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AN INVERSE PROBLEM FOR A LOADED DEGENERATE FRACTIONAL ORDER
DIFFUSION EQUATION WITH INVOLUTION PERTURBATION
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obidjon.mth@gmail.com
DUuUYSENBAEV R. S.
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RESUME

This work deals to the study an inverse problem for the loaded degenerating fractional order diffusion
equation with involution perturbation. The existence and uniqueness theorem of solutions to the
formulated problem was proved.

Key words: Inverse problems; fractional-order loaded diffusion equation; involution perturbation;
existence and uniqueness of solution; series expansion.

1. Introduction

In this paper, we consider an inverse problem for a degenerating diffusion equation with Rimann-Liouville type
derivatives involving involution. This inverse problem is close to that investigated in [1, 2|. Together with the
solution it is necessary to find an unknown right-hand side of the equation. Unlike the above the mentioned
works, considered equation contains the fractional time derivative and an involution with respect to the spatial
variable. The conditions for over determination are initial and final states. In work [3], by authors was considered
a process that is so slow that it is described by an evolutionary equation with a fractional time derivative. Thus,
this process is described by equation

tPDeD(x,y) Py (, 1) + ellyp(—2, 1) = f(z),

in a rectangular domain. Here, f(z) is the influence of an external source that does not change with time;
a+ 6 >0; t =0 is an initial time point and ¢t = 7" is a final one; and the derivative Dy* is a Caputo derivative.

Different problems for the equations with involutions have been studied by many authors, as A. Ashyralyev
[4], M. A. Sadybekov [5], A.Andreev [6], M.Sh Burlutskayaa [7] and others. Concerning inverse problems for
heat equations, some recent works have been implemented by M. Kirane, B. Samet, B.T. Torebek [8], N. Al-
Salti, M. Kirane, B.T.Torebek [9], B.T. Torebek., R. Tapdigoglu [10], B. Ahmad , A. Alsaedi, M. Kirane., R.G.
Tapdigoglu [11], B.Turmetov, B. J. Kadirkulov [12] and others.

As far as we know, direct and inverse problems for a degenerating loaded diffusion equations with
involution, including fractional derivatives, have not been investigated before.

In this work, we state an inverse problem with the Dirichlet boundary conditions for a degenerating loaded
diffusion equation with Rimann-Liouville type derivatives involving involution, in rectangular domain. We seek
formal solution to this problem in a form of series expansions using orthogonal basis obtained by separation of
variables and we also examine the convergence of the obtained series solution. The main result on existence and
uniqueness are formulated in a theorem in the last section of this paper.

Let J = [a,b], (—00 < a < b < o) be a finite interval on the real axis R.

Definition 1.[13] The Rimann-Liouville fractional integral Ig, f of order o € C  (R(a) > 0) is defined by

(g4 f)(@) = F(la) /: (zﬂtgﬁta, (x>a; R(a)>0).
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Here I'() is the Gamma function.
Definition 2.[13] The Rimann-Liouville fractional derivative Dy, y of order o € C  (R(ar) > 0) is defined by

D) = (1) o) -

:I‘(nl—a)(jx> /j(x_y%)jtw (n=R@]+1; z>a)

Definition 3.[13] A function of generalized Mittag-Leffler type is a function defined by the series

aml § Ckz

with

(keN), «a,leC, meR.

Here I'(«) is the Gamma function.
Proposition 1.[15] For every « € (0,1], m >0, I >m — 1/« and > 0, one has

1 1
S EBami(—2) < ——577—
P(A+a(l—m)) @M, T(1+al)
L+ Favat-mian L+ Figagsm
We consider
(D& u)(t) = Mt —a)’u —I—Zfrt—a (a<t<b< o), (1)

where A\,8 € R and f,,u, € R (r=1,...,k) are given real constants.
Theorem 1.[13| Let n—1<a<n (neN), f>-a, pu-€R (r=1,..,k) besuch that

pr>—1—a, pp#j (.7: 1a~~'a[a]+1; T:]-v"'vk), (2)

G+D(a+8)+pu-¢2- (r=1,...,k jeNp), (3)

(1) equation (1) is solvable in the space Ijoc(a,b) if there exists a j € {1,...,k} such that u; < —c and in the
space Bjoc(a,b) if p,. > —a for all r € {1, ..., k}. Furthermore, there is a particular solution of the form

I'(u o N
=X et + 1) (t = @) Ea v pjans s /a (ME— @) ) (4)

r=1

(ii) if 8 > —{a}, then the general solution to the question (1) is given by
u(t) =3 ¢;j(t = a)* 7 Ea148/a,14(8—i)/a (A(t - a)“‘“”) + uo(t), (5)

where ¢; (j =1,...,n) are arbitrary real constants.

2. Statement of problem

Consider the diffusion equation
D& u(z,t) — artPup,(z,t) + agtPup, (—2,t) + bru(z, to) + bau(—x, to) = f(x), (x,t) €Q (6)

where D§; is Rimann-Liouville derivative, «, 5 a;, b; (i = 1,2) are nonzero real numbers such that, 0 < a <
1, a+8>0,a; >0, |az] < a; and Q is a rectangular domain given by Q = {(z,t): -l <a <l, 0<t<T}, tg
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is any fixed number, and that ¢y € (0,7"). Our aim is to find a regular solution to the following inverse problem:
Problem IP. Find a pair of functions u(z, t) and f(z) in the domain (2 satisfying equation (6) and the conditions

lim Dg; V(e 1) = p(a), u(e, T) = (@), =€ [-1,1) (7)

u(=l,t) =0, wu(l,t)=0, tel0,T], (8)
where ¢(z) and (x) are given functions, ¢(z),%(z) € C3[—1,1], and that

P (=) =9'(1) =0, (i=0,2).

3. Solution method

Here, we seek solution to problem I P in a form of series expansion, using a set of functions that form orthogonal
basis in Ls(—I,1). To find the appropriate set of functions for the problem, we shall solve the homogeneous
equation corresponding to equation (6) along with the associated boundary conditions using separation of
variables.

3.1. Spectral problem

Separation of variables leads to the following spectral problem for IP
a1 X"(z) — ae X" (—2) + \X(z) =0, X(-1)=X(I)=0. (9)

The eigenvalue problem (9) are self-adjoint and hence they have real eigenvalues and its eigenfunctions form a
complete orthogonal basis in La(—1,1) [15]|. Eigenvalues are given by

Ak = (a1 + ag2) (776)2, Ao = (a1 — a2) (7“2];_1)>2, keN, (10)

and the corresponding eigenfunctions are given by

m(2k — 1)

TR ke N. (11)

. 7wk
Xqp =sin —x, Xop = cos

l

Lemma 1. The system of functions (11) are complete and orthogonal in Lo(—I,1). This lemma was proven by
E.I. Moiseev [16].

Since the system of eigenfunctions (11) is complete and forms a basis in La(—I, 1), the solution pair u(z,t) and
f(z) of the inverse problem can be expressed in a form of series expansion using the eigenfunctions.

3.2. Existence of solution

Here, we give a full proof of existence of solution to the Inverse Problem IP. Using the orthogonal system (11),
the functions u(z,t) and f(z) can be represented as follows

t) = kz::l u1(t) sin WTkx + ; uag(t) cos %x, (12)

Zflksnl 9€+Zf2kCOS (2];[_1) z, (13)

where the coefficients w1 (t), uar(t), fir and fo, are unknown. Substituting (12) and (13) into equation (6), we
obtain the following equations relating the functions u(t), usg(t) and the constants fix, for :

D&k (t) + MptPurp(t) = fix — (b1 — ba)urk(to), (14)
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D((JXtUQk;(t) + )\thBUQk(t) = fgk — (bl + bg)ng(to). (15)

Solving Cauchy problems for these equations with initial data
lim D, tug(t) =
lim Do unr(t) = ek,
: a—1 _
lim DG, ugk(t) = o,
respectively, we get (see Theorem 1)

Wlkta_l

urp(t) = WEQ L4814t (=Mt P) +

+ (f1k lfzibzlllk)(to))ta Bppiongs (= Agtot?) (16)
Uk (t) = %Ea,uﬁ,uﬂl (= Aot ™) +

n (for —lf?((lb)fi/;(to))ta Bypians (“hant™®). (17)

2
Here >\1k = (a1 +a2) (7er)27 /\Qk = (a1 70,2) (%{1)) 3 61(b) = b1 71)2, Eg(b) = b1 +b2 and the unknown

constants fi, far, are to be determined using the second condition in (7), and uix(tg), uak(to) are unknown
constants which also required to determine.

Let @k, ik, 7 = 1,2 be the coefficients of the series expansions of ¢(x) and ¥ (x), respectively, i.e.,

1! k 1 2k — 1
V1 = 7/ o(z) sin 7rTxd:c, Yo = 7/ o(x) cos %xdm,
-l

l
Y= [ lw(wsin%kxdx, o = / vy cos "D g,

Then, the second conditions in (7) leads to

Ta
(fur — El(b)ulk(tO))mEa,Hg,Hg (AT =
Ta—l
=1 — @1kmEa,1+§,1+% (=AipTH7), (18)
«
(for = 82(b)uzk(t0))mEa,1+g,1+g (— Ak TFP) =
a—1
= thoy — QDkaEa’l_i_g’l_i_% (=M ToHPY (19)

Considering, E, |, 5 1,5 (—)\Z—kTO‘*ﬁ) >d>¢e, 1=1,2 (see Proposition 1), from (18) and (19), respectively
we obtain o0

o= 1

Y1k — P16 Tay INE) Eo¢,1+§71+f*%1 (_’\M’Taw)

Jik — e1(b)urr(to) = = , (20)
7F(£+1) Ea’1+g’1+§ (—)\UcTOH-ﬁ)
Yok, — pak TF%IEQ 148 1481 (=ApTHF)
for — e2(b)uai(to) = Ta ) el s " (21)
T(a+1) Ea,1+§,1+§ (= A2 T )
On the other hand, from (16) and (17) we find:
(to) — e e - Ait§ TP
U1k (To <P1k 1"( Y a1+ 8 14 2L ( 1k )
Jie —e1(b)ur(to) = Z ) (22)

te a+p3
F(a0+1)Ea,1+§,l+g ( Alkt )
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to ! a+p3
ugk (to) — 302kp( yBa 1481482 ( Aokt )

for — e2(b)uzi(to) = - pve (23)
F(TOH)EQ,H%HQ ( A2ito )
Solving these set of algebraic equations (20)-(23), we get
ta—l o
uik(to) = %Emwg,w% ( A1kt +ﬁ) +
a—1
Sz oy Far gas a2 (™), (~huntg ™) (24)
. 8 1.8 ,
T*E, 48142 (=ApTth) 0 014514 1k
to o
uz(to) = %EQ,HQH%( A2ito +ﬂ) +
a—1
Vo o Pay g apop (FAT) (—2art™?). (25)
: B B 2k
TeE, 18148 (= Ao T HF) 0 el l4s
Hence, substituting uyx(to) and wuay(to) into (20) and (21), we find
Y1k — Solk%Ea,Hé,H% (A T*7)
1k — To o
atD) Lot 2142 (FAT +8)
e1(b)tg o purer (b)iG " o
(14 s paeg (o)) + BB () )
and .
Vot — P21 Ty By 2145t (FAa 1Y)
2k — To o
WEOLJ‘F%,I‘F% (=AaxT+7)
e2(0)tg a Parca(b)tg " a
(1 + ﬁEa,ug,Hg ( Aaklg +ﬂ) + T)OE%H%H% (—Azktoﬂi) . (27)
Further, taking (16),(17) and (20),(21) from (12) we get
<P1kta 1 8\ . Tk
Z B, 481421 (FAt*P) sin—-a+
> wk
« -t .
+ ; Cypt Ea’1+g’1+g (—)\Ugt B) SZ’I’LTZ‘—‘r
to‘ 1 2k — 1
Z SD% E, A+ 1481 (_)‘Zktaw) COSW(T)“'
> m(2k — 1
JrZCthaEa’Hg,l_‘_g (f)\gk.twrﬁ) cos%z (28)
k=1
and from (13),(26) and (27) we get
Tk 2k — 1 - 2k — 1
Z Flksm gc + Z Fsin— ;7 + Z ngcos%m + Z Fz*kcos%m (29)
k=1 k=1 k=1
where oy
o Y1k — SplkTF(T)Ea,Hé,H% (=AT+7)
" ToEy1v2 148 (ZArTo*P) 7
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a—1

Yan — ‘PQka(T)Ea71+§7l+% (—haxT*7)

2k — )
TeE, 1 8,148 (= Ao T +hR)

and
Fi, = Chi (F(a +1)+ 51(b)t8‘Ea,1+§,1+§ (,Alktgwrﬁ)) ’

b ta—l
Fl*lc _ <P1k€1( ) o p

a+p
T'(a) o 1+8, 1455 (‘Al’“to )

Fy, = Cop, (F(a +1)+ 82(b)t8Ea71+g71+§ (w\%tgw)) ’
1

_ parea(b)ty” B

* +8
2= ") ol 3o+ (‘A%tg )

3.3. Convergence of series

In order to justify that the obtained formal solution is indeed a true solution, we need to show that the
series appeared in t1=%u(x,t) and f(z) as well as the corresponding series representations of t'~%u,, (z,t) and
D§,u(x,t) converge uniformly in 2. For this purpose, let

PO (1) =pD(1) =0, i=0,2,
Hence, on integration by parts, @, ¥ir and Ci, Fi (i = 1,2) can now be rewritten as

_ _ et ),
Pik (7T]€)4 Pir s P2k (7‘(‘(2]{ — 1))4 Por 3

I 160* ).

Vi = Wﬂflk» Yo = m ok

where l l
1 k 1 2k —1
sﬁﬁ) = 7/ cp(4) (x)sinw—xdx, ng’? = 7/ @(4) (x)cosuwd%
L) l ) 21
1/t k 1 /! 2k — 1
Yllc) = j/ll/’(él)(x)sm%xdx, 5‘}2 = l/lw(4)(ai)cos7r(2[)a:dx.

Easy to prove that, the series representations of t!~“u(x,t) and f(z) converge absolutely and uniformly in the
region ). Actually, considering

4 4) pa—1 N
O = A & - ‘ng)TF(a) Eogiys 181 (=AwTtF)
1k (7Tk‘)4 TaEa71+§,1+§ (7)\1kTa+ﬁ) )
4 4) pa—1 N
Cor — 1614 viy — @(Qk”l:(T)Ea,Hg,H% (—=AakTP)
T w2k + 1) TeE, 5.2 (=AapTFF) ’
l4 «@ a+B
Iy = W -Chg (F(OL + 1) +e1(b)tg Ea)1+§)1+g (—Alkto )) ,
. 14 (p("lc)el(b)tg—l s
Flk = (7rk)4 . I“(a) Ea,l-ﬁ-g,l-‘r% (7A1kt0 > s
l4 «@ a+8
Fo, = (7r]<;)4 - Co (F(Oz + 1) + Ez(b)to Ea11+§’1+§ (—)\tho )) ,
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4 a—
16[4 . (pék)52(b)t0 1E B B—1 (
(W(2k+ 1))4 P(Oé) a1+ 5,1+ 5+

and estimations
4 " 4
MGG,

<
‘Clk| >~ (7_[_]{)4 )

1614 (Cz : (wé‘,?( + - ‘wgi) D
IOy Ea—

|Cax| <

4

! o
1Fitl < oyt 10wl D@+ D 4 @10 By e18 (—hant ™)

1614 N .
(m(2k — 1))+ |Car] ‘F(O‘ +1) +eaDgE, 118148 (_Azkt()*B)

)

| For| <

b

4 4
l4 ’90(1]3 F* . 16l4 ‘@ék)
[ Foel < ca- (2 —1))*

owing to ’E (—)\iktO‘*ﬁ)’ < W < ¢y, 1= 1,2 (see Proposition 1), from (28) and

8 9, 8-1 <
o145, 1453 I+ raagsy Aintots

(29), we find

1o, 1) < i It (cl : \w%‘,?\ jzﬁ(:;jrcf) : ‘s@%ﬁ‘) < 161* (CQ : (w%:(’; (_0012);@) : ‘Lpg?))

k=1

and

)] < i 4 <|Olk| ‘F(a +1) + Sl(b)tSECE;Z)%HZ (_)\lktg-s-ﬂ)’ ¥ s ‘(pgi)D .
k=1

o 161 (o) [T(a+ 1) + 220§ By gy 2 10 (—dants ™) [+ a0l
(m(2k — 1)) ’

k=1

where
(_)\ikTa-‘rﬁ)

(—=AipTt5)

1 Ea,1+§,1+—5;1

TT(a)E

*
’ ¢ =

‘= |Tep W) ’

o 1+L 1+ 2 o 1+L 1+ 2

8i(b)t8_1 E

Cit2 = () al+8 1482 (_

Aiktg”ﬁ)' S i=1,2

The convergence of the series representations of +1~%u,,(x,t) which are obtained by term-wise differentiation
of the series representation of t!~%u(z,t) can be shown in a similar way:

o 12 (1 [0l | + (o, + ) - [0})])

m
tl_o‘um(x,t) < sin —ax| +
| | ; (k)2
o 412 (e |05 | + (o, + ) [e8]) | man— 1)
"2 (n(2k — 1)) R

Finally, owing to class of functions t'~“u(x,t) and f(x), from the absolutely and uniformly convergence
of the series representations of wu(x,t), f(r) and t'~%u,.(x,t), in the domain 2, we conclude that a series
representations of Dg,u is absolutely and uniformly converge also, in the domain (2.
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4. Uniqueness of solution

Suppose that there are two solution sets {uy(z,t), fi(x)} and {ua(z,t), f2(x)} to the Inverse Problem I P. Denote
u(x,t) = uy(z,t) — ua(z, t),

and
f(@) = fi(x) = fa(@).
Then, the functions u(z,t) and f(x) clearly satisfy equation (6), the boundary conditions in (7) and the

homogeneous conditions
lim Dg tu(e,t) =0, w(z,T)=0, z¢€l[-1,1. (30)

t—+0
m(2k—1)

If (x) = ¢(x) = 0, then due to completeness of functions sinﬂTkx and cos x, we get i = i =0, (i=
1,2). Hence, from (24) and (25) we infer, that u;x(to) = 0, respectively. Similarly, from (26) and (27) we obtain
fik =0, (i=1,2),

Let us now introduce the following:

Q.={-l+e<z<l—cge<t<T—c}, e>0,

uik(t) = }/_:; u(z,t) sin FTkaJd% keN, (31)
ugk(t) = ;/_:i u(z,t) cos 7T(%l_l)xdac, keN, (32)
fik = ;/_ll f(z)sin 7TTkacdx, k€N, (33)

for = }/ll f(x)cos 7T(%l_l)xdac, keN. (34)

Note that the homogeneous conditions in (30) lead to

1 a71~ = . — ) —
tl_1>rJIrloD0t wip(t) =0, ux(T)=0, i=12.

Assume that u,, € C (), and

k k k
lim w,(z,t)sin ¢ = lim Uy (2, 1) sin e =lim Ug(—2, 1) sin D= 0,
z——1 l z—1 l z—l l

applying the Rimann-Liouville differentiate operator to equation (31), we get
Duan(t) =
1

l—e

k

=7 / (a1tﬂum(x, t) — agtPugy (—x,t) — biu(z, tg) — bou(—z, to)) sin %xdm + fik,
—l+te

which on integrating by parts and using the conditions in (7), at € — 0 reduces to
Dgutg(t) = Agurr(t) —e1(b)urr(to) + fik, 0<t<T.

One can then easily show that this equation together with the conditions thIEo D& urg(t) = uig(T) = 0 and
—

uig(to) =0, fig =0, imply that uy(t) =0, for t € (0,T].
Similarly, for us, and fo as given in (32) and (34), respectively, one can show that tlirJIrlo Dg‘flugk (t) =0, for
—

t e (0,7].
Therefore, due to the completeness of the system of eigenfunctions (11) in Lo(—1,1), we must have

fy =0, t'""u(z,t)=0, (z,t)e.

This ends the proof of uniqueness of solution to the Inverse Problem IP.

11
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5. Main result

The main result for the Inverse Problem IP can be summarized in the following theorem: Theorem 2. Let
p(x),¥(z) € C[=L,1], oW (x), W (2) € Li(=1,1) and oV (1) = (1) = O (=) = (1) =0, i=0,2.

Then, a unique solution to the inverse problem IP, exists and it can be written in the form

° 14 a— 1
<p1kt 18\ . wk
Z:l Tk)AT ( £, B (_)\Ucta )sme-i-
0o (4) (4) 71 -
+zl4< A g Cur)
k=1 (TE)TE, 15 148 (—ApTHP) a1+ g1+

k
—x\lkto‘+ﬁ) sin%z—k

S (AR m(2k — 1)

E I
2 ok — )iT(a) ot (St cos ==
4 4 a—1 N
+i 160" (052 = o6 Ty g e (T +B)>taE (=Agpt® ) cos™2E 1)
k=1 (m(2k = )ATE, | 5 1, 5 (=AxTHF) o188 (TA2 cos—

and

4 4) po—1 o b)t a
B oo [ ( gk) - (p(lk)jll(a) Ea,1+§,1+% (*/\UcT +ﬁ)> (1 + ls“l(gw)rlo) E, d+E142 (7)\1”0“3)) Tk

T o - 8tn—T+
k=1 (Wk)4mEa,l+§,l+g (_)\lkT +ﬂ) l
(4) —1
<,01k ex(b 8\ . 7k
+ (k) 4F Ea 14814821 ( )\1kt0 ) smT:m—

oo (4) (4) po? 2(b)tg a+p
+> o ( ~ Pax WEa 14214621 (_A%T(HB)) (1 + Farh) Pari 2142 (_)‘2”0 ))
(m(2k —1))* F(a+1)Ea,1+§,1+g (A TH0)

k=1
m(2k — 1)
o T+

X

X oS

w(2k — 1)
a

o
6[4 £ bta 1 X
21 ;sz b, e (Aant§ ™) co

2
where A1y, = (a1 + az) (ﬂTk)27 Aok = (a1 — a2) (%) :
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REZYUME

Ushbu ish involyutsiya bilan buzilgan kasr tartibli diffuziya tenglamasi uchun teskari masalani
o‘rganishga bag‘ishlangan. Qo‘yilgan masala uchun yechimning mavjudligi va yagonaligi teoremasi
isbotlandi.

Kalit so‘zlar: Teskari masala, buzilgan kasr tartibli diffuziya tenglamasi, involyutsiya, yechimning
mavjudligi va yagonaligi, qatorga yoyish.

PE3IOME

Jannas paboTa MOCBAIIEHA U3YIEHUIO OOPATHONW 3a7a9M JjIsi HATPYKEHHOT'O BBIPOXKJIAIOIIETOCS
JPY3UOHHOIO ypaBHEHUsI JPOOHOTO MOPs/IKA C BO3MYIIEHHEM WHBOJOTHBHOrO THia. JlokasaHa
TeopeMa CyIIeCTBOBaHUSI U €IMHCTBEHHOCTH perieHusi chOPMyJIMPOBAHHON 3a1a4u.

Karoueswie caosa: ObparHbie 3aja4uu, HarpykeaHoe nuddy3uoHHOe ypaBHEHNE JIPOOHOTO MOPSiI-
K&, BO3MYIIIEHUE WHBOJIIOTUBHOTO THIIA, CYIIECTBOBAHNE U €IMHCTBEHHOCTh DEIEHUs, PA3JIO2KEHUE B

pAn.
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RESUME

In this work, we study derivations and local derivations of finite-dimensional solvable Lie algebras
whose nilradicals are naturally graded filiform. Specifically, the general form of the matrices of
derivations and local derivations of these algebras is determined. We show that these algebras admit
local derivations that are not derivations.

Key words: Lie algebra, derivation, solvable Lie algebra, local derivation.

1. Introduction

In recent developments, the study of local and 2-local maps has attracted considerable interest,
particularly within the framework of certain non-associative algebraic systems such as Lie, Jordan, and Leibniz
algebras. The idea of local derivations was first introduced in 1990 by Kadison [16], and independently by Larson
and Sourour [21]. Later, in 1997, Semrl expanded this area by defining the concepts of 2-local derivations and
2-local automorphisms related to algebras [22].

Investigation of local derivations on Lie algebras was initiated in [7] by Ayupov and Kudaybergenov. They
proved that every local derivation on semisimple Lie algebras is a derivation and gave examples of nilpotent
finite-dimensional Lie algebras with local derivations that are not derivations. In [4], local derivations of solvable
Lie algebras are investigated, and it is shown that in the class of solvable Lie algebras there exist algebras that
admit local derivations that are not derivations and also algebras for which every local derivation is a derivation.
Several authors investigated local derivations for the finite or infinite dimensional Lie and Leibniz algebras
[2,3,5,8,9,11,14,17,18,26,28]. It was proved that all local derivations of the following algebras are derivations:
Borel subalgebras of finite-dimensional simple Lie algebras; Witt algebras; solvable Lie algebras of maximal rank;
Cayley algebras; locally finite split simple Lie algebras; the Schréodinger algebras; conformal Galilei algebras.

Several papers have been devoted to similar notions and corresponding problems for 2-local derivations
and automorphisms of Lie algebras [6,9,10,12,13,15,24,27]. Specifically, in [6] it is proved that every 2-local
derivation on the semisimple Lie algebras is a derivation, whereas each finite-dimensional nilpotent Lie algebra,
with dimension larger than two, admits 2-local derivation which is not a derivation. Let us present the list
of Lie algebras for which all 2-local derivations are derivations: finite-dimensional semisimple Lie algebras;
Witt algebras; locally finite split simple Lie algebras; Virasoro algebras; Virasoro-like algebra; the Schrédinger-
Virasoro algebra; Jacobson-Witt algebras; planar Galilean conformal algebras.

The investigation of local and 2-local §-derivations on Lie algebras was initiated in [19] by A.
Khudoyberdiyev and B. Yusupov. Specifically, in [19], they introduced the concepts of local and 2-local §-
derivations and described local and 2-local %—derivations on finite-dimensional solvable Lie algebras with filiform,

14
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Heisenberg, and abelian nilradicals. Moreover, they provided descriptions of local %—derivations on oscillator Lie
algebras, conformal perfect Lie algebras, and Schrodinger algebras. In a recent paper [29], B. Yusupov, V.
Vaisova, and T. Madrakhimov obtained similar results regarding local %—derivations of naturally graded quasi-
filiform Leibniz algebras of type I. They showed that such algebras, in general, admit local %—derivations which
are not odinary i-derivations. In another work [20], U. Mamadaliyev, A. Sattarov, and B. Yusupov studied
local and 2-local g—derivations on solvable Leibniz algebras. They proved that any local %—derivation on solvable
Leibniz algebras with model or abelian nilradicals, where the complementary space of maximal dimension
exists, is a %—derivation. Furthermore, they showed that solvable Leibniz algebras with abelian nilradicals
and one-dimensional complementary space also admit such derivations. Additionally, 2-local %—derivations were
investigated for these types of algebras, and an example of a solvable Leibniz algebra was constructed for which
every 2-local %—derivation is a true %—derivation. However, examples were also given of algebras that admit
2-local %—derivations which are not %—derivations.

In this work, we study derivations and local derivations of finite-dimensional solvable Lie algebras whose
nilradicals are naturally graded filiform.Specifically, the common form of the matrices of derivations and local
derivations of these algebras is determined. We show that these algebras admit local derivations that are not
derivations.

2. Preliminaries

All the algebras below will be over the complex field, and all the linear maps will be C-linear unless
otherwise stated. Omitted products in the multiplication table of an algebra are assumed to be zero. Moreover,
due to the anti-commutativity of Lie algebras, symmetric products for these algebras are also omitted.

A derivation on a Lie algebra £ is a linear map D : £ — £ which satisfies the Leibniz rule:
D(fz,y)) = (D), 4] + [5, D)}, for any o,y € L. (1)
The set of all derivations of £ is denoted by Der(£) and with respect to the commutation operation is a Lie

algebra.

For any element y € £ the left multiplication operator ad, : £ — L, defined as ad,(y) = [z,y] is
a derivation, and derivations of this form are called inner derivations. The set of all inner derivations of L,
denoted by Inn(L£), is an ideal in Der(L).

Definition 1. A linear operator A is called a local derivation if for any x € L, there exists a derivation
D, : L = L (depending on x) such that A(x) = D,(x). The set of all local derivations on L we denote by
LocDer(L).

For an arbitrary Lie algebra L we define the derived and central series as follows:
gl = g glstll — [gls] gll] > 1,
el=g gl =[gr gl k>1
Definition 2. An n-dimensional Lie algebra £ is called solvable (nilpotent) if there exists s € N
(k € N) such that £ = {0} (£* = {0}). Such minimal number is called index of solvability (nilpotency).
The maximal nilpotent ideal of a Lie algebra is said to be the nilradical of the algebra.
Definition 3. An n-dimensional Lie algebra £ is said to be filiform if dim £ =n — i, for 2 <i < n.
Now let us define a natural gradation for the nilpotent Lie algebras.
Definition 4. Given a nilpotent Lie algebra £ with nilindex s, put £; = £1/£F1 1 <i < s—1, and
Gr(€)=L10L®...0 L,_1. Define the product in the vector space Gr(L) as follows:
o+ £y + & o= ] + £
where v € £/ y € £7 /8T Then [£;,£;] C £i4; and we obtain the graded algebra Gr(£). If Gr(£) and
£ are isomorphic, then we say that the algebra £ is naturally graded.

It is well known that there are two types of naturally graded filiform Lie algebras. In fact, the second
type will appear only in the case when the dimension of the algebra is even.

Theorem 1.[25] Any naturally graded filiform Lie algebra is isomorphic to one of the following non-
isomorphic algebras:

N1t e, el =eip1, 2<

<i

<n-1
Qon: e e1] = eiq1, 2 2

7
<2n—2, e, eami1-i] = (—1)'ean, 2<i<n.
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All solvable Lie algebras whose nilradical is the naturally graded filiform Lie algebra n, ; are classified
in [23] (n > 4). Furthermore, solvable Lie algebras whose nilradical is the naturally graded filiform Lie algebra
o, are classified in [1]. It is proved that the dimension of a solvable Lie algebra whose nilradical is isomorphic
to an n-dimensional naturally graded filiform Lie algebra is not greater than n + 2.

Here we give the list of such solvable Lie algebras. We denote by 5;71 solvable Lie algebras with nilradical
1,1 and codimension one, and by s, » with codimension two:

51 (B) [6iael]:ei+17 QS’LSTL—I, [617h}:61, [el7h]:(7’_2+ﬁ)eza 2§’LSTL,

n,l
s leie1] =eiy1, 2<i<n—1, [e;,h]=e; 2 << n;
I [ei,e1] =€ip1, 2<i<n-—1, [e1,h]=e1+e2, [e;h]=(G—1)e;, 2<i<mn;
n
spq(as, 0, ano1) e el =eiq1, 2<i<n—1, [ejhl=ei+ Y ampi—en 2<i<m;

l=i+2

lei,e1] =€ir1, 2<i<n-—1, [e1,hi]=e1,
2t
" [ei,hl]:(i72)€i, 3§Z§TL, [ei,hg]:ei, 2§z§n
Any solvable complex Lie algebra of dimension 2n + 1 with nilradical isomorphic to s, is isomorphic to
one of the following algebras:

e er] = eiv1, 2<i<2n—2, [es,eani1—i) = (—1)le2n, 2<i<n,

tont1(A):
1) {[elﬁh] =e1, [enx]=(—-2+Ne;, 2<i<2n—1, [ez,h] = (2n — 3+ 2)\)ean;

leier] =e€iq1, 2<i<2n—2, [ej,eanq1—i] = (—1)'en, 2< i<,
tont1(2—n,€) 1 Qler, h] = e1 +eeapn, e =—1,1, [e;, h] = (1 — n)e;, 2<i<2n—1,

[6271’ x] = €2n;

leierl] =e€iy1, 2<i<2n—2, [e;,eonq1-i) = (—1)'€2n, 2<i<m,
)\ )\ . [2n,—22—i]
ton1Asr s don—1) ) feyi b = eori+ Y Aoksreantiris 0< i< 2n—6,
k=2
[62n—i; h] = €2n—i, 1= 17 2737 [€2n7 h} = 262n~

Moreover, the first nonvanishing parameter Aoiy1 can be normalized to 1.

Finally, for any n > 3 there is only one solvable Lie algebra te,+2 of dimension 2n + 2 having a nilradical
isomorphic to Qa,, :

leise1] = eip1, 2<i<2n—2, [e;,eamp1—i) = (—1)'ean, 2<i<nmn,
tongo @ & [€ish1] =de;, 1<i<2n—1, [ean, h1] = (2n + 1)ean,
[ei,hg] = €4, 2§Z §2TL71, [62n,h2] :262n~
Now we describe derivation of solvable Lie algebras with filiform nilradical algebras.

Theorem 2. Any derivation of the algebras s, 1 (3), 52 1, 85 1, 55 1 (3, ..., 1), tans1(A), t2ng1(2—n,¢)
and ton+1(As, A6, - - ., Aan—1) has the following form:

o for the algebra s, ,(3) :

n—1 n
p(h) = —Bser + Y cip1(i— 24 Blei + Suen,  pler) = Y aies,  p(es) = Baea + Baes,
=2 i=1

ple)) = (B2 + (i —2)ar)ei + fzeiv1, 3<i<n—1, ¢(en) = ((n—2)a1 + B2)en,
with the restriction (8 — 1)as = 0.
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e for the algebra s? | :
n—1 n n
p(h) =Y qipiei+0nen, @ler) = arer+ Y aiei, plea) =) Bies,
i=2 i=3 i=2
ple) = ((i — 2)ar + Ba)e; + Z Bj—it2ej, 3<i<n.
j=it+1
o for the algebras 5%71 :
n—1 n
p(h) = —Bser + (a3 — Ba)ea + 3 (i — Dai1e; + 0nen,  pler) = > aje;,
i=3 i=1
p(ei) = ((i = 2)ar + Ba)e; + Bzeipr, 2<i<n.
e for the algebra s, | (a3, 0, ..., an_1)
n—1 i—1 n
o(h) = Z(ﬂiﬂ + Zﬂjaiﬂ‘ﬁ)@i +0nen, ple1) = Zﬁiei,
i=2 j=3 i=3
plei) = poei+ Y pj—it2ej, 2<i<n.
j=i+1
e for the algebra to,1(\) :
2n—1
p(h) = > (i — 2+ Ne; + Ganean,
i=2
2n—1
ple1) = arer + Z aie;, p(e2) = Paea + Panean,
i=3

QD(GZ) = ((’L — 2)0(1 + BQ)@Z' + (*l)iilagn_i_;'_gegn, 3 § 7 S 2n — 17
plean) = ((2n — 3)ou + 2B2)ean.

e for the algebra to,+1(2 —n,¢) :

2n 2n
p(h) =) biei, pler) =D aiei, plea) = Baea + Baes + Panean,
=1 =1

plei) = ((i — 2)aq + B2)e; + Baeiyr + (—1)1;1062”4.2_1'62”, 3<1<2n —1,
w(ean) = ((2n — 3)ay + 262)ean.

e for the algebra to,11(As, ..., Aap_1) :

2n—1 7] 2n—1
p(h) =Y (air1+ Y Aaks10iookr2)ei + 0anean, pler) = arer + Y | aiei,
=2 k=2 =3

80(62) = /3262 + ﬂ2n62n7 80(61) = ((Z - 2)@1 + BQ)ei + (_1)7;_10127171'4,262,”, 3 é 7 S 2’]’],7
plean) = ((2n — 3)ou + 2B2)ean.

Proof. The proof follows from straightforward calculations and the definition of derivation.

3. Local derivation on solvable Lie algebras with naturally graded filiform nilradical
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In this section, we study local derivations on solvable Lie algebras with naturally graded filiform nilradicals
1,1 and op,. In the following theorem, we describe local derivations of solvable Lie algebras with naturally
graded filiform nilradicals n,, 1 and Qa,,.

Theorem 3. Any local derivation of the algebras s}, 1(B), s21, S5 1, Sn1(as, ..., 1), tans1(N),
ton+1(2 — n,e) and tant1(As, Ag, - - -y Aan—1) has the following form:

o for the algebra s, ,(8) :

h) = me% Aler) = meei,
i=1 i=1
Ale;) = biei +biy1€i41, 2<i<n,
with the restriction (8 — 1)bg 1 = 0.
o for the algebra s, ; :

szoew (e1) = b1 161+sz1€u

=3

2) = me% Ae;) = ij,ieja 3<i<n.
i=2

g=i

e for the algebras 5n 1

n n
= bioei, Aler) =) bises,
i1 im1
Ale;) = biei + b1 €41, 2<i<n;

e for the algebra 5?171(0437 Qgyeey 1)

h) = sz‘,oei, Afer) = meem
i=2 i=3

A(ez) = Z bj,iej, 2 S ) S n.

j=i
e for the algebra to,11(\) :
2n 2n—1
sz o€i, Aer) =bier+ Z bi1ei, A(ez) = by oea + bay 2e2n,

1=3
Ale;) = bm'ez' +bionean, 3<i<2n-—1, A(ezn) = ban2n€on.

e for the algebra to,11(2 — n,e) :

= E bi o€, E birei, Alez) =bages + bz 2es + bap 260y,

Ale;) = b ie; + b1 €41 + bi,2n62na 3<i<2n—1, Ales) = boy2ne2n.

o for the algebra to,11(A5,. .., Aap—1):
2n—1
Zb o€i, Aler) =byer + Z b; 1€,
1=3

Ales) = b2,262 + bon2ean, A(e) =biiei+bionean, 3<1<2n, A(ezn) = ban2n€2n-
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Proof. We prove the theorem for the algebra 5721’1, and for the algebras 5}171(5), 52’17 531(043,044, ceQp1),

ton+1(A), t2n41(2—n,€) and va,41(As, e, - -

on 57 ; and let B be the matrix of A :

., Aap—1) the proofs are similar. Let A be an arbitrary local derivation

bo.o bo,1 bo,n—1 bo.n

bl,O bl,l bl,n—l bl,n

D b2,0 b2,1 b2,n—1 b2,n
bnfl,() bnfl,l bnfl,nfl bnfl,n

bn,O bn,l bn,nfl bn,n

n
By the definition for all z = zoh + Y x;e; € 55, there exists a derivation D, on s, ; such that
=1

A(z) = Dy(x).

By Theorem [2]|, D, has the following matrix representation:

0 0 0 0 0 0 0
0 of 0 0 0 0 0
lo% 0 > 0 0 0 0
af af s af + B3 0 0 0
B,=| of of B B af +26 0 0
Ap_1 Qo Png B3 —4 T 0 0
a0 -1 Br—2 -3 af +(n—3)835 0
o o n 1 2 B3 af +(n—2)83

Let B be the matrix of A then by choosing subsequently © = h,z = €1, ...,z = e, and using A(z) = D, (z),
i.e. BT = D, (T), where T is the vector corresponding to x, which implies

0 0 0 0 0 0 0
0 by 0 0 0 0 0
boo 0 bys 0 0 0 0
b3 0 b3 1 b3,2 b33 0 0 0
B = bao b1 ba o bas baa 0 0
bp—20 bp—21 bn—22 bn_23 bp_24 --- 0 0
bpn-10 bn—11 bn—12 bn—13 bu_14 bp—1n-1 0
bn,O bn,l bn,2 bn,S bn,4 bn,n—l bn n

s

n
Using again A(x) = D, (), i.e. BT = B,(T), where T is the vector corresponding to x = xoh + > x;e;,
i=1
we obtain the next system of equalities

b1 171 = afzy,
baoxo + booxe = afxo + fFxe,
i i
> bijx; =aixotafrr+ Y0 B s+ (of + (- 2)B3)xi, 3<i<n-—1,
=0 =3
n n—1
> by jzj = 0pro +anz1+ Y Brio iz + (af + (0 —2)B3)x,.
=0 i=2

Let us consider the next cases:
Case 1: If g # 0, then
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b _ x
o = by + P22 P72
Lo

-

bijr; — ofar — 23 B jpszi—1— (of + (1 — 2)B3)z;
]:

a;p+1:g:o 3<i<n—1,
To
n n—1
> bnjry —ana — 3o B£+2—jxj —(af + (n—2)B5)zy
5e — =0 j=2
n xo )
where af, 85,05, -+, By defined arbitrary.
Case 2: If zp = 0 and =1 # 0, then of = b; 1,
21 bijr; — gﬁf_ﬁgﬂ?j—l —(af + (i —2)B3)x;
Oéf:J_ = ) 3§2§n71,
T
n n—1
> bz — > Bria_jzi — (af + (0 —2)B5)zn
af = Jj=1 Jj=2
n :1:1 9’
where o, 65,55, , B, 0% defined arbitrary.
Case 3: If zp = 21 = 0 and z3 # 0, then 85 = by 2,
2 bigry = 30 B jpawi—1 — (of + (0 = 2)B5)w;
gr =122 =4 3<i<n,
)
where of, a3, -+, ok, 6% defined arbitrary.
Case &:lfxp=a1=..=2-1=0and 2, #0, 3 <t <mn, then 85 =b,, — (t — 2)af,
i i ‘
_; ) bijz; — _Xt: 25f7j+39€j—1 — (of + (i — 2)B3)xi
B tsr = big+ = . t+l<i<n,

Tt

where af, a3, -+ ,a?, 6% defined arbitrary.

This completes the proof.

In the following table, we give the dimensions of the spaces of derivations and local derivations of solvable
Lie algebras with naturally graded filiform nilradical:

Algebra dim Der dim LocDer
s, 1(6) n+3 6n — 2
52, n—1 n1)nt1)
N n+3 4n —2
siyl(ozg,oal,...,ozn_l) 2n — 2 nt3n-6
tant1(A) 2n+1 8n —6
ton+1(2 — n,e) dn + 3 10n —5
tont1( A5, oy A2n—1) 2n + 1 8n —3
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Corollary. Solvable Lie algebras s}, 1(8), sz 1, 851, §p1(03,...,an_1), tans1(A), tong1(2 — n,e) and
t2n+1( A5, Agy -« -y Aan—1) admit a local derivation which is not a derivation.
Remark.

In this paper, we have considered only those solvable Lie algebras, whose complementary space is one

dimensional. Since the classification of local derivations on solvable Lie algebras of mazximal rank was obtained
in [18], we have restricted our investigation here to the case dim(complementary space) = 1.
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REZYUME

Ushbu ishda biz nilradikali tabily gradurlangan filiform bo‘lgan chekli o‘lchamli yechiluvchan Li
algebralarining differensiallashlari va lokal differensiallashlarini o‘rganilgan. Aniq qilib aytganda, bu
algebralarning differensiallashlari va lokal differensiallashlarining umumiy matritsaviy ko‘rinishlari
keltirilgan. Bu algebralarda differensiallash bo‘lmagan lokal differensiallashlar mavjudligini
ko‘rsatilgan.

Kalit so‘zlar: Lie algebrasi, differensiallash, yechiluvchan Li algebrasi, lokal differensiallash.

PE3IOME

B macrosmeit pabore Mbl nccmeayem auddepeHImpoBaHus U JOKAIbHBIE ArudPepeHImpoBaHnus Ko-
HETHOMEPHBIX Pa3pentuMbIX aiaredp JIn, HUIbpaJuKasIbl, sBISIONINECST eCTECTBEHHO DALy HPOBAH-
HbIMU QUIH(MOPMHBIMU HUJIbPAIUKAIAMKI. B 4acTHOCTH yCTAHABJIMBAETCS OOIIUIT BUJ MATPHII, 3a-
naromux auddepeHImpoBaHus U JIOKaJIbHbIE M depeHnpoBannst 3Tux ajaredp. Mbl mokasbiBaeM,
9TO B YKa3aHHBIX ajiredpax CyIecTBYIOT JOKAJIbHbIE TuddOEepPeHIMPOBaHUs, He CBOJISIIIECS K -
depeHITpPOBaHUIM.

Karouesnie caosa: anrebpa JIu, nuddepenimposanns, pasperruMmbie ajgreopa Jlu, TokaabHbIE
b depeHInpoBaHMS.
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RESUME

This paper has been devoted to establishing abstract characterizations of the sequence space I and
the Schatten ideal C', demonstrating that both are uniquely determined within their respective
classes by natural axiomatic properties.

Key words: non-increasing rearrangement, symmetric sequence space, compact operator, Banach
ideals of compact operators, Calkin’s construction.

Let [°° (respectively, ¢y) be the Banach space of bounded (respectively, converging to zero) sequences
{&,}22, of complex numbers equipped with the uniform norm [|{&,}|lcc = sup |&,|, where N is the set of natural
neN

numbers.
In [°° we consider the natural partial order

{&} <{m} <= & <mn, forall neN.
If € = {€,}52, €[>, then the non-increasing rearrangement £* : (0,00) — (0,00) of £ is defined by
§°(t) = inf{A: p{|¢] > A} <}, £ >0,

(see, for example, [1, Ch. 2, Definition 1.5]). As such, the non-increasing rearrangement of a sequence {£,}32; €
> can be identified with the sequence £* = {£;}°2,, where

§fl:inf{sup|§n| :FCN, |F] <n}.
n¢F

If {£n} € co, then & | 0; in this case there exists a bijection m : N — N such that [{,,)| =&, n € N.
Hardy-Littlewood-Polya partial order in the space [*° is defined as follows:

E={&}==<n=1{n} < DY & <> nm; forall meN.
n=1 n=1

A non-zero linear subspace E C [*° with a Banach norm || - |g is called a symmetric (fully symmetric)
sequence space if

neE,£ecl® & <n* (resp., & <<n*) = € FE and ||¢|lg < |nlle.

Every fully symmetric sequence space is a symmetric sequence space. The converse is not true in general. At
the same time, any separable symmetric sequence space is a fully symmetric space.

If (E,| - ||g) is a symmetric sequence space, then

1€lle = €[z = lI€7]le forall &€ E.

Besides, (Ep, || - ||g) is a Banach lattice with respect to the partial order induced from [°°.
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We say that the norm in a symmetric sequence space (E, || - | g) is said to have the Fatou property if from
the conditions
0<z™ <z e B nelN, suplz™|z < oo,
n

it follows that
supz™ € E and ||z||z = sup [|=™| &.
n>1 n>1
It is known [1, Chapter II, §2.4, Theorem 2.4.2, pp. 44-46] that the norm of every fully symmetric sequence
space ((E,] - ||g) has the Fatou property. But general symmetric sequence spaces (not fully symmetric) do not
always have the Fatou property.

Immediate examples of fully symmetric sequence spaces are (I°°)| - ]le), (co,]| ]loo) and the
Banach spaces
I~ 1/p
== (e, €1 el = (Z w) <oy, 1<p<oo
n=1
For any symmetric sequence space (E, | - ||g) the following continuous embeddings hold [1, Ch. 2, § 6, Theorem

6.6]: (15 1 ll1) < (B, [l - le) € (1% 1] - lloo)- Besides, [|¢]lp < [[€]l1 for all € € 1" and [|€]| < [|&]| for all § € E.

If there is £ € E \ cg, then £* > al for some o > 0, where 1 = {1,1,...}. Consequently, 1 € E and
E = [°. Therefore, either £ C ¢y or E =1[*.

Now, let (H,(-,-)) be an infinite-dimensional separabel Hilbert space over C, and let (B(H), || - |loo) be
the C*—algebra of all bounded linear operators in H. Denote by IC(H) (F(H)) the two-sided ideal of compact
(respectively, finite rank) linear operators in B(H). It is well known that, for any proper two-sided ideal Z C
B(H).

Denote By (H) = {x € B(H) : x = 2*}, By (H) = {x € By(H) : © > 0}, and let 7 : BL(H) — [0, 00] be the
canonical trace on B(H), that is,

T(LL') = Z(ija%@j)» T e B+(H)v
jed
where {¢;};cs is an orthonormal basis in H (see, for example, [5, Ch.7, E. 7.5]).

Let P(H) = {e € B(H) : e = €2 = e*} be the lattice of projectors in B(H). If 1 is the identity of B(H)

and e € P(H), we will write et =1 —e.

Let « € B(H), and let {ex(|z])}a>0 be the spectral family of projections for the absolute value |z| =
(z*z)'/2 of x, that is, ex(|z|) = {|z| < A\}. If ¢ > 0, then the t-th generalized singular number of x, or the
non-increasing rearrangement of x, is defined as

pe(z) = inf{\ > 0: 7(ex(|z])*) <t}

(see [2]).
A non-zero linear subspace X C B(#) with a Banach norm || - |x is called symmetric (fully symmetric)
if the conditions
zeX, yeBH), m(y) <p(z) foral ¢>0

(respectively,

S

r e X, yeB(H), /ut(y)dt < /ut(x)dt for all s >0 (writing y << x))
0 0

imply that y € X and ||y|lx < |z|x.
The spaces (B(H), ] - |lso) and (K(H), | - |lco) as well as the classical Banach two-sided ideals

C?={z e KH): ||, =r(jef)/? < 00}, 1 <p < o0,

are examples of fully symmetric spaces.
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It should be noted that for every symmetric space (X, || - ||x) € B(H) and all z € X, a,b € B(H),
lellx = el lx = ll="[lx, azbe X, and [lazb]x < |lalloo|[bflcoll2lx-

Remark 1. If X C B(H) is a symmetric space and there exists a projection e € P(H) N X such that
7(e) = oo, that is, dime(H) = oo, then pi(e) = (1) = 1 for every t € (0,00). Consequently, 1 € X and
X = B(H). If X # B(H) and x € X, then ex(|z|)* = {|z| > A} is a finite-dimensional projection, that is,
dim ey (|z)t(H) < oo for all A > 0. This means that x € K(H), hence X C K(H). Therefore, either X = B(H)
or X C K(H).

m(z)
n=1

m(z)
If x € K(H), then |z| = 3 sn(x)pn (if m(z) = oo, the series converges uniformly), where {s,(z)}
=1

n
is the set of singular values of x, that is, the set of eigenvalues of the compact operator |z| in the decreasing
order, and p,, is the projection onto the eigenspace corresponding to s, (x). Consequently, the non-increasing
rearrangement p(z) of z € K(H) can be identified with the sequence {s, ()}, s,(x) 4 0 (if m(z) < oo, we
set sp(x) =0 for all n > m(x)).

Let (X,||‘|lx) € K(H) be a symmetric space. Fix an orthonormal basis {¢, }nen in H. Let p,, be the
one-dimensional projection on the subspace C - ¢, C H. It is clear that the set

E(X) = {5 = (&) €0t T =Y upn € X}
n=1

(the series converges uniformly), is a symmetric sequence space with respect to the norm ||| g(x) = [|z¢l|x-
Consequently, each symmetric subspace (X, | - ||x) C K(H) uniquely generates a symmetric sequence space
(E(X),|l - lzx)) C co. The converse is also true: every symmetric sequence space (£, | - ||g) C co uniquely
generates a symmetric space (Cg, || - |lc;) C K(H) by the following rule (see, for example, [4, Ch. 3, Section 3.5]):

Ce={r € KH): {su(x)} € B}, [zllcy = [{sn(2)}]&-
In addition,
E(Ce)=FE, || ' lece) =" le: Coer) =Cr, I llcpe,, = Il - llcs-

The construction described above is known as Calkin’s construction.

We will call the pair (Cg, || - ||c,;) & Banach ideal of compact operators (cf. [3, Ch.III]). It is known that
€11+ NIp) = Cir, || - lleyy) for all 1 < p < 00 and (K(H), || - o) = (Ceq: | - llec,)-
Hardy-Littlewood-Polya partial order in the Banach ideal IC(#) is defined by

v <<y, 2,y €KH) < {su(@)} << {sa()}.

We say that a Banach ideal (Cg, || - |lc) is fully symmetric if conditions y € Cg, x € K(H), © << y entail that
x € Cg and ||z|lcp < ||ylles- It is clear that (Cg, || - |lcg) is a fully symmetric ideal if and only if (E, | - ||g) is a
fully symmetric sequence space.

Examples of fully symmetric ideals include (K(H), | - |lco) as well as the Banach ideals (C?, || - ||,) for all
1 < p < oco. It is clear that C! C Crp C K(H) for every symmetric sequence space E C co with ||z]c, < ||z|1
and ||y|lco < ||yllcy for all z € Ct and y € Cg.

Abstract characterizations of spaces /' and C!

Let us consider

E=1'= {z:{xn}noozl C(C:i|xn| <oo}.

n=1

In the linear space I! we define coordinate-wise multiplication

Ty ={TnYn}pe1, T,YE I,

and let |z| = {|z,|}52,.
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Proposition 2. If 2,y € I' and x -y = 0, then
2+ gl = Nzl + llyll-

Proof. Since z,y, = 0 for each n, at least one of z,,y, vanishes for each coordinate. Thus
|0+ Ynl = |zn] + [ynl.

Summing over n yields
o0 oo oo
S Izt ynl = lzal + > lnl,
n=1 n=1 n=1

that is, |z + yll1 = [|[z[l1 + [[yll1- O

Motivated by Proposition 2, we would like to characterize all symmetric sequence spaces (E, | - |g) for
which this additivity property holds.

Theorem 3. Let (E, || - ||g) C co be a fully symmetric space such that
lz+ylle =llzle +llyle, Ve,yekE, z-y=0.

Then E =1' and ||z||g = ||z||1 or ||z||g = a - ||z|1 for all z € E, where o some positive number, depending on
- lle-
Proof. Pick any nonzero z € E. Then z* € E, and «} > 0. Consider y = (27,0,0,...). Clearly y << z*,
hence y € E. Therefore e; = a:%y = {1,0,0,...} € E. By permutation invariance, all unit vectors e, =
1

{0,0,...,0,1,0,...} € E, where 1 in the n-th position, n € N.
Set a := ||en||g (independent of n). If & = 0, then E = {0}, which we exclude. Rescale the norm if
necessary so that a = 1.

Now for any x € E, with decreasing rearrangement z* = {z},z3, ...}, define partial sums

k
z®) = E Zyen.
n=1
Since the vectors x} e, are supported on disjoint coordinates, then from the condition of theorem we get
k k k
k _ * _ * _ *
12PN =" llhealls = Y @rllenlls =Y ar
n=1 n=1 n=1

Thus [[2®) || g = S _, o7
Because z(®) 1 z* and F has the Fatou property,

00
lz*||p = lim [|z®]|lp =) o}
k—o0
n=1

Hence x* € ! and ||2*| g = ||z||1. Therefore x € I* and ||z||g = ||z|:.
This shows E = [! as sets, and || - ||z = || - ||1 after normalization. Without normalization, |- ||z = a|| - |1
with o > 0. O

Now, using the Calkin’s construction, we pass to operator ideals.

Theorem 4. Let (Cg, || - ||cg) be a fully symmetric ideal in K(H) such that
[A+ Blles = [[Alles + |Blles
for all A,B € Cg with A= A*, B= B*, and AB =0. Then

Cr: I llex) = (€ all - |[1), where a > 0.
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Proof. Let take z,y € F with z -y = 6. Choose an orthonormal basis {¢,} in H and define diagonal
operators

A(pn) = |2n|pn, B(on) = |Ynlen.

Then A, B are compact, self-adjoint, and AB = 0. Their singular values sequences are {s,(A4)}52, = |z|*,
{sn(B)}aZ1 =yl and {sn(A+ B)}32; = [z +y|" = (|2 + [y])".
The condition of theorem gives

A+ Bllcy = l|Alles + [|Blles
which translates to

e+ ylle = llzlle + llylle-

By Theorem 3, it follows that E = [* and || - || is (up to a constant) the I! norm. Hence Cx = C' and || - [|c,,
coincides with the norm «f| - ||; for some a > 0. O

Conclusion. In the framework of Banach lattice theory, a norm is said to be disjointly additive if

e +yll = ll=l + 1yl (= Ly),

that is, whenever x and y are disjointly supported.

The results established above show that, within the class of fully symmetric sequence spaces, this property
uniquely characterizes I'. Thus, I' emerges as the only symmetric sequence space in which disjointness of
elements is precisely encoded by additivity of the norm.

On the other hand, in the setting of operator ideals, the analogous additivity condition
lA+ B| = ||All + 1|1 B]l (A, B self-adjoint, AB =0)

uniquely characterizes the trace class C! equipped with the trace norm (up to a constant factor). Hence, C!
appears as the only fully symmetric ideal in which orthogonality of operators is exactly reflected by additivity
of the norm.
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REZYUME

Ushbu maqola [! ketma-ketlik fazosining va C' Shatten idealining abstrakt xarakterizatsiyalarini
berishga bag’ishlangan bo’lib, ularning har ikkisi ham o’z sinflarida tabiiy aksiomatik xossalari orqali
yagona tarzda aniqlanishi ko’rsatiladi.

Kalit so‘zlar: o’smaydigan o’rin almashtirish, simmetrik ketma-ketlik fazosi, kompakt operator,
kompakt operatorlar Banax ideali, Kalkin munosabati.
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PE3IOME

Hacrositmast craTbst OCBSIIEHA YCTAHOBICHIIO A0CTPAKTHBIX XaPAKTEPU3AINIT ITPOCTPAHCTBA, [TOCJIe-
nosarenbuocteii [ n mieana Illarrena C', mokaseisas, 4To 06a OHH YHHKAJILHO OIIPEIEIAIOTCS B
CBOWX KJIACCAX €CTECTBEHHBIMU AKCHOMATHIECKUMU CBOHCTBAMU.

Karouesbie ca08a.: HeBO3PACTAIOINIAs IIEPECTAHOBKA, CHMMETPUIHOE IIPOCTPAHCTBO IOCJIEI0BATE b
HOCTel, baHaxoBbl KOMIAKTHBINA orneparop, baHaxoBbl Maeasbl KOMIIAKTHBIX OIEPATOPOB, COOTBET-
crBue Kajyikuna.
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RESUME

In this article, the theorem of de Thélin and Dinh stating that the support of measures with large
entropy for endomorphisms lies in the Julia set is proved by a new method, via the rate of convergence
to the equidistributed measure.

Key words: Ergodic measure, entropy and endomorphism.

1. Introduction

The study of the dynamics of holomorphic endomorphisms of complex projective spaces P¥ := P*(C) is
a central topic in complex dynamics, see for instance |7, 12| for an overview of the subject. Let f : P* — P* be
an endomorphism of algebraic degree d > 2. There exists a canonical positive closed f*-invariant (1, 1)-current
T, called the Green current of f, with the property that the sequence d~"(f")*wq converges to T for every
smooth positive closed (1, 1)-form wqy of mass 1. The current T has strong geometric properties, in particular, it
has Holder continuous potentials. As a consequence, the measure p := T/* is well-defined, and it is the unique
measure of maximal entropy klInd of f [2, 10]. Its support is called the Julia set of f. By a result of de Thélin
and Dinh [8, 9], every ergodic measure whose measure-theoretic entropy is strictly larger than (k—1)Ind is also
supported on the Julia set of f.

Theorem 1. Let f be a holomorphic endomorphism of algebraic degree d > 2 of P*. If v is a f—invariant
measure with entropy h,(f) > (k—1)Ind then the support of v is supported on the Julia set J.

The proof given in [8, 9] of the above property crucially relies on the existence of the Green current. In
particular, it follows from a delicate induction which makes use of the successive self-intersections TV of the
Green current 7. In this paper, we provide an alternative proof based on the rate of convergence towards the
measure of maximal entropy.

2. Preliminary notions and a proof of Theorem 1.

Let w be the Fubini-Study metric on P*. The distance dist which we use below is with respect to the
Fubini-Study metric. Let us recall some notions and definitions which we use in sequel. Let f : P¥ — P* be
an endomorphism of degree d > 2 and v be an ergodic f—invariant probability measure on P*. For n > 0, the
Bowen metric defines as follows:

_ e j
o) = | max | dist(f7(2), £ (w)).
For z € P*, let
Bpn(z,7) :={w € P* : d,,(z,w) <7}

be the closed ball of radius r with respect to d,,. Then, the quantity

1
sup liminf —— Inv(B,(z,1))

r>0 N—00 n
takes a constant value ¢ = ¢(f,v) v-almost everywhere. We then define the metric entropy h,(f) of v (with
respect to f) as h,(f) := c. It is easy to see that h,(f) > 0. As we mentioned above, the Green measure p is the
measure of maximal entropy klnd for f. An ergodic f—invariant probability measure v is called the measure

with large entropy if A, (f) > (k—1) log d. Before studying the measures of large entropy, we need to recall some
result which we use in sequel.
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We use the following theorem, which is proven by Dinh and Sibony (see [6, Theorem 1.1]).

Theorem 2. Let f be a holomorphic endomorphism of algebraic degree d > 2 of P*. Let p be the
equilibrium measure of f and 1 < X\ < d a constant. There is a invariant proper analytic subset E), possibly
empty, of P¥ such that if a is a point out of E) and ¢ € C2(P*) function, then

o 1 n
{(d™™ (™) 60 — )] < All0l2 <1+ln+ diSt(a,E)\)> 4 N

where A is a constant independent of a and n.

We call the set E\ which is given in Theorem 2 is A-exceptional set of f. We have the following corollary
of the above theorem.

Lemma 3. Let f,\,v and Ey be as in Theorem and v be a finite measure on P*. Then for any 1 with
suppty) N suppp = () there exists a constant A > 0 such that

—nk( fn\* —n 1
@y )] < Al [ <1+1og+ CM) v, )

Proof. If v = 0 then (3) is clear. If v is a probability measure on P* then (3) directly follows from (2) by writing

v as a limit of a sum of Dirac measures. Assume now v(P¥) # 0. Define 7 = W. Since  is a probability

measure we have 1
—nk( pnyx -~ -n + %
ey = ol < Allax [ (1108 s Y
Since suppty) N suppu = () we have
A (), )] = 1 () = (PR, )
= v(P*Y(d™ R (f™) D — p, )]
< Apllx (@) [ (14107
Pk

dv

diSt(aaE/\))

1
<A T (L logT e ) dv
< A2 /w( tog dist(a,EA))dV

The proof is complete. O

We recall the definition of box-counting dimension. Let E C P* be aset and E; := {z € P* : dist(z, E) < t}
with ¢t > 0. The upper box-counting dimension of E is defined as

_ Invol(F,
dimgFE = 2k — lim sup L(t).
t—0 Int

From the definition we can see the following properties (for more details see [11]):

1. if upper box-counting dimension is less than 2k then there exists @ > 0 such that for small ¢ we have
VOl(Et) < te.

2. if F is a p—dimensional analytic set then dimpF = 2p.

Let us prove the following lemma.

Lemma 4. Let E C P* be a set with upper box-counting dimension strictly less than 2k. Then
In" gty € L' (P, wh).

Proof. Since upper box-counting dimension of E is less than 2k there exists a > 0 so that if E; is a t¢-
neighbourhood of E with ¢ > 0 small enough we have vol(E;) < t* (see [11]). We claim that

1
Int ————wF = 0(t*?), t = 0.
/Et . dist(z,E)w of ),
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Indeed,

1 - 1
1 +_ -k < / 1 +_ -  k
/Et t dist(z,E)w - Z EL\E t dist(z,E)w

1=0 7L\t
gZ((l+2)ln2—lnt)/ wk
1=0 E+ \E_+
ol PYES]

(0%

gi((zm)m —Int)

2
=0
e toz/?
=0

=o(t*/?), t — 0.

Since In* m is continuous outside Ey, the above claim follows In* m € L'(PP*). The proof is complete.
’ ’ O

Proof of Theorem 1. Let F C P\ J such that F NJ = () and W be an open neighbourhood of F with
W N J = 0. By using Gromov’s contruction [10] we have

he(f, F) = he(f, FNK) <lov(f, W) := lim sup L volume(T'Y)
n

n—0o0

where
W = {(2, f(2), .., f"1(2)), 2 € WNPF}.

Note that

vol(T) = > /me(fm)*w A A () w.

0<n;<n—1

We shall estimate above each term of the sum in the right hand side of the last equation. Without lost
of generality assume n; < n; for 1 <i<k.Let Q =w A ... A (f™ "™ )*w. Take a smooth function 0 < ¢ <1 so
that ¢|w = 1 and W NJ =0 where W = suppy. For A with 1 < A < d, let Ey be the A-exceptional set of f.
Since pfy;, = 0 by Lemma 3 we have

Pk G () =[((fM) Q= d )

<AdF™ " I+Int ———— | Q
<Ad™[3ll2A /Pk( T diSt(Z,EA)>

<A@ty @ e [, (1wt

- k
diSt(Z, E)\)> v

In the last estimate we used Q < d™—matne—i—mtotna—ni b < (gh=lyn=nik Gince upper box-counting
dimension of E) is less than 2k by using Lemma 4 we deduce that there exists Ay independent of n so that

e (m)es Ag(@=tymmma (@ /A)™ < Ag(dh/A)". (4)
-
From (4) it follows that
/ (F™ Y w0 A A (7Y w0 < Ag(dE /A)™
WPk
Finally, we have
vol(TW) < Agn*(d* /)"
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and

1 ,
limsup — Invol(T'Y) < In(d*/\).

n—oo T

Consequently, we have

(k—1)Ind < h,(f) <In (d;) .

Since A is an arbitrary constant such that 1 < A < d, this leads to a contradiction. O
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REZYUME

Ushbu magqolada endomorfizmlar uchun de Thélin hamda Dinh tomonidan isbotlangan katta
entropiyali o‘lchovlarning havzasi Julia to‘plamida yotishi haqidagi teorema tekis tagsimlangan
o‘lchovga yaqinlashish tezligi orqali yangicha usulda isbotlangan.

Kalit so‘zlar: Ergodik o‘lchov, entropiya, endomorfizm.
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PE3IOME

B mammoit crarbe npuseseno HoBoe mokaszareabcTBO Teopembl de Thélin u Dinh o Tom, uro bGacceitn
Mep ¢ OOBIIoit SHTpONHMeil st SHIOMOPGPU3MOB JIEXKUT B MHOXKecTBe 7Kronma. JlokazaTenrbecTBo
OCHOBAHO Ha CKOPOCTHU CXOJIMMOCTH K PABHOMEPHO PACIIPEIeSIEHHON Mepe.

Karouesvie ca08a: Jpromudeckasi Mepa, SHTPOIUsI, IHIOMOPMU3M.
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RESUME

We study the Lyapounov exponent of ergodic invariant measures for Henon-like maps under
appropriate entropy conditions. Specifically, we consider an ergodic measure v for a Henon-like
map f satisfying h, (f) > log d;il when d;tl < d. We establish that v has at least p strictly positive
Lyapounov exponents bounded below by (hl,( f) —log d;_l) /2k. These results provide insight into
the interplay between entropy, degree growth, and Lyapounov exponents in the dynamical behavior
of Henon-like maps.

Key words: Entropy, Horizontal-like map, Lyapounov exponent.

Introduction

In this paper, we investigate invertible horizontal-like in higer dimension. A horizontal-like map is essentially a
holomorphic map defined on a bounded convex domain D C CF, exhibiting an expanding behavior in p directions
while contracting in the remaining k£ — p directions. Precise information is formally provided in Definition 1.
The dynamical degrees of horizontal-like maps are play important role in our work. Consider convex, bounded
open subsets M’ € M and N’ € N, and let D := M x N and D' := M’ x N’ such that f~*(D) C M’ x N and
f(D) C M x N'. For each 0 < s < p, we define the dynamical degree dI of f as follows:

1/n
df = d(f) »= limsup {Sgp 1), S|foN}
n—oo

where the supremum is taken over all positive closed horizontal currents S of bidegree (k — s,k — s) on D' =
M’ x N' with the mass ||S||pr = 1. For a precise behaviour of these dynamical degrees, see [1, 3| and [2] for the
case of polynomial-like maps. In this work we show that when the main dynamical degree of Henon-like map
f is larger than other ones, the ergodic, f— invariant measure v with satisfying h, > log d;_l is hyperbolic: it
admits p stricly positive and k — p stricly negative Lyapounov exponents.

Preliminaries

In this section, we recall several fundamental definitions and preliminary results that will be used in the
subsequent sections of the paper.

Let p and k be integers with £ > 2 and 1 < p < k — 1. Let M C C? and N C C*~P be two bounded,
convex domains. Consider the product domain D := M x N C CF. We define the wertical boundary of D as
Oy D := OM x N and the horizontal boundary as 0D := M x ON. A subset E C D is said to be vertical if its
closure E does not intersect 9, D, and horizontal if E does not intersect dy,D.

We now proceed to introduce the concept of a horizontal-like map f on the domain D.

Let m; and 75 be the canonical projections of the product space D x D onto its first and second factors,
respectively.
Definition 1. A map f in D is said to be a horizontal-like map if it satisfies the following properties:

1. The graph T of f forms an irreducible submanifold of D x D;
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2. The restriction of the first projection m|r is injective, while the second projection mwa|r has finite fibers;
3. The closure T' does not intersect either 0,D x D or D x O,D.

Generally, such a map is not defined on the whole of D, but rather on a vertical subset f~!(D) C D.
The map f then takes values within a horizontal subset f(D) C D.

An invertible horizontal-like map f is referred to as a Henon-like map when the restriction of 7y to the
graph T, i.e., mop, is injective. In the following, we focus our analysis on Henon-like maps. Let us denote by
fri=fofo---of (applied n times) the n-th iterate of the map f, and similarly, by f=" := f~1o...0 f7!
(applied n times) its inverse. Define the filled Julia sets K4 and K_ as

Ki=[)r"(D), K_:=[)Dm.

n>0 n>0

These sets describe the regions of points that remain confined within D under repeated iteration by f and
71, respectively. The boundaries of K, and K_ are known as the Julia sets of f and f~!. Additionally, define
K := K+ NK_, which is a compact subset of D. This set satisfies the invariance properties:

fHK) =Ky, f(Ko)=K-, [H(K)=K.

The operator f. := (mgp)«o (7 r)* acts continuously on horizontal currents. According to [1, Proposition
3.2], there exists an integer d > 1 such that for any horizontal positive closed current S, we have the relation

£« (S)|n = dlI S]],

The integer d is referred to as the main dynamical degree of the map f.

We now define the other dynamical degrees of the map f in relation to currents. Consider convex, bounded
open subsets M’ @ M and N’ € N, and let D := M x N and D’ := M’ x N’ such that f~}(D) C M’ x N
and f(D) C M x N'. Thus, the restriction of f to M’ x N’ remains a horizontal-like map. A current on D is
classified as vertical (resp. horizontal) if its support lies in a vertical (resp. horizontal) in D. For each 0 < s < p,
we define the dynamical degree df of f as follows:

1/n
df =ds(f) == lim_>sup {bgp 1F"). S”foN}

where the supremum is taken over all positive closed horizontal currents S of bidimension (s,s) on D' = M’ x N’
with the mass ||S||p- = 1. Similarly, for each 0 < s < k — p, we define the dynamical degree d; of f~! as:

1/n
dy = dy(f) = limsup {sup 17" R||Mw}
n—o00 R

where the supremum is taken over all positive closed vertical currents R of bidimension (s, s) on D’ = M’ x N’
such that ||R||p = 1.

Below are some properties of dynamical degrees identified above. It is proved in [1], Lemma 3.5 that the
dynamical degrees df = d; = 1 and d} =d,_, = d. Moreover, the limsup in the definition of d and d; can
be replaced by lim; see [3], Lemma 3.6. The monotonicity of the dynamical degrees df and d is established
in [3], that is, df < d;:_l for 0<s<p-land d; <d;, for 0<s<k-—p—1 We fix integers
1 < p < k, a bounded and convex domain D = M x N C CP x Ck¥~P and the convex open sets M" € M' € M
and N’ @ N' € N are assumed to be sufficiently close to M and N. Use Wy, denotes the restriction to
M" x N of the standart Kihler form w on CF.

Lemma 2. ( See [1], Lemma 5.5 ) Let f be a Hénon-like map on D = M x N C CP x C*~P, and
M’ M" N' N" df be as above. Let 0 < s < p — 1 be arbitrary integer and o be a constant such that o > d7 .
Then, there exists a constant A > 0 such that for any positive closed current ® of bidemention (s, s), supported
on M x N', and for all integers my > mg > -+ > my > 0 the following inequality holds:

t/@AGWYWWWNA“VWfMVMMWNSAM”@M%

35



Acta NUUzZ EXACT SCIENCES Ne2 /2, 2025 pp.34-39

This result demonstrates the exponential growth control of iterates of the vertical forms wy, , . under the
pullback by f, where ® is bounded by the constant A and the exponential factor ¢!, depending on the
current’s norm ||®||p. We now introduce some concepts related to the entropy of Henon-like maps, which will
play a central role in this part.

Definition 3. Let f be a Hénon-like map on D, and let n be an integer.

1. A subset E of D is called (n,¢)-separated if the map f7 is well-defined on E such that f/(E) C D" :=
M" x N" for 0 < j < n and for any two distinct points x,y € E, dist(f’(x), f/(y)) > € for at last one
0<7<n.

2. For X C D, the topological entropy of the map f restricted to X is defined as:

1 EFECcX|E: - ted
hiop(f, X) := suplimsup ogmax #{F C X | E is (n,e)-separate }

e>0 n—oo n

We have the following version of the Gromov inequality; see [2, 4].

Proposition 4. ([1], Proposition 5.7) Let f be a Hénon-like map on D, and let 0 < s < p—1 be arbitrary
integer. If o is a constant satisfying o > df and X is a horizontal subvariety of D of dimension s, then for
every € > 0, there exists a constant A. > 0 such that every (n,e)-separated subset in X contains at most A.c™
points. Consequently, it follows that the topological entropy of f restricted to X satisfies:

hiop(f, X) <logd].

Let X be a complex manifold of dimension k. Consider a smooth dynamical system 7': X — X and an
invariant ergodic probality measure v. The map T induces a linear map H from the tangent space at z to the
tangent space of T'(z), i.e. H : X — GL(C, k). For n > 0 define

Hy(2) = H(z) - H(T(2)) - H(T""}(2)).
We call H,, the multiplicative cocycle over X generated by H. For n,m > 0 it is satisfy the identity
Hypm(2) = Ho(T™(2)) Hm(2).

Let us recall famous Oseledec theorem.
Theorem 5.(Oseledec) Let T : X — X, v and the cocycle H,, be as above. Assume that v is ergodic

and that log™ ||H*(2)|| are in L'(v), where logt := max{log,0}. Then there is an integer I, real numbers
Ay < Ay < -+ < Ay, and for v— almost every z, a unique decomposition of C* into a direct sum of linear
subspaces
!
ct =P éiz)
i=1
such that

1. dimé&; does not depend on z.
2. The decomposition H : &; — &; o T is invariant.

3. For any vector v € &;(z) \ {0} we have locally uniformly:
.1
lim —log||H,(z) - v|| = A;.
n—oo 1
4. For 7 C {1,2,...,1}, define 8y := Bic.s&(2). The angle between &4(z) and &4/ (2) is a tempered while

S, 9" are disjoint, i.e
1
lim —logsin |£(&(T"(2)), &5 (T"(2)))| = 0.

n—oo N
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If T is invertable, above decomposition is the same for T~' and exponents A; are replased by —A;. The
corresponding constants A; are called Lyapounov exponents of T with respect to v and dimé; is the multiplicity
of Ai-

Now we construct s dimensional complex subspace % in the sequel. According to the Oseledec-Pesin
theory, there is a decomposition 7, = &, ® %, for v almost every z and there exists Borel set M € Q that is
v(M) > 1/2 with satisfy

IDT=@)|| = e o], [ DT @W)[| < e lfull, £ (Er—n(eys Frn(sy) = B

forve &, ue 7, z€ M, and n > 0. We will establish precise conditions in the next lemma for the positive
parameters Aq, Ao, v, and [, defining Ay as A\; + 7a. Let v be a small positive constant such that v < 8 and
v < ¢, where ¢ is the constant associated with « as mentioned earlier. Define D,_ as the small ball centered
at z_, := T7"(z) with radius ye~"*? within &, . Our focus is on the graphs in .7, = &, & %, of
holomorphic maps over D, .

Lemma 6. For every z € M, there exist holomorphic maps g, : D,_, — F._, with graph T',_ such
that g,(0) = 0, || Dgy|| < e~ 4", and T maps T intoT,_ .

Z—n—1

Proof. The proof of this lemma proceeds by induction. For n = 0, it suffices to select go = 0. The subspace I',_
will be obtained as an open subset within 77! (szn“ ) Consider the map T~! defined on a small neighborhood
of z_,11, which maps into a neighborhood of z_,,. In the dynamical coordinates associated with .7, _ and
T,_ ., the map T~! can be expressed as:

T Y2) = L(2) + R(z) where L= (L1,Lz) and R =(Ri,Ro)

n+1

Here, £(z) represents the linear component of T, specifically the differential DT~ at z_,,, 1, while R(2) denotes
the remainder, which is of order > 2 in z. Let £ : &, — &,_, and Lo : F,_  — F,_ .. We have the
following bounds:

—n+1

L1 () = e M I2'], [1£2(2")] < e72]|2"]|
for 2/ € &

. was and for 2 € Z, . respectively. The derivatives of T~! are uniformly bounded in standard
coordinates. Considering the distortions in dynamical coordinates, we obtain || DR(z)|| < Ae®™®||z||, where A > 0
is independent of v, n, and av. Let z = (2/,2") and w = (w’,w") be pointsin &,_, , ®F._, ., containedinD, .
Hence, ||z|| and ||w| are smaller than 2ye~("~DX2 Set 7 = (7/,2") = T~ '(2) and @ = (@', @") = T~ (w).
Utilizing the estimates for £1, DR, and Dg,_1, we derive:

I2' = @'|| > [|1£1(2") = La(w')]| = [R1(2) = Ra(w)]| =
> e—/\l ||Z/ _ w/“ _ 27A66na€_(n_1))‘2 HZ _ ’LU|| >

> 67)\1 Hzl _ ’LU/H _ 4’)/A66na67(n71))‘2”z/ _ w/”’

leading to

—(Mi+a

2" —a'|| = e e

since v and « are small and a < ;. Consequently, T-(D,_, . ,) is the graph of a holomorphic map g,
over an open subset D of &,__ . The final estimate for w’ = 0 implies that D includes the ball D,_ . Furthermore,
we llaVe >~ ~/ 1 "

[2" —w"|| < [[L2(2") = La(w")[| + [[R2(2) — Ra(w)]
< 67)\2 HZ// _ w//H + 271466"&67(”71))\2 ||Z _ w”
< e—)\ge—4(n—1)a||zl _ w/” + 4’}/14667“16_(”_1)/\2”2/ _ U)l||7

implying that ||z — @"|| < e™"?||Z' — @'|| given that o < A; and ~ is small. This concludes the proof of the
lemma. O

Let %! denote the orthogonal complement of &,. We use coordinate systems on %/ that induce the
standard metric. Define D as the ball centered at 0 with radius 7'e~™s in &, , where v/ > 0 is suitably
small and A3 = A\; 4 10a. We show that that I',_ contains a flat graph I',_ .

Corollary 7. For every z € M, the setT',_
! such that g;,(0) = 0 and || Dg,, || < e .

z

contains the graph I, of a holomorphic map g, : D, —

n
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Proof. Using the coordinate systems on &,_ , %, ,and .#, ,let7:68,  ©.F.  — &, ©.F,  denote the
linear map of coordinate change. Given that the angle between &, , and %, , exceeds Se™"%, we can express
T as (7', 7") with ||[7'(2) — 2’| S €™ ||2”|| and ||[7"(2)| < ||Z"]|| for z = (2/,2") in &,_, & F._, . This corollary
can be proved similarly to apply previous lemma, but by replacing T~! with 7. We omit the details here. [

Main result

In this section we give our main result with is as following.

Main Theorem. Let f be an Hénon-like map with d;il < d and let v be an ergodic f-invariant
measure satisfying h,(f) > log d;_l. Then v admits p strictly positive Lyapounov exponents larger than or
equal to (hy(f) —log d;'_l) /2k. In particularly, if di_,—1 < d and ho(f) > log dj_,_1 then v admits k —p
strictly negative ones with are smaller than or equal to —(h,(f) —logd,_, ,)/2k.

Let D_,,(z0,¢) denote the Bowen (—n, ¢)-ball with center 2, i.e. the set of the points z such that f=7(z)
is defined and ||f’j (2) — f*j(zo)H < ¢ for 0 < j < n. The entropy h(v) for f~! can be obtained by the following
Brin-Katok formula

1
h(v) :=supliminf ——logv (D_,(z,e
(v) i= suplimint —log (D_, (z.)
for v-almost every z. So, for every o > 0, there are positive constants A, ¢ and a Borel set Mg with v (M) > 3/4
such that v (D_,(z,6¢)) < Ae (o84~ for » € My and n > 0.

Proof of Main Theorem . Assume, for the sake of contradiction, that the measure v possesses at least k—p+1
Lyapounov exponents that are strictly less than i (hl, (f) —log d;r_l). Let s < p—1 be an integer, and let A be a
positive constant where A < 5 (h,(f) —logd; ;). Assume that v has exactly k—s Lyapounov exponents strictly
less than A, with the remaining exponents being greater than or equal to ﬁ (h,,( f) —log d;ll). We will construct
a complex subspace .# of dimension s, which will contradict the estimate given in Proposition 4 by having too
many (n, €)-separated points. Fix a positive constant o such that @ < A and o < 55 (hy (f) —logdy ) — X,

Note that all constructed graphs are localized within a compact neighborhood % surrounding the filled
Julia set #". Returning now to the standard metric on C*, let A/ be a subset of M N M, such that the balls
D_,(z,3¢), centered at points z € N/, are mutually disjoint. We take A/ to be maximal under this disjointness
constraint. As a result, the balls D_,,(z,6¢) with centers z € N provide a covering of M N M. Given that
v(IMNMp) > L and v(D_,(z,6¢)) < Ae(h(H=) it follows that N must contain at least (44)~1en(hv(f)=e)
points. Now consider the graphs I, and I}, , previously constructed for each z € N . Since the balls D_,(z, 3¢)
are disjoint, the set {z_, } is (n, 3¢)-separated. By Lemma 6, we have that the diameter of each T",_ is less than &
for Ay = A\. Consequently, replacing each z_,, with a point 2/, € I',_ yields a set that remains (n, €)-separated.

Let II be an orthogonal projection of C¥ = CP x C*~P onto a subspace & of dimension k — s. If & is
a product of a subspace of CP with C*~P, then the fibers of II that are sufficiently close to .# (in particular,
those intersecting %) are horizontal in D. This property holds for the projection onto any sufficiently small
perturbation of &. Therefore, we can select a finite number of projections IIy, ..., IIy onto &1, ..., &y that
satisfy this property, and a constant oy > 0 such that any subspace .# of dimension s in C*¥ makes an angle
> ap with at least one of &;. From Corollary 7, for each graph I, , we find following estimate:

VOl(Hi (F;,n)) > 7//67211(1675))\3

for some projection II; with a fixed constant v” > 0. Select an ¢ such that this property holds for at least
N~'#N graphs I, . Since #N > (4A)~ten("(1)=2) we have

N
S vol(In (17, )) z entn=e-2nih=s
i=1

Consequently, there exists a fiber .# of II; that intersects > e(w(f)=a)=2n(k=5)As graphg ', . This

implies that .% contains an (n,e)-separated subset of > en(hv(f)=e)=2n(k=s)As > en(logdy_ +a) points since
a K i (hl,(f) — log d;q) — \. This contradicts Proposition 4 for X = .% as d;71 > d}, thus concluding the
proof of Theorem. O
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Remark. The bound le (h,,(f) — log d;ll) can be replaced by the

1

B0 () - on )
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REZYUME
Ushu maqolada Hénon akslantirishlari uchun berilgan invariant ergodik o‘lchovlarning Lyapunov
eksponentalari entropiyaga qo‘yilagn ma’lum shart asosida o‘rganildi. Boshqacha aytganda, d;‘_l <d
shartni qanoatlantiruvchi f Hénon akslantirishi berilgan bo‘lsin. Agar v ergodik o‘lchov entropiyasi
uchun h,(f) > log d;ll o‘rinli bo‘lsa, v o‘lchovga bog‘liq kamida p ta musbat Lyapunov
eksponentalari topilib, quyidan (h,(f) — log d;_l) /2k bilan chegaralangan ekanligi ko‘rsatilgan.

Kalit so‘zlar: Entropiya, Gorizontalsimon akslantirishlar, Lyapunov eksponentalari.

PE3IOME

B maHHO# cTaThE UCCIIELYIOTCS MOKA3aTeNMN JIAMyHOBA 3proANIeCKIX NHBAPUAHTHBIX MEpP JJIs OTOO-

paskeHuii DHOHA NPU BBIIOJHEHUU ONPEIEIEHHOTO YCIOBUS HA SHTPONUIO. VIHBIMM CJIOBAMU, ITyCTh
+ . .

J — orobpaxenne JuoHa, yjoBJeTBOpsionee yciouio dy ; < d. Torja jyuis BesKoil Sprouaeckoit

MEpBI V, IHTPONUSA KOTOPOU yIoBjeTBOpsier HepaseHcTBy hy, (f) > log d;_l, [TOKA3aHO, YTO Y MephI

vV UMeeTCs KaK MUHUMYM P MOJIOXKUTEJbHBIX mokasareseit JIsnynosa. Bosiee Toro, st nokazarean

+
cHmU3Y orpanmvens spipazkenneM (h, (f) —logd,_,)/2k.

