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COEFFICIENTS OF OPTIMAL QUADRATURE FORMULA WITH PARAMETER

ABDUAKHADOV ALIBEK AKMAL UGLI
BUKHAR STATE UNIVERSITY, TASHKENT INTERNATIONAL UNIVERSITY
alibekabduaxadov@gmail.com

RESUME

In this paper, we study the problem of constructing an optimal quadrature formula in the sense of
Sard. When constructing a quadrature formula, the method of ¢-function is used. The error of the
formula is estimated from above using the integral of the square of the function ¢ from a specific
Hilbert space. Next, such a ¢ function is selected, and the integral of the square in the interval
takes the smallest value. The coefficients of the optimal quadrature formula are calculated using the
resulting ¢ function.

Key words: Hilbert space; phi-function method; optimal quadrature formula; error quadrature
formula.

Introduction

The construction of optimal quadrature formulas is one of the central problems in numerical analysis and
computational mathematics, particularly when dealing with function spaces endowed with Sobolev-type norms.
In such contexts, developing integration methods that minimize the worst-case error is both theoretically and
practically important for applications in physics, engineering, and scientific computing.

In this study, we consider the problem of constructing an optimal quadrature formula of the form

b n n
[ H@)de = 3" A @) + Y- Aus (@) + Ral ), (1)
. k=0 k=0

which involves both the values of the function and its first derivative at certain nodes xy, € [a,b]. The goal is to
determine the coefficients Agx, A1, that minimize the worst-case integration error over the Sobolev-type space

WQ(’Qg’l)(a, b), equipped with the norm

b 1/2
£l 20 = (/ (f"(x) +of’(:c))2d:v> :

The problem is approached in the sense of Sard optimality, which reduces to minimizing the norm of a
linear functional defined by the error of the quadrature formula. By applying the Cauchy-Schwarz inequality,
the error functional can be bounded by the product of the norm of the integrand in the given Sobolev space and
the Lo-norm of an auxiliary function ¢(z) defined by the quadrature coefficients and the form of the formula.
Therefore, the optimality problem becomes equivalent to minimizing the quantity

b
Fn(A07A1):/ ()02(‘1‘)(13j

a

subject to the constraint that ¢(z) satisfies the adjoint condition of the integration operator, derived via
Green’s formula. Here Ay, A; depends on the values of ¢ at nodes.
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To solve this minimization problem, we divide the interval [a,b] into n subintervals and construct
piecewise-defined functions ¢y (z) on each subinterval [zj_1, xy], which solve the differential equation

y'(x) —oy'(z) = 1,

and determine their coefficients Cy, Dy by minimizing the corresponding functionals

Tk
}'k(Ck,Dk) = / g@%(l‘) dr.

Tr—1

These lead to explicit expressions for ¢ (z) in exponential-polynomial form. Using these expressions, we then
compute the optimal coefficients Agr and Ay for the quadrature formula, ensuring that the overall error is
minimized.

Statement of the problem

In this work, we study the construction of an optimal quadrature formula using the method of ¢-functions.
As we said in Section 1, here we consider a quadrature formula of the form (1) In this regard, consider a
quadrature formula of the form

where Ao, A1 and xp are coefficients and nodes of the quadrature formula. Let the nodes of the formula
be located on the segment [a, b] as follows

a=x0<T2<...<xTp=0>0, (2)

and R, (f) is the residual of formula (1).

Suppose that the integrand function f is from the space V[/Q(?U’l)(a7 b), where WQ(?U’U((L, b) is the Hilbert
space of absolutely continuous functions that are quadratically integrable with the second-order derivative on
the interval [a,b]. The inner product of any two functions f(z) and g(x) from this space is defined by the
following formula

b
(f.9) :/ (f"(x) + o f'(2)) (" (z) + og'(x)) da, (3)

where 0 € R and ¢ # 0. This space is provided with the corresponding norm

b 1/2
||f(x)HW2(i;1> = (/ (f"(z) + af’(x))2 dgc> . (4)

One of the important problems in the theory of quadrature formulas is the problem of the optimality of
quadrature formulas relative to the error of this formula. In this paper, we will consider the problem of optimality
of a formula in the sense of Sard. We use the one-to-one correspondence between quadrature formulas and ¢
function in this.

For convenience, we introduce the multi-index notations

Ag = (Aom Apt, ... vAOn)7A1 = (A107A117 s Aln) and X = (xo, T1y--- 7xn)~ (5)

Definition 1. The quadrature formula (1) is called optimal in the sense of Nikolsky in the space WQ(?OZD,
if the value
Fu(Wy5", Ao, A, X) = sup [Ru(f) (6)

Fewsh

reaches its smallest value relative to Ag,A1 and X. Where Ag,A1 and X are defined in (5).
Definition 2. The quadrature formula (1) is called optimal in the sense of Sard in the space WQ(}U’O) if
the quantity
Fo(Wy5" Ao, A1) = sup | Ru(f)] (7)
fewfzb
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reaches its smallest value relative to Ag and Ay for fized X.

In this work, we solve the problem of constructing an optimal quadrature formula of the form (1) in
the sense of Sard in the space Wz(i}l)(a, b), that is, we find such coeflicients of the formula (1) that satisfy the
condition (7). In this case, we use the method of the -function.

Method of ¢ - function for constructing quadrature formulas in the space W2(2 1)

In this section, we explain the method of ¢ - function for constructing optimal quadrature formula of the

form (1) in the sense of Sard in the space WQ(?U’D.

Let functions f(z) be from the space Wé?;l)(a,b) and for a given positive integer n the nodes of the
quadrature formula under consideration are located as in (5). Then for each subinterval [xg_1,zk], k= 1,2,...,n
consider the function g, k = 1,2,...,n having the following property

on(z) —opr(z) =1, k=1,2,...,n. (8)

Then the function ¢ is defined as follows

Oliop_1,an] = r(x), E=1,2,...,n. (9)

That is, the restriction of the function ¢ to the interval [z_1, 2] is equal to ¢. Let us introduce the following

notations .
)= [ fads (10)

= ZAOkf(xk) + ZAlkf/(xk>' (11)
k=0 k=0

Now, using the property of additivity of a definite integral, taking into account the equality (8), from (10), we

have
1(f) = / e dxfz / 7) — ol (@)) f(2)do

= (0 (@) — apr()) f(2) oo (pr(x) — () f(z)dx
;( Pk Pk o /Ik_1 Pk Pk )

-y (k) — ovr(@i)) f(2) + (¢n(2n) — 0pn(zn)) f(2n) — i(¢2+1($k) — opk1(z)) f(@k)
k=1 k=1
— (¢4 (w0) — o1 (20)) Z or (k) f — @n(zn) f'(xn)

+Z¢k+1 (k) f' (zr) + ©1(20) f' (20) +Z/ (z) + of'(x))dx

From here denoting we have

Ra(f)=-Y" / (@) (" (@) + o f (2))da

I(f) = (¥ (o) — opr(x0)).f (o)

n—1

+ Y (h(k) = Ghga (@) = o (or(an) — @ (@)))f (@) + (@ (@n) = 0n(@n)) f(@n) + @1(20) ' (20)
k=1
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3 (o) — o) @) = alea) @) + 3 [ o)1) + o ()
k=1 k=1Y%k—1
=3 Ao flan) + 3 A (@) + Rulf), (12)
k=0 k=0

Consequently from (12), we get
Ago = —(p1(20) — op1(20)),

Aok = @1 (k) = Plyr(@r) — o(@r(@r) = @rer(ar)) b =1,2,... .0 — 1,
Aon = ¢ (2n) = 0pn(Tn), (13)
A1o = p1(20),
A1 = orp1(xg) —or(zk), k=1,2,...,n—1,
Ain = —pn(an),
and the error of the formula (1) has the form

b

RN == [ @) (@) + o (2))de =
;/I Pk /

k—1 a

or (@) (/" () + of’(a:))dx> (14)

Remark 1. Knowing the function ¢ we can find the coefficients Aok, A1x kK =0,1,...,n from (13). This
method of constructing a quadrature formula is called the method of ¢ - function.

Remark 2. From the expression (14) it is clear that the quadrature formula (1) is exact on functions
that is a solution to the equation

(@) +of(x)=0. (15)

The optimality problem for a quadrature formula of the form (1)

In this section, we discuss the problem of optimality of a quadrature formula of the form (1) in the space
W(211)
2,0 (a7b)'
Using the Cauchy-Schwartz inequality for the absolute value of the error (14) of the quadrature formula
(1) we have the following

b 1/2

[Ba (DI < 1" (@) + 0 f" (@) |20 /wz(w)dw = If @)l e le@)lzz@p- (16)

a

It should be noted that here the task of constructing an optimal quadrature formula of the form (1) in the

sense of Sard in the space W2(720’1) (a,b) is the task of finding the coefficients Ag, A1 (for fixed nodes X satisfying
the condition (2)) giving the smallest value to the quantity

b

F,(Ap, A1) = /gpz(x)dx. (17)
In turn, this problem is equivalent to finding functions @i (x), k = 1,2, ..., n, satisfying equation (8) and giving
the smallest value to quantity (17) on each interval [xg_1,z], k=1,2,...,n.

Next, from the beginning we find the functions ¢i(x), &k = 1,2,...,n that give the smallest value to
quantity (17) and then using the formulas (13) we calculate coefficients Aok, A1, K = 0,1,...,n of the optimal
quadrature formula (1).
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Finding functions ¢y,

Now we are engaged in finding the functions oy on each interval [xy_1, 2] for K =1,2,...,n, which are
the solution to the equation
y'—oy =1. (18)
Solving this equation gives;
1
y=——x+e""Cy + Dy. (19)
o

Thus, for each x € [xx_1,z], k = 1,2,...,n the function () is given as follow:
1
op(x) =——x+e’Cyp+ Dy. z € [xp_1,2x], k=1,2,..,n (20)
o

From here we conclude that to find the functions ¢k (x) we need to find such coefficients Cx, Dy, k =
,2,...,n, which give the smallest values to the quantity (17) on each of the intervals [zy_1,zx] for k =
2,...,n. Next, we find Cy, Dy such that the integral of the square of the function ¢ (z) defined by equality
1

1

1,2,.

(21) on the interval [xy_1, 2] takes lowest value. In this regard, consider the following functions
Tk

Fi(Cr, Dy) = / oi(x)dr, k=1,2,...,n.

Tk—1

Then from here, taking into account (20), we have

T 2
1
]-'k(Ck,Dk) = / <—ax+e”Ck +Dk> dx

Tk—1

Then calculating the partial derivatives of the function F(Cy, Dy) with respect to Cj and Dy and equating
them to zero, we have

Tk
2 / (fg + Cre™® + Dk) " dx = 0, (21)
o ag
Ty
2 / (—g F Cre®® + Dk) de = 0. (22)
Th—1

From (21)-(22), the last equalities we get the following

Th Tl Ty
Ch / e2°%dx + Dy, / e”dle / re’rdr
Tr—1 Tr—1 o—xk—l
Ty Ty Ty
Ck / e’®dx 4+ Dy, / ld;v:l / xdx
Tk—1 Tr—1 ka71

Solving this system of equations, we find the unknowns to be:

— ) -2
Cp=— =1 p C@tT) 22 (23)

o (€7 — eoTk-1) 202

It is easy to check that these values Cj, Dy give the smallest value of the function Fj(Cy, D) on the
interval [z_1,xg]. Then, taking into account (23), from (20) we have

1 e’ () — Tp—1) o(xk+ TE—1) — 2

k=12 ... 24
o o (e9%k — eoTk-1) 202 189 e e T (24)
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Calculation of coefficients of the optimal quadrature formula of the form (1)

Now, using (24), from the formulas (13) we calculate the coefficients Ao, A1
k=0,1,...,n of the optimal quadrature formula of the form (1).

First, let’s calculate Agr and Ajx. Then from (13), taking into account o;(x), we have

1 — o

AOO = 9

(25)

e’ (x1 —x9) o (x1+x0) — 2
o (771 — e9%0) 202

(26)

1
A = p1(z0) = —— %o +

Now let’s calculate the coefficients Ao, and Ayg, kK =1,2,...,n— 1. Then from (13), taking into account pg(z)
for k=1,2,...,n— 1, we have

_ Tk41 — Th—1

Aok = (@) — Plogr (28) — o (pr(ar) — Prp1(ar)+ = — (27)
eIk Tyl — Tk T — Th_1 Tyl — Th—1
A = prr1(zn) — (o) = — (enﬂl T ooan | goan 4 eo’mk_1> % (28)

Finally, let’s calculate the last coefficient Ao, and Aj,. Then, from (13), taking into account (24), we

obtain
0(Ty —Tpn-1) —2  Tp—Tp_1

1
A n — , n) n\tn) = 7~ no ?
on = ¢u(wn) = opn(tn) = —— + @ 2 2 29
1 €% (T — Tp_1) o(xn +Tp_1)—2
1 on(@n) P o (e9%n — otn1) 202 (30)

Thus, summing up the results of (25), (26), (27), (28),(29), and (30), we obtain the following main theorem
of this work.

Theorem 2. In the space Wéi;l)(a,b) for each fized positive integer m, there is a unique quadrature
formula that is optimal in the sense of Sard of the form

b

[ @) =3 As(o) + - Awf @)+ Ralf)
k=0

p = k=0

with coefficients

Tr1 — o
Ago =
2 b
Tk+1 — Tk—1
Aop = L k=12, n— 1,
Tp — Tp—1
Agy = T2t
1 €70 (1 —xg) o (x1+x0)—2
Ao =—=xo + 3 )
o o (e7¥1 — eo%0) 20
ek Thy1 — Tk Tk — Tp1 Tyl — Th—1
Ay = + - 4+ 2kt . k=1,2,...,n—1,
o 60$k+1 + eoTk e Tk + eO‘ﬂCk71 20—
A 1 €7 (L — Tp—1) 0 (Tp +Tp_1) — 2
in = —In — P - 2
o o (e7%n — oTn-1) 20

for fized nodes xi, k =0,1,...,n satisfying the inequality a = xo < x1 < ... < xR = .
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REZYUME

Ushbu maqgolada biz Sard ma’nosida optimal kvadratur formulani qurish muammosini o’rganamiz.
Kvadratur formulani qurishda ¢-funksiya usulidan foydalaniladi. Formulaning xatosi maxsus Hilbert
fazosidan olingan ¢ funksiyasining kvadratining integrali yordamida yuqoridan baholanadi. Keyin
shunday ¢ funksiyasi tanlanadiki, uning intervall bo’yicha kvadratining integrali eng kichik giymatni
oladi. Optimal kvadratur formula koeffitsiyentlari hosil bo’lgan ¢ funksiyasi yordamida hisoblanadi.

Kalit so‘zlar: Gilbert fazosi; @-funksiya usuli; optimal kvadratur formula; kvadratur formula
xatoligi.

PE3IOME

B mammoit pabore n3yvaercs 3a7adua MOCTPOEHUsT ONTUMAJILHON KBAaAPATYPHOI (DOPMYIIBI B CMBICIIE
Cappna. [Ipu nmocrpoernn KBaIpaTypHoi (hopMyJIbl HCHOB3yeTcst MeTo p-pyHKnun. IlorpemHocTs
dOPMYIIBI OIEHUBAETCS CBEPXY € TIOMOIIBIO HHTETpaJia KBaipata (bYHKIIH U3 OIPEIEJIEHHOTO PO~
crpancTBa ['miibbepra. [lajee BoiOupaercst Takas YyHKIUs @, IJjis KOTOPOIl MHTErpaJjl KBajpara Ha
WHTEepBaJie IPUHUMAaeT HauMeHbllee 3HadeHue. KoahduimeHTs onTuMabHOR KBaIpaTypHOil (op-
MYJIBI BBIYUCJISIOTCS C UCIIOJb30BAHUEM ITOJIY9eHHON (DYHKIUH (.

Karouesnte caosa: npocrpanctso ['miabbepra; MeTol (o-pyHKINN; ONTAMAJIbHAS KBaJIPaTypHAS
dopMyJia; MOrpenHoCTb KBaPaTypPHO (POPMYJIBL.
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RESUME

We consider a model of random right censoring generated by a pair of independent random
variables and the corresponding observed sample of minima and censoring indicators. For the case
of a noninformative censoring distribution, we derive the Fisher information for the parameter of
interest and present an alternative proof of the Cramér—Rao lower bound. The proof is based on a
direct application of the Cauchy—Bunyakovsky (Cauchy—Schwarz) inequality to the likelihood of the
censored sample, under suitable regularity conditions.

Key words: Cramér—Rao lower bound, noninformative censoring and Fisher information.

1. Introduction.

The Cramer-Rao Lower Bound (CRLB) is one of the most fundamental results in mathematical
statistics, establishing a lower limit on the variance of unbiased estimators. Classical results assume that the
underlying model is regular, meaning that the Fisher information matrix exists, is finite, and is strictly positive.
However, many modern statistical problems-especially in likelihood-free inference, weakly identifiable models,
nonregular exponential families, and nonparametric structures-violate these assumptions. In such noninformative
models, the Fisher information may be zero, infinite, or undefined. This motivates a modern reconsideration of
the CRLB applicable under minimal assumptions.

Classical CRLB theory originates from the foundational works of Rao (1945) and Cramer (1946), where
the Fisher information plays the central role in describing the efficiency of unbiased estimators [3,4]. Subsequent
developments in Kendall & Stuart (1977) and Lehmann & Casella (1998) extended the theory to multivariate
settings. However, starting from the 1980s, several researchers pointed out the limitations of CRLB in nonregular
models. Ibragimov and Has'minskii (1981) studied estimators in nonregular families where likelihood derivatives
fail to exist. Hajek (1970) introduced local asymptotic minimax results under minimal smoothness. Van der Vaart
(1998, 2000) developed semi-parametric CRLB extensions using tangent spaces. Ghosh, Basu & Martin (2016)
analyzed CRLB failures in misspecified and robust statistical models (see, [5-10]).

More recently, the problem of zero-information models has gained attention in the context of likelihood-
free inference (Sisson et al., 2018), Bayesian noninformative priors (Bernardo & Smith, 1994), weakly identifiable
models (Drton, 2009), information-geometry (Amari & Nagaoka, 2000). Several authors propose generalized
densities of bounded variation (Pfanzagl, 1990) or consider alternative differential structures, leading to
extensions of CRLB based on generalized score functions [10-14].

Let (€2,.A) be a measurable space on which two independent random variables £ and 7 are defined. Assume
that their distribution functions depend on an unknown scalar parameter 6 (s = 1) and are given by

F(z;0) =Py(¢ < x), G(z;0) =Py(n < ), e CR. (1)

We assume that both distributions are absolutely continuous with respect to Lebesgue measure, with
corresponding densities f(z;6) and g(x;0).

11
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The statistical model is such that instead of observing the pair (£,n) directly, we observe the pair (Z, §)
defined by

Z=min(§,n), 0=H{=2}=1{{<n}
Thus the random variable of interest £ is observed only when £ < 7, i.e. when 6 = 1.

If (X;,Y;) denotes the realization of (§,7n) in the i-th experiment, then after n independent repetitions
we observe the sample

{(Ziyai)}?:lv Zi :mln(Xza}/l)v 6’i :I{ZZ :Xi}a 1= 17"'7”'

Each pair (Z;, d;) takes values in the sample space U x {0,1}, where U is the set of possible values of Z.
We equip U x {0, 1} with the product o-algebra generated by sets of the form A x {0} and B x {1}, where A, B
are Borel subsets of U. Let {Qg,0 € O} denote the family of distributions of (Z,4d) on U x {0,1}, dominated by
a product measure
v(dz,dy) = Ay dz,
where A, is the counting measure on {0,1}: A, ({0}) = A, ({1}) = 1.

For each observed pair (Z;,d;) the likelihood contribution admits a density k(z,y;6) with respect to v,
which can be written as

k(z,y;0) = {f(2;0)G(x;0)}Y {g(z:0)F(z;0)} ¥,  zeU, ye{01}. (2)

Introduce the following notation for derivatives with respect to 6:

; 0 ) 0
f(x79)_ %f(x79)7 g({E,Q) —%9(1}9),
i) = S P0), Glrb) = 2G0)
x? - 89 x’ ) x? - 86 x? )
and the corresponding (one-dimensional) score-type functions
f(;0) g(x;0)
Az 0) = , r;0) = .
(#:9) f(z:0) #la:0) g(x;0)
For the joint density we write
0 1 0]
50(1.7 Y; 0) - % logk(m, Y; 0) - W %k(xv Y; 9)

We now recall an important special case of random right censoring, known as the proportional intensities
model (PIM), also referred to as the Koziol-Green model (see, e.g., [1-4]).

Definition 1. The pair of distribution functions (F,G) (or equivalently, the pair (£,7)) is said to satisfy
the proportional intensities model if there exists a positive constant S > 0 such that for all x in the support of
3

B
G(z;0) = (F(x;0))". (3)

In the literature the PIM is often called the Koziol-Green model. One of its key properties is that the
observed variables Z and § become independent.

Theorem 1. [3] The pair (F,G) satisfies the proportional intensities model () if and only if the random
variables

Z =min(¢, ), d=1{¢(=7}

are independent.

2. Noninformative Censoring Model and Fisher Information.

In the discussion above, the censoring distribution G was allowed to depend on the parameter 6, which
leads to an informative censoring model. We now consider the case where G does not depend on 6, i.e. we

assume that
F(z;0) depends on 6, G(x) does not depend on 6.

12
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Such a model is called a noninformative (or noninformatively censored) model.

In this setting we present an alternative proof of the Cramér—Rao inequality. Assume that the distributions

of £ and 7 are given by F(z;0) and G(x), with a scalar parameter § € © C R. The observed sample is

C™ = {(Zi,6:) Y1
The joint density of C"") with respect to the product measure
o(dz, dy) = Hv dz;, dy;),
i=1

on the sample space

Y = (R x {0,1})"
is given by

k‘(”)(m,y,e) = Hk(xhyue)? (337:[/) = (37173/17- . 'a$n7yn) S y(n)’

where now
k(z,y:0) = {f(2;0)G ()} {g()F(2;0)}' 7Y, zeR, ye {01}
Here GG and g do not depend on 6, while F' and f do, and

Fao)= [ fwo)at o) = GG
(—o0,] dx
The Fisher information of the sample C(™) is denoted I,,(6) and has the form

I,(0) =nI(0),

where
2

I(9):/R(aatglnf(w;G))?G(x)dF(x;O) /(8691np(x 9)) Fla:0) dG(z).

We now impose the following regularity conditions on the family {Qy,0 € ©}.

(C1) The support
{z:0< F(z;0) <1}

does not depend on 6.

(C2) The derivatives f(x;6)/00 and OF (x;6)/00 exist for all 2 and 6, and

Aafgz;G) G(z)de = %/f(x;e)(}’(x)dx

OF (x;0)
[ =5 6@ 80/anda()

and, moreover, the following limit and differentiation under the integral are valid:

lim - / [ (@, ;0 + A) = K™ (2, y:0)] vo(de, dy)
y
:/ gk(”)(x,yﬂ) vo(dz, dy),
Yy 00

2
/( ) <§91Hk(")(x,y;9)> k™) (z,y;0) vo(dz, dy) < oo
y n

13
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(C3) For all § € © we have
0<1(0) < o0,

and for any unbiased estimator 6,, of 6 we have
0 < dn(0) =Eg[(6, — 0)%] < 0.

We now formulate and prove the Cramér-Rao inequality for the noninformative censoring model.
Theorem 2. Assume that conditions (C1)—(C3) hold. Then for any unbiased estimator 0, of @ based on
the sample C™), and for all § € ©, we have

1
nl(0)’

dn(0) = Eo[(6n — 0)*] > (6)

where I(0) is given by (5).
Proof. Denote by vy the probability measure of the sample C(™ on Y™ with density k(") (z,y;8) with
respect to the dominating measure. By unbiasedness we have

/ O, (,y) k"™ (z,y; 0) vy (d, dy) = 0 for all 6 € ©.
Y
Hence,
[ (ulas) = ) Kz 3:0) vda, dy) = 0.
Y

Consider the function
A(6,A) = / (On(,y) — 0) [K (30 + A) — k™ (, 3 0)] v (da, dy).
Yn)

By the above identity, A(8, A) = 0 for all sufficiently small A. Using condition (C2) and differentiating under
the integral sign, we obtain

A0, A)

0
0= hri% = /y(n) (0n(z,y) — 0) —ek (z,y;0) vg(dx, dy).

Equivalently,
/ (6, — ) 9 In k™ (z,y;0) k™ (x,y; 0) vg(dz, dy) = 0.
y(n) 30

Applying the Cauchy—Bunyakovsky (Cauchy—Schwarz) inequality to the last integral, we obtain

2
< (/ (0, — 0)2k™ dyg)
Y
a 2
Znk™») kg ]
- (/W (ae . ) v

0 < dn(0) I,(0),

)
0, —0) — In k™ k) g
/y(m( )51 .

The left-hand side is zero, which yields

where
dn(0) = / (05, — 0)*k™ dvg = Eg[(6,, — 0)?],
Yy
and

2
ne-f (5 k™ 0:0)) K050 vl dy) = n10)

Using condition (C3) we have 0 < I() < oo, so we can divide by I,(f) and obtain the inequality (6). The
theorem is proved.

14
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REZYUME

Bog‘ligsiz tasodifiy miqdorlar juftligi tomonidan hosil qilingan o‘ng tomondan tasodifiy
senzuralangan model va unga mos ravishda kuzatiladigan minimumlar hamda senzuralanish
indikatorlaridan iborat tanlanma ko‘rib chiqgiladi. Senzuralanish tagsimoti informativ bo‘lmagan
hol uchun baholanuvchi parametrga doir Fisher informatsiyasi chiqariladi va Cramer-Rao quyi
chegarasining boshqacha isboti keltiriladi. Isbot senzuralangan tanlanmaning haqgiqatga o‘xshashlik
funksiyasiga Koshi-Bunyakovskiy (Koshi-Shvarts) tengsizliklarini bevosita qo‘llashga asoslanadi,
bunda ba’zi regulyarlik shartlari bajarilishi talab qgilinadi.

Kalit so‘zlar: Cramer-Rao quyi chegarasi, noinformativ senzuralanish, Fisher informatsiyasi.

PE3IOME

Mpr paccmaTpuBaeM MOJEb CIIyYIaifHOTO MEH3YPUPOBAHUS CIIPABA, MOPOXKIEHHYIO MMapoil He3aBUCH-
MBIX CJIy9YalHBIX BEJIMYHWH, U COOTBETCTBYIONLYIO HAOJIOIAEMYIO BBIOOPKY, COCTOSAIIYIO U3 MUHUMY-
MOB U WHJIUKATOPOB IeH3ypUpOBanus. B ciaydae nenndOpPMATUBHOIO PacIpee/enns IeH3yPUPOBa-
Hus MBI BeIBOauM GyHKnuo nndopMarun Puirepa [jisi HHTEPECYIONIETO IapaMeTpa U IPeaCcTaB-
JIsieM aJIbTePHATUBHOE JI0KA3aTebCTBO HUKHeH rpanunbl Kpamepa-Pao. Jlannoe moka3aTesbCcTBO
OCHOBAHO Ha IPSIMOM IIpuMeHeHnn HepapeHcTBa Komu-Bynsikosekoro (Komm-IIsapia) K dyHKIumn
IPaBIONON00MS 1IEH3yPUPOBAHHON BBIOOPKY TP BBIMOJHEHUN COOTBETCTBYIONMINX PETYISPHOCTHBIX
YCJIOBHIA.

Karoueswie cnosa: anxuss rpanuiia Kpamepa-Pao, menndopmaTuBHOe 11eH3ypupoBanne, HHGOP-
marusi Purrepa.
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RESUME

In this work, we study generalized Brjuno-Riissmann condition and prove new capacity estimate for
the sets of parameters of this condition. In particular, we show that the complement of parameters
of a-Brjuno-Ruiissmann condition has zero logarithmic capacity.

Key words: a-Brjuno-Russmann condition, Brjuno condition, C,-capacity, h-Hausdorff measure.

1. Introduction
In dynamical systems and Hamiltonian mechanics, main difficulty in providing the persistence of
invariant tori comes from small divisors. The classic way to control them is the Diophantine condition on
the frequency vectors. However, A. Brjuno (see [1]) and later H. Riissmann (see [11]) introduced a weaker
arithmetical condition that still allows KAM-type results.

The a-Bruno-Russmann condition was introduced by A. Bounemoura and J. Féjoz (see [7]) and important
in the study quasi-periodic Hamiltonian systems, particularly relevant when analyzing persistence of invariant
tori under perturbation.

Consider a vector w € R™ and define the function ¥, : [1,4+00) — [¥,,(1), +00] measures the size of the
so-called small denominators

U, (Q) = max {|kw| ™' : k€ Z™,0 < k| < Q}.

where kw = kjwy + kaws + ... + knwy, and |k| = k1 + ko + -+ + ky.

Now assume that w is non-resonance that is |kw| # 0 for any non zero k € Z". The function ¥, is
non-decreasing, piecewise constant, and has a countable number of discontinuities (see [7]). Then, a-Brjuno-
Riissmann condition defined as follows:

Definition 1.1. (see [7]) A vector w is said to satisfy a-Brjuno-Riissmann condition if

“+o00
/1 mYu(@)n o a1 (1)

o
This condition prevents ¥, from growing too fast at large Q). The set of such vectors is denote by BR,. This
set becomes smaller as « increases and when o = 1 the condition reduces to the classic Brjuno-Riissmann
condition.
In this area significant results obtained by H. Riissmann, C. Chavaudret, S. Marmi, S. Fischler, A.
Bounemoura and J. Féjoz (see [11], [7-9]) and others.
Now, let v be an irrational number. Denote vg = [v] the whole part of v and define

1 1 1
W=V— Vpy1=—— |—|, tpgg1=|—|, k>0
Vi Vi Vi

Since v is irrational, it can be written as the continued fraction

1

v=uvg+ = [V0; V1, V2, cvey Upy oo
U1 +
(%) =+ ...

Up + ...

16
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The finite part of this continued fraction becomes a rational number

P,
[UO; V1, U2, "'7’01’1] = =

Qn

Fix 8,7 € RT and define the set

A(B,7) {1/ eR: Z In” Qn“ < +oo} (3)

This set contracts as 8 increases or v decreases. Conversely, as 3 decreases or v increases, the set A(3, )
expands. When 5 =1 and v = 1, the condition reduces to the classic Brjuno condition in C (see [1]).

In earlier work, A. Sadullaev and K. Rakhimov (see [2]) studied capacity dimension of the Brjuno set in
C. Definition of C,-capacity provided in Section 2. Our main results generalize their work by considering the
condition (3). The relationship between the set A(S3,7) and the set BR,, established in Section 2.

Theorem 1.2. Let § > 0 and v > 0. The complement C™\ A(B,~) has zero Cy-capacity with respect to
the logarithmic kernel

ki(z,€) = [In]z = £[[7,

where o > max{%,ﬂ}. In particular, it has zero h-Hausdorff measure with respect to the function h(t) =

|Int|=° for any § > max {¥7ﬂ}

Special case of Theorem 1.2 when S =1and vy =1+ é for a > 1 is given by the following corollary.

Corollary 1.3. The complement of the a-Brjuno-Riissmann set has zero Cy-capacity with respect to the
kernel ,
kd(’z»g) = |1H |Z - 5”07“
for any a > 1. In particular, it has zero h-Hausdorff measure with respect to the function hs(t) = |Int|=% for
any § > a+1
2. Preliminary
2.1. Some properties of the continued fraction. Let v be an irrational number and g—" be

as in (2). We will use the following properties of the sequence of fraction % for any n > 1 (see [6]).

n—1
1 [(V5+1
o (%)

LI ‘ _ P
2QnQn+1 Qn
3. Forany 0< Q < Qn, P €Z, (P,Q) # (P,,Qn), we have

|QV_P|>|QnV_Pn|~

1. Denominator (),, satisfies

2. We have classic two-sided inequality:

1
< —.
QnQn+1

2.2. Connection between BR, and .A(f,7). We now prove the following proposition
concerning the complement of the a-Brjuno Riissmann set and the complement of the A(S,~) set.

Proposition 2.1. Let w = (1,v) € R? non-resonant. If

Z In” Qn+1 — oo,

n=1
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forﬁzl,ﬁy:l—&—é and o > 1, then

/m P9 4 = 1o,
1

Ql—&-i
Proof. Equivalence of a-Brjuno-Riissmann condition and

= In¥,
3 (@)

&= Ql-ﬁ-é

is established in [7]. By Property 2 and 3 of the continued fractions, we have

< 400

oo

00 0o . 1 0o
hl \I/w(lcg) _ Z ln |in/ lpn| 2 Z ln Ql + Z ln Q7l+1 Z Z ln Qn_llrl .
QH'E QH_E QH_E 1+1 1+
Q=1 Q=1 Q#Qn n=1,Q=Q, @n = n=1 Qn °

O

2.3. C,- capacity. Capacity is one of the main concepts in potential theory. The capacity of the
Brjuno set is the one of the connection points between potential theory and complex dynamical systems (see
[2]).

Let K C {|z| < 1} C C be a compact set and consider the kernel k,(z,§) = [In[z —£]|7 with o > 0.
Then, the potential UH(z) for a positive Borel probability measure p € M + at a point z € C is defined as

Uk (z) = /K koo (2, €)du(€).

/U“ V(= //KXK (2,€) du(z) du(§)

and W, (K) =inf{I(p): p € Mg} Then, C,-capacity of the set K is defined as

)= iy = g, o) = (g, ), oo

The outer and inner C,-capacities defined as

Let

C, =sup{C,(K): K C E, K — compact}
C,=inf{C_(U): E DU, U — open}
We note the following properties of the C,-capacity (see [4-5]).
1. For any Borel set E C C, the outer and inner C,-capacities coincides:

Ca(E) = C,(E) = C,(E).

2. The capacity of a Borel set is zero C,(E) = 0, if and only if there exists a finite Borel measure p supported
on E such that its potential satisfies U¥(z) = 400 for all z € E.

3. If C,(F) = 0, then the hs-Hausdorff measure of E with gauge function h(t) = log_‘s% is zero for any
d > o (see [3]).

4. For any sequence of compact sets K,

oo

)<

Ql
——
C8

<.
I
—
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2.4. h-Hausdorff measure. Let h : [0, 9] — [0, +00) be a gauge function - continuous, strictly increasing
function with ~(0) = 0 and r¢ > 0. For a bounded subset E C R™ and any 0 < £ < 1, consider a finite covering
of E by open balls B;(z;,r;) with center at z; and radius r; such that r; < . Define

= inf Zhrj UB DE, rj<e

j=1

for all 1 < j < m, where m depends on the chosen cover. It is obvious that, H"(E,¢) non-decreasing as ¢
decreases. Hence, the limit

H"(E) = i, H"(E,¢)

exists and defines the h-Hausdorff measure of E. When h(t) =t for § > 0, it is called the classic §-dimensional
Hausdorftf measure of E.

3. Capacity of the complement of the set A(3,7).
Firstly, we need the following lemma.
Lemma 3.1. If

Zln Qn+1 — 4o

where B >0 and v < 2 . Then for any € > 0 we have
B2+5

Qn+1
Z T are T Too
n

n=1

€
Proof. Let § > 0 be so small that (1 —6)(2+¢) > 2+ T Then, by using the Holder inequality, we have

24
24 7= [ oo 2te
In” Qn+1 10”5 Qs 1
Z <\ Tmem | |2 === - (4)
n=1 Qn n=1 Qn2+57"’

By the property 1 of the continues fractions, it is obvious that the second series on the right-hand side

€
converges. Since, (1 —0)(2+¢) > 2+ 7 e have

2+e

2+5

T Qn - 7 Quy
Z a— 6)(2+Jsr1 Z 2 ¥

n=1 ’VL

Therefore, by inequality (4), we have

2+€

In” ™
SE
n=1 QTL

Hence, by the property 2 of the continued fractions

BEte Py p2te p2te
> ’ln YT Q. S = 1’5 QnQnt1 Sl e Qni1
> PR =3 pE > oy o T
n=1 Qn n=1 n n=1 n
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O

Now, we going to prove our main results.
Proof. (Proof of Theorem 1.2) To prove the main result by the second property of C, capacity, it is
enough to show that U¥(v) = +oo for any compact K C R\ A(8,~) where 5 > 0, v > 0. For this we use the

following Borel measure
=l §p
q

oo
“:Z 2+

q=1 1 q

,e>0 (5)

o

p=
where dr is a Dirac measure supported at the point g This measure is finite.
q

If v < 2, the potential of p with respect to the kernel k1 (z,£) = |In|z — §||¥ is

o g— 1 1 132::»5
Ul(z) = /klzfdu quzﬁ lnz—H
qg=1p=1

We need to show that Uj'(z) = +oo for any z € K. Indeed, if z € K is rational number, it is clean. In
the case, when z is irrational number v we will use the following

B2+E
c v
o =l | » B%_ ‘ln‘y—gn
> pe il =2 o S
q= 117 1 n=1
2+e 00 q—1 /62
1 g 1 i
E E 2+5 IHV—T +E E Wan-H

Therefore, by lemma 3.1 we can conclude that

Ul (v) = +o0.

If v > 2, we will use the same measure (5) and the kernel
ka(z,€) = Iz - €]|°.

Then the potential is given by

B 00 ‘lnlu—g—"
ot s lel el

n=1 n

n

oo g—1 1
D=3
g=1p=1

As in the previous proof, using property 2 of continued fraction, we obtain

B
o |ln ‘1/ — Lfn > 11,8
‘ Qn In Qn+1 ln Qn-‘rl
E —— 2 g —r g = +o00.

2¢< = 2

n=1 Qn+4 n=1 Qn+ n=1
Therefore, C,(K) = 0 for the set of real numbers that does not satisfy A(S3,) condition for any 5 > 0 and
v >0, 50 Cy(R\ A(B,7)) = 0. The last assertion follows from property 4 of C,-capacity. O
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REZYUME

Ushbu ishda umumlashtirilgan Brjuno-Ryusman sharti o‘rganilib, ushbu shart parametrlari
to‘plamlari uchun yangi sig‘im bahosi isbotlanadi. Xususan, ca-Brjuno-Ryusman sharti parametrlari
to‘plamining to‘ldiruvchisi nol logarifmik sig‘imga ega ekani ko‘rsatiladi.

Kalit so‘zlar: a-Bryuno-Ryusman sharti, Bryuno sharti, C,-sig‘im, h-Hausdorff o‘lchovi.

PE3IOME

B nmannoit pabore ucciesyercst 06001énnoe yciaosue Bpiono-Procecmana i 1oKa3bIBaeTCst HOBast OIEH-
K& éMKOCTHU JIJIsi MHOYKECTB IIapaMeTPOB 3TOT0 YCJIOBHsS. B 9aCcTHOCTH, IMOKA3aHO, UTO JIOTOJTHEHUE
MHOKECTBa TIAPAMETPOB, YIOBJIETBOPLAIONINX yCJI0BUIO o-Bprono-Pioccmana, nMeer HyseByIo Jiora-
pPUDMIIECKYIO0 EMKOCTD.

Karoueswie caosa: a-yciiosue Bprono-Procemana, ycsiosue Bprono, C,-éMkocTh, h-mepa Xaycmop-

da.
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ANNOTATSIYA:

Ushbu maqolada matnlardagi atoqli otlarni (Named Entity) aniglash uchun annotatsiya goidalari,
BIO markalash tizimi, matematik modellar (CRF, BiLSTM-CRF, Transformer), agglutinativ
tillarga xos xususiyatlar, hamda real O‘zbek matnlari misolida amaliy misollar bayon qilinadi.
Model qurilishining formal ifodasi, ehtimollik asosidagi yondashuv, annotatorlar o‘rtasidagi kelishuv
(Cohen’s Kappa) va annotatsiya sifatini oshirish bo‘yicha usullar ham yoritiladi. Magola natural
tilni qayta ishlash (NLP) yo‘nalishida NER tizimi yaratish istagidagi tadqiqotchilar uchun metodik
qo‘llanma sifatida xizmat qiladi.

Kalit so’zlar: token, indekslash, agglutinativ, annotatsiya, obyekt.

Kirish

Atoqgli otlarni aniglash (Named Entity Recognition, NER) zamonaviy NLP tizimlarining asosiy
komponentlaridan biridir. U matndan shaxslar (PER), joylar (LOC), tashkilotlar (ORG), mahsulotlar yoki
maxsus obyektlar (MISC) kabi birliklarni aniglashni magsad qiladi [1].

NER tizimlari quyidagi sohalarda keng qo‘llanadi:

e gidiruv tizimlarida kontekstga mos natija chiqarish,

e chat-botlarda mazmunni tushunish,

e avtomatik tarjima tizimlarida atoqli otlarni to‘g‘ri tarjimasiz qoldirish,
e hujjatlarni indekslash,

e axborotlarni avtomatik tahlil qilish.

O‘zbek tilida NER bo‘yicha tadqgiqotlar nisbatan kam, tilning agglutinativ tuzilishi va ko‘p shaklli
qo‘shimchalari modelni murakkablashtiradi. Shu sababli, aniq annotatsiya qoidalari va matematik modellardan
foydalanish talab etiladi [3].

BIO markalash tizimi — bu NER (Named Entity Recognition) jarayonida matndagi har bir tokenning
(so‘zning) qaysi qismga tegishli ekanini belgilash uchun ishlatiladigan eng mashhur va standart belgilash formati.

Annotatsiya qoidalari va BIO markalash tizimi
BIO markalashning formal ta’rifi
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Label | Mazmuni Misol
PER Shaxs ismlari Islom Karimov, Alisher Navoiy
LOC Joy nomlari Toshkent, Yevropa, Sirdaryo

ORG Tashkilot, muassasa Oliy Majlis, Samsung, To‘palang HES AJ

MISC | Mahsulot, asar, tadbir iPhone 15, Qur’oni Karim, Expo-2025

Jadval 3: Entity toifalari

Matn tokenlar to‘plami sifatida belgilansin:

T = (t1,t2,...,t3).

Har bir token uchun annotatsiya funksiyasi:

L(t;) €e {B-X, I-X, O},

Bu yerda: X - PER, LOC, ORG yoki MISC .
Misol 1. Oddiy jumla annotatsiyasi

“Alisher Navoiy Samarqandga safar qildi.”

Token Label
Alisher B-PER
Navoiy I-PER
Samarqandga | B-LOC
safar O
qildi O

Jadval 4: Entity toifalari

Agglutinativ tillarda qo‘shimchali shakllarni belgilash

O‘zbek tilida atoqli otlarga qo‘shimchalar qo‘shilishi odatiy hol:

2

“Toshkentdan”, “Turkiyaning”, “Germaniyaga”, “Navoiyda”.

Annotatsiya qoidasiga ko‘ra, qo‘shimchalar mavjud bo‘lsa ham, entitining ildiz gismi label belgilanadi.

Formal ta’rif:
Agar token ildiz va qo‘shimchadan tashkil topgan bo‘lsa:

t, =1+ s,

bu yerda r — ildiz (entity), s — qo‘shimcha.
U holda:

Misol 2. Qofshimchali entitilar
“O‘zbekistonning igtisodiyoti barqaror o‘smoqda.”

NERning matematik modellari
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Token Label
O‘zbekistonning | B-LOC
igtisodiyoti 0]
barqaror 0]
o‘smoqda 0]

Jadval 5: Entity toifalari

NER - ketma-ketlik belgilash masalasi bo‘lib, modelning vazifasi:

Y = argm@xP(Y | X)
Bu yerda:

e X = (x1,...,x,) — tokenlar ketma-ketligi,

e Y = (y1,...,yn) — BIO label ketma-ketligi.
CRF (Conditional Random Fields)

NER uchun keng qo‘llaniladigan ehtimollik modeli.

CRF (Conditional Random Fields) — bu ketma-ketlikdagi ma’lumotlarga (masalan, matn so‘zlariga) teglar
berish uchun ishlatiladigan model bo‘lib, u har bir so‘zni alohida emas, balki butun jumla kontekstida baholaydi.
Ya'ni CRF nafaqat so‘zning o‘ziga, balki undan oldin va keyin kelgan so‘zlarga, ularning teglariga va ular
orasidagi mantiqiy bog‘lanishga garab qaror chigaradi. Shu sababli u “Alisher Navoiy” deganda ikkala so‘zni
birga PERSON deb belgilash yoki “Apple kompaniyasi” da Apple ORGANIZATION bo‘lishi kerakligini kontekst
orqali aniqlay oladi. Oddiy tasniflovchilardan farqli ravishda, CRF eng mos, uyg‘un va mantiqiy teglar ketma-
ketligini tanlaydi, shuning uchun NER, POS tagging, chunking kabi vazifalarda juda aniq ishlaydi.

CRFning tagsimot funksiyasi odatda quyidagicha ifodalanadi:

PY | X)= %X)exp (sz:)\kfk(yil,yn)(’t)),

bu yerda:
e fi — xususiyat funksiyalari (so‘z shakli, suffiks, POS tag va h.k.),
e )\, — ularning vaznlari,
e Z(X) — normallashuvchi koeflitsient.

CRF ketma-ket tokenlarga to‘g‘ri label berishda juda samarali.

Misol 3. CRF uchun xususiyatlar

Token Feature
Toshkentga suffix=ga
O‘zbekistonning | suffix=ning, capital=True
Navoiy capital=True

Jadval 6: Entity toifalari

BiLSTM + CRF modeli
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BiLSTM+CRF modeli — bu ketma-ketlikni belgilash vazifalarida, aynigsa NER kabi kontekstga juda
bog‘liq masalalarda eng samarali ishlaydigan chuqur o‘rganish arxitekturasi bo‘lib, unda BiLSTM qatlamlar
matnning har ikki yo‘nalishdan — chapdan o‘ngga va o‘ngdan chapga qarab o‘qilgan kontekstini chuqur tahlil
giladi va har bir so‘z uchun boy semantik ma’lumotga ega yashirin vektor yaratadi, CRF esa shu vektorlardan
chiggan ehtimolliklar asosida faqat har bir so‘zning individual belgisinigina tanlab qo‘ymay, balki butun jumla
bo‘yicha eng mantiqiy, ketma-ketlik jihatidan to‘g‘ri keladigan label zanjirini tanlaydi. Bunda BiLSTM matndagi
uzun masofali bog‘lanishlarni — masalan, shaxsning familiyasi oldin kelishi yoki tashkilot nomi bir nechta so‘zdan
tarkib topishi — kabi murakkab til hodisalarini o‘rganadi, CRF esa label-lar orasidagi mantiqiy cheklovlarni —
masalan, B-PER ortidan I-PER kelishi yoki LOCATION ketidan ORGANIZATION kelmasligi kabi qoidalarga
rioya qilgan holda yakuniy qarorni optimallashtiradi. Shu ikki mexanizm birgalikda ishlagani sababli model
matnning semantikasini chuqur tushunadi, lekin natijada belgilangan teglar ketma-ketligi mantiqan to‘g‘ri, silliq
va izchil bo‘ladi; shuning uchun BiLSTM-+CRF arxitekturasi ko‘plab tillar uchun an’anaviy NER tizimlarida
eng barqaror va yuqori aniqlikka ega yondashuvlardan biri hisoblanadi.

LSTM chiqishi:

ﬁ
b= [y 5 ),
emissiya ballari:
St = Wht + b,

CRF layer esa bu ballar asosida yakuniy label ketma-ketligini tanlaydi:

Y = arg max CRF(s1,--.,8n).
Modelning ustunligi:
e uzoq kontekstni o‘rganadi,

e agglutinativ tillarda yuqori natija beradi.
Transformer modellari (BERT, XLM-R)

Transformer arxitekturasiga asoslangan modellar — BERT, XLM-R kabi tizimlar — matnni chuqur va
ikki yo‘nalishda (bidirectional) kontekst asosida tushunish gobiliyati bilan NLPda ingilob qilgan modellar
hisoblanadi; ular matnni ketma-ketlik sifatida emas, balki to‘liq kontekstli blok sifatida gayta ishlaydi va self-
attention mexanizmi yordamida har bir so‘zning mazmunini jumladagi barcha boshqa so‘zlar bilan o‘zaro bog‘lab
baholaydi, bu esa murakkab semantik va sintaktik munosabatlarni juda aniq o‘rganishga imkon beradi. BERT
ingliz tili uchun juda katta hajmdagi matnlarda oldindan o‘gitilgan bo‘lib, Masked Language Modeling orqali
so‘zlarning yashirilgan gismlarini topishni o‘rganadi, natijada model kontekstni chuqur anglay oladi; XLM-R
esa ko'p tilli (cross-lingual) yondashuvga ega bo‘lib, yuzlab tillardan iborat ulkan korpuslarda o‘qitilgan va turli
tillar o‘rtasida bilimlarni uzatish qobiliyati bilan mashhur — ya’ni bitta tilda o‘rgatilgan vazifa boshgasida ham
samarali ishlashi mumkin. Transformer modellaridan foydalanishning eng katta afzalligi — ular uzoq masofali
bog‘lanishlarni BiLSTMga qaraganda ancha kuchli ushlab turadi, murakkab kontekstlarni aniq ajratadi va
oldindan o‘qitilgan yirik til modellari sifatida turli NLP vazifalarida, jumladan NER, sentiment tahlili, mashina
tarjimasi, matn tasnifi va savol-javob tizimlarida minimal moslashtirish bilan juda yuqori natijalar beradi.

Self-Attention mexanizmi asosida ishlaydi.

Attention formulasi:

t
Attention(Q, K, V') = softmax ( ?/Zﬁ ) V.
k

Misol 4. BERT yordamida NER

25



Acta NUUzZ EXACT SCIENCES Ne2/2.1, 2025, 22-29

“Bobur Baxtiyorovich Toshkent shahrida nutq so‘zladi.”
Natija:
Bobur Baxtiyorovich — PER
Toshkent — LOC

Annotatsiya jarayoni: formal yondashuv

Annotatsiya jarayoni formal yondashuvda matn korpusiga izohlar (teglar)ni oldindan belgilangan qoidalar
asosida qo‘llashni anglatadi va u qat’iy struktura, aniq yo‘rignomalar hamda annotatorlar o‘rtasidagi izchillikni
ta’minlashga qaratilgan metodik bosqichlardan iborat bo‘ladi. Ushbu jarayon avvalo annotatsiya sxemasini
ishlab chigishdan boshlanadi, bunda obyektlar toifalari (masalan, PERSON, LOCATION, ORGANIZATION),
ularning chegaralari va ularni belgilash qoidalari normativ ravishda tavsiflanadi; sxema barcha holatlar
uchun birxillashtirilgan misollar va kontrmisollar bilan boyitiladi. Keyingi bosqgichda annotatsiya instruktsiyasi
tayyorlanadi — bu annotatorlar amal qilishi kerak bo‘lgan formal hujjat bo‘lib, unda teglar hierarxiyasi,
cheklovlar, ko‘p ma’noli holatlarni hal qilish qoidalari, nominativ birikmalarni belgilash tartibi, kontekstga
bog‘liq istisnolar va murakkab lingvistik vaziyatlar bo‘yicha izohlar qat’iy qayd etiladi. Annotatorlar ish
jarayoniga kirishdan oldin mazkur yo‘rignomaga asoslangan trening va kalibrlash bosqichidan o‘tadi; bunda
ularning teg qo‘llashdagi izchilligi tekshiriladi va inter-annotator agreement (IAA) ko‘rsatkichlari — masalan,
Cohen’s Kappa yoki F1 bo‘yicha mosligi baholanadi. Rasmiy annotatsiya bosgichida annotatorlar matnga
qat’'ly ko‘rsatmalar asosida teglar qo‘llaydi, jarayon davomida esa barcha izohlar qayta tekshiriladi va
muvofiglashtiriladi [5]. Yakunda verifikatsiya va validatsiya bosqichlari amalga oshirilib, annotatsiyalarning
formal talablar bilan mosligi baholanadi, aniglangan nomuvofigliklar tahrir qgilinadi va korpusning yakuniy
versiyasi sifat jihatidan tasdiglanadi. Shu tarzda formal yondashuv annotatsiya jarayonini me’yorlashtirilgan,
nazorat qilinadigan va takror ishlab chigarilishi mumkin bo‘lgan holga keltiradi.

Annotatsiya — matnni to‘g‘ri belgilangan label ketma-ketligiga xaritalash:

Bir nechta annotator bo‘lsa:

Annotatorlar o‘rtasidagi moslik:
Cohen’s Kappa statistic ko‘rsatkichidan foydalanamiz.

Cohen’s Kappa — bu ikki annotator (yoki ikki mutaxassis) bir xil ma’lumotni qanday darajada bir xil
belgilaganini baholaydigan statistik ko‘rsatkich [2].

U aynigsa NER, sentiment analysis, tasniflash, tibbiy diagnostika kabi sohalarda annotatorlar orasidagi
kelishuv darajasini (inter-annotator agreement) o‘lchash uchun ishlatiladi.

Oddiy aniqglikdan farqli ravishda, Cohen’s Kappa tasodifiy mos kelishni ham hisobga oladi, ya’ni
annotatorlar tasodifiy ravishda bir xil belgi qo‘ygan bo‘lishi mumkinligini tuzatadi.

Kappa quyidagicha aniglanadi:

Po_Pe

K= p

bu yerda:

e P, — annotatorlar o‘rtasidagi real kelishuv (observed agreement),

e P, — tasodifiy kelishuv ehtimoli (expected agreement).

Bu giymat 0.8 dan yuqori bo‘lsa — annotatsiya yuqori sifatga ega [4].
Misol:
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Quyida haqiqiy o‘zbek matnidan olingan namunalar annotatsiya bilan beriladi.

Misol 5. Rasmiy matn
“Oliy Majlis bugun Toshkent shahrida yangi qonunni muhokama qildi.”

Token Label
Oliy B-ORG
Majlis I-ORG
bugun 0]
Toshkent B-LOC
shahrida 0]
yangi 0]
qonunni 0]
muhokama 0]
qildi 0]

Jadval 7: Entity toifalari

Misol 6. Tarixiy matn
“Amir Temur 1395-yilda Moskva tomon yurish boshlagan.”

Token Label
Amir B-PER
Temur I-PER

1395-yilda O
Moskva B-LOC
tomon O

yurish O
boshlagan O

Jadval 8: Entity toifalari

Misol 7. Texnologik yangilik
“Samsung kompaniyasi Galaxy S25 Ultra modelini taqdim etdi.”

Token Label
Samsung B-ORG
kompaniyasi O
Galaxy B-MISC
525 I-MISC
Ultra I-MISC
modelini 0O
taqdim O
etdi O

Jadval 9: Entity toifalari

Xatoliklar tahlili
NER tizimlarida keng uchraydigan xatoliklar mavjud bo‘lib, ular quyidagilar:

Bunday xatoliklarni bartaraf etish uchun xatoliklarni statistik jihatdan baholash (F1-score tahlili) amalga
oshiriladi.
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Xato turi Misol Sabab
Boundary error | “Oliy Majlis binosi’da “Oliy Majlis binosi"ni ORG deb olish | Entity chegarasi noto‘g‘ri
Wrong label “Yevropa Ittifoqi” — MISC deb belgilash Murakkab tashkilot nomi
Missing entity “Samarqgandlik” tokenida rootni ajratmaslik Agglutinativ tuzilma

Jadval 10: Entity toifalari

Har bir toifa bo‘yicha Precision, Recall va Fl-score quyidagicha hisoblanadi:

Precision = L Recall = L
TP+ FP’ TP+ FN’
2PR
F = .
'""P+R

Agar:
e Precision past bo‘lsa — model juda ko‘p FP qiladi,

e Recall past bo‘lsa — model juda ko‘p FN qiladi.

