum 06pa3oM, yduTbBas IPOU3BOJBHOCTh HavYasbHOrO mosoxkenue ¢(-) € N(X(-)), mydok Tpaex-
Topuil, U3 HadasbHOro MHOXKectBa N (X (-)) mepeseseH Ha TepMHHAJIbHOE MHOXKeCTBO M 3a KOHEUHOE BpeMsi
T(N(X(:))) = 72. Teopema 2 nokazana.
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REZYUME

Mazkur ishda o‘yinchilarning boshqaruvlariga geometrik chegara qo‘yilgan differensial-
ayirmali neytral tipdagi differensial o‘yinda trayektoriyalarni boshqgarishning o‘yin masalasi
qaraladi.Q’yinchilarning boshqaruvlariga geometrik chegara qo’yilgan holda N(X(-)) boshlang’ich
to’plamdan M terminal to’plamga trayektoriyalar dastasini o’tkazish haqidagi masala o’rganilgan.
Quvish masalasining birinchi usulining modifikatsiyasi yordamida traektoriyalar dastasining
boshqgarish masalasini hal etish uchun yangi yetarli shartlar olingan.

Kalit so‘zlar: differensial o‘yin, quvish masalasi, neytral tipdagi differensial-ayirmali tenglama,
terminal to‘plam, quvlovchi, qochuvchi, boshqgaruvlar.

RESUME

In this paper, we consider a quasilinear differential pursuit game described by a system of differential-
difference equations of neutral type. We study the problem of transferring a bundle of trajectories
from the initial set N(X(-)) to the terminal set M under geometric constraints on the players’
controls. Using a modification of the first method of the pursuit problem, we obtain new sufficient
conditions for the solvability of game problems of controlling bundles of trajectories.

Key words: differential games, the pursuit problem, differential-difference equations of neutral type,
terminal set, pursuer, evader, controls.
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YIK 517.55

SAJAYN IMTPECJIEJOBAHUNA-YBETAHNA AJId JUOPEPEHIIMAJIBHBIX UT'P
BTOPOTO ITIOPAJTKA C NMIIVJIBCHBIM VYVIIPABJIEHUEM

MycTAnnokyiioB X. 4.
HAUIMOHA/IbHBINT YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIYIBEKA, MEXKIYHAPO/IHBIN
YHUBEPCUTET HOPAUK, TAIIKEHT
m_hamdam@mail.ru

PE3IOME

B crarbe paccMmarpuBaercst urpa IpeceoBaHus U yoeraHusi, onuckiBaeMast I pepeHIna bHbIMI
YPaABHEHUSIMU BTOPOTO MOPSIIIKA C UMITYJILCHBIM yipasaeHueM. O6a urpoka 06J1agal0T UMITYThCHBIM
yIpaBJIeHUEM, KOTOPOE BO3/ECTBYeT Ha OOBEKT B 3apaHee 3a[aHHbIe MOMEHTHI BDEMEHU U MOJIEJIV-
pyeTcs ¢ ucnoJib3oBanueM fAenbra-dyukinun Jupaka. s qannoro kiaacca auddepeHImaibHbIX Urp
[IOJIy9IEeHO JOCTATOYHOE YCJIOBHE TIOMMKH TP IpuMeHeHuu lI-crparernu B 3ajiade mMpecseoBaHNUs.
Kpome Toro, B 3aja4ue yberanusi oKa3aHo, YTO IOOEr BO3MOXKEH IIPU UCIIOJIb30BAHUY OIIPe I IEHHOMN
cTpareruu yberarorero urpoka.

Karouesnte caosa: paspernaorias QyHKIUs, IMITYJILCHOE yIpaBjenne, nuddepeHmaibHas urpa,
3aja9a IpecaeoBanus, 3aaaqa yoeranus, [I-cTparernust.

BBenenune

Ocnoshyio Teoputo puddepeniuanbabix urp copmyiauposaiu P. Adizexc [1], JI.C. oarpsaruu [2], H.H.
Kpacosckuit [3], B.H. ITmennanstit [4], JI.A. Tlerpocsn [5], A.A. Hukpwmii [6], A.JI. Cy66orun 7] u mp.

B Teopun muddepennmanbHpIX UTp 3aJa9u MIPECIeIOBAHUs-YOeTaHns 3aHUMAIOT 0COD0e MECTO B CHILY
psana cruenunduaecknx kadects. OJHUM U3 HUX SBJISIETCS IMUPOTA TPUMEHEHUS PA3JIMIHBIX METOJ0B U OPUTH-
HAJIBHOCTBD TIOJIYIaeMbIX pe3ynbTaTos [1, 2, 4, 5, 8]. D10 KauecTBO OTUETIMBO IPOSBIIIOCH B MOJIEIBHBIX 33/1a9aX.
Hanpumep, npumep P. Ajizekca, HazsauHbIN "urpoii ¢ junumeit xusun"[1, Samaga 9.5.1] ¢ npocroit quHAMUKON
urpokos, 0bur perter JILA. ITerpocsiHOM, KOTODBIl BBeJI CHEIUATIBHYIO CTpATEruio [5|, HasBaHHYIO cTpaTeruei
napaJuiesibHoro cosmxkenus (kparko, II-crparerus). B nanbueitmem II-crparerus 3pdhekTUBHO NpUMeEHsIIACH
ISl PEIIeHusl IPYIUX BUJOB Urp upeciaeposanus [6, 9-12]. Iloznuee A.A. Hukpuit [6] paspaboran paspemaiomiue
dbyuxImn Ha ocHOBe 00beauHeHNst uelt [I-ctparernn u nepsoro npsimoro merozaa JI.C. TloaTparuna [2].

B paGore [13-16] pacemorpensr muddepeHIuanbHbIE UTPBI TPECTIENOBAHAS ¢ UMITYJILCHBIM YIIPABJIEHUEM
U YIPpaBJIEHUEM C MeOMETPUYECKHMH W MHTErPAJIbHBIMU OrpaHudeHusiMu. MerogoMm pasperraomux (OyHKIHT
JIOKa:3aHbI TEOPEMBI C JIOCTATOYHBIMU YCJIOBUSIMU JIJIsI 3aBEPIIEHUsI IIPECJIEIOBAHNS 38 KOHEYHOE BpeMsi. ¥ Ka3aHbI
c1rtoco0ObI HAXOXKJIEHUSI TapaHTUPOBAHHOIO BPEMEHU U YIIPABJIEHUS IIPEC/IEIYIONEr0 UIPOKA JJIs 3aBEepIIeHUs
npecyiefoBanus. [lojydeHHble pe3yJIbTaThl TPUMEHEHBI K PEIIEHUI0 KOHKPETHBIX 3a/ad PEeC/Ie0BAHMNS.

B paborax [17] paccMorpena 3ajiada pecsielOBaHusl, B KOTOPOI JIBUYKEHUsI UIPOKOB OIUCHIBAIOTCS O
HOTHITHBIMU JINHEHHBIMU JTuhDEpPEHINATBHBIMUA YPABHEHUSIME BTOPOT'O MOPSJIKAa — ypaBHeHUsME Merepekoro.
MrHoBeHHOE OT/Ie/IeHre KOHETHOTO KOJNIECTBA MACCHI TOIINBA C TIOCTOSTHHOM 110 BEJINIMHE CKOPOCTHIO CBOIUTCSI
K 33/1a4e C UMIYJIbCHBIM YIIPABIEHUEM. Y Ka3aHbl COOTBETCTBYIOIIHE YIIPABJIEHNsT HTPOKOB U OMTUMAJILHOE BpEMsI
3aBepiienus pecsenoanusi. B [18] uzyuena muddepennuaibHas Urpa npecsie[0BaHnus MHOIUX JIAIL C TPOCTHIME
HECTAIIMOHAPHBIMU JIBUKEHUSIMHU KayKJI0r0 U3 UrpokoB. C IpuUMeHeHUeM MeTO/a pa3pemaronux QyHKIIH 10-
Ka3bIBAETCSl TEOPEMa O MOUMKE XOTs ObI OJIHUM U3 MpecjieIoBaresieil Ha OCHOBE MMITYJIbCHBIX KOHTPCTPATErnii.
Jloka3bpIBaeTCsT AHAJIOTHIHAST TeopeMa MIPU MPUMEHEHUN yOeralouM UIPOKOM UMITYJILCHON CTPaTeruu.

B [19] paccmaTpuBaioTCs UIPBI [IPEC/IEIOBAHUS ¢ IPOCTHIM JIBUXKEHUEM, B KOTOPBIX UI'POKH (IIpecie0Ba-
TeJIb, yberaomuii niam 06a) UCIOJIb3yI0T UMILYIbCHBIE YIIPABJIEHNUsI, BO3IEHCTBUS HA OO bEKT KOTOPBIX OCYIIeCTB-
JIFAIOTCH B 3apaHee 3a/laHHbIX MOMEHTaX BPEeMEHHU, U COOTBETCTBYIOIIee yIIpaBJeHHUe BbIparkKaeTcsd IIPU IIOMOIU

178



BEcTHUK HYVY3 TOYHBIE HAVKMU Ne2/1/1, 2025, 178-184

nenvra-dyuknun upaka. Ins mamnoro kjiaacca aud@epeHIuaIbHbIX WP MOJYYeHBI JIOCTATOYHBIE YCJIOBUSI
Pa3penuMOCTH 3a/a4u IIPECIeIOBAHNs] U YOEeraHuUsl.

1. ITocranoBKa 3aga4u

IIycts B mpoctpancTBe R™ ynpaBisemblit 00beKT P, Ha3bIBAEMBIi PECIE0BATEIEM, TOHUTCS 38 APYTUAM
obbekToM F, HazpiBaeMoM ybOerarormumM. BeKTOp COCTOSTHUsS IIpecyeqoBaTesisi 0003HATNM T, BEKTOP COCTOSHIS
y0OeraroIero 1epes 3, COOTBETCTBEHHO. B HacTosIIIIelt paboTe paccMaTpUBAETCs 3a/1a4a IPEC/IeI0BaAHNA-yOeTaHusI,
JUHAMUYIECKHE BO3MOYKHOCTU KOTOPBIX OIUCHIBAIOTCS ypaBHeHUsAMHE [12]

P: i+ ai=u, x(0) =z, £(0) = 21, (1.1)

E: g4 ay=v, y(0) =yo, §(0) =y, (1.2)
e x, y, u, v € R", n > 2, a > 0; xg, Yyp— HAIaIbHBIE COCTOSIHUSI OOBEKTOB, & T1,%Y] HUX HAYAJbHBIE BEKTOPDI
ckopocreit. [Ipu arom Tpebyercs, 9T00BI Tg # Yo U T1 = Y1.
Tpeanomnoxum, uro 7; = iA, i € Ng = N U {0}, rume A—HeKOTOPBIA HOJI0KUTEIbHDIH I1I€PHOJI.
Kiraccom pomycrumbix yrpasiieHuil mpecsenoBaTesisi U yOEralomero NrPOKOB sIBJISTIOTCST MHOXKECTBO M-
IYJIbCHBIX (DYHKIMH, KOTOPBIE BBIPAYKAIOTCs IpU oMot Jesabra-gynkiuuu Jupaka [13-19]

u(t) =Y uid(t —iA), u; € Sp, i € No, t > 0; (1.3)
1=0

(t) =Y vid(t —iA), v € S, i € No, t >0, (1.4)
=0

rae Sy, Se— APBI PAIAUYCOB p U O € HEHTPAMU B HAUaJIe KOOPJHUHAT, & p, 0 — HEOTPUIATE/IbHBIC (PUKCUPOBAHHBIE
qncIIa.
Yupasisorue GyHkma u(
yupasisgomnux dyuxmmit u(-) (v(-)
B cuity ypasaenuit (1.1)-(1.2) xaxxsie mapst (2o, u(-)), tae u(-) € U, u (yo, v(-)), tae v(-) € V, mopoxaior
TPAEKTOPUH:

-) 1 v(+) UrpoKoB 3aBuCAT OT BpeMenu t, ¢ > 0. MHOKeCTBO BeeX J0ILyCTUMBIX
), obosnaqaercs depe3 U (uepes V).

1 t
2(t) = 2o + 2(1—e~) + f/ u(s)(1 — e~ (t=))ds,
a a Jo

1 t
y(t) = yo + &(1 —e )+~ / v(s)(1— e =))ds
a a 0

coorBercrBerHo. Tora x(t)— HasbIBaeTCsl TpaeKTOpHel IBUKeHUsI TIpecyeioBaresi, a y(t)—Tpaekropueil 1su-
JKeHUsI yOeraroIrero.

WsBecTHO, uTO, eciu MyHKIMEN ynpaBjenus urpokos P u E 3aBucsT TobKO OT Bpemenu t, t > 0, To oHA
HE TAPAHTUPYIOT PEIIEHUs UT'D MPEC/IeIOBAHNS U YKIOHEHUs. TakuM 00pa30M, JTOIyCTUMBIE TUIBI YIIPABICHUI
[Ipe/IToIaraoT Hajmane crpareruil. Hike Mbl mpuBeieM OCHOBHBIE ONPEIEICHUS U TOHSITHS.

Beenem obosnaueHmst
z(t) = x(t) — y(t), 2(0) = 20 = w0 — Yo, 2(0) = 21 = 1 — Y1 (1.5)
Torpga, cornacuo (1.1), (1.2), (1.7), noayyaeMm HaYATBHYIO 3aady
Z4+az=u—wv, (1.6)

2(0) = zp, 2(0) = 21 = 0. (1.7)

CuletoBaresibio, B KadecrBe ajbrepHarusbl urpe (1.1)-(1.2) mamu 6buia copmuposana urpa (1.6) wim s
kparkoctu urpa (U, V).

[Tocsie moACTAHOBKY B IIpaByIO 4acTh ypasHeHus (1.6) JOIYCTUMBIX yIpPABJIEHUI UIDOKOB IIOJIYYUM CH-
CTeMy C IPaBO YACTBIO C &JUINTUBHO BXoasmeit o6obmennoit dynknueit. Cormacuo teopeme 1 [20, §1, ro1.1] sTa
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CHCTEMa MMeeT DelleHue Ipu JII6oM HavaJbHOM ycsioBud (1.7) mpudeM OHO €MHCTBEHHO M abCOJIIOTHO Helpe-
PBIBHO Ha MHTepBajax (T;—1,7;), ¢ € N, rie N— MHOXKeCTBO HATYDAJbHBIX YHCEN, & B MOMEHTHI BPEMEHH T;
MOZKET UMEThb Pa3pPbIBbI IIEPBOTO POJIA.

Ompenenenne 1.1. Omobpasicenue u : V x R™ — U nazvieaemcsa cmpameaueti npeciedosamens, €cal
BHINOAHEHDL CACOYIOULUE YCAOBUSA:

(1) Ana xaocdozo v(-) € V' sunoaneno exaouenue u(-) = u(v(-),20) € U 6 nexomopom npomestcymre
spemenu [0, T], npu amom, gymnruyus u(t) = u(v(:)), t > 0 nasweaemes pearusayued cmpamezuu w(v(-)), v(-) €
V.

(2) Ecau dan v1(+), va(-) € V ewnoaneno pasencmeo v1(t) = va(t) nowmu ecrody na [0,T), mo ui(t) =
uz2(t) nowmu ecrody na [0,T], ade u;(-) = w(vi(-), 20), @ = 1,2.

Onpeznenenune 1.2. Cmpamezuio u = u(v(-), z0) NPUHAMO HA3WEAMD CMPaMeEUET NAPAANEALHOZ0 NPE-
caedosarus uaw II-cmpamezuet, ecau daa kaotcdozo v(-) € V pewenue sadavu Kowu

() 4+ az(t) = u(v(t), z0) — v(t), 2(0) = 20, 2(0) =0

MODICHO Mpedcmasums 6 eude

z(t) = At v(-))z0, A0, 0(1) =1,

2de A(t,v(:))—nexomopas ckanrspras nenpepvisnan dynrkyus no t, t > 0; dynruuwo A(t,v(-)) 6 daavretiwem
Ha308eM Pynryuet coruxtceruem 6 3a0aye nPecaedosaHU:.

Onpegenenune 1.3. [I-cmpame2us Ha3bi6aemes olu2poiinoti 048 NPecieO06aMEns 6 NPOMEHCYMKE 6pe-
menu [0,T(w)] 6 uepe (U, V), navunaowetica ¢ (29, 21), ecau dan mobozo ynpasaenus v(-) € V. cywecmeyem
nexomopoe epema T* € T(u) maxoe, wmo z(T*) = 0. Ipu amom, wucao T(w) 6ydem Ha3ueamsd 2apaHmMuposaH-
HOLM BDEMEHEM NPECACI0CAHUA U NOUMKU.

Tenepn Mbl pacemorpum urpy (U, V) ¢ Touku 3penus urpoka F.

Ounpepenenue 1.4. Cmpamezus v*(-) € V nasvisaemes svuepviunot das ybezarouwezo 6 uzpe (U, V),
Havunarowetca ¢ (zo,21), ecau das aobozo ynpasaerus u(-) € U pewenue z(t) 3adavu Kowu

Z(t) + az(t) = u(t) — v*(t), 2(0) = 2z, 2(0) =0,

He pasho nyato, m.e. z(t) # 0 npu xascdom t € [0, +00).
B sT0it cTraTbe 6yyT 1O OTAEILHOCTH UCCIEIOBAHBI CJIEyTONIIe UTPOBbIE 38/1a4b:

Sagaua npeciienoBanus. 3ajgada npecienoBanus B urpe (1.1)-(1.2). Iocrpours IT-crpareruio njist
HPEeC/IeIOBATEIA M HAWTH JOCTATOYHOE YCJIOBUE TIOMMKH.