Katouessle ca06a: JHTpONUs, 0TOOPaKEHUsI TOPU30HTAJIBHOTO THITA, oKazarean JIsgmyHosa.
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BOUNDARY VALUE PROBLEMS FOR MIXED-TYPE DIFFERENTIAL EQUATIONS OF
THE FIRST AND SECOND ORDER WITH RESPECT TO THE TIME VARIABLE
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RESUME

This work is devoted to the study of boundary value problems for mixed-type differential equations
of the first and second order with respect to the time variable. Boundary value problems for mixed-
type equations arise in various fields of natural sciences, including laser physics, plasma modeling,
and mathematical biology. In this paper, we establish theorems on the uniqueness and conditional
stability of the solution to the problem under consideration within a set of well-posedness. An a
priori estimate of the solution is obtained using the method of logarithmic convexity and spectral
decomposition.

Key words: Boundary value problem, ill-posed problem, mixed-type equation, a priori estimate,
estimate of conditional stability, uniqueness of solution, set of correctness.

Introduction

The paper studies boundary value problems for differential equations of mixed-type of the first and
second order with respect to the time variable. The problem studied in this paper belongs to the class of ill-
posed problems of mathematical physics, namely, in this problem there is no continuous dependence of the
solution on the initial data.

Boundary value problems for equations of mixed-type have practical applications, they arise in solving
problems of gas dynamics, momentless theory of shells with curvature of variable sign, in the theory of
infinitesimal bending of surfaces, in magneto hydrodynamics, in the theory of electron scattering, in predicting
groundwater levels and in other areas of physics and engineering (see [1], [2], [3])

Correct boundary value problems for equations of mixed-type with two degenerate lines were studied
by such mathematicians as A.M. Nakhushev, M.M. Zainulabidov, V.F. Volkodavov, V.V. Azovsky, O.IL
Marichev, A.M. Ezhov, N.I. Polivanov, He Kan Cher [4], S.I. Makarov, S.S. Isamukhamedov, Zh. Oramov,
M.S. Salakhitdinov and his students, K.B. Sabitov, A.A. Gimaltdinova [5], O.A. Repin and others.

In the works of E. M. Landis, S. G. Krein, S. P. Shishatsky, H. A. Levine and others, ill-posed boundary
value problems for a parabolic equation with backward time flow were studied. In these works, the inverse and
non-characteristic Cauchy problem for conditional well-posedness were considered for a parabolic equation. S.
G. Krein and H. A. Levine generalized these results for abstract evolution equations with self-adjoint operator
coefficients.

The works of S.P. Shishatsky, K.S. Fayazov and M. Kh. Alaminov, in which ill-posed boundary value
problems for degenerate parabolic and elliptic equations were investigated, also deserve special attention.

The subject of K.S. Fayazov’s works were ill-posed boundary value problems for parabolic equations with

changing time direction and mixed-type equations. Research close to our topic was conducted in the works of
K. S. Fayazov [6], I. O. Khazhiev [7], Y. K. Khudayberganov [8].

Formulation of the problem
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Let Q = Qo x U, Qo = { (z1,22,...,an) : —1<z; <1,j=Tn}, Q@ ={0<t<T, T <oc}.
Let’s consider the equation

du(r,t) o~ O*u(x,t)
i —&-Zszgn(x])T? =0, (1)

j=1

in the domain Q\{z; # 0,7 = 1,n}, where i =1,2, = = (x1,T2,...,Zy).
Problem. Find a solution to equation (1) in the domain @ so that the following conditions:
initial )
a) i=1, u(z,t)],_,=po(x), =€,

k t _ 2
b) 1:2’ M :gpk+1(m), xGQO, k:O,l, ( )
2L P

boundary B

u(z,t)|5q, =0, teQ, (3)
and gluing
k t k t _
0 u(a]i, ) _ 31&(9’? ) , teQy, k=0,1., j=T1,n, (4)
O; z;=—0 0] z;=+0

conditions, where - ¢, (), m = 1,3 is a given sufficiently smooth function, and ¢, (z)],q, = 0.

In this paper, a priori estimates for the solution of equation (1) are established, and theorems on the
uniqueness and conditional stability of the solution of the desired problems are proved.

Spectral problem. Find such values for which the following problem

Z sign(x)Ve,o; (x) + M (x) = 0, 2 € Qo\{z; # 0}, (5)
j=1
9() [o, =0,
oFI(z) k() (6)
= =1 k=0,1
dxk Y dxk _+0’ j=Tn, ( 1),

has non-trivial solutions.

We will seek the solution to problem (5), (6) using the method of separation of variables, assuming

n

d(x) =[] X)) (7)

j=1
From conditions (7) we obtain:
X;(£1) =0,
X;(=0) = X;(+0), (8)
X'3(=0) = X';(+0), j=Tn

We find the second-order partial derivatives of the function ¥(z):

o) 0 -
oxy O} ;

Xj(xj), k= 1,7L.
=1
Substituting into (5) and separating the variables, we obtain:
i sign(a;) X" (z;) _ |

= Xj(x5)
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Thus, we have

sign(z;) X" j(x;)
Xj(zj)

==, j=1n
As a result, to find the functions X (x;) we obtain the equations:

sign(z;) Xj (x;) = =\ X (2;). (9)
Let us consider equations (9) with the corresponding conditions (8)

sign(z;) X" j () = =N X (25),
Xj(il) = vaj(_o) = Xj(+0)’ (10)
X'j(=0) = X'j(+0), j =T, n.

Thus, the solutions to problems (10) have the form:

if )\j > O,
sinp (r; —1)/cospy, ,0<x; <1,
X(-ll)(%‘) _ pu, (x5 — 1)/ cos u, j L eN,
! shu, (z; +1)/chu;, =1 < x; <0,
and also A\; <0,
shup. (x; —1)/chu,, 0 < x; <1,
XO(z;) = § s 03— ki, 0< 25 I €N,
! sin p; (z; +1)/ cospuy;, —1 <2 <0,
where \; = ui >0, A\ = —ui < 0, 7 = 1,n. In both cases, y;,— are positive roots of the transcendental

equation tga = —tha.
Thus, the eigenvalues of the spectral problem (5), (6) have the form

n
S
Akt bsikn = 2 Py

=1

n—1
(2) _ Z 2 2
/\kl,kz,mkn - Hk; = Py
Jj=1
..................................... s
..................................... R
n
(2") 2
ki,k2,...kn 72}%7
Jj=1

and the corresponding eigenfunctions

Jj=1
n—1
2 2 1
I @) = X2 @) T XV (@),
j=1
on - 2
z(l lg),...,l,, (x) H Xl(j )(%);
j=1
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Let ||u]|® = (u,u), where the scalar product is (u,v) = [ uvdQyp. Besides,

000
/lgl(f),)lg,...,ln (fE) ) k17k2 H Slgn x]) = 0,p 7& q, (paq = 1,2”),Vl]‘, kjv
1, h=kiN...Nl,, =k
(p) _ s U1 1 n n - n
ﬂll,lz,.A.,ln (Z‘) k:l,kz, Lk H Slg’I’L x] {O, I 7& kL V..V, 7& k, 7(p =1,2 )7
where [;,k; € N.
The norm
. 2
2 .
lu@ols =3 > [Isign(@)utz, 0,92, . @] | (11)

p=1 \ k1,kz,...kn=1| \j=1

defined by the following formula is equivalent to the original norm in the space Hy. Let us denote by Hy the

closure of the linear shells of the systems of functions ﬁffi ) kg....k, (), p=1,2" according to the norms W ().

In [10], [11] it is proved that the eigenfunctions 19,(5)),§2 _(z), p=1,2" of problem (5) - (6) normalized
in Ly ((—1;1)") form a Rissa basis in Ly ((—1;1)") .

Main results

a)i=1.
Definition 1. By a generalized solution of the boundary value problem (1) - (4) we mean a function
u(x,t) such that u(z,t) € (L2(—1,1)", [0;T]) and

n n n
/ (z,t) Hszgn xj)Vi(z,t) — ZHszgn 2j)Ve,o; (1) | dQ =
oQ a =4 (12)
H sign(z;)V (z,0)po(x)dQ,
a0, 1=1
for any function V (z,t) € Wy ((=1;1)", Qo) satisfying conditions V (x,T) = 0, V(x,t)]5q, = 0.

Let
M ={u: ||u(z,T)|, <m, m < oo} .

Lemma 1. Let u(x,t) satisfy equation (1) and conditions (2) - (4). Then for any solution u(z,t) €
(La(—1,1)", ©) the inequality

ez, B)llg < 2% flu(z,0)llg ™ - [lutz, T) Iy (13)
holds.
Proof. The solution to problem (1) - (4), if it exists and u(z,t) € M we have the form
on
D SRR CNNCT ) (14)

p=1ki,....kn=1

where 791(5)1@2, g, (@, p = 12" are the eigenfunctions of problem (5)-(6). Let V(x,t) =
ks ko 0k, g, @) (P =T27)  and puky g (T) = 0, ik s, () € W3 (1) - Then

Hsign(a:j) )(N kiko,.ok ()ﬁl(fi)kz, (@ )+>‘1(£),k2,...,kn#k1,k2 ,,,,, kn(t)ﬁg),k%...,k (x))dQ
aq =1
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ks k... ke (0) / HSiQn(mg‘)ﬂé’i),kZ,...,kﬂ, () po(w)d.

a0, J=1
From this we have
T
/“l(fi)kzk (t) (H ke () F A, knukl,kz,...,kn(t))dt = — Mk ke
0
where
( ) (p)
k]i,kz, Lk Hszgn zj)u(z, t), ﬂk]i Kareoskon () |5

ko (O)Wéi)l,kz,...,kn ;

wéi)hkg ..... g, =T 1_[sign(gcj)<,po(az:),191,(:;)’,62 k(aﬁ) , (p = 1,2”) ,kjeN.

j=1

(p)

Therefore, for u;, ", (t) the equalities are true

( l(cli),kg, . (t)>t :/\Ecli),kg,...,knul(fzi),kg,...,kn(t)7 (15)
ul(fi)kg ..... Ko, (0) = ‘P(()zl?l koo ko ? (p: 172n)7 kj e N. (16)
The solution to problem (15), (16) has the form
(p) ( ) () Agcz),kg,«-«,knt ( -1 271) k. e N (17)
Uk ko kn POk ks,....kn € » \P ) ) g .
Taking into account (14), (17), from (11) we have
(») :
B => > (w4 )
p= 1k717 knfl
Let’s consider the function
2 5
Bry.. ke, (B) = (wéi)l ,kn> 21 knt
Let’s calculate the derivatives of function ¢, (t)
1 2ol
O rproin =220 () ) €Nt
1 1 2 o 1 2
S =AY (6 ) Rt =0 (A0 Y b )
Let’s introduce function ¢(t) = In(¢x, ...k, (1))
2
W) = R (2 Lo e () R € S () R
Py, en (1)
1 1
4( l(cl) k) By, ko () Py . ,kn(t)—‘l( /(cl);c) e () 0
oo () ’
or
W(t) = 0 (18)

From (18) we have
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From this it easily follows that

(p) 2 ) 2\~ T (») 2T
) o < (j2 )T (o) =T, (19)

Summing the inequalities (19) over kq, .

.., kn € N and using Holder’s inequality, we obtain

n n 1_
2 0 2

Z Z (ug) ke )<2" Z Z (u,(fi),‘“’kn(o)>2 x

p=1ky,....k,=1 p=1ky,....kn

271 2 %
(X Y (WLm)] ren
p=1k1,....kn=1
or

lu(z, D)o < 2% Ju(z,0)llp" ™ - [lu(z, T)ll,
Lemma 1 is proven.

Theorem 1. If a solution to problem (1) -

(4) exists andu(zx,t) € M, then the solution to problem (1) -
(4) is unique.

Proof. Let equation (1) with conditions (2)-(4) have solutions wu; (x,t) and ug(x,t), i.e. 2 solutions. Then
the function U(x,t) = ui(x,t) —ua(x,t) is a solution with zero data. For the last function, estimate (13) is true.
Using the results of lemma 1, we have U(z,t) = 0 for all(z,t) € Q, u1(z,t) = uz(x,t). Theorem 1 is proven.

Let u(x,t) be the solution to problem (1) - (4) with exact data, and u.(x,t) be the solution to problem
(1) - (4) with approximate data.

Theorem 2. Let the solution of the original problem exist and w(z,t), uc(z,t)

addition|[¢(x) — ¢ (z,)||, < e. Then for the function U (z,t) = u(x,t)
inequality

€ M, in
— ue(z,t) at t € Q; the following

Uz, )]y < 2% ()" 7 - (2m) T
is true.

Proof. Let the function U(z,t) be the solution of the corresponding problem (1) - (4), and U(x,0) =
o(x) — @e(z). In addition, |U(z, T)||g < 4m?. For the function U(z,t), using the results of lemma 1, we have

Sl

10 Dlly < 2% ()77 - (2m) 7.
Theorem 2 is proven.
b) i = 2.
Definition 2. By a generalized solution of problem (1) - (4) we mean a function u(z,t),u;(z,t) €
C (L2(-1;1)"; @), which for any arbitrary function V(z,t) € W3 ((-1;1)",Q4 ), %
satisfies the following integral identity

=0,k=0,1...
t=T

/ H51gn () Vie(z, t) +ZHSlgn () Vo, (2,t) | dQ =

JW#
/ H sign(z;)V (x,0)pa(x) dQo — H51gn z)Vi(z, 0)p1(z) dQ.
990 ;1 990 ;1

Lemma 2. (See pp. 825-826, [9]) Let v(¢) be a solution to equation
() — Av(t) =0
p2. Then for the solution of this equation f ¢ € Q; the inequality holds

UQ(t) < th(T—t) (02(0) + \a|)17%(v2(T) + |a|)

and satisfy conditions v(0) = p1,v'(0) =

Sl

_‘0‘|7
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where A— is some constant, a = 1 (Av?(0) — v7(0)) .

Lemma 3. Let u(x,t) be a solution to the equation

0%u(x,t) oL 0%u(x,t)
g + ; szgn(xj)T? =0,

and satisfy conditions (2) - (4). Then for the solution of this equation at ¢ € ; the inequality
1—t t
[ u(z, t)”g < 9n 2H(T—1) (||u(x, O)Hg + a) T (HU(IC, T)”g + a) T _ Q,

holds, where a = £ (|1} + lle23)
Proof. If a solution to problem (1)-(4) exists and belongs to M, then it has the form (14), where

19,(52)@ ,,,,, k. (x), p=1,2" are eigenfunctions of problem (5)-(6). In addition,
’(Clz)’km Sk H Slgn l‘] ) ﬂl(cli)kz, Lkn (x) )
wg;’)f)hkm wkn T - H Sign(zﬁ)@l (I)’ﬂgfi),kz,...,kn () |,

j=1

o = Hszgn (@)¢p2(2), 9% @) |, (p=T.27), k; € N.

,,,,,,,,,,

Let in (20) V(z, )_:wkhk?mkn(t)z?é’j),kzmk (z), p=
0, Wky,ka,....kn (t) € W22 (Ql) . Then

n

[ et T sign(e) (1t 09y, () = wlON e, 9, () dQ =

8Q J=1
ittt O [ ] sion(e) 02, s, @patorist (21)
80, I=1
wkhkz, /HSZgn QI] k:l ka,....k ( )Wl(fﬂ)dQO
Qo I=1

From (21) we have

T
S ® (bt (O = N 9 ) =
0

Wky,ka,....k (0)%757@)1,1@2, Ak = W'k ko, (0)<P§Z/)c)17k2, Sk p=12"kjeN.

Thus, for u,(fi ) koo (D)s (P =1,27) we have the following sequence of solutions

(8 b )y = M b, (1) (22)
“1(5)1@, ..... g, (0) = @gi)l,@ ..... k0 (ul(c]?)kz, ..... k., (0)) = @éz;g)l koon o+ K5 €N (23)
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(p) (p)
%) sha/ Ay t
(p) () 2k1,..., kn 2"\ Nk, kn (p)
90111;1,...,1%Ch \V Akﬁ,...,knt + - ™ ) )‘kzi,..,,k-n >0,
Nevro o
) e, 0= Gt Ak =0,
(p) (p)
Poky,... ky S _)‘kl,...,kﬂt
P cos [N o e Y Ak <0
— Akt

Let’s introduce a norm
2
ler(@)II} = §j ZjA&@, o (#00) P =T2" k€ N.
p=1ki,... .k

According to Lemma 2, for solutions of problems (22) - (23), for each fixed k; € N, the following inequalities

are true:
(p) 2 2t(T—t) (p) (») ot
( Uky ko ki (t)> Se <(U1f1,k2,...,kn(0)) X ke ke > X
4 (24)

T
<( g{k% kn (T)> +a/(£)7k27 kn > I(f?kfz kn? te Ql’

where
1 2 2 7
a](fji),kz,...,kn =3 (Agfi)kgk (ul(c]i),kz ko (0)) (( g),kz....,kn(o))J ) ) (P =1,2 ) (25)
After an elementary transformation from (25) we can write
1 2 2 _
l(cli),kg, ok = 3 (‘)‘g),kz ,,,,, kn (ugfi),kz,...,kn (O)> + ((“l(fi),kz,..‘,kn(o))t) ) , (p=1,2").

We sum up the inequalities (24) and (25) by k; € N and taking into account the Holder inequality we get

2 2 (’(fi),kz,..ukn(t))2<

2n o 9
A DY DY ((ul(ﬁzi),k27~-~,kn(0)> +O‘i(£),k2,...,kn> x
=1

p=1 \Fki,okn=

2" oo T 2"
AS( 2 () v )] X X el
p=1

p=1 \ki,...kn=1

and summing up the above inequalities we finally get

Sl

2 n —t 2 -1 2
(e, )15 < 2720 (Ju(@,0); +a) " (Ju(@, TG +a) " ~a

where o = 1 (H<p1||? + ||g02||g) . Lemma 3 has been proved.

Theorem 3. If a solution to problem (1) - (4) exists and belongs to M, then it is unique.

Proof. Let u; (z,t) and us(z, t) be solutions of problems (1) - (4). Then their difference u(z,t) = ui (x,t)—
us(z,t) will be a solution of the homogeneous problem (1) - (4). Applying the estimates of Lemma 3, we obtain
[lu(z,t)||, = 0, and from this it follows that wu(x,t) = 0 for any for V(z,t) € Q, ui(x,t) = uz(x,t). holds.
Theorem 3 is proved.

47



Acta NUUzZ EXACT SCIENCES Ne2 /2, 2025 pp.40-49

Theorem 4. Let the solution of problem (1) - (4) exist and w(z,t),u.(z,¢) € M, in addition

lo1(x) — pre(@)|l; < €, |lp2(x) — pac(x)|, < €. Then for the function U(x,t) = u(z,t) — u-(x,t) at t € Q
the following inequality is true

10, )2 < 2770 (22) ' F (4m? 4 £2) T — 2,

Proof. Let the function U(z,t) be a solution of equation (1) satisfying the boundary conditions and

gluing conditions (3)-(4) with initial data U(z,0) = ¢1(x) — p1e(z), Ui(x,0) = @a2(z) — @ac(x), where
lo1(x) —pre(@)|l; < &, |lp2(x) — p2c(x)||y < e. Then, using the estimates of Lemma 3 and elementary
transformations for the norm of the function U(z,t), we have

10, )] < 276270 (262)' T (4m? 4 2) T — 2.

Theorem 4 is proven.

10.

11.
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REZYUME

Ushbu ish yo‘nalishini vaqt bo‘yicha o‘zgartiruvchi birinchi va ikkinchi tartibli aralash tipdagi
differensial tenglamalar uchun chegaraviy masalalarni o‘rganishga bag‘ishlangan. Aralash tipdagi
tenglamalar uchun chegaraviy masalalar lazer fizikasi, plazmani modellashtirish va matematik
biologiya kabi tabiiy fanlarning turli sohalarida uchraydi. Mazkur maqolada qaralgan masalaning
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yechimi uchun yagonalik va shartli turg‘unlik teoremalari isbotlangan. Yechimning a priori bahosi
logarifmik qavariqlik usuli va spektral yoyilma yordamida olingan hamda shartli turg‘unlik
teoremalari isbotlangan.

Kalit so‘zlar: Chegaraviy masala, nokorrekt masala, aralash tipdagi tenglama, parabolik tipidagi
tenglama, a priori baho, shartli turg‘unlik bahosi, yechimning yagonaligi, korrektlik to‘plami.

PE3IOME

Jarnas paboTa MOCBAIIEHa N3y I€HUIO KPAEBBIX 33184 J7s Aud depeHnnaabHbIX yPaBHEHNH CMenTaH-
HOT'O THITA IEPBOTO U BTOPOI'O MOPsIJIKa 0 BpeMeHHO# mepemennoii. Kpaesbie 3a1auum Jj1s1 ypaBHeHUH
CMEIIAHHOTO THIIA BO3HUKAIOT B PA3JIMIHBIX 00JIACTIX €CTECTBEHHBIX HAYK, BKJIIOUYAs JIA3EPHYIO pu-
3UKY, MOJIEJINPOBAHIE IIJIa3Mbl I MATEMATHIECKYIO OnoJioruio. B JaHHOI cTaThe MOKa3aHbI TEOPEMBI
00 eIMHCTBEHHOCTH U YCJOBHOW yCTONYMBOCTH PEIIEHUsI PACCMATPUBAEMON 3aJadi B KJIACCe KOP-
PEKTHOCTH. A TIpHOpHast OIEHKA PEeIeHrsT TOJy9IeHa ¢ UCIOIb30BAHUEM METOa JorapudMUIecKOi
BBIIIYKJIOCTH U CIIEKTPAJIBHOTO PA3JIOKEHUS.

Karoueswie caosa: Kpaesast 3a/1a4a, HEKOPPEKTHAS 33724, YPABHEHNE CMEIIAHHOTO THIIA, YPaB-
HEHUe MapabOoJIMIeCcKOro TUIIA, AIPUOPHAsT OIIEHKA, OI[EHKa, YCJIOBHON yCTONIMBOCTH, €/INHCTBEHHOCTh
pelrenns, MHOYKECTBO KOPPEKTHOCTH.
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RESUME

In this article, the Cauchy problem for a homogeneous fractional-order equation of the
Barenblatt—Zheltov—Kochina type with the Caputo derivative is studied. The existence of a solution
to the given Cauchy problem is demonstrated using the Fourier method, and the continuity of
the obtained solution is proved by employing the properties of functional series. Furthermore, the
uniqueness of the solution is established. The properties of the Mittag-Leffler function are extensively
used in the process of proving the existence and uniqueness of the solution to the proposed problem.

Keywords: The Cauchy problem, the Caputo derivatives, Mittag-Liffler function, Parseval equality.

Let consider the following equation:

N
atF +A(atk)_y2Au:O .

where A = Z 507 —Laplas operator. If £k = 1, then this equation is called a partial differential equation of

the Barenblatt Zheltov—Kochlna type, if K = 2, then it is called a partial differential equation of the Boussinesq
type. Equations of the form (1) are encountered in modeling various processes. For example, equations of the
Barenblatt-Zheltov-Kochina type are the basic equations for the filtration of homogeneous liquids. This was
first noticed in the work of G. I. Barenblatt, Yu. P. Zheltov and I. N. Kochina [1]. Later, such equations were
studied in the papers [2,3,4,5,6,7].

Let A: H — H be a self-adjoint, positive, unbounded arbitrary operator defined in a separable Hilbert
space H. Suppose that operator A has a complete orthonormal system of eigenfunctions {v;} in H and the
corresponding set of positive eigenvalues {)\;}. Using the renumbering of eigenvalues, we can number them
non-decreasing, and write as 0 < A\; < A9 - -+ — 400.

Let the function h(t) be defined in the interval [0, +00) with values in H. The Caputo fractional derivative
of order 0 < p < 1 is defined as formula (see, [8]):

N U 10
Dth(t)—r(lp)o/(t_f)pdf, £ 0.

Let C((a,b); H) denote the set of continuous functions u(t) on the interval ¢ € (a,b) with values in H.
Now, recall the concept of the degree of an operator A in a Hilbert space H. Let 7 is an arbitrary real number.
We introduce the degree of the operator A in H as follows:

ATh = i )\Ehkvk,

k=1
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where hi, = (h,v;) Fourier coefficients of the element h € H. Obviously, the domain of this operator has the
form:

D(AT) ={h € H: Y N7 |h|* < oo}
k=1

For element h € D(AT) we introduce the norm as follows:
102 = A2 hel® = || AA|2.
k=1

Together with this norm D(AT) turns into a Hilbert space.
Recall, the Mittag-Leffler function E, ,(¢) has the form

oo tn
Epu(t) = ];) m )
where p > 0 and p complex number.
Let AC[0,T] be the set of absolute continuous functions defined on [0, 7] and let AC([0,7]; H) stand for
a space of absolute continuous functions u(t) with values in H (see, [9] p 339).
Let us present the following properties:
Lemma 1. Let 0 < p < 1. Then the following equality holds:

DY [tPEp p1(=AM)] = By (=At7). (2)

Proof of Lemma 1 you can find, for example, [14].
Lemma 2. Let 0 < p < 1. Then the following equality holds:

D [Epa(=A7)] = =AE, 1 (=°). (3)

Proof of Lemma 2 you can find, for example, [14].
Consider the following problem:

Dfu(t) + A* (DPu(t)) + APu(t) =0, 0<t<T; 4
{ u(+0):()07 ()

where ¢ € H.

This (4) problem is called the Cauchy problem for fractional equations of Barenblatt-Zheltov-Kochina
type.

Definition 1. A function u(t) € AC ([0,T]; H) with the properties Dfu (t), A* (D{u(t)), A’u(t) €
C ((0,T]; H) and satisfying conditions [4] is called the solution of the Cauchy problem [4].
We note that problems similar to [4], in the case a = 1,b = 1 were studied in [14] as the Cauchy problem and
in [15],[16] as non-local problems.
When a = 2,b = 1, problem (4) is referred to as a Benney—Luke type problem. Problem of this type have been
studied in the work [17].
When @ = 0,b = 1, problem [4] was studied in the work [18] as a non-local problem.

Theorem 1. Let 0 < p < 1, If ¢ = min {a,b}, ¢ € D (A°), then problem (4) has a unique solution and
this solution has the form:

w(t) = erEpr (—pt”) vk, (5)
k=1

b

where are - the Fourier coe?cients of the function ¢ and p = 175
k

Proof. Existence of the solution. Due to the completeness of the system {v;} in H, the arbitrary
solution of (4) can be written in the form:

w(t) =Y Tp(t) vk
k=1

o1
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Substituting into the first equation of (4) we have the following equation:

DTy () (1 + A3 + T () A2 = 0,
Therefore,

Ak

DTy (t T (t) =0 = .
t T () + T (t) = 0, pu T+ X

Using the second condition of (4), we obtain the following Cauchy problem:

{Dka (t) + Ty (1) =0,
Ty, (+0) = ¢x

This problem has a unique solution (see, [28] p. 231):
Ty (t) = orEpa (—pt?) -

Then we get the formal solution (5).
From this, in particular, it follows that if a solution to the forward problem

(7)

exists, then it is unique.

Indeed, for this it is sufficient to prove that the solution wu(t) to the forward problem with the homogeneous

condition (4) is identically zero. But from (7)it follows that Ty (t) = 0 for all £ > 1.
definition T} (t) and the completeness of the system {v;}, we obtain u(t) = 0.

Taking into account the

It remains to prove that the constructed formal solution satisfies all the requirements of Definition 1 is
indeed a solution to problem (4). We will analyze the proof of the theorem separately for the cases b < a and

b>a.
1) Let b < a.
Denote by Sy, (t) be the partial sums of (5):

n
)= erEp1 (—pt?) v
k=1

Then by using the following estimate of the Mittag-Liffler function 0 < |E, ,,(—t)| < 1 and Parseval equality:

2
15w (

n
Z OByt (—pxt”)] v
k=1

k=1

Therefore, if ¢ € H then u(t) € C((0,T]; H) .
Now we estimate A%u (t):

4. 1

n
= 1> lenEpr (—pat”)] Aok
k—1

Thus, if ¢ € D(A?), then A%u(t) € C ((0,T]; H).
Then, we estimate A% (Dfu (t)). By using Lemma, 2:

n 2

Z [— e Ep 1 (—prt?)| ALy
=1

1A (DE S, (1)]° =

A= prprEpa (—pt?)[* < C N | —pwepn|* =
k=1

1
bl
iNgE
I

Ak

1+)\“
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n n
= lepEpa(—mt?)? < CY ol
k=1

ZMW%E 2 (—ut?))? < CY APl

SCZ&”ﬂmu—czxwﬁ.
k=1
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From this, if ¢ € D(AY), we obtain A% (Dfu (t)) € C ((0;T); H).

Finally, we estimate D}u (t):
2
| DYS,,

Z — ik Ep1 (—pt”)|vk

|~k rBp 1 (—unt?)* < C Y |—prpl* < C Y lonl”.

I
NE

E
I

1

If ¢ € H, then DYu (t) € C ((0,T); H).

2) Let b > a.
Now we estimate A%u (t), for that by using the following estimate of the Mittag-Liffler function
C
0<|E, (-t <——
< |Epu ( )|_1+t

and Parseval equality:

4%, 0 = 3 A () <

n
= D [erEpr (—pt?) )‘kvk
k=1

n

2
kzz:i |k| _tQPZA

From this, if ¢ € D (A%), then Abu (t) € C ((0,T]; H).
Then we estimate A% (Dfu (t)). By using Lemma, 2:

1+,utP

|A* (DS, ( Z —pperEp 1 (—ppt?) Afvg|| =
k=1
— n)\Qa E P 2< n)\Qa ¢ 2< c /\2(1 2
Z i =t Epa (—pxt”)|” < Z k |HEPE - m =2 |kl
k= k=1 k=1
Thus, if ¢ € D(A%), we obtain A% (Dfu (t)) € C ((0,T); H).
Finally, we estimate D{u (¢):
n 2
DL S, ( Z [—mrppEpr (—pwt”)]ve|| =
C & 2
= — E t*)] < _ < — .
kz:l| P Ep 1 (=1 kz:l HiPk Tt utr| = 120 Ig|¢k|

If ¢ € H, then D{u(t) € C((0,T]; H). Existence of the solution of problem (4) is proved.
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REZYUME

Ushbu maqolada Caputo hosilasi bilan berilgan Barenblatt-Jeltov-Kochina tipidagi bir jinsli
kars tartibli tenglama uchun Koshi masalasi o‘rganiladi. Berilgan Koshi masalasining yechimi
mavjudligi Furye usuli yordamida ko‘rsatiladi, topilgan yechimning uzluksizligi esa funksional
qatorlar xossalaridan foydalangan holda isbotlanadi. Shuningdek, yechimning yagona ekanligi ham
isbotlanadi. Masala yechimining mavjudligi va yagonaligini ko‘rsatish jarayonida Mittag-Leffler
funksiyasining xossalaridan keng foydalaniladi.

Kalit so‘zlar: Koshi masalasi, Caputo hosilalari, Mittag-Lefller funksiyasi, Parseval tengligi.

PE3IOME

B nmammoit crathbe wmccnemyercsa 3agada Kommm i OMHOPOIHOTO JPOOHOTO YpPABHEHUsT THIIA
Bapenbsiarra-2Kesbropa-Kounna ¢ npoussognoii Kamyro. CyiecrsoBanue pelieHusl mocTaBJIeHHOM
zasiaan Kormmwm mokasaHo ¢ ucrojib3oBarueM Merona Oypbe, a HEIPEPBIBHOCTH HAMIEHHOI'O PENIEeHUsI
JIOKA3BIBAETCsI HA OCHOBE CBONCTB (DYHKIIMOHAJBHBIX PsAIOB. Kpome TOro, yCTaHAB/IMBAETCS €JIMH-
CTBEHHOCTH peIlieHns. B mporecce M0Ka3aTeIbCTBA CYIIECTBOBAHUS U €MHCTBEHHOCTH PEICHUS 3a-
JIa9y MIIPOKO UCHOJIB3YIOTCA cBoiicTBa dynknun Murrara-Jledirepa.

Karouesnte caosa: 3ajaqua Komm, npoussoausie Kamyro, pyuknus Murrara-Jlediepa, papeHCTBO
ITapceBauist.
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RESUME

This paper is devoted to the construction of maximal solvable extensions of m-dimensional
n-Lie algebras. The study provides a systematic approach to identifying and classifying such
extensions within the framework of higher-order Lie structures. The results contribute to the deeper
understanding of the algebraic properties of n-Lie algebras and their solvable extensions, and may
serve as a basis for further applications in both mathematics and theoretical physics.

Key words: n-Lie algebras, solvable algebras, nilpotent algebras, derivations, nil-independent
derivations.

Introduction

The investigation of finite-dimensional n-Lie algebras has introduced a innovative perspective in the
study of Lie algebras. Exploring these algebras is significant due to their potential applications in diverse areas,
including dynamical systems, geometry, and physics.

Nambu extended the Poisson bracket while studying the classical dynamics of three particles as a
foundation for quantum statistics in the quark model, introducing the trilinear product [—, —, —] defined by:
‘fi—”y” = [Hy, Hy,z] for Hamiltonians H; and Hs [5]. Subsequently, in 1994, Takhtajan built upon Nambu’s
geometric framework and introduced the fundamental identity, analogous to the Jacobi identity [6]. This
development allowed him to establish a connection between generalized Nambu mechanics and the theory
of n-Lie algebras proposed by Filippov [3].

An analogue of Engel’s theorem exists for finite-dimensional n-Lie algebras, but the Levi decomposition
does not generally apply. This highlights the significance of studying finite-dimensional n-Lie algebras, which
necessitates additional constraints. One such constraint is the imposition of a hyponilpotency condition on the
maximal ideal when analyzing solvable n-Lie algebras, such as in the description of solvable n-Lie algebras or
the extension of a given n-Lie algebra.

In 2009, the notion of a hyponilpotent ideal in n-Lie algebras was introduced. Certain characterizations of
solvable ternary Filippov algebras featuring a specific m-dimensional maximal filiform hyponilpotent ideal were
presented in [1]. Specifically, [1] described solvable 3-Lie algebras with an m-dimensional filiform 3-Lie algebra
N, where m > 5, as a maximal hyponilpotent ideal. It was further demonstrated that this m-dimensional filiform
3-Lie algebra N cannot serve as the nilradical of any solvable 3-Lie algebra. Additionally, [1] identified several
classes of solvable 3-Lie algebras obtained as one-dimensional extensions of given nilpotent n-Lie algebras.
Furthermore, the studies in [4] and[7] also explore the properties of n-Lie algebras.

In this work we focus on the description of maximal solvable m-dimensional n-Lie algebras with maximal
rank.
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Preliminaries

A vector space A over a field F is an n-Lie algebra (sometimes called by Filippov algebra) provided that

A is equipped with some n-ary multilinear operation [—, —, ..., —] satisfying the two identities
[xla Z2,. .. 71'77.] = (_1)sign(a) [xa(l)a To(2)s--- 7xa(n)}, (S Snv
n
[[$17$27 s 7$n]7y2 s 7yn] = Z[xh sy Ti—1, [miay27 s 7yn]7xi+17 ceey Ty
i=1

We introduce the notation
Lie, (1,22, -, Tn), Y2 -5 Yn) =

n

Z[xla sy Ti—1, [Iiay27 e ayn]azi-‘rla R ,In] - [[xlny; s axn]ny s ayn]
i=1
to use it later and Lie,((21,Z2,...,2n),Y2...,yn) = 0 is called as n-Lie identity.

Definition 1. Let A be an n-Lie algebra. A subspace B of A is an n-Lie subalgebra if
[B,B,....,B] C B.

A subspace Z of NV is an ideal if [Z, A, ..., A] C Z.
Given an arbitrary ideal Z of A/, we define the lower central series and the derived series as follows:

Th =17, " = [TV I, N, ... N, k> 1,

W =7, 76+ = (2 7 N N, s > 1.

9

Definition 2. An ideal Z is called solvable if there exists a natural r such that Z(") = 0. An n-Lie algebra
N is solvable if N'(") = 0 for some 7 € N.

An ideal T is called nilpotent if there exists a natural r such that Z" = 0. An n-Lie algebra A is said to
be solvable if N” = 0 for some r € N.

Definition 3. A linear mapping D : A — A is said to be a derivation of an n-Lie algebra A provided
that

n

D([z1,x2, ..., 2p]) = Z[ml,x% cooy D(x), i1, - T
i=1
for all z1,xa,...,z, € A. The vector space of all derivations is denoted by Der(A).
One can check that Der(A) is a subalgebra of the Lie algebra gl(.A) which is called the derivation algebra

of A.
Definition 4. A linear mapping ad(zs, z3,...,z,) : A — A, defined as
ad(T2, X3, ..., Tn)(Y) = [y, T2, T3,...,2y,] for all y € A,
is the right multiplication operator. It is easy to verify ad(xa,z3,...,x,) is a derivation of A.

The set of all finite linear combinations of the operators ad forms an ideal of the Lie algebra Der(A)
which is denoted by Inder(A). Since derivations play crucial role in the variety of algebras, it is important to
find out for which types of algebras Der(A) = Inder(A).

Due to result of [2] (see Lemma 3.3) for a derivation d of n-Lie algebra A we have

k! ; . i
d*([x1, 22, ..., 20)) = > [ (), AP (@), ) )
i1 +iote o tin=k gl iey,!

Let d be a nilpotent derivation. Then there exits k € N such that d**! = 0.

['hen for the map
d=14+d ’ ’ ’
czp(d) + +§+§+”.+E
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applying (6) similar to the Lie algebras case one can prove:
[exp(d)(21), exp(d)(z2), . . ., exp(d)(zn)] = exp(d)([z1, . . ., za]).

Consequently, exp(d) is an automorphism of n-Lie algebra A. Such kind of automorphisms and their
products are called inner automorphisms.

Let A be an n-Lie algebra.

Definition 5. A torus on an n-Lie algebra A/ (denoted by T (N)) is a commutative subalgebra of Der(N)
which consists of semisimple endomorphisms. A torus is said to be maximal, denoted by Tpae(N), if it is not
contained strictly in any other torus.

m
Let N be an m-dimensional n-Lie algebra, such that [z, %4,,...,2:,] = Y A8, o ap, 1 <
s=1
ilviQ; .. ln S m, ’7?171-27”.)% c C Let D(xl) = O;T;, 1 é 7 S m.

n

D([l‘il,(Eiz,... ,(Ein]) = Z[mil,xiz,... ,D(xlk),,xln] = (O[il -|—Oé7;2 + - —&—ain)[xil,xiz,...,xin]

k=1
Thus, D € Der(N).
Let
D([@iy, @iy 5 @i, ]) = Qi iy iy [T @iy -5 T )
then
Qiy + iy G, = Qg iy £ G, # O
For (i1, ...,in, k) which 4f ; . 20, we consider the system of the linear equations

n
SE : E Oéij = ak‘?
Jj=1

in the variables c;;, 1< j <mn, as ij, k run from 1 to m.

We denote by r{e1, ...,en} the rank of the system Se. Setting r{N} = minr{z1,...,xm} as {z1, ..., Tm}
runs over all bases of NV, similar to Lie algebras case, for a nilpotent n-Lie algebra N over an algebraically closed
field one can establish the equality dimTy,e, = dimN — r{N}.

Note that a diagonal transformation d = diag(aq,...,qn,) is a derivation of N if and only if «; are
solutions of the system S,.

Denote the free parameters in the solutions to the system S, by ag, ..., as. Then we get

s
O‘i:Z)\i,jajy s+1§z§m
j=1

Consider a basis {(a1,i,...,am)|1 < i < s} of fundamental solutions of the system S.. Then the diagonal
matrices {diag(aq i, ...,m )|l <i < s} forms the basis of a maximal torus of N.

Definition 6. A nilpotent n-Lie algebra A satisfying the condition dimTy,qe = dim(N /N?) is called of
maximal rank.

Let N be an n-Lie algebra, and let Z be an ideal of . Note that the notions of nilpotency of Z as a
subalgebra and nilpotency of Z as an ideal differ in general.

Definition 7. Let A/ be an n-Lie algebra, and let Z be an ideal of A/. If T is a nilpotent subalgebra,
that is not nilpotent as an ideal, then Z is a hyponilpotent ideal of A. If Z is not a proper subset of another
hyponilpotent ideal then Z is a maximal hyponilpotent ideal of N.

Main part
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Let N be an m-dimensional nilpotent n-Lie algebra satisfying the condition n + 1 = dimTp.x =
dim(N/AN?). The algebra N is defined by the following multiplications:

{ le1,€2,€3,...,en_1,€) =€ir1, n+1<i<m-—2,

[617 €2,€3,...,€n—1, 67,,} = €Em,

with ' = (e1,e2,...,em) and N/N? = (e1,e2,...,€n11).

Theorem. Let R = N X T4z be a maximal solvable n-Lie algebra with given hyponilpotent ideal N" and
let ez be a maximal torus of A'. Then R is unique (up to isomorphism), and it is isomorphic to an algebra
with the following multiplications table:

617627637"'76n—176i} = €41, n+1SZSm_27
61762,637...7671,1,6”] = €m,
T,ez, -"aen—laei] =e; 1€ {1am}7

X, €9, en_1,6] =(i—n—1)e, n+2<i<m-1,
Y, €2, -~~uenflyei] = €4, 1€ {num}7
Z,€9, . nen 1,6] =€, n+1<i<m-—1,

where {e1, €2, ...,em, T, y, 2} is a basis of R.
Proof. Let consider the system S, for N.

artoast+as+...tap1to; =041, n+l1<i<m—2
¢ a1+ ag ozt a1+ = g,

From this system, we derive that the maximal torus 7.« has the following matrix form: Ty =
Span{dy,ds, ...,d,+1}, where

dy = diag(1,0,0,...,0,0,1,2,3, ...m —n —2,1),
dy = diag(0,1,0,...,0,0,1,2,3, ...m —n —2,1),

ds = diag(0,0,..., 1 ...0,0,1,2,3,....m—n—2,1), 1<s<n-—1,
~~
s—term
dy, = diag(0,0,0,...,0, 1 ,0,0,...,0,1),
~~
n—term
=di 1 1,1,...,1
dn+1 dlag(070,0, ,0, R , oty by 70)7

n+l—term

Let suppose dim(R) = m+ 3. We need to select three nil-independent derivations. Below, we consider all
possible choices:
Case 1. Let us choose the following derivations:

dy :=ad(z,e9,...;en—1), dp:=ad(y,ea,....,n_1), dpt1:=ad(z,eq,....,en_1).
Then, we obtain the following solvable algebra, denoted by R;n a1

Ty€2y .0y €n—1, 61] = €1,

X, €9,y en_1,6]=(—n—1e, n+2<i<m-—1,

[
[
[z,ea,...,en_1,€m] = €m,
R;,nﬂ 24 |y, ea, .y en_1,en] = en,
[y, €2, s €n—1,€m] = €m,
[z,e0,...,en_1,€i] =€, n+1<i<m-—1,
W, N]
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This is an algebra provided in the theorem.
Case 2. Let us choose the following derivations for 2 < s <n — 1:

ds :=ad(z,e1,...,€5,...,en—1), dp:=ad(y,e1,...,€s,... 6n-1), dni1:=ad(z,e1,...,€5,...,n_1),

where e, denotes the omitted element. Then, we obtain the following solvable algebra, denoted by R;, ,,,1:

[z,e1,...,€5y...n_1,€5] = €5,
[x,e1,.y €5y bn_1,6i] =(i—n—1)e;, n+2<i<m-—1,
[xael,...,/e\s, . ..en_l,em] =em,

mnt1 8 (Y€1, €5, enot,en] = en,
[Yy €1y ey Esy - €n1,Em] = €m,
[2,€1,.,C0r . bn_1,6] =€, n+1<i<m-—1,
WV, N]

By applying the basis transformation:
el = (1%, e.=e1, e =¢ for2<i#s<m,

we obtain the algebra described in the theorem.

In both of the above cases, we selected the derivations d,, and d, 11 together. The cases below address
what happens when only one of them is chosen.

Case 3. Let us choose the following derivations for 1 < s <t <n—1:

ds :=ad(z,€1,....€s,. .. Cty...€n_1,6p), di:=ad(y,e1,....€s,...C1...€n_1,€n),

dpy1:=ad(z,€1, ..., €5y ... Cty .. Cpr1,€n),

where €, and e; denote the omitted basis elements. Then, we obtain the following solvable algebra, denoted by
Rf,n+1:

Xy €1y ey €syvnCtynr.nol,Cp,€s| = €,

Zy€1y ey CsyenCpyen Cpot,en, ] = —n—1)e;, n+2<i<m-—1,

[
[
[, €1, 0y €5y e Ctynrvnel,yCnym] = €m,
R . [Yy €15 s Csy v e €ty v 1, Cp,Ct] = €4,
tntd [, €1,y €5y e -CtyenvCp1,€n,6]=(E—n—1)e;;, n+2<i<m-—1,
[Yy €1, ey EsyeneCtyerCniyCnyem] = Em,
[2,€1, €5y e n Cly et 6] =€, n+1<i<m-—1,
W, N]
However,
[Ty €1, s €5y v e ClyeneCnlyCnyCsly €1, €2y cony sy ey €n1, €] =
= (X, €1,y €y v €ty Cne1,Cp,[€s,€1,€0, ., €5,y 1, €i]] =

=[T,€1,.;CspvnCtye--n_1,€n, (—1)°ei1] = (— i —n)eir,
[ (=1)%€i41] = (-1)°( — n)

On the other hand
Ty €1y ueyCoyuvrCpyrerCp1,CnyCslyCly€0y .y Coyunny 1, €4 €it1-

This implies that e;11 = 0 for n +2 <4 < m — 1, which is a contradiction. Therefore, Rj,,,; is not an
n—Lie algebra.
Case 4. Let us choose the following derivations for 1 < s <t <n —1:

ds :=ad(z,€1,....Csy ... €y .n_1,6nt1), di:=ad(y,e1,...,C5,...Cty...Cr_1,Ent1),
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dp, = ad(z,€1,...,€5,...€1y...CrL_1,Ent1),

where €, and €; denote the omitted basis elements. Then, we obtain the following solvable algebra, denoted by
Ri .

[T, €1,y €5y v ClyeneCpol,nil, 5] = €,
[Z,€1, .00y €55 CtyenCpty€nt1,6] =(—n—1)e;, n+2<i<m-—1,
[I‘,Bl, ...,é\s,. . .é\t, N .en_1,6n+176m} = €m,
[U, €150y €y e v €ty v e CntyCnats €] = €4,
Rin:{ €108 Chevbng,nyr,6) = (@ —n—1e, n+2<i<m-—1,
(Y, €1, s €5y e ClyevCno1y€nilsCm] = Em,
[2,€1, 00y €sy v €ty 1, Entl,En] = en,
[2,61, ...,é\s, . .é\t,. N .en_17€n+1’em] = €m,
NV, N].

However,
[[,€1, 00y €syn e ClyeveCpelyCrpls s]y €152, cnny oy eney €1, €] =
= [.’II, €1y+3€55.+.€ty...€n_1,En41, [657 €1,€2,...,€g, ~-~7en717€i” =

=[z,e1,.0 €5, Cpy o1, Eny1, (—1) 1] = (=1)° (0 — n)eiq,
On the other hand
[y €1, ey €5y e CtyeneCnly €ntly€s)y €15 €2, ey €y eeny 1,6 = (—1)%€i11.

This implies that e;;7 = 0 for n + 2 < i < m — 1, which is a contradiction. Therefore, Rf,n is not an
n—Lie algebra.
Suppose that dim(R) > m + 3. Assume dim(R) = m + 4. In Case 1, we define:

dy = ad(x,eq,...,en-1), dp:=ad(y,es,...,en-1), dns1:=ad(z,ea,...,€n-1),
and obtain an n-Lie algebra. In this case, we introduce a fourth element as follows:
di = ad(t,el,eg, ...,é\i, N ,/B\j, N ,@k, .. .,6n+1), 2 S 7 S n — 1.
Next, consider the following change of basis:
e; =e1, € =ej, e; =ep, €, =€}, = €ni1, €41 = Ck-

This change of basis leads to x = ¢, which contradicts the assumption that dim(R) = m + 4. Therefore, the
maximal solvable n-Lie algebra with a hyponilpotent ideal N is unique up to isomorphism.
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AHHOTAIINA

Hannast paboTa MOCBSINEHA TOCTPOCHUIO MaKCUMAJIbHBIX PA3PEINUMBIX PACIINPEHUN M-MEPHBIX -
Jluesbrx asnre6p. VccrenoBanue mpejjaraeT CHCTEMAaTHIECKUHI TOIX0/T K BBISBJICHUIO U KJIACCU(PUKA-
[V TAKUX PACIINPEHM B pamMKax n-apHbix cTpyKTyp Jlu. [losyuenHbie pe3yapTarsl CriocOOCTBYIOT
6oJstee TiTyOOKOMY ITOHHMAHUIO AJIreOPAanIecKnX CBONCTB n- JIneBbIx ajuredbp M MX Pa3pEIuMBbIX Pac-
IIMPEHU, & TaK2Ke MOI'YT CJIy?KUTb OCHOBOH JJ1d JJaJbHEHINNX IPUJIO?KEHI KaK B MaTeMaTHUKe, TaK
U B TEOPETUIECKON (hU3UKE.

Karouesnie caosa: n-anredbpst Jlu, paspemmmMbie ajredpbl, HUJIBIOTEHTHBIE arebpsl, nuddepen-
[UPOBaHNE, HIJIb-HE3aBUCUMbBIE TuddepeHImpoBaHue.

ANNOTATSIYA

Ushbu maqola m-o‘lchamli n-Li algebralarning maksimal yechiluvchi kengaytmalarini qurishga
bag‘ishlangan. Tadqiqot bunday kengaytmalarni aniglash va tasniflashning tizimli yondashuvini
taklif etadi hamda yuqori tartibli Li tuzilmalarining doirasida olib boriladi. Olingan natijalar n-
Li algebralarning hamda ularning yechiluvchi kengaytmalarining algebraik xossalarini chuqurroq
anglashga xizmat qiladi va matematika hamda nazariy fizikaning keyingi qo‘llanmalariga asos bo‘lishi
mumkin.

Kalit so‘zlar: n-Li algebralar, yechiluvchi algebralar, nilpotent algebralar, differensiallashlar, nil-
erkli differsiallashlar.
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EXPONENTIALLY WEIGHTED OPTIMAL QUADRATURE FORMULAS WITH COMPLEX EXPONENTIAL
2,1
WEIGHTS IN THE PERIODIC SOBOLEV SPACE Wz( 1,0) (0,1]
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RESUME

This paper is devoted to the construction of optimal quadrature forrnulas for the approximate

evaluation of integrals of periodic functions in the Sobolev space W O) (0,1]. The quadrature
formulas involve a complex exponential weight function e2™** The coefﬁments of the formulas are
obtained by minimizing the norm of the corresponding error functional in the conjugate space. Using
Fourier analysis and extremal function methods, explicit expressions for the optimal coefficients are
derived. These results extend the classical theory of quadrature formulas to exponentially weighted
and oscillatory cases, yielding efficient schemes for the numerical integration of periodic functions.

Key words: Optimal quadrature formula, exponential weight, complex exponential function,
periodic Sobolev space, Fourier transform.

Introduction Optimal quadrature formulas are fundamental tools in approximation theory and
numerical integration. Classical quadrature formulas such as Gaussian or Newton-Cotes rules are effective for
polynomial approximation in unweighted spaces. However, in many applications involving oscillatory phenomena
or exponential modulation, weighted quadrature formulas provide better accuracy. W2(2,1,0) (0,1] ={¢:(0,1] —
C, p-absolutely continuous and ¢” € EQJ} and forVy € W2(2’1’0) The function satisfies the 1-periodicity

condition:p(z + ) = p(x), Ve e R, § € Z.
The inner product in this space is defined as follows: .

1 1 1
(4, 0) = <¢£7<P>’W2(2,1,0>(0 1 /go x)dx + 2/(,0 x)dx —l—/go(x)z/)(x)dx. (1)
0 0 0
We consider the following quadrature formula
1 | N
/eQmwmtp(x)dm = Z Crip(hk), (2)
r k=1
with the error
F N
@) = /62”“’“”30(35)(&; - Z Cro(hk), (3)
3 k=1

and the corresponding error functional is:

U(z) = 2mwr ch Z §(x — hk — j). (4)

B=—00

Here C}, are the coecients of formula (2), h = %, NeN welZ.
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Statement of the problem Our goal is to estimate the error of the considered quadrature formula (3)
from above, for which it is sufficient to calculate the norm of the error functional (4) . This leads to the solution
of the following two problems, and we will first consider this for m = 2. Now, we consider the following problem.

—_~—

Problem 1: (4) Find the analytical representation of the error functional norm in W2(2,170) space.

0
Problem 2: Finding the optimal coefficients of C}, = C} that minimize
To solve problem 1, we use the concept of an extremal function introduced by Sobolev. Using Riesz’s

theorem for the space W2(2’1’0)(O, 1), we can write the following

1 1 1
(l:0) = (Yo, @)oo = / ¢ (@) (x)d + 2 / @' ()¢ (x)de + / plz)y(x) =
0 0 0

1

- / (D) - 20@ (2)dz + 1 (x))p(x)da
0

From the above equation we get the following equation

D (@) — 208 (@) + de(x) = () (5)

Theorem 1. In the Sobolev space of W2(2,1,0) (0, 1)periodic functions, the extremal function of the quadratic
formula (2) has the following form:
—2miwx N e e27riﬂ(a:7hk:)

Ye(x) = 2rw)t +22mw)’ +1 2.C 2 2rB)* +2(27B)" + 1

k=1 B=—00

(6)

Proof: To find the generalized periodic solution of the differential equation (5), we apply the Fourier transform
to both sides of the equation and use the following properties of the Fourier transform:

o0

Fld= [ el
Fg] = / p(p)e” P2 dp.
F [wﬂ = (—27ip)*F[¢], (a €N).

Here * is the convolution operation.
We apply Fourier Transform to both sides of equation (5).

F 0" @) = 20 (@) + ()| = P 1£(@)].

Since, the Fourier Transform is linear operator, we have

N o
(@) + V)’ F [i] = F | =30, S d(a—hk—B) |,

k=1 B=—o0
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where -
F[0(x — hk — B)] = / §(x — hk — B)e*™ " dy = > P(IhH),

F [e2ﬂiwx] _ / eQﬂ'iwerﬂipa:dm _ 6(p—|—w).

— 0o

. [@d _ 5 p—|—w 2mﬁhk5(p B)
((27rw) —|—1) k=1 ﬁf o (270) t+202m8)” +

Then, we apply the Inverse Fourier Transform to the above equality and we obtain the following

2miwx N > e—QTriﬁ(m—hk)

o) = —— 2.0k >

(27w)” + 2(27w)” + =1 e 278)" +2(2rB)* + 1

27TZB(.’,K hk)

N S
Yo(z) = (27w)* + 2(27w)? kz :Z 2nB)* +2(278)% +1

—2miwx

And so, theorem 1 is proved from the last equality.
We calculate the analytical form of the error functional norm

1

1
— 27mwa:
I g = [ HVla)de = [ ch S e hk—5) | %
0

0 p=—o0
y e—2miw Z Ck i eQ'fri,B(m—hk)
(2mw)* + 2(27w)? o e 2mB) +2(2m8) +1

From the above equality, we obtain the following:

) 1 N o e2miwhk! e—2miwhk
W gim0ay = iz = 3 O S
((27rw) +1) P ((27rw) +1) ((271‘0.)) n 1)
N N > ,—2miBh(k—k')
T DD D¢ e N PR —— (8).
k=1 k'=1 5= oo ((278)° +1)

So problem 1 is solved. Finding the coefficient of the quadrature formula (4) Theorem 2. The
coefficients of the quadrature formula in the form (2) that minimizes the norm of the error functional are as
follows:

0 )
Cr = C(w, h) - e2™iwhk —

8 . e2miwhk l?h/\eh +A2e2h — 1 A2 — e2h _op)eh o)

<(2W)2 N 1>2 Meh —1)F  (A—eh)?

Here \ = e2miwh,
Proof: Taking the first derivative of the coefficient from equality (8) and equating it to zero, we obtain
the following equality

2riwhk’ N o0 e2miBh(k—k')

(2mw)t +2(2nw)” + 1 IS @8 +202mB) +1 0 (10)

k=1 B=—o0
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0 .
Assume the optimal coefficients are as follows: Cj, = C(w, h) - e27whk

e27r7,'whk'
- + C(w, h
(2mw)* + 2(2mw)? + 1 (. h)

0 p2miBh(k—K')

eQﬂ’iwhk =0
1 5;oo 2rB)* +2(276)% + 1

] =

(11)

ES
Il

00 e2miBh(k—k') o0 —2miBhk’ N

N
o w eQTriwhk — w E €
A=0wh)), 2 2r8)* +2(2nB8)% + 1 Ol )

Qﬂiwhke%riﬁhk _
2
k=1 B=—o00 B=—o00 ((27rﬁ)2 + 1) k=1

e

00 —2riBhk’

=Cw,h) > L f: (2mihk(B+w)
f=—00 ((27rﬁ)2 + 1) k=1

> —2miBhk’ N > —2mi(tN —w)hk'

A==Clw,n) 3 e _ TR = O(w,h) Y ¢ N =
p=—oc0 ((27rﬁ)2 + 1) k=1

e ((2n(N —w)? +1)

o0

1 . ’ 1
_ 70(00, h)e%rzwhk Z
1671% + o0 ((tN —w)® - (i)z)z

By substituting A from the previous equation into equation (11), we derive the following:

o 1 627riwhk'

C ,h, 2miwhk’ _ =0
Torp O W2 t;oo ((tN e (L)Q)Q (2rw)* + 2(2mw)? + 1

27
-1
1674h - ht
2 . 2
((270)* +1)" \ 575 (¢ - wh)? — (1)°)

C(w,h) =
In order to compute C(w, h), it suffices to evaluate the infinite series
Z 2 hi 2 2
= (- wh)’ = (1))

This infinite series is computed by means of the residue theorem [5].

i B4 Qhhel + A2e2h — 1 N2 — g2k _ 2h)\eh]

= (<t—wh>2—(“>2)22ﬂh4[ G T =y

2m

(12)

167*h = ht _ 167*h
Clw,h)= —— = X
(ma +1)° | (0 —wm? - (2)°) (2mw)* +1)°

27

y 1
2mth

-1
2hXe™ + \2e2h — 1 N - e2h — op\el
(Aeh —1)° (A —eh)?

4 —1
] . g2miwhk [2h/\€h 4 \2e2h 1 A2 — e2h _ Qh)\eh’]

2" ) 2 - 2
((2w)2 + 1) (e —1) (A—eh)

The theorem has been proven.
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REZYUME
Ushbu maqola Sobolev fazosida W2(2’1’0)(0, 1] davriy funksiyalar integrallarini yaqin hisoblash

uchun optimal kvadratur formulalarini qurishga bag‘ishlangan. Kvadratur formulalar murakkab
eksponensial og‘irlik funksiyasini e27** o‘z ichiga oladi. Formulalarning koeffitsiyentlari mos keluvchi
xatolik funksionalining konjugat fazodagi normasini minimallashtirish orqali aniglanadi. Furye tahlili
va ekstremal funksiya usullaridan foydalanib, optimal koeffitsiyentlarning aniq ifodalari keltirib
chiqariladi. Ushbu natijalar kvadratur formulalarining klassik nazariyasini eksponensial og‘irlikli
va osillatsion hollarga kengaytiradi hamda davriy funksiyalarni sonli integrallash uchun samarali
sxemalarni beradi.

Kalit so‘zlar: Optimal kvadratur formulasi, eksponensial og‘irlik, murakkab eksponensial funksiya,
davriy Sobolev fazosi, Furye o‘zgartirish.

PE3IOME

JlanHast CTaThst IOCBSIIEHA IIOCTPOEHUIO ONITUMAJIBHBIX KBAIPATYPHBIX (DOPMYJI It IPUOIIKEHHOTO
—

BBIYUCJIEHUs] MHTErPAJIOB Tlepruoindeckux (byHKImil B mpocrpanctse CoboseBa W2(2’1’0)(0, 1] Ksag-
paTypHbie GOPMyYIIbI BKIIOYAIOT KOMILIEKCHYTO SKCIIOHEHIIHATBHYTO BECOBYIO byHKImI0 2™ Koad-
dunmeHTs HGOPMYIT OIPENEIISIOTCH Yy TEM MUHUMU3AIIME HOPMbBI COOTBETCTBYIOIIEro (hyHKIMOHAIA
omubku B conpszkénHoM npocrpanctse. C ucnosbzoBanneM MeTooB QPypbe-anaims3a 1 9KCTPEMaJIb-
HO# (DYHKITMH BBIBOJIATCS TOYHBIE BBIPAXKEHUs IJIs ONTUMAJbHBIX Ko durmenTos. [lomyaenubie
DPe3yJIbTAThl PACHINPAIOT KJIACCUIECKYIO TEOPUIO KBAJPATYPHBIX (DOPMYJI HA CIydail SKCIIOHEHIIH-
aJbHBIX BECOB U OCIMJLTUPYIONNX (DYHKINH, a TaKxKe 006ecrieanBaioT 3hdHEeKTUBHDIE CXEMBI /TS THC-
JIEHHOT'O WHTEIPUPOBAHUS IIEPUOIUICCKUX (DYHKIIAHN.

Karouesnvie caosa:ontuMabHas KBaJpaTypHasi (pOpMYJIa; SKCIIOHEHITNATBHBIN Bec; KOMIJIEKCHAST
9KCIIOHEHIHAIbHAs (DYHKINS; epuoandeckoe mpocrpanctBo CobosieBa; nmpeobpazosanue Pypbe.
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ON THE ESTIMATION OF THE REMAINDER TERM IN THE CLT FOR THE NUMBER OF OCCUPIED
CELLS IN A MULTINOMIAL RANDOM ALLOCATION SCHEME
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RESUME

In this paper the best estimate for the remainder term in the central limit theorem for the number
of occupied cells in the multinomial random allocation scheme is established.

Key words: Random allocation, Poisson distribution, central limit theorem.

1. Introduction

We consider a model with n balls and N cells (urns) numbered 1,2,..., N, where N = N(n) — oo as
n — oo. Balls are allocated at random independently of each other. The probability of a ball falling into the
mth cell is p,,, > 0, where p; +p2 + - - -+ py = 1. Let 0, be the number of balls in the mth cell after allocation
of all balls, where n(n1,...,mn).

In specific applications, instead of cells, one has types or species of sampling units, and the sample array
n is of interest because it reveals population frequencies p;. Such species sampling problems arise in ecology,
also in database query optimization, where the sampling units maybe entries in columns of a database while the
species consist of all of distinct values appearing in the column; in literature, where the sampling units may be
words appearing in a given author’s known works while the species consist of all words known to that author;
in disclosure risk limitation, where the sampling units may be people or firms listed in a microdata file, without
names or other overtly identifying information, while the types are unique combinations of values of variables
with which the people or firms might be implicitly identified; and in many other areas.

The subject of our interest here is the following important in practice count statistic: the number of
occupied i.e.,

N
Ky =Y Inm >0},
m=1

where I(A) =1 if event A occurred, otherwise zero.

The occupancy counts statistic Ky has been given many names, such as the “profile” (in information
theory) or the “fingerprint” (in theoretical computer science) of the probability distribution {p,,}. Our goal in
this paper is to establish the best estimate of the remainder term when approximating the distribution function
of K with a normal distribution.

2. Results and Proof.

We adopt the following notation: &1,&s, ... is a sequence of independent random variables, where &, is a
Poisson random variable with parameter A, := np,,, ®(z) is standard normal distribution function,

N N
O S R S
m=1 m=1
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efkm(l _ efAm) _ n’YJQv,

I
1=

m(fm) = I{fm > O} - (1 - eiAm) - 'YN(gm - Am)

We assume that
N max p,, < Cy
m

where, hereafter, C}, denotes a positive universal constant, which may vary across instances.

Theorem. There exists a constant C' > 0 such that
C

Ay:= sup |P{Kny <zon+An}—P(z)] < —.
—oo<r <0 IN

Proof. Write

HMZ

N
e~ 1+ A +Z/\m")/1\/76 ’")27
m=1

Im(Em) = _(I{gm = 0} + gme_km) +(1+ )\m)e_Am - (- e_Am)(gm — Am)-
_[(I{gm = O}’ + gme_)\m - (1 + )‘m>e_>\m) + ('YN - e_)\m)(gm - )\m)]'

We have for arbitrary v > 3,

N N
> Blgn(gm)l” <2771 Y Bll{gn = 0} + &e ™ — (L+ A)e ™"

m=1 m=1

N
12705 = e P Bl = A =+ .
m=1

Next,
N N
J=2""0 (U= (14 A)e A ) ) e hm 4 277N A A
m=1 m=1
)\j
+2v7! ZZ‘]*1* )[Pem WA IR s Ty 4 Jig + i
m=1 j=2 ]
We have

N
T <270 T (1= (14 Ap)e ) e <2v o

By using inequalities ze=* < e~ and 2712%2e7% <1 — (1 + x)e~® we obtain

N N
1
v _—(v—2 2 _—2\m v (v— Am —Am v _—(v—2) 2
Jig < 2Ve™( )25/\7& < 2% Zlf 1+ An)e” ) < 2 ( )O'N.
m=1 m=1
Assume v > 4 is an even integer. We have

A N o0 N

9l- Y Jis = Z Z j—1—Am)|e —(l/-‘rl))\m.i' — Z e~ VAm Z(] —1- )\m)ue—/\m%

m=1 j=2 J: m=1 j=2 J:

(10)
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N N
=D e (1= Am) eI — (L A) e = A e

4!

N
= e E(En = Am —1)" = (L4 A) e — Nl ]

m=1
N
_ Z e—(u—l)/\m [E(gm — A — 1)Ve—)\m _ (1 +A )y —2Am )‘7Un+1e_2/\m]
m=1

174

N
< 30 IS 1 ROEB (G — M) — (L4 A e (L A e (1 - (L M) )
m=1 =0

o

N
Z e (=) Z(_l)y_kcfE(gm - 7rL k _>\ Z 1)\,,;16_)\7"]
=1 k=0
N
A I+ Am)e e (1 = (14 Ne ™)) =2 T + S (11)
m=1

We have,

v

Jlg—Ze Ay (-1 RCEE Zc AR

k=0

N
Ze_w""— v—1w-2)(v—3)An —|—Z YRCEE Z LAl
k=4

=1

It is known that E (&, — Am)* = A\ + Zlk/Z] ¢()AL,. Furthermore, 25 (=1)"*Ck — (v —1) = (v — 1) (v —
2)(v — 3)/6. Applying these facts at the last formula we obtain

N
o 26 3 O ) £ ) 3 e < el

m=1

since 2712%e7% < 1 — (1 + x)e . Also Jj5 < ¢(v)o?(n) since (14 Ay )e™*» < 1. So, by (6) Ji3 < c3(v)o?(n).
This together with (4), (5) imply
Ji < e3(v)ok. (12)

Under condition (1) by reasoning similar to those of [2] one can show that Jo < ¢(v)o?(n). Thus by (2), (7)

Y Elgn(En)l” < cv)o

On using this inequality with v = 4 and well-known inequality between Liyapunov’s ratio we obtain

N 1/2
Z Elgum (&m)|* [ ZElgmfm ] sé. (13)

On the other hand it follows from Theorem 1 of [1] that

N
1
Ay < c— Elgm (&3,
N < emg Y Elgm(6n)l

N m=1

Applying here (8) we complete the proof of Theorem.
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REZYUME

Ushbu magolada zarrachalarni qutichalarga tasodifiy joylashtirishning multinomial modelida band
bo’lgan qutichalar uchun markaziy limit teoremasidagi qoldiq hadga eng yaxshi baho olingan.

Kalit so‘zlar: tasodifiy joylash, Puasson tagsimoti, normal tagsimot, markaziy limit teorema.

PE3IOME

B pa6OTe YCTaHaBJINBACTCA HaNJIyqdIllad OIIEHKa OCTATOYHOT'O YJI€eHa B U,eHTpaJIbHofI HpeﬂeJIBHOf/'I TeOo-
peMe JJj1d 9UcCJia 3aHATBhIX d9€€eK B MOJIMHOMHUAJIBHON CXeMe C.)'Iy‘IafIHOI‘O pasMemeHusd.

Karouesnvie caosa: ciaydaiinoe pa3Melnenne, pacipeenaeaue [lyaccona, HOpMaJIbHOE pacIpeese-
HUe, IIeHTpaJIbHas IpejiesbHas TeopeMa.
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RESUME

In this study, a first order partial differential equation involving the Prabhakar fractional derivative
is examined within a rectangular domain. A boundary value problem associated with this equation
is investigated, and the existence and uniqueness of its solution are established. To construct the
solution, the Riemann method is employed. An auxiliary problem is formulated in terms of the
Riemann function. By applying the Laplace transform, the auxiliary problem is reduced to a Cauchy
problem for an ordinary differential equation. Subsequently, the inverse Laplace transform is utilized
to derive an explicit expression for the solution of the auxiliary problem, which corresponds to the
Riemann function of the original equation. The solution to the initial boundary value problem is
then obtained using the Riemann method. Furthermore, sufficient conditions are derived for the
given functions to ensure that the obtained solution satisfies the problem’s constraints.

Key words: Prabhakar fractional derivative, Prabhakar fractional integral, three-parameter Mittag-
Leffler function, regular solution, Laplace transform, two-variable Mittag-Leffler function.

1. Introduction

Fractional differential equations (FDEs) have emerged as a powerful mathematical tool to describe
systems with memory and hereditary properties, extending classical integer-order differential equations. Their
ability to capture anomalous dynamics and nonlocal behaviors has been widely recognized across various
scientific disciplines, including mechanics, finance, biology, and engineering [1-5]. The fractional operators, by
incorporating non-integer order derivatives, offer a richer framework for modeling complex phenomena where
classical models fail to provide adequate accuracy.

Boundary value problems (BVPs) for first order partial differential equations (PDEs) form a foundational
topic in applied mathematics, underpinning models in heat transfer, wave propagation, and transport
phenomena. Consequently, the investigation of existence, uniqueness, and regularity of solutions for fractional
PDEs has garnered increasing interest [6-9]. For instance, in [8], the solution of a BVP involving a fractional
PDE was thoroughly analyzed. In this problem, the existence and uniqueness of the solution were established,
and the solution was expressed in closed form using a special function of the Wright type. Similarly, in [9],
the author addressed a BVP for a first order partial differential equation within a rectangular domain, where
the differentiation involved a discretely distributed fractional operator defined by the Dzhrbashyan-Nersesyan
framework. They derived an explicit representation of the solution and established theorems concerning its
existence and uniqueness.

In addition, the Prabhakar fractional derivative has attracted significant attention in recent years, owing
to its applicability in modeling complex relaxation and diffusion processes in various media [10-14]. Despite
growing literature on fractional differential equations involving Prabhakar derivatives, the study of BVPs for
first order PDEs with such operators remains relatively unexplored and mathematically intriguing. Therefore,
there is a need for more comprehensive and in-depth research in this area, which would open up new opportunities
for both theoretical investigations and practical applications.

In this paper, we consider a boundary value problem for a first order PDE involving the Prabhakar
fractional derivative. We aim to investigate the existence and uniqueness of the regular solution under given
boundary conditions, thereby contributing to the theoretical understanding of fractional PDEs with generalized
fractional operators.
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2. Formulation of the problem

Let us consider the following equation
a,B,7,8
PRLDOtB K u(t,z) —ug (t,2) = f(hl‘) (1)
in adomain Q = {(t,z): 0<t<T, 0<z<a},0<a,T<oco. Here
dm
« & a,m—03,—v,6
PREDG 0y () = G I T ()
represents Prabhakar fractional derivative [15] and

t
P o By /t_sﬂl 18t =)y (s)ds, t>0
0

represents Prabhakar fractional integral, also

ZF ak—i—ﬂ

symbolizes the three-parameter Mittag-Leffler function. We note that above-given definitions are valid for
a, 8,7, 0 € R such that « >0 and m — 1 < 8 <m, m € N. We see in the particular case 0 < g < 1.
Problem. Find the regular solution wu(t,z) of the equation (1) that satisfies the following boundary
conditions:
hm Prot=P=v0y (t,2) = 7(z), 0<z<a, (2)

uw(t,0)=¢(), 0<t<T. (3)

Definition. A regular solution of the equation (1) in the domain  is called a function u (t,x) with the
reqularity t'~Pu (t,z) € C (Q) , u, (¢, ), PREDE; B0 (t,2) € C(Q) that satisfies the equation (1) at all points
(t,x) € Q.

3. Existence and Uniqueness Theorem

Theorem. Let 7(z) € C[0;a], t'Pp(t) € C[0,T], t'Pf(t,x) € C(Q), f(t,x) satisfies the
Hélder condition with respect to at least one of its variables and the following compatibility condition is satisfied:
lim 1510 (1) = 7.(0).

Then there exists a unique regular solution of the equation (1) in the domain Q, satisfying the boundary
conditions (2) and (3). Moreover, this solution has the form

t
v, 1,05

tx) = t—n)'E S o w(t=n "\,
U(,:E) 90(77)( 77) 12 —ﬁaO'—7 0:1.1:1.1 77+
0

ot —n)"

x

_ —v,1,0;
+/T(£)t 1ElQ (—ﬁZzO'—’V 0:1.1:1.1

7731305
/f "B (—5,a,0; 001,151, 1

(x 752 tﬁ> det

(- &) (t—n)"
5t ) )dw”

t
o
0
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Before proving the theorem, let us give some information about the function Eis (z,y). F12 (x,y) is the
bivariate Mittag-Leffler type function [16]:
33) B
Y
+o0 +oo

E12( alaﬁlaél;
_ Z Z I'(ain + Bim + 61) 2"y™

az, B2, 02; a3, 03; g, 043 B3, 05
= r (Oégn + Bom + (52) T (agn + (53) T (a4n + (54) T (Bgm + (55)’
(xay,alaﬂiaéj S R; min{alvﬂi} > 05 (l = {17 ~~~a4}7i = {1,273} ] = {1, 75})) )
in which the double series converges for x,y € R, if A; > 0, and Ay > 0. Here A1 = as + ag + ay4 — ag,
Ay = B2 + B3 — B1.
Proof.

Let V (t,x;n,€) be a Riemann function of the variables 7 and ¢ in a domain
{(n,&): 0<n<t, 0<E&<a}, which satisfies the following equation for any fixed (¢, z) :

Ve (t, i, €) — PEDNITOV (t a5, €) = 1, (4)

where

B, 6 1-8,—,5 4
PODg P 0y (1) = FIgy ' =7 70—y (1)

represents regularized Prabhakar Caputo fractional derivative [17].
V (t,2;n,&) also satisfies these conditions

V (ta'ra n7§)|17:t = 07 V (t7x7777£)|§:g; = 0 (5)

First, we rewrite the equation (1) by replacing the variables x and ¢ with £ and 7 :

PRL DS 5700 (0, €) — g (1,€) = f (1,€) -

Then, we multiply both sides of the last equation by V (¢, z;n, ), integrate with respect to & over the interval
[0, 2], and with respect to n over the interval [0,¢] :

t x

t x
[ [ rmpg um o)V o ddn - [ [ue 9V (t.zin.6) dedn =
0 0

0 0

— [ [ 100V (tzin.) dean (6)
0 0

For convenience, let us denote the first integral in (4) by I:

x

t
I =//PRLDO“f’Wu(n,é)V(t,x;mé) dgdn =
0 0

t

’ O s
- / / V(i) 515 P, ) ded,
0 O

Applying integration by parts with respect to 1 and considering the conditions (2) and (5), we obtain the
following result:

x x

t
L= / V (t,;0,6) 7 (€) de— / dt / Vi (t,2,€) 15 =50 (n, €) dn.
0

0 0
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Now, we express the Prabhakar fractional integral and change the order of integration:

x

11:—/V(t,x;o,5)T(s)df—

0

t

— [dg | Vo (tymsn, &) dn | (n—s) "B _516(n — ) u(s,€)ds =
[] / ﬂ

0

f/vof,x;o,s)f(s) de—
0
— [ de [u(s,€)ds | (n—s) PB4 6(n—5)"1V, (t, 251, €) dn =
foe [utunc] :

0 s

x x t
= —/V(t,x;O,é)T(é)df—//u(n,g) I3 TV, (4 s, €) dndE =
0 0 O

= — [ V(t,2;0,8) 7 (£) dé — u(n, &) PEDLGPTOV (¢, w5m, €) dndé.
/ /]

Let us evaluate I that is the second integral of (6). We integrate by parts with respect to & and consider the
conditions (3) and (5), then we get the following result:

t x
Izzo/O/ug (0, )V (8,25, €) dedn =

t
= V (t,z;n,0) ¢ (n) dn— u (n, &) Ve (t, 31, §) dédn.
/ /]

Substituting the results of the integrals I; and I into the equation (6), we obtain the following expression:

//IU(n,ﬁ) [Vs (t,x;m,€) — PCD?iﬁ”"sV(t’x;n,é‘)] dédn =
00

x

t t
//f n,§) V (t,x5m,8) d§d77+/V (t,7;0,€) 7 (§) §—/V(t,x;n70)¢(n)dn-
0 0 0

According to (4), we get the following result:

x

t
0// nfdﬁdn—//fni (t, 250, €) dédn+

0
xT t
+O/V(t,x;Oé)T(f)d&—O/V(t,x;n,())so(n)dn

(0]
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To find the unknown function u (¢,z) from the final expression, we first differentiate with respect to z, then
with respect to t, and arrive at the following result:

t x
u(t,z) = / / Voo (b2, €) f (1, €) dédi+
0 0

x

+ / Ve (1, 2:0,€) 7 (€) de + / Ve (£, 2:,0) 0 () d. (7)

Our goal is to find the function V (¢,x;7n,&). Next, we will assume that the function V (¢,x;n,£) can be
represented as a function of the difference of the arguments ¢, pand z, & V(t,z;n,8) =V (t—n,z—¢&).In
that case, it follows from (4) and (5) that V' =V (¢, ) is the solution of the following problem:

Va (t,0) = PODGV (1) = 1, (8)
V(va) =0, V(t,()) =0 (9)
We apply the Laplace transform to the both sides of the equation (8) with respect to ¢ :
Lo [Va (t,2) = PODG 0V (1,2)] = L Va (0)] = L [PODGP MV (4,)] = Lo [1].

If we denote L, [V (t,x)] = w (z;p), then we get

a 1
we (239) = L [PODG 0V (1) = (10)

Now, we apply the Laplace transform to the operator:

+oo t
L [PODGP (1)) = / Pt / (t— ) PB4 [5(t - 2)] V2 (2,2) ds =
0 0

/V z,x dz/ e Pt — z)_’BE;7¥75 [6(t—2)"dt={t=s+2}=

+oo +o00
= / e PV, (2,x)dz / efpssfﬂE;}iﬁ [65] ds.
0 0

First, we evaluate the integral with respect to s :

+oo oo 5k +oo

—ps .—B —ps ak—p _ _ _
/ep Ea1B68 Z ak+1_ﬁ)k/ep8 ds = {ps =y} =
0 0

— B io (=)0 p 7069 k=B gy = pf-1 Jio (—V)k(ép_a)k, =
P T (ak +1— B) k! R k!
J -

k=0
= (a),x* a _ 5\”

k=0

Now, we integrate by parts with respect to z :

+00 oo
/ eV, (z,0)dz = p / e PV (z,x) dz = pLi [V (1, 2)]-
0 0
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As a result, we have identified
-
Ly |PCDgP v (t,x)} =p’ (1 - p) L[V (t,2)],
so we can rewrite (10) and get the linear differential equation:
wg (2;p) — Aw (z3p) = ~

where \ = p® (1 — %)7.

We solve this linear differential equation and determine that w (x; i +Ce . Since V (¢,0) = 0, it follows

p) =
that w (0;p) = 0. By using w (0; p) = 0, we can find that C = p%\ Co nsequently, we obtain the following

LV (ha)] = w(op) = o — L
t 9 - ap *p)\ p)\

Now it is time for the inverse Laplace transform:

B B e)\z 1 B e)\a: B 1
R R oy e ) w

Let us take a function of this form

OO n —_
t
(t,x) =t° Z Ea W}Bt;-/i-lﬁﬁ’ [6¢]

and apply the Laplace transform to it:

oo "t_ "
L [Vi (t,2)] = L [tﬂ Z B [(sm] =

+oo

o0 TL —
t
—pt +
:/pﬁz D ot it =
0

+oo n+ k oo
—n+7),0 —ptyB—pn+ak
= (B=Bntak gp — fop — g} —
Zn.Zm ak — Bn—+1+pB) /e {pt =}

’Yn+’7 6kp—o¢k+,3n+1—,6

“+o0 n+
_Zmz k! -

10 n, Bn £ —alk
i AP (=n+7),lop~°]
=P Z n! Z k! ’
n=0 k=0
pacd (a), z* —a
Using the formula ) ~—— = (1 —x) °, we get
k=0
. € pﬁn yn—y
LlVi (o) = ?t 52 =(1=dp7)
n=0

7
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For x = 0, we define

1
— B al| —
Li[Vi (£,0)] = L, [t Blues 0] = 5.
According to (11) and the results Ly [V; (¢,2)] and L¢ [V} (¢,0)], we conclude
IX gng—pn
-1 —yn
V(t,x) =L w] =t Z nl Ealﬁtﬂuﬁ [0t%] — tBEg,ug [6t%] =
n=0 ’
T ni—fBn T nt1,—fn
_ BN —ynty P —n
—t Zl B o [01°] = 2 DT Eon 1067,

To find the solution (7), we take the derivatives of the function V (¢t — n,z — £) with respect to = and ¢:

Ve = Jf et g)n(t — ) B (=) =
T —~ n! a,—fBn+1 n

= (3;_5)" —Bn p—yn o
= 1+ZT@_77) B 00t =n)"];

+oo n
V=3 E g - ) =

— nl a=pn B
400 n
Xr — § —Bn— —n @
I RN (]
n=0

We can write the function V,; (¢, z) using F1s (¢, ):

T (k) [@— o -0 e -
Var = (t =) nz:%kz:o T (—Bn+ak)T (—n) T (n+ )T (k+ 1)

VPR —7,1,0; (@—&t—n"
= (t=m) E”(—@a,o;—%o;l,l;l,l St—n® )

Here Ay =as+as+as—a;=1—0F>0and Ao =pFs+ 83— 51 =a>0.
Finally, we obtain the following solution:

u(t,z) =

o

_ -1 _77170;
o (m) (6= m) E”(—B,mo;—%o;l,l;l,l

w(t—n)"
5t —m)° ) dn

—1 _7a1707
+/T(§)t E”(—ﬂ,a,o;—v,o;Ll;l,l
0

(z—&t”

£) >d§+
t z 1

0 0

The theorem is proved.

(@—&t—m"
s ) den

Remark. If 6 = 0 or v = 0 in the considered problem, these cases have been studied in [18].
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REZYUME

Ushbu ishda Prabhakar kasr tartibli hosilasi qatnashgan birinchi tartibli xususiy hosilali differensial
tenglama to’g'ri to‘rtburchakli sohada qaralgan. Bu tenglama uchun bir chegaraviy masalaning bir
qiymatli yechilishi o‘rganilgan. Bu masalaning yechimini topish uchun Riman usulidan foydalanilgan.
Riman funksiyasiga nisbatan yordamchi masala hosil qilingan. Yordamchi masalani Laplas
almashtirishi yordamida oddiy differensial tenglama uchun Koshi masalasiga olib kelingan va teskari
Laplas almashtirishini qo‘llab yordamchi masalaning yechim formulasi, ya'ni berilgan masalaning
Riman funksiyasi topilgan. So'ngra Riman metodidan foydalanib dastlabki masalaning yechimi
topilgan. Topilgan yechim masalaning shartlarini ganoatlantirishi uchun berilgan funksiyalarga
yetarli shartlar topilgan.

79



Acta NUUzZ EXACT SCIENCES Ne2 /2, 2025 pp.72-80

80

Kalit so‘zlar: Prabhakar kasr tartibli hosilasi, Prabhakar kasr tartibli integrali, uch parametrli
Mittag-Leffler funksiyasi, regular yechim, Laplas almashtirishi, ikki o’zgaruvchili Mittag-Leffler
funksiyasi.