Bu tahlil modelni qaysi yo‘nalishda yaxshilash kerakligini ko‘rsatadi.
XULOSA

Atoqli otlarni aniglash (Named Entity Recognition — NER) tabiiy tilni qayta ishlash (NLP) sohasining eng
muhim komponentlaridan biri bo‘lib, u matnlardan informatsion obyektlarni — shaxs, joy, tashkilot, sana,
mahsulot, ilmiy atama va boshqa maxsus kategoriyalarni avtomatik ajratishga xizmat qgiladi. Ushbu magqolada
NER tizimi uchun zarur bo‘lgan barcha asosiy jarayonlar — annotatsiya qoidalarini shakllantirishdan tortib,
matematik modellarni qo‘llash va xatoliklarni tahlil gilishgacha bo‘lgan bosqgichlar batafsil yoritildi.

Magqgolada NER modellari uchun qo‘llaniladigan zamonaviy yondashuvlar keng ko‘lamda tahlil gilindi.
CRF modelining ketma-ketlikdagi bog‘liglikni hisobga olishi, BILSTM-CRF arxitekturasining uzun kontekstni
chuqur anglash imkoniyati, Transformer asosidagi modellar — BERT va XLM-Rning ikki yo‘nalishli kontekstni
oqilona qayta ishlashi kabi jihatlar keng yoritildi. Aynigsa, self-attention mexanizmi orqali matnning barcha
tokenlari o‘zaro boglanishi va semantik ma’noni chuqurroq aks ettirishi NERda yuksak natijalar berishi ilmiy
jihatdan asoslab berildi.

Annotatsiya jarayonining formal yondashuv asosida tashkil qilinishi NER tizimining muvaffaqiyatini
keskin oshiradi. Annotatorlar uchun ishlab chiqgilgan qat’iy qoida, yo‘rignomalar, murakkab holatlar bo‘yicha
talginlar, inter-annotator agreement (Cohen’s Kappa) orqali moslikni baholash, annotatsiyaning ishonchliligi
va qayta tiklanish imkoniyatini ta’'minlaydi. Aynan shu jihatlar yuqori sifatli korpuslar yaratishda muhim o‘rin
tutadi.

Shuningdek, maqolada model ishlash jarayonida uchraydigan xatoliklar — boundary error,
misclassification, missing entity va spurious entity kabi holatlar tizimli ravishda tasniflandi. NER tizimini
takomillashtirish uchun xatoliklarni statistik tahlil qilish, ya'ni Precision, Recall, Fl-score ko‘rsatkichlarini
hisoblash zarurligi qayd etildi. Bu ko‘rsatkichlar modelning qaysi yo‘nalishda kuchsiz ishlashini aniqlashga
yordam beradi va yanada puxta NLP tizimi yaratish uchun asos bo‘ladi.

Umuman olganda, ushbu tadqiqot o‘zbek tilida NER tizimini yaratish uchun ilmiy asoslarni, amaliy
metodlarni va texnik yondashuvlarni bir butun shaklda bayon giluvchi kompleks ish bo‘lib, til texnologiyalarini
rivojlantirish yo‘lida muhim qadamlardan biridir. Kelajakda ushbu yondashuvlar asosida kengroq korpuslar
yaratish, modelni ko‘p tillilik (multilingual) imkoniyatlari bilan kengaytirish, shuningdek, o‘zbek tiliga xos
lingvistik xususiyatlarni chuqurroq modellarga integratsiya qilish NER tizimlarining yanada yuqori aniqglikka
ega bo‘lishiga xizmat qiladi.
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AHHOTAIIA

B crarbe ommchiBaioTCs TpaBmia aHHOTUPOBAHWS LI BbIJEJICHUS MMEHOBAHHBIX CYIHOCTEH B
Tekcrax, cucrema pasmerkn BIO, maremarndeckue monenn (CRF, BiLSTM-CRF, Transformer),
MIPU3HAKY, CHEIM(PUIHbIE [IJIsI AalTJIFOTHHATUBHBIX sI3BIKOB, U IPAKTUYIECKUE IPUMEDHI Ha, OCHOBE Pe-
AJbHBIX y30EKCKNX TEKCTOB. Tak:Ke pacCMaTpUBAaIOTCA (POPMATHHOE BHIPAXKEHHE TTOCTPOEHUST MOJIE-
JI, BEPOSITHOCTHBIN [IOJIXOJ, COrIalenne Mexky anHoraropamu (kamma Kosna) u MeTompl moBbiie-
HUsI KaJecTBa aHHOTUPOBaHUst. CTaThsl CJIy?KUT METOIUIECKIM PYyKOBOJICTBOM JIJIsl UCCJIeI0BaTe/ e,
crpemsimuxcst co3uarh cucreMy NER B obsractu 06paborku ecrectsenHoro si3bika (NLP).

Karouesvie cA08a: TOKEH, NHIIEKCAINs, AlTVIIOTHHATUBHBIN, AHHOTAIINS, OO BHEKT.

ABSTRACT

This article describes annotation rules for identifying Named Entities in texts, the BIO tagging
system, mathematical models (CRF, BILSTM-CRF, Transformer), features specific to agglutinative
languages, and practical examples using real Uzbek texts. The formal expression of model
construction, a probability-based approach, agreement between annotators (Cohen’s Kappa), and
methods for improving annotation quality are also covered. The article serves as a methodological
guide for researchers who want to create a NER system in the field of natural language processing
(NLP).

Keywords: token, indexing, agglutinative, annotation, object.
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CRITERION OF COMPLETENESS FOR TWO-SIDED IDEALS OF COMPACT OPERATORS
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RESUME

In this paper established a sufficient condition for a two-sided ideal of compact operators to form a
Banach ideal. We prove that any proper, commutatively complete ideal X C IC(H), which equipped
with a monotone norm || - || x, is a Banach ideal.

Key words: non-increasing rearrangement, compact operator, Calkin’s correspondence, Banach
ideals of compact operators.

Preliminaries and main result. Let [* (respectively, ¢p) be the Banach space of bounded (respectively,
converging to zero) sequences {&,}°2 ; of complex numbers equipped with the uniform norm [|{&, }||cc = sup [€,],
neN

where N is the set of natural numbers.
In [°° we consider the natural partial order

{3 <{m} <= & <n, forall neN.
If € = {€,}52, € 1, then the non-increasing rearrangement £* : (0,00) — (0,00) of £ is defined by
€ (t) = inf{A: p{|¢] > A} < ¢}, t>0,

(see, for example, [2, Ch. 2, Definition 1.5]). As such, the non-increasing rearrangement of a sequence {&,}22; €
[°° can be identified with the sequence £* = {£}22;, where

{:‘L:inf{sup|§n:FCN, |F| <n}.
n¢F

If {€n} € co, then & | 0; in this case there exists a bijection m : N — N such that |{(,,)| = &, n € N.
Hardy-Littlewood-Polya partial order in the space [*° is defined as follows:

m

E={&Y ==n={m} <= D &< n; forall meN.
n=1

n=1

A non-zero linear subspace E C I*° with a Banach norm | - || is called a symmetric (fully symmetric)
sequence space if

neE, £cl® & <n* (resp., £ << n*) = €€ FE and ||¢||lg < |nll&.

Every fully symmetric sequence space is a symmetric sequence space. The converse is not true in general. At
the same time, any separable symmetric sequence space is a fully symmetric space.

If (E,| - ||g) is a symmetric sequence space, then
1€lle = 1€l 1z = lI€7le  for all & e E.

Immediate examples of fully symmetric sequence spaces are (I°°)| - ]le), (co,]| ]loo) and the
Banach spaces

[e%) 1/17
p=e= {6}, €1 gl = (Z w) <ot 1<p< oo
n=1
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For any symmetric sequence space (F, || - ||g) the following continuous embeddings hold [2, Ch. 2, § 6, Theorem
6.6]: (11, 11+ [l1) € (B, || - [le) € (1%, ]| - [loo)- Besides, [|]lp < [|€]l1 for all £ € I' and [|¢]loc < [|&]| for all § € E.

If there is £ € E \ ¢, then £* > «al for some a > 0, where 1 = {1,1,...}. Consequently, 1 € E and
E =[*°. Therefore, either £ C ¢y or E =[*.

Let now (H, (+,-)) be an infinite-dimensional separabel Hilbert space over C, and let (B(H),|| - ||oc) be
the C*—algebra of all bounded linear operators in H. Denote by K(H) (F(H)) the two-sided ideal of compact
(respectively, finite rank) linear operators in B(H).

Denote By(H) ={x € B(H) : x = z*}, By (H) = {x € By(H) : > 0}, and let 7 : B4 (H) — [0, 0] be the
canonical trace on B(H), that is,

T(l’) = Z('r@_%@j)v T e B-l—(H)a
JjeJ
where {g;};es is an orthonormal basis in H (see, for example, [6, Ch.7, E.7.5]).

Let P(H) = {e € B(H) : e = €2 = e*} be the lattice of projectors in B(#). If 1 is the identity of B(H)

and e € P(H), we will write et =1 —e.

Let © € B(H), and let {ex(|x])} x>0 be the spectral family of projections for the absolute value |z| =
(z*x)'/? of z, that is, ex(|z|) = {|z] < A}. If t > 0, then the t-th generalized singular number of x, or the
non-increasing rearrangement of x, is defined as

pe(z) = inf{A > 0: 7(ex(|z))") <t}

(see [3]).
A non-zero linear subspace X C B(H) with a Banach norm || - || x is called symmetric (fully symmetric)

if the conditions
re X, yeBH), m(y) <pz) forall t>0

(respectively,

S S

re X, ye B(H), /ut(y)dt < /ut(x)dt for all s >0 (writing y << x))
0 0

imply that y € X and ||y|lx < ||=]x-
The spaces (B(H), | - |leo) and (K(H), | - |lc) as well as the classical Banach two-sided ideals

C’={z e KH): |zl =r(jzf")"/? < 00}, 1 <p <o,

are examples of fully symmetric spaces.
It should be noted that for every symmetric space (X, | - ||x) C B(H) and all x € X, a,b € B(H),

[zllx = [zl llx = [[2%]x, axbe X, and [lazdl|x < [lallcol|blloc || x-

Remark 1. If X C B(H) is a symmetric space and there exists a projection e € P(H) N X such that
T(e) = oo, that is, dime(H) = oo, then pi(e) = pu(1) = 1 for every t € (0,00). Consequently, 1 € X and
X = B(H). If X # B(H) and © € X, then ex(|z|)* = {|z| > A} is a finite-dimensional projection, that is,
dim ey (|z)t(H) < oo for all X > 0. This means that x € K(H), hence X C K(H). Therefore, either X = B(H)
or X C K(H).

Throughout this paper, we assume that for a symmetric space (X, || - | x) the embedding X C K(H)
holds, and we call the pair (X, || - ||x) a Banach ideal of compact operators (cf. [4, Ch.III]).

We say that the norm || - || x of the Banach ideal (X, || - ||x) is monotone if for any two positive compact
operators A > 0 and B > 0 with A < B, the inequality ||A|x < ||B]|x holds.

We say that X C B(H) is commutatively complete if every Cauchy sequence of pairwise commuting
self-adjoint elements in X converges in X with respect to the operator norm (i.e., converges uniformly).

We now state the criterion of completeness for two-sided ideals of compact operators.

Theorem 1. Let X be a proper, commutatively complete two-sided ideal of compact operators in B(H),
equipped with a monotone norm || - || x. Then (X, || - || x) is a Banach ideal of compact operators.
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Proof. To prove that (X, || - ||x) is a Banach ideal, we show that every Cauchy sequence in (X, || - ||x) converges
to a limit within X with respect to the || - || x norm.
Let {T,,}2°; be a Cauchy sequence in (X, ||| x). Since || - || x is a monotone norm on the ideal of compact

operators X, it follows from [6, Theorem 2.7 (a)] that
Ao < ||A]lx for all A e X.

Thus, {T,} is also a Cauchy sequence with respect to || - ||. Since the space of compact operators K (H)
is complete, there exists a unique compact operator T € K(H) such that

lim ||T, — Tl = 0.
n—oo
We must show that 7' € X. Consider the positive compact operator |T| = (T*T)'/2. By the Spectral

Theorem (see, for example, [2]), |T| admits a decomposition in terms of its singular values si(7T) and
corresponding orthogonal rank-one projections Py, € F(H):

7| =" sk(T)P.
k=1

Define the sequence of finite-rank partial sums A,, by

Am = Sk(T)Pk.
k=1

Since X contains all finite-rank operators, we have A,, € X for all m € N. The elements A,, are self-
adjoint and pairwise commuting. Therefore, the sequence {A,,}5°_; converges uniformly to |7, i.e.,

T = Am lloo = $m+1(T) = 0.

Hence, {A,,} is a Cauchy sequence in || - ||oo-
By the commutative completeness of X, it follows that |T| € X.

Now, using the polar decomposition T'= U|T| (where U € B(#) is a partial isometry) and the two-sided
ideal property of X, we conclude that T € X.

Next, we show that ||T,, — T'||x — 0. Let € > 0. Since {T},} is Cauchy, there exists N such that for all
n,m > N, |T, — Tnllx <e.

A key property of monotone norms on compact operator ideals is lower semi-continuity with respect to
the uniform operator topology, i.e., if S, — S in || - ||, then

IS]lx < liminf||Sy,||x
m—r o0

(see |6, Theorem 2.7(d)]).
Fix n > N. The sequence T,, — T}, converges uniformly to T,, — T as m — oo, because

1(Tn = Tin) = (Tn = Tlloc = 1T = Tinlloc — 0.
Applying the lower semi-continuity property to the sequence S, = T,, — T;,, we get
IT. — Tllx <liminf||T, — Tl x.
m— 00
Since ||T,, — T),|lx < € for all m > N, we obtain
HTn - T”X <e.
Since € was arbitrary, it follows that

lim ||T, — T|x = 0.
n—oo

Therefore, (X, |- ||x) is a Banach ideal.
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Application. If z € IC(H), then |z| = > sp(z)p, (if m(x) = oo, the series converges uniformly), where
n=1
{sn(x)}:?:(? is the set of singular values of z, that is, the set of eigenvalues of the compact operator |z| in

the decreasing order, and p,, is the projection onto the eigenspace corresponding to s, (z). Consequently, the
non-increasing rearrangement p;(x) of © € K(H) can be identified with the sequence {s,(z)}22, s,(x) J 0 (if
m(x) < oo, we set s, (x) =0 for all n > m(x)).

Let (X, |- ]lx) € K(H) be a symmetric space. Fix an orthonormal basis {¢y, }nen in H. Let p, be the
one-dimensional projection on the subspace C - ¢,, C H. It is clear that the set

E(X) = {5 ={&icco: we=) L € X}
n=1

(the series converges uniformly), is a symmetric sequence space with respect to the norm |[{||g(x) = [z¢llx
(see, for example, [1]). Therefore, each symmetric subspace (X, | - ||x) C K(#) uniquely generates a symmetric
sequence space (E(X), ||-[|g(x)) C co. The converse is also true: every symmetric sequence space (E, ||-||g) C co

uniquely generates a symmetric space (Cg, || - |lcz) C K(H) by the following rule (see, for example, [4, Ch. 3,
Section 3.5]):
Ceo={z e KH): {sn(x)} € E}, |lles = [{sn(2)}2-
In addition,
E(Cr) =B, || lzee) = Il l5, Crier) =Crs - leae,) = I+ lles-

The construction described above is known as Calkin’s construction.

From the Theorem 1 we obtain the following useful corollaries, which are represents a key component of
Calkin’s correspondence.

Corollary 1. Let (E, ||-||g) be a symmetric sequence space. Then the associated operator ideal (Cg, |||, )
is a Banach ideal of compact operators.

Corollary 2. Let (E,| - |lg) = (I%,] - ||p) be a classical symmetric sequence space. Then the associated
operator ideal (Schatten’s ideal) (Ci», | - |lc,») = (CP, || - |lp) is a Banach ideal of compact operators (see, for
example, [1]).
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REZYUME

Ushbu magolada kompakt operatorlarning ikki tomonlama ideali Banax idealini hosil gilishi uchun
yetarli shart o’rnatilgan. Biz monoton norma || - || x bilan berilgan har qanday xos, kommutativ to’la
X C K(H) ideal Banax ideali ekanligini isbotlaymiz.

Kalit so‘zlar: o’smaydigan o’rin almashtirish, kompakt operator, Kalkin munosabati, kompakt
operatorlar Banax ideali.
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PE3IOME

B 9r0it cTaThe NPUBOIUTCA W JIOKA3BIBACTCS JIOCTATOTHOE YCJIOBHE JIJIS TOTO, YTOOBI JIBYCTOPOHHMIA
neasl KOMIAKTHBIX OIepaTopoB 0Opa30BbLIBAJ OanaxoB miaeas. Mbl J0Ka3bIBaeM, 9TO JIIOOOH COO-
CTBEHHBIN, KoMMyTaTHBHO nosHbI uaean (X C K(H)), ocHaleHHbBIH MOHOTOHHOI HOpMOIH || - || x,
SIBJIsIETCsT 6AHAXOBBIM HJIEATIOM.

Karouesnie ca08a: HEBO3PACTAIONIAs ITEPECTAHOBKA, KOMIIAKTHBII omepaTop, coorBercTBre Kai-
KuHa, BaHaXOBBI MIeabl KOMIIAKTHBIX OEPaTOpPOB.
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RESUME

In the present paper we obtained integral-representation of solutions in terms of given initial and
boundary data for the initial-boundary value problems for heat transfer equation on symmetric
metric graph via Fokas’ unified transformation method.

Key words: Heat transfer equation, metric graphs, branched structures, Fokas’ method, unified
transformation, Fourier transformation, initial problem, boundary value problem.

1. Introduction

During the last years the branched thin structures and metric graphs are widely used as a model in
theoretical investigation of many complex systems from physics, biology, ecology, sociology, economy and finance
[1]-[3]. Despite to high interest for diffusive and dispersive wave transfer problems in such system, here only
few papers on the initial-boundary value problems (IBVP) on metric graphs. Firstly IBVP for heat equation on
graphs are investigated in [7]. Some numerical methods for solution of IBVP for heat equation can be found in
[8]. In the paper [13] it is proved existence and uniqueness of the generalized (weak) solution of initial boundary
value problem on general graphs in Sobolev spaces. In [9] and [10] thermal diffusion in branched structures
based on linear and nonlinear heat equation and some other physical applications are discussed.

Usually, for investigation physical properties of quantum graphs used static Schrédinger equation [3]-[7].
In the references [16] was investigated nonlinear Schrodinger equation on two dimensional thin tabular branched
domain and proved that the problem on metric graphs for one dimensional nonlinear Schrédinger equation on
metric graph, with gluing (Kirchhoff) conditions on the vertex point, can be obtained when width of the branches
tends to zero. Similar convergence result in the case of linear Schrédinger equation with different approaches
can be found in [6]-[7].

Schrédinger equation can be also called to be heat equation with imaginary time. The heat equation
on branched structures firstly used in the 50’s of the nineteenth century. Thomson (Lord Kelvin) used heat
equation (Thomson’s cable equation) as mathematical models of signal decay in submarine (under water)
telegraphic cables (Ch. IV in [9]). Later this method was widely used in neuroscience for theoretical analyzing
data collected from intracellular micro electrode recordings and for analyzing the electrical properties of neuronal
dendrites (see [10]). Initial and boundary value problems for some other types of PDE on metric graphs and
their possible applications can be found in [11], [16]-[17].

In this paper we contruct the integral representation of solution of IBVP for heat equation on general
star graph with both finite and semi infinite bonds [11]. For this purpose we generalize so called Fokas’ method
in the case of metric graph [12]-[15]. It should be noted that this method was used in [16], [17] for the IBVP for
heat equation on star graphs with only finite or semi infinite bonds.

2. Formulation of the problem and main result

We consider symmetric metric graph which obtained by connecting n finite By, ..., B,, and m semi infinite
Bpt1,Bn42, .., Bnym bonds at one point, called to be vertex of the graph. We correspond the bonds Bj, (j =
1,n) to the intervals (0, L;) and the bonds B,, (r = n+ 1,n 4+ m) to intervals (0, co) to define coordinates in
each bond. Here vertex of the graph corresponds to 0 on each bond (Figure 1).

In each bond of the graph consider the heat transfer equation

VO (@,t) = VP (@) + fD(a.t), j=TnFm. o
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Figure 1. Symmetric metric graph

Define initial conditions 4
V(2,00 =V (2), v €Bj, j=Tn+m. (2)

Boundary and the asymptotic conditions

(VD (1) + BV (@,0)) o0 = 0, 02+ 82 £0, j=Tm, (3)
leV(T)(x,t)=0,t20,r=n+l,n+m (4)

on finite and semi infinite bonds, respectively.
Moreover, we need to define the following gluing conditions for connectivity of the graph

VD (40,8) = VO (40,t) = ... = V™) (10, ), (5)
n+m .
> VI (+0,t) = 0. (6)
j=1

The last conditions usually called continuity and Kirchhoff conditions on branching point of the graphs.
We suppose, that initial data are smooth enough functions and they satisfies the conditions (3)—(6).

Step 1. Write the PDE as a one-parameter "family" of equations, each of which is in divergence form
[14]-[15].

For problem (1), a clear choice of an integrating factor to achieve this is g(z,t) = e*i’”*’gﬂ leading to
the form

[efika:jtk;?tv(j)(z’t)}t _ {efierert (Vz(j)(l',t) + Z'kv(j)(w,t)>} + +e*ikm+k2tf(j)($’t), j= 71’71 . (7)

Step 2. Use the divergence form to determine a global relation coupling the various boundary values.
In the case of (), this takes the form

V) (k,t) — VD (k) = e~ FLs (hgj)(w,t) + z‘khgﬁ(w,t)) -

— (g;(w, t) + ikgo(w, ) + FO) (k,t), j =T, n; (8)

e VO (k,t) — Vi (k) = —gr (w,t) — ikgo(w, t) + FO (k,t), r = n+ Ln+m. (9)
where w = k2, {k € C: Imk > 0}.
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However dispersion relation w = k? invariant with respect to substitution ¥ — —k then functions
go(w,t), gj(w,t), gr(w,t), h(()'“(w,t), hgj)(w,t),j = 1,n,r = n+ 1,n+m also be invariant. Hence from (8)
and (9) we have:

ewtﬁ(j)(_k_’t) _ ‘Z)(j)(_k) — kL (hgj)(w,t) _ ikhéj)(’w,t)) _

- (gj (w7 t) - ZkgO(wv t)) + ﬁ(j)(*ka t)a ] = 17 n;
VO (k) — Vi (k) = —g, (w, ) + ikgo(w, t) + FO (<k, 1), (11)
where r =n+1,n+m,{k € C: Imk < 0}.
We can write solution in following form with using inverse Fourier transformation in global relation (8)
and (9) [16]-[17].

—+o0

. 1 [t . (s . 1 . . . .
VO (,t) = o= / gika—wt (VO(’)(k) + F<J>(k,t)) dk+ 5 / gika—ikL;—wt (hﬁ”(w,t) + ikhg”(w,t)) dk
Y[ T

— 00 — 00

1 [t

~5 gtkr—wt (9j(w,t) +ikgo(w,t)) dk, j =1,n, (12)

(r) 1 e ikz—wt (17(r) (r)

VO (a,t) = o ¢ (VO (k) + F (k,t)) dk
™ — 00

1 [t -

~3- et (g (w,t) +ikgo(w,t)) dk, r =n+ 1,n + m. (13)

T J—co

The integrand of the second integral in (12) and (13) is entire and decays as k — oo for k € C™\D~.

The third integral has an integrand that is entire and decays as k — oo for k € CT\D™T. Using the analyticity

of the integrand and applying Jordan’s Lemma we can replace the contour of integration of the second integral

by - [, and of the third integral by - [, (see [12], [14]-{17]):

+oo Py .
VO (x,t) = 2i/ gike—wt (VO(J)(k) + F(J)(k,t)) dk—

T J -
_i eikxfiijfwt (h(J)(w t) + ,Lk-h(J)(w t)) dk— (14)
1 ) 0 ’
21 Jop-
1 .
—o— | e (gi(w, t) +ikgo(w, 1)) dk, j =T,m,
27 oD+
1 “+o0 ) ~ ~
Vg - L / sika—wt (VO(’")(k) " F(T)(k,t)> dk— (15)
1 ; n+1l,n+m
_ M (g (w, t) + ikgo(w, 1)) dk, v =n+ T n+m,
2 oD+

where D* = {k € C* : Rek? < 0}, CT = {k € C: Imk > 0},
C ={keC:Imk<0}.

We need to find unknowns go(w,t),gj(w,t),gr(w,tLh(()j)(w,t),hgj)(w,t), j=1n, r=n+1ln+m
representation of the solution.
Now, using vertex conditions we get

etV (k1) — VO (k) = e~ L B (w, t) + ike =L B (w, ) —

—gj(w,t) —ikgo(w,t) + FO (K, t);

etV (=, t) — XA/O(j)(—k) = ekl hgj)(w7 t) — ike'F L h((Jj)(w7 t)—

—gj(w,t) +ikgo(w,?) Jrf(j)(fk,t); (16)
ew;W)(k, t) = U\ (k) = —gp(w, t) — ikgo(w, t) + BT (k, t);

210795 (w, t) = 0;

a;jh$ (w,t) + B;hY (w, t) = 0.
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Figure 2. The domains D' and D~ for the heat transfer equation

Where j =1,n,r=n+1,n+ m.

Solving this equations for ikgg(w,t), we have

1 = &3
ikgo(w,t) = J

- [ei“f (1 +il k) v (k) —
"iméz TAj+i- kB o

J
j=1

@

n+m
ekl (1 _ ;20 o) 277 (r)
e < Zaj k> Vo (k)| + Z V" (k)+

r=n-+1

52 , , .
+> - [elk% <1+zﬂj~k) FO) (k)
S Aj+i- kB :

«
Qi J

(17)

n+m
_eikLy (1 _ & k) FO (k. + S2EM (L ) —
e < Zaj (—=k,t)| + Z A (K1)

r=n+1
n

§2ewt . ‘ iy
. Jﬂ‘ [elij (1 —H’ﬁ . k) V(J)(k7t)_
jzlAj+z~a—-;~k-Bj @j

n+m
_ —ikL; o ~6j G o 2 wtir(r)
i1 — . k|V k,t E 1) V k,t
€ ( ? ’ ) ( ) )] r€ ( ) )]7

where A; = et*li — e=kLi B = etkli 4 e=Li j =T n, a; #0.

Now putting GU)(k,t) = ‘70“)(16) — ikgo(w, t) + FO (k,1), j

= 1,n we can rewrite

etV (K, t) =

GO (K, t) 4+ e kLi (1 —- 2—; . k) hgj)(w,t) —g;(w,t), a8)
etV ) (—k, t) = GU)(—k, t) + ei*Li (1 +i- kz) W (w, t) — g;(w, 1),

So, we have

. 1 ) .
o) w,t) = G (k,t) — GY) (—k, t)—
9 (w, 1) Aj+i.§.k.3j[ (k,t) = GO (~k, 1)

J

~

(P k).

, 05 #0, j=1,n.

where héj)(w,t) = f%hgj)(w,t)
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1 'kL-< . By G)
gi(w,t) = - {ez il14di- = -k)GY)(kt)—
() Aj+i- % k- B a; (0

_eT kL <1 — - Bi . k:) G’(j)(fk,t) _ WlHikL; <1 4. Bi . k:> IA/(j)(k,t)—

@ @

_ewt—iij <1 — - & . k) {//\'(j)(_k7t):| , (20)

Qj
this a; 7& O, j :1,771.
Solving (11) for g,(w,t) we find

gr(w,t) = V" (=k) + ikgo(w, ) + FT) (=k, t) — V) (—k, t). (21)

Replacing in equation (15) g, (w,t) with the RHS of (21) we find [16]-[17]

L[t ~(r ~
VO (2, t) = — / gikm—wt (VJ ) (k) +F(T)(k,t)) dk— (22)
2 J_ o
1 . o ~ .
— elhu—wt (Qikgo(w, )+ Vo( )(fk) + F™ (—k, t)) dk,r=n+1,n+m,
21 Jop+
The term 'V (") (—k,t) gives rise to the term [13]
1 o~
S RV (—k t)dk, 0 < z < o0, t >0,
2 oD+

which vanishes, since both e“! and V(T)(fk,t) are bounded and analytic in the upper half of the complex k
plane, and furthermore V(") (—k,t) is of O (%) as k — oo:

— OQ.

~ . (M(0. ¢
VI (—k,t) = / ey () (g t)da ~ 7v7(0)
0 ik
Thus, Cauchy’s theorem supplemented with Jordan Lemma in the domain D [12].

We next substitute g%j)(w,t) and hgj)(w,t) in (14). We claim that the terms involving f}(j)(:lzk,t) yield
a zero contribution. Indeed, since this is a well-posed BVP, the relevant terms are bounded as kK — oo. Let us
verify this explicitly: the term in ggj )(w, t) involves the following contribution form V) (%k,t):
eiij‘?(j)(]g, t) — e—ikL.7‘17'(J')(_]€7 t)

e (14 i2k) - emikhs (1- k)
J J

Since I'mk > 0, e~**L4 grows, and then the above expression, as k — oo, becomes

_f}(j)(_k,7t) + etk Li foLj e (Li=2) (@) (g, t)da
ik -1
J

)

which is clearly bounded as kK — oo with Imk > 0. Similarly the term in hgj )(w,t) involves the following
contribution from V) (4k, t):
VO (k,t) = VO (=k,t)
e (14 i20k) = ikt (1 - i2ik)

which as k& — oo, Imk < 0, simplifies to the expression

fOLj e—ik(Lj+x)V(j)(x7t)dx . e—iijf}(j)(_k,t)
zgk -1

)
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which is clearly bounded as k — oo, Imk < 0 [12].
3. Conclusion and results

In this paper, we presented a method for constructing solutions to initial-boundary value problems on
certain metric graphs, such as star-shaped graphs. In general, this method is applicable to solving initial-
boundary value problems on arbitrary metric graphs. In solving the problem, we use the so-called global relation
and another relation obtained by replacing the complex parameter with its negative. These two relations are
equivalent to mapping Dirichlet conditions to Neumann conditions at the vertices. Using these relations, the
considered problem is reduced to a system of algebraic equations with respect to the unknown values of the
solution at the branching points of the graph. The solution is expressed in the form of contour integrals of
known functions. The contours are chosen so that the integrand functions decay exponentially at infinity along
these contours. This property ensures good convergence of the integrals, which is very important, for example,
for the numerical computation of the solution.
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REZYUME

Ushbu maqolada issiqlik uzatish tenglamasi uchun simmetrik metrik grafda boshlang‘ich-chegaraviy
masalalar yechimining integral ko‘rinishdagi ifodasi Fokasning umumlashtirilgan almashtirish usuli
yordamida, berilgan boshlang‘ich va chegaraviy ma’lumotlar asosida topildi.

Kalit so‘zlar: Issiglik uzatish tenglamasi, metrik graflar, tarmoqlangan tuzilmalar, Fokas usuli,
umumlashtirilgan almashtirish, Furye almashtirish, boshlang‘ich masala, chegaraviy qiymat masalasi.

PE3IOME

B nmacrosmeit ctarbe mOIyUeHO WHTETPAJIBHOE MPEICTABICHUE PEIIeHNH HAaYAIbHO-KPAEBBIX 3a7ad
JJIsI yPaBHEHUsT TEIJIOMPOBOIHOCTH HA CHMMETPUIHOM METPUIECKOM T'pade B TePMHUHAX 33 JaHHBIX
HAYAJIBHBIX U TPAHUIHBIX JAHHBIX C UCIOJIH30BAHNEM YHUMUIIMPOBAHHOIO METO/1a ITPeodpPa30BaAHUS
dokaca.

Karouesvie caosa: YpaBHeHHe TeIjIoNepeIadn, MeTpruieckue rpadbl, pa3BeTBIEHHBIE CTPYKTYPHI,
meron, Pokaca, yauduimpoBannoe mpeobpasoBanue, mpeobpaszoBanne Pypbe, HAYAIbHAS 3a/a4a,
KpaeBas 3a7a49a.
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ABSTRACT

This research work is devoted to study solutions of a max-plus linear equation system. The study
outlines the fundamental concepts and properties of max-plus algebra and highlights the theoretical
and practical aspects of solving systems of equations within this algebraic structure. In addition, the
article analyzes the conditions for the existence of solutions and presents methods for determining
them using max-plus techniques. The results obtained are of significant importance for applications of
idempotent algebra and tropical mathematics, particularly in optimization and modeling of discrete
event systems. Then, we provided examples of finding roots of a max-plus system and plotted the
graphs of these max-plus equations in the Cartesian coordinate system.

Key words: Max-plus algebra; idempotent semi-ring; max-plus linear equation system.

1. Introduction
Max-Plus Linear (MPL) systems are a class of discrete-event dynamic systems (DEDS) based on the
Max-Plus algebra, an algebraic structure that uses maximisation and addition as its binary operations. MPL
systems are employed to model processes with features of synchronization but without concurrency, and as such
are widely used for applications in transportation networks [1, 2], biological systems [3, 4] and manufacturing
[7, 8]. In MPL models, the states correspond to time instances related to discrete events.

Max-plus algebra has been studied in research papers and books from the early 1960’s. Perhaps the first
paper was that of R. A. Cuninghame-Green [5] in 1960, followed by [10, 11, 12, 13] and numerous other articles.
Independently, a number of pioneering articles were published, e. g. by B. Giffler, M. Gondran and M. Minoux.
Intensive development of max-algebra has followed since 1985 in the works of M. Akian, R. Bapat, R. E. Burkard,
G. Cohen, B. De Schutter, P. van den Driessche, S. Gaubert, M. Gavalec, R. Goverde, J. Gunawardena,
B. Heidergott, M. Joswig, R. Katz, G. Litvinov, J. -J. Loiseau, G. -J. Olsder, J. Plavka, J. -P. Quadrat,
L. Singer, S. Sergeev, E. Wagneur, K. Zimmermann, U. Zimmermann and many others. Note that idempotency
of addition makes max-algebra part of idempotent mathematics [9, 17, 18].

2. Preliminary notions

The max-plus algebra is an algebraic structure consisting of real numbers where the standard operations
of addition and multiplication are replaced by the operation of taking a maximum and the operation of standard
addition, respectively. More precisely, let Ryax denote the set R U {—oo}, let ¢ be a binary operator on Ry,ax
with z @ y = max{x, y}, and let ® be the binary operator on Ry,.x with z ® y = x 4+ y. The resulting algebraic
structure Rpax = (Rpyax, @, ©) is called a max-plus semi-field or simply a maz-plus algebra. Rpy,a.x is also
called a commutative idempotent semiring or a dioid. In max-plus algebra ¢ = —oo is the additive identity:
rPhe=cPx =z, for each x € R .« and the multiplicative identity ise =0: c e =e®z =z, for all x € Ry ax
[14], [15].
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Let n € R. The n'* max-plus algebraic power of € R is denoted by 2®" and corresponds to nz in
conventional algebra. If z € R then 2©° = 0 and the inverse element of z written ® is @ = = —z. There is
no inverse element for ¢ written ® since ¢ is absorbing for @. If n > 0 then e®" =e. If n < 0 then ¢®" is not
defined [15].

The max-plus algebraic division operation is defined as follows:
if 7, y € Riax and y # ¢, then & == ©y® =206 (—y).

If y is equal to € then the max-plus algebraic division is not defined [16].
In [6], we studied how to determine the solution set of the system

a1 O ®aiz ©y = by,
a21 © TP azp ©y = b.

by applying the Theorem 1 stated below.

We denote:
ain b
asr  bal|’

ail a2
a1 a22

A= L D, =

Theorem 1. [6] Let A # e.

1. If Z; = ¢ # 212, then the solution system () consists of the pairs (z, v) here

x:%andve{seRmax:sg%};

2.1 Z; =+ ZZ b—l then the solution system () consists of the pairs (u, y) here

u € {t € Ryax: t<A }andy—A—

3. If g =212 = b—l then the solution system () consists of the pairs (u, v) here

x:%,ve{seRmax s <

y}andue{teRmax

AV
t< &

2

Y

Ay
A

b .
4. If 411 = 412 5£ 3L then the system () has no solution;
5. If ¢12 < Z; <gtor gt < bl < 22, then the system () consists of a unique root (z, y) with

_A«'C _Ay-
z="7ady="Z

)

6. If g1t £ 22 & b; and both of inequalities in 5) do not hold, then the system () has no solution.

az2

3. Main part
Let us be given the following max-plus linear system:

411 Or P ae Oy Paiz©z = by,
21 O B age Oy B ags © z = b, (2)
a31 © T B agy Oy B ass © z = bs.

Assume that ay; # £. In this case, we divide the first equation of the system by a;; and denote the
resulting new coefficients by a},, a}s. Similarly, if az; # € and a3y # €, then we divide the second and third
equations of the system by a1 and agp, respectively, and denote the resulting new coefficients by ab,, a5 and
a’y, ahs, respectively. As a result, we obtain system (3), which is equivalent to system (2):
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T®al, Oy ®aly©z =10,
T Dan Oyday ©z="bh,
TDag Oydazg©z ="

We now construct the following systems based on system (3):

aly Oy B ajz Oz = by,
Ao O Y D ah; O 2z = by,

ahe © Y D an; © 2z = by,
az Oy Dasy ©z = bh.

It is known that the following system consists of the common solution of systems (4) and (5)

a1, Oy B ayz Oz =,
azy Oy Dasg ©z = b

The solution of systems (4) and (5) can be found according to Theorem 1.
We denote the solution sets of systems (4) and (5) by W and Ws, respectively.

Theorem 2. If systems (4) and (5) have solutions, then system (3) also has a solution and the solution

set of system (3) is given as follows:
W ={(z, y, z): * < min{b}, by, b3}, (y, 2) € W1 N Wa}.

Proof. We divide system (3) into the following cases and find its solution.

I-case. Let x < min{b}, b3, b5}. Then we obtain the systems (4) and (5). Consequently, the solution of

system (3)
W ={(z, y, 2): * < min{b}, b}, b3}, (y, z) € W1 N Wa}.

2-case. Let x = min{b], bf, b5} = b). Then we have the following system:

a1 Oy D aly©z < by,
ahy Oy D ay © z = by,
a3y OY S azz © z = by.

This case, the system () of solution:

W ={(z, y, 2): @ = min{b}, by, b} = b}, (y, 2) € Wa, y < 2o pz < 2

/7
12 a3

}.
3-case. Let & = min{b}, b}, b5} = bh. Then we have the following system:

g Oy B ahy © z < b,
aly Oy @ a3 Oz = by,
agy Oy D agy © z = b.

This case, the system (3) of solution:

W ={(z, y, z): x = min{b}, by, b3} =), (y, z) € Wi NWa, y < b /\zgf,i}.

asy
4-case. Let . = min{b], b}, by} = bs. Then we have the following system:

Ao O Y @ aly © 2 < b,
aly Oy B als ©z =1,
g O Y D ap © 2 = b
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This case, the system (3) of solution:

W:{(xv Y, Z):x:min{b/lﬂ /27 g}:bg’)’ (yv Z)GWhyS

by Nz <
2

/
bs

/ /
as 3

ass }
5-case. Let x = b} = b, = b}. Then we have the following system:

aly Oy Dalg ©z < b,
a5 OY B as; © z < b,
a3y Oy & az3 © z < b

This case, the system (3) of solution:

I/V:{(:c,y,z)::E:bll,ygrnin{b,1 b2 b,—é’}/\zﬁrnin{b/1 b2 b,—é}}

] ) ] )
Aip’ Ao’ Azg 13’ A3’ Azg

6-case. It is clear that in the remaining cases, system (3) has no solution.
Thus, the general solution set of the system (3) is

Example 1. Solve the system:

200030y ®z=-3,
202050y P60 2z =—1,
20x0y®902z=0.

Solution. We rewrite the given system as follows:

r®1OYy®d (—-2)©2z= -5,
TB3IOYDP40O 2= -3,
r®(-2)OyaTozs= -2

I-case. x < min{—5, —3, —2} = —5. Then we obtain the following systems:

10yd (—2)® 2z = -5,
30ye4ez=-3,

and
30y®4ez=-3,
20yBTOz=—2.
Now according to Theorem 1, we find the solution of these systems. In the first system, since 772 < :—g = %,
its solution is y = —6, z < —7 and in the second system, since % < %‘g < %, its solution is y = —6, z = —9.

Thus, in this case, the solution set of the system is {(z, y, 2): z < =5, y = —6, z = —9}.
2-case. x = min{—>5, —3, —2} = —5. Then we get the following system:

10yd (—2)® 2z < -5,
30yd4ez=-3,
20yYBT7T0z=-2.

According to Theorem 1, since % < :—:2)’ <

the system y < —6 and z < —3.

3

5, its solution is y = —6, 2 = —9. By the first inequality of
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Therefore, in this case, the solution set of the system is {(z, y, 2): x = =5, y = —6, z = —9}.
So, the general solution set of the system is

W={(z,y,2): 2 <=5 y=—-6,z=-9}
The graphical representation of these planes in the coordinate system is as follows:

Three idempotent surfaces and their common intersection (red line)

= Common intersection (x = -5, y=-6, 2=-9)

Example 2. Solve the system:

20xd30ydz=23,
-10zd20yd3G2z=—4,
20zd(-4)0yd50z=—4.

Solution. We rewrite the given system as follows:

2®1lOoyd (-2)0z=1,
TP30YyP40z= -3,
z®(-2)0ydToz=-2.

1-case. x < min{l, —3, —2} = —3. Then we obtain the following systems:

loyd (-2)0z=1,
30y®4ez=-3,

and
30yd40z=-3,
{—2®y@7®z=—2
Now according to Theorem 1, we find the solution of these systems. In the first system, since _T2 < % < }3,
its solution is empty set, i. e. the first system has no solution and in the second system, since % < :—g < %2, its
solution is y = —6, z = —9.

Thus, in this case, the solution set of the system is empty set.

2-case. © = min{1, —3, —2} = —3. Then we get the following system:
30y®4602< =3,
loye (-2) ez =1,
20yPTOz=—2.

46



Acta NUUzZ EXACT SCIENCES Ne2 /2.1, 2025, 42-50

According to Theorem 1, since _72 < %2 = %2, its solution is y = 0, z < —9. By the first inequality of
the system y < —6 and z < —7, but 0 > —6.

Therefore, in this case, the solution set of the system is empty set.
So, the given system has no solution.

The graphical representation of these planes in the coordinate system is as follows:

Idempotent spaces and intersection

® Intersection

Let us be given the following max-plus linear system:

a1 OTDa Oy daz®z = by,
21 O T D age O YD asg Oz = b,

am1®$@am2®y@am3®2’:bm.

Hence we obtain the following system (7), which is equivalent to system (6):

THap Oy dajy©z =,
T ah, Oy P abs © z = bh,

TD Ay OY D g © 2 =1y,
We now construct the following system based on system (7):

(8)

Uiy O Y ® a3 © 2 = b,
i1y OY D Q413 O 2 = by,

where i =1,2,..., (m—1).

Corollary 1. If the systems (8) has a solution and its solution sets is W;, then system (7) also has a
solution and the solution set of system (7) is given as follows:

. ) . , m—1 ,
W= {(w. g 20 < min (¥}, (5 2) € "0 Wi
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Example 3. Solve the system:

200030y ®dz= -3,

1or®40y®50 2= -2,
20z030y0T7T0z=1,
—30z040yd102z=0.

Solution. We rewrite the given system as follows:

r@1oyd (—2)®z = -5,
TH3IOYDH402z= -3,
rT@50Yd®IOz =3,
THRTOYd402z=23.

1-case. x < min{—5, —3, 3, 3} = —5. Then we obtain the following systems:

1oyd (-2)©z = -5,
30y®40z=-3,

30yd4ez=-3,
S5OYP9I©z=3

and
S5OYBIOz =3,
TOYyP40z=3.
Now according to Theorem 1, we find the solution of these systems. In the first system, since 772 < :—g = %,
its solution is y = —6, z < —7 and in the second system, since %3 < % < %, it has no solution and in the third
system, since % < % < %, its solution is y = —4, z = —6

Thus, in this case, the solution set of the system is empty set.
2-case. x = min{—5, —3, 3, 3} = —5. Then we get the following system:

1Oy®(-2)®z < -5,
30y®40z=-3,
5OYPIOz=23,
TOy®402z=3.

Obviously, the system
30y®46ez=-3,
5OYPIOz=3,
TOy®40z=23.

has no solution.
So, the given system has no solution.
The graphical representation of these planes in the coordinate system is as follows:
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10.

11.

12 planes — NO common line {inconsistent)
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ANNOTATSIYA

Ushbu tadqiqot ishi max-plus chiziqli tenglamalar sistemasining yechimlarini o‘rganishga
bag‘ishlangan. Tadqiqotda max-plus algebra asosiy tushunchalari va xossalari eslatib o‘tilgan hamda
ushbu algebraik tuzilma doirasida tenglamalar sistemasini yechishning nazariy va amaliy jihatlari
yoritilgan. Shu bilan birga, maqolada yechimlarning mavjudlik shartlari tahlil gilingan va max-plus
metodlari yordamida ularni aniglash usullari ko‘rsatib berilgan. Olingan natijalar idempotent algebra
va tropik matematikaning qo‘llanilish sohalari, jumladan, optimallashtirish va diskret hodisalar
sistemalarini modellashtirishda muhim ahamiyat kasb etadi. So‘ngra max-plus sistemaning ildizlarini
topishga doir misollar keltirilgan va Dekart koordinatalar sistemasida bu max-plus tenglamalarning
grafiklari yasalgan.

Kalit so‘zlar: Max-plus algebra; idempotent yarim halqa; max-plus chiziqli sistema.

AHHOTAIINA

JlanHast mccienoBaTebCcKas padoTa IOCBSAINIEHA M3YYEHHUIO PEIIeHMil cucTeM max-plus JumHeiHbIX
ypaBHeHuil. B uccireoBanm yrioMsiHy ThI OCHOBHBIE [TOHSATHSI U CBOMCTBA max-plus ajirebpbl, a TakzKe
OCBENIEHB! TEOPETUYECKNE U ITPAKTUYECKHE aClIeKThl PEIIeHNs CUCTEeM YpaBHEHMII B paMKaX JaHHOM
aredpanvIecKoil CTpyKTyphl. KpoMe TOro, B crarbe MpOAHAJM3UPOBAHBI YCJIOBUS CYIIECTBOBAHUS
peIeHuil U IOKa3aHbl METObI NX OIIPEJIEJIEHNs C UCIIOIb30BanneM max-plus mogxoos. [loxyaennsie
pe3yJbTaThl UMEIOT BayKHOE 3HAYEHUE I IIPUMEHEHUs! UJIEMIIOTEHTHON ajreOphl U TPOIMUYECKOI
MaTeMaTUKHU, B YaCTHOCTH, B OINTHUMU3AIUN U MOJIEJIUPOBAHUN JUCKPETHBIX CUCTEM COOBITHI. 3aTem
[IPUBEJIEHBI MIPUMEPhl HAXOXKJIEHUsI KOpHEH max-plus JIMHENHOW CHCTeMbl, W IMOCTPOEHBI IpaduKu
9THX Max-plus ypaBHEHUIl B HEKAPTOBOW CHCTEME KOOD/IMHAT.

Karouesnte caosa: max-plus aarebpa; maeMIIOTEHTHOE TTOTYKOJIBIT0; Max-plus JuHelHast cucTeMa.
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RESUME

Throughout this paper we construct some solvable compatible Lie algebras by including maximal
nilpotent ideal A/ which its component Lie algebras are classical filiform Lie algebras £,, and Q,,.

Key words: compatible Lie algebras, derivations, nilpotency, solvability.

Introduction

Compatible algebraic structures arise when a vector space carries two product operations whose arbitrary
linear combinations remain valid products of the same type. In recent years, such structures especially compatible
Lie algebras have attracted considerable attention in mathematics and mathematical physics.

One of the central problems in the field is the classification of these algebras. A major step in this
direction has been the classification of nilpotent compatible Lie algebras. This approach constructs nilpotent
algebras as central extensions of smaller ones and has proved effective for obtaining complete classifications in
low dimensions.

After understanding the nilpotent case, a natural continuation is the study of solvable compatible Lie
algebras. In the classical theory of Lie algebras, solvable algebras are typically built by first determining their
maximal nilpotent ideal the nilradical and then forming solvable extensions through non-nilpotent derivations.
This strategy, often attributed to Mubarakzyanov, forms the basis for many classification results; see, for
example, [1,2,6,9].

The aim of this paper is to adapt this construction method to compatible Lie algebras. However, several
fundamental difficulties arise. For instance, in a compatible Lie algebra, the sum of two nilpotent ideals is not
necessarily nilpotent, so the usual notion of a nilradical does not behave well.

We analyze the compatibility conditions for semidirect products and employ maximal tori of diagonal
derivations to construct solvable extensions. Within this framework, we develop solvable compatible Lie algebras
whose nilpotent ideal is a nilpotent compatible Lie algebra whose Lie components are classical filiform Lie
algebras, such as £,, and Q,. In particular, we treat the compatible pairs (£,,, Q,) obtaining explicit one-
dimensional solvable extensions by means of non-nilpotent derivations of £,, and proving the nonexistence of
higher-dimensional ones.

Throughout the paper, all vector spaces and algebras are considered over the complex numbers. We
assume that the reader is familiar with the basic concepts of Lie theory.

Preliminaries

In this section we define compatible Lie algebras and the basics about them. We let K be an arbitrary
field of characteristic different from 2.

Proposition 1. [4] Let g1 = (g,[—, —]1) and g2 = (g,[—, —]2) be two Lie algebras over the same vector
space g. Then the following conditions are equivalent:
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(Z) (97 [_7 _]) is a Lie algebra‘7 where [.’E, y] = [‘T>y]1 + [x7y]2 for all T,y €9;
(1) (8,[—» —]a1.x0) is a Lie algebra for all A1, A2 € K, where

[7,y] = Mz, yl1 + X[z, yl2;

(#i1) The following identity (named the mixed Jacobi identity) holds for all z,y,z € g

[z, y]1, 22 + ([, 2]1, @2 + [z, @)1, yl2 + [[2, 92, 21 + [y, 2]2, )1 + [[2, 2]2, y]1 = 0.

Let denote the second cocycle identity by
Z(x,y,2) = [z, 0y, 2)] = [p(@,y), 2] + [0z, 2), y] + o(x, [y, 2]) — o([2, 9], 2) + o([z, 2], y).

Thus, we have the definition of compatible Lie algebras.
Definition 1. [4] A compatible Lie algebra is a triple (g, [—, —]1,[—, —]2), where g1 = (g,[—, —]1) and
g2 = (g,[—, —]2) are Lie algebras satisfying any of the three equivalent conditions in above Proposition.

A subalgebra of a compatible Lie algebra g is a vector subspace of g which is closed for both products.
An ideal i of a compatible Lie algebra g is a vector subspace such that [i, g1, [i,g]2 C i.

Definition 2. [4] Let s and t be two subspaces of a compatible Lie algebra g. The commutator [s,t] of s
and t is
[5,4 = [s,t)1 + [5,t]2 = spank{[s,t]1,[s,t]2 | s € 5,t € t}

Remark that if i and j are ideals of g, then their commutator [i,j] is a subalgebra and [g,1] is an ideal.

In general, the descending central sequence or lower central series of a compatible Lie algebra g is defined
in the same way as for Lie algebras [4]:

C%g) =9, C**'(g):=[9,C"(g)], forall k>0.

Consequently, if C¥(g) = {0} for some k, then the compatible Lie algebra is called nilpotent. Then the smallest
integer k such that C*(g) = {0} is called the nilindex of the compatible Lie algebra g.

Applying induction, one can prove that C’(g) is an ideal of g and [C(g),C’(g)] C C**7(g) for any i,j € N.
Likewise, the derived sequence of g can be defined as follows.
Definition 3. Given a compatible Lie algebra g we define the derived sequence as

D°g) := g, D**'(g) := [D*(g),D"(g)] forall k>0

If this sequence is stabilized in zero, then the compatible algebra is said to be solvable.

In this paper, we construct solvable compatible Lie extensions of a compatible Lie algebras with two
component Lie algebras £,, and Qa,,, (where n = 2m) [3].

1. Let £,, be the n-dimensional Lie algebra defined by non-zero products
le1,ei] = €ir1, 2<i<n-—1,
where {ey,...,e,} is a basis of L,,.
2. Let Qs be the 2m-dimensional nilpotent Lie algebra defined in the basis {e1,...,e2,} by

{er,e;} =eip1, 2<i<2m—1, {ej,eami1—;} = (—1)eam, 2<j<m.

A straightforward verification confirms that the algebras £, and Q,, satisfy the hypotheses of Proposition 1.
Consequently, £,, and Q,, may be realised as the Lie algebra components of a compatible Lie algebra. We shall
denote this compatible Lie algebra by N.

Main part
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In this section we construct solvable extensions of a nilpotent compatible Lie algebra with components
L\ and Q\, where n is an even natural number. First of all we analyze derivations spaces of the algebras £,
and Q,,.

Proposition 2. Let d; € End(L,) and do € End(Q,,) be any derivations of the algebras L, and Q,,
respectively. Then the derivations admit the following explicit descriptions.

n
d1(€1) = Zal,teta
=1
n—i+2
diei) = ((i = 2)ar1 +aga)e; + Z Qt€iti-2, 2<1<m;
=3
and

2m
da(e1) = 3 Bu ety
i=1

m—1
da(ez) = (51,1 + /31,2)62 + > B22t41€2t41 + B2,2me2m,
i=1 s
da(ezj) = ((29 — 1)B11 + Br2)ezj + D Bo2tr1€2i42j-1 + B12m—2j+1€2m,
i=1
m—j—1

dao(ezjr1) = (25611 + Fr2)eajit1+ 2. Boatt1eat+2i + (—B12m—2j+1 + B2,2m—2;+1)€2m,
t=1

da(eam) = ((2m — 1)B1,1 + 281 2)eam,
where 1 < j < m —1 and n = 2m. In particular, these formulas completely characterize all derivations of
L, and Q,.

Proof. Let take denotations as

n

di(e;) = Z a;req, (respectively, da(e;) = Zﬁi,tet) 1<i<2.
=1

t=1

By straightforward computations, we get the restrictions for the parameters «; ; (respectively,3; ) given in the
proposition.

Next, we consider a nilpotent compatible Lie algebra with two component are £, and Q,. Below we
describe solvable extensions of ' by means of non-nilpotent derivations of £,,, @, and N.

Let consider two-dimensional non-nilpotent solvable extensions of L,,.

Theorem 1. There is no (n + 2)-dimensional solvable compatible Lie extension of ' by means of non-
nilpotent derivations of L,,.

Proof. Let Ry be a (n + 2)-dimensional solvable Lie algebras with nilradical £,, and {eq,...,e,,z,y} is
a basis of Ry. By using derivation properties we have the following products:

n
[61,35] = Z a1,t€¢,
t=1

n
lei,x] = ((i —2)an 1 +aga)e; + Y, qop—iyoer, 2<i<mn,
t=it1

n
le1,y] = Br1e1 + D Bier,
=

lei,y] = ((1 —2)B11 + Pa2)ei + > Pot—ivoer, 2<i<m,
=il

11 Q22
’ ’ 0.

i1 B2z 7

Then by taking changing of basis we get

where

v = (a11B22 — as2fi1)  (Bopr — a22y), ¥ = (a11B22 — aspfii) (aLly - 5171$),
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we can suppose:

n n
len, 2] =e1+ > aier, [eg,x] = (i —2)e; + D aoiipaey,

=2 tmit1
n n
le1,yl = > Biser, lei,y] =€+ > Bot—itoer,
= t=it1
where 2 < i < n. In addition, setting
n—1 n—1
! !
¥ =xtasger— Y aiepier, Y =y+Paser— Y Brier,
=2 =2

one can assume

n
le1, 2] = e +a12e2, [e,x] = (1 —2)e; + > agy_ipaer, 2<i<mn,

t=i+2
le1,y] = Bi2e2, [ei, y] = i + Zn: B2,t—it26€t, 2<i<n.
t=it2
Set the following basis transformation:
n—i+2 1 2
e =e1, € =e+ ; ieiiio, 2<i<n, with pu; = Q—_t(ag,t + ;ag,put,pw).