Bagaua ykiioHenusi. 3ajaua ykionenus B urpe (1.1)-(1.2). YeranoBUTH ONTUMAIBLHYIO CTPATEIHIO JJIst
y6eraoIero u OleHuThb, KaK U3MEHUTh paccrosduue |z(t)| Mexy mpecienoBareeM U yOeraiomum.

2. Perienne 3asaum mpecjenoBaHUs

B nacrosimem paszene II-crparerus: 6yzer onpesesnena Ha ocHose pador [5, 10-12] u 6ymer B3sTO mMOCTA-
TOYHOE YCJIOBUE ITOMMKHU.

st pertenust 381241 IPEC/IEIOBAHUS IPE/IIIOIOXKUM, UITO B TEKYIIIHI MOMEHT BpeMeHU ¢ TIPeC/IeI0BaTEIIO
U3BECTHBI HAYAJIbHBIE [IAPAMETDHI T, Yo, TEKYIINI MOMEHT BPEMEHH ¢ 1 3HAUeHNe yIIpaBjieHus yoerarorero v(t).

Ecsn urpoku P u E BeigesnsT csou jponycrumble dbyHKmn yupasierus u(-) € U u v(-) € V coorser-
CTBEHHO, TO, ucnosb3ys (1.3)-(1.7), noxyunm BekTOp-dyHKIUIO

N(t)
1 .
t) = =) (up =) (1 — e 2.1
2(t) Zo+ai:0(u vi) (1—e ) (2.1)

rae N(t) = [£], []—uenas qacts unca.

B cuay (2.1) npecsiesioBaresb crpeMuTcs K JIOCTHKeHUIO paBeHcTBa z(t*) = 0 upu mekoropowm t* > 0, a
yberamoomuii cTpeMuTCcsl COXpaHuTh cooTHoinenne z(t) # 0 upu kaxjaom ¢, t > 0.
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Paccmorpum dyukimuio

pt) =1~

P—J(t —at,ea(t+A)_1)

alzo] \A A1

Ciiestytornee yTBepKIeHIE OY/I€T UCIIOIB30BAHO JJIsI JIOKA3ATEIbCTBA CYIIECTBOBAHUSI BDEMEHU ITOUMKHU.
IIpenmoxkenne 2.1. I[Tycms p > 0. Tozda ypasnenue

p(t) =0,t >0, (2.2)

uMeem 00uH U MOALKO 00UH TLOAOHCUMEALHOIT KOPEHD, KOMOopbill 0603Havwum wepes T .

Jlis ocrpoenus TI-cTparernn npezmnoIoKuM, 9T0 IPECIeI0BATE b 3HACT HAYAIbHBIE JAHHBIE 2o, P, O U
suadenue v(t) B TeKyuii MOMEHT BpeMeHu t.

Onpegnenenune 2.1. [Tycms p > 0. Toeda 6 uepe (U, V) dynxuyuro

’LL(Z(), U(t)) = Z 'll,l5(t — iA),t > 07 U; = v; — )\(Z(), Ui)fo, 1€ No, (23)
=0

Ha308eM cmpamezuet] napasteavhozo npecaedosarus (kpamxo Il-cmpamezueti) npecaedosamens, 20e

Az0,vi) = (vi, &o) + \/<’Ui750>2 +p? = vil?, §o = 20/l20l, i € No (2.4)

(vi, &0)— craasproe npouseederue 6exmopos v;, i € Ny u &y 8 R™. QPynryuio A(2o,v;), i € No 0661410 Hasvi6a-
tom paspewarouett Gyrryued.
Tenepn ykazkem HEKOTODbIe BaxKHbIe ocobeHHOcTH crparerun (2.3) u paspemaromeil dyukuuu (2.4).

Jlemma 2.1. Paspewarowan dyrxyus (2.4) onpedeaena u neompuyamenvia oas ecex v; € Sy, i € Ny,
U IMA PYHKUYUA 02PAHUYENA CACOYIOULUM 0OPA3OM:

p—0 < Azo,v;) <p+o, 1€ Ngp.

Joxazamenvecmeo. MakcumaabHOe U MUHMMAJIbHOE 3HAaYeHUs pasperiamomeil dyukimm (2.4) oupezens-
FOTCsL JIJIsI IIPOM3BOJIBHOIO U; € Sy, § € Ny CJIeIy oM 06pa30M:

= (—0&o,&0) + \/(—0507§0>2 +p2—|—-0&2=p—o0,

min A(zg, v;) = Az0, v;)

V; €Sy vi=—0&o

max A(z0,vi) = Mz0,v;)

— (060, €0) + (060, 60)> + 92 — | — 00l2 = p+ 0 i € N,

v;=0&o

CirenoBaTe/ibHO,
p—0 < ANzo,v;) <p+o, i €Np.

O
Onpenenenune 2.2. Ecau p > 0, Mo CKaAAApHaa GYHKUGUL
N(#)
A(t,v(- A(zo, v3)(1 — e7a(t=i8) 2.5
( ,’U( )) a|ZO‘ Z ZO7UZ e ) ( )
Hasvieaemces Pynkyuel cbauscenuem uzpoxos 6 uepe (U, V).
JIlemma 2.2. I[Tyecmo p > 0. To
a) das ecex v(-) € V. dynxuyua (2.5) monomonno yovieaem no t, t > 0;
6) Pynryus (2.5) oepanuvena das ecex t € [0,T] caedyrouum obpazom:
Ar(t () < At 0()) < As(t, o) (2.6)
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2de
Mt o) =1-2 |+ ‘|’ (1 — ),
p—0o P2 ,
Ralto() =1 Fs ;) (1ot
N = [4]
Jloxazamenvcmeo. Ilycts p > o.
a) Onpenenum npoussoaayo 1o t or A(t, v(+)) u u3 memmsr 2.1 cremyer, 9ro
dA(tdtU _ |ZO| Z Azo, vg)e—t=i8) <
0 ‘
T D e A <0, te [Ai, A +1)),i=0,1,2, ...
6) 13 dopmysnt (2.5) u jemmbl 2.1 nostygaeM CIeAyIONLYIO OLEHKY:
N(t) A 5 N
At () < a|20| Zgn) (20, v3)(1 — e~alt=iR)y < aw Z (1—e a(t=ia) ) = As(t,0()),
A py —a(t—iA) pto p —a(t—id)
(t,v(-)) > a|zo| Z vrlneai)\ 20,0;)(1 — e )>1-— alzol iz:; (1 —e ) = Ay (t,v(4)).

O

Teopema 2.1. Ecau p > o, mo Il-cmpamezus (2.3) ssasemcs eviuepviuurnol dan npecaedosamens, 6
npomesrcymre epemenu [0, T), a 2apanmuposarnoe epems T.

Joxazameavcmeo. Tlpenonoxum cuadasa, aro yberaronwmii Boibupaer joboe yupasienue v(-) € V, a
npecsezoparesb peanusyer II-crparernto (2.3). Torga B cuny (2.1) u (2.3) nmeem

N () _
z(t) = 20 — p > Mzo, v3)6o(1 — e, (2.7)

ITepenummenm (2.7) kax
z(t) = zoA(t, v(-)) (2.8)

rae A(t,v(-)) To xe camoe, uro u (2.5).

13 sToro, u3 ieMMbI 2.2 BBITEKAET CJIEAYIONAsl OIEHKA:

()] = Jzol - [ACt 00| < ol - [t 0))] =

p N(t)

. :

— . 1 _ (1 _ 7a(t7’LA))‘ —
ol - J1 = 2 > (-

_ aA(N(t)+1) _ 1
p—0 Cat €

- -1—7(Nt+1— —)‘<

|ZO‘ ‘ Q‘ZO| () € eaA—l >~

p—o/t UG |
(**e t'ﬁ)‘:|20\'|17(t)~

U3 upemioxkenus 2.1 HemeyieHHO cieiyer, 4ro B MoMeHT 1’ Bbinosinsiercs: pasenctso p(t) = 0. Cienosa-
TesIbHO, (2.9) yKasbIBaer Ha TO, 9TO cyliecTByeT Koneunoe spems 1T € [0, T, yuosnersopsiomee A(T*, v(-)) = 0.
U3 storo u yunrsisas (2.8), moxyuaaem z(T*) = 0.

<zl - 1=

P (2.9)
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Caenosaresnbho, [I-crparerus (2.3) rapanTupyeT nouMKky yberatorero Ha uHTepBase spemenu [0, 7). O

3. Pemenne 3a1aum yKJIOHEHUS

B sTom pasnere B kavuecTBe cTparernn yoeraroiero Oy1er B3saTa MOCTOAHHAsS (PYHKIUs 1 OyIeT JaHO JT0-
CTATOYHOE YCJIOBUE yKJIOHEHHUs. BoJiee TOro, Mbl 0O0OCHYeM, YTO CTPATErns yOEraroIero sBsgeTcs OMTUMAIbHON
crpaterueii, a Bpemst T, ykazaHHOe B Teopeme 2.1, sIBJISIETCSI ONTUMAJILHBIM BPEMEHEM TTOMMKH.

Omnpenenenne 3.1. Hasosem yrruuto ynpasienus

o0
==y (ago (t— iA)), t>0, (3.1)
=0
cmpamezeti yoeearowezo ¢ uepe (U, V).
CdopMynmupyeM HaIl OCHOBHOM Pe3yJIbTAT JJIsl TPOOIeMbl YKIOHEHHSI.

Teopema 3.1. ITycmo p < o. Tozda ynpasaenue (3.1) asasemea svuepviunom 6 uepe (U, V) das ybe-
earowezo u npu amom |z(t)| > |zo| dan ecex t > 0.

Joxasamenvcmeo. Tpeanonoxum, uro p < ¢ u npeciefoBare/b Bolbupaer ynpasienue u(-) € U, a
y6eratomuii npumMensier crpareruio (3.1). Torga u3 (1.6) n (2.6) mosydaem

t
1 —a(t—s) _
|z(t |_ZO+E/ )(l—e )ds‘—
0

N(t)
_ L . 1— —a(t—iA))‘ >
’ZO+G§(U —l—afo)( e >
1 N(t) N(t)
> 1 1— —a(t—iA))‘ ‘ . ( alt— zA))’ >
‘Zo+a;U§0< e ZU >
) L V) ‘
‘|Zo\ + - Z ( ali= ZA))’ p Z | (1 - €7a(t7m)> >
i=0
> |20 L 2zr Z ( 767a(t7iA)) > |z
pu Bcex ¢ > 0. O
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REZYUME

Ushbu magqolada impuls boshgaruvli ikkinchi tartibli differensial tenglamalar orqali tavsiflanuvchi
quvish-qochish o’yini qaralgan. Bunda o‘yinchilar ikkalasi ham impuls boshqaruvlarga ega bo‘lib, bu
impuls ta’sirlari ob’ektga oldindan belgilangan vaqt momentlarda ta’sir etib, boshqaruv Dirakning
delta-funksiyasi yordamida ifodalanadi. Ushbu differentsial o‘yinlar sinfi uchun quvish masalasida
P-strategiyani qo‘llagan holda tutish vazifasining hal etilishi uchun yetarli shart olingan. Bundan
tashqari qochish masalasida aniq bir strategiyani qo‘llab, qochib ketish mumkinligi ko‘rsatilgan.

Kalit so‘zlar: differensial o’yin, quvish masalasi, qochish masalasi, P-strategiya, tutish.

RESUME

This paper considers a chase-escape game described by second-order differential equations with
impulse control. In this case, both players have impulse controls, and these impulse effects act on
the object at predetermined time instants, and the control is represented by the Dirac delta function.
For this class of differential games, a sufficient condition is obtained for solving the capture problem
using the P-strategy in the chase problem. In addition, it is shown that it is possible to escape using
a specific strategy in the escape problem.

Key words: differential game, pursuit problem, escape problem, P-strategy, capture.
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PE3IOME

PaccmarpuBaercsa 3amaga Komun qyis omHOMEpHO HEOTHOPOMHON CHCTEMBI YPABHEHUN TIOPOYIIPYTO-
CTU OIKCHIBAEMOE TPEeMsI HapaMeTPaMH YIPYTOCTH B OOPATHMOM THJIPOJUHAMUYIECKOM MIPUOJIAZKE-
Hun. [losiyueHo pemenue JaHHON 3a a4 Kollin Ha OCHOBe MeTOJ[a XapaKTEePUCTUK B BUE (DOPMYJIbI
Hanambepa. [Tokazano BusHIE TOPUCTOCTH HA PACIPOCTPAHEHUE AKYCTHICCKUX BOJIH.

{ : MaTeMaTHIecKas MOJEb, TOPUCTA q J00031 MYJT JaMbe-
Karouesnvie caoea: MaTeMaTHIecKas MOJIEb, IOPUCTas cpeja, 3amada Ko, do a amambe
pa, opsMas 3ajatda, MeJJleHHas BOJIHA, IIOPUCTOCTD.

Bsenenue

B npuriiajgHbix 3a/1a9ax TEOPUH BOJIHOBBIX ITPOIECCOB YACTO MPUXOIUTCS UMETh JEJIO C MOPHUCTOCTHIO,
ITIOUIOHACHIIIIEHHOCTHIO CPEJbI U TUAPOJAUHAMUYECKUM (DOHOM. AHAJOMMYIHBIE BOMPOCH! BOZHUKAIOT B Pa3Be-
no4HOI reodusmke mpu paspaboTke HeTIHBIX CKBAXKUH U BBHIOOPE IIAPAMETPOB BOJIHOBOI'O BO3IEHCTBUS HA
MeCTOPOXKIeHNs HedTU 1 ra3a ¢ MeJbl0 ONTUMU3AINN 100bran. Takme BOIPOChl BOZHUKAIOT ITPH Te0(DU3INTECKOM
MOHUTOPUHI€e CBOMCTB 09aroBoii 30HBI JIsl IPOTHO3a 3eMierpsicenuii [1-3].

B reodusuke kunermtueckue mapamMeTpbl TOPHBIX MTOPOJI, HECYT B cebe MH(MOPMAINIO O CTPOSHUHU, COCTa~
Be M YCJIOBUSIX 3aJIEFaHUsl TIOPOJ, OHU TAKXKE COJEPXKATCBEJEHUs O JINTOJOTUN ITOPOJ U XapaKTepe UX I'PAHUIL,
TPEIMHOBATOCTH, [TOPUCTOCTH, HAJIMYUKA PA3JAYHOTO POJia HAPYIIEHUN ¥ JIOKAJbHBIX BKJIFOUEHUI, & TaKXKe O
cocrase u $a30BOM cOCTOSHNU (DIIIONIOB-3AII0JIHATE/IEl TOPOBOIO IIPOCTPAHCTBA KOJLIEKTOPOB. Maremarute-
CKI€ MOJIeJIMPOBAHNE BOJHOBBIX IPOIECCOB MTO3BOJISIIOT OIPE/IEIUTh 3HAYEHUsT CKOPOCTENl PaCIpPOCTPpAHEHUS U
K03 DUINEHTOB MOIVIONIEHNS YIIPYTUX CECMUYEeCKUX BOJIH B 3aBUCAMOCTH OT BEIIECTBEHHOIO cocTaBa (hiron-
JI03AII0THEHHOI'O KOJIJIEKTOPA, €r0 CTPOEHUS U BIIMAHUS OKPY2KAIOIIeil CpeIbl.

BrisiBiienmble 0COOEHHOCTH 3aTyXaHHUs CEHCMUYECKUX BOJIH B TPEIIMHOBATO-IIOPUCTBIX CPEIaxX C OJHO-
BPEMEHHBIM IIPOsIBJIEHMEM MHOXKECTBEHHBIX 3JIEKTpoceiicMudecKux 3(QeKTOB He y/aeTcs COrjiacoBaTh C IIPO-
CTEHIUMU MOJIEJISIMU UJIeAJIbHON Teopur yupyroctu u cpeabl tuia @penkesis-buo. Peasibable ropHbIE TTOPOIBI
SABJIAIOTCA MHOTO(DA3BHBIMU, 3JIEKTPOIPOBOJSIIIUMU, TPEIUMHOBATHIMU, HOPUCTHIMEU U T. 1 [4-11].