PE3IOME

B nacrosmeit pabore paccmarpuBaeTcss KpaeBas 3ajada s auddepeHuaibHor0 ypaBHeHus ¢
9aCTHBIMU MPOU3BOIHBIMU TIEPBOrO IMOPsiJIKA, BKJIIOYAIONIEro JApobHBIM omepaTop Ilpabxakapa, B
MPABWJIBHON TPsIMOYTOJIbHOM obsactu. l3ydaercs cymiecTBOBaHWE W €IMHCTBEHHOCTH PEIIEHUs]
maHHON 3amaun. Iyt moCTpoeHUs pelieHus puMeHsieTcs Meron, Pumana. @opMysinpyercst BCIIO-
MoraTejibHasl 3aJlada OTHOCUTEIbHO GyHKImn Pumana. C ucrnosib3oBanueM npeobpasoBanus Jlarma-
ca BCIIOMOraTeJibHasl 3aja4da CBOAUTCs K 3ajade Komm 1jisi 0ObIKHOBEHHOrO audhepeHnaIbHOro
ypaBHeHUs. 3aTeM, MpuMeHsis obpaTHoe mpeobpa3oBanue Jlamiaca, moydena siBHas GpopMyJia pe-
[IEHUS BCIIOMOTATEIbHOM 3a/1a9M, KOTOPas OIHOBPEMEHHO siBjseTcd pyHKueil Pumana mcxomHoit
3agaqn. Ha ocnoBe meroma Pumana mosywueHo perreHme MCXOIHON KpaeBoit 3amatdn. Kpome Toro,
YCTaHABJIUBAIOTCS JOCTATOYHBIE YCIOBUS Ha 33 /IaHHbIe (DYHKIIUHU, IIPU KOTOPBIX HAWIEHHOE PEIleHne
VJIOBJIETBOPSIET YCJIOBUSIM IIOCTABJIEHHON 3aa4u.

Karouesnte caosa: Ilpoussomnast npobroro nopsiaka [Ipabxakapa, nHTErpas ApoOHOTO MOPSIKA
[Ipabxakapa, dyuknus Murtar-Jleddaepa ¢ Tpems: mapamerpaMu, PEryaspHOe peleHne, mpeobpa-
3oBanue Jlamtaca, asyxunepemennas dyuknus Murrar-Jledbdurepa.
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RESUME

In this paper, we study some retractions of the space n-fold symmetric product of the space X. We
prove that if a set A is a retract of a topological space X, then the set F,(A) is also a retract of
the space F,,(X). Also shown that if a set A is a weak retract of a topological space X, then the
set F,,(A) is also a weak retract of the space F,(X). Besides proved that if a set A is a deformation
retract of a topological space X, then the set F,,(A) is also a deformation retract of the space F,, (X).

Key words: Retract, n-fold symmetric product, weak retract, deformation retract.

Recently, the topological properties on hyperspaces with the Vietoris topology and the homotopy
properties of the topological spaces have been studied by many authors ([1], [2], [3], [4], [5], [6])-

In [1] the connection between a finally compact, pceudocompact, extremely disconnected, R-space and
its hyperspace is studied. And in the work [2] have been studied the connection between a uniformly connected,
uniformly pseudocompact, P—precompact and its hyperspace. In the works [3] and [4] have been studied some
cardinal and homotopy properties of the superextension AX of a topological space X. And in [4] proved that the
superextension functor A preserves homotopy, i.e. that it is a homotopy functor. In [5] showed that the functor
of Permutation Degree SPZ preserves the homotopy and the retraction of topological spaces. And in [6] have
been studied some homotopy properties of the space of complete linked systems.

Recall that a covariant functor is a mapping F which assigns to a topological space X the space F(X),
and to a continuous mapping f : X — Y, the mapping F(f) : F(X) — F(Y) satisfying the following conditions:

1) F preserves identity, that is, if idx is the identity mapping of X, then F(idx) = idr(x);
2) F preserves composition, that is, if f: X — Y and g : Y — Z are continuous mappings, then we have

Flgo f)=F(g)oF(f)-

We refer the reader to the book [7] and the article [8] for more information about functors. Some metric
properties of n-fold symmetric product of the space X is studied in the work [9]. In this paper we study some
homotopy properties and retractions of n-fold symmetric product of the space X.

All of our space are Hausdorff unless otherwise indicated. The symbol N stands for the set of positive
integers and R stands for the set of real numbers. Given a space X, we define its hyperspaces as the following
sets:

1) CL(X) ={A C X | Ais closed and nonempty };

2) 2% = {A € CL(X) | A is compact };

3) Fu(X) = {A € 2% | A has at most n points }, n € N (see [9, 10]).

CL(X) is topologized by the Vietoris topology defined as the topology generated by

B ={(Uy,....,Ug) | U1, ...,Uy are open subsets of X, k € N},

where (Uy,...,Uy) ={A € CL(X)| ACUU; and ANU; # 0 for each j € {1,...,k}}.
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Note that, by definition, 2%, F,(X) and F(X) are subsets of C'L(X). Hence, they are topologized with
the appropriate restriction of the Vietoris topology. Moreover,

1) CL(X) is called the hyperspace of nonempty closed subsets of X;

2) 2% is called the hyperspace of nonempty compact subsets of X;

3) Fn(X) is called the n—fold symmetric product of X;

4) F(X) is called the hyperspace of finite subsets of X.

On the other hand, it is obvious that F(X) = U;—; Fn(X) and F,(X) C Fpp1(X) for each n € N (see
[9, 10]).

Remark 1. Let X be a space and let n € N.
1) Fn(X) is closed in F(X);
2) f1: X - F(X), (z — {z}), is a homeomoerphism;
3) Every F,,,(X) is a closed subset of F,,(X) for each m,n € N, m < n (see [11]).

Notation 1. If Uy,Us,...,U, are open subsets of a space X, then (Uy,Us,...,Uy,)r(x) denotes the
intersection of the open set (Uy,Us, ..., U,) of the Vietotis topology, with F(X) (see [12]).

Notation 2. Let X be a space. If {x1,29,..,2,} is a point of F(X) and {z1,22,..,2, €
(U1,Us,....;Un) 7(x)}, then for each j < r, we let U,;, = U € {Uy,Us,...,Us} : x; € U} Observe that
(Uzy s Uzyy s Uz, ) rix) © (Un, Uz, o Us) 7 (x) (see [13]).

For some undefined or related concepts, we refer the reader to [14], [15] and [16].

Now we will consider some retractions of n-fold symmetric product of the space X. We begin with
definitions of notions that will be used in this section. We mainly follow terminology from [15] and [16].

A subset A of a topological space X is called a retract of X if there exists a continuous mapping r : X — A
such that r|A = id4. The mapping r is called a retraction [15].

For the functor of n-fold symmetric product F,, the following theorem holds.

Theorem 1. Let for a subset A C X the relation F,,(4) C F,(X) is correct. If a set A is a retract of a
topological space X, then the set F;,(A) is also a retract of the space F,,(X).

Proof. Suppose that A is a retract of X. Then there exists a continuous mapping r : X — A such that
r(a) = a for all a € A. Now we consider the mapping F,7 : F, X — F,A. It is clear that for every A e F,A
we have that (F,r)(A) = r(A") = A". It means that the mapping F,r : F,X — F,A is a retraction. Hence,
the set F,(A) is a retract of the space F,(X). Theorem 1 is proved.

From the Theorem 1 we get the following corollary.

Corollary 1. If the mapping r : X — A is a retraction, then the mapping F,r : F, X — F,A is also a
retraction.

A subset A C X is said to be a weak retract of X if there exists a continuous map r : X — A such that
roi~idy where i : A — X is the inclusion map (see [15]).

Proposition 1. Let for a subset A C X the relation F,,(4) C F,(X) is correct. If a set A is a weak
retract of a topological space X, then the set F, (A) is also a weak retract of the space F,,(X).

Proof. Suppose that A is a weak retract of X, then there exists a continuous map r : X — A such that
roi~idy wherei: A — X is the inclusion map. Now we consider the mapping F,,r : F, X — F, A such that
Fur o Fni =~ Fpidg, o4 where Fi: F,A — F,X is the inclusion map. Proposition 1 is proved.

Corollary 2. If the mapping r : X — A is a weakly retraction, then the mapping F,r : 7, X — F, A is
also a weakly retraction.
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A space X is said to be contractible if it is homotopy equivalent to a point [16]. In [4, 6], some propositions
about homotopy properties of topological spaces were given. For instance, contractibility is a homotopy property
of the spaces. We have the following.

Proposition 2. If a topological space X is contractible, then the space F,, X is also contractible.

Proof. Assume that X is a contractible space. It means that X ~ {a}. By proposition 1 [17] it implies
immediately that 7, X ~ F,,{a}, which means that F,, X is homotopy equivalent to the point F,, {a}. Proposition
2 is proved.

Corollary 3. If a topological space X is homotopy equivalent to a point, then the space F, X is also
homotopy equivalent to a point.

A subset A of a topological space X is called a deformation retract of X if there exists a retraction
r: X — A such that i or ~ idx where 7 : A — X is the inclusion.

In other words A is a deformation retract of X if there is a homotopy F' : X x I — X such that F'(z,0) =«
for all x € X and F(z,1) € A for all z € X.

Theorem 2. Let for a subset A C X the relation F,,(A) C F,,(X) is correct. If a set A is a deformation
retract of a topological space X, then the set F,,(A) is also a deformation retract of the space JF,,(X).

Proof. Suppose that A is a deformation retract of X. Then there is a homotopy F' : X x I — X such that
F(z,0) =z forallz € X and F(z,1) € A for all z € X. Now we consider the mapping F,, F : F, X x I — F, X is
a homotopy such that (F, F)({z},0) = {z} for all {z} € F, X and (F,F)({z},1) € F,, A for all {z} € F,X. By
theorem 1 [17] if the mapping F' : X x I — X is a homotopy, then the mapping F, F' : 7, X x I — F,X is also
homotopy. Clearly that (F,F)({z},0) = F({z},0) = {z} for all {z} € F,X and (F,F)({z},1) = F({z},1) €
FnA for all {z} € F,,X. Hence, the set F,,(A) is a deformation retract of the space F,,(X). Theorem 2 is proved.

Corollary 4. If the mapping r : X — A is a deformation retraction, then the mapping F,,r : 7, X — F, A
is also a deformation retraction.

A subset A of X is a strong deformation retract if there is a retraction r : X — A such that tor ~,..;4 idx.

In other words A is a strong deformation retract of X if there is a homotopy F': X x I — X such that
F(z,0) =z forallz € X, F(a,t) =aforalac A, t €l and F(z,1) € A for all x € X.

Proposition 3. Let for a subset A C X the relation F,(A) C F,(X) is correct. If a set A is a strong
deformation retract of a topological space X, then the set F,(A) is also a strong deformation retract of the
space Fp(X).

Proof. Suppose that A is a strong deformation retract of X. Then there is a homotopy F : X x I — X
such that F(x,0) =z for all z € X, F(a,t) =afor alla € A, t € [ and F(z,1) € A for all x € X. Now we
consider the mapping 7, F' : F, X x I — F, X is a homotopy such that (F,, F')({z},0) = {«} for all {z} € F,, X,
(FonF)({a},t) = {a} for all {a} € F A, t € I and (F,F)({z},1) € Fnr(A) for all {z} € F,X. Clearly that
(FnF){2},0) = F({z},0) = {z} for all {a} € F,, X, (Fp,F)({a},t) = F({a},t) = {a} for all {a} € F, A, tel
and (F,F)({z},1) = F({z},1) € F.(A) for all {z} € F,X. Hence, the set F,(A) is a strong deformation
retract of the space F,,(X). Proposition 3 is proved.

Corollary 4. If the mapping r : X — A is a strongly deformation retraction, then the mapping F,r :
FnX — F,A is also a strongly deformation retraction.

A subset A C X is said to be a weak deformation retract of X if the inclusion map ¢ : A — X is a

homotopy equivalence.
By Proposition 1 and Proposition 2 we will get the following result.
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Corollary 5. Let for a subset A C X the relation F,,(A) C F,(X) is correct. If a set A is a weak

deformation retract of a topological space X, then the set F, (A) is also a weak deformation retract of the space
Fn(X).

A continuous mapping f : [0,1] — X is called a path in X. The point f(0) is called the initial point and

f(1) is called the final or terminal point of this path. If z € X, then one defines e, : I — X as the constant
path, i.e. e;(t) = x for any t € I. A topological space X is said to be path-connected if given any two points x,
1 in X there is a path in X from zq to x;.

Proposition 4. If the mapping f : I — X is path in X from the point zg to the point z;, then a

mapping F,f : I — F, X defined by F,f(t) = {A € F.X : f(t) € A, Vt €[0,1]} is a path from the point
Ao =N{A € F,, : f(0) € A} to the point A; = ({A € F,: f(1) € A} in F,, X.

Corollary 6. If a topological space X is path-connected, then the space F,, X is also path-connected.

10.

11.

12.

13.
14.

15.
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REZYUME

Ushbu magqolada biz X fazoning n-darajali simmetrik ko’paytma fazosining ba’zi retraktlik
xossalarini o’rganamiz. Agar A to’plam X fazo uchun retrakt bo’lsa, u holda unga mos F,,(A4) to’plam
ham F,,(X) fazo uchun retrakt bo’lishi isbotlangan. Bundan tashqari, agar A to’plam X fazo uchun
kuchsiz retrakt bo’lsa, u holda unga mos F,(A) to’plam ham F,(X) fazo uchun kuchsiz retrakt
ekanligi ko'rsatilgan. Shu bilan birga, agar A to’plam X fazo uchun deformatsion retrakt bo’lsa, u
holda unga mos F,(A) to’plam ham F,,(X) fazo uchun deformatsion retrakt ekanligi isbotlangan.

Kalit so‘zlar: Retrakt, n-darajali simmetrik ko’paytma, kuchsiz retrakt, deformatsion retrakt.

PE3IOME

B namnoit pabore n3ydaroTcsi HEKOTOPbIE PETPAKIMK IIPOCTPAHCTBA N-KPATHOI'O CHMMETPHIECKOIO
npousBejieHnst pocTpancTBa X . JIOKa3bIBAETCS, UTO €CJIU MHOXKECTBO A SIBJISIETCSI PETPAKTOM TO-
HOJIOTUYECKOro HpocTpaHcTBa X, TO MHOXKECTBO JF, (A) TakKe sBJISETCS PETPAKTOM HPOCTPAHCTBA
Fn(X). Takzke nokazano, 4To eciu MHOXKeCTBO A sBisieTcs CjaabbIM PETPAKTOM TOIIOJIOMHMYECKOrO
npocTpaHcTBa X, TO MHOXKECTBO JF, (A) Tak»Ke siBjIsieTcst caabbIM peTpakToM npocTpasceTsa JFp, (X).
Kpowme Toro, jokazano, 4To ecjn MHOXKeCTBO A sBisieTcs 71eOpPMAIMOHHBIM PETPAKTOM TOIOJIO-
PHYECKOr0 IIPOCTPaHCTBa X, TO MHOXKeCTBO JFp, (A) TakkKe saBjsgercs 1edhOPMAMOHHBIM PETPAKTOM
npocrpascTBa F, (X).

Karoueswie cnosa: PerpakT, n-KpaTHoe CUMMETPUIHOE ITPOU3BEJIEHNE, CJAA0BI peTpakT, aedop-
MaIMOHHBIN PETPAKT.
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RESUME

This paper is devoted to the study of geodesics on smooth manifolds such as elliptical paraboloid and
sphere in three-dimensional Euclidean space. The main result is finding equations of the geodesic on
the SO(3) group, which is the smooth three-dimensional manifold in R®.

Key words: Geodesics, Hamiltonian system, Hamiltonian vector field, 3D rotation group.

INTRODUCTION

Let M™ be a smooth Riemannian manifold of dimension n with a Riemannian metric g;;(x).
Definition. The geodesics of the given metric are defined as smooth parameterized curves

that are solutions to the system of differential equations
Vv =0,
where ¥ = Z—Z is the velocity vector of the curve v, and V is the covariant derivation operator related to the

symmetric connection associated with the metric g;;. In local coordinates, these equations can be rewritten in
the form

A2zt - dad dx
i, — = =0
dt2 +Z ke dt ’

where I‘j-k(x) are smooth functions called the Christoffel symbols of the connection V and defined by the
following explicit formulas [1]:

i _ 1 is (09s; | Ogsk  OGr;
(@) = 229 (Bxk T 0w )

Geodesics can be interpreted as the trajectories of a single mass point that moves on the manifold without
any external action, i.e. by inertia. Indeed, the equation of geodesics means exactly that the acceleration of the
point is equal to zero.

The equation of geodesics can be considered as a Hamiltonian system [3] in the cotangent bundle 7% M,
and the geodesics themselves can be regarded as projections of the trajectories of this Hamiltonian system on
M. To this end, consider the natural coordinates z and p on the cotangent bundle T* M, where x = (z!,... 2")
are the coordinates of a point on M and p = (p1,...,p,) are the coordinates of a covector from the cotangent
space T M on the basis dx!, ..., dz". Take the standard symplectic structure w = dzAdp on T* M and consider
the following function as a Hamiltonian:

Hr,p) = 5 3 g% @)pins = lol* 1)
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It is well known the following proposition [1,4].

Proposition. a) Let v(t) = (z(¢); p(t)) be an integral trajectory of the Hamiltonian system v = sgradH
on T*M. The curve z(t) is then a geodesic, and its velocity vector &(t) is connected to p(t) by the following
relation:

W — S st

b) Conversely, if a curve x(t) is a geodesic on M, then the curve (z(t); p(t)), where p;(t) = >_ gi;(x)p;(t), is an
integral trajectory of the Hamiltonian system v = sgradH.

I. Geodesics on the elliptical paraboloid

Let F be an elliptical paraboloid on R? given with the equations

T = \/2c08¢
y = zsing (2)
z2=1z

To write the equation of a geodesic on the surface F according to Proposition, we first find the Hamitonian
system on the cotangent bundle of the surface F. To do this, we should find the tangent vectors

1 1
2\/zcos¢p’ 2/zcosd’ !
re = {—V/zsing, /zcosp, 0}.

We get the first quadratic form matrix and the inverse matrix of the first quadratic form, which are shown
below, respectively.

b

r, =4

4z4+1 0 4z
(9i7) = 4z and (g7) = | 42+ 1
0 4z 0
4z
Now, we are ready to write the Hamiltonian system on the T F
O S S A
YTodt (42 +1)2 " 222
4 dpa
= — = 0
V) di
(3)
;dz 4zpy
z = — =
dt  4z+1
¢ do po
¢ = dt 2
which corresponds to the Hamiltonian,
1, 4z 1
H— = 2 2.2y 4
2(4z+1p1+zp2) (4)
Theorem 1. The curve with the equation
2C  |C1/Az+1-2,/C7z - C? Viz+1

d(z) = ——In — arctan C'

G |O1/az +142,/C32—C? VC3z — C?

where C%2 — C? # 0 and C, C # 0 is a geodesic line on the elliptical paraboloid with equation (2).
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Proof. Let us find an integral trajectory of the Hamiltonian system (3).
Using the equations of the system, we have the following.

EEACCES)) B C Azl a1,
pl_Ta pQ_Oa P = 4z z 4222 )
and A )
Z+lz//_ 1 2/2207.
4z 822 222
As a result of the ODE we get
o dz _ 2/Cz - C?
dt Viz +1
and
dz _ 2,/C7z-C?
dt iz 41
¢ _C
at  z’
()
@ 207 8(C2z —C?)
a2 4z +1 (4z+1)% 7’
¢ O 2\/CPz—C?
a2~ 22 Viz+1
Let us now check that the curve that satisfies the system (5) is geodesic.
We know that curve with the equations
= 2(t
¢ =9(t)
is geodesic if only if it satisfies the following system by Definition:
@z _ 1 (£) - (%)
di2  2z(4z+ 1) \dt 4z +1\dt/) 7
(7)
d’¢ 1dzdo
— +-———=0.
dt? + z dt dt

It is easy to check that if curve (6) satisfies the system (5) then it satisfies the system (7) also.
We have the following ODE from the equations in the system (5):

dp _dop dt _C  JAz+1

dz  dt dz_?z.ﬂ/cfz_cf

if we replace the variables as:

1 41

VI T 1 >t = 20?2 (Cf * (12) v

= 2= 5 and dz = ——5 5>
Jo—or T, 1 C; 1

G
1 Cy
where C2z — 02 # 0 and C, C} # 0, we get following ODE
4 1 22dx
d¢“0<c%+cz)(2 L) (o &)
C7 C
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or

& Ciz+2

b — _% de 1  da 7
CT 2 ¢ o
C? o
then
2C dz dx 1 dx
dp = o, 2 2 | ¢, 1
T— — — e+ =5
Ch Ch C?
By solving it, we find the following
2 -2
o(x) = _Eln ’ Ci ‘ —arctan C'z + Cj,

if we replace the old variables, we get a function

Viz+1
C3z — C?

This function represents the explicit equation of the geodesic we are looking for. Theorem 1 has been proven.

—arctan C + Cs.

$(2) =

2C CiV4z +1-2,/C%z—C?
C1 Civ4dz +1+42,/C%z — C?

I1. Geodesics on the Sphere

Let us now find a geodesics on the unit sphere S? on R3.

Let us
T = COSUCOSV
Y = cosusinu (8)
Z = Sinv

is a parametric equation of S2.
Theorem 2. The curve with the equation

2
a = ———— arctan [ ——(tanu) ) + C>,
) vl Yo (0272012( )+
2
where%<landCC’17€0
2 _ o2
b) w(u) = — 1 m’Ctanu—i—\/C’ QC’

Ctanu — /C? — 202

NeEre:
2

2C7
where ﬁ > 1 and C # 0. is a geodesic line on the sphere S? with equation (8).

Proof. According to the proposition, a projection of the trajectories of this Hamiltonian system is geodesic
on S2. Let us find it.

In this case, the tangent vectors are
ry = {—sinucosv, —sinusinv, cosu},
ry = {—cosusinv, cosu cos v, 0}.

We get the first quadratic form matrix and the inverse matrix of the first quadratic form, they are shown

below, respectively:
1 0
1 0 i
%w@mmﬁmw>@ 1)

cosZu
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Hamiltonian system in the cotangent bundle T*S? is the following system :

, sinu
b1 = - P

1 cosdu’?

;o
p2 - 07

9)

A

uw = pi,

’ P2

cos? u

The corresponding Hamiltonian function is

1 1
H = 5(]’%4‘7173)

Using the equations of the system, we have the following

sinu Cc?
=C no__ 0 2 I — 02
D2 ) U 141 COSS U ) u P1 ) COSQ u + 1
and J )
D1 sinu o
ot C
dt cosdu
dp2
2 _
dt ’
(10)
du  2Cfcos®u—C?
dt 2cos? u ’
dvv  C
dt  cos?u’
Let us find the projection of the trajectories of the system (10).
If we consider the following equalities as
dt 2 cos? u dv C d dv C 1
7:—’ —_— = — an 7:7-77
du  2C%cos2u—C2’ dt  cos?u du  C? ) C?
cos?u — —
20%
then we can write the explicit equation of the geodesic as v = v(u).
d 1
If we replace the variables as: = = tanu, du = x and cos®u = ———, we get
2 +1 2 +1
2 dx
1
2 +1— o2
Let us solve the differential equation (11).
2C%
When C—zl < 1 and C,C; # 0, we have
C
v(z) = — arctan( .T) + Oy,
C? —20% C? —2C%
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e
or if oz > 1 and C,Cy # 0, then we get

v(u) = — ! ‘

C? —2C%

Now we replace the old variables and we get equation of the geodesic with the following equation which we seek

Cx+,/C? —202'

Cx —+/C?—20}

a) ov(u) = 2 arctan (L(tan u)) + C:
C2 — 207 V=203 >
2
where 26%1 <1land C,Cy # 0;
b) () = — 1 m’C’tanu—F\/CQ—QCQ‘
V0?2 —2C? I Ctanu —/C? —2C?
2
where 20% >1and C #0.

Theorem 2 has been proven.
II1. Geodesics of the SO(3)

Any rotation of a rigid heavy body around a fixed point in the case of Euler can be described by a rotation
matrix belonging to SO(3). The group SO(3) is a compact and smooth three-dimensional manifold R?.

The parametric equations of the matrix A € SO(3) and the Hamiltonian function on the cotangent bundle
of the SO(3) smooth manifold are given in work [2]. We use them to find an equation of geodesic on SO(3).

The Hamiltonian in the cotangent bundle 7*SO(3) is a function

1 1 1 1 sinv
H=-—p>+=p2 — . 12
2 (200S2 e Taret 2cos?u’3  cos2ol 3 (12)

Hamiltonian system corresponding to the Hamiltonian function (12) is

dp;
21
dt

dpa sinv 1+sin®v

P2 _ 2, .2
dt 2cos3v(p1 +p3)+

2 cos3 v p1ps

dp _
dt

du B 1 sin v
dt  2cos? Upl 2 cos? vp3

dv _ 1
at -~ 2P?
dw 1 sinv

At 2c0sv’® T 2costult
Consider the projection of the trajectory of this system (13). From the system, we know that

1+ sin®v
4 cos3 v

dv 1 d?>v  1dp sinv

-z av_ 12 2, .2
ar 2P w2 T a4 4(:0531)(]91 +p3)+

P1p3
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when coefficients C, p1, p3 are non-zero. After solving this ODE, we have

dv 2 1 sin v
v pitps P1P3 e
dt 8 cos?w 4 cos?wv

or

dt 8 cos? v

dv  8CZ%cos?v + 2p1pssinv — (pf +p3)’

As a result of ODE (14), we obtain the following ODEs.

4(py —sinv - p3)dv

du = . )
8C2 cos? v + 2p1pgsinv — (pi + p3)
4(ps —sinv - p1)dv
dw = —-—— - 5 55
8C? cos? v + 2pyp3sinv — (p7 + p3)
or
D3 sin vdv
du = 5 =5 2 2 2
20 sin?v — P8 gin g + Pitps —8C7
4C2 8C?
P1 dv
207, paps Pt +p3 —8C*’
sin® v — 102 smv—l—T
d P1 sin vdv
w = — —
202 sin? v — P1bs sinv + p7% +ps— 8C7
4C? 8C?
Ps3 dv
202 2+ p3—8C%
sin? v — ]49116]'9;3 sinv + pLps — 807 18)302
We find the integral curve of the system when the new coefficients a, b satisfy the following conditions
2, 2 2,2 2, .2 2
_ Dp1ps3 _ pi+p3 2 _ DPip3 pi +p3 —8C
a—402>0,b— 502 —1>0,and a —4b—16C4—4- 302 > 0.
Our ODEs obtain the following view.
P3 sin vdv P1 dv
du =

T 2C%sin2v —asinv+ b 2C?sin?v —asinv + b’

D1 sin vdv D3 dv
dw = 572 .9 X T 52 - 9 N .
2C? sin*v —asinv+b 2C?sin“v —asinv+b

Leave the replacement as x = tan 3

du— 2ps xdx 1 (1+ 22)dx
~ bC?2 2 4b bC? 2o4p )’
(1'2 — %l’ + 1)2 — GTCU2 (x2 - %x + 1)2 — G/T.’E2
i 2p1 xdx D3 (1 + 2%)dx
w=—"- —TA7 :
bC?2 24 bC?2 2 _4b
(a:Q—%a:+1)2—ab2 x? (xQ—%JJ—I—l)Q—abQ x?

Finally, we obtain the following geodesic equations with the parameter v;
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2p3b — p1(Va? — 4b+ )

u(v) =
C?%Va? — \/41)2 (a ++Va
2psb + p1(Va? — 4b —a)

C2V/a® —T5\/4* — (a — Va7 — 30)?

2p1b — p3(Va? — 4b + a)

- arctan

2btan § —a — a2—4b

G

thanf —a+Va

- arctan

+02a

(15)
than% —a—+Va?—4b

(a—l—\/Qi)Q_

2btanf —a+Va

+C3

w(v) =
C2Va® —T5\/40* — (a + Va? — 30)?
2p1b+ ps(Va? —4b — a)
arctan
N Va? = 25\[48? — (a - Va? — 2b)?

a? — 4b)?

After all calculations we obtained parametric equations of the curve on SO(3) and we have already proved the

following theorem.

Theorem 4. The curve given with equations (15) is a geodesic on SO(3).
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REZYUME

Bu maqolada uch o‘lchamli Yevklid fazosida joylashgan elliktik paraboloid va ikki o‘lchamli sfera
kabi silliq ko‘pxilliklardagi geodezik chiziglar o‘rganilgan. Asosiy natija R? da joylashgan 3 o‘lchamli
silliq ko‘pxillik bo‘lgan SO(3) gruppaning geodezik chiziq tenglamasi topilgan.

Kalit sozlar: Geodezik chiziq, Hamilton sistemasi, Hamilton vektor maydoni, 3D aylanishlar
gruppasi

PE3IOME

Jlannas paboTa MOCBAIIEHA U3y9YEHNUIO IMEOMEe3NYECKUX Ha TVIAJKUX MHOI0OOPa3usaX, TAKUX KakK 3JI-
JIMITUYECKUi Tapabosions u cdepa, B TPEXMEPHOM €BKJIUJI0BOM IpocTpaHcTBe. OCHOBHBIM PE3yJib-
TATOM SIBJISIETCS HAXOXKJIEHUE ypaBHEHUN reoje3ndeckux Ha rpyumne SO(3), npeacrasisiomneit coboi
IIaKoe TpEXMepHoe MHOroobpasue B RY.

Karoueswie caosa: reosesndeckne, [aMuabTonoBa cucreMa, [aMuIbTOHOBA BEKTOpPHBIE oI, 3D
IpyIIa BPAIIEHUsI.
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ANNOTATSIYA:

Hozirgi kunda 3-D matritsalarning bir qancha amaliy tadbiqlari mavjud bo‘lib matematikadan
tashqari tibbiyot, fizika, kompyuter grafikasi hamda boshqa turli sohalarda sezilarli ahamiyatga ega.
Xususan ushbu magolada 3-D matritsalarning berilish usullari va ularni qo’shish va ko’paytirish
goidalari o’rganilgan.

Kalit so’zlar: 3-D matritsa, yuqori belgilash, old belgilash, belgilashni o’zgartirish, ustun vektori,
satr vektori, qatlam, satr, ustun, 3-D matritsalarni qo’shish, 3-D matritsalarni ko’paytirish.

3-D matritsalarni qo‘shish 2-D matritsalar kabi aniq va tabiiydir. Ammo, ko’paytirishga keladigan bo’lsak,
bir gancha holatlar bor. Biz bu maqolada Don Vo kiritgan usulni batafsil ko’rib chigamiz.

1-ta’rif. Bizga k x n- tartibli va elementlari haqiqiy sonlar bo’lgan 17,75, ..., T,, matritsalar berilgan
bo’lsin. T1,T5,...,T,, larni 3-D matritsa ko’rinishda yuqoridan pastga qarab joylashtirib chiqamiz. Biz
A={T|Ty| - |Tym} deb A matritsaning yuqori belgilash ko’rinishi deb aytamiz [1].

A matritsani quyidagi ko’rinishda ham yoza olamiz:

a11,1 G112 0 G11n a21,1 G212 - G21n am,1,1  Gm,1,2 " Am,in
air21 @122 -° A12n 221 G222 - 422n ‘ ‘ am21 Gm22 **° Am2n
a1 k1 A1,k2 0 Olkn a2.k1 A2k2 - A2kn Am,k,1 Amk2 " Omkn T

A — m x n x k matritsa.

a; j,» ning birinchi indeksi 7; dagi i-qatlamni bildiradi (I1<i<m, 1<j<n, 1<r<k).

1-Misol. Aytaylik, quyidagi matritsa berilgan bo’lsa,

1 2 3 20 30 40 -2 -8 =2
A=1{0 1 0 ‘ 50 60 70 ’ -5 -6 -7
1 01 80 90 50 -9 -8 9],

bu matritsaning yuqori belgilash ko’rinishini hosil gilish uchun uchta 3 x 3 matritsalarni tartibini saglagan holda
yuqoridan pastga qarab joylashtirib chigishimiz zarur.

2-Ta’rif. Elementlari haqiqiy sonlar bo’lgan m X n— tartibli Fi, Fs, ..., Fy matritsalar berilgan
bo’lsin. Fi, Fa, ..., F) larni 3-D matritsa ko’rinishda oldindan orqaga qarab joylashtirib chiqamiz. Biz B =
[Fy | F5 |-+ |Fk]r va B matritsaning old belgilash ko’rinishi deb ataymiz.

B matritsani quyidagi ko’rinishda ham yoza olamiz.
biix bz 0 b bie1 bi22 0 bi2a | ‘ biki bikz 0 bignm

bm,l,l bm,1,2 e bm,l,n bm,2,1 bm,2,2 e bm,?,n bm,k:,l bm,k,2 e bm,k,n F
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Bu yerda B - m x n x k matritsa.
b; j,» ning birinchi indeksi F; dagi i-qatlamni bildiradi.

2-misol.

1 2 3 10 20 30 2 4 6
B=114 5 6 40 50 60 8§ 10 12
7 8 9 70 80 90 14 16 18] | .

Yuqoridagi matritsa 3 ta 3 x 3 matritsalardan iborat bo’lib, uning old ko’rinishini topish uchun mos ravishda,
olddan orqaga qarab joylashtirib chiqgishimiz lozim.

BELGILASHNI O‘ZGARTIRISH

Belgilashni o’zgartirish yuqoridan oldga va olddan yuqoriga bo’ladi.
Eslatma: Matritsani biz yuqori belgilash yoki old belgilash ko’rinishida ifodalay olamiz.
Bizga Akxnxm 3-D matritsa berilgan bo’lsin.
Demak,

A= |To| - |Tnlr = [FL | Fo| - | Fi]p.

Hozir biz ko’rsatmoqchimiz yuqori belgilash ko’rinishidan old belgilash ko’rinishiga qanday qilib o’tishni
yoki aksincha.
Agar biz T; ni quyidagicha yozib olsak:

- 'i_
Ty
i
T3
T, =
i
Ty
T; matritsa satr vektorlari bo’yicha yozilgan.
ari,1 ari2 0 Qian
ai121 @122 *° A12n
T =
a1kl A1k2 - Qlkn
va F; ni ham quyidagicha yozib olsak:
i
Fy
J
Fy
F; =
E3,
F; matritsa satr vektorlari bo’yicha yozilgan:
biiag bii2 0 bian

ba11 b1 o b2im
F = .

bmi1 bmaiz 0 bmin
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Yuqoridagi A matritsamizga yuqoridan qarasak m ta qatlam, k ta satr va n ta ustun bor.
Agar olddan qarasak k ta qatlam, m ta satr va n ta ustun bor. Umuman olganda, F} = T; ya'ni -
qatlamning j-satri F; da, j-qatlamning i-satri T} ga tengdir.

Tt T - TY F B R
T T3 - T2 Fg F} - F?
le T{“ TT/; - FroFy - ER »
Demak yuqoridagi oxirgi tenglikdan:
[Ty To| - | Ty = [Fy| F2| -+ | Fi]p.
ga ega bo’lamiz.
1 2 3 10 20 30 -1 -2 -3
=114 5 6 ‘ 40 50 60 ‘ -4 -5 —6 =
7 8 9 70 80 90 -7 =8 9],
1 2 3 4 5 6 7T 8 9
=10 20 30 ‘ 40 50 60 ‘ 70 80 90
-1 -2 -3 -4 -5 —6 -7 =8 —9]]p
NATIJALAR

Bizga bir xil o’lchamli ikkita A = [A;|As|As]|...|An]r va B = [B1|Bs|Bs|...|Bn]r 3-D matritsalar
berilgan bo’lsin, ularning yig’indisi quyidagicha bo’ladi:

A+B:[A1+Bl|A2+BQ|...|Am+Bm]T

Xuddi shunga o’xshash, bizga bir xil o’lchamli ikkita A = [A1]A43]43]...|An]r va B =
[B1|B2|B3] ... |Bm]r 3-D matritsalar berilgan bo’lsin, ularning yig’indisini avvalgi holdagi kabi quyidagicha
ifodalaymiz:

A+ B=[A1+ B1|4s+ Bs|...|Am + Bnlr

1-Teorema. Aytaylik, 1 <mg <m, 1 < ko <k, 1<ny<n bolsin. A+ B ning (mg, ko, no) elementini
ko’rib chiqadigan bo’lsak, bu ikkala belgilashda ham G, xikoxne T Omexkexn, dan kelib chigadi. Shu sababli,
AFp 4+ Br va Ar + Br larning (myg, ko, no) elementlari aynan mos keladi.

Isbot: A7 + Br ni hisoblaydigan bo’lsak, biz quyidagiga ega bo’lamiz:

a1, +b111 ai2+biie o arie+biin

a1 k1 +bie1 aig2+bike 0 @ik Fbikn
Am, 1,1 + bm,l,l Am,1,2 + bm,1,2 ot Amyln + bm,l,n
Am,k,1 + bm,k,l Am,k,2 + bm,k,2 ot Qmkn + bm,k,n T

Shuni ta’kidab o’tamizki:

a1, G@r1,2 0 Aldn am,1,1 m1,2 " Amin
A: . . .

a1,k1 A1,k2 - Qlkn Um,k,1  Am,k2 *°° Qmkmn T



0O‘zZMU XABARLARI ANIQ FANLAR Ne2 /2, 2025, s5.94-98

Bundan ko’rish mumkinki:

a1,1,1 @112 0 G11n ai k,1 a1.k2 - Qlkn
A:

am,1,1 Om,1,2 *°° Om,ln Um,k,1 Amk2 *°° Omkmn F

Shuning uchun Ap + Br = Ar + Br ekanligi kelib chigadi.

3-D matritsalarni qo’shish tabiiy va aniq, ammo ko’paytirishga keladigan bo’lsak unday emas. 3-D
matritsalarni ko’paytirishning bir necha xil usullari bor. Lekin biz Don Vo kiritgan usuldan foydalanamiz.
E’tibor beradigan bo’lsak ko’paytirishni bajarish uchun uchta o’lchovlardan tashqarilari mos bo’lishi kerak.

Bizga yuqori belgilash ko’rinishidagi Agsxnxm = [T1 | T2 | T35 | ... | Twm]r 3-D matritsa berilgan
bo’lsin. T1,T5,13,...,T,, lar k x n-tartibli 2-D matritsalar. 7T; ni ustunlari bo’yicha yozib chiqamiz, T; =
[T{, T3, ..., T.]. Har bir ustunda k tadan element mavjud.

Shuningdek old belgilash ko’rinishidagi Bixnxm = [F1|F2|F3]...|Fi]r 3-D matritsa berilgan bo’lsin.
Fi, Fy, Fs,... F; lar k x n tartibli 2-D matritsalar. F; ni ustunlari bo’yicha yozib chiqamiz, F; =
[F{, Fj, ..., Fj].Har bir ustunda k tadan element mavjud.

Ti- T; ning birinchi ustuni, Flj - F; ning birinchi ustuni.

Shuni eslatib o’tish kerakki T; va F; larning har bir ustunlarida £ tadan element mavjud.

2-Teorema. Ixtiyoriy k,m,n,t € N, uchun Agxnxm * Bixnxk = Otxnxm:[ﬁﬁﬁ fr\n]T tenglik
o’rinli bo’ladi, bu yerda T; (1 < i < m) quyidagiga teng:

THRTEFE - T
Til'Ftl EQ_FtQ T’antn o

Eslatma: 77 - F/ - T% va F7 larning ustun vektorlarining skalyar ko’paytmasi.

A(k) ning 1l-koordinatasi B(k) ning 3-koordinatasi bilan, ikkinchi koordinatasi B(n) ning ikkinchi
koordinatasi bilan mos tushishi kerak.

Isbot: Eslatmadan foydalangan holda ﬁ lar uchun matematik induksiya metodini qo’llasak uning
yuqoridagi kabi ko’rinishiga ega bo’lamiz va T; larni yuqori belgilash ko’rinishida yozib chigsak Cixnxm
matritsani hosil gilamiz.

3-Misol. A4><3><2 . B3><3><4 = 03><3><2 ni hisoblaymiz.

1 2 3 0 O 3
Asxzxe = [ Ta]r = g le (5) ;1 _21 31 ]
7 8 1 1 3 2 1],
1 0 3 2 01 2 6 1
Bsxsxa = [F1 | Fy |F3]F = 3 i é | 51)) i 421 | zl), _11 _01
4 5 7 6 7 5 0 3 3

A va B matritsalarimizning ko’paytmasi ya’ni C' matritsamiz quyidagiga teng:

LR T2-F? OTS.FS] [55 64 217
Ty=|T'-F} T2.F2 T} F}| =166 68 18
T F) T?FR TP-FP| O [24 39 1)
 [mR T3-F} TSFP] O[18 22 25
Ty=|T}-F} T2-F} T3 -F}| =16 27 11
T} F) TP-F} TS-F3| (16 6 8
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L 55 64 21 18 22 25
Csxsx2 = [T1Te]lr = | |66 68 18 16 27 11
24 39 1 16 6 8

XULOSA

Bizga ma’lumki 2-D matritsalar algebrasida (m x n) - (n x k) = (m X n), 3-D matritsalar algebrasida esa
(kxnxm)-(txnxk)=(t xnxm), ya'ni birinchi matritsamizning birinchi koordinatasi bilan ikkinchi
matritsamizning uchinchi koordinatasi mos tushishi kerak, birinchi matritsamizning ikkinchi koordinatasi
ikkinchi matritsamizning ikkinchi koordinatasi bilan mos tushishi lozim hamda natijaviy matritsamizning
ikkinchi koordinatasi ham birinchi va ikkinchi matritsalarimizniki kabi bo’lishi zarur. Birinchi matritsamizning
uchinchi koordinatasi natijaviy matritsamizning uchinchi, shuningdek ikkinchi matritsamizning birinchi
koordinatasi natijaviy matritsamizning birinchi koordinatalari bilan bilan mos ravishda bir xil bo’lishi lozim.
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Rezyume

At present, there are a number of practical applications of three-dimensional matrices, which are of
considerable importance not only in mathematics, but also in medicine, physics, computer graphics, and various
other fields. In particular, this article examines the methods of representing three-dimensional matrices, as well
as the rules for their addition and multiplication.

Key words: 3-D matrix, top representation, front representation, change of representation, column
vector, row vector, layer, row, column, addition of 3-D matrices, multiplication of 3-D matrices.

Rezyume

B macrosimee Bpemst CymecTByeT psiJi MIPAKTUIECKUX MPUJIOKEHUNH TPEXMEPHBIX MATPWUIL, KOTOPHIE MMe-
0T 3HAYUTEIbHOE 3HAYCHIE HE TOJIBKO B MATEMATHKE, HO U B MeaunuHe, (DU3NKe, KOMIIBIOTEPHOI rpaduke, a
TaK>Ke B JIDYIUX Pa3INYHBbIX 00jsacTax. B gacTHOCTH, B JAHHOH CTaTbhbe PACCMOTPEHBI CIIOCOOBI IIPEICTABIEHUS
TPEXMEPHBIX MATPHII, & TAKXKe IIPABUJIA UX CJIOXKEHUS U yMHOXKEHUS.

Karouesnwie caosa: 3-D maTpuria, BepXHsis WHICKCAINs, TIEPEJIHsIsT NHIEKCAITNS, T3MEHEHNE NHIEKCAITIH,
BEKTOP-CTOJIOEI], BEKTOP-CTPOKA, CJIOH, CTpOKa, cToJiber, cioxkenne 3-D marpurl, ymHOKeHne 3-D marpuil.
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RESUME

In this paper, we introduce skew-symmetric n-ary brackets on an associative commutative algebra,
constructed by extending the Jacobian and Wronskian determinants with two additional columns.
We determine the necessary and sufficient conditions under which the resulting n-ary algebras are
n-Lie algebras. Moreover, we present several new examples of n-Lie algebras.

Key words:n-Lie algebras, Jacobian, Wronskian, derivation.

Introduction.

Lie algebras play a significant role in various areas of physics, including general relativity, quantum field
theory, quantum mechanics, and string theory. As a central topic in mathematics, Lie theory has been the
subject of extensive research for many years. The study of Lie algebras has led to numerous notable results and
plentiful generalizations, highlighting their fundamental importance and wide-ranging applicability.

Building on the general concept of Q-algebras introduced by Kurosh in [9], V.T. Fillipov proposed a broad
extension of Lie algebras known as n-Lie algebras [5]. As an infinite-dimensional example, he introduced the
n-Lie algebras defined by Jacobians [6]. Later, L. Takhtajan in [14] observed that this construction had already
appeared in Nambu’s generalization of Hamiltonian mechanics. Specifically, it involves the space C*(M) of
C>-functions on a finite-dimensional manifold M, equipped with an n-ary bracket defined via the Jacobian
determinant.

Another notable example of an infinite-dimensional n-Lie algebra was provided by Dzhumadildaev in [4].
Specifically, any commutative associative algebra equipped with n — 1 mutually commuting derivations, and
endowed with an n-ary bracket defined via the Wronskian, forms an n-Lie algebra. These two constructions—the
Jacobian and the Wronskian—constitute the primary known methods for constructing of infinite-dimensional
n-Lie algebras. For a comprehensive overview of the structural theory of finite-dimensional n-Lie algebras, we
refer the reader to [1-3,11-13,15] and the references therein.

Subsequently, the concepts of n-Lie algebras defined by Poisson and contact brackets were introduced.
Both constructions endow an associative commutative algebra with an n-Lie algebra structure, subject to certain
additional conditions. A comprehensive survey of these types of brackets can be found in [7].

It is worth noting that the n-Lie algebra defined by Wronskians serves as an n-ary analogue of the contact
bracket. Motivated by this observation, in the present paper we introduce a new n-ary bracket and establish
necessary and sufficient conditions under which it defines an n-contact bracket. Using these criteria, we construct
several examples; for one of them, we prove simplicity and describe its ideals. Additionally, we propose an n-ary
bracket formed by appending an extra column to the Jacobian, and we determine the conditions under which it
defines an n-Lie Poisson algebra. We also note that simple subalgebras of the n-Lie algebra of Jacobians were
previously investigated in [13].

Preliminaries.

Definition 1. A vector space L equipped with skew-symmetric ternary bracket [—, —, ..., —] is called
an n-Lie algebra if the following identity holds for any x1,xa,...,Zn,Y1,Y2, .., Yn—1 € L :

n

[['rthv'"7xn]7y1""ayn—1] = Z[xh"')[xivyh'"ayn—l})"' axn]-
=1

99
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Definition 2. A derivation of an n-Lie algebra is a linear transformation D of L into itself satisfying

n

D([z1, 2, xn)) =D [0, D(i), ..., 2,

i=1
for any x1,...,2, € L. All the derivations of L generate a subalgebra of Lie algebra gl(L) which is called the
derivation algebra of L and denoted by Der(L).

Here is a result from [5].

Theorem 1. The algebra of Jacobians A*(dy,...,d,) for any associative and communtative F-algebra
A with its commuting derivations dy, ..., d, is an n-Lie algebra.

It is easy to see that the following equality holds true
[ab,xa, ..., xn]; = albyxa, ..., xn]; + bla, za, ... 2] ;.

This gives an example of n-Lie-Poisson algebras (see [4]).

Similarly, if one considers an associative commutative F-algebra A and its commuting derivations
dy,...,dn_1, then due to the result of [4] the vector space A with the following n-ary bracket [z1,...,z,]w =
Wr(xy,...,2z,), where

X T2 . In
dl((El) dl(xg) . dl(itn)
Wr(zy,...,z,) = . ) . .
dn—l(zl) dn—1($2) dn—l(iﬂn)
forms an n-Lie algebra, which is called the n-Lie algebra of Wronskians.
Note that the n-ary bracket [—,—]w satisfies the following equality
[ab, za, ..., xp]lw = alb, xa, ..., zp]w + bla, xa, ..., Tp]lw — ab[L, 29, ..., xp]w.

Let A be a commutative associative algebra over F and g be a Lie algebra of derivations of A, such that
A contains no non-trivial g-invariant ideals.

Example 1. S(A,g) = A, where g is an n-dimensional Lie algebra with a basis Dy,...,D,, being
[f1,---, fn]s the n-ary Lie bracket.

Example 2. W(A,g) = A, where g is an (n — 1)-dimensional Lie algebra with a basis Dy,...,D,_1,
being [f1, ..., fa]w the n-ary Lie bracket.

Example 3. SW(A, D) = A<!> @ ... @& A<"~!> is the sum of n — 1 copies of A and g = FD, the n-ary
Lie bracket is defined as follows: let h € A with h<F> € A<F>_ Define

[ 1<j1>7~--7fn<jn>] = 0) unless {]177.77’1} o {1,...,71- 1}’

[ <1l> <k—1> p<k> r<k> f<k+1> f<n—1>] _
1 sy Jp—1 s Jk s Jk+1 2 J ka2 seeostn =

(0F" N fr e (D) it = D (i) frr - fa) <57
In [10] it was claimed that Examples (1) - (3) above are only known infinite-dimensional simple n-Lie
algebras over an algebraically closed field F of characteristic 0 for n > 3.
Generalization of Jacobian.

Let A be an associative commutative F-algebra and dy,ds,...,d,+2 be pairwise commuting derivations
of A. Then, define the following n-ary bracket on A:
d1 (181) e dl (mn) (65} ﬂl
dg (ml) e dg (l‘n) (%) ﬁg
21, %2, Tlap = | : : : 1)
dn+1($1) . dn+1($n) Qn41 ﬂnJrl
dn+2 (xl) R dn+2 (an) Qp 42 ﬁn+2
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where a;, 8; € A, i € {1,...,n+2}.

Our aim is to define necessary and sufficient conditions, under which (A, [—, —, ..., —]43) forms an n-Lie
algebra. Assume that 8; € F, i € {1,2,...,n+ 2}. Then at least one parameter 3; is supposed to be nonzero.
Without loss of generality, assume that 5,12 # 0. Then we make some elementary operations on (1) and obtain
the following:

Brnt2di(z1)—Prdni2(z1) Brnta2di(z2)—Prdnia(z2) Bnt2a1—P1ant2 0
Brntadz(z1)—PB2dni2(z1) Brny2dz(x2)—P2dnt2(x2) Bn4202—L20an42 0
Ilax27"'7x’n]()¢ﬁ:0 . . ..
Brt2dn+1(x1)—PBnt1dnt2(®1) Brt2dnti(x2)—PBnt1dni2(®2) ... Brnt20nt+1—LBrt1antz 0
dnt2(r1) dny2(r2) Qn42 Bn+2

Set Dy, = Bnt2di — Brdnt2 and af = axBnt+2 — Brant2, (K =1,n + 1), then we obtain the following generalized
Jacobian:

Dl(l‘l) Dl(l‘g) . Dl(l‘n) OéT
DQ(Il) DQ(I’Q) e DQ(I’n) 043
[X1,%2, ..., Zplar = ¢ : : . : E
D7L+1 (xl) Dn-l—l(xQ) B Dn-‘rl(xn) O‘:;J,-l

where ¢ = (—1)"*1 6”1“' In [8], it is presented the criterion for n-ary brackets defined as above to be an n-Lie
n+2

algebra. Applying that, we obtain the following equality:

(07

3 o oy,
Dk(a’?‘) Dk (a;)

j
Di(a}) Di(ag)

"

+ ‘ o
Dj(at)  Dj(ag)

Expanding the equality above, we get the following relation:

(iBny2 — antafi) di(ay) + (o Bi — ifBy) di(any2) + (ng2B5 — i fBnre) di()
+ (o Bi — iffk) dnyalay) + () Bnre — any2By) di(ar) + (arBj — ajBr) di(any2)
+ (nt2Be — arBniz) di(y) + (o Br — auwfy) dnya(as) + (rBryo — Angafr) dj(a)
+ (i — e Bs) dj(ang2) + (ang2fi — aifny2) dj(on) + (i — o fi) dpyo (o) =0

With language of determinants, the relation above can be written in the following form:

(673 Qn 42 [e73]
Bi Bn+t2 B
dj(ai) dj(ant2) dj(oak)

[e73 Qn 42 [e%]
Bi Bn+2 B;
di (o) di(an+t2) di(oy)

o Qn42 (&7
Bj Brt2 B
di(aj) di(ant2) di(ar)

a; o ag
Bi B Bk
dnt2(ai) dnt2(aj) dnta(ag)

This proves the following theorem for generalized Jacobians:

Theorem 2. Let 8; € F for i € {1,2,...,n + 2}. Then the n-algebra (L,[—, —,...,—]a,8) is an n-Lie
algebra if and only if
g [e7] Qg

Bi Bj B
dnt2(ai) dni2(aj) dnya(on)

a; Qg2 g
Bi Bn+2 Bk
dj(a;) dj(ant2) dny2(ak)

(e 73 Qn 42 Qg
Bi Brn+2 Bj
di () di(om2) di (o)

o Qn 42 ag
ﬁj Bn+2 B
di(cj) di(any2) di(ak)

=0

forall a; € A, 1 € {1,2,...,n+ 2}
Here, we provide some examples for generalized n-Lie algebra.

Example 4. Consider a unitary associative commutative algebra A. Let d;, 1 < i < n + 2 be pairwise
commuting derivations of A and «; € F for all 1 <i <mn+2. Then, (A,[—,...,—]a,3) is an n-Lie algebra.
Example 5. Consider a unitary associative commutative algebra A with mutually permuting derivations
di, 1 <i<n+2 Let a; =d;(a), a € A, 1 <i<n+2, then, (A, [—,...,—]qp) is an n-Lie algebra.
Generalization of Wronskian.

In this section we construct another n-ary bracket on associative commutative algebra with given mutually
commuting derivations of the algebra. Furthermore, we provide conditions for an n-algebra with the n-ary
bracket constructed to be an n-Lie algebra.
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Let A be an associative commutative F-algebra and dy,...,d, 1 be pairwise commuting derivations of
A Fix z1, ..., T, @0, Q14+ -+, A1, P05 B1s - - - Brr1 € A define the following n-ary bracket on A as follows:
T1 . Tn (675 Bo
di(z1) ... di(zn) a; B1
{T1,. 2ntas = Wr(z)as =
dp(z1) ... dp(zn) ay, Bn
dnt1(®1) oo dpgy1(Tn) ngr Batr

We present a condition under which the n-ary algebra defined as above forms an n-Lie algebra. For
this, let us first define a relation between generalized Jacobian and Wronskian. Consider the tensor algebra

A = A® F[t*]. Define the following maps on A:

dofa® f(1) = a® 10 difa® (1) = dila) ® f(1),1 < i <n+1.

Clearly dg,d; are commuting derivations of Der(fl). Let us define generalized Jacobian on A as follows:

do(z1 ® fi(t)) do(zn ® fn(t)) ag @t Bo@t™"
di(z1 ® f1(t)) di(zn ® fr(t)) a1 ®t L@t~

Jac(z1 @ fi1(t),...,zn ® fn(ﬁ))&ﬁ~ =

(@ @ F1(D) . e ®falt)  an®t @i
dpt+1(z1 ® f1(t) ... dpt1(@n ® fu(t) any1®t LBpy1 @t "

where & = (g ®@t,..., 11 ®t),8=(Bo@t™",...,0n41 @t ™).
Then, for x1 ®t,..., 2, Qt,y1 @t,...,Yn_1 ®t € A one has

Jac(z1 @1t,..., 251 @t, Jac(zs @t,y1 @t ..., Yn—1 ®t)&3,m5+1 Rt, ..., Tn ®t)&3
=Jac(r1 @t, ..., Ts_1 QL Wr(Ts, Y1+ Yn—1)aB Dt Tsr1 Qb .., Ty @ t)&,é

= W’f"(iﬂl, e 7$571,W7"($say17 e 7yn71)aﬁ7xs+1> .. -;xn)aﬁ & ta

where 1 < s < n. This gives the direct relation between the generalized Jacobian and Wronskian.
n

ZJac(xl Rty o1 @b, Jac(zs t,y1 @ty ..., Yn-1 @ t)a, Lst1 @F..., Ty R1)g
s=1

—Jac(Jac(x1 @ty ..., 2y @t)a, Y1 @ty ..., Yn—1 @ t)g =

n
<Z{xla ey Tg—1, {xsayl, e 7yn71}a7xs+17 e »xn}a - {{xla DR 7xn}omy17 e 7yn1}a> & t
s=1

Therefore, we can state the following theorem:

Theorem 3. Let 3; € F for i € {0,1,...,n + 1}. Then the n-algebra (A, {—,...,—}a,3) is an n-Lie
algebra if and only if
o ap g
Bo Bp Bq
dnt1(@o) dnti(ap) dnyi(ag)

(e7)) Q41 qu
Bo Br+1 Ba
dp (o) dp(ant1) dplag)

(e7)) Qp41 Cvp
Bo Br41 Bp
dq(ao) dg(an+t1) dglap)

=0

(o7 An+41 Qg
Bi Brn+1 B
dj(ai) dj(ant1) dni(ak)

[} Qp41 &7
Bi Bn+1 ﬁj
di(ai) di(an+1) di(aj)

] QAn+1 (o797
Bj Bn+1 Bk
di(a;) di(on+1) di(ak)

Qg Qg (057
Bi Bi B
dpnt1(ai) dnti(ey) dna(og)

+ + =0

foralla; e A, 1<p<qg<n+2 1<i<j<k<n+2
Proof. By the equality above the statement of the theorem we can conclude that (A4,{—,...,—}a ) is

an n-Lie algebra if and only if (4,[—,...,—] a, B> is an n-Lie algebra. Therefore, by Theorem 2 the algebra A is
n-Lie algebra if and only if
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a; @t a; @t ap®t a; @t Qap 1@t ap®t
Bi®t Bt Br®t —+ Bi®t Brni1®t Br®t
dp41(0;®t) dpy1(o;®t) dppr(ar®t) dj(ai®t) dj(onsy1®t) dpy1(op®t)

a,i®t an,+1®t (Xj@t (Xj ®t an+1®t ak®t
Bi®t Brny1®t B;®t Bi®t Brny1®t Br®t =0
dk(al®f) dk(()ln+1®t) dk(a]®t) dq;(oz]®t) di((xn+1®t) dl((lk@t)
But, this is equivalent to the following relations:
(e 7)) ap Qg (e 7)) Qn41 Qg (e 7)) Qn 41 ap
Bo Bp Bq Bo Brt1 Bq Bo Brt1 Bp =

dn+1(@0) dnti1(ap) dnyi(ag) dp(ao) dp(ant1) dp(ag) dg(ao) dg(an+1) dg(ap)
(a7} (e %] [0 5%

Bi Bj B
dnti1(ai) dnti(ag) dnya(on)

Qg Qp41 Qg
Bi Br+1 B
d; (O‘i) dj (O‘n+l) dn+1(04k)

+

(677 Qnp41 Qj
Bi Bn+1 Bj
di(cv) di(ont1) di(oy)
forall; € A, B; €F, 1<p<qg<n+2 1<i<j<k<n+2

Below, we provide some examples of generalized Wronskian.

Qg Qp41 Qg
B Brnt1 B
di(aj) di(on+1) di(ak)

+

Example 6. Consider an associative commutative algebra A with mutually permuting derivations d;,
1<i<n+1. Let a; =di(a) for 1 <i <n+1. Then, (A,[—,...,—]qp) is an n-Lie algebra.

Remark A. It should be noted that if a;,8; € F, then, (A,[—,...,—]a3) and (A, {—,...,—}a ) are
n-Lie algebras.

Remark B. We should note that if the vectors (ajq,as,...,n2, and (B1,B2,. .., Bni2) € F*2 are
collinear, then, the n-Lie algebra (A,[—,..., —]a ) is abelian. Similarly, we can claim the same statement for
the n-Lie algebra (A, {—,...,—}a.5)-

Acknowledgement: We would like to thank to Professor Bakhrom Omirov as we have been motivated
and taken beautiful ideas from his article titled “New examples infinite-dimensional n-Lie algebras”.
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REZYUME

Ushbu maqolada biz assotsiativ kommutativ algebra orqali Yakobian va Vronskian determinantlariga
ikkita qo‘shimcha ustun qo‘shish orqali tuzilgan koso-simmetrik n-ar qavslar bilan tanishamiz. Hosil
bo‘lgan n-ar algebralari n-Li algebralari bo‘lishi uchun zarur va etarli shartlarni anigqlaymiz. Bundan
tashqari, biz n-Li algebralariga bir nechta yangi misollarini keltiramiz.

Kalit so‘zlar: n-Li algebralari, Yakobian, Vronskian, differensiallash.

PE3IOME

B pmanHOit paboTe MBI BBOJMM KOCOCHMMETPUYHBIE T-apHbIE CKOOKM HA aCCOIMATHBHON KOMMYTa-
TUBHO ajirebpe, MOCTPOEHHBIE IIyTeM PaCIIUpeHus onpeienTeseit Adkobuana u Bporckoro mBymsi
JOMOJIHUTEIbHBIMU cTOJIONaMu. Mbl ompesiesisieM HeoOXOIUMBbIE U IOCTATOYHBIE YCJIOBUS, IPU KOTO-
PBIX IIOJIy9€HHbIE N-apHbIe aJaredpsl ABisioTcs n-Jlu asredpamu. Kpome Toro, mpuBonM HECKOJIBKO
HOBBIX TIpUMePOB n-JIu aaredp.

Karouesnte caosa: n-Jluesnl anrebpol, Adkobuan, Bporckuan, quddepennupoBanume.
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RESUME

In this paper, we consider the three-state Chui—-Weeks model on the Cayley tree of arbitrary order
not less than four. For this model, all translation-invariant and all periodic ground states with respect
to any normal divisor of index two are described.

Key words: Cayley tree, Chui-Weeks model, ground state, translation-invariant ground state,
periodic ground state.

1. Introduction

The study of statistical mechanics models on non-Euclidean structures, particularly on the Cayley tree,
has attracted considerable attention during the last decades. Unlike the traditional lattice Z¢, the Cayley tree
possesses a hierarchical and cycle-free structure that provides a convenient framework for the rigorous analysis
of various physical phenomena. Many classical models of statistical physics, such as the Ising model, Potts
model, SOS model, and Chui-Weeks model, have been extensively investigated on Cayley trees [1-11], revealing
rich behaviors that differ significantly from those observed on Euclidean lattices.

One of the central problems in this area is the description of ground states and Gibbs measures associated
with these models. Ground states represent configurations that minimize the system’s Hamiltonian and play
a crucial role in understanding the structure of Gibbs measures, especially at low temperatures [8-11]. In
particular, the classification of translation-invariant and periodic ground states provides valuable insights into
the symmetry and long-range order of the system.

The Chui-Weeks model, originally introduced to describe surface phenomena and wetting transitions [2],
is of particular interest when studied on the Cayley tree. This model exhibits non-trivial ground state structures
depending on the number of spin states, the interaction parameters, and the geometry of the underlying tree.
While the two-state and three-state versions of the Chui-Weeks model on Cayley trees of lower orders have been
studied in detail, the investigation of higher-order trees remains an open and challenging direction.

In this paper, we investigate all translation-invariant and periodic ground states with respect to arbitrary
two-index normal subgroups of the Cayley tree group of the three-state Chui~Weeks model. The ground states
on the Cayley tree of order two were described in [6], while those on the Cayley tree of order three were presented
in [7]. In this paper, we solve these problems for the Chui-Weeks model on a Cayley tree of arbitrary order
greater than or equal to four.

2. Preliminaries and Model Description

The Cayley tree T'* (see, e.g., [3,8]) of order k > 1 is an infinite tree, i.e., a graph without cycles, from
each vertex of which exactly k + 1 edges issue. Let I'* = (V, L, i), where V is the set of vertices of I'*, L is the
set of edges of I'* and i is the incidence function associating each edge I € L with its endpoints z,y € V. If
i(l) = {z,y}, then = and y are called nearest neighboring vertices, and we write | = (z, y).

It is known (see [3]) that there exists a one-to-one correspondence between the set V' of vertices of the
Cayley tree of order k > 1 and the group G of the free products of k + 1 cyclic groups {e,a;}, i =1,..,k+1
of the second order (i.e. a% =e, a;l = a;) with generators a1, ag, ..., Gg11.
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We consider model where the spin takes values in the set ® = {0,1,2}. For A C V a spin configuration
o4 on A is defined as a function x € A + g4(x) € ®; the set of all configurations coincides with Q4 = ®4.
Denote Q2 = Qy and 0 = oy .

Definition 2.1. A configuration o € Q is called G}, -periodic, if o(yz) = o(x) for any x € Gy and
y € Gi, C Gy.

For a given periodic configuration the index of the subgroup is called the period of the configuration.

Definition 2.2. A configuration that is invariant with respect to all shifts is called translation-invariant.

The Chui-Weeks model (see [2]) is defined by the following Hamiltonian

H(o)=J Y lo(@)—o(y)[+a) dow)o; (1)

(z,y)eL eV

where J,« € R, « is an external field and o € Q.

Remark 2.1. Recall that model (1) coincides with the SOS model under the condition o = 0 (see, e.g.,
[1,2,8]).

Let M be the set of all unit balls with vertices in V' and S;(x) be the set of all nearest neighboring
vertices of z € V.

We call the restriction of a configuration o to the ball b € M a bounded configuration op. The energy of
configuration o on b is defined by the formula

U =3 3 ol —ol@) | +155 Y oo )

z€S1(cp) xeb
where J = (J,a) € R? and ¢, is the center of the unit ball b.
The Hamiltonian (1) can be written as

H(o) = Z Ul(op).
beM

3. Ground states

In this section, we study the ground states of the three-state Chui-Weeks model on the Cayley tree of
arbitrary order not less than four. These ground states were described on the Cayley tree of order two in [6],
and on the Cayley tree of order three in [7].

We have the following lemma.
Lemma 3.1. Let k > 4. Then for each configuration ¢y, we have the following

Ulpp) €{U; :i €I},

where I denotes the set of natural numbers from 1 to | L |, and L represents the collection of all distinct U(op).
In particular, for k = 4 the following relations hold:

I={U;:i=1,2,3,..,40}; | L |= 40;

J J « J b «
U =0; U =0 U3_§7 U4_§+E7 U5—§+€7 Us = J; U?—J‘ng
o 20 Sa 3J 3J «
Us—J—Fg, U9—J+§, UlO_J—’—F’ U11—7, Ulz—?-&-g,
3J « 3J « 3J 2« o
_ 27 2. _ 27 L=, _ 2, 2=, —927: -9 -,
Ui3 5 T3 U4 5 +2, Uis 5 + 3 Uie J; Uiz J+6’
2 5J 5J
Uis =27+ 55 Uig =27+ 2 Usg = 2J + = Un = 3 Upp = = + =
3 2 2 6
5 « 5  « 5J 2« 5J b« «
U23*?+§7 U24f? 5 U25*7+?7 U26*7+€7 U27*3J+Ev
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« « 7J  « 7J « 7J «
U28—3J+§7 U29—3J+§7 U30—7+g, U31—7+§, U32—?+§7
Uss =4+ & Usi = 4T+ % Ugs = 47+ & Uggmdd + 22 U= 2 1 2
33 — 6’ 34 — 37 35 — 27 36 — 37 37 — 9 65
9J 2« « Sa
Usg = —+—; Usg=5J+ —; Uy =5J +—.
38 5 + 3+ Vs +6’ 40 + 6
For the case k > 4, we have
J (k+ 1o
=0; = = —: .. =(k+1 —_—
U, 0; Us Qs Us 9’ ) U|I\ ( + )J+ k+2 ;

here | I | denotes the cardinality of the set I.
Definition 3.1. A configuration ¢ is called a ground state for the Hamiltonian (1), if
U(pp) = min{U, : i € I}

for any be M.
We denote A¢ = {(J,a) € R? : Ug = min{U; : i € I}}.
For k = 4, calculations show that:

Ay ={(J,0) eR?*:J >0,a>0};

Ay = {(J,a) €R?:30J > a,a < 0};
Az =Ag= A1 = A1 ={(J,0) eR?: J =0,a > 0};
Ay =As=Ar=..=Ap=An=...=A15=A17=... = Ay
= Ay =..= Az ={(J,a) €R*: J =0,a =0};
Ag ={(J,a) € R%2:—a<15J < 0};
Azg = {(J,a) eR?:0 < a < —15J};
Ay ={(J,a) €R?:30J < a <0}
and U?il A; = R2,
For the case k > 4, we obtain the following sets:

A ={(J,a) ERQIJZO,O[ZO};

Ay ={(J,a) eR*: (k+1)(k+2)J > o, a < 0};
Az ={(J,a) eR?*: J=0,a > 0};

A ={(J,a) eR?*: (k+1)(k+2)J <a <0}

and Ulllzll A; = R2,

3.1. Translation-invariant ground states

In this subsection we study all translation-invariant ground states for the Chui-Weeks model on the Cayley
tree of arbitrary order not less than four. The following theorem describes all translation-invariant ground states
for the three-state Chui-Weeks model.

Theorem 3.1. For the Chui- Weeks model on the Cayley tree of order k > 4, the following assertions
hold
i) the configurations o(x) = 1 Vo € V and o(x) = 2 Vo € V are translation-invariant ground states iff
(J,a) € Ay;
i) the configuration o(z) = 0 Vr € V is a translation-invariant ground state iff (J, ) € Asg;
iii) if (J,a) € R?\ {A1 U A2}, then no translation-invariant ground state exists.
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Proof. i) Let k > 4. We consider the configuration o(z) =4, € {1,2}, Vz € V. For any b € M by
Lemma 3.1 we have U(op) = U; = 0. Thus the configuration o(z) = 4,7 € {1,2}, Vz € V is a ground state iff
(J, Oé) € Aq;

ii) Let k > 4. We consider the configuration o(z) =0 Va € V. For any b € M by Lemma 3.1 we have
U(op) = Uz = a. Thus the configuration o(x) =0 Va € V is a ground state iff (J, ) € Ag;
i11) It is obvious. Theorem 3.1 is proved.

Remark 3.1. [t is known from [1] that for the SOS model with a non-zero external field, the configuration
o) =1 Vo € V is not a translation-invariant ground state. From Theorem 3.1, we can see that this
configuration is a translation-invariant ground state for the Chui- Weeks model.

3.2. Ggf)-periodic ground states

In this subsection we study all G,(f)—periodic ground states for the Chui-Weeks model on the Cayley tree
of arbitrary order not less than four, where

G,(f) ={x € Gy :| x| is even},
where | z | means length of the word z.

All G,(f)—periodic configurations have the following form:
ao, if z c G,(f),

o1, if 2 € Gy \ G,

o(x) =

where 0g, 01 € O.
The following theorem describes all G,(f)—periodic ground states for the three-state Chui-Weeks model.
Theorem 3.2. Let k > 4. Then for the Chui-Weeks model the following assertions hold

L i) if (J,a) € {(J,a) e R?: —2a < (k + 1)(k + 2)J <0}, then G,(f)—pem‘odic configurations

1,if 2 € G, 2, if €GP,
ox) = o @)= @
2, if € Gp\ G, 1, if € G \ G\

are Gl(f)—pem'odic ground states;
i) if (J,a) € {(J,a) € R? : J < 0,a = 0}, then G;Z)—pem'odic configurations

0, if €GP, 2, if €GP,
o(z) = _ © o(z) = . ©
2,if v € Gp \ G}, 0, if v € Gi \ Gy,

are Gg)-pem'odic ground states.

II. All Gf)—periodic ground states, except for points i) and ii) above, are translation-invariant.
Proof. I. i) Let k = 4. We consider the following Gf)—periodic configuration

1,if x € Gf),
o(z) = @
2, if $€G4\G4 .

Then we have o(cy) = 1 or o(¢y) =2, Vb € M. If o(cp) = 1 then Vo € S1(¢p) we have o(z) = 2. In this case
by Lemma 3.1 we get U(op) = 22 = Usy. If 0(cy) = 2 then Vz € Si(c;) we have o(z) = 1. In this case by
Lemma 3.1 we get U(oy,) = % = Us;. From these cases, it follows that the Gf)—periodic configuration we have
considered is a ground state, if (J, ) € As;.

ii) Let k = 4. We consider the following Gf)—periodic configuration
0,if x € Gf),
2,if z € G4\ GP.

o(x) =
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Then we have o(cy) = 0 or o(cp) = 2, Vb € M. If o(cp) = 0 then Va € Si(cp) we have o(x) = 2. In this case
by Lemma 3.1 we get U(op) = 5J 4 § = Usg. If 0(cy) = 2 then Va € Si(c) we have o(x) = 0. In this case by

Lemma 3.1 we get U(0p) = 5J + 2& = Uyg. From these cases, it follows that the Gf)—periodic configuration we
have considered is a ground state, if

(J,a) € AzgN Ago = {(J,a) €R*: J <0,a =0}

The remaining cases are proved as above. Theorem 3.2 is proved.
3.3. H-periodic ground states

In this subsection we study all H 4-periodic ground states for the Chui-Weeks model on the Cayley tree
of order k > 4, where

Hy={z€Gy: wa(ai) is an even number},
i€A
where ) £ A C N, = {1,2,3,...,k + 1}, and w,(a;) is the number of letters a; in a word = € Gy. Note that

| z |= Zfill wj(z). It is known that the sets H4 and Gl(f) are normal groups of index two of Gy, and also

any normal group of index two in Gy, is of the form Hy4 (see [3, 8]). If A = {1,2,3, ...,k + 1}, then the normal
subgroup H 4 coincides with the group G,(f).
All H 4-periodic configurations have the following form:

00, if x € Hy,
o(x) =
O’l,ifxEGk\HA,

where g, 01 € P.
The following theorem describes all H 4-periodic ground states for the three-state Chui-Weeks model.

Theorem 3.3. For the Chui-Weeks model on the Cayley tree of order k > 4, the following assertions
hold

1) if (J,a) € As, then the following H 4-periodic configurations

{i,ifa:eHA,

o(x) =
J, if ® € Gg \ Ha,

where i £ 4, i, € ®\{0},| 4]|=1,2,3,...,k

are H a-periodic ground states;

i) if (J, o) € R?\ As, then all Hs-periodic ground states are either translation-invariant or G,(f)—periodic.
Proof. Let B, = {z € S1(¢p) : op(x) = i},i € D.
i) Let k =4 and | A |= 1. We consider the following H 4-periodic configuration

{ 1,if 2 € Hy,

o(z) =
2, if $6G4\HA.

If ¢, € Hy, then we have
U(Cb) =1, | B |: 4, | Bo |: 1,
thus U(O’b) = U3.
If ¢, € G4 \ Hy, then we have
o(ew) =2, |B1|=1, | By|=4,
thus U(op) = Us.
Consequently, the configuration o we have considered is an H 4-periodic ground state if (J, ) € As.
The remaining cases are proved as above. Theorem 3.3 is proved.
Remark 3.2. Recall that when k > 4 and | A |=k+ 1, all Hs-periodic ground states are identical to the
Gl(f)—pem'odic ground states described in Theorem 3.2.

Remark 3.3. In this work, we have provided a complete characterization of all translation-invariant and
periodic ground states with respect to any two-index normal subgroup for the three-state Chui—Weeks model on the
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Cayley tree of arbitrary order greater than or equal to four. An important observation is that, by employing the
contour method [5,7-11], one can rigorously prove the existence of Gibbs measures associated with the translation-
invariant ground states described here. This connection highlights the fundamental role of ground state analysis
in the study of phase transitions and equilibrium properties of lattice models on non-amenable graphs such as
the Cayley tree.

10.

11.
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REZYUME

Bu ishda tartibi to’rtdan kichik bo’lmagan ixtiyoriy tartibli Keli daraxtida uch holatli Chui-Weeks
modeli garaladi. Ushbu model uchun barcha translatsion-invariant va ixtiyoriy ikki indeksli normal
bo’luvchiga nisbatan barcha davriy asosiy holatlar tavsiflanadi.

Kalit so‘zlar: Keli daraxti, Chui-Weeks modeli, asosiy holat, translatsion-invariant asosiy holat,
davriy asosiy holat.

PE3IOME

B nmannOit pabore paccMaTpuBaeTcs TPEXCOCTOsIHUIHAsT Moje/ib dyn—Ywukca Ha jepese Kajm mpo-
W3BOJILHOTO TIOpsIJIKA HE MeHbIme deTbipex. s 3Toil MOojeam ONMcaHbl BCE TPAHCIISIITHOHHO-
WHBAPUAHTHBIE U BCE IMEPUOIMIECKNE OCHOBHBIE COCTOSIHUST OTHOCUTEIBHO JIFOOOT0 HOPMAJIBHOTO Jie-
JIUTesId UHJEKCa JIBa.

Karouesnie caosa: epeso Kamm, momens Yywu-Ywukca, OCHOBHOE COCTOSTHUE, TPAHCJIAIHOHHO-
WHBAPUAHTHOE OCHOBHOE COCTOSITHUE, TIEPUOIMIECKOEe OCHOBHOE COCTOSIHUE.
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RESUME

In this paper, we investigate a class of nonlinear weighted parabolic systems describing the coupled
dynamics of two interacting scalar fields. We establish sufficient conditions for the global existence of
weak solutions in appropriate weighted Sobolev spaces by employing energy estimates and integral
inequalities. Furthermore, we develop a numerical scheme based on the Peaceman-Rachford splitting
method combined with the Thomas algorithm to approximate the solutions efficiently. The proposed
computational framework is implemented and illustrated with two and three-dimensional numerical
simulations, including dynamic surface plots and animated profiles. The results demonstrate the
qualitative features of the global solution, confirm the analytical findings, and provide additional
insight into the interplay between nonlinear diffusion, weighted heterogeneity, and inter-component
coupling.

Key words: Nonlinear parabolic system, variable coefficients, global existence, finite difference
method, inhomogeneous medium, numerical simulation.

We focus on a class of nonlinear parabolic systems in divergence form that describe the coupled dynamics
of two interdependent scalar fields, denoted by wuj(x,t) and usz(x,t). Such models are relevant, for instance, in
describing dust concentration in the atmosphere and on surfaces, or in the interaction of chemical or biological
species in a heterogeneous medium.

The governing equations are formulated as a weighted system with nonlinear diffusion and mutual coupling
effects. Specifically, the model incorporates spatially dependent density functions, nonlinear exponents in the
diffusion terms, and time-dependent coefficients that regulate the transfer between the two components. This
framework generalizes a wide spectrum of classical equations such as the porous medium equation [26,27], the
p-Laplacian [6], the heat equation [16], and Boussinesq-type models arising in fluid filtration and transport
theory. Applications extend to resistive diffusion phenomena in force-free magnetic fields, population dynamics,
and the spread of airborne particles, where diffusion interacts with nonlinear growth and coupling effects [11,22].

A broad range of studies has addressed related nonlinear diffusion problems. For instance, Martynenko,
Tedeev, and Shramenko [15] studied the Cauchy problem for a degenerate parabolic equation with
inhomogeneous density of the type

p(x) 0w =V - (Ju] "' Vu) + f(u),

under slowly decaying initial data. Their results highlight the delicate interplay between density inhomogeneity
and global solvability. Similarly, DiBenedetto [6] analyzed local behavior for degenerate parabolic equations
with measurable coefficients of p-Laplacian type

du= V- (|Vu[P~*Vu),
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which serve as prototypes for nonlinear diffusion operators.
Nicolosi, Skrypnik, and Skrypnik [18], as well as Hui [9], examined removable singularities for quasilinear
parabolic equations of the form
Oru — Apu =0,

while Nurumova [19] focused on blow-up behavior for nonlinear differential inequalities related to parabolic
equations. Matyakubov and Raupov [17] obtained explicit estimates for blow-up in nonlinear systems with
variable density, typically modeled by

p(x) Ou = A(u™) + g(u).

Giachetti and Porzio [8] considered global existence for nonlinear parabolic equations with damping, such
as
Opu — A(u™) + du = 0,

and Punzo [20] analyzed the well-posedness of degenerate elliptic and parabolic problems of porous medium
type.

Closer to our setting, Mamatov [16] studied qualitative properties of solutions for a reaction—diffusion
system with variable density

{pl(x) Oruy = V - (D1 (u2)Vur) + fi(u,uz),
pa(z) Opuz = V - (D2(u1)Vuz) + fa(us, us),

highlighting how density heterogeneity affects the dynamics. Abdugapor and Mamatov [1] investigated double
nonlinear thermal conductivity problems, based on approximately self-similar reductions of PDEs of the type

du=V"- (V" VulP~?Vu).

Aripov, Bobokandov, and Uralov [3] analyzed cross-diffusion systems with time-dependent nonlinear absorption,
e.g.,

Oup = A(u™) — ai(t)ul’, i=1,2,
which share structural similarities with our coupled model.

From the computational side, LeVeque [13] developed classical finite difference methods for PDEs,
and Gander—Stuart [7] provided an analysis of the Peaceman—Rachford splitting scheme applied to nonlinear
evolution equations of the form

0w = A(u) + B(u).

Smith and Zhao [24] proposed numerical methods for nonlinear degenerate diffusion equations, while Ketcheson
10 introduced fully implicit Runge—Kutta relaxation methods suitable for hyperbolic and parabolic problems.
Although these studies provide powerful tools, they rarely address the additional complexity of heterogeneous
weights and mutual coupling.

The contribution of this paper is twofold. First, we establish sufficient conditions for the global existence of
weak solutions to the considered weighted nonlinear parabolic system with mutual coupling and time-dependent
coefficients, thereby extending previous existence results [16-25] to a broader heterogeneous setting. Second, we
develop a numerical scheme based on the Peaceman-Rachford splitting method combined with the Thomas
algorithm for spatial discretization. Unlike earlier computational studies [26-28], our approach is specifically
adapted to weighted nonlinearities and coupled dynamics. Numerical simulations, including two- and three-
dimensional visualizations, confirm the theoretical predictions and illustrate the qualitative behavior of solutions.

Thus, this work provides both theoretical and computational insights into the study of nonlinear weighted
parabolic systems with heterogeneous diffusion and mutual coupling effects, filling important gaps left by prior
research on uncoupled or homogeneous models.

Problem statement. The problem under consideration is formulated as we investigate a coupled
nonlinear parabolic system of the form

Ou; . — -2 . o , .
pr(@) =V (pale) a7 [Vl Wl ) £ (D) e e pae) uf . i= 12, (14)
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with initial condition
ui(z,0) = u;o(x), z€ RN, i=1,2. (15)

Where, the unknown functions wuq(z,t) and we(x,t) describe the spatio-temporal evolution of two
interacting quantities, such as airborne and surface dust concentrations, or two interdependent species in a
heterogeneous medium. The spatial variable is z € RY and time ¢ > 0. The weights p;(z) = |2[% (j = 1,2,3)
encode the inhomogeneity of the medium. The diffusion operator incorporates nonlinear exponents m; > 1,
p>2k>0,l; >0, giving rise to a doubly nonlinear and possibly singular structure.

The source terms involve time-dependent growth factors v(¢)e“* and nonlinear coupling between u; and
ug via the exponents k;, with ¢; and «; as positive parameters governing the transfer rate.

The mathematical formulation of the problem is therefore to determine nonnegative functions
ui(z,t) >0, (z,t) e RN x(0,T), i=1,2,

satisfying equations (14)—(15) in the weak sense, that is, belonging to the appropriate weighted Lebesgue and
Sobolev spaces and fulfilling the corresponding integral identities for all compactly supported test functions
n € CHRN x (0,7)).

The central analytical questions addressed in this study are as follows:

e To establish sufficient conditions on the parameters and initial data under which global-in-time weak
solutions exist.

e To identify the role of the weighted coefficients p;(z), nonlinear diffusion exponents, and source terms in
the qualitative behavior of solutions.

e To validate the theoretical findings by constructing and analyzing numerical solutions using the Peaceman—
Rachford splitting method in combination with the Thomas algorithm.

This problem formulation connects the nonlinear analysis of degenerate and singular parabolic equations with
computational approaches, providing a unified framework for theoretical study and numerical simulation.

Global-in-time existence of solutions. In this section we state and prove a global existence result for
system (1)—(2). We begin by listing the standing assumptions and the definition of weak solution. Throughout
this section we assume that the coefficient functions p; : RN — (0,00), j = 1,2,3, are measurable and satisfy
the uniform bounds

0<p;§pj(a:)§p;r<oo for a.e. z € RY,

and that the time-factor v € L2 ([0, 00)) and the constants ¢;,a; > 0 are fixed. The exponents satisfy
m;>1, ;>0 k>0, k>0, p>2 i =1,2.
Finally we assume the initial data

uio € L2 (RY) := L*(RY; py () dz), uio >0, =12

Definition 1: We say that the pair (uy,us) is a weak solution of system (1)-(2) on RN x (0,T) if for
it =1,2:

° u; > 0 a.e.,
o u; € L=(0,T; L2 (RY)) and u)" ' |Vul[P=2Vu} € LL (RN x (0,7)),

e for every test function ¢ € C°(RY x [0,7)) and a.e. t € (0,T) the integral identity holds:

/ p1(x)u;(z, t)p(z,t) dxf/ p1(x)uio(z)e(x,0)d
]RN RN

t
— [ ] (pr(usdep — pataa = |vuk P29l v
0 JRN

+ ’y(T)e“’iTaipg(x)ugi_igo> dx dr.
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Theorem 1: Under the standing assumptions above, for any nonnegative initial data w;o € LFQ, L (RN)
there exists a global-in-time weak solution (u1,uz) of system (1)—(2) satisfying

u; € LS. ([0,00); L2 (RV)) N LY,

loc

([0, 00); W00 (RY)),

p2,loc
and the energy estimate

2

T 2
sup Y / pr(@)ud(x, 1) do + / > / pa(@)u™ TV ub P da dt < C(T), (16)
i=1

0<t<T “—
="=" =1

for every T > 0, where C(T) > 0 depends on 7', the norms of the initial data and the structural constants.
Proof: We give the main steps; full rigorous details follow standard lines (Galerkin approximation, a
priori bounds, compactness, passage to the limit).
1. Regularized problem and approximation. Construct smooth, compactly supported
approximations ug — u;0 in L/2)1 and, for each n, consider a regularized problem (e.g. add a small viscosity
and truncate nonlinearities) for which classical solutions exist on [0, T7].