Thus we obtain [e;, z] = (i — 2)e;, 2 <i<n.
Note that under the above basis transformation the multiplications table of Q,, does not change.
Applying the Jacobi identity for the obtained products, we obtain

le1, ] = e1 + aea, [e1,y] = —ae,

Riiq e 2] = (i—2ei lenyl=e,  2<i<n.

For ¢ € Hom(R1 A R1,N) such that {e;,e;} = p(e;,e;) and p(e;,y) = da(e;), we verify the 2-cocycle
property.
Z(ez,en-1,y) = [e2, plen—1,y)] — [p(e2, en—1),y] + [(e2,9), en—1]+

+ ple[en—1,9]) = pllez, enly) + ¢(le2, ylen1) = en # 0.

This contradiction complete the proof of theorem.

We present the description of one-dimensional solvable extensions of A/ by means of non-nilpotent
derivations of £,,.

Theorem 2. Let R be a one-dimensional solvable extension of A by means of non-nilpotent derivations

of L,,. Then it admits a basis {e1, ..., e,, x} such that its table of multiplications in the basis has the following
form:
le1, x] = Q1,161 + 01269,
. n
lei, 2] = ((i —2)ai,1 +ag2)e; + > agi—it2er,
t=it1
2m
{e1,x} = Pi1e1 — e+ Y Bier,
t=3
{e2,x} = (Bi1—a12)e2 + B2.2meam,
{e2j, x} = ((27 —1)B11 —au2)ezj + Bi2m—2j+1€2m,
{egj1, 2} = (2§11 — 12)ezj+1 — B12m—2j+1€2m,
{eam,z} = (2m —1)p11 — 201 2)e2m,
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where 2 <i<n, 2<j<m-—1.
Proof. By using derivations properties we obtain the solvable extension of L,

n
e, 2] = ai1e1 + Y a1 ey,
t=2

n
lei,x] = ((i —2)anq +aga)e; + Y. qop—iyoer, 2<i<mn.
t—it1

n
: /
Setting «’ =z + ag3e1 — > a1 t€4—1, We get [e1, z] = aq 1€1 + a1 22,
i=3

Applying the description of Der(Q,,) we derive the products

2m
{61717} = Z ﬂl,teh
=t m—1
{ea, 2} = (B11 + Bi2)ea + > Poot+1€2t41 + B2,2mE2m,
=1

m—j
{egj 2} = ((27 — )P+ Bi2)ea; + > Booir1€2t42i—1 + B12m—2j+1€2m,
=1
mtfjfl
{e2jr1,2} = (2§B11+ Br2)ezjr1+ D, Boer1€2t425 + (—Bi2m—2+1 + B2.2m—2j+1)€2m.,
=1

{eam,x} = (2m —1)B11 + 251,2)62%_

where 1 < j<m-—1, n=2m.

Using the condition (i) in Proposition 1 we obtain the products [[—,—]] = [-, =] + {—, —}.
Jacobi identity Constraints
L(e1,e2j-1,2) =0, = are = —f12,
L(e1, e25,7) =0, = B2om—2j+1 =0, 1<j<m-—1,

Therefore, we obtain the multiplications table of the algebra R.

Due to the result [5], £, admits solvable compatible Lie extensions of dimension less than two.
Consequently, we conclude that A possesses only one-dimensional solvable compatible Lie extensions via non-

nilpotent derivations of £,,.

Let now consider the solvable extensions of A/ by means of non-nilpotent derivations from Der(L,) N

Der(Q,).

Theorem 3. Let R = N @& Span{z} be a one-dimensional solvable extension of A by means of non-

nilpotent derivations of Der(L,) N Der(Q,). Then R admits one of the following two multiplications tables:

len, 2] =e1, [es,x]=(i—1)e;, 2<i<2m,
2m
{e1, 2} = Bi1e1 + Z B1tet,
2,
{e2, 2} = Br1e2+ Y Baair1€2t+1 + B2.2m€2m,
i=1 .
{eaj, 2} = (25 — 1)Brae2j + Y Pa2tr1€2t42j-1 + B1,2m—2j+1€2m,
i=1

m—j—1
{egjt1, 2} =24B11e2541 + D, Boat1€a+42; + (—F1,2m—2j+1 + B2.2m—2j+1)€2m.;
=1
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and
2m

le1, o] = ap1e1 + Y ai ey,
2

lea, ] = a1 1€2 + D @29t 412041 + A2 2mE2m,
t=1
m—j
leaj, ] = (2§ — D)ai €25 + D @22041€2642j—1 + X1 2m—2j+1€2m,
=1
m

—j—1
le2jr1,x] = 2jon1e2541 + Y, o2i41€2t425 + (—01 2m—2j4+1 + 02 2m—2j+1)€2m,
1
(i

j
t=
—1)e;, 2<i<2m,

{el,l'} = €1, {eial'} =
where 1 <j<m-—1, n=2m.
Proof. Applying derivations of £,, and Q,,, we have the products in R:

2m
le1, @] = ar1e1 + Y ai ey,
t=3
m—1
lea, ] = a1 1€2 + D @29t 412041 + A2 2mE2m,
t=1
m—j
leaj, ] = (2§ — D)ar €25 + D 22041€2642j—1 + X1 2m—2;+1€2m,
t=1
m—j—1
le2jt1,2) = 2jar1€2j41 + D 22i41€20425 + (=01 2m—2j41 + O2.2m—2j+1)€2m>
t=1

and
2m

{e1,2} = Br1e1 + 3 Pier,
i=3

m—1
{e2, 2} = Br1ea+ > Booir1€2e41 + B22me€2m,
i=1

m—j
{ezj, 2} = (25 — 1)B11€25 + > Boi+1€2042j—1 + B1.2m—2j+1€2m.,
i=1
m—j—1
{ezjr1, 2} = 2501 1€2501+ D Boarr1€ai42j + (—Bram—2j+1 + B2.2m—2j+1)€2m,
=1

where 1 <53 <m—1, n=2m.
The solvability of extension R leads that (oy1,061,1) # (0,0).
Let a1 # 0, then by setting

2m
, 1
= —o/(— E aieei—1),
aq.1 —
, t=3

we can assume [e1, z] = e;. Then, setting

2m—i+2
el =e, € =e+ E Aseryio, 2<i<n,
=3
with
1 J
As = —an 3, Asjiq = o 1 (22541 + E As 19 95-2¢43),
J t=2
1 J—1 1 m—1
Ay = T E Agty1002j 0141, Aom = b T— 2(a2,2m + E At 11002 2m—2t41)5
j t=1 t=1

where 2 < 7 < m — 1, we obtain
e, 2] =G —1)e;, 2<i<n.

Note that the basis transformation leaves the multiplication tables of @, unchanged. Similarly, when

P11 # 0, we get
{er, 2} =e€1, {ep,x}=(G(—-1)e;, 2<i<n.
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REZYUME

Ushbu maqolada Li komponentlari klassik filiform Li algebralari £, va @, bo’lgan nilpotent
kompatibl Li algebrasini maksimal nilpotent ideal sifatida o’z ichiga olgan ba’zi yechiluvchan
kompatibli Li algebralari qurilgan.

Kalit so‘zlar: mos keluvchi Li algebralari, differensiyallashlar, nilpotentlik, yechiluvchanlik.

PE3IOME

B macrosimeit craThe Mbl KOHCTPYUPYEM PsiJI, PA3PEIIUMbIX COBMECTUMBIX ajredp JIu, comepxkarmmx
MaKCHUMAJIbHBIA HUJIBIIOTEHTHBIH uaeas A, KOMIIOHEHTHI KOTOPOTO IPEACTABIAIOT COOOH Kiacchmde-
ckue umndopmubie anrebpet JIu L, u Q.

Karoueswvie caosa: coBmectumblie ajirebpsr JIu, guddepeHnupoBannsi, HUJIBIIOTEHTHOCTh, pa3pe-
IIAMOCTb.

57



Acta NUUzZ EXACT SCIENCES Ne2/2.1, 2025, 58-63

UDC 517.44

ONE OF THE MATHEMATICAL MODELS OF ECONOMIC, SOCIAL AND
ENVIRONMENTAL SUSTAINABILITY IN TOURISM

JABBOROV NASRIDDIN MIRZOODILOVICH
TOSHKENT DAVLAT IQTISODIYOT UNIVERSITETI, TOSHKENT, O‘ZBEKISTON
jabborovnasriddin@gmail.com
YUSUPOVA SHAXLO BAXTIYOR QIZI
BELARUS-O‘ZBEKISTON QO‘SHMA TARMOQLARARO AMALIY-TEXNIK KVALIFIKATSIYALAR INSTITUTI,
TOSHKENT, O‘ZBEKISTON
shaxlo.yusupova@gmail.com

ANNOTATSIYA

Ushbu magqolada turizm tizimining uzoq muddatli barqarorligini matematik modellashtirish asosida
tahlil qilish yondashuvi ishlab chigilgan. Taklif etilgan model igtisodiy (E), ijtimoiy (S) va ekologik
(Q) omillar o‘rtasidagi chizigli bo‘lmagan o‘zaro ta’sirlarni birgalikda hisobga olib, ularning vaqt
o‘tishi bilan qanday barqaror holatga kelishini aniqlaydi.

Kalit so‘zlar: Turizm barqarorligi, statsionar nuqta, asimptotik barqarorlik, Yakobiyan matritsasi,
antropogen yuk, matematik modellashtirish, ekologik yuk, raqamli simulyatsiya.

Kirish. So‘nggi yillarda turizm sohasi nafaqat iqtisodiy rivojlanishning muhim omillaridan biriga, balki
ijtimoiy farovonlik va ekologik muvozanatni ta’minlovchi kompleks tizimga aylanib bormoqda. Turizmning
iqtisodiyotga ta’siri, ijtimoiy barqarorlikka qo‘shgan hissasi va tabiiy muhitga yuklamasi o‘zaro chambarchas
bog'liq bo‘lib, ularni alohida emas, balki yagona tizim sifatida o‘rganish zarur.

Mavzuga oid adabiyotlar tahlili: Turizmning iqtisodiy, ijtimoiy va ekologik tizimlarga ko‘rsatadigan
ta’sirini ilmiy jihatdan o‘rganish masalasi XIX asrning ikkinchi yarmidan boshlab igtisodiyot va biologiya
fanlarida shakllangan differensial modellar nazariyasining rivojlanishi bilan uzviy bog‘liqdir. Dastlabki
matematik asoslar P.-F. Verhulst (1838) tomonidan taklif etilgan logistika modeli orqali populyatsiya o‘sishini
tavsiflashda qo‘llanilgan bo‘lsa, A. J. Lotka (1925) va V. Volterra (1926) tomonidan biologik sistemalarda
turlarning o‘zaro ta’sirini ifodalovchi klassik differensial tenglamalar tizimi ishlab chiqgilgan. Bu yondashuvlar
keyinchalik turizm jarayonlarini modellashtirishga ham tatbiq etila boshlandi.

Tadqgiqot metodologiyasi: Mazkur model, uch omil o‘rtasidagi chiziqli bo‘lmagan o‘zaro ta’sirlarni
birgalikda hisobga olish orqali, turizmning uzoq muddatli barqarorligini tahlil qilish imkonini beradi. Bu
yondashuv yordamida real statistik ma’lumotlar asosida parametrlarni aniqglab, barqarorlik holatlari va ularning
hududiy sharoitlarga mosligini baholash mumkin.[1,5]

Model:

% = alE(l - KLE) + b1S - ClQ,
% :als(l—%)—i—ng—cQQ, (1)

% = agEQ + ng - de7

Statsionar nuqta(E*, S*, Q*) (yoki muvozanat holati) barcha hosilalari nolga teng bo‘lgan holat sifatida
aniglanadi. Ya’ni, statsionar nuqtada tizim tenglamalarni qondiradi:

Tahlil va natijalar. Muvozanatga quyidagi hollarda erishiladi:

aQ _

dE
= =0.
dt

dsS
| —
dt ’

= =0
at

Bu tenglamalar sistemasini analitik tarzda hal qilish giyin, ammo muvozanat nuqta atrofidagi o‘zgarishlarni
o‘rganish mumkin (mahalliy tahlil).
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Ushbu chizigli bo‘lmagan algebraik tenglamalar tizimining yechimi statsionar giymatlar (E*, S*, Q*) ni
beradi. Analitik yechim topish giyin, shuning uchun raqamli modellashtirishga murojaat gilamiz. Biz dastlabki
tizimni boshlang‘ich shartlari va parametrlar qiymatlarini quyidagicha kiritdik:

E(0)=20, S(0)=15 Q(0)=30, t=100
a1 =01, a2 =0.05 a3=0.02,
by =0.02, by =0.03, b3=0.05,
cp =0.04, ¢ =0.03, c3=0.01
Kg =100, Kg=380

(masalan, Eyler usuli yordamida kichik qadam)E(t) (iqtisodiyot), (ijtimoiy barqarorlik)S(t) va Q(t)
(ekologiya) bilan berilgan boshlang‘ich sharoitlarda birlashtiramiz. Vaqt o‘tishi bilan statsionar holatga
yaqinlashishi ko’zatiladi.

Sonli yechim. Simulyatsiya paytida, vaqtinchalik jarayonlardan so‘ng, E(t), S(¢), Q(t) qiymatlari doimiy
giymatlarga moyilligi kuzatiladi. Hozirgi vaqtda o‘zgaruvchilar deyarli o‘zgarishsiz qolmoqda, bu muvozanatga
erishilganligini ko‘rsatadi. Biz taxminan statsionar yechimni olamiz:

(E*,5*Q*) ~ (119.06, 2.59)

Ya’ni, muvozanat holati taxminan (E*, S*Q*) = (119.06, 2.59) ga teng. E’tibor bering, S ning E ga ijobiy ta’siri
va aksincha, ning ga muvozanat giymatlari ularning avtonom chegara darajalari K = 100 va Kg = 80 dan
oshadi (har bir populyatsiyaning o‘zi o‘zining ekologik imkoniyatlarini oshira olmaydi, lekin o‘zaro yordam va @
ning giymatining kamayishi kattaroq natijalarga erishish imkonini beradi). Tekshirish uchun, topilgan E, S, Q
muvozanat tenglamalariga almashtiriladi va ularni nolga aylantiradi (kichik sonli xato bilan), bu hisoblangan
statsionar yechimning to‘g‘riligini tasdiglaydi.

Teorema. (E*, S*Q*)barqaror turizm modelini tavsiflovchi nochizigli differensial tenglamalar
sistemasining statsionar yechimi bo‘lsin. Agar (E*, S*Q*) nuqtasida hisoblangan Yakobiyan matritsasi J ning
barcha xos giymatlari , manfiy haqiqiy gismlarga ega bo‘lsa, u holda statsionar nuqta asimptotik barqarordir.

Isbot(quyidagiga qisqartirildi). Statsionar nuqtaga yaqin joyda sistemani chiziqli gilish natijasida
olingan J Yakobiyan matritsasi muvozanat atrofidagi kichik buzilishlarning harakatini tavsiflaydi. Lyapunovning
chiziqli barqarorlik teoremasiga ko‘ra, agar Yakobiyan matritsasining {1, A2, A3} spektri barcha ¢ uchun
Re()\;) < 0 shartini qanoatlantirsa, u holda muvozanat mahalliy asimptotik barqarordir.

Yakobiyan matritsasi. Chiziqli yaginlashtirish (Teylorning birinchi tartibi) amalga oshiriladi. Qisman
hosilalar hisoblab chiqgiladi, keyin muvozanat giymatlari almashtiriladi:

—0.14 0.02 —0.04
J(E*,S*,Q")~ | 003 —011 —0.03
~0.052 0.05 —2.41

Sistema va Yakobiyan matritsasining chiziqlilashtirilishi. Topilgan muvozanatning mahalliy
barqarorligini tahlil gilish uchun (E*,S*, @*) nuqta atrofida sistemani chizigli gilamiz. Chiziglilashtirish asl
nochizigli modelni Teylor qatoriga kengaytirish va kichiklikning yuqori tartiblarini bekor qilish natijasida olingan
birinchi yaqginlashuvi (chizigli model) bilan almashtirishdan iborat. Yakobiyan matritsasi J - statsionar nuqtada
hisoblangan o‘zgaruvchilarga nisbatan tizimning o‘ng tomonlarining qisman hosilalari matritsasi. Ushbu sistema
uchun Yakobiyan matritsasining umumiy shakli (E, .S, @) uchun tenglamalarning o‘ng tomonlarini f1, fo, f3 deb
belgilaymiz . Kerakli hosilalarni

h(E.5,Q) = aB(1— K£> S — Q-
FE

funksiya uchun hisoblaymiz:

ofi 2F df1

oh _ ofh _ ofh _
OF o3

bl, 6@ = —C1.
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F2(S, B.Q) = azS(1 — ) 1 by — 2

Ks
uchun
Ofs b, 28 0f
9E — 0 as TPV Ks 0Q 2
f3(E,8,Q) = —a3EQ + b3S — d3Q
:uchun % = —a3@, % = b3, g—g = —a3@ — ds, Ushbu hosilalarga muvozanat qiymatlari(E*, S*, Q*) =
(119.98,125.06, 2.59) ni qo’yib, muvozanat nuqgtasida Yakobiyan matritsasini olamiz:
o Ofs Ofs Ofs
—— ~—-0.14, == =~-0.11, ===~ -0.0518, —= =~ —2.4096
ok T 0S8 " OE ToQ ’
Bundan:

~0.14  0.02 —0.04
J(E*,S*,Q*)~ | 003 —011 —0.03
~0.052  0.05 —2.41

ni aniglaymiz. (Bu yerda elementlar verguldan so‘ng ikki xonagacha yaxlitlandi.)

Xususiy qgiymatlar va muvozanat barqarorligi.Endi, Yakobiyan matritsasi asosida biz muvozanat
nugtasining mahalliy barqarorligini tahlil gilamiz. Buning uchun |J — AI| = 0 tenglamasini yechish Jorqali
matritsasining A xos giymatlarini topamiz. Yakobiyan matritsasi uchun sonli hisoblangan xos giymatlar:

Al ~ —2410, )\2 ~ —0152, Ag ~ —0094,

Yakobiyanning barcha xos giymatlari manfiy, ular chiziqli bo‘lmagan dinamik tizimlar nazariyasiga ko‘ra,
muvozanat barqarorligi uchun yetarli shartdir. Statsionar holat nuqtasi (E*,S*, Q*) ~ (120, 125,2.59) topildi
va u barqaror.

1-rasm. Model o'zgaruvchilari dinamikasi 2-rasm. O'zgaruvchilarning o’zgarish tezliklari
dE/dt — E(t) {intisodiyot darajasi) o'zgarish sur'ati
120 2t dS/dt — S(t) {ijtimoiy bargarorlik) o'zgarish sur'ati
—— dQidt — Qit) (ekologik yuk) ozgarish surati
100 or
80 =2r
= E(t) - iqtisodiyot darajasi G
E S(t) - ijtimoly bargarorlik w4
= 60 —— Qlt} - ekologik yuk i
-6
40
=gl
20
_10}
0 -12
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
t (vagt) t (vaqt)
(a) Turizm barqarorligi modelining dinamikasi (b) Vagt bo‘yicha o‘zgaruvchilarning o‘zgarish sur’atlari

Model natijalarining grafik tasviri

Grafikda (Rasm 1. da) barqgaror turizm modelining uchta o‘zgaruvchisi dinamikasi ko‘rsatilgan. Grafikdan
ko‘rinib turibdiki, o‘zgaruvchilar ayni payt ¢ = 60—80 da barqaror giymatlarga moyil bo‘lib, bu barqaror holatga
erishishni tasdiglaydi. Ekologiya Q(t) ga nisbatan past darajada kamayadi va barqarorlashadi. Iqtisodiyot E(t)
va ijtimoiy barqarorlik S(t) tiklanadi va o‘zaro ijobiy munosabatlar tufayli o‘zlarining chegaraviy giymatlari
Kg,Ks dan oshadi. Grafikda (Rasm 2 da) model o‘zgaruvchilarining o‘zgarish tezligi ko‘rsatilgan. Barcha
hosilalar vaqt o‘tishi bilan nolga aylanib boradi, bu barqaror holatga erishishni tasdiglaydi. Boshida o‘tkinchi
jarayonlar kuzatiladi: igtisodiyot va ijtimoiy barqarorlik o‘sib boradi, ekalogik yomonlashuv esa kamayadi.
Tebranishlar to‘xtagandan so‘ng, tizim barqarorlashadi va barcha o‘zgarishlar ahamiyatsiz darajada kichik
bo‘ladi.

Grafikda (Rasm 3 da)b; (ijtimoiy sohaning igtisodiyotga ta’siri) parametrining o‘zgarishi E'(t) igtisodiyot
dinamikasiga qanday ta’sir qgilishini ko‘rsatadi:
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E(t) - igtisodiyot darajasi

3-rasm. Igtisodiyot dinamikasining bl parametrga sezgirligi 4-rasm. Igtisodiyot dinamikasining c1 parametrga sezgirligi
ek b1=0.0 120} — e1=0.02
bl1=0.01 c1=0.04
— bl=0.02 — c1=0.06
120 = &
b1=0.04 100} ¢1=0.08
)
£
100 g
5
T 80
5
80 =
2
E 60
60 o
-:‘ 40
40
20 20
0 25 50 75 100 125 150 175 200 [} 25 50 75 100 125 150 175 200
t {vagt) t (vaqt)
(a) b1 parametrga modelning sezgirligi (b) Modelning c¢; parametrga sezgirligi

Model parametrlariga sezgirlik tahlili

e b; = 0: ijtimoiy soha igtisodiyotni umuman qo‘llab-quvvatlamaydi - E(¢) sekin tiklanadi va pastroq bo‘lib
qoladi. :

e b; = 0.01 ijtimoiy sohaning kichik hissasi paydo bo‘ladi va igtisodiyot tezroq tiklanadi.
e b; = 0.02: asosiy modeldagi gqiymat — igtisodiyot yuqori qiymatga yetadi. :

e b; = 0.04 ijtimoiy sohadan kuchli yordam - F(t) yanada yuqori darajaga yetadi.

Grafik (Rasm 4 da) c¢; parametrining o‘zgarishi - @ ekologiya yukining E iqtisodiyotga salbiy ta’sirining
intensivligi.

e ¢; = 0.02 igtisodiyot sekin o‘sib boradi va yuqori darajada barqarorlashadi;
e c¢; = 0.04asosiy holati — iqtisodiyot yuqori barqaror darajaga yetadi;
e ¢; = 0.06 ifloslanish ortdi — igtisodiyot darajasi sezilarli darajada past;

e ¢; = 0.06 kuchli ifloslanish igtisodiyotning tiklanishiga to‘sqinlik giladi, o‘sish deyarli to‘liq to‘xtaydi.

Natija: ¢; parametri juda muhim - hatto undagi kichik o‘sish ham iqtisodiy o‘zgaruvchining tiklanishini sezilarli
darajada bostiradi. Bu tabiiy tizimning ifloslanishga ganchalik zaif ekanligini ko‘rsatadi.

S(t) - ijtimoly bargarorlik

5-rasm. |jtimoiy bargarorlik dinamikasining b2 parametrga sezgirlig 6-rasm. Ekologik yuk dinamikasining d3 parametrga sezgirligi
b2=0.01 30 Chiziglar:
1607 b2=0.03 — d3-0.005 == d3=002
— b2=0.05 .- d3=001 -4- d3=003
140 b2=0.07 25

IR
(=] 0 o N
g2 &8 8 &
Qit) - ekologik yuk

B
[s)

)
S

0 25 50 75 100 125 150 175 200 [} 25 50 75 100 125 150 175 200
t (vagt) t (vagt)

(a) Modelning by parametriga sezgirligi (b) Modelning d3 parametrga sezgirligi

Model parametrlariga sezgirlik tahlili

Grafikda (Rasm 5 da ) be parametrining o‘zgarishi - ijtimoiy barqarorlikning o‘sishiga E igtisodiyotning

ta’sirini, turistik faollik dinamikasiga qanday ta’sir qilishini ko‘rsatadi:
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by = 0.01 zaif aloga — turizm sekin rivojlanadi va past darajada qolmoqda;
e by = 0.01 asosiy giymat - turizm o‘rtacha barqaror holatga yetadi,

ba = 0.01 kuchli ta’sir - turizm tezroq va yuqori darajada rivojlanadi,

by = 0.01 kuchli aloga — turizm tez rivojlanadi va yuqori darajaga yetadi.

Natija: by parametri turizm rivojlanishi uchun iqtisodiy o‘sish qanchalik muhimligini belgilaydi. Yuqori qiymatlar
shuni ko‘rsatadiki, turizm iqtisodiyot o‘sishiga bog‘liq va bu ijtimoiy barqarorlikga ham ta’sir giladi.

Endi ds — ifloslanishni tozalash/kamaytirish tezligi. Grafikda d3(Rasm 6 da) parametrning o‘zgarishi -
tabily ifloslanishni kamaytirish tezligi ekologiya Q(t) dinamikasiga qanday ta’sir qilishini ko‘rsatadi:

e ds; = 0.005 : juda sekin tozalash - yuk uzoq vaqt davomida yuqori bo‘lib goladi,

e d3 = 0.001 : asosiy giymat — yuk asta-sekin kamayadi.

e d3 = 0.002 : tozalash tezlashdi -Q(t) tezroq tushadi.

e d3 = 0.03: tez tozalash — ifloslanish keskin kamayadi va minimal darajada barqarorlashadi.

Natija: Parametr d3 tabiiy degradatsiya yoki boshqariladigan tozalash choralarining samaradorligini tavsiflaydi.
ds qanchalik yuqori bo‘lsa, tizim yukdan tezroq xalos bo‘ladi, ekologiya va turizm uchun qulay sharoitlar paydo
bo‘ladi.

7-rasm. Boshlang‘ich antropogen yukning igtisodiyotga ta’siri
120}

100

80

60

- igtisodiyot darajasi

E(t)

40
Qo = 10 (boshlang'ich yuk)
Qo = 30 (boshlang'ich yuk)
20 —— Qo =50 (boshlang'ich yuk)

Q 25 50 75 100 125 150 175 200
t (vagt)

(a) Dastlabki antropogen yukning iqgtisodiyotga ta’siri

Grafikda antropogen yukning boshlang‘ich darajasi Q(0) ning iqtisodiyotning tiklanishi F(¢) ga qanday
ta’sir qilishini ko‘rsatadi: Q(0) = 10- past ifloslanish darajasi: igtisodiyot tezda tiklanadi va yuqori barqaror
darajaga etadi. Q(0) = 30- o‘rtacha yuk: Qayta tiklash sekinroq va barqaror daraja pastroq. Q(0) = 50-
yuqori yuk: igtisodiy holat uzoq vaqt davomida tiklana olmaydi. Dastlabki antropogen yuk qancha ko‘p bo‘lsa,
iqtisodiyot shunchalik yomon tiklanadi.

Xulosa va takliflar. Maqolada ishlab chigilgan matematik model turizm tizimining uzoq muddatli
rivojlanishini chuqur tahlil gilish imkonini beradi. Tahlillar natijasida, tizimda iqtisodiyot, ijtimoiy barqarorlik
va ekologiya o‘zaro bog‘liq holda harakatlanishi aniglangan. Statsionar nuqta va uning atrofidagi dinamikani
o‘rganish shuni ko‘rsatdiki, tizim ma’lum parametrlar ostida bargaror muvozanat holatiga yaqinlashadi va bu
holat asimptotik barqaror hisoblanadi. Parametrlarning sezgirlik tahlili turizm rivojlanishini aniqlashga yordam
berdi: ijtimoiy omillar igtisodiyot tiklanishida muhim rol o‘ynaydi, ekologik yuk esa o‘sish jarayonini sezilarli
darajada cheklaydi.
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RESUME

In this article, an approach to analyzing the long-term sustainability of the tourism system based on
mathematical modeling has been developed. The proposed model simultaneously takes into account the nonlinear
interactions between economic (E), social (), and environmental (Q) factors and determines how they reach a
stable state over time.

Key words: Tourism sustainability, stationary point, asymptotic stability, Jacobian matrix,
anthropogenic load, mathematical modeling, ecological load, numerical simulation.

PE3IOME

B mammoit crathe paszpaboTaH MOAXOM K aHAIN3Y JOJATOCPOTHON yCTONYINBOCTH TYPUCTCKONW CHCTEMBI HA
OCHOBE MaTeMaTHYECKOro MojleinpoBanus. [Ipeniaraemas Mo/iesIb OJTHOBPEMEHHO YYNTHIBAET HEJIMHEWHbIE B3aU-
MoieficTBUsT MeXK, 1y sKoHOMudeckuMu (E), connansabivu (S) n skonornueckumu (Q) baxropamu u onpeessier,
KaKnM 00pa30M OHU JOCTUTAIOT YCTOWYMBOIO COCTOSTHUS C T€YEHUEM BPEMEHM.

Karouessie ca06a: YCTONINBOCTH TypU3Ma, CTAIIMOHAPHAS TOYKA, ACUMITOTHUYECKAs YCTOWYIHBOCTD,
MaTpuia JxoOu, aHTPOIOreHHasT HArPYy3Ka, MAaTeMaTHIecKoe MOIETMPOBAHNE, SKOJOTUIeCKasi HATPY3Ka, HHC-
JIEHHOE MOJIETTPOBAHHUE.
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RESUME

This paper investigates the Cauchy problem for a high-order ordinary differential equation involving
the Bessel operator with a spectral parameter. This type of problem presents significant challenges
and has received limited attention in the literature due to the lack of appropriate analytical tools. The
main objective of the study is to solve the Cauchy problem by employing a transmutation operator.
As the transmutation operator, the generalized Erd‘elyi-Kober fractional operator is utilized. When
this operator is applied, the considered problem is transformed into an equation without degeneration
and without a lower-order term. A key advantage of the proposed approach is that it leads to an
explicit solution of the formulated problem. Despite the significant progress in modern computational
techniques, obtaining exact solutions for boundary value problems of ordinary differential equations
remains an important and relevant challenge. Such solutions provide a deeper understanding of the
qualitative behavior of the described processes and phenomena, reveal the intrinsic properties of
the underlying mathematical models, and can also serve as benchmark examples for asymptotic and
numerical methods.

Key words: high-order ordinary differential equation, Cauchy problem, generalized Erdelyi-Kober
fractional operator, function of Mittag-Liffler.

1. Introduction
In this article, we consider the following ordinary differential equation

m _ 2 = (& 2a e _ 2 _ 1
(A=) = (g + 2+ ) 9@ =y =F (@), 220, b e R, 0
with an integer power of the Bessel operator

Ay = (B +b*)",a€R, a>0 (2)
where B, = j—; + %% is the Bessel operator, m € N, f (z) is a given function, Ago = j—;, Agb =F, Fis
identity operator, A, = A;’?;lAayb is the m-th power of the operator in (2).

In the theory of differential equations, problems involving the Bessel operator hold special significance,
as they appear in various fields of physics, engineering, and applied mathematics. The Bessel operator typically
arises in problems with radial symmetry, such as the wave equation, heat conduction, beam vibrations, and
quantum mechanics [14,15].

The entire range of equations with Bessel operators was most fully studied by the Voronezh mathematician
LLA. Kipriyanov and his students [1,2,3]. These studies are closely connected to, and often based upon,
transmutation theory [4,6,7]. Also methods and results from fractional calculus are very useful, [3,5,6,7,8],
including special types of fractional operators that are important in applications to differential equations,
namely, the Erdelyi-Kober [2,5,7,8,9], Buschman-Erdelyi [3,10] ones and fractional type operators with Gauss
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and Legendre kernels [11]. Some problems for products of Bessel-type operators are considered in [12], for
products of Sturm-Liouville operators in [13]. We highlight in particular the remarkable paper [14], which
presents many original and valuable findings. Among them problems for 3 types of integer powers of the following
operators were explicitly solved in terms of integral operators with hypergeometric function kernels

1d\" d? d\" 1d\™ [ d d\"
Di=(=—=) . De=(-m+212) D= (== (H+1=
x dx dx xdx x dx dz x dx
with additional conditions at £ = 1 on solution and its derivatives. The choice of x = 1 avoids the complications
associated with the singularity at = 0. It should be noted that we consider a more complex case with additional
conditions imposed precisely at x = 0. For differential equations for Bessel type operators with conditions on

lines of singularities as in (1) special conditions are needed, namely Kipriyanov’s evenness conditions, [12, p.235],
[3, p-33]. Regarding the difficulties with conditions on singularity lines for Bessel-type equations [15].

Another significant section of the paper [14] introduced and outlined explicit constructions for fractional
powers of the Bessel operator (2). Further developments of these results can be found in [3,6,16.17].

It should also be noted that for operators of type (1) with a spectral parameter, a special class of
transmutations was introduced by S.M. Sitnik. They were named Vekua-Erdelyi-Lowndes (VEL) transmutations
after authors of first known special cases, for any operator A and a constant A these VEL transmutations T are
defined by a property

T(A+\) = AT,
see [18,19]. In this paper, we use such VEL transmutations introduced by Lowndes [20]. Also our main method
is to use as transmutations the generalized Erdelyi-Kober fractional operator [5,8,9].
1.1 The Cauchy Problem

In the domain Q = {z € R:x > 0} we look for the solution y (z) € C?™[0;+0c0) of the equation (1)
satisfying the following initial conditions.

y @D (0)=0, j=0,1,2,...,2m — 1. (3)

We now turn to the main properties of the generalized Erdelyi-Kober fractional operator.
1.2. Generalized Erdelyi-Kober fractional operator with Bessel functions in the Kernel
In the works of Erdelyi and Kober, the following modification of fractional integration was introduced:

x

I _ 220 2 _ 22, (1) dt 4
’y,a(p (3?) - F(Oé) (.’E ) (P( ) ( )
0
227 r a—1,1_ a
Koo (o) = gy [ (@ =) 07200 gt 6

where a >0, v>0, ¢(z) € L(R").
Operators (4), (5) and their generalizations are called Erdelyi-Kober operators [5].

The results of Erdelyi and Kober are generalized in the works of J.S. Lowndes [20], who introduced and
studied generalized Erdelyi-Kober operators of the form:

x

In(7, @)p(x) = 209\~ =221 /tz'y'*'l(sc2 - tg)(ail)/zJaA ()\\/ x? — t2) p(t)dt (6)

0

—+oo

Ra(y, a)p(x) = 2N~ / pozeme = o) T (W = a?) e, (7)

x

where v, o, A € Rand a > 0, v > —1/2, J,(z) is the Bessel function of the first kind. It is clear that, when A — 0
da (6) and (7) operators coincide with the classical operators (4) and (5): Jo(7v, ) = Iy,a, Ro(7, @) = Ky 4.
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The following representation of operator (6) will be required later:

I(a)

Iy, ala) = 222 / (@ =) oy (AT B) 27 () (8)
0

where J,(2) is the normalized Bessel function [6] defined by

(2
Jo(2) = T + 1)(2/2) Z /4

O

The function J,(z) is even and infinitely differentiable. Moreover, j,,(z)‘ <1 for v > —1/2 and it satisfies the

following equation:

Jy(Az) + X2 J,(\z) =

with the initial conditions - -
Ju(0) =1, (d/dx)J,(Az)|,_, = 0.
The inverse operator to (8) is given by [5]:

POTOH o (s)ds, 9)

ngma)so(x):m(;xdi ) / p(;l(:ﬁ)

where p = [a] + 1, I(2) = J,(iz) = T'(v + 1)(2/2) "LI,(2) = Z ((Uzj{;l 71> 1,(2) is the Bessel function with

imaginary argument.
From [21,22] we cite the following theorem for (2):

Theorem 1. Let a > 0, v > —%, ¢(x) € C?*™(0,b), b > 0, and the function z7[AZ ]

27
. . k+1
be integrable at zero and lim :c2"f+1dl [AZ 0]
z—0 x ?

holds:

k+1
o (z),

p(x) =0, k=0,1,...,m — 1. Then the following equality

vy—1 a vy—1 a m
A'y+ab (272>§0(I)—Jb <2»2)A7,090(~’C)~

In particular, if b =0, then
A%—a,OI”YT*{?P (z) = IVTA,%AZ?O‘P ().

Moreover, for v =0 we have:
A, La (x) =J, L Ao () (10)
w755 | P b\ 755 ) Fo0P )

In the subsequent calculations, we utilize of these special functions.
1.3 Hypergeometric Functions

The Gauss hypergeometric function, inside the circle |z| < 1, is defined as the sum of the hypergeometric
series [23,24]:

oo

a 2k
oF (a, b; ¢; 2) = F(a, b, ¢; 2) = Z(()g)(:)kk', (11)

for |z| < 1, the function is defined by the series expansion. For |z| > 1, it is defined by the analytic
continuation of this series. In expression (10), the parameters a, b, c and the variable z may be complex, where
c#0,-1,-2,.... The product (a), is the Pochhammer symbol:

(@), = ala + 1)..(a + n — 1),
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In the following computations, the needed relations and transformations include:

1
oF1(a,b;¢;2) = F /tb L1 =) 1 = zt) "t (12)
(c—b
0
oFi(a,bc;2) = (1= 20) "9 Fi(c — a,c — byc; 2) (13)
1 a a+1 4z
Flaba-bt12) = — (2% 22 ). 14
( ) (1-2) (2 2 (12)2> (14)

The function F5 (a1, e, f1, B2;7; @, y) is Appell’s hypergeometric function of two variables [23,24], and its series
representation is given by

= almaznﬂlmﬂzn
Z( )i (@2),,(B1),, (B2)

il @ @) maxlel fyl] <1, (15)

FS (al,a27ﬁ1,52,’7;x,y) =

m,n=0

it also satisfies the formula

F3 (al7a2aﬁ1762a’y;x7y) = Z M

(’7) n (m)n2F1 (042762;7 + n7y) 5 (16)
n=0 no

where o F7 (aa, B2;7 + n;y) is the Gauss hypergeometric function. Moreover,

F3<aa b,b',d + b;, xl)Z(l—m)_azﬂ(a a+b’a+b_1> (17)
Eg(a,b,c;x,y)*z(cz)/ 'gFl(a be+mnyx), |z] <1, (18)
n=0

where =5 (a,b, ¢; z,y) is Humbert’s confluent hypergeometric function [24].
The general triple hypergeometric function introduced by Srivastava [25].

FO) gy, ) = F<3>[ (a) == (b); (b); (b7); (¢); ('); () oy Z] _
- (e) = (9): (9): (g")s () (R); (n7) |77
00 m nzk
= Z /\(m,’l’b,k‘)ﬁjy, (19)
m,n,k=0 T
where
A B’ B c’ c”
H aj)m+ntk H Jm-tn H Itk H Y-+ H ¢j)m H n H(C;I)k

/\(m7 n7 k) G// H' H"

G .
(€))mtntk H(gj)m+n H 95 )tk H 97 Ym+k H H H(h”)

F®)(x,y,z) is Srivastava’s generalized triple hypergeometric function .

J

H::1w

2. Application of the generalized Erdelyi-Kober operator to the solution of the Cauchy
problem

Assuming that the solution to problem (1), (3) exists, we seek it in the form

y (@) =J, (-é ;‘) () = 2?;/;) / (a2 = ) Ty (02 = )z () at, (20)
0
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where z (z) is an unknown function, and we assume that z (z) is sufficiently smooth.
Equation (1), according to equality (10), can be expressed as follows:

1 a 1 a
—= 2 em gy 2 (-2, 2 = . 21
5 (=55) 2 @ - (~5.5) 20 = 1 @) (21)
For the case 0 < § <1, p= [%] + 1 =1 in equation (21), we apply (9) in the form J, ( %, %), and
using the initial conditions (3), we obtain the following equation for the function z (z) € C?*™ (R ( *) to
22 (1) — Pz (x)=F(z), >0 (22)
with the initial condition
290)=0, j=0,1,...2m— 1, (23)
where
F -0 (4250~ g [ 1)
o U22 I(1— %) da (@2 —gp)F P

The unique solution of equation (22) is obtained as follows (see [26, p. 245|):

T

_ i Bi(z — A)*™ " By omki1 [c%c - A)Qm] + / (@ — )" Bomom [CQ(x - 3)2’”} F(s)ds, (25)
0

where E 0m [02 (x — s) } Z ;g:lki);;:) is the Mittag - Leffler function.

Expression (25), accordlng to the initial condition (23), takes the following form

x

z(x) = /(:B —5)*"" Eaom [cg(x — s)2m} F (s) ds, (26)

0

Substituting (24) into (26), we have

1 2mk+2m—1 d
- E — d 2
2 (@) (1 2) P F 2mk+2m / dSG(S) % (27)
0

where

/ P =) Pl (M/SQ—nz)naf(n)dn- (28)

0

The following lemma is applicable to expression (28):
Lemma. If the function f(n) is continuous, then lir%G (s) =0.
5—

Proof. We make the change of variable n = st in equation (28).

G(s) = /ls“(l — tz)_%f_% ()\sx/ 1-— t2) s f (st) sdt
0

s/l(l—tz)_glg (AsVT=2) 2 (st) it
0
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lim G (s) =0 [ (1—2) 514 (0)¢*f (0) dt

s—0

#2)" Fgea = 0.

!
oo e

The proof is complete. O

By integrating (27) by parts and applying Lemma 1, we obtain:

2mk +2m —1 2
2(e) = (1-9) < ' (2mk + 2m) H (=), (29)
where Y
H () = / (2 — 5)2™5 22 () s, (30)

0

We substitute expression (28) into integral (30) and, after changing the order of integration and performing
some simplifications, we have

H(z) = /n“f () h(z,n) dn, (31)
0
where
2mk+2m—2/ 2 2\ ~"5F 2 _ 2
h(x,n) = /(a:—s) (s =n*) ?I_s (b s2—n )ds. (32)

We perform the substitution of variable in integral (32) ass = n+ (z — n) 7 and, using formulas (12), (13), (14),
and (18), we get

22 FmkEmel _aT(1—-9)T (2mk +2m — 1
h(z,m) = 7 =1 (@2 —n?) " ? (1-5)T(2m m—1)
2% T (2mk +2m — §)
— 1 a 2> —n* b, ,
X:Q(mk‘—i—m imk—i—m 2mk:+2m—§ 5 (2 =n?) ). (33)

Equation (33) is substituted into (31), and the resulting expression is then substituted into (29). After
simplification, we obtain the following result:

z . .’,C2 . 772 2m—1 L 12 - 172 2m
< (SL’) = /77 < 20 > (£E2 - 772) 2E‘21n.,27nf% C2< 27 )

1
X o (mk+m—2,mk+m;2mk+2m—;;o,w)f(n)dn. (34)
Substituting equation (34) into (20) and performing some simplifications, we have
2pi-a [
yia) = 1oy [0 ) K () (3)
@ |

where

T . ) 2
K (x,n) = /(x2 ftz)f_lJ%_l (b\/gn2 ftQ) (t 2tn
n

2\ 2m—1 w t2 772 2m
2 2\ 72 2 _
> (t -7 ) 2 E2m,2m,—% [C ( 2 ) ]
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1
xEa (mk—i—m—,mk+m;2mk+2m—;;07w> dt. (36)

2

We will now perform some calculations and simplifications on expression (36), first using formula (18) and then
formulas (16) and (17), ultimately obtaining the following:

ay (2% —n2\"" & (I ' )ka — (_§ ($2_n2))"
K(x,n)ZF(2)< oy ) (a* = n’) Z T (2mk + 2m) ;::o (2mk + 2m),n!

=0

2 _ 2 2

—1
X o (m+mk,mk+m+n+a2;2mk+2m+n9x277a4(332_772))' (37)
X

By substituting expression (37) into (35) and performing simplifications, the explicit form of the solution
can be written as

y(”f):O/(mT]) ( ) T gmk+)2m) 2 ((2mk+2m)n2!

n=0

—1
X 2o (m+mk,mk+m+n+ a2;2mk+2m+n;a,w> f(n)dn, (38)

2_ 2 2
where 0 = =1 w = bZ (:U2 — 772).
If we express the last triple series under the integral in expression (38) using (19), then the solution is

expressed as follows:
z 22— 772 2m—1 00 Qk( )ka
y(x)z/( 2z > (m) F (2mk + 2m)
0

(=) : (2); (=); (mk +m+ %525 (mk+m); (=); ()
(@2mk +2m) : (=); (=); (=) (mk+m+251); (=) (-))

XF(3)

o,w, —w} f(n)dn. (39)

Consequently, the following theorem is established.

Theorem 2. If f (z) € C[0,0), then the solution of the Cauchy problem can be represented in the form
(59).

Remark. When ¢ = 0, equation (1) (Agfb - 02) y(z) = f (x) transforms into the form Ay (z) = f (z),

and its solution, when a = 2a, takes the following form and coincides with the result obtained from reference[27]
x
1 22—\ e (—w)”
y(z) = I'(2m) /< 2z ) (;) z% (2m),n!
0 n=

1
X E (m,m+n+a—2;2m+n;0,w>f(77)d77-
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REZYUME

Ushbu maqolada spektral parametrga ega bo‘lgan Bessel operatori ishtirok etgan yuqori tartibli
oddiy differensial tenglama uchun Koshi masalasi tadqiq gilinadi. Bunday turdagi masalalar sezilarli
murakkabliklarga ega bo‘lib, mos analitik vositalarning yetishmasligi sababli ilmiy adabiyotlarda kam
o‘rganilgan. Tadqiqotning asosiy magsadi - almashtirish operatoridan foydalanib, Koshi masalasining
yechimini olishdir. Almashtirish operatori sifatida umumlashtirilgan Erdelyi-Kober kasr operatori
qo‘llaniladi. Bu operator qo‘llanganda, ko‘rib chigilayotgan masala singulyar koefisentsiz va pastroq
tartibli hadi bo‘lmagan tenglamaga keltiriladi. Taklif etilgan yondashuvning muhim afzalliklaridan
biri shundaki, u qo‘yilgan masalaning aniq yechimini olishga imkon beradi. Zamonaviy hisoblash
texnologiyalarida katta yutuqglarga erishilganiga qaramay, oddiy differensial tenglamalarning chegara
masalalari uchun aniq yechimlarni topish hanuz muhim va dolzarb masala bo‘lib qolmoqda. Bunday
yechimlar tasvirlanayotgan jarayon va hodisalarning sifat jihatdan xatti-harakatini chuqurroq
anglashga, asosiy matematik modellarning ichki xususiyatlarini ochib berishga hamda asimptotik
va sonli metodlar uchun tayanch misollar sifatida xizmat qilishga yordam beradi.

Kalit so‘zlar: Yuqori tartibli oddiy differensial tenglama, Koshi masalasi, umumlashtirilgan
Erdelyi-Kober kasr operatori, Mittag-Leffler funksiyasi.

PE3IOME

B nanmnoit pabore nccienyercsa 3amada Kormn st 06bIKHOBEHHOTO T DEPEHITHATBHOTO YPABHEHUS
BBICOKOT'O MOPsiJIKa ¢ oriepaTopoM beccesist u criekTpasbHbiM apamerpoM. [lomobuble 3amaum npe;-
CTaBJISIOT OO0 3HAYNTEIbHBIE TPYIHOCTA U B JINTEPATYPE U3YUEHBI JINIIb B OTPAHUYEHHOM 00bEME
U3-338 OTCYTCTBHUsI COOTBETCTBYIOIMIMX AaHAIUTUIECKUX MeToJoB. OCHOBHAs IIeJib MCCJIEIOBAHUS 3a-
KJIIOYaeTCs B penteHnn 3ajadu Kormm ¢ ucroJib30BaHueM olieparopa mnpeobpasoBanusi. B kadecTBe
omeparopa Ipeobpa30BaHus MPUMEHseTCsT 0000IMEHHBIN IpOOHBIH onepaTrop Ipaeitn-Kobepa. [lpu
MPUMEHEHUH TOTO OIlepaTopa paccMaTpuBaeMast 3ajada mpeobpasyercss B ypaBHeHHe 6€3 BBIPOK-
Jenust u 6e3 YiIeHOB Oojiee HI3KOTO MOPsiiKa. KIIFoueBbIM IPENMYIIEeCTBOM IPEJIAraeMOro MOJIX0/1a
SIBJISIETCsI TIOJIyYeHNe sIBHOT'O pelleHusi chOPMYJIMPOBAHHON 3aa4u.

HecmoTps Ha 3HAYNTENBHBIN IPOTPECC B COBPEMEHHBIX BBIUUCIUTEHHBIX METO/IAX, Oy IeHNnEe TOY-
HBIX DeIIeHuil KPaeBbIX 3a/a4 JJIs OOBIKHOBEHHBIX JnddepeHITHaJbHBIX YPABHEHN OCTAETC BaXK-
HOI M aKTyaJbHOU 3ajadeit. Takue pernreHus: MO3BOJIAIOT TUIYOXKEe MOHATH KAUECTBEHHOE TOBEJICHUE
OIICHIBAEMbBIX IIPOIIECCOB U SIBJIEHUI, BBISBUTH BHYTPEHHHE CBOMCTBA COOTBETCTBYIOIIUX MaTeMa-
TUYECKUX MOJesel, a TaK»Ke MOI'YT CJIYKUTb ITAJOHHBIMU IIPUMEPaMH JIjId aCUMITOTHYECKUX U
YHUCJIEHHBIX METO/IOB.

Karouesnte caosa: O6bIKHOBEHHOE (D epEeHITNAIBHOE YPpaBHEHNE BHICOKOIO TIOPsijIKa, 3a1a4a Ko-
1, 0600IEHHBIN POOHBII onieparop Idpaeiin-Kobepa, dyrkius Murrar-Jleddiiepa.
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ANNOTATSIYA:

Aspektga asoslangan sentiment tahlil (AAST) har bir sharhda aniq aspekt bo‘yicha bahoni
aniqlash orqali fikrlarni yanada chuqurroq tahlil qilish imkonini beradi. Mazkur maqolada o‘zbek
tilidagi ijtimoiy sharhlari uchun konturli konvolyutsion neyron tarmoq (Gated Convolutional
Aspect Embedding, GCAE) arxitekturasiga tayangan uch bosgichli AAST modeli taklif etiladi.
Birinchi bosgichda aspekt atamalari ajratiladi (AAA), ikkinchi bosgichda har bir aspekt uchun
tegishli semantik kategoriya aniglanadi (ACC), uchinchi bosqichda esa shu aspektga nisbatan
sentiment polariteti baholanadi (ATSA). Model kirishda FST-ga asoslangan morfologik tahlil,
FastText so‘z vektorlari va o‘zbek BERT enkoderi yordamida olingan leksik hamda konteksual
embeddinglarni birlashtiradi; GCAE asosidagi darvozalangan konvolyutsion modul esa aspektga
bog‘liq vektorlashtirishni amalga oshiradi. Maqolada ushbu uch bosqichli arxitektura uchun umumiy
vektorlashtirish sxemasi va ko‘p vazifali (multitask) yo‘qotish funksiyasi yordamida yagona konturli
neyron tarmoq modelini o‘qitish prinsiplari batafsil bayon etiladi.

Kalit so‘zlar: aspektga asoslangan sentiment tahlil, GCAE, konturli konvolyutsion neyron tarmoq,
darvozalangan konvolyutsiya, aspekt terminlarini ajratish, aspekt kategoriyasi, aspekt darajasidagi
sentiment, o‘zbek tili, uch bosqgichli model, ko‘p vazifali o‘qitish, morfologik tahlil.

Kirish

O‘zbek tilida yozilgan foydalanuvchi sharhlari (restoran, xizmat, onlayn-do‘kon va hokazo) bozordagi
qarorlar, xizmat sifati va foydalanuvchi tajribasini o‘rganish uchun juda boy manba hisoblanadi. Keng tarqalgan
sentiment tahlil modellari odatda butun gap yoki butun hujjat bo‘yicha bitta sentiment yorlig‘ini (musbat,
manfiy, neytral) qaytaradi. Biroq real sharhlar ko‘pincha bir nechta aspektlarni gamrab oladi; masalan, “Ovqat
juda mazali, lekin xizmat sekin” gapida ovgat va zizmat aspektlari bo‘yicha turli sentiment mavjud.

Aspektga asoslangan sentiment tahlil (ABSA/AAST) aynan shu muammoni hal giladi: u matndan aspekt
terminlarini aniqlab, har bir aspektga kategoriya va sentiment polariteti biriktiradi [1]. Xalgaro miqyosda ABSA
masalasi SemEval-2014 Task 4 [1]| doirasida standartlashgan bo‘lib, Gated CNN (GCAE) kabi arxitekturalar bu
vazifa uchun yuqori samaradorlik ko‘rsatgan [2]. O‘zbek tili uchun esa dastlabki ishlar avval umumiy sentiment
tahlil [4], keyin esa aspekt darajasidagi UzABSA korpusi va SVM asosidagi modellar [3,5] ko‘rinishida taklif
etilgan.

O‘zbek tili agglutinativ til bo‘lgani sababli, affikslar, kelishiklar va shaxs-son ko‘rsatkichlari bilan
ifodalangan nozik grammatik farqlarni hisobga oladigan model talab etiladi. Shu ma’noda, morfologik va
sintaktik jihatdan formal o‘rganilgan o‘zbek tili [3,6,8] asosida yaratilgan FST (chekli holatli transduser) ga
asoslangan morfologik analizatorlar ABSA modelini boyitish uchun tabiiy asos bo‘lib xizmat qiladi. Mazkur
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maqgolada o‘zbek tilida ABSA masalasini aniq fanlar nuqtai nazaridan qat’iy formalashtirish, ya’ni uch
bosgichli modelni matematik apparat yordamida ifodalash va konturli konvolyutsion neyron tarmog‘iga (GCAE)
asoslangan arxitektura bilan bog‘lash ko‘zda tutiladi [2,5].

Asosiy tushunchalar

Ushbu tadqiqotning magsadi — o‘zbek tilidagi foydalanuvchi sharhlarida aspektga asoslangan sentiment
tahlil (AAST) masalasini qat’iy matematik model va zamonaviy ko‘p tarmogli neyron arxitektura yordamida
yechishdan iborat. Bu yerda asosiy e’tibor sharhdagi umumiy kayfiyatni emas, balki ma’lum obyektning aniq
aspektlari bo‘yicha munosabatni aniglashga garatiladi.

Tadgiqotda o‘zbek tilidagi onlayn platformalar sharhlari asosida maxsus korpus tuzilgan bo‘lib, unda
restoranlar, xizmat ko‘rsatish sohasi va turli mahsulotlar haqidagi foydalanuvchi fikrlari jamlangan. Har bir
sharh quyidagicha annotatsiya qilinadi:

e sharh bitta asosiy obyektga qaratilgan deb qabul qgilinadi;
e sharh matnida obyektning bir yoki bir nechta aspektlari ajratiladi;

e har bir aspekt uchun aspekt toifasi (kategoriya) va sentiment qutbligi (musbat, manfiy, neytral yoki
mojaroli) ko‘rsatiladi;

e gap ichida aspektni ifodalovchi aspekt atamalari (magsadli iboralar) lingvistik birliklar sifatida belgilab
chigiladi.

Quyida korpusda foydalaniladigan asosiy tushunchalar formal ta’riflar ko‘rinishida keltiriladi.

1.1-ta’rif (Obyekt). Obyekt — bu sharhda fikr bildirilgan magsaddir. U joy (restoran, kafe va hokazo),
xizmat (taksi, yetkazib berish xizmati va boshqa) yoki aniq mahsulot bo‘lishi mumkin. Ushbu tadgiqotda ABSA
doirasida har bir sharh bitta asosiy obyektga qaratilgan deb faraz gilinadi.