B pabore [9] npemnokena mareMaTHdecKas MOJE]Ib PACIPOCTPAHEHUs HEJIWHENHBIX BOJH B HACHIIIEH-
HO# KHUJIKOCTBHIO TOPUCTOi yrpyrogaedopmupyeMmoii cpeie. Momeib OCHOBaHA HA TPEX OCHOBHBIX IMPUHITUIAX:
BBIIIOJTHEHUS 3aKOHOB COXPAaHEHUsI, IPUHINI WHBAPHAHTHOCTH T'PyHNa BpalneHuil lasmies, corsiacoBaHHOCTH
YPaBHEHUl [BUKEHUs HACBIIIAIONIEH KUIKOCTH C YCIOBUAMHI TEPMOIUHAMIIECKOTO PABHOBECHS:

ap

T +divj=0,j = psus + pug,
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a8 S
- tdiv (J) =0,p=p+ ps,
ot p

% + div(pjuz) =0,

0gik
ot
Oe

5 +divQ = 0, ps = consty/det(gix),

+ gr;0iuj + gij0kut; + u1;0;9i = 0,

07;
% + Ok (psurivik + pstziuar + pdik + hijgir) =0,

. us TS\ .
Qi = (M 4 ?2 + p) Jr + ps(ur,u; — w2)urg + u1ihkmmis

ou \Y s
67(‘,2 =+ (UQ,V) Ug = 77]7 + %V(ul — UQ)2 —

hik
Vi

2p

31ech 11— CKOPOCTb JIBUYKEHHS YIPYLOW IOPUCTOM CPENbl; Us— CKOPOCTH HACHIMAMONIEH >KUJIKOCTH,
p = pi+ pPs, Ps, PI— IIOTHOCTH KOHTHUHYYMa, IIaplIuabHad IIJIOTHOCTb IIOPUCTOI'O Teja, IapluaJbHas IJIOT-
HOCTBH YKUIKOCTH COOTBETCTBEHHO; ;1 — METPUUIECKUIl TEH30p yIpyroi medopmanuu; h;y,~ TEH30p HAPAKEHUI;
e, S” SHeprus W SHTPONUs €JIUHUINBI 00beMa; 1~ XUMHUYECKWil moTeHnuas; 1T'— reMmmeparypa; p— JaBjeHue,
Jo— OTHOCUTEJIbHBIH UMITYJIbC. [Ipr 9TOM BBITIOSHSIETCS TIePBOE HAYAJIO TEPMOINHAMUKHY JIJIsT PACCMATPUBAEMOIL
CHUCTEMBI

1
deg = TdS + jidp + (w1 — g, djo) + §hikd9ik-

B pabore [12] nonyuena dbopmyia permenns 3aga4un Kormu Jyist OMHOPOIHOM CHCTEMBI TTIOPOYIPYrocTa. B
JIaHHOU pabore mojrydeHa opmysia pelreHust 3aadu Kormm [iyisi 0JHOMEPHOIl HEOTHOPOIHOM CUCTEMBI ypaBHe-
HEI TTOPOYIIPYTOCTH, KOTOPasI OMMCBIBAETCS TPEMS TTapaMeTpaMy YIIPYTOCTH B 0OpaTHMOM THIPOIHHAMUIIECKOM
TPUOJTKEHIH.

IToctanoBka 3aa4u

Paccemorpum miporiece pacmpocTpaHeHust BOJIH B MOPUCTOR cpejie B 0OpaTUMOM ITPUOJIMKEHAN C YI€TOM
MACCOBBIX CHJI F, OIUCBIBAEMBIi OJIHOMEPHON HEOJHODPOIHOI cucremoii ypasaenuit [9, 13, 14]

0%uy (w,t) 0?uy (z,t) O%usy(x,t)
T_QHT_MQT:Fl(I,t)’ (1)

0ugy(w,t) 0uy (w,t) 0%us(x,t)
ot? T2 Ox? T a2 Ox2 = I»(z,1), (1)
Ijle TapmmaIbHble mIoTHOCTH ps = pl(1 — do) m p; = plf do, pl u p{ — dusntecKkre IOTHOCTH YIPYIOro

IIOPUCTOTO TeJIa U YKUJKOCTH, COOTBETCTBEHHO, d(j IMOPUCTOCTD,

A4 2 A4 2u/3 N+ 2u/3
+u+(pa3+ +u/>s_ +u/7

a1l =

s p2 P
A+2u/3  A+2u/3

a1y — <p2a3+ 2#/ B 1/ )pz’

p Ps p

A+2u/3 A+ 2u/3

oy — <pza3 N u/> P At 23
p p

A+ 2u/3

a22=<p2043+u/) %,

a3, A, i— YUpyTHe IapaMeTpbl MOPUCTOH cpebl [8, 9.

186



BEcTHUK HYVY3 TOYHBIE HAVKMU Ne2/1/1, 2025, 185-190

Pacemorpum 3amaay Komm st cucremsl ypasHerunit nopoynpyrocru (1), (2) co cieayonmmu JaHHbIMA
Ko [10]:

0
wlg = i), S| =) (3)
t=0
0
wlyg = ¢2(@), 52| = () ()
t=0

MeronoJsiorusi uccjiegoBanus

Vo060 BBeCTH HOBBIE DYHKIINM U1, F1 U U, Fo BMecTO u1, F1 1 ug, Fo mo dopmyite

(1)) (5)-(2).

rie
o (¢ —a2 o, —axn
az a1 ’
b. b.
Cl213*<1+ 1B2>’Cl22B*<1 ].BQ),
2 XN+2u/3 [(A+2
bt AaBiS (Aits )
2 2p A+ S ps
1 1\ [A+2u/3 A 2p )
b = (A -+ 20 ( _> [ T ) VPN
ps P p A2p
Torna cucrema ypasrenuii nopoyupyrocru (1), (2) 9KBUBaJeHTHA JBYM HEOJHOPOIHBIM Y PABHEHUAM CTDY-
HBI
a5 0%
o2 -, o2 =1, (5)
0ty 5 0%y =
2 g = Iy, (6)
Pacemorpum HeomHOpoable cucreMsl (5), (6) ¢ HyneBbiMu JanHbIME Kormn:
Oty
Uy|,_g =0, — =0, (7)
=0 ot |,—o
Otin
u =0, — =0. 8
u2|t:0 ) 8t —o ( )

OyuKITIN

m—i—cllt—cll T

1 ~
witan = [ Arod
! w—cllt—i-cll‘r
x+012t—cl27'
1 ~
’l)Q(t,ZL',T) = Cf / F2(T>£)d§
l
2m—clgt+clgr
ABJIAIOTCA pEelIeHuAMN O,ELHOpO,ZLHOfI CHUCTEMbI
82’1}1 2 82’01 o 9
o7~ hggr T ©)

2 2
8112 281)2

12 -, o2 =0, (10)
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C Ha4YaJIbHBIMU JaHHBIMI Kormu

U1| = — 0, — = F (7_7 x)ﬂ (11)

‘ at t=T1
a’Ug ~

vol,, =0, —= = Fy(7, ). (12)

¢ at t=1
A dyukuun

t t

/vlthdT ugtx:/vgtxrr (13)

0 0

SIBJISTIOTCSL pernenusivu 3asa4n (5) - (8) cormacno npusnuny lroamesst.
Pemenne zajgaun Komm a1 HEOQHOPOIHOI CUCTEMbI IOPOYIIPYTOCTH BO BCEM IPOCTPAHCTBE B OJHOMED-
HOM CJIydae 0GOoBIIAIOT oIy YeHHble (POpMyIIbl 13 [12] /1Ist OJHOPOIHON CHCTEMBI U IPEJICTABISIETCS B BH/IE:

5 x+tcpt
_ Gy — a2 _ d _
U1 (ta I) - B D) ¥1 (93 + Cllt) + 1 (93 Cll d}l g
2(cf, — ) L
1t
:r+cllt

l1 lo !

.'r—cllt
(@~ ax)(@, — ax) e
c —a ¢l —a 1
b 222 2 5 22 o2l + epyt) + pala — cpyt) + — / P2(§)dE | —, (14)
2a21 ¢, — clz) Cly .
.7,‘—(1[2 L
Tyt t T+cep t—cy T
Cl22 — ag2 1 1
m 4,01(55 + Clzt) + 4,01(55 - Clzt) + cf ¢1(§)d€ + cf dr FI(T7 §)d§
L l2 l2ac—c12t h 0 r—cp ey T
CEJrCzlt
a1 1
us(t, z) = (@ 2 501($+Cllt)+801($—011t)+7 Y1(§)dE| —
(cf, —ct,) IR
g 1
5 x+cllt
C;. — a2 1
S Neae b ent) et - [ @] +
2 (c —c ) a
h & 1ac—cl t
1
5 z+c;,2t
C; — a2 1
B | pa(@ + ept) + oz — eppt) + — Pa(§)dE| —, (15)
2 ((32 —c2) ¢
h & & r—cp,t
"2
Tyt t THCi t—Ciy T
as1 1 1
(2 ) 1(z +et) + 1(x — ept) + — P1(€)d§| + — [ dr Fy(r,8)d€
(Czl - 012) Cly Cly
ac—clzt 0 x—clzt—&-clz-r

Knaccnaeckum perrennem 3ajaan (1) — (4) HaseiBaeTcs GyHKINA
ur,uz € C*(Ry x R)(|C'(Ry x R),
rie C*— mpocrpancrso k pas menpepsisro muddepeHnupyeMbix by KA.

PesynbraTs!
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Teopema 1. Ilyctb 1,02 € C?(R), 91,92 € CY(R), Fi,F; € CY(R; x R) Torja cymecTByeT eMHCTBEHHOE
KJaccuieckoe pemenne 3aga4u (1) — (4), koropoe maércs dpopmyioit Jamambepa, mpu 9TOM CIIpaBeIIBa ONEHKA

lutlloo,rxr) + 1u2lleqorxr) <

¢ (||<P1||C(R) + le2llory + 1illory + 1¥2llor) + 1o qo,mxr) T HFQHC([O,T]XR))

rie 0 < C'— HekoTOpast KOHCTaHTa, 3aBUCSIAs TOJBKO oT 1.

JIerko 3aMeTHTh, 9T 1pH 1, 2 € C?(R), V1,19 € CY(R), F1, Fy € C*(Ry x R) byHKImu onpe ie/ieHHbIe
dopmymamu Tanambepa (14), (15), mator Ham Kiraccuueckoe perenue 3ajaan (1)-(4).

EAuHCTBEHHOCTD KIACCHIECKOTO PEIICHUs CPa3y CJIeAyeT U3 eINHCTBEHHOCTH NHTErPAJIOB IIPU TIOJIy Y€HIT
dopmysibr lasambepa.

3akJrouyeHne

Takum obpazom, mosaydena Gopmy/ia pemreHus 3aaadu Ko 1jisi 0lHOMEepHOIl HEeOHOPOTHON CUCTEMBI
YPaBHEHUI TOPOYIPYTOCTH, KOTOPAsi OMUCHIBAETCS TPEMs IMapaMeTpPaMi YIPYTOCTH B OOPATUMOM THIPOIUHA-
MUYECKOM TTPUOJINKEHUN. DTO PEIIeHNe SIBJISIeTCs €IMHCTBEHHBIM B KJIACCHYECKOM CMBICIIE U JIJIsT HETO MOYKHO
[IOJIYYHATD OIEHKY KaK B JOKA3aHHOH Bbire Teopeme. Ilomydennbie hpOpMyIIbl MOI'YT OBITH UCIIOIB30BAHBI [IJIsT
TECTUPOBAHUS YNCJIEHHBIX METOJIOB PEeIleHus 3a/1a49 BOJTHOBOU JUHAMHUKYU ITOPOYIPYTOCTH.
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REZYUME

Qaytariladigan gidrodinamik yaginlashishda uchta elastiklik parametrlari bilan tavsiflangan bir
o‘lchovli bir jinsli bo‘lmagan g‘ovak elastik muhit tenglamalar sistemasi uchun Koshi masalasini
ko‘rib chigamiz. Berilgan Koshi masalasining yechimi xarakteristikalar metodi asosida Dalamber
formulasi ko‘rinishida topilgan. Akustik to‘lginlarning tarqalishiga g‘ovaklikning ta’siri ko‘rsatilgan.

Kalit so‘zlar: matematik model, g‘ovak muhit, Koshi masalasi, d’Alember formulasi, to‘g‘ri masala,
sekin to‘lqin, g‘ovaklik.

RESUME

We consider the Cauchy problem for a one-dimensional inhomogeneous system of poroelasticity
equations described by three elasticity parameters in a reversible hydrodynamic approximation is
considered. The solution of the Cauchy problem in the form of the d’Alembert formula is obtained.
The effect of porosity on the propagation of acoustic waves has been shown.

Key words: mathematical model, porous medium, Cauchy problem, d’Alembert formula, direct
problem, slow wave, porosity.
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YIK 517.968

CMEIITAHHAA B3AJAYA OJIAd NTHTEI'PO-/IN®PEPEHIITMAJIBHOT'O
YPABHEHUNA TUITA BEHHU-JIFOK BBICOKOTI'O ITOPAJIKA C
BBIPO2KJEHHBIM APOM

PaxmMoHOB @. .
HAIIMOHA/ILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIVI'BEKA
farxod frd@bk.ru
XOoJITYPAEB ®@. C.
TAMKEHTCKUI YHUBEPCUTET APXUTEKTYPBL I CTPOUTEJILCTBA
Fedya-spets@mail.ru

PE3IOME.

Ipescrapisitor GOJIBINON MHTEPEC ¢ TOUKK 3PEHUs] IPUIOKeHnil ypaBHenus: tuna Bernn-Jloka [1-20].

B npsimoyrosibHO# 06J/1aCTH paccMaTpPUBaETCs ypPaBHEHNE B YaCTHBIX IIPOU3BOIHBIX Tulla bennu-JIok ver-
HOT'O BBICOKOTI'O TIOPSIJIKA CO CMEIIAHHBIMU YCIOBUSIMU. V3ydarorcst BOIIPOCHI OHO3HAYHOM PA3PEITUMOCTH JTAHHON
3ajadn. Pernenne n3ydaercs B Kjacce perynspHbix dyHkimil. Vcnonb3yores Metor psgoB Oypbe pasmesieHust
epeMeHHbIX. [Ipn m0Ka3aTeIbCTBE CyNIECTBOBAHUS U eIMHCTBEHHOCTH KOdddunmenta Pypbe 0T HEN3BECTHOMN
DYHKIME PUMEHSIETCST METOJ], TOC/IEI0OBATEIbHBIX MTPUOJINKEHNI B COYETAHUU €ro ¢ METOJOM CXKHMAIOIIEro
OTODPAKEHNUSI.

KuaroueBbie ciioBa: Ypasuenune tuna Bbennu-Jlioka, narerpo-anddepeHimaabHoe YpaBHEHIE, BhIPOK-
JIEHHOE sIJIPO, KpaeBasi 3aJla4a, CyIeCTBOBAHUS W €JUHCTBEHHOCTU PEIeHUs .

ITocranoBka 3amaum. Vcciemyercs KiaccmdecKasi pa3penimMOCTb KpaeBoil 3ajadn JjIs WHTErpo-
muddepeHIuaIbHOr0 ypapuenns tuia bennn-JIroka BBICOKOTO 9eTHOrO HOpsSaKa. B mpsiMoyrosbHOM obiacTu
Q={(t,z)|0<t<T, 0 <z <!} paccMmarpuBaercs ypaBHEHNIE BHIA

T
DFAR Ut x) = v / K(t, 5)U (s,2)ds +a () f (), 1)
0

riue
82 82 a2k a4k 82k a4k
24ak _ k K
A TER T {(_1) gk aw] —w(® [(_D FrRrad

T u l3amaHable MOJOKUTEIbHBIE NEHCTBATEIbHBIE JHUCIa, k 3aJaHHOEe (DUKCUPOBAHHOE ITOJIOKUTEIBHOE IEJI0e
ancio, w (t), a(t) € C (Qr) — 3ananmble venpepeBable Gyuknun, Qr = [0; T],Q, =1[0; 1], f(z) € C (Q,) —
sazgannast Gyaknust, 0 # K (6, 8) = Y0 1 a; (t)b;(s), a;(t), b;(s) € C[0; T]. 3necy npeanonaraercs, 4ro
cucrema dyuxIwmit a; (t), ¢ =1, p u cucrema dynknuii b; (s), ¢ =1, p sBIAOTCS JIUHEHHO HE3ABUCUMBIMH.