2. Energy identity. Multiply the i-th equation by u; and integrate over R . Using integration by parts
(justified for the regularized problem) and the positivity of the weights, we obtain for each i

ld 2 i—1|, k
= cd T Vg |Pd
2t Jo p1U; x—l—/RN paul | Vuy|P dx

< / v(t)e e pauli u; dx + (transport / lower order terms if present).
RN

The right-hand coupling term is controlled by HI'flder and Young inequalities: for any ¢ > 0,

/pwlgiz‘“i < 6//)2U:‘ni71|vuf|p dz + C(6) ®(uz—),

where ®(u3_;) denotes quantities depending on norms of uz_; (these are controlled recursively). Choosing ¢
small allows absorption of diffusion terms to the left. Summing the two energy inequalities for ¢ = 1,2 yields
(16).

3. Uniform bounds and extension. The energy estimate (16) provides uniform bounds for the
approximations in the spaces appearing in Theorem Theorem 1. In particular, we get uniform L*°(0, T} Lf,l)

bounds and LP(0,T; W' _ ) bounds for u.

p2,loc
4. Compactness and passage to the limit. By standard compactness results (Aubin-Lions lemma
adapted to weighted spaces, see e.g. [14] for the abstract framework), a subsequence of approximations converges
strongly in L2 (RN x (0,7)) to functions u;. Weak/measurewise convergence of the fluxes combined with
monotonicity properties of the nonlinear diffusion operator allows passage to the limit in the nonlinear terms.
The limit pair (u1, us) satisfies the integral identity of the weak solution.
5. Global-in-time extension. The a priori energy bound depends only on 7" and the initial data norms.

Therefore the local solution can be continued stepwise for all ¢t > 0, yielding a global-in-time weak solution.
Theorem 2. Let a € (a., N + n1), and suppose that the initial data is given by

uio(z) = Api(z), A>0, i=12,
where each ¢;(z) € F* is a nonnegative function satisfying the asymptotic condition

lim |z|%p;(xz) =M > 0.

|z|— 00

Then there exists a threshold A\g = Ag(¢1, ¢2) > 0 such that for any A < Ay, the corresponding solution w;(z,t)
to system (1)8H*(2) admits the following large-time asymptotic behavior:

9 | (2, ) — U)(\ija[’a(x,t” — 0, ast— oo,
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uniformly on compact subsets of R, where each U)(\ij\za(x,t) is a self-similar solution constructed from the

initial profile AM |z|~%, and

a
a(mi+kip—2)+L—1)+p+n —ng

6; =

Proof. We introduce the radially symmetric self-similar solution U)(\ij\)/[’a(x, t) to describe the large-time
asymptotic behavior of solutions to the degenerate coupled parabolic system (1).

Let U)(\ij)w’a(x, t) denote the self-similar solution of the corresponding uncoupled limit problem (obtained
by neglecting the coupling term) with algebraically decaying initial data:

U, o, t) = 7o f ), v = [alt,
where

1
alm; +ki(p—2)+1; = 1) +p+n1 —ng

o =

The profile f ](\f[)(r) satisfies a second-order nonlinear ODE obtained via radial reduction of the diffusion
operator, together with the asymptotic condition

lim r“fj(vi[) (r)y=M >0, I(JI) (r) >0, ](\f[)/(O) =0.

r—00

To establish the existence of such a profile f](&) (r), we consider the following Cauchy problem for g(r)
with initial value n > 0:

v_ L p—2 N+ny—1 L p—2
e R A (A1
tarm ety g™ T2 =0, >0,

g(0) =n, ¢'(0)=0.

By standard ODE theory for degenerate nonlinear equations, one shows that g(r) is positive, smooth for
r > 0, and decays algebraically as r — oco. In fact,

lim r%g(r) = M(n),

T—00

where M (n) is a continuous and strictly monotone function of n > 0.
Moreover, the scaling invariance of the ODE yields

_mi+ki(p72)+lifl
p+ny—n2

gn(r) =ng(n°r), o= ;
which implies
M(n) =0 M(1).

Hence, for each M > 0, there exists a unique n > 0 such that M(n) = M, and the corresponding self-
similar profile f](\})(r) satisfies the desired asymptotic behavior. Furthermore, qualitative analysis of the ODE

shows that f]\(? (r) is monotone non-increasing.

Therefore, the radially symmetric self-similar solution Uy& . (@, t) accurately describes the asymptotic
behavior of the solutions to the full PDE system (1)8B*(2) in the limit ¢ — oo, provided A is sufficiently small
so that the coupling term acts only as a perturbation.

Numerical methods. In order to approximate the continuous problem on a computationally feasible
framework, the infinite spatial domain RY is truncated to a sufficiently large bounded region © = [0, L] (in one
spatial dimension) or its higher-dimensional analog. The truncation length L is chosen such that the influence
of the boundary on the solution dynamics remains negligible over the considered time interval.
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The domain €2 is then partitioned into a uniform mesh with spatial step size
L
h==, NcWN,
N
where N denotes the number of subdivisions. The grid points are defined as
zj=jh, j=0,1,...,N.

The approximate numerical solution at location x; and time ¢" = nr is denoted by u(j), with 7 > 0 being the
temporal discretization parameter.

For the spatial derivatives, finite difference operators are introduced. The first-order forward and backward
difference quotients are given by

Viu(j) = M Vi u(j) = M

while the centered approximation of the gradient reads

wg+1) —uG -1
2h

These discrete operators are employed to approximate nonlinear fluxes of the type

Viwu(j) =

Vip2(2)u™ V(WP P72V (uh)),

appearing in the governing equations.
The weighted coefficients p;(x) are discretized directly at the nodal points, i.e.,

pJ(‘rn) = ‘xn|n1? .7 = 17273a

so that the heterogeneity of the medium is incorporated into the discrete scheme without additional
approximation.

The numerical solution of nonlinear coupled parabolic systems with heterogeneous coefficients presents
considerable computational challenges, particularly when both diffusion and reaction-coupling terms exhibit
strong nonlinearities. In order to ensure stability and efficiency, we adopt the Peaceman-Rachford splitting
method, which belongs to the class of alternating direction implicit schemes. The fundamental idea is
to decompose the time integration into two fractional steps, thereby treating the diffusion and reaction
contributions separately.

Diffusion step (first half-step). At the first stage, only the nonlinear diffusion operator is advanced over
a half-time step, while the reaction-coupling terms are neglected. The semi-discrete formulation reads

uf M2 3) — up ()

J) —
7/2

= Vi(pa(s) ()™ IV (uf G)H P2 V(2 (G,

where Vj, denotes the discrete gradient operator defined on the uniform mesh. This formulation ensures that
the diffusion terms are treated implicitly, which provides enhanced stability properties even in the presence of
nonlinear degenerate diffusion.

Reaction-coupling step (second half-step). In the second stage, the updated values u?H/ % serve as input

to evolve the system under the effect of the nonlinear reaction and inter-component coupling, again over a
half-time step:
n+1( N n+1/2, .
i J) — uy (4) S H1/2, o\ ks
1 1 = (") e e pa(ay) (ug P ()
T/2
Since this step involves only local algebraic updates, it is computationally inexpensive. Moreover, the splitting
ensures that nonlinear couplings are treated explicitly but in a stable manner due to the staggered update.

u

The implicit discretization of the diffusion step leads to a nonlinear system of algebraic equations at each
half-time step. After linearization, the resulting system can be written in the block tridiagonal form
AP G =)+ By PG+ cpu T PG+ ) = F, =1, N =1,

i A
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where the matrices A;, B;, C; encode the contributions of the discretized nonlinear fluxes, and F}; denotes the
right-hand side incorporating previous time-level information.

In the scalar case, this system reduces to the standard tridiagonal structure, which can be solved efficiently
using the Thomas algorithm. The algorithm performs a forward elimination followed by a backward substitution,
yielding a solution in O(N) operations.

For the coupled two-component system considered here, the discretization naturally leads to a block
tridiagonal system, where each coefficient A;, B;, C; is itself a small matrix corresponding to the interaction
between the two components. Nevertheless, the Thomas algorithm generalizes straightforwardly to this block
setting. The block tridiagonal solver retains linear computational complexity with respect to the number of
spatial nodes, while the cost of inverting small blocks remains negligible.

The proposed Peaceman-Rachford splitting scheme is inherently stable for linear parabolic equations. For
the nonlinear coupled system under consideration, stability is investigated through discrete energy estimates.
Specifically, we multiply the discrete equations by appropriate test functions and apply discrete integration by
parts (summation by parts). This procedure yields a discrete energy inequality of the form

E"tl 4 D" < E" 4 Cr,

where E™ denotes the discrete energy of the numerical solution at the n-th time step, D™ represents the
dissipation due to nonlinear diffusion, and C' is a constant depending only on the data of the problem. Such an
inequality guarantees that the discrete energy remains uniformly bounded with respect to n, thereby preventing
unphysical growth of the numerical solution.

A key role in establishing stability is played by the monotonicity of the nonlinear diffusion operator
and the positivity of the weight functions p;(z). These structural properties ensure that the flux terms do not
destabilize the discrete dynamics, even in the presence of nonlinear interactions between the two components
uy and us.

Convergence of the numerical solution towards a weak solution of the continuous problem is obtained
via a compactness argument. First, the stability estimates provide uniform bounds in discrete Sobolev norms,
independent of the discretization parameters i and 7. These bounds allow us to extract subsequences converging
weakly in the corresponding functional spaces.

To strengthen the convergence and identify the weak limit with the exact solution, we employ discrete
compactness results analogous to the Aubin-Lions lemma. In particular, the boundedness of temporal increments
in L? and the spatial regularity inherited from the diffusion operator imply compactness in L1200' Passing to
the limit in the discrete equations, we conclude that the limit function is indeed a weak solution of the original
system.

To complement the theoretical results, we perform numerical experiments based on the Peaceman-
Rachford scheme combined with the block Thomas algorithm. The computations are carried out in one spatial
dimension, with spatial domain z € [0, 1] and time horizon ¢ € [0, 2]. Unless otherwise stated, the discretization
parameters are chosen as h = 0.05 and 7 = 0.01, ensuring sufficient resolution in both space and time.

The nonlinear exponents are taken as m; = 1.2, mg = 1.4, and p = 2.5, while the coupling exponents are
q1 = 4.5 and ¢o = 5.0. The initial conditions are selected in a compactly supported form, reflecting localized
dust concentration in air and on surfaces. At the boundary = 0, nonlinear Robin-type conditions are imposed
to model particle exchange, while at * = 1 homogeneous Neumann conditions are prescribed.

Figure 1 displays the evolution of the solutions u(z,t) and v(z,t) at successive time levels. The numerical
solutions exhibit rapid diffusion and nonlinear damping near the origin, while coupling effects enhance interaction
between the two components.

Profiles of u(x,t) and v(x,t) at different times

Figure 1: Two-dimensional spatial profiles of u(z,t) and v(z,t) at different times (¢ = 0.1, 0.5, 1.0, 2.0).
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To better capture the spatio-temporal dynamics, we plot three-dimensional surfaces of the solutions
(Figures 2 and 3). These surfaces clearly demonstrate the dissipative nature of the solutions and highlight the
asymmetry introduced by nonlinear diffusion and weighted coefficients.

3D surface of u(x,t)

Figure 2: Three-dimensional surface plot of u(x,t) over space and time.

3D surface of v(x,t)

Figure 3: Three-dimensional surface plot of v(x,t) over space and time.
The supplementary material contains the full 3D animation, while Figure 4 shows selected frames.

Selected frames from evolution of u and v

1.0 u, t=0.00 u, t=0.51
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Figure 4: Selected frames from the 3D animation of the coupled system, showing nonlinear diffusion and
coupling dynamics.

Conclusion. The analysis carried out for problem (1)-(2) has established sufficient conditions ensuring
the global-in-time existence and large-time asymptotics of weak solutions. It has been shown that, under
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smallness assumptions on the initial data, the long-time dynamics of the coupled degenerate parabolic system
are governed by radially symmetric self-similar solutions of the corresponding uncoupled limit problem.

The obtained results demonstrate that diffusion effects dominate the asymptotic regime, while the
nonlinear coupling terms act only as perturbations. The scaling exponents characterizing the decay and spreading
rates were identified explicitly, and the associated self-similar profiles were proven to exist, to be positive and
monotone, and to decay algebraically at infinity.

These findings provide a rigorous theoretical framework for understanding the asymptotic structure of
nonlinear weighted parabolic systems of type (1)-(2). Furthermore, the results offer a foundation for subsequent
numerical simulations and potential applications to models of heterogeneous media and anomalous diffusion
phenomena.
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REZYUME

Ushbu maqolada biz ikkita o‘zaro kuchli bog‘langan ta‘sirlashuvchi maydonlarning bog‘langan
dinamikasini tasvirlovchi og‘irlikli chizigsiz parabolik tenglamalar sistemalar sinfini ko‘rib chiqamiz.
Energiya baholari va integral tengsizliklardan foydalanib, tegishli og‘irlikli Sobolev fazolarida kuchsiz
yechimlarning global mavjudligi uchun yetarli shartlar anigqlanadi. Shuningdek, yechimlarni samarali
yaginlashtirish magsadida Peaceman-Rachford sonli hisoblash usuli va Tomas algoritmi(haydash
usuli) asosida sonli sxema ishlab chigiladi. Taklif etilgan hisoblash doirasi ikki va uch o‘chovli sonli
simulyatsiyalar yordamida, dinamik sirt grafigi va animatsiyalangan profillar bilan amalga oshiriladi
va namoyish etiladi. Natijalar global yechimning sifat jihatlarini ko‘rsatib beradi, analitik natijalarni
tasdiqlaydi hamda chizigsiz diffuziya, og‘irlikli bir jinsli bo‘lmagan va komponentlararo bog‘lanish
o‘rtasidagi o‘zaro ta‘sir haqgida qo‘shimcha tushuncha beradi.

Kalit so‘zlar: Nochizigli parabolik tenglamalar sistemasi, o‘zgaruvchan koeffitsiyentlar, global
mavjudlik, chekli ayirmalar usuli, bir jinsli bo‘lmagan muhit, sonli modellashtirish.
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PE3IOME

B pmammoit pabore paccMarpuBaeTcss KJIaCC HEJIMHEHHBIX B3BEIIEHHBIX MMapa0OJUIECKUX CHCTEM,
OIHCHIBAIONINX CBI3aHHYIO AMHAMUKY JBYX B3aUMOIEHCTBYIONINX CKAJISIPHBIX IIOJIEH. YCTAHOBIEHBI
JIOCTATOYHBbIE YCJIOBUS IVIODAJIHHOTO CYIIECTBOBAHUS CJIAOBIX PEIIeHHil B COOTBETCTBYIONINX B3Be-
meHHbIX npocrpancTBax CoboJieBa C HUCIIOJIb30BAHMEM SHEPreTHYECKUX OIEHOK M MHTErpajibHBIX
HepaBeHCTB. Kpome Toro, paspaboTraHa YHCJIEHHas CXeMa, OCHOBAHHAsI Ha METOJE PAaCIIEILIEHUS
ITucmana-Psadopra B coderanmn c¢ asropurmom Tomaca, mo3Bosisiomias 3(pdEKTUBHO TpudIm-
KaTh perrenus. [IpeyiokeHHasi BHIYUACIUTENbHAST METOINKA PEAJN3I0BAHA WM IIPOUJIIIOCTPUPOBAHA
Ha JBYX- U TPEXMEPHBIX YHCJIEHHBIX JKCIIEDUMEHTaX, BKJIIOYas JUHAMHUYECKHE IIOBEPXHOCTHBIE
rpadukun u aHuMuUpoBaHHBIE Npoduan. [losydeHHbIe PE3YNBTATHI JIEMOHCTPUPYIOT KAUeCTBEHHbBIE
CBOICTBa IJI00AJIBHOTO PEIeHNs, TIOITBEPXKIAI0T AHAJIUTUIECKIE BBIBOJBI U JIAIOT JOMOJTHUTETHHOE
IIPEJICTABJICHIE O B3ANMOIEHCTBAN HeJIMHEHHO quddy3un, BeCOBOI HEOTHOPOIHOCTH U MEXKKOMIIO-
HEHTHOW CBA3U.

Karouesnvie caosa: HenHeiHAS TapabOInIecKast CUCTeMA, TIeEPEMEHHbIE KOIMMUIMEHTHI, T7T00aJb-
HOE CYIIECTBOBAHME, METOJ[ KOHEUHBIX PA3HOCTEl, HEOHOPOIHAS CPEA, TUCIEHHOE MOJIETNPOBAHUIE.
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RESUME

This article synthesizes data on the daily average air temperature for December from the Tashkent-
Observatory meteorological station over the years 1904-2023 (120 years of observations), and
analyzes these data using statistical methods to explore forecasting possibilities. The paper details
preliminary examinations of the time series (exploratory analysis; decomposition of trend and
seasonality using STL), tests for stationarity (ADF and KPSS), identification of the correlation
structure (via ACF and PACF), and the selection, parameter estimation, diagnostics, and assessment
(both as model diagnostics and forecasts) of classical models including AR, MA, ARMA, ARIMA,
and SARIMA.

Key words: Time series; weather forecasting; ARIMA; SARIMA; STL; Augmented Dickey—Fuller
(ADF); ACF/PACF.

Forecasting time series is a significant branch of data science, applied in various domains from economics
to meteorology. Forecasting is highly useful because, based on historic data, it allows predictions about the
future. However, selecting a suitable model for forecasting is the most critical step. In our analyses, the process
of selecting appropriate models for the data and verifying their reliability is carried out in accordance with
rigorous statistical testing principles. This approach helps to more effectively predict future meteorological
trends and aids decision-making across multiple sectors.

Analyses are based on daily average air temperature (for December) observed at the Tashkent-Observatory
meteorological station over the years 1904-2023 (120 years of data).

Methodology

To select appropriate models for the data and to confirm their reliability, we carried out the following
key statistical tests in a step-by-step sequence:

e Stationarity testing: This is an essential step for forecasting time series. It involves checking whether
statistical properties such as mean and variance remain constant over time. We used the widely-applied
Augmented Dickey-Fuller (ADF) test to determine whether the series is stationary.

e Correlation analysis: To understand the relationships between observations at various time lags, two

main functions are used: the autocorrelation function (ACF) and the partial autocorrelation function
(PACF).

e Seasonality testing: Because repeated patterns at regular intervals (daily, monthly, quarterly, or yearly)
are an integral part of many time series, detecting seasonality is important for forecasting. We used STL
(Seasonal-Trend decomposition using Loess) to decompose the series into trend, seasonal, and residual
(irregular) components.
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After conducting initial analyses such as stationarity tests, correlation structure (ACF and PACF), and
seasonality identification, the next step is selecting a suitable forecasting model. Based on the outcomes of
the previous stages, we decided whether to apply AR (autoregressive), MA (moving average), ARMA, ARIMA
(autoregressive integrated moving average), or SARIMA (seasonal ARIMA) models.

Literature Review

Below is a brief analysis of key literature that underpins methodology. One of the most important sources
is the model construction methodology for ARIMA and SARIMA as proposed by Box, Jenkins, and Reinsel
(2015), which remains among the most widely used methods. Chatfield (2004) and Brockwell & Davis (2016)
treat extensively the issues of seasonality and periodicity. Wei (2006) expands the practical capabilities of time
series analysis through seasonal indices and both univariate and multivariate approaches. The econometric
frameworks described by Gujarati & Porter (2009) and Hamilton (1994) are used in this work to assess the
statistical significance of model parameters via t-tests, p-values, etc. With respect to checking model residuals,
the Ljung-Box test (Ljung & Box, 1978) plays an important role. In forecasting, methods developed by
Makridakis, Wheelwright & Hyndman (1998), as well as contemporary forecasting approaches in Hyndman
& Athanasopoulos (2018), are widely used. Notably, Hyndman’s Forecasting: Principles and Practice is heavily
applied in time series forecasting using open-source software (e.g. R, Python). Overall, the above sources cover
the various aspects of time series analysis—from theoretical foundations through to practical forecasting methods.

Analysis and Results

Initially, the analyses are performed on the daily average temperature data for December for the years
1904-2023 (see Figure 1).

200
100

]nvmmmh'll.l‘t]‘.nnhmnm‘nnlm]Lnlh}ln.hlllhun]nuwmlllml.l

-10.07

Daily average temperature

-2007]

Years
Figure 1. Daily average air temperature in December (1904-2023) at the Tashkent-
Observatory, Uzbekistan

According to the results shown in Figure 1, although there are some seasonal effects, there is no obvious
long-term trend in the time series. To confirm whether the series is stationary, we apply the Augmented Dickey-
Fuller test.

Table 1. The Augmented Dickey-Fuller test

Dickey-Fuller | P-Value | Maximum lag order for terms in the regression
test, model

-17.1452 0,000 300

The results show a very low p-value (0.000), indicating statistical significance. The p-value is below the
0.01 significance level, which confirms that the time series is stationary, implying stable and consistent behavior
of the data.
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Figure 2. Autocorrelation function (ACF) and partial autocorrelation function (PACF)

The plot shows that the ACF exhibits statistically significant values for several lags, meaning there
is persistent correlation among past values in the temperature series. For this dataset, this suggests cyclic
components with approximately monthly or bi-monthly periodicity (around 30- and 60-day lags). The fact
that the ACF remains significant up to long lags, and that recurrent seasonal peaks are present, motivates
consideration of a SARIMA (Seasonal ARIMA) model. To visually express and better understand seasonality, we
decompose the time series into trend, seasonal, and residual (irregular) components using an STL decomposition
(or SDTS decomposition) (see Figure 3).
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Figure 4. Seasonal index

The seasonal index graph indicates periodic oscillations, with alternating positive values (periods where
temperature is above seasonal norm) and negative values (periods below the norm). Sharp changes in the index
are observed in the lag intervals of 30-32 days and 60-62 days, which confirms the presence of certain periodicity

in the time series.
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From the results of stationarity testing, correlation analysis (ACF and PACF), and
seasonality identification, we conclude that for the daily average December temperatures, the
SARIMA(3,0,0)(1,0,0)[seasonal period] model is the most appropriate. We further validate this choice
through reliability tests.

Table 2. Final parameter estimates

Type Coef SE Coef] T-Value P-Value]
AR | 0,9943 0,0164 60,70 0,000
AR 2 -0,2562 0,0227 -11,27 0,000
AR 3 0,0607 0,0164 3,70 0,000
SAR 62 0,0428 0,0165 2,59 0,010
Constant 04720 0,0518 9,10 0,000
Mean 2,450 0,269

Table 2 shows that parameters AR(1), AR(2), AR(3), and seasonal AR(62) are statistically significant,

Table 3. Residual summary

DF

SS

3715

371453

9.99874

indicating that the time series exhibits both short-term and seasonal dependence.

According to Table 3, the sum of squares of residuals (SS) is 37,145.3, with degrees of freedom (DF) equal

Table 4. Ljung—Box test for residual autocorrelation

Lag 12 24 36 48
Chi-Square 6.64 13,58 35,69 44,08

DF 7 19 31 43
P-Value 0,468 0,808 0,257 0,426

to 3,715. The mean square (MS) is 9.99874, showing that average residuals are quite small. This suggests that
the chosen model fits the data well.

Table 4 presents the modified Box—Pierce (Ljung—Box) x? statistics for various lags (12, 24, 36, 48). Their
corresponding p-values are 0.468, 0.808, 0.257, and 0.426. Since all these p-values exceed 0.05, we conclude that
there is no significant autocorrelation in the residuals. This means that after fitting, the residuals behave like
random noise, confirming that the chosen SARIMA model adequately explains the time series.

Based on all reliability tests, the selected model SARIMA (3,0,0)(1,0,0) is confirmed reliable. Therefore,
it can be used for forecasting future data. Forecast values for December daily average temperature for the years
2024-2027 are generated (see Figure 5 and Table 6).
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Figure 5. Forecast for December daily average temperature, 2024-2027

These results are calculated using the SARIMA model, one of the seasonal time series models. From the
graph it is evident that the confidence intervals remain stable over time, which suggests that the forecasting
ability of the model is reliable. Also, recurrent cold periods in December are clearly visible every year. This
demonstrates that the seasonal component of the time series is highly stable. The advantage of using a SARIMA
model is also shown — the model accounts not only for variability, but for the regular recurring dynamics of
temperature.

Conclusion and Recommendations

All the above analyses show that the SARIMA model used for forecasting (daily average December
temperature) has a high level of accuracy. The ACF and PACF functions reveal that there are significant
correlations at important lags. Seasonal index graphs show that temperature changes repeat in particular periods
of the year. The indices display stable oscillations, indicating a strong seasonal component in the series.

These forecasting results have practical implications:

1. Energy Sector: Based on forecasts, energy consumption during winter can be planned more precisely;
stability of heating supply systems should be ensured.

2. Agriculture: Considering extreme cold days observed in December, protective measures for crops should
be strengthened.

3. Transport and Infrastructure: Forecast results should be used to develop safety strategies for possible
issues during cold days (e.g. road icing, vehicle failures).

4. Climate Monitoring: Forecasts can be compared to long-term climate observations to detect long-term
trends in climate change.
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REZYUME

Ushbu maqola 1904—2023 yillarga oid Toshkent-Observatoriya meteostansiyasining dekabr
oyidagi kunlik o‘rtacha havo harorati ma’lumotlarini (120 yillik kuzatuvlar) statistika usullari
yordamida tahlil gilib, prognozlash imkoniyatlarini o‘rganadi. Maqolada vaqt qatorlarining dastlabki
tekshiruvlari (eksplorator tahlil, STL yordamida trend va mavsumiylikni ajratish), statsionarlik
sinovlari (ADF va KPSS), korelyatsion strukturani aniglash (ACF va PACF), shuningdek AR, MA,
ARMA, ARIMA va SARIMA kabi klassik modellarni tanlash, parametr baholash, hamda modelni
diagnostika va prognoz sifatida baholash bosqichlari batafsil bayon etilgan.

Kalit so‘zlar: Vaqt qatori; ob-havo prognozi; ARIMA; SARIMA; STL; Augmented Dickey—Fuller
(ADF); ACF/PACF.

PE3IOME

B nanHoll crarbe maHHbIe O MecgdHOH (3a JeKabpb) CyTOYHON cpejiHell TeMiieparype BO3yXa Ha
Mereoposiorndeckoii crannuu Tamkent-O6cepsaropus 3a nepuos 1904—2023 rogos (120 ser nabiio-
JIEeHWH) aHAJU3UPYIOTCS ¢ TOMOIIBI CTATUCTUIECKAX METOZIOB JIJIsl U3yUeHHs] BO3SMOXKHOCTEH Ipo-
THO3MpOBaHus. B pabore moapoOHO ONUCAHBI IpeABAPUTEILHBIE UCCJIEI0BaHUSI BPEMEHHOIO Psijia
(3KCILIOPATUBHDIA aHAIN3; JEKOMIIO3UIUS TPEHIA M CE30HHOCTH C ucnoJb3oBanueM STL), TecTs
ua craimuonapuoctb (ADF u KPSS), unenrudukanusa koppessuuonuoii crpykrypsl (depes ACF u
PACF), a Takzke BbIGOD KJIACCHYECKUX MOJIEJIEl, OIIEHKA [IADAMEeTPOB, JUarHOCTUKA MOJIesIeil U OleH-
Ka UX [MPOrHOCTUYECKUX BO3MOzKHOCTel, BKitodas mogeau AR, MA, ARMA, ARIMA u SARIMA.

Karoueswvie caosa: Bpemennoit psia; npornosuposanue mnoroasl; ARIMA; SARIMA; STL; tecr
Hukn-Dysepa B pononnenun (ADF); ACF/PACF.
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RESUME

Using the method of central extensions, we can construct only those Leibniz algebras with nontrivial
centers. Therefore, to identify Leibniz algebras with trivial centers, we apply the method of abelian
extensions. In this paper, we provide a classification of one-dimensional abelian extensions of
solvable Leibniz algebras whose nilradical is a naturally graded filiform Leibniz algebra of maximal
codimension. We give explicit descriptions of these extensions and determine their structures up to
isomorphism.

Key words: Leibniz algebra, solvability, nilpotency, filiform Leibniz algebras, abelian extension.

1. Introduction

Leibniz algebras were introduced and systematically studied by J.-L. Loday in the early 1990s [§].
However, similar algebraic structures had previously been considered by Bloh under the name D-algebras [2].
While investigating the homology theory of Lie algebras, Loday observed that the antisymmetry condition of
the Lie bracket was not essential for establishing the derivation property on chain complexes. This insight led
him to define what is now known as a Leibniz algebra.

A right (or, equivalently, left) Leibniz algebra is a nonassociative algebra in which the right (respectively,
left) multiplication operator satisfies the derivation rule. In this way, Leibniz algebras naturally generalize Lie
algebras by relaxing the antisymmetry condition, while preserving key structural properties such as the Leibniz
identity.

The extension method is widely regarded as one of the most effective approaches for classifying algebras.
The study of abelian extensions in the context of Leibniz algebras was initially introduced in [3]. Central
extensions of Leibniz algebras were examined in [10], where a complete classification of central extensions for
null-filiform Leibniz algebras was provided. Additionally, the notion of non-abelian extensions was introduced
in [9]. Furthermore, based on the techniques developed in [9], a method for determining abelian extensions of
solvable Leibniz algebras has been presented in [6]. It is important to note that the extensions of solvable Leibniz
algebras and superalgebras have been examined in [4] and [11], with a focus on the central extensions of solvable
algebras in these works.

In this work, we focus on solvable Leibniz algebras whose nilradical is a naturally graded filiform Leibniz
algebra of maximal codimension. Specifically, we investigate their one-dimensional abelian extensions and
describe their algebraic structures. Our aim is to provide a complete characterization of these extensions.

2. Preliminaries

In this section, we recall several fundamental definitions and preliminary results that will be used in the
subsequent sections of the paper.

Definition 1. A vector space with a bilinear multiplication (L, [-,]) is called a Leibniz algebra if for any
x,Yy,z € L the so-called Leibniz identity

([, 9], 2] = [[=, 2], y] + [, [y, =]},

holds.
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For a given Leibniz algebra (L, [, -]), the sequences of two-sided ideals are defined recursively as follows:
LY=L, LM =[LF 1), k> 1, W=, g =zl L) s> 1.

Definition 2. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n € N
(m € N) such that L™ = {0} (L™ = {0} ).

The maximal nilpotent ideal of a Leibniz algebra is said to be the nilradical of the algebra.

Definition 3. A Leibniz algebra L is called filiform if dim L' =n — i, for 2 < i < n, where n = dim L.

Definition 4. Given a nilpotent Leibniz algebra L with nilindex s, put L; = L'/L**1, 1 <i<s—1, and
Gr(L)=L1 ® Ly®---® Ls_1. Define the product in the vector space Gr(L) as follows:

[(E + L”l,y—i— Lj+1} _ [x,y] _|_Li+j+17

where x € L'/L" y € LI /LI Then [L;,L;] C Liy; and we obtain the graded algebra Gr(L). If Gr(L) and
L are isomorphic, then we say that the algebra L is naturally graded.
Now, we present a method for constructing abelian extensions of solvable Leibniz algebras.

Definition 5. A representation of a Leibniz algebra (L, [-,-]) is a triple (V,1,r), where V is a vector space
equipped with two linear maps 1 : L — gl(V) and r: L — gl(V'), such that the following equalities hold:

Tlay] =Ty OTe —Te 0Ty, gy =1yoly—lzory, Ilzol,=—lyor,, VryeclL. (1)

Here [-,-] is the commutator Lie bracket on gl(V'), the vector space of linear transformations on V.

Let L be a Leibniz algebra and let V' be an abelian (i.e., trivial bracket) Leibniz algebra. Suppose,
l:L—= gl(V), r: L — gl(V) are linear maps defining the left and right actions of L on V, respectively. Let
w: L ®L —V be a bilinear map satisfying

w(f,y), 2) = w(e, [y, 2]) — (e, 2] y) — Ly, 2) — ryw(a, 2) + raw(a,y) = 0. (2)

We refer to bilinear maps w that satisfy the compatibility condition described above as 2-cocycles on L
with respect to the pair (I,7). The set of all such 2-cocycles is denoted by Z2(L,1,7).

The 2-coboundary on L with respect to the pair (I,r) is defined as

df($7y) = f([m,y]) - lgo(ﬂc)f(y> - T<P(y)f(m>7 z,y € L,

where ¢ € Aut(L) and f € Hom(L, V). The set of such bilinear maps is denoted by B?(L, [, ).

For w € Z%(L,l,r), we define on the vector space L =L@V the bilinear product [—, =] r..) by
[x+a‘ay+b](l,r,w) = [xay]L +w(x7y)+lzb+rya‘a xay€L7 CL,bEV (3)
The algebra L, = (f, [—, —]@,rw)) is called an abelian extension of L by V. One can easily check that L,

is a Leibniz algebra if and only if w € Z2(L,1,r).

We now establish the conditions under which two abelian extensions of a given algebra are isomorphic.
Given two extensions Ly = L(w!,I*,r!) and Ly = L(w?,1%,7?).

Proposition 1.[6] Two Leibniz algebras L, = L(w!, 1Y, rY) and L, = L(w?,12,72) are isomorphic if and
only if there exists ¢ € Aut(L), ¢ € Aut(V) and f € Hom(L, V), such that

W (@), oY) + 150 F (W) + 15 F(2) = flz,y]) = (0 (2,y),

Bawv(a) =¢(la), r5yvla) =9(rya),
foranyx,ye L, acV.

Given a Leibniz algebra L, an abelian module V' and associated left and right actions (I,r) the group
Aut L x AutV acts on the space of 2-cocycles (L,1,r) by:

wl(m7y) = ¢(W((p($), so(y))), l/z(a’) = w(lw(z)¢_1(a))7 r/z(a’) = ¢(r<p(ac)¢_1(a))'
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In this action, we say that ¢ is an intertwining operator for I’ and [ o ¢ (respectively, ' and r o ¢ ). This
action preserves cohomology classes up to coboundaries: Two extensions L1 = L(w!, 1!, 7!) and Ly = L(w?,1%,7?)
are isomorphic if and only if:

w? —powrop e BXL, 1% r?),

and v intertwines [? with I' o ¢, and 2 with r!' o . Thus, we obtain the following proposition.
Proposition 2.[6] Let Ly = L(w',l*,r!) and Ly = L(w?12,72) be extensions of the solvable Leibniz

~ ~

algebra L by the abelian algebra V. Then the Leibniz algebras L1 and Lo are isomorphic if and only if w' and
w? are in the same Aut L x Aut'V orbit in |J H?(L,1,7).

lLr
3. Main result
In this section, we construct an abelian extension of a solvable Leibniz algebra whose nilradical is naturally
graded filiform algebra and possesses the maximal possible codimension.
It is known that, any complex n-dimensional naturally graded filiform non-Lie Leibniz algebra is
isomorphic to one of the following non-isomorphic algebras [1]:

[61761] = €3,

Fl
[61,61]:67;4_1, 3§Z§TL*1

n

Z[€i761}:€i+1, QSiSTb—l, Fz{

The complete classification of solvable Leibniz algebras whose nilradical is isomorphic to F} or F2 has
been given in [5]. We consider the solvable Leibniz algebra whose nilradical is F} and whose codimension is
maximal. Up to isomorphism, there exists a unique such solvable Leibniz algebra, with the multiplication defined
as follows:

) [e1, 2] = ex, [z,e1] = —e1, [eser] =eip1, 2<i<n—1,

[eiax} = (Z - 1)€i, [eiay] = €4, 2 S 1 S n.

Note that any automorphism of the algebra L(F}) has the following form:

p(er) = ae1, () =ber + z, ey) =y,
. . n _aNiti—1 pi—] .
plej) = 2ce; +ai2 3 CU=t—e, 2<j<n,
i=j+1

where a,c € C*, b € C.

Now we describe all 2-coboundaries on L(F}) with respect to the pair (I,r), by the one-dimensional
abelian algebra V = (ej41).

For the basis elements {e1, e, ..., e,,2,y} and f € Hom(L(F}!),V), we put

flei) =cient1, 1<i<n, f(z)=coyienr1, f(y) = cnsaensa.
We consider linear maps [, : g — End(V), such that

lp(ent1) = 1€ny1, Tz(€nt1) = azenyr,

ly(ent1) = Brent1, Tylens1) = Beeny,

for some scalars aq, as, 81, B2 € C.
For any automorphism ¢ € Aut(L(F}!)), consider the map

df (z,y) = f([.’L‘, y]) - lga(z)f(y) - rsa(y)f(x)a

where f is a linear map. We obtain the following result.
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Proposition 3. Any 2-coboundary with respect to the pair (I,7) for the algebras L(F}) has the following
forms:

df (ei,e1) = i1, 2<i<n-—1, df(e1,z) = (1 — ag)eq,
df (e1,y) = —fac1, df (z,e1) = —(1 + a1)en, df(y,e1) = —pici,
5. df (ei,z) = ((1 — 1) —a2)ei,  df(es,y) = (1 — B2)cs, 2<i<n,
) df(x,e) = —aic, df (y, e;) = — P, 2<i<n,
df (z,2) = —(o1 + a2)cny1, df (x,y) = —a1cny2 — Pacni1,
df (y, ) = —Picny1 — @i, df(y,y) = —(B1 + B2)cno.

Now, using the algorithm for constructing solvable Leibniz algebras, we derive all possible extensions of
the solvable Leibniz algebra L(F}!) by the one-dimensional abelian algebra V = (e,+1). The condition (1), to
the linear maps [,7 : L(F}) — End(V), which defined as (4), leads to the following system of equations:

ar(on +a2) =0, ai1(Bi+B2) =0,

Bi(ar +az) =0, Bi(Br+ B2) =0. (5)

In the following proposition, we describe all 2-cocycles on L(F!) with respect to the pair (I,r) taking
values in the one-dimensional abelian algebra V = (e;,41).

Proposition 4. A basis of Z2(L(F}),1,r) consists of the following cocycles:

IL.ay=p1=P2=0,a2=1:

w(ei,e1) =b;1, 2<i<n-1, w(z,e1) = bpt1,1,

w(ej,z) =G —2)bi—11, 3<i<n, w(ez,y) = b2 ni2, (@)
w(e;,y) =bi—11, 3<i<n, w(y,e1) = bnya1,

w(xa x) = bnt1,n41, W(ya :E) = bny2,n41-

2. a1 =1 =032=0,a2=2:

w(er,er) = b, w(er,x) =biny1, w(z,e1) = b1 nt1,

w(eq,e1) = b, 2<i<n-—1, w(ez, z) = bapt1,

w(e,z) = (G —3)bi—11, 3<i<n, w(ez,y) = —ba i1, (b)
w(es, y) = bs,nt2, w(ei,y) =bi—11, 4<i<mn,

W(xax) n+1,n+1> W(yax) = bn+27n+1-

3 a1 =p1=0,0=1,=1:

wler,y) =binr2,  wleier) =bi, 2<i<n-—1,
w(ez, ) =bapt1, wlex)=(i—2)bi—11, 3<1<n, (©
w(e%y) = b2,n+23 W(LL‘, 61) = b 1,n+2; (QZ’ ) = bn+1,n+1>
UJ(Z’, (E) = bn+1,n+la W(?Ja l’) = bn+2,n+17 (y ) - bn+2,n+1-
4' 041:61:07 Qg =N, 62:1:
W(elax) (TL - 1)b1 n+1; w(elvy) = bl,n+17 w(xael) - bl,n+1a
w(ela 61) ’L 1 2 S Z S n, W(ez,f]}) = b2,n+1; (d)
wle,z)=(GF—n—1)bi_11, 3<i<n, w(z,y) = bnt1,nt2,
OJ(.T7 LU) nanrl n+2; w(% y) = bn+2,n+27 w(,’% l’) = nbn+2,n+27
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5. a1 =p1 =0, (ag, B2) ¢ {(1,0),(2,0),(1,1),(n,1)}:

w(er,z) = (ag — 1)by ny1, w(er,y) = B2b1,ny1, w(ez, ) = (a2 — 1)bg py1,
w(ei, e1) = b, 2<i<n-—1, wlea,y) = (B2 — 1)ba nt1,
w(ei,z) = ( —-1- Ozg)bz 1,15 w(ei,y) = (1 — ,62)bi—1,1, 3 S 7 S n, (6)
OJ(iL', 61) = b 1,n+1; w(xvx) = aan+1,n+1a w(x,y) = Ban+1,n+1a
w(y, ) = aobnionit, w(y,y) = Babnt2,nt1-
6. oy =—ap=-1,51=-PB2=0:
w(er, ) = b1 nt1, wle,y) =bint2, wle2,y) = bania,
w(es,e1) = b, 2<i<n-—-1, w(z,e1) = —bini1,
wle, ) = (1 —2)bi—1,1, w(x,e;)=bi_11, 3<i<m, (f)
w(elay) - bl 1,1 3 S { S n, w(x’GQ) = b27n+23
w(y, e1) = —b1 ny2, w(z,y) = bpyint2, WU, T) = —bni1nyo-
7. a1 = —ag, B1 = =P, (a1,51) # (=1,0) :
wler,z) = (a1 + 1)byny1, wler,y) = P1biny1,
w(eg,x) = (a1 + 1)ba py1, wlez,y) = (B1 + 1)ba ny1,
w(euel)*blh 2§Z§Tl*1,
w(es,z) = (a1 +i—1)bj—11, 3<i<mn,
w(emy) (/81 + 1) i—1,1, 3<1<n, (h)
w(z,e1) = —(a1 + b1 ny1, w(z,e2) = —a1ba ny1,
w(z,e;) = —aibi—11, 3 <1t <n,
w(y,e1) = —B1b1nt1, w(y, e2) = —B1ba ny1,
w(y,e;) = =Prbi—1,1, 3<1<n,
UJ(.’L’, y) = anrl n+2; w(ya 37) = _bn+1,n+2~
Proof. For any w € Z*(L(F}),l,r), let us denote w(a,c) = b;jent1, 1 < 4,5 < n + 2, where a,c €
{e1,ea,...,en,x,y}. Using equality (2), we compute the cocycles and obtain the following relations:
/8151,1 =0, 5251,1 =0, alb1,1 =0,
(2—a2)bi1 =0, b =0, 2<i<n,
bi,j = 0, 2 S j S ) S n, Blbn,l = O7
(1= PB2)b,1 =0, arb, =0, (n—ag)b,1 =0,
(1 + 1)b1 g1 = (@2 — 1)bny11, bint1 = (o1 + a2 — 1)bpta,1,
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Babint1 = (a2 — 1)by o,
B1b1nt2 = Babnga 1,

b1 nt2 = 1bpio 1 + Babnyi 1,
bit1nt1 = (i —a2)b;1,
a1bipt1 = (o +1 — )byt 4,
bnyoiv1 = —Bibia,

(B2 — )b g1 =
ﬁlbn+1,n+1 = Oa

(042 +1-— i)bi7n+2,

a1bpionye =0,
B1bint1 = (2 — i+ 1)bpta,

(B2 — Dbpy2,i = Pibinta,

B1bins1 = (a2 — )bpya 1,
Bobp+11 = (1 + a1)bi nia,
(1 — a2)bpy21 = Bibnti1,

bpt1,i+1 = —a1b; 1,

(o + 042)bn+1,i =0,
29<i<n—1,

a1bint2 = (B2 — Dbns1i,

Oélbn+1,n+1 =0,
aobpio; = —B1bpt1,
albn+2,i = *52bn+1,i7
(B1 + B2)bnt2,i =0,

(B1 + B2)bpt2,1 =0,
2<i<n—1,
2<1<n,

2<1<n,
B1bat2,nt2 =0,
2 <1< n,
2<1<n,
2 <11 <n,
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(01 + a2)bpt1 nt2 = Bobntintt, (B1 4 B2)brt2.nt1 = byt nia,
a1bpto st — 2bpiingo + Bobnyint1 =0, a2bniont2 + Brbputinye — Babnyont1 = 0.

By equation (5), we deduce that either ay = 51 = 0, or @1 = —ag and f; = —f5. Accordingly, to
determine the values of the coeflicients b; ;, we consider the following two cases:

Case 1. Let a; = 81 = 0. Then we have

b1, =0, 2 <1< n,

b;j =0, 2<j57<i<n, b1 nt1 = (2 — D)byy11,
b1 nt2 = Bobny11, biginyr = (@ —ao)bin, 2<i<n-—1,

bpy1,: =0, bpi2: =0, 2<i<n,

and the following restrictions

Babi,1 =0, (2= az)bi1 =0,

(1= B2)bn1 =0, (n—ag)by1 =0,
Babpyo1 =0, (ag = 1)byyo21 =0,

(B2 = Dbiny1 = (2 +1—9)bj nt2, 2<i<n,

obpt1my2 = Babnyint, Babnyo,nt1 = a2bnio nto,

Now, consider the following subcases:

1.1. If Qg = 1, 52 = 0, then we obtain bi,n+1 = (Z - 2)bi,n+27 2 S ) S n, and b171 = bn71 = bn+1,n+2 =
bnt2nt+2 = 0. Hence, we conclude that any 2-cocycles on L(F}) with respect to the pair (I,7) is given
by the expression in (a).

1.2. If Qg = 2, 52 = O, then we obtain bi,n+1 = (Z — S)bi,n—i-27 2 <1< n, and b17n+2 = bn,l = bn_;,_271 =
bnt1,n+2 = bnt2nt+2 = 0. Hence, we get that any 2-cocycles on L(F}) with respect to the pair (I,7)
has the form (b).

1.3. If Qg = 17 ﬁg = 1, then we obtain bn+1}n+2 = bn+1,n+1, bn+2,n+1 = bn+2,n+2a and bl,l = bl,n+1 =
bni = bpi21 = binto = 0, 3 <i < n. Hence, we get that any 2-cocycles on L(F}) with respect to
the pair (I,r) has the form (c).

1.4. If Qg =N, /82 = 1, then we obtain bl,n+1 = (nfl)b17n+2, nbn+1,n+2 = bn+1,n+17 bn+2,n+1 = nbn+27n+2,
and by 1 = b, 1 = byyo1 = binya =0, 2 < i < n. Hence, we get that any 2-cocycles on L(F}) with
respect to the pair (I,7) has the form (d).

1.5. If (ag, B2) ¢ {(1,0),(2,0),(1,1),(n,1)} then we obtain
(B2 — Db g1 = (aa + 1 —0)bjnye, 2<1i<n,

Oé2bn+1,n+2 = ﬁzbn+1,n+1, ﬁzbn+2,n+1 = a2bn+2,n+2;

and b1 = byp,1 = bpt2,1 = 0. Hence, we get that any 2-cocycles on L(Fﬁ) with respect to the pair
(I,7) has the form (e).

Case 2. Let a; = —ag and 51 = —f2. Then we have

bis =0, 1<i<n, b = 0,

bi; =0, 2<3<i<n, bptins1 =0,

bpi2ni2 =0, b1 n+1 = —bnt1,1, bint2 = 1bpio 1 — Bibnyi 1,
bnt2nt1 = —bntint2, bint1 =@ —1+a)bi—11, bpt1,i =—aabi_11,

bpto,i = —B1bi—1,1, 3<i<n,
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and the following restrictions

B1bint2 = —Bibnt2.1, B1b1 1 = (1 + b1 g2, Bibiny1 = —(o1 + 1)byyo,
a1b i1 = —(a1 + Dbpt12, Pibant1 = —(a1 + 1)bpgo2,
arbipnto = —(B1 + Dbpt14,  Bibinto = —(61 + Dbpga;  2<i<n,
Now, consider the following subcases:
2.1. If o] = —1, ,81 = O7 then we obtain bi,n+2 = b7z+1,i7 2 < ) < n, and b27n+1 = bn+2,i = 0, 2 < ) <n.

Hence, we get that any 2-cocycles on L(F!) with respect to the pair (/,7) has the form (f).
2.2. If (a1, 1) # (—1,0), then we obtain by, 421 =

B1b1 g1 =

—b1,n42, and

(a1 + 1)bi g, aibypir = —(aq +Dbpyi2, Pibansr = —(a1 + 1)bpta2,

—(B1 + Dbpy1, —(B1 + D)bpya,

In this case, we conclude that any 2-cocycles on L(F}) for the pair (I,r) have the form (h). This
concludes the proof of Proposition 4.

Q1biny2 = B1bint2 = 2<i<n.

By Propositions 3 and 4, we obtain the following corollary:
Corollary. We have the following:

L Ifar =1 =f2=0, ay =1, then dim H2(L(F}),l,r) = 1, H*(L(F}),1,r) = (w(y, e1));

IL If oy = 1 = B2 = 0, az = 2, then dim H2(L(F}),1,r) = 2, H(L(F}),1,r) = (w(e1, e1),w(es,));

I Ifay =1 =0, az =1, Bo = 1, then dim H2(L(F}),1,r) = 2, HX(L(F}),1,r) = (w(e2, z), w(e2, y));

IV. If ay = B1 =0, ag = n, fo = 1, then dim HA(L(FL),1,7) = 1, H*(L(FL),1,7) = (w(en, e1));

V. If ar = B1 = 0, (az, B2) ¢ {(1,0),(2,0),(1,1), (n, 1)}, then dim H>(L(F}),1,r) = 0;

VI If ay = —ay = —1, fi = Bo = 0, then dim H*(L(F}),l,r) = 2, H*(L(FY),l,7) = (w(er,x) —
w(x,er),w(er, y) — w(y, e1));

VIL If an = —az, 1 = P2, (a1, 1) # (=1,0), then dim H*(L(F,),1,r) = 0.

Now, we can formulate the following result.

Theorem. Let L be an extension of the solvable Leibniz algebra L(F}) by the abelian algebra V = (e, 41).
Then L is isomorphic to one of the following non-isomorphic algebras:
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€i, 61] = €i+1,

[

lei, y] = ei,

[e;, 2] = (i — 1)e,
le1, x] = eq,
[y, e1] = eny1,

61,61] = €n+1,

[

[ei, e1] = €it1,
[e2,y] = ea,

lei, y] = e,
[ei,z] = (i — 1)ey,
[z, e1] = —eq,

2<i<n-—1,
2<1i<n,
2 <1< n,
[z,e1] = —eq,

[en+17 x] = 6n+17

le1, z] = eq,
29<i<n—1,
les, y] = e3 + eny1,
4 <1 <n,
2<1<n,

[en+1a .’L‘] = 2en+17

~

L4Z

61761] = €n+1,

[

lei, e1] = €it1,
lei,y] = e,
lei, a] = (i = 1)e,
[z,e1] = —eq,

le1, 2] = eq,
9<i<n—1,
2 <1< n,
2<1<n,

[ent1, 2] = 2€n41,

29<i<n—1,
[e2, ] = €2 + eny1,
3<i<n,

3 <t <n,

[x,e1] = —ex,

[en+la y] = €n+1,
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[eiael]zei—&-la 2§’L§Tl*1, .
[ei;el]_el 1, Slgnv
. . +
le2,y] = ez + eny1, [e2, 7] = ez + depq, .
. [eiay]:ei7 QSZSTL,
s [e%y]:eia SSZSTL’ .
L5(6> : . . Lg [6“17] = (7’ - 1)€i7 2<1 < n,
lei,x] = (i —1)e;,  3<i<m,
[61,.7;] = €1, [mael] = —é€1,
[61737] = €1, ['7;761] = —é€1,
o - [€n+1am] = N€n+1, [en-i-lvy] = €n+1,
[ent1,7] = enq1, [ent1,Y] = €nt1,
le1, 2] = e1 +enq1, [ese1] = eiq1, 2<i<n—1,
L7: [ej,x]=(i—1)e;, [es,y] = ey, 2<i<n,
[en-ﬁ-lax] = €n+1, [xael] = —€1 — en+17 [$,€n+1] = _€n+1,
le1, 2] = e1 + 0epy, le1, Y] = eny1s lei, e1] = €it1, 2<:<n-—1,
fg(é) o lens1, 7] = ey, lei, 2] = (i — L)es,  [es,y] = e, 2<i<n,
[z,e1] = —e1 —0eny1, [T,ens1] = —€ny1, [y,e1] = —€ni1.

Proof. By Corollary, we have that H*(L(F!),l,7) = 0 in cases V and VII. Thus, it is enough to consider
the remaining cases.

L. a; = 1 = B2 =0, ay = 1. In this case, the second cohomology group satisfies dim H?(L(F}!),l,7) = 1
and 2-cocycle defined by w(y, e1) = e,41 form a basis on this space. That is, H2(L(F}),l,r) = (@).

Consider an automorphism ¢ € Aut(L(F})), and an automorphism ¢ € Aut(V) satisfying 1(e,q1) =
Aén+1. Then the action of these automorphisms on the cohomology class 6w € H?(L(F}!),1,r) results in
a new class 8, where

8 =6xa, U'=1 1" =nr

By choosing A =1 and a = %, we can normalize the representative so that §' = 1.

Thus, the corresponding extended algebra L, = L(F}!) @ {e,+1} has nontrivial products given by

[y7€1] = w(yael> = €n+1, [€n+1733] =Tzln4l = Ep41-

Hence, we obtain the algebra El.

II. o = B = B2 = 0, ag = 2. In this case, dim H?(L(F}),l,r) = 2, and the basis of this space is given by
the 2-cocycles
wi(er,e1) = ent1, wa(es,y) = eny1-

Automorphisms ¢ € Aut(L(F}!)) and ¥ € Aut(V) act the element §;07 + dats to 84wy + 4z as
§) = 81ha?, 0% = da)ac.
— If 65 = 0, then 6, = 0 and &; # 0. Taking A =1, a = %, we can suppose §; = 1 and obtain the

algebra Eg.
— If 02 # 0, then choosing A =1, ¢ = g—;a, we get 0) = 0}, and obtain the algebra Ls.

. a3 =B =0, ag = 1, B2 = 1. In this case, dim H2(L(F}),l,r) = 2, and the basis of this space is given by
the 2-cocycles
wi(e2, T) = ent1, wa(e2,y) = ent1-

Automorphisms ¢ € Aut(L(F})) and ¢ € Aut(V) act the element §,w7 + d2w3 to 8wy + dhws as
5/1 = (51)\6, 55 = 52)\6.

— If 65 = 0, then 65 = 0 and §; # 0. Taking A = 1, ¢ = %, we can suppose §f = 1 and obtain the
algebra f4.
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IV.

10.
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— If 5 # 0, then choosing A =1, ¢ = é, we get 65 = 1 and obtain the algebra Z5(6).

a; = B1 =0, azg = n, B2 = 1. In this case dim H?(L(F!),l,r) = 1 and H*(L(F}),l,r) = (@), where
w(en,e1) = ent1. Automorphisms ¢ € Aut(L(F!)) and ¢ € Aut(V) act the element 6w to §'w, as follows:

5 =6 a" e

Taking A = % and a = ¢ = 1, we can suppose ¢’ = 1. Thus, the new products of the algebra L=
L(F}) @ {en+1} are given by:

[Bmel] = w(en,el) = €n+1, [6n+1,$] =TzCn41 = NEp41, [€n+1,y] =Ty€n+1 = En41-

Therefore, we obtain the algebra Eg.

a; = —ag = —1, B; = B = 0. In this case dim H?(L(F}!),l,7) = 2, and the basis of this space is given by
the 2-cocycles

wi(e1,2) = ent1, wi(@,e1) = —eny1,  waler,y) =eny1, w2(y,€1) = —€ny1.
Automorphisms ¢ € Aut(L(F})) and ¢ € Aut(V) act the element §;w7 + datvs to 81wy + Fhws as
81 =d1ha, 0y = da)a.

— If 5 = 0, then 65 = 0 and d; # 0. Taking A = 1, a = %, we can suppose 0; = 1 and obtain the
algebra E7.
— If §3 # 0, then choosing A =1, a = é, we get 65 = 1 and obtain the algebra Zg(é).

This completes the proof.
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REZYUME

Markaziy kengaytma metodidan foydalanib, markazi noldan farqli bo’lgan algebralarni qurishimiz
mumkin. Shuning uchun, markazi trivial bo’lgan Leybnits algebralarini aniglash uchun Abel
kengaytmalar metodidan foydalanamiz. Ushbu ishda nilradikali maksimal ko-o’lchamli tabiiy usulda
gradiurlangan filiform Leybnits algebrasi bo’lgan yechiluvchi Leybnits algebralarining bir o’lchovli
Abel kengaytmalarining klassifikatsiyasi keltirilgan. Bu kengaytmalar aniq ifodalangan va ularning
strukturalari izomorfizm aniqligini tasniflangan.

Kalit so‘zlar: Leybnits algebrasi, yechiluvchanlik, nilpotentlik, filiform Leybnits algebralari, Abel
kengatma.

PE3IOME

MeTomoM 1EeHTPAIbHBIX PACIIAPEHUN MOXKHO ITOCTPOUTH TOJBKO Takume ajareOpnl JleitbHumna, meHTp
KOTOpBIX HeTpuBHaseH. [losTomy 1y1a onpenesenns aaredbp JlebHUIA ¢ TPUBUATBHBIM IIEHTPOM MBI
HCIIONIb3yeM MeToJ1 abe/leBhIX pacinupennii. B mammoit pabore mpeacTaBiena KaacCUMOUKAIUS OIHO-
MEpHBIX abeJIeBbIX PACIIUPEHUN pa3permmMbix ajaredop JleiibHuia, HUIbPaMKaI KOTOPBIX SIBJISIETCSI
€CTeCTBEHHO I'Paly upOBaHHOM dutmdopMHOil aredbpoii JleiibHua MakcuMaIbHON KOPA3MEPHOCTH.
JlaroTcst IBHBIE ONMCAHWS TAKUX PACIIMPEHUN U OMPENEJISIIOTCS UX CTPYKTYPBI C TOYHOCTHIO JI0 U30-
Mopdusma.

Karoueswie caosa: Anrebpa JleiitbHniia, paspermmMocThb, HUJIBIIOTEHTHOCTD, huindopMHbIe aareb-
pol JleitbHura, abesrleBoe paciimpeHue.
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RESUME

In this paper we establish abstract characterizations of the sequence space [? and the Schatten ideal
C?, and present our main results in this direction.

Key words: symmetric sequence spaces, Banach ideals of compact operators, Schatten ideals,
duality between symmetric sequence spaces and Banach ideals of compact operators.

Introduction

The Hilbert space [? and the Hilbert-Schmidt class Cy of compact operators occupy a central position
in functional analysis. Their distinguished role arises from the fact that they are the unique spaces among the
classical sequence and operator ideals where the geometry is governed by the parallelogram law, and the norm
admits a Hilbert space structure. It is therefore natural to ask whether one can recover {? and C» from purely
abstract axioms, without appealing directly to their standard constructions.

In this paper we address this question within the framework of symmetric sequence spaces and fully
symmetric ideals of compact operators. Recall that a symmetric sequence space is a Banach space of real
sequences closed under rearrangements, while a fully symmetric space additionally respects submajorization.
The operator-theoretic counterpart is provided by fully symmetric ideals in /C(#), which are in one-to-one
correspondence with fully symmetric sequence spaces via the Calkin correspondence.

Our starting point is a simple but fundamental observation in [2: if =,y € [? have disjoint supports, then
they are orthogonal with respect to the scalar product, and consequently

2 2 2
2 +yllz = [lzll5 + [lylz.

This property suggests a natural characterization principle: one may single out (> among all symmetric sequence
spaces precisely as the unique space where the “Pythagorean identity” holds for disjointly supported vectors.

The first main result of the paper establishes this principle rigorously. We prove that if (E,| - ||g) C co
is a fully symmetric sequence space satisfying

lz +yllE = =% + il whenever -y =0,

then necessarily E = (% and || - |z = || - ||2. In other words, I? is the only fully symmetric sequence space with
the Pythagorean property.

The second main result translates this characterization to the setting of operator ideals. Making use of the
Calkin correspondence between fully symmetric sequence spaces and ideals in K(#), we show that if (Cg, || |lc;)
is a fully symmetric ideal satisfying

2 2 2
1A+ Bllz, = lAlle, + 1Blle,

for all self-adjoint operators A, B with AB = 0, then necessarily
Ca, - lleg) = (Co, [ - ll2)-

Thus the Hilbert—Schmidt ideal Cy is uniquely characterized among fully symmetric operator ideals by the same
Pythagorean identity.
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Symmetric sequence spaces

Let [*° (respectively, cp) be the Banach space of bounded (respectively, converging to zero) sequences
{&,}22; of complex numbers equipped with the uniform norm [|{&,}|lcc = sup |&,|, where N is the set of natural
neN

numbers. If 2" is the o-algebra of all subsets of N and u({n}) = 1 for each n € N, then (N, 2N, ;1) is a o-finite
measure space such that L>(N, 2N, ;) =1 and

LY(N, 2N ) =11 = {{ﬁn}i’f_l CC: {endlh =Y Iénl < OO} cir,
n=1

where C is the field of complex numbers.

For any subset E C [*° we denote Fp = {{£,}22, € E: &, € R for each n}, where R is the field of real
numbers. It is know that (I5°, || - [|sc) and ((co)n, || - |loo) are Banach lattices with respect to the natural partial
order

{&} <{m} = & <n, forall neN.

If € = {£,}52, €1°°, then the non-increasing rearrangement £* : (0,00) — (0,00) of £ is defined by
&) =inf{: p{|¢] > A} <t}, t>0,

(see, for example, [1, Ch. 2, Definition 1.5]). As such, the non-increasing rearrangement of a sequence {£,}32; €
[°° can be identified with the sequence £* = {£;}°2;, where

f;:inf{sup|§n|:FCN, |F|<n}
ng¢F

If {£n} € co, then & | 0; in this case there exists a bijection m : N — N such that [:(,,)| = &, n € N.
Hardy- Littlewood-Polya partial order in the space [*° is defined as follows:

E={&} ==n={m} <= ZSZSZUZ for all m e N.

n=1 n=1

A non-zero linear subspace E C [*° with a Banach norm || - ||g is called a symmetric (fully symmetric)
sequence space if

nek, £el™, & < (tesp., £ << n") = € FE and [[{[|g < |nlE.

Every fully symmetric sequence space is a symmetric sequence space. The converse is not true in general. At
the same time, any separable symmetric sequence space is a fully symmetric space.

If (E,| -||g) is a symmetric sequence space, then

1€llz = [[1El [z =€z forall &€ E.

Besides, (Ep, || - |) is a Banach lattice with respect to the partial order induced from °°.

We say that the norm in a symmetric sequence space (E, || - || g) is said to have the Fatou property if from
the conditions
0<z™ <z e R neN, suplz™|z < oo,
n

it follows that
supz™ € B and ||z g = sup ™| z.
n>1 n>1

It is known [1, Chapter II, §2.4, Theorem 2.4.2, pp. 44-46] that the norm of every fully symmetric sequence
space ((E,| - ||g) has the Fatou property. But general symmetric sequence spaces (not fully symmetric) do not
always have the Fatou property.
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Immediate examples of fully symmetric sequence spaces are (I°°,] - |ls), (co,| - |loo) and the
Banach spaces

oo 1/p
w=Je={e)2, ere: ||€||p=<Z|fnp> <oop, 1<p< oo,
n=1

For any symmetric sequence space (E, | - ||g) the following continuous embeddings hold [1, Ch. 2, § 6, Theorem
6.6]: (1% 11 ) € (B ]I lg) € (%%, ]| - lloo)- Besides, [[€]lz < [|€]]1 for all € € I* and [|§]l < [[€]|E for all £ € E.

If there is & € E \ ¢, then £* > al for some a > 0, where 1 = {1,1,...}. Consequently, 1 € E and
E = [°°. Therefore, either £ C ¢y or E =1[*.

Symmetric operator spaces

Now, let (H, (-, -)) be an infinite-dimensional Hilbert space over C, and let (B(#), ||-||oc) be the C*—algebra
of all bounded linear operators in H. Denote by K(H) (F(H)) the two-sided ideal of compact (respectively,
finite rank) linear operators in B(H). It is well known that, for any proper two-sided ideal Z C B(H), we have
F(H) C Z, and if H is separable, then Z C K(H) (see, for example, [5, Proposition 2.1]). At the same time, if
H is a non-separable Hilbert space, then there exists a proper two-sided ideal Z C B(#) such that K(H) & 7.

Denote By, (H) = {x € B(H) : x = 2*}, B+ (H) = {x € Bp(H) : > 0}, and let 7 : BL(H) — [0, 00] be the
canonical trace on B(H), that is,

T(I) = Z(‘T(pja@j)v (S B-‘r(%)r
jeJ
where {¢;};jcs is an orthonormal basis in H (see, for example, [5, Ch.7, E.7.5]).

Let P(H) = {e € B(H) : e = €2 = e*} be the lattice of projectors in B(H). If 1 is the identity of B(H)

and e € P(H), we will write et =1 —e.

Let € B(H), and let {ex(|z|)}a>0 be the spectral family of projections for the absolute value |z| =
(z*z)'/2 of x, that is, ex(|z|) = {|z| < A}. If t > 0, then the t-th generalized singular number of x, or the
non-increasing rearrangement of x, is defined as

pe(z) =inf{\ > 0: 7(ex(|z))*) <t}

(see [2]).
A non-zero linear subspace X C B(H) with a Banach norm || - || x is called symmetric (fully symmetric)
if the conditions
xe€ X, yeBH), u(y) < p(z) forall t>0

(respectively,
S S

zx € X, yeB(H), /ut(y)dt < /ut(x)dt for all s >0 (writing y << x))
0 0

imply that y € X and ||y||x < ||=|x.
The spaces (B(H), ] - |lso) and ((H), | - |lco) as well as the classical Banach two-sided ideals

CP={z e KH): ||, =r(jzf)/? < o0}, 1 <p < oo,

are examples of fully symmetric spaces.
It should be noted that for every symmetric space (X, | - ||x) C B(H) and all z € X, a,b € B(H),

lzllx = Il lx = [l"]x, axbe X, and [axbllx < ||af|oo[|bl[o[l]|x-
Remark 1. If X C B(H) is a symmetric space and there exists a projection e € P(H) N X such that
7(e) = oo, that is, dime(H) = oo, then p(e) = (1) = 1 for every t € (0,00). Consequently, 1 € X and

X = B(H). If X # B(H) and = € X, then ex(|z|)* = {|z| > A} is a finite-dimensional projection, that is,
dimey(|z|)+(H) < oo for all X > 0. This means that x € K(H), hence X C K(H). Therefore, either X = B(H)
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or X C K(H). Thus, if H is non-separable, then there exists a proper two-sided ideal T C B(H) such that
K(H) ST and (Z,| - ) is a Banach space which is not a symmetric subspace of B(H).

Throughout this paper we assume that the Hilbert space H is separable.

m(z) e
If x € K(H), then |z| = 21 sn(x)py, (if m(x) = oo, the series converges uniformly), where {sn(as)}?:(i)

is the set of singular values of z, that is, the set of eigenvalues of the compact operator |x| in the decreasing
order, and p,, is the projection onto the eigenspace corresponding to s, (x). Consequently, the non-increasing
rearrangement uy(x) of x € K(H) can be identified with the sequence {s,(z)}32 4, sn(x) } 0 (if m(z) < oo, we
set sp(z) = 0 for all n > m(z)).

Duality between symmetric sequence and operator spaces

Let (X,||-|lx) € K(H) be a symmetric space. Fix an orthonormal basis {¢, }neny in H. Let p, be the
one-dimensional projection on the subspace C - ¢, C H. It is clear that the set

E(X) = {gz{fn}%il €Co: l‘g:Zﬁnpn GX}

n=1

(the series converges uniformly), is a symmetric sequence space with respect to the norm ||| g(x) = [|z¢l|x-
Consequently, each symmetric subspace (X, | - ||x) C K(#H) uniquely generates a symmetric sequence space
(E(X),|l - lzx)) C co. The converse is also true: every symmetric sequence space (£, | - ||g) C co uniquely
generates a symmetric space (Cg, || - |lcz) C K(H) by the following rule (see, for example, [4, Ch. 3, Section 3.5]):

Cp={z e K(H): {sn(x)} € E}, |zlley = [{sn (@)} -

In addition,
ECe)=E, |- lece) =115 Crce) =Cr: - lese,, =1l lles-

We will call the pair (Cg, || - |lcy) a Banach ideal of compact operators (cf. [3, Ch.III]). It is known that
€71 llp) = (Cr, || - lle,) for all 1 < p < oo and (K(H), | - [loo) = (Ceos | - llee, )-
Hardy-Littlewood-Polya partial order in the Banach ideal IC(#) is defined by

<<y, z,y € K(H) <= {sn(x)} << {sn(y)}.
We say that a Banach ideal (Cg, || - ||lcy) is fully symmetric if conditions y € Cg, x € K(H), x << y entail that

xz € Cg and ||zllcy < |lylleg- It is clear that (Cg, || - |lcg) is a fully symmetric ideal if and only if (E, || - ||g) is a
fully symmetric sequence space.

Examples of fully symmetric ideals include (K(H), | - |lco) as well as the Banach ideals (C?, || - ||,) for all
1 < p < oco. It is clear that C! C Crp C K(H) for every symmetric sequence space E C co with ||z]c, < ||z|1
and ||y]loo < ||yllc, for all z € Ct and y € C.

Abstract characterizations of spaces [?> and C?

Let now consider E = [ = {z = {2, }52; C C: > 7 |z,|* < oo}. It is known that [? is a Hilbert space
with respect to the scalar product

o0
(z,y) = an Yny T=A{Tn}nl1, Y= {YUntner € 12,
n=1

In the linear space I we define multiplication of elements as follows:
-y =A{Tn Yntpe1, T, YE 2.
And let |z| = {|zn|}2, for all © = {x,,}22, €.

Proposition 2. If z,y €1 and z -y = 0 = {0,0,0,...}, then (z,y) = 0.
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Proof. From z,y € (% and x - y = 0 it follows that z,, - v, = 0 for all n € N. Hence,

(x,y) = an <y, = 0.
n=1

The Proposition 2 is proved.
Remark 3. The converse of Proposition 2 is not true in general.
In every Hilbert space, in particular in {2, the following important result is known.
Proposition 4. If z,y € I and (z,y) = 0, then ||z +y||3 = ||1z]|3 + ||y|3.
Proof. Let x = {,}%2,, y = {yn}32, € [ with (z,y) = 0. Then

lz +yl3 = (@ +y, 2 +y) = (z.2) + (2,9) + (y.2) + (4,9) = l|=]3 + ly]3-

The Proposition 4 is proved.
Corollary 5. If v,y € ly and x -y = 0, then ||z +y||3 = ||=||3 + ||y||3-

Motivated by Corollary 5, we would like to characterize other symmetric sequence spaces (E, || - ||g) for
which the property of Corollary 5 holds. We prove the following theorem on the abstract characterization of 2.

Theorem 6. Let (E, || - ||g) C co be a fully symmetric space such that
Hx"i'yHQE: ||x||2E+||y||2E’ Ve,ye E, x-y=10,

where multiplication in E is defined as in 2. Then E =1? and ||z||g = ||z||2 for allz € E.

Proof. Let (E,| - ||g) be a fully symmetric space with E C ¢ and let e, = {0,0,...,1,0,... } with 1 at
the n-th position, n € N. Then e, € E for any n. Furthermore, it can be assumed without loss of generality
that ||en||lg = 1. Also it is clear that e} = {1,0,0,...} € F and |le}||g = |len||g = 1, for any n € N.

We fix ¢ = {2,}52, € E. Let 2* = {2} }5°, € E. Consider

k
T = Z ) en.
n=1
Then from the Proposition 4 we have
k
ekl =D a5
n=1

Since (E, || - ||g) is fully symmetric, the norm has the Fatou property (see section "Symmetric sequence
spaces"). Hence,

k
l2* |5 = sup |2kl e = sup | D |23 < oo,
k>1 k=1 \
which implies 2* € (2.
(e}
Thus, Y (25)? < oo, i.e. * € 2. Since (I, - ||2) is a symmetric space, it follows that x* € 2, and

n=1
consequently z € 2.

oo
If 2 = {x,}52, €2 then z* = Y z}e, €2, and hence
n=1

k
Again, considering the sequence zp = > zfe, € E, we have 0 < z; 1 z*. By the Fatou property,
n=1

|lzklle = ||z*||g and 2* € E, so z € E.
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Moreover,

lzklle =

which implies

oo

3 (@)? = 2" 2 = [l

n=1

ez = llz*z =

Thus E = [? and for all z € E we have ||z||g = ||z||2. The Theorem 6 is proved.

Using Calkin’s correspondence (see section "Duality between symmetric sequence and operator spaces")
we obtain the following variant of Theorem 6 for the Schatten’s ideal C2, which is called the abstract
characterization of C2.

Theorem 7. Let (Cg, || - |lcy) be a fully symmetric ideal Cg C K(H) such that
1A+ Bz, = 41z, + IBIZ,

for all A, B € Cg with A= A*, B=B*, and A- B=0. Then (Cg,| - |lc,,) = (C%, ] - ||2)-

Proof. Let E(Cg) = E be a fully symmetric sequence space with E C ¢, since Cg C K(H). Let
e =A{xn}pley = {yntnis € B, with -y = {2 -y}, = 0.

Fix an orthonormal basis {¢,}52; € H. Let consider two diagonal operators A : H — H, A(p,) =

|Zn| - @n, and B : H — H, B(pn) = |yn| - ¢n for all n € N. Therefore, for all a = > anp, € H it follows that

A(@) = 3 (anleal) - oo and Bla) = 3 (@ulyal) - o0

It is clear that A = A* and B = B*, AB = 0. Moreover, {s,(A)}>2, = |z|* € E}, and s,(B) = |y|* € E}.
Therefore A, B € Cg. From the condition of theorem we have that

1A+ Blig, = [AlZ, + 1B,

On the other hand, it is easy to see that the operator A + B is again diagonal with respect to the chosen
basis, and its singular-value sequence is given by {s,(A + B)}°2; = (|z| + |y|)* = |« + y|* (the last equation is
true since z,y, = 0 for all n € N).

Thus, we obtain the equality

lz +yllE = llle +y"I = {sa(A + B)}Li L = 1A+ Bllg, =

= [A12, + IBIIz, = =" 1% + yl* 1% = =% + lyl%.

By the Theorem 6 this implies E = [2 and || - ||z = || - ||2 on E. Finally, returning to the ideal via the
Calkin correspondence we conclude

(Crs |- lles) = €2, [ - [l2),

which completes the proof of Theorem 7.
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REZYUME

Ushbu maqolada biz [? ketma-ketlik fazosi va Schattenning C? idealining abstrakt
xarakterizatsiyalarini keltiramiz hamda shu yo’nalishda asosiy natijalarimizni taqdim etamiz.

Kalit so‘zlar: simmetrik ketma-ketlik fazolari, kompakt operatorlarning Banax ideallari, Shatten
ideallari, simmetrik ketma-ketlik fazolari va kompakt operatorlarning Banax ideallari orasidagi
bog’lanish.

PE3IOME

B ‘HaHHOfI CTaTbe€ MbI YCTaHaBJIMBa€M a6CTpaKTHbIe XapaKTEPpUCTUKHN IIPOCTPaHCTBa II0CJ/IeI0OBATE/Ib-
HOCTEN l2 u ujaeaJlia ITarrena CQ 1 [IpeJcTaB/IsseM Hallld OCHOBHBIC DE3YJ/IbTAaThl B 9TOM HallpaBJICHUN.

Karouesnle ca08a: CUMMETPUIHBIE TPOCTPAHCTBA MTOCJIEI0BATEILHOCTEH, DAHAXOBBI MBI KOM-
MMAKTHBIX 0IepaTopos, uiaeasbl [Ilarrena, 1BOMCTBEHHOCTh MEXKIY CUMMETPUIHBIME IIPOCTPAHCTBA-
MU TIOCJIEJIOBATEIHHOCTEH 1 OAHAXOBBIMU HJ€aJIaMI KOMIIAKTHBIX OIEPATOPOB.
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RESUME

The subadditive measures (denoted by m) on projectors of the real von Neumann algebra are
considered. A theorem on the extension of a *-isomorphism between two real von Neumann algebras
to a *-isomorphism of the corresponding *-algebras of all m-measurable operators has been proved.

Key words: Real von Neumann algebras, projection, subadditive measure.

INTRODUCTION

In the non-commutative theory of integration, started by I.E.Segal in (see [1]), the measure 7 satisfies the
subadditivity condition. Therefore, it seems interesting to study subadditive measures on projectors of operator
algebras, thereby finding out to what extent Segal’s theory is based on the "subadditivity"of the measure 7.
In the article (see [2]), Leszek J.Ciach considered subadditivity measures on projectors of the von Neumann
algebra (W*-algebra). The author of the work gives some partial answers to the question posed above. In this
article, subadditive measures (denoted by m) on projectors of the real von Neumann algebra are considered. A
theorem on the extension of a *-isomorphism between two real von Neumann algebras to a *-isomorphism of
the corresponding *-algebras of all m-measurable operators has been proved.

PRELIMINARIES

Let A be an algebra and let P(A) be the set of all projections of A. By subadditive measure on A we
mean a mapping m : P(A) — [0, o0] with the following properties:

i) m(0) = 0, and m(p) = 0 implies p = 0 (faithfulness);
i) p < ¢q implies m(p) < m(q) (monotonicity);

iii) p ~ ¢ implies m(p) = m(q),

iv) m(pV q) < m(p) +m(q) (subadditivity);

v) pn T p implies m(pn) 1T m(p).

The measure m is called finite if m(1) < oo, where 1 is the unit of algebra A. Making use of the relation
pVq—q~p—pAgq,itisnot hard to notice that instead of (iv) one may assume

iv*) m(pV q) =m(p + q) < m(p) +m(q) for pLq.

Now, let B(H) be the algebra of all bounded linear operators on a complex Hilbert space H. A weakly
closed *-subalgebra M containing the identity operator 1 in B(H) is called a von Neumann algebra (or W*-
algebra). A real *-subalgebra R C B(H) with the identity 1 is called a real von Neumann algebra (or real
W*-algebra), if it is weakly closed and RN iR = {0} (see [3], [4], [5])-

Theorem 1. Let R C B(H) be a real von Neumann algebra and let m be subadditive measure on R. We
extend the subadditive measure m at A= R+ iR as

m(e) = m(s(f)),
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where e € P(A) with e = f +ig and s(f) is the support of the element f. Then m : P(A) — [0,00] is the
subadditive measure on A.

The proof of the theorem is carried out with a direct verification of condition i)-v) for the map .

Definition. Let R C B(H) be a real von Neumann algebra.
1) An operator a acting in a Hilbert space H (a : D(a) — H ) is called affiliated with the algebra R (symbolically,
anR) if au’ = v'a, for any unitary operator u' € R’, where R’ is commutant of R.
2) A linear subspace D C H is called affiliated with the algebra R if v (D) C D for any unitary operator v’ € R’
and denoted by DnR.

3) A linear space DnR is said to be m-dense in H if for any € > 0 there exists a projection p € R such that
p(H) C D and m(pt) <e.

4) An operator a is called m-measurable, if (i) anR; (ii) D(a) is m-dense; (iii) a is closed.
It is easy to check that if anR, then a is m-measurable if and only if a is TR-measurable. By L,, = L,,(R)
we denote the set of all m-measurable (relative to algebra R) operators. It is also easy to show that R is

dense in L,, the topology of m-convergence i.e. R~ = L,,. Similarly, by L = L4y we denote the set of all
m-measurable (relative to algebra A = R + iR) operators.

If @ and b are m-measurable operators, then the closures of a+b and ab are called, respectively, the m-sum
and the m-product of a and b. The space L,, together with the operations: m-sum, m-product, the adjoint of
the operator and the natural operation of multiplication by real numbers, is real *-algebra and L,,, +¢L,,, = L.

MAIN RESULT

Let a € Ly, and |a| = [ Adey be the spectral decomposition of the element modulus |al.
We define the mapping £,, : £,, — [0,00) as

lm(a) = inf{e > 0:m(el) < e}.

Then the functional p, : L x L — [0,00) defined as p(a,b) = €y, (a —b) (a,b € Ly,) is a metric in L,, invariant
with respect to the translations, i.e. for any a,b,c € L,, the equalities are satisfied d(a,b) = d(a + ¢,b + ¢) and
d(a,b) = d(a*,b*). Moreover, the convergence in this metric is equivalent to m-convergence.

The main result of the article is the following theorem.

Theorem 2. Let Ry and Ry be *-isomorphic real von Neumann algebras through a *-isomorphism 0,
whereas m' and m’ are subadditive measures on P(Ry) and P(Rs), respectively. If m'(p) = m” (0(p)) for
all p € P(Ry), then 0 estends uniquely to a x-isomorphism 0 : Ly, — Ly continuous in the topologies of
m’-convergence and of m' -convergence, respectively.

Proof. Let a € Ry and |a| = [;° Adey. It is obvious that 6(a) = [;° Adf(ey). Let a = ula| be the polar
decomposition of a (see Theorem 1.25 [5]). Then it is easy to see that 0(u)6(|a|) is the polar decomposition of
6(a). Since m’(p) = m”(0(p)) (p € P(Ry)), then we have

b (@) = inf{e > 0:m(el) <e} =inf{e > 0:m(0(el)) < e} = L (0(a))

i.e. by (a) =Ly (0(a)). Since Ry is m/-dense in L,,/, then for any a € L,,/ there exists a sequence {a, }22; C Ry

such that a,, ﬁ> a. Hence we have p1(a,,a) — 0, therefore ¢,,,/(a,, —a) — 0. From the above equality we obtain
by (an, — @) = Ly (0(an) — by) — 0, where b, is some element from L, . Hence we have pa(6(an),bs) — 0,

therefore 0(ay,) m—//> ba. We put 0(a) := b,. Then it is directly verified that the map 6 : L, — L, is a
*_isomorphism with f|g, = 6 and 6(a,) —— 6(a). The theorem is proven.

Corollary 1. The *-isomorphism 0 : Ry — Ry we extend on Ay = R1 + 1Ry as

0: A1 — Ay, Oz +iy) = 0(x) +i0(y),
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and similarly a *-isomorphism 6: L, — Ly we also extend on L = Ly + iL,, as
9: Lo — Lo, 0(a + ib) = 8(a) +i0(b).

Then we directly obtain that m'(p) = m”(?(p)), p € P(4;).

Corollary 2. For any a € Ly, (Ry) and o > 0 we have

0(lal?) = |0(a)|".
Proof. Let |a| = [ Adey. Then it is clear that |a|” = [ A7de,. Hence we obtain
0 0

(/a7 :9(/ Ndey) = /X’d&(ek) — )"
0 0

The corollary is proven.
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REZYUME

Haqiqiy fon Neyman algebrasining proyektorlarida subadditiv o’lchovlar (m bilan belgilanadi)
ko’rib chiqiladi. Ikki haqiqiy fon Neyman algebrasi orasidagi *-izomorfizmning barcha m-o’lchovli
operatorlarning mos *-algebralarining *-izomorfizmiga kengayishi haqidagi teorema isbotlangan.

Kalit so‘zlar: Haqiqiy fon Neyman algebralari, proyeksiya, subadditiv o’lchov.

PE3IOME

Pacemarpusarorces cybamuTrBHbIE MePhI (06003HAMAEMBIE M) HA IPOEKTOPAX BEIECTBEHHOMN aareGpbl
don Heitmana. /Tokazana TeopeMa 0 NPOIOJIZKEHIH *-n30MOpMU3Ma MEKIY JIBYyMs BEMIECTBeHHBIME
anrebpamn dpon Heiimana 1o *-m3omopdusMa cooTBeTcTBYIOMUX *-aarebp BCEX mM-U3MEPUMBIX OIIe-
PATOPOB.

Karoueswie caosa: BemnecTBennble aaredpol ¢pou Helimana, mpoekiusi, cybaiuTuBHas Mepa.
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RESUME

In this work, we have undertaken a rigorous study of Boltzmann machines and the associated
Gibbs measures they induce. Beginning from the machine’s energy function, we have detailed
the construction of the corresponding Gibbs measures and derived the requisite consistency
(Kolmogorov) conditions. We have further identified precise criteria under which these consistency
conditions hold and have evaluated their implications for the coherence and validity of statistical
models built upon Boltzmann-machine architectures.

Key words: Boltzmann machine, Gibbs measure, Cayley tree, energy function, consistency
conditions, statistical models.

1. Preliminaries

There is a substantial body of work on Gibbs measures for the Ising model [3], but relatively little has
been done on the energy function in Boltzmann machines (the Boltzmann model). In this paper, we investigate
the Gibbs measure for such models.