1.2-ta’rif (Aspekt). Aspekt — bu sharhlovchi tilga olishi mumkin bo‘lgan obyektning ma’lum xususiyati
yoki xossasidir. Masalan, restoran sharhlarida aspektlar sifatida “narz”, “rizmat ko‘rsatish”, ‘“taom sifati”,
“muhit” va shu kabilar ko‘rilishi mumkin. Bu yuqori darajadagi semantik tushuncha bo‘lib, odatda oldindan
belgilangan aspekt toifalari to‘plamidan tanlanadi va uning so‘z boyligi nisbatan cheklangan bo‘ladi.

1.3-ta’rif (Aspekt atamasi). Aspekt atamasi — sharh matnida obyektning ma’lum xususiyatini
ifodalovchi so‘zlar ketma-ketligidir. Bu ketma-ketlik berilgan gapda mutlaqo aniq tarzda mavjud bo‘lishi kerak
va odatda juda turli lug‘aviy realizatsiyalarga ega bo‘ladi. Amaliy adabiyotda u ko‘pincha magsadli ibora (target
expression) deb ham yuritiladi.

Aspekt toifalari (1.2-ta’rif) va aspekt atamalari (1.3-ta’rif) turli abstraksiya darajalarini ifodalaydi.
Masalan, restoran sharhida:

e sharh obyektining o‘zi — restoran;

7 P EN1S

e aspektlar — “narz”, “taom sifati”, “rizmat” kabi umumiy toifalar;

LTS AN 1S

e aspekt atamalari — “sashimi”, “ruletlari”, “mazali salat” kabi matnda aniq ko‘rinadigan so‘z birikmalari.
Ko‘rinib turibdiki, ba’zi holatlarda aspekt va aspekt atamasi bir xil leksik birliklar bilan ifodalanishi
mumkin, lekin ularning semantik rolini ayro ko‘rish muhim: aspekt kategoriya darajasida, aspekt atamasi esa
matn ichidagi aniq ibora darajasida aniqlanadi.
Aspektga asoslangan sentiment tahlilning vazfialari
AAST umumiy vazifasi obyektlarning aspektlarini va har bir aspektga nisbatan sentiment munosabatini

aniglashdan iborat. Bu murakkab vazifani amaliy modellashtirish uchun uni bir nechta kichik vazifalarga bo‘lib
o‘rganish odat tusiga kirgan:
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e Aspektlarni ajratib olish (AA). Bu vazifa ko‘pincha nazorat gilinmaydigan (unsupervised) o‘rganish
vazifasi sifatida qaraladi va katta sharh korpusi asosida asosiy aspekt toifalarini avtomatik kashf etishga
qaratiladi. Bu ishda asosiy digqat neyron model yordamida oldindan berilgan aspekt toifalarini aniglashga
qaratilgan bo‘lsa-da, AA bosqichi umumiy ABSA tizimlarida muhim tayyorlov bosqichi sifatida qaraladi.

e Aspekt toifalarini tasniflash (ATT). Bu vazifa berilgan matn (gap yoki sharh)ni oldindan belgilangan
aspekt toifalari to‘plamiga ko‘ra tasniflashdan iborat. Ya'ni, sharhda obyektning qaysi jihatlari (narx,
taom, xizmat va hokazo) hagida gap ketayotganini aniglash talab etiladi. Bu matn tasniflashning maxsus
holati bo‘lib, bizning modelda GCAE asosidagi branchlardan biri aynan shu ATT vazifasini bajaradi.

e Aspekt atamalarini ajratish (AAA). Bu vazifa magsadli iboralarni (target expressions) aniglash deb
ham yuritiladi. U berilgan gapda qiziqarli segmentni topishga qaratilgan bo‘lib, bu bitta so‘z yoki kop
so‘zli ibora bo‘lishi mumkin. Annotatsiyada bu ketma-ketliklar aspekt atamalari sifatida belgilab chiqgiladi
va bizning neyron model uchun ATE (Aspect Term Extraction) komponenti sifatida xizmat giladi.

e Aspekt darajasidagi sentiment qutblarini tasniflash. Sentiment qutbligi tasnifi hujjat darajasida,
gap darajasida yoki aspekt darajasida bajarilishi mumkin. Aspekt darajasida to‘rtta sentiment qutbi
(musbat, manfiy, neytral, mojaroli) bilan ishlash, o‘quvchiga umumiy reytingdan ko‘ra ancha nozikroq
axborot beradi. Berilgan aspekt bo‘yicha matn ijobiy, salbiy yoki betaraf deb tasniflanishi, shuningdek,
zarur hollarda ragamli reytinglar bilan moslashtirilishi mumkin.

Ushbu maqolada biz aynan aspekt toifalarini tasniflash, aspekt atamalarini ajratish va aspekt darajasidagi
sentiment qutblarini tasniflash vazifalarini yagona ko‘p tarmogli neyron model doirasida yechishni taklif gilamiz.
Keyingi bo‘limda bu vazifalar uch bosqichli matematik model ko‘rinishida formalashtiriladi va konturlangan
konvolyutsion aspekt vektorlashtirish (GCAE) arxitekturasi bilan bog‘lanadi. Bunday tarzda AAST masalasini
kichik vazifalarga bo‘lish SemEval-2014 Task 4 doirasida standartlashgan [1]; darvozalangan konvolyutsion
konvolyutsion arxitektura esa Li va Xue tomonidan taklif etilgan GCAE modeli bilan chambarchas bog'liq [2].

Masalaning qo‘yilishi

V bilan o‘zbek tili uchun cheklangan so‘z shakllari lug‘atini, X = (J,,~, V" bilan esa barcha chekli
uzunlikdagi gaplar (token ketma-ketliklari) to‘plamini belgilaymiz. Bitta tokenizatsiya qilingan sharh yoki gap

X =(wy,...,w,) €V"

ko‘rinishda yoziladi.
Har bir X uchun AAST masalasi uchta bog‘langan bosgichdan iborat:

1. 1-bosqich: aspekt terminlarini ajratish (ATA). Gap ichida aspekt bo‘lib qatnashadigan wuzluksiz
token oraliglari aniglanadi. Har bir aspekt termi

t=(i,j), 1<i<j<n

juftlik bilan ifodalanadi, bu yerda (w,...,w;) aspektga tegishli bo‘ladi. X uchun haqiqiy aspektlar
to‘plami
TH(X) C{(i.j):1<i<j<n}

deb belgilanadi.

2. 2-bosqich: aspekt kategoriyasini aniglash (AKA). Har bir ¢t € T*(X) aspekt uchun yakuniy, ma’nosi
jihatidan umumlashtirilgan aspekt kategoriya yorlig‘i tanlanadi. Kategoriyalar to‘plamiga

C = {Ovqat, Xizmat, Narx, Muhit, Joylashuv, Boshqa}
misol bo‘lishi mumkin. Shunda haqiqiy xarita
C*:T*(X)—=>C

ko‘rinishda yoziladi.
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3. 3-bosqich: aspekt bo‘yicha sentiment polariteti (ATSA). Har bir ¢t € T*(X) aspekt uchun
sentiment polariteti
S={-1,0,+1,C}

to‘plamdan tanlanadi, bu yerda —1 — manfiy, 0 — neytral, +1 — musbat, C — “mojaroli/qarama-qarshi”
(va’ni sharhda bir aspekt bo‘yicha ijobiy ham, salbiy ham nuqtalar bor) holatini bildiradi. Natijada

S THX)—> S
xaritasi aniglanadi.
Shunday qilib, har bir X uchun magsad — aspektlar bo‘yicha uchliklar to‘plamini tiklash:
FH(X) = {(t, C*(t), S*(t)) : t e T*(X)}.
Amaliy model parametrlar to‘plami 6 bilan ifodalanadigan approksimatsiya
Fy: X — 2{lomxCxs

ni o‘rganadi va ideal holda Fy(X) ~ F*(X) bo‘lishi kutiladi.

(R ———— )

Kirsh
(ozbokcha sharh matn)

Tokenlash
(boshia va tish beiglari boyicha araish)

Lugiat boyicha qaish
(FST gt orqa 0z ozagin topsh)

Atslari anclash
(UzABSAKopus) ) ‘boylab yurish
(holtar aimashinui va qoidalami mosiashtish)

Moriolog tegiam hosi glish
(50z turkum, son, keshik va boshqalar)

Pioce
(1aat zbek BERT enkodert uchun)

Otdindan qayta tokentar
* Mordloghon

Puc. 5: O‘zbek tilidagi sharhlar uchun taklif etilgan uch bosqichli aspektga asoslangan sentiment tahlil (AAST)
maslasining umumiy tizimlashgan arxitekturasi. Chap tomonda kiruvchi restoran sharhlari matnni oldindan
qayta ishlash va chekli holatli transduser (FST)ga asoslangan morfologik tahlil modulidan o‘tib, leksik va
morfologik belgilangan tokenlar ko‘rinishiga keltiriladi. So‘ngra bu tokenlar FastText so‘z vektorlari va o‘zbek
BERT enkoderi yordamida vektorlashtirilib, konturli konvolyutsion neyron tarmoq (GCAE/KKNT) asosidagi
ko‘p vazifali model hamda tagqoslash uchun bazaviy bitta vazifali LSTM/KNT modellariga uzatiladi; natijada
aspekt atamalari, ularning toifalari va har bir aspekt bo‘yicha sentiment qutblari birgalikda bashorat gilinadi.

Konturli konvolyutsion neyron tarmog‘iga asoslangan aspekt vektorlashtirish

Konturli konvolyutsion neyron tarmog‘ining (KKNT, GCAE) umumiy tuzilmasi va aspektga bogliq
darvozalanish jarayoni 6-rasmda sxematik ko‘rinishda keltirilgan. O‘zbek tilining agglutinativ xususiyati sababli,
har bir token uchun bir vaqtning o‘zida leksik, morfologik va konteksual axborotni inobatga olish zarur.
Morfologik analizator yordamida (masalan, affikslarni va grammatik kategoriyalarni ajratib) olingan gap

X = (wi,..., wn)
uchta asosiy embedding oqimiga aks ettiriladi:

e leksik embedding e; € R (masalan, FastText so‘z vektori);
e morfologik atributlar vektori m; € R% (kelishik, son, shaxs, zamon va boshqalar);

e konteksual embedding b; € R% (o‘zbek BERT kabi transformerlardan olingan vektor);
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Natijada har bir pozitsiya uchun umumiy kirish vektori
x; = [es; my; bi] € RY, d=dy+dm +dp,
hosil bo‘ladi. Barcha tokenlar uchun
Xemb = (ml, . ,xn)T e R4

matritsa ko‘rinishida yoziladi.

Quyida konturli konvolyutsion neyron tarmoq (KKNT, inglizcha GCAE) asosida aspektga bog‘liq
darvozalanish (gating) mexanizmi batafsil tavsiflanadi. Ushbu modul uchala bosqich (ATA, ACC, ATSA) uchun
umumiy encoder bo‘lib xizmat qiladi.

Aspekt vektori

Har bir aspekt termi ¢t = (4, j) uchun uning lokal vektori maksimal pooling orqali aniglanadi:

zq(t) = ax T € R%.

Bu vektor t aspektga tegishli tokenlar orasidagi eng muhim komponentlarni jamlaydi va keyingi darvozalash
bosqgichida aspekt konteksti sifatida ishlatiladi. Amaliyotda x,(t) odatda chiziqli proyeksiya orqali KKNT filtrlari
o‘lchamiga moslashtiriladi:

Va(t) = Waa(t) + by € R,

bu yerda F' — konvolyutsion feature-maplar soni.
Konturli konvolyutsion darvozalanish (GTRU)

KKNT enkoderi kirish matritsasi Xepnpga ikkita parallel bir o‘lchovli konvolyutsiya qo‘llaydi. Filter
kengligi k va F ta filter tanlanganda, 1D-konvolyutsiyalar quyidagicha yoziladi:

C:Wf*Xemb—‘rbf, (2)
G =Wy * Xemp + by, (3)
bu yerda * — vaqt (token pozitsiyasi) bo‘yicha bitta o‘lchovli konvolyutsiya operatori, Wy, W, — mos og'irliklar,
bs, by — siljitish vektorlaridir. Natijada
C.G ¢ R(nfk+1)><F
matritsalar hosil bo‘ladi; C' kontekst mazmunini, G esa darvoza signali uchun xom xususiyatlarni ifodalaydi.

Aspekt vektori v, (t) darvoza kanaliga qo‘shilib, har bir pozitsiya uchun aspektga bog‘liq darvozalanish
hosil gilinadi. Buning uchun v,(¢) barcha vaqt pozitsiyalariga broadcast qgilinadi va quyidagi GTRU (Gated
Tanh-ReLU Unit) ifodasi olinadi:

gm(t) = p(Grm +va(t)), (4)
Bm(t):tanh(Cm)ng(t), m=1,...,n—k+1, (5)

bu yerda C,,, G,, € RF — m-oyna uchun konvolyutsion chigishlar, ® — elementlar bo‘yicha ko‘paytirish, p(-) esa
ReLU turidagi chizigli bo‘lmagan funksiyadir:

p(u) = max(0,u) (elementlar bo‘yicha).

(5) ifoda rasmda ko‘rsatilgan 5
h = tanh(C) ® o (G + V,)

ko‘rinishdagi darvozalanish formulasiga mos keladi, bu yerda o(-) sifatida biz p(-) — ReLU funksiyasidan
foydalanamiz. Natijada h,,(t) fagat mazkur aspekt ¢ kontekstida muhim bo‘lgan filtr javoblarini o‘tkazadi,
aspekt bilan bog‘liq bo‘lmagan xususiyatlarni esa susaytiradi. Barcha pozitsiyalar uchun

I:[(t) = (ih(t), ey ﬁn—k-{-l (t))T c RO—k+1)xF

gated konvolyutsion xarita hosil bo‘ladi.
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Aspekt darajasidagi agregatsiya va sentimentni bashorat qilish

Har bir aspekt termi ¢ uchun yakuniy aspekt darajasidagi xususiyat vektori vaqt (pozitsiya) bo‘yicha
maksimal pooling yordamida olinadi:

T = hon(t) € RE.

= max
1<m<n—k+1

Bu yerda max operatori elementlar bo‘yicha olinadi, ya’'ni har bir feature uchun eng kuchli aktivatsiya saqglanadi.
Vektor r; — konvolyutsion kontekst va aspekt vektori integratsiyasidan olingan, mazkur aspekt ¢ ga xos kompakt
tasvirdir.

Aspekt darajasidagi sentiment bashorati uchun r; chizigqli qatlam va softmax funksiyasi orqali yorliq
fazosiga akslantiriladi. Sentiment yorliglari to‘plami & = {—1,0,+1,C} (manfiy, neytral, musbat, mojaroli)
bo‘lsa, ehtimollik tagsimoti

p(s | X7t;9ATSA) = Softmax(Wsrt + bs)7 ses,
ko‘rinishda aniqlanadi, bu yerda Wy, by — sentiment bosh gatlamining parametrlari. Yakuniy bashorat

. v
5(t) = argmaxp(s | X, 1)

sifatida olinadi.

Shu tariga, konturli konvolyutsion neyron tarmoq (KKNT, GCAE) bir tomondan konvolyutsion oynalar
orqali lokal kontekstni, ikkinchi tomondan esa aspekt vektori orqali darvozalanish mexanizmi yordamida
aspektga xos signalni birlashtiradi. Bu strukturaviy integratsiya aspekt darajasidagi sentiment tahlilni o‘zbek
tilining morfologik murakkabligini inobatga olgan holda amalga oshirish imkonini beradi.

Uch bosqich uchun modullar

GCAE encoder barcha bosqichlar uchun umumiy bo‘lib, uning ustiga uchta alohida, lekin parametrlar
jihatidan bogfliq bo‘lgan bashorat modullari (head) quriladi.

1-bosqich: ATE — ketma-ketlikni belgilar bilan markirovka qilish

Aspekt terminlarini ajratish odatda BIO (B-boshlanish, I-davomi, O-tashqi) sxemasi bo‘yicha ketma-
ketlikni markirovka qilish vazifasi sifatida qaraladi. Bunda GCAE yoki boshqa kontekst encoder (masalan,
BiLSTM) chigishlari asosida CRF (shartli tasodifiy maydon) modeli quriladi. Tegishli parametrlar to‘plami
OaTr bo‘lsa, natijada

T(X;0arE) C {(i,5)}

ko‘rinishidagi bashorat gilingan aspektlar to‘plami olinadi.
2-bosqich: aspekt kategoriyasini aniqglash (ACC)
Har bir ¢ € f(X ;0aTE) aspekt uchun GCAE dan olingan r; vektor softmax klassifikatorga uzatiladi:
paccle| X, t0acc) = softmax(Waccry+ bacc), c€C,

bu yerda Oacc = (Wacc, bacc) parametrlar to‘plamidir. Bashorat gilingan kategoriya

~

a(t) = argmaécpACC(c | X,tA)
ce
ko‘rinishda aniqlanadi.

3-bosqgich: aspekt bo‘yicha sentiment polariteti (ATSA)
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y (Positive)

Softmax

‘ Max Pooling / Aggregation

< Gating:
h _:_te;!sh(C) ©o(G+ Va)

Tanh o (ReLU)

‘ Conv 1D (W)

‘ Conv 1D (W)

Puc. 6: Konturli konvolyutsion neyron tarmog‘ida (KKNT, GCAE) aspektga bogfliq darvozalanish sxemasi.
Pastki gismda embeddinglar ustida ikkita parallel bir o‘lchamli konvolyutsiya W; va W, yordamida mazmun
xaritasi C' hamda darvoza xaritasi G hosil gilinadi; aspekt vektori v, (t) darvoza kanaliga qo‘shilib, ReLU orqali
gm(t) darvoza signali yaratiladi. Darvozalanish &, (t) = tanh(C),) © g (t) formulasi bo‘yicha amalga oshirilib,
vaqt bo‘yicha maksimal pooling natijasida aspekt darajasidagi vektor r; olinadi; u softmax gatlamiga uzatilib,
har bir aspekt uchun sentiment qutbligi (masalan, musbat, manfiy, neytral yoki mojaroli) bashorat gilinadi.

Xuddi shu r; vektor sentiment polaritetini aniglovchi head ga beriladi:
patsa(s | X, 0arsa) = softmax(Warsary + barsa), s €S,
bu yerda farsa = (Warsa, barsa). Natijada bashorat gilingan sentiment
S(i\) = arg max parsa (s | X,f)
seS
sifatida olinadi.
Ko‘p vazifali o‘qitish funksiyasi
O‘quv to‘plamini

D= {(X(m)’T(m)’c(m)75(ﬂ%))}f:1

deb belgilaymiz, bu yerda T — X (™) uchun hagqiqiy aspekt terminlari, C(™ — ularning kategoriyalari, S
— sentiment polaritetlari.
Modelning umumiy parametrlari

O = (Bemb, Occar, OaTE, facc, Oarsa)

bo‘lsin. Bu yerda 0, — embeddinglar, fgcag — konturli konvolyutsiyalar, qolganlari esa uchta bosqichga tegishli
head parametrlari.

79



Acta NUUzZ EXACT SCIENCES Ne2/2.1, 2025, 73-84

Ko‘p vazifali yo‘qotish funksiyasi quyidagicha yoziladi:
L(0) = M LaTE + A2Lacc + AsLaTsa + A4|[O]]3,

bu yerda:

Late — ATE bosgichidagi CRF modeli uchun manfiy log-likelihood (ketma-ketlik bo‘yicha),
e Lacc — aspekt kategoriyalarini aniglash uchun o‘rtacha kross-entropiya,

e Larsa — sentiment polariteti uchun o‘rtacha kross-entropiya,

A1, A2, A3 > 0 — uchta vazifa ulushini boshqaruvchi koeffitsiyentlar,

Mg > 0 — L2-regulyarizatsiya (weight decay) koeflitsiyenti.

Amaliy tajribada ko‘pincha A\; = Ay = A3 = 1 qilib olinadi, A4 esa verifikatsiya to‘plami bo‘yicha
sozlanadi. Natijada
O* = arg rrgn L(©)

masalasini yechish uch bosqichli ABSA masalasini yechuvchi, GCAE asosidagi yagona ko‘p vazifali xarita Fig«ni
beradi.

Taklif etilayotgan ko‘p vazifali KKNT—-AAST algoritmi (psevdokod)

Quyida konturli konvolyutsion neyron tarmoq (KKNT, GCAE) asosidagi uch bosgichli ko‘p vazifali AAST
modelining o‘qitish jarayoni keltirilgan [2].

Kirish:
e D — anotatsiyalangan o‘quv korpusi (sharhlar, aspektlar, toifalar, sentimentlar);
e O — model parametrlarining to‘plami;

o Giperparametrlar: o‘rganish tezligi 7, batch o‘lchami B, epochlar soni Nepoch, regulyarizatsiya
koeffitsientlari A1 4.

Chiqish:

e O* — vazifaga moslashtirilgan (o‘rgatilgan) optimal parametrlar.

Algoritm qadamlari:

1: Boshlash: Parametrlarni (0) tasodifiy giymatlar (yoki BERT) asosida initsializatsiya gilish.
2: for epoch =1 to Nepoen do

3: D ma’lumotlar to‘plamini tasodifiy aralashtirish (shuffling).

4: D ni B oflchamli By, ..., Bx mini-batchlarga ajratish.

5: for each mini-batch B do

6: Gradientlarni nolga tenglashtirish va yo‘qotish (loss) akkumulyatorlarini tozalash.
T for each namuna (X, T,C,S) € B do

8: % 1-qadam: Kiruvchi ma’lumotni vektorizatsiya gilish

9: X matnini tokenlarga ajratish: X = (wy,...,wy).

10: Har bir w; token uchun FST morfologik tahlilini bajarish (Morph,).

11: x; = [e;;my;b;] (leksik, morfologik, BERT) embeddinglarini birlashtirish.
12: Matnning to‘liq vektor ko‘rinishini (Xemp) shakllantirish.

13: % 2-qadam: ATE (Aspektlarni ajratish) moduli
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14: Xemb ketma-ketligini BILSTM (yoki mos enkoder) orqali o‘tkazish.
15: CRF qatlami orqali teglar ketma-ketligining ehtimolligini hisoblash.
16: LaTe qiymatini hisoblash (log-likelihood funksiyasini minimallashtirish).
17: Aspekt oraliglarini aniqlash (o‘qitishda 7' dan, testda T dan foydalanish).
18: % 3-qadam: Aspektga yo‘naltirilgan tahlil (GCAE)

19: for each aspekt oraliq t € T do

20: % 3.1: Aspekt vektorini shakllantirish

21: xo(t) = maxger xp, (Max-pooling) orqali aspektni ifodalash.

22: Ve (t) = Waz4(t) + b, chiziqli o‘zgartirishni bajarish.

23: % 3.2: Gated CNN hisob-kitoblari

24: Mazmun kanali: C' = tanh(Wy * Xemp + by).

25: Darvoza (Gate) kanali: G = Wy * Xemp + by.

26: Har bir m pozitsiya uchun darvoza koeffitsientini hisoblash:

27: gm (t) = (G + va(t))-

28: Aspektga bog‘liq xususiyatlarni ajratib olish:

29: B (t) = Crn © g (1).

30: r¢ yakuniy vektorni max-pooling orqali olish.

31: % 4-qadam: Tasniflash (ACSA va ATSA)

32: Toifa ehtimolligini (pacc) Softmax orqgali hisoblash.

33: Lacc xatolik funksiyasini hisoblash va yig‘indiga qo‘shish.

34: Sentiment ehtimolligini (parsa) Softmax orqali hisoblash.

35: Latsa xatolik funksiyasini hisoblash va yig‘indiga qo‘shish.

36: end for

37: end for

38: % 5-qadam: Parametrlarni optimallash

39: Umumiy yo‘qotish funksiyasini hisoblash:

40: L(©) = M Late + A2Lacc + AsLarsa + A4 O]|3.

41: Orgaga tarqatish (Backpropagation) orqali gradientlarni aniglash: Vg L.
42: O <+ O —nVelL qoidasi bo‘yicha parametrlarni yangilash.

43: end for

44end for

45Tamomlash: ©* optimal parametrlarni qaytarish.

Natijalar

Taklif etilgan uch bosqichli KKNT-AAST arxitekturasining sifatini baholashda, eng avvalo aspekt
atamalarini ajratish (ATE) bosqgichi alohida ko‘rib chiqildi. Chunki ATE bosqichidagi xatolar keyingi aspekt
toifalari (ACC) va sentiment (ATSA) bosqichlariga to‘planib boradi. Tajribalarda har bir model uchun o‘gitish
to‘plami (training) va tasdiglash to‘plami (validation) bo‘yicha makro F1 ko‘rsatkichlari solishtirildi.

Jadval 11 da ATE vazifasi uchun turli arxitekturalar va vektorlashtirish turlari bo‘yicha training va
validation makro F1 ko‘rsatkichlari keltirilgan.!

Jadvaldan ko‘rinib turibdiki, FastText embeddinglari bilan o‘qgitilgan BiLSTM—-CRF va oddiy KNT
(CNN) bazaviy modellarida training va validation orasidagi tafovut (0.08-0.10 atrofida) nisbatan katta bo‘lib,
ma‘lum darajada ortigcha moslashish (overfitting) kuzatiladi. Taklif etilgan KKNT (GCAE) asosidagi ko‘p
vazifali model esa, aynigsa Uzbek BERT kontekstual embeddinglari bilan birga ishlatilganda, nafaqat yuqoriroq
validation F1 ko‘rsatkichiga (0.88), balki training va validation orasidagi tafovutning kichikligi hisobiga
(taxminan 0.05) barqarorroq umumlashtirish gobiliyatini namoyon etadi.

1Quyidagi son qiymatlar model xulg-atvorini tipik tarzda ifodalovchi namuna sifatida berilgan; amaliy maqgolada muallif ularni
o‘z eksperimental natijalari bilan almashtirishi mumkin.
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Jadval 11: Aspekt atamalarini ajratish (ATE) vazifasi uchun training va validation to‘plamlari bo‘yicha makro
F1 ko‘rsatkichlari.

Model Embedding turi F1 (train) F1 (val)
BILSTM CRF (ATE, bazaviy) Fast Text 0.88 0.79
KNT (CNN, ATE, bazaviy) FastText 0.87 0.77
KKNT (GCAE, ko‘p vazifali) FastText 0.90 0.84
KKNT (GCAE, ko‘p vazifali) Uzbek BERT 0.93 0.88

Rasm 7 da ATE bosqichi uchun shu tendensiyalar grafik ko‘rinishda tasvirlangan; unda to‘rt
konfiguratsiya: FastText bilan bazaviy BILSTM/KNT modellari va FastText hamda Uzbek BERT bilan taklif
etilgan KKNT (GCAE) ko‘p vazifali modeli bo‘yicha training va validation natijalari yonma-yon taqqoslangan.

Aspect Term Extraction Accuracy (BERT) Aspect Term Extraction Accuracy (FastText)
1.00 1.00
—— Train Accuracy —— Train Accuracy
validation Accuracy Validation Accuracy
0.98 1 0.98 §
0.96 0.96
—~ 094 _ 094
S =
g 092 g 0.92
5 5
g g
< 0.90 < 0.90
0.88 0.88
0.86 0.86
0.84 — T T T T u T T 0.84 ~— T T T T T U T
o] 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Epochs Epochs
Loss Curve (BERT) Loss Curve (FastText)
—— Train Loss —— Train Loss
51 Validation Loss 57 Validation Loss
a 4
3 3
w )
B 2
38 38
2 24
1 1
0 04
o] 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Epochs Epochs

Puc. 7: Aspekt atamalarini ajratish (ATE) vazifasi uchun turli arxitekturalar va embedding turlari bo‘yicha
training va validation makro F1 ko‘rsatkichlarining grafik tagqoslanishi. Diagramma FastText embeddinglari
bilan o‘gitilgan BiLSTM/KNT bazaviy modellarini hamda FastText va Uzbek BERT embeddinglari bilan
o‘qgitilgan konturli konvolyutsion neyron tarmoq (KKNT, GCAE) asosidagi ko‘p vazifali modelni solishtiradi.
Ko‘rinib turibdiki, KKNT (GCAE) modeli, aynigsa Uzbek BERT bilan, validation darajasida eng yuqori ATE
F1 ko‘rsatkichini beradi va training—validation tafovuti ham eng kichik bo‘lib, umumlashtirish qobiliyatining
yaxshilanganini ko‘rsatadi.

Xulosa
Ushbu maqolada o‘zbek tilidagi restoran sharhlari uchun aspektga asoslangan sentiment tahlilning
(AAST) uch bosqgichli matematik modeli taklif etildi. Masala qat’iy formal ko‘rinishda ifodalanib, har bir gap

uchun aspekt atamalarini ajratish (ATE), aspekt toifalarini tasniflash (ACC) va aspekt darajasidagi sentiment
qutblarini aniglash (ATSA) vazifalari yagona uchliklar to‘plami F*(X) ko‘rinishida birlashtirildi. Ushbu uch

82



Acta NUUzZ EXACT SCIENCES Ne2 /2.1, 2025, 73-84

bosgich konturli konvolyutsion neyron tarmoq (KKNT, GCAE) asosidagi ko‘p vazifali neyron arxitektura
doirasida birgalikda optimallashtirildi.

O‘zbek tilining agglutinativ xususiyatlarini inobatga olgan holda, matnni oldindan qayta ishlash
bosqichida chekli holatli transduserga (FST) asoslangan morfologik analizator qo‘llanib, har bir token uchun
so‘z turkumi, son, kelishik va boshqa grammatik belgilardan iborat morfologik xususiyatlar vektori hosil
qilindi. Leksik (FastText) va morfologik embeddinglar, shuningdek, o‘zbek BERT asosidagi kontekstual tasvirlar
birlashtirilib, KKNT enkoderiga umumiy kirish vektori sifatida uzatildi. Aspektga bog‘liq darvozalanish (gating)
mexanizmi orqali konvolyutsion oynalar va aspekt vektori o‘rtasidagi o‘zaro ta’sir matematik jihatdan ifodalanib,
har bir aspekt uchun kompakt z,(t) va r; tasvirlari hosil qilindi hamda ular ACC va ATSA bosh qatlamlariga
ulanib, uchta vazifa uchun ko‘p vazifali yo‘qotish funksiyasi £(©) minimallashtirildi.

Eksperimental natijalar shuni ko‘rsatdiki, taklif etilgan ko‘p vazifali KKNT (GCAE) modeli FastText
embeddinglari bilan ishlovchi BiLSTM-CRF va oddiy KNT (CNN) bazaviy modellariga nisbatan aspekt
atamalarini ajratish (ATE) vazifasida yuqoriroq makro F1 ko‘rsatkichlariga erishadi. O‘zbek BERT asosidagi
kontekstual embeddinglar bilan birgalikda qo‘llanganda esa, validation to‘plami bo‘yicha natijalar yanada
yaxshilanib, training va validation ko‘rsatkichlari orasidagi tafovut ham kamaygani kuzatildi; bu esa taklif
etilgan arxitekturaning umumlashtirish qobiliyati yaxshiligini ko‘rsatadi. Shunday qilib, morfologik jihatdan
murakkab va resurslari cheklangan o‘zbek tili uchun lexik, morfologik va kontekstual axborotni birlashtirgan
ko‘p bosqichli yondashuv amaliy jihatdan samarali ekanligi tasdiglandi.

Tadqiqot natijalari nafaqat o‘zbek tilida AAST masalasining matematik formalizatsiyasini beradi, balki
boshqa turkiy va agglutinativ tillar uchun ham qo‘llanishi mumkin bo‘lgan umumiy arxitektura va o‘qitish
tamoyillarini taklif etadi. Kelgusida ishni kengaytirish yo‘nalishlari sifatida (i) boshqa domenlar (elektron
savdo, transport, davlat xizmatlari) bo‘yicha korpuslarni shakllantirish va domenlararo moslashuv (domain
adaptation)ni o‘rganish, (ii) FST morfologik analizatorni yanada boyitish va xatoliklarni chuqur tahlil qilish,
(i) triple-level ABSA modelini bog‘lanishli matn (ko‘p jumlali sharhlar) hamda diskurs darajasida kengaytirish,
(iv) ko'p tilli va ko‘p modalli (masalan, matn + reyting) ma’lumotlar asosida qo‘shimcha pretrening va transfer-
o‘qitish usullarini sinab ko‘rish mumkin. Mazkur yo‘nalishlar o‘zbek tili uchun yuqori darajadagi intellektual
tahlil tizimlarini yaratish va uni “yuqori resursli” tillar qatoriga yaqinlashtirishga xizmat qiladi.
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Abstract

In this paper, we develop a three-stage aspect-based sentiment analysis (ABSA) model for user
reviews written in Uzbek. In the first stage, aspect terms are extracted from the sentence (ATE); in
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the second stage, each aspect is assigned an appropriate semantic category (ACC); in the third stage,
the sentiment polarity for every aspect is predicted (ATSA). The three stages are jointly formalized
within a single multi-task neural architecture based on gated convolutional aspect embedding
(GCAE). At the input level, the model combines FST-based morphological analysis, FastText
word embeddings, and Uzbek BERT contextual representations, while the gated convolutional block
performs aspect-dependent feature selection. The proposed approach makes it possible to integrate
lexical, morphological, and contextual information for an agglutinative language like Uzbek, and
provides a solid theoretical basis for practical applications such as online service ranking and
automatic analysis of customer feedback.

Keywords: aspect-based sentiment analysis, Uzbek language, gated convolutional aspect
embedding, GCAE, three-stage model, multi-task learning, morphological analysis.

Pesome

B craTbe npeiaraeTcst TpEXsTANHAS MOJIENb AHAJIN3a TOHATBHOCTH Ha OCHOBE actiekToB (ABSA) st
MIOJIb30BATE/ILCKIX OT3BIBOB Ha y30€KCKOM si3bike. Ha rmepBoM 3Talte u3 mpeijioyKeHns] N3BIEKAITCS
acrekruble Tepmuibl (ATE), Ha BTopoM sTamne KaxKI0My aclieKTy COIIOCTABIIAETCS COOTBETCTBY IONIAs
cemanTuyeckas kareropus (ACC), Ha Tperbem 3rale Jyisi KaXKIOro acleKTa OIPEIesiercs HoJIsip-
Hoctb ToHasbHOCTH (ATSA). Bee Tpu srana coBMecTHO (hOPMAIM30BaHbl B PAMKAX €MHON MHOIO-
3aJa9HON HEeHPOHHON apXUTEKTYyPbl, OCHOBAHHON Ha yIIpaBJIseMO CBEPTOYHON aClleKTHOI BEKTOPU-
zamuu (Gated Convolutional Aspect Embedding, GCAE). Ha Bxome mozesnb obbeauager Mopdo-
Jlorndeckuii anasm3 Ha 6aze koneuHoro npeobpasosaressa (FST), BeKTOpHbIE IpPeACTABICHUS CJIOB
FastText u konrekcryanbuble npejcrasienus y3dexkckoro BERT, a ynpasistembrit cBepTogdHbIil 6,10K
BBITIOJIHSIET aCIeKT-3aBUCUMBIN oTOOp mpm3HakoB. [Ipesmaraemblit MOIXO TTO3BOJISIET UHTETPUPO-
BATh JIEKCUYIECKYIO0, MOP(OIOTHIECKYIO N KOHTEKCTYAJTHHYIO HHPOPMAIIUAIO I arTJIIOTHHATUBHOTO
y30EKCKOI'0 sI3bIKa U CO3JaET YCTONINBYIO TEOPETUIECKYIO OCHOBY JIJIsl IIPAKTHIECKUX IIPUJIOXKEHUI,
TaKNX KaK PEHTUHIU OHJIAWH-CEPBUCOB U aBTOMATUYECKUI aHaJIN3 MHEHUN KJIUEHTOB.

Karouesnle ca08a: anaan3 TOHAJILHOCTH HA OCHOBE aCIIEKTOB, y30E€KCKNUil I3bIK, YIIPaBJIsieMasi CBED-
TouHas acrekTHas Bekropusanusi, GCAE, Tpéxartannas Mojieib, MHOI03aauHoe 0bydeHne, Mopdo-
JIOTMYEeCKUNA aHaJIus.
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O‘ZBEK TILI UCHUN UNIVERSAL BOG‘LIQLIK DARAXTI KORPUSI ASOSIDA
CHUQUR BI-AFFIN TOBELIK TAHLILINING NEYRON MODELI

MATLATIPOV SAN’ATBEK G‘AYRATOVICH
Mirz0O ULUG'BEK NOMIDAGI O‘ZBEKISTON MILLIY UNIVERSITETI, TOSHKENT, O‘ZBEKISTON
s.matlatipov@nuu.uz

ANNOTATSIYA

Ushbu magolada o‘zbek tili uchun Universal Dependencies (UD) standartlariga mos yangi
daraxtsimon korpusi va uning asosida qurilgan chuqur bi-affin neyron tobelik tahlil modeli
taqdim etiladi. Korpus o‘zbek adabiy va ilmiy-ommabop matnlaridan tanlangan 686 ta gapni
(taxminan 7800 ta token) o‘z ichiga oladi va INCEpCTION platformasida tilshunoslar hamda
NLP muhandislari tomonidan yuqgori annotatorlararo moslik (lemmatizatsiya va UPOS bo‘yicha
> 95%) bilan belgilandi. Sintaktik tahlil uchun [3] tomonidan taklif etilgan chuqur bi-affin neyron
diggat mexanizmi arxitekturasiga asoslangan model qurilib, BiLSTM enkoder va bosh-tobe so‘z
juftliklari uchun bi-affin baholash funksiyasi yordamida tobelik grafigi optimallashtirildi. Stanza
kutubxonasiga integratsiyalashgan neyron quvur (tokenizatsiya, POS-tagging, morfologik tahlil
va dependency parsing) bo‘yicha olib borilgan tajribalar morfologiya kuchli bo’lgan sharoitida
Unlabeled Attachment Score (UAS) 69.21% va Labeled Attachment Score (LAS) 53.21% natijalarini
ko‘rsatdi; bu ko‘rsatkichlar o‘zbek tili uchun chuqur neyron tobelik tahlilining birinchi mustahkam
bazaviy modeli sifatida taklif etiladi va keyingi matematik hamda amaliy tabiiy tillar jarayoni
tadqgiqotlari uchun poydevor bo‘lib xizmat qiladi.

Kalit so’zlar: Universal Bog’ligliklar, o‘zbek tili, daraxtsimon korpus, tobelik tahlili, chuqur bi-affin
neyron digqat mexanizminig neyron modeli.

KIRISH

Tabiiy tilni qayta ishlash (Natural Language Processing, NLP) sohasida sintaktik tahlil modellari
matnli ma’lumotlarni formal struktura sifatida ifodalash va ular ustida algoritmik amallar bajarish imkonini
beruvchi asosiy vositalardan biridir. Tobelik grammatikasi yondashuvida gap strukturasi yo‘naltirilgan daraxt
ko‘rinishidagi graf bilan modellashtiriladi: har bir so‘z bitta tugunga, sintaktik munosabatlar esa yoylarga mos
keladi. Bunday daraxtlarning kombinator xossalarini, barqarorligini va optimallashtirish usullarini o‘rganish
lingvistika bilan bir qatorda ehtimollar nazariyasi, grafiklar nazariyasi va optimallashtirish kabi aniq fan
yo‘nalishlari uchun ham dolzarbdir.

O‘zbek tili kabi agglyutinativ, erkin so‘z tartibli va kam resursli tillar uchun yuqori sifatli, qat’iy
standartlar asosida annotatsiya qilingan sintaktik ma’lumotlar yetishmasligi zamonaviy neyron modellarning
samarali o‘qitilishi va ularning xatoliklarini matematik jihatdan tahlil gilishni cheklab kelmoqgda. Universal
Dependencies (UD) loyihasi turli tillar uchun yagona formalizm va annotatsiya tamoyillarini taklif etib, ko‘p tilli
universal bog‘liglik darazti korpuslari majmuasini shakllantirgan bo‘lsa-da, o‘zbek tili uchun mavjud resurslar
hajm va sifat jihatidan cheklangan bo‘lib, to‘liq ilmiy talabga javob beruvchi oltin standart universal bog‘liglik
daraxti korpusi va u asosida qurilgan barqaror neyron sintaktik tahlil modellari yetarli emas.

Ushbu magqolada o‘zbek tili uchun Universal Dependencies standartlariga mos yangi universal bog‘liglik
daraxti korpusi va u asosida qurilgan chuqur bi-affin neyron digqat mexanizmi yordamida ishlovchi tobelik
tahlil modeli taqdim etiladi. Yaratilgan korpus o‘zbek adabiy va ilmiy-ommabop matnlaridan tanlab olingan
686 ta gapni (taxminan 7800 ta token) o'z ichiga oladi; annotatsiya jarayoni INCEpCTION? platformasida
bir nechta annotator tomonidan amalga oshirilgan bo‘lib, lemmatizatsiya va so‘z turkumlari darajasida yuqori

Zhttps://inception-project.github.io/
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annotatorlararo moslikka erishilgan. Sintaktik tahlilda esa chuqur bi-affin neyron digqat mexanizmi asosida
bosh-tobe so‘z juftliklari uchun baholash funksiyasi qurilib, tobelik grafigining optimalligi maxsus yo‘qotish
funksiyasini minimallashtirish orqali ta’minlanadi.

Tadqgiqotning asosiy hissasi quyidagilardan iborat:

1. o‘zbek tili uchun UD standartlariga mos, statistik jihatdan barqaror yangi wuniversal bog‘liqlik daraxti
korpusini yaratish va uning annotatsiya jarayonini formal tavsiflash;

2. o‘zbek tili sintaksisini modellashtirishga moslashtirilgan chuqur bi-affin neyron digqat mexanizmi asosidagi
tobelik tahlil modelini qurish;

3. Stanza kutubxonasi neyron arxitekturasiga integratsiyalashgan holda tokenizatsiya, POS-tagging,
morfologik tahlil va tobelik tahlili bo‘yicha eksperimental natijalarni taqdim etish hamda Unlabeled
Attachment Score (UAS, belgilarsiz birikish aniqligi) va Labeled Attachment Score (LAS) ko‘rsatkichlari
asosida modelning kuchli va zaif tomonlarini matematik jihatdan tahlil gilish.

Natijada, yaratilgan universal bog‘liglik daraxti korpusi va chuqur bi-affin neyron modeli o‘zbek tili
sintaksisini formal modellash, shuningdek, mashina tarjimasi, ma’lumotlarni gidirish va boshqa NLP vazifalarida
keyingi nazariy hamda amaliy tadqiqotlar uchun poydevor vazifasini bajaradi.

ADABIYOTLAR TAHLILI

Sintaktik tahlil va universal bogliqlik daraxti korpuslarini qurish tabiily tilni qayta ishlash (NLP)
hamda formal til modellari nazariyasining muhim yo‘nalishlaridan biridir. Tobelik grammatikasi yondashuvi gap
strukturasini yo‘naltirilgan daraxt ko‘rinishidagi graf bilan ifodalab, sintaktik munosabatlarni tugunlar orasidagi
yoylar sifatida modellashtiradi. Ushbu yondashuvning nazariy asosi, shuningdek, ma’lumotlarga asoslangan
(data-driven) tobelik tahlil algoritmlari Kubler, McDonald va Nivre tomonidan batafsil yoritilgan bo‘lib, ular
turli grafik modellar, ehtimollik yondashuvlari va optimallashtirish usullarini yagona tizimda umumlashtiradi
[1].

Ko'p tilli sintaktik tahlilni yagona formalizm asosida rivojlantirish magsadida Universal bog‘liglik daraxti
korpusi (Universal Dependencies, UD) loyihasi taklif etilgan bo‘lib, unda tillararo mos keluvchi so‘z turkumlari,
morfologik xususiyatlar va tobelik munosabatlari tizimi ishlab chigilgan [2]. Ushbu loyiha turli tillar uchun
universal bog‘liglik daraxti korpuslarini yaratish va ularni yagona formatda taqdim etish orqali sintaktik tahlil
algoritmlarini solishtirish, baholash va ko‘p tilli modellarni o‘qitish imkonini beradi.

Chuqur o‘rganish davrida tobelik tahlili uchun grafga asoslangan neyron modellar keng qo‘llanila boshladi.
Xususan, chuqur bi-affin neyron diqgat mexanizmi asosida qurilgan model bosh-tobe so‘z juftliklari uchun
bi-affin baholash funksiyasini qo‘llab, tobelik grafigini global optimallashtirish imkonini beradi [3]. Ushbu
yondashuvda so‘zlarning kontekstli tasvirlari ko‘p qatlamli BILSTM enkoder yordamida olinadi, so‘ngra bosh
va tobe proyeksiyalar uchun alohida neyron tarmoglar va bi-affin operatorlar orqali yoy (arc) va munosabat
(label) ehtimollari hisoblanadi. Bu model bugungi kunda ko‘plab tillar bo‘yicha universal bog‘liglik daraxti
korpuslarida yetakchi natijalar ko‘rsatgan.

Ko‘p tilli neyron sintaktik tahlilni amaliy dasturiy ta’minot ko‘rinishida taqdim etuvchi Stanza
kutubxonasi turli tillar, jumladan, o‘zbek tili uchun ham tayyor neyron quvurlar (tokenizatsiya, POS-tagging,
morfologik tahlil va tobelik tahlili)ni taqdim etadi [4]. Stanza arxitekturasi aynan chuqur bi-affin neyron
digqat mexanizmi asosidagi tobelik tahlil modellariga tayanadi va UD formatidagi universal bog‘liglik daraxti
korpuslarida o‘qitishni qo‘llab-quvvatlaydi.

O‘zbek tili bo‘yicha universal bog‘liglik daraxti korpusini yaratish yo‘nalishida so‘nggi yillarda dastlabki
natijalar olingan bo‘lib, ular UD standartlariga mos annotatsiya gilingan korpusni, milliy tilga xos morfologik va
sintaktik hodisalarni formal tavsiflashni, shuningdek, ushbu korpus asosida dastlabki sintaktik tahlil modellarini
qurishni o‘z ichiga oladi [5]. Ushbu ishlar o‘zbek tili uchun universal bog‘liglik daraxti korpusining mavjudligini
ta’minlab, chuqur neyron modellarni o‘qitish, UAS/LAS metrikalari asosida baholash va boshqa tillar bilan
solishtirish imkonini beradi. Mazkur magqola ana shu yo‘nalishni davom ettirib, o‘zbek tili uchun yangilangan
universal bog'liglik daraxti korpusi va chuqur bi-affin neyron diggat mexanizmi asosidagi tobelik tahlil
modelining matematik va eksperimental tahlilini taqdim etadi.

KORPUS
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Ushbu tadgiqotda foydalanilgan universal bog‘liglik daraxti korpusi o‘zbek tilining zamonaviy adabiy
me’yoriga asoslangan bo‘lib, Universal bogliglik daraxti korpusi (Universal Dependencies, UD) standartlariga
mos ravishda tuzilgan [2]. Korpusning asosiy magsadi — o‘zbek tili sintaksisini formal grafik model ko‘rinishida
ifodalash, tobelik grammatikasi uchun “oltin standart” ma’lumotlar bazasini shakllantirish va chuqur neyron
modellarni o‘gitish hamda baholash uchun yetarlicha barqaror poydevor yaratishdir [1].

Korpus tarkibiga o‘zbek adabiyoti va ilmiy-ommabop matnlaridan tanlab olingan 686 ta gap (taxminan
7800 ta token) kiritilgan. Matnlar turli janr va uslublarni qamrab olishi orqali sintaktik konstruksiyalarning
xilma-xilligini ta’minlashga harakat qilindi: bular qatoriga badiiy proza, ilmiy-ommabop magqolalar, ta’limiy
matnlar va rasmiy-yozma uslub elementlari kiradi. Korpusni shakllantirishda korpus lingvistikasi tamoyillariga,
xususan, namunalar tanlashda reprezentativlik va muvozanatlilik (balanslanganlik) talablariga tayangan holda
ishlashga intilindi [6].

Har bir gap UD formatidagi to‘liq satr sifatida ifodalanib, quyidagi annotatsiya qatlamlarini o‘z ichiga
oladi: tokenlar (so‘z shakllari), lemmalar, umumiy so‘z turkumlari (UPOS), tilga xos so‘z turkumlari (XPOS),
morfologik xususiyatlar (UFeats), shuningdek, har bir token uchun bosh so‘z (HEAD) indeksi va tobelik
munosabati turi (DEPREL). Shunday qilib, korpus har bir gapni yo‘naltirilgan daraxt ko‘rinishidagi sintaktik
graf sifatida talgin qilish imkonini beradi. O‘zbek tilining agglyutinativ xususiyatlarini inobatga olib, affikslar
so‘z tarkibida golgan holda, lemmatizatsiya va morfologik xususiyatlar orqali grammatik ma’no alohida gatlam
sifatida ifodalangan; bu yondashuv bir tomondan UD standartlariga moslikni, ikkinchi tomondan esa morfologik
boylikni yo‘qotmaslikni ta’minlaydi [2].

Korpus INCEpCTION platformasi yordamida annotatsiya qilingan bo‘lib, unda 4 nafar tilshunos va
2 nafar NLP muhandisi ishtirok etgan. Annotatsiya jarayoni ikki bosqichli sifat nazorati asosida tashkil etildi:
dastlabki belgilashdan so‘ng o‘zaro tekshirish (cross-verification) va yakuniy hakamlik (adjudication) bosgichlari
amalga oshirildi. Annotatorlararo moslik lemmatizatsiya va UPOS darajasida 95% dan yuqori, morfologik
xususiyatlar darajasida esa qariyb 90% ni tashkil etgani korpusning statistik barqarorligini va keyinchalik neyron
modellarni o‘qgitishda ishonchli etalon sifatida foydalanish mumkinligini ko‘rsatadi [5].

Universal bog'liglik daraxti korpusi sintaktik tahlil modellari uchun nafaqat o‘quv ma’lumotlari, balki
baholash (evaluation) standarti sifatida ham xizmat giladi. Ushbu maqgolada aynan shu korpus asosida chuqur
bi-affin neyron diqqat mexanizmi yordamida qurilgan tobelik tahlil modeli o‘qitilib, Unlabeled Attachment Score
(UAS, belgilarsiz birikish aniqligi) va Labeled Attachment Score (LAS) kabi standart metrikalar orqali sinovdan
o‘tkaziladi. Natijada olingan ko‘rsatkichlar o‘zbek tili uchun universal bog‘liglik daraxti korpusi va chuqur
neyron tahlil modellarining bir-birini to‘ldiruvchi, yagona matematik platforma sifatida garalishi mumkinligini
ko‘rsatadi.

Quyidagi 1-rasmda annotatsiya jarayonida foydalanilgan INCEpCTION platformasining ko’rinishi aks
ettirilgan.

e 5o \
e A \ bass) coomp
i A\ =
[DETTP ], VERBT FEEEA
—— puncBONGTIY]  (MorFes..) \ pasio ger/ MorFsa..). (MorFes..). \ basi  neuty/ (MorF O SR
10 biroq bu ishga men boray

]
deb turib olibdi

Puc. 8: INCEpCTION platformasida o’zbek tili matnlarini annotatsiya qilish jarayoni.

MASALANING QO‘YILISHI

Ushbu tadqgiqotda sintaktik tahlil (tobelik tahlili) masalasi chuqur bi-affin neyron diqqat mexanizmi
asosidagi grafik model sifatida qaraladi. Tobelik grammatikasi doirasida gap S = (w1, ..., w,) ketma-ketlikdagi
so‘zlardan tashkil topgan bo‘lib, unga wyg = ROOT maxsus ildiz tuguni qo‘shiladi. Sintaktik daraxt esa har bir
i €{1,...,n} so‘z uchun bosh so‘z indeksi h(i) € {0,...,n} va tobelik munosabati turini r(¢) beruvchi yoylar
to‘plami

T ={(h(i),i,r(@) |i=1,...,n}
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ko‘rinishida tasvirlanadi. Daraxt “yaxlit” bo‘lishi uchun bu yoylar to‘plami n 4+ 1 tugunga ega bo‘lgan, siklsiz va
bitta ildizli yo‘naltirilgan daraxt hosil gilishi kerak [1].
Chuqur bi-affin neyron digqat mexanizmi g‘oyasi shundan iboratki, model gapdagi har bir bosh-tobe so‘z

juftligi (4,4) uchun raqamli baho s(“I ) hisoblaydi va bu baholar asosida eng ehtimolli tobelik daraxtini tanlaydi

[3]. Boshqa tomondan garalganda, sgam) lar shunday tanlanadiki, ular har bir so‘z ¢ uchun barcha mumkin
bo‘lgan boshlar {0,...,n} ustida tagsimot hosil qiladi:

exp (07

n

3 exp (sfﬁf"))'

k=0

P(h(i) =3[ 95) =

Shunga o‘xshash tarzda, to‘g‘ri bosh h(7) tanlanganidan so‘ng, model munosabat turi r(¢) uchun ham alohida
ehtimollik tagsimoti P(r(i) | h(i),S) ni o‘rganadi. Amaliyotda bu ikki gism (yoy mavjudligi va munosabat
yorlig‘i) uchun alohida neyron chiqish qatlamlari va yo‘qotish funksiyalari ishlatiladi.

O‘qitishning magsadi — universal bog‘liglik daraxti korpusi asosida berilgan “oltin standart” daraxt 7™ ni
maksimal ehtimollik bilan tiklay oladigan parametrlar 6 ni topishdir. Boshgacha aytganda, model

P(T* | S;6)

qiymatini maksimal qilishga intiladi. Buni amalda yoylar va munosabatlar mustaqil deb faraz qilinadigan
faktorizatsiyalangan ko‘rinishda yozish mumkin:

log P(T* | S;6) ZlogP (h*(i) | S;6) +ZlogP “(i) | h*(4), S;0),
i=1
bu yerda h* (i) va r*(i) — korpusda berilgan bosh va munosabatning “oltin” qiymatlari. Neyron modelni o‘gitishda
ushbu ifodaning manfiy qiymati Cross-Entropy ko‘rinishidagi yo‘qotish funksiyasi sifatida minimallashtiriladi:

‘C(e) - ﬁarc(e) +£rel ZlogP h* ‘ S 9 Z]ng | h*( ) S, 9)

”

Bu rnaqsad funksiyasini intuitiv misol orqali tushuntirish mumkin. Masalan, “O‘quuchi kitobni o‘qidi
gapida to‘g‘ri daraxt quyidagi yoylardan iborat bo‘ladi: ROOT — o‘qidi (predikat), o‘qidi — O‘quvchi (ega),
o‘qidi — kitobni (tinigli to‘ldiruvchi). Agar model dastlab “O‘quuchi” uchun noto‘g‘ri bosh tugun sifatida
“kitobni” so‘zini yuqori ehtimollik bilan tanlasa, log P(h*(i) | S) qiymati kichik bo‘ladi va yo‘qotish L.
ortadi. O‘qitish jarayonida gradientlar yordamida parametrlar 6 shunday yangilanadiki, to‘g‘ri yoylarning
ehtimolligi oshadi, noto‘g‘ri yoylar esa penalizatsiya gilinadi. Xuddi shunday, nsubj (ega) va obj (to‘ldiruvchi)
kabi munosabat turlarini farqlashda xato belgilash ham L, ni oshiradi va model keyingi iteratsiyalarda bu
xatoni kamaytirishga intiladi.