MeI npefuiosiaraeM, 9To Jjis 3agannoil pynkuuu G () BepHBI CIeLyIOIUe rPAHUYIHbIE YCIOBUS

82 82 a4k—2 a4k—2
5(0) = 5(” = @5(0) = Wﬁ(l) == Wﬂ(o) = WBU)-

Haiinem dbyskuuio U (t, x), Koropas yaosrersopsieT quddepennnanbaoMy ypasaernio (1), cieayommm
YCJIOBUAM

U(T,z)=p1(x), 0<z <1, (2)
U (T, ) =2 (), 0<z<]I (3)
u yciaoBuaM tuna dupuxite qua 0 <t < T
02 02
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a4k—2 84k—2
KJtace pyuxmmit
Ult,z) € C(Q)NCLM Q) N CTEH9), ()

tie ¢;(x) (i =1, 2) - 3ajannble raakue QYHKIMA U UMEIOT MECTO YCJIOBHUS EPHOANIHOCTH

0:(0) = 0ill) = gpi(0) = (D) =

a4k—2 a4/c—2 ]

Paznoxenue pemenns 3agaqu (1)-(5) B pag @ypwe. Herpusuasbibie perenus KpaeBoil 3a1a4u
(1)-(5) umyrest B Buge psima @ypre

U(ta x):Zun(t)ﬁn(x)v (6)

rjae
l
2
un(t):/ Ult, 2)0,(z) dz, ﬁn(x)\ﬂsm”l”x. (7)
0
IIpeamonaraem, uto ciemytormue GyHKIANA TOXKE pasjaraorcs B psax Pypwe
B(x) =" Bniln (), ®)
n=1
rae

l
B =/0 B(x) 0, (z)dz. (9)

Ioxncrasmsas psaapt Pypoe (6) u (9) B ypaBHeHHE B 4aCTHBIX IIPOU3BOIHBIX (1), IIOJIydaeM CYETHYIO CHCTEMY
OOBIKHOBEHHBIX UHTErPO-IudHepeHIMAIbHBIX YPABHEHUN BTOPOrO MOPSAIKA OTHOCUTEIHHO IIEPEMEHHOI ¢

wl(t) — Apw () uy, () =

n

1 T P
= T3 %t o (V/O Zai(t)bi(S)un(S)d8+a(t)Bn>, (10)

w2k 4tk 2k _ (‘n’n)Qk
TruZFtpiFr P = U0)

Cuernas cucrema uaTerpo-auddepeHnuaibHbIX ypaBHeHuit BToporo nopsyika (10) pemaercs oObraHBIM
METOAOM HHTEI'PUPOBAHMA

e A\, =

Un(t):Al,n +A2,nt+7n (t)a (11)

rne Ay, u Ao p,— TIPOU3BOJIBHBIE IOCTOSIHHBIE,

5(t) = A /O (t— 8)w () un(s)ds,
T

Tim :/ bi(s) un(s)ds, (13)

0
t t
ai(s)(t—s) / a(s) (t—s)
hiin(t) = ds, han(t) = d
tin () /0 e AR S T T
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C nomontpio koaddurmentos @ypoe (7) uHTerpasbube yeiaosus (2) u (3) 3aNUCHIBAIOTCS B CJIELYIONIEM
BHJIE

l l
un(T):/0 U(T, z)9,(x) dx:/o p1(@)9y (x)de =91 n, (14)

l l
o (@) =[O )0, @ dz = [ a0, @) de = oa (15)

s Haxoxk ieHust Hem3BeCTHBIX Koddduruentos nnrerpuposanusd A1 , u Ao , B (11), Bocnonab3yemces yciaoBu-
sivu (14) u (15). Torga ¢ yaerom (12) momyaum

14
un(t) = Qpl,nDO_*_QOZ,nDl (t) +ZD22,n(t)Tzn+
i=1

T
+5n,D3 n (1) —|—/ H, (t,s)un(s)ds, (16)
0
rue ko dunuentor Pypoe 3, olpenessorcs ¢ HOMOIILI0 (hopmydst (),

1 t 24T
Dy =——, Di(t) = —
0 1O =177 2(1+1)%

T
/ hli,n(t)dt+h1i7n(T)
0

3

24T t T, )
_ ' o
(2(1+T)2+1+T) /0 Wi () tdt+ny,,, (T)

D3,n (t) = hZ,n (t)

T
/ hz,n (t)dt—thm (T)
0

b
14T

24T " t
2(1+T)2  1+T
Hl,n (S)a tSSSTv

Hy (t5) = { H,, (t,s), 0<s<t,

s (T2 (T o]

Hyp (t,s) = Hip (8)+ An(t — s)w(s).

T
/ Wy, (t)tdt+hy, (T)
0

)

Hin ()= =177

Ioacrasnsas upescrasiaenne (16) B o6oznadenne (13), mosydaeM CHCTEMY U3 CYETHBIX CUCTEM ajrebpan-
vyeckux ypasaeruii (CCCAY)

p
Tijm —V ZTj,n (I)z Jem Pin \Illi,n + ©Y2.n \I’2i,n + ﬁnqjdz,n + \Ij4i,n(u)7 1=1 , D, (17)
j=1

e

T T
(Pij,n:/ bi(s)ngﬂn(s)ds, \:[Ili :Do/ bZ(S)dS,
0 0
T T
Uas :/ bi(s)D1(s)ds, ‘1’31',n=/ bi(s)Dgn(s)ds,Vy;n(u) =
0 0
T T
/ bi(s)/ H, (s5,0)u, (0)d0ds.
0 0
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OrmernM, 9TO U3 JuHEHHOH HesaBucUMOCTH cucTeMbl GyHKIUH a; (t), ¢ = 1, p u cucrembl OyHKIHMIL
bi(s), i=1,p cuenyer, uro ®;;, # 0. Paccmorpum ciemyomue MaTPUIBL:

].—V(I)ll V(I)lg PR I/(I)lp
le’n(V): V‘bgl 1—V(I)22 PR I/CI)QP 7
vO, v, ... 10,
1—V(I)11 V(bl(ifl) \I/rl Vq)l(i+1) Vq)lp
Zrin(V): V(I)gl V¢)2(i71) \IJTQ Vq>2(i+1) Vcbgp 7
l/q)pl V(I)p(i—l) \I/Tp I/(I)p(i+1) 1*l/(ppp

rae (I)ij = (I)ij,nv i=1,p,r=1,23,4.
CCCAY (17) onmo3HaIHO pa3pernuma Ipu JIO0bIX KOHEIHBIX [IPABBIX YACTAX, €CJIU BBIIOJHACTCS CJICILY-
IOIl[ee yCJIOBHE HE BBIPOKIEHHOCTH st onpeesnresns Opearoabma

Al,n(y) = det Zl,n (I/) 7é 0. (18)

Onpenesuresns A, (v) B (18) ecrb MHOMOWIEH OTHOCHTEJBHO I CTENCHH HE BbIIIE p. Y PABHEHHE
A ,(v) = 0 umeer He Gonee p pasauuHbIX KopHeil. Ix obosmaumm wepes v, (I = 1,0, 1 < ¢ < p). Ot
3HAYEHUS HA3BIBAIOTCA XapaKTEPUCTUUECKUME UHCJIAME s[pa HHTerpo-muddepeHnuanbaoro ypasuenus (1).
[Tpumenm ciremytoriee obo3HATEHTE

Ny ={v: v#vy, |A1,(v)| >0} . Ha ciekrpansmom muoxkecrse Nq perrenuss CCCAY (17) sanucsiBalorcs

B BHJE
Aiin Agin Asin Agin(v,
o Al | Ban ) Ban) | Beinl)
Aln()

e Apin(v)=det Z,;n(v), i=1,p,r=1,2,3,4.
IMoacrasiss pemenne (19) B npeacrasienne (16), monydaem

v ENy, (19)

un(t) =1 (t; un) =Pin El,n(t) + Y2,n EZ,n(t) + 571 ES,n (t)+

T
+E4,n(t,u)+/ Ho(t,8)un (s)ds, veERNy, (20)
0

A Ayin(v,u)
E3,n(t):D3n +Z 31” D2n()E4ntu Z ZzlL 2n(t)-

IMoxcrasnsas upencrasienue koaddunuenro Pypoe (20) memssectHoil dyukiuu B psig Pypoe (6), mo-
JIydaeM

oo
Z <P1 nE1 n( )+<P2,nE2,n(t)+ﬁnE3,n (t)+

+E4,n(t,u)+/0THn(t,s)un (s)ds] , VEN. (21)

Psan @ypoe (21) asiserca dbopMabHbIM pelieHreM Kpaesoit 3aqaqau (1)-(5).
OpHo3HavYHas pa3pemnMocThb cdeTHoi cucremsbl (20). IIpeamonaraercs, 9To cpaBe/IuBBI CJIE/LY-

onmme yCJI0BUA:
ty = max max {| E1n(t) |5 [ E2n(t) [ [ Esn(t) [} < oo,
te (22)

'2_maxmax{‘E MO R ||E )‘}<OO’

teQr
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T T
s = max { [ I H(E9) |, ydsi Jy | H(69)]] 5, () ds | < o,

] ) (23)
L= max { [ [ H ) || g, 0y dss Jo [ (89) ||, oy ds | < o0,

rte Foy(t) = g2 Hy(t,s) = nt Hy(t, ).

YenoBus raagkoctu. Ilyers st dymkumit ¢;(x), B(z) € C* (), B obmactn €2, cymecrsyror
KYCOYHO-HENpephIBHbIE NPou3BoHbIe Topsijika 4k + 1. Tora, naTerpupyst o actsm byukuuii (9), (14) u (15)
4k + 1 pa3 mo Kaxx1oi nepeMeHHON F, moTy4daeM CJIeyIOLie COOTHOMICHHST

N ‘/37(14’”1) ‘ N ‘<p§4n’“+1) ’
|6n|:<7_r> T AR <Pi,n|=<7r> W,iZl,Z, (24)

e

l 94k:+1 B l 94k+1
-+ (Cﬂ) + @1(*’5) .
4k+1 9 (4k+1) _ =
/B’SL ) A T A4k+1 ax4k +1 n(SE)dZ‘, Spi,n 7/0 (?x4k+1 ﬁn(I)dI, ] 1,2

3ech clipaBe/IuBbl HepaBeHcTBa Beccels
[e%) 2 9 4k+1 1 64k+15($) 2
(4 k+1) “
;[m |" < (l> /O [axml } dz, (25)

0o 4k+1  pl 4k+1 2
(ak+1)] 2 2 0 pi(z) .
7;1 |:g01,n ] S (l) /O |: 8I4k+1 dl’, 1= 172 (26)

Teopema 1. Ilycrb BoIIOTHSAIOTCSH yCa0BHs TIagkocTh u (22), (23). Ecian
P T
p=CiCs> || Ayi(v) Hh/ [bi(s)] ds+Cs <1,
i=1 0

TO [Tt PETyJIAPHBIX 3HaUennit mapamerpa v € X1 CCONY (20) ommosnadmo paspemmma & poctpanctse B (T),
rae A4i,n(l/7 u) = det Z4i,n(l/7 u) ) 1=1 , Py

1=v®y; ... v®y4-y 1 v®igpy - vdq,
Z4i,n(V): Z/(I)Ql V(I)2(7L71) 1 I/CI)Q(Z-+1) Z/‘I)gp :
V@pl V(I)p(i—l) 1 Vq)p(i+1) 171/(I)pp
=Dy

Vckomoe perrrerne MOXKeT OBITH HAMJIEHO U3 CJIEAYIONIEr0 UTEPAIMOHHOTO IPOIIECCA:

U% (t) =®1i,n El,n(t) +Yan EQ,n(t) + ﬂnEB,n (t),
7.L2+1 (t) =1 (t7 u:z)ﬂ r=0,1,2,..

okazaresbcTBo. MBI UCIOIB3yeM METOJ| CKUMAroMuX oTobpaskenuii B npocrpancrse Bo(T). C yue-
ToM oneHok (22), (23) u dopmyn (24), npumensiem HepaeHcTBO Konm-ByHSKOBCKOro u 3aTeM IpUMeEHsEM

uepasencTBa Beccesa (25) u (26). Torma nosmydaem u3 3a[aHHOIO UTEPAIMOHHOTO IIPOLECCA, YTO CIIPABEJIUBA,
CIIEYIOMAS OICHKA JIJI HYJIEBOTO MTPUOJINKEHUS:

;gg)ﬂf‘u%(t” Sclnz::l[‘(plml‘f'hpln' +|Bn‘]£

(4 k+1)

4k+1 4k+1
ot [ || e [f0] o [
<G T Z nAk+l +Z nAk+1 +Z nAk+l =
n=1 n=1 n=1
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4k+1
[\ AR+ 5 o0 1 9ak+1
<C; () Il Z 241 H 4fi£x> ‘ +
i l = O La(2)
9Ak+1 @g(ac) H Hak+1 5(37)
N T N L I )
9 Ak+l La(®) O Ak+1 La(2)
Tak Kak

A 7,
E4ntu Z 21 VU D2n ZA41HVU () (28)

=1 n

rae Fp(t) = 512,1:8)) , TO CHAYAJIA HAM HAJO0 MOJIyIUTh OUEHKY it Ay, (,u”) — Ayyp (V, ur_l):

| A41’,n (VauT) - A41',n (Vauril) | < | \Ij4i,n(ur) - \1147;7”(,“7”71) | : |A4i,n(V) | <

< |Agin(v |/ s)|/OT|Hn(s,9)| Jun (@) —upH0) | dods, (29)
e Ayin(v,u) =det Zyin(v,u), i=1
1—=v®y; ... v®yy 1 v®@igeny - v®q,
Z4i,n(V) _ vPgyq V‘I)g(i,l) 1 1/<I>2(i+1) v®y, ’
v®,, V<I> pli-1) 1 1/<I> plit1) - 1=v®y,
®,;, = @, ,. YunrbBag npencrasienus (28) u omenky (29), aHagormaHo ouenke (27), IS IPOM3BOJIBLHOM

PA3HOCTU HPUOJINKEHHS [TOJIyIUM, UITO CIIPABEIJINBA OIIEHKA

oo

oo
r+1 r—1
max |ul ™ (t) — Eﬁ max [|Eant,u”) = Egn(t,u”™ ") |+

n=1

T o0 P
—|—/0 Hn(t,s)|~|u:b(s)—u;1(5)‘ds]§2 max | Fo( )|Z|A4m(1/)

T T
(s s u” —qyrt S
/ |bz<>|/0 \H, (5.0)] - |ul, (6) —ul" (6)] dOdst

T
[ )] ) = ur 9 | as| < PG ||BQ(T>ZHA41 v |,

T T
[ s [ ) iy 07 ) =07 9 gy st

T
+ / 1 (85) ey 0 () = 0" () [y @ < o [l (6) =" () || g (30)

rje

T
p=Cy | F(1 HBMZHAM e, [ 1@ s o

Coruytacuo ycsosuio Teopemsl 1, p < 1. Crenosarenbho, u3 onenku (30) cielyer, 9To onepaTrop B IPaBOit
qactn CCONY (20) cxxnmarornmuii. 113 orenok (27) u (30) cireryet, 9T0 CyIECTBYET €UHCTBEHHAS HEIIOIBUKHAS
touka u(t) € Bo(T), koropas ssisgerca pemennem CCONY (20) B mpocrpamncrtse B (T) J1st perysispHbIX
3Hadennii napamerpa v € N ;. Teopema 1 nokazana.

OcHoBHaga Heu3BecTHas (PYHKIIUS

Teopema 2. Heussecrnas dyukuus U (¢, x) oupenensiercs ¢ nomoinpio psaa (21). Ilpu srom jpannas
dbyHukms HenpepwbBHO AuddepeHImpyeMa o nepeMeHHbIM, BXOISIIM B ypasHeHue (1).
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Hoxkazaresbcrso. C yuerom toro, uro u (t) € Bo (T), bopmyi (22)-(26) u ouenoxk (27), (30), noaydaem
Jutst pynkiwn (21) oreHky

Ut z)| < Z |0n(@) |- [@1n E1,n(t) + @2,n Eon(t)+

T
BB sn(t) + Ean(t,u) + / Hy (8,8) un (s)ds | <
0
_ 2 . i 4k+1 241c+1 i 1 R+ ) (2) . AR oy (1) .
>~ l 1 p l — n4k+1 8x4k+1 Lg(Ql) 8$4k+1 LQ(QI)
a4k+15 T p
LS NP0 s ey S Aaiw) [y, + Cs [0 @) gz b < 00 (31)
oz a2 i

W3 (31) caeayer abeonoTHas 1 paBHOMepHast cxogumoctb psiia Pypee (21). Temeps dyurmmio (21) quddepen-
[IpyeM Hy?KHOe 9HCIIO Pa3

Utt L, :L' (PlnEl n( )+¢2,"E/2/m(t)+

HMS

B (1) + B (1) / HY (t,5) u (3)ds| (32)
84k o0
8:5‘““ Z ( ) )[90171 Ey n( )+<p2,n EQ,n(t)+
n=1
T
+BnE3’n(t)+E4ﬁn(t7u)+/ H, (t,s)uy(s)ds|, (33)
0

Anasornyso () u (), MBI oupezeauM CaeAyIoNyo MYyHKIMIO B BUIE pa3Jioxkenus B psaibl Pypbe

82k20 (¢, 2)
ot20z2k

HokazarenbeTso cxogumoctn psjga Pypoe (32) CXOAUTCSI ¢ JOKA3ATEIBCTBOM CXOqUMocTH psia (21). Mbr
HOKaKeM abCOIOTHYI0 U PABHOMEDHYIO CXOIUMOCTb psija (33). C aroil 1esbi0 MBI ncosb3yeM GopmMysibl (22)-
(26). TIpumensiem HepasencTBo Komu-Bynskosckoro u nepasencrso Beccesns. Torma mosydaem

a4k
’8 Ut 2) <
< Pla ()7 O ()|
Vi« l 8§z tk+1
L2(Ql)
84k+16x P
| ettt | IO s 1 Aol 4 Co IOy f <
L2(%, i=1

Amnayornuno (34) ycraHaBIMBAIOTCS CJIEAYIONHUE yTBEPKICHUS

02F2U (t, o)
0t20x2k

‘<oo,

Teopema 2 nokazana.
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RESUME

In a rectangular domain, a partial differential equation of the Benney-Luke type of even high order with
mixed conditions is considered. The issues of unique solvability of this problem are studied. The solution is
studied in the class of regular functions. The Fourier series method of separation of variables is used. When
proving the existence and uniqueness of the Fourier coefficient of an unknown function, the method of successive
approximations is used in combination with the method of contraction mapping.

Key words: Benny-Luke type equation; integro-differential equation; degenerate kernel; boundary value
problem; existence and uniqueness of a solution.

REZYUME

Bu masalada to‘g‘ri to‘rtburchak sohada yuqori tartibli aralash shartli Benney-Lyuk turidagi xususiy
hosilali differentsial tenglama ko‘rib chigiladi. Ushbu muammoning o‘ziga xos yechilishi masalalari o‘rganiladi.
Yechim regulyar funksiyalar sinfida o‘rganiladi. O‘zgaruvchilarni ajratish usuli ya’ni Fur’e qatori usuli
go‘llaniladi. Noma’lum funksiya Fur’e koeffisentining mavjudligi va yagonaligini isbotlashda ketma-ket
yaqinlashish usuli gisqartirib akslantirish usuli bilan birgalikda qo‘llaniladi.