The interplay between statistical physics and machine learning has led to significant advancements
in probabilistic modeling, with Gibbs measures and Boltzmann machines standing at the forefront of this
synergy. This paper explores the mathematical foundations of Gibbs measures in Boltzmann machines [§],
their algorithmic implementations, and their applications in generative modeling, unsupervised learning, and
optimization.

We formalize the connection between statistical mechanics and energy-based models, analyze sampling
techniques, and discuss modern variants such as quantum Boltzmann machines. We also address challenges
related to the intractability of the partition function and the scalability of these models.

Gibbs measures, originating from statistical mechanics, provide a rigorous framework for describing
systems in thermal equilibrium, where the probability distribution of states follows the Boltzmann law. In
machine learning, Boltzmann machines leverage this framework to model high-dimensional data distributions
through stochastic interactions between units.

A Boltzmann Machine is a stochastic, energy-based neural network that operates on principles from
statistical mechanics and is primarily used for unsupervised learning tasks. The network consists of binary units
(neurons) that can exist in states s; € {0,1} or {—1,+1}, connected through symmetric weights w;; = w;; with
no self-connections (w;; = 0). Each unit has an associated bias term a; representing its activation tendency.

The system’s behavior is governed by an energy function:

E(s) = - Zwijsisj - Zai5i7 (1.1)

1<j
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where lower energy states are more probable. In the machine-learning context, this model is called a fully visible
Boltzmann machine.

The probability distribution over states follows the Boltzmann distribution:
L BT
P(s) = Z¢ ) (1.2)

where Z is the partition function, that is Z = > e~ E()/T that normalizes probabilities and T represents the
temperature parameter controlling the system’s stochasticity.

The Cayley tree I'* = (V, L) of order k& > 1 is an infinite tree, i.e. graph without cycles, each vertex of
which has exactly k + 1 edges. Here V is the set of vertices of I'* va L is the set of its edges.

Consider models where the spin takes values in the set {0,1}, and is assigned to the vertices of the tree.
For A C V a configuration 04 on A is an arbitrary function o4 : A — {0,1}. Let Q4 = {0,1}* be the set of
all configurations on A. A configuration o on V is defined as a function € V +— o(z) € {0,1}; the set of all
configurations is 2 := {0,1}V. We consider all elements of V are numerated (in any order) by the numbers:
0,1,2,3,.... Namely, we can write V = {x¢, z1, z2, ....}.

Q can be considered as a metric space with respect to the metric p:  x Q — RT given by

p({o@)ls ey A0 @ er) = >, 27"

n:o(zy)#c’ (zn)

(or any equivalent metric the reader might prefer, this metric taken from [2]), and let B be the o-field of Borel
subsets of Q.

For each m > 0 let m, : Q — {0,1}*! be given by 7, (00,01,02,...) = (00,...,0,) and let C,, =
Tt (P ({0,1}™%1)), where 0; := o(z;) and P ({0,1}™"1) is the family of all subsets of {0,1}™*! (Cartesian
product of {0,1}). Then C,, is a field and each of the sets in C,, is open and closed set in the metric space
(€2, p); also Cy, C Cpny1- Let € = U,,,50Cm; then C is a field (the field of cylinder sets) and each of the sets
in C is both an open and closed. Denote S(C) - the smallest sigma field containing C. Every element of S(C) is
called “measurable cylinder*.

Let A be the Lebesgue measure on {0,1}. The set of all configurations on A the a priori measure A4
is introduced as the |A|-fold product of the measure A. Here and further on |A| denotes the cardinality of A.
Below, W,,, stands for a ’sphere’ and V,,, for a 'ball’ on the tree, of radius m = 1,2, ..., centered at a fixed vertex
20 (an origin):

Wy ={z eV dxza2*)=m}, V,={zecV:dxaz")<ml,

and
Ly, ={(z,y) € L:x,y € Vy}.

Here distance d(z,y), z,y € V, is the length of (i.e. the number of edges in) the shortest path connecting x
with y. Qy, is the set of configurations in V;, (and Qyy, that in W,,; see below). Furthermore, o|y, and w|w, .,
denote the restrictions of configurations o,w € € to V,, and W, 41, respectively.

2. Gibbs measures for the fully visible Boltzmann machine

Let h:x € Vs hy = (hyp t € {0,1}) € RI®1} be mapping of x € V'\ {z°}). Given n = 1,2,..., consider
the probability distribution 1™ on Qy;, defined by

M(n)(gn) = Z;l exp (—ﬁH(O’n) =+ Z han(z),x> . (2.1)
zeW,
Here, as before, 0, : © € V,, = o(x) and Z,, is the corresponding partition function:

Ty = / exp (—5H(6n) + Z h&n(m),z> Av, (d&y). (2.2)

zeW,

n
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Let A € N and A C A, where A is the set of all finite subsets of V. For any A € A/, By is the minimal
o-field on the configuration space Q. If uy is a measure on By, the projection of pp on By is measure ma (ua)
on Ba defined by

[ma(ua)](B) = pa{o € Qp : ola € B}, B € Ba.

Similarly, if u is a measure on B, the projection of p on By is defined by
[ra()](B) =p{oc € Q:0p € B} = pu(o|p =0op :0p € B), B € By.

Define a finite-dimensional distribution of a probability measure p in the volume V,, as

pin(on) = Z;1 exXp {BHn(Un> + Z hxo(x)} ) (2.3)

zeW,

where 3 = 1/T, T > 0 is temperature, Z, ' is the normalizing factor, {h, € R,z € V} is a collection of real
numbers, and

H,(o,) =— Z wijo(x;)o(x;) — Zaia(xi) (2.4)
<137;,:E_]'>€Ln i
is the Hamiltonian of the Boltzmann model.
We say that the probability distributions (2.3) are compatible if for all n > 1 and o0,,_; € ®V»—1:

Z ,Ufn(gn—l \ wn) = Nn—l(o'n—l)- (25)

Wy €EOWn

Here 0,1 V w,, is the concatenation of the configurations. In this case, according to the Kolmogorov theorem,
there exists a unique measure p on ®" such that, for all n and o,, € ®"»,

p{olv, = on}) = pnlonm). (2.6)
Such a measure is called a splitting Gibbs measure corresponding to the Hamiltonian (2.4) and function
he,x €V.
The following statement describes conditions on h, guaranteeing compatibility of p, (o).
Theorem 2.1. Probability distributions pu,(o,), n = 1,2,..., in (2.3) are compatible iff for any x € V
the following equation holds:
ha =Y f(hy,0). (2.7)

yeS(x)

Here, 0 = Pvii | f(h,0) =In ﬁ%, and S(x) is the set of direct successors of x on Cayley tree of order k.
Proof. Necessity. Suppose that (2.5) holds; we want to prove (2.7). Substituting (2.3) in (2.5), obtain

that for any configurations oy,_1: z € V,,_1 — 0,,—1(z) € {0,1}:

2 en( XX (Gugoma(ohen) + ) +hwn) ) —eo( X huowa(@),

wn €Qw,, z€EWn_1 yeS(x) €W, 1

(2.8)
where w,,: * € W,, — wy(x), a; is a constant corresponding to y vertex and w;; is a weight between configurations
at the x and y vertexes.

From (2.8) we get:

Zg;l Z H H exp(ﬂwijan_l(z)wn(y) + Bawn (y) + hywn(y)) = H eXp(h_TJn_l(I)).

wn€EQw,, TEW, 1 yeS(x) TEW,L 1

Rewrite now the last equality for ,,_1(z) = 1 and 0,,—1(z) = 0, then dividing first of them by the second one
we get

H Zue{(),l} eXp(ﬁwij“ + hy“)

= exp(hy),
y€S(x) ZuE{O,l} eXp(hyU)
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which implies (2.7) where one has to use the following formula:

1+ 6l
h,0) =In ———. 2.
F0,0) = 20 (2.9
Sufficiency. Suppose that (2.7) holds. It is equivalent to the representations
H Z exp (fw;jtu + fa;u + hyu) = a(x) exp (thy), te€{0,1} (2.10)

ye€S(z) ue{-1,1}

for some function a(x) > 0, x € V. We have

LHSMX25y:z;emx75HhM,Q)x II I > ewBuijoni(@u+fau+hyu). (211)

" TEW, _1 yeS(z) ue{0,1}

Substituting (2.10) into (2.11) and denoting A, 1 = [[,cyy, _, a(z), we get

RHS of (2.10) = qu exp(—BH (c,-1)) H exp(hyo,—1(x)). (2.12)

n zeEW, 1

Since u(™),n > 1 is a probability measure, we should have

Z Z u(”)(on,l,wn) =1.

on-1€Qv, _; wn€Qw,

Hence from (2.12) we get Z,_1A,_1 = Z,, and (2.5) holds. O

From Theorem 2.1 it follows that for any h = {hy,z € V} satisfying the functional equation (2.7) there
exists a unique positive measure p and vice versa. This result is equivalent to the fact that (2.7) is not easy.

In next sections we shall give several solutions to (2.7).

Remark 2.1. Note that if there is more than one solution to equation (2.7) then there is more than one
Gibbs measure corresponding to these solutions. One says that a phase transition occurs for the Boltzmann
model, if equation (2.7) has more than one solution. The number of the solutions of equation (2.7) depends on
the parameter 8 = % The phase transition usually occurs for low temperature. If it is possible to find an exact
value T™* in which a critical value of temperature does occur for all T < T™, then T™ is called a critical value of
temperatura.

Finding the exact value of the critical temperature for some models means to exactly solve the models.
3. Periodic Gibbs measures of the Boltzmann model

Since the set of vertices V has the group representation Gy. Without loss of generality we identify V with
Gy, i.e., we sometimes replace V' with Gy.

In this section we study periodic solutions of (2.7).

Definition 3.1. Let K be a subgroup of Gy, k > 1. We say that a function h = (hy € R: x € Gy) is
K-periodic if hy, = h, for allx € Gy, andy € K. A Gy-periodic function h is called translation-invariant.

Definition 3.2. A Gibbs measure is called K -periodic if it corresponds to K -periodic function h.

Observe that a translation-invariant Gibbs measure is Gg-periodic. Firstly, we shall find all translation-
invariant solutions h,, to the functional equation (2.7), ferromagnetic Boltzmann model. Note that such solutions
are constant functions, h, = h,Vx € Gj. In this case from (2.7) we get

h="kf(h,0), 6>0. (3.1)

The following properties of the function f(h,6) are obvious:
1 limg oo f(2,0) = Inb, limy— o f(z,0) = 0;
2. Lf(x,0)<0if0<1, Lf(2,0)=0if0=1, L f(z,0)>0if 6> 1.
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From these properties it follows that equation (3.1) has unique solution h* that h*(h* < 0), if § < 1,
h*=0,if @ =1 and h*(h* > 0) if 6 > 1.

There are as many Gibbs measures as there are solutions to equation (2.7), and it follows that there is a
unique Gibbs measure. Namely,

Lemma 3.1. For the ferromagnetic Boltzmann model on the Cayley tree of order k > 2 the following
statement is true. If T € R then there is uniqu translation-invariant Gibbs measure p.

We now give a complete description of periodic Gibbs measures for the Boltzmann model, ie., a
characterization of such measures with respect to any normal subgroup of finite index in Gj. Let K be a
subgroup of index r in G, and let G /K = {Ky, K1,...,K,_1} be the quotient group, with the coset Ky = K.
Denote ¢;(x) = [S1(z)NK;|, 1 =0,1,...,r—1; N(z) = [{j : ¢;(z) # 0}|, where S1(z) = {y € Gy : (z,y)},x € Gy,
and | - | is the number of elements in the set. Denote Q(x) = (qo(z), ¢1(2), ..., gr—1(x)).

We note (see Theorem 1.5[3|) that for every x € Gj, there is a permutation m, of the coordinates of the
vector Q(e) (where e is the identity of G}) such that

mQ(e) = Q(). (3.2)

It follows from this equality that N(z) = N(e) for all x € Gj. Each K-periodic collection is given by
{hy = h; for x € K;, i=0,1,...,7 — 1.} By Theorem 2.1 and (3.2), h,,l =0,1,...,r — 1, satisfies

N (e)
hn = Z qlJ (e)f(hﬂ'n(ij)79) - f(hﬂn(ijo)70)7 (33)
j=1

where i; = 1,...,N(e), N(e) = [{i1,...,in()

From monotonicity of f(h,#) with respect to h, one gets:

Lemma 3.2. f(h,0) = f(u,0) if and only if h = u.

Let G,(f) be the subgroup in Gy, consisting of all words of even length. Clearly, G,(f) is a subgroup of index
2.

Theorem 3.1. Let K be a normal subgroup of finite index in Gy. Then each K-periodic Gibbs measure
for the Boltzmann model is either translation-invariant or Ggf)—pem‘odic.

Proof. We see from (3.3) that

f(hrr iy, 0) = [y, 0),

for any i, € Q(e),n =0,1,...,7 — 1. Hence by Lemma 3.2 we have

P (i) = Brp(in) = = By (in o) -

Therefore,
hy =hy =hifz,y € Si(2), z € G,(f),

he = hy =lifz,y € 5(2), 2 € G\ G2

Thus the measures are translation-invariant (if A = 1) or G,(f)-periodic (if h # 1). This completes the proof of
the theorem. O

Let K be a normal subgroup of finite index in Gy.

What condition on K will guarantee that each K-periodic Gibbs measure is translation-invariant? We
put I(K)= K nN{a,...,ax+1}, where a;,i = 1,...,k + 1 are generators of Gy,.

Theorem 3.2. If I(K) # 0, then each K -periodic Gibbs measure for the Boltzmann model is translation-
mvariant.

Proof. Take z € K. We note that the inclusion za; € K holds if and only if a; € K. Since I(K) # 0,
there is an element a; € K. Therefore K contains the subset Ka; = {za; : * € K}. By Theorem 3.1 we have
hy = h and h,,, = [. Since x and za; belong to K, it follows that h, = hy,, = h = [. Thus each K-periodic
Gibbs measure is translation-invariant. O

Theorems 3.1 and 3.2 reduce the problem of describing K-periodic Gibbs measures with I(K) # 0 to
describing the fixed points of kf(h, ) which describes translation-invariant Gibbs measures.
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If I(K) = 0, this problem is reduced to describing the solutions of the system:

u=Fkf(v,0),
{v =kf(u,0). (3.4)
Evidently, roots of the equation
u=g(u)=kf(kf(u,0),0), (3.5)

describe the G,(Cz)—periodic Gibbs measures. Using properties of function f one can easily note that: The system
of equations (3.4) has a unique solution hg = (h., hs) if 6 € R; We denote by po the Gibbs measures which
correspond to these solution. Note that the measure p are translation-invariant. By an argument analogous to
that of Lemma 3.1., we obtain the following result:

Theorem 3.3. For the ferromagnetic Boltzmann model all periodic Gibbs measures are translation-

nvariant.
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REZYUME

Ushbu ishda Boltzmann mashinalari va ular bilan bog‘liq Gibbs o‘lchovlari nazariy jihatdan chuqur
o‘rganildi. Avvalo, mashinaning energiya funksiyasidan boshlab, unga mos Gibbs o‘lchovlarini qurish
jarayoni bosqichma-bosqich tushuntirildi. Shuningdek, bu o‘lchovlarning mavjudligi uchun zarur
bo‘lgan muvofiglik (Kolmogorov) shartlari keltirib chigarildi. Keyin esa ushbu shartlarning bajarilishi
uchun aniq mezonlar aniqlanib, ularning Boltzmann mashinasi tuzilishiga asoslangan statistik
modellarning izchilligi va haqiqiyligiga qanday ta’sir gilishi tahlil qilindi.

Kalit so‘zlar: Boltzmann mashinasi, Gibbs o‘lchovi, Keli daraxti, energiya funksiyasi, muvofiglik
shartlari, statistik modellar.

PE3IOME

B mammoii pabore MBI MPOBEHM CTPOTOE WMCCIIEIOBAHUE MAIMHMHBI BOJbIIMAHA W CBSI3aHHBIX C HEll
Mep I'mb6ca. Haunnas c sHepreTndeckoil pyHKIIUU MAIUHBI, MbI ITOAPOOHO OIMCAJIN TTOCTPOEHUE
COOTBETCTBYIOIMX Mep ['mb6ca M BbIBEIN HEOOXOIMMBIE YCIIOBUsI coracoBaHHOCTH (yeaoBust Kour-
Moroposa). Jlajee Mbl yCTAHOBWJIM TOYHBbIE KPUTEPHUHU, IIPU KOTOPBIX BBINOJHAIOTCS ITU yCIOBUS
COTJIACOBAHHOCTH, W OIEHUJIN WX BJIMSHHAE HA COTJIACOBAHHOCTb W JIOCTOBEPHOCTH CTATUCTUIECKUX
MOJIeJIel, TIOCTPOEHHBIX HA APXUTEKTYpe MAIUHbI BoJbIMana.

Karouesnie caosa: mammuna Bonabimana, mepa 'uboca, nepeso Kau, sneprerudeckast HKIUAS
) ) ) )
YCJIOBHSI COTJIACOBAHHOCTHU, CTATUCTUIECKNE MOJEJIIN.
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UDC 519.95

OB OILIEHKE PA3JINYMN B TEHOME YEJIOBEKA

AkBAPOB B. X
YHUBEPCUTET TOYHBIX U COLMAJIbHBIX HAVK, HAIIMOHAJ/IbHBIII YHUBEPCUTET Y3BEKUCTAHA,
TANIKEHT
bahriddin.akbarov@gmail.com

AHHOTAIINA

[IpenmokeHbl METOMKA JIJIsT TIONCKA pa3Jnduii B TeHoMe desioBeka. [Touck pasimauii mpon3Boucs
mo 22 xpomocomMam u mociegoBareabHocTaM X, Y, MT. Ucnonb3yercss TOMCK CKPBITHIX 3aKOHO-
MEpHOCTEl MeTO/[aMI BBIYUCJIEHUSI BECOB M yCTONYMBOCTH IpU3HAKOB. OrpaHnvyeHns Ha MHOYKECTBO
JIOIIyCTUMbBIX 3HAYEHUI YCTONIMBOCTH MO3BOJISIIOT 3(PMEKTUBHO NHTEPIPETUPOBATD IOy YeHHBIE Pe-
3yJIbTATHI.

Karouessle cao8a: TeHOM YesIOBEKA, HEIETKNE MHOXKECTBA, YCTONINBOCTD IPU3HAKA

BBenenne

IIpomio 6osee gerBepTu Beka co aus coobmenus B uone 2000 roxa B cenare CIIIA wnccnenosaresMu
Opsucucom Kommmazom u Kpeiir Berrepom 06 pacmimdpoBke renoma desioBeka. OCHOBHAsT POJIb B IIPOIECCE
pacmudPOBKH OTBOIUIIACH HCIIOJIb30BAHUIO BEIYUCIUTEIbHBIX METOIOB 1 KoMIbioTepHOil Texuuku. @. Kosmnns
MIpUMEHsIT KJaccuieckuili nepapxudeckuit merosa. K. Berrep ucmosb3oBas mMoOTHBIN METO, peaTU30BAHHBIN Ha
OCHOBE HOBBIX aJI'OPUTMOB:

- BBIPABHUBAHUS;
- IIOMCKa IMOKPBITUI;
- BEpOSITHOCTEll OIEHKHU OIIUDOOK;
- ONTUMU3AIUNA COOPKU.

OCHOBHBIE BBIYUC/IUTEILHBIE TTOIXO/IbI CBSI3aHBI C:

- JIMHAMMYECKHUM IIPOIPAMMUPOBAHUEM (HAIPUMED, JJisi CPABHEHHUsI [IOCJIEI0BATELHOCTEH [0 aJropuTMaM
Cwumut-Yorepman u Humyiman-Bynia);

- rpadOBBIMU METO/IAMU;

- CTaTHCTHUYECKUMU MOIEJIAMU 1 OailecoOBCKUMM IOIXOAaMU JIJId UCIIPaBJICHUA OIOOK.

[Tocste mocTpoeHUs U BBIJIEJIEHUST XPOMOCOM HOJIBIITOE BHUMAHUE OBIIO Y/I€JICHO TTOUCKY PA3JIMInil MEK LY
reHOMaMU Pa3HbIX JIIofel. B uTore OBLIN MOIYUEHB! CJIEIYIONHE TOKA3ATE]N PA3JINIUi.
Haubosee cunbabie - 370 SNP + CNV + STR + crpyKTypHBIE TIepecTpOiKM.
Cawmpbre gacteie - SNP u STR.
Cawmpre macimtabubie u “‘cubabie” - CNV 1 KpymHbIe CTPYKTYPHBIE BAPUAIIMH.
Haubonbmee menunuackoe 3aadenne uMeior InDel u SNP B (byHKIIMOHAIBHBIX 00JIACTAX T€HOMA.
OCHOBHBIE TTOKA3ATeNN PA3IMINIL:

- JioGble 1Ba YesoBeka npubmsuresnsuo orandaiorcsa Ha 0.1% renoma (3 MUIUIMOHA HYKJIEOTUIOB);

- 99.9% renoma y Bcex Jofieil OIMHAKOBBIIL.

Camble CHILHBIE pa3/imaud HaXOAATCA B:
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- y9acTKax, OTBEUAIONINX 38 MMMYHHYIO cucremy (Hampumep, HLA-rensr);
- reHax BOCIPHUATHUA 3aI1aXO0B;
- y4YacTKax, CBI3aHHBIX C MeTabOIM3MOM U aJ[alTaIueil K muire.

Hau6osee xpynunas 6a3a gannbix xpauaurcd B [1]. Hajuaue kareropuii mo3Bosisgier paciiupuTh BO3MOXKHO-
CTH JIJIsI IPOBEPKU (BBIABJIEHNs) CKPBITHIX 3aKOHOMEPHOCTEN u3 6a3 JaHHBIX.

Hanpuwmep, B [2] upu ananuze crpykrypsl JJHK Ha npenmer BiusiHust MyTanuii B KauecTBe KaTeropuit
ncrnonb3oBasnch nokaszarean PHK kak “net myrarun”, “ogua myTtamust’, “ase myTtamun . [lowck pazmuamit Takke
crpomicst o 4 mapam kiaccos (6e3 MmyTanuii, oqHa U JBe MyTanun), (6e3 myranumii, aBe Myrarun), (6e3 MyTa-
i, onHa MyTanust), (oJHa MyTalwms, aBe MyTarun). I1o Bcem 4 mapam onpejiesieHbl nHGOPMATUBHBIE HAGOPHI
pU3HAKOB. EnHCTBEHHOCTh HAOOPOB CBsI3aHA C MCIIOJIHL30BAHUEM YKAJIHBIX aJIOPUTMOB MHOTOKPUTEPHUAIBLHOMN
aryioMepaTuBHOll rpynuuposku [3]. Perrenus 3ajaqu ¢ MHOrMMU KPUTEPHUIMHU MIO3BOJIMIO U30€KATH MOJHOIO

epebopa BcexX BOZMOYKHBIX BAPUAHTOB.

Peasinzaius MeTo0B BbraucjeHus 0000IIEHHBIX OIIEHOK [4] ocHOBaHA HA Hjee IPOTUBOLOCTABJICHUS OIU-
caHuii 06bEKTOB JBYX KJIACCOB KaK OMIIO3UIIAN JAPYT ApyTy. [Ipy BoraucieHnn mokasaresieil CpaBHEHHUsI C OIITO3U-
L[Heﬁ HCIIOJIB3YIOTCs 3HAYCHU A @yHKL[I/Iﬁ OPUHAIJIC2KHOCTU K HEYETKHUM MHOXKeCTBaM. HpOHB.HeHI/Iel\/I q)eHOl\’IeHa
HEYETKOCTH SIBJISIETCsT YCTONYMBOCTD MPU3HAKOB IO 3HAYEHMsIM (DYHKIMU TIPUHAJIEXKHOCTH. Hepes ycroidn-
BOCTb MJIET TIOMCK M BbIPayKeHNEe 3aKOHOMEPHOCTEH, IPUCYIIUX BCEM BLIOOPKAM M3 I'€HEPAJIbHONW COBOKYITHOCTH.
Homepa xpoMocoM B JaHHOM HMCCJIETOBAHUU MPEJJIOKEHO UCIIOJIb30BATH B KAYECTBE KATErOPHil TeHOMA.

Marematuveckasi MOJe/b

UmeroTcst 1Be TOCIEIOBATEIFHOCTH TEHOMOB OT JIBYX WHJIUBUIYYMOB, TIPEJCTABICHHBIX KAK JAHHBIE 110 22
xpomocomaM, astocomaM (X, Y) u muroxonpuaisabiM reHomoM (MT) u3 [5]. IIpenmerom ananmsa sBiseTcs
nabopsl u3 19 reroB B Buye KoMOnmHanmit 4 aMHHOKHUCJIOT, YIaCTBYIONUX B (DOPMUPOBAHUE CTPYKTYPHI OejIKa.
B omnmcaHWM JAHHBIX €CTh HEM3MEPEHHBbIE 3HaUYeHus (MpoIycku). Pasbmenns Ha 25 KaTeropwuii Jyuis KarxKIoro
UHJUBUYYMa CIUTAETCS OTJ/EJbHBIM KjaccoM. llpemraraercss cpaBHeHHe JIBYX HHIUBUIAYYMOB 110 25 mapam
KaTeropui.

Beenem ciemyronue 0603HaAYEHUS 110 T-Of KATEMOPUU JIJTsI KOJIMIECTBA:

K4, - uamepennbix 3uadenunii (6e3 npomyckos) jyis d - ro uaausuayyma, d = 1,2;
- pr TPRJALIUNA IO KATETOPUU;
- lgr PA3IUYHBIX IpAJANUil 4Jist d - TO UHIUBUYYMA;
- gl obbekToB ¢ rpajaumeit t,t =1,2,...,p,.
SHadeHne MEXKKJIACCOBOIO PA3JINIUS U BHYTPUKJIACCOBOTO CXOJCTBA BBITUCJISIIOTCS KaK
S
D, 91r92
=1

A=1-2 —
|K17"||K2r|

L o
Z gir(gir - 1) + g%r(g%r - 1)

i=1
= Dy, + Dy, >0,
ﬂr Dlr + D2T ’ i
0, D1y + Do =0,
(|Kd7'| - ldr + 1)(|Kd7| - ldr); Pr > 27
riue Dy, =
: ¢ { |Kdr|(|Kdr| - 1)7 pr < 2.
Bec mpusnaka mo (1), (2)
Wy = )\7‘67"
ITpu Bbrancaennn dbyHKIuM npuHaexxHocTH fr.(p) K Kiaaccy Ki, no rpagamuu p € {1,2,...,p,} B

kauectse dy,(u)(da- (1)) ucnonbsyercs ancio obberToB Kiacca Ki,(Ko,) co 3nadenueM p

I WOV
dir () / | K| + dar (1) / | Koy | .

fr (1)
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Ipannma Mexxay 0GbeKTaMK KJIACCOB 110 3HAUEHUSAM (DYHKIUHM IPUHAIEXKHOCTH (4) OlpeiensieTcss Kak
G, = (ql +q2) /27 rae g2 = maX{fr(M)|O-5 - fr(:u) >0, = 17~--7p7‘}aq1 = min{fr(:u)‘l - fr(:u’) < 0.5,u =
1, pr )

Tak Kak 4uC/IO TPANAIMA Py, P, > 2 SIBJISIETCS [TOCTOSTHHONW BEJIMYUHON, TO YCTONYUBOCTH IPU3HAKA IO
7-0if KATeropuu OYJEeT ONMPEIEIITCS TaK

o (r) ! Z{ Fo i)ty fr (1) > 0.5,
i=1

T K + | Ko (1= f, (i) ti, fr (i) < 0.5,

rJe t; - KOJIU4IeCTBO 3HaYeHUT HOMUHAJIbHOrO npu3Haka B Ki, U Ko, ¢ rpajanueii, paBHOI 7.

B mponecce yaudukanuy 3HaueHnsIM IIPU3HAKA B OMMCAHUN O0bEKTOB JBYX KJIACCOB CTABUTCSI B COOTBET-
CTBHE TOKa3aTeb ero ycroitunsocru (5) u3 maTepBasa (0.5;1]. MuoxecrBo jmomycrumMbix 3HadeHuit 3 (0.5;1]
bOpMUPYIOTCS IO HEJTUHEHHBIM TPeodpPA30BAHUSAM JAHHBIX C HMCIIOJIb30BaHUEM (DYHKINN MPUHAIIEKHOCTHA K
JBYM KJIACCAM. YCTOIYMBOCTD NMPU3HAKA SBJISIETCS KOMOMHATOPHOU OIEHKOIl, BHIUYNCIISIEMON HA PEAJIHHBIX BBI-
OOpKax JIAHHBIX.

ITokazarenem nHMGOPMATUBHOCTH IPHU3HAKA CJIY?KUAT OJIM30CTh 3Ha4YeHus ero ycroitumsoctu K 1.0. s
PEYKIINU IIPOCTPAHCTBA HEOOXOINMO MCIOJIb30BATh YIOPSIOYEHHYIO 110 YCTONYMBOCTU IIPU3HAKOB MOCIIET0BA~
TeJIbHOCTh. JloKa3aHHBIM (DyHIAMEHTAILHBIM CBOCTBOM YCTONYMBOCTH SIBJISIETCSI CXOJIUMOCTD 10 BEPOSITHOCTH K
(bUKCHPOBAHHOMY 3HAYEHUIO HA BBIOOPKAX W3 M€HEPAJIbHON COBOKYMHOCTHU. JoKa3aresbcTBO (DYHIAMEHTAIBHO-
CTH B BUJIe TeOpPeMbl [2] OCHOBbIBaeTCs Ha 3aKOHE GOJIBIIUX YUCEJI IPUMEHUTEILHO K KOJIUIECTBEHHBIM JAHHBIM
U TEOPUH HEYETKUX MHOYKECTB.

OOIIHOCTh WHTEPBAIHHBIX U HOMUHAJILHON MIKAJ M3MEPEHUN BHIPAYKAETCS B HCIIOJIB30BAHUU AJTOPUT-
Ma MeTOJla MUHUMAJIbHOI'O IIOKPBITUS 3HAYEHUN KOJIMYECTBEHHOIO IIPU3HaKa HellepeceKaloNUMCcs UHTepBaJlaMu
[6, 7]. KommuecTBO MHTEPBAJIOB He sIBJsIETCs (DUKCUPOBAHHBIM 3HAYEHNEM Ha BBIOOPDKAX M3 IeHePaJbHON COBO-
KynHOCTH. HeuéTKOCTh BBIpaXkaeTcs depe3 3HadeHus (DYHKIH TPUHAJIEXKHOCTH K KJIacCaM B I'DAHUIAX BCEX
UHTEPBAJIOB. Kak 3aKOHOMEPHOCTD 3HAYEHUE YCTONIUBOCTU MPU3HAKOB UCIIOJIB3YETCs C IEJIHI0 KOHTPOJIS KOP-
PEKTHOCTH JAHHBIX HA BHIOOPKAX U3 I€HEPAJIHHON COBOKYITHOCTH.

TIpo6iema yuéra IPOIYCKOB [IPH BHIYUC/IEHUU YCTONYUBOCTH HA HOMUHAJILHBIX (KAYeCTBEHHBIX) [IPU3HA-
KOB mccienoBaiack B pabore [8]. CoyuaiinbiM 06pa3zoM (hOPMUPOBAIUCH BLIGOPKHU € YUCJIAM IIPOIYCKOB 0T 5%
710 35%. PacxoxK1eHus B 3HAYEHUX YCTOWYMBOCTH 110 BCeM BBIGOPKaM ObLiH B 5,6 3Hakax. [lesbio ncciemoBanus
SIBJISIETCsI TIOATBEP/IUTh MaJible PA3JIMUrsi MEXKJy TeHOMAaMH JIIOJIell C MCIIOJb30BAHUEM BECOB U YCTONYMBOCTU
[IpU3HAKA.

BpruncanTeabHbIH 9KCOEPUMEHT

B kadecTBe JAHHBIX JJIsT 9KCIHEPUMEHTa HCIOJIb30BAJINCH BBIOOpKN n3 AByX (aitioB Childl Genome u
Child2 Genome, cocrostux coorBercTBeHHO n3 601802 u 631983 o6bexToB [5]. MHbopmarms mo 25 Kareropusim
comepxkurcsa B Tabs1.1. Ilokazarenn Childl Genome unentudurmpyores kak kiaacc K; m Child2 Genome kak
kiacc Ko. B ckobkax ykazaHo KOIHIECTBO 00beKTOB 1o K n K.

Tabuuna 1. /lanHable I0 KaTeropusaM ABYyX WHAWBUIYYMOB

Ne Bcero Bcero Yucio 3HaueHus
XPOMOCOMBI 00bEKTOB IIPOILyCKOB FE€HOB | yCTONYMBOCTH

1 95591 (46656,48935) | 1617 (567,1050) 13 0.5586

2 97464 (46127,51337) | 1549 (487,1062) 13 0.5676

3 81121 (38516,42605) | 1351 (358,993) 13 0.5648

4 73006 (33914,39092) | 1357 (409,948) 13 0.5653

5 71111 (34384,36727) | 1188 (402,786) 13 0.5704

6 84086 (40383,43703) | 1881 (974,907) 13 0.5561

7 67078 (33051,34027) | 1302 (464,838) 13 0.5592

8 61694 (30266,31428) | 939 (301,638) 13 0.5689

9 52736 (26583,26153) | 865 (275,590) 13 0.5622
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10 59469 (29211,30258) | 965 (332,633) 13 0.5645
11 60007 (29320,30687) | 966 (347,619) 13 0.5550
12 57601 (28450,29151) | 957 (306,651) 13 0.5555
13 43572 (21652,21920) | 628 (237,391) 12 0.5555
14 38473 (18695,19778) | 634 (190,444) 13 0.5638
15 37088 (18281,18807) | 617 (192,425) 13 0.5546
16 39403 (19198,20205) | 729 (258,471) 13 0.5528
17 37885 (18710,19175) | 780 (314,466) 13 0.5509
18 34039 (16490,17549) | 488 (151,337) 13 0.5642
19 27680 (12989,14691) | 782 (303,479) 13 0.5497
20 20146 (14494,14652) | 437 (157,280) 12 0.5618
21 16955 (8461,8494) | 317 (112,205) 13 0.5624
22 17904 (9096,8808) | 393 (154,239) 13 0.5560
X 35621 (19478,16143) | 1195 (673,522) | 17 0.5209
Y 5803 (2302,3501) | 1371 (1004,367) | 7 0.5205
MT 9252 (5095,4157) | 506 (257,249) 6 0.5098

Bumskoe k 0.5 3navenus ycroitansocru (5) mo MT (cm. Ta6us.1) o6bsicHsIETCS MOl PA3HOCTHIO YACTOT
1o 6-tu rpaganusam KiaaccoB K1 u Ko npu BbunciaeHnn DyHKIMA TpHHAJIIEXKHOCTH (4).

Jpyrum crmocoBboM JIOKA3aTeIbCTBa PA3JINdMsl 110 TeHOTHUIIAM SIBJISIETCS MCIOJIb30BaHue mokasaress (1)
(cM. Tabu1.2), MHOXKECTBO JIONYCTUMBIX 3HadeHUH Koroporo npuHajiexut (0;1]. Yem Gamxke (1) x Hysro, Tem
MEHbIIIEe PA3JIMINA MKy KIIACCAMU.

Tabauiia 2. Pe3ysbTaThl aHan3a pas3audnii Mexkay kjgaccamu Ki u Ko

Ne MezxkKnaccosoe | BHyTpukKiIaccoBoe Bec
XpoMocoMbl | pazinune (1) cxozncTeo (2) npusHaka (3)
1 0.1735 0.8313 0.1442
2 0.1704 0.8370 (0.1426
3 0.1701 0.8365 0.1423
4 0.1711 0.8361 0.1430
H 0.1702 (0.8366 (0.1423
0 0.1706 0.8346 0.1424
7 0.1687 0.8358 0.1409
8 0.1690 0.8374 0.1415
9 0.1681 0.8361 0.1405
10 0.1716 0.8339 (0.1431
11 0.1693 0.8349 0.1413
12 0.1704 0.8335 0.1420
13 0.1610 0.8428 0.1356
14 0.1680 0.8375 0.1407
15 0.1679 (0.8359 (0.1404
16 0.1720 (0.8320 (0.1431
17 0.1713 0.8323 0.1425
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18 0.1702 0.8359 0.1423
19 0.1834 0.8207 0.1505
20 0.1714 0.8338 0.1429
21 0.1679 0.8366 (0.1405
22 0.1776 0.8262 0.1467
X 0.2269 0.7737 0.1755
Y 0.2489 0.7578 (.1886
MT 0.2628 0.7374 0.1938

IIpy BBIYHMCIIEHUM MEXKKJIAccoBOro pasznuuust (1) 4acToThl IO IpajalisM NPHU3HAKA [EPEMHOMXKAIOTCH.
Arum obbsacHAETCH MakcuMasbHoe 3HadeHnn (1) mo MT u3 25 map Kiaccos.

HpeI/IMyH_[eCTBa IIpeaiIo2KeHHOr'o roaxoaa

B ormmume oT KIaCCHYeCKHX CTaTHCTHHecKUX MeTonos (x2-kpurepmii, t-rect, ANOVA), MeTomuka BBI-
YUCJIEHUS] YCTONIMBOCTH OOJIAIAET PSAIOM ITPEUMYIIECTB:

- Y4IUTBIBaeT KaK KOJIMIECTBEHHbIC, TaK 1 HOMHWHAJIbHbIC IIPU3HaAKH;

He TpebyeT CTPOruX MPEIITOI0KEHNE 0 3aKOHEe PACIIPeIeIeHuit;

JIEMOHCTPUPYET CXOJAMMOCTD 10 BEPOSATHOCTH IIPU yBEJINIECHUN 00bEMA BHIOOPKU;

TO3BOJIsIET pabOTATh C JAHHBIMU, COIEPAKAIIUMY IPOITYCKU, OIaroapsi NCIOJIb30BAHIIO (DYyHKITUI TpUHAI-
JIEZKHOCTH K HEIETKIM MHOZKECTBAM.

OTU CBOWCTBaA JEJIAI0T METOJMKY YAOOHON Jijisi aHa/m3a OOJIBIINX NeHOMHBIX 0a3 JaHHBbIX, Takux Kak 1000
Genomes Project nin UK Biobank.

3akJrodyeHue

HpOBe,ZIéHHbIe uccjieJ0BaHud 1IoKa3aJIu, YTO UCIIOJIb30BaHNE ITOKa3aTeJId yCTOﬁ‘IHBOCTH " BE€COB IIpU3HaKa
ABJIAETCA S(bd)eKTI/IBHBIM UHCTPYMEHTOM IIpU CPaABHUTEJIbBHOM aHaJIN3€ '€HOMOB Pa3/IMYHBIX WHIUBUJIOB. HOJIy-
YEeHHbIC 3HAYCHUA yCTOfI‘{PIBOCTH 110 Ka}KﬂOﬁ XPOMOCOME ITO3BOJIAIOT:

® BBISIBJIATH CTATUCTHYECKN 3HAYUMBIE DAY MEXK/Iy BHIOODKaAMU;
® HTEPIPETUPOBATH 3aKOHOMEPHOCTH B pACIIPEJIe/IeHUN I'eHOTHUIIOB;

® YMEHBINATh PA3MEPHOCTH MCXOIHOIO IIPOCTPAHCTBA ITPU3HAKOB 0e3 morepn nHGOPMATHBHOCTH.

Pe3yﬂbTaTbI BBITUCJ/IUTEJIBHOI'O 3IKCIIEPUMEHTa IIOATBEPXK/IAI0OT IIPUMEHUMOCTDL METOAUKH JIJId IIPaAKTUICCKUX 3a-
Jda4 Me,,ELI/ILI‘I/IHCKOﬁ T'eHeTUKU, TaKNX KaK IIOUCK MyTaL[I/II‘/'I7 ACCONMMUPOBaAHHBIX C HaCJICJICTBEHHbBIMU 3a00/1€BaHMsI-
MU, 1 ITOCTPOCHNEC NHAUBUAYAJBbHBIX KapT 'EeHETUICCKNX PUCKOB.
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Annotatsiya

Inson genomida farglarni aniglash uchun metodika taklif qilingan. Farqlarni izlash 22 ta xromosoma
hamda X, Y va MT ketma-ketliklari bo‘yicha amalga oshirilgan. Yashirin qonuniyatlarni topishda
alomatlar vaznlari va turg’unlik giymatarini hisoblash usullaridan foydalaniladi. Turg‘unlikning
mumkin bo’lgan giymatlar to‘plamiga qo‘yilgan cheklovlar olingan natijalarni samarali talgin qilish
imkonini beradi.

Kalit so‘zlar: Inson genomi, qat’iymas to’plam, alomatlar turg’unligi

Abstract

A methodology for detecting differences in the human genome has been proposed. The search for
differences was carried out across 22 chromosomes and the X, Y, and MT sequences. Hidden patterns
are identified using methods of calculating feature weights and stability. Restrictions on the set of
permissible stability values make it possible to effectively interpret the obtained results.

Key words: Human genome, fuzzy sets, feature stability
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AHHOTAIIA

B pabote nmokazana TeopeMa CyIIeCTBOBAHUS M €JIMHCTBEHHOCTU PEIICHUs 3aJa4l KOJIeOAHMIT Iia-
ctuH ¢ npobHbIME omeparopamu Mumtepa—Pocca, B ciydae ¢ 3amelaHHBIME U CBODOTHO 3aKPeri-
JleHHBIMU ycstoBusiMu B Kjaccax CoGosteBa. Perenne paccmarpuBaeMoil 3a1a4u OCTPOEHO B BUJIE
CYMMBI psijia TIO CUCTeMe COOCTBEHHBIX (DYHKITHIT MHOTOMEPHOIT CIIeKTPaIbHON 3a/1a4u, JIjIsI KOTOPO
HaiifeHbl €€ COOCTBEHHbIE 3HAUYEHMs KAK KOPHU TPAHCIIEHJIEHTHOI'O YPaBHEHUsI W ITOCTPOEHA COOT-
BETCTBYIOIAs cUCTeMa cOOCTBeHHBIX (byHKImil. [lokazano, 4To 3Ta crucremMa cOOCTBEHHBIX (DYHKITHI
SABJISIETCs TOJIHOM 1 oOpa3yet 6a3uc Pucca B mpocrpancrBax CobosieBa. Ha ocHOBaHMM TOTHOTHL CHi-
CTEeMBI COOCTBEHHBIX (DYHKIIHIT MOJIyI€HA PEIIeHNs TOCTABIEHHON HAYAIPHO-TDAHNIHON 38/ 1a9M1.

Karoueswie cnosa: muddepennuaaibable YPaBHEHHUS B YACTHBIX TPOU3BOIHBIX BBHICOKOTO TIOPSIKA,
HavaIbHO-TPAaHUYHAS 33J/1a49a, JJPOOHASI TPOM3BO/HAS 10 BDEMEHHU, COOCTBEHHBIE 3HAYEHNSI, COOCTBEH-
Hble (DYHKIUH, [TOJTHOTA, CIIEKTPAJIbHBIN METO/I, CyIeCTBOBaAHUE, €INHCTBEHHOCTD, P/,

BBenenune. Muorue 3aa4u Kojedbannii crepkHeil, 6aJI0K U IJIACTUH, KOTOPbIe UMEIOT DOJIBITIOE 3HAUCHNE
B CTPOMTEJIbHON MeXaHUKe, IPUBOAAT K JuddepeHnaIbHbIM ypaBHeHusIM 6oJiee BBICOKOro nopsiaka [1, ¢.141-
143; 2; 3, c. 3375-3389; 4, c. 52-62; 5, c. 650-671; 6, c. 63-77; 7, c. 614-628; 8, c. 311-324; 9, c. 89-100; 10, c.
665-671]. K ypaBuenuto kosiebanuii 6ajKu IPUXOJUT TAKXKe IPU PACIETE YCTONIMBOCTH BPAIIAIONIUXCS BAJIOB
n u3ydeHun BuOparmu xopabueit [2, ro1. 2|. UsruGHble monepednble KoaeOaHus OJHOPOJHBIX TOHKHX YIPYTHUX
cTepKHEHl m 0aJIOK ¢ YIETOM WX BPAIATE]TLHOTO JBUKEHHUS IPU U3rnOe OMHUCHIBAIOTCS AuddepeHITnaTbHBIM
yPABHEHNEM B UACTHBIX IIPOM3BOJHBIX YeTBEPTOro nopsiiaka [11, c. 364-374].

B pa6ore [4] nccnenyrores 3aiaun ¢ HAYAIBHBIME YCJIIOBUSIME JIJIsl YPABHEHUs! KOJI€0AHUIT MIPSIMOYTOJIb-
HOH IJIACTUHBI ¢ PA3HBIMU I'PAHUYIHBIMUA YCJIOBUAMHU. YCTAHOBJICHO SHEPTETUUECKOE HEPABEHCTBO, U3 KOTOPOIO
CJIeIyeT eIMHCTBEHHOCTD PENIEeHUs TIOCTABJICHHBIX TPEX HAYAJIBHO-TPAHUIHBIX 3a/1a49. B ciIydae mapHUPHOTro 3a-
KPeIJIeHUs IJIACTUHDI Ha KPasX JOKA3aHbl TEOPEMBI CYIIECTBOBAHNS U YCTONIMBOCTH PEIICHUST 3a,Ia9h B KJIACCaX
PEryASIPHBIX 1 OOOOITEHHBIX PEITIEHUH.

B paGore [6] usyduena 3ajava ¢ HAYAJLHBIMEU YCJIOBHSIME JIjIsi yPABHEHHs KOJeOAHUIl HPAMOYIOJIbHOMN
IUIACTUHBI CO CMEITAHHBIMUA I'PDAHNYHBIMA YCJIOBUSAMU. YCTAHOBJIEHO SHEPIeTHIECKOEe HEPABEHCTBO, U3 KOTOPOI'O
CJIeJIyeT €JIMHCTBEHHOCTH PEIIeHUs IMOCTABJICHHONW HaYaJbHO-TpaHUYIHON 3ajaquu. s 9To# 3a7a4uu JTOKa3aHbI
TeopeMbI CyIECTBOBAHUS] U YCTOMYMBOCTY PEIIeHNs 3a/[a91 B KJIACCE PEryJIsipHBIX U ODOOIIEHHBIX PEIeHU.

B paBore [7] st ypaBHEHUs! CMEIIAHHOTO THIIA ¢ onepaTopoM JlaBpeHTbeBa-Bunaize B npsiMoyrosbHOI
0o0JIacTH M3ydYeHa IepBasi I'paHuYHAs 3ajada. [loKa3aHO, 94TO KOPPEKTHOCTh ITOCTAHOBKM 3aJa9d CYIIECTBEH-
HBIM 00pPa30M 3aBUCHUT OT OTHOIIEHUS CTOPOH IPSMOYTOJbHUKA U3 TUIEPOOINIECKON JaCTH CMENIaHHON 001~
cTr. YCTAaHOBJIEH KPUTEPHUIl €IMHCTBEHHOCTH pertenns. JlOKa3aHbl OIEHKY YCTONIMBOCTH PEIeHns OT 33 JAHHBIX
TPAHUYIHBIX DYHKINH U TPABOil JacTH.

B pabore [12] ny1st ypaBHEHUs! CMEITAHHOTO THUIIA ¢ IPOOHBIMHA MTPOU3BOHBIMY U3y IeHA MEPBas TPAHNTHAST
3aJ1a9a B MPSIMOYTOJIBHOIM 00JIACTH. YCTAHOBJIEH KPUTEPHl eJMHCTBEHHOCTH pelenus 3aa4du. CaMo perenne
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IIOCTPOEHO B BHUJIE€ CyMMBI OPTOI'OHAJIBHOTO PfAJia U IIOKa3aHa €ro CXOAUMOCTb B KJacCe pery/dpHBIX pelleHui
JIAHHOI'O YpaBHEHWsI. YCTAHOBJIEHA YCTOWYMBOCTH PENIeHUs] OTHOCUTEIbHO 3aJ[AHHBIX I'DAHUYHBIX (DYHKIUH B
KJIACCE HEMPEPBIBHBIX U KBAIPATHIHO—CYMMUPYEMBIX (DYHKITHIA.

Ormernm, uro B padore [15] rokasaHo TeopeMa 00 OJHOZHAYHON PA3PENIMMOCTH CMENIAHHON 3a1aun JIst
b depeHITnaIbHOT0 YPABHEHNS B 9aCTHBIX ITPOU3BOIHBIX BBICOKOTO MOPSIIKA C JIPOOHBIMUA ITPOU3BOIHBIMU 110
BPEMEHH, CO CTeleHsIMU orepaTopamu Jlarmiaca ¢ MpoCTPAHCTBEHHBIMU IIEPEMEHHBIMI M HEJIOKAIbHBIMI TPDAHII-
HBIMHA yCIoBusaAME B Kiaaccax Cobosesa. B pabore [16] ucesnenyercst Haua IbHO-TPAHUTHON 34891 JIJIsT Y DABHEHUST
0aJIKu B MHOI'OMEDHOM CJIydae M YCTAHOBJIEHO TeopeMa 00 OJHO3HAYHOM Pa3pelrMOCTUA Had9aIbHO-IPAHUIHOI
38,1841 JUIs ypaBHeHnsl GajJKu B MHOTOMEPHOM ciyuae. B pabore [17] j0Ka3aHO O paspermMOCTy CMeNTaHHOM
3a/a9u i yPABHEHUsI C YaCTHBIMU ITPOU3BOJHBIME JIPOOHOTO mopsiaka ¢ omeparopamu [typma—JInysuiuis
C HEJIOKAJIHHBIMU KPaeBbIMU ycjioBusMu. B pabore [25] mokazano 06 OIHO3HAYHON PaspermMOCTH MHOIOMED-
HO¥M HAYAJILHO-TPAHUYIHON 33/1a41, CBA3AHHBIE C YPABHEHUSMHU KOJEeDAHUI OAJIKU ¢ yIETOM €€ BPAIATEILHOTO
JIBU2KEHWsT TP U3rube, ¢ HeJIOKAJIHHBIMI TPAHUIHBIME yCJIOBHsAME B Kiaccax CoboJieBa.

B pabore (22| usyuena HavalIbHO-TPAHUIHAS 3a]a49a JJIS YPABHEHUS] BBIHYKIEHHBIX KOJEOAHWN KOH-
CcObHO 3akperiénnoil 6anku. Takue ymHeitHoe nuddepeHnnaabHOe ypaBHEHNE YETBEPTOIO IMOPSIKA OIUCHI-
BaeT M3rHOHBIE MTOTIEpEeYHbIe KOJIeOaHUs OJHOPOJHON OaJIKu MpU BO3JEHCTBUM BHEIIHEH CHUJIBI DU OTCYTCTBUU
BPAIIATEIbHOIO JIBUKEHUsI TIPU U3rude.

ITocranoBKa 3amauu. B manHoil paGore B obmactu Q@ = II x (0,7) toe II = (0,1) x ... x (0,1), a
1, T—3a1aHHbIE TOJIOKHUTEIbHBIE YUCIA, PACCMATPHBACTCS CJeaylomee Gomee o0mee ypaBHEHIE BHIA

Dju(zy, ..., zn,t) + a?AYu(zy, ... oN,t) + bQD]Q‘A4pu(a:1, vy TN, T)

+62u(l’1,--~,$N,t):f(xl,---,Z'N,t)7 (xvt)€Q7
n—1<a<n 0<j<n—-1 N,n, j+1eN, peN, a>0, b>0, c=const (1)

C HaYaJIbHBIMU YCJIOBUAMM

; O*u(x,t)
i1 ~ . . y .
D;{Llu(gv,t)’t:O:gpg(az:)7 i=0,...,5—1, e tiozwg(l‘), §=0,....n—-j—1 (2)
U TPAHNYIHLIME YCJIOBHAMI
O u(x,t) _0 O Hly(z,t) _0 O F2(z, 1) _0 O F3y(z, 1) _0 3)
4k e 4k+1 - 4k+2 o 4k+3 o
Iz, 2p=0 O 2p=0 dxp zp=l dxp zp=l

k=0,p—1, p=1,N,

re (z,t) = (v1,...,2n,t) € UX(0,T) u f(z,t), §2(x), i =0,...,5—1, p%(x), s =0,...,n—j—1— mocraTouno
raajkue QyHKINH, pasiaracMple 10 cOGCTBEHHBIM GYHKIMAM {Um, . my (T1,...,2N), (m1,...,my) € NV}
CJEeYIONmeil CIeKTpaJIbHON 3a1a4n:

A*y(zy, ... xn,t) — dv(z) =0, (4)
0%y () _ 0 oY+ 1y () _0 0*+2y(z) _0 0¥ +3y () 0 5)
DariF .o ] .o e - " P o ’

k:()vp*la j:l’N,
A—ClHeKTpasbHblil mapamerp. Df —unrerpo-nuddepennuanbueiii oneparop B cmbicae Murepa—Pocca mo
Pumana—JIuysuiis.

ycrs f(t) : Ry — R™ dysruua n pa3 venpepsiBHo auddepenmupyemag un — 1 < a < n, n € N.
Jpobuas mpoussogHas mo Pumana—/InyBusiis mopsaka o OmpeessieTcst ¢ paBeHCTBOM

010 =y (i) | e o
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rae T'(-)—ramma—bynknus Ditepa. Jra dyHKuus yaosrersopsier paseHcTso ['(z + 1) = 2I'(2). Jpobuas mpo-
M3BOJHAA WU PeryJIspu30BaHHOli J1poGHOI mponssoanoil mo KamyTa mopsaka o onpeIessercs ¢ paBeHCTBOM

(@) _ 1 ’ f(”)(T) .
PRI = v O/(t—T)“"“d' @

CupagejymmBa popMmyJia

(n
ZF a+1)f(k)(0) (n—a) / f ) "HdT ®)
-0

0

Takum ob6pasom, mpon3BogHAast B cMbIciie Pumana—JIunyBusis MoKeT OBITH MIPEICTABICHA B BHUIE CyMMBI
CHUHTYJISIPHBIX 9JIEHOB

n-1 k—a
> a0 )
k=0

U peryJigspu30BaHHON JpobHOM pom3BoaHoit o KamyTa mopsaka o

L)
I(l—a) / (t—T)“*"“dT’ (10

0

IpucyrcrBue ciaaraeMbix (9) NpuBOAKUT K TOMY, 94TO ApobHbIe npon3BoaHble Pumana—JIuyBuiuis umeror ocoben-
HOCTH B HyJe u B 3amade Komu qas muddepeHnnaabHbIX ypaBHEHNH JIPOOHOTO MOpsijiKa B cMbicie Pumama—
JlnyBusist HeOOXOMMO 3a/1aBaTh HadvajbHbBIE YCJIOBHUSI CIIEIIMAJIBHOTO BUJA, HE UMEIOIIUE YETKO (PU3UIECKOI
WHTEpIIpeTaIun.

DTUX HEJIOCTATKOB JAPOOHON 1pon3BogHoil Pumana—/IuyBuiiist juiieHa pery/isipu30BaHHasl IPOU3BOIHAS
nopagka @ (n — 1< a<n, n€N)

@ e 1 / £ () o o phea o
D0 = ey [ e = PO - X O (1)

KoTOpas ObLia Brepsble BBejeHa B pabore Kanyro [13], a Tak:ke mezaBucumo or Hero B paborax Jlxpbarnsrom
n Hepcecsrom [20].

Kak mpouzsonubre Pumana—JInysuiis, tak u npousBomnasie KamyTo He 00/1a7a10T HUA TIOJIyTPYIIIIOBBIM
cBOIiCcTBOM, HU TeM 6oJjiee CBOCTBOM KOMMYTATHBHOCTH, T.e. cyliecrByer dyukuuu f(t) u g(t), KoTopbIil

DHPf(t) # DD f(t), D*D?f(t) # D'Df(1),
D(O‘Jfﬂ)f(t) £ D(Q)D(ﬁ)f(t), D(O‘)D(B)f(t) £ D(B)D(a)f(t).

B CBA3U C 3TUM MI/IJIJIepOI\/l n POCCOIVI [14] 6BIJII/I BBe€JIeHbI TaK Ha3blBaeMble CEKBEHIIUaJIbHBbIE ITPOU3BOIHBIE,
JPOOHOTO TOPSIIKA.:
Def(t) = DD ... D" f(t), (12)

e o = (a1, Qa, ..., 0m)— MynbTHRHIEKC, GyHKIUs f(t) IpeamonaraerTcsi JOCTATOTHOE YUCJIO PA3 HENPEPhIB-
vHO muddepennupyemoii. Boobie rosopsi, B KadecTBe omeparopa D, jiexalnero B OCHOBE CEKBEHIMAJIBHOI
npou3BoHoit Muutepa—Pocca, MOXKHO MCIob30BaTh oneparop apobroro muddepeHimpoBanns 1o Puvmany—
JlmyBunnsg, Kamyra wim s100yi0 Apyryio ero pa3HOBHIHOCTH. B 9aCTHOCTH, [JTst TEIBIX (; 9TO MOXKET OBITH
onepaTop 0OBITHOTO TU(HEPEHTTMPOBAHUS (i)ai. Wcnonb3oBanne CeKBEHITMAIBHBIX MPOU3BOIHBIX Musiaepa—

dt
Pocca no3Bossier, B 9acTHOCTH, TOHMKATH MOPAIOK MM @EPEHITNAIBHBIX yDABHEHUI.

Bribepem nekoropoe v, n —1 <v <n,ne€Nwunycrb o = (j,v—n+1,n—-1—-3),7=0,....,n— 1.
OmpesiesiuM IpOU3BOHBIE JIPOOHOrO Mopsijika B cMbiciie Muuiepa—Pocca nmo Pumana—JluyBuiist u B cMbIcie
Muwunnepa—Pocca o KamyTa ¢ paBeHcTBaMu COOTBETCTBEHHO

v o d J v—n-+1 d noi (v) _ d I (v—nm+1) d not
vi = () 0 (5) o pPrw=(5) b (L) .
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rme j =0,1,...,n—1.
DTH NPOU3BO/IHbIE JIPOOGHOTrO Topsi/iKa B cmbic/e Musiepa-Pocca no Pumana-JInysumnna DY f (t) u B cMbIC-

ste Musnepa—Pocca o Kamyra Dgu) f(t) cBsi3anbl ¢ paBeHcTBAMU

Dy f(t) = DY f(t) = Z T 1)f(’“)(0)7
t'n—l—l/ n—2 tk_y
DY) f(t) = Dy f(t) = D@ f(t) + mf(n_l)(@ =D"f(t) - NCEDES) F#0),
k=0
n—1 k—
DIS(0) = DY 1f(0) =DS0+ Y ey M0 =
k=n—j
. n—1—j tk *) 0
n—1 — —v
DL 18) = Dia () = DS + 3 oy 5 0 = D7 1(0) — =5 1(0)
k=1
n—1 k—uv
Dy_ f(t) = DY f(t) + Z Ftiy_kl)f(k)(o) =D"f(t),

rmen—1<wv<n,l€Nu s byaknun f(t) npoussomnas nopsiaka [ — 1 abCOTIOTHO HenpepbIBHAsI (DYHKIUSI.
JlokazaTesbCTBO ITUX yTBEPXK/IeHNi JaHo B paborax Ynkpuit n Maruunna [24].

CkaJsgpHoe IIpou3BeieHne B npoctpancree Wst*2*N(I]) BoauTcd Tak:
2

(f (), 9 @)wzezen gy = (F (2), 9 (@) L, +

N
+D (DE (@), Dalg (@), + D (DaiDaif(2), DEiDi2g (2)) iyt
=1 1<iy <ip<N

+.o Z (D7 D32 ... DN f (2), ;gDig...Diﬁgg(x))mn).

1<i1<i2<...<in<N

Tora COOTBETCTBEHHO HOpMa B npoctpanctse W, *2 " *N (1) onpegnensiercs no dbopmyste

1F @) s oz ary = 1F@I7 +Z\!Di:1f<x>!|1m)+

i1=1

Y PRt Y Dbl Dl

xw z HLQ(H)
1<iy<ia<N 1<iy <ia<...<in<N

O6o3Ha4nM uepes W 551:2820 225N (1]} MmozkecTBO Beex dymkmit f(x) € Wy 252N (1) yriopmersops-

4k 4k, +1 N
IOIMAX TPAHUIHBIM YCJIOBUSIM 88 fk(im) =0mpu 0 < k; < 48 N, 88 rve ];(f) =0mpu0 <k; < 4&#:\[2,
ri l'i_o g 1'7':0
otki+2 ds; N_4 i3 4s;-N—6 )
Tfﬁ“") =0mpn 0 < k; < d8=N=4 aﬂﬂ(f) =0mpu 0 < k; < 28=N=6" ; _T'N.
B npocTpamncTse W2Sl’252’ 25N (1) pynxumit N—uepemennsix f (z) = f (21, ...,2N) TOIHYIO OPTOHOD-
MAaJIbHYIO CHCTeMY 00pa3yIoT U3 BCeX IIPOU3BeICHUi
Umy,emy (X150 8N) = Xy (1) -0 Xy (28) (13)
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rue
1
Xm, (x) = X
1+ b
1 cos by, (z—%) shbm,, (‘L—%)
\ﬂ|ctg b";il| sin bm! ch bw;il ’
=2k, k; =1, 2
X - . m’L o (2] 7 b Y (14)
1 510 Oy (z 2) + Chbmi(m 2)
\ﬁ|t97b7;il | cos Lgil shLZil ’
m; :2]{71‘—1, ki:1,2,...,
by, —KOPEHb TPAHCIIEHIECHTHOTO yDABHEHUS
ch(Ib) - cos(Ib) = —1. (15)
U3 rpadukos dbyuxuii cos(lb) u ﬁllb) BHU/IHO, UTO B KaXKJIOM U3 UHTEPBAJIOB @ +g <bp < TH,n =
2% —1,i=1,2, .. =l <bn<M+1 n=2i, i = 1,2, ..., IMeeTcs POBHO OJIWH KOPEHb b, Ipuiem
) 3 Ly ey 1 1 PIR) ) 3 Ly ey p p , IP
boi_1 — w — 0mnpui — oomn % — bg; — 0 pu i — oo. OTCroa BUIIHO, UTO CYIIECTBYET CUETHOE

MHOKECTBO KOpHeil (cOOCTBEeHHBIX 3HAaUeHUi) ypasHeHus (15):
O<b < <b,<---

[IpY STOM TIpH OOJIBIIUX 7 CIIPABEIJINBA ACUMIITOTAYECKAasT (DOPMYIIa

_Tr(nil) ™ —7n

CoOTBETCTBEHHO, NMeeM

_ ﬂ-(m’i — 1) K —mm;
b, = ——— +2Z+O(e )-

CupaBeyinBa, CJIeyomnas
Teopema 1. Cucrema coOCTBEHHBIX (DYHKITH

N
{vml,.“,m[\] ('T17 M 7xN)}(m1,...,mN)€NN = {H X’H’Lz (ml)} (17)
i=1

(m1,...,mn)ENN

criekTpasibHOil 3ajaan (4), (5) sABisiercss NOMHONH OpPTOHOPMHPOBAHHBIN cucTeMoil B kiacce CobGosieBa

Vf/ 381,252,“‘7281\7 (H)

[e]
O6o3uayuM yepe3 H 515258 (1) muokecTBO Beex dyukuuit f(z) € H5525N (1), yI0BIE€TBOPSIONIIX

Ak o o Ak +1 g, _N—

TPAHUYIHBIM YCIOBUSIM 68;5[8) =0mpu 0 < k; < 2518 N, 88;4@&8) =0mpu 0 < k; < 251‘#7
i z;=0 i z;=0

9tkit2 ¢y N o4kit+3 £ L N— .

L = 0mpu 0 <k < 2=t S —upu 0 < ks < 28 i =TN.

T, =l T, =l

CupaBeyinBa Cjemayomast

Teopema 2. Cucrema coberBennbix dyuknuii (17) crekrpasbuoit 3amaqu (4), (5) obpasyer 6azuc Pucca
B npocrpancrse CoGosieBa H 512N (I1).

Teopewmsbr 1 u 2 jnokasana B pabore 23.

Peryasipubiv pemennem ypasaerust (1) B obmactu @ = II x (0,7) nazosem dbyHkuuio u(x,t) u3 Kiacca

U(.’ﬂl, "'7xN7t) € C(Q)7 D?U(I’l, "'axNat) € C(Q)a

A4pu(x1, ...,.’I?N,t) S C(Q), D;*A‘lpu(xl, ...,.Q?N,t) S C(Q)

YZIOBJIETBODsItONTY 0 ypaBHeHuo (1) Bo Beex Toukax (z1,...,Zn,1t) € Q.
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o . .
O6osnauum aepes W ;1’52""’81\”9 (Q) muOXKecTBO Beex dhyHKIWM u(x,t) € W;l’sz""’sN’e (Q), yroBaeTsopsi-

Ak o dk;+1 _N—
OIIUX TPAHUYHBIM YCJIOBUAM 6874&(“") =0npn 0 < k; < 282 N, 83 4k7;£(1x) =0mpu 0 < k; < 20=N=2 8N 2,
Ti ;=0 i ;=0
9ki+2 £ 25, —N—4 g4kit3 £y 25, —N—6 :
(%Ti{rg) :01‘[p1/10§k7< 58 s 8T4ki£(3) :OHPI/IOSk7< 58 ) 7':15N'
i 2=l @i=l

Dynknuo u(x,t) HA30BeM pery/spHbIM perteHneM 3anada (1)—(3) B obnacru Q, eciu dyukmst u(z,t)—
perynspuble permenue ypasaenus (1) B obnmactn @ u3 Kiacca

U(l’l,...,CL’N,t) € C(Q)a D?u(xlv"'vaat) € C(Q)v

A4pu(x1, TN, t) € C(Q), D?A‘L”u(xl, TN, t) € C(Q)
U Y/IOBJIETBOPSET HAYAIBHBIM U IPDAHUIHLIM ycaoBusM (2) u (3).

Iycrs dynakuns u(z,t) € WQSI’SQ""’SN’O (Q) ¢ nokazarenem s, > 4p+ 5, p=1,N, 0 > —[-a] + &
yZoBJIeTBOPSAIOT ypasHenuio (1) Bo Beex Toukax (z,t) € @ M yJ0BJIETBOPAET HAYAJTBHBIM U TPAHUYHBIM YCJIOBHM
(2) u (3). Torna dynknus u(z,t) sBasgercs peryjaspHbM pemerneM 3auada (1)—(3) B obractu Q).

JlokaxkeM Terepb CyIIECTBOBAHME M €JIMHCTBEHHOCTH DENIeHUs HadabHO-rpanndnoil sagaun (1)—(3).
Crpaseymba ceTyromast

Teopema 3. Ilycrs navanbubie dynxiun @ (z), i=0,...,5—1; ¥2(z), s=0,...,n—j—1 u3s kiacca
W o2 *N (1) ¢ nokasarenem s, > 4p + &, p = 1, N u npasas wacts f(-,t) € C ( [0,T]; Wtz s (H))

o

Torga peryasipaoe pemenne sagasan (1)-(3) u3 kacca W 52"V (Q) ¢ noxasarenem s, > 4p, + ¥, p=1,N,
0 > —[—a] + & cymecrsyer, euHCTBEHHO I TIpeCTABIISIETCS B BHJE Psiia
> > el aZ)\ + 2
— 0 s _ m1,..,MN e
TETED SRS D D ST SN (et
my1=1 mpy=1 s=0 A
it o _— a’\ + 2
+ @ ) LT 'Ei (_ mi,.-,MN A ta; a— ’L) +
; I AN .
! 2)\ 2
_ a +c 1
+ [ -7t By |-l t—n%a| ——— T)dT| - v xz). (18
0/ (1= By [T )] g fo (07| o) (18)

2p
e N
Bmecs B, (z; 1) = > F(kn‘”fi*_m dbyuxua Murrar-Jlediepa, Ay, my = (Z bfnp> , 1€ by, KOPEHb TpaHC-
k=0 p=1

HEHJICHTHOrO ypPaBHEHUsI KOPEHb TPAHCIEHIEHTHOro ypasHenus (15) u koaddunments onpeesercs mno $hop-
MyJIaM

- / F @) Vi ()T, By = / &) v, (2)d,
11

I
1=0,...,7—1; mqy,...,my €N,
go&mh_“’mN :/gag(x)fzmh“_,mj\,(x)dx, $s=0,...,—|—a]—7—-1, my,...,mny €N.
Il

JokasarenbcTBo. Beenem byHrmmm

Tony,omn (0) = [ w (2, 8) Uy, (@) da, (19)
/
rie N
U (2) = [] Xon, () (20
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B cuny (1)—(3) memssecrusie dbyukiuyun Ty, (t) = Doy, ... my (t) YAOBIETBODSIOT yPABHEHUAM

2)\771 ,,,,, m +’2
D?Tmly-me (t) + WTml"'.’mN(t) = fm1,~~~,mN(t)’ mp € N> n—1<a S n,

yee s TN

0<j<n—1, N, n,j+1eN, peN, a>0, b>0, c=const

1 HaYaJIbHBIM yCJIOBHUAM

tlgl(l) DJO'é:ii:llelwu,mN(t) = 95?, mi,...,mpn» i=0,...,5—1; my,..my €N,
. d T, t .
}%"“ET"W():@&MMW, s=0,...,—[-a]—j—1; mq,....,my €N,

rie

P (8) = / £ )0, (),

II

@?;ml ,,,,, mN:/SZzQ(x)f)nn ,,,,, my(@)dz, 1 =0,...,5—1; my,...,my €N,

w?;mly---ymN = /‘p?(‘x)vmly--.,mz\r(x)dxv s=0,...,— [70‘] —Jj—1;m,...,my €N
IT

Pemenne samaan Komm (21), (22) ussectro (cM., Hanpumep [24]), 1 0HO umeer Bu

—[—a]—j—1

Tm17~~~,mN (t) = Z 502;m1,~.,m1\7'ts Eé (

s=0

0P Ay my +
1 + b2)\m1,...,mN

-t s+1>+

i1 0 P D + 2
§ ~“m m .ta—z— . E. _ mi,..., TN ~ta; o
i i=0 Frimemy o ( 1 +b2)‘m1,»--,mN “ Z> "
L 2)\ 2
a—1 a“Amy,...my T C a 1
t— By |-y Ty ye ol 2 (7)d,
+/( ™) i{ L+ 02\, mN( R a] L4+ 02X, me b ()T
0

e

p=1
w(m,—1) = _
b’m _ D o o) ™My ;
v Tt o)
Ay, my T a
a’)\ + 2 s (* T+b2X » t )
E _ mi,...,,mMN .ta' 1 — M ey m
i( T+ Ay > q;) T(ag+s+1)
a® Xy, ompy e o\ ?
a’\ + 2 > (_ 1+b21/\Y = t )
E _ M1,..., N 'ta, _ — MY TN ,
i( [ ) 2 Tlagra s

‘12)\m1 ..... mN+C2 . (t _ T)a)q_l

2 2 e

a“Amy,.omy T C ( RS
E _ 1,---MN t — (o2 — 1 MN
é |: 1+b2)\m1,---7mN ( T) ' “ Z

g=1

(21)

(26)

(27)

(28)

(31)

Tockoubky dynkiuu (19) nocrpoenst B sBHOM Bujie (23), TO HA OCHOBAHUU IIOJIHOTHI CUCTEMBI COOCTBEH-
ubix yukuuii (17) B Lo (II) mHerpyaHo mokazaTh exuHcTBeHHOCTD pertenns 3aga4u (1)—(3). Ilycrs f(z,t) =0 un

i(t) =0,i=1,—[—a]. Torna uz dopmynsr (23)—(25) u (26) crexyer, aro

/u(x,t) Uy .oomy (@) dz =0

II
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npu BCex my,...,my € N u mobom t € [0, 7). Orciona B CUIIy MOJIHOTHI CHCTEMBI cOOCTBEHHBIX (hyHKImil (17)
B Lo (II) BoiTekaer, uro u(z,t) = 0 nouru Bcromy B obsactu I mpu smobowm ¢ € [0, 7.

Kak n3Bectno, no Teopeme Biioxkenust CobosieBa dynknums u(z,t) HenpepsiBHa Ha (), To u(z,t) =0 B Q.
D710 JOKa3bIBAET €JIMHCTBEHHOCTH pernenus 3ajgaun (1)—(3).

° .
IIpu kax oM ¢ > 0 dyskims u(z,t) € W 52N % (Q) 1o nepenmennoii z aBsiercs Gynkimeii u3 Kacca
o 3 3 .
u(z,t) € W™ N9 (11). Tlosromy, pacemarpusas ¢ > 0 kak mapamerp, perenne sagaan (1)-(3) Gyzem

o
51,82,0,5N3 0 .. ..
nckath u3 Kiaacca W52 NP (Q) B Busie cyMMBI psijia 1o cucteMe cobcTBeHHbX dhynknuii (17) crnexTpaibHoil

samaun (4), (5): N N
u(z,t) = Z Z Tiny,..omn (t) *Umy,....mn (z), (32)

mi=1 my=1

N
TI€ Umy,..omn () = 11 X, (25), Tony.....mu (t) onpenensierca mo dopmyste (19).
i=1

ITocsie mopcranosku (26) B (32) MBI IOJIYYHM eIHHCTBEHHOE pemtenne 3a1a4u (1)—(3) B Buze psajga

- - g a?\ +c?
u(x’t) = Z Z Z ‘pg;ml,.“,mN'ts'E% ( mi,...,mN _ta; S+1> +

140y

mi=1 my=1 s=0

7j—1 o - a2)\m ma C2
+ § 50 gomitlop [ = 1500MN % o —i )+
i z ( 1 +b2A7TL17..477TLN 7

t

2 2
a—1 a )\m eee,M +c o, 1
+/(t*7—) Ei |: 1+b12)‘m1f..,m1\7 (t—7) ,Oz:| 1+b2)‘m1,...,mN fm17-~»7mN(7)dT .vmlv---ymN(m)' (33)
0

IMockonbKy cucrema coberBenubix dbyukimii (17) cnekrpasnbuoii 3aga4au (4), (5) obpasyer 6asuc Pucca B

o]
upocrpancrse Cobosiea H 10525 (TI), ynobast DyHKIHUSA U3 ITOrO KJIACCA PA3JIAraeTcsd eJUHCTBEHHBIM 00-
pasoMm B psaj Dypbe, cxomgiuiicss 1o HOpMe pocrpaHcTa H 105258 (TI), Tlosromy psiz (33) cxomurcs B

o .
H#1525N (T1) mput mo6on ¢ € [0, 7). BBIACHIM yC/I0BHS CyIIeCTBOBANMS pemmenns 13 Kacca W 512V 7 (Q).
Corutacuo TeopeMe 2, cucreMa cobcTBeHHbIX dyHKIWmiA (17) crekrpasnbuoil 3anaun (4), (5) obpasyer 6asuc Pucca

[e] [e]
B npocrpancteax Coboesa H 515258 (II) m T 512N (Q).
[e]
[ycts navambubie byakmma @ (z), i =0,...,5—1; ¢%(z), s =0,...,n—j—1 m3 xmacca W 3"V (II)

¢ nokasateneM s, > 4p+ &, p=1,N u npasas uacrs f(-,t) € C ( [0,T7; I/f/;“‘qz’”"s’v (H)) Tora 1o Teopeme

Baoxkenust CobosieBa CIIpaBe€JINBO HEPAaBEHCTBO

oo oo —[—a]—j—-1 9 9
0 s a )‘mlw-me +c o,

m1=0 mpy=0 s=0
i1 2 2
0 a—i-1 @ Any,my T, ,
+ ;s -t “Ei | - Y a—1 )+
; 2 5 Mi,..., MmN i < 1 + b2)‘m1,...,mN >
t 2
2 2
_ a‘ +c 1
t—1)° 1'E — My, MN t—rT1 a;a _— dr| < const.
- /( ) g |: 1+ bz)‘ml-,mJTLN ( ) 1+ bz)‘ml,»--,mN fm1,..<,mN( )
0
Otciona creyer uTo, ecn Hadambabie byakmm @ (x), i =0,...,75 —1; p2(x), s =0,...,n — j — 1 u3 kracca

IX/Zl’SQ""’sN (IT) ¢ nokazatenem s, > 4p+ 5, p =1, N, u upasas uacrs f(-,t) € C ( [0,7); I/?/S“”""’SN (H))7 TO

o . _
perysiproe pemenne sasaun (1)-(3) m3 xmacca W 52 *¥ (Q) ¢ nokasarenem s, > 4p + X, p=1,N,0>

—[—a] + % CYIIECTBYET, 6JJMHCTBEHHO U IIpejcTaBisercs B Buje paaa (18). Teopema 3 mokazamno.
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ANNOTATSIYA

Mazkur ishda Sobolev sinflarida kasr tartibli Miller—Rossa operatori qatnashgan plastinka
tebranishlari tenglamasini qo‘zg‘almas va erkin qo‘yilgan shartlardagi yechimining mavjudligi va
yagonaligi haqidagi teorema isbotlangan. Ko‘rib chiqgilayotgan masalaning yechimi ko‘p o‘lchamli
spektral masalaning xos funksiyalari sistemasi bo‘yicha yoyilgan qator ko‘rinishida qurilgan.
Shuningdek, bu spektral masalaning xos qiymatlari transsendent tenglamaning ildizlari sifatida
topilgan va mos xos funksiyalari sistemasi qurilgan. Bu xos funksiyalar sistemasi Sobolev fazolarida
to‘la va Riss bazisini tashkil etishi ko‘rsatilgan. Xos funksiyalar sistemasining to‘laligi asosida
qo‘yilgan boshlang‘ich—chegaraviy masalaning yechimi qurilgan.

Kalit so‘zlar: yuqori tartibli xususiy hosilali differensial tenglamalar, boshlang‘ich—chegaraviy
masala, vaqt bo‘yicha kasr tartibli hosila, xos funksiyalar, to‘lalik, spektral usul, mavjudlik,
yagonalik, qator.

ANNOTATION

The paper proves the existence and uniqueness theorem for the solution of the problem of plate
vibrations with fractional Miller—Ross operators, in the case of fixed and freely fixed conditions in
Sobolev classes. The solution of the problem under consideration is constructed as the sum of a
series according to the system of eigenfunctions of a multidimensional spectral problem, for which
its eigenvalues are found as the roots of the transcendental equation and the corresponding system
of eigenfunctions is constructed. It is shown that this system of eigenfunctions is complete and forms
a Riesz basis in Sobolev spaces. Based on the completeness of the system of eigenfunctions, solutions
to the initial boundary value problem are obtained.

Key words: high—order partial differential equation, initial-boundary value problem, fractional
time derivative, eigenvalues, eigenfunctions, completeness, spectral method, existence, uniqueness,
series.
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JIMHENHASI I ®PEPEHIINAJIBHAS UTPA IIPECJIEJOBAHUS C
NMITVJIbBCHBIMU YIITPABJIEHNAMU

MamMmAgaaueB H. A.
HAIIMOHA/ILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIYIBEKA, UHCTUTYT MATEMATUKH,
M. B.1.POMAHOBCKOI'O, TAIIKEHT
m_numana59@mail.ru
MvcranokvioB X. 4.
HAIMOHAIBHBINT YHUBEPCUTET Y3BEKUCTAHA UM. MUP30 YJIYIBEKA, MEXKIVHAPOIHBLI
YHUBEPCUTET HOPIUK,
m_ hamdam@mail.ru

PE3IOME

B nammoit pabore usy4aiorcs uHeiiHbIe HuddepeHITnaabHble UT'PhI TPECTETIOBAHNS ¢ UMITY/THCHBIMU
YIPABJIEHUSIMI Ha YIIPABJIEHNE UIPOKOB. DTHU UMILYJIbCHbIE BO3IEMCTBUsI HA OOBEKT OCYIIECTBIISIIOT-
csl B 3apaHee 33J[aHHBIX MOMEHTaX BPEMEHU, U COOTBETCTBYIOIINE YIIPABIECHUS IPEJICTABIISIOTCS TIPU
oMot fenbra-gyukiun Jupaka. Pazpaboran aHagor TpeThero MeTo1a 3aa9u MPeCcae0BAHU 1
[IPUMEHEH JIJTsl PeIIeHUsI TOCTABJIEHHON 3a/1a9u. B OCHOBY HMCCJIeI0BAHUS [TOJIOKEHBI OCHOBHBIE HJIEN
METO/Ia Pa3pentaonux (QyHKInit.

Karouesste caosa: mipecieioBaHue, IpecieoBaTe b, yoeranue, yberaromii, pazperaoriast GpyHK-
IUsi, TEpMUHAJBHOE MHOYXKECTBO, YIIpaBJIeHUE, 3ala3apiBanue, auddepeHnuaabaas Urpa, IMITYJIbC-
HOE yIIpaBJIEHUE.

1. Beenenne. IlocTanoBka 3aJa9M 1 OCHOBHbBIE PE3yJIbTATHI

WccnemoBanue Teopun auddepeHIna bHbIX YPABHEHUH ¢ a/TUTUBHO BXOJAIIIMU 0OOOITEHHBIMU (PYHK-
IUsIMHA, B YaCTHOCTH, jejibTa-pyHkimeii /lupaka, B 3HAUMTEIbHON CTEIIEHN BBI3BAHO MHOI'OYUCJIEHHBIMU IIPU-
JIOKEHUSIMH B TEODHH ONTHUMAJBHOIO ylpapjeHnss u reopun guddepennuanbubix urp [1-7]. K nacrosimemy
BPEMEHHU 9Ta TEOPUsl BCECTOPOHHE pa3paborana, a B Monorpaduu [8] mokasanbl BayKHbIE TEOPEMbI T€OPUH IUb-
depeHnraaIbHbIX YPABHEHWH ¢ pa3pBhIBHOI TPABO JaCThIO.

B pabore [3| paccmorpens suHeitnbie aud depeHimaibHbIe UIPhI IPECIe0BAHIS ¢ UMILYJIbCHBIM YIIPABJIEe-
HUEM U FeOMEeTPUYECKUM OIPAHMYEHMEM HA yIIPABJIECHHE UTPOKOB M Ha WX KoMOuHarmwu. J[as pereHust mocras-
JIEHHOM 33JIa9¥l IPEC/IeJIOBAHUST IPUMEHssT METOJ, paspematonmx (GpyHKIuil. B ssBHOM BUje yKa3aHbI yCJIOBUS
HAXOKJICHUsI TapAHTHPOBAHHOIO BPEMEHHU U IIOCTPOEHHE yIPABJICHUS IIpeceyIoIero UrpoKa, /sl 3aBepIIeHust
npecnenopanns. OIHON U3 OTIMIUTENIBHBIX YepPT JAHHOM pabOTHI SBJIAETCS TO, YTO HOJIyYeHHbIE Pe3yIbTaThl Pa-
GOTBI IEPEHECEHBI HA TPETHLEMY METOJLy 3aJIa9H MPeCsIeI0BaHns. 110y 9eHHbIe PE3YIbTATHI IIPOU/LTIOCTPUPOBAHBI
Ha KOHKPETHOMY IIPUMEPY TakK HasblBaeMylo Urpy "mpocmoe mpecaedosanue-yxaonerue .

Pa6ora [4] uponoizkaer usydenue urpbl, paccMoTpentoii B padore [3|. dusa nuddepennmaibaoii urpbt
MIPECJIeIOBAHNS [TPEJIATAIOTCS IOCTATOYHBIE YCJIOBUS JIJIsi BOSMOYKHOCTH 3aBEPINEHUsT MPECTIEI0BAHUSI, KOTIA
OJIMH M3 UTPOKOB IPUMEHsIET YIIPABJIEHNE MMILYJILCHOTO XapaKkTepa, a JAPYroil - yIpaBjeHne ¢ WHTErPAJbHBIM
orpaHuvueHueM. PasingaroTcs 1Ba cydas B 3aBUCUMOCTH OT BBIOOpa HI'POKAMHU YIIPABJIEHMI U3 Pa3HbIX KJIaCCOB
JronycTuMbIx yrpasiaenuii. C ucnosnb3oBanneM ujeil paborsl [3] B 060uX CaydasiX IPUBOJATCS JOCTATOUHBIE
YCIOBUST 00ECTIeunBAIONIAE U3 3aJaHHON HAYATBHOMN MOJIOKEHAN Z) BO3MOXKHOCTH 3aBEPINEHHS TIPECIEI0OBAHUST
38 KOHEYHOE BPEMSI.