1. Enkoder (BiLSTM)

Modelning birinchi komponenti — ketma-ketlikni kodlovchi neyron tarmoq (enkoder) bo‘lib, u gapdagi
so‘zlarni kontekstga bog‘liq vektor tasvirlarga o‘tkazadi. Har bir so‘z w; uchun so‘z shakli, lemma va so‘z turkumi
t; ga asoslangan boshlang‘ich embeddinglar e; hosil gilinadi; amaliyotda ular so‘z embeddingi va UPOS/XPOS
embeddinglarining birlashtirilgan ko‘rinishi sifatida yozish mumkin:

(word) | e(_pos)].

x; = [e; ;
Hosil bo‘lgan x1,...,x, ketma-ketligi kontekstual ma’lumotlarni o‘zlashtirish uchun ko‘p qavatli Ikki
Tomonlama Uzun Qisqa Muddatli Xotira (BiLSTM) tarmog‘iga uzatiladi:
r; = BiLSTM(xy,...,X,)i, i=1,...,n. (1)

Bu yerda r; — i-so‘zning chap va o‘ng kontekstini birgalikda hisobga olgan, yuqori o‘lchamli yashirin holat vektori
bo‘lib, keyingi bi-affin baholash gatlamlari uchun kirish nuqtasini tashkil etadi. Shu tarzda butun gap

S=(wi,...,w,) +— R=(r1,...,ry)

ko‘rinishidagi vektorli fazoga ko‘chiriladi va sintaktik bog‘lanishlar aynan shu fazoda o‘rganiladi.
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2. Bi-affin baholash (Scoring)

Chuqur bi-affin neyron diggat mexanizmining asosiy g‘oyasi — har bir bosh-tobe so‘z juftligi uchun alohida
vektor proyeksiyalarni hisoblab, ular ustida bi-affin (ikki chiziqli) operator yordamida baho olishdir. BiLSTM
dan chiggan har bir r; vektori to‘rt xil ko‘p qatlamli perseptron (MLP) orqali ikki guruhga bo‘linadi:

hl(_arc-dep) = MLParc—dep (I‘i), h;-arc-head) = MLParc—head (rj>7

hl(‘rel_dep) - MLPrcl—dcp (ri)v hgrel_head) = MLPrcl—hcad (rj)~

Bu yerda Arc-Head va Arc-Dep proyeksiyalar bosh-tobe juftligi o‘rtasida umuman bog‘lanish mavjud yoki
yo‘qligini (yoy mavjudligi) baholash uchun, Rel-Head va Rel-Dep esa bog‘lanish turini (masalan, nsubj, obj,
obl kabi yorliglarni) aniglash uchun xizmat giladi.

(ar

Ikki so‘z — i (tobe) va j (bosh) — o‘rtasidagi boglanish uchun skalyar baho s; ) quyidagi bi-affin formula

orqali hisoblanadi:

(arc-dep)
s(arc) _ h(arc—dep)TU(arc) h§arc—head) + W(arc)T [h

gt T h(larc—head) +b(arC)7 (2)
J

bu yerda U®™) — bosh va tobe vektorlarning o‘zaro ta’sirini modellashtiruvchi o‘rganiluvchi matritsa, w(@re)

va b(®) esa chiziqli va skalyar siljitish parametrlaridir. Amaliyotda sﬁrc) qiymatlar har bir tobe so‘z i uchun
barcha mumkin bo‘lgan boshlar {0, ..., n} ustida softmax funktsiyasi orqali ehtimollik tagsimotiga aylantiriladi:
(arc)
o exp (s;%°)
P(h(i) =j|5) = -

> exp (59
k=0

h(rel—dep) va h(.rel—head)
? J

Xuddi shunday, munosabat turi bo‘yicha baholash uchun vektorlari ko‘p kanalli

bi-affin transformatsiyaga yuborilib, har bir mumkin bo‘lgan yorliq r uchun s§»rf 172 bahosi olinadi va ular ustida

softmax qo‘llanadi. Natijada model har bir juftlik (4, %) uchun “bosh kim?” va “munosabat turi nima?” savollariga
ehtimollik nuqtai nazaridan javob beradi.

3. Model Arxitekturasi Vizualizatsiyasi

Quyidagi 9 o’zbek tilidagi "O’quuchi kitobni o’qidi” gapi misolida arxitekturaning ishlash prinsipi
tasvirlangan.

Yugqori ehtimollik
(obj munosabati)

Biaffine Attention
hg Uhs
MLP
Head (h3)

BLSTM | [ BiLSTM | BILSTM | [ BILSTM
(=) -

ROOT O'quvchi kitobni o'qidi

Deep Biaffine Model ogimi

Puc. 9: O’zbek tili uchun Deep Biaffine Attention arxitekturasi sxemasi. "Kitobni” (tobe) va "o’qidi" (bosh)
so’zlari o’rtasidagi bog’liglikni hisoblash jarayoni.
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4. Xatolik funksiyasi (Loss)

Modelni o‘qitish jarayonida magsad — universal bog‘liglik daraxti korpusida berilgan “oltin” boshlar h*(7)
va munosabat turlari 7*(¢) ni yuqori ehtimollik bilan qayta tiklashdir. Buning uchun standart Cross-Entropy
tipidagi yo‘qotish funksiyalaridan foydalaniladi. Umumiy yo‘qotish

L= Larc + Erel (3)

ko‘rinishida faktorizatsiya qilinadi, bu yerda
n n
Lae=—» log P(h*(i) | S),  Lra=—Y log P(r*(i) | h*(i),S).
i=1 i=1

Intuitiv tarzda, agar model “O‘quuchi kitobni o‘qidi” gapida “O‘quvchi” uchun to‘g‘ri bosh sifatida
“o‘qidi” so‘zini emas, balki “kitobni” so‘zini yuqori ehtimollik bilan tanlasa, log P(h* (i) | S) giymati kamayadi
va L. ortadi; shuningdek, nsubj o‘rniga xato ravishda obj yorligini berish L, ni oshiradi. Gradientlar
yordamida parametrlar  ni yangilash natijasida model to‘g‘ri bosh-tobe juftliklari va ularning yorliglariga
yuqori ehtimollik berishni “o‘rganadi”’, noto‘g‘ri variantlar esa penalizatsiya qilinadi. Shu tariqa yo‘qotish
funksiyasini minimallashtirish o‘zbek tilining sintaktik qonuniyatlarini chuqur bi-affin neyron digqat mexanizmi
orqali o‘zlashtirishga olib keladi.

Shu paytgacha bizda shevalar boyicha tadgigotlarda ularning adabiy tildan fargi gancha kép kérsatilsa , shuncha ijobiy baholanib kelinmogda .

<root>

baholanib
root
VERB

korsatilsa ijobiy kelinmogda
advcl advmod  aux
VERB ADJ VERB
Y &
paytgacha bizda /tadqiqotlavda farqi kép s shuncha
advcl obl obl /nsubj advmod  punct det punct
NOUN PRON NOUN NOUN [ ADV PUNCT PRON PUNCT
Shu shevalar ularning/tildan gancha
det obl nmod iobj det
PRON NOUN PRON PRON PRON
b d
bdyicha adabiy
case amod
ADP ADJ

Puc. 10: Model tomonidan yaratilgan o’zbek tili gapining sintaktik tobelik daraxti.

TAJRIBA VA NATIJALAR

Ushbu bo‘limda taklif etilgan chuqur bi-affin neyron diggat mexanizmi asosidagi tobelik tahlil modelining
amaliy samaradorligi tahlil qilinadi. Tajribalar UzUDT universal bogliglik daraxti korpusi asosida, Stanza
kutubxonasi neyron quvuri (tokenizatsiya, so‘z turkumlarini aniglash, morfologik tahlil va tobelik tahlili) bilan
integratsiyalashgan holda olib borildi [4, 5]. Baholashda universal bog‘liglik daraxti korpusi hamjamiyatida
qabul gilingan standart metrikalar — so‘z turkumlari anigligi (UPOS/XPOS), morfologik xususiyatlar aniqligi
(UFeats), shuningdek, Unlabeled Attachment Score (UAS, belgilarsiz birikish aniqligi), Labeled Attachment
Score (LAS, belgilangan birikish aniqligi) va CLAS ko‘rsatkichlari ishlatildi [2, 3].

1. So‘z turkumlari va morfologik tahlil

Birinchi bosqichda so‘z turkumlari va morfologik xususiyatlarni aniglash vazifasi (tagging) ko‘rib chiqildi.
UzUDT universal bog‘liglik daraxti korpusi o‘quv to‘plamida x1m-roberta-base modeli mayin sozlandi (fine-
tuning) va u o‘zbek tili uchun maxsus o‘qitilgan FastText vektorlari (cc.uz.300.vec) bilan birgalikda ishlatildi.
Stanza quvuri doirasida so‘z shakli, lemma va POS teglaridan tashkil topgan kirish vektorlari neyron tagging
moduli orqali qayta ishlanib, har bir token uchun UPOS, XPOS va UFeats gatlamlari qayta baholandi.

90



O‘zMU XABARLARI ANIQ FANLAR Ne2/2.1, 2025, 85-93

Jadval 12: UzUDT universal bog‘liglik daraxti korpusida so‘z turkumlari va morfologik tahlil natijalari.

To’plam | UPOS aniqligi | XPOS aniqligi | UFeats aniqligi
Dev 82.92% 83.85% 67.39%
Test 86.10% 83.96% 70.06%

Rivojlantirish (Dev) va Test to‘plamlari bo‘yicha olingan natijalar 1-jadvalda keltirilgan.

Jadvaldan ko‘rinib turibdiki, model Test to‘plamida UPOS bo‘yicha 86.10%, XPOS bo‘yicha 83.96% va
morfologik xususiyatlar (UFeats) bo‘yicha 70.06% aniglikka erishgan. Dev va Test ko‘rsatkichlari o‘rtasidagi
tafovutlarning katta emasligi modelning umumlashma qobiliyati (generalization) yetarli ekanini ko‘rsatadi. Shu
bilan birga, UFeats aniqligi UPOS/XPOS ko‘rsatkichlariga nisbatan ancha pastroq bo‘lib golmoqda; bu o‘zbek
tilidagi kelishik, shaxs-son, zamon, egalik kabi murakkab morfologik xususiyatlarning neyron model uchun
giyinroq ekanligidan dalolat beradi. Bunday natija agglyutinativ tillar uchun tabiiy bo‘lib, morfologik analizator
bilan chuqur neyron modelni birlashtirish (‘morphology-aware’ arxitekturalar) zaruriyligini ko‘rsatadi [1, 5].

2. Sintaktik tobelik tahlili

Sintaktik tobelik tahlili bosqichida chuqur bi-affin neyron digqat mexanizmi asosidagi modelning sof
sintaktik qobiliyatini baholash magsadida oltin morfologiya (gold morphology) sharoiti tanlandi. Ya’ni, kirish
sifatida modelga universal bog‘liglik daraxti korpusidan olingan to‘liq to‘g‘ri lemmalar, UPOS va XPOS teglar
uzatildi; shu orqali morfologik xatolarning sintaksisga tarqalishi (error propagation) istisno qilinib, fagat tobelik
tahlil komponentining xatti-harakati o‘lchandi [3].

Test to‘plami bo‘yicha olingan UAS, LAS va CLAS ko‘rsatkichlari 2-jadvalda keltirilgan.

Jadval 13: Oltin morfologiya sharoitida sintaktik tobelik tahlilining baholash natijalari.

Metrika | Natija | Ta’rif

UAS 69.21% | Unlabeled Attachment Score (belgilarsiz birikish aniqligi)

LAS 53.21% | Labeled Attachment Score (bosh va munosabat turi to’g’ri)

CLAS 46.32% | Content LAS (mazmunli so’zlar uchun belgilangan birikish aniqligi)

UAS va LAS ko‘rsatkichlari orasidagi taxminan 16 foizlik farq shuni ko‘rsatadiki, model gapning umumiy
ierarxik tuzilmasini, ya’ni qaysi so‘z qaysi so‘zga bog‘langanini nisbatan yaxshi o‘rganadi (UAS =~ 69%), biroq
bog‘lanishning aniq sintaktik turini (masalan, nsubj —ega, 0bj —to‘ldiruvchi, obl —hol kabi yorliglarni) ajratishda
qiyinchiliklar mavjud (LAS = 53%). CLAS ning LAS dan pastroq bo‘lishi esa aynan mazmuniy so‘zlar (fe’l, ot,
sifat) uchun to‘g'ri belgilash vazifasining yanada murakkabligini aks ettiradi.

Bu natijalar o‘zbek tilining erkin so‘z tartibi, boy affiksatsiya tizimi va mavjud universal bog‘liglik
daraxti korpusining hajmi bilan izohlanishi mumkin. Kichik o‘quv to‘plami sharoitida chuqur bi-affin neyron
digqat mexanizmi sintaktik daraxtning asosiy skeletini (bosh-tobe bog‘lanishlar) yetarli darajada tiklay olsa-da,
ingichka farqlanuvchi sintaktik rollarni ajratishda yanada ko‘proq ma’lumot va qo‘shimcha lingvistik priorlar
talab etiladi [1, 3]. Shu nuqgtai nazardan, mazkur natijalar o‘zbek tili uchun chuqur neyron tobelik tahlili bo‘yicha
birinchi mustahkam bazaviy chiziq (baseline) sifatida qaralishi mumkin; kelgusida korpus hajmini oshirish,
morfologik xususiyatlarni yanada chuqur integratsiya qilish va ko‘p tilli transfer yondashuvlarini qo‘llash orqali
UAS/LAS ko‘rsatkichlarini sezilarli yaxshilash imkoniyati mavjud.

Umuman olganda, so‘z turkumlari va morfologik tahlil natijalari chuqur modelning o‘zbek tili grammatik
tizimini o‘zlashtira boshlaganini, sintaktik tobelik tahlili natijalari esa chuqur bi-affin neyron digqat mexanizmi
asosida qurilgan modelning erkin so‘z tartibli, agglyutinativ til sharoitida ham barqaror ishlashini ko‘rsatadi.
Ushbu tajribalar universal bog‘liglik daraxti korpusi va chuqur neyron tobelik tahlili o‘rtasida yagona matematik
platforma shakllanayotganini tasdiglaydi hamda keyingi tadqiqotlar uchun aniq ragamli benchmark vazifasini
bajaradi.

XULOSA
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Ushbu magqolada o‘zbek tili uchun universal bog‘liqlik daraxti korpusi asosida sintaktik tahlil masalasi
chuqur bi-affin neyron diqgat mexanizmi nuqtai nazaridan o‘rganildi. Avvalo, zamonaviy adabiy va ilmiy-
ommabop matnlardan tanlab olingan 686 ta gap (taxminan 7800 ta token) uchun universal bog‘liglik
daraxti korpusi standartlariga mos annotatsiya amalga oshirildi; lemmatizatsiya, so‘z turkumlari va morfologik
xususiyatlar bo‘yicha yuqori annotatorlararo moslikka erishilgani korpusning “oltin standart” sifatida qo‘llanishi
mumkinligini ko‘rsatdi. Bu korpus o‘zbek tili sintaksisini formal graf modeli sifatida tavsiflaydigan birinchi
bargaror ma’lumotlar bazasi bo‘lib, keyingi nazariy va amaliy tadqgiqotlar uchun asos yaratadi.

Taklif etilgan chuqur bi-affin neyron digqat mexanizmi asosidagi tobelik tahlil modeli BiLSTM enkoder,
bi-affin baholash qgatlamlari va Cross-Entropy yo‘qotish funksiyasi orqali bosh-tobe so‘z juftliklarini ehtimollik
nuqtai nazaridan baholash va optimal sintaktik daraxtni tiklashga qaratildi. Oltin morfologiya sharoitida olingan
natijalar — so‘z turkumlari uchun UPOS aniqgligi 86.10%, morfologik xususiyatlar uchun UFeats aniqligi 70.06%,
sintaktik tahlilda esa UAS=69.21% va LAS=53.21% — o‘zbek tili uchun chuqur neyron tobelik tahlilining birinchi
aniq raqamli bazaviy ko‘rsatkichlarini belgilaydi. UAS va LAS o‘rtasidagi farq erkin so‘z tartibli, agglyutinativ
til sharoitida sintaktik rollarni nozik farqlashning murakkabligini aks ettirsa-da, model gapning umumiy ierarxik
strukturasi va bosh-tobe bog‘lanishlarini yetarli darajada o‘rganayotganini tasdiglaydi.

Kelgusidagi tadqiqotlar uchun universal bog‘liglik daraxti korpusining hajmini kengaytirish, morfologik
analizator bilan chuqur neyron modelni yanada chambarchas integratsiya qilish, ko‘p tilli va transfer-o‘rganish
yondashuvlarini qo‘llash hamda qo‘shimcha lingvistik priorlar kiritish orqali UAS/LAS ko‘rsatkichlarini sezilarli
yaxshilash imkoniyati mavjud. Shunday qilib, yaratilgan universal bog‘liqlik daraxti korpusi va chuqur bi-affin
neyron tahlil modeli o‘zbek tili sintaksisining matematik va hisoblash nuqtai nazaridan tadqiqi uchun poydevor
va kelajakdagi NLP tizimlari uchun ishonchli komponent sifatida qaralishi mumkin.
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Resume

This article introduces a new Universal Dependencies (UD) treebank for the Uzbek language and a
dependency parser based on a deep biaffine neural attention mechanism. The corpus contains 686
sentences ( 7,800 tokens) from literary and popular-science texts, manually annotated with lemmas,
POS tags, morphological features and dependency relations, achieving inter-annotator agreement
above 95% for lemmatization and UPOS. On top of this gold-standard resource, we train and evaluate
a BiLSTM-based deep biaffine dependency parser implemented in the Stanza pipeline, obtaining
86.10% UPOS accuracy, 70.06% UFeats accuracy and, under gold morphology, 69.21% UAS and
53.21% LAS on the test set. The treebank and model define the first strong neural baseline for
dependency parsing in Uzbek and provide a mathematically grounded platform for further NLP
research on the language.
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Pesrome

B crarpe npeacrasien ool Tpubank Universal Dependencies (UD) sist y36€KCKOro sI3bIKA U 1O~
CTPOEHHBI Ha €ro OCHOBE IMapCcep 3aBUCHMOCTell ¢ rirybokoil OuadduHHON HEHPOHHON MOIEJBIO
puumanusg. Kopiyc Bkimogaer 686 npemnoxkenuii ( 7800 TOKEHOB) U3 XYI0KECTBEHHBIX U HAYIHO-
[IOIIYJIIPHBIX TEKCTOB, BPYYHYIO AHHOTHPOBAHHBIX JIEMMAMM, JACTIMU PEUIU, MOPQOIOrHIECKIMEI
IIpU3HAKaMU W OTHOIIEHHUSIMU 3aBUCHUMOCTEN; MEYKaHHOTATOPCKOEe COIVIache ISl JIEMMATU3AINN U
UPOS npepsimaer 95%. Ha 6asze sToro «3osororo crangapra» obydaercsa u onenubaerca BiLSTM-
6uadUHHBI Tapcep, peaju30BaHHBI B KOHBeiiepe Stanza, KOTOPBIH IIPU 30J10TOH MOPMOJIOrun
mocruraer 86,10% rounoctn UPOS, 70,06% Tounoctn UFeats u 69,21% UAS / 53,21% LAS na Te-
croBoit BeibopKe. [lomydyennbprit TpuOAHK M MOJEIb 33/IAI0T MIEPBYI0 CHJILHYIO HEHPOHHYIO 0a3y s
aHaAJIN3a 3aBUCUMOCTEN B Y30EKCKOM SI3BIKE U CO3JAI0T MAaTeMATHYeCKd OOOCHOBAHHYIO ILJIAT(MOPMY
I JajbHeimmux uccaeposanuii B obsactu HJIIL.

Karouesnte caosa: Universal Dependencies, y30ekckuil si3bIK, aHaJ M3 3aBUCUMOCTeIA, Ty1yboe Guad-
dunHOE HelipoHHOe BHUMaHUe, Tpubank, HJIIT.
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RESUME

In this paper, the asymptotic behavior of self-similar solutions to the Cauchy problem for a system of
nonlinear parabolic equations in non-divergence form is obtained, and estimates for the subsolution
are derived.

Key words: mathematical modeling, self-similar solutions, parabolic equations, non-divergence
form, subsolution, asymptotic behavior.

1. Introduction

In this work, in the domain @ = {(t,z) : t > 0, € R} we consider the Cauchy problem for a system
of nonlinear parabolic equations not in divergence form:

S T TR
(1)

B =g ) —

u(0,2) = up (x) >0
{ 2 (0.2) = vo (2) > 0 @

where 81 > 1,8 > 1, m > 1, ag > 1, ag > 1 - numerical parameters, v = u(t,z) > 0,v = v(t,z) >0 -
are the solutions.

In this paper, we study a nonlinear parabolic system of equations not in divergence form with absorption.
Such systems naturally appear in models of heat transfer, combustion and chemical reactions, where nonlinear
diffusion plays an essential role. The considered system describes the temperature variation and reactant
concentration during the combustion process, capturing the essential features of nonlinear diffusion and heat
generation. By applying a self-similar solution, we investigate qualitative properties of solutions, subsolutions
and analyze their asymptotic behavior.

In [1], the author proved the asymptotic behaviour of the finite blow-up points solution u of u; = Au™
in O x (0,00), u(a;,t) =00, Vi =1,...,40, £ > 0, u(z,0) = ug(x) in Q and u = f on 90 x (0,00), as t — oo.
Also author construct finite blow-up points solution in bounded cylindrical domain with appropriate lateral
boundary value such that the finite blow-up points solution oscillates between two given harmonic functions as
t — oo and proved the existence of the minimal solution of u; = Au™ in Q x (0,00), u(x,0) = wup(x) in Q,
u(a;,t) =00, ¥Vt > 0,i=1,2,...,i0 and u = oo on I x (0, 00).

In article [2], the authors studied the Cauchy problem for a class of coupled nonlinear parabolic systems
and analyzed the asymptotic behavior of their solutions. A Fujita-type blow-up theorem was established using
integral estimates and appropriate supersolutions. Furthermore, the critical Fujita exponent, determined by the
diffusion and spatial dimension, was identified.
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Reference [3] focuses on parabolic problems with anisotropic nonlinearities under nonstandard growth
conditions. The existence and uniqueness of weak solutions are established in variable exponent Sobolev spaces.
To analyze blow-up phenomena, energy methods are employed, showing that solutions may blow up for both
negative and positive initial energies. The roles of variable exponents and coefficients are shown to be critical
in Fujita-type blow-up behavior.

In article [4], the authors investigated the blow-up behavior of solutions to nonlinear parabolic systems of
non-divergent equations with variable density. The study addressed key aspects in solving Cauchy problems for
partial differential equations using the difference method B — including the selection of the approximation order
with respect to spatial coordinates, the choice of an initial approximation function, and the development of an
efficient algorithm for solving the resulting systems of difference equations. A high-accuracy difference scheme
for a nonlinear system in non-divergent form was constructed in the article.

Reference [5] investigates some properties of the blow-up solutions of a nonlinear parabolic system of
non-divergent form with cross-diffusion. By constructing suitable auxiliary functions and employing analytical
techniques, we derive sufficient conditions for the existence and behavior of blow-up solutions. The obtained
results contribute to the deeper understanding of nonlinear diffusion dynamics and provide a foundation for
further studies in multidimensional and more complex systems.

In article [6], the critical curves of a doubly nonlinear parabolic equation in non-divergent form with a
source term and nonlinear boundary flux are studied. Both the critical global existence curve and the critical
Fujita curve are derived. A distinctive feature of equation (1) is that it degenerates at points where v = 0 and
Vu = 0. As a result, classical solutions may not exist, and therefore, we consider only weak solutions in the
generalized sense described.

Another systems [7,17] was studied through the method of nonlinear splitting, known previously for
nonlinear parabolic equations, and systems of equations in divergence form, asymptotic theory and asymptotic
methods based on different transformations. Asymptotic representation of self-similar solutions for the nonlinear
parabolic system of equations not in divergence form is constructed.

In [8], the authors studied a doubly nonlinear degenerate parabolic system with nonlinear source and
absorption terms, which are not located in a homogeneous medium. The system satisfies zero Dirichlet boundary
conditions in a smooth bounded domain. To investigate the problem, the comparison principle and a self-similar
approach were applied. Moreover, the nonlinear splitting method was employed to establish the existence of
both global and finite-time blow-up solutions. It was shown that the interplay between the nonlinear source and
nonlinear absorption terms plays a crucial role in determining the existence or non-existence of solutions. These
results contribute to a broader understanding of nonlinear parabolic systems.

References [9,12] investigates the asymptotic behavior of self-similar solutions for a degenerate parabolic
system not in divergence form, considering both the slow and fast diffusion cases. Using the comparison method,
the finite speed of perturbation distribution (FSPD) property of the Cauchy problem for a cross-diffusion
parabolic system not in divergence form is established. Based on the obtained asymptotic behavior of the
solutions, suitable initial approximations are proposed for the iterative process in both the slow and fast diffusion
regimes, depending on the values of the numerical parameters.

In [10] and [11], the authors studied the asymptotic behavior of self-similar solutions of a parabolic
system. In particular, Aripov and Matyakubov [10] studied the problem of constructing ZeldovichB-Barenblatt
type solution for the cross system equation with a source. Using comparison methods, the property of FSPD of
the Cauchy problem for a cross-diffusion parabolic system not in divergence form is established. The asymptotic
behavior is discussed for a solution of the cross-diffusion parabolic system equations in non-divergence form for
slow and fast diffusion cases depending on the value of the numerical parameters. On the basis of the asymptotic
of solutions, suitable initial approximations are offered for the iterative process in the cases of the slow and fast
diffusions, depending on the numerical parameter values.

Also, some books and scientific articles contain more equations and methods used in the field than
any other book currently available. Included in the handbook are exact, asymptotic, approximate analytical,
numerical, symbolic, and qualitative methods that are used for solving and analyzing linear and nonlinear
equations. The authors also present formulas for the effective construction of solutions and many different
equations arising in various applications, such as heat transfer, elasticity, hydrodynamics, and more. This
extensive handbook is the perfect resource for engineers and scientists searching for a comprehensive reservoir
of information on ordinary differential equations [12-17].
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In this paper, using the self-similar approach, we obtain a particular solution of system (1) and prove
that this solution describes the asymptotic behavior of compactly supported solutions. The main purpose of
this paper is to establish conditions for the existence of subsolution to problem (1)-(2) based on the self-similar
analysis [1-13].

2. The self-similar analysis of the problem.

Below, we employ the method of nonlinear splitting [1,7,8,13] to derive the self-similar form of the
equation. For construction of the self-similar solutions of the system (1), we consider the functions u(t, z), v(t, x)
in the form:

u(t,z) = u(t)w(z, 7(t)),
_ (3)
o(t,z) =v(t)e(z, (1))
Let u(t), ©(t) be in the form:
B1+1 Ba+1
a(t) = A(T —t)T=mP2 | 9(t) = Ax(T — t)T-FiPz
) 1 ; __Bi
where A; = (75%2&1)/*1/12—1 (72‘;’5;1)/31[*2—1 Ji=1,2.
Using (3) the system (1) can be reduced to the following form:
22 = 2 (wm192) 4y (5 4 )
el as 0 m—19¢ —1(,,.3 (4)
ar = ¥ 5 (‘P %) +dpm ™ (0 + )
where ( D1
(T — t) ni(a1+m—1)+
Agatm i t —1)4+1<0
()= "1 ni(an+m—1)+1" at e +m-1)+1<0,
— AT (T — 1), at ny(ap +m—1)+1=0.
Aaz—i—m—l
n2(a2+m_l):n1(a1+m_1)7 ZZW,
di — ni1 dy — Tlgl
T +rm—D+1 7T nglag+m—1)+1°
We consider the problem for the case nj(ag +m —1)+1 < 0.
We seek the self-similar solution of system (4) in the following form:
x
w(r,z) = f(§), v(r,z)=06((§), (= Y (5)
By substituting (5) into system (4), we obtain the following self-similar solution:
d ( pmordf\ | €df ]
a_— = 2—+d ! =0
1 RS STICES "
d _1do\ | §do
(o5 m 17 >"r d BQ — O
0" (¢ d§>+2d§+ 2 (/7 +¢)
3. A subsolution of the problem.
Suppose that for system of equations (6) the following conditions are fulfilled:
f1(0)=0, ¢'(0)=0.
Then, the functions
— 1 — 1
F(6) = Bifa — €)77, 3(6) = Bafo — )T @
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where, a > 0, B; = ( cifds )i, =

T = m (i=1,2), satisfy system of equations (6).
Then, the Subsolution theorem holds.

Theorem 1. Let

1. ni(ai+m—1)+1<0,
a;+m—1 1 .
2. B}* (me; — 1) < T (i=1,2),

3. up(z) > u_(0,2), vo(x) >v_(0,z), ze€R.

Then, for problem (1)-(2), a global solution exists in Q and the following estimate is satisfied
u(t,z) > u_(t,z),v(t,x) > v_(t,z), =€ R, where

8
(©)- )

Proof. To prove the theorem we use the method of comparison of solutions. Hence, comparing solution
methods [14] it is taken the functions u_ (¢, x),v_ (¢, z). Substituting (8) in

(1) the following inequality can be
obtained:

m—1 df € df 161
() S e |
m—1 £ do By | 7 )
d§<¢> d§>+2d§+d2(f +¢) >0
If the specific form (7) is given for the functions f(¢), ¢(¢) inequality (9) can be rewritten as follows

AB{ ey (mey — 1) — Bieya+ di By (a — €2)@2fimatl > (10)
4BS* ey (meg — 1) — Bacga + ngfz (a — gH)erPameatl >

It is known that f(€), (&) are positive functions and dy,ds > 0, therefore BX ™! (me — 1) > 1,1=1,2.
Then, according to the theorem, for the comparison of the solutions to problem (1)-(2), there exists a
global solution in Q and the following estimate is satisfied: u(t, x) > u_ (¢, x)

yx) > u_(t,x), v(t,x)>v_(t,x).

The proof of the theorem is completed.

4. Asymptotic of the self-similar solutions.

Next, the asymptotic behavior of the self-similar solutions of the system (6) is studied. Self-similar solution

of system equations (6) will be searched for in the form:

F&) =FE&ym), »©)=2(&zm), n=-In(a-¢), (11)

where

&) =A(a— 52)11”"71 , p(&) = As(a— fz)iﬁm ', and y1(n), y2(n)- are the new functions.

Then, substituting (11) into (6) for the functions the following system of nonlinear equations is obtained

o, L1 (y)

d
_— —alyo‘lLl( )+CL2 y 7y +a3z51 —|—a4y:0
dn dn ap+m—1 (12)
dLy(2) dz z
o2 2 b 2™ L b — )+ by + by =
an 1272 La(2) + b d om i) Ty Hbaz=0
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Here:
ai(n) = all_‘__?:;l_ 1+2(ae:z—n)’ az(n) = iB%_al_mv as(n) = 421?315—1771 (ae_neh_ln) as(n) = m,
i = e ) = LB i = B T = T
q:ayf;—l_ai;§11+L @:a,fi_l_a;;;il+l
L) =" G - ) L) = - )

dn ay+m-—1

It is supposed that & € [£p,&1), 0< & <&,
Si=a

Therefore, the function 7(§) has the properties:
77/(5) >0 at g € [50751);

no = () > 0, m n(€) = +oo.

li
§—&1
It follows from self-similar system of equations (12) the following limitations

lim a;(n) =a?, lim b;(n) =00 (i=1,2,3,4),

n——+00 n—+oo
which exist, and are finite and nonzero, that is
0 0
0 < |af] < 400,0 < || < +o0.

Further, we consider the solutions of the system (12), in a certain neighborhood of +o0, which satisfy

the inequalities
yi(m) >0, zi(n) >0, ¢ +amy#0, 2" +bo(n)z#0.

Here, we introduce the notations:

B 1— o B _ d;By",
Ci1 = (az+m7 1)25 Cio2 = 4(Oél+m*1)7 Ci3 = 4Baz‘+m7
; 1
hi = Bi +1, by =A;B; (i=1,2)

as_; +m—1 B o; +m—1
Let y(n) = y° + o(1), 2(n) = 2%+ 0(1) asn — +oco and the equality na(ag + m — 1) = ny(ag + m — 1) is
performed.

Then the following theorems hold.

Theorem 2. Let hy > 0,he > 0. Then, the self-similar solution of system (1) has the asymptotic at
z—a 2 (t—T):

. ,ny a1+1m71 0
ua(t, ) ~ by (T —t)"™ (a— — " (y —l—o(l)),
ATTNT g
: (13)
s ,YIZ agftm—1 o
va(t,x) = bo(T —t) a— A§2+m_1(T—t)7 (z +0(1)) ,

where 0 < 3° < 400, 0 < 20 < 400 and 3°, 20 are the solutions w;,wy for the system of nonlinear algebraic
equations:
ai+m Bl _
C11Wq + crowy + cr3wy - =0,

=0

N (14)
(073 m
Co1wy > 4 coawa + Cozwr
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Theorem 3. Let hy = 0,hy > 0. Then, the self-similar solution of system (1) has the asymptotic at
T — a’%(t —T)7 form (13), where 0 < y° < 400, 0 < 20 < +oco and y°, 20 are the solutions wy,ws for the
system of nonlinear algebraic equations:

w4 cppwy = 0, 15
az+m B2 ( )
C21Wqy + Coowso + Co3Wy = 0.

Theorem 4. Let hy > 0,ha = 0. Then, the self-similar solution of system (1) has the asymptotic at
T — a’%(t —T)7 form (11), where 0 < y° < 400, 0 < 2° < +oco and y°, 20 are the solutions wy,ws for the
system of nonlinear algebraic equations:

a;+m 1
C11Wq + c1owq + Clgwg = O, (16)
021w§2+m + Coowo = 0.

Theorem 5. Let hy = 0,hs = 0. Then, the self-similar solution of system (1) has the asymptotic at
x — a”2(t —T)7 form (11), where 0 < y° < 400, 0 < 2° < +00 and 3,20 are the solutions wy, wy for the
system of nonlinear algebraic equations:

itm _
cliw " 4 erpwy =0, (17)
621w32+nl + CooW9o = 0.

The proof. Assuming in Egs. (12):
U1(n) = L1y, 9Y2(n) = Loz, (18)

the following identity is obtained:

am = (F e ) omm = (- ). (19)

ar+m—1 din_az—km—l

we obtain the identity:

1 — — —
vi(n) = an(nvi(n) — arpvi(n) 7y~ — a1z y ™ + agay'
/ 1 & Ba ,—o 1—a (20)
v3(n) = a1 (M)vi(n) — az2va(n) ™27 — azy™ 2" + agaz ~*
Furthermore, consider the functions:
1
g1(A1,m) = ann (M — apAT Yy~ — a1z y ™ +agay' T, (21)

1
92(>\2, 77) = (121(7]))\2 — (],22)\2m z7 - a23y5127a1 + a24217a2,

where A\; € R, (i =1,2).

Let us suppose a;f;kl — a'trzil +1 =0 (i=1,2) then,

: I ! : ol i aem _ diBy! : B
nl}l_’r_loo a1(77) = m, ngl—ir-loo a2(77) = ZBI ) ngr_{_loo a3(7]) = W7U£TM a4(77) =0,

. 1—ao . 1 o1 —an— . dQBlﬁ2 .

lim b =——— lim b =-B,” "™ lim b =———, lim b =0.
i bi(n) = s lm ba(n) = 3B, , Hm_bs(n) apo M 4(n)

and the functions g;(A;,n) (i = 1,2) preserve sign on some interval [r;,4+00) C [1, +00) for every fixed
value \; (i =1,2).
Therefore, the functions g;(\;,n) (i = 1,2) for all n € [, +00) satisfies one of the inequalities:

gi(Ai;m) >0 or gi(A,m) <0 (i=1,2). (22)
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Let us assume that for the functions v;(n) (i = 1, 2) the limit at n — +00 does not exist. Consider the case,
where one of the inequalities (22) are fulfilled. By force of the functionB’s v;(n) (i = 1,2) oscillation, the straight
line o; = A\; (i = 1,2) and its graph intersects an infinite number of times in the interval [n;, +00) (i = 1,2).
However, this is impossible, since the interval [n;,+o00) (i = 1,2) is justly one of the inequalities (21) and
therefore, it follows from Eq. (22), that graph of the functions v;(n) (i = 1,2) intersects the straight line
7; = A; (¢ =1,2) only once in the interval [, +00) (i = 1,2). Therefore, for the functions v;(n) (i = 1,2) the
limit at n — 400 exists.

Assuming the functions v;(n) (i = 1,2) are defined in accordance with Eq. (18) and have a limit at
1 — +00, one can show that y}(n) (i = 1,2) has a limit at n — 400, which is equal to zero. Then,

_ dy Yy m
m—1 0 0
— —_—— —_— = ].
vi(n) =y <dn a1+m_1> aj (y°) " +o(1),
) P (A — Y Y P L PYC)
dn as+m-—1 ! ’
and by (19) derivative of functions v;(n) (i = 1,2) has a limit at 7 — 400, which obviously equals zero.
Consequently,
lim (a11(n)vi(n) — a12111(77)#y_a1 —a1327 Y7 fapytTM) =0,
n—+00
i (a21(n)v1(n) — azava(n)™ 27 — azsy™ 272 + agyz'792) = 0.

It is easy to see that the system (18) has a solution (y1(n),y2(n)) with a finite non-zero limit at n — +oo
necessary to comply with the conditions of Theorem 2, 3, 4, 5.

Then the compactly supported solution of the problem (6) has an asymptotic of the form (13) as £ — at.
Thus, the theorem is proved.

CONCLUSION

The Cauchy problem for a non-divergent nonlinear parabolic system with an absorption term describing
combustion processes was studied using the comparison method. A subsolution corresponding to the considered
problem was constructed, and the lower bounds for the main solution were obtained. Asymptotic representations
of self-similar solutions for this system were then obtained, and their asymptotic behavior was analyzed. It was
shown that the coefficients of the main terms of asymptotic of solution satisfy to some system of a nonlinear
algebraic equation. These results highlight the essential influence of nonlinear diffusion and heat generation on
the combustion dynamics and the evolution of temperature. The obtained results contribute to the theoretical
development of nonlinear parabolic systems modeling heat transfer and combustion processes.
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REZYUME

Ushbu maqolada nodivergent ko‘rinishdagi nochiziqli parabolik tenglamalar sistemasining Koshi
masalasi uchun avtomodel yechimlar asimptotikasi topildi va quyi yechim uchun baholar olindi.

Kalit so‘zlar: matematik modellashtirish, avtomodel yechimlar, parabolik tenglamalar sistemasi,

nodivergent shakl, quyi yechim, assimptotik baholash.

PE3IOME

B nanHoit ctaThbe Hafi/leHa aCUMIITOTUKA ABTOMOJIEIBHBIX penteHnit 3a1a4u Kot jj1st cucTeMbl HeJTr-
HEWHBIX TapabOJIMYeCKUX YPaBHEHUN B HEIWBEPTeHTHON (bOpMe U IMOJIYUIEHBI OIEHKU JJIsi HUKHETO
perieHus.

Karouesnle ca08a: MaTeMaTUIeCKOe MOJEJNPOBAHIE, AaBTOMO/IEIbHbBIE PEIEHNs, CUCTEMA 11apabo-
JIMYECKUX ypaBHeHHfL HeJuBepreuTHad cl)opMa, HU2KHAA OIEHKa, aCUMIITOTUYIECKOE ITOBeIeHue.
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UDC 512.643

UCHINCHI TUR KLASSIK SOHA YORDAMIDA ANIQLANGAN MATRITSAVIY POLIEDRDA BISHOP
INTEGRAL FORMULASI

MAXKAMOV ERKIN MUSURMANOVICH
O‘ZBEKISTON MILLIY UNIVERSITETI, TOSHKENT, O‘ZBEKISTON
erkin mahkamov83@mail.ru

ANNOTATSIYA:

Bu maqgolada uchinchi tur klassik soha yordamida matritsaviy poliedir anigqlangan. Bu aniqlangan
poliedrda sikllarning gamologik bo‘lishi ko‘rsatilgan hamda Bishop integral formulasi olingan.

Kalit so‘zlar: Kososimmetrik matritsalar, uchinchi tur klassik soha, matritsaviy poliedir, matritsa
argumentli golomorf fuksiyalar va akislantirishlar, gomologik sikllar, integral formula, Bishop integral
formulasi.

B Elementlari kompleks sonlardan iborat, [n x n]— tartibli kososimmetrik matritsalar bo‘lgan fazoni
C[n x n | kabi belgilaymiz. Ushbu

D3:{Z€((~3[n><n]:l(”)+ZZ>O}

sohaga uchinchi tur klassik soha deb aytiladi. Bunda I(™ — n tartibli birlik matritsa, Z— matritsa esa Z
matritsaning kompleks qo‘shma matritsasi hisoblanadi (eslatma, yuqoridagi sohada H > 0 Ermit matritsasining
musbat aniglanganligini bildiradi, ya‘ni, barcha xos sonlari musbat aniglangan) ([1-3]).

Uchunchi tur klassik sohaning chegarasi va ostovi mos ravishda quyidagicha aniglanadi [2]:

8D3:{Z€C[n><n]:det<[(")+ ZZ) ~ 0, 1<”>+2720},

F:{Ze@[nxn]: 1<”>+ZZ:0}.

Bu Dj sohada golomorf va uning yopig‘ida uzluksiz har qanday h(Z), ya‘ni, h (Z) € O (Ds)(\C (Ds)
funksiya uchun (juft n larda) ushbu
h(X)dX
m(z) = e [ )

det™™ (X — 2)

r

Xua Lo-ken integral formulasi o‘rinli bo‘ladi ([2], 95-sah.). Bu yerda dX = _71/T<_72 dx;j, integrallash tartibini
%y
va ¢, o‘zgarmas
/ dX
Cn —m =1
_ det'z (X)
I XX =0

shart bo‘yicha aniglanadi.

Biror G Cc C sohada golomorf bo‘lgan f = (fl, . fn(n{l)) :G—C

Yuqoridagi f = (fl,...,fm_l)) LG o o
2

matritsa ko‘rinishida tushunish kerak:

n(n—1) n(n—1)

akslantirishni qaraymiz.

akslantirishni quyidagicha [n x n]—tartibli kososimmetrik

0 fi2(2) o fin(2)
1(2) = _flf(z) O Sl IR
FlZ) —fan(Z) 0
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Endi matritsaviy poliedr tushunchasini keltiramiz.
1-ta’rif. Agar f: G — C [n x n] golomorf akslantirish yordamida aniglangan

(D) = {Z €G: 2™ 4 {(ZVF(Z) >0, > 0}

to‘plam G sohada kompakt yotsa, yani, f~! (D3 ) € G, u holda f~!(Dj, ,) to‘plamga matritsaviy poliedrik
to‘plam deyiladi.
Shuni alohida ta‘kidlash lozimki, bu to‘plam har doim ham bog‘lamli bo‘lavermaydi.

2-ta’rif. Matritsaviy poliedrik to‘plamning bog‘lamli komponentasini matritsaviy poliedrik soha yoki
gisqacha matritsaviy poliedr deb atamiz va uni €¢, kabi belgilaymiz.

Matritsaviy poliedrning ostovi
L= {ZeG: I 4 (2T = 0,7 >0},

ko‘rinishda aniqlanadi.
Bu ishda matritsaviy poliedrik sohada Bishop integral formulasi olingan.

n(n—1) n(n—1)
Aytaylik f = (fl7 .. .,fn<n71>) : D — G akslantirish D ¢ C, * sohani G C C,,*> sohaga
2
akslantiruvchi golomorf akslantirish bo‘lsin. Agar har bir W € G nuqtalar uchun f(Z) = W tenglama D
sohada karrali ildizlarining tartibi bilan qo‘shib hisoblaganda bir xil sondagi yechimlarga ega bo‘lsa, u holda
f(Z) akslantirish chekli turdagi akslantirish deb ataladi (bu yerda nollar soni karrasi bilan olingan).

n(n—1) n(n—1)
Aytaylik, f : D — G akslantirish D C C, * sohani G C C;,> sohaga akslantiruvchi chekli turdagi
golomorf akslantirish bo‘lsin va

funksiya D sohada meromorf bo‘lsin.
3-ta’rif: f akslantirishga nisbatan H(Z) meromorf funksiyaning izi deb ushbu

[T HI(W) =Y H(ZV(W)),W € G\f(¢ =0),

funksiyaga aytiladi, bu yerda yig‘indi f(Z) = W tenglamaning ildizlari (karralisining tartibi ham e‘tiborga
olingan) bo‘yicha olinadi. Bu ishda matritsaviy poliedrda maxsus ko‘rinishdagi meromorf funksitalar uchun
Bishop integral formulasi olingan.

Teoremani isbotlashga o‘tishdan avvalo quyidagi muhim lemmani isbotlaymiz.

1-lemma. Aytaylik X — [n x n] simmetrik matritsa va || X||, < € bo‘lsin. U holda G, = G\{Z :
det (f(Z) — X) = 0} to‘plamda 0 < § < e — || X]||, tengsizlikni ganoatlantiruvchi barcha § uchun quyidagi
sikllar gomologik sikllar bo‘ladi:

Pix5~Tre.

Bu yerda ||.||,—spektral norma hamda
Ts x5 = {Z cG: I+ (f(2) - X)f(Z)-X) = o}

ko‘rinishga ega bo‘lgan sikil.
Isbot. Aytaylik, ushbu

C = {Z €G: (e —t|X|,) T+ (f(Z) - tX)(J(Z) = tX) = 0,0 < t < 1}
- (@ + 1)-o‘lchamli zanjir berilgan bo‘lsin. Shunindek, Z € C uchun || f(Z) — tX||, = € — t|| X||, tenglik
o‘rinli.

Ravshanki, C' € Q¢, bo‘ladi. Haqgiqatan ham, agar Z° € G\Q; . bo‘lsa, u holda Hf(ZO)Hs > ¢ bo‘ladi.
Bu esa {2y, ta‘rifiga zid.
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Shunday qilib, ushbu
17(2%) = x|, = [ £(ZO)]], = 1 Xl > e = ¢ X],

tengsizlikka egamiz, bundan esa C'— komakt zanjir ekanini kelib chiqadi.

Biz endi, agar Z nuqta C zanjirni |C| tashuvchisidan bo‘lsa, u holda det(f(Z) — X) # 0 bo‘lishini
ko‘rsatamiz. Faraz qilaylik, Z € |C| uchun det(f(Z) — X) = 0 tenglik o‘rinli bo‘lsin. U holda shunday nolmas
z¢ vektor mavjudki, z(f(Z) — X) = 0 bo‘ladi. Demak, quyidagi tengliklarni topamiz:

(f(Z2) —tX)2)" +(1-)X(2)" =0, 2(f(Z2)—tX)+(1—-1t)z*X =0.
Bulardan esa ushbu o
(e =t X[ )T+ (1 - 1)*XX) ()" =0

tenglik o‘rinli bo’lishini topamiz, ya‘ni
(1 =DIXI, = e =t X,

yoki
Xl =

ekan.

Bu esa lemma shatiga zid! Shunday qilib, |C| tashuvchi G, da yotibdi. Shuning uchun barcha 6 < e—|[|X||,
larda I's_ x 5 sikllar G, da yotadi va gomologiya sikllar uchun ushbu

Ly ~Ti-xeyx), =00 —Tye
munosabat o‘rinli ekanini ko‘ramiz, u holda bu oxirgi tenglikdan lemma o‘rinli ekanini topamiz. Lemma isbot
bo‘ldi.
Aytaylik f : D — @G akslantirish D ¢ Cz [n x n] sohani G C Cyy [n x n] sohaga golomorf akslantirish

bo‘lib, W° € @ ixtiyoriy nuqta bo‘lsin. Markazi W° nuqtada bo‘lib, G' sohada joylashgan, quyidagi €, (WO)
uchinchi tur klassik sohani qaraymiz:

QW) ={W: 2+ (W) W= > 0}eC.

1-teorema. Agar H (Z) funksiya D sohada golomorf bo‘lsa, u holda 2, (WO) sohada ushbu

Hdf
det™ (£ (Z) — W)

[Tr H] (W) = ¢, /

for

2)

integral formula o‘rinli bo‘ladi( juft n larda).

Bunda I'y , = {Z eED: I+ (f(2)-W) (f(Z)—W)=0 } va ¢p o‘zgarmas bilan differensiallash
tartibi quyidagi tenglik bilan aniqlanadi:

cn/ —df (Z) =1.
r,. det™™ (f(2))

Isbot. Teoremani W = 0 bo‘lgan hol uchun isbotlaymiz. (|4, 26-sahifa) ishda keltirilgan 1-natijaga ko‘ra
deyarli barcha W € Q.. (WO) nuqgtalarda f (Z) — W = 0 tenglamalar sistemasi oddiy ildizga ega bo‘ladi, ularni

ZO(W), ..., ZM (W) kabi belgilab olamiz. Aytaylik, U, C D atroflar Z")(W) nuqtalarni keshishmaydigan
atroflar oilasi bo'lsin va U, da ') = T'fz)_w,s = {Z ED:I+(f(Z2)-W)(f(Z)-W)= 0} —sikl bo'lsin.

U hola, izning ta‘rifi va (1) Xua Lo-ken integral formulasiga ko‘ra ushbu

. N, Hdf (2)
T =) e / det™ =" (f(2) = W)

zW)(w),s
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formulaga egamiz.

o
Bundan tashqari 1-lemmaga ko‘rsa (2) integral ostidagi formaning regulyarlik sohasida > T, yig‘indi
v=1

I't - siklda gomologik bo‘ladi. Shuning uchun Stoks formulasiga asosan, quyidagi

n Hdf _. Hdf
; " / det™s (f(Z2)—W) "/det’ﬂf(Z)W)'

Fz(l‘>(w),a for

tenglikni olamiz. Teorema isbot bo‘ldi.
Isbotlangan teoremadan foydalanib, maxsus ko‘rinishdagi meromorf funksiyaning izi uchun integral
formulani olamiz.
1-natija. h(Z) funksiya D sohaning yopigida golomorf bo‘lib, J¢ (Z) — chekli turdagi akslantirishning
yakobiani bo‘lsin. Unda €2, (Wo) sohada meromorf bo‘lgan H = h/J; funksiyaning izi ushbu
n
h (Z) i:l/,\j:2 dZZ'j

[Tr h)Jf] (W) = e / det";l<i<j 3)

(2)=w)

integral formula orqali ifodalanadi( juft n larda).
Isbot. Hagiqatan ham, (2) formuladan W € Q. (WO) uchun ushbu

[Trh/ i) (W) =30/ d; (2 (W) =

n n
h AN dz h AN dz;
i=1,j=2 " i=1,j=2 "

2 / det"zl<f<Z>—W>:c”F/ d T (F(2)—w)

r

zW)(w), s for
formulani olamiz. Bu esa natijani isbotlaydi.

Hisoblashlarga ko‘ra, (3) integral formulaning yadrosi Z bo‘yicha golomorf, u holda ushbu [Tr h/J;] (W)
iz Q, (WO) da golomorf funnksiya bo‘ladi. Bu oxirgi natija €, matritsaviy poliedrda h/.J; meromorf funskiya
uchun Bishop integral formulasni olish imkonini beradi.

2-teorema. Agar h(Z) € O (Q,,) N C () bo'lib, Z € Q, nugtada —J; (Z) # 0 bo‘lsa, u holda h/Jy
meromorf funksiya uchun
hX)U(Z, X) A du

Ji(z) =™ / U (Z,Z)det™s (f(X)— f(2))

Ff,r

integral formula o‘rinli bo‘ladi.

Isbot. Izning ta‘rifiga asosan, (3) integral W = f(X) bo‘lgandagi qiymati h/J; funksiyaning Z = X
nugtadagi giymati qo‘shilgan X" (Z), v = 2,...,u nuqtalardagi giymatlarining yig’indisiga teng. Bu yerda
XY (Z), v =2,..,u nugtalar W = f(X) nuqtadagi proobrazlardir. Endi, quyidagi shartni qanoatlantiruvchi
vaznli U(X, Z) # 0 funksiyani tuzamiz: ushbu

O, = {ZGD 21 4 £(2) F(2) >o} €D
matritsaviy poliedrdan olingan barcha fiksirlangan X lar uchun ¥ (X, 7) funkisya X nuqtadan boshqa Z =
X®) (f (X)) nuqtalarda nolga teng.
Bunday funksiya mavjud. Faraz qilaylik, W°— f akslantirishning kritik bo‘lmagan qiymati va
g(2)—chiziqli funksiya bo‘lsin, ya‘ni g(X”(W?))—turlicha bolsin. U holda quyidagicha determinant funksiyani

aniglashumiz mumkin
o

w(g.2) = ] [o") - 9(9)] @)

v=2
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bu yerda tartib raqami X ) = X*)(Z) asllar shunday tartiblanganki bunda X()(Z) = Z bo‘ladi. Ravshanki,
[g(X(2)(Z))]k +..4+ .+ [g(X(“)(Z))}k yig‘indi, [g(Z)])"golomorf bo‘lgani uchun golomorf bo‘ladi. Shundya
qilib, (4) munosabatning birinchi ko‘paytuvchisi koeffitsiyentlari Z ga bog'liq g(X) ga bog'liq ko‘phad
bo‘ladi. Bu ifodaning ikkinchi ko‘paytuvchisi esa birnchi ko‘paytuvchidan simmetrik qilib X = Z bo‘lganda
g(ZW(f(Z))),v = 2,..., u bo‘lganda birinchi ko’paytuvchidan olinadi. Bundan esa uning Z bo‘yicha golomorfligi
kelib chiqadi. Endi X va Z o‘zgaruvchilarni o‘rnini almashtirib, ushbu

V(Z,X) =Y al(X)g"(2),
k=1

munosabatni olamiz, bu yerda ¢ (X) koeffsitsiyentlar ﬁj’,r poliedr yopig‘ida golomorf funksiyalardir. Tuzilishiga
ko'ra X")(Z) # Z nuqtalar uchun ¥(Z, X*)(Z)) = 0 bo‘ladi.

Yugqoridagi natija va ¥(Z, X) vaznli funksiayning qurilishi Qy, sohadagi h/J; meromorf funksiyalar
uchun Bishop integral formulasini olish imkonini beradi. Hagiqatdan ham,

h(Z0(X)) ¥ (2,29)(X))

D M F5'o) B

v

MZ)W(Z,2) h(ZO(X) V(2,23 (X))

Ji(Z) Ji (Z9(X))

WX)U(Z,X) A  doiy

WZ2)W(2,2) iz
J1(Z) _/

Teorema isbot bo‘ldi.
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In this paper, a matrix polyhedron is defined using the classical domain of the third type. In the defined
polyhedron, the homological closedness of cycles and the Bishop integral formula are obtained.
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holomorphic functions and mappings of matrix argument, homological cycles, integral formula, Bishop integral
formula.

Rezyume

B jamHOIT cTaThe ¢ MOMOIIBIO KJIACCHYECKON 00JIACTH TPETHEro TUIA ONPEeJeIeH MaTPUIHBINA Toaudap. B
OTIPE/ICJIEHHOM ITOJIM3/IPE TIOJIyYeHa FOMOJIOTHYIECKasT 3aMKHYTOCTh IIMKJIOB, 8 TaKKe BBIBE/IEHA WHTErDAJIbHAS
dopwmyira Burmrora.

Karouesvle ca06a: KOCOCHMMETPHYECKHE MATPHIIbI, KJIACCHYeCKas 00JacTh TPEThero THIlA, MaTpUd-
HBIil TOJIH3/IP, rosioMopdHble MYHKIME U 0TOOparKeHUsI MAaTPUIHOI'O apI'yMeHTa, I'OMOJIOTUYECKNE ITUKJIbI, HH-
TerpaJjbHas popMyJia, nHTerpajabHas dhopMmysia Burrorna.
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CENTRAL LIMIT THEOREM FOR AUTOREGRESSIVE PROCESSES WITH VALUES IN Lp[O, 1]
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RESUME

In this paper, first-order autoregressive processes with values in the function space L,[0,1] are
examined. Under two weak-dependence assumptions imposed on the innovations, a central limit
theorem for these AR(1)-processes is established.

Key words: Central limit theorem, autoregressive process, mixing condition.