Kalit so‘z Benney-Lyuk tipidagi tenglama; integro-differensial tenglama; aynigan yadro; chegaraviy
masala; yechimning mavjudligi va yagonaligi.
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YIK 514.76

TEOMETPUA MHOTOOBPA3MNA T'PACCMAHA

Paxmonos ITI. M.
HAIIMOHAJIbHBINT YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIVIBEKA, TAIIIKEHT
rahmonovshohruh91@gmail.com

PE3IOME

B pabore ucciemyercs auddepennnaibHo-reoMeTpudeckas CTpyKTypa MHOroobpasus I'paccmana
Gr(k,n), cocrosmiero u3s Bcex k-MEPHBIX JIMHEHHBIX HOJIIPOCTPAHCTB B N-MEPHOM BEIIECTBEHHOM
BEKTOPHOM IpocTpancTBe. OCHOBHOE BHUMAHWE YJIEJIEHO SIBHOMY MOCTPOEHUIO ATJIACA TVIAJIKUX KapT
¥ aHAJN3Y CBONCTB (DYHKIUI mepexo a MeK1y HUMH.

Jokazano, 4ro s npou3BoJbHOro Habopa muuekcos I = {i; < .-+ < i} COOTBETCTBYyIOIIEE KO-
opmmHaTHOE orobpaykenne ¢; : Uy — RFM=F) gpngercs romeomopdusmonm, rae Ur — OTKpBITOE
noamuokecTBO B Gr(k, n). Yeranosiena riaakocts (6eckoneunas quddepennupyemMocts) byHKIui
epexojia YPyy = ¢ o gbl_l Ha IlepecedeHusdx KapT.

Ha npumepe muoroobpasusi Gr(2,4) mpoBezieHbI JieTalbHble BBIYUCJIEHUs, JTEMOHCTPUDPYIOIINE SB-
HBII BUJ (DYHKIUI mepexofia MeXK/ly pPa3udIHbIMUA KOODAMHATHBIMU Kapramu. [lokazano, 1To 3TH
GyHKIIMKM BBIPaXKAIOTCHA B BHJIE PAIMOHAJIBHBIX OTOOPaKEHUil ¢ HEHYJIEBBIMUA 3HAMEHATENISIMU, 9TO
rapaHTUPyeT UX KOPPEKTHOCTD U IVIaJKOCTD.

[Tosryuennbie pe3yIbTaThl UMEIOT BAXKHOE 3HAYEHUE JIJIsl IPUJIOXKEHUH B JuddepeHImaabHOl TeoMeT-
pun, aaredpanIecKoil TOMOJOTUN U MaTEMATHIECKOH (busnke, riae MHOr00Opasus ['paccMana urpatmoT
KJTIOYEBYIO POJIb.

Karouesnie caosa: muoroobpasue I'paccmana, riaakuit atiac, GyHKINNA epexoa, auddepeHIium-
aJIbHAST T€OMETPHUSsI, KOOPINHATHBIE KAPTHI.

Meuoroo6pasus I'paccmana Gr(k,n), Beegennsie I'epmanom ['paccmanom B 1844 rogy, siisiorcst dyniaa-
MEHTaJIbHBIMUA OO'bEKTaMU B COBPEMEHHOM MareMaTuKe. VX 3HAYeHUe IIPOCTUPAETCS OT ajiredpandeckoil reoMer-
PUU JIO TEOPETUIECKOM (DUINKU:

Muoroo6pasusi I'paccmana Gr(k,n), npencrasisionpe cobGoit NPOCTPAHCTBA BCeX k-MEPHBIX IMOIIPO-
CTPaHCTB B N-MEPHOM BEKTOPHOM ITPOCTPAHCTBE, 3aHUMAIOT IIEHTPAJIFHOE MECTO B COBpeMeHHOU audepeHim-
aJbHOl reomerpun u Tonosioruu [1,3]. VIx uzydenue umeer dyHiaMeHTAIbHOE 3HAYCHUE KAK JJis TEOPETUIECKOI
MaTeMaTHKHU, TaK U JJTsl IPUJIOYKeHnit B (bU3nKe, BKIIOYAsT TEOPUIO CTPYH M KBAHTOBYIO TEOPUIO IOJISI.

Anaym3 Tonmoorndeckux CBOHCTB MHOTOOOpasuit ['paccmana ObLT HAYAT B KJIACCHIECKUX paboTax Mmo aji-
reGpanveckoit Tonosoruu [1,3]. B monrorpadwusx [2,6,8] mogpobao necemoBana nX pUMAHOBA TEOMETPUIECKAST
crpykTypa. COBPEMEHHBIN MOIXO/ K U3yUEHUIO TIIQJIKUX CTPYKTYD U3JI0XKeH B [4,7], T1e ocoboe BHUMaHUE yiie-
JieHO MeTojaM JuddepeHIuaIbHON TOMOJIOUH.

OsHaKo, Kak IOKa3aJl Halll aHAJIM3 JIMTEPATYPHI, CyIIECTBYIOIIME KCCJIEIOBAHUs COJIEPXKAT HECKOJIBKO
CyIIIECTBEHHBIX ITPOOEJIOB:

e HemocraTouno noapobHO OnucaHbl sBHbIE KOHCTPYKIIMU KOOPIMHATHBIX KapT i obiero ciaydasa Gr(k,n)
e OTCcyTCTBYeT CHCTEMATHIECKUIT aHAJIN3 TVIQIKOCTH (DYHKIUI [Iepexoa MexK/Iy KapTaMu
e HesocTaTouHO M3yUYeHbl YacTHBIE CIydan MaJjoi pasmepHocTu (Haupumep, Gr(2,4))

OcHoOBHAas 11€Tb JTAHHON PAOOTHI - BOCIIOJTHUTD YKA3AHHBIE TTPOOEJIBI IIyTEM JETAJTHHOTO UCCAEIOBAHUS TIIAIKOMN
CTPYKTYpbl MHOT0OOpasmit ['paccmana. KonkpeTHbie 3a/1a9qn BKIIOYIAIOT:

1. Tlocrpoenne sIBHBIX KOOpAUHATHBIX KapT Ha Gr(k,n) ¢ UCIOIB30BAHIEM METO/IA TIPOEKTUBHBIX KOODJIUHAT
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2. JTokazarenbcTBo riaakocTu (Geckoneunoit muddepernupyemoctn) GyHKIHUNA epexoa
3. SBHoe Bhruncaenue dbyHKIMil nepexona s caydas Gr(2,4)

4. UccmenoBanue 0COOEHHOCTEI IOy YeHHBIX OTOOPaYKEHUIA

OcHOBHAasI TUIIOTE3a UCCIEIOBAHUST COCTOUT B TOM, 9TO (DYHKITUH IEPEX0/Ia MEXKLY JTFOOBIMU JIBYMS KOOD-
nuaaTHbIMU Kapramu Ha Gr(k,n) saBIA0TCS PAIMOHAJIBHBIMA OTOOPAYKEHUSIMU C HEHYJIEBBIMU 3HAMEHATEISIMHE,
9TO TapaHTUPYeT UX OECKOHEUHYIO M depeHITnpyeMOCTbD.

Onpenenenue 1. Muozoobpasue I'pacemana Gr(k,n) ecmov muoscecmso ecex k-meproir AUHETHBLE
noONPOCMPAHCNG N-MEPHO20 BEKMOPH020 npocmparcmea V. nad R:

Gr(k,n)={W CV | dimW = k}

dukcupyem CTaHIApTHBINA Gasuc {e1,...,e,} npocrpancrea V = R™.

JIemma 1.[3] Pasmeprocmo Gr(k,n) pasna k(n — k).

HokazareanbcTBo. Kaoicdoe k-meproe nodnpocmpancmaeo mooicem bums 3a0aro Kak Aumnetinas 060404-
Ka k AUHETHO HE3G6UCUMBLE 8eKMOP06. B mampuunot opme amo coomseememeyem mampuye pasmepa k X n
panea k. Qucao c60600HbLLT NAPAMEMPOS NOCAE YHEMA IKGUBAAEHMHOCTNUY NPU NUHETHDIT NPEodbpa3osarnuir ba-
auca cocmasasem k(n — k).

g kaxkgoro yuopsipouentoro nabopa ungekcos I = {i; < -+ <ix} C {1,...,n} oupenenum:
L; =span{e;,,...,e;}

Ur ={W € Gr(k,n) | WN Ly = {0}}
rie L = spanfe; | j ¢ I}
JIemma 2. Cemeticmeo {Ur} obpasyem omxpvimoe nokpvmue Gr(k,n).[7]

HokazarenbctBo. Jaa awbozo W € Gr(k,n) natioémea maxol nabop undexcos I, wmo npoexuyus
wr W — L asasemcs udomoppuamom. Imo sxeusarenmmo ycaosuro W N LIL = {0}, mo ecmv W € Uj.

Hiss W € Ur onpenenuM KoopJuHaTHOe oToOpaxKenue ¢y : Uy — REx(n—k) CJIEJIYIONIAM 00Pa30M:

1. Beibepewm 6asuc {w, ..., w,} B W takoit, dro:
wj = e;; + Zajmem, ij=1,...,k
mel

2. Tonoxkum ¢ (W) = (ajm) € REX(n—k)

Teopema 1. Jlas xaosrcdoeo I omobpasicenue ¢y ABAAEMCA 20MEOMOPHUIMOM.

okazaTenbcTBo. 1. UHBbEeKTUBHOCTD: Pa3Hble MoIpocTpaHCTBa UMEIOT pa3Hble KOOPJIAUHATHI, TaK
KakK 0a3mMChl OJHOZHATHO OMPEIEIIIOTCS Tpoeknei na L.

2. CropbeKTuBHOCTD: JIi06ast MaTpuna (@, ,) 3a4aéT MOAIPOCTPAHCTBO:
k
W =span qe;; + E A jmEm
mel =1
3. HenmpepuiBHOCTB: 062 0TOOpaKeHNs HENPEPLIBHBI, TaK KaK KOI(PMUINEHTHI @, HETPEPHIBHO 3aBH-

CAT OT MOJIIPOCTPAHCTBA.

Pacemorpum age kaptet (Ur, ¢r) u (Uy, ¢5) ¢ Uy NUy #£ (. llyers W € Ur N U,
Teopema 2. Qynxyus nepexoda Pry = ¢jo ¢;1 asasemcs 2aadkoll (beckonewno duddepenuyupyemots).
HoxkazarenbctBo. 1. B kapre I moanpocrpancrso W nmeer 6a3uc:

wp:eip—l—ZapSes, p=1,...,k
s¢l
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2. B xapte J ToT ke W mmeer Gasuc:

wézejq+2bqtet, g=1,...,k
g

3. Beipasum 6a3ucHbBIC BEKTOPHI €;, depes €;,

k
ei, = E Cpq€j, + E dprey
g=1

te¢J

4. IlogcTaBuM B IIepBOE IIpPEICTABIIEHIE:

k k
Wp = Z Cpe€j, T Z(dpt + Z Cpgbat)er + Z ApsCs
q=1 q=1

tgJ s¢l

5. IlpupasnuBas Ko3bOUIMEHTD! IPH €, TOIydaeM CHCTeMy:
k
E Cpg = Oqr (cumBosr Kponekepa)
p=1

6. g koapdunmenros npu e; (t ¢ J):

k
dpt + E Cpgbgt = NUHEIHAA KOMOMHAITASA s
q=1

7. Pemrag sty cucremy meromom Kpamepa, mosrydaem:

Pyi(aps)

bat = et (0)

rie Py - MHOTOUJIEHBI OT aps, & C' - MaTpuIa Ko3dunneHTos.

8. ITockoabky W € UrNUy, onpenennrens det(C) # 0, 4To rapaHTUPYET IVIAJIKOCTh (DYHKIUU TI€PEXOJIA.

IIpumep. Paccmorpum muorootpasue I'paccmana Gr(2,4) - MHOXKECTBO BCEX JIBYMEPHBIX IIOJIIPO-
crpancts B R*. @ukcupyem crammapTHBIi 6asuc {ej,es,es3,e,} mpocrpancTa R PaccMOTpHM KOHKpPeTHbIIT
cayuait I = {1,2}, J = {1,3}.

1. Bribepem omopHOE TOAITPOCTPAHCTBO:

Ly = span{ep,es}

OupeiesiuM KOOPAMHATHYIO OKpecTHOCTh (12 KAK MHOXKECTBO Bcex Iutockocreil v € Gr(2,4), koropble MOryT
OBITH IIPEJICTABJIEHBI B BUJIE:

v = span{Uy, Uz}

rie

aijGR

Ui = e +ajies +aizeqs
b
Uz = ez + agi1e3 + azzeq

Orobpazkenue ¢15 : O — R*, 3amannoe dbopmyioit:

¢12(’Y) = (a117a127a217a22)

SABJISETCS TOMEOMOP(MUIMOM.

2. Boibepem mapyroe omopHoe MOAIPOCTPAHCTBO:

Li3 = span{ep,es}
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OmnpesesnM KOOPAMHATHYIO OKpecTHOCTh (13 KaK MHOXKECTBO Bcex Iutockocreii v € Gr(2,4), xoropsie
MOTYT OBITH IIPEJICTABJIEHBI B BUJIE:

v = span{ V1, V2 }

rie

Vi =e1 +biiex + bisey

bij eR
Vo = ez + barea + bagey

Amnanoruano, orobpazkenue ¢13 : O3 — R* 3anaéres dbopmyiioit:
P13(7) = (b11, b12, ba1, ba2)
3. Pacemorpum mwtockocets v € O12 N O13. OHa uMeeT Ba IpeJICTABICHUS:
~ = span{U;, Us} = span{Vy, Vo }

Haiiném cBssp Mexkay KoopauHaTamu (aq;) u (bsj).
11 02

> € GL(2,R) rakas, gro:
Q21 Q22

CymecrByer Marpuna C' = <
Vi = anU; + a12Us
Vo = ag1U1 + agalUs

Iloacrapnsaa Bepazkennsa q1a U; u Vj, momydaeM cucTeMy ypaBHEHHIL:

e1 +biiea + bises = ari(er + aries + aizesq) + aqa(ez + azies + azzes)
e3 + bares + bases = azi(e1 + ar1es + aizes) + aoa(ez + azies + azzey)

IIpupaBauBas Ko3pDUIHMEHTHI P OA3UCHBIX BEKTOPAX, HAXOIMM:

Mg V-

e a1 =1

ez aip = biy

e3 :a11a11 + aizaz1 =0

€4t 11012 + 12022 = b2

Hosa Vo

€1 . g1 = 0

ez 1 Qg = by

€3 : (1011 + Qz2a21 = 1

€41 2112 + (22022 = bao
Pemmas a1y cucremy, mosydaem:

ail 1
ann =1, ap=—-——, a3 =0, ap=—
a21 a21

4. OyHKINS TEPEXOIa @13 © ¢1_21 BBIpazkaeTcs (popMyTaMu:

— _ a1
bll - @21
— 012021 —011022
b12 - az1
b1 = -
by = 522

a1
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Wnu B maTpuanoit popme:

b b __a11 a12021—011022
11 b2\ G oam
- a
bar  boo ey e

OyHKIMS TTEpexoIa @13 © qﬁl_; sBsiercs riajkoit (C°°) B cBoeil 06J1acTH OLpeIeIeH s
1. Bce KOMIIOHEHTBI ABIIAIOTCS PAIMOHAIBHBIME (DYHKIUAME OT ;.

2. Buamenaresb as; # 0 B obiactu mepecedenuss O12 N O13.

3. IIpousBomHbIe BCEX TOPSIKOB CYIIECTBYIOT U HENIPEPBIBHBI TIPpU a1 7 0.

s IIOCTPOEHHOT'O IIpHUMEpPa CJIEAyeT:

e Amnac na Gr(2,4) cocrour us kapr Buga (O, ¢r), rae I - napbl HHIEKCOB
e Bce dyuknum repexo/ia ABISIOTCS TV IKAME

e Pasmepnocts Gr(2,4) pasHa 4, uro corsacyercst ¢ obmeit dopmyioit dim Gr(k,n) = k(n — k)
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REZYUME

Ushbu ishda Grassmann ko’pxilligi Gr(k,n) ning differensial-geometrik tuzilmasi o’rganiladi. Bu
ko'pxillik R™ da barcha k-o’lchamli chizigli gismfazolar majmuasidan iborat. Asosiy e’tibor silliq
kartalar atlasini aniq qurishga va ular orasidagi o’tish funksiyalarining xossalarini tahlil qgilishga
qaratilgan.

Ixtiyoriy indekslar to’plami I = {i; < --- < i} uchun mos koordinata akslantirishlari ¢; : Uy —
R*("=F) gomeomorfizm ekani isbotlangan, bu yerda U; — Gr(k,n) dagi ochiq to’plamdir. Xaritalar
kesishmalarida o’tish funksiyasi ¢r; = ¢ o ;' ning silligligi (cheksiz differentiallanadiganligi)
isbotlangan.

Gr(2,4) ko’pxilligi misolida turli koordinata akslantirishlari orasidagi o’tish funksiyalarining

aniq ko’rinishi hisoblab chiqgilgan. Bu funksiyalar noldan farqli maxrajli ratsional akslantirishlar
ko’rinishida ifodalanishi ko’rsatilgan, bu esa ularning to’g’riligi va silliqligini kafolatlaydi.

Olingan natijalar differensial geometriya, algebraik topologiya va matematik fizika sohalarida
qo’llanilishi uchun muhim ahamiyatga ega bo’lib, Grassmann ko’pxilligi bu sohalarda asosiy rol
o’ynaydi.