Pa6ora [5] mocssiinena u3y4eHuIo UrPOBBIX 3aJa9 ¢ TOUYKHU 3PEHUs O BO3MOXKHOCTH 3aBEPINEHUS PECJie-
JIOBAHUS WA O BO3MOXKHOCTU yOeranus Jjis 33/IaHHON HAYAJIBHON TOYKH Zzg. [Ipu 3TOM Ha yrpaBiieHue mpece-
JoBaTesIs HAKJIA/IbIBAETCS WHTEIPAJIbHOE OI'DAHUYEHNE, a YIIPABJIEHUE YOEraonero Nrpoka NMeeT UMITYJILCHBIN
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XapakTep. DTH UMITYJIbCHbIE BO3JIEHCTBUs Ha O0BHEKT OCYIECTBIISIOTCS B 3apaHee 3aJ[aHHBIX MOMEHTaX BpeMe-
HU, U COOTBETCTBYIOIEE YIIPABJEHUE IPEJCTABJISIETCS MPU HoMOIM Jenbra-dyaknun upaka. st pemrenus
[OCTABJICHHO} 3a/1aui IIPUMEHsIeTCs MeTo/l, paspemaionmx dbyHknun [16]. PaccMoTpeHsl jBa B3aMMHO HCKIIIO-
Jalolyecd CJIydad, B IE€PBOM Cilydae U3 BCEeX HA4YaJbHBIX TOYEK HEJIb3d OCYIIECTBUTH IOUMKY, & BO BTOPOM
CyIIeCTBYeT OTKPBITBII Iap, U3 TOYEK KOTOPOI'0 MOXKHO OCYIIECTBUTH IIOMMKY, U3 TOYEK JIOIOJIHEHUS ITOrO
1apa HeJlb3sd OCYIIECTBUTH IIOUMKY.

B pa6ote [6] paccMOTpeHBI UTPOBBIE 3a/1a9N ¢ TOYKU 3PEHUsI 3aBEPINEeHUs] TIPECIETOBAHNST 38, KOHETHOE
Bpems. IIpu sToM Bo3gelicTBIE HA OOBEKT yIPaBJIeHNE UI'DOKOB NMEET XapaKTeP MMITYJILCHOIO UJIN MHTEIPaJIb-
HOro orpanuvenust. 110b3ysich upessMu paboT [3], MOKA3BIBAIOTCS TEOPEMBI C JIOCTATOUHBIMU YCJIOBUSMHU JIJIsT
3aBepIeHns [IPeCeOBaHus U3 33/IaHHON TOYKHU 38 KOHeYHOe BpeMs. OMHON U3 OTJINYUTEBHBIX Ye€PT ITaHHON
paboOThI ABJISETCHA TO, YTO MPECTEIYIOINI UTPOK MPUMEHSeT cTparernn n3 0ojee y3KOro KJIacca, a MMEHHO,
crpobockonmdeckoro. B Konie paboThl IPUBEEH MIPUMED C HEJUHEHHOU MPaBOil YaCThIO [JIs WJLIIOCTPAIIN
pe3yJbTraTa.

B pa6ore [9] paccmorpena 3amada  ynpaBieHHs OOBEKTOM, ONUCHIBaeMasi —(DYHKIMOHAILHO-
JnnddepeHIaIbHON CHCTEMOI € TIOCeIeiCTBAEM ODIIEro BUJIA C MEIBIO JOCTABJIEHUS TPEJIIICAHHOTO 3HAYMCHIS
3a/]AHHOMY BEKTOpHOMY QyHKImoHa y. IIpu sToM BO3jeiicTBue Ha OOBEKT OCYIIECTBJISIETCS HMITYJIbCHO, B
3apaHee 33JIJaHHBIX MOMEHTaX BPEMEHU, TEM CaMbIM TPAEKTOPHUsi TEPIUT PA3PBIB IIEPBOTO POJIA.

B nanHOil cTrarhe paccMoTpeHa JinHelHas auddepeHinaibHas UI'pa OMUCHIBAEMasl CUCTEMON JIMHETHBIX
muddepeHInaIbHbIX YPABHEHUN ¢ TOYKHU 3PEHUS 3aBEPIINEHNS IPEC/IeIOBAHNsS 33 KOHEYHOe BpeMs. [lpu srom
KJIACCAMU JIOIIYCTUMBIX YIIPABJICHUI NTPOKOB SIBJIAIOTCH UMIIYJIbCHBIE (DYHKINNA. DTU UMILYIbCHbIE BO3IEHCTBUS
Ha OOBEKT OCYIIECTBIISIIOTCS B 3apaHee 3aJ]aHHBIX MOMEHTAX BPEMEHW, U COOTBETCTBYIOIIEE YIIPABJIEHUE IPE/I-
cTaBiseTcss npu nomonw Jenabra-byaknnn Jupaka. [lonbsysich npesmu pabot [3], J0Ka3BIBAIOTCS TEOPEMBI €
JIOCTATOYHBIMU YCJIOBUSIMU JIJIsl 3aBEPINEHNs IPEC/IeOBAHUsI U3 3aJ[aHHOI TOYKM 3a KOHeUHOe Bpemsi. Jljist pe-
IIEHUs] [OCTABJICHHOM 3a/a491 pUMeHsieTcsi MeTo pasperatolneil dyskun [16]. Teopernueckue pesyibraThl
WLTIOCTPUPYIOTCSA HA MPUMEPE UT'PHI TPEC/IEIOBAHNS C MIPOCTHIM JBUKEHUEM.

B mpocrpanctee R™, paccmarpuBaercs juHelHas auddepeHnuaabHas Urpa, OMNChIBAeMas CHCTEMON
JHeiHbIx guddepennuaabHbx ypaBuenuii [3-6]

Z=Az—u+wv, t>0, z€R™, (1.1)

rje z — Ga30Bblil BEKTOP, A — NOCTOsIHHAs KBAApATHAs (1M X M) MATPUIIA, %, U — lapaMeTPhl YIIPABJICHUS IIPe-
CJIeJIYIOIIEro u yberaomero urpokos, cooTBercTBenno. CTPyKTypa yIpaBIeHUit UIPOKOB OyJIeT OrOBOPEHA, HIXKE
B KaXKJIOM U3 PacCMaTpPUBaeMbIX ciaydaeB. B ciydae, Korja mepBblil 1 BTOPO#l UIPOK IPUHUMAIOT HMIIYJIbCHBIE
yIIpaBJIEHUs, MTHOBEHHBIM 3HAYEHUEM YIIPABJIEHUsI SIBJISIFOTCSI BEKTOPBI U3 MHOXKECTB P u (), COOTBETCTBEHHO.
IIpu sTom P, () — HemycThble KOMIAKTHBIE TOJAMHOXKecTBa B R, TepMuHaibHOE MHOXKECTBO M 1pescraBiisiercs
[IMJIAHIPOM BUIA

M = My + M, (1.2)
rae My — summeiinoe mommpocTpancTBO mpocTtpancTsa R™, M — BBIMYKJI0€ 3aMKHYTOE ITOJIMHOXKECTBO II0JI-
upocrpancTsa L, rjie L — oproronasibHoe JonosHenne K nogupocrpanctsy My B R™ ((re. My @ L = R™).

Samaua mpecaeoBaHns COCTOUT B TOM, YTOOBI OIPEJIEJEHHBIM 00pa30M BBIOMpAasl JOIYCTUMOE YIIPaB-
JIeHWe 4, 33 KOHEUHOe BpeMsl BBIBeCTH TpaekTopuio cucteMbl (1.1) Ha TepmmHasbHOEe MHOXKecTBO M. 3amaua
yOeraomero urpoka COCTOUT B TOM, UTOOBI 110 BOBMOXKHOCTU OTTSIHYTH OKOHYAHUE UTPHI.

IIycrs {TZ‘ i1 10CJIeI0BATeIbHOCTh MOMEHTOB BpeMeHHU, 3aHyMEePOBAHHbIX B IIOPsIIKE BO3pACTaHUA (10 <
T <.<TE< )7 (He UMeIoIIasi KOHEYHBIX TOYEK crymeHI/I;I) YAOBJIETBOPSIONIAsA CJIEIYIOIEMY YCIOBUIO.

Vcaosue 1.1. JIo6oit KOMIAKTHBIN OTPE30K BUIA [a, b] COMEPKAT KOHETHOE YUCIIO TOUEK STOH MOCITeI0-
BATEJILHOCTU.

r[peﬂIIOJIO}KI/IIVI7 9TO KJIaCCOM JOIIYCTHUMBIX praBJIeHI/Iﬁ apec/ieiyronero u y6era10mer0 UT'PDOKOB fABJIAIOT-
Cd MHO2KECTBO UMITYJIbCHBIX (byHKLLHfI, KOTOPbBIC BBEIPAXKAIOTCA Yepe3 ,HeﬂbTa—(byHKLU/If/'I ,HHpaKa

u(t) = ZuicS(t —T1), v(t) = Zvié(t - 1), (1.3)

rjle BEKTODbI CKAYKOB IipecienoBaress u; (i € N) upunajexar komuakry P, P C R™, a BeKTOpbI CKauKOB
y6eratomero urpoka v; (i € N)— komnaxry @, Q C R™.
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B sToM cirydae 3amada mpecsieoBaHMs 3aKJII0YAETCA B TOM, YTOOLI JJI JAHHON HAYAJIBHON IIOJIOZKE-
HuM 29 ¢ M OupenenuTh JOCTATOYHBIE YCJIOBHs, [IPY BBIIOJHEHUU KOTOPBIX JJIsi IPOU3BOJIBLHOTO JOILYyCTUMOTO
ylpasjenus (U3 KJIacca JOIYCTUMBIX YIIPABJIEHU yberaomniero) yoeraiomero nrpoka, UCojib3ysl Pa3pelieHHble
urdOpMAIU, MOXKHO Oy/eT MOCTPOUTDH yupasjeHue u(-) U3 KJIACCa JOMYCTUMbIX YIIPABJICHU IIPec/el0BaTe s
TaK, 9YT00bl COOTBETCTBYIONLYIO TpaekToputo z(t), t > 0, cucrembl (1.1), ucxozsmas u3 HAYAIHHOIO [IOJOXKEHUS
20 ¢ M, MOXKHO TIEPEBECTH HA TEPMUHAJIBHOE MHOXKECTBO M 3a KOHEUHOE BpeMsl.

B nannoit pabotre 1yist uccienoBanus urposoit 3agauun (1.1), (1.2), Mbl OrpaHUYUMCS IPUBJICUEHUEM Alllla-
paTa UMILYJILCHBIX yIpasienuii. HamoMuum, 4To uMIIyJIbcHOE BO3/IeficTBIe B MOMEHT T OIMHUCHLIBAETCH C IOMOIIBIO
CUHTYJISIpHO# 0606menHol dhyukimei Tupaka §(t — 7) [3,4], Koropast onpesiessiercst eIy omnmmM 06pa3oM:

b

60 = [ s ={37 EE

a

Jst 11060l HeripepbiBHOI dyukuuu f(t) Ha orpeske [a,b], T — HeKOTOpOE (DUKCHUPOBAHHOE UUCJIO.

2. Peutenue 3amaun

Cornacro (8], ecu yupasienust urpokos umeor suj (1.3), To npu jo6oM HAYAIBHOM NOJIOKEHHH Z(
cucrema (1.1) MMeeT eJIMHCTBEHHOE DENIEHUE, KOTOPOE SABJISAETCS abCOJIOTHO HENPEPBHIBHBIM HA MHTEPBAJIAX
(Ti_l,Ti), 1€ N.

13 dbopmyaer Kormm sist yupasasiemoro nporecca (1.1) caenyer npezcrasienue [3]

n(t)
2(t) =€z =Y el —wj], (2.1)
=1

Ananms 3a1a9 UMIyJIBCHOTO YIIPABJIEHUs! YCIOKHSIETCS TeM, YTO B MOMEHTBI BDEMeHH {7;} TpaekTopuu
yupasisieMoit cuctembl (1.1) MOTYT MMeTh paspbIBBI IEPBOTO POJIA.

Ilesns HaCTOMAIIEN pAOOTHI - HAWTH HOBBIE JOCTATOYHbIE YCJIOBUS IIPU BBIITOJTHEHUH KOTOPBIX U3 HAYAJIHHOTO
nostoxkenust zg € M (cm.(1.2)) JOrOHSIFOIMI MOMKET TapaHTHUPOBATH 3aBEPIIEHUE IIPEC/IeIOBAHUS IPH JIEOOOM
JIOIIyCTUMOM ITOBEJEHUN yOEratoIero nrpoka 3a KOHETHOE BPeMs.

IlycTs 1 — npousBosbHag HaTypaiabHoe uucao u M(r), 0 < r < 7, — IPOU3BOJIBHOE KOMIOKTHOZHAYHOE
Tn
MHOTO3HATHOE 0ToGpazkeHne, yaosiaersopstomee yeaopmio [ M(r)dr C M. Iyers v(t), ¢ > 0 — momyctnmoe

0
YIIpaBJjieHUE y6era10mero UrpokKa.

Paccmorpum MHO)KecTBa [3,4]

Wi(n, M;(n),v;) = {Ml(n) + ﬂe(T"_”)AP} — el T Ay, (2.2)
Witn, My(n)) = () Wiln, M;(n),v;) = {Mi(n) + welmTIAP |y e(TnmTIAQ, (2.3)
v; €Q[Ts,Tit1]
Wl(n) = Wl(n, Ml(n)), (24)
M;(+)

rue M;(n) = f M(r)dr, 1 =1,2,...,n.

Ti—1
[Tox mHTErpaIoM OJHO3HAYHBIX MJIM MHOIO3HAYHBIX (DYHKUIUH (MHOIO3HAYHOIO oTobpaxkeHus (cM. (2.2),
(2.3)) nornmaercs ee maTerpad JleGera [11].

IIpenmosioxkenne 2.1. Mwuoowcecnea W;(n) nenycmow npu 6écex n,n € N, i =1,...,n.

B cusy npemunosoxenus 2.1 Mbl MOKeM BbIOpaTh U3 Kaxkaoro Muoxkecrsa W;(n) HEKOTODPBI sjieMeHT
w;(n). 3adukcupyem Hekoropslit HaGop w = w(n) = {w;(n)}_; 1 nonoKUM
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£[n, zo, w] = melT T Az, Z wi(n).
i=1

Bsenem dyukmumm

Ai(na ZO,UZ‘,(U) =

Sup{)‘ >0: )\f[n,zo,w] € Wi(naMi(n)7vi) - wl(n)} npu é_[nvz(%w] 7& 0,

Tt upu &[n, zg,w] = 0,
rae v; € Qri—1, 7], i =1,2,...,n.
Yepes k 0603HATUM CJIEIYIOIIEE TUCIIO
j ~
k= k(n,z,v(-),w) = min{j e{1,2,--- ,n}: Z)\i(n, 20, Vi, W) > 1}, (2.6)
i=1
ecJIM HEPaBEeHCTBO B (DUTYPHBIX CKOOKAX HE BBIOJHSETCS] HU TP ofHOM J, j € {1,2,--+ ,n}, To Gymem moioxuT
k =n+ 1. Oupenennm paspematomue byHkiuu [16]
Ai(n, 20, vi, w) npu i =1,2,-- k—1,
Ai(ns 20, vi,w) = 11— E;:ll \j(n, 20, vi,w)  TpE i = k, (2.7)
0 npui=k+1,---  n.
Beenem Takke pyHKINIO
n
N(zp,w) = min{n eEN: Zinf)\i(n,zo,vi,w) = 1}. (2.8)
V4
i=1

Ecisn paBeHCTBO B (DUIypHBIX CKOOKAX He BBIMOJIHSIETCS] HU IIPU OJHOM N, TO mostoxkuM N (zg, w) = +o0.

Teopema 2.1. Ecau das cucmemvs (1.1) npu umnyavchom ynpasaenuu uepokos (1.8) evinoanerno nped-
noaooscenue 2.1, mroocecmea My u P evinykavy, N(zg, w) < 400 044 HAUAABHOL0 COCTNOAHUA Z) U HEKOMOPO2O
Habopa w, mo mpaexmopus cucmemv, (1.1) moorcem 6vim npusedera u3 HA¥AALHOZ0 COCTNOAHUA 2o HA MEPMU-
HaAvLHOE MHOHCECE0 M 6 MOMENM TN (24, w)-

HJokaszareabcrtso. Homoxum N = N(z0,w) u 3adurcupyeM HEKOTODPbIi HAGOP BEKTOPOB
vi, V; € Q.

Paccmorpum BHavase ciaydait, korga [N, zo,w| # 0. O6oznauum K = k[N, zg, v(+),w] Torga, coriaacHo
(2.6) u (2.7),

K

ZAZ'(N’ 20, Vi, w) = 1.

i=1

Hust i =1,..., K 6ymem BbIOUpaTh BEKTOPHI CKAYKOB U; TaK, YTOOBI BBITOIHSIINCH PABEHCTBA

mi(N) + mel™ T4 u; — 0] = Xi(N, 20, v(t), w)&[N, 20, w] + wi(N), (2.9)
rae ml(N) S MZ(N)
A nsi =K+ 1,..., N B KauecTBe BEKTOPOB CKAYKOB u; Oy/leM BBIOUDATH PEIleHUs YPaBHEHUH
mi(N) 4 wel™ =T Ay, — v;] = wi(N). (2.10)

B cwry npesamosniozkernst 2.1 cyImecTByeT OHO WM MHOTO pelteHuil ypasaenuii (2.9), (2.10).
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U3 dbopmyssr Kormn guist cucrenmst (1.1) u cBoiicTs genbra~-QyHKIMT, TOIyYaeM MPEJICTABIEHIE

N
7wz (Tn) = me(Tn=m0)A Zﬂe(T”_”)A[ui — ;). (2.11)
i=1

.. N
Borarem u npubasum u3 npasoii gactu ypasuenus (2.11) semmunny ) ", w;(N). Torma, yanTbiBas BBIITYKIOCTD
MHOXKecTBa M7 U 3aKOH BbIGOpa yipasienus upeciaeposareieM (2.9)-(2.10), mosydnm paBeHCTBO

N N

ma(ry) =m0 Az =y i (N) =Y (We(Tn_mA[ui —ul - wi(N)) -

i=1 i=1

N
= €[N, 20,0] = 0 [ MV 9(), 0 @)EIN, (o] —mi ()] + D7 maa(N) =
i=1 i=K+1

K N

= g[N,zo,w](l — Z)\i(N,zo,vi,w)) —l—Zmi(N) € ZM,(N) = /M(r)dr C M,

i=1 i=1
KOTOpOE 9KBHUBAJIEHTHO BKJIOYeHno z(7y) € M.

[IycTp Teneps & [N , zo,w] = 0. B kadecTBe BEKTOPOB CKa4YKOB u; /st Bcex ¢ = 1, ..., N OymeMm BbIOMpATH

pemienus ypasuenus (2.10).
N
mz (1) = mel™m T Az, Z melTn Ay — ] =
i=1

N

N N ™
= e Az 3w (N) + Y mi(N) € g[N, zo,w} +3 Mi(N) = /M(r)dr c M,
i=1 i=1 1=1 0

TakumM 06pa3oM, B MOMEHT BPEMEHH Ty, JJI HAYAJILHOTO TOJOXKEHUs zg € M, nMeeT MecTO BKJIIOYEHUE
mz(Tn) € My, uro paBaocuibHO BKJtodenuio z(7y) € M. Teopema 2.1 nokazana. a

3. Ilpumep

KoudukTao yrpasisieMblii mporece 3a1aercs ypaBHeHueM [5]
Z=az—u-+w, (3.1)

rie a— JefCTBUTEIbHOE OTPUIATE/IbHOE YUCIo, 2, u, v € R™. IIpenmnonoxum, uro M = 1S, P = pS, Q = oS,
rie [, p U 0— HeoTpUIATE/IbHBIE JHC/a, S— €JIUNHUYHBINA IIap ¢ [EHTPOM B Hadaje KOOPIMHAT IIPOCTPAHCTBA
R™. Torga My = {0} u My = 1S. Ilostomy L = R™, m— roxJeilcTBenHblil (equHnuHbIi) onepaTop. Tak kak
A =aFE, rne E— enunnanasi MaTpPHIA TOPSLIKA 1M X M, TO (DyHIaAMEHTATbHAS MATPHI nMeeT Bij ¢4 = e .

TIpeamnososKuM, 9T0 TOUYKHU T; PACIIOJIOXKEHBI PABHOMEDPHO € TiepuojioM A, T.e. 7; = A, TOTJa yIpaBieHust
060rX UIrPOKOB (KakK IpecJieioBaTeis, Tak U yOeramlnero) HocaT UMILYJIbCHBI XapakTep U UMEIOT BUJI:

u(t) = iuié(t —iA), u; € pS, v(t) = ivié(t —iA), v; € 0S. (3.2)

i=1

Ti
Iycrb n— npoussoibHOe HarypaibHoe uncio u M(r) = -8, 0 < r < nA, My(n) = [ M(r)dr, i =
Ti—1

1,2,...,n. Cormacuo (2.2), (2.3), (2.4) nmeem

o~

l . )
Wi(n, M;(n),v;) = (ﬁ + e“(”*Z)Ap)S — DAy,
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l . )
Wi(n, M;(n)) = (, 4 ealn—iA p) G4 g,
n
B nanpreitmem IIpeJIIIoJIaraeTcs BbIIIOJHEHHBIM HEPABEHCTBO p > 0. Tora

Wi(n) = (% + ea=DA () — 0)) S.

Taxum 06pa3oM, €c/iu CIIPABEJIMBO HEPABEHCTBO p > 0, TO npeanoaoxenue 2.1 Gyger Boinosmeno. [Ipu
sroM 0 € W;(n) npu Beex 4. [onoxkum w;(n) = 0 st Beex @ € {1,2,...,n}. Hanee, mycrs zg € R™ \ M. fcHo,
970

€[n, z0,w]) = €22y # 0. (3.3)
Taxum obpazom, mmeem

l . .
Ai(n, 20, v, w) = sup{)\ >0: X € (— + 6a(”7Z)Ap)S — ea("ﬂ)Avi}.
n

Hecnoxunie Boranciiennst IIOKa3bIBaIOT, 9TO

Ai(ny Z(),’Ui,&)) =

1 a(n—i)A 2a(n—i)A 9 9 l (n—i)A 2 2 2a(n—i)A )
:m —e (&,0i) + 1/ e2a(n=DA(£ )2 4 ||¢]| (E_Fean i p) — ||€||)2e2e(r=DA ||v, | }

Herpymao npoBeputhb, 1T0

~ 1 [ .
. . . R a(n—i)Ar
1Ir)1if Ai(n, 20, v, w) il (n +e (p a)), (3.4)

IpUYEeM MUHHMYM JOCTHTAETCS MPH U; = Uﬁ, st Beex ¢ € {1,2,...,n}. U3 (2.7), (3.3), (3.4) caenyer, uro
MOMMKA MOZKET IIPOM30HTH B MOMEHT TN (2, w),

N(zp,w) = [iln‘ (l + %)/(V(ﬂ + ﬁ) H +1,

371€Ch [x] 06O3HAUAET TEJIYI0 YaCTh YUCIa T. A yIPABIEHNs pecseoBaTesell UMEOT BU
—a(n—i)A (Y l
u; =v;+e A& —— ),
n

i=1,...,N(20,w).
Yreepxkaeuune 2.1. [lycmo p < o. Moowcho nokazamo, wmo ecau zg # 0, mo us amoti mouwku Heav3s

o0
sasepwums npecaedosanue. Ipu amom ybezarowemy uzpoky npedaazaemes ynpasaerue euda v(t) = > v;0(t —
i=1
iA), v; € oS cvi:o‘é—u .
Hokasareunsbctso. Ecm zg # 0, To nonoxkum & = £[n, zo,w] # 0.
Ipeaonoxum, uro p < o u UpecienoBaresb BoiOupaer yupasienue (1.3), a yberaomeMy UrpoKy mpel-
JIAraeTcsd yIpaBIeHue BHIA

ot
el

Ecnu npecsiesoBaress ucnosb3oBan gorycrumoe yupasieane u(s), 0 < s < nA, 10 Jyisi COOTBETCTBYIONIEIO
pemmenust ypasaerns (3.1) nmeem

v(t) = Zvié(t —iA), v; €08, v; =
i=1

2(nA) = ez — Z e TIA [y — ] =

i=1
=& ; ea(n=iA [ui - UH?”} .
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Orciofa, ucmosib3yst HepaBeHCTBO Korru-ByHIKOBCKOTO, MOy M

f S a(n—1 - a(n—1
BN Hg+amze< D S S
i=1 i=1

> Je+opg 2 Ze“(" el DI E
=1

n

> €]l + (o= p) Y eI = ¢ >0,

i=1

Tak Kak p < o. 3Hauur, ||z(nA)|| > 0. 970 HepaBeHCTBO O3HAYAET, UTO U3 TOUYKU 2o 7# () HEIb3s 3aBEPIINTH
IpecJieJIOBaHueE. O

10.

11.
12.

13.
14.
15.
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REZYUME

Ushbu magolada biz impuls boshqaruvli chiziqgli differensial quvish o’yinini o’rganamiz. Bunda ikkala
o’yinchining boshqaruvlari impuls xarakteriga ega bo’lib, bu Dirak delta funktsiyasi yordamida
ifodalanadi. Quvish masalasi uchun uchinchi usulining analogi ishlab chiqilib, masalani yechish uchun
qo’llanilgan. Tadqiqot hal giluvchi funksiya kiritish yordamida o’rganilgan.

Kalit so‘zlar: quvish, quvlovchi, qochish, qochuvchi, hal etuvchi funktsiya, terminal to’plam,
boshqgaruv, kechikish, differentsial o’yin, impuls ta’tirli boshqaruv.

RESUME

In this paper, we study linear differential pursuit games with impulse control on the players’ control,
i.e. the control action of both players has an impulse character, which is expressed using the Dirac
delta function. An analogue of the third method of the pursuit problem is developed and applied to
solve the problem. The study is based on the main ideas of the resolving function method.

Key words: pursuit, pursuer, evasion, evader, resolution function, terminal set, control, delay,
differential game, impulse control.
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YIK 517.55

HEKOTOPBIE CBOVICTBA IIPOCTPAHCTBA 7-3AMKHYTHIX IIOJMHOX>KECTB

MAHACBITIOBA P.3.
HAIIMOHAJIBHBIN TTEJATOTUYECKUN YHUBEPCUTET Y3BEKUCTAHA UMEHU HuU3AMU, TAIIKEHT
rezidabadrutdinova@gmail.com

PE3IOME

B manHOI cTaThe HCCIeAyIOTCS HEKOTOPhIE CBOMCTBA IIPOCTPAHCTBA, T-3aMKHYTHIX IIOAMHOYKECTB TO-
nosjoruyeckux 1j-nipocrpancts X. Ha cemeiicTBe T-3aMKHYTBIX MTOIMHOXKECTB BBOJIUTCs 0a3a aHa-
sjormanaas Torosoruu Bueropuca. JlokassiBaercs, uro ecim X ectb 1i-mpocrpanctBo u Xg C X, TO
muoxkecrBo {F : F € exp” X, Xy C F'} samxuyrTo B npocrpancrse exp’ X. Takxke pokasbiBaercs,
qTto ecau X ecTh 11-TIPOCTPAHCTBO, TO U MPOCTPAHCTBO exp’ X ecTb Ti-mpocrpancTtso. [lokazano,
qro ecjid Y eCTh BCIOJY T-ILIOTHOE IOAMHOXKecTBO Tj-tipocrpancTBa X, 10 exp”’Y sIBJISIETCSI BCIO-
JIy TJIOTHBIM TOJMHOXKECTBOM MpocTpaHcTBa exp’ X. AHaJlorndHo, 94To ecu exp’ Y BCIOLY ILIOTHO
JIEXKUT B IPOCTpPAHCTBe exp’ X, TO MOKA3aHO, UTO MPOCTPAHCTBO Y Bciogy T-miaoTHo B X. Jloka-
3BIBAETCS aHAJIOT TeopeMbl Maiikita st IIoTHOCTH 11-TIPOCTPAHCTBA, T.€., IycTh X - OECKOHETHOe
Ty -upocrpanctso, 1o d” (X) < d7(exp” X). Ilokazano, uro eciu X - 6eckone4dHoe 17-IIPOCTPAHCTBO U
U ecrb T-OTKPBITOE TOIMHOYKECTBO, TOIJIA BCSIKOE T-OTKPBITOE IIOAMHOKECTBO B U €CTh T-OTKPBITOE
IOJIMHOXKECTBO B X .

Karouesvie ca08a: T-3aMKHYTbIe MHOYXKECTBA, T-OTKPBITBIE MHOXKECTBA, T-IJIOTHOCTb, T-
3aMbIKaHIE, TUIEPIPOCTPAHCTBO, TOMOJOrus Bueroprca, HpOCTPAHCTBO T-3aMKHYTBIX IIOIMHO-
2KECTB.

1. BBenenue

IIycte X - Tomosormueckoe 11-IIPOCTPAHCTBO U T - HEKOTOPOE DECKOHETHOE KapAMHAJIbHOE duciio. MHuo-
JKeCTBO BCEX 3aMKHYTHIX TIOJIMHOYKECTB IIPOoCcTpaHcTBa X obo3nadnM depes exp X . Bazoit ronosorun Bueropuca,
OIIPE/IeJIEHHOI Ha MHOXKeCTBe exp X, sIBJIIeTCS CEMENCTBO MHOXKECTB BHJIA!

n
O(U1,Us,...Up) ={F:F€expX, F C | JU;, FNU; # @, s i = 1,...,n},
i=1
rae Uy, Us, ..., U, - OTKpBITBIE TOAMHOXKeCTBa TpocTpaHcTBa X [1].

B 1980 romy I.Juhasz B xHure [2]| BBES onpeeneHne T-3aMKHYTOTO MHOYKECTBA.

Onpenenenune 1 [2]. IogvuokecTBo F' C X Ha3BIBAeTCsl T-3aMKHYTBIM B TOIIOJIOTHYECKOM MTPOCTPAH-
crBe X, ecau Jjisl KaxKJI0ro MoaMHOXKecTBa, B C F' Takoro, 9To MOIIHOCTH TOJMHOXKECTBA B He MpeBOCXOIUT
GECKOHEYHOI'0 Kap/MHAJIBHOIO JHCIa T, 3aMblKaHne MHOXKecTBa B B X Jiexxut B F.

B 2016 rogy O.I.OxkyHeBbIM OBLIO BBEIEHO CJIEIYIONIEE IMOHSITUE T-3aMbIKAHHS [IOJIMHOXKECTBA.

Onpepnesienue 2 [3]. 7-3aMblkaHIEM TOAMHOXKECTBa A TOIOJOTHIECKOTO TPOCTPAHCTBA X HA3BIBAETCS
MHOXKECTBO BUJIA

A, =|J{B:BcA|B <1}

MHO0KeCTBO Ha3BIBAETCS T-IJIOTHBIM, €CJIU €r0 T-3aMBIKAHUE COBIIAJAET CO BCEM ITPOCTPAHCTBOM X .

B 2023 rozay B patdore [4] asropamu D.N.Georgiou, N.K.Mamadaliyev, R.M.Zhuraev 65110 BBEJIeHO Onpe-
JIeJIEHUE T-OTKPBITOrO ITOIMHOXKECTBA U yCTAHOBJIEHA CBS3b MEXKJIYy T-OTKPBITBIME, T-3aMKHYTBIMU TOIMHOKE-
CTBAMU ¥ T-HEIPEPLIBHBIMU 0TOOparKeHUusIMU, KoTopble Obuin BBedenbl A.B.Apxanrensckum B 1983 roay [5].

B 2023 roxy B patore [6] P.B.Bemunvos, H.K.Mamaznanues u P.3.Manaceiosa uzydniu HeKOTOPbIE CBOIi-
CTB& T-3aMKHYTBIX, T-OTKPBITBIX ITOAMHOYKECTB, CBOCTBA T-3aMBIKAHUSA, T-BHYTPEHHOCTH W T-T'DAHUIIBI MHO-
2KECTB. DbBLIN IIpUBE/IEHBI IPUMEPHI TOIOJIOIMYECKUX ITPOCTPAHCTB, B KOTOPBIX JIEMOHCTPUPYIOTCS CXOXKECTh U
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pa3mana MexKAy T-3aMbIKaHHuEM, T-BHYTPEHHOCTbBIO, T-FpaHHH,efI IIOJMHO2KECTB N 3aMbIKaHMEM, BHYTPEHHO-
CTbIO, FpaHI/IL[efI IIOJAMHOZKECTB COOTBETCTBEHHO.

B paGore [7] Gblta pacrmupeHa TeopHsl T-3aMKHYTHIX IIOJIMHOYKECTB U BBEJIEHO OIIPEJeJIEHIe HEKOTOPBIX
KapIUHAJIBHBIX NHBAPUAHTOB, B YaCTHOCTH, T-IJIOTHOCTH U T-4ucia Cycymaa. Takke ObLIN IPUBEIEHBI IPUMe-
PBI TOTIOJIOTUYECKUX IIPOCTPAHCTB, B KOTOPHIX OKA3bIBACTCH PASHUIIA MEXKJLY T-IJIOTHOCTHIO W IJIOTHOCTBIO, a
takke T-ancsioM Cycnuna u gnciaom CycinHa.

JL7151 TOTIOIOTNIECKOTO TPOCTPAHCTBA X T-TIJIOTHOCTBIO OIPEIEISIETCST HAMMEHBITee KAPAMHAIBHOE THCIIO
Buza |A|, rae A ectb T-mwinornoe nogmuo)kecrBo X, re., d”(X) = min{|Al; A ecTb T-IJI0THOE NOIAMHOXKECTBO
X}

B pa6ore [8] 6110 BBEIEHO ONpeIesieHne T-6a3bl U CHCTEMBI T-OKPECTHOCTEH TOMOIOTMIECKOTO IPOCTPAH-
CTBa, a TaKKe ObLIM U3yUeHBl WX CBOWCTBA. BBLIO MOCTPOEHO MPOCTPAHCTBO T-HEIPEPBIBHBIX OTOOParKeHUN n
OBLIIO JIOKA3AHO, UTO OHO SIBJIAETCS 1;-IIPOCTPAHCTBOM KOI/Ia 00pa3 T-HEIPEPBIBHBIX OTOOPAYKEHUI SIBJISIETCS
T;-npoctpanctBom mpu ¢ = 0, 1, 2, 3.

B namnOi1 cTraThe BBOAUTCS HOHSATHE IPOCTPAHCTBA T-3aMKHYTHIX [TOJIMHOYKECTB M UCCJIELyIOTCS €TI0 HEKO-
TOPBIE TOMOJIOTUYIECKNE U Kap/IMHAJIbHDBIE CBOWCTBA.

2. OcHOBHBIE PE3YJILTATHI

IIycts X - Tomosiornyeckoe T1-IIPOCTPAHCTBO U T - HEKOTOPOe GECKOHEYHOE Kap/IMHAJIBLHOE IHCJI0. Uepe3
exp” X 00603HAYMM CEMENCTBO BCEX T-3aMKHYTHIX IMOAMHOYKECTB IPOCTpaHcTBa X .

B pa6ore B.B.®enopuyka u B.B.Quunmnosa JoKa3aHbl CJIEIYONNE YTBEPXK ICHUS:

Teopema 1 [1]. Ilycts X ects Ti-npocrpancrso u Xog C X. Torga muOokecTBO {F : F € exp X, Xo C F'}
3aMKHYTO B IIPOCTpaHCTBE exp X .

Teopema 2 [1]. Ecan X ecth T1-IpOCTPaHCTBO, TO M IIPOCTPAHCTBO exXp X ecThb T}-IIPOCTPAHCTBO.

Teopema 3 [1]. Eciin Y ecTb BCIOY IIIOTHOE NOIMHOXKECTBO IPOCTPAHCTBA X, TO exXp Y sIBJISIETCsT BCIOMLY
ILJIOTHBIM ITOJMHOYKECTBOM ITPOCTPAHCTBA exp X .

HanomuuMm onpeiesienre 6a3bl TOMOJOIUIECKOrO IIPOCTPAHCTBA.

Onpepenienue 2 [9]. CemeficTBO OTKPBITBIX MOJAMHOYKECTB HA3BIBAETCS BA30H TOMOJOIUIECKOTO MPO-
cTpaHcTBa X, €CJIM KakKJI0€ HeIlyCTOe OTKPBITOE IOJAMHOXKECTBO IIPOCTPAHCTBA X MOXKHO IIPEJICTABATH B BUJIE
00beIMHEHNST HEKOTOPOrO TOJAceMeicTBa ceMeiicTBa B.

Besikast 6a3a obitagaer ciaeayomuMu CBOCTBaMM:

1) Hust mo6oro © € X cymecrsyer asement U € B, takoit, uro x € U.

2) Hnst mobbix Uy, Us w3 B u moboit Toukn  u3 U; N Uy cymecrByer saement U € B Takoi, 910
zrelUcCU NnUs.

Ilycts Uy, ..., U, ecTb T-OTKPBITHIE TIOJIMHOKECTBA IIPOCTpaHCTBa, X .

Teopema 4. CemeiicTBa MHOYKECTB BHI

O{Uy,...U,)={F:Feexp"X, F C U U;, FNU; # @, ans Besikoro i = 1.n}

i=1

00pazyioT 6a3y HEKOTOPOIT TOIOJOrNN Ha MHOKeCTBe exp’ X.

HoxkazarenbcTBo. s qoKa3aTeIbCTBa TaHHON TeOpEeMbI IIPOBEPUM BBIIIEYIIOMSIHYTOE CEMEHCTBO Ha CBOII-
cTBa 6a3bI:

1) s npousBosibHOro ss1eMenTa F' u3 MuHOKecTBa exp” X BoiGepeM B KadecrBe U caMo IpOCTPaHCTBO X .
Torpa O(X) ={E: E C X,ENX # &}. IlockonbKy Beakuii asement F n3 MuoxkecTBa exp” X yI0BJIETBODSET
stomy yeaosuio, To O (X) = exp”™ X. CiiefjoBaTesbHO, IEPBOE YCIIOBUE BBITIOIHSIETCSL.

2) Inst Besikoro aementa F' us nepeceuenus: O (Uy, Us, ..., U,) N O (Vy, Vo, ..., V},) BepHO DaBeHCTBO:

n k
O (U1,Us, ... Up) N O (Vi, Vo, .., Vi) ={F: Feexp X, FC [ JU: | n [ U V5 |

i=1 j=1
FnU;, #@,FNV, # &}
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angaseex i =1,2,...,nuj=1,2, ..k Yepes W;; obo3Ha4uuM T-0TKPBITOE MHOXKeCTBO Takoe, uro W;; = U; NV,

n k
FnUnV;))# @, FC JUU,uF C |J Vi Ipouymepyem Bce Takue W;; 1 MOIyIUM KOHEUHOE CEMECTBO
i=1 j=1
T-0TKpbITBIX MHOKeCcTB W1, Wa, ..., W,,,. Beibepem npoussosbublii aement ¢ uz cemeiicrsa O (Wi, Wa, ..., Wi, ).
n,k
Torma, Bo-nepsbIX, ® mepecekaercs co BeakuMm Wi;, a Bo-Bropeix, ® nexur B o6vequuennn | J W;j, 4ro 9k-
ij=1

n,k n k
BHBaJICHTHO ciexnylomeMy: @ N (U;NV;)) #@ud c | (U;NV;) = (U Ui) Nl UV;|. Crenosarensuo,
i,j=1 i=1 j=1
® npunaexut rakxke nepecedennto O (U, Us, ..., U,) N O (V1, Vo, ..., V;,). I3 npoussosbHOCTH BBIGOpa P Ccite-
ayer, uro O (Wi, Wa, ..., Wy,) C O (U1, Us, ..., U,) N O (V1,Va, ..., V3,). B wactnocrn, F € O (Wi, Wa, ..., Wy,,) C
O (U1,Us, ..., U,y NO{(V1, Vs, ..., V},). Teopema 4 nokasana.

Teopema 5. Ilycrs X ectb Tj-nipocrpancrso u Xg C X. Torga muoxkecrso {F : F € exp” X, Xy C F}
3aMKHYTO B IIpOCTpaHcTBe exp’ X.

Hoxkazarenbcro. 1) Pacemorpum ciryuait, korma Xo gBjsieTcsd OJHOTOYEYHBIM MHOXkKecTBOM. Torma ce-
MmeiictBo {F : F € exp™ X, Xo C F} = {F : F € exp” X, Xo N F # @}. Caenosarenbro, exp”’ X\{F : F €
exp” X, XoNF # &} cosmanaer ¢ cemeiicteom {F' : F' € exp” X, XoNF' = &} u, 3naunt, F’ nexut B qomnosme-
Hun MuokectBa X(. O6o3nauum vepes U muoxkectBo X \Xo. Torma O (U) = {F': F' € exp” X, F'N(X\Xo) #
@}. Orcrona BeiTekaer, uro cemeficteo {F : F € exp” X, Xo N F # @} saBasiercst 3aMKHYTHIM B IIPOCTPAHCTBE
exp” X.

2) Hna upomssoabHoro Xo C X copasemiuo paeeHctso {F : F € exp’X, Xg C F} =

N {F: Feexp™X, z € X}. Kak 6b110 0Ka3aH0 paHee, MHOXKecTBO Buga {F : F € exp” X, z € X} 3a-
x€Xo
MKHYTO B exp” X, a 3HauuT u npoussosbhoe nepecedenne (| {F: F € exp™ X, XoNF # O} Tak:ke 3aMKHYTO
zeXy
B exp’ X Kak IepecevyeHne 3aMKHYTHIX IOJIMHOXKECTB. TeopeMa 5 moka3aHa.
VYrBepxkaenue 1. Eciu Y ects Beiogy T-mmorHOE mogmHOXKecTBO 11-tipocTtpancTBa X, TO exp’ Y sABjs-

€TCsl BCIOJLY IJIOTHBIM ITOJMHOXKECTBOM IIPOCTPAHCTBA exp’ X .

Hoxkazarenascrso. [lycrs O (Uy, U, ..., U, ) €cTb NPOU3BOJIBHOE HEILYCTOE T-OTKPBITOE IIOIMHOKECTBO IIPO-
crpanctBa exp” X. Tak kak Y gBiisieTcs BCIO/LY T-IIOTHBIM IIOAMHOXKECTBOM IpocTpancTsa X, To U;NY He mycro
J1st Besikoro 4 = 1,2 ..., n. Beibepem 1o Touke x; € U;NY juist Beex ¢ = 1,2, ..., n u nonoxuM F = {1, o, ..., Tp }.
Torna F € O (Uy, U, ..., Uyp) Nexp” Y. U3 npoussosnbroctu Beibopa O (Uy, Us, ..., Uy,) caeayer, aro exp” Y BCrOIy
wioTHO B npocrpancTse exp’ (X). Yreepxaenue 1 qokazaHo.

YrBepxkaenue 2. Eciau exp”Y BCIO/Ly IIOTHO JIEYKUT B IPOCTPAHCTBE eXp’ X, TO MPOCTPAHCTBO Y BCIOIY
T-ILJIOTHO B X .

JokazarenbcTBo. BribepeM mpon3BOIbHOE T-OTKPBITOE TOIMHOXKECTBO U TOIOJIONMTIeCKOr0 TPOCTPAHCTBA
X, tne Uy, Us, ..., U, ectb T-0TKpbITHIe nogMHOKecTBa 1pocTpancTBa X . Torma O (U) ecrb OTKPBITOE HOIAMHO-
’KecTBO npocrpancTBa exp’ X. Tak kak exp”Y Bcioiy WIOTHO jekuT B pocrpanctse exp’ X, 1o O (U) Nexp™Y
ue nycro. Ilycrs F' - me nycro u npunajgexur O (U) Nexp”Y. Torna FF C U u F C Y. Buauur, UNY He mycro
U TIPOCTPAHCTBO Y BCIOIYy T-IJIOTHO B X . YTBepXKeHHe 2 JTOKA3aHO.

YrBepxkaenue 3. Ilycts X ectb Tonosormyeckoe Ti-mpocTpancTso. Torma mpocTpancTBo exp X ecTb
BCIOJLy IJIOTHOE ITOJIMHOXKECTBO IIpoCTpaHcTBa exp’ X.

HokazarenbcrBo. BriGepeM npoussosbHOe OTKpbIToe nommuoxkectso O (Ui, Us, ..., U,) mnpocrpaHcTBa
exp” X. Tonoxkum, uro B = {z1,22,...,2n}, Tae x; € U; mis Besikoro @ = 1,2, ..., n. Pacemorpum nepeceue-
uue exp X N O (Uy,Us,...,U,). Ono e mycro, HoCKOJIbKY couepKut B cebe asiement B. Ciemosarenbo, exp X
€CTh BCIO/LY IIJIOTHOE IOJMHOYXKECTBO IpocTpancTBa exp’ X. YTBepKIeHne 3 JT0KA3aHO.

B pabore [10] mokazana cieyiomas Teopema;

Teopema 7 [10]. ITycrs X - 6eckoreunoe Ti-npocrpancrso. Torga d(X) = d(exp X). Ceiiuac Mbl 10Ka-
JKEeM aHAJIOTUYHYIO TeOpeMy Jyisl T-IUIOTHOCTH M IIPOCTPAHCTBA T-3aMKHYTHIX [IOJMHOXKECTB.

Teopema 8. ITycts X - Geckoneunoe Ti-npocrpanctso. Torga d™(X) < d7(exp” X).

Hokazarenscrso. Ilycrs d7(exp”X) = k > Ng. Torma cymecrByer takoe cemeiicrBo p = {E, : a €
A, |A| = K}, T-3aMbIKaHRe KOTOPOrO COBIAIALT CO BCeM pocTpancTBoM exp” X . M3 kaxoro muoxkecrsa E, € p
BbIOMpaeM 110 TOUKe a4, € Fo, a € A. Ilonoxkum B = {a, : a € A}. dcuo, yro |B| = |u| = k. okaxewm,
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aro B gaBisiercs Bciogy T-oTHBIM B X. Ilycts U - HemycToe T-OTKPBITOE MOJIMHOXKECTBO MPOCTpaHcTBa X .
Pacemorpum orkpeiroe maokectBo O (U) B exp” X. Tak Kak p - BCrogy 7-IUIOTHO B exp’ X, TO CyIIecTByeT
takoe FE, € p, aro E, € O (U). Io ycioBuio Mbl BHIOpan TOUKY Go € E, C U. 3nauur, d™(X) < k. Teopema
8 mokazaHa.

IMycts A - HUpoM3BOJIBHOE TIOAMHOXKECTBO TOmOJIOrndeckoro npocrpancrsa X . Yepes exp” (4, X) Oyzem
0003HAYATH CEMEICTBO BCEX HEMYCTBHIX MOAMHOMKECTB MHOYXKECTBA A, KOTOpbIe T-3aMKHYTBHI B IPOCTPAaHCTBE X
TO €CTb,

exp” (A, X) = {F : F ssasiercaT — 3aMxHyThiM B X u F C A}.

YrBepxkaenue 6. Eciu Xy ecTh T-3aMKHYTOE IIOJMHOXKECTBO IpocTpancTBa X, To exp’ (Xo, X) ecthb
3aMKHYTO€ TTOJIMHOXKECTBO MPOCTPAHCTBA exp’ X.

JokazarenncTBo. Pacemorpum jmonosaenue Muoxkectsa exp’ (Xg, X ). OHO cOCTOUT U3 T-3aMKHYTHIX TIOJI-
muOkecTB I nipocrpancra X, KOTOpbIE UMEIOT HEIyCToe iepecederne ¢ MHOKecTBOM X \ X, TO €CTb,

exp” X \exp” (Xo,X) = {F : F asnserca T-3aMxuyTeiM B X u F'N (X\X,) # @}.

Ilo ycnosuro X ecth T-3aMKHYyTO€ IMOJMHOXKecTBO B X, 3HauuT ero jomnojHerne U = X\ X, ecrb 7-
Y y )

OTKpBITOE TI0ZMHOXKecTBO npocrpancTsa X . Torgpa exp” X \exp” (Xo, X) coBuajaer ¢ OTKPHITHIM MHOXKECTBOM
O (U). Caenosaresnbno, muozkectso exp’ (X, X) 3amkuyTO B npocrpancrse exp’ X . Yreepxkienue 6 0Ka3aHO.

Teopema 9. Ilycts mHO)KecTBO X Jsiexkut B Th-tipoctpanctBe X . Torma nMeer MeCTO PaBEeHCTBO:

exp” ([Xo]r, X) = [exp” (X0, X)] -

Hoxazarenscrso. Cormacuo yrsepxxiennio 6 muoxectBo exp’ ([Xol.,X) 3aMKHyTO B IpOCTpaHCTBe
exp” X, a suaqnr, u 7-3aMxuyT0. Cremosarenso, [exp” (Xo, X)],. C exp” ([Xo]-, X).

Hoxazkem obparnoe Brimodenne: uro exp’ (Xo, X) sapiserca nogmuozkectsoM exp’ ([Xol,, X). Boibepem
npousBoJIbHBIL sjieMenT F' u3 exp” (X, X)), To ecThb, TaKOe T-3aMKHYTOE HOAMHOXKeCTBO F', KoTopoe jiexkutT B Xj.
U3 omnpefienennst T-3aMbIKaHUs MHOZXKeCTBa cieiayer, 9to Xo C [Xo|, u F C [Xo| . Suaunr, F' npuna/ygrezkur
exp” ([Xo],,X) n exp™(Xo,X) C exp”([Xo],,X). ITo cpoiictBy omeparopa T-3ambikanus [exp’ (Xo, X)] C
lexp™ ([Xo],, X)].. Teopema 9 noxazana.
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REZYUME

Ushbu magqolada X topologik Ti-fazolarining 7-yopiq qism to‘plamlari fazosining ba’zi xossalari
o‘rganiladi. 7-yopiq qgism to‘plamlar oilasiga Vietoris topologiyasiga o‘xshash baza kiritiladi. Agar
X fazo Ti-fazo va Xy C X bo‘lsa, u holda {F : F € exp™ X, Xy C F} to‘plam exp” X fazoda yopiq.
Shuningdek, agar X fazo T1-fazo bo‘lsa, u holda exp” X fazosi ham T;-fazo bo‘lishi isbotlanadi. Agar
Y fazo X T)-fazoning zich gism to‘plami bo‘lsa, u holda exp”™Y exp” X fazoning zich gism to‘plami
bo‘ladi. Xuddi shunday, agar exp”Y exp” X fazoda barcha nuqtalarda zich joylashgan bo‘lsa, u holda
Y fazo barcha nuqtalarda 7 X da zich joylashganligi ko‘rsatilgan. Ti-fazoning zichligi uchun Maykl
teoremasining analogi isbotlanadi, ya'ni X cheksiz Tj-fazo bo‘lsin, u holda d7(X) < d7(exp” X).
Agar X cheksiz T1-fazo va U 7-ochiq gism to‘plam bo‘lsa, u holda U dagi har qanday 7-ochiq qism
to‘plam X dagi 7-ochiq qism to‘plam bo‘lishi ko‘rsatilgan.

Kalit so‘zlar: T-yopiq to‘plamlar, 7-ochiq to‘plamlar, 7-zichlik, 7-yopilma, giperfazo, Vietoris
topologiyasi, 7-yopiq gism to‘plamlar fazosi.

RESUME

This article investigates some properties of the space of 7-closed subsets of topological T-spaces X.
In the family of 7-closed subsets, a base similar to the Vietoris topology is introduced. It is proven
that if X is a Ti-space and Xog C X, then the set {F' : F € exp™ X, Xy C F'} is closed in the space
exp” X. It is also proven that if X is a Tj-space, then the space exp” X is also a T7-space. It is shown
that if Y is the everywhere 7-dense subset T7 of the X space, then exp”Y is the everywhere exp™ X
space. Similarly, if exp”Y is everywhere dense in the space exp” X, then it is shown that the space
Y is everywhere 7-dense in X. The analogy of Michael’s theorem for the density of the T3-space is
proven, i.e., let X be an infinite T3-space, then d7(X) < d7(exp” X). It is shown that if X is an
infinite Th-space and U is a T-open subset, then any 7-open subset in U is a 7-open subset in X.

Key words: t-closed sets, T-open sets, T7-density, 7-closure, hyperspace, Vietorice topology, space
of 7-closed subsets.
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YIK 517.918

O CBOWCTBAX ONPEJAEJUTEJ S ®PEATOJIbMA, ACCOIIMMPOBAHHBIN C OBOBIIEHHOI
MOJAEJN ®PUJAPUXCA HA HEIEJOYNCJEHHOM PEIIETKE

HebMATOBA III. B.
BYXAPCKUIT TOCYIAPCTBEHHBINT YHUBEPCUTET, Y3BEKUCTAH
s.b.nematova@buxdu.uz

PE3IOME

B pamnoii pabore paccmarpuBaerca obobuiennas Mmopenb Ppumpuxca Ap(k), h > 0, k €
(—m/h; m/h]3, KOTOpBIt COOTBETCTBYET TaMHUJILTOHMAHY CHCTEMbI C HECOXPAHSIOMUMCH U He GoJiee
JIBYX YACTHUIL Ha, HEIEJIOUNCIeHHO pereTke. [[puBeeHbl HEOOXOIUMBIE U JIOCTATOTHBIE YCJIOBUE JIJIsT
TOro 4To0bI, JM60 uncsio z = 0 ABJILIOCh COOCTBEHHBIM 3HadeHueM oneparopa Ap(0), smbo ome-
parop A (0) umesn pesonanc ¢ myiesoii sueprueii, rue 0 := (0,0,0). Eciu oneparop Ay, (0) umeer
OO pEe30HAHC C HYJIEBOM HEpruei b0 HyaeBoe COOCTBEHHOE 3HAYEHNE, TO YCTAHOBJIEHO MTOJTOXKH-
resibHOCTD oneparopa Ap(—k) + liep (k)T ansa aroboro k € ']I‘f’l U TIPUBEJIEHA JTBYCTOPOHHAS OIEHKA
st onpezesuresiss @pearonbma, rae () — QYHKIMS JAUCIEPIUE ClielalbHoro Buja u l; > 0.
B cayuae, korga oneparop Ay (0) umeer pe3oHAHC ¢ HYJIEBOI dHEpruell, mMOJIydeH pa3JIoKeHue JJist
onpejesuresisi Opearoabma.

Karouesnie caosa: obodbmennas Mmoaeab Opuapuxca, GyHKINASA IACIEPIINH, HEIEJIOINCICHHAST Pe-
IIeTKa, PE30HAHC C HYJIEBOIl 3Heprueil, onpegesmreib OpearojabMa, MOJI0KUTEIBHBIA OIepaTop.

BBeaenue. Bo muorux 3ajiadax aHajan3a, MaTeMaTHIeCKON (DUBUKU U TEOPUU BEPOSITHOCTEH BO3ZHUKAIOT
OTEepaTOpBI, HOCSIME HasBaHue oneparopos @puapuxca [1] n 06o6mennbx oneparopos @punpuxca [2]. O606-
neHHas Mojiesib Ppupuxca BUa ONEPATOPHON MATPHUILI BTOPOTO TOPsiJKa BIEPBbIE OblIa BBEJEHA B pabore
[2]. B 310ii paBore 1O0Ka3aHO KOHEIHOCTD JUCKPETHOTO CIIEKTPa 06001eHHoN Moean Ppuapnxca B OTHOMEPHOM
caydae. [TogpobHO U3yUueHbl XapakTep BETBJIEHUsI U 0COOeHHOCTH onpeseaureas OpearoabMa B OKPECTHOCTSIX
"ocobbIx TOUeK" HENpEepLIBHOIO crekTpa. JloKazaHo, 4TO NpU M3MEHEHUU siapa OIeparopa ero coOCTBeHHbIE
3HAYEHUs] M3Y€3a10T "HOIIOMAsCh" HEIPEPLIBHLIM CIIEKTPOM HJIM MOSABJIAIOTCA "HCIyCKasCh" M3 HEIPEepPBIBHOIO
CIIEKTPA, IIPH 3TOM TIOTJIOIIAsICH HEIPEPBIBHBIM CIIEKTPOM COOCTBEHHBIE 3HAYEHUsI TIPEBPAIAIOTCS B PE3OHAHCHI.
Dra MOIEb PACCMOTPEHA TaKXKe B Psijie IPYTUX PaboT, U3 KOTOPHIX MBI YIOMsiHEM CTaThio [3], crarbio [4] - B
Hell pe3yJsibTaThl, TOJydYeHHbIe i 0000mennol Mozgesn Opuapuxca, IPUMEHSIOTCS K TPODJIeMaM CJIydaiHO-
ro GJIyKJIaHUs YaCTUIBL B CJlydaiiHO# cpejie, a Takzxke pabory [5], B KOTOPOIi HMCC/Ie0BAHbI TAK HA3BIBAEMbIE
CBSI3AHHBIE COCTOSIHUS JJIst OIIPE/IEJIEHHOTO ceMeiicTBa 0000meHHbIX Mojesreit Ppuapuxca.

B pabore [6] paccmarpuBaercs caMOCOUPSXKEHHBIA CJlydail U HOCTPOEHA PE30JIbBEHTa O0OBINEHHON MO-
nesnn Ppuiapuxca, JOKA3aHO CYIIECTBOBaHME (U [IOJHOTA) BOJHOBBIX OLEPATOPOB M C UX IIOMOIIbIO HANEHBI
060011IeHHbIE COOCTBEHHBIE BEKTOPBI HEIIPEPBIBHOI'O CIIEKTPa (BTOPbIe KOMIOHEHTHI KOTOPBIX SIBJIAIOTCS HJIEMEH-
TAMU HEKOTOPOT'O SIBHO OIIMCAHHOIO MPOCTPAHCTBA 0600IIEHHBIX (bDyHKIINIA).

B macrogmieii pabore o6obiennas mozens Opunpuxca Ay (k), h > 0, k € (= /h; 7/h]® paccmarpusaercs
KaK JITHEHHBIN, OrPAHUTIEHHBII 1 CAMOCOIPSIZKEHHBIN OIIepaTOp B ABYXYIACTUIHOM 00PE3AHHOM HOIIPOCTPAHCTBE
hOKOBCKOr0 IPOCTPAHCTBA. DTOT MOJEJb COOTBETCTBYET I'AMHIJIBTOHHAHY CHCTEMbI C HECOXPAHSIOMIMMCS U He
6oJiee JIBYX YaCTHIL HA HENEJOYUCIeHHON pereTke. [loydennl caepayomnue pe3yabTaThl:

— HallIeHbI HEOOXOIMMbBIE U JOCTATOTHBIE YCJIOBUE JJIs TOTO 9TOOBI, OO Yncyo z = (0 sBJIsSJIOCh CODCTBEH-
HbIM 3HaueHuneM oneparopa Ay (0), aubo oneparop Aj (0) umen pesonanc ¢ nysesoit sueprueii, rue 0 := (0,0,0);

~ YCTAHOBJIEHO HOJIOZKUTENbHOCTD onepartopa Ap(—k) + lie (k)] ps moboro k € T3 u npusegena aBy-
CTOPOHHAs OUeHKa Jyist onpeiesaureis Ppenrosbma, ecau oneparop Ap(0) umeer aubo pe3oHAHC ¢ HYJIEBOI
sHeprueil b0 HyJieBoe COOCTBEHHOE 3HAUYeHUe, e £ (+) — MYHKIM JUCIePIUY ClIeNUaabHoro Buga u i > 0.

— HOJIyYeH pasJioykeHue [jis onpesjesnuress Ppeiarosbma, B ciydae, korga oneparop Ay (0) umeer peso-
HAHC C HYJICBOIl sHepruei.
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Crieyrorue 1Ba paszelia NOCBAIIEeHbl (hOPMYJIUPOBKE M CTPOrOMY MATEMATUIECKOMY JIOKA3ATEIHCTBY
9TUX PE3yJILTATOB.

O6Go6uieHHas Moaeab PpUApUXCa W ero CHeKTP. B JaHHOM pasjesie IpeICTaBIeHa MOCTAHOBKA
3aza4u, onpejesenue 06oomenuoi mogeau Opuapuxca u onucanue ee cruekrpa. s Hadama naBaiite BBegeM
ocHoBHBIE obozHadenus. [Iycts C, R u 7Z ecTh MHOXKECTBO BCEX KOMILIEKCHBIX, BEIIECTBEHHBIX M HEJIbIX THCET,
coorsercTienno. s xaxoro duxcuposannoro h > 0 uepes T; obosmauum Ky6 (—m/h;m/h]® - ¢ coorser-
CTBYIOIINM OTOKJIECTBJIEHUEM ITPOTHBOMOJNOXKHDBIX IpaHeil. Beiomy B pabore T?L paccMaTpuBaeTcs Kak abesieBa
IPyIIa B KOTOPOM ONEPAIUU CJOXKEHHsI U YMHOXKEHUsI HA BENIECTBEHHOE YHCJIO BBEJIEHBI KAK OIEPAIUN CJIOYKE-
HUs M yMHOMKEHHsl Ha BerecTsenHoe 4ucio B R3 mo momymo ((27/h)Z)3. Tlo crpoennio muoxectsa T3 BujHO,
aro anst moboro A C R? cymecrsyer h = h(A) > 0 takoe, uto A C T}, r.e. lim T} = R3.

[Tyctsb Lo(T3) - rusmb6epToBo IPOCTPAHCTBO KBAIPATHIHO-HHTEr PUPYEMBIX (KOMILTeKCHOZHATHBIX HK-
y h Y Y
unit, onpenenennpix Ha Ts. O6oznaunm 4depes H upsamyto cymmy npoctpancts Ho := C u Hy := Lo(T3), Te.
H := Ho ® Hi. lpocrpancta Ho, 1 Hi HA3BIBAIOTCS HYJBUYACTUIHON M OJHOYACTUIHON IMOJIPOCTPAHCTBA
dokosckoro npocrpancrsa F(La(T3)) mo La(T3), cooTBeTcTBeHHO, T1e

F(Ly(T})) == C& La(T;) & La((T4)*) @ -+ @ Lo((Ty)") & -+ - .

T'unbbepToBo mpocTpancTBO H OOBIYHO HA3BIBAIOT OOPE3AHHON JBYXYaCTUIHON MOIIIPOCTPAHCTBA IIPOCTPAHCTBA
doka.

Quiement [ upocrpancrsa H aBisierca BekTop-dynkumein suga f = (fo, f1), tae fo € Ho, f1 € Hi.
1 yno6eTBa, HAIOMHAM HOPMY 3JIEMEHTa B IPOCTPAHCTBe H U CKaJspHOEe IPOM3BelIeHue 3JIeMeHToB. HopMa
asmemenTa [ € H onpenensercsa GOpMyJIOit

1/2
£l = (Ifo2+/Ti |f1(t)|2dt> .

A crassipHOe nipousBesieHne nByx aseMentoB f = (fo, f1),9 = (9o, g1) € H onpenensiercst Kak
(F9) = fo-gi+ [ Aot
Th

Tpu kaxk oM dbukcupoBannom h > 0 BBegeM cemeiicTBa 06001menHbIx Mogeneir @puapuxca Ay (k), k € Ti,

JefICTBYIONTYIO B H IO IPaBUITy
Aoo(h; ]{1) A01(h)
k) =
An(k) < s An(hk) )

rae omeparopst A;;(h;k) i Hy — Hiy i = 0,1 1 Agy(h) : Hi — Ho OUpemensiroTes Mo mpaBuiiamM

Aoo(h; k) fo = (laen (k) + 1) fo, Aoi(h)fi vp(t) f1(t)dt,

_
V2
(A1 (h; k) f1)(p) = En(k;sp) fr(p),  En(k;p) = lien(p) + laen(k —p).

3aech ly, lo—BelecTBeHHbIE TTOJIOXKUTEJIbHBIE YUCIIa, IIPH KazK oM dbukcupoBanaoM h > 0 dyukims vy (+)
BellleCTBeHHO3HAUHAst orpannienHas ynknus na Ts, a Tak HasbiBaeMas QyHKIHs JUCIEPIHH € (-) UMeeT BUL;

3
1
en(h) = 35 > (1= cos (hk;)), k = (ky, ko, k3) € T
i=1

Ouesnno, uto oneparop Ap (k) orpannden u camoconpsizked B H.

Cremyer OTMETHTB, YTO B COBPEMEHHON MaTemarndeckoil dusuke oneparop Agi(h) HasbiBaerca onepa-
TOPOM YHUUTOXKEHMUs], & €ro COpsizKeHHBbIH oneparop Af, (h) - oneparopom poxaenust. VICnosb3ys COOTBETCTBY-
Iolye OIpeeIeHns U3 Kypca (DyHKIUOHAJLHOIO aHa/li3a U CBOHCTBA MPOCTPAHCTBA H, yCTAHABIHBAECM, UTO
conpsi>keHHbI ortepaTop A, (h) nmeer Buj

1

(Ap1(h) fo)(p) = \ﬁvh(p)fo, fo € Ho.
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O6o3raunM depe3 o (+), Tess(*) U Odisc(+), COOTBETCTBEHHO, CIEKTD, CYIIECTBEHHBIN CIEKTP U JUCKPETHBIIL
CIIEKTP OIPAHMYEHHOI'O CAMOCOIIPSIKEHHOTO oreparopa. HaloMHIM, YTO MHOXKECTBO BCEX KOHETHOKPATHBIX 30~
JINPOBAHHBIX COOCTBEHHBIX 3HAYEHUI OIPAHUYIEHHOIO U CAMOCOIPSI?KEHHOTO oreparopa B B rmib6epToBOM IIpo-
cTpaHcTBe H Ha3bIBACTCS €r0 JIUCKPETHBIM CIeKTpoM. MHOXKecTBO 0 (B) \ 0disc(B) Ha3BIBAETCS €r0 CYIECTBEH-
HBIM CIIEKTPOM. B 9TOM ciIydae ocTaTOdHBIH CIIEKTD oreparopa B sBJISeTCs IyCTBIM MHOXKeCTBOM. OdueBH/IHO,
910 0(B) = 0ess(B) U 04isc(B).

Iycrs oneparop A9 (k), k € T; neficrsyer B H Kak

A® =0 i )

Oneparop sosmymenus Ay (k) —.A9 (k) onepatopa A9 (k) siBiisteTcst caMOCONPSAZKEHHBIM OIIEPATOPOM PaHTa
2. CrenoBaTe/IbHO, U3 U3BECTHOM TeopeMbl [.Beilyig 0 cOXpaHeHnH CyNIECTBEHHOrO CHEKTpa IPH BO3MYIIEHUSIX
KOHEYHEro PaHra BBITEKAET, YTO CyIECTBEHHBII creKTp onepaTtopa Ay (k) coBIaIaeT ¢ CymecTBeHHBIM CIIEKTPOM
oneparopa AY (k). Ouesmuno, uto 0ess(AY(k)) = [mp(k); My (k)], e uucna myp (k) u My (k) oupenensiorcs
CIIeYIomuM 00pasoM:

mn (k) := min By (k;p),  Mp(k) := max Ep (k;p).
pely

peT;

13 mocnenanx bakToB cienyet, 9To oess(Ap (k) = [mp(k); Mp(k)].

B wactHOCTH Oss(Ap(0)) = [0;3/h?], tne 0 := (0,0,0) € T3.

Hasnee soraucaum mpy, (k) u My (k). uga sroro naiinem touky munumyma dyukiuu Ey (- +) u nepenuriem
€ro B BUJE

l1+12)

3
ki) = 20D LS () cos(hny) + by sin(ip,) (17)

Jj=1

re xKoabdurmentsr ay(k;) u by (k;) onpeeseHs! 10 paBeHCTBAMM
ah(kj) =1+ 1 COS(hk‘j), bh(k]) =y sin(hkj). (18)

Torna u3 pasencrsa (17) umeem ciegytomuil npecrapiaenne 1t Ey (- -)

311 +1 1<
Byip) = 2 LS () cos(hlp — i (). (19)
=1
rie
N e O\ bu(ky) T
ri(k;) == \/a;(k;) + b7 (k;), D) (k:j).—arcsmrh(kj), kje( h’h}'

Vuabrrusag pasercrsa (18) mosydum, 9To BeKTOP-QyHKIUST

0 0 0 0 0 0
SABJISIETCST HEUETHOMN peryJissipHoi (byHKIMel u s aodoro k € T;O’l TOYKA, pglo)(k) SABJISIETCST TOYKONH MUHUMYMa,
qutst ysxpn Ep (- -). VI3 onpejiesieHusi BUIHO, 9TO

npu k — 0. IIpocTble BBIYUCTIEHNN TOKA3BIBAIOT, ITO

B l1l5 9 4
(k) = 5 Ik + O, k=0, (20)

OueBUIHO 9TO B TOUYKE P = pgbo)(k:) dyukuua Ep,(k; p) umeer Munumyma:

3

. 3(ly + 1o 1
my (k) = ;Iel%rr% Ey(k;p) = (T) - ﬁzrh(ka’%
h
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(0)

a B Touke 7 + p,, (k) mMeeT MaKCHMyM:

3
h+1l) 1
My (k) = math(k‘ p) = 3(h + 1) h— Z

2
PET;

IIpu xax oM dukcuposannoM k € T3 onpenenum perynapuyio B C\oess(Ap (k) dynknmio (onpeaennrens
DperosbpMa, accoOUUPOBaHHbIN ¢ oneparopoM Ap (k))

Ap(k;z) i=leep(k)+1—2— %/

T3,

VYeraHOBUM CBsI3b M€Ky COOCTBEHHBIMHU 3HaueHmsiMU oneparopa Ap (k) u mymsvum dyakumm Ap(k;-).
ATa JleMMa ABJISIETCA MPAMBIM CJIeICTBUeM TpuHIuUia Bupmana-IIIBMarepa u reopembl Opearonbma.

Jlemma 1. IIpu wasicdom durcuposarmom h > 0 u k € T3 wucao zp(k) € C\ Oess(An(k)) acasemes
cobemeentvim snaueruem onepamopa Ap (k) mozda u moavko mozda, xoeda Ay (k;zp(k)) = 0.

OcHoBHbIe cBoiicTBa onpenenurens Ppenroabma Ay (k;-).

Hasnee, Ha TIPOTsZKeHNH Beelt paBboThl Oy T NPENONIOraThest, YTo MYHKIWs vy ()| sBIsIeTCsS YeTHON 1o
KazKJI0}i IepEMEHHO}i B OT/IEJIBHOCTH U BCE YaCTHBIE TIPOM3BOJIHBIE BTOPOTO NOPsAKa (DYHKIUA Uy, (+) HEIPEPHIBHBI
B T3.

Yepes C(T3) (coor. L1(T3)) obo3naumy GaHaxoBo IPOCTPAHCTBO HENPEPBIBHLIX (COOT. HHTErPHPYEMBIX)
dbyukimit, onpenesnennbx na Th.

Onpenesenne 1. Tosopam, wmo onepamop Ap(0) umeem pe3oHanc ¢ HYA€801 IHEPauel, eCAl YUCAO
A =1 asaaemca cobcmeeHHbIM 3HAUEHUEM ONEPATNOPA

@ = gty [ M e

u no kpatined mepe 00na (¢ MouHoCcmbI0 do KOHCTNAHMOYL) COOMBEMCMEyowas cobcmsennan Pynryus ¥ ydo-
saemsopsem ycaosuio Y(0) # 0. Ecau wucao A = 1 ne asasemea cobemeaernoim snauenuem onepamopa Gy, mo
wucao z = 0 nasweaemesn pezyasprots mouxotd onepamopa Ap(0).

M3BecTHo, uTO 1IpU KaxaoM dbukcupoBanuHoM h > 0 dyHKIS Eh( ;+) MMeeT eIMHCTBEHHBINH HEBBIPOXK-
JEHHBIII MUHUMYM PaBHBII HYJIbIO B TO4YKe 0 € TS u upu Bcex k € ']T >\ {0} byuxus Ep(k;-) nonoxurenen
B T3. Iostomy u3 menpepbisHOCTH bDYHKIAI Vp, (- ) B T3 caenyer, uro npu Beex k € T3 cymmecTByeT KOHEUHBIf

OJIOXKUTEIBHBIN HHTErPasl
vi(t)dt
3 En(k;t)

W3 Teopemsr 0 mipesesbHOM Iepexojie mojl 3HakoM mHTerpasia Jlebera ciemyer, 9To

An(0;0) = lim Ay (k;0).

st § > 0 mostozkum
Us(0) :=={g € T, : |q| <4}

Crenyromasi TeopeMa O HEOOXOANMBIX M HOCTATOYHBIX YCJAOBHUSX IJIsT TOrO 9TOOBI, 6o umcao z = 0
SABJISLTIOCH COOCTBEHHBIM 3HavYenueM omeparopa Ay, (0), mubo oneparop Ay, (0) umes pe3oHAHC ¢ HYJIeBOH SHEPrUeil.

Teopema 1. a) Onepamop A (0) umeem nyaeoe cobcmeentoe 3navenue mozda U moavko moeda, xKo020a
AR(0;0) =0 uvy(0) =0

6) Onepamop Ap(0) umeem pesonanc ¢ nyaesol snepeuel, mozda u moavko moada, xozda Ap(0;0) =0
u vp(0) # 0.

st toka3aTeapeTBO TeopeMbl 1 eM. [9).

Teopema 2. Ecau onepamop Ap(0) umeem aubo pezonanc ¢ nyaeot snepeuels aubo nyaesoe cobcmeeh-
noe snauenue, mo das aobozo k € T3 onepamop Ap(—k) + liep (k) ne umeem ompuyamensvrur cobemeennoLx
sHavenutll. 3decv I—edunuurnoili onepamop 6 2uavbepmosom npocmparcmee H.
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HokazareabcrBa. CHadaia Mbl HAXOJUM BU/I onpejennTtesisi Openrosbma, COOTBETCTBYIOIIETO OlEpa-

topy Ap(—Fk) + lien(k)I :

1
Ap(=k;z—liep(k)) :=lien(k) + loen(=k)+1— 2z — il(k; 2).

02
I(k; 2) ::/T M

3 wp(k,t) — 2’

371eCh

wh(k;, t) = llsh(k) + lg&h(k + t) + l1€h(t)

H;J onpeiesIenno, 1yist Kaxoro k € Ts Gynkmus wp, (-, -) IMeeT HeBBIPOK ICHHBIII MUHAMYM B TOYKAX MHOKECTBA
T;.

min wy(k,t) =0, h > 0.

k,teT3

Kpome sToro nmeer mecTto paBeHCTBO

wo(k,t) = wh(k,t).

Tenepb MbI jioKaxkeM, 9T0 HepaBeHCTBO Ap(—k; —lien(k)) > Ap(0;0) BbIIOMHSIETCS JJIs1 JTEOGOTO HEHY-
nesoro 3uadenus k € Ts. IlockoabKy wo(-, ) 1 vy () werna, dynkmus I(+;0) taxske gerna. Torga Mbl mosydaem

| 1 2wp(0,) — (wolk, ) + wol(—F, 1))
I(k;0) = 1(0;0) = /T} - wo(k;,t)woo(—k,t)wo(%at)

ok, £) + wo (=, £)]v2 (£)dt — i /T 3 cf:?(;g(i)i)o(__u;}:(t)_jo&)) 1) V2 (1) dt. (21)

3 paBencTBa

3

= Z(cos (hk; — 1))(cos (hk; + 1))

i=1

wo(k,t) + wo(=k,1)
2

wo(O, t) —

u (21) nomyuaem nepasenctso I(k;0) < I(0;0) mst Beex nemynesbix k € T, To ects dynxius I(+;0) nmeer
171002 IbHBIN MAKCUMYM.

Ecsn oneparop Ay, (0) umeer gm0 pe30HAHC ¢ HyJIeBOii sHeprueil, 1ubo HyseBoe cOOCTBEHHOE 3HAYECHUE,
To 1o Teopeme 1 Mbl umeeM Ap(0;0) = 0. Cies0BaTeIbHO, 10 HEPABEHCTBY

Ap(=k;z—liep(k)) > Ap(—k; z — lien(k)) > gn% Ap(—k;z —liep(k)) = Ap(0;0) =0
€ h

mbt uveeM Ay, (—k; z—liep (k) > 0 g Beex k € T3 u 2z > 0. Cormacno aemme 1 oneparop Ay, (—k)+liep (k)1 k €
Tf’l HE UMeeT OTPUIATENbHBIX COOCTBEHHBIX 3HAYEHNI, TO €CTh I/ JI06oro k € ']I‘Z onieparop Ap(—k) +lien (k)1
SABJIACTCS TOJOKUTEIbHBIM. TeopeMa 2 JoKazaHa.

Creyrommee pas3/iozKeHNe HIPAET BasKHYIO POJIb IIPU U3YyYEHUH aCAMIITOTHKH JTUCKPETHOTO CIEKTPa COOT-
BETCTBYIOIIMI 3 X 3 OIepaTOPHON MATPHUIIHI.

Teopema 3. Ecau onepamop Ap(0) umeem pesonanc ¢ Hyaesotl snepauet, mo umeem Mmecmo npedcmas-
AeHUE

AMkw)ziZﬁygﬁ?m%@»—45+ASNmMm—w>+Afkmz»

2de Azl)(mh(k)—z) = O(mp(k)—2) npuz — mp(k) u Af)(k :2) = O(K?) npu k — 0 pasnomepro no z < my (k).
JokazaTeabcTBo. lagmm OCHOBHYIO HUIEI0 JOKA3aTEIbCTBA. BBeleM BCIOMOTATEIbHYIO (YHKIIAIO
En(-,) oupenenennyo 8 T3 1o npasuy

En(k,p) := En(p+ " (k) — mn(k),
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rje TOYKa, pﬁlo) (k) siBasiercst Toukoit MuanMmyMa s Gyukimn Ep (- -), re. my (k) = Ep (pg))(k)). Torna uCIoJIb-

3ys paseHcTBO (19) nMmeeM, uTO
13
0
En(k,p) = 75 > ralky) [1 = cos(h(p; i (k;)))] -
j=1

IIycts
Ci:={z€C:Rez>0}, Ry:={zreR:z>0}

OnpenennM GyHKIUNA ﬁh(-; ) B T3 x C4 no dopmyse Eh(k :¢) == Ap(k;mp(k) — ¢?). Torna bynxmun
Ap(+;+) MOXKHO 3anKCaTH KaK
1 vi(t)dt

An(k; Q) = loe(k) + 1= mn(k) +¢* = 5 ro Bie(t) —mp(k) + ¢

h? / w3 (L + py (k))dt
T

:lgEh(k’)—‘rl—mh(kj)—l—CQ—? .3 )
b (k)1 = cos(hlt; — piY (k) + ¢

HaJtee, ciieryst cxeMbl JJIOKa3aTeIbCTBO JeMMbI 3.5 13 paboTs! [7] u ucnosbsyst acuMnroTuky (20), a Takxe
en(k) = O(k?) mpu k — 0, MOJKHO TIOKA3aTh, ITO
2v/27%02(0)

An(k:¢) :Ah(O;O)‘i‘WC"‘KS)(CH‘AS)%;C% (22)

e E;Il)(() =0 mpu ¢ —0n ﬁf)(/{;C) = O(k?) ipu k — 0 pasHOMepHO 10 2 € R ..

ITycrs omepartop Ay (0) nmeer pesoHaHc ¢ HyseBoii sHeprueit. Torma B cuity yTeepkKeHue 6) TeopeMst 1
nmeeM Ay (0;0) = 0 1 vy (0) # 0. Teneps yusiTuBas pasencrso Ay (k;z) = ANh(k, vmp(k) — z) u acuMmoToTUKYy
en(k) = O(k?) pu k — 0, u3 pazyoxenns (22) TOJTYYINM JIOKA3aTETHCTBEO TEOPEMBI 3.

Teopema 4. I[Iycmv h > 0. Ecau onepamop Ap(0) umeem nyaesoe cobemeennoe anavenue, mo cyuie-
emeytom Cy(h),Ca(h),Cs(h) > 0 uw §(h) > 0 makue, 4mMo 6LNOAHAIOMCA CACOYIOULUE HEPABEHCTNEA:
a) C1(h)k? < Ap(k;—lie(k)) < Ca(h)k?, p € Usny(0);
6) An(k;—lie(k)) > C3(h), k & Usmn)(0).

Hoka3zaresbcrso. Ilycrs oneparop Ap(0) nmeer Hysnesoe cobcrBeHHOe 3HadeHue. Torjaa B cuity yTBep-
JKJIeHHe a) TeopeMbl 1 nmeer Mecto paseHcTBO vp,(0) = 0. Ilo onpesnenenne dbyukunu Ap(+; ) nmeem

1

A(k;—liep(k)) = (I + l2)en(k) — §/T vj(t)dt

3 Wh(ka t) 7

rje
wi(k,t) = liep(k) + laep (k + t) + lien (k)

Paccyxast aHAJIOPMYIHO KaK 3TO JIEJIAIOCh B padore [8] MoxkHO mokazaTh, uro dyHKImst Ay (-5 —liex(+))
MMeeT eJIMHCTBeHHbI MunuMyM B Touke 0 € T3 . Tenepnb J0KazKeM, YTO 3Ta TOYKA ABJIAETCS TOUKOH HEBLIPOXK-
JIEHHOT'O MHHHUMYMa..

Tak xak npu Beex k,q € T3, k # 0 umeer mecro nepasenctso wp(k,t) > 0, To musa moboro k # 0

I/IHTeI‘paJ'H)I
0wy (k,t)  vi(t)dt o
/\(.l.)h~k:/ AN h —1,2,3
1] ( ) ) T aklak‘] (U/h(k,t))27 7’7] ) )

3
h

: 2
)\g?)(h; k) = / Owy, (k,t) Owp(k;t)  vi(t)dt =123

T 0162 8k] (U)h(k,t))37

3

h

ABJISIIOTCS. KOHEYHBIME, 8 KOHEYHOCTh ITUX MHTErpajsioB B Touke k = 0, jierko BoiTeKaeT u3 ycsosus vy (0) = 0.
3 1)y, (2)y.

Tem cambiv MBI onpesenum nenpepsisibie Ha Ty dyHkmum A;; (h;-) m Aij (h;-).

,
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Dynkuusa Ap(-;—l1ep(+)) aBaxapl HenpepbiBHO-IHUM dEpeHInpyeMa Ha ’]I‘% u

PNy (ks —lien(k)) 2825h(k) +}

_ D k)~ A k), = L2
OkiOk; ook, T ot (k) =X (k) i =1,2,3

ITycrs 6;; — cumBon Kponekepa. Tak xak

awh(07 q) 12

. 0%wp,(0,q)
ok =+ sin(hg;), ———2

— 5. ) i i=1.9.3:
Ok;Ok; dij(l1 +lgcos(hgi)), i) ,2,3;
02%¢1,(0)
an 9L i.7 .7 ] = 1727
ok, ~ Ltk =123
IMeeM, ITO

y — 3 COS i))U
O hnlk; llgh(k))‘k_0:11+z2+;As( > (1= cos(hty))) (+ cos(hta))va(®)

2 3
ok h =1, enlt)
A (ks —lien(k)) 1 [ sin(ht;)sin(ht;)vE(t) o
=73 dt =1,2,3.
Ok;0k; ‘k:o 8/T}°’L 3 (1) s ULFET, 4] ,2,3

U3 nocseqanx JBYX PABEHCTB U W3 9€THOCTH QYHKIWHU |vp(+)| MO KaxKI0ii mepeMeHHON B OTHEIBHOCTH
BBITEKAET, ITO

Ay (ks —len(k))

‘ 82Ah(k;—l15h(k:))
ok? k=0

> 0, =0, i#j, 4,j=123
ok, 0k, k=0 iFd

Torma mWOIydYMM, YTO MATPHUIA COCTOAIMIAS N3 YACTHBIX IPOU3BOIHBLIX BTOPOrO MOPSAAKA (DYHKIMHA
Ap(-;—liep(+)) momoxuresnsHo ounpenesnena B touke k = 0. CiegoBaresvno, dyukiusa Ay (-;—lien(+)) nme-
eT HeBBIPOXKJEHHBII MuHuMyM B Touke k = 0. Orcioga u u3 yciosue Ap(0;0) = 0 ciemyer, 9T0 CyIIECTBYIOT
qucna C1(h),Ca(h),C5(h) > 0 u § > 0 Takue, 4TO BBINOJIHSIIOTCSI HEPABEHCTBA &) U 6) TeopeMsl 4.

SakirouyeHune. B Hacrosimem nccieoBaHun paccmarpusaercsi 06o0menHas Mojesns Ppugpuxca Ap (k)
nupu h > 0 u k € (—7/h;7/h]3, cooTBercTByOMAs rAMUJILTOHUAHY KBAHTOBON CHCTEMbI ¢ HECOXPAHSIOUMCS I
He Gosiee JBYX YACTHIL HA HEIEJOYHCACHHON permerKe. YCTaHOBJIEHBI HEOOXOANMBbIE U JOCTATOYHBIE YCJIOBHS JITIS
TOro, 9To6bl U0 YncI0 2 = 0 ABJIAI0CH COOCTBEHHBIM 3HaueHueM oneparopa Ay, (0), au6o oneparop Ay (0) umes
PE30HAHC ¢ HyJIEBOI 3Heprueii. B ciydyae HalIndus HyJI€BOrO COOCTBEHHOrO 3HAYEHUS MU PE3OHAHCA C HyJIeBOI
sHeprueii st oneparopa Ap(0) jokazaHa nosoxuTensHocts oneparopa Ap(—k) + ey (k) upu seex k € T3,
rje ep(+) - crenuanbHO BbIOpaHHAas auciiepcuoHHast dbyHkius, a 3 > 0. Kpome Toro, mosydueHs! J[BYCTOPDOHHHE
OleHKU J1s onpeenTens Opearonbma, a B CIydae pe30HAHCA C HYJI€BOM SHEPTrUei MOy IeH0 aCHMITOTHIECKOE
pasnoxenue 1y1a onpeneanTtens Opearonbma. IlpencraBieHHbIe B CTAThe PE3YILTATHI HMEIOT BAsKHOE 3HAYCHIE
B CIEKTPAJIbHON TEOPUHU OIEPATOPHBIX MATPHIL TPETHErO MOPSAKA M UCIOJb3YIOTCA IS OIPEICTICHUs YCJIOBUI
KOHEYHOCTH MU OECKOHEYHOCTH JUCKPETHOTO CIIEKTPa TAKUX OIEePaTOPOB.