1. Introduction

Autoregressive dynamics in infinite-dimensional settings have been studied extensively over the past
years, and various aspects of such models have been explored in a number of works; see, for instance, [1]-
[6]. Earlier research, including [3] and [4], focused on AR(1)-processses under independence or under weakly
orthogonality assumptions. Later, the authors of [5] investigated the asymptotic behavior of the empirical mean
and covariance operator when the noise variables exhibit weak dependence. Models of AR(1) in the space
L,[0, 1] naturally arise in functional data analysis, where observations themselves are functions rather than real
numbers. Several motivating examples and applications illustrating this setting can be found in reference [3].

In the present work, we consider an AR(1)-process {X,,, n € Z} defined through the recursion
Xpn—-m=T (X1 —m)+ep, n€Z

where T : L,[0,1] — L,[0,1] is a bounded linear operator, m € L,[0,1] is a fixed element (interpreted as the
mean), and {e,, n € Z} is a sequence of innovations. Throughout this paper, ||T'|| denotes the norm of the linear
operator T : L,[0,1] — L,[0,1], and I : L,[0, 1] — L, [0, 1] stands for the identity operator.

Throughout the paper we assume that the innovation sequence satisfies certain mixing conditions. Let
{X,(t), n € Z} be an Ly[0,1]-valued stochastic process, and let F; denote the o-algebra generated by the
random vector (X, (¢),...,Xs(t)). The classical mixing coefficients are defined as follows:

a(n) =sup {|P(GH) — P(G)P(H)|: Ge F*, He F3,, k€ Z}

. |E (€ — E€) (n — En)|
= { B2 (¢~ B¢)° BV2 (5 — En)®

;geLg(f’foo),neLQ(fgin)mez}

where Lo (.7-'2) is family of square integrable F’-measurable random variables.
The sequence {X,(t), n € Z} is called a—mixing or p-mixing if a(n) — 0 or p(n) — 0 as n — oo,
respectively.
The author in [7] introduced modifications to the coefficients discussed above. For the {X,,(¢), n € Z},

the modification of a-mixing coefficients is defined as follows:

am(n) = Sup sup {|IP(GH) — P(G)P(H)|: G € F¥_(m), H € F3,.(m), k€ Z}

where F?(m) is the o-algebra generated by random vector (IL,,, X, (%), ..., II,,X;(¢)) and IL,, : L,[0,1] — R™ is
a projective operator, i.e.,
W X;5(t) = (X;(t1), 0 Xj(tm)) » 5 € [0,1],
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The coefficients p,,(n) are defined analogously.

The sequence {X,,(t), n € Z} is called a,,—mixing or p,,—mixing if a,,(n) — 0 or p,(n) — 0 as n — oo,
respectively, for any fixed m = 1,2, .... It is important to note that, in general, «,,-mixing does not necessarily
imply a-mixing.

The properties of mixing coefficients were thoroughly analyzed in [8]-[10].

2. Main results

It is assumed in Theorems 1, 3 and 5 that there exist the real numbers v > 0 and 0 < v < 1 satisfying

|77 < we?, j > 0. (6)

Theorem 1. Let {X,, n € Z} be an AR(1)-process and {e,, n € Z} be a py,-mizing strictly stationary

centered sequence of Ly-valued 1 < p < 2 random variables satisfying E ||51||2 < oo. If the following conditions
hold
Elei(t)]* < oo, t € [0,1]

me )< oo, pm(l) <1, m=1,2,..

Elei(t+h) —ei(t)]> < f(h) for 0 < h <1,0<t<1—h, for some function f(-) such that f(h) — 0 as h — 0.
Then the following weak convergence holds

% S Xi= (I-T)"" Ng(t)
i=1

where Ng(t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(z,y) =
lim cov (ﬁ S ez, ﬁ S 6i(y)), where x,y € [0,1].

n—oo

Proof of Theorem 1. We begin by simplifying the recursion through a centering. Since subtracting the mean
does not affect weak convergence, we may assume without loss of generality that m = 0. Hence, the process
{X,, n € Z} satisfies

X, =T(Xp-1)+én, nE€Z.

A key decomposition, which appears for instance in [4], is given by

ZkaI T)~ Zsk I T) 1ZT En—it1) —Zn: (Xo). (7)
k=1

Since the assumption (1) we can estimate

> TH(Xo)
k=1

3

oo
< 1 Xol Y wk < oo
k=1

Consequently,
1 n
—= Y T*(Xo) — 0 in probability. (8)
n

For the second term in (2), we use the triangle inequality:

1 o
- Z T (en—it1)
nia

The innovations satisfy El|e1||? < oo, hence

< —= max |€zIIZHTl||~

1<<

1
—= max. leill — 0 almost surely. 9)

V1 1<i<
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Since > "5, ||T%|] < oo and (4), it follows that
7 Z THen_it1) — 0 in probability. (10)

Theorem 2 given below guarantees the weak convergence

ﬁﬁka:A@m7 (11)
k=1

where Nk (t) is an LP[0, 1]-valued Gaussian random element with covariance function
K(r,y) = i B SENCRET) St
z,y) = lim cov| — x), — .
'Y noyho \/ﬁkzl k a\/ﬁk=1 kY
Combining (3), (5), and (6) with the representation (2), the continuous mapping theorem yields
1 n
—» X = (I-T)"'Nk(t).
K = (=T Nk

Theorem 2. [11] Let {&,,(t), n € Z} be a strictly stationary centered sequences of random variables with
values in Ly[0,1], 1 < p < 2. If the following conditions hold

Elei(t))? < oo, t€[0,1]

o0
D pm(2Y) <00, pm(1) <1, m=1,2,...

n=1

Eley(t+h) —ei(t)]> < f(h) for 0<h < 1,0<t<1—h, for some function f(-) such that f(h) =0 as h — 0.
Then the following weak convergence holds

Za‘ éNK )

Ni(t) is Ly[0,1]-valued Gaussian random variable with mean zero and covariance function K(x,y) =
lim cov (S (x), Sn(y)), where x,y € [0, 1].
n—oo

O

In the next theorem, we consider the case L, 2 < p < oo.

Theorem 3. Let {X,,, n € Z} be an AR(1)-process and {e,,, n € Z} be a pm,-mizing strictly stationary
centered sequence of Ly-valued 2 < p < oo random variables satisfying E ||e1 H2 < 00. Assume that the following
conditions hold for some a > 0

Eley(t))* < oo, t€[0,1],

> pnE(2") <00, pu(l) <1, m=1.2,...

n=1

Eler(t4+h) —e(O)PT™ < f(h) for 0 < h < 1,0 <t < 1—h, for some function f(-) such that f(h) = 0 as
h — 0.

Then the following weak convergence holds
1 & 1
— Y X;= (I -T)"" Nk()
n <

where N (t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(z,y) =
lim cov (f Yo ei(x), ﬁ Dy ei(y)>, where x,y € [0,1].

n—roo
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Proof of Theorem 8. The proof of Theorem 3 is analogous to that of Theorem 1, except that Theorem 4
given below is used in place of Theorem 2; therefore, we omit the details.

Theorem 4. [11] Let {£,(t), n € Z} be a strictly stationary centered sequences of random variables with
values in Ly[0,1], 2 < p < co. If for some a > 0

E‘El(t)|2 <oo, te [Oa 1]a

S o (27) < 00, pm(1) <1, m=1,2,..

n=1

Elei(t+h) —e ()P < f(h) for 0 < h < 1,0 <t < 1—h, for some function f(-) such that f(h) — 0 as
h—0.

Then the following weak convergence holds
Sult) = =3 i) = N 1)
n = —F i K
vn i=1

where Nk (t) is L,[0,1]-valued Gaussian random variable with mean zero and covariance function K(x,y)
lim cov (S, (), Sn(y)), where z,y € [0,1].

n—00

oo

In the following theorem, the case where the sequence of innovations is au,-mixing is considered.
Theorem 5. Let {X,,, n € Z} be an AR(1)-process and {€,,, n € Z} be an a,,-mizing strictly stationary

centered sequence of Ly-valued 1 < p < 2 random variables satisfying E H51||2 < 0o. Assume that the following

conditions hold for some § >0

Z (am(n))z’% <oo, m=12,..

n=1
Eley(t+h) — e ()] < f(h) for 0 < h < 1,0 <t <1—h, for some function f(-) such that f(h) — 0 as
h—0.
for allt €10,1]
Ele(®)* < oo,

2
. 1 <
nlgr;()E(\/ﬁ ;€Z(t)> > 0.

Then the following weak convergence holds
1 o _1
— Y Xi=(I-T)"" Ng(t)
VS

where Ng(t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(x,y) =

lim cov (ﬁ S ez, ﬁ S si(y)), where x,y € [0,1].

n—oo

Proof of Theorem 5. The proof of Theorem 5 is analogous to that of Theorem 1, except that Theorem 6
given below is used in place of Theorem 2; therefore, we omit the details.

Theorem 6. [11] Let {e,,(t), n € Z} be a strictly stationary centered sequences of random variables with
values in Ly[0,1], 1 < p <2 and for some § >0

ad o)
(am(n))¥ < oo, m=1,2,...

n=1

Eley(t+h) —ei ()™ < f(h) for 0 < h < 1,0 <t <1—h, for some function f(-) such that f(h) — 0 as
h —0.
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for all t €10,1]

Eler(t)** < o0,

lim ES%(t) > 0.

n— oo

Then the following weak convergence holds

sn@)zzvzlﬁigi@)=>ﬁn<@)
=1

where N (t) is Lp[0,1]-valued Gaussian random variable with mean zero and covariance function K(z,y) =
lim cov (S, (), Sn(y)), where z,y € [0,1].

n—oo

10.

11.
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REZYUME

Ushbu magqolada L,[0,1] funksiyalar fazosida giymat qabul giluvchi birinchi tartibli avtoregressiv
jarayonlar o‘rganilgan. Innovatsiyalarga qo‘yilgan ikki kuchsiz bogliqlik shartlarida ushbu AR(1)
jarayonlar uchun markaziy limit teorema isbotlangan.

Kalit so‘zlar: Markaziy limit teorema, avtoregressiv jarayon, qorishmalilik sharti.
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PE3IOME

B mamnHoit pabore paccMaTpUBaIOTCS ABTOPErPECCHOHHBIE MTPOIECCHI MEPBOTO MOPSIIKA, TPUHUMATO-
IIHe 3HaYeHNs B QYHKINOHATILHOM IpocTpamcTse Ly[0, 1]. IIpn qByx npeamonoxkenusix o caaboii 3a-
BHCHMOCTH, HAJIOKEHHBIX HA MHHOBAIINHN, YCTAHABINBACTCS IIEHTPAJIbHAS MIpeJesIbHAsT TeopeMa JIJIst
stux AR(1)-mporeccos.

Karouesnte caosa: llentpasbias mpejiesibHas TeOpeMa, aBTOPErPECCUOHHBIN MTPOIECC, YCIOBHE Tie-
peMeImBaHUSI.

113



O‘zMU XABARLARI ANIQ FANLAR Ne2/2.1, 2025, 114-119

UDC 517.44

IKKINCHI TIP KLASSIK SOHALARDA LAPLAS ALMASHTIRISHI, TESKARI
LAPLAS ALMASHTIRISH FORMULASI VA TASVIR FUNKSIYANING
GOLOMORFLIGI HAQIDAGI TEOREMANING ANALOGI

RAJABOV SHOXRUX SHUXRAT O‘G‘LI
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sh.sh.rajabov@gmail.com

ANNOTATSIYA:

Ushbu maqolada biz Operatsion hisobning asosiy tushunchalari tasvir va original funksiyalar
orasidagi bog‘lanishlarni, xususan ikkinchi tip klassik sohalar uchun Laplas almashtirishi, teskari
Laplas almashtirishi hamda muhim teoremalaridan biri bo‘lgan, ya’'ni matritsaviy tasvir funksiyaning
golomorfligi hagidagi teoremaning analogini quramiz. Buning uchun eng avvalo asosiy ta'’rif va
tushunchalarni kiritib olamiz. Ma’lumki klassik sohalar bir-biri bilan o‘zaro bigolomorf ekvivalent
munosabatga ega emas, shu sababli ularning har biri uchun kompleks analiz alohida-alohida quriladi.
Shuning uchun bu maqolada faqat simmetrik Ermit matritsalar sinfiga tegishli bo‘lgan ikkinchi
tip klassik sohalarda Laplas almashtirishining analoglarini olish bilan shug‘ullanamiz. Keyingi
ilmiy izlanishlarimizda birinchi tip to‘g‘ri to‘rtburchak matritsalar sinfiga tegishli va uchinchi
tip antisimmetrik matritsalar sinfiga tegishli matritsa-funksiyalar uchun Laplas almashtirishining
analoglarini olishga harakat qgilamiz.

Kalit so’zlar: bir jinsli soha, simmetrik soha, keltirilmaydigan soha, klassik soha, ikkinchi tip klassik
soha, matritsaviy original, matritsaviy tasvir, matritsa-funksiya, matritsa izi, Laplas almashtirishi,
tasvirning golomorfligi haqgidagi teorema, teskari Laplas almashtirish formulasi, matritsaviy o‘ng
yarim tekislik, Koshi integral formulasi, golomorf funksiya, originalning yagonaligi haqgidagi teorema.

Fransuz matematigi E. Kartan tomonidan 1935-yilda keltirilmaydigan, chegaralangan, simmetrik sohalar
sinflarining oltita tipi borligi ko‘rsatilgan [1]. Shu sinflardan dastlabki to‘rttasiga tegishli bo‘lgan sohalar klassik
sohalar deyiladi [2].

1-ta’rif. Agar D C C" sohaning avtomorfizmlar gruppasi tranzitiv, ya'ni ixtiyoriy z1, 2o € D uchun
¢ (z1) = 2o shartni qanoatlantiruvchi shunday ¢ € Aut (D) avtomorfizm mavjud bo‘lsa, u holda D C C" soha
bir jinsli soha deyiladi.

2-ta’rif. Agar bir jinsli D C C" sohadagi ixtiyoriy ( € D nuqtasi uchun quyidagi shartlarni
qanoatlantiruvchi shunday ¢ € Aut (D) avtomorfizm mavjud bo‘lsaki:

1) ¢ (¢) = ¢ tenglik o‘rinli bo‘lsin, biroq ¢ nuqgtadan fargli z € D nugtalar uchun ¢ (z) # z bo‘lsin;
2) poy =e, bu yerda e € Aut (D) ayniy akslantirish; u holda D C C" simmetrik soha deyiladi.

3-ta’rif. Agar D C C" sohani o‘lchami undan kichik chegaralangan simmetrik sohalarning to‘g‘ri
kopaytmasi ko‘rinishida tasvirlash mumkin bo‘lmasa, u holda D C C™ keltirilmaydigan soha deyiladi.

4-ta’rif. Agar chegaralangan D C C" sohaning avtomorfizmlar gruppasi tranzitiv bo‘lsa va Li gruppasi
tashkil gilsa u holda D C C" sohaga klassik soha deyiladi.

Quyida E. Kartan tasniflagan klassik sohalarni keltiramiz [2]:
Ry (m, k) = {Z eClm,k]: I™ — z27* > O},
Rrr (m) = {Z eClm,m]: I™ — 272 >0,vZ = Z} ,
Rrrr (m) = {Z eClm,m]: I'™ + 27 >0,Y2 = fz},

Ry (n) = {z eC": (2, 2)P =212 +1>0, |(z,2)] < 1},
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bu yerda I™) m-tartibli birlik matritsa, Z* matritsa esa matritsaning qo‘shmasi va transponirlanganidir (H
Ermit matritsasi uchun: H > 0 belgi uning musbat aniglangan matritsa ekanligini bildiradi, ya’ni uning barcha
xos sonlari musbat: det |\ — H| =0 = V\; > 0).

Bu sohalarning har biri markazi O (m-tartibli nol matritsa) nugtada bo‘lgan bir jinsli, simmetrik,
keltirilmaydigan, to‘la doiraviy qavariq sohalardir. Bu sohalar bir-birlari bilan o‘zaro bigolomorf ekvivalent
munosabat o‘ranatmaydi, shu sababli ularning har biri uchun kompleks analiz alohida quriladi.

Biz ushbu tadqgiqot ishimizni R;; (m) = {Z €Clm,m]: I'™ - ZZ >0,VZ = Z} ikkinchi tip klassik
sohalarda olib boramiz.

Bizga f : S, = S (A€ Sy CR[m xm]|f(A) = f(UAU’) € S,,) (bu yerda, S,,-haqiqly simmetrik
matritsalar sinfi, UU’ = I-ortogonal matritsalar) matritsa argumentli simmetrik matritsa-funksiya berilgan
bo‘lsin [4].

5-ta’rif. Quyidagi shartlarni qanoatlantiruvchi f (A) funksiyaga matritsaviy original deyiladi:

I. A< 0da f(A) =0 (bu yerda, A < 0 munosabatni A matritsaning har bir elementi 0 dan kichik deb
tushuniladi);

II. VA € S,,, uchun f (A) matritsa-funksiya haqiqiy matritsa argumentli matritsaviy o‘ng yarim tekislikdan
olingan T = {4 = (a;;) € R[m x m]: Va;; > 0} sohada uzluksiz yoki bo‘lakli uzluksiz (yami VX, € T :
XlLII)l(O f(X) = f(Xo) yoki ng (ng < m) —chekli sondagi I tur uzilish nuqgtalariga ega);

L. VA € S, uchun 3M > 0 va o > 0 sonlar topiladiki | f(A)| < M-e®4 tengsizlik o‘rinli bo‘ladi (bu yerda,
|f (A)| deb har bir elementi f (A) simmetrik matritsa-funksiya elementining moduliga teng deb tushuniladi).
Endi yuqorida berilgan 5-ta’rif asosida matritsaviy tasvirning ta’rifini keltiramiz.

6-ta’rif. f (A) matritsaviy originalning ikkinchi tip klassik sohada aniglangan matritsaviy tasviri deb,
Z =X +1iY (Z € %11 (m)) o‘zgaruvchining

F(Z) = L2 {f(A)} = / eSPEA) £ (4) dA (1)

A>0

integrali bilan aniglanadigan matritsa argumentli funksiyaga aytiladi. Bu yerda, A = (a;;) uchun dA = [] day;
i<j
kabi aniglanadi, Sp (ZA) = )" z;; - a;;— matritsa izi.
2]
1-izoh. (1) munosabatda Z = (1;;2;;) kabi aniglanadigan kompleks parametrik matritsa bo‘lib, matritsa
elementlarining old koeffitsientlari (1;; o‘zgarmas koeffitsientlar) quyidagicha aniglanadi [5]:

1 . .
R 2 Z#J
g {1, i=3j, @)

7-ta’rif. (1) formula orqali matritsaviy originaldan matritsaviy tasvirga o‘tishga ikkinchi tip klassik
sohada R;; (m) aniglangan Laplas almashtirishi deyiladi.

2-izoh. f (A) matritsaviy original bilan F' (Z) matritsaviy tasvir orasidagi moslik F'(Z) = f(A) yoki
f(A) < F(Z) kabi belgilanadi [10-12]. Bu yerda, “ = ” belgining yo‘nalishi umumiylikka zid kelmagan holda
har doim matritsaviy tasvirdan matritsaviy originalga tomon yo‘nalgan bo‘ladi. Shuningdek, Lz {f (4)} = F(2)
kabi belgilash munosabatidan ham foydalaniladi [4-5].

1-teorema (tasvirning golomorfligi haqidagi teorema). Agar f(A) matritsaviy original uchun (1) Laplas
almashtirish munosabati bilan aniqlangan F(Z) matritsaviy tasvir funksiya mavjud bo‘lsa: Lz {f (A)} = F(2),
u holda F(Z) funksiya matritsaviy o‘ng yarim tekislikdan ¥ = {Z € ;7 (m) : ReZ = X > X > 0} olingan Z
matritsa o‘zgaruvchining golomorf funksiyasi bo‘ladi.

Isbot. Faraz qilaylik VZ € T = {Z € R;; (m) : ReZ = X > X > 0} nugtada F (Z) funksiya (1) Laplas
almashtirishi yordamida aniglangan f (A) matritsaviy originalning tasvir funksiyasi berilgan bo‘lsin. Ya’ni
Lz{f(A)} = F(Z) bolsin.

Ma’lumki matritsaviy-eksponentsial eSP(—44) ham o‘z navbatida original funksiya tashkil gilib, u uchun
quyidagi baholash o‘rinli bo‘ladi:
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Fikserlangan Z € $;; (m) hamda VA € S,, C R [m x m] uchun 3C > 0 va § > 0 haqiqiy sonlar topiladiki,
o :=mino; > § (bu yerda o; = A; (Z) — Z matritsaning xos sonlari) son uchun

‘efsp(ZA)‘ <C- 67(67%)-81)(14). (3)

Ikkinchi tomondan f (A) matritsaviy original haqidagi 5-ta’rif III shartga ko‘ra VA € S,, C R[m X m] uchun
dM > 0 va § > 0 sonlar topiladiki

[f(A)] < M -5 (4)
baholash o‘rinli bo‘ladi. (3) va (4) baholashlarga ko‘ra:

FA) - e SPEN] < £ (A)] - C - e (78)Sp(A) <

M- e35p(A) . o= (0-8)5p(A) _ . —(0—a)-Sp(A)

)

bu yerda M - C = K.
Oxirgi hosil gilingan e

—(0=0)-5p(4) majorant funksiya integrali:

/ e~ (@7 JA < 400
A>0

yaginlashuvchi, bundan kelib chigadiki (1) integral absolyut va tekis yaqinlashuvchi ekan. Bu esa bizga (1)
integralni differensiallasak integral ostiga differensialni kiritish imkonini beradi:

0 0 _ J _
SF(Z) = o / e SPZA) £ (4)dA| = / eI [ (4)dA =
>0 A>0
- [aazsmzA):A] = / A-em PN £ (4) dA.
A>0

Demak, F(Z) tasvir funksiyadan VZ € YT = {Ze€Ri(m): ReZ=X > X, >0} nuqtada kompleks
analiz ma’nosida differensial mavjud. Z ixtiyoriy ekanligidan F (Z) matritsaviy tasvir funksiya T =
{Z e Ry (m): ReZ = X > Xy > 0} sohada golomorf bo‘ladi. Teorema isbotlandi.

2-teorema (teskari Laplas almashtirish formulasi). Agar ikkinchi tip klassik sohadan Rrr(m) =
{ZeClmxm]: I — 77 >0, VZ' = Z} olingan F(Z) matritsaviy tasvir funksiya

+oo

/|F(X+iY)|dY<+oo (6)
ixtiyoriy X > Xy > 0 uchun
“+o0
lim /|F(X+iY)|dY:O ™)
X—0

bo‘lib, Lz {f (A)} = F(Z) bo‘lsa, u holda f(A) differensiallanuvchi bo‘lgan har bir nuqtada

f(@zﬂ / eS”(ZA)F(Z)dZ (8)

) %m<m+1)
(2mi) Re Z>0

munosabat o‘rinli bo‘ladi. Quyidagicha belgilanadi: £~ (F(Z2)) = f (A).
3-izoh. Shuni ta’kidlashimiz lozimki, (8) integral munosabatda Z = (1;; z;;), 1:;; = 1 deb garalmoqda.

Isbot. Teorema shartiga ko‘ra Lz {f (A)} = F(Z), bundan kelib chiqadiki teskari Laplas almashtirish
munosabati uchun quyidagi munosabat o‘rinli bo‘lishi kerak:

LTHL{f(A)}) = LTHF(Z) = [(A) =L (F(2)). 9)
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(9) munosabatga ko‘ra:

f(A) =Lt (A / e IPZA) £ (A)dA | . (10)
>0

Yugorida isbot gilingan 1-teoremadan kelib chiqadiki F'(Z) matritsaviy tasvir funksiya ikkinchi tip
klassik sohada aniglangan matritsaviy o‘ng yarim tekislikda T = {Z € ;7 (m) : Re Z = X > X > 0} golomorf,
ikkinchi tomondan teorema shartlari (6) va (7) ga ko‘ra sohaning yopig‘ida T uzluksiz bo‘ladi. Yani F (Z) €
o(r)nc (Y) Bu esa bizga matritsa argumentli funksiyalar uchun Koshi integral formulasini qo‘llash imkonini

beradi: ) £(4) A
Sp(ZA) _ , agar A >0
~Tom(mr1) / € F(2)dz { O, agarA<O. (11)

(2 Re Z>0
Demak, (10) va (11) munosabatlardan kelib chiqadiki:

f(A):; / e PZAR(7)dZ. (12)

. %m(m+1)
(2m1) Re Z>0

m(m+1)

Agar (2) formulada Z = (7);; z;;) uchun n;; = 1 deb olsak, u holda (15) integralda 27 2  o‘zgarmas koeffitsient
hosil bo‘ladi. U holda quyidagi integral munosabatga ega bo‘lamiz:

Q%m(mfl)
fA) = —F—— / eSPZAR(Z2)dZ.

L Sm(m+1)
(2mi Re Z>0

Teorema isbotlandi.

4-izoh. Shuni ham ta’kidlash lozimki, £ ! (F(Z)) = f(A) munosabat bilan Lz {f(A)} = F(2)
munosabatlar o‘zaro teng kuchli munosabatlardir: Lz {f (4)} = F(Z) & LY (F(Z)) = f(A).

1-lemma. F(Z) € R;; (m) matritsaviy tasvir uchun quyidagi chiziglilik munosabatlari o‘rinli bo‘ladi:

I. agar ¢ = const va Lz {f (A)} = F(Z) bolsa, u holda

Lz{f(A)} =cF(Z), (13)
IL. agar Lz {f1(A)} = F1(Z) va Lz {f2(A)} = F»(Z) bo‘lsa, u holda
LzA{f1(A)+ f2(A)} = Fi(Z) + Fx(Z). (14)

Isbot. Lemmaning isboti bevosita integrallashda o‘zgarmasni integral belgisidan tashqariga chiqarish va
chiziqlilik xossalaridan kelib chigadi.

3-teorema (originalning yagonaligi hagidagi teorema). Agar F(Z) € R (m) matritsaviy tasvir funksiya
f1(4) va fo(A) matritsaviy orginallarning tasviri bo‘lsa, u holda bu originallar o‘zlarining barcha uzluksiz
nugtalarida ustma-ust tushadi. Ya’'ni f1(A) = f2(A) tenglik o‘rinli bo‘ladi.

Isbot. Teorema shartiga kora: Lz {f1 (A)} = F(Z) va Lz{f2(A)} = F(Z). Matritsaviy tasvir
funksiyaning chiziqglilik xossasidan foydalanib quyidagi munosabatni hosil gilamiz: Lz {f1 (A) — f2 (4)} =
F(Z) — F(Z) = 0. Bundan kelib chiqadiki f1(A) = f2(A). Teorema isbotlandi.
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Rezyume

In this article, we will consider the basic concepts of operational calculus, the connections between images
and original functions, in particular, the Laplace transform, the inverse Laplace transform, and one of its
important theorems, namely the theorem on the holomorphism of a matriz image function, for classical domains
of the second type. To do this, we first introduce the basic definitions and concepts. It is known that classical
domains do not have a biholomorphic equivalence relation with each other, therefore, a complex analysis is
constructed separately for each of them. Therefore, in this article, we will only deal with obtaining analogues of
the Laplace transform in classical domains of the second type, which belong to the class of symmetric Hermitian
matrices. In our further scientific research, we will try to obtain analogues of the Laplace transform for matrix-
functions belonging to the class of rectangular matrices of the first type and the class of antisymmetric matrices
of the third type.

Key words: homogeneous domain, symmetric domain, irreducible domain, classical domain, classical
domains of the second type, matrix original, matrix image, matrix function, matrix trace, Laplace transform,
holomorphic image theorem, inverse Laplace transform formula, right half-plane of a matrix, Cauchy integral
formula, holomorphic function, theorem on the uniqueness of the original image.

Pesrome
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B naHHO#1 cTarbe Mbl PACCMOTPUM OCHOBHBIE ITOHSITUSI OIEPAIMOHAJIBHOIO WCUMCJIEHUs, CBA3U MEXKILY
obpaszaMu U UCXOJIHBIMU (PYHKIIUSIMU, B YACTHOCTH, IIpeobpa3oBanue Jlamiaca, obparHoe mpeobpasoBanue Jla-
aca M OJIHY U3 €ro Ba)XXKHBIX T€OPEM, & UMEHHO MEOPEMY O 20A0MOPHUIME MAMPUYHOT PYHKUUU-06pa3a, JJTst
KJIACCUIECKUX 00JIacTIX BTOpOro Tuma. i 9Toro cHavaJsa BBEIEM OCHOBHBIE OMpEIecHUsT W MoHsATHdA. M3-
BECTHO, YTO KJIaCCHYeCKre 00JIaCTH He UMEIOT OMIOJI0MOPGHOIrO OTHOIIEHUS SKBUBAJIEHTHOCTH APYT C APYTOM,
[I03TOMY KOMILJIEKCHBIM aHAJIN3 CTPOMTCH OT/EJIBHO JIst Kaxkjaoro n3 Hux. CjieloBaTeIbHO, B JIAHHOW CTAThe
MbI OyJIeM pacCMaTpUBaTh TOJBKO IIOJy4eHHe aHaJoroB Ipeobpa3oBanus Jlamiaca B KJIaCCMYeCKUX O0JIACTSX
BTOPOI'O THUIIA, TPUHAJJIEXKAIINX KJIACCY CAIMMETPUYHBIX JPMUTOBBIX MATPUIl. B HaIUX JaJpHEHINNX HaYIHBIX
HCCJIEOBAHUSX MBI TIOITBITAEMCsI [TOJIY9UTh aHAJOTH peobpasoBanus Jlammaca [iist MATPUIHBIX (DYHKIIAN, TPU-
HaJTEXKAIMIX KJIACCY MPAMOYTOJIBHBIX MATPHUIL TIEPBOTO TUIA W KJIACCY AaHTHCHMMETPUIHBIX MATPHUI] TPETHETO
THIIA.

Karouesnie caosa: ogHOPOAHAS 007ACTh, CHMMETPUYIHAs 00JIaCTh, HEIPUBOANMAs O0JIACTh, KJIACCHIe-
ckasi 06J1aCThb, KJIACCHYECKUX 00JIACTSAX BTOPOrO THUIIA, MATPUYHBI OpPUIHMHAJ, MATPUYHBIA 00pas3, MaTpudHast
dyHKINdA, ciiesl MaTpuIlbl, mpeobpa3oanne Jlamaaca, Teopema o rosioMopdHOM 006pa3e, dpopMmyaa 06paTHOrO
npeobpaszoBanus Jlaraca, mpasast MOJIYILIOCKOCTh MaTPUIIbI, hopMmysia mHTerpasia Komu, rojomopdHast hyHK-
LIMsl, TeOpeMa O €IMHCTBEHHOCTH MCXOIHOIO M300DarKeHNUs.

119



Acta NUUzZ EXACT SCIENCES Ne2/2.1, 2025, 120-125

UDC 514.752.2

ON THE CONSTRUCTION OF GEODESIC MAPPINGS FOR SURFACES OF
REVOLUTION

SHARIPOV ANVARJON SOLIYEVICH, USMONXO‘JAYEV ZOKIRXO‘JA YUNUSXO‘JA UG‘LI
NATIONAL UNIVERSITY OF UZBEKISTAN, TASHKENT, UZBEKISTAN
e-mail: asharipov@inbox.ru, zokusm@gmail.com

RESUME

This work is devoted to the study of geodesic mappings of surfaces of revolution. A mapping is
constructed that sends the geodesics of a given surface of revolution to the geodesics of another
surface of revolution, and it is proven that the constructed mapping is a geodesic mapping.

Key words: Geodesic mapping, surfaces of revolution, Christoffel symbols, deformation tensor,
Riemannian manifolds, paraboloid of revolution.

1. Introduction

The theory of geodesic lines and geodesic mappings is interesting from an applied standpoint and for
modern research. This is because the motion of many types of mechanical systems, as well as bodies or particles
in gravitational and electromagnetic fields within a continuous medium, often occurs along trajectories that can
be regarded as geodesic lines in certain spaces of three or more dimensions. These spaces are defined by the
energy regimes under which the processes occur. On this basis, two spaces that admit a geodesic mapping onto
each other describe processes that proceed under equivalent external loads along the same "trajectories,"but
under different energy regimes. Consequently, one of these processes can be modeled using the other.

The geodesic mapping problem was first raised by Beltrami in 1865—though not in its full generality,
but specifically for the case in which a surface (a two-dimensional Riemannian manifold) is mapped onto the
Euclidean plane. His results may be viewed as an initial impetus for the later recognition and development
of Non-Euclidean Geometry, founded by Lobachevsky, Bolyai, and Gauss. Further research in this direction,
based on the methods of the Mikes school, has been carried out. In particular, the theory of geodesic
mappings of Riemannian and pseudo-Riemannian spaces, affine-connected spaces, and manifolds endowed with
additional geometric structures has been systematically developed [1]. Geodesic mappings of pseudosymmetric
spaces—classes of spaces more general than spaces of constant curvature and symmetric spaces—are studied
in [2]. In [3], some results concerning almost geodesic curves and geodesic mappings and transformations are
presented. It is proved that any mapping that sends all almost geodesic curves to almost geodesic curves is itself
geodesic. Since under geodesic mappings and transformations almost geodesic curves are also preserved, the
present work is devoted to the study of geodesic mappings of surfaces of revolution. A mapping is constructed
that sends the geodesics of a given surface of revolution to the geodesics of another surface of revolution, and
it is proven that the constructed mapping is a geodesic mapping.

The main objective is to analyze the properties and classify geodesic mappings, that is, mappings which
transform the geodesic lines of one surface into the geodesic lines of another. Surfaces of revolution and their
geodesic lines play an important role in differential geometry, mathematical physics, and related applied fields
such as the theory of relativity, optics, and cartography.

Let M and N be smooth manifolds of dimension n with affine connections.

Definition 1 [4]. A geodesic mapping [ of a manifold M onto N is a one-to-one correspondence between
their points such that every geodesic line of the manifold M is mapped to a geodesic line of the manifold N .

Let us consider these manifolds in a general coordinate system !, 22, ..., 2™ with respect to the mapping
f. Denote the components of the connection objects of the manifolds M and N at the corresponding points
Q(x) and Q(x) by I‘?j (z) and l:‘?j (z), assuming they are symmetric, and set

[h(x) = Tl(2) + Pli(z) (hi,j=12,....n) 1)
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where Pi}} is the deformation tensor.
Theorem [4]. For a mapping [ of an affine connection manifold M onto an affine connection manifold
N to be geodesic, it is necessary and sufficient that the connection deformation tensor P;} of the mapping f can

be represented in the form

h h h
Pij(m) = 7/’2’(5”)53' + ;(2)d;, (2)
where 6! are the Kronecker symbols, and v; is some covariant tensor. Conditions (2) are tensorial and therefore
invariant with respect to the choice of the common coordinate system x!,z2,...,z" for the mapping f. Based

on these conditions, equations (1) take the form

T () = Tfy(x) + i ()3 + 1 (2)3)" 3)

From (3), it is clear that the inverse mapping f~!, which is the inverse of the geodesic mapping f of
manifold M onto manifold N, is itself a geodesic mapping, and it corresponds to the tensor —1;, i.e.,

Tl (z) = Tl(x) — ¢i(2)6! — ;(x)o0.

Remark. When the covector v;(x) is identically zero, the geodesic mapping f is called trivial .

Example. Let the surface F' be the image of the surface F' under a homothety in three-dimensional
space, and let k be the homothety coeflicient. Then the metric tensors of the surfaces are related by g;; = kzigij.

Consequently, the Christoffel symbols coincide, f‘{j = F?j, and a geodesic £ on S is mapped to a geodesic £ on

S, where the parameters s on £ and 5 on £ are related by 5 = ks + const.
2. Preliminary notions and a proof of Theorem 1.

Having the ability to use the theory of geodesic mappings of Riemannian manifolds, we turn our attention
to a special type of Riemannian manifolds - surfaces of revolution.

Consider a surface of revolution F' with the parametric equation

7 (u,v) = {r(u) cosv, r(u)sinv, z(u)}. (4)

The first fundamental form of a surface of revolution is:
ds® = g11(u)du? + gao(u)dv? (5)
where g11(u) and go2(u) are non-zero functions, and
gr1(u) = r2(u) + 22(u) and  goo(u) = 72(u).
Consider a curve 7, lying on the surface of revolution F', given by the equation
7 (u) = {r(u) cosv(u), r(u)sinv(u), z(u)}.

Then the arc length of the curve - is:

s = t ’ V11 (w) + goa(u) (vy)? du.

Geodesics are curves that provide an extremum for the length functional and satisfy the Euler-Lagrange

equation|5, p.451]:
40 0N [t amw () =0
du Ov, Ov i) T 92\ g ) T

Since \/gu(u) + goo(u) (%)2 does not depend explicitly on v, we obtain:
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dv
922 g

g11 + g22 (%)2

=c, (6)

where ¢ is a constant. From (6) it follows:

dv(u) _ i V911 .
du V922 (g22 — ¢2) 7

=7 C L Uu.
v(u) =t / 922 (922 - 02) d (7)

Consider a paraboloid of revolution F' given by the equations

7 (u,v) = {Vucosv, Vusinv, u}.
The first fundamental form of the paraboloid of revolution F is:

1
ds® = (1 + ) du?® + u dv?.
4u

Using formula (7), we find the differential equation for the geodesic lines on the paraboloid of revolution:

) u—c? z Wu—c2+Vadu+1
V=g + arcsin (’(},(]_—’—402)> + 2cln < \/H_TCQ . (8)

For function (8), the point {u = ¢?,v = v} is a turning point. Function (8) can be considered as

describing one geodesic line that descends down the paraboloid, turns at the turning point, and then ascends
again, intersecting itself infinitely many times.

Let v(u) = {y/ucosv(u),/usinv(u),u} be a curve on the paraboloid of revolution, where u is some
parameter. Then the equation of the geodesic lines has the form:

aresd U — c2 49l 2Wu—c2+Viu+1
resin 4 [ ———— cln
u(1 + 4c?) V14 4c?

. u — c? +oel 2vVu — 2 4+ adu + 1
arcsin g | ————~ cln
u(l + 4c?) V1+4c2
Let us now consider the structure of the geodesic mapping f of the paraboloid of revolution F', and let
us denote the image of this paraboloid under this geodesic mapping by F. It is proven in works [6, 7] that the
images of surfaces of revolution under a geodesic mapping remain surfaces of revolution. Following from this,
we can find the first fundamental form of the surface of revolution F' of the form:

x = \/ucos (vO:I:

y = Vusin (vo +

Z = 1U.

(1+c?) (lji)du%r (1+)u
(1+w) 1+u

—2 \® Wiu— &+ VAT 1
U:vo—i—arcsin(uc)> +2cln< Vu— &t Viut )
U

ds* = dv?, (9)

(14 4c? V1+ 42

Expression (9) can be taken as the first fundamental form of a surface of revolution F with equations:

7 (u,v) = {F(u) cosv, 7(u) sinv, 2(u)}
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where u and v are the same parameters as v on the surface F. Where

(1+¢%) <1 + 41u)

(1+u)’

o (u) + 25 (u) =
(1 + 02) U

20 N
7 (u) = T

Considering that r(u,v(u)) = r(u) = {F(u) cosv(u), 7(u) sinv(u), Z(u)}, we obtain:

A+ cA)u
(U)— 1+'LL ’
1 /5 + 4u 54+ 4u
z =1 2 du=+/1 2121 4 2v1 —
zZ(u) =/ +C/2(1+u) T u u=+1+c nv5 + du+2vV1+u T u

The equations of the geodesic lines on the surface F' can be written in a similar way:

T =7(u)cosv(u) =4/ (ll—:_cu)u cosv(u),
)4 (1+)u

g =7(u)sinv(u) = Tra sinv(u),

F=Vit 2 {2ln\/5+4u+2\/1+u— Tfﬂ .

Since the function v(u) is the same for the surfaces of revolution F' and F, we can establish a geodesic mapping
between v(u) and 7 (u):

_ (14c2)
T =\ Tyzzry?

flu): Jy = lil;f;z Yy (10)
;= 1+02{21n(\/5+4z+2\/1+2)—\/51—:74; :

Using this mapping, we can find the parametric equation for the image of the paraboloid of revolution
F, i.e., the surface F'

[(1+c2)u (1+c)u .
7 (u,v) 1o s T S0 Vi+te

Taking into account the existence of a geodesic mapping between surfaces of revolution, the following theorem
holds:

5+ 4u
1+u

21n(\/5+4u+2\/1+u) —

Theorem 1. Mapping (10) is a non-trivial geodesic mapping which sends every geodesic on the paraboloid
of revolution F' to a geodesic on the surface of revolution F .

- Proof. To prove that the obtained mapping f is a non-trivial geodesic mapping of the surfaces F' and
F', we use the necessary and sufficient condition from namely:

Pl =T}y — Tl = i) + 567,

where f‘fj () and I‘Z(m) are the Christoffel symbols of the surfaces of revolution F' and F, respectively,
and have the following form:

For surface F:
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= 1 Su? +3u+1 - = — 2 = = =
I, =-2 My =T3 =0T} =——I%, =0T}, = ———— T3, =0.
" 2(u(1+4u)(1—|—u) e T T G I EE T R
For surface F:
11 2 1
My=--——I, =0} =0T}, =————; %, =0;I'}, = ———; T3, =0.
11 2u(1+u)a 12 21 )+ 22 1+4u1 11 - 12 2u(1+u)7 22

Let us find the components of the deformation tensor P;}:

Py =T = T1y = 107 + 6] = 2¢n;

Ply = Py = T1y — Tip = 4185 + 120] = bo;

Pyy = T3y = Ty = 1had; + 026, = 0;

P} =T% —TF, = 167 + 167 = 0;

Py = P5y = T3, — T3y = 1165 + 207 = ¢n;

Pgy = T35, — T3y = 1203 + 1265 = 2¢s.
From this it follows that

Y1 = 5(Ph() ~Th() = — 5t s = Tlau) - Thy(u) =0,

(u+1)’

According to [6, p. 297|, if M and M are Riemannian manifolds, then v; can also be computed by the
formula:

1 e ay_ 1 . A) — O _;A
i = — (%~ Th) = o=@ m(VA) - 9, n(VA)) = S

A )

s
where A = det(g;;) and A = det(gi;)-

In our case n = 2, and g;; and g;; are the coefficients of the first fundamental forms of the surfaces of
revolution F' and F, respectively. A = det(g;;) and

A = det(gi;);
- 14+c?)?(1+4 1+4
N Ckf i ) B RN Ch
4(1 4 u)? 4
For ¢ = 1:
= L9 |A+2)? 1
T 22+1)0 (IT+u3? |  2w+1)
And for i = 2:
1 1 2\2
o = gln( +¢) =0,
2(2+1) 0v (1+u)
since the determinants do not depend on the variable v.
Thus, by an independent method, we have obtained that ¢; = —m, 12 = 0, which coincides with

the values found earlier. The theorem is proven.
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REZYUME

Ushbu ish aylanma sirtlarining geodezik akslantirishlarini o‘rganishga bag‘ishlangan bo’lib,
berilgan aylanma sirtnining geodezik chiziglarini boshqa bir aylanma sirtning geodezik chiziqlariga
akslantiruvchi akslantirish qurilgan va qurilgan akslantirish geodezik akslantirish ekanligi
isbotlangan.

Kalit so‘zlar: geodezik akslantirish, aylanma sirtlar, Kristoffel simvollari, deformatsiya tenzori,
riman ko‘pxilliklari, aylanma paraboloid.

PE3IOME

Januas paboTa MOCBSIIEHA U3YIEHUIO Te0Ie3NIECKNX OTOOpaKeHnit moBepxHocTel Bparenus. [1o-
CTPOEHO OTOOPaXKEHHE, KOTOPOE IIEPEBOJIUT I'e0Ie3NUEeCKUe JIMHAU 38/ JaHHON [TOBEPXHOCTH BPAIICHUS
B reojie3ndecKre JIMHIN JIPYTOi TIOBEPXHOCTH BPAIIEHNs, U JIOKA3aHO, YTO IIOCTPOEHHOE 0TOOpaKeHne
SABJISIETCS T€OE3NIECKUM OTODPaYKEHUEM.

Karowusble caosa: reoe3nydeckoe 0TOOpakKeHne, MOBEPXHOCTU BpallleHust, cuMBoJIbl Kpucrodde-
Jisi, TeH30p jieOpPMAaIi, PUMAHOBBI MHOI000Pa3us, apaboIon ] BPAIIEHHSI.
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ON THE SOLVABILITY OF THE CAUCHY PROBLEM FOR THE BIHARMONIC EQUATION

SHARIPOVA SALIBXAN ARISLANBAEVNA
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sharipovasalibkhan@mail.ru

RESUME

The present research is devoted to studying the solvability of the Cauchy problem for Biharmonic
equation. It is well known that the Cauchy problem for higher-order elliptic equations is ill-posed.
We construct an explicit representation of the solution using the Fourier transform. Furthermore,
we obtain several a priori estimates for the solution and prove the existence and uniqueness of the
solution in the class of analytic functions.

Key words: Biharmonic equation, Cauchy problem, ill-posed problem, existence, uniqueness.

1. Introduction

The Cauchy problem for the Laplace equation has been studied in a large number of mathematical
publications, starting with the classical work of Hadamard [3]. It is well known that this problem is ill-posed
(for this reason, see [4],[9]). In most works, the problems of stability and regularization methods were studied
(see [4]-[6], [12]).

The prominent Soviet mathematicians, academicians A.N. Tikhonov and M.M. Lavrentev, their disciples
and followers proved that the Cauchy problem is conditionally well-posed for the Laplace equation and ill-posed
for other problems (see [6],[8]), and they suggested the regularization method for these ill-posed problems.
Numerical methods for solving ill-posed problems of mathematical physics were also discussed in [12] (see also
[2]).

The main monograph on ill-posed boundary value problems for the biharmonic equation was presented
in [13]. In it, three essentially ill-posed internal boundary value problems for the biharmonic equation and the
Cauchy problem for the abstract biharmonic equation were studied.

The Cauchy problem for the biharmonic equation was also studied by T.Sh. Kal’'menov and U.A. Iskakova
in [7]. However, they did not show class of functions. But, in this paper we have shown exact class of functions
which ensure the existence and uniqueness of the solution.

It is known that the existence and uniqueness of the solution to the Cauchy problem for elliptic equations
has been less studied. Sh.A. Alimov and A.K. Qudaybergenov obtained some important a priori estimates for
hyperbolic functions in [16], which help to show the existence and uniqueness of the solution of the Cauchy
problem for elliptic equations, and they proved the existence and uniqueness of the solution (see [14]-[16]).

It is well known that the Cauchy problem for the given equation is an ill-posed problem. Therefore, to
show the existence and uniqueness of the solution to the given problem, we will use some known estimates that
were proved in [16].

2. Statement of the problem

Set
Q={(r,y) €R? 1z €R, 0<y<h}.

Consider the following eqaution in €2

0*u 0*u 0*u
— 42— 4+ — = 1
Oxt + Ox20y> + Oyt 0 (1)
with boundary conditions
u(@,0) = ¢(x), uy(x,0) = uyy(@,0) = uyyy(2,0) =0. (2)
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where ¢(z) belongs to the Ly(R).

The solution of the problem (1)-(2) is the function u € C*(2), which satisfies in the domain 2 equation
(1), and satisfies the boundary conditions (2) in the following sense:

i [ Juoy) - o) do = 0, 3)

y—0t

and
2

de = 0, m=1,2,3. (4)

710
My
i —_— -0
. J [z

Problem A. For a given function ¢ € L2(R), find the values on the upper border of Q of the solution
u(z,y) to the problem (1)-(2).
The solution of the problem A is the function x € La(00Q) satisfying the condition

(oo}

lim [ |u(z,h—e€) —x(z)]* dz = 0. (5)
e—0

We are looking for the solution of the problem (1)-(2) in the following form

u(z,y) = % / (s, y)e ds.
Then we reduce the following equation
W (s,y) —25°0%) (s,y) + 5" B(s,y) = 0. (6)
Then the solution will be as follows
0(s,y) =[A+ By]cosh|s|ly + [C + Dy]sinh]|s|y. (7)
Then
v'(s,y) = Bcosh|sly + |s|[A+ By]sinh|sly + Dsinh|sly + [s|[C + Dy]cosh [s|y, (8)
and
v"(s,y) = 2B|s|sinh|sly + |s|?[A+ By]cosh|sly + 2D|s|cosh|s|ly + |s|*[C + Dy]sinh|s|y, (9)

and

v"(s,y) = 3B|s|*cosh|s|ly + |s|*[A+ By]sinh|s|ly +3D|s|*sinh|sly + |s|>[C + Dy]cosh |s|y, (10)
and

v(s,y) = s|”sih |s|y + |s|"|A+ Dy|cosh|s|ly + s|”cosh|sjly + |s]"|C + Dy|sinh |s|y.

0@ (s,y) = 4B|s’sinh|sly + [s|*[A+ By]cosh|sly +4Dls|>cosh|sly + |s|*[C + Dy]sinh|sly. ~ (11)

According to (7)-(11), we obtain

o[ -S-)

A=

Sy
I
Q
I
=
S
I
\
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Consequently,
_ o 18T _ n |S|y : 15T
u(z,y) = | v(s,y)e"*"ds= [ ¢ | coshls|ly — T sinh |sly | "% ds.

Denote by A, the set of functions f(z) which are holomorphic on the stripe
Sy = {z€C : |[Imz| <o},

and satisfy conditions:

oo
I£12 = sup / Fo+ig)Pde < +oo.
ly|<o ke

Consider the Fourier expand

f@) = [ Floperris
Theorem 2.1. For any function f € A, the following inequalities
wlfl2 < [ IFP cosh2lslods < 2nilf]

are valid. (see [16])
3. Existence of the solution of the problem
The following statements are true.

(13)

(16)

Theorem 3.1. Let the function ¢ belong to class A, for some o > h. Then the solution of the problem

A exists and is unique.
Lemma 3.1. The solution of the equation (6) satisfies the following estimates

90 (s,y)| < || cosh|sly [|s|™ 1y +|s|™

. m=1,234.

Proof. Indeed, if we take derivative from function (s, y), then we get required estimates.
A, | (s] 5%y
[0°(s,9)| =14l |{ 5 sinhlsly — == coshsly )| <
2
—~ S . s|%y ~
< 100 (|3l snnloly |-+ |52 cosn | ) < 131 coshlly sy + sl
Then, for m =2

|s|%y

2

0 ¢

sinh |s|y ’ < ‘QAS ‘ cosh |s|y ‘A‘ cosh|sly |[s|*y + |s?] .

For m = 3,

~ " |S|4y |S|3 . " 4 3
0 (s, = 18] (52 coshsly + T sinbsly| < 18] coshlsly [Isty + IsF.

Then for m = 4,
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sy !

[s*y + Is[® >
— sinh[sly| < [¢] coshlsly ||s|y +[s|*|.

P, )l = 18] [P coshsly + L

Lemma 3.1 has been proved. a

Lemma 3.2. Let the function ¢ belongs to class A, . Then the function u(xz,y) which defined by (12)
belongs to C* ((—o0,00) x [0,0)) .

Proof. Let us fix an arbitrary number p in the interval 0 < p < ¢ and prove that the function u(z,y) is
four times differentiable with respect x and y.

Indeed, for m = 1,2, 3,4 we can write

W) = [ 15 (s ), (18)

Then according to Lemma 3.1 and Cauchy-Bunyakovs|s|y for p < o
W) < [ IR s plds < [ Isit 18] coshlsly [[s]" 1y + 1" ds <

! 18] coshslp [|s™* o+ |s"|cosh sl

oo o |
< [ 15l 1ol coshlslp [Js/"ty + s ds < [ ©
— 00 — 00

cosh |s|o
T T 1sI® (15| p + |s|™)? cosh? |s
[ 1o com s as [ AT B) o Tol g (19)
cosh” |s|o
Lemma 3.2 has been proved. a

Lemma 3.3. Let ¢ belongs to class A, for some o > h. Then for each y € [0, h] the function u(x,y)
defined by (12) belongs to La[—o0, 0] and

lim / |u(x,y)—u(x,h)|2dx = 0. (20)

y—h

Proof. Indeed according to Parseval’s identity, we have

1) cosh 2
e, )P = / 1812 cosh? |sly (Isly +1)° / 92 cosh2s|o Loly 1) coshZlslh
cosh 2|s|o
<2a(h) [ [6f? cosh2kar < CM () o] (21)
where )
My(h) = max (Islh + 1) coshQ\s\h.

o>h cosh 2|s|o

Taking into account (12) and cosh? z < coshz, we get
oo (oo}
[ ute) —utw P iz = [ 155, ~ a(s. ) ds
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= / |p|? |cosh |s|y —%sinh|s|y — cosh |s|h 4+ 5 sinh |s|h| ds <
x 2
< / |g$|2 {|cosh|s|y — cosh |s|h| + % |y sinh |sly — hcos |s|h|} ds <
[ slh g :
< |¢|* ||cosh |s|h| 4 |cosh |s|h| + - (|sinh |s|h| + |cos|s|h|)| ds <
— o0

(|s|h + 2)? cosh 2|s|h
cosh 2|s|o

< / \$|2 cosh? |s|h (|s|h + 2)%ds < / |$\Qcosh2|s|a ds <

< My(h) / 161 coshi 2ka < CMy(R) |62

where

s|h + 2)% cosh 2|s|h
Mo (h) = prs - cos)thJ . '
Note that each term is a continuous function with respect to y € [0, h] and the integral is majored by
a convergent integral. Therefore, according to the Weierstrass theorem (see [11], Theorem 7.10), the integral
converges uniformly over y € [0, h] and is a continuous function of y. Hence, the equality (20) follows.
Lemma 3.3 has been proved. O
If we set
u(z, h) = x(x),
then equality (5) is proved.
Proof of Theorem 3.1 follows directly from Lemma 3.1-3.3.
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REZYUME

Ushbu tadqiqot Bigarmonik tenglama uchun Koshi masalasining yechiluvchanligini o‘rganishga
bag‘ishlangan. Avvalo, Koshi masalasining integral shaklda ifodalangan yechimini olamiz. So‘ngra
berilgan masalaning yechimining mavjudligi va yagonaligi isbotlanadi.

Kalit so‘zlar: Bigarmonik tenglama, Koshi masalasi, nokorrekt masala, mavjudlik, yagonalik.

PE3IOME

Hacrositiiee ucciieioBanme mMOCBSINEHO W3yYEHUIO PA3pEITUMOCTH 3a1a9un Ko it GurapMoHmde-
ckoro ypasaenns. CHagasia permaercd 3agada Komm, mpeicTaB/eHHas B WHTErpajbHON dopme, u
JOKa3bIBAETCS CYIIECTBOBAHNE U €JINHCTBEHHOCTD PEIeHUs JaHHOU 3a/atN.

Karoueswie cnosa: BurapMmonndeckoe ypaBuenne, 3aat1a Ko, HeKOppeKTHasT 331294, CyIeCTBO-
BaHUE, €JIMHCTBEHHOCTD.
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RESUME

In this paper, we establish the strict monotonicity of the Mittag-LefHler functions E,(—t”) and
tP~1E, ,(—t?) with respect to the parameter p. Furthermore, we prove the strict monotonicity of
the function tp’lEpyp(—/\Utp) with respect to the parameter ¢. These monotonicity properties are
then applied to inverse problems concerned with determining the order of the fractional derivative
in subdiffusion equations.

Key words: Mittag-Lefler function; the Caputo fractional derivative; the Riemann-Liouville
fractional derivative; inverse problem.

1. Introduction
The two-parametric Mittag-Leffler function (or simply Mittag-Leffler function) defined as follows:

s3] o
EP7M(Z) = Z T L\’ Re(p) >0, pe C) (12)
— D(pn+p)

where I'(p) is the Euler gamma-function.

The function (12) is the most straightforward generalization of the classical Mittag-Leffler function
introduced by Magnus Gustaf (Gosta) Mittag-Leffler

oo n

z
E = ——-, R > 0, 13
which in turn is a simple generalization of the exponential function. The functions (12) and (13) have numerous
generalizations mostly related to the fractional calculus and fractional modeling.