Kalit so’zlar: Grassmann ko’pxilligi, silliq atlas, o’tish funksiyalari, differensial geometriya,
koordinata akslantirishlari.
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RESUME

The work investigates the differential-geometric structure of the Grassmannian manifold Gr(k, n),
consisting of all k-dimensional linear subspaces in an n-dimensional real vector space. The primary
focus is on the explicit construction of a smooth atlas and the analysis of the transition functions
between its charts.

It is proven that for an arbitrary set of indices I = {i; < - -+ < ix }, the corresponding coordinate map
wr: U — RF(=F) ig a homeomorphism, where Uy is an open subset of Gr(k, n). The smoothness
(infinite differentiability) of the transition functions ;5 = ¢ ogp}l on the intersections of the charts
is established.

Using the example of the manifold Gr(2, 4), detailed calculations are performed to demonstrate
the explicit form of the transition functions between different coordinate charts. It is shown that
these functions are expressed as rational mappings with non-zero denominators, which ensures their
correctness and smoothness.

The obtained results are of significant importance for applications in differential geometry, algebraic
topology, and mathematical physics, where Grassmannian manifolds play a key role.

Keywords: Grassmannian manifold, smooth atlas, transition functions, differential geometry,
coordinate charts.
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OILIEHKA '’ECCUAHOB OTPAHUYEHHBIX m-BBIIIYKJIBIX ®YHKIIUN

CAOVIIJIAEB A.
HAUVOHAJIBHBINT YVHUBEPCUTET Y3BEKUCTAHA, TAIIKEHT
sadullaev@mail.ru
IITapumioB P.
NHCTUTYT MATEMATUKN UMEHU B.J1.POMAHOBCKOTO AKAJIEMUN HAYVK PECIYBJIMKU Y3BEKUCTAH,
TAMIKEHT
sharipovr80@mail.ru

PE3IOME

C yBaxkenuem nocssmaercs 80-ernemy obuieio [IlaBkara Apudrkanosuda Asmmosa u 70-eTHemMmy
oouiero Pasmana Pamkabosuua AmypoBa B 3HAK IPU3HAHUS WX BBIIAIOIIEr0CS BKJIaJa B HAYKY U
obpa3oBaHue.

Maremarukamu HammonaapHoro yauBepcureTa ¥Y36ekucrana nmenun Mupso Yiyroeka nu Xope3McKo-
ro orgeneans Uncruryra Maremaruku nmenu B.UM.Pomanosckoro, Axkagemunn Hayk Pecrybsimku
V36ekucran ObL1 paspaboTaH HOBBIA IIOIXOM K U3yUEHUIO M-BBIIYKJIBIX (m — cv) GyHKIuil, 0CHO-
BAHHBIN Ha CBA3AX M — cv QyHKIM ¢ m-cybrapMorndeckumu (sh,,) dyHKIusMu. YCTaHOBIEHHAS
cBA3b MO3BO/MIA onpeneuTh Lecemanbt H¥(u),k = 1,2,....,n — m + 1, kax GopeseBcKue Mepbl B
KJIacce OTpaHUYEHHBIX M — cv (QyHKIui. Beumm moka3aHbl TakKe psif IPOCTHIX CBOWCTB 9TUX MEP.
B sroit pabore mbI ipeiaraem fasbHedtmme, 601ee TOHKHE CBOMCTBA ITUX MEP, B YACTHOCTH, yCTa-
HOBUM ollenKy B cpemnem Leccuanos H*(u),k =1,2,...,n —m + 1, B KJ1acce OrpaHHYIEHHbBIX M — CU

dyHKIMH.

Karouesnste caosa: m-cybrapmonndeckue (pyHKIUHN, m-BbIIyKJjble pyHKIMA, BopeeBckue Mepsl,
T'eccnannr.

Bgeenenmne. Eciin kacc m-cybrapmMonndecknx GyHKIMI OCHOBBIBaETCA Ha JuddepeHIuaIbHbIX (hopMax

k k
u motoxax (dd°u)” A" F >0,k =1,2,...n —m+ 1, ne B = dd®|z|?>— cramgapraas dbopma obbema B C?,
TO KJIACC M-BBILYKJIBLIX (M — cv) DYHKIWMIA CBA3aH ¢ ONEPATOPAMU COBEPUIEHHON MHOM NPUPOBI, & UMEHHO €

reccmanavu HF(u) = > Aji g, B =1,2,...,n —m+ 1, cobcTBeHHBIX BeKTOPOB A = A(u) € R”
1<j1<...<jp<n

2
CHUMMETPUIHON MaTPHUITHI ( ﬁ) . Teopust sh,,— GyHKIMI XOPOIIO pa3BUTA, B JAHHOE BPEMS SIBJIACTCSA TPEI-
sOZ;

MeTOM n3ydeHus: MHorux MareMarnkos (cM. 3. Bionkwuit [6], C.dunes n C.Kononzeit [14-15], C. JIn [17], X. Y. /Iy
[18-19] u ap). docrarouno moJHblil 0630p 110 3T0il Teopun umeercs B crarbe A.Canysuiaesa u b. AGuysuiaesa
[11] B Tpymax MUPAH.

HamommanM, apaxasl riagkas dbyakmua u(z) € C%(G), G C C", maswBaerca m-cyOrapMOHHHIECKOIT,
U € $hy,(G), ecnm B KaxK10#t ToUKe o6aacTu D nMeeT MeCTo

(ddw)" AB"F >0, k=1,2,...n—m+1. (1)

k _
Omnepatopsr (dd°u)” A "% Tecno ceasambl ¢ reccmamaMu: eciu Aj, ..., \,— COOCTBEHHBIE 3HAYEHHS Sp-

MUTOBOI KBaapaTudHO# auddepertmanibioil hopmbr ddu = %Z aza;auzkdzj AdZz (B dukcupoBaHHON TOUKE
gk
20 € D), KoTopble sIBJISIOTCS BEMecTBeHHbIMA, T.e. A = (A1, ..., A, ) € R™, To
(ddu)™ A B"F = Kl (n — k) H (u) B7. (2)

CrieioBatesibHO, BaKIbl Tajkas dbyukius u(z) € C%(G), G C C", asiserca m-cy6rapMOHIUECKOit,
ecn B Kaxoi Touxe 2 € G UMEIOT MecTa HepaBeHCTBA

H* (u) = HY (w) >0, k=1,2,...,n—m+ 1. (3)
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OTMmeTuM, 9TO TOHATHUE M-CyOrapMOHUYECKONH (PYHKINKA B 0DODIIEHHOM CMBIC/IE, OIIPEJIEIEHO U B ODIIEM CiIydae,
JIJIST TIOJIYHEIIPEPBIBHBIX CBEPXY (DYHKITUIA.

Onpenenenue 1. Qyuryus u(z), sadannas 6 obracmu G C C" nasweaemcs Shy,, ecau ona noay-
HENPEPHIGHAA CEEPTY U OAA MOOWT 06axHCObL 2Aa0KUT Shy, GYHKUUL V1, ..oy Vy—m € C?(G) N shy (G) nomox
ddu A dd®vy A ... A ddVp—m A B™TL, onpedeasemuiti Kax

[ddcu Addvi A .. Add vy —m A Bm_l] (w) =
= /uddcvl Ao ANddVpy—m A BT AN ddéw, w e FOO, (4)
nosootcumenen, m.e. ona Yw € FO0 w > 0 swnoansemea nepasencmeo
/uddcvl Ao Addvp_py A BT A ddw > 0.

3decv FO0(D)— cemeticmeo beckoneuno aaadkux, durummns Gynxuyuti 6 G.

1. CBa3b m—cv dyHKIWMII ¢ sh,,— GyHKIuamu. Teopus m—cv QyHKIHH SBAIETCSI MAJION3Y I€HHBIM 1
HOBBIM HAIIPABJIEHUEM TEOPUU BEIECTBEHHONW M€OMETPUH: JBAXKIbI TVIaIKast (DYHKITHA u(:v) eC 2(D), D c RZ,

2
Ha3bIBACTCA 1M — CU HKIIAI €CJIM, IeCCHAaHbl COOCTBEHHBIX BEKTOPOB A = A(u) € R™ marTpwuils O u_
’ Oxs0x
sOTj

yaoBaersopaoT yeaosusavu H¥(u) >0, k=1,2,...n—m+ 1.

Ilpu m = n kinacc n — cv N C?(D) = {Hl()\) > 0} = {M + X+ ...+ A, >0} coBuagaer ¢ Kaaccom
cybrapmonmaeckux dyHkumit, a npu m = 1 sror kmacc 1 — cv((C? (D) = {H'(A) >0,...,H"(\) >0} =
{A1>0,\2>0,..., A, > 0} coBuazaer ¢ KiaccoMm BbInyKJIbx dyuxnuii B R"™. Teopus cybrapmonndeckux dbyHK-
nuit IBJISIETCS OCHOBHBIM HampabiieHmeM Maremarudeckoit ¢dpusuku u Teopunm dyuknmit. Teopus BBITYKIBIX
GYHKIMIT XOPOIIO M3y4yeHa U oTpakeHa B paborax A.Asiekcamupoa, .Bakeiasmana, I.Byseman, A.Ilo3ausk
u ap. (em. [1], [2], [3], [4], [5], [8], [9], [10]). IIpu m > 1 sTOoT KyIacc u3ydeH B cepun pabor H.IBoukumoi,
H.Tpynuurepa, X.Borra u ap. (cm. [12], [13], [16], [20-22]).

B coemecrHoii pabore H.Tpyaunrepa n X.Borra [21] m — cv dbyHKIUN BBEJEHBI B KJAcce MOJIYHEIpe-
PBIBHBLIX cBepxy dyuknuit u(r) B obmactu D C R™, ucnosb3ysi, Tak HA3BIBAEMOE, BI3KOE OIPEIETICHUE: UTO
H*(q) >0, k=1,2,...,n —m + 1, aaa moboro Ksaaparmaroro nojuaoma ¢(z) : pasnocts u(z) — q(z) mmeer
TOJIBKO JIUIITb KOHETHOE YUCJIO JIOKAJTHHBIX MAKCUMYMOB B obsactu D.

B npemgaraemoit pabore Mbl peIaraeM Apyroil MOIX0 K UCCIEIOBAHIIO 1M — cv (DYHKIINI, OCHOBAHHBII
Ha CBA34X M — cv GyHKmid ¢ sh,— dyukuuavu (IIpengoxenue 1), ¢ ucnosbzoBanueM GOraTbiX U XOPOIIO
N3YYEHHBIX CBOUCTB sh,, — dyHKIwmil. 151 9TOro BJIOXKNM BellleCTBEHHOE IPOCTPaHCTBO R B KOMIIIEKCHOE IIPO-
crpancrso C7, Ry C C7 = R} + iRy (z = x + 1y) , KaK BEIIECTBEHHOE N—MEPHOE IMOAIPOCTPAHCTBO. 3aTeM,
dyukimo u(x), 3amannyio B obnacru D C R} mopauMaem B obiactb D X iRy C C7, momaras KoHcTanToit na
napasuiebHbIX wiockocTsx o = {z € C": 2 =20, y € Ry boout(z) = ul (z + iy) = u(z).

IIpengnoxenue 1. /leasicov 2aadkasn dynxuus u(x) € C?(D), D C R?, asasemes m — cv 6 D mozda
u moavko moeda, xo2da pynryua u(z) = u® (r +iy) = u(x), xomopaa ne sacucum om nepemennvir y € Ry,
aeasemces, shy, 6 ooaacmu D x iRY.

IIpemyioxkenue 1 1103BOJISIET HAM OIIPEIEJIMTD 1M-BBILYKJIBIX (DYHKIIUN B KJIACCe IIOJIyHEIIPEPBIBHBIX CBEPXY
dyHKIMI

Onpenesienue 2. Iloaynenpepwvieran ceepry 6 obaacmu D C RY dynwyus u(x) nasvieaemes m-
somyraoti 6 D, ecau dynryua ut(z) aeasemea m-cybeapmonunecrot, u®(z) € shy, (D X iRY) .

st uccsieioBanusi m-BhITYKIONH GyHKIMA 4 (), CHAYAIA MBI € IIPOJIOJKIM B KOMIIJIEKCHOE IPOCTPAH-
crBo C" Kak sh,,— dynkius u°(z), a 3areM usBecTHble CBoiicTBa u°(z) € shy, npumeHseM K u(x), 4TOOBI
[IOJIYYUTH AHAJIOTUIHBIE CBONCTBA M-BBIMYKJIONH (DyHKINN.

B pesysibrare Mbl CYNIECTBEHHO JIOMOJIHSIEM UMEIOIINXCS MPEXKJie CBOWCTB B TeOpUH M — cv (DYHKIUH U,
KpOMe TOTO TOJIydaeM Psii HOBBIX YTBEPXKJIEHU. B 9acTHOCTH, MMEIOT MECTO CJIeJIYIONIUe IPOCThIE CBOWCTBA,
HY>KHBIE HAM HUXKE

1) kmacc 1 — cv dyHKuuii coOBIALAET ¢ KJIACCOM BBIIYKJIBbIX GyHKImi, npudem 1 —cv C ... Cm — cv C
.. Cn—cv=sh;
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2) (anmpokcumanust). Bepem crannapraoe spo Ks(z) = s K (%), 6 > 0, e
K (x) = K(jz]);

—K(z) € C*(R™);

— nocuress suppK = B(0, 1);

/K Ydx = /K )dx = 1.

R» B(0,1)
Torma ceeprka

us(y) = [ @) Ksta —y)ds = [ ula+ p)Ks(o)ds (5)
D Rn
obmasaer TeM cBoficTBoM, uro us(x) € m — cv(Ds) N C™ (Ds), tne Ds = {x € D : dist(z,0D) > ¢}, upuiuem
upu § | 0 bysxnus us(z) yObiBasg, norodedno cxomurea K dyakuuu u(z) € m — cv(D).

3) MaKCHMyM KOHEYHOTO UCJIa T — cv PyHKIuil aBJisiercsa m— cv HyHKIHUeil; Jjis IPOU3BOJIBLHOTO JIOKAb-
HO PABHOMEDHO OorpaHudeHHoro cemeiicrsa {ug} C m— cv peryaspusanus u*(z) cyupemyma u(x) = {supua (z)}
0

Toxe Gyser m — cv dynkuueit. Tak xkak m — cv C sh, To MHOox)ectBO {u(x) < u*(z)} — noasipro B C" ~ R?™.
B uacrHOCTH OHO MMeeT JieGeroBa Mepy HyJlb.

Touno TaxKe, AJI JTOKAILHO PABHOMEPHO OIPAHIYICHHOM [OCIeN0BATENLHOCTH {U; } C M — CU peryssapu-
sanusa u*(x) opegena uw(x) = lim u;j(z) Toxke Oymer m — cv dyuknumeit, npudem MuoxKecTBo {u(z) < u*(x)} —
HOJISIPHOE. e

4) eciiu u(x) € m — cv(D), To mia moboit runepiiockoctu I C R™ cyxenue ulip € m — cv (D NII).

B camom jeste, cunrasi, 6e3 Hapyrenus obmmoctn 11, = {z € R": x, =0} HaunmeMm cy:KeHHe Kak
uln = u('z,0), rie xkak o6branO ‘x = (21, ..., ¥n—1) . Pacemorpum B mpocrpancree C7 = R} x iR} xommtekc-
nyto runepriockoets I, = {2 € C" @ 2, = 0} . Hommmmas dymximpmo u(z) € m — cv (D) B8 D x iR} momyanm
u(z) € shy, (D x iR}) . Cornacno csoiictsy 8) [11] cyzxenne u® (2) i, = u ('z,0) aBnsiercst shy,— bynkuueii B
(D x iR NI, uf (2,0) € shy, (D x iR} )NIL,. Tak xax u° ('z,0) = u ('z,0) , To u ('z, 0) ABAsETCS M-BHITYKII0M
dbyukmumeit 8 D N11,.

CaencrBue. Ecau u(z) € m — cv(D), mo dan ao6oti naockocrmu II C R™, dimIl = m, cyorcenue
ulm € sh(DNI).

2. Teccnanbr H*(u) kak GopesleBckue Mephbl. B Kjacce orpaHnIenHbIX sh,, — MYHKIMIl onpe/ie/ieHbl
OIIEPATOPEI (ddcu)k ABP R >0, k=1,2,...,n —m+ 1 xax Gopenesckue Mepsl B obmactu G (cm. [6], [11]).
Ucnons3yst cBst3b m — cv dyuKIwmit ¢ shy, — GYHKIAIMA B 9TOM IIYHKTE MBI A€M OIpEIe/IeHns] TeCCHAHOB
HF(u), k=1,...,n —m+ 1 5i1a m-BemyKasx GyHKIuil, Kak 60peseBcKie Mephl.