BaarogapaocTu. Asrop Bhipazkaer 6jaromapHocTs mpodeccopy T.X. PacysioBy 3a momornib B IOCTAHOB-
Ke 33/1a91 U 0DCY2KJIEHUH OCHOBHBIX DE3YJIbTaTOB.
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REZYUME

Mazkur magqolada butun sonli bo‘lmagan panjaradagi soni saglanmaydigan va ikkitadan
oshmaydigan zarrachalar sistemasi Hamiltonianiga mos Ap(k), h > 0, k € (—n/h;n/h)?
umumlashgan Fridrixs modeli qaralgan. A (0) operator uchun z = 0 soni xos giymat yoki A (0)
operator nol energiyali rezonansga ega bo‘lishining zaruriy va yetarlilik shartlari keltirilgan, bu yerda
0 := (0,0,0). Agar Ax(0) operator nol energiyali rezonansga yoki nolga teng xos giymatga ega
bo‘lsa, u holda istalgan k € T3 uchun Ay (—k) + l1e,(k)I operatorning musbatligi ko‘rsatilgan va
Fredgolm determinanti uchun ikki yoqlama baholash olingan, bu yerda e (-) maxsus ko‘rinishga ega
dispersiya funksiyasi va l; > 0. A, (0) operator nol energiyali rezonansga ega bo‘lgan holda Fredgolm
determinanti uchun yoyilma topilgan.

Kalit so‘zlar: umumlashgan Fridrixs modeli, dispersiya funksiyasi, butun sonli bo‘lmagan panjara,
nol energiyali rezonans, Fredgolm determinanti, musbat operator.

RESUME

In this paper we consider the generalized Friedrichs model A (k), h > 0, k € (—n/h;7/h)?,
corresponding to the Hamiltonian of a system of non-conserved and at most two particles on the
non-integer lattice. The necessary and sufficient conditions for either z = 0 to be an eigenvalue of
Ap(0) or operator A (0) to have zero energy resonance are given, where 0 := (0,0, 0). If the operator
Ap(0) have a zero energy resonance or zero eigenvalue, then for any k € Ti the positivity of the
operator Ay, (—k) 411, (k)I is established and the two-sided estimates for the Fredholm determinant
is given, where £, () is a dispersion function of special form and I; > 0. In the case when the operator
Ap(0) have a zero energy resonance the expansion for the Fredholm determinant is obtained.

Key words: generalized Friedrichs model, dispersion function, non-integer lattice, zero-energy
resonance, the Fredholm determinant, positive operator.
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YIK 517.956

HAYAJIBHO-KPAEBAS 3AJIAYA C TPAHUYHBIM YCJIOBUEM TPETBETO POOA JIsI
IN®PEPEHIIMAJIBHOIO YPABHEHUSI BHICOKOT'O YETHOTO IOPSIIKA BBIPOXKJAIOIIIETOCS HA
TPAHUIIE

Opunos . .
DEPIAHCKUI T'OCYIAPCTBEHHBINI YHUBEPCUTET, ¥ 3BEKUCTAH
dastonbekoripov94@gmail.com

PE3IOME

B mammoit pabote chopMmyanpoBaHa M UCCAETOBAHA HAYAJIHHO-KPAEBas 33/a4a C TPAHMIHBIM YCJIO0-
BHEM TPETHEro POja JJIsi OJHOTO BBIPOXKIAOINIerocs audepeHnnajbHOr0 YPaBHEHUsI B YaCTHBIX
[IPOU3BOJIHBIX BBICOKOT'O YETHOI'O IMOPSJIKA B IPsAMOYToJbHUKE. [Ipumensis meron Pypbe, OCHOBaH-
HBII Ha, PA3JIeJIEHUN [TIEPEMEHHBIX, IOy YeHa CIIEKTPaIbHAS 3aa4a Jjis OOBIKHOBEHHOTO auddepen-
nuaabHOTO ypaBHeHus. Meronom dbyuknuu ['prna cnekrpasibHas 3a/1a9a SKBUBAJIECHTHO CBEIEHA K
uHTerpagbuomy ypasuennio @penrosbMa BTOPOro pofia ¢ CUMMETPUYHBIM sI/IDOM, OTKYIA CJIE/LyeT
CyIIIeCTBOBaHNE COOCTBEHHBIX 3HAYEHUN U CHCTEeMa COOCTBEHHBIX (DYHKIMI CIIEKTPAJIbHOI 3a/1ad9H.
C ucnosibzoBanneM TeopeMbl Mepcepa JloKka3aHa paBHOMEPHAs CXOJIUMOCTb HEKOTOPBIX OMJIMHERHBIX
PSIIOB, 3aBUCSINAX OT HAMJIEHHBIX CODCTBEHHBIX (DYHKIIMN. YCTAHOBJIEH TOPSIOK KO3(M(DUIMEHTOB
ODypoe. Perenne n3yvaemMoii 331491 BRITNCAHO B BHUAE CyMMBI psiza Qypbe o cructeMe COOCTBEHHBIX
dyHKIMit creKTpaIbHON 3a1a49n. MeTomomM HHTerpasioB SHEPIUU JOKA3aHA, € IMHCTBEHHOCTD PEITeHUsI
3amaqn. [lomydena orenka Jiuist peleHns 3a1a49u, OTKY/Ia CJIE/IyeT ero HeIPePhIBHAA 3aBUCHMOCTH OT
3a/JaHHBIX (DYHKIINN.

Karouesnie ca08a: BBIPOK/IAIONIEECsS YpaBHEHNE, HAYAJbHO-KpaeBas 3ajada, METOJ Pa3/ie/IeHus
IepeMEeHHBIX, CIIEKTPaJIbHAs 3a1a49a, MeTo MyHKnun | puHa, nHTErpasbHoe ypaBHenue, psii Oypoe.

1. BeBenenue

B mocnenmee Bpems umcciesoBaTesn BCe dUallle 0OPAIAIOTCS K BBIPOXKIatomumMcs auddepeHnnaabHbIM
YPABHEHUSIM B YACTHBIX IPOU3BOIHBIX. DTO OOCTOSATEIHCTBO, IIPEXKIE BCEro, OObACHICTC BHYTPEHHEH moTpes-
HOCTBIO Teopuu JuddepeHIMATBHBIX YPABHEHUH B 4aCTHBIX TPOU3BOIHBIX. C JIPYroi CTOPOHBI, 6OJIBIIOE KOJIU-
YeCTBO 33129 ra30BOl JMHAMUKH, MuApoauHaMuky [1,2], Teopun GeCKOHEYHO MAJIBIX U3TUOAHMIT IOBEPXHOCTElH
u 6e3MOMEHTHOI Teopuu 060JI0YEK C KPUBHU3HOI [IepeMeHHOro 3Haka [3], Teopun kosebanuii [4,5], ypaBHeHust
MaTeMaTu4IecKkoil 6uosornu (6|, Teopun buIBTpAINK, TEOPUU TOIPAHUIHOTO CJIOSI, TEXHUIECKOH MEXAHUKU U
JIp. IPUBOAAT K HEOOXOIUMOCTH U3Y4YEHUs BHIPOXKIAIOMUXCA JU(DDepeHInaIbHBIX YPABHEHUN B YaCTHBIX IIPO-
U3BOHDIX.

B macrosiiee BpeMsi MHTEHCUBHO M3yYalOTCsl HAYAJIbHO-KPAEBble 33/a4l B UYETBIPEXYTOJIbHOM obsiacTu
JUUIsI BBIPOXKIAIOMIUXCsT TUMDDEPEHIINATBHBIX YPABHEHUHA B YACTHBIX [TPOU3BOIHBIX BBICOKOI'O YETHOIO IOPSIKA
10 IIPOCTPAHCTBEHHBIM IlepeMeHHbIM. Hanpumep, B pabore [7] uccienoBanbl HaUaJIbHO-IPAHAYHBIE 33a490 IS
BBIPOXK JAIOIIETOCH Y PABHEHNS

o'u p OF 0% u —
— = (-1)"— [ 2%= t),l=1,2 0,2k 1
i = (U o (47555 ) + £ 0= T2 e (0.26), 0
B IIPSIMOYTOJIbHUKE, & B paborax (8], [9]-7ust ypasHeHnit, 0600IMANIX ero.

IIpu paccMoTpeHME HaYaJbHO-KPAEBBIX 334, HA BBIPOXKJAIOINecsd ypasHeHusi Tuna (1) cyuecrBen-
HO BJIMSIFOT 3HAUEHHUs ITOPsiIKa BBIPOXKJeHWst « [7,8], a WHOrJga 4YeTHOCTh W HedeTHOCTh umcia k. Kpome
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TOrO, C POCTOM MOPSJIKA ypPaBHEHWs, KOJMIECTBO BAPUAHTOB I'DAHUYHBIX YCJIOBUI yBesaunduBaercs. Hampu-
Mep, B paborax [7,8] IpM pacCMOTPEHMM HAYAJIbHO-KPAEBBIX 3ajad Jisi ypasHeHus: (1) B IPSIMOYTroJIbHUKe
N0={0<2<1,0<t<T}upu 0 < a < 1 3aJaHbl TPAHUYHBIE YCJIOBHS BHJIA

(07/027 Yuly—o = 0,5 =0,k —1; (99029 Yulp—1 =0, ¢ =10,k —1, (2)

upu « € (1, k), HeKOTOpbIE I'PAHUYHBIE yCI0BHs Ha & = () 3aMEHEHbBI yCJIOBUEM OIPAHUYEHHOCTH, a ipu « € (k, 2k)
Ha © = 0 HMKAKUX I'PAHUYHBIX ycjoBuil He 3azano. B pabore [9], paccmarpusas ypasuenue (1) npu a € (0, 1),
3a/IaHBl TDAHUTHBIE ycaoBusa Buma (2), Ho 3meck ¢ = k,2k — 1. B paGorax [10], [11], [12], pacemarpuBaercs
BBIPOXKIAOIIEECs] yPABHEHNE JIPYTOro BUJA ¢ KpaeBbiMu yesaousiMu (2). B pabore [13] ayist 01HOrO BBIPOXK 1ak0-
erocs ypaBHEHUs IIOCTaBJIeHa U U3ydeHa 3a/1a9a ¢ KPACBLIME YCJIOBHAMU, CBA3BIBAIONIUMI 3HAYEHUST NCKOMOI
dyukImy 1 npoussonHbix o « Ha = 0 u = 1. B pabore [14] s ypasuenus (1) npu o = 0, I = 2, a B pabotre
[15] ms BBIpOXK MAOIIErocs ypaBHEHUs YeTBepToro nopsijka rtuia (1) kak npu x = 0, Tak u upu & = 1, 3aJ1aHbI
YCJIOBUSI TUIIA TPETHETO TPAHUIHOrO ycJoBHs. B manHON pabore chOpMyInpoBaHa W UCCIEIOBAHA HAYATHHO-
KpaeBasl 33/1a4a C FPAHUYHBIMA YCJIOBUSMU TPETHETO POJIA JJIsl OJJHOTO BBIPOXKIAOIIETrocst ud pepeHIaibHoTo
yPaBHEHUSI B YaCTHBLIX IPOU3BOJHLIX BLICOKOTO YETHOTO IOPSIKA B IIPSMOYTOJIbHUKE.

I1. IlocTanoBKa 3amadn

B upsamoyronbauke Q = {(z,t) : 0 <z <1, 0 <t < T} paccMOTPUM CJIEYIONIEE BHIPOZK JIAIOIIEECs yPaB-
HEHUE BBICOKOTO YETHOTO HOPSIIKA

&u 9" o 0%u
o+ gy (x axzn) =/ @), ®)

rue u = u (x,t) - HeusBectHas byukiys, f (z,t) — 3amannas dbyHKIM, a (¢ — 3aJaHHOE JIEAICTBATEJLHOE YUCIIO,
npuueMm 0 < a < 1, n € N.

HcemenyeM CIeayIonyo Ha9aJlbHO-IPAHUIHYIO 33149y,
3amaua Us. Haiitu dbyuximio u (x,t), koropas:
1) uy, (8j/81:j )u, (8j/3xj) [:ca (32"/5x2”) u} eC (ﬁ) ,7=0,2n—1, (32"/8:172") [:170‘ (82"/3:172") u] ,
uy € C ()
2) B obaacru ) ynosiersopsier ypasHenuio (3);
)

3 BLIIIO/IHAIOTCA CJIEAYIOINUE HavaJIbHbIC YCJIOBUA
u(x,O) =¥1 (CL’), MRS [071]’ U (.’[7,0) = P2 ($)7 YS [071] (4)
U 'paHUYIHbIC YCJIOBUA
aj 82717173'

@U(Ovt) = WU(OJL

o7 N o2n §2n—1-j N H2n
pred (f” ag,an“@”’t)) e (‘” 8x2"u(x’t)>

8n+j 8n+j o 8271

: (5)

=0

=0, j=0,n—1, te[0,T],

r=1

rae @1 () u o (T)— 3a1aHHBIE HENPEPBIBHBIE (DYHKIWA.
ITI. NccnenoBanme cieKTpaJibHON 3a/lavuu

IIpu dopmassroM npumenennn metona Pypoe K 3a1a4e Us BOZHUKAET CJIE/IyIONIAs CIIEKTPaJIbHA 331294
5 (2n)
Mo (z) = (xo‘v( ") (x)) =M(z), 0<z <1, (6)

(g

) ) _
W) (z) (a;%@n) (x)) eC0,1, j=0,2n—1,

v (0) = v22=1=) (), [Iavun) (:z:)] €)

(2n—1-3) o
I:| 7.]:Oan_]~a (7)

= {xav@”)( )

x=0 -
} (n+7)

z=0

o) (1) =0, [+ (2) —0, =0T,

=1
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rne M = 92" [0z [x0%" /9" |.

Herpynuo ybeaurbest, 4To 11 j1100b1x yHKuuii v () 1w (x) , yaosiaerBopsiomux ycjosusM (7), cupaBel-
1 1

muBo pasenctso [w (z) Mo (z)dr = [v(z) Mw (x) dz, orkyga ciexnyer, uro 3agada ¢ yeaosusmu Mo (z) = 0
0 0

u (7) camocomnpsizkeHa.

ITycrs v(x) dynknus, ynosrersopsiomias yeaosusim {(6), (7)}. Torma, ymuOXKas ypasuenue (6) Ha dyHK-
o () U MHTErpupysl TOJIyIeHHOe paBeHCTBO Ha oTpeske [0, 1], a 3aTeM IpUMeHsIst IPABIIIO MHTErPUPOBAHUSI
[0 YaCTSIM U YUUTBIBas paBeHcTsa (7), MOy UM

A 0/1 v? (2) 0/1 v ( de. (8)

Otcioma ciepyer, aro A > 0. ITycts A = 0. Torma m3 pasencrsa (8) ciemyer, uto  v(?™ (z) = 0,
0 < 2 < 1. Orciona, B cuy yesosuit v) (0) = v2*=179) (0), v +7) (1) = 0, j = 0,n — 1, umeem v (z) = 0,
0 < z < 1. CreoBarensHo, 3aa4a {(6),(7)} MoXKeT MMeTh HETPUBHUAJIBHBIE PEIIEHUsT TOJIBKO mpu A > 0.

Ipexnonaras A > 0, cymecTBoBanue coGCTBeHHBIX 3HadeHnit 3ama4an {(6), (7)} mokazkeMm mMeToqoM yHK-
run Ipuna. @yaknus Ipuna G (z, s) 910l 3amaun J01KHA 00J1a1aTh CIEAYONUMI CBOHCTBAMU:

1) (89/027) G (z,s), j = 0,2n—1 u (07/9a7) [x* (8°"/0x*") G (x,s)], j = 0,2n — 2 HenpepbIBHBI 17151
BCex T, s € [0,1];

2) B KkaxzgoM wu3 wuHTepBasioB [0,8) wu (s,1] cymecTByeT HempepbIBHAsl  IIPOU3BOJHASI
(971 0?1 [x> (07" /0x*™) G (,s)], a npum & = 5 MMeeT cKadOK:

(°" 1ot [2* (877 /02™) G (3, 5)] |I:s+0 =1 9)

r=s5—0
3) B unrepBanax (0,s) u (s,1) mo aprymeHTy x cymiecTByeT HenpepbiBHas npoussonHas MG (z,s) u

BhIIOJIHsIETCsT paBeHcTBOo MG (2, 8) = 0;

4) npu s € (0,1) mo apry™MeHTy & yJIOBJIETBODPSIET YCIOBUAM

G (0,s)  9*1IG(0,s)

ori  Qx2n—1l-i 7
o . 92n . 92n—1-j . 92n . . (10)
@ (fE m (.’I:,S)) - = 81'2”717‘7' < p) on (.T,S)) m:()’ J = O;n -4
O"tIG (1, s) onti . 0% L
et =0 a:w(x aQnG(“)) oy et -

IMpunumas Bo BHUMaHUe B obiero pemenus ypasaenus MG(z,s) = 0 B npomexyrkax (0,s) u (s,1),
dyuxmuo G (z, s) uimeM B BH/e

2n —a—1
_x4n a—j

aj
0<z<s,
D T R Z+ =r=e
G(z,s) =14’ g (12)

i bjx4n7a7j i b I4n J .
+ s<zx<
—NCn—a—j =t="5

= @Cn—2n—a—-j+1),, i 2n+1

rae a; u bj, j = 1,4n - HeusBecTHBIe (DYHKIIMN HEPEMEHHOH s, & (2), = z(z +1)(2 + 2)...(2 + n — 1) - cumBox
IMoxrammepa [18].
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Vrnosaersopsist dynknuio (12) cpoitcrsam 1) u 2) dyukuuu I'puHa, HOIYyIUM CIIEIYONYIO CUCTEMY YDaB-
HEHHil OTHOCUTEIBHO bj — aj, j = 1,4n:

bl—alzl,

my M1
Zm(bj—aj):07 m1:2, 27’l,
j=1

smotmasd (b, —a;) LA™ (

bantj — Aont;)
— Cn—)2n—a—j+1),, = (mg — j)!

= 0, mo = 1,277,.

Dra cucreMa UMeer €/IMHCTBEHHOE pelnIeHue [8]

s~y = S
G-pt o G- DG ey,

b]‘ —a; = ] = 1,277,. (13)

Cuauasa nogunanm (12) yenosusim (10) u (11). U3 neppoit u Bropoii gacreit yciosusi (10) cooTBeTcTBEHHO
MOJIy9aeM COOTHOIICHUST:

A2n+j5 = Qan+1—j, .] = lan (14)

G5 = G2an+1—j, j = l,n. (15)
s IIepBOI 9aCTHU yCJI0OBUA (11) BBIBOJIUM CUCTEMY yDPaBHCHUIA:

n

_ bnyj
b = 2 s Tma =)

j=1
moy n ) (16)
bant14m = — it . UAs) , ,m=1,n—1,
A ;(m+l—z)! ;(n—])!(n+1—0¢_])m+l
a nu3 BTOpOfI JaCTU - pe3yJbTaTbI:
b =0, j=1,n. (17)

YunreiBas pesynbrarsl (17), nus ciydas j = 1,n B nepBom coorHommenuu (13), HAXOAUM HEU3BECTHbIE
aj, j=1,n B BHUIE:

(_l)jsj—l .
a; = —————, j=1,n. (18)
G- ’
Ecom yaecrs (18) B paHee yCTaHOBJIEHHBIX COOTHOIIEHHSX (15), HEM3BECTHBIE Gy y j, j = 1,n onpene-
JIAIOTCH, KaK:
_)tHlTIign—i
(g = [l R e (19)

(n—3)!

Ucnomnssyst (19) mst caydast j = n+ 1,2n B nepsom coorHommennu (13), HAXOMUM HeU3BECTHBIE by,
j=1n

o S o s
(n—j)! (n—1+j)!

Hcmonp3ys npuBeI¢HHbIE aJreOpamdaecKe ONepalliy, Ope/e/InM HeM3BeCTHRIe aj,b;, j = 1,2n, 3aBucs-
mye oT nepeMeHHoit s. Tenepb HaliJIEM HEM3BECTHBIC G2n4j,b2n4j, J = 1,2n.

bn+j = ) ]: ]-an' (20)

Cuauasna, yanreiBas (20) B cucreme ypasaenuii (16), onpeennmM HemsBecTHbIE by, yj,  j = 1,n:

n

by s
bn = - 2 P
et Z(n—j)!(n—|—1—oz—j)

Jj=1

m

bon i bt
b n m = = N1 - .
it ;(erlfz)! = (n—=—g)n+1-a—7),.

n

,m=1n-—1.
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IMoncraasist mosryaeHnble Bbiparkenusi (21) Bo Bropyro 9acTsb cooTHommenuit (13), Haxomum:

2n—a n

a S b+
Il = T - =,
+ (1—a)y, et m—j)ln+1—-—a—j)
(—1)"Higntmoa I bon+i
@2ntitm = 2 22
el mli(m+1—a),, ;(m—i—l—z)! (22)
n bn+j -
— - - ,m=1,n—1.
2 G+ —a o

HemsBecrHble as,yj, j = 1,n oupegensiorcs us coorHommennii (14) ¢ yuaérom (22):

a — (—1)" M gin—amm B ni? ban+i _
gntm (n=—m)l(n+1—-a—-m),, P (n+1—m—1)!
n bn+j -
_ : : , m=1n—1, (23)
j; m=n+l=a—j) 1,
g2n—o n bn+j
S (T e D0 iy T e

j=1

Hakoner, jgis ciyuas j = n+ 1,2n Bo Bropoit yactu coornoutennii (13), ¢ yuérom (23), HemssecTHbie
b3ntj, = 1,n ompenensiorcs, Kak:

(_1)n+1—m83n_a_m (_1)n+'rn—153n_1_a+m
b3n+m ] + | -
(n—m)ln+1l—-a—-m),, (n—-1+m)(n—a+m),,
— b2n+z - bn+j
— —— - - , m=1n-—1,
D i [0 i ey e 24

S4n717a 2n—a

_ . S _ n bn+]‘
ban = 2n—-1D!2n —a),, (1—a),, ; m—i)n+1—a—j)

CaenoBaresbuo, dyukius 'puna, yI0BIeTBOPAIONAs yeJoBUaM 1)-4) cymiecTByeT, eMHCTBEHHA U OHA
nmeet Bz (12), mpuaem kosddumments! a; u b;, j = 1,4n onpenemnsaiorcs pasencrsaMu (17)-(24).

Cummerpuuanocts dyHKIuY ['prHa OTHOCUTENHHO €6 apryMeHTOB jjoka3ana B paborax [19] u [20].
B wactaoM ciyuae, ipu n = 1 dyuknus puna G (z, s) umeer Bug

3 r2-a N 1 n s g2« ( . 1) oo
(2-a), (1-a), l-a 1-a (1-a), x ) <z <s,
G (z,s) = JER $2-a 1 . 2ma
- B - 1 <z<l.
(2—04)2 (1—a)2 (1—Oz+1—a (1—a)2)(5+ ), ssz=

Tenepb, METOJIOM, IPUMeHeHHBIM B [16], HeTpyHO y6eauThest, uro 3ama4a {(6), (7)} sxsuBasenTHA Cile-
JIYIOIIEMY UHTErpaJbHOMY yPaBHEHUIO

v(iz) =X | G(z,8)v(s) ds. (25)
/

Tak Kak s1;1po G (z, $) HENPEPBIBHO, CAMMETPHYHO U MOJIOKUTEIBHO (A > (), TO MHTErPAIbHOE yPAaBHEHHE

(25), cremoBarensno, 3aga4a {(6), (7)} mmMeer cuerHOE UMCIO COOCTBEHHBIX 3HadeHMT 0 < A < Az < Az <

< Ak < oy Ap — 400, a cooTBeTcTByIOImNe uM cobcTBeHHble DyHKIMA vy (), v (2),v3 (), ..., vk (T) ..
06pa3yoT OPTOHOPMUPOBAHHYIO CUCTeMy B pocTpancTse Lo (0,1)[17].
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KpOMe TOrO, HEIMOCPEJICTBEHHON MPOBEPKOW HETPYIHO YOEIUTHCS, UTO CHUCTeMa  (DYHKIIHA
/%y ( ) /V Ak, k =1,2,... Tak»e COCTaBIIsIET OPTOHOPMAIBHYIO CHCTeMy Ha orpeske [0, 1] .

.T[eMMa 1. [Tyemos gﬁymﬂuux g (z) ydosaemeopaem ycaosuam (7) u Mg (x) € C (0,1)NLy (0,1). Tozda, ee
MO2ICHO pasaodicums wa ompesxe [0, 1] 6 abcoarommo u pasromepno crodauwutica pad no cucmeme cobCmMeeHHvLT

dynryui s3adavu {(6), (7)}.
Hoxasameavemeo. Tloap3ysach TPaBUIOM HHTEIPHPOBAHHA IO YacTAM, cBoicTBamu (yHKmum ['puna
G(z, s) 1 ycjaoBUsIME, HAJIOXKEHHBIMEU Ha (DYHKIUIO ¢(x), HeTPYAHO yOEAUThCsl, YTO CIPABE/JIMBO PABEHCTBO

}(%)ds =g(x).

O/G 7,5) Mg (s) ds =O/G<z,s> (590" (5

Tak xak Mg (x) € L2 (0,1), To m3 mocyesaero papencTsa ciaefyet, 9To g () - ecTh yHKIHA, TpecTaBuMas
uyepe3 aapo G (z,s). Kpome Toro, dyukuusa G(z,s), r.e. sapo ypasuenus (25) menpepoisuo B (). Torma, Ha
OCHOBaHWHU TeopeMbl 2 cTp. 153, kuaurn (17|, cupaBeyinBo yTBEpXKIeHNE JTEMMBI 1.

JIemma 2. Caedyrowue padv, cxodamcea pasromepro wa ceemenme [0,1]:

g PN = 0\ ?
S [ @] e 3 ([l @] ") g -omeT (20

k=1 k=1

JHokasamesvemeo. YaursiBasi paBeHcTBo (6) u cpoitcra dynkimn G (x,s), u3 (25) npu v (z) = v ()
HOJLY IAM

1

1
¥i (271) J
(j) /\k/a— / « (2") a—,G(x,s)ds, j=0,2n—1.
0

zJ oxJ
0

Orcioza, IpUMeHsisd IPABUJIO MHTErPUPOBAHUS [0 YacTAM 21 pa3, a 3aTeM IPUHUMAas BO BHUMaHue ycjosus (7),

nMeemM
1

o (2n 9t . e
BN 6'xJ852"G(x’ s)ds, j=0,2n—1,
0

OTKy/ia, B ity A\ > 0, ciie/iyeT paBeHCTBO

() 1 ot /2, (2n)
o (2) /(Q/Qa i > 5720 (5) R
—_— = 7G 5 —_— d, 20,2 _].. 27
\/Xk ) s Oz ds?n (x 8) \/Xk > " ( )

3 (27) CJIe,HyBT 91O U}(cj ) (z) /v/ Ak - ectb Koabbumment Pypbe DYHKIHMI 0 OPTOHOPMAJIBHOIL CHCTEME

{sa/ 21;](62”) (5) /vVA k} . ITosTomy, cormacHo HepaseHcTBY Becceus [17], nmeem
1
S [ @] O Gws)] ds, =0 (28)
vy x} kg/sa[.% x,s} s, 7=0,2n—1. 28
Pt ) 0x70s

WNurerpasn B mpaBoil 4acT MOXKHO IIEPENUCATH B BUIE

1 1
L[ 9t 2 o o S
[+ [amme ] an= [0 55 (gt @) | s =021
0 0

2n
Tax xax s¢2 82;2(26 :9) 2 C;xf 2 e ¢ (Q), j =0,2n—1, 10 dbyHKIES B KBaAPATHO! CKOOKe HelpepbiBHa Ha 1.

Torma, B cuity 0 < o < 1, mHTerpas B npaBoil 4acru, CJIeJ0BaTe/IbHO, HHTErpaJ B (28) paBHOMEPHO OpaHUYEH
npu j = 0,2n — 1, OTKy/1a ciie/yer, 9To nepsble psaasl B (26) cxomarcst paBHOMEDHO.
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Ananorndso 10Ka3bIBAETCHA CXOAUMOCTD U OCTAJIBHBIX PSJIOB.

Jlemma 2 mokazaHa.

Jemma 3. Ecau evmonnenn, ycaosus g9 (x) € C'[0,1], 5 =0,2n — 1, 2%/2g®™) (x) € C (0,1)N Ly (0, 1);
g9 (0) = g®n=1=9)(0), gt (1) = 0, j = 0,n — 1, mo cnpasediuco nepacencmeo

1

+oo
Z \egi < /xa [9(2") (m)rdx, (29)
k=1 A

1
6 wacmuocmu, pad 6 aesol wacmu cxodumea, 20e g, = [ g(z)vy (x)dx, k€ N.
0

Joxasameavcmeo. B cuity ypasaenusi (6), ClpaBejInBO PABEHCTBO

1

1
B (2n)
N g = 2/9 z)dz = A 1/2/9 P (z)] dz.
0 0

13 sT0ro paBeHCTBA, NPUMEHSS NMPABUJIO MHTETPUPOBAHUS 110 IACTAM 271 Pa3 U ydIUTHIBAs CBOHCTBA
byuxmit g (z) u vi, (z), moxyanm

1
W0 = [ {a 29 @} (02 i @)}
0

Orcrona ciemyer, 9TO IUCIIO /\Ilc/ 2 gk, - ecTb ko3 durment Dypse byrkmun /g™ () o oproHOPMIPO-
BanHoit cucreme {220 (z)/\/A) }::i Torpa, cornacHo HepaseHCTBY Beccens[17], cipaBeyinBo HepaBeH-
crBO (29). Jlemma 3 mokazana.

AHAJIOrMYHO JI0KA3BIBAIOTCS CIIEYTOIINE JIEMMBI.

JIemma 4. Ecau ¢ynryua g (x) ydosaemeopsem ycaosusm (7) uw Mg (xz) € C(0,1) N Ly (0,1), mo

cnpaeeci/bueo HEPABEHCIMBO
1

Zxkgk [ g @pa, (30)

0

1
6 wacmuocmu, pad 6 aesol wacmu cxodumea, 20e g, = [ g (x) vy (z)dz, k€ N.
0

JIemma 5. Ecau ¢pynxyua g (x) ydosaemeopaem ycaosuam (7) u [Mg (I)](j) € C0,1], 5 =0,2n — 1;
oMy (D) € CO0,1 N L2 (0.1); My @) = Mg @I Mg @) =05 =

=0 r=1
0,n — 1, mo cnpasediuco nepasencmeo

k 1

1
/x (Qn)} dz, (31)
0

1
6 wacmuocmu, pad 6 aesoli wacmu cxodumea, 20e g, = [ g(z) vy (x)dx, k€ N.
0

IV. CymecTBoBanue, e ITMHCTBEHHOCTb M YCTOMYUBOCTD pelrieHud 3aga4qu Us

Permmenne 3agagau Us uitieM B Bujie

u(z,t) = Z ug () vk () , (32)
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rae v (z), k € N - cobersennnte dyuxknun samaau {(6), (7)}, a ug (t), & € N - menssecruble dyHKIUH,
HOZIJIEKAIIIE OIIPE/IEICHHIO.

Toncrasasst (32) B ypasHenue (3) 1 B HauaJbHBIE yCJIoBHsl (4), OTHOCUTENBHO Uy (1), Kk € N moaydnm
CIIEYIONLYIO 3319y
" () + Xpug (t) = fi (t), t€(0,T), ke N
uy (0) = 1k, 'k (0) = par,

rie
1

1
/(p] x)dx, j=1,2 /fa:tvk )dx, k € N. (33)
0 0

W3BecTHo, YTO pelienne mocIe/Hell 3aa4n CyIeCTBYET, €IMHCTBEHHO U OIpejIesisieTcs ceayiomieir hop-
MYJIOIi:

t
ug (t) = p1x coS (tm) + @Qk)\;l/z sin (tm) + )\,:1/2 /f;~C (1) sin {(t —7) \/E} dr, 0 <t <T. (34)
0

OTcroma, JerKo cjaeayeT CJIeAyIomas OleHKa

T

1 1
t)] < — — 2(r)dr, 0<t<T. 35
o (] < o]+ —= el + = O/fkmv <t< (3)

Teopema 1. ITycmv Pynryus @1 (x) ydosaemsopsem ycaosuam aemmovs 5, dynruua ps (x) ydosaemeo-
PAEM YCAOBUAM Aemmbl 4, ¢ Pynkuyua [ (x,t) ydoeaemeopaem Ycao8UAM AEMMDBL 4 NO GPLYMERNY T PAGHOMEPHO
no t. Toeda pad (32), koadduyuermuv komopoeo onpedeaenv, pagencmeamu (34), onpedeasem pewenue 3a0a4u

Us.

JHoxazamenvemeo. [ljist 31010 HANO JOKA3aTh PABHOMEPHYIO CXomuMocTh B ) psja (32) u ciaemyromux
PAIOB, GOPMAJILHO MOJIYYeHHBIX U3 (32):

= (O ok (2), = Zu ), j=T12n—1,
k=1

% (SC aZn ) Zuk (I 'Uk )((E))(J)’ j:m7

¥ PABHOMEPHYIO CXOAMMOCTD B JiIoboM KommakTe (g C § psijioB

a?n aZn n (2n)
T (x ) Z“k <a£2)(x))2 ’

“+oo
up (2,1) = Y "k (8) vk ()
k=1

Pacemorpum psjt (32). B cuiy (35) u3 (32), npu mo6bix (x,t) € Q nmeem

v
xt|<2|uk ) ok (2 |<Z“ﬂ DU /g o] + an] + /sde

k
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Orcioza, npumensisi HepaBeHcTBO Kormm-ByHIKOBCKOT0, MOJIyarM

+

oo

Eap [ [ ST
utant)] <[ SB[ o+ | Sdhor | [ Sl | (30
0

=~
Il
—

k=1 k=1 k=1

Pspl, crosiinue B IpaBbIX 4acTsAX 9TOMO HEPABEHCTBA, B CUJIY YCJIOBHS TEOPEMBI 1, COIJIACHO JIeMMaM 2 U
3, paBHOMEpHO cxoigarcsd. [loaromy, psaj, crogmuil B JieBoit gactu, T.e psiz (32) cxomurcs paBHOMEPHO B (2.

AHaJIornIHoO OKa3bIBAETCS pABHOMEPHAS CXOJUMOCTD U OCTAJILHBIX psifioB. Teopema 1 jnokazana.

Teopema 2. 3adaua Us He mootcem umems bosee 00H020 DEULEHUA.

Jlokasamesvemeo. TIpeonokuM, 9To CyIecTsyer asa perienns u (z,t) u us (x,t) 3anaau Us. Ux pas-
HOCTh O0o3HauuM [epe3 u (x,t). Torma dyuxnus u(x,t) ymosrersopsier ypasuenuio (3) upu f(z,t) = 0, a
yenosusiMm (4) u (5)-pu ¢1(z) = @a(z) = 0.

[ycts VT € (0,T], Qo = {(z,t): 0<z <1, 0<t<Tp}. Ouesmmno, aro Qo C Q. Beegem ciemyio-

My10 PYHKITHIO:
To

w(z,t) = —/u(:ﬂ,f)df, (z,t) € Qq.

t

Ora yHKIU 0bIa1aeT CIeAYIINMA CBOCTBaAMU:
1) we, we, a;‘f, 86; <£ca azsz) eC (Qo) , 7=0,2n—1;
2) ynosaersopsier yciosusMm (5) mpu t € [0,Tp] .

Pacemorpum ypasaenne (3) npu f(x,t) = 0 u ymHO)KUM ero Ha dbyHKIuo w(x,t), a 3aTeM IPOUHTErpH-
pyeM TIoJTydeHHOe PaBEeHCTBO Mo objacTh ()

o2 [ 0% u(z,t)
/w(m,t) {utt(m,t) + 92 [fv Dl } } dtdx = 0.

Qo

HepeHI/ILHel\l 9TO PAaBEHCTBO B BUJIC

T, 1 1
d o 0%"w (z,t) 8%"u (%J (x t) ou (z, t)d B
t | Dp2n 9 2n o t=0.
0o 0 0
Otcrozia, yuTBIBAs paBeHCcTBa U = 22 1 % = %, nMeeM

1

1T
o 0?"w (z,t) 9w 8u (x t)
/ e / da2n 8x2”8t / / o M0
o 0

0

Hastee, mpuHIMAasi BO BHIMAHAE PABEHCTBA

Ou(x,t) 10 2
wl@t) = = 55 @I e s~ 20

0*w (x,t) 0" w (x,t) 10 {82’%‘; (gc,t)]2

amZn

U IPUMeHSsIsl IPABUJIO WHTETPUPOBAHUS 0 YACTSIM K MHTerpajam no t, ¢ yaerom w(z,Tp) = 0, u(x,0) = 0,

1 1 52 (2.1)
/uQ(x7T0 d:v+/x { 2n } dz = 0.
0 0 o =0

Orciona crenyer, uro u(x,Tp) = 0, = € [0,1]. Tak kak YTy € [0,T], ro u(z,t) = 0, (z,t) € Q. Torma
uy (z,t) = ug (x,t), (v,t) € Q. Teopema 2 nokazana.

IIOJIy IUM
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Teopema 3. ITyemv dynruyuu o1 (), w2 (x) u f(z,t) ydosaemeoparom ycaosuam meopemw, 1. Tozda
oas pewenus 3adayvu Us cnpasediuswvr oueHky

)0y < Ko [ler @10 + 02 @)1 0 + 1 @) ] (37)
2n
|wmwmww<m[W§Mmh +Wﬂ@hm@+%ﬂ%mmmﬂv (38)
2,7'(051)
1/2
ede |lo1 (2)llp, 01y = [ [y (z)]2d$:| u r=rx) =2% a Ky u Ki—nexomopuie deticmeumenvrivie

NONOHCUMENDHDLE YUCNG.

Jlokasamenncmeo. 37ech, yauTBIBAS OPTOHOPMATBHOCTH crereMbl {vy, (2)}4°5 u mepasencrso (35), u3
(32) mosyunm

—+oo

2
o (2, )17 00y = D i (1) <
k=1

“+o0

400 2
< [lganl + == o] + —] i ( N2]<3 P+ e+ 1 IO, ]
;[ 1k \ﬁ 2k \ﬁ k L2(0,T) Z 1k A 2k k L2(0,T)

+oo
1 1
2 2 2
< 3; [%k b bW fk(t)HLQ(O,T)]'
Orciona, y4uThIBas HEPABEHCTBO beccels, oIy dumM
2 2
||u(x,t)||L2(O,1) < Ko (l‘ﬁl (x)HLz(o,l) + [lp2 (= ||L2(0 nt Z 1fe ( ||L2 0T)> (39)

e Ko =3C, C =max(1, 1/A1).

HpI/IHI/IMaH BO BHUMaHUE JIEI'KO IIPOBEPsAEMOEe PaBEHCTBO

If (@ )17 p) = lefk 0.1

3 (39) mosyumm HepaseHCTBO (37).
Hasee, coryiacao yrBepxKaenusM jemMm 2 u 3, u3 (36) cienyer

o ()l = sup o 0] <

)
1 ) +oo T+oo
< K, /xa [ @) dr | S8 + / (P27 b,
5 k=1 o k=1
+oo
rae Ky =sup [ > vi (2)/ Mk .
0,1] \/ k=1

Orcioza, B cHIly BBeJIeHHBIX 0603Ha4YeHuil, ciexyer HepasencTso (38). Teopema 3 mokazana.
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REZYUME

Ushbu magolada to‘rtburchak sohada yuqori juft tartibli xususiy hosilali buziladigan bir differensial
tenglama uchun uchinchi turdagi chegaraviy shartlar bilan boshlang‘ich-chegaraviy masala keltirilgan
va tadqiq qgilingan. O‘zgaruvchilarni ajratishga asoslangan Furye usuli yordamida oddiy differensial
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tenglama uchun spektral masala hosil gilingan. Grin funksiyasi usuli yordamida bu masala simmetrik
yadroli ikkinchi turdagi Fredgolm integral tenglamasiga ekvivalent ravishda keltirilgan, natijada
spektral masalaning xos giymatlari va xos funksiyalar sistemasi mavjudligi isbotlangan. Topilgan
integral tenglama va Merser teoremasi yordamida xos funksiyalarga bog‘liq bo‘lgan ayrim bichiziqli
gatorlarning tekis yaqginlashuvchanligi isbotlangan. Furye koeffitsiyentlarining tartibi aniglangan.
O‘rganilayotgan masalaning yechimi spektral masala xos funksiyalari sistemasiga nisbatan Furye
qatori ko‘rinishida ifodalangan. Energiya integrallari usuli yordamida masala yechimining yagonaligi
isbotlangan. Yechim uchun baho olingan bo‘lib, undan berilgan funksiyalarga uzluksiz bog‘liglik
kelib chiqadi.

Kalit so‘zlar: buziladigan tenglama, boshlang‘ich-chegaraviy masala, o‘zgaruvchilarni ajratish
usuli, spektral masala, Grin funksiyasi usuli, integral tenglama, Furye qatori.

RESUME

In this work, we formulate and investigate an initial-boundary value problem with third-type
boundary conditions for a degenerate partial differential equation of high even order in a rectangular
domain. Using the Fourier method based on the separation of variables, we derive a spectral
problem for an ordinary differential equation. By applying the Green’s function method, this problem
is equivalently reduced to a Fredholm integral equation of the second kind with a symmetric
kernel, from which the existence of eigenvalues and a system of eigenfunctions for the spectral
problem follows. Using the obtained integral equation and Mercer’s theorem, we prove the uniform
convergence of certain bilinear series depending on the found eigenfunctions. The order of the Fourier
coefficients is established. The solution to the studied problem is expressed as a Fourier series in terms
of the eigenfunctions of the spectral problem. The uniqueness of the solution is proved using the
energy integrals method. An estimate for the solution is obtained, implying its continuous dependence
on the given functions.

Key words: degenerate equation, initial-boundary value problem, separation of variables method,
spectral problem, Green’s function method, integral equation, Fourier series.
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YIK 517.953

3AJ1A‘-IA KOOIl OJidd YPABHEHMSA THUIIA D1PU C PABHBIMU APOBHBbIMMU ITPOM3BOJHBIMMU HA
3BE3JOOBPA3HOM I'PA®E
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YHUBEPCUTET TOYHBIX U COLIMAJIbHBIX HAVK, Y3BEKUCTAH
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HopkvioBA P. B.

NHCTUTYT MATEMATUKUA AHY3, Y3BEKUCTAH
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MAaHcyrPOBA T'. A.

HAIIMOHAJIbHBINT YHUBEPCUTET Y3BEKUCTAHA, Y3BEKHUCTAH
mansurova.guzal1995@gmail.com

PE3IOME

B pabore ucciemyorcsa 3amada Komm s ypaBHeHus Tuna DUpH ¢ pasHbIMUA JPOOHBIMU IIPOM3-
BOJHBIME Ha 3Be37000pasHoM rpade. [lokas3biBaeTcsi CymecTBOBaHUE M €IUHCTBEHHOCTH PEIIeHUsI
3a,/1a40.

Karouesnte caosa: 3amada Ko, 38e31000pa3ubiil rpad, ypaBaenue tuna Jipu ¢ ApobHOI mpo-
WU3BOJTHON, TEOPHS TOTEHITUAJIOB.

B mociiesiee Bpemst 3HAUUTEBHO BO3POC MHTEPEC K M3YUYEHUIO HAYAJbHBIX U HAYAJBHO-KPAEBBIX 3a-
Jad Ul ypPaBHEHU JIPOOHOrO IMOPSAKA. ITO OOBSICHSETCS TE€M, UTO PA3BATHE TEOPUU JIPOOHOrO HUHTErpPO-
nuddepeHnIpoBaHnsa 0Ka3aa0 CYIEeCTBEHHOE BIUSHUE Ha HUCCAeAOBaHUEe INMPQPY3MOHHBIX W AUCITEPCHOHHBIX
SIBJICHUIT B PA3/IMYIHBIX HaydIHLIX obiactsax (cm. [9], [2], [6], [13], [10]).

Ypaprenue Diipu u3ydanoch MeTogoM yuudunuposanHoro npeobpasosanus Pokaca B paborax [15] u [7].
Teopust MOTEHIINAIIOB JIJIsT PETIEHNH YKA3aHHOTO ypaBHeHHs! Oblta ocTpoena B [24] u [3]. Bompocsr, kacatomuecst
JIMHEAPM30BAHHOTO ypaBHeHNs Dipu Ha MeTpumueckux rpadax, ucciaenosanuch B mybaukanusx [20], [23], [14],
[21] u [1]. Kpome Toro, memuneitnoe ypasaenune Kopresera e ®pusa ananmsuposanoch M. Kasankanre B [4].

A. TIexy uccyienoBaJt cBoiicTBa ypaBHeHUs DipH ¢ ApOGHOI MPOU3BOIHOI 110 BpeMeHH 1 Hales ero (yH-
JIAMEHTaJbHOE DellleHne, a TaKyKe UCCIIe0Ball CBoiicTBa moreHimanos (cm. [26]). Jdasee, B [22] Gbuio HaiijeHo
BTOpOe (PyHIAMEHTAJILHOE PEelleHIe H HCCJIeIO0BaHbI CBOMCTBA HEKOTOPLIX JIOMOJHATEILHBIX MOTEeHIHAI0B. Mc-
HOJIb3ysl 3TH Pe3yJIbTATHI, ObUIM HAfiIeHbl PEIeHNs HAYAJbHBIX M HEKOTOPBIX HAYAJIbHO-KPAEBBIX 3aJad Ha
OECKOHEYHBIX U KOHEYHBIX HHTEPBAJIAX.

B manmnoit pabore paccmarpuBaioTcs 3ajada Kormm Jjist ypaBHEeHUsT DUPHU ¢ PA3HBIMUA JTPOOHBIMEU IIPOU3-
BonHbIME 110 Bpemenn. OOJIacTh UCCJIeJIOBAHNS YPABHEHNUs sIBJISIETCsT 3B37[000pa3HbIil rpad ¢ eIMHCTBEHHBIM
BXOJIAIIUM U M UCXOJAIMNAMA OeCKOHedIHbIMU pebpamu. J{oKa3bIBaeTcs eIMHCTBEHHOCTD PEIIeHns] OT 00paTHO-
ro. Yrobbl 110Ka3aTh CYIIECTBOBAHUS PEIeHNs] MCIIOAb30BaHbl pe3yabrarsl [16]. IIpu sToM npuMeHsieTcst MeTo
HOTEHINAJIOB, KOTOphle OblK pa3suTs! B [17], [18], [22], [26].

OCHOBHBIE ITOHATN A

B sroit pabore ucciienyem ypaBHeHUsI THIIA DWPH ¢ IPOOHON IPOU3BOIHOM

OGu(x,t) — Uggs(x,t) = f(x,1),0 <t <T. (1)
3nech
o) = e | gl 0<a<lL 2

0
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npobuas upoussoiHas Kamyro, rae I'(a) - Tamma dyukius Ditepa. OuepaTop IpoGHOrO MHTErpUPOBAHUS
otpe/iessieTcst POpMYIIOit

t
Dya(t) = Ta(t) = s [ Toemmde 3)
0
g ypasaenus (1) maiineno dynmamenTaiabHoe pemierue B Buje [25]
, 1 o(—a/3,20/3; - 2%) z<0
2a/3 _ )& ) 3o /3 )y ) 5
Ga (SC, t) 3¢1—20/3 { —2Re[627”/3¢(—a/3, 204/3; 6271'1/3 tam/3 )L x> 0. (4)

Bropoe ssiemenTaproe perienre Haiineno B Buje [22]

1 .
2a/3 — 274/3 274/3
Vi (x,t) =273 mle d(—a/3,20/3;€ o /3)],33 > 0. (5)
Baecs ¢(\, p; z)— dbyukuus Paiita, onpe/iesieHHBI COOTHONIIEHIEM
o0 Zn
A 15 2) = —_— A> -1, C 6
SN 13 2) ;JH!F(AH+M) pe (6)

(e [12]).
IIOCTAHOBKA 3AIAYN

IIycre rpad I' cocronT u3 0HOTO BXOISINEro U 1M UCXOAAIuX pebep. Bxossiiee pebpo n3oMeTpudecKn
0oTOOpaXkaeM Ha MHTEPBaJI ¢ KoopAuHaTaMu oT —oo J0 0, a B ucxosdIue pedpa n30MeTpUtIecKn 0ToOparkaeM Ha
MHTEpBaJbI ¢ KoopauHaTamu oT 0 1o +oo. Pebpa rpada obosmadensr gepes B;,j = 1,m + 1.

Ha kaxxmom pebpe rpada paccmarpuBaeM ypaBHEHUE THIIA, JUpH € APOOHOM TPOU3BOIHON IO BpEeMeHH
3

057 ug(x,t) — 923

uj(z,t) = fi(z,t),0 <t <T (7)

C HAYAJIBHBIMU YCJIOBUSIMA o
uj(x,0) =upj(z),z € Bj, j=1m+1. (8)

3aece Bce a; € (0;1) oy > oy, ¢ = 2,m + 1. Ha Bepmune rpada TpebyeM BBINOTHEHNS CJAEAYIONUX yCIOBUIL
CKJIEUBaHUSI

Ul (O,t) = G,QUQ(O,t) =...= am+1um+1(0,t), (9)
1 1 1
ul,z(O,t) = —uzyx((),t) = fU;g’m(O,t) =..= um+17m(0,t) (10)
ba bs bm+1
! 0? 0? 0%uy 0?
Ul 1 us 1 1 Um+1
== = —tL(0,). 11
922 (0,%) 4y 027 (0,t) + S 022 (O t)+ .. i 022 (0,1) (11)

Onpenenenue 1. Oynkyus u (z,t), onpedesennan 6 obracmu E =T x [0,T] naswsaemea pezysaproim
pelenuem 3a0auu, ecau ona ecmb peweHue YpasHenusa (1), Henpepuena emecme ¢ e20 4acmmvMu NPoU36oo-
HOLMU, BLOOAUUMY 6 YPAGHEHUE, YOOBAETNBOPAEM HAMANOHOMY, 2PGHUMHBIM YCAOBUAM 36044 U PYHKUUA U €€
NPoOU3COIHBIE NEPBO2O U BMOPO20 NOPAJKOE CMPEMUMCH K HYA0 NPU OECKOHELHOCTIU.

3amaua. Haiitu perynapuoe perienus ypasuenuu (7) B obmacru E = T x [0,T], ymosiersopsiiomiee
yeaoBusM (8) - (11). 3mech 110/ peryisipHbIM DEIeHueM MOHUMAETCsl PENICHNe U3 KJIACCa

={u=(w,u2,...,umy1) : u; € C*°(B; x (0,T), 9. Gu; € C(B; x (0,T])}
u € C(Bj x [0,T)), ug,uzs € C((B; U{0}) x [0,T]), j=T1,m+1}.

OrmeTM, aT0 IONOGHAS 331848 ObLIa perera B [18] Ha rpade ¢ k BxogsamumMu u m uexoaamumu pebpamn,
HO C OJIMHAKOBBIMU JPOGHBIMU MPOU3BOJAHBIME (T.€. (] = Qg = ... = Qypt1)-
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ITokaxkeMm cyIIecTBOBaHUE U €IMHCTBEHHOCTb PEIEHUs IIOCTABJIEHHON 3a/1a4N.
EAJNMHCTBEHHOCTD PEIITEHN A
JlokazkeM € JMHCTBEHHOCTH DEIeHUsI [I0CTaBIEHHON 3a/1atH.

Teopema 1. ITycmw b3 + b3 + ... + b2, < 1. Tozda 3adaua (7)—(11) umeem ne Goaee 00H020 pewieHus.

Ookasatensctso. Ilycrs saaua maeer ape u® = (ul” ull, ...,ugl_l)T uu?® = (ugz),ug)’...,ugll)T

pasubix pemrennii. Torma dynxmus v = vV — u?) yroBaersopsier ypasmenuo

i vilz,t) = vj,,., (2,1),

OJIHOPOJIHYI0 HadasIbHyI0 yciiouio v;(z,0) = 0, n yciosusm (9)—(11) Ha Bepumue rpada.

s
Ywmuokast Ha v;(x,t) 0be gactu ypasuenus 0,; vj(z,t) = vj, . (x,t) Hoab3ysich HepaBeHCTBOM [1]

%y > 1@@ 2

VooV = 5%:V

Il MHTErPHUPYsl BbIpazkeHue 1o B; nveem
Opf vide <2 [ v;0pivide =2 [ vy de <2 (v |p — 11)2 |
ot Uj &L = it VjdL = IV g™t = JVizxlBi T 9 Y5185 |
B B B;

CyMMI/IpyeIVI BCE 9TU COOTHOIICHUA 11O BCEM j 1 IIOJIydUM

m+1 m4+1 m—+1
Z agt] /U?dx < (201v1,04) ‘(ioo +2 Z (Vivi,ea) ‘8_00 - ’U%,x (0,1) + Z U?z (0,%).
j=1 B, =2 1=2

W3 storo HepaBeHCTBa NMeEM

m+1 m—+1

> ¢ / v? da < 201 (0,£)v1,22(0,1) — 201(0,) > T2 (0,1) = vl (0,t)+
j=1 Bj j=2 J
m+1 m+1 1 m-+1
o7, (0,8) Y b2 =201 (0,4) | v1.00(0,8) = Y 2 0ia(0:8) | + vf, (0,) [ 1= b2
=2 j=2 J j=2
YYuTHIBas YCIAOBUU T€OPEMBI MOy IUM
m—+1
Z 56? /vjzd:v <0.
j=1

B;

HuTerpupyeM 3T0 HEPABEHCTBO, YUUTHIBAsI PABHOMEPHYIO CXOIUMOCTh M HAYAJIHHYIO YCIOBUIO MMEEM:

t t
/ /agﬂ/v?d:ch =
0 0
Bj
m—+1

= Iét_a-"/v?dx <.
j=1

B;

m—+1 m—+1

Z 3gj/v?dx dr = Z
j=1 j=1

B;

B nocsieimem HepaBeHCTBE CyMMa HECKOJBKUX HEOTPHUIATEIbHBIX BhIparKeHuil paBaa Hymo. OTcioma ciie-
ayer, uro v = 0. 3uaunt, vV = u(?). Teopema nokaszana.

CYIIECTBOBAHUE PEINIEHN A

B paborax [17], [18], [22] 6bw1a pazpaboTana TeOpusT TTOTEHIMAIIOR sl PEIIEHUs] ypaBHEHWH Tha Diipn
¢ ApoGHLIMU Hpou3BoAHbIME. Ha ocHOBe 3Toit Teopuu Gy/eM HCKaTh pellleHne 3aJaud B CJelyloNeM BUje.
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t t
uj(z,t):/GQO‘J/‘}(z—O t—T1)\(T )d7+/Vj;"j/‘g(x—O,t—r)uj(T)dT—FFj(x,t), (12)
0 0
re
Fy(a,1) = / G203/3 (5 — €, — O, (€)de + / / G205/3(z — .1 — 0) (€, 7)dédr,
0 —oo
j=1,m+1

Ussecrro, uro dyukuusg (12) ynosiersopsier ypasuenue (7) u HadagbHbIM ycaosusm [18]. 3necs dbyHkmn
Aj(t) m p;(t) ABISIOTCS HEM3BECTHBIMU U CJIEAYeT UX ONpeneinTb. JIis 9Toro Bocmomb3yeMces ycaosusaMu (9)—

(11). Bamerum, 4TO 1O OIPEIETICHUIO y2e/3 cremyer py(t) = 0.

Pacemorpum (9).

t t

a; /Gi?j/B(xfO,th))\j (T)dT+/V(3;"j/3(:c—(),t—T)uj (r)dr | =
0 0

t
201 /3 201 /3
[zt @-ot-nx @it [VEs@-ot-nm |+
0

+F (x,t) —a;F; (%,t), j=2m+ 1.

[oncrasisas snadenus G (0,¢) u V (0,t) nmeem:

¢
V3
a /Aj(T)Jr 21 (1) / p
2 1 _ —dr + Fy(0,1) — F; (0,1)
3F(2°‘7> J (t —7)t72e/3 1 2 /3 j

0
zraeck j = 2, m + 1. Ilonb3ysick onpezenneM IpOOHOTO MHTETPAJIA TOJIY IUM:

\/?: 2(aj—ay) 20 )
aj | Aj () + 5 M ()] =Dy, *  M(7)+30y (F1(0,t) —a;F;(0,t), j=2,m+1

N3 sToro ciaemxyer

\/g 1 2(aj—aq) 3 29 )

L) = Dy TNk (RO~ a5 00), j=ZmET (1)
J J

Jlajiee HAXOMUM TTPOU3BOIHOE (DYHKITUN

t ¢
uj,z(:z:,t):/Gg;/s(a:—O t—T)N\ (7T )dT+/V(ff‘j/3(xfO,th)uj(T)dTJer,m(r,t)
0 0

u ero 3uadenue B Touke x = 0:

t t
V3
Uy (0,8) = 1 / = (- Y / = ey (T T+ Fy (0,0).
() / ’ 6 (%) J ’

Toncrasinsas naiigennoe ua (10) mmeem:

V3

1 s N b,
500N, () = G200 () + Fe 01) =

20PN (1) + b Fie (0,1).
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Orcroza mojryanm:

V3 _omey o o
N ()= 0 () = 0D M () + 3967 (5 F10 (0,6) = By (0.1)) j = Zm T 1. (14)

U ucnonbzyem yeaosue (11). st 9TOro HaXomuM 3HAMEHNS BTOPBIX IIPOU3BOIHBIX B TOUKE & = () HCIIO/IB-
3ys aemMMbl [18].

. 1
Hm g 40 (2,t) = 2A1 () + Fi g2 (0,1),
r——0 3

. 2 o
wlggo Uj ap (T, 1) = fg/\j (t) + Fj 20 (0,8), (] =2,m+ 1) .
IMoxncrasias waiigennsie Ha (11) mosryun:

2 2 3 3
A (1) + A0 (8) + oo —Ap () = —3F) 00 (0,8) + —Fy 20 (0,) + . + — Fpp_p (0,1) . (15)
ag a ag a

n n

Cocrasias cucremy u3 coornomrenuit (13) u (14) Boipasum \;(t) u 1 (t) (j = 2, m + 1) gepes A1 (¢). Torma
uMeeM

1 _2(ea-ay) bj e
A =5-Do 7 M)+ 5Dy T M)+
J
3 2% 3 o /3
o0 (B (0,0) = a5 (0,8)) + 05" (0,Fi0 (0,6) = Fyo (0,1)), (16)
j
u
1 _2(e1—ay) b, __e1-ey V3 22
)= —— STOM({)——L£D,, T M (t)+ 0,7 (F1(0,t) —a;F;(0,t))—
1j (t) \/gaj ot 1 () /3o 1(t) a o (F1(0,t) — a;F; (0,1))
—V3057"% (b;F1 . (0,8) — Fj, (0,1)) . (17)
Haiinennbie Boipazkenus nogcrasum Ha (15) u umeem
m+1 1 b
Y i 3.

)\1 (t) + Z <a2D0t B )\1(t) + iDOtﬂj )\1 (t)) = g(t), (18)

j=2 J J

spech 3 = 25 n
m+1 1 205
g(t) = =3F1 22(0,8) +3 ) (—Fjaw (0,1) = =067 (F1 (0,1) — a;F; (0,1)) +
=2 J

1 .o,
+05¢" (b F1s (0,8) = Fy (0,0))).
J

VYpasuenue (18) siBisiercst 06O0IEHHBIM HHTETPAJIBHBIM ypaBHeHNeM AbGess. Ero perenne 66110 ocTpo-
eno A.B.Ilcxy [16].

ITepenmmenm ypaprerue (18) B cieyromem Bu/e

n
> ADy" M () = g(1), (19)

i=0
e Ag =1, pg = 0, st Beex ¢ = 1,m Haxogum A; = azl , pi = 2Bj_1 m nus Beex ¢ = m + 1, 2m HaxonuMm

J—
A; = 21;11, pi = Bj—1. Beoaum dynximio
i

SE(E5 21y coey 20y Y1y ooy Yn) = (B % ho % o hy) (2), (20)
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¢
snech (h; x hy)(t) = [hi(t — 7)hj(T)dT u h(t) = hi(t) = "7 (s, pis 2;t77). st napaMeTpoB U apryMeHTOB
0

dynukimn (20) BBIIOIHSIOTCS YCIOBU

n
t>0, ZiER, ’Yi>07 /J'i>07 /’L:Z/’[/l
i=1

C nomompio dbyukimu (20) cocraBum QyHKIUIO

+oo
GE(E Y1y ooy Y3 YLy ey Yn) = / e TS (T Ty ey YT Y1y ooy Yn) = (R1 % ho % .ox by, ) (E)dE.
0

JokazaHo, 9TO 9TOT HHTErpaJl SBJSETCS CXOAAIIUMCS. 3/IeCh CTOUT HE HePeIyTaTh 3Ty (QYHKIHIO ¢ QyHKIHe
(4)-

Teopema 2. [16] ITycmw g(t) € L(0,T). Tozda ypasnenue (19) umeem eduncmeennoe unmezpupyemoe
pewenue A1 (t), xomopoe 0as Kaxrcdozo [ > py Npedcmassiemcs 6 eude

Ai(t) = Doy (g% wp) (), (21)
ede wy, = wy(t) npedcmasasemes Kax

wu(t) =Gl (t—Ar; ., —Apsar, ., o).

Takum 06pa3oM, MbI MOzkeM Hafitu dyrknmit A;(t), w;(t), (j =2,m+ 1) ¢ nomompsro bopmynamu (16) n
(17), T.x. byHuxms A\ (t) aBasercs pemennem ypasHenus (18) u npescrasisiercst kax (21). Takum ob6pasom, mo-
Ka3aHO CyIIeCTBOBAHMs PelleHus 3a7a49u. [Loy9eHHble Pe3y/IbTaThl MO3BOJIAIOT C(OOPMYIMPOBATD CJIELYIOILY IO
TeopeMy.

Teopema 3. ITycmv umeem mecmo nepasencmeo b + b3 + ... + ban <1, gynryuu f(z,t) € CO1(B; x

0, 7)) vu; (x) € C(B;). Toeda 3adaua (7)—(11) umeem eduncmeennoe pewerue.
[0,T]) u ujy(2) I p

Takum obpa3oM, mocTaB/IeHHAs 3ajada ITOJHOCTHIO pelreHa. B 9Toil pabore ypaBHeHUe THUIA DUPU pac-
CMOTpeHO Ha rpade-3Be37ie ¢ OJIHOTO BXOJISIIEr0 U M UCXOAAuX pebep. B KadecTBe 3a/1a9u Ha MEPCIEKTUBY
MOKHO TIOCMOTPETDH MOJA00HYIO 3a/1ady Ha Tpade-3Be37e ¢ k BXOAAIMNX U M UCXOIINX pebdep.
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REZYUME

Bu magolada yulduzsimon grafda berilgan, har xil hosilalarga ega bo’lgan Eyri tipidagi tenglamalar
uchun Koshi masalasi tadqiq qgilingan. Qo’yilgan masalaning yechimi mavjudligi va yagonaligi
isbotlangan.

Kalit so‘zlar: Koshi masalasi, yulduzsimon graf, kasr hosilali Eyri tipidagi tenglama, potentsiallar

nazariyasi.

RESUME

In this paper was studied the Cauchy problem for an Airy-type equation with different fractional
derivatives on the star-shaped graph. It was proved the existence and uniqueness of the solution to
the problem.

Key words: Cauchy problem, star-type graph, Airy-type equation with fractional derivative,
potential theory.
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YIK 519.63

YUCJEHHOE PEIIIEHUE HECTAHHOHAPHOﬂ 3AJAYM OIITUMAJIBHOI'O PASMEIIIEHUA
NCTOYHUKOB TEIIJIA C MUHHUMAJIbHOM MOIIIHOCTDBIO

XAMnTKvYJIOB B. X.
HAIIMOHA/IbHBINT YHUBEPCUTET Y3BEKUCTAHA, Y3BEKHUCTAH
b.hayitqulov@mail.ru

PE3IOME

B pabore uccienyrorcst 3amada Ko st ypaBHeHUsT TwIa DUpPH C Pa3HBIMEA JPOOHBIMU IIPOM3-
BOIHBIMEU Ha 3Be31000pasznom rpade. [lokaszpiBaercst cymecTBoBaHUE W €IUHCTBEHHOCTH DPENTEHUS
3a1a4N.

Karouessie caosa: 3amada Komm, 38e3m000pas3ubiii rpad, ypaBHeHre TUIA DUPH ¢ IPOOHOI IPO-
U3BOJIHOI, TeOpUs MOTEHIINAIOB.

PE3IOME

Jannast paboTa IMOCBSIIEHa YUCIECHHOMY PEIIEHUI0 HECTAI[MOHAPHON 33/1a91 ONTUMAJIbHOIO pa3Me-
IIEHNS UCTOYHUKOB TeIlIa MUHUMaJIbHON MomuocTu. [locTanoBka 3ama4qu TpedyeT OIHOBPEMEHHOTO
BBINIOJTHEHUs JByX ycjoBuit. [lepBoe ycioBue - 0beciednTh HAXOXKJICHUE TEMIIEPATYPhI B IIpeJielie
MHUHHUMAJIbHBIX 1 MAKCUMAJIBHBIX TEMIIEPATYP 3a CYeT ONTUMAJJIbHOIO Pa3MeIIeHNs] UICTOYHUKOB Tell-
Jla ¢ MUHUMAJIBHOU MOIIHOCTBIO B IPSMOYTOJIbHUKE. BTOpoe ycioBue 3aK/II09aeTCs B TOM, ITOOBI
cyMMapHasi MOIIIHOCTh UCTOYHUKOB TeILIa, UCHOJb3yeMbIX JJIsi 000rpeBa, Oblia MUHIMAIBLHOW. DTa
3a/1a1a N3yJaJiach B CTAIIMOHAPHBIX YCJIOBUsIX B paborax Jpyrux y4uéabix. OJHAKO B HECTAIIMOHAD-
HOM CJIydae 3aJad4a He paccMaTpuBasoch. IlockosbKy HailTh HeIpephIBHOE PeIeHIe KPAaeBoil 33 1a49u
CJIO2KHO, TO UINEM YHUCJICHHOE pelienne 3a1a4u. TPy HO HallTH HHTErPaJbHBII OIrepaTop ¢ HemPePbIB-
M sizipoM (byukiua [puna). Haiigeno yuciiennoe 3nadenve pyskiuu ['puta B BUjE MaTPUIBL.
IIpemioxken HOBBII AJITOPUTM YUCJEHHOTO PENIEHUS HOCTAITMOHAPHON 3a/1a9i ONTUMAJIHLHOTO YIIPaB-
JICHUs pa3MellleHueM HCTOYHMKOB Telljla ¢ MUHUMAaJIbHONW MOIIHOCTHIO B IIpOliecCcax, OIUCHIBAEMBbIX
nuddepeHnnaabHBIMIA YPABHEHUSIMHU C YACTHBIME ITPOU3BOIHBIME MTapabosuntdeckoro tuma. [Ipero-
JKeHa HOBasl METOJINKA YHCIeHHOrO perenus. [locTpoena MareMaTnyueckas U INCICHHAS MOJIE/Ib TIPO-
1IECCOB, OIMCHIBAEMbBIX YpaBHEHNEM KOHBEKIMU-auddy3un, 3aIaHHbIM JJIsi IE€PBOI KPaeBoll 3a1a4u.
Kpaesas 3amaga m3ydaercs jiss AByMEPHOro ciaydasi. Jljisi 9MCIEHHOTO DeIreHus 3aJadu UCIIOJIb-
30BaJIaCh HEsIBHAsI KOHEYHO-PA3HOCTHAs cxema. [1o 9Toit cxeme ObLiIa CO3/1aHa CHCTEMA PA3HOCTHBIX
ypasuenuit. ChopMuUpoBaHHAs CHCTEMa PA3HOCTHBIX YPABHEHUI HPHUBEJEHA K 3ajade JIMHEITHOTO
IpoOrpaMMUPOBaHus. 3a1a4a JIMHEHHOTO IPOrPAaMMUPOBAHUS PENIAeTCsi ¢ moMoIbio M-meroma. [Tpu
KaXKJIOM 3HAYEHUN BPEMEHU PeIraeTcs 3aJada JIMHEIHOro mporpamMMupoBanusd. 1Ipeioxken HOBBIM
ITO/IXOJ] K YUCJICHHOMY perreHunio 3a7a4. [IpuBemena obirast OJI0K-CXeMa aJIrOPUTMa, PEIIeHUs HeCTa-
IIMOHAPHOH 3a/a4M ONTUMAJIBHOI'O yIIPAaBJIEHUs Pa3MelleHHeM HCTOYHHKOB Telljla ¢ MUHUMAaJIbHON
MOIITHOCTHI0. Pazpaboran ajropuT™M u mporpaMMHOe ODecIiedeHre [1JIsl YNCAEHHOTO PEIleHs 33 a4u.
IIpuBeeHo KpaTkoe onucaHue MPOrpaMMHOrO obecredeHusi. Ha KOHKPETHBIX MpUMepax MOKAa3aHO,
9TO YHUCJIEHHOE DeIleHre KpaeBOil 3aJadil HAXOJMTCd B 3a/IaHHBIX IIpejesiax, CyMMa ONTUMAaJIbHO
Pa3MeIIeHHbIX UCTOYHUKOB TeILTa ¢ MUHAMAJIBHON MOIHOCTBHIO aeT MUHUMYM (hyHKIHoHATY. Bu-
3yaJIu3UPOBaHbl PE3YIbTAThl BBIUYNCIUTEIBHOIO SKCIIEPUMEHTA.

Karouessle cao8a: HeCTAMOHAPHBIE 331241, ONITUMAJILHOE Pa3MellleHne, UICTOYHUKHI Tella, YPaB-
HeHust KoHBeKIuu-1uddy3un, M-meTos.

BBeaenune. OHuM U3 CaMbIX PACIPOCTPAHEHHBIX 00BHEKTOB B PA3JIUIHBIX chepax JAesATeTbHOCTH JesI0-
BEKa sIBJIFIETCS CUCTEeMa MCTOYHUKOB TeIlIa, TEIIOBOI DaJjlaHC B OTalJIMBaeMbIX IOMeleHusX. Maremarndeckoe
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MO/IEJINPOBaHME TAaKUX CHCTEM CTABHUT 33J1a4y 00 ONTUMAJILHOM Da3MEIIeHUH UCTOYHUKOB TEIJIa B OTAILJINBae-
MBIX TIOMEIIEHUSIX, UTO CBSI3AHO C PECYyPCOCOEPEraroIMI NHKEHEPHBIMI TEXHOJIOIUSIMU. 3a/1a49a OITUMAIBHOTO
pa3MenieHnsi ICTOYHUKOB TeILIa, OTAILJINBAEMbIX ILIOIIAJIEN Beeria ObLIa aKTYaJbHON IPU MIPOEKTHBIX paboTax B
CTPOUTEIBCTBE, TEIUIANAX U APYTUX TEXHUICCKUX U TEXHOJOTUIECKUX cdepax. 3aJadu STOr0 TUIA ObLIN U3yde-
HBI JIJIs CTAIIMOHAPHOTO cirydast. OHAKO 3a/1a9a ONMTUMAJIBHOIO Pa3MeIeHrs] HCTOYHIKOB TeIlIa ¢ MUHUMAJIBHOMN
MOIITHOCTBIO [IJIsI HECTAIIMOHAPHOIO Clydasd He U3ydeHa.

B pabore |1] mpeayioxkeno pernenne 3aaM1 ONTUMAIBLHOTO PA3MEIIEHNST ICTOUHUKOB B HEOJHOPOHBIX Cpe-
JlaX, CKAJIIPHbIE CTAIIMOHAPHBIE TI0JIsI B KOTOPBIX OIHICHIBAIOTCS SJUIMITUIECKIMI ypaBHeHUsAMU. B ocHOBY aJiro-
PUTMOB PeIlleHUsl 33191 OJIOXKEHBI CIIOCOOBI OIEHKU 3HAYEHUi (DyHKIMOHAJIA Ha MHOYXKECTBE BO3MOYKHBIX MECT
pa3MelieHusi ICTOYHUKOB, YTO JIaeT BO3MOYKHOCTH BBIOOPA ONTUMAIBLHOTO BAPUAHTA IIYyTEM DEAJIA3AINA METOJIa,
BeTBell U rpanul,. B pabote [2] paccMoTpeHbl 3318491 ONTUMAJILHOTO HArPEBA IIOMEINEHUsT Ha OCHOBE IIPUHITHAIIA
makcumyma [Toarpsruna. B pa6ore [3] paccmorpena 3aiada sueproabdeKTuBHOr0O TeIIOCHAGKEHUsT 3IaHUs B
CHCTeMe TIEHTPAJIBHOTO oTorieHnst. B pabore [4] usyuena muddepeHnnanbHO-pasHOCTHAS 381898 YIIPABJIEHH
rporieccoM judy3un, MOy IeH aHAJIOT IPUHITUI MAKCHMYMa, TTO3BOJISIIOIIII OIpeIe/InTh MOMEHTHI BKJIFOUEHUSI
U BBIKJIFOYEHHsI NCTOYHIKA MAKCUMAJIBHON MorHoCTH. B pabore [5] n3ydeHa 3a/1ada ONTUMAIBHOTO YIIPABJICHHS
MIPOIECCAMU, OIMUCHIBAEMBIME yPABHEHUEM TEILIOMPOBOIHOCTH. ¥ IPABJISIONINI MapaMerp 3a/aH B IPDAHUIHOM
YCJIOBUH U JOCTUT MUHUMYMa (DYHKIMOHAJIA, 33/IaBAEMOI0 NHTErPAJIbHBIM KBaIPATUIHBIM BbipakenuneM. [loka-
3aH MeTOJ, HaXOXKJIeHUs JOIyCTUMOIO YIIPABJIEHHS, JAIOIMIEr0 MUHUMYM (OYyHKIIMOHAILY.

B paborax [6-8] paspaboranbl METOM M AJIFOPUTM DEIleHHs] HECTAIIMOHAPHBINA 3a7a4u 06 ONTUMAJILHOM
BBIOODE IIJIOTHOCTH MCTOYHUKOB TEIlJIa HA IPOCTBIX M€OMETPUYIECKIX 00JIACTAX TaK, YTOOBI TeMIIepaTypa BHYTPH
paccMaTpuBaeMoil 00/1aCTH HaXOJAW/Iach B 3aJIaHHBIX Ipejesax. IIpu 9ToM MCTOYHUKHU Tellia 00eCIednBaI 3a-
JIAHHBI TEMIIEPATYPHBIA PEXKUM MUHUMAJBHON CYMMAapHON MOITHOCTA U TEMIIEPATypPy B 3aJaHHOM KOPHUJIOPE,
3AII0JIHEHHOI OJIHOPOIHOM M HeOMHOPOIHOH cpemnoit. B pabore [9] paccmorpena KpaeBag 3a1ada mapabosmdae-
ckoro tuna. Pacrpenesenne Tenia B pacCMATPUBAEMOM TeJie KOHTPOJIUPYeTCs: PYHKIINEH, KOTOpasi HAXOIUTCS
Ha CPAHUIIE TeJIa.

B pa6ore [10]| uncienno pemaercs ypaBHeHue KOHBeKIHMU-Iuddy3un B IByMEPHON I€OMETPUH JJIsi MO-
JIeJTIPOBaHUsl Terltonepegadn. [IpoBesieH0 TeCTHPOBAHUE U IOJIYYEHBI PE3YJIbTATHI JJI CJIy9IaeB TPAHUIHBIX
ycqoBuii Tpex Tunos. OTMmeTnM, Takxke, 9ro B paborax [11-13] paccMOTpeHBI YHCJIEHHbIE CXeMBbI ¢ SIBHBIM KOH-
BEKTUBHBIM U HEsIBHBIM UM (y3UOHHBIM TIEPEHOCOM.

B mammoit pabore paccMoTpeHa 3aj@adya yIpaBjeHHs] KOHBeKIHeii-ud@dy3nueii Ha OCHOBE ONTHMU3AIUN
JIMHEWHOTO TeJIEBOr0 (DYHKITMOHAJIA C YIeTOM OIDAHWYEHUN, KOTOPAasi PEIIAeTCsi Ha OCHOBE AIIPOKCUMAIUMN U
CBeJIeHNUs K 3a/a9e JIMHEHHOTO IPOrpaMMHUPOBaHusi. B paboTe Mpe ijiararoTcs METOJ, U AJITOPUTM DEIEHIsT HeCTa~
[MOHAPHOI 3aJ]a9l [OJJIEPKAHUS TeMIIePATyPhbl BHYTPU O0JIACTH B 33JIAHHBIX MIPEJEJIaX, IIyTeM OMTUMAJILHOTO
pPa3MeIIeHns NCTOYHUKOB TeIlIa B IPAMOYTOJbHUKe. [lJist TPOBe/IeHNsT BEIYUCINTETLHBIX SKCIEPUMEHTOB ObLIO
pa3paboTaHO IporpaMMHOe obecrevueHue.

ITocTaHOBKa 3a/ja9M M €€ KOHEYHO-Pa3HOCTHasA anmpokcuMmanumsi. B obnactu D = {a < z <
b, c <y <d, 0 <t < T} tpebyercst Haiitu byukuuto f(z,y,t) > 0 takywo, uro mis gwoboro t € [0,7)
JIMHEHHBIN (DYHKIIMOHAI

b d
J{f}://f(gc,y,t)dydm — min, (1)

JA0CTUT'aJl MUHUMYMa U YAOBJIETBOPAJIUCH CJIEJIYIOIIIUE YCJIOBUS:

%— (z,y) @—ka?—u —v(z,y) %—k@ + f(z,y,t)
at - )y amz ayg 7y 6.13 6:{/ 7y7 )
a<zx<b c<y<d 0<t<T,
u(r,y,0) = uo(z,y), a<z<b c d
u(a7y,t) = ﬂl(y7t)7 ’U,(b,y,t) = M2(y7t)7 c
u(x, e, t) = psg(x,t), w(x,d,t) = pa( a

<d, 0<t<T,
<b 0<t<T,

m(z,y,t) < u(z,y,t) < M(z,y,t), (z,9,t) €D, (3)

rie u = u(x,y, t) — TeMueparypa B To4Ke (&, y) IPAMOYrOJIbHUKA B MOMEHT BpeMmenu t; x (z,y) > 0 — koadbdunu-
enT quddysun (TemMepaTypornpoBoIHOCTH); v(X,Y) — CKOPOCTh KOHBEKIIUH 10 COOTBETCTBYIOIIUM HAIIPABJICHA-
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st uo (2, y), 11y, t), pa(y,t), us(x,t), pa(z,t), m(z,y,t), M(z,y,t) — 3anaHHbIe HeNPEPbIBHBIE (DYHKIUH, Y10~
BJIETBOPSIFOIINE YCIIOBUST CONPsizKerus i1 (¢, t) = ps(a,t), p1(d,t) = pa(a,t), pa(c,t) = pg(b,t), ua(d,t) = pa(b,t).
Oyukuun m(z,y,t) u M(z,y,t) — nMeroT cMbIca DYHKIUI MIHAIMAILHON U MaKCUMATLHON TeMIIEPaTyphl B 06-
nacta D coorBeTcTBeHHO. MOITHOCTH O6bEMHBIX HCTOYHAKOB TEILIA OMUCHIBACTCA KBAIPATHYHO HHTETPHPYEMOM
dyukupeii f(z,y,t) B upocrpancrse Lo(D).
2 2
Ilycrs Lu = % — x(z,y) (g;; + gyZ) + v(x,y) (gz + g;j) Omneparop L, onpenenernsiii B Lo(D),
mveer obparabiit L. 3necs L~! — mHTErpambHLIT omepaTop ¢ HempephIBHBIM sapoM (dbynxmus ['puma). Uc-
HOJIB3YS €ro, MOXKHO 3aucaTh 3aady (1)-(3) B coemyiomnem Buje:

f('v '7') € LQ(D)a f('rv:%t) >0, m(sc,y,t) < (Lilf)(xvy’t) < M(a:,y,t). (4)

[TockosbKy TpyAHO HajfiTu HenpepbiBHOe pernenue 3agaqu (1)-(4), uieM ducsennoe pemenue 3aaa4du. B
9TOM CJIydae, UCIOJb3ysl HESBHYIO CXeMy, 3aMeHsieM 3a1a1y (2) KOHEUHO-DA3HOCTHBIM yPABHEHHUEM.

Beesiem B D paBHOMEDHYIO 110 TPeM HEPEMEHHBIM PA3HOCTHYIO CETKY Wy, . = Why X Why X W' = {(z; =
ihl, yj = jhg, tk = ]ﬂT), 7 = O,Nl, j = 07]\727 k = 07N3} C IIaraMm hl = (b — (J,)/,ZVl7 h2 = (d— C)/N27
T = T/N3

HestBHast pasHOCTHAsI cxeMa JJIs yCyIoBus (2) uMeeT BHL:

ultt —uk witl = 2ul Wl = 2wl
= Xij -

ij ij i+l i—1j i+l T ij—1
T h% h%

E+1 k41 E+1 k41
s Wip1j — Wi—1j n Wijp1 — U571 +fk+1
" 2h, 2hs EA

i=1,2,.. . Ni—1, j=1,2,....No—1, k=0,1,...,Ns— 1, (5)

U?J :u()(xiayj)v i:Oal,"'7N17 j:(),]-v"',N%

UISJ—H ::ul(yjatk-‘rl)’ UIIC\/T]l :,MQ(yj7tk+1)7 j:0717"'7N27 kzoala"'aN:ii 1a

uf&Ll = /J,3(£L'i7tk+1), ufﬁj = ,u4(xi7tk+1)7 ’L = 071, . .7]\[17 ]{,‘ = 071,. .. 7.Z\/vg — 1

k+1
Bnecw xij = x(@i,Y5), vij = v(Ti,Y;), fif = f(zi,Yj tht1)-
Beenem obosnauenus

5 I2x6 | 2x6 Xij | Vij - Xij Vi
XYy =|(= J J X+: _ Ay J X =|(— J J
(ﬁ h§+h§)’ ERETA 2o )

v+ — _ Xij Vij Y- — Xij  Uig ‘
( h§+2h2>’ ( 12 20

PaCCl\/IOTpI/IIVI paCcHIMPpEHHYIO MaTpUIly CUCTEMbI:

XYyt o ... 0 Xt 0 ... ... 07
Y-XYYt 0 ... 0 XT0 ... 0
A= ... oo
0 ... 0X 0 ... 0Y XYyt
L0 0 X 0 0 Y~ XY
[Tosyanm
G=A""
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Annpokcumupyem 3agaqy (1)-(5) B Buze 3a1a4uu JuHeiHOro IporpaMMuposanust. Pazmennm obracts D 1o
N3 Ni N»

x,1,t coorBerctBerHo Ha N1, No, N3 pasmbix wacreit: D = |J |J | DF
k=1i=1j=1

Yj—1 < Y < Yjs tp-1 <t < tk}; = 17N1a .] = 17N2a k = 17N3' B OPOCTPAaHCTBE L2( ) (byHKHI/H/I Z] =

(i, ys,th), (z,y,t) € ij (t=1,N;—1,7 =1,Ny — 1, k = 1, N3) onpeiesifioTcsi KaK KyCOYHO-IIOCTOSTHHBIE
N3 N1—1Ns—1
dyukuuu. Orciona nonyanm f(z,y,t) ~ >, > >
k=1 i=1 j=1

HyCTb 9pq = Ga mf} = m(xi7yjatk)a MZ = M(xwy]atk) fk 1j, N = (Nl - 1)(N2 - 1)a (p =4q,q9 =

(i—1)(Na—1)+j),p=1,N,q=1,N,i=1,N; — 1,5 =1,Ny — 1, k = 1, N3. lloncrasum BeIpaxkerne f(x,y,t)

B (1) u 3amennm HepaseHCTBO (4) Ha ceTouHble DYHKIUM.

ij) rae ij = {(I7yat)7 Ti—1 S T S Ly,

ITocse sToro mosyunMm cieyIonryio 3aa4y JUHEHHOrO IPOrPaMMUPOBAHUS:

Ni—1Na—1
Je{f} = Z Z mesD’C j —min, k=1,2,..., N3,
N ~
micﬂ S ngqj‘(f < ij’ p= 17N7 (6>

q= 1,2, N k=1,2,..,Ns.