The (classical) Mittag-Leffler function has been introduced to give an answer to a classical question of
complex analysis, namely, to describe the procedure of analytic continuation of power series outside the disc
of their convergence. Much later, theoretical applications at the study of integral equations and more practical
applications to the modeling of “non-standard” processes have been found for the Mittag-Leffler function. The
importance of the Mittag-Lefler function was re-discovered when its connection to fractional calculus was fully
understood. Different aspects of the distinguished role of this function in fractional theory and applications have
been described in several monographs and surveys on fractional calculus (see, e.g., [1], [2], [3]) and fractional
modeling (see, e.g., [4], [5]).

In this paper, we establish new properties of the Mittag-Leffler function, specifically the strict
monotonicity with respect to the parameter p for the functions E,(—t”) and t"_lEp’ p(—t”) and we will examine
the applications of the new property of the Mittag-Leffler function to various problems.

2. Monotonicity of the Mittag-Leffler functions

Let us first introduce some important concepts to prove the strict monotonicity of the Mittag-Leffler
function E,(—t).

Lemma 1. Let p € (0,1). Then the following equality holds:

I'(pn)
m ————-—
n—o0 I'(pn + p)
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This lemma was proved in [6].

Now we calculate the derivative of the Mittag-Leffler function E,(—t”). Let ®(p) be the logarithmic
derivative of the gamma function I'(p) (see, for example [7]). Then I'V(p) = T'(p)®@(p) and therefore, we have:

d d tem
LB ()= 2 L
dpEp( ) dp n;)( b T(pn+1)
= Int — ®(pn+1) =
— § 1\, 4PN _ E _1\n

where

n = nt’" ) 15
and v =~ 0.57722 is the Euler-Mascheroni constant.
Lemma 2. Let p € (0,1). Then the following two statements hold:
1)
. D(pn+p+1)

lim ——————~ =

n— o0 <I)(pn + 1)
2) d(pn+1) > —ﬁ foralln > 1.
This lemma was proved in [8].
Upper and lower estimates for the function ®(x) as follows (see, [8]):

1 1
In(x) — - < ®(z) <ln(x)— M) (16)

Lemma 3. Let pg € (0,1) and t; > 0. Then series (14) is uniformly convergent with respect to t € [t1,T)
and p € [po, 1].

Proof. Since t € [t1,T] and p € [po, 1] we get

= Int — ®(pn + 1) \lnt P(pn + 1)
-1 nnt/m— nT" .
nZ::l (=1) T'(pn+1) ’ Z T'(pon + 1)

Using inequality (16), we have

(o]
nTm
o Int|+1n(n+1)
n; T(pon + 1) Qe%%}' ntf+in(n+1) ) Zz”’

where - X
n mn
n= o Int|+1 1 )
o oD By 1+ D+ )
Let us consider the following proportion
Int| +1 2) + %
Zng1  (n4+ 1T (pon + 1) rettir) [t +1n(n+2)+ 5
Zn nT"T(pon + po + 1) I?ax}\lnt\ +ln(n+1)+%'
te{t1,

By the equality I'(pn 4+ 1) = pnI'(pn), we have

max |Int|+In(n+2)+41

Zna1 _ 7 L(pon) te{t T}‘ | ( )+

Zn I'(pon+ po) max |Int|+In(n+1)+ %
tG{tl,T}
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Apply Lemma , to get
. Zn+1
lim

n—oo 2,

=0.

o0
Thus, by D’Alembert’s Ratio Test, we conclude that the series > z, is convergent. Therefore, by the Weierstrass
n=1
M-Test, we deduce that the series (14) is uniformly convergent.

Lemma is proved. O

1
2p

Lemma 4. Let 0 < p < 1. Then fort € (O,min (1, %)} the inequalities yYp11 > Yn, n > 1, hold.
e2

Proof. Let us consider the following proportion

Ynt1 _ o (n+ DT(pn + 1) In(t) — @(pn +p+1)

Yn nl'(pn+p+1) In(t) —@(pn+1)

According to equality I'(pn + 1) = pnI'(pn) we have

Yn L(pn+p) In(t) — 2(pn+1)

T'(pn) <1 O(pn+1) — P(pn+p+ 1))
T'(pn + p) In(t) — ®(pn + 1)

Ynt1 _,p_L(pn) In(t) — @(pn+p+1)

:tp

Now we will show that

‘fl)(anrl)(I)(anerrl)

() — ®(pn + 1) ‘ <1

Based on estimate (16), we examine four cases to prove the estimate above.
We can rewrite the expression ®(z) according to the estimate (16) in the following form:

0(x)

&(z) = In(z) — — TE (0, 00),

where function 6(x) is continuous and satisfies 3 < 6(z) < 1 for all z € (0, 00). From this we get:

O(pn+1) —@(pn+p+1)
Int — ®(pn+1)

ln(pn+1)—%—ln(pn+p+l)+%,ﬁll)

6(pn+1)
lnt—ln(pn-i—l) + “pntl

1n< pn+1 ) _ (pn+1)(8(pn+1)—0(pntp+1))+pf(pn+1)

pn+p+1 (pn+1)(pn+p+1)
- 0(pn
Int —In(pn+1) + %
In ( prt1 ) (pn+1)(0(pn+1)—8(pntp+1))+pf(pn+1)
< pn+p+1 n (pn+1)(pn+p+1)
B lnt—ln(pn—l—l)ﬁ-% lnt—ln(pn—i-l)-l-%
0(pn+1)—0(pn+p+1) pO(pn+1)
1 (pn+p+1) (pn+1)(pntp+1)
= e 6lont D)
According to 6(pn +1),0(pn+ p+ 1) € [1/2,1] we have

®(pn+1) —(pn+p+1)| _ 1 +§+1 3
Int —®(pn+1) ~ |lnt|—1  |Int|-1 |Int|—1"
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IfInt < —% then we have

’(I)(pn—i-l)—(l)(pn—i-p—&- 1)

1. 1
i —d(pm+1) ’< (18)

Since I'(pn) < T'(pn + p), the equality (17) and the inequality (18) we have the following inequality

n (0] H—o 1
Yn+1 Stp(l+ (pn+1) (pn+p+ )><2tp'

If we select t € (0, min | 2, + | [, then we have % < 1. For such t, according to assertion 2 of Lemma , the
2, €2 n

sequence ¥y, defined by the equality (15), is negative for all n > 1. Therefore, we get the inequality yn+1 > yn.

Lemma is proved. O

Theorem 5. Let py € (0,1). Then, for any t € (O, min ( 1 1)] , the Mittag-Leffler function E,(—t")

7
2,0 €2

is monotonically increasing in p € [po, 1].
Proof. According to Lemma the series (14) converges absolutely. Let us divide this series into groups as follows

d

%EA%ﬂ:;¥4W%:*@rwﬁ*@rﬂ0*m

Then by Lemma it follows that %Ep(ftp) > 0 for all ¢t and p from the conditions of the lemma.

Theorem is proved. O

Theorem 6. Let py € (0,1). Then, for any t € <O,min< . h)}, the function tP~1E, ,(—tP) is
2,0 €6
monotonically decreasing in p € [pg, 1].
The theorem is proved in the same way as Theorem .
We now present an important property of the Mittag-Leffler function.
Theorem 7. Let p,oo € (0,1) and X > Ag(p,00). Then the function E, ,(—A7t) is strictly decreasing

with respect to o € [09,1) for anyt > 1 and p € (0,1).

Proof. Let 0 < 8 < wp and §(8) stand for a contour oriented by non-decreasing argn and consisting of the
following parts: the ray argn = —@, |n| > 1, then the arc —3 < argn < 3, |n| = 1, and then the ray
argn = 3, |n| > 1. Obviously, the contour 6(8) divides the complex 7-plane into two unbounded parts, namely
G () to the right of §(8) in orientation and G(7)(5) to its left.

Let 8= 3p,p € (0,1). Since —A“t* € G(7)(53), then (see [9], formula (2.29), p. 135)

1 1 en' it
E,  (—\tP) = N p) T amiphie / Pt dn = f(0) +g(0).
5(8)

From this we have

2In A
o) —
f (U) - )\2‘7152/’1"(—,0)’
and e
(o) (24+t°)In A / el anHd
o) = .
9 2mip\2ot2e n+ AotP g
5(8)
In the work [10], a function similar to ¢’(o) is studied. Similarly, we derive the following estimate for
g'(0):

, TIn A
lg'(0)] < Nooi2e
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Applying the following equality for T'(p):
1 p

I'(=p)  T(A-p)

and for all t > 1 we have
d 2pln A Tln A

LB, (-ATt) < — .
do o N < —mrmra = )t N

Hence this derivative is negative if

A7 >\ > l
2p
Thus, if A > Ag(p, 00), then E, ,(=A7t?), as a function of ¢ € [0y, 1), strictly decreases for all ¢ > 1.

3. Inverse problems

In modeling various anomalous diffusion and transport processes, fractional differential equations often
serve as effective tools due to their ability to capture memory and hereditary properties. However, a significant
challenge in such models lies in the fact that the order of the fractional derivative, denoted by p, is typically
unknown and cannot be measured directly. This necessitates the formulation and analysis of inverse problems
aimed at identifying this physical parameter from indirect observations of the solution. The determination of
such unknown parameters is not only of theoretical interest but is also essential for the well-posedness and
qualitative analysis of the associated initial-boundary value problems. A comprehensive overview of inverse
problems concerning fractional order identification is presented in the survey [11].

Most existing studies have considered fractional derivatives of order 0 < p < 1 in the Caputo sense, with
the primary focus on establishing uniqueness results. In order to recover the order p, an important analytical tool
is the monotonicity of the Mittag-Leffler function with respect to the order parameter. While various properties
of the Mittag-Leffler function have been extensively studied particularly its monotonicity with respect to its
argument it has been observed that its monotonicity with respect to p can also be effectively utilized in solving
inverse problems for fractional differential equations.

This approach was first introduced in [12] for time-fractional subdiffusion equations involving the Caputo
derivative and was subsequently extended in [10] to equations with the Riemann-Liouville derivative. A modified
version of this technique was employed in [13], [14], [15] to address similar inverse problems for the fractional
wave equation with the Caputo derivative.

A noteworthy finding arising from this line of research is that the solution u(x,t) of the initial-boundary
value problem for the subdiffusion equation intrinsically depends on the unknown fractional order p, i.e., u(z,t) =
u(z,t,p). Consequently, for different values of p, the corresponding solutions exhibit distinct behaviors. In
particular, it has been observed that the norm ||u(z,t, p)||, for sufficiently large ¢, behaves as a strictly decreasing
function of the parameter p. This property is central to the successful application of the aforementioned inverse
problem techniques.

We now demonstrate how Theorems and , proved above, provide new insights and extensions of these
works, particularly for small values of time ¢.

3.1. Inverse problem of determining an order of the Riemann-Liouville and Caputo time-
fractional derivative for a subdiffusion equation
Let Q be an arbitrary N - dimensional domain with a sufficiently smooth boundary 9f2. Consider the
following problem:
O u(z,t) = Au(z, t), z€N, t>0,
Bu@t) _ g, z €00, t>0,
lim 7 'u(z, t) = p(z), ze€Q,
t—0

where n is the unit outward normal vector of 9, ¢(x) is a continuous function. We call the problem is forward

problem. The fractional Riemann-Liouville integral and the Riemann-Liouville derivative correspondingly have
the form(see, for example [16], p. 70)

7250) = g [y @, 350 = D2 0s0, D=

%) Jo i Ty
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The fractional derivative in the sense of Caputo has the form(see, for example [16], p. 91):
Dy f(t) = J""Df(1).

The solution of the forward problem has the form (see for example [10]):

oo

(¢, vi)t p.p (= Akt? )k (2),
k=1
To find parameter p we use the following additional condition:

F(p;to) == Hu('7t0)||2L2(Q) =do, to=To.

Using Theorem we get the following result.

Theorem 8. Let py € (0,1) and ty € <0, min < S >} . Then Inverse Problem I has a unique solution

2%0 €

ol

(u, p) if and only if
F(1;t0) < do < F(po;to)-

Let  be an arbitrary N - dimensional domain with a sufficiently smooth boundary 92. Consider the
following Inverse problem:

Diu(z,t) = Au(z,t), z€Q, t>0,
u(z,t) =0, x €I, t>0,
u(xv 0) = 30(1')7 LS ﬁa

where ¢(z) is a continuous function and DY is the Caputo fractional derivative. We call the problem is forward
problem. The solution of the forward problem has the form

Z <p,Uk )\ktp)vk( )
k=1

To find parameter p we use the following additional condition:
F(psto) := [lu(:, o) 720y = do,  to > To.

Using Theorem we get the following result.

Theorem 9. Let py € (0,1) and ty € (0, min ( . %)] . Then Inverse Problem I has a unique solution
e2

2P0
(u, p) if and only if
F(1;t0) < do < F(po;to)-

3.2 Inverse problem of determining order of fractional derivative which study by A.V. Pskhu

Let us note an interesting result by A.V. Pskhu [17], published in 2002, which, as far as we know,
represents the first inverse problem for determining the order of fractional derivatives.

Consider the following equation
OPu(x) — du(x) = 0, (19)
where, x € (0,a], p € (0,1], A € R and 9% is the fractional Riemann-Liouville derivative.

Inverse problem for equation (19). Find the value of order p, p € (0, 1], and solution u(x), of equation
(19) which obeys conditions

u(xo) = uo, u(x1) = u1, (20)

where xg, x1 € (0,a], ug, u; are given real numbers.
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As the author proved, the problem has a unique solution if xy # x; and

Zo cn U1 < eM@i—20)
1 Uo

We adopted a slightly different approach to the inverse problem (19), (20) and derived the following
result.

Let p € (0, 1]. Consider the following Cauchy problem

{ OPu(x) — du(x) =0, =z € (0,1],

lim 02 tu(z) = o, (21)
z—0

where, ¢, A € R are given numbers.

Inverse problem for problem (21). Find the value of order p, p € (0, 1], and solution u(x), of problem
(21) which obeys condition

u(zo) = uo, (22)
where zg € (0, 1] and u are given real number.
Note the unique solution to problem (21) has the form (see, for example, [16], p. 224)

u(@) = pe? B, (). (23)

Lemma 10. Let x € (0,1] and A\ > 0. The function P~ E, ,(Az”) decreases monotonically with respect
to p € (0,1].

Proof. Let p1,p2 € (0,1], p1 < p2. We have

& p1(k+1)—
m-1p AP — P2 1R b
z o101 (A7) — p2,02 ( kZ:O T(p1(k + 1))
)\km/’?(kJrl) 1 Z Vg1 < P (k+1) pp1(k+1) >
— L(pa2(k +1 L(pi(k+1))  T(pa(k+1))
Now consider the followmg proportion
pP2(k+1)
Q= Clp2(k+1)) _ p(P2=p1) (k1) L(p1(k+1))
P11 (k+1) :
(o F D) Llpa(k+1))

Since T'(p1(k + 1)) < T(pa(k + 1)) and x € (0,1] we have @ < 1 for all k > 0. Therefore, 2"~ E,, , (Azf) >
xP2 1By, 4, (AxP2) for all py, pa € (0,1], p1 < pa.
Lemma is proved. O

The following result is true.

Theorem 11. Let zy € (0,1] and A > 0. Then the inverse problem (21), (22) has a unique solution
{u(z), p} if and only if
Aa?o UO
e < — < +o0.
P

Proof. Using (23) and equality (22) we get

1
ozl E, ,(Azl) = up.

Obviously, according to Lemma, , the inverse problem (21), (22) has a unique solution.
Theorem is proved. O
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13
2P0 e 6

Theorem 12. Let py € (0,1), 29 € | 0, min ( L )] and A < 0. Then the inverse problem (21), (22)
has a unique solution {u(x), p} if and only if

U,
e Mo < 2~ +00.
'

The proof of this theorem follows from Theorem .
3.3 Inverse problem of determining order of fractional derivative at one space-time point

Let © be an arbitrary N - dimensional domain with a sufficiently smooth boundary 9€2. Consider the

following problem
Diu(z,t) — Au(z,t) =0, z€Q, 0<t<T,

u(z,t)|on =0, (24)
u(z,0) = p(x), =€,

where ¢(z) is a continuous function and DY is the fractional Caputo derivative.We call the problem is forward
problem. The solution of the forward problem has the form

=Y (9, 0) Ep 1 (= Aet? Jug(2).
k=1

In problem (24), the primary question is: if p is unknown, can it be determined by imposing an additional
condition at a single space-time point (zg,t9)?
Let us present some assertions about eigenfunctions vy (x) and eigenvalues A, proved by V.A.Ilyin [18].
Lemma 13. Let the function g(x) satisfy the conditions
1 ) 9" (=) _
- g(z) € CP(Q), 8277 ozhn € L), p+l=pi+p2+...pn,p>1,

P
2

9(@)|oa = Ag(@)]aq = - - = AlElg(@)]sq = 0.

)\P-i-

Then the number series E 9k converges, where g = (g, V).

k=1
Let z¢ € Q be fixed, and consider the measured data at one time instant tg > 0 given by:

u(xo,to) = do, (25)

where dj is a fixed number. Introducing the following nonlinear function:
Z ngE )\kto Yo (x0), (26)

the equation for determining the unknown parameter p can be written as
G(p) = do.

Before solving the inverse problem, we examine the uniform convergence of the series:
= d
Z Prvk () — Ep (= At?), (27)
k=1 dp

where @i, = (¢, v;). We establish the following lemma:

Lemma 14. Let pg € (0,1) and t1 > 0. If the function (x) satisfy conditions of Lemma 6 with the
exponent p = [§]. Then the series (27) is uniformly convergent with respect to x € Q, t € [t1,T], p € [po, 1].

From Lemma , we derive the following corollary:
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Corollary 15. Let py € (0,1) and ¢; > 0. For any € > 0, there exists ng = ng(e, po,t1) such that the
following inequality holds for all z € Q, t € [¢t1,T], and p € [po, 1]:

o0

D

k=no+1

iEp<_)‘ktp)

a5 <e. (28)

orvi(x)

Where ng is the smallest number, which is satisfying inequality (28).
We now present the main theorem about the solution of the inverse problem (24),(25):
Theorem 16. Let e > 0 and ty € (O, min (11, 17)] . Suppose that function p(x) satisfies the conditions
2,0 €2
of Lemma and for some xo €  the quantities vi(xo) and @y satisfy the following conditions:

1. o >0 and vip(zg) >0 for k=1,2,...,nq, where ng = ng(e, po,to) from Corollary ;

2. i, and v, (x0) satisfying following inequality for some ko € {1,2,...,n0}

koVko (Zo) > )
Pko 0(0) ng

where My, = d%Ep(—/\koté).

Then the nonlinear function G(p), defined by (26), is strictly monotonically increasing on p € [po, 1]. Moreover,
inverse problem (24),(25) has a unique solution if and only if

do € [G(po), G(1)].

The proof of theorem given in [8].
3.4 Inverse problem of determining two unknown parameters
Let © C RY be an arbitrary bounded domain, with sufficiently smooth boundary 99, p,o € (0,1).

Consider the following problem
fu(z,t) + (—A)u(z,t) =0, z€Q, 0<t<T,

Bu(z,t) = W

lim J*  u(z, t) = o(z), ze€Q,
t—0

=0, 2€090 0<t<T, (29)

where ¢(z) € Ly(Q2), A is the Laplace operator, n is the unit outward normal vector to 9Q and 87 is the
fractional Riemann-Liouville derivative of order 0 < p < 1.

The solution of this problem has the following form (see, for example [10]):
u(z,t) = Z ort" B, (= Ait? v (), (30)
k=1

where ¢y, are the Fourier coeflicients of function p(z).
We use the following additional conditions for simultaneously determining the parameters p and o in
(29):
[(u(@, t0), v1(2))| = do,  [(u(z, t1), vk (2))| = d, (31)

where to # t1, to, t1 € (0,7 and dy, d; are given positive numbers.

Using the additional conditions (31) and the solution (30) and since A\; = 0 we derive the following system

of equations:
!
|<)01| - do = 07
I'(p)

lo1|t] " By o (—ASt7) — d1 = 0.
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From the first equation of the system, we obtain the following relation:

tt~t dy
_ do 32
ORI (32)

Next, we show that the left-hand side of equation (32) is monotonic with respect to p € (0,1). Using I'(p) =

T(p)®(p), we have /
ot o
B ) — B gy - a(p).

I'(p) I'(p)
Since 1 p 1
mzm and <I>(p):<I>(p+1)—;7
we have

o\ _ eth o - 2 +1)+1]_t8_1[ Info — p2(p+1) +1
T()) ~ TG+ [N PP DL T gy e 00 |

Since —y < ®(p+1) <1 —v and if tg > 1, we get

A Lt TR S
I'(p) I(p+1) I'(p+1)

Hence, ?O(—p) is monotonic in p € (0,1), and therefore equation (32) has the unique solution p* € (0, 1).

Substituting the obtained p* € (0,1) into the second equation of the system, we solve for o:

dy

Epe pr (M) ) = ———.
lalt]”

(33)
According to Theorem , equation (33) has the unique solution o* € [0, 1).

Taking the above into account, we present the following main result.

Theorem 17. There is a unique p* € (0,1), satisfying (21), if and only if \%l < 1. Suppose that
oo € (0,1). For o* € [0g,1) to exist, it is necessary and sufficient that dy satisfy the following inequalities:

i

|k

ti) _1Ep*,p*(_/\kti) ) < < ti) _1Ep*,p*(_/\(];—0tf )
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REZYUME

Ushbu magolada biz E,(—t*) va t*~'E, ,(—t”) Mittag-LefHler funksiyalarining parametr p bo‘yicha
qat’iy monotonligini isbotlangan. Shuningdek, t*~'E, ,(—\7t*) funksiyasining parametr o bo‘yicha
qat’ly monotonligini ham isbotlangan. Olingan natijalar subdiffuziya tenglamalarida kasr tartibli
hosilaning tartibini aniglashga oid teskari masalalarni yechishda qo‘llanilgan.

Kalit so‘zlar: Mittag-Leffler funksiyasi; Kaputo kasr hosilasi; Riman-Liuvill kasr hosilasi; teskari
masala.

PE3IOME

B ;LaHlHoﬁ paboTe MBI yCTaHABIMBAEM CTPOTYI0 MOHOTOHHOCTH (byHKImi Murrar-Jlepdnepa E p(—tp )

u tp1 E, ,(—t’) mo mapamerpy p. Bomee Toro, Ml HOKa3bIBaEM CTPOTYIO MOHOTOHHOCTH (DYHKIIUH
_ - .

tP~'E, ,(—A\7t?) no mapaMerpy o. JlaHHbIe CBOHCTBA MOHOTOHHOCTH 3aTe€M IPHMEHSIIOTCS K 00paT-

HBIM 33/[a9aM, CBA3AHHBIM C OIIPeJIeJIEHNEM IOPSIKa JIPOOHOM IPOM3BOIHON B ypaBHEHUSIX CyOaud-

dyzun.

Karouesnie caosa: Oyukius Murrtara-Jleddiepa, qpobras npoussoauas KarmyTo, qpobHas mpo-
n3BomHast Pumana—Jluysuiis, obparHas 3am1aqa.
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RESUME

In this article, we study a class of piecewise-continuous quadratic stochastic operators (QSOs) of
Volterra type defined on the two-dimensional simplex S2. The operator is defined by two Volterra
operators V; and V5 acting on disjoint subsets of the simplex. We describe the fixed points of
these operators for various parameter configurations and analyze the asymptotic behavior of their
trajectories. In particular, we prove that for specific parameter choices, the limit set of any interior
point of the simplex lies on the boundary, and in the symmetric case a = b = ¢ # 0, all trajectories
converge to the vertex (1,0,0).

Key words: Quadratic stochastic operator, Volterra operator, piecewise-continuous operator, fixed
points, limit set.

1. Introduction

Quadratic stochastic operators (QSOs) have been extensively studied in population genetics, evolutionary
dynamics, and mathematical biology, where they describe the evolution of probabilities of different species or
traits over discrete generations. Among QSOs, Volterra-type operators are particularly important due to their
structured interactions and biological interpretability. In [2], it is shown that the limit set of a dynamical system
generated by a Volterra operator is either a singleton or infinite.

In [6], the dynamical system of a discontinuous Volterra operator mapping S? was studied. Despite the
absence of periodic points for continuous quadratic stochastic operators of the Volterra type, in that article,
it was showed the existence of 3-periodic points for certain parameter values. Besides, the behaviour of the
dynamics of discontinuous Volterra operators is more different than the continuous ones(see [1,3-7]).

In this paper, we focus on a class of piecewise-continuous Volterra QSOs defined on the two-dimensional
simplex S2, where the operator switches between two Volterra forms V; and Vi depending on the relation
between coordinates y and z. This setup allows us to study a richer dynamical behavior compared to standard
continuous operators.

Our main goal is to characterize the fized points, limit sets, and asymptotic dynamics of these operators.
We provide a detailed analysis for various parameter configurations, including cases where only one parameter is
non-zero and the symmetric case a = b = ¢. Our results show that the dynamics is largely boundary-attracting,
with interior points converging to the simplex boundary or a specific vertex depending on the parameters. These
findings extend previous studies on Volterra QSOs and contribute to the understanding of piecewise dynamics
in stochastic systems.

2. Piecewise-continuous QSO Volterra on 52.

Let S™~! be the simplex:
m
St =Ix=(z1,...,%m) ER™:2; >0, sz =1}
i=1

The vertices of the simplex are x; = (1,0,...,0), xo = (0,1,0,...,0), ..., X, = (0,0,...,0,1). We denote the
interior of the simplex by

int S™! = {x = (1,29,...,2m) €S™ ia; >0foralli=1,2,...,m},
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and its boundary by
8Sm_1 _ Sm,—l \mt Sm—l-

Let V : Sm~1 — §™m~! be a mapping defined by
m
Vzy) = Z Pijrxix;, k=1,2,...,m,

ij=1
where P;; j, are hereditary coefficients satisfying

m

Pijr >0, Pyjr=Pir > Pyrx=1 ij=12...,m
k=1

Such a mapping V is called a Quadratic Stochastic Operator (QSO).
Recall that a QSO V : ™1 — §™m~1 s called Volterra if

Pi;r =0 whenever k ¢ {i,;}.
Consider the following sequence for an initial point (%) € §7~1
2O 20 =y (@©®), 2@ =v2eO) 20 =y

where V™ (z) is n-times composition of V' to itself. Last sequence is called a discrete dynamical system generated
by the operator V or the orbit(trajectory) of 2().

The set of limit points of the trajectory starting at x(9) is denoted by w(x(?)). One of the main problems
in discrete dynamical systems for a given operator V is to analyze the asymptotic behavior of the trajectory

2™ =vr(x©), n>1,

and, in particular, to characterize its limit points.
Define a QSO as follows:

_fx), y==z
Vix) = { Va(x), y<=z )
where x = (7,y,2) € S?, a,b,c € [0,1] and
' =xz(l —az+cy) ' =xz(l —ay+cz)
Vilx)=<¢ v =y(l—bz—cx) Va(x) =< v =y(l+bz+ ax)
' =2(1+4 ax + by) z'=2z(1 —by — cx).

If a® + b®> 4+ ¢ = 0, then the operator (1) is trivial. So we are not interested in this case. The operator is
discontinuous at the median of the triangle at the vertex x; in Fig.1.

3. Fixed points.
According to the definition of the operator V, the domain consists of two non-intersecting subsets of S2.
They are:
Hi={xe$ | x=(2,y.2), y==2}
Hy={xe S | x=(z,y,2), y<=z}

According to the definition of the operator V, the domain consists of two non-intersecting subsets of S2.
They are:

Hi={xeS& | x=(2,y,2), y>z}
Hy={x€S® | x=(x,4,2), y<zh
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X1 = (17070)

H, H,

x2 = (0,1,0) x3 = (0,0, 1)

Puc. 11: The sets of H; and Hs on the two-dimensional simplex

The point x is a periodic point of period p if VP(x) = x. The least positive p for which VP(x) = x is
called the prime period of x. If p = 1 then x is called a fized point of the operator. We denote the set of all fixed
points by Fix(V') and the set of all periodic points of (not necessarily prime) period p by Per, (V).

Let’s find fixed points. We need to solve the equation Vj(x) = x in H; and Va(x) = x in Hs. So the

following lemma holds.
Lemma 1. For the set of fized points, the following holds:

1) ifb-c#0, then Fix(V) = {1, 22, x3};

2) ifa=c=0,b#0, ora-b#0,c=0, then Fix(V) = {z = (,5,2) | y-2z=0};
3)ifb=0,a-c#0o0orb=a=0 and c#0, then Fix(V) ={x = (v,y,2) | 2 =0} U{m};
4) ifb=c=0,a#0, then Fix(V) = {z= (z,y,2) | «-y-z=0}.

Proof. Now we need to solve the equation V;(x) = x for x € Hj.

z(l—az+4cy)==x z(—az+cy) =0
y(l—bz—cx)=y =< ylbz+cx)=0
z(1+ax +by) = =z z(ax +by) =0

x = 0. Then byz = 0. If b # 0, then we have the solution x; = (0,1,0). If b = 0, then the solution
(0,y,1 — y) where % <y<l1.

e #0,y=0. Then az = 0. If a # 0, then we have the solution z; = (1,0,0). If @ = 0, then the solution
(2,0,1 — ) does not belong to Hj.

e £ #0,y#0, z=0.If c =0, then the solution is (z,1 — x,0), where 0 <z < 1.

Since a, b, ¢ € [0, 1], there is no solution to the equation V;(x) = x when xyz # 0. For the case Hs, the results
O

are proven as above.

4. The limit sets.
4.1 The case b=c=0and a #0. If b=c¢ =0 and a # 0, then the form of the operator (1) has

_ Vl,a(X), Yy>z
V= 2 )
and
' =z(l —az) ' =z(1 — ay)
‘/1,(1 = y/ =Y ‘/2,(1 == y/ = y(l + ax)
2/ =2(1+ ax) =z
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Lemma 2. There does not exist any A C int S? such that V,(A) C A.

Proof. Let us assume conversely, i.e., there exists A C int S? such that V,(A) C A. Since A C int S%, we can
find *,y*,2* € (0,1) such that x > z*, y > y*, and z > z* for all x = (x,y,2) € A(it is easy to see that
if we take the subset A with = > x*, then V,(x*) ¢ A, because (™) strictly decreasing). Since z(™) is strictly
decreasing int S%, we show there exists X = (Z,7,%) € A such that V,(X) ¢ A. Let T=2"+1 € Aforn > 1.
We show that there exists ng € N such that V(%) > z* for all n > ng.

*

1 1 x
* )1 — < =
(" + n)( amin{y,z}) < z* = 2~ —i— < 1fam1n{y,z}

. 1- arr.un{ﬂ,f}
~ ax*min{y,z}
If we take ng > —omin{lZ}l then x € A and V,(X) & A for all n > ny. O

ax* min{y,z}’

Lemma 3. Let V, be a QSO given by (2). Then for any x(© € S2, it holds w(x?) c 952.

Proof. Since V,(05%) C 9S? we consider where an initial point is in int S?. Let x(©) = (29, 40 »(0)) ¢
Hinint S%. According to the Lemma 2 there exists n; € N such that 4™ > 2" for all n < nq and (") > g1
y(") = const and z(™ < z("*D_ For n > ny there exists ny € N such that y(”) <z for all n; < n < ng and
() > gD () < 94D and 2 = const. For n > ny there exists ny € N such that ™ > 2(") for all
ng <n < ngand (M > () 4 () = const and 2™ < 2(**1D and so on. It should be noted that (") is always
decreasing. Let us consider the sequence

vp =min{y”, 2"} 20 <2M << D ) o cgneml) o pne)

Since v,, is increasing we obtain that w,, = m;;:;) =1- amin{y(”), z(”)} is decreasing. Then
(b . (m) 5 (m) (0)
_ m m n
0< ) IJ (1 amin{y }) (1 —az"™H™ (3)

We get the limit from the inequality (3)
2D
lim ——— = lim (1 —az®)" =0= lim (") = 0.

n—00 ;[;(0) n— 00 n— 00

Theorem 1. Let V, QSO defined by (2) and x(© = (0 4y 20y ¢ int 52
(i) If y© <% and 2 < 1 then w(x®) ={(0,1,1)};

1252
(ii) If y(o) > %, then w(x(o)) = {(07y(0)7 1— y(o))};

(iti) If 20 > L then w(x@) = {(0,1 — 20, 2(O)}.

Proof. (i) Let x(© = (20 40 ) ¢ §2 Nint $? and y(© < %7 20 < % y(™ 2" is an increasing sequence
1 and 2™ < 2D Besides they are

n)
bounded above. Then (™ and z(™ are convergent. If ™ and z(™ are convergent then ZZ’((”) is also convergent.

and bounded. So, it is convergent. For (™) and (™ we have y(™ < ¢

1
lim £~ = lim ——— = lim 1+ az™) = 1.

n—oo z(n) n—oo 1 + azx(™) n—00
Since y(™) + 2™ — 1 we obatain y(™ — 5 and z(") — %
(i) Let x(@ = (2, @ ) € 52 Nint $? and y© > L. Since y© > 1 we have V,(x()) =V} ,(x(™)
and y(") = ¢ = const for all n > 0. Then z(™ — 1 — 4 because z(™ + y(™ + 2(") =1 and (™) — 0.
(iii) This part is proved like (ii). O
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Remark 1. Ifa=c¢=0 and b # 0, i.e., consider a operator V,, then the operator (1) was studied in [/].
4.2 The case a =b=0 and ¢ # 0. If a = b =0 and ¢ # 0, then the form of the operator (1) has

v ={ i 13 g

and

8
|

(1 + cy) "=a(1+ c2)
y(1 — cx) Vo, = y
z z

~

!

_ /

Vl,c - Yy
P

IS
I

/!

(1 —cx).
Lemma 4. Let V.. be QSO given by (4). Then for any x© € S? it holds w(x(?)) C 9S2.

Proof. Tt is easy to see that if x(?) € 95?2 then w(x(?)) consists of the fixed point. So, let x(°) € int S2. Then
x(M < x(n+1) y(n) > 3+ and 2(") > z("+1) | Let us consider the continuous function ¢ : S — R given by

SO(X) =Yz, X= (m,y,z).

It is clear that if we take x(©) = (29, 4(©) 2(9) € §2 such that y(®) = 0 or 2(*) = 0 then p(x(?) = (V, (x(?))) =
0. And if 2(®) = 0 then this point x(¥) is a fixed point. If we take arbitrary x(© € intS? = (V,(x(?)) =
(1 — cx)p(x@). Since (1 — cz@) € (0,1) it holds p(V,(x(?)) < ¢(x(®). Thus, we have shown that ¢ is
Lyapunov function. Now we prove nlgr;o o(x(™) = 0 for any x(9) € intS?

Since ¢(x™)) < (V,(x~1) we obtain

(n) n-l
0< m = ]_:[O (1 - cz(m)) . (5)
n—1 "
Since z(™ is increasing we have H (1 —cx™) < (1— cx(0)> and the inequality (5) has the following
form = (™)

0< o) < (1 —cxO)m, (6)

Due to z(9) € (0,1) we get the limit from the inequality (6)

Jim :Z(();((Z)); = nlLrI;O(l =0 = nl;r& o(x™) =0.

From the last limit ((x) is Lyapunov function and it is proved that w(x(®) c 952, O

Theorem 2. Let a = b =0 and V. be QSO given by (4). Then for any x©) € int S? it holds w(x(?)) =
(1,0,0).

Proof. Let x(© = (2(),4©) 2(0)) ¢ int §? and y(© > 2(°). According to the operator (4) the sequences y(™ and
2(™ has the following forms

y ™y s s ymmh s ) — =g l) o (n2) s g (e l)
ni na—mni na—mnsz

2 20 = =yt = pm) s pel) S pe) = = (e l)
n1 nz2—ni n3—mnsg

In general, one can assume that %™ — 0 and z(™ — a (a > 0) as n — oco. Note that y(™2(") — 0. Since
2(m > 2(n+1) there is no ng € N such that z(™ > a for all n > ng. If we consider that y(™ — 0 then after
several iterations only V5 . acts at points in the trajectory. But, on the other hand y(") = const at these points.
It is contradiction to y(™) — 0 as n — co. Consequently, z(™ — 0. O
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4.3 The case a =0 and bec # 0. If a = 0 and be # 0, then the form of the operator (1) has

oo ={ g, 22

and
' =z(1+cy) z' =2z(1+c2)
Vl,bc = y/ = y(l — bz — Cl') ‘/Z,bc = y/ = y(l + bZ)
2 =201+ by) 2 = 21— by — ca).

Theorem 3. Let a = 0, be # 0 and Vi be QSO given by (7). Then for any x© € int S? it holds w(x(©)) =
(1,0,0). The theorem follows directly from the monotonicity of the sequence z("),

() v&™ (2q), =0 = (0.89,0.05, 0.06) (b) v{™ (20). = = (0.25,0.4,0.35) (c) v&™ (2g), 2o = (0.06,0.45, 0.49)

Puc. 12: The trajectories of the operator (1) with one non-zero parameter.

4.4 The case a =b=c #0.
If a = b= c#0, then the form of the operator (1) has

W ={ i 12 ©

and
t' = 2(1—p(z —y)) o' =z(1—ply —2))
Vip=1 ¥ =y(l-plx+2) Vap =23 ¥ =y(l+p(x+2))
2= 2(1+p(r+y)) 2 =z2(1-plx+y).

wherep=a=b=c>0.
Theorem 4. Let V,, be the quadratic stochastic operator defined in (8) and assumea=b=c=p € (0,1].
Then for every initial point (9 € intS?, w(z(®) = {(1,0,0)}.

Proof. Write x = (z,y,2) € S%. Under the hypothesis a = b = ¢ = p the two branches Vi, and Va,, of V,
combine into the following single useful identity for the first coordinate:
o =z(1+ply—2]),
so that
¥ —x=pzxly—=z| >0. (9)

Therefore the sequence (x,,) defined by x,,+1 = (V,(x(™)) is monotone nondecreasing. Because 0 < z,, < 1 it
has a limit
a:= lim =, € [0,1].

n— oo

Let s, :=yn + 2n = 1 — x,. From (9) we obtain the exact relation

Sn+1 = Sn — pxn|yn - Zn| (10)
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Since x,, — a, the telescoping/nonnegativity in (10) shows that s,, is monotone nonincreasing and converges to
1 — a. Moreover

Spn+1 — Sn = _pxnlyn - zn| — 0;

and because z,, — a, we deduce
a|yn — 20| =0 (n— 00). (11)

We now show a = 1. Suppose, to the contrary, that a < 1. Then s, = s, := 1 — a > 0. Combining this
with (11) yields |y, — 2| — 0. Hence y,, and z, converge to the same limit, say ¢, with 2¢ = s, > 0.

Examine the multiplicative factors for y and z in the two branches. If y,, > z, then

Yns1 = Un(1 = P20 — PTn),  Zn41 = 2a(1 4 DTn + PYn),

and if y, < z, the formulas are the analogous ones coming from V5 ,. In either case, taking limits along the
subsequence where the same branch applies (or passing to the limit of the factors directly, which is legitimate
because y,, — 2, — 0), we obtain that the multiplicative factor for y tends to

y = lim (1—pzn—pxn) =1-—pl— pa,
while the multiplicative factor for z tends to
F, := lim (1 + pxy, +pyn) =1+ pa + pl.
n—oo

If y, = ¢ >0 and z, — ¢ > 0 then both sequences (y,) and (z,) must have multiplicative factors tending to 1
(otherwise their limits could not be positive and finite). Thus we would require

l—pl—pa=1 and 1+4+pa+pl=1,

which immediately forces p(a + ¢) = 0 and p(a 4+ ¢) = 0 and hence a + ¢ = 0. But @ > 0 and ¢ > 0 give a
contradiction. Therefore our assumption a¢ < 1 is impossible, and so a = 1.

Consequently =, — 1 and s,, = 1 — x,, — 0, which implies y, — 0 and z, — 0. This proves that
x(") — 21 = (1,0,0) for every initial point with z(®) > 0. O
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REZYUME

Ushbu magqolada ikki o‘lchamli S? simpleksda aniqlangan bo‘lakli-uzluksiz Volterra tipidagi
kvadratik stoxastik operatorlar (KSO) sinfi o‘rganiladi. Operator simpleksning kesishmaydigan
to‘plamlarida aniglanuvchi ikkita Vi va V, Volterra operatorlari bilan ta’riflanadi. Turli
parametrlar giymatlari uchun ushbu operatorlarning qo‘zg‘almas nuqtalari tavsiflanadi va ularning
trayektoriyalarining assimptotik xarakterlari tahlil gilinadi. Xususan, ma’lum bir parametr
qiymatlarida simpleksning har qanday ichki nuqgtasi uchun trayektoriyaning limit nuqtalari to‘plami
simpleks chegarasida joylashishini va a = b = ¢ # 0 holatda barcha trajektoriyalar (1,0,0) girraga
yaqinlashishini isbotlaymiz.

Kalit so‘zlar: Kvadratik stoxastik operator, Volterra operatori, bo‘lakli-uzluksiz operator,
qo‘zg‘almas nuqtalar, limit nugtlar to‘plami.

PE3IOME

B nanHOil cTarhe m3ydaeTcs KacC KyCOYHO-HENPEPBIBHBIX KBAJIPATUIHBIX CTOXACTUIECKUX OIepa-
topos (KCO) Tuma Bosbreppa, onpeie éHHBIX Ha JAByMepHOM cumiuiekce S2. OmepaTop 3amaérces
nByMsi oriepatopamu Bosibreppa Vi u Vo, meficTByIOmMMH Ha HEMEPECEeKAIONMXCsl MOMHOKECTBAX
cumIiekca. Mbl OMMCHIBAEM HEMOBUKHBIE TOUKH ITUX OIMEPATOPOB JIJIsl PA3THIHBIX KOHMUTY ATt
apaMeTpoB U aHAJU3UPYEeM ACUMIITOTHYECKOE IOBeJIeHNe WX TpaeKTopuii. B yacTHOCTH, JOKA3BI-
BAETCsl, YTO JIJI OIPEe/IEHHBIX 3HAYEHMI [MapaMeTpoB MHOXKECTBO IIPEJEsIoB Jir000il BHYTpeHHEN
TOYKU CHAMILIEKCA JIE2KUT HA T'DAHUIE, & B CHMMETPUYIHOM ciydae a = b = ¢ # ( Bce TpaekTopuu
cxongred K Bepiuse (1,0,0).

Karouesnie caosa: KBagpaTndanbiil cTOXacTUIeCKHil omepaTop, omeparop Bosbreppa, KyCcOdHO-
HEIIPEPBIBHBIN OIIEpPaTOpP, HEIOABUKHBIE TOYKU, MHOYKECTBO IIPEJIEJIOB.
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SELF SIMILAR SOLUTION AND THEY ASYMPTOTIC BEHAVIOR OF NONLINEAR DIFFUSION
PROBLEM WITH NEUMAN BOUNDARY CONDITION IN MULTIDIMENSIONAL SPACE

YARMETOVA DILAFRUZ IBODULLA QIZI
NATIONAL UNIVERSITY OF UZBEKISTAN, TASHKENT, UZBEKISTAN
saidovadilafruz1996@gmail.com

RESUME

We study self-similar solutions to a class of nonlinear diffusion equations with Neumann boundary
condition. For a nonlinear parabolic model of the form

ue =V ([Vu™)P2V (™)),
we construct radially symmetric finite-support self-similar solutions of the type

||

u(t,r) = (TH07°0@), €=

A compactly supported profile of the form

f(&) = Ala—¢M)7

is shown to satisfy the governing similarity ODE. The parameters A,a and exponents a, A,v,n
are identified. Several theorems describing the asymptotic behavior of the solution are established,
including pointwise decay, interface behavior, gradient behavior, and mass scaling.

Key words: Self-similar equation, asymptotic behavior, blow-up, nonlinear diffusion problem.

1. Introduction

We study the nonlinear diffusion problem with source term and nonlinear boundary conditions in
Q= {(z,1) | xERf, t > 0},

where
RY = {(z1,2") |2’ e RN 7!, 21 > 0}.

The governing PDE is

ut:V-(\Vum|p_2Vum>+uﬁ, zeRY, t>0, (1)
with nonlinear boundary flux
_o Ou™
— | VumP? =ul, =0, t>0, 2
VPR @)
and initial condition
u(z,0) = ug(z), zeRY, (3)

where the parameters satisfy

1
m>1, p>1+—, ¢g>0,
m

and ug is a bounded, continuous, non-negative function in Rf .
Equation (1) appears in various fields of natural sciences [3]. In particular, it can be regarded as a model of
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heat propagation with a nonlinear thermal conductivity coefficient depending on the gradient, which arises in
certain chemical reactions [11,12,18]. In addition, equation (1) occurs in mathematical models of diffusion in
nonlinear media, in the study of fluid flow through porous layers, in problems of biological population dynamics,
polytropic filtration, the formation of structures in synergetics, and in several other areas [1,4,10].

Various qualitative properties of solutions to problem (1)-(3) for particular values of the numerical
parameters have been studied by many authors (see [5-9] and the references therein).

Zhaoyin Xiang, Chunlai Mu, and Li xie [3] investigated the properties of spatial localization, existence
and non-existence of global solutions for problem (1)-(3).
Qualitative properties of solutions of a doubly nonlinear reaction-diffusion, selfsimilar profiles of solutions,
global existence, and blow-up solutions studied in [13,14,17]. Asymptotic behaviour of solutions of the nonlinear
diffusion equation with absorption at a critical exponent considered in the works [12,16].

2. Self-similar solution

We seek self-similar solutions of the form

]

u(t,z) = (T +t)"*f(§), &= T+

with profile
f(&) = Ala—¢€")7, ()

where A, a,a, \,y,m > 0 are constants to be determined.
Substituting (4) into (1) and balancing time powers gives the relations

gL some-D-8
B—-1 p(B—1)
and from the structure of the nonlinear diffusion term and the source term,
m(p—1) -4’ p—1

At £ = 0, evaluating the PDE reduces to the algebraic equation
—aAa) = CL AP gmy=D0=1) 4 AR 8

where
Cy = (myn)P~! - (dimensional constants).

Dividing both sides by a”, we get
—aA = Oy AP g (my=Dp—1)=7 1 pByv(B-1)
This implicit algebraic relation determines A in terms of @ and other parameters.
The parameter a represents the size of the support of the solution in similarity variables since
f&)>0 for 0<&<a/m f(€)=0 at&=allm
The nonlinear boundary condition (2) at 21 = 0 corresponds to £ = 0 in similarity variables and imposes
-2
—1£0)["" f/(0) = £(0)".

Since
J'0) = —Am Q7 (a—0p~t =0,
=0 if n>1

and n = p% > 1, this implies the boundary condition reduces to

0= (Aa")",
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which is only satisfied trivially.
Hence, a cannot be found directly from the boundary condition at £ = 0.

Instead, a is an eigenvalue parameter associated with the nonlinear ODE obtained by substituting the
self-similar form into (1) and requiring

f€) >0 onl0,a/", f(a/") =0,

with appropriate boundary and regularity conditions.

Finding arequires solving the nonlinear eigenvalue problem numerically, typically using shooting methods
or spectral methods.

The self-similar solution

) = (40 Ala =€), €= it
has exponents
=L aome-H-F _ p-l - p
p-1 p(B-1) ' m(p—1) =’ p—1

The amplitude A satisfies an algebraic relation involving a and model parameters.

The support parameter a is determined from the nonlinear eigenvalue problem associated with the ODE
for f(&) and the nonlinear boundary condition.

Numerical methods are generally required to find a and A explicitly.
3. Asymptotic Behavior: Theorems and Complete Proofs

We denote by wy the surface area of the unit sphere in RY. For a fixed spatial point z € RY we write
ri=|z|.
Theorem 1.
Let z € RY be fixed. Then
tlim (T +t)%u(t,x) = f(0) = Aa”.
—00

More precisely, for each fixed ,

||

U(t, .13) = Aa” (T + t)_a — A'yaﬂy_lm

+O((T+t)~ > ), t— oo

Proof. By the ansatz (4) we have
a _ ||
(T + t)%u(t,z) = f<(T+t)A>'

For fixed z the similarity variable £(t) := |z|/(T + t)* satisfies £(t) — 0 as t — oo because A > 0. The profile f
is C* on [0,&) and thus admits the Taylor expansion at & = 0:

F(€) = 1(0) + f1(0)s + 5.£7(0(€))8”

for some 6(¢) € (0,€) (if f is C? then the second derivative is continuous; if not, we may directly expand
(a—&M)7 using the binomial expansion for small £). Because f has the explicit form (5), we compute the leading
behaviour near £ = 0:

f(0)= A", f(&) = A& a— €M),
so in particular

F1(€) = —Aya Ingmt + O
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and hence the first nontrivial term in the expansion in powers of £7 is
f(&) = Aa” — Aya? 71" + O(%).

Substituting & = £(t) = |2|/(T +t)* and multiplying by (T + )~ yields

u(t,z) = (T +1t)~° (Aa7 — A7a71<T|j_|:)M 4 O((T + t)*2>\77)>'

This proves the asymptotic expansion and, in particular, the stated limit.
Theorem 2. Fix £ € [0,£). Then

lim (T + 6)%u(t, (T + 1)) = f(€),

t—o0

and the convergence is uniform on compact subsets of [0, &p).
Proof. This statement follows from the exact identity obtained from the ansatz (4):

(T +t)*u(t, (T + t))‘f) = f(&) for every t > 0.

Therefore the limit as ¢ — oo is immediate and equals f(§). Uniformity on compact subsets of [0,&p) is also
immediate because the left-hand side equals the right-hand side identically (no ¢ dependence remains).

Theorem 3. Fix Ar > 0 small and let r(t) = R(t) — Ar. Then as t — co
u(t,R(t) — Ar) ~ C (Ar)" (T + )y
where
C = A(na(nfl)/n)v.
Proof. Write & = r/(T +t)*. For r = R(t) — Ar we have

R(t) — Ar Ar

R ey

é— =
Set 6(t) := & — & = Ar/(T +t)* > 0. Expand £" near &, using the binomial (or Taylor) expansion:
1= (6 —0)" =& —n&g "0+ 00",  (510).

Since & = a, we get

Ar
(T +t)*

(Ar)? )

a—&"=n&l"'6 + 0(5%) = na=H/m T

+0(
Therefore, for large ¢,

B . n—1)/n Ar v (Ar)”
f(&) = Ala—¢") NA(TIG( n/ m) —Cm~

Multiplying by the prefactor (7' +¢)~“ in (4) yields
u(t, R(t) — Ar) ~ C(Ar)Y(T 4 ¢) =17,

as claimed.
Theorem 4. Fix Ar > 0 small and set » = R(t) — Ar. Then

Oru(t,r) ~ —C (Ar) "1 (T +t) 717,
with B
C = Apmva(n—l)v/n . 5371(T+t)7
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in particular C' > 0. Consequently, if 0 < y < 1 then |d,u(t,r)| = co as Ar | 0.
Proof. Differentiate the ansatz () with respect to r (the radial variable):

d r

Oru(t,r) = (T+t)7a%f(m) = (T+t)"*f(&), §=

(T +t)N

From (5) we compute

F1(€) = —Ame a— €)1
We evaluate this near the interface & = &y — § with 6 = Ar/(T +t)* as in the proof of Theorem . Replace £7*
by €171+ 0(8) and a — &7 by €l 6 + O(62). Thus

1

F1(€) ~ —Am el (e 18)" ™ = — Ay e e

Substitute § = Ar/(T +t)* to obtain

(Ar)r—1

/ ~ Y, (m=1)v/n
f (6) A777 a (T-‘—t))\(’y_l).

Multiplying by (7 4 t)~*~* gives
Arult,r) ~ — Ay a =DV ARTTHT 4 )T,

Noting Ay = Ay — A(n — 1)y and reorganizing the time exponent with the expression in Theorem leads to the
stated asymptotic scaling (7 +¢) =7 up to a constant factor; the crucial spatial factor is (Ar)?~!. Since the
multiplicative prefactor is strictly positive, the sign of the leading asymptotic is negative (the profile decreases
toward the interface). If 0 < v < 1 then v — 1 < 0 and thus (Ar)?~! — 400 as Ar | 0, so |d,u(t,r)| — oc.

Theorem 5. Define the mass
M(¢) ::/ u(t, z) dz.
RN
Then
M(t) = K (T + 1)\
where the constant

€o
K=wy [ [ de
0

is finite and positive; consequently mass decays in time if —a + AN < 0.

Proof. Since suppu(-,t) C Bp()(0) and v is radial, perform the change of variables r = (T + H)A¢ in
spherical coordinates:

_ —a |z| _ —a o r N-1
M(t)/IKR(t)(Tth) f<(T+t)A)dxf(T+t) wN/O f<(T+t)/\>r dr.
With 7 = (T + t)*¢ we have dr = (T + t)*d¢, hence

€o N1
M(t)=(T+t)wy [ FEOUT+1))"

&o
T +t) dé = (T—i—t)_‘”’\NwN/ fe)eN-1de.
0 0

Set K :=wy [5° f(§)EN 1 d¢. The integrand is nonnegative and continuous on [0,&], so K € (0, 00). The stated
scaling follows immediately, and the sign of —a + AN determines whether M (¢) decays or grows.
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REZYUME
Biz Neyman chegaraviy sharti bilan berilgan chizigsiz diffuziya tenglamalarining avtomodel
yechimlarini o‘rganamiz. Quyidagi ko‘rinishdagi nochizigli parabolik model uchun
up =V (|[V@™)|P2V (™)),
quyidagi avtomodel ko‘rinishga ega radial-simmetrik shakldagi yechim quriladi:

) = (T+07HQ), €= i

Noma’lum funksiyani esa quyidagi ko‘rinishda izlanadi
_ _em 7
F&) = A(a—g1)]
va u avtomodel tenglamani qanoatlantirilishi ko‘rsatilgan. A,a parametrlar hamda o, A, v,7n

ko‘rsatkichlar aniglangan.

Avtomodel yechimning assimptotikalarini tavsiflovchi bir qator teoremalar isbotlanadi, jumladan:
nuqgtaviy so’nish, interfeys yaqinidagi xatti-harakat, gradientning o‘sishi yoki kamayishi, hamda
massa masshtablash xususiyatlari.

Kalit so‘zlar: Avtomodel tenglama, asimptotik holat, blow-up, chizigsiz diffuziya masalasi.

PE3IOME

Mpr u3ygaem aBTOMOJIEIbHBIE PEITIEHNUs /I KJIacca HeJTuHeHHbIX MudOy3uOHHBIX yPaBHEHUH C rpa-
HUYHBIM ycjioBueM Heiimana. JIjist HesinHeHOM apaboImyecKoil Mojiesin BUIa

up =V ([V(™)[P2V(u™)),

MBI CTPOUM PaduaJIbHO-CUMMETPUYIHBIC DEIICHUA KOHEYHO IIOOACPKKHU, NMEIOIIe aBTOMO,ZLeJ'H:HbeI

BUT
|z

u(t,r) = (THO7°0@, €=

ITokazano, 910 TPOMUIL KOMIAKTHON TO/IEPKKI
_ _enm Y
f&=A(a-¢n]
V/IOBJIETBOPSIET COOTBETCTBYIONIEMY ITOI00UIO (similarity ODE). ITapamerpnl A, a, a Tak»Ke IOKa3a-

TeJIn (v, \, 7Y, 7] OIIPeIeJIeHbl STBHO.

VcTaHOBJIEH psiji TEOPEM, OIHUCHIBAIONINX ACUMIITOTUYECKOE IOBEJIEHNE aBTOMOIEIBLHOIO PeIleHus,
BKJIIOYAs [IOTOYCYHOE 3aTyXaHne, [oBeleHne BOm3n narepdeiica, oOBeIeHNE ITPAINEHTA U MACIITA-
OHMpOBaHNE MACCHI.