IMycrs u(z)— JsokanbHo orpanudenHas m — cv dyukuusa B obactu D C R™. Torma coruacuo npejgio-
wenmio 1 u®(z) = u®(x +iy) = u(z), KoTopas He 3aBHCHT OT HepeMenHbIX y € Ry, apisercs shy,, dynkuei,
JIOKAIBHO Orpanmdennoil B o6mactu D X iR} C C", u® (z) € shy, (D x iR}}) (N LfS, (D x iR} . CregoBarenbHo,
omnpeJiesIeHbl TOTOKU (ddcuc)k ABY "k k =1,2,..,n —m + 1, KOTOpbIe SBJISIOTCH GOPETICBCKHME MEPAMU B
D x iRy C C". Ecm u§(2) = u® o K;(w — z)— cranjapTHas amIpoKCAMAaIus, To uj(z)—06eckonedno riaKas u
u$(z) | u(z). Bomee Toro mmeroT Mecta cabasg CXOIUMOCTD TTOTOKOB,

(dd“u C) ABYE s (ddu)F A BYTE b =1,2, .0 —m+ 1. (6)
Tax Kak (ddcuj)k AB"E = Kl (n — k)IHF (u$) 8", o (6) Beder 3a oGOl CXOIUMOCTH T€CCHAHOB
H* (u§) = H* (u), k=1,2,...,n —m+1. (7)

(7) ompenmenger misa uc(z) € shm (D x iRy) N L7S
6openesckne Mepwl, H¥ (u¢) = p*.

(D X ZRZ) reccmansl H* (u€), k = 1,2,...,n — m + 1, Kak

loc

Tak xak u¢ € Shy, (D X RZ) He 3aBucutr or y € Ry, To sy sobbIx OopesieBcKux MHOXKeCTB E, C

“ k
D, E, CC R} wmeps #:Ey/ik (Ex x Ey) me sapucar or muoxkecrsa F, CC R}, re. ﬁ%uk (Ex x Ey) =
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v, (E,). BopesreBckue mMephl

4k
v v (Ey) = L (Ex x Ey), k=1,2,..,n—m+1, (8)
y

ecTecTBEHHO HasbBaTh reccmanavu H¥(u), k=1,2,...n —m + 1, 1j1a OrpaHIYeHHOMH, M-BBIMTYKIOH (hyHKIHI
u(r) € m—cv(D) B obmactu D C R?, u6o HF(u) = 4% H* (u) ana neaskawr rnagxoit bysakumn u(z) € m—cv(D).

Teccnaner H*(u) mnorna obosmauatorcss Takyke kak HF(x). OTmeTnM, 9TO eciiu MOCTeOBATELHOCTD
JIOKAJILHO PABHOMEpPHO orpanmueHHLIX (yukumit {u;(z)} C m — cv(D) ybbiBas cxoqurcs K u(x), IMEET MECTO
cnabas cxomumocts Mep H” (uj) — H*(u), k=1,2,...,n—k+ 1, 4T0 JIerko BbITeKaeT U3 AaHAJOTHYHOTO aKTa
11t Kytacca, Shy, (D X ZRZ) .

OCHOBHBIM pe3yJILTATOM PaboTHl ABjIsgeTcs onenka leccnanos H* (u) = H{j B CpeJlHEM B KJIacce OrpaHU-
YEHHBIX 1M — U (PYHKIHUH.

Teopema 1. B kaacce ozpanusenuol m-ewnyrane dyrwkyuts m — cv N L2 (D), D C R™, T'eccuanwv

H*(u), k = 1,2,....,n — m + 1, aoxaivro oepanusenv, 6 cpednem. Tounee, das aobozo xomnaxma K CC D
cywecmeyem konemanma C (K) > 0 makas 4mo, umeiom Mecma unmezpaisvhole 0UeHKU

/H’f(u) <C(K)M,, k=1,2,...n—m+1, (9)
K

2de M, = max{|u(z)|, x € K}.
HokazarenbcTBo. Teopema joxasibhuas. [lo sToMy n0Ka3aTeIbCTBO BBITEKAET U3 CJEAYIONIAX JIBYX
Jlemm.

Jlemma 1. Hmeem mecmo caedyrowan ovenka leccuana HF wepes HE=1: nyemv u(z) € m — cv(B) N
L>*(B), ede B={zx e R": |z| <1} — edunuurnwud wap. Tozda,

] dt / dv (y) / H¥(z)dV(x) <

-1yt |z]? < 14+t—|y|?

ey [wvw [ T @ave, (10)
lyl*<1 lz|* < 14+r—|y?

2der <0, 1<k<n-m+1 ulzsupu(x),gzi%fu(x).
B

Hoxka3zaresnbcrBo. [lycrs u(z)— sokanbHo orpanundennas m — cv dyukuus B obnactu B C R™. Hawm
JIOCTATOYHO PACCMATPUBATh CJyHail ABasKbl Maaakux dbyrxmuit u(z) € m — cv(B) N C? (B) . B obmem ciyaae
u(z) € m — cv(B) N L*(B), dopmyay (9) MOXKHO HONYIUTH ANIPOKCUMEUPYS 4(Z) MIaakuMu (DyHKIUSIMHE,
uj(z) € m—cv(B)NC®(B), u;(x) | u(x).

Cornacro mpesyiokernmio 1 u®(z) = u®(z +14y) = u(v), KoTopas He 3aBUCAT OT TlepeMeHHLIX y € R,
apisgercs sh,, Gynximeit, gpax/p TIajKol B obmactu D x iRy C C™, u¢(z) € shy, (D X ZRZ) nCc? (D X ZRZ) .
Hpumensis bopmyy yepemmenus (en. [11]) x byuxmmo u® (z) = u(z) € shy, (B x iR)) N C? (B xiR}), B
mape B, = {z eCn: |z|2 < 7"}, r < 0, moJTyInM

/dt / HE(2)dV < "’Tk“(a—@) / HE 1 (2)dV, (1)

1 212 < 14t 2|2 <147

Tak xak HE.(2) = e HE(2), 2 =2 +iy € B x iR}, 10

—
-1 212 < 14t 2|2 <147

/dt / HE @) aviz) < "L o Z o) / HEL(2)dV (2),1 <k <n—m+1.
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Ilepexoms 3/1ech OT KPATHBIX UHTErPAJIOB K IOBTOPHBIM HMMeeM

T

/ dt / v (y) / Hyj(x)dV (z) <

-1 P lz|? < 1+t—|y|?

n—k+1
k

IN

@-c) [ e [ E@de.
lyl*<1 |22 < 14r+{y|?
JIemmMma 2. B kaacce A0KaabH0 pasHomepHo ozpanusentur gynrkuut L = {u(z) € m—cv(D), |u(z)| < 1},

cemeticmeo uHme2panoe /H{f (x)dV(x), u € L, pasnomepno oepanuvens, 0as mobozo xomnaxma K C D, 1 <

K
k<n-—m+1,

/Hff(x)dV(x) <C(K), uel.

B camom deae, noctaTodno aokasats jgemme 1151 L = {u(z) € m — cv(B) N C% (B) , |u(z)| < M, Vx € B},
K cc B, tne B = B(0,1) cC D— map. Bocnonssyemes: dopmyaoit (10). Ipumensis ee qost k,k — 1,...,1
THOJTY TUM

tr

/dt1 /dtk 1/dtk / HE (2)dV (2) < %(M)kvozwz)igkgn—mﬂ.

|22 < 1+t

JleBy1o 9acTb POPMYJIbI MOXKHO OIEHUTDH cHu3y (myist o < 0)

th—2 te—1 23

/Odtl... / b1 / dt, / /dt1 /dtk | / dty, / HY (x) dV (2) >

21 -1 |22 < 14t |22 < 140
te—2 tk—1
/ H* () dV (2 /dt1 /dt,l/dt |"| / H" () dV (2).
|22 < 140 o ||2<1+0
Orcroza,
—k+1)!
@) av(:) < (”M” (@A) Vol (B.).
2|2 < 140

a 9TO O3HAYAET, YTO CEMENHCTBO MHTEIPAJIOB / H*(2)dV(z), ue L, r < 1, paBromepro orpanndeso. Jesmma

2| <r

dokasana.
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REZYUME

Shavkat Arifjanovich Alimov tavalludining 80 yilligi va Ravshan Radjabovich Ashurovning 70 yillik
yubileyiga, ularning fan va ta’limga qo‘shgan ulkan xizmatlari e’tirofiga bag‘ishlanadi.

Mirzo Ulug‘'bek nomidagi O‘zbekiston Milliy universiteti va O‘zbekiston Fanlar akademiyasining
V.I.LRomanovskiy nomidagi Matematika instituti Xorazm bo‘limi matematiklari tomonidan m-
qavariq (m — cv) funksiyalarni o‘rganish uchun yangicha yondashuv ishlab chiqildi. Bu tadgiqot
usullari m-qavariq funksiyalarning m-subgarmonik (sh,,,) funksiyalar bilan bog‘ligligiga asoslanadi.
O‘rnatilgan bu bog‘lanish orqali H* (u), k = 1,2,...,n —m + 1, Gessianlar chegaralangan m — cv
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funksiyalar sinfida Borel o‘lchovlari sifatida aniqlanishi mumkinligi ko‘rsatildi. Shuningdek, bu
o‘lchovlarning bir qator sodda xossalari isbotlandi.

Ushbu ishda bunday o‘lchovlarning yanada muhim xossalari isbotlanadi va shu jumladan
chegaralangan m — cv funksiyalar sinfida H* (u),k = 1,2,...,n — m + 1, Gessianlarning integral
o‘rtacha giymatlari uchun tekis baholashlar olingan.

Kalit so‘zlar: m-subgarmonik funksiya, m-qavariq funksiya, Borel o‘lchovi, Gessian.

RESUME

Respectfully dedicated to the 80th anniversary of Shavkat Arifzhanovich Alimov and the 70th
anniversary of Ravshan Radzhabovich Ashurov in recognition of their outstanding contributions
to science and education.

A novel approach to studying m-convex (m — cv) functions has been developed by mathematicians
from the Khorezm branch of the V.I. Romanovskiy Institute of Mathematics of the Academy of
Sciences of Uzbekistan and the National University of Uzbekistan named after Mirzo Ulugbek. This
research method is based on the connection between m-convex functions and m-subharmonic (sh,;,)
functions. Through this established connection, it was shown that H* (), k=12,....,.n—m+
1, can be defined as Borel measures within the class of bounded m — cv functions. Several basic
properties of these measures were also proven.

In the present work, more significant properties of such measures are established, including uniform
estimates for the integral mean values of the Hessians H*(u), k =1,2,...,n —m + 1, within the
class of bounded m — cv functions.

Key words: m-subharmonic functions, m-convex functions, Borel measures, Hessians.
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UDC 519.26

CTATUCTUYECKUIM AHAJIN3 U IIPOTHO3UPOBAHUE IVUHAMUKU
3ATOTOBJIEHHOT' O XJIOIIKA CUPJAPBMHCKON OBJIACTHN B PECIIYBJIUKE
Y3BEKNCTAH

DANBUEB A. A.
TAIKEHTCKUN S9KOHOMUYECKUN U MEAATOTUYECKUIN YHUBEPCUTET, TAIIKEHT
fayziev.axtam@bk.ru

Annoranus

VIOpsII09EHHBIX KOJTMIECTBA CIYYalHbIX SBJICHUN, MEHSIONINXCS BO BPEMEHH, 00pa3yeT BPEMEHHOMR
psj. B crarbe, METOIOM CTATHCTUYECKOrO aHAJW3a BPEMEHHBIX PsJIOB, M3yYeHa CTaTUCTUIECKAs]
3aKOHOMEPHOCTD T;-CPEJHEr0 0O0bEéMa JTUHAMUKHA 3ar0TOBJIEHHOTO XJIonKa CUpaapbuHCKONR 0b61acTi
Pecuybiuka Ysbekucran (no marepuasam IICY PY3 3a 2003-2024 roxpi). [ocrpoenst, ¢ 95% noii
rapaHTreil TOYedIHble W MWHTEPBAJbHbIE OIMEHKU JIJIsi CPEJIHEro 0ObEéMa JTMHAMUKHA 3arOTOBJIEHHOTO
xjionka CUpIapbUHCKOI 00JI1acTH, OIpejie/ieHa siBHbIe BHJIBI TPEHJIOB U IIPOTHO3MPOBAHA OXKUIAe-
MOro 06bEéMa XJIOMKa B 06JiacTu Jjyist mocieayromux jger. C IOMOIIBI0 CTATUCTUYECKUX KPUTEPHEB
JlapbuHa- YOoTCOHA yCTAHOBJIEHO, YTO CPeHEN 00BEM XJIOMKA B 00JIACTH UMEET aBTOKOPPEJISITUOHHY O
3aBUCUMOCTb.

Karouesvie cao8a: MUCKPETHDBIN, XJIOMKA, JUHAMUIECKUN, P, 00beM, TPEH/I, CE30HHOCTD, KOMIIO-
HEHTa, JUHEHHbIN, HauMEeHbIINNH, HOPMaJIbHBINA.

BBenenmne. Ilourn B KaxK10it 001aCTH BCTPEYAIOTCS ABJIEHIS, KOTOPbIE BayKHO U3Y4YaTh B UX PA3BUTUU U
M3MEHEHUHU BO BpeMeHU. MOKHO, HAIIpUMED, CTPEMUTBCS MTPEJCKA3aTh Oy IyInee Ha OCHOBAHUU 3HAHUSI IIPOIILJIO-
r'o, YIPaBJISITH IIPOIECCOM, OIIMCATH XapaKTePHbIE OCOOEHHOCTH Psijia HA OCHOBAHUU OTPAHNYEHHOI'O KOJIMIeCTBA
nadopmarun. [Ipn o6paboTke BpeMEHHBIX PsI0B ONMUPAIOTCT Ha pa3paboTaHHbIE MATEMaTHIECKON CTATHCTHU-
KOM, HACTOAIIEMY BPEMEHU CTATHUCTHKA PACIOJaraeT pasHoOOpa3HbIMU METOJAMHU aHAJM3a BPEMEHHBIX DsIJIOB
OT CaMBIX 3JIEMEHTAPHBIX JI0 BecbMa cI0kKHBIX ([1,2,3,4]).

Marepuasnbl u MmeToabl. B mactosieit pabore, mpoBejeHa 06paboTKa U aHAJIU3 CPEeTHEro obbeéMa, Tu-
HaMUKHU 3aroTOBJIEHHOTO XJionkKa CupaapbuHCKOil obsiactu, Peciybsmka Y30ekucrtaH 3a 1mepuoj HabJIroIeHui
2003-2024 roxpel, kax {y;, t € T} NUCKPETHBIN CTAIMOHAPHBIN BPEMEHHBIH PsiJI.

B obmem ciayaae BpemeHHO psin {y;, t € T} COCTOUT U3 YeThIpEX COCTABJISIONIMX @ TPEHI; KOJIeOaHusI
OTHOCHUTEJILHO TPeH1a; 3D MEKT CE30HHOCTH; CAyJaiiHas KOMIIOHEHTA, .

B nanHO#l paboTe HCIOIB30BaHA METOIBI OOPAOOTKN M aHAJIM3a BPEMEHHBIX PsIIOB, TAKWe, KAK METOJIbI
OIIpeJieJIeHUsI TPEH/IA, MPOBEPKU HOPMAJIBHOCTU U CJIy9ailHOCTH, a TaKKe IMPOBEPKA ABTOKOPPEJISIIIII, METO/T
CKOJIB34IIEN cpeHeil, MeTOT KOHEIHBIX PA3HOCTEN, METO/I HANMEHBINX KBAIPATOB, CTATUCTHIECKAT KPUTEPHUST
Japbuna — YoTcoHa u Apyrue METOJIBI.

Wcronb3yst MeTOBI CTATHCTIHYECKOTO AHAJIN3a BPEMEHHBIX PSIJIOB MMOCTPOEHBI TOYEUHbIE U HHTEPBAJILHBIE
OTIEHKU JJIsI CpejiHeil 00beM XJIOMKa 0DJIACTH, ONpEJIeNIEHbI SIBHBIE BUILI TPEHJIOB U IIPOTHO3UPOBAHA CpEHE
00beM XJIOTIKa 0BJIACTH JIJIsT TIOCTIELYIOIINX JIET, TPOBEPEHO PA3JINIHbIE CTATUCTHIECKUE THIIOTE3bI.

Nsyuennto n aHAIM3y TUHAMUYIECKAX DPSAJIOB MOCBseHbl paboter: Aumepconall], Kennamna[2], ®aiizsuesa
[3] u apyrue.

PesynbraTsl 1 ux obcyxaeume. IIpemmnonoxuM, 4To cpejHeii oobeM xjonka CupaapbuH-CKO 001~
cru Pecrybiuka Ysbekucran 3a nepuoj Habsrogenuii, 2003-2024 rojpl oO6pasyeT CralMOHapHBIN JUCKPETHBIN
BPEeMeHHbII psiji. VICIosIb3yst BBIIIE W3JI02KEHHBIX METO/IBI CTATUCTUYECKOrO aHAJIN3a BPEMEHHBIX PSJIOB, TIOCTPO-
UM TOYEUYHBbIE U WHTEPBAJbHBIE OIEHKU JIJIsl CpeJiHel 00beM XJIONKa 00JIACTH, OIPEIENM SIBHBIE BUJ TPEHJIA U
[TPOTHO3UPOBAaHA 00bEM XJIOMKA JIJIsT TIOCJIE LY IOIINX JIET, IIPOBEPUM DPA3JIUIHBIE CTATUCTHIECKUE THIIOTE3bI.

Ha pucynku-1, ¢ moMomu onbITHBIX gaHHbiX (Tabsmia-1, croasba-3) reoMmerpudecku u300pazkeHbl ~ J; —
JIMHAMUKA cpelHeil 00beM 3aroToBieHHOro xJjonka B CUpiapbuHCKO obJjacTu Buje a) TouedHas rpaduk, 6)
PECTOrPAMMa €) KPYyroBasl JuarpaMma, :
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Pucynoxk-1.