Bazaqa (6) permaercs M-meTo/10M (METOIOM HCKyccTBeHHOTO 6asuca) [14, 15]. Hucsaennoe penterne 3a1a9u
N

(2) HAXOAUTCS ¢ TTOMOIIBIO u ngq f Haitiennas f, fk spsiercs ymknueii, naomeii MEEIMYM (byHKIHO-
q=1
naiy (1).

Pe3ysbraThl BEIYNCINTEIBHBIX IKCIIEpUMeHTOB. s npubikentoro pemenns 3auaaun (1)-(6) pas-
paborano mporpammHoe obecrievdenne Ha sizbike C#. it npejcraBienns: pe3yabTaToB pa3paboranbl rpadude-
CKHE MOJLYJIH.

ITpumep 1. Tpebyercs HaiiTy OnTHMAaIbHOE PA3MEIIEHNE UCTOYHUKOB TEIUIa ¢ MUHUMAJILHON MOIIHO-
CTBIO B NPSIMOYTOJIbHUKE. B KauecTBe pacuéTHOl obiacTu mcmoab3yercs Keaapar z,y € [0,1] ¢ dysximusvu
koabdummentom mubdysun x(z,y) = r?y?> m?/c u kommnonenrtamu ckopoctu v(r,y) = xy M/c. HauambHoe
1 TPaHMYHBIE YCJIOBUS ompejensiorces dyakmasvm: ug(z,y) = 2 + 22 + 3% m/c, pui(y,t) = 2+ y* + 2 m/c,
pa(y,t) = 3+ 3% + 12 m/c, pz(x,t) = 2+ 22 + 12 m/c, pa(x,t) = 3 + 22 + t2 m/c. OrpanmauBaromme TEM-
nepaTypHble KpuBbIe 3ajaforcs dyrkmmavm: m(z,y,t) = 1+ 2% + 9% + 12 K, M(z,y,t) = 4 + 2> + y? + 2
K, a okonuanue Bpemenn T = 1. Pacuérnas cerka ¢ unciaom uctoarukoB (N7 — 1)x(Ny — 1)x N3 = 9x9x10.
Ha puc. 1 upencrasieHsl pe3ysbTaThl YUCIEHHOTO perenus 3a1a4du (6). MUHAMYM OpU 9HCJIEHHOM DeIeHUn
suauenne yHKIMOHANA paBeH Juyin = 29.07 K-m/c. IIpencrasiennl pe3yabraTbl ¢ MUHUMAJBHBIM (TDAHUIIBI
C CHHHMM I[BETOM, HUKE), MAKCUMAJbHBIM (CPAHUIBI ¢ KPACHBIM IIBETOM, BBIIIE) U HPUOJIUKEHHBIM (3€IeHbBIM
[BETOM, II0CEPeIHe) 3HAYEHUAME TeMilepaTypsl. Ha puc. 2 1oKa3aHO ONTUMAJIBHOE PACIIOJIOKEHUE UCTOYHUKOB
TeIIa ¢ MUHUMAJIBHOM MOIIHOCTBIO.

IIpumep 2. Tpebyercsa HANTH ONTUMAIBLHOE PA3MENICHIE HCTOYHUKOB TEIIA ¢ MUHIMAJIBLHOM MOITHOCTBIO
B IIPSIMOYTOJIbHUKE. 3a/1a9a PEIaIach IPU CJIEAYONUX BXOAHBIX AaHHbIX (puc. 3-4): z,y € [0,1], x(z,y) = zy
w?/e, v(z,y) = 2297 /e, uo(@y) = 2+ 2% + 7 /e, pnt) = 2+ 52 + £ w/e, (s t) = 3452 + 22 /e,
ps(z,t) =2+ 22 +t2 m/c, pa(z,t) = 3+ 22 +12 m/c, m(z,y,t) = 1+ 22+ 2 +12 K, M(z,y,t) = 4+ 22 +y? +12
K, T=1, (Ny —1)x(Na — 1)xN3 = 9x9x10, Jpin = 39.72 K-m/c.

Kak BUIHO U3 PUCYHKOB 1 1 3, pelieHne KpaeBoil 3aJa9u JIe2KAT B IpeJieie MUHIMAIbHBIX U MaKCHMAJIhb-
HBIX TEMIIEPATYp, T.€. yIoBJerTBopsier HepaseHcTBy (3). Buauo, yro 3madenue u(x,y,t) IPAKTUYECKU DABHO
MUHUMAJBHOI TeMmeparype. 9To 03HadaeT, 9ro dbyHKnmonan Ji{ f} mocturaer MmuanMyma.

Ha PUCYHKaX 2u4 Pa3HbIMHU IIBE€TAMHU ITOKa3aHbl MOIIHOCTHU MCTOYHHUKOB TEIL/Ia MUHUMAJIbHOMN MOITHO-
CTH. Kpa,CHbIM IIBETOM IIOKa3aHbl MCTOYHUKU TeIljIa HauBBICIIIEN MOIITHOCTH. Wcroynuku Tema opnu KaxkKJI0M
(l)I/IKCI/IpOBaHHOM 3HaYCHUU BPEMEHU HaKJIaJIbIBAOTCA JAPYT Ha JApyra.

3akJroueHne
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10

m(x,y,1)

Puc. 1: T'padudeckoe orobparkenue permenus 3agaqm (6) nyst npumepa 1

f(x, 1)

L~ 400

L 200

L ]

¥

Puc. 2: OurumasbHoe pasmenenue UCTOIHUKOB Teiwia f(x,y,t)
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M(x, . 1)

10

m(x,'v. 1)

Puc. 3: I'pacduueckoe orobpazkenue pemienus 3a1auu (6) miist nupumepa 2

f(x, 1)

L GO0

L 400

L 200

Puc. 4: OnrumanbHOe pasMeleHne NCTOYHUKOB Teria f(x,y,t)
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IIpenyioxkeHbl MeTONMKA ¥ aJrOPUTM PelIeHUs] HEeCTAIMOHAPHON 3a/a4d IOJJIEPXKAHUS TEMIIEPATYPbI

BHYTpPH 00JIACTH B 33JJaHHBIX [IPEJIejIax IIyTeM ONTUMAIHLHOIO PAa3MeEIeHNsT NICTOYHUKOB TEIJIa B IPSMOYTOJIbHU-
Ke. 3aJ1aua pelreHa Ha OCHOBE YMCIEHHOTO MOJIEJIMPOBAHMS [IPOIECca KOHBEKINU-Au(dY3UN U MOCIEI0BATE b=
HOTO PEeIeHus 3a7aY JIMHEHHOTO MPOrpaMMUPOBaHusI. Pe3yIbTaThl BEIYUCIATEILHOTO SKCIIEPUMEHTa, TTOATBEP-
KIAIOT JOCTUKeHne (PYHKITHOHATIOM MUHUMYMa W PEITeHre OCHOBHOM 3aatM.

10.

11.

12.

13.

14.
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REZYUME

Ushbu ish minimal quvvatli issiqlik manbalarini optimal joylashtirishning nostatsionar masalasini
sonli yechishga bag‘ishlangan. Masalaning qo‘yilishi bir vagtning o‘zida ikkita shartning bajarilishini
talab qiladi. Birinchi shart to‘g‘ri to‘rtburchakka minimal quvvatli issiglik manbalarini optimal
joylashtirish orqali temperaturani minimal va maksimal temperaturalar oralig‘ida bo‘lishini
ta’minlashdan iborat. Ikkinchi shart isitish uchun sarflangan issiglik manbalarining umumiy
quvvati minimal bo‘lishini ta’minlashdan iborat. Statsionar holda ushbu masala boshqa olimlarning
ishlarida o‘rganilgan. Nostatsionar holda esa qaralmagan. Chegaraviy masala yechimini uzluksiz
holda topish qiyin bo‘lgani uchun masalaning sonli yechimini qidiramiz. Uzluksiz yadroli (Grin
funksiyasi) integral teskari operatorni topish qiyin. Grin funksiyaning sonli giymatini matritsa
ko‘rinishida topamiz. Parabolik tipdagi xususiy hosilali differensial tenglamalar bilan tavsiflanuvchi
jarayonlarda minimal quvvatli issiqlik manbalari joylashuvini optimal boshqarishning nostatsionar
masalasini sonli yechishning yangi algoritmi taklif gilingan. Boshqacha qilib aytganda yangicha
sonli yechish metodikasi taklif qilingan. Birinchi chegaraviy masala uchun berilgan konveksiya-
diffuziya tenglamasi orqali tavsiflanuvchi jarayonlarning matematik va sonli modeli qurilgan.
Chegaraviy masala ikki o‘lchovli hol uchun o‘rganilgan. Masalani sonli yechishda oshkormas chekli
ayirmali sxemadan foydalanilgan. Ushbu sxema yordamida ayirmali tenglamalar sistemasi hosil
qilingan. Hosil gilingan ayirmali tenglamalar sistemasi chiziqli programmalash masalasiga keltirilgan.
Chizigli programmalash masalasi M-metoddan foydalanib yechilgan. Vaqtning har bir giymatida
chizigli programmalash masalasi yechiladi. Masalani sonli yechishning yangicha yondashuvi taklif
qilingan. Minimal quvvatli issiglik manbalari joylashuvini optimal boshqarishning nostatsionar
masalasini yechish algoritmining umumiy blok-sxemasi keltirilgan. Qo‘yilgan masalani sonli yechish
uchun algoritm va dasturiy ta’minot ishlab chiqilgan. Dasturiy ta’minotning gisqacha tavsifi
keltirilgan. Chegaraviy masalaning sonli yechimi berilgan oraliglarda yotishi, optimal joylashtirilgan
minimal quvvatli issiglik manbalarining yig‘indisi funksionalga minimum berishi konkret misollarda
ko‘rsatilgan. Hisoblash eksperimentining natijalari vizuallashtirilgan.

Kalit so‘zlar: nostatsionar masala, optimal joylashtirish, issiglik manbalari, konveksiya-diffuziya
tenglamalari, M-metod.

RESUME

This work is devoted to the numerical solution of the non-stationary problem of optimal placement of
heat sources of minimum power. The statement of the problem requires the simultaneous fulfillment
of two conditions. The first condition is to ensure that the temperature is within the limits of
minimum and maximum temperatures due to the optimal placement of heat sources with a minimum
power in the rectangle. The second condition is that the total power of the heat sources used for
heating is minimal. This problem was studied under stationary conditions in the works of other
scientists. However, the problem was not considered in the non-stationary case. Since it is difficult
to find a continuous solution to the boundary value problem, we are looking for a numerical solution
to the problem. It is difficult to find an integral operator with a continuous kernel (Green’s function).
The numerical value of the Green’s function is found in the form of a matrix. A new algorithm for
the numerical solution of a non-stationary optimal control problem for the placement of heat sources
with a minimum power in processes described by parabolic partial differential equations is proposed.
A new technique for numerical solution is proposed. A mathematical and numerical model of the
processes described by the convection-diffusion equation given for the first boundary value problem
is constructed. The boundary value problem is studied for the two-dimensional case. An implicit
finite difference scheme was used to solve the problem numerically. According to this scheme, a
system of difference equations was created. The formed system of difference equations is reduced to
a linear programming problem. The problem of linear programming is solved using the M-method.
For each time value, a linear programming problem is solved. A new approach to the numerical
solution of problems is proposed. A general block diagram of the algorithm for solving the non-
stationary problem of optimal control of the placement of heat sources with a minimum power is
given. An algorithm and software for the numerical solution of the problem have been developed.
A brief description of the software is given. On specific examples, it is shown that the numerical
solution of the boundary value problem is within the specified limits, the sum of optimally placed heat
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sources with a minimum power gives a minimum to the functional. The results of the computational
experiment are visualized.

Key words: non-stationary problems, optimal placement, heat sources, convection-diffusion
equations, big M-method.
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YIK 517.956.6

OB O,Z[HOBHA“IHOI‘/'I PA3BPEINIMMOCTMU PEI'YJIAPHOT'O PEIIIEHNA YPABHEHUNSA CMEIIIAHHOTI'O
THUIIA BTOPOI'O POJA YETBEPTOTIO IIOPAAJKA C HEJIOKAJIbBHBIMHNW KPAEBBIMUW YCJIOBUAMMA
IIEPUOAMYECKOI'O TUIIA

XAaxXAIXKAEB B. B.
OumAn PTY HEeTH U TA3A (HIIY) nMEHM U.M.T'VBKUHA B TOPOAE TAIIKEHTE, TAIIKEHTCKUI
UHCTUTYT MEHE/2KMEHTA W 9KOHOMUKHU, Y 3BEKUCTAH
xalxadjaev@timeedu.uz

PE3IOME

B craTbe ucciemyercst ofHOZHATHAST PA3PEITUMOCTD PErYJISIPHOTO 00OOITIEHHOTO PENIeHNsT HEJIOKAJb-
HOI KpaeBoil 3a/1a41 MEPUOINIECKOrO THUIIA JJIsi yPABHEHUsT CMEIIIAHHOTO TUIIA BTOPOTO POa IeTBep-
Toro nopsaka B npocrparcTtBe CoboseBa. C ucrosib3oBaHmeM MOINMUIIMPOBAHHOIO MeToa [ajep-
KHHA, Al[PUOPHBIX OMEHOK U "e-peryispusanun’ 10Ka3bIBAIOTCS CYIIECTBOBAHNE W €MHCTBEHHOCTH
peryssipHoro ob00IEHHOTO perienust. [Jist JoKa3aTeIbCTBa KOPPEKTHOCTH 38149 CHAYMAJIA PACCMAT-
puUBaeTCcs BCIOMOraTe/ibHasl 3a1a49a ¢ yPaBHEHUEM IIsITOIO IIOPSIJIKA C MAJIBIM [IapaMeTPOM, JJIsi KOTO-
pOil yCcTaHABIMBAIOTCST HEOOXOIMMbIE allpUOpHBIE OleHKU. [loIydYeHHbIe Pe3yIbTaThl OCHOBBIBAIOTCS
HA MPUMEHEHWN METOa WHTErPAJOB SHEPTUU U TEOPEMbl O cJ1aboll KOMIIAKTHOCTH, YTO TO3BOJISIET
060CHOBATH CXOMMOCTD PEIIEHUH TIPK TIepexoie K mpejiety. Pabora onmpaercs Ha pe3yIbTaThl HCCIIe-
nosauuit B.H. Bparosa, I.E. Eroposa u C.3. /I:kamayioBa, MOCBSIIEHHBIX YPABHEHUSIM CMEITAHHOTO
THIIa BTOPOTO U BBICOKOTO IMOPSIJIKOB C JIOKAJIBHBIMU W HEJIOKAJIBHBIMUA KPAEBBIMH yCJIOBUSIMU.

Katoueswie caoea: EuHCTBEHHOCTD, PA3pelInMOCTh, PEryJsapHOe 000OINEHHOE pPellleHne, ypaBHe-
HH€ CMEIIAHHOIO THUIIA YETBEPTOrO IOPAIKa, HeJIOKAaJIbHas KpaeBas 3alada IIePUOLUMYECKOrO TH-
ma, upocrpancrBo CobosieBa, peryjsipHOe pellleHre, YPaBHEHHE IISTOrO IHOPSAIKa C MAaJIBIM IIapa-
METPOM, METOJ, MHTErpaJioB sueprun, meron Pasmo-Tajsepkuna, METOI alpPUOPHBIX OLEHOK, METO,
"e-perynsipuzanun".

1. BBeeHne u IOCTAaHOBKHU 3aIaYU.

Kak u3BectHo, B pabore A.B.Bunaize nokazano, uro 3aua4da Jlupuxiie jijisi ypaBHEHUsI CMEIIAHHOI'O TH-
Ia BTOPOTO NOPsiJIKa HeKOppeKTHa [2]. EcTecTBeHHO BO3HMKAET BOIPOC: HEJb3s JM 3aMEHUTh YCJIOBUS 381441
upuxje ApyruMu YCIOBUSIMHU, OXBATHIBAIOIIIMEI BCIO TPAHUILY, KOTOPhIE 0DECIIEYNBAIOT KOPPEKTHOCTD 3a1a9n !
Brepsblie Takue Kpaesble 3a7a9u (HEJIOKAJIbHbIE KPAEBbIE 3aJ1a4K) JJisl YPABHEHUs CMEIIAHHOIO THUIIA BTOPOIO
nopsizika 6bLIM HpeyiozKennl 1 uzyudensl B pabore @.U.Dpankia [13|. Bauskas 1o nocraHoBKe K U3ydaeMbIM,
3aa9u JJIs YPABHEHHS CMEIIaHHOI'O TUIIA BTOPOrO POJia, BTOPOIO MOPSAIKA UCCIEIOBAHbI B OIPDAHUYEHHBIX 00-
Jactax B padorax [6-9],[14]. HesokanbHble KpaeBble 3a7a41 JIUIs YPABHEHHUsI B 9aCTHBIX [TPOU3BOJHBIX BBICOKO-
ro mopsijika 6e3 BBIPOXKIIEHUS MCCJIEI0OBAHBI MHOIUMU yUYEHBIME, TOJIHAs Oubymorpadus npuseieHa B paborax
[11,18,19] a syis ypaBHEHHUSI CMEIIAHHOI'O THUIIA BBICOKOIO HOPSIJIKA € JIOKAJIbHBIME KPAEBBIME YCJIOBUIMUA B Pa3-
JIBIYHBIX [POCTPAHCTBAX UCCIeIOBaHbl B paborax [4,5,10,17|, ¢ HeJOKaJbHBIME KPAaeBBIMU YCJIOBUSIMU TaKUe
3a/a49u OYeHb MaJio uccaenoBubl [10,20,21]. B nannoit pabore ¢ ucnonb3oBaHneM pe3yibraros pabor [4,5,9] u
¢ TIpUMEHEeHHeM MOJMMDUITMTPOBAHHOIO MeTosa [ajlepKuHa, alpUOPHBIX OIEHOK, U "e-peryisipudanuun" usyda-
€TCsl OJJHO3HAYHASI PA3PEINIUMOCTh PEryJIPHOrO OOODIIEHHOTO PEIeHusI OJJHON HeJIAKAJILHON KPaeBOil 3a/1atu
[IEPUO/IMIECKOTO TUIA JIJIsT yPABHEHUSI CMEIIAHHOIO THIIA BTOPOIO POJia YETBEPTOrO MOPsIKA B IPOCTPAHCTBE
Cobosesa.

B obmactu @ = (0,1) x (0,7) = {(z,¢);0 < z < 1; 0 < t < T < 400} paccMOTPUM ypaBHEHUsI
CMEIIAHHOTO TUIIA BTOPOT'O POJIa 9€TBEPTOTO MOPSIIKA.

Lou = Pu+ Mu = f(z,t) (1)
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31ech
4
Pu = ZKz(Z',t)DzU, Mu = QUgzrr — buwwtt — ClUgyg-
1=0
e Ka(z,t) = Kq(t), Diu= 2% (i =0,1,2,3,4), DYu = u,

Iycrh jyia koadbdunuenTos ypastenus (1) BBIIOJHEHBI CJIELYIONIEE YCIOBUSL:
K,(t) € C3(0,T) N C0,T); Ki(x,t) € C*(Q)NC(Q);a,b,c— consts > 0.
K4(0) = K4(T) = 0; DYKy|,_g = D{K4l|,_r,(p=1,2); Ki(z,0) = K;(z,T);i=0,1,2,3, aust Beex x € [0,1].

VYpasuenue (1) oTHOCHTCS K yPaBHEHHSIM CMEIIAHHOI'O THIIA BTOPOrO POJA, TAK KAK Ha 3HAK (DYHKIUU
K4(t) no nepemennoit ¢ BHyTpu obsiacTu () He HaJIAraeTCs HUKAKUX orpaHudeHuii [3,9].

HenokanpHble KpaeBble yCJIOBUE IIEPUOAUIECKOro Tuna: Haiitu pemtenve u(x,t) ypasuenus (1) us upo-
crpanctsa Cobonesa Wi (Q), yloBIeTBOPATONTEe CITeIyTOTIIM KPAeBBIM YCTOBHSM

YD} ul,_y = D} ul,_p; ¢=0,1,2 (2)
D£u|x=0 :Dg u| p:0315273 (3)

TJe 77 BeJIMYMHa OTJIMIHOE OT HYJIsA, KOTOpPOe 6y‘£LeT YTOYHEHO HUZKE.

r=1 ;

B dasvretiuem nam Heobxodumvs caedyrouwee onpedeserue U 8CNOMO2AMENLHBLE TPEOAOHCEHUS.
[ycts € (er, €2); (er = cos(€,t), ex = cos( €, x))—eMHUIHBLT BEKTOD BHYTPEHHEH HOPMAJIH K TDAHUIE

0Q . Tpu nostyueHnn pa3iInIHbIX AIPUOPHBIX OIIEHOK MbI YaCTO UCIOIb3yeM HepaseHcTBo Kormu ¢ o [12],10 ecThb
Yu,9>0; Yo >0; 2u-9<ou®+o 9%

Onpenenenne 1. Hasosem dynxyuro u(z,t) peayaaprvim pewenuem sadavu (1) — (3), ecauu € WHQ)
ydosaemeopsem ypashenus (1) u xpaeswvie ycaosue (2),(3) noumu ecody e obaacmu Q.

Teopema 1. ITycmov 6biNOAHEHDL BHALE NEPEHUCAEHHBIE YCA08UA OAA Kodppuyuenmos ypasrerus (1),
Ky (z,t) — nosoorcumensvras u docmamouro 60Avwad GYHKUUA, KDPOME MO20 NYCMb SVNONHEHDL CAEOYIOULUE
Ycaosus 0ai Koaduyuenmos ypasruenus (1):

—(2K3 — 3Ky + 3)\K4) > 03 > 0, 2K, — Koy + MKy > 69 > 0, MKy — Kot > 61 > 0,

ons mobus (w,t) € Q, 2de A = ZIn|y| >0, |y| > 1, dan ecex x € [0,1]. Tozda dan awbozo f(x,t) €
Lo(Q), ecau cyweemeyem peayasproe pewenue u(w,t) sadawu (1) — (3) us npocmpancmea Coboresa Wi(Q),
Mo oHO eQUHCMBEHHO U OAA HEE CNPABEOAUBE CACOYOWAA ANPUOPHAA OUCHKA:

2 2
||UHW2(Q) <clflo (4)
2

Hastee gepe3 ¢ 0003HAYMUM PA3IUYIHBIE ITOJIOKUTEJHHbIE TOCTOSHHBIE.

HokazarenbcrBo. Exnncreennocts pemenus 3agaan (1) — (3) JoKazKeM ¢ IOMOIIBIO METO/Ia HHTErPa-
s0B 3Heprun. IlycTh cymectByer peryiasiproe obobmenHoe pemenne 3amaan (1) — (3) u(z,t) 3 nmpocrpancTBa
Cobomesa W 5(Q). PaccMoTpuM cite/Tytoliee TOXK 1eCTBO

2/ Lu- e M .y dxdtzQ/ f-e M u, dedt (5)
Q Q

B cmty yenosmit Teopemsr 1 m Hepasenctsa Komm ¢ o [12], m u3 kpaesbix yemosnii (2),(3) naTErpmpoBanunemM
ToxKIecTBa (5) JIETKO TIOJYIUTh CJIEyIOIIee HEPABEHCTBO

2/ e MLu - uy d dt > / e_’\t{ — (2K3 — 3K s + 3\Ky) u?, + dau?, + \buZ, + \cu?
Q Q
F2K — Koy + MK )u? + (\Ko — KOt)UQ}dm dt — 20 |Jug |2 — INK o uy |2

+/ B_At{2K4utttUt — 2(K4t — )\K4)uttut — K4U’§t + 2K3uttut + QKQ’U,E — K()U,2
o0Q

tau, + bu, + cui}et ds + /

6*)‘t{2aummut — QUpp Wty — 20Ugprty — QCumut}em ds
0Q
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2 2
e wepes K = max { | Kall* o2(q), [1Ks]* cr) }-
VesoBust Teopembl 1 06eciednBaIOT He OTPUIATEHLHOCTh MHTErpaJia o obyactu () u obpalenne HyJlb TPaHII-
HbIX uHTErpasos. Orcona u3 HepaBeHCTBa (6) oIy IIM

Q/QLu ce My dedt > /Q eiAt{ég uf + Aaud, + Abu2, + drup + AeuZ + 6y uQ}dxdt
— 20 |lug ||y — AN 0T K ||ue|;
Bribupaem B HepasencTse (7) MOCTOsSHHBIE Yucia 03 U Jg TAKUE, YTO
83 — 20 > dp3 > 0, dy —AN'0 LK > 62 > 0.
O603naunB

§ = min {dos3, Aa, A\b, Ac, do2, 01},

MOJTyIUM 13 HepaBeHCTBa (7) TEePBYIO AIPUOPHYIO OINEHKY /s pertenust 3amaqan (1)—(3):

2 2
||UHW22(Q) <c Hf||L2(Q) :

Tenepn I0KazxKeM €JMHCTBEHHOCTDb PEry/ispHOro pemenus 3anadu (1)—(3).

JlokazkeM 3Ty TeopeMy MeTOJIOM OT IPOTHBHOIO: mycTh 3ajada (1)—(3) umeer japa pemennst uq(z,t) u ug(x,t).
Torma dbyuxius pasuocru J(x,t) = ui(x,t) — us(z,t) yaosiaersopser ogHopogHoMy ypasuenuio (1) ¢ yciaosu-
avu (2), (3). s mee crpasenmsa mepsag anpuopnast omenka [[9]]3 < 0. OTciona cieyeT euHCTBEHHOCTD
PeryJsipHOro pelieHus 3aga4u uy(x,t) = us(x, t).

Teneps [10KazKeM pa3peIIuMOCTh PeryJispHoro pemienus 3aiadn (1)—(3).

2. ypaBHeHne IIATOro nmopdaxKa ¢ MaJibIM ITIapaMeTpoM (BCHOMOI‘aTeJ’IbHaH 3a,uaqa).

Paszpemmmocts 3amaqn (1)—(3) mokarxkem merTomoM "e-peryispusanuu” B codeTaHun ¢ MOAUMDUIMPOBAHHBIM Me-
TogoM ['ajlepKuHa 1 alIpHOPHBLIX OLEHOK. A MMeHHo, B objacTn
Q@ = (0,1) x (0,T) paccMoTpuM ceMefiCTBO ypaBHEHHUIl ISATOTO MOPSIIKA ¢ MAJIBIM I1aPAMETPOM:

ON%u,
ot + Lu, = f(xat)a (8>

C HEJIOKAJIbHBIMU KPa€BbIMU YCJIOBUAMU IIEPUOJUICCKOI'O TUIIA:

Lou, = —¢

’YDg us|t=0 = th us|t=T§ q=0,1,2,3,4 (9)

D?u.|,_o = DYu.| p=0,1,2,3 (10)

=17
q
IJle €é— MaJjoe MoJIoKuTeIbHoe uncyo, Diw = %Z’;’, q=1,2,3,4,5; D%w = w;

2 2 4 4 4
A2y = (% + %)2’& = (% + 2% + 2711), OGUTrapPMOHUYECKHIT OIepaTop.

Huxke ucrnosb3yeM ypaBHEHEE IATOIO MOPsIKA ¢ MaJIbIM HapamerpoM (8) B KadectBe "e-peryispusupyromero”
yDaBHEHUsI JJisi yPABHEHUS CMEIIAHHOI'O THUIIA BTOPOro Poja derBepToro nopsiaka (1) [3-9).

Yepes V(Q) umzke Gyaem ob6oszHadaTh MpocTpancso dynkmuii Takux, uro ue(r,t) € WH(Q), aA;tuf € Ly(Q) m
YAOBJIETBOPAIOMINX COOTBETCTBYIoNMM yeaosusam (9),(10).

Onpepenenue 2. Hazosem dynruuo u(x,t) pezyaaprowm peweruem 3adavwy (8)—(10), ecau u. € V(Q)
u ydosaemeopsem ypasrenuro (8) noumu ecrody 6 obaacmu Q.

Teopema 2. ITycmo evinoanens, ece yceaosus meopemor 1, Ks(x,t) — noaoosrcumenvhas docmamouno
Goavwasn PYHKUUS, KPOME MO20 NYCMb GHINOAHEHDL CACOYIOUUE YCA0BUS Oad Kodpduyuenmos ypasrernus (8):

—(2K3 + 3| K4| + 3A\Ky) > 6 > 0.

Tozda dns moboti dynxuuu f(x,t) € Wi (Q), maxoti wmo ~vf(x,0) = f(x,T), cywecmeyem eduncmeenroe
peeyasproe pewerue uc(x,t) 3adavu (8)—(10) us npocmpancmea V(Q), u dasn nee cnpasedausvs caedyroujue
OUCHKU:
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2 2 2 2 2
1) & (lucenlly + el + leas I ) + el < e 1715

1) e|| 2 A% + llucll? < eo |1 £12.

Hoxka3zaresberBo. JlokazarejbcTBO HepaBeHCTBa 1) IPOBOIUTCA TaK Ke, KAK M IEePBOil allpUOpHOll OleHKN
TEOpeMBI 1, U3 KOTOPOTO CJIEYeT U €TMHCTBEHHOCTD PEryssipHoro permennst 3amaqn (8)—(10) (em. [4, 5, 9]).

ITpusedem doxazamenvbcmeo nepsoti anpuopHol, OUEHKU.

Iycrs ¢;(x,t) € Wi (Q) — coberennble DyHKIME ColeLyomedi 3a,/1aum:

a4¢. 34¢,, a4¢.

2 _ J J J _ 4

A= ( ot oz0n T o ) =10 (1D
DY¢jl,_y = Didjl,_p; p=0,1,2,3 (12)
D¥oil,_o = Dhejl,_,; p=0,1,2,3 (13)

U3 obmieit Teopun [1,12,16] jimHEHAHBIX CAMOCONPAKEHHBIX JUIMITHIECKUX OLEPATOPOB U3BECTHO, YTO BCE COO-
creernbie bynxmnmm sagaan (11)—(13) npuraateskar nmpoctpancTsy Wi (Q) 1 06pasyioT MOTHYIO0 OPTOHOPMIPO-
BaHHYIO cucTeMy B Lo(Q).

Teneps ¢ OMOIIBIO ITUX IIOCTIEA0BATEIBHOCTEN (DYHKITHIII IOCTPOUM PEIIIEHIE BCIIOMOTATEIbHON 3a/1a49n:

Puw; = exp (—215) % = ¢y, (14)
v wi(z,0) =w,(z,T), (15)

rue v = const # 0, npuuém |y| > 1.
OueBnno, uro 3axada (14), (15) ogHO3HAYHO paspelInMa, U ee PelleHne NMeeT BUI:
¢ T
AT 1 At
Py == [ e <) pi(ryar+ —— [ exp () b,(t) dt.
0 2 v—1Jo 2

Oynximn wj(x, t) € W3 (Q) mmneiino nesapucumbl. JleficTBUTENIBHO, e/ Z;V:I ¢;jw; = 0 mys HeKoTOpOoro Habopa
¢j, TO, IIpUMeHss onepaTop P, mojy4dnm: Z;V:1 cjPw; = Z;V:1 cj¢; = 0. Taxk xax {¢;} obpa3yor moJHyIO
cucremy, To ¢; = 0 jqs Becex j = 1, V.
U3 mocrpoenust byukuuit ¢;(x,t) cremyior ycmosus Ha w;(T,t):
v - Dlw;(z,0) = Diw;(z,T); ¢=0,1,2,3,4. (16)
Dzm)wj|gg:0 = Dgwj‘zzl ; p:0717233 (17)
N

N
Teneps npubimkenioe pemenue sajgaan (8)—(10) umenm 5 suge w(z,t) = ug (2,1) = 375, cjw;(z,t), e
K03 PUNmenTsl ¢;1ag moboroj ot 1 g0 N ompenendioTcs Kak pereHne JHHeHHON anreOpandecKoit CHCTeMbl

2/ Leu® - exp( —ﬁ)qﬁjdxdt = 2/ I exp( —ﬁ) ¢jdxdt. (18)
Q 2 Q 2

JlokarkeM OJJHOZHAYHYIO Pa3pPEIIUMOCThb ajarebpandeckoil cucreMmbl (18). YMuoxkas Kaxioe ypashernue u3 (18)
Ha ¢;U CyMMHDYS 10 j or 1 mo N, yumrTsiBasi kpaeBble yciaoBust (16)—(17) u amrebpanteckyto cucremy (18),
HOJIY 9MM TOKJIECTBO

2/ Lew - exp(—At) wydzdt = 2/ f-exp(=At) widadt, (19)
Q Q

13 KOTOPOro, B CHJLy YCJIOBUSI T€OPEMBI 2, HHTErpHpoBaHueM ToxiecTsa (19) nomyuanm onerky 1) st npubmiun-
JKeHHOTO perntennst 3aga4du (8)—(10), re.

e (ulbuellg + ludieallg + uiaallg) + a I3 < ex 1713 (20)
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Otcrofia BBITEKaeT paspemmmocTh anrebpandeckoit cucremst (18) [9],[12]. Onenka (20) mo3BossOT, B CUILY TEO-
pembl 1 1 TeopeMbl 0 €J1aboi KOMIIAKTHOCTH [12 16] BBIOIHUTD [IPeIEIBbHBIN epexo/ 10 N — 00 M 3aKJIFOYHUTh,
YTO HEKOTOPAst TOIIOCIIEA0BATEILHOCTE {ul* (2,1)} cxomuTes ciabo, B CHly €IMHCTBEHHOCTH DEIICHUS (Teo—
pema 1), B mpocrpanctee V(Q) K mckoMoMy pereHuio u.(x,t) 3amaan (8)—(10), obnagamormeMy cBoiicTBaMH,
yKazaHHbIMU B Teopeme 2 [9,12,16]. dus u.(x,t), B cuny (20) crpaBelyiuBo CJieflyioliee HEPaBEHCTBO

2 2 2 2 2
€ (Huetttno + Huettzuo + ”ustmno) + Hu€||2 <ec |l f ”o (21)

OTcroza 1MoLy YnM eJIMHCTBEHHOCTh PEeryssipHOro 0600meHHoro perienus 3a1aau (8)-(10).
Loxaoicem emopyro anpuopnyio ouenxy II).
Ucnonsays 3amady (11)—(15), u3 Toxaecrsa (18) momyunm

1

2 /Lw exp(—%)AQij dedt = — /f exp( )AQPw] dxdt . (22)
j

YMHOXKas Kaxkoe ypasHenue (22) Ha QM?C]', cymmupys 10 j or 1 jo N u yuurbiBast yciaosus (16)—(17),
3 (22) moJtyunM ciiejryIolnee TOXK IeCTBO:

/ (Lew — f) - e Pwdx dt =0, (23)
Q
rie

A2y O , 0 AN

Nurerpupys (23), ¢ yaerom ycjioBuii Teopembl 2 U KpaeBbix ycaosuil (16), (17), noaydum ciepyiomee HepaBeH-

CTBO:

A2 ||?
ot

ca (Ifell5 + 1£113) = €

0

+ / e_/\t{ — (2K35 4+ 3K4: + 3M\Ky) thttt — (2K3 — 3Ky + 30Ky) w?tm
Q

(2K3 + 3K4t —+ 3)\K4) wtttm —+ /\aw

TTXTT

£ bwd,, + Aa wmt} dz dt

+ pllw|3 = Nio (|weeellg + wetwall§ + llwetealld) — Noo (|wzeeall§ + wetes |15

+||wtmc||3)—0(0_17/\7K)||w||§+/ e M B(u(s), Ki(s))ds, i=0,4.
0Q

Biech: p — TOJMOKHUTETbHAZ KOHCTAHTA, 3aBucAmas oT Hopmbl dynxuuit K;(x,t) B C3(Q); K =
max{||K4(t)\|cs[0’T]7 ||Ki(x,t)|\cz@)}; N; — marypambubie uncia, N = max{Ni, No}; o, c(c™!) — koacbdpu-
nuenTsl u3 HepasencTBa Komwm; B(u(s), K;(s)) — dyukuun, 3apucsamue ot cienoB dyukuuu u(z,t) u koad-
dburmenros K;(z,t) ma rpannne obmactu Q. Iycrs 69 = min{d, Aa, Ab, A¢, 83, d2, 61} . YunTeiBas yciosue
Teopembl 2, kpaesbie ycaosus (16)—(17) u v2 = e*T rpanmdnbie nnrerpase B (24) obpammaiorcs B Hyib. Bbibu-
pas o TaK, 9Tobbl 6o — No > 09 >0, p—c(c™1, A\, K) > po > 0, u3 Hepasenctsa (24) mosryqaem HeOOGXOIIMYIO
BTOPYIO AllPHOPHYIO OLECHKY.

3Au

o

+H Mio< e (11 1£105) <elfIF (25)

IMocrosinnas B pasoit yactu (24) we 3aBucut or N, cienoBarebHo, u3 (25) BbITEKAET BTOPasi AllPUOPHAsI OLIEH-
Ka JUUIA npubsmkeHHOro pernenus 3agaau (8)-(10). Onenka (21) Bmecre ¢ omeHkoit (25), a Takke TeopeMa O
c1a60ii KOMIIAKTHOCTHU II03BOJISIOT BI)IHOJIHI/ITI) npeesIbHbII 1epexon npu N — 00 U 3aKJI0YUTh, YTO HEKOTO-
pasl IOJIII0C/Ie0BATEIHLHOCTh {u (z,t) }CXOILI/ITCH cafo, B CUily eJIMHCTBEHHOCTH pernenus 3amaan (8)-(10), B
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V(Q) BMecTe ¢ TPOU3BOIHBIMU YE€TBEPTOTO U MATOrO TIOPSAKOB K MCKOMOMY DeleHno u. (z, t) 3amaqn (8)-(10),
obasiaroneMy cBoficTBaMu, yKazaHHbIME B Teopeme 2 [9,12,16]. ITo stomy mist ue (2, t) B cuity (25) cupaseainso
CJIeTyToIee HEPABEHCTBO

gAuE

“ll o

2
2 2 2 2
lhucld < ez - (1FI5+1£:05) < eall £11- (26)
0

Hcnosb3yst Teopemy 0 c1aboii KOMIAKTHOCTU ¥ BTOPYIO AIPUOPHYIO OLEHKY, CJIILYeT CYIIECTBOBAHUE DEryJIsap-
HOTO 0600IIEeHHOTO perennst u.(x,t) 3amaan (8)-(10) u3 mpocrpancrea V(Q). Tem caMbiM Jl0Ka3aHA TeopeMa
2.

3. CymecrBoBanue pemrenus 3azadn (1)—(3).

Iepeiizem K mokazaTeabeTBy paspenmmocta 3agaan (1)—(3).

Teopema 3. ITycmov suinoanenv 6ce yeaosus meopemovs 2. Tozda pewenue 3adawu (1)—(3) us npocmpar-
emea Wi (Q) cywecmeyem u eduncmeenno.

JlokazaresabcTBo. Euncreennocth pemenns 3ajiaan (1)—(3) B mpoctpanctee Wi (Q) mokazana B Teo-
peme 1. JTokakeM Tenepb CyHIeCTBOBaHME pemienus. [[jist 3roro paccmorpuM B obsiactu () ypasuenue (8) n
kpaesble yciosus (9)—(10) npu € > 0.

Tak Kak BBIOJHEHBI BCE YCJIOBUs TEOPEMBI 2, TO CYIIECTBYET €JIMHCTBEHHOE PErYJIAPHOE PENICHUE 331891
(8)—(10) upu € > 0 uz npocrpancrsa V(Q), u Jjisi HErO CIpaBEJIMBLI IIEPBag U BTOPas AIIPUOPHBIE OLEHKH.
Orciona caenyer, uro u3 muoxkecrsa dyukiwmii {ue(z,t)}, € > 0, MOXKHO U3BJIeYb CJIA00 CXOMASILYIOCS IIOIIOCIIe-
JIOBATEJBHOCTD B V (Q)), Takyio 4To

{uEi (1‘7t)} - U(JZ, t) opum  &; — 0.

ITokazkeM, urTo npejenbHas Gyakuus u(z,t) ymaosaersopser ypasienuio Lu = f (ypasuenue (1)) mourn
Betonty B Q. JleiicTBuTesibHO, TOCKOIBKY {u., (7,t)} cmabo cxomures B Wi (Q), a ocyiejoBaTeIbHOCTh

paBHOMEpHO orpanudena B Lo(Q), u upu 310oM oneparop L jinHelHbIi, TO nuMeeM:

OA?u,

0%y,
ot '

Lu—f=Lu— Lu, +¢;- 5

=L(u—ug,)+e¢;- (27)

Iepexong K npejiety B paseHcTse (27) npu €; — 0, HOJyInM €JIMHCTBEHHOE PEryJIsipHOE PENIeHUE 3a/1a91
(1)-(3) [3-5],[9]. Takum o6pazom, Teopema 3 jokazaHa.
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ANNOTATSIYA

Magqolada Sobolev fazosida aralash tipdagi ikkinchi tur to’rtinchi tartibli tenglama uchun nolokal
periodik chegaraviy masalaning umumlashgan yechimi uchun mavjudlik va yagonalik isbotlangan.
Modifikatsiyalangan Galerkin usuli, aprior baholash va “e-regulyarizatsiya” usullari yordamida
yechimning mavjudligi va yagonaligi ko‘rsatiladi. Kichik parametrli beshinchi tartibli yordamchi
tenglama ko‘rib chiqgiladi va ushbu yordamchi masala uchun ham aprior baholar olinadi. Olingan
natijalar integral energiya usuli va kuchsiz kompaktlik xossasi asosida yechimlarning chegaralangan
holatda yaqginlashishini asoslash imkonini beradi. Tadqiqot ishi V.N.Vragov, I.Ye.Yegorov va S.Z.
Djamalovlarning aralash tipdagi tenglamalar va nolokal chegaraviy masalalarga oid tadqiqotlari
asosida olib borilgan.

Kalit so‘zlar: Yagonalik, mavjudlik, regulyar umumlashtirilgan yechim, integral energiya usuli,
aralash tipdagi tenglama, nolokal chegaraviy masala, Faedo-Galerkin usuli, aprior baholash usuli,
“g-regulyarizatsiya” usuli, Sobolev fazosi, regulyar yechim, beshinchi tartibli tenglama.
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ABSTRACT

This paper investigates the unique solvability of a regular generalized solution to a periodic-type
nonlocal boundary value problem for a fourth order mixed-type equations of the second kind in a
Sobolev space. Using the modified Galerkin method, a priori estimates, and the "e-regularization"
method, the existence and uniqueness of the solution are proven. An auxiliary fifth-order equation
with a small parameter is considered, for which a priori estimates are also established.

The results are based on the application of the energy integral method and the concept of
weak compactness, which provides justification for the convergence of solutions under the limiting
transition. The study is grounded in the works of V.N. Vragov, L.LE. Egorov, S.Z. Dzhamalov, and
other researchers devoted to mixed-type equations and nonlocal boundary problems.

Keywords: Uniqueness, solvability, regular generalized solution, energy integral method, mixed-
type equation, nonlocal boundary value problem, Faedo-Galerkin method, a priori estimates, "e-
regularization" method, Sobolev space, regular solution, fifth-order equation.
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YIK 517

OBPATHAZ4 3AJAYA OJI4d ITCEBAOITAPABOJINMYECKUNUX
NHTEI'PO-IJN®PEPEHIINMAJIBHBIX YPABHEHNU

QaMyPAIOBA X. B.
BYXAPCKUIT TOCYIAPCTBEHHBINI YHUBEPCUTET, BYXAPA
h.b.elmurodova@buxdu.uz

PE3IOME

B namboit crarpe paccMaTpuBaeTcs JMHEHHas oOOpaTHas 3allada JJjis IICEBIONapadOTUIECKOrO
UHTErpo-1udepPeHITnaIbHOr0 ypaBHeHus. /JJoKa3aHbl TeOpeMbl CyIeCTBOBAHUS U €IUHCTBEHHOCTH
perierust 3Toit obpaTHoit 3amadn. PaccmarpuBaemMast 3a/1a4a COCTOUT B BOCCTAHOBJIEHUN HHTEIDAJIb-
HOTO sIJTpa, 3ABUCSIIETO OT BPEMEHH ¢, 110JT 3HAKOM uHTerpasa. OHa OTHOCHTCS K 06JIACTH MaTeMaTH-
YeCKON (DU3WKU U SIBJISIETCS] BAyKHBIM IIPUMEPOM OOPATHON 3aJ[a4uu Jjisl YPABHEHMS TEILIOIPOBOIHO-
cru. B KagecTBe npsiMoii 3ataun u3ydaercs 3agada Komm Jijist 1ceBaonapadboInIecKoro ypaBHEeHU s
TETJTOITPOBOTHOCTH.

Karouesnie caosa: obpaTHas 3aatia, MCeBIonapadboInieckoe ypaBHeHne, ypaBHenne Boabreppsl,
uHTerpo-uddepeHraIbHoe ypaBHEHUE, OJHOPOIHOE yPABHEHHE.

Bo MuOrmx mpuk/IagHbIX 3a7a9aX BO3HUKAET HEOOXOIMMOCTD BOCCTAHOBJIEHUST KOI(DMUIMEHTOB WU IIPa-

BoOil yacTu nuddepeHImaJbHOrO ypaBHeH!s 110 YaCTUYHOM nHMOpMaIuu o ero perternn. 110100HbIe TOCTAHOBKYT
OTHOCSTCSI K OOPATHBIM 33/1a4aM MaTeMaTHIeCcKOil (hU3UKHU, KOTOPhIE B HACTOSIIEE BPEMsI IIPEJCTABIISIOT CODOM
onuH u3 HanboJiee AKTUBHO Pa3BUBAIONIMXCS Pa3JesoB Hpukiaanoii maremaruku [1]. CoBpemennoe cocrosinue
Teopun OOpATHBIX 334, METOJbI UX PEIIeHNs, a TaKKe oOImupHas oudbanorpadus Mo JAHHOW TeMaTHKe TpeI-
CTaBJIeHBI B psijie DyHIAMEHTATBHBIX MoHOrpaduii, B ToMm yucye paborax A. JI. Byxreitma (2], C.11.Kabannxuna
[3], M.M.JIaspenrnesa, B.I'Pomanosa, C.II. Hlumarckuii [4], FO.4.Benosa [7] u B.C.A6nabexosa [10]. Coexyer
OTMETHUTD, ITO TEOPUsi OOPATHBIX 3aJad JIJIsl IICEBIONapabOIMIeCKUX YPAaBHEHUN Pa3BUTa CYIIECTBEHHO caabee
[0 CPABHEHUIO C AHAJIOTUYHON Teopueil jjis Kiaccudeckux uddepeHIaabHbIX YPaBHEHUH BTOPOro MOPSIKA.
D10 00yCIOBJIEHO TEM, YTO U3y UeHIE OOPATHBIX 33181 HEBO3MOXKHO 63 TyryboKOH MpopaboTKK COOTBETCTBYIOTINX
npsaMbIx 3a1a49. OJIHAKO TeopHst MPSIMBIX 33144 JIJTsl TICEBIONapaboIMIecKNX ypaBHEHHI [TOKa eIé HAXOUTCs Ha,
CTaJIMU CTAHOBJIEHUS U JIAJIeKa, OT 3aBepiienus. TeMm He MeHee, Teopusi 0OPATHBIX 33144 JIJIsI [ICeBI0IapadbOIIIe-
CKHUX YPaBHEHHUI B HACTOSIEE BPEMsI PA3BUTA B MEHDINEHl CTEIIEHN 110 CPABHEHUIO C T€OPUEH st KIaCCUIeCKUX
yPaBHEHUI BTOPOro MOPsiKA, MAPOKO IPUMEHSIEMBIX B MaTeMaTUIECKON (Du3nKe. DTO 00bACHIETCS, B IEPBYIO
odepeib, TeM, 9TO YCIIEIIHOE pellieHre 0OpaTHOM 3a/1a91 TPE/II0JIAraeT NiIyboKoe TOHUMAHNEe U TPOPabOTKY CO-
OTBETCTBYIOIIEH TpsiMoit 3aiaan. OTHAKO TeopHs MPIMbIX 33784 JJIsI [ICEBI0NAapabOINIeCKuX yPaBHEHHIT TIOKA,
ocraérest Ha cragun (DOPMUPOBAHMS W JajeKka oT 3aBepiieHusd. CieyeT moIaepKHyTh, YTO IIceBonapabosim-
JecKue ypaBHEHUs OIMCHIBAIOT IIMPOKUN CIIEKTD CJIOXKHBIX JIUHAMUYECKHUX ITPOIECCOB B PA3JIMYHBIX 00JIACTIX
HAYKU M TEXHUKU. B 9aCcTHOCTH, K TAKMM YPABHEHUSIM OTHOCUTCsI, HAIIPUMED, YPaBHEHUE CJIeyIolero suja [6]:

3
ou 0 < D 8u> 4 du

ot~ a0 \PWap | A58

OLIMCBIBAET IPOIECC KANWJUIAPHBIX, IJI€ U-BJAXKHOCTH B JOJAX eIUHUNDBL,Z-Taybuna, t-spems, D(u)-
koaddurnment auddysuBaoctu u A- Bapbupyembrii Koaddurment. llenpio ganHONl pabOTHI SABJISIETCS JTOKa-
3aTeJIbCTBO TEOPEMBI CYIIECTBOBAHUSI U €MHCTBEHHOCTH DPeIlleHrs] OOPATHOI 3a/1a91 OIIPEIeJIeHUsT siIpa B TICEB-
JIOTIapabOTMIECKOM UHTErPO-1nddepeHITnaIbHOM YPABHEHNN TPETHEro MOPSIKa C IIePeoIpe/ieIeHIeM BO BHYT-
penseit Touke. VcciemoBanue cocrout u3 JByX ranoB. Ha mepBom sTare obpaTHas 3ajada peaylupyeTcs K WH-
TerpajJbHOMY ypaBHEHHUIO TUla BojbTeppa Ha OCHOBE IIPEBAPUTENILHO IIOJYYEHHBIX PE3YJILTATOB I10 IPIAMbBIM
3aymadaM. Ha BropoMm sTame hopMyIupyeTcss U JOKA3BIBAECTCS TEOPEMa O CYIIECTBOBAHUU U €JIMHCTBEHHOCTU
perenus JaHHOil 06paTHOi 3anadn. Pacemorpum B obmact Qp = {(z,t) : « € R, t € (0,T]} ncesgomapabo-
JITIECKOe UHTErpo-auddepeHnuajibHoe ypaBHeHe
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t
Up — Uppt — Upy = / k(t — 7)(Ugat + Uge) (z, T)dT. (1)
0

Beeziem neobxonumble 0603Hauenus u npocrpancrsa. O6o3uaunm depe3 Cp,(Qr)-6aHaAXOBO IPOCTPAHCTBO HEIIPe-

PBIBHBIX W OIDaHMYEHHBIX Ha Q7 dynkmuit ¢ Hopmoit ||[v]|c, = sup |v(z,t)|; Clgn’m)—IIpOCTpaHCTBO dyHKIHIiT
(z,t)€QT
it+j . .
v(z,t) Takux, 4TO aaT(;t”j €Cyaa0<i<n, 0<j<m cHOPMOIi:

n m "
oty
||,U||C:‘m = ZZ H@xlﬁtﬂ ||Cb

i=0 j=0

Bamaua Komm: Haiitu dyuknmio u(x,t) € C’ZEQ’I)(QT), VIIOBJIETBOPSIIOIILYIO B KJIACCUIECKOM CMBICJIE ypaBHE-

Huio (1) 1 HAYAJIBHOMY YCIOBUIO
u(z,0) = uo(z), =z € R. (2)

O6parHas 3amaua. Heobxonumo onpegenuts sapo k(t), t € [0,7T), upu yciosun, uro pemenue 3aiadu Koy,
3a/1aHHOl ypaBHeHnsMu (1), (2), n3BecTHO B DUKCHPOBAHHOI TOUKe To € R:

U(.’Eo,t) = f(t)v te [OaT] (3)

VYpasuenue (1) sBjsiercss MHTErpajIbHBIM yPaBHEHHEM Bojbreppa BTOPOTO pPOJa OTHOCHTEILHO BbIPAXKEHUs
Ugpt + Ugy. 1l09TOMY MBI IIpeOOpazyeM 3TO ypaBHEHHE TakK, YTOOBI IO/ 3HAKOM HHTErpaJia He COIEPKAJIOCHh
BBIPAYKEHUE Ugpt + Uz . HETPYTHO IPOBEPUTH MPSIMBIMA BBIYUCJIEHUSIMI, UTO ypaBHeHne (1) SKBUBAJEHTHO CJie-

ayromemy Buiy [11]:
t
Up — Ugat — Uge = 7(0)u — ug(2)r(t) + / r'(t — T u(z, 7)dT, (4)
0
e

r(t) = k(t) + /0 k(t — 1)r(T)dr. (5)

Banumem ypasHenue (4) B Buje

up (2, 1) — Upgt (X, 1) — Uze (2, t) = f(2,8), (2,t) € Qr, (6)

rae uepes f(x,t) obosHaveHa mpasas gactb ypaHernus (4). Ionoxum v = uy + u. Torma ypasrenue (6) nmeer
BIJT
Lv=—vg +tv=u+ f(x,t), (x,t) € Q. (7)

Ussecrro, uro dyHmamMenTagbHoe perenue oneparopa L umeer Bug [9]:

0t) —jal.

e(x,t) =
Ecsu cymecrByer ceprka € * [u + f], To pemienue ypasuenus (7) 3anaercsa dbopMysioi
w+u= [ ez = Olule,t) + 1€ ) ®)
R
CaenosaresnbHo, 3ana4a (4), (2) ceogurest k 3amade Komu misa uarerpo-auddepernnansHoro ypasaenus (8)

¢ HAYAJBHBIM yCJIOBHEM (2), IpUYEM €€ pelleHne SKBUBAJEHTHO PEIIEHUIO COOTBETCTBYIONIErO WHTErPAIHLHOTO
YPaBHEHUS

t
u(a, 1) = e uo(a) + 5 / deRe_‘””‘g‘e‘“‘” (e, 7) + £(&, 7)]de

nm
u(z,t) = e tug(z) + % /t dT/ e 12 =€l = (t=7) [w(&,7) + r(0)u(E, )
0 R
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p(E)r(r) + / " (r — aul€, a)dalde.

9)

Takum obpaszom, 3agaua (1), (2) cBejeHa K MHTErPaJbHOMY YPABHEHHIO, DellleHne KOTOPOTO eCTECTBEHHO Pac-

CMaTpPUBATh B KJIACCE OrPAHUYEHHBIX HenpepbiBHbIX byukimit u € Cy(Qr).

Jemma 1. ITyemo r(t) € C0,T),ug(x) € Cp(R). Tozda unmeeparvroe ypacnenue (9) umeem edun-

cmeentoe pewenue, YoosAemeopAoULee HauasbHoMmy ycaosuwio (2) u npunadaesicawee npocmparcmey Cy(Q).

JokazareabcTBo. s 9T0ro ucrnoib3yeM MeTo/ OCIe0BATE/IbHBIX IPUOJINKEeHUit, IpeacraBus u(z, t)

B BUJE CJIEIYIONIEr0 PAIA

u(z,t) = Z Un (2, 1),
n=1

rae un(2,t). st n > 1 ucnonssyercs ciemyrormast hopMmya
1 t
un(@,t) = = / dr / e 1€l =D [(1(0) + Ly (€, 7)
2 0 R

+/ (T — a)up—1(&, a)daldé, n=1,2,..
0

1 t
un(e,t) = ¢ uole) = 5 [ rr)dr [ el g )i
0 R
O6ozmaunm V,,(t) = sup |up(z,t)], 70 = rr%éi% [r(t)], 0 <t <T. Torma us (12), umeem
telo,

(z,t)€Qr

Vo(t) = sup |ug(z,t)| < Me " +rgMT(1 — e "),
TER

Haurtee,

t
Vi (t) = sup |up(z,t)] < 7‘00/ eIV, i (n)dr, 0<t<T
zER 0

roe M = sug|u0(x)|, To0 i= ||T||Cl[07T] + T+ 1.
S

(10)

3J1eChb UCIIOJIb3YETCs M3BECTHOE PABEHCTBO: % / R e~ 17=¢ld¢ = 1. TTocse 1oBaTEIBHO IPUMEHSIST OLEHKY (14)

upu n = 1,2, ..., HOJIyIuM

t

t
Vi(t)] < 7”00/ e~V (r)dr < Too/ e~ (Me™™ + Mro(1 —e™7))dr
0

0

t t .
- TOOM/ e~'dr +rooMro / e tdr — Mroroo / et gr
0 0 ;

t t
= rooMe_tT‘ + rooMroe”tr
0 0

—Mroroo(l —e™") = Mrogte ™" + Nte " + N(1 —e™ ),

t

¢
[Va(t)] < 7‘00/ e~V (r)dr < 7’00/ e~ [ Mrogre™ ™ + Nre ™
0 0

t t f
+N (1= e )]dr = 1o {/ rooe ' Mrdr +/ e 'Nrdr 7/ e~ Ndr
0 0 0

2

t
+/ Nefth} = T00 |:M7"00%67t
0

t 2

+ Nle*t Ne™t
0 2

)

t L
+ Ne '] —
0 0

/2 /2
= T00 [Mrooieft + NEe*t + Ne 't + Ne 't — N(1 - e’t)}
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t2 2
ng§02 +Nr00(t+2,) “t 4 Nrgo(1l —e™),
n t2
|Vn(t)|§Mrgo TR N ARt [t ) P Nyt
Torma
_ _ o tF
= 3 tnlo ) M Dl N Y ((zk,)”)
n=0 n=0
nJjan oo
t)=> un(w,t) <M+ N. (15)
n=0

Perlenne enuHCTBEHHO, IOCKOJIbKY CBs3aHHOE ¢ ypaBHeHHEM (9) OIHOPOIHOE ypaBHEHUE JIOIYCKAET TOJIBKO

TPUBHUAJIHHOE PEINTeHue
/dT/elmE\e(tT)

< [(r(0) + 1)u(€. 7) - / P (a)u(é, 7 — o)daldé (16)

0

B camom meste, ecan sup |u(z,t)| = V(t), 0 <t < T, to u3z (16) BBITEKAET
TER

t
V(t) < roo/ e~V (r)dr, 0<t < T. (17)
0

UssecTHO, 9TO MHTErpayibHOe HepaBeHCTBO (17) umeer emuncrsenHoe pernenue: V(t) = 0, u ciegoBaTesbHO,
u(x,t) =0, mpu (x,t) € Q.

Jlemma 2. ITyemov ug € CE(R), k € C'0,T]. Tozda unmezpanvhoe ypasrenue (9) umeem pewenue
Cy(Qr), Komopoe aeaaemes pewenuem sadawu (4) ,(2) u npu smom obaadaem pezyaapHocmvio U € C’éz’l)(QT).

Hoka3zaresnbcrBo. [TokaxkeMm, 9To Kiaccudeckoe pemterne 3anaau (4), (2), rakoe aro u € Cp(Qr), yao-
BJIETBOPSIET COOTBETCTBYIONIEMY UHTErPaIbHOMY YPABHEHHIO:

% = 7€7tUO(I) + %/R ei‘zigl [u(fa t) + T(O)u(f, t) - uo(f)T(t)

tr' — a)u(€, a)da ! t e 1P =Ele=Ct=T e ) + r(0)u(€, T
+ [ =t ayalie =5 [ [ eI e ) e )
p(E)r(r) + / "V — a)u(é, a)daldgdr, (18)

8” —t, ./

3 =€ to(z)+ %/0 e D u(z, ) + r(0)ulx, 7) + uo(x)r(7)
+/0 r' (1 — a)u(x, a)daldr — %/0 e~ (=) [u(z, ) + r(0)u(z, 7) — uo(x)r(T)
+/o (7 — a)ulr, a)daldr — 5 / / 9D u(e,7) + r(0)u(E. 7)
—U r(T Tr’ T —a)ulé, a)da T 1 t ooe_(f_x)e_(t_ﬂ ul&, 7
Wr(e)+ [ r'r —apute.adalazar+ 5 [ [ (6, ™)
+r(O)u(e. ) = u©)r(r)+ [ /(= cu(e.o)da]dedr
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et (x) / / =0~ [y(g, 7) + 1 (0)u(€, 7) — uo(€)r(7)

+ /0 (7 — a)ul€, 0)daldédr + /0 /m e u(g, )+ r(0)u(E7)

—ug(§)r(r) + /OT r' (1 — a)u(§, o)daldédr, (19)
2, t
S =) — 5 [ el +rO)ule ) ~ wa)r(r)

t

Tr’Tfa z,a)da 7'71 e (t=7) r x,T
+ [ (= ayute aydaldgar = 5 [ e Iuter) + rO)ute )

qu(fv)v“(T)*/O (1 — a)u(z, o)do]dédr + = // [u(§, )

Lr(0)u(€, 7) — uo(€)r(r) + / (7 — a)u(z, a)do]dédr

0

/ / ~E D=y (€, 1) 4+ r(0)u(€, T) — up(E)r(7)
(1 — a)u(z, a)da)dédr = e tuy (x) — te*(t*T)uxT r(0)u(x, T
+/0< Jul, o)doldéd 0<>/0 fue, ™) + r(O)ulz, 7)
_uo(x)r(T)+/OTT/(T—oc)u(x,oc)da]d§dT+;/0 /Re_lw_gle_(t_ﬂ

x[u(&, )+ r(0)u(&, 7) — up(§)r(r) + /OT r' (1 — a)u(x, a)da]dédr, (20)

tr’ — a)u(z, o)da te_(t_T)uxT r(0)u(z, T
+ [ = auteapdal + [ (o) +r(0)ufa)

0

o (@) () + /0 " — a)uls, a)daldedr + % /R e =€11u(e, 1) (1 + (0)

—uo(§)r(t) + /O T’(t—a)u(f,a)da]dg—% /O /R e~ le—€lo—(t=7)

<[ule ) + rO)ule, ™) — uol€)r(r) + [ (7 — a)ule a)daldar. (21)

0

CymectBoBanue ((pOpMaJIbHO IIOJYYEHHBIX ITPOM3BOJIHBIX 00OCHYeM cTporo. Jljisi 9TOro JgoKaxkKeMm, dYTO
Uy Ugg, Ugzt € Cp(Qr). U3 coornommenus (18) cienyer mpeicrasiienue, MO3BOJISIONIEE YCTAHOBUTD TPEOYEMYIO
PEryJISIPHOCTD:

e tuo(a) + 5 /R eI ulE, )+ rO)u(€, 1) — uo(€)r(1)

tl [ [ et + route )

< M2+ 1)+ ||r||[(M + N) + rop-

—uo(&)r(T) + /OT (1 — a)u(é, a)daldédr
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U3 pasenctra (19) ciaemyer:

ggg\—\—w V-3 [ et +r0ute )

—ug(&)r(r) + /OT r' (1 — a)u(§, a)da)dédr| < Cy + (M + N)||r|| + Mro + roo,

U3 (20) u Toro, uro ug € CZ(R) :

Ox2| —

e tuy (r) — %/0 e~ (e, 7) + r(0)ulz, 7) — uo(z)r(T)

+/Tr'(7—oz) (z,a)daldédT| + —lr—gfo—(t- Du(,T)
0

r(0)u(€, 7) — uo(€)r(r) + / (7 — a)u(z, a)daldédr

0

< Cy+ (M + N)||r|| + Mro + roo,

B coorsercrun ¢ (21):

3'le t
% = ‘ e~ "ug (2) — [u(@,t)(1 +7(0) + uo(x)r(t) +/0 ' (t — a)u(z, a)da

te*(t*T)uzT r(0)u(z, 7) — uo(x)r(7T Tr’Tfauza e T
| [ eIt +rO)uter) o) + [ (7 - au(e, a)dalded

+ % /R e E (€, 1) + r(0)ul€, 1) —uo(E)r(t) + /O r'(t = @)u(é, a)daldé

) e 1o =Ele= = [y (g, 7) + r(0)u(€, 7) — uo(E)r(r)

—|—/ (1 — a)u(é, a)da)dédr| < Cy + 4(M + N)||r|| + Mrg + ro0.
0

rie Cp = sup |ugy(z)], Co = sup |ug(x)|.
zER TER

Teneps mokazkeM, 9To uHTErpaJbHOe ypasHenue (9), yaosierBopser ypaBHeHuio (4).

(2, 1) — Upgr (2, 1) — Uy (2,1) = —e Pug(z) + % /Re_‘””_f‘[u(f,t) +7r(0)u(,t)

—u(©r () + [ (=t adalds— 5 [ [ e Ipuien)

+r(0)u(§, 7) — uo(§)r(r) + /T v (1 — a)u(§, a)daldsdr + e ug ()

0

+u(z,t) + r(0)u(z,t) — up(z)r(t) + /0 ' (t — a)u(z, a)da]

_ /O e~ Dlu(z, 7) + r(0)ule, 7) — uo(x)r(r) + /OT (7 — )ulz, a)daldé
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// €l [y (e, 7) + r(0)ul€, T) + / Y — a)u(é, a)do]dedr

1 e lz=¢ly r(0)u —ug(&)r tr’ —a)u(§, a)da
5 [ ¢ e )+ rO)ute )~ ua(©)r(t) + [ (e~ ayulé,a)dal

—e tug(x)+/0 e~ (e, 1) + r(0)ulz, 7) — u(z)r(7)
TT’T—oeu a)do 771 t e 1P =Ele= U=y 7) + r(0)u(E, T
+ [ = et aydalir =5 [ [ eIl ) £ r0)ute
—u(©r(r) + [ 1'(r = a)u(€.a)daldcar

=r(0)u(z, ) — uo(x)r(t) + /0 r'(t — T)u(z, T)dT.

Urax, MbI IOKa3a1H, 9TO peImenne MHTerpajIbHoro ypasHenns (9) ynosiersopster ypasnennio (4). Kpome Toro,

u3 (9) caenyer, uro u(z,0) = ug(z). Ouenka (15) nokassiBaet, uro psz (10) cxomurcest paBHOMEPHO Ha (7.

Jlemma 3. ITycmu evmoanens yeaosus ug € Cy(R), f(t) € C?[0,T). Tozda obpamnas sadaua (4), (2),

(8) dan (x,t) € Qr sKxsuUBaAEHMHA caedyrowel sadave: mpebyemes natimu dynryuu u(z,t), u(z, ),

ydosaemsoparuwue 3a0aHHOT cucmeme YpasHerul:

() = e~ (z /df/ ~le=€le==) (¢, 7) — up(€)r(r)

- / (@)ulé, 7 — a)dalde,
w(at) = = uo(o) + 5 [ (e~ uo(©r ()

t 1 t
— ! — _ —le—glg—(t—7)
/0 r'(a)u(€,t — a)da]dg 2/0 /Re e

x[u(&,7) — up(&)r(T) — /T r’(a)u(é, T — a)da)dédr,

0

)= 5= £ = uolan) + 5 [ (et

/ ()(ﬁt—adadg—f// ~|z0—€l o~ (t—7)

<[ul€7) ~ uo(@)r(r) = [ r'(@ule.7 - a)dalasar],

0

SR

r(t) = ?19 [— f"(t) + e Tug(zo) + %/ e 170 uy (&, 1) — 1/ (t)uo ()

R
— tr'ozu —a)do 1 e~ lzo=¢l[y —7r(t)u
| r@uet —aydald = 5 [ e u(e ) < rityun(e)
— tr’au —o)do 1 t e~ 10—l [y (&, 1) — ug(&)r (T
| @t t—apdalde 5 [ [ e nlue m) — ()

- -/OT r(e)u(€, T — a)daldédr],

rue 0 = 9(1‘0) = fR uo(g)e—\wo—ﬂdé
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HokazaresnbcTBo. Ypasrenue (22) cosnanaer ¢ ypasaernueM (9). Tuddepeniupyst ero 1o nepemMenHoi ¢,

nostygaeM ypasrenue (23). Ilogcrasisis B (23) © = x¢ 1 UCIOJIB3Ysl JONOJHUTEIBHOE yesobue (3), muddepernn-

posanuoe o t, f'(t) = % (z0, 1), HOCJIE HECJIOKHBIX BRIYUCICHUTT IpuxoauM K ypasHenuio (24). Tuddepennupys

ypasrenue (24) no t, noaygaeMm ypasuenue (25).

Teopema. ITycmo evinoanenv, yearosua aemma 1 u 8, a maxoice svinoanaemes pasercmso uo(zo) = f(0).
Tozda npu docmamouno marom T > 0 pewenue obpammnoti sadavu (1)-(3) 6 waacce k(t) € C10,T] cywecmeyem
U ABAAEMCHA COUHCTNEEHHBIM.

Hoxka3zaresbcrBo. [Ipencrasum cucremy (22)-(24) B Buie 0lEpATOPHOTO ypaBHEHMsI

) = Ay, (26)
rJie Y BEKTOP-QYHKIMS ¢ KOMIIOHEHTAMHI
b = (1 (@, 1), Yo (1), 3 (@, 1), a (2, 1))
Gr(x,t) = u(@, ); o(,t) = gz, t) — L [ e 178 (u(E, 1) — uo(€)r(t))de;
Ua(a,t) = 3(t) = r(t) — 55 [pe 0 (€, t)dE;
Yalw,t) = Yat) = r'(t) — 35 [ [pe 120N ue€,t) — u(é, ))dE +0r(t)] 5 a oneparop A = [A;]L,

neiicTByer Ha BekTOp-byHKIME ¢ KommoHeHTamu ¥; € C[Qr], m B coorBercTBum ¢ ypasHeHUsiMu (22)-(24)
3a/1a€TCs pABEHCTBAMU

A =i (@, 1) + 5 /0 dr /R e 1D (6, 7) — o (&) (¥s(7)

+%/Re—‘wo—"‘¢1(nm)dn) _/OT(¢4(Q) +0¢s(a)

+%[%/Re*|xofn|(w2(n,a)+%/Re*|"*a1\[¢1(a1,oz)fuo(al)(qj;g,(a)
+?10 ; e~lm0=a2lyy (o, a)daz)day)dn] 1 (n, T — a)dalde, (27)

t
Agtp = —por (@, 1) — % /R el /0 [w4(a)+9w3<a)+% % /R e~ Iro!

e ]. —|To—a2
[ ) )i+ 5 [ o

N

X (2l 0) +
><1/Jl(a2,a)dag)]dal)dn]wl(f,tfa)da]dgf%/O dT/Re*Iw*ﬂe*@*T)
<[ (67) = @ 0(r) + 5 [ &Mt rian) = [ (wae) + ()
tgpls [t )t + 5 [ s or,a) = uofen)
“(ws(e) + 55 [ el 2, 0)daa) (1 (0)
1 —|zog—aq
+2—9/Re | 41 (aa, av)das)dan |dn) s (€, 7 — a)da]dé, (28)

At =) = 5l [ e [ wato) +ovata) + 15 [ o

<(ama) + 5 [ e s er.0) = wo(on) (Wa(o)

+% e~lwo=e2ly (g, a)dag)|don )dnjy (€, — a)da)dé
R
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w3 [ ar [ e T € r) — @t + g5 [ e

cwn(nrn) [ (a(e) + 0un(0) + gl [ e wa(n0)

b2 [ o)~ ol o)

+% i e—lxo—az\z/)3(a2, a)dag)}doq)dmbl &7 — oz))doé]dé“7 (29)
Awts = dost) = 5l [ T [ wte) +ous(e) + gl [ et

e~ lmo—a2

“(walna)+ 5 [ e (an0) — wo(on) Walo) + 55 [

xP1(ag, a)daz)]dar)dn]) (P2(§,t — a) + % / e 15 (41 (n, t — o) — uo ()

R

t
x (3 (t) + 2%Leilmoialwl(al,t—a)dal))dnJr%/O dT/Re*‘EO*E\e*(t*T)
X1 (&, T) — uo(&)(vs(T) + % /R e~ lmo=nly (n, 7)dn)

- [ i)+ bt + gl [ e atna) 4 5 [ e
X [1/11 (0417 a) — U (al)(z/;3(a)

+% ; e~ 1T0=2ly) (g, )das)]dan ) dn]epy (€, 7 — )]dEdr. (30)

IIe TaKXKe BBEIEHBI CJICLyIomue 0003HATCHIS:
Yo = (Vo1 (x, 1), Yo2(x, 1), Yo3(t), Yoa(t)) ,

Yo1(z,t) = e tug(x); voa(z,t) = —vo1(x, t);
1

Yo3(t) = %[*f/(t) + e ug(wo); thoa(t) = 5[*f”(t) + e~ tug (20).

Pacemorpum dyHKIMOHAIBHOE TpOCcTpaHCcTBO BekTop-byHKImii ) € C(Qr), rue Qr = {(z,t)|x € R,t € (0,T]}.
BBenem oboznauenust: By(1)g) - MHOXKeCTBO (DYHKIUH, JIJI KOTOPBIX CIPABEIJIEBO CJIECIYIOIIEe YCJIOBUE

¥ = olle@r) < d-

OueBngro, uro ||| < d + [|1ho]] = do. dokaxkem, 4rto oneparop A siBIsieTcsl CXKUMAIOIIUM Ha MHOYKEHCTBE
By(1ho), eciu uucio T pocrarouno maso. HanoMuuM, 9T0 oleparop Ha3bIBAETC CKUMAIONIUM Ha MHOYKECTBE
By(o), ecim BBINOJIHEHDI CJIELYIOIINAE JBa yCIOBHSL:

1) ecim ¢ € Bg(tbg) To Ay € Ba(vb), 2) ecmm ', 1)? mpomssosbabie ameMments By(1), TO

| At — Ag2||r < K[! — 27 5 xotopon k < 1.

ITpoBepuM BBINIOJIHEHHE TIEPBOTO U3 3TUX ycaosuii. Ilycts ¢ € Bg(1)g). Kpome toro, aus (z,t) € Qr cupases-
JIUBBI CJIE/YIONIAE OIECHKH:

1 t
[A1Y — Yorll = |1 — Yoillcor) = H§/ dT/ el =Ele= =y (¢, 7)
0 R

“un(€)wa(r) + 55 [ s, do) ~ [ wa(e) + bun(a)
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taplg [ watme)+ 5 [ e (en.0) — won) (@)
5 /Re—\fo—%\wl(ag,a)dag)dal)dnwl(w ~ a)da]dé]
e |5 [ o fooec e
“un(€)wa() + 5 [ o) [ (wa(e) + bun(e)
taplg [ wntme)+ 5 [ e (en0) — w(on) ()
+35 ¢ (2, c)da) o )dn] (.7 = a)da]

< (1+7O (1+;))d0T—i—(( +9)d0+%

1 T?
x(2+0(1+ ) )di5 = Ai(T) <d,

3 [ [ ate + o)
1.1

tgpls [t e)+ 5 [ e an0) — w(a)

A = — =
” 2 — 1/’02” H¢2 ,1/102||C(QT) (H;Eé)éh

x (13 (ar) + /e ro=e2lypy (ag, ) dera)|don )dnlepn (€, t — o) da]d€

20

1/t 1
4 - —lz—¢| —(t—T) ) — ) 4 — ~lzo—nl -
2/0 d /Re e [¥1(€,7) — uo(§)(3( )+29/Re Mapy(n, T)dn)

- [ i)+ oun(e) + 13 [ et @ watna) + 5 [ e

“[(o1,0) — uo(n) (Wa(0) + 55 | 71 0z, o) (wa(o)
+gg e i (2, 0)da)dondn) (6.7 — )dalds
< (24040 (1+5) )iz + 35 (2400 <1+;>)T
(1+9+219 <2+70 <1+;>>) T = fa(T) <
ilz | e / (sl

A3 — thos(t)l| = [[¥3 — Yosllc(@r) = L
+9w3(a)) + ?10 [% /R 6_‘930_77'('@/12(’17701) + %‘/Re—\n—aﬂ [¢1(a17 a)
—ug(a1)(P3() + 20 e~ 1702l (ag, a)das) | don )dn] v (€, —a)da} dg§

+3 [ ar [ el m) — uo(@)a(r) + g [ b

scwrl n) [ (100 + 0un(0) + gl [ e twato0)

237



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2 /2, 2025, 228-241

b2 [ o)~ wfon) o

55 [ eI g (s, @)das)da )i (€, 7 - a))da]dﬁ‘
R

[(1+0+219<2+70 <1+;>)>d§T+(1% <1+;>)doT
+<1+e+219(2+70 (H;))) B2 = pi) < (33)
53 [ et / () + 095(0)

/ el (g (n, o) + %/Re_m—a”[wl(ah a) — ug(ar)(¢s()

<

SR

A _ — _ = max
[ Aap = Yoa ()| = 14 — Yoallo(gr) = (z,6)€Qr

+1[1
202

+% /Re_bco—az"@[]l (a27 a)daz)}dal)dn])(%(g, t— a) _ uo(n)

t
(1/}3( )+i e ‘wo_al‘wl(aht—a)da1))d77+1/ dT/ e~ lwo—€l o= (t—7)
260 2 Jo R

<[a(E7) = w(©Walr) + 5 [ i (. 7))

- [ty + ovata) + g5l [ ety 4 g [ e
x[11 (01, @) — up(an) (Ps(a)

+%/Re*|wofa2‘w1(062aOé)d()é2)]d0[1)d77]1/}1(£,7'—Oé)]dde‘

_1 1 1 ) 1

+(1+9+29<2+70<1+;>)> TQ} Ba(T) < (34)

IIycrs T = min{ﬂl( ), B2(T), B3(T), Ba(T)} < d. Torma ¥Vt € [0,T],ABq(tbo) C Ba(tg). Teneps mposepum

BBITIOJTHEHNe BTOpPoro yciosust. Ilycts ¥F = (YF ok ok k) uw % € By(1o), k = 1, 2. Torna mmeem
' = 4l = 3 [ ar [ eFe Dl - e ) - @

() = ) + 55 [ e whnr) = v man) ~ [ (@)~ vi(@)

1.1

+0(53(0) = v3@) + 5505 [ e (@h(m0) ~ v (0.0

+% /Re_‘”_a”[(wi(ah @) = 91 (a1, @) = uo(a1)((¥3(a) — ¥3())
X (1 (a2, @) = v (az, a))daz)da ) dn) (6} (n. 7 — a) = ¥ (n, 7 — a))da]d

L ol [ T 1 1
<10t =] [ (20 + [ @40+ 50400+ Gan)da)ir| < [(1+200)7
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1
<1+0+ 9(

40 +2d0)) Tt =92l < b1 - 21,
Ao — Agy?] = Hf / e=31 [ wk) ~ vt + (@) - (@)
33l [ me) e + 5 [ e wlen0) — vior.a)
(o) () — ¥3(e) + % [ el an,0) = vz, )da)dan)dn]
<t o) 36t~ el — 1 [ ar [ Dl - wie7)

—uo(€)((WA(r) — ¥R()) + = / e leo =l (3 (1, 7) — 3 (1, 7)) — / (i) - v2(a)

20 /5
+0(3(0) = v3@) + 3515 [ T Iwhm ) —vdma) + 3 [ e
<[ (0n.0) = vi(or, ) — w(or) (03 () = (0) + g5 [ e
X (11 (a2, @) = ¥i (a2, 0))dan) (Y3 (e) — 3 () + 21*9/3"

X (1} (a2, @) — ¥ (az, a)daz)da]dn) (V1 (€, 7 — @) = V3(E, 7 — a))da]dg

<l = | (14 0+ 556+ 2000da ) + 1+ 200)do ) T
1 2d T?
# (104 o+ 20) T <yt - o2

400" = Aaw? = 515 [ e [ wie) — vita) +63()) ~ w(a))

il [ e) e + 5 [ Il en0) ~ vior.a)

R

—up(on)((¢3(a) — ¥3(a)) + 2*10 ety (ag, @) — Y (s, @) dag)]dar ) dn]
R

t
“(l(6t = o) vt —a)dald + 3 [ ar [ eedetle ) —uien)

o€ (WA() ~ i) + 55 [ el ) ~ w3 m, 7))
R

< [ (@) — w2t + owdt) - b)) + g5l [ e
“(@hn0) = wina)) +5 [ 7wl or) — v(ar,)
—uofon)(U4(e) = U3(@) + g5 [ e (0 00,0) = v, ) do)

daa)dn(¥} (€7 = ) = (6,7 — @)))daldg]| < " — 7

1 1 do 1 do
X‘0[<1+9+9(1+’Yodo+20>)T+(1+9+0<2d0+’)/0d0+9)>

(35)

(36)
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< (1 (14 3)) St w21 = mampe? - 2

4! = Al = 315 [ 078 [ (o) - vite) +0wh(0) ~ vi(a)
+gals [ @) — v + 5 [ Tl er )~ v(ana)
—uo(0)(¥(0) — ¥R()) + 5 [ e (0 (0, 0) — YR (02, 0))da)das i)
R
<6t~ ) U3t~ o) + 5 [ It - o)~ it - )
R
o) (VA1) — v () + % [ 1.t ) = 1.t = a)dan)y
+g [ ar [ et e n) — e ) — wl@(() i)

1 —lwo—n| (.1 2 T 2 1 2
+gg [T W) = v m)an) — [ (@)~ v(e) + 0053 (0) ~ vi(e)
+gals [ @) — v + 5 [ Il er )~ v(ana)
—uofan) (¥4(e) ~ V(@) + g5 [ €0 W0, 0) — (a0, ) daa) o )

R
X(BHE T — a) =&, T — a))Jdedr| < 4" - 2

o0 oo oo pen 1)1
2
x‘% (2d0 <1+’Yo <1+;))T+ (2do(1+6’)+6f90 (2+70 (H;))) Tz)‘

ka(T) " = v2|l.

| Ayt — A?||r < K¢t — 42|, tne k < 1, eciu T > 0 yI0BIeTBOPSIET yCIOBHAM

(14 29)T + (1460 + 5 (1 +70 +2d0)) T = k1 < 1,
(140 + 56+ 270)do) + (1 +270)do) T+ (1+ 6 + 5 (ddo + 280)) L — k, < 1,
H(1+0+ (1+y0do + 9 T+ (1+ 6 + 3 (2do + 70do + %))

(n()) Fones

(140454 (2+7do (2+3)) +14+7% (1+32))T

+2do (1+7 (1+3)) T+ <2d0(1+9) Do (2470 (1+ )))7;] =ky < 1.

(37)

(38)

(39)

Taxkum o6pazom, ecan dnucyao T J0CTATOYHO MAJO, TaK 9YTO BBINOJHseTcst yciosue (39), To onepartop A
SIBJIAETCS CXKUMAIOIUM Ha MHOXKecTBe By(1)). Torma, coriacHo mpuHIMIY C2KMMAIOIIEro oTobparkenus Banaxa,

ypaBrenue (26) umeer eMHCTBEHHOE pelieHue B npocTpancTse By(1p).

3akJirroueHne. ABTOp CTaThbd CUMTAET, YTO HOBU3HA JIAHHOW PabOThI 3aKJII0UAETCsl B T€OPEME O CyIIe-
CTBOBAHUU W €IMHCTBEHHOCTH PEIIeHUs] OOPATHON 33J[aUd M0 OIPEIEJIEHUIO /1P WHTErPAJIHHOIO UJICHA IICEB-
J01apadoIMIecKoro HHTErpo-1uddepeHInaIbHOr0 ypaBHEeHNs C YCJIOBHEM IIePeOnpesiesieHnsi BO BHYTPEHHE

TOYKEe OTpe3Ka.
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REZYUME

Ushbu maqgolada biz psevdoparabolik integrodifferensial tenglama uchun chizigli bo‘lmagan teskari
muammoni ko‘rib chiqamiz. Ko‘rib chiqgilayotgan teskari masalaning yagona yechilishi haqgidagi
tegishli teoremalar isbotlangan. Psevdoparabolik integro-differensial issiglik tarqalish tenglamasi
integral hadi yadrosini aniqlash masalasi matematik fizikaning teskari masalalar sohasiga tegishli
bo‘lib, ushbu maqolada integral ostidagi ¢ vaqt o‘zgaruvchiga bog‘liq bo‘lgan yadroni topish
masalasi o‘rganilgan. To‘g‘ri masala sifatida issiqlik o‘tkazuvchanlik tenglamasi uchun Koshi masalasi
qaralgan.

Kalit so‘zlar: teskari masala, psevdoparabolik tenglama, Volterra tenglamasi, bir jinsli tenglama,
integrodifferensial tenglama.

RESUME

This paper investigates a nonlinear inverse problem for a pseudoparabolic integro-differential
equation. Theorems on the existence and uniqueness of the solution to the considered inverse problem
are established. The problem involves determining an integral kernel, depending on time ¢, under the
integral sign. It belongs to the field of inverse problems in mathematical physics and is considered
in the context of heat conduction equations. The direct problem is formulated as a Cauchy problem
for a pseudoparabolic heat conduction equation.

Key words: inverse problem, pseudoparabolic equation, Volterra equation, homogeneous equation,
integro-differential equation.
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