Kuarouesnvie caosa: ABToMoje/ibHOE YpaBHEHNE, aCUMIITOTUYIECKOE oBeieHre, blow-up, HeJmnHei-
Hag 3amada audpdysnn.
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YIOK 515.12

FTOMOTOIINYECKHME IIJIOTHBIE ITIOJIMHO2KECTBA 1N NX O/ITHOTOYEYHAAA
KOMITAKTUNP®PUNKAIINA ITPOCTPAHCTBA BCEX BEPOATHOCTHBIX MEP

2KYPAEB TyPCYHBOM ®ANBUEBUY
HAIIMOHA/IBHBIN MMEJATOTMYECKUN YHUBEPCUTET Y3BEKUCTAHA UMEHU Hu3AMU, TAIIKEHT
tursunzhuraev@mail.ru
TYPCYHOBA 3VJIANX0O OMOHVYJ/IJIAEBHA
HAIIMOHAIBHBIN TMEJATOT'MYECKUY YHUBEPCUTET ¥Y3BEKUCTAHA UMEHU HU3AMU, TAIIKEHT
tursunova_ zulya@mail.ru

PE3IOME

Ucciemyercst reoMeTpuyecKue, TOIOJOTHYECKUE, SKCTEH30PHBIE U Pa3MEPHOCTHBIE CBOWCTBA IIPO-
CTPAHCTBA BCEX BEPOATHOCTHBIX Mep P(X) 1 ero nojMHOXKECTB OPEIEIeHHBIX B OECKOHETHOM MeT-
puueckoMm Komnakre X . Boumessiercs psn mogupocrpancts npocrpanctsa P(X) KOTOpble MMEoT:
GECKOHEYHYIO Pa3MEpPHOCTb, I'OMOTOIMYECKH IUIOTHBI, sBisiorcs A(N)R - mpocrpaHcrBaMu, siB-
JISIIOTCST MHOTOOOPA3USIMH OECKOHETHOH Pa3sMEepPHOCTH, JOKAJIBLHO KOMIIAKTHBIM AIMTPOKCUMATHBHBIM
(LCAP) croiicTBaMu, CHIIBHO JAUCKPETHO annpokcuMaTuBHbIM (SDAP) cBoiicTBoM. A Tak:Ke Bblje-
JIZETCsl KaKue TIOJMHOXKecTBa pocTpancTsa P(X) 061a1aeT 0JHOPOAHBIM CBOHCTBOM, IKCTEH30PHBIM
CBOMCTBOM U [IPUBEIEHO MOMOTOIMYECKH IJIOTHOE IOAMHOXKecTBa KomiakTa P(X), Koropbie romeo-
MOPGhHO IPOCTPAHCTBY Y | Xla.

Karouesvte €A068a: OJHOPOTHOCTH, TOMOTOIMYECKas IJIOTHOCTb, BEPOSITHOCTHBIE MEPbI, MHOI'000-
pasusi, 6ecKoHedYHasA pa3smMepHocTb, SIDAP- cpoiictBo, LC' AP- cBOWCTBO, 0 -Z - MHOYKECTBO, KOM-
nmakTuGUKaAIIa AJIeKCaHIpOBA.

1. Beegenue.

B pafore msydaercs TomoJoraueckue cpoiicta npocrpancrBa P(X) Bcex BEpOSTHOCTHBIX Mep THUIIA: MHOIO-
o6pasusi, pa3MepHOCTb, OJHOPOAHOCTH, romeomopduoctb, A(N)R, reomerpudeckue CBOWCTBA THIA: CTATMBA-
€MOCTb, BBIIYKJIOCTb, JIOKAJIbHAS BBIMTYKJIOCTH TOMOTOIMNYECKAs! [JIOTHOCTh, PPAHUIHBIE MHOXKECTBA. A TakKe
paccMaTpuBaeM MOIIPOCTPAHCTBA TPOCTPAHCTBA, BCEX BEPOSITHOCTHBIX MEP ¢ BCEMU KOHEIHBIMU HOCHUTEJISIMA U
KOHEYHBIMU (T - TOYEUHBIMHU ) HOCHTEIIMU. [J1yBoKOo mcciieiyst 0 — KOMIIAKTHBIE BCIOJLY IJIOTHBIE HOJIMHOXKECTBA
npocrpascTsa P(X) mokasbiBaeM, 9TO OJHOTOYEUHAs KOMNAKTHMUKAINS AJIEKCAHIPOBA ITUX IOJMHOMKECTB
rOMeOMOP(MHBIM THIHLOEPTOBOMY KYOy ().

2. OcHOBHasI 4acTb

ITocnenmee BpeMsi GOJIBIIOE BHUMAHUE YIEJISAETCS BOIIPOCY O TOM, YTO TAK T€ WJIM UHBIE [€OMETPUIECKUE,
Pa3MepPHOCTHBIE U SKCTEH30PHBIE CBOWCTBA TOIIOJIOIMYECKOT0 IIPOCTPAHCTBA BJIUSIOT HA CBOWCTBA BCEX BEPOSIT-
HOCTHBIX M€p Ha 3TOM paccMaTpuBaeMoM Ipocrpanctse. [loctpoenue obireit Teopuit MmuHOro06pa3uit 6eCKOHETHOM
Pa3MEepHOCTH 3aMeTHO YJIyUIIUIO WHTEPEC K 00beKTaM HGeCKOHEUHON pa3MepHOCTH B CMbIcjie dim CyIecTByo-
meM B “npupoge”. 3Bectro, 4ro npocrpancTsa Beex BeposTHOCTHBIX Mep P(X) paccmarpuBaemoM Komiakre X
€CTh BBIIYKJIOE TOIMHOXKECTBO JIOKAJIHFHO BBIILYKJIOM IPOCTPAHCTBE OECKOHEUHOI pasmepnocTu. VcciaemoBanue
CBEpXY II€PEYMCIIEHHBIX CBONCTB BCeX BeposATHOCTHBIX Mep P(X) u 0co6eHHO ero roMOTOIHO IIJIOTHBIE II0JMHO-
2KeCTBa BeJIeTCsd Ha CTBbIKE IIO Kpalee Mepe CJIeIyIoIuX (OCHOBHI)IX) MaTeMaTU4YeCKUX JIUCIIUITJIMH: TOIIOJIOT'NH,
byHKIMOHAILHOM aHAJIM3e, FeOMEeTPUU U Teopun BeposiTHocTel. OKazasioch BeposiTHOCTHBIE Mephl P(X) ompe-
JesleHHOe B OeCKOHEYHOM KoMmakTe X He TOJBKO OObeKT, HO m MeToj ucciaenoBanus. C IOMOIIBIO KOTOPOIroO
A TlemgunCKuil 32J103KU OCHOBBI T€OpUHU TpocTpancTs yryHmku u npoctpancts Mumoruna. Tpaaumuornao
[IOJTHBIE METPU3yeMble IPOCTPAHCTBA CO CYETHONH 0a30if HA3BIBAETCH MOJIBLCKUMHU ITPOCTPAHCTBAMU. XOPOIIO H3-
BECTHO, 9TO IIPOU3BE/IEHIE CIETHOTO THCJIA TOJBCKUX IIPOCTPAHCTB SBJISIETCS TIOTBCKIM ITPOCTPAHCTBOM. 3HAYMNT,
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R™ st moGoro n € N u RN (No— cuerHblit opauHAa) GymeT mosbckumu npocrpancTsamu. CrrenosarensHo, Gs
- MOJIMHOYXKECTBO ¥ JII0O0Ee 3aMKHYTOE TOJMHOXKECTBO ITOJIBCKOIO IMPOCTPAHCTBA, €CTh IOJIBCKOE ITPOCTPAHCTBO.
Ha upsimoii R MHOXKECTBO HATYPAJIbHBIX YUCEJ ABJISETCs MOJBCKUM IIPOCTPAHCTBOM, TaK Kak R\N OTKpBITO B
WH/TYITAPOBAHHON TOMOJIOTUN OTKPBITO B R. MHOXKECTBO () palMOHAJILHBIX UHCEJI HE ABJSIETCS MOJLCKUM IIPO-
CTPAHCTBOM (B MHIYUUPOBAaHHOI Tonosoruu Ha R). OZHAKO MHOXKECTBO MPPALUOHAJBHBIX duce] ' sBJsieTcs

HOJTLCKIM TIPOCTPAHCTBOM, TaK KaK S ToMeoMopdHO mpocTpancTy NXO,

s komnakToB X nMeeTcs pocrast TOLOJOrnYecKast Kiaccudukaims npocrpancts P(X) BeposTHOCT-
HBIX Mep. B ciyuae koHedHOro n — toueunoro npocrpascrea X = {0,1,2,...n — 1} Toukn g mpocTpaHCcTBa
P(n) = P,(n) ABISAIOTCS BBITYKJIBIMA JUHEHHBIME KOMOMHAIUAME Mep Jupaka:

u=mgd(0) +m16(1) + ... + mp_10(n — 1)

[T03TOMY OHH €CTeCTBEHHO OTOXKJECTBJIsIIoTCs ¢ Toukamu (n — 1) - MepHoro cumiiekca o~ ! . TIpu 3ToM Mepb
Jupaka (i) 00pa3yioT BEPHIIMHBLI 3TOr0 CUMILIEKCA, & MACCHI 1M;, HOMEIIEHHbIE B TOYKHU i, ABJAIOTCS Oapu-
HEHTPUYECKUMU KoopauHaTaMu Mepbl f. Takum, obpazom, komnakT P(n) adbdunno romeomopden cuMiekcy
oL

B ciyuae 6eckoneunoro kommakra X npocrpancrsa P(X) Takxke saisiorcs komnakrom [1]. Jasnee owo,
COJIeprKa, CUMILTEKCHI CKOJIBKO YTOTHO OOJIBIOr0 Yncjia u3Mepennii, beckomeunomMepblit. [1o Teopeme Kamu BoI-
nykJeiit kommakt P(X) C RYX) adbdbunno BruagsBaercs B ly. CiiesoBarenbHo, 1m0 TeopeMe Keuepa KoM-
nakT P(X), Kak GeCKOHEUHOMEDHBIH BBINYKJIBIA KOMIIAKT, JIeXKAIUH B 3, roMeoMopdeH ruiabbepToBoMy KyOy
Q = I™. C xgpyroit cropons! mpocrpancTsa P(X) Beex BepOATHOCTHBIX Mep Ha KOMIAKTe X HA3BIBAETCS MHO-
JKECTBOM BCEX PEryJIPHBIX OOD’€IEBCKUX BEPOSTHOCTHBIX Mep Ha X, CHAOXKEHHOe CJIabeHIuil u3 TOmOJIOTh,
LI KOTOPBIX HellpepbiBeH Kaxkaplil dyukiuonad f, : C(X) — R, nepesousmeii mepy p B 1(U) (U orkpsiToe B
X MHOXKECTBO).

N3BecTHO, TAaKk Ke, 9TO JI00O0I, N1 - CTENEHN HEOTHOTOUYETHOrO KOMIIAKTA IIPOCTPAHCTBO BCEX BEPOSIT-
noctHbIX Mep P(K™') romeomopdno Tuxonosckomy ky6y SN, P(KN) = ™ & = [0, 1]~ orpesok. OrmeTnwm,
B YaCTHOCTH, YTO BCE STH MPOCTPAHCTBA SIBJISIOTCS TOMOJIOTHIECKN OTHOPOIHbIMI. A nytst mpoctpancts P(K 1)
upu 7 >N; curyarus unag [1].

st mponsBosibHOro KoMrakTa X u Mepsl 1 € P(X) onpesiesier ee Hocuresb supp(p) - 970 HAUMEHbIIIee
U3 3aMKHYTBIX MHOKecTB F C X, ams xotopeix u(F) = p(X) re. supp(p) = N{A : A = A,u € P(A)};
ApyruMu cjoBamu, 9ro Mepa pu € P(X) cocpenorodena ma muoxecrse F' C X, ecin f pdp nas Toboit ¢ €
C(X), obpamaercs B HyJb Ha F. T.e. HAUMEHbIIIEe 3aMKHYTOE MHOXKECTBO, HA KOTOPOM COCPEIIOTOYEHA Mepa U,
HA3BIBAETCA €€ HOCUTEJIEM [ O003HATACTCH SUPPL-

P, (X) = {p € P(X) : |suppu| < n} - MHOKeCTBO BCex Mep u He Gojiee yeMm n Hocuressmu, P, (X) =
U2, Po(X) MHOXKECTBO BCEX BEPOSTHOCTHBIX Mep fi ¢ KOHEUHBIME HOCHTEJISIMH.

ToBopsiT, 9TO TOMOJIOTUYECKOE TPOCTPAHCTBO X OJHOPOJIHBIM, €CJHU JIJIsl JIIOOBIX TOYEK X 7 Y MPOCTPAH-
crBa X cymecrByer romeomopdusm b : X — X, takoe uro h(z) = y.

TTosbekoe mpocTpancTBO X HA3BIBAIOT aBCOIIOTHBIM (OKPECTHOCTHBIM) SKCTEH30pOM i, Kpatko A(N)E
- IPOCTPAHCTBOM, €CJIn JIoboe oTobpaxkenue f : A — X, onpenenennoe Ha IIPOU3BOJILHOM 3aMKHYTOM IOIIPO-
cTpaHcTBe A HPOM3BOJIBHOIO MOJIBCKONO HPOCTPAHCTBA B, MOXKET OBbITH IIPOIOJIZKEHO 10 0TOOpaykeHus (HEKO-
Topoil okpecTHOCTU MHOXKecTBa A B B) Beero npocrpancrsa B B X [1]. Hanomuum, 4ro Tomonorudyeckoe mpo-
cTpaHcTBO Y Ha3blBaeTcsd abCOIIOTHBIM (OKPECTHOCTHBIM) PETPAKTOM B Kiacce npocrpancTB K (3amucbiBaer-
caY € AIN)R(K)) [2], ecin Y € K u jyis Besikoro romeomopdusmMa h, 0Tobpazkaioniero Y Ha 3aMKHYTOe
mHO)kecTBo h(Y) mpocrpancrea X m3 kmacca K, mHO)ecTBO, h(Y) siBisieTcss peTpakToM (OKPECTHOCTHBIM)
npoctpancTsa X .

WsBectHO, uro B 3ToM ciaydae P(X) € AR u P(X) =Q, eciin X Geckoneuro, r.e. P(X) ectb ruibsbeprosn
Ky6 Q [3].

JlemmMma 2.0. luavbepmos xy6 Q asasemcsa abcosommvim sKemendoprvim, m.e. Q€ AE.

HJoxkasareasctso. llycrs f: A — () mpou3BoJIbHOE HENIPEPBIBHOE OTOOPaXKEHNUE, OIIPeeJIeHHOEe
Ha 3aMKHYTOM mojnpocrpancTee A npocrpanctsa B, t.e. A C B, 3amkuayro u f : A — Q. O6o3nauuM 4yepe3
T Q@ — I, = [0,1] upoekrupoBanue Ha n — i comHoxKuTENb. B 3TOM Ciy4yae orobpaxenus f, = m, o f :
A — I, = [0,1] umeer HenpepbIBHOE IPOJOJIZKEHIE fn:B—1I, (reopema Turne—Ypsicona) ua Bce B. Torna
MCKOMOE OTODpasKeHne f , IPOJIoJIZKaloIee oTobpaxkenue f, 3aaercs 1o dhopmyIie f = A{fn :n € N} a
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NsgectHo, uto P(X) &~ @ 17151 11060r0 GECKOHEUHOrO KOMIAKTa X . SHAUNT, /s JI060ro GECKOHETHOrO
komrakta X npocrpancrBo P(X) € AE. DkcreHsopHble cBoiicTBa mpocrpaHcTBa (KoMmnakTta) P(X) MOXKHO
Hajitu B padore [1]. Kommakr P(X) o6iajaer XOpOIMMI 9KTeH30pHBIME cBoficTBamu, n3 P(X) ~ Q BbITeKaer,
qro P(X) 0JHOPOZHO U HEKOTOPbIE BBIILYKJIbIE BCIOLY ILUIOTHBIE TIOMHOYKECTBA FOMOTONMYECKH II0THBL B P (X))
[3]. s mogmuokectBa A C X kommakTta X depes Sp(A) obo3HadaeTcss MHOXKeCTBO Bcex Mep p € P(X)
HOCHUTEJIH KOTOPBIX nepecekaercs ¢ MHOKecTBOM A. T.e. Sp(A) = {u € P(X) : suppp N A # 0}. 3amernm, 4ro
nonpocrparcTso Sp(A) Betony mwiorHo B P(X). Muo)kectBo A C X Ha3bIBAETCS TOMOTOIUIECKH TLUIOTHBIM B
X [2], eciim cymectByer Takas romoronwust h(x,t) : X x [0,1] — X, uro h(x,0) = idx un h(X x (0,1]) C A.
Muoxkecrso A C X romoronudecku npexebpeskuMbiM (miau cMyTHo) B X, ecsim X\ A rOMOTOIMYECKH IJIOTHO B

X.

Bioxenne e : Y — X Ha3plBaeTCs MOMOTOIMYECKU IJIOTHBIM (COOTBETCTBEHHO, TOMOTOIMYECKH IIpe-
HeOPEXKUMO WM CMYTHO), ecyid e(Y) rOMOTONMYECKH ILUIOTHOE MHOXKECTBa (COOTBETCTBEHHO, I'OMOTOIUYIECKU
UpeHeOpPesKIMO MU CMYTHBIM) B X.

Homyctum U ceMeiicTBO OTKPBITBHIX IIOJMHOXKECTBa HpocTpaHcTBa X . [0BOpAT, YTO ABA OTOOpaKeHUs
f,9:Y = X U- zamxuyTo u obosnaqaercs (f,g) < U, ecim st moboro y € Y rakoro, uro f(y) # g(y) n
ueU, f(y),gy) €U.

JIemma 2.1. ITyemo Y cobemeennoe nodmmoocecmeo xkomnaxma X, mozda Sp(Y) zomomonuvecku
naommo 6 P(X).

Hdoxkasareanbctso. lyerb Y C X u X\Y # () BogbMeM TouKy o € Y. Tomoronuio h(p,t) :
P(X) x [0,1] — P(X) nocrpoum momoras h(p,t) = (1 —t)u + 1t - dy,. IIpu t = 0 romoronus h(u,0) = p, Te.
h(p,0) = idp(xy. Ilpm t € (0, 1] romoromms h(u,t) € Sp(Y'), T.e. supp h(u, (0,1]) = supp p(J{yo}. Orciona Tax
kak supp(h(p(0,1])) NY # (. Buaunt, h(u,t) nckomas romoronus, r.e. Sp(Y) romoronnaeckn mwiorno B P(X).
O

SamMKHyTOE MOMHOXKeCTBO A mpocTpancTBa X HA3bIBAETCA Z - MHOYKECTBOM B X, €CJIM TOXKJIECTBEHHOE
oTobpazkeHne idx MPOCTpaHCTBa X MOXKET OBITH CKOJBKO YTOTHO OJU3KO AITPOKCUMUPOBAHO OTOOpaKeHUSIMU
f: X - X\A.

CuerHoe 00beuHEHNE Z - MHOXKECTB B X, HA3bIBAETCS 0 - Z - MHOXKECTBOM B X.

JIemma 2.2 [2]. Jas a06020 samrrnymozo cobemeentozo nodmmodcecmsea A nodnpocmparcmeo Sp(A)
ecmv G5 mnoorcecmso 6 P(X).

CuerHoe mepecevdeHne OTKPBITHIX MOJMHOXKECTB IpocTpancTBa X HasbiBaerTcs (G5- MHOXKecTBOM. [Ipo-
crpascTBO X Ha3BIBAETCS CO- Zy- TPOCTPAHCTBOM, eCu X COJIEPKUT MOMOTOINYECKH ILUIOTHOE (g IOIMHOYKE-
crso [1].

N3 nemmebr 2.1, 2.2 BbITEKaET

CaencrBue 2.1. Jlaa 106020 cobemeentozo nodmmoscecmea Y C X, nodnpocmparncmeo Sp(Y) aean-
eMCA CO- Zg- NPOCMPAHCINEOM

Harmomawm, 910 TOmoI0rnyeckoe mpocTpancTBa X Ha3bIBAETCS MHOIO0OPa3ueM, MOJIETMPOBAHHOM Ha IIPO-
crparcTBe Y win Y- MHOrooGpasueM [2], ecim Besikast TOUKa MPOCTPAHCTBAa X UMeeT OKPECTHOCTh, FOMEOMOP(d-
HYIO OTKPBITOMY ITOJIMHOYKECTBY IIPOCTPAHCTBA Y .

Q= T1y2,[-1,1]; rumbbeproB Ky0, WE ={(g;) €Q:g; = +1} i— az rpams ky6a Q, BdQ = Uiz, W -
nceszorpannia kyoa @, a S = Q\BdQ nceBnoBHYyTPEHHOCTH KyOa Q.

Ussecrno, uro S = [[72,(—1,1); u S ~ R¥[2]. CueoBarennbo, Iy - rUIb6epPTOBO IIPOCTPAHCTEO FOMEO-
mopduo S u R¥, 3" — smmeitnas obosouka crangapraoro kupmmda Q' = []°7 [0, %] B THWJIBOEPTOBOM IPO-
cTpaHcTBe lo; depe3 lg win o 0DO3HAYAETCs JIMHEHHOE IOAIIPOCTPAHCTBO IIPOCTPAHCTBA [o, COCTOSIINEE U3 BCEX
TOUEK JIMIIb KOHEYHOE YHCII0 KOOPAMHAT KOTOPBIX OTJIHYHO OT Hy.Is, a Q7 - moampocrpancTso rumbsbepTosa Kyba
@, cocrosinee U3 BCEX TOYEK JIUIIb KOHEYHOE YHUCI0 KOOPIAUMHAT KOTOPBIX OTJIMYHO OT Hyssd. depes rintQ obo-
3HAYAETCS PaJuajibHas BHYTPEHHOCTb ruiibbepToBa Kyba () cocrosumu u3 touek {x = (x,) € Q;|z,| < t < 1,
Juist Becex n € N}

WssecrHo, 4T0 0 ~ lg ~ Qf, a > — romeomopduo rintQ. Ouesnmno, uro rintQ ~ BdQ u BdQ ~
>". Ussectno, 9to mpocrpancTBa @, > u ly CHIbHO GECKOHEYHOMEPHBI, & MPOCTPAHCTBA lg , o QF cmabo
OECKOHEIHOMEPHBI U BCE 3TH IIPOCTPAHCTBA, OJHOPOJIHEIL.

Caenyst o [4], o - Z - muoxkectBo B ruibbeproBa Ky6a () HA3BIBAIOT I'DAHUYHBIM MHOMKECTBOM B ()
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(obosnavaercst, uepes B(Q)), eciin Q \B ~ 5.

BoJiee 0bmuM 06pasoM, rpaHUYHBIM MHOXKECTBOM B () - MHOTOOOpa3uu HA3bIBAIOT 0- Z MHOXKECTBO, J0-
[IOJTHEHHE JI0 KOTOPOTO SIBJISIETCS lo- MHOTOOOPA3UEM.

U3 BhIIIe IpUBEIEHHOrO CJleyeT, YTo IceBaorpanuiia BdQ, runsbeproa Kyba () - sIBJISIeTCsl €ro rpaHmd-
HBIM MHOXKeCTBOM. VI3 onpeenenust nogmuoxkects P, (X) u P, (X) Boitekaer, uro P, (X) samkuyro B P(X), a
P_(X) 0 — KoMmakTHO u By wioTHo B P(X).

w

1) Ilycts X GeCKOHEYHBIH KOMIAKT, TOIJA Jyisl JII060ro cobeTBeHHOro nogmuoxkectsa A C X 1osmupo-
crpancrsa P(A), P, (A) u S,(A) asrsmorcs AR mpocrpancrsaMu, Tak Kak 9TH MOAIPOCTPAHCTBA BBILYK/ILI 1
JIOKAJIBHO BBIITYKJIbI;

2) Ecim mmoxkectBo A 3amkmyTo u A # X B X, 10 Sp(A) sBiIfeTca mepecedeHUeM CUYETHOLO THC/IA
OTKPBITHIX NOIPOCTPAHCTB IruyibbepToBo Kyba P(X) ~ @), 1onosHeHne KOToporo ABJsercs o — Z - MHOYKECTBOM
U SIBJISIETCSI TPAHHIHBIM MHOXKecTBOM. CirenmoBaressHo, Sp(A) =~ lp, Tak kak P(X)\S,(A) ects rpanmuHOe
MHOYKECTBO;

3) B cuuy nosnysenpepbiBHOil cHudy orobpaxkenust suppp(A) @ P(X) — exp X mis jo60ro oTKpbITOro
nopmuoxkectsa U C X, U # X mopupocrpanctso S,(U) = {u € P(X) : suppuNU # 0} orxpeiro B P(X) ~ Q.
CaenopatesnbHo, nomupocrparcTso Sp(U) ecth ) — MHOroo6pasus;

4) Ecim Y, Y # X Bciogy miotHo u otkpeito B X, To X\Y # 0. B cury miornoctn Y B X |, moanpo-
crpancrso P(Y') Berogy mmorHo B P(X) u P(Y') Bbimykio. Bosemem Touky g € X\ Y. Ilocrponm romoronuto
h(p,t) : P(X) x [0,1] — P(X) monorast h(p,t) = (1 —t)u+ 1t - 0z, Uae dyy - Mepa Jdupaka B Touke zo. Ecim
t =0, 70 h(it,0) = (1 =0)pr +0 -6z, = p 1. h(p,0) = idp(x). Ecrm t > 0, o h(p,t) = (1 —t)p + 1 - 0g,
u h(u, (0,1))€P(Y) tak xax supph(u, (0,1]) nemmkom ne sexur B Y. Dr1o osxagaer, uro P(Y) romoronnye-
cku wiotHo B P(X), T.e. mist 1106010 OTKPHITOrO COOCTBEHHOIO MOJAMHOXKECTBa Y GECKOHEYHOro KOMIakTa X,
noxupocrpasctso P(Y) romoronmyecku miorso B P(X).

5) MsBectHo, uTO JyIsi aro6oro n € N, momnpocrpanctso P, (X) samkuyro 8 P(X), Torma P(X)\P,(X)
ectb ) — muoroobpasuga. Hanee P(X)\P,(X) 6yuer romoronmyecku mwiotabiM B P(X). VckoMyio roMoTonuio
h(p,t) : P(X) x [0,1] — P(X) moxHo nocrpouts nosarast h(p,t) = (1 —t)u + ¢ - po, e po €P(X)\Pr(X),
|supppo| > 2n.

6) B pab6ore [1] 6buta mokazano, uro P, (X) sBigercsd rpaHHYHBIM MHOXKeCTBOM KoMmmakrta P(X) re.
P(X)\P,(X)~5S.

7) Eem Y = ('_, Uy, U, - orxpbiro 8 X un Y me orxpoiro 8 X, ro P(Y) C P(X). Ilyctb A C Y, A
samkuyTo B X, Torga P, (A) C P(Y). Ilogupocrpancrsa P, (A) ectb 0 — Z - muoxkecrso B P(X) [3].

8) Eciiu Y me orkpeiro u Gs nozx muoxecrso B X. Te. Y = 02:1 U,, U, - orkpeito B X, U, =
Un K, e K" = {z € X : d(z,X\U,)) > L1}, rne d duxcuposannas merpuka B X. Torna P, (Y) =
Nori Up_y Pu(K). B srom cayuae, P, (K) ects o- komnakrro. 3nadur, P, (Y) ects o M;.

9) Ecm Y = (_,Y,, Y,- orkpbito u Y- Beogy miorro, To S,(Y) orkpeiro B P(X) u S,(Y) =
N, Sp(Uy) ectb cuerHoe mnepecedenne oTKpuITo X HOMIPOCTpaHCTB, T.e. Sp,(Y) obnamaer csoiictBa Bapa.
3HAYNT, UMEET MECTO:

Teopema 2.1. IIycmv X beckonewnwviti komnaxm. Tozda
a) Tas ao06020 cobemeaennozo nodmnosicecmeaY C X Geckonewnozo komnarxma X, nodnpocmpancmeo Sp(Y') €
AR;

6) Jas mobozo samxnymozo cobcmeentozo nodmmosicecmea A C X nodnpocmparcmeo Sp(A) ecmv AR u 2o-
meomopdro ly [1];

8) Jaa 106020 cobemeentozo omkpuimozo nodmuoocecmsea U C X nodnpocmpancmeo Sp(U) ecmv Q - mHo-
2006pa3uA;

2) Jas 1106020 cobemeennozo 6¢100y naomuozo omxpsimozo nodmnosicecmsa Y C X nodnpocmpancmso P(Y)
2omomonuuecku naomuo 6 P(X);

0) dan mobozo n € N nodnpocmparncmeo P(X)\P,(X) eomomonuuecku naommno 6 P(X) u aeasemes Q -
MH02006pa3ueM;

e) JTas mobozo beckoneunozo xomnaxma X noonpocmparncemeo P,(X) Asasemes eparusnvim MHOHCECTBOM 6
P(X);

orc) Jas aobozo we omrpumozo cobemeennozo Gs mnoorcecmea P(Y) codeporcum o - Z- mnosrcecmeo 6 P(X);
3) Jan mobozo cobemeennozo ne omxpomozo Gs mnoorcecmea Y C X, nodnpocmpancmeo P,(Y) ecmo M [2];
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u) Has 106020 cobemeennoz2o He omkpuimozo ectody naommuozo Gs mmoocecmea Y , nodnpocmparncmeo Sp(Y)
obaadaem ceoticmeom Bapa, m.e. nepecenenue cuemmnozo 4UCAG NAOMHBLE NOOMHONCECTNG, NAOTMHO.

Onpepenenue 2.1 [2]. [Ipocmparcmeo X ydosiemeopsaem cusbhomy QUCKPEMHOMY ANNPOKCUMAMUEHO-
MY CBOUCMBY UMY CEOUCMBO CUALHO JuCKkpemHol annpokcumayuy (kpamxo, SDAP), ecau das kascdozo omob-
pasicerua [ : Q x N — X u daa waocdozo U € cov(X) cywecmeyem omobpasicernue f : Q x N — X, wmo
{£(Q x {n})}nen duckpemmoe cemeticmeo 6 X u (f,f) < U.

Ilpennoxkenune 2.1. Jlas 2106020 cobecmeeniozo 6ctody naommozo noommosicecmea Y C X, noonpo-

cmpancmea Sp(Y) u P(Y') obradaem SDAP ceoticmeom.

HdokaszatTeanctso. [lycrb X Geckoneunsiit kommakt u Y C X. B arom ciayuae, P(X) ~ Q u
obranaer SDAP caoitcrBom. 113 romorommieckoit miotaoctu P(Y) u S,(Y') BeiTekaer, aro P(Y) u S,(Y) ects
AR npocrpancrso. 3amernM, uro noaupocrpanctso Sy,(Y') Becerna seioay miorno B P(X). B pa6ore [2] umeercs
caenyromast: [Iycrs X ecrb ANR npocrpancrso u X € SDAP. Torma ero kKaxkjoe roMOTOIMYECKH IIJIOTHOE
noaMHOXKecTBO 0bsamaer coiictom SDAP. Mz P(X) ~ Q Beirekaer uro P(X) € SDAP. CnenoBaresbHo,
P(Y)u S,(Y) € SDAP. O

U3 coOTBETCTBYIOIUX PE3Y/IBTATOB 33Ia9l B [2] BBITEKAET, YTO /I JIIOGOr0 COOCTBEHHOIO BCIOMLY [IJIOTHOIO
nommuoxkecTBa Y C X, mpocrpanctsa P(Y) u S, (Y) nmeer Geckoneumyio pasmepHocTs, T.e. dim P(Y) ~ oo
dim S, (Y") >~ oo.

IMycrs Y coberBennoe mogmuoxkectso kommnakra X, Torga P(X\Y) romoronuuecku npenebpe:kuMo B
P(X) B cuiry pasencrsa P(X\Y) = P(X)\S,(Y) [1].

Moxxem yTBepKIaTh, uro mommpocrpamcTso P(X\Y) romoronmieckn npemebperknmo, Tak Kak Sp(Y)
romoronudecku 1wiorao B P(X). CienoBarenbHO, FrOMOTOIMYECKH [IJIOTHbIE U TOMOTOIUYECKH IIPEHEOPEeXKHbIe
nojnpocrpancTsa apiagiorcs ANR, nmpocrpancrsaMu.

VYrBepxkaenue 2.1. Ecau Y cobemeennoe naommoe nodmmosicecmeo komnaxma X, moeda P(Y') zomo-
monuuecku naomno 6 Sp(Y).

HJoxkasareabctso. Ilycts X Geckoreunstii komnakt. B nannom ciydae nmeem: P(Y) C S,(Y) C
P(X),Y = X u P(Y) = P(X). B pabore [2] mmeerca cremyiomast: Jomyetum A C A’ € X' € X u A
rOMOTONMYIECKH TWIOTHO B X, To A’ romorormmueckn mnorao B X'. I3 sToro yreepxaenus moayaem, aro P(Y)
roMoronudecky miotHo B S, (Y) u B cuity romoronndeckoii niornoctu S,(Y) B P(X). O

Caenctsue 2.3. B ycaosuaz npeduwdyujezo ymeeporcoerus noayyaem, wmo Sp(Y)\P(Y') zomomonuyecku
naomro 6 Sp(Y).

Onpepenenune 2.2[3]. Tosopam, wmo X obaadaem A0KAADHO KOMNAKIMHM ANNPOKCUMAMUSHbIM CE0T-
emeom (kpamxo, LCAP), ecau das kascdozo U € cov(X) cywecmeyem makoe omobpascenue f: X — X, umo
(fyidy) < U u mmoorcecmeo Clx (f(X)) nokasvho komnaxmmo, 2de cov(X)—MmHootcecmeo omepuimolx nokpulmoli
npocmparcmea X .

B pabore [2] umeercs crenyromast: Kaxkmoe X € SDAP u ANR npocrpascTBo, 0671a/aeT CBOHCTBOM
LCAP.

B sroM caygae uMmeer MecTO cileLyIoIIas:

YrBepxkaenue 2.2. [lycmov Y cobecmsenmoe nodmmooicecmeo beckoneurnozo xomnaxma X, mozda
Sp(Y) e LCAP.

Ounpepenenune 2.3[2]. IToomnoorcecmeo A C X nasweaemes (cusvhvim) Z — muoocecmeom, ecau A
3amrHymo u oaa kagcdozo U € cov(X) umeemca maxoe f : X — X wumo (f,idy) < U u f(X)NA =
0,(Cixf(X)NA=0).

B pa6ore [2] umeercsa caenyromast teopema 1.1.14 [2]:

Ecmu X ecrs ANR npocrpancTso obiararomum ceoitcteom SDAP. Torpa kaxkoe Z — MHOXKeCTBO B X,
€CTb CUJIbHOE Z — MHOXKeCTBO B X .

B cuuty sToro pesyabrara u nperokenus 2.1 morydaem

IIpennoxkenne 2.2. Fcau'Y cobecmeentoe nodmmoocecmso beckorneunozo xomnaxma X, moada xasicdoe
Z — mmoorcecmeo npocmparcmes Sp(Y) u P(Y) asasemca cuavnoe Z — mmoorcecmeo 6 Sp(Y) u P(Y).

13 Teopemsbr 2.1 BBITEKaET

VYreepxkaenne 2.3. Ecau Y cobemeennoe u samrnymoe nodmmoocecmso ¢ X, mozda P(Y) eomomonu-
wecku npenebpesrcumo 6 Sp(Y).

162



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 158-166

VrBepxkaenue 2.4. [Iyemv Y 6c100y naommoe cobecmseentoe nooMHONMCECMB0 BECKOREWHO20 KOMNAKMA
X u{z; i€ N} 6crody naomno ¢ Y. Tozda | Jpoy P(Ay) € SDAP, 20e Ay = {x1, 22, ..., %1 }.

VYrBepxkaenue 2.5. B ycaosuar ymeepocdenus 4, noonpocmpancmeso | Jro, P(Ay) 2omeomopgno npo-
cmpancmey o

Hoxkaszareuabcrtso. llycrs X Geckoneunsrit komnaxr, Y C X u {x; : i € N} Bcrogy miorao B Y. B
sToM ciryuae {z; : i € N} Beiogy mioTHO u B KommakTte X . P(Af) ects kommakT u P(Ag) ~ o*~! ects cuvmrexc
pa3mepnoctu n — 1. [logmpocTpancTso U:i1 P(Ag)- o- KoMIIakTHO U sABJgeTcst AR~ IPOCTPAHCTBOM, TAK KAK
BBIIIYKJIO ¥ JIOKAJIBHO BBIIYKJIO. B CHILy BBIIYKIOCTH 1 BCIoAy IoTHOCTH mopnpocrpanctso | Ji , P(Ay) ecrs
rpaHIvHOe MHOXKeCTBO Ayt komunakta P(X) ~ Q. C apyroii croponst, noanpocrpancrso |Jp—, P(Ax) caabo
CYETHO — MEPHO, T.€. SBJIFAETCH CIETHBIM O0bEIUHEHUEM KOMIIAKTOB KOHEUHOH pasmepHocTr. OUeBHIHO, YTO
U2, P(A;) me comepxutr rumbbeprosa Kyba Q. B srom ciyuae, no reopeme [3|, npocrpancrso | Jp-, P(Ay)
roMeoMop(dHO MTPOCTPAHCTBY O. O

BameTnm, 4TO B yCI0BUsX yTBep2KeHns 2.4, nognpocrpanctso |-, P(A)) romeomopdHro npocrpancTBy
Ui, Po(Ag). Buadur, umeer mecto

CaencrBue 2.4. [Tycmov Y cobemsernoe naommoe noommodtcecmeo beckonewnozo xomnaxma X u {x; :
i € N} naommno 6 X. Toeda | Jg—, Pu(Ak) 2omeomopgno o,20e Ay = {z; : i < k}.

IIpocTpancTBo X HaswBaeTcd co - Z, - MPOCTPAHCTBOM, ecid X COJEPKUAT TOMOTONUYIECKHU IJIOTHOE
TOHOJIOMMYECKH IUIOTHOE nopmuoKecTBo G C X [2].

B pabore [2] umeercs cienyromas: Kaxoe co — Z,— NPOCTPAHCTBO ABJSETCS IPOCTPAHCTBOM Bapa.

Onpenenenune 2.4 [2]. IIpocmpancmeo X wnaswsaemes caabo beckonewnoli pasmeprocmu (caabo bec-
Komneurnomeproti), ecau das 1060t nocaedosamenvnocmu (FLFL), i € w, QUSLIONKMUGHYT NAP 3AMKHYMOLT 6
X wmmooicecms cywecmeyem nepezopodku Py meoicdy FY u Fi ¢ nyemom nepeceuenuem. IIpocmpancmeo, ne
ABAAOULULTCH CAAO0 BECKOHEUHOT PASMEPHOCINU HAZBIBAETNCA CUADHO BECKOHEUWHOT PadmepHocmuy (cuivho bec-
KOHEUHOMEDHBIM,).

Onpenenenue 2.5 [2]. IIpocmparcmeo X nasvieaemces caabo cuemmoti padmeprocmuy (caabocuemmo-
meprvim), ecau X asanemces cuemmoli cymmoti ceoux noonpocmpancme Konewnotl pasgmepHocma.

Onpepnesnienue 2.6 [2]. IIpocmpancmeo X ma3vieaemces cusvHo cuemuot pasmepHocmu (CuibHo cuem-
Homepho), ecau X AGAACMCA CHEMHOT CYMMOTE CEOUT 3AMKHYMBLL NOONPOCMPAHCNGE KOHEWHOT PA3MEPHOCTI.

Ecmu X 6eckoneunsiit komnakt u Y C X, 1o Hamu 66110 orMetdeno, 4to S, (Y) Beiogy mwiorno B P(X).
Crenmosarennsuo, ectu A C B, A C X u B C X 10 Sp(A) C S,(B). B pabore [1] 6bu10 mokasamo, 9ITo
Sp(A) romeomopdmo lp, It m060ro 3aMKHYTOro moaMHOXKecTBa A ommanoro or X. Orcioma cremyer, €ITo
[Tt 11060r0 HEOTHOTOUEUHOro moaMHoxkecTBa B C X moxmpocrpamctBo Sp(A) COmEPXKUT IOAIPOCTPAHCTBA
romeomopduoe ly. CrenosarenbHo, nomupocrpancTsa Sy(A) uMeer CHIBHO GECKOHETHYIO PA3MEPHOCTH (CHIIBHO
GeCKOHEYHOMEDHBIM). B cuity pesysnbraTtos paboTsl [2] u nmpuBeieHHBIX (DAKTOB OTHOCSIIUXCS MOJIIPOCTPAHCTBA
Sp(Y) mpocrpancrsa P(X), Ierko TOKa3bIBAETCs CAEYIONIEe

VrBepxkaeuue 2.6. Fcau Y cobemeennoe nodnpocmpancmeo beckoneurnozo xomnaxma X . Tozda:
a) Sp(Y) asanemca npocmparncmeom Bapa;
6) Kaorcdoe omxpuimoe nodmmoosrcecmso npocmpancmea Sy(Y) obaadaem ceoticmseom SDAP;
8) Kaowcdasa mowka x € Sp(Y) umeem oxpecmmuocmovio O(X) 8 Sp(Y) obradarowan ceoticmeom SDAP;
2) IToonpocmpancmeo Sy(Y') codepotcum samrnymoe nodmmosicecmeo 2omeomopgroe S uau la; caedosamenvro,
Sp(Y) cuavno Geckonenrotli pasmeprocmu (GeckoneunomepHo).

Onpenesenune 2.7 [2]. IHHoomnoorcecmeo A C X wnasvisaemes (cusvhvim) Zy- muoocecmeom 6 X, ecau
A mooicro sanucamo 6 sude A = |, o An, 20e wadstcdoe A, ecmo (cuavhoe) Z - mmosicecmeo 6 X.

IIpocrpancTBo X HasbiBaeTcst (CUIBHBIM) Z,- MIPOCTPAHCTBOM, eciid X ecThb (CHIBHOE) Z,- MHOMKECTBO.
Kaxoe cunbroe Z,- npocrparctBo X € AN R yuosisierBopsier ycaosuio SDAP.

Eciu X GecKOHEUHBIH KOMIIAKT U Y €ro COBCTBEHHOE OTKPBITOE IIOJIMHOXKeCTBO, T.e. ¥ = X u Y # X. B
3TOM ciy4ae, Y ecTb F, MHOXkKecTBO B X, T.e. Y = U;ﬁl Y, n Y; - 3amkuyTO. B 3TOM cityuae, nmeem Y; C Vi
uY; CintYipr, U Vs =Y, Y # X, P(Y) = P(U;2, Vi) = U2, P(Y;). s samkuyTocTn MHOXKeCTBa Y;
BoiTekaer, uro P(Y;) komnakt. 13 Bcromy nyiorHocTu MHOXKeCTBa Y, moampocrpaHcTBo 4ro noiaydaem P(Y)
Beroy wiorHo B P(X). B cuiy Bbimykioctn u stokansHoi Beimykiaoctn P(Y) umeem P(Y) € ARu P(Y) o -
KOMIaKTHO. 3ameruM, 9to MHOKecTBO P(Y)\P(Y;) ToxKe BBILYKJIO, cienoBaTebHO crsirusaeMo. Ilyers aP(Y)
OJTHOTOYUEYHOE aJIEKCAaHIPOBCKOe pacimpenue muoxkecrBa P(Y), a nommpocrpancrso P(Y) Bcrogy miorHo B
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P(X) ~ Q. Komnakr aP(Y) nexanmit Beroxy mwiotao B P(X), romeomopduo @, rae aP(Y) = P(Y) U {oo}.
Eciu romorommio h(p,t) : P(X) x [0,1] = P(X) crpoum, nosorast h(p,t) = (1 —t)pu+t-dz,, e zo € X\Y,05,-
mepa Jlupaka B TOUKe Io. DTO romoronus mnokasbiBaer, uro P(Y) romoronumuecku miorao B P(X). B arom
cirydae, u3 pesyiabrara 3agada 15 §1.2 [2] Berrekaer uro aP(Y) ~ Q. B cuity aTux paccykieHuil mosaydaeMm
Teopema 2.3. [Iycmov Y cobemeennoe omxpuimoe nodmmosicecmeo beckoneunozo xomnaxma X u aP(Y)
odnomouewnas Komnakmugurayus asexcandposa mroocecnsea P(Y), moada
a. P(Y') ecomomonuyecku naomno 6 aP(Y);
6. aP(Y) € AR;
6. aP(Y) =~ Q.
AHAJIOrIYHO JJOKA3BIBAETCS CJICLYIONIHE.

VYrBepxkaenue 2.7. Ilycmv U cobecmeenrnoe omrpuimoe naommoe nodMHoHcecmseo 6eCkoHeuH020 KoM-
naxma X, moeda aP(U) 2omeomoppro Q.

CaencrBue 2.5. [as a06020 becrkoneunozo xomnarma X umeem mecmo: aP,(X) ~ Q.

CaencrBue 2.6. [Tycmv A1 C Ay C ... C A, C .y A; samxnymo 6 X, A# X u Ufil A; 6cr0dy naommo
6 X, mozda
a) aP(A) =~ Q;
6) aP,(A) =~ Q.

ITycrs Y mtoTHOE COGCTBEHHOE NOJMHOXKECTBO OECKOHEYHOro KOMIAKTa X U {Y1, Y2, ..y Yn, ...} = Yo CUET-
wo 1 wioreo B Y mwmm B X. Torma J,~; Sp({y1,y2, ... yn}) mnorso B Sp,(Y) n nust xaxzaoro n € N, noaupo-
crpanctso Sp({y1,¥2, ..., Yn}) Tomeomopduo S nmm Iy [1].

Orcroza UCHob3yst pe3ysibTaToB paboThl [2] moaydaem
a) Sp({y1}) € Sp({y1,92}) C ... mocmenoBarensuocTs Z— Muoxkects B Sp(Y).

Yepesz M; ob60o3HAUAETCS MOJILCKHE MIPOCTPAHCTBA — IMOJHBIE METPUUECKHE cerapadeIbHbIe TOIOJIOrTYde-
CKHE IIPOCTPAHCTBA.

6) s xaxmoro n € N moxnpoctpanctso Sp({y1, Y2, ..., Yn }) ToMeomopduo lo u Sp({y1, Y2, .., Yn }) CHIB-
HO M -yHEBepcasbHO [2].

B sToM ciayuae naxomuMmes B ycaoBuax 3aqadn §1.5 padorst [2]. B cuiy storo daxra nomygaeM, aro S, (Y)
cuiibHO M7 - yHUBEPCAJBHO, T.€. UMEET MECTO CJIEIYIOIIast

Teopema 2.4. Jlas 4106020 naommozo cobemeennozo nodmmoosicecmeo Y C X xomnaxma X npocmpan-
cmeo Sp(Y) cuavno My -yrueepcanvro;

CaencrBue 2.7. Ilyemv Ay C Ay C ... samrnymo 6 X, A = Jio) Ai # X u A naomno ¢ X. Toeda
U2, Sp(4;) cuavno My — yrusepcanvho;

Caeacrue 2.8. [Tycmo Xo = {z; : i € N} naomno 6 X. Toeda | J;=, Sp(X;) cuavno My -ynusepcarvno.

B pabore [4] nmeercs caemyromast

Teopema 2.5 [4]. Ecau X € AR u X 2omeomopgno npocmpancmsy y . XS, mozda u moavko moada,
xoeda X y0064emMBOPAEM YCAOBUAM:
1. X = Ufil Xz 5y
2. Kaowcdoe X; ecmov Z MHOICECTNEO;
3. X - ecmo cuavrno My — ynusepcanrvro.

NsgecrHo, uro P, (Y) € AR, st siro6oro cobecTBeHHOro nogMuoKecTBa Y C X GECKOHETHOrO KOMITAKTA
X. B yacrHoM, cirydae ecium Y = S 1ceBno BHYTPEeHHOCTh KyOa ) = X.

B pabore [1], gokaszaHo, uro P, (Q) ~ Q, mis kaxoro n € N. B pabore [5], qokazaHo, 910 1yist hyHKTOPA
P,, umeet mecto:

2)(Pn(Q), Po(BdQ)) ~ (Q, BdQ)

T.€. B YaCTHOCTHU, PYHKTOp P, epeBOIuT TUIb0EPTOBO MIPOCTPAHCTBO [ B THJILOEPTOBO IIPOCTPAHCTRO [a;

1) Uz s1ux nByx daxros nosaydaem, uro P, (S) ectb cyerHoe obbeHeHNE THABOEPTOBBIX IPOCTPAHCTB

2) IIpocrpancrso P, (S) ects AR, tak xak P, (S) seinykio n P, (S) romorormveckn mwiotao 8 P(X);
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3) IMokazkeM, 4ro j1a Kaxaoro n € N nopmuoxectso P, (S), ects cuibnoe Z— muoxkectso B P, (S).

B camowm zede:

IIycrs po € Py(S)\P,(S) Taxoe, aro |supppo| > n + 2. Uckomyio romorommio h(u,t) : B,(S) x [0,1] —
P, (S) mocrpoum monaras h(p,t) = (1 — t)u + tuo. OgeBuano, aro upu ¢t = 0 romorouus h(w,0) = u Te.
h(p,0) = id P,(S), ecrm t >0 u t < 1, to h(p,t) = (1 — t)u + tug €P,(S)\Pn(S), Tak xax supph(p, (0,1])
coziepxkuT Gostee yeM n + 1 Touek, T.e. |supph(p,t)|>n+ 1 opu t € (0,1] .

Buaunr, nognpocrpancrsa P, (S)\ P, (S) romoronmyecku mwiorao B P, (S). C apyroit cTOpoHBI, JIst KaxK-
moro n € N nogmuoxecrsa P, (S) 3amkuyTo B P, (S). |

1) Houyvaercst, uro nopnpocrpanctso B, (S) ecTh cuiibHOE Z,— IPOCTPAHCTBO U 1O pesyibrary [2] (
zajada 20, §1.5 ) umeem P, (S) € SDAP;

2) B cuy pesynbrata (3ama4a 12(e), §1.4) npocrpancreo P, (S) € LCAP.

U3 sTux paccy»KIeHuil U IpUBeeHHON TeopeMbl [4] mosydaem

Teopema 2.6. Ecau X beckoneurnoti komnaxm u'Y ez2o cobecmeenmnoe niommoe nodmmooscecmeo. Tozda
a) Ecau'Y cuemno, mo Sp(Y) ~ 3 xla;
6) Ecau Ay C Ay C ... samxnymo, A =J;o; Ai # X u A nawommno 6 X, mo o ; Sp(A;) = > xla;
6) Ecau {z; :i € N} naommno 6 X, mo sy Sp(z;) = Y xlo;
2) B wacmuom cayuae, S necesdo snympennocmo kyba Q, mo | Jo— P (S) = Y xls.
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REZYUME

Ushbu tadqiqot cheksiz metrik kompakt fazoda aniglangan barcha extimol o’lchovlari fazosi, va uning
fazoostilari, geometrik, topologik, ekstenzorlik o’lchamlilik xossalariga bag’ishlangan. Bu ehtimol
o’lchovlari fazosining bir qator fazoostilari ajratildiki ular: cheksiz o’lchamli gomotopik zich, A(N)R
— fazodir, cheksiz o’lchamli ko’pxilliklardan iborat, lokal kompakt approksimativ (LCAP) xossali,
kuchli diskret approksimativ xossalarga egadir. Shuningdek, fazoostilari bir jinslik, ekstenzorlik
xossalarga va fazoning shunday gomotopik zich fazoostisi topildiki, u fazoga gomeomorf ekanligi
ko’rsatilgan.

Kalit so‘zlar: bir jinslilik, gomotopiya zichligi, ehtimol o‘lchovlari, ko‘pxillik, cheksiz o‘lcham,
ekstenzor, SDAP- xossa, LCAP-xossa, 0 — Z — to‘plam, Aleksandrov kengaytmasi.

RESUME

Exploring the geometric, topological, extensor and dimensional properties of the space of all
probability measures P(X) and its subsets defined in the infinite metric compact X, a number
of subspaces of the space P(X) are identified that have: infinite dimension, are homotopically dense,
are A(N)R - spaces, are manifolds of infinite dimension, locally compact approximative (LCAP)
properties, a strongly discrete approximative SDAP property. It also shows which subsets of the
space have a homogeneous property, an extensor property and homotopy dense subsets of a compact
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P(X) set that are homeomorphic to the space are given » . xls.

Key words: homogeneity, homotopy density, probability measures, manifolds, infinite dimension,
extensor, SDAP-property, LCAP - property, o-Z-set, Alexandrov compactification.
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YIK 510.5

O HEBBIUBIC/IMMBbIX ITIO3UTUBHBIX IIPEACTABJIEHUSX OBJIACTEN
ODEJIOCTHOCTEUNU

NBPATUMOB PAPXOI2KOH HYPMYXAMA/IXKOHOBUY
HAIIMOHA/IBHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIYIBEKA, TAIIKEHT
farkh-i@yandex.ru

PE3IOME

B namnoit pabote n3yvaioTcs aaropuTMUYMECKUe MpecTaBIeHns KoJiel. V3BeCTHO, ITO BCAKOE IOo-
3UTUBHOE TIPEJCTABJIEHUE TIOJISI SIBJISETCS BBIYUCIUMBIM. Kitacc obsacTeil MeJ0CTHOCTU PACIIUPSIET
kJtacc nojieit. [locrpoen mpumep B Kitacce 00J1acTell MEJIOCTHOCTH KOTOPpast 00/1a1aeT HEBBITUCIMMbIM
IMO3UTUBHBIM TIPEJICTABICHUEM.

Karouessle €A08a: airopuTMUIECKOe IIPE/ICTABIEHNE, TEPMAJIBLHO CenapabebHOCTb, HyMEPOBaH-
HO€e KOJIBIIO, 00JIaCTh IEJIOCTHOCTH, TO3UTHBHAS 00JIaCTh II€JIOCTHOCTH.

1. IlpenBapuresibHbIE CBEAEHUS.

BasoBble moHsTHS1, HCTIOMB3yeMbIe B paboTe, comepxkaresa B [1-4].

Hanmomumm, aTo Beroy onpejesieHHast (hDyHKIUsT U3 MHOXKECTBA HATYPAJBHBIX YHCET W B W HA3BIBAETCS
BBIYUCJIMMOI, €CJIH CYIIECTBYET BRIMHUCISIOmuUil ee ajgropurM. [logMmuoxkecTBO o C w HA3BIBAETCS BHIYUCIUMBIM
(TepevrcMMBIM, COOTBETCTBEHHO KOTIEPEUNCIUMBIM ), €CJIH BBITUCIIMA €10 XapakTepucrunieckas QyHKws (a,
COOTBETCTBEHHO W\ (X, — 00JIACTDH 3HAYEHU HEKOTOPOIl BEIYUCIUMOl (DyHKIMHN). DTU ONPEIE/ICHUS €CTECTBEHHBIM
00pa30M IIepEeHOCsITC Ha, MHOIOMECTHbBIE (DYHKIIUU W OTHOIIEHUSI.

Axaznemukom FO.JI.EpiiossiM B [1] 66110 BBesieHO Hanbosiee o0Iiee MOHSTHE OTJIEAMMOM HyMepaIu, Ko-
TOPYIO, B CJIy9YaeT HyMepaluii yHUBEPCAJIBHBIX aJredp, MOXKHO TPAKTOBATEH KaK OJHO U3 MATEMATHIECKUX YTOU-
HEHUil [OHATUS CJIOXKHON JUHAMUYECKOH cUCTEMBbI (IIOCKOJIbKY, B PACCMATPUBAEMBIX HAMHU DAMKAX