T'eomerpuueckoe m3obpazkenrne HaOIIOAEHHBIX JAHHBIX, CHCTEMa KOOPJUHAT JAIOT OCHOBAHWE B IEPBOM
MPUOJIMKEHUH, TIPEJINoJararh IUIOTe3Y YTO, TPEHIOBasi YacTh IIPOIECCa MMeeT JIMHEHHYI0 3aBHUCHUMOCTH BHJIA
y(t) = a1t + ag. I'ne Hem3BecTHDBIE HAPAMETDHI OLPEIEJISIOTCS METOJOM HAMMEHBIINX KBaJIPATOB T.e. Ha OCHOBa-
HUU ONBITHBIX JIAHHBIX, Pelas CJAeIYIONLyI0 CUCTeMY HOPMaJbHBIX ypaBHEHUI:

{ a0T+a1Zt=Zyt (1)
ag ot +ar 3ot =Yyt

Pemast cucrema ypasHeHue (1) u MCI0JIb3ysl, BBIYUCIEHNs 0 Tabuuie-1, nuveem

1 2 978,6
_o _ 1 _=22190 999 12
E Ui 978,6 ThICSIa TOHHA, a0 = Zyt 3 9,

1 639
a; = W Z yit T 3,51 TBICAYa TOHHA.
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Orcrona, HAXOAUM ypaBHEHUE JIMHEHHOTO TpeHIa (TeH IeHINsT) 3ar0TOBIEHHOTO 00beMa xonka B Cupa-
pbUHCKON obsactn [1,2, 3]:

y(t) = 3,51 t + 229,12 (2)

Tozacrasngs B ypaBuenue (2) suadenue t = 1 Haxomum oxugaeMble oobema xionka CUpaapbUHCKOR 061acTu B
2025 romy, 6ymer B cpeamneM 232,63 ThICS9a TOHHA.

K pacuery maHHBIX 7715 onpesieieHUs] TPEHIa BPEMEHHOTO PsIa.

Tab6mma-1
N u/u Toxer Habmo- | 3~ t t2 yet Y t?
JleHU s Tricsaaa
TOHHA,
1 2012 248,2 -6 36 -1 489 8 935
2 2013 235,2 -5 25 -1 176 5 880
3 2014 243,1 -4 16 -972 3 890
4 2015 226,7 -3 9 -680 2 040
5 2016 2124 -2 4 -425 850
6 2017 184,6 -1 1 -185 185
7 2018 162,2 0 0 0 0
8 2019 188,6 1 1 189 189
9 2020 190,4 2 4 381 762
10 2021 2257 3 9 677 2 031
11 2022 243 4 16 970 3 882
12 2023 364.,4 5 25 1822 9110
13 2024 2545 6 36 1527 9 162
Cymma 29786 |0 182 639 46 914
C momorpio craructudeckux kpurepues  ([1] — [3]) ycranossero, uto B ypasuenuu (2) y(t) = a1t + ag
ocHoBHas runore3a Hy : a; = 0 oTBepraercs m IpUHUMAETCs ajbTepHATUBHas rumore3a Hy : a3 #0 ¢

yposenb 3nadnmoctu « = 0,05. CiemoBaresnpHo, 06bem xsonka B CHpIApbUHCKON 001aCTH MMEET JIMHEHHBII
TPEHI.

Muorux 3a/1auax HAOJIIOIEHNS, BEIOOPKA HAOJIIOICHNS SIBJISIETCS CTATHCTHIECKY HE3ABHCUMO, BPEMEHHBIX
psijiaxX OHU, KaK IMPABUJIO, 3aBUCUMBI, I XaPAKTEP STOH 3aBUCUMOCTH MOXKET OIIPEJIEIATHCS OJIOKEHIEeM HabJII0-
JIEHWIT B TIOCJIEJI0BATEIbHOCTH. ABTOKOppEJIsIIiueil Mpe/I-CTaBjIseT co0OI KOPPESIIMOHHYI0 3aBUCUMOCTD MEXK Y
[TOCJIEIYFOIIUMU U [IPEJIIIECTBYONUMY YJIEHAMHA BPEMEHHOT'O Psijia.

st masjbHeiinei ucciejgoBaHne HaM HEOOXOUMa BBIYHUC/IATE CJIEIYIOIe KOHEYHbIE PA3HOCTH 110 OIIBbIT-
HBIM JaHHBIM. Obo3HaYNM,

AY; =Y — Y, A%Y, = AY; — AY;, A%Y; = A%, — A?Y; xoreunble pasHocTH (Tabmmma -2).

CocraBuM TabJuIa JJisi pacyeTy KOHEUHbIE Pa3HOCTH.

Tabsmia -2
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N FO,IH:)I Yt Yt2 AYt AYtQ A2Yt A2Yt2 A3Yt ASYt2
n/u | HabuO-
JEeHUST
1 2012 248.2 61 603,2
2 2013 235,2 55 319,0 -13,0 169,0
3 2014 243,1 59 097,6 7,9 62,4 20,9 436,8
4 2015 226,7 51 392,9 -16,4 269,0 -24,3 590,5 -45.2 2 043,0
5 2016 2124 45 113,8 -14,3 204,5 2,1 4.4 26,4 697,0
6 2017 184,6 34 077,2 -27,8 772,8 -13,5 182,3 -15,6 243.,4
7 2018 162,2 26 308,8 -22.4 501,8 5,4 29,2 18,9 357,2
8 2019 188,6 35 570,0 26,4 697,0 48,8 2 381,4 43,4 1 883,6
9 2020 190,4 36 252,2 1,8 3,2 -24.,6 605,2 -73,4 5 387,6
10 2021 225,7 50 940,5 35,3 1 246,1 33,5 1122,3 58,1 3 375,6
11 2022 243 58 854,8 16,9 285,6 -18,4 338,6 -51,9 2 693,6
12 2023 364,4 132 7874 | 121,8 14 835,2 | 104,9 11 004,0 | 123,3 15 202,9
13 2024 254.5 64 770,3 -109,9 | 12 078,0 | -231,7 | 53 684,9 | -336,6 | 113 299
Cymma 2 978,6 712 087,5 | 6,3 31 124,6 | -96,9 70 3794 | -252,6 | 145 183
ITo Tabimie- 2 BuIYUCINM

T

Z]C(Akyt)Q

t=

=T —we, ¥
K03 PUIMEHTHI Bapualun pas3HocTeil m ycranoBuM, 4ro Vi ~ Vo = V3 . CiaemoBaTenbHO, KOHEUHDBIE

PA3HOCTHU IIEPBOTI'O MOPHAIKA JIUMAHUPYIOT JIMHEHHYIO TEHJICHITUIO.

st onpenenenus kKoahdurnmenTos aBrokoppessinun Ry npu L = 1,2,3,4,5

(rme: Lyar, BPEMEHHOI

C,ILBHF), T.€. IIPOMEKYTOK BPEMEHHN OTCTaBaHUA OJHOI'O ABJIEHHA OT APYI'oro, CBA3aHHOTO C HI/IM) COCTaBUM

Tabsmia-3 : Tabanma-3

N /o Tomer Yi- Y- Y Y- Yigo Yi - Yigs Y Yia Y- Yiis
HabJIO- | ThICSAYa
JIeHUS TOHHA,
1 2012 2482
2 2013 235,2 58 376,6
3 2014 243,1 57 177,1 60 337,4
4 2015 226,7 55 110,8 53 319,8 60 337,4
5 2016 212,4 48 151,1 51 634,4 53 319,8 52 717,7
6 2017 184.,6 39 209,0 41 848,8 51 634,4 43 4179 45 817,7
7 2018 162,2 29 942,1 34 451,3 41 848,8 39 430,8 38 149,4
8 2019 188,6 30 590,9 34 815,6 34 451,3 42 755,6 45 8487
9 2020 190,4 35 909,4 30 882,9 34 815,6 40 441,0 43 163,7
10 2021 225,7 42 973,3 42 567,0 30 882,9 41 664,2 47 938,7
11 2022 243 54 754,8 46 191,0 42 567,0 39 349,7 44 784.,0
12 2023 364,4 88 403,4 82 245,1 46 191,0 68 725,8 59 105,7
13 2024 254,5 92 739,8 61 741,7 82 245,1 48 456,8 47 998,7
Cymma 2 978,6 633 338,5 | 540 035,1 | 478 293,4 | 416 959,6 | 372 806,5

Ucnonb3ys Tabuuiy-3, dbopmyunst (4) usz sureparypst [1,2, 3] oupeessores 3Hadenus: K03 hUmeHTon
aprokoppessituu Ry, L =1,2,3,4,5 (tme: Lyar, BpeMEHHOM ¢IBUT):
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N-—-L N
N-L tgl Ytt—;+1 Y
Z th}/t-i-L_ — N_iL
RL_ t=1 (4)
N—L 2 N 2
v E0) ] . (50)
Z Yy — —L Z Yy — N—-L
t=1 t=L+1

Ormaue (4) 3uavenus Ry or Hyns, 1aéT OCHOBaHHWE IOJIAraTh, Y9TO MEXKJY To0Basg 00beMa XJIOIKa
MMEeeTCsl CYIEeCTBEHHAA ABTOKOPPEIANMOHHAS 3aBUCAMOCTb.

IIpoBepum craTucTHYeCcKyIO THIIOTE3Y, O CYIIECTBOBAHUST ABTOKOPPEIANMOHHAS 3aBUCHMOCTh MEXKIY TO-
noBas o0beMa XJIOIKa ¢ MOMOIbI0 Kpurepus lapbuna — YoTcoHa :

T-1

T
d=Y (Vi1 =Y/ V7 ()

t=1 t=1

_ 311246 _

HUcnonb3ys Tabiuna-2 , 1o dbopmysie (5) BIUUCIAM dyag = 7120875 = 0,044. CpaBHuBasi X C TAOJTMIHBIM
suadenneM(cM. [3]-ctp. 194, npunoxkenue-9) dypur = 1,06 ycTamoBuM, 9T0 duas = 0,044 < dypur = 1,06. Caezmo-
BaTesbHO, Kpurepus lapbuna — Yorcona 95% Toxke rapanTHeil JOKA3BIBAET, UTO CPETHIE OOHEM 3arOTOBJIEHHOTO

xjonka B CUpIapbHHCKON 00JIACTA MMEeT aBTOKOPPEJSIUOHHYIO 3aBUCUMOCTD

Yi=pYio1+e, p=Cov(Ys,Yiq1) = M[(Y: —U) (Y1 — ¥e)]-

CrenoBare/ibHO, 3arOoTOBJIEHHAsT 00bEM XJIONKA OOJIACTH B 9TOM TOIY, 3aBHUCUT OT OObeMa IPOIIIbIX U
TOCJIETYTOTNX JIET.

IIpoBepka cTaTucTHYecKasi FUIOTE3b (6) 0 HOPMATIBHOCTH J;— CPEJIHEr0 06beMa 3ar0TOBJIEHHOIO XJIOIKA,
B Cupnapsumckoit obnacru ([1] — [3]) :

Ho: Py <) =Po(x), Hi: P <z)#P0(2) (6)
npuHUMaeTcst yposenb 3nadnmoctu « = 0,05 (Tabiuma-4).

Tornga ¢ mOMOIIBIO cienyromie (POPMyYJIbl IOCTPOUM HHTEPBAJIBHBIE OLEHKA JJI Y, — CPEJHEro obbemMa
3aroTOBJIEHHOrO XJjonka B CupmapbUHCKON 0bjiacTu:

Yoy —tT —20)5, <ag+ar(T+i) <Yry + T —2;0)7, (7)

Buauenne typur = (T — 2; ) onpenensiercst no rabuure Crbiomenta (cm. [3]-crp. 190, npunoxkenue-3). ITo
dopmymna (6) mocrpoum ¢ BepositHOCTBIO 0.95 MHTEpBATIbHASI OLEHKA IJIsT Y-CpeiHero oobeMa xsonka B Cupa-
PBHUHCKO# 006J1acTh :

(199,14 ; 259,16 ) ThICSUA TOHHA.

Ha ocHoBaHWE BBRIGOPOYHBIX JAHHBIX, UCHOJAL3ysl TMakeT mporpamma x7.2019 u Excel 9BM [3,4,5], Boraucanm
YHCJIOBBIE XaPAKTEPUCTUKH Y — CPeJHero obbeMa 3aroToBjieHHoro xJjomnka B Cupapbunckoii obuacru (Tabiuna
-4).

O1leHKa OCHOBHBIX [TapaMeTPOB JUHAMUYECKOTO PsIJIA.

Tabsmmna - 4
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BeibopouHble xapakTepucTUKA Crarucruieckue OleHKH JIJIs BhIOOPOUHbIE
XapaKTePUCTUKH

Cpenanit o6beM e¥KeToTHO 3aToTOBJIeHHO- | 229, 12 ThIcada TOHHA

ro xuionka B CupjiapbiuHcKas objacte Y

Huctiepcust 2469,371

Cpeatee KBaJipaTUIHOE OTKJIOHCHUEO 49,693

Kosddunuenr sapunanuu v (%) 7,07 %

Acnnvmerpus ¢ 1,593

Okcuecca Fi, 2,309

Omubka cpejHero sHavYeHus ¥, 1, m, = % = 13,765

Ilpenenbnas omubka m’ m'y =tm = 2,18 - 13,765 = 30,01

MurepBanbuas ottenka (95% ) yr+tm ana | yp + tm = 229,08 + 30,01

o0 beMa XJIOIKa (199,14 ; 259, 16 ) TeICcAYa TOHHA.

IIpoBepka cTaATHCTUIECKONH THIIOTE3HI 95% rapawnTuii runoresnsl Hy mpunnmMaeTest

Hy: Py, <x) =& ,(x)

Hy Py <z)# P, (x)

BriBoabl. Ha ocHOBaHUU BBINIe M3JI0XKEHHBIX CTATUCTUYECKUX AHAJIU30B, JTUHAMUKU €XKETOJHO Yr— 3a-
roToBJIEHHOrO xJjonka B CupmapbUHCKON 00JiacTu peciryO/nka Y30eKHCTaH KaK JUCKPETHBI CTAIlMOHAPHBII
BPEMEHHbII psijia ¢ HaZeKHOCTBIO 7 = 0,95 (Tabiuia-4) MOXKHO CIeJIaTh CJIELYIONINe BHIBOJIBL:

1. mocrpoena rodeunbie 229, Thicsiua ToHHA U uHTEpBaAbHbIE (199,14 ; 259,16 ) ThICSYa TOHHA CTATUCTHYE-
CKHUe OIEHKU JIJIsi CPEJIHEr0 00'beMa, €2KErOHO Y- 3arOTOBJIEHHOrO Xjonka B CupmapbuHCKON 061acTu;

2. oupeziesieHbl BUJbI TPEHJIA U yCTAHOBJeHa €€ jmHeitnocts (t) = 3,51 ¢ + 229, 12;

3. kpurepueMm [lapbura — YOTCOHA yCTAHOBJIEHBI UTO, CPEIHEN 00bEM 3aroTOBJIEHHOTO XJjIonka B CupmapbuH-
CKO#1 00JIACTU UMEET aBTOKOPPEJISIIHOHHYIO 3aBUCHMOCTD:

Yi=pYi1+e, tae p=Cov(Ys,Yip1) = M[(Y: — ) Yer1 — Ur))-

T.e. 00beM 3arOTOBJIEHHOI'O XJIOIKA B 9TOM T'OJLy, 3aBUCUT OT 00'beMa 3arOTOBJIEHHBIX IIPOILIBIX U IIOCJIe-
JYIOIIAX JIET.
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Annotatsiya

Vaqt oftishi bilan o‘zgarib turadigan tasodifiy hodisalarning tartiblangan ketma-ketligi vaqtli
(dinamik)qatorni hosil giladi. Magolada dinamik qatorlarni statistik tahlil qilish usullariidan
foydalanib, O‘zbekiston Respublikasi Sirdaryo viloyatida (g)-o‘rtacha yillik terib olingan paxta
hajmi dinamikasini statistik qonuniyatlari (O‘zSTAT boshqarmasining 2003-2024 yillardagi
ma’lumotlari asosida) o‘rganilgan. Sirdaryo viloyatida terib olingan paxtaning o‘rtacha dinamikasi
hajmining nuqta va intervalli hisob-kitoblari 95 % li kafolat bilan tuzilib, tendensiyalarning aniq
turlari belgilab olindi, keyingi yillar uchun viloyatda paxta yetishtirishning kutilayotgan hajmi
prognoz qilindi. Durbin-Vatson statistik mezonlaridan foydalanib, mintagadagi paxtaning o‘rtacha
hajmi avtokorrelyatsion bog'‘liglikka ega ekanligi aniglandi.

Kalit so‘zlar: diskret, paxta, dinamik, gator, hajm, trend, mavsumiylik, komponent, chiziqli, eng
kichik, normal.

Abstract

An ordered number of random events changing over time forms a time series. In the article, using
the method of statistical analysis of time series, the statistical regularity of (7z)-average volume of
dynamics of harvested cotton in the Sirdarya region of the Republic of Uzbekistan (based on the
materials of the Central Statistical Bureau of the Republic of Uzbekistan for 2003-2024) is studied.
Point and interval estimates for the average volume of dynamics of harvested cotton in the Sirdarya
region have been constructed with a 95% guarantee, clear types of trends have been determined,
and the expected volume of cotton in the region for subsequent years has been predicted. Using the
Durbin-Watson statistical criteria, it has been established that the average volume of cotton in the
region has an autocorrelation dependence.

Key words: discrete, cotton, dynamic, series, volume, trend, seasonality, component, linear, least,
normal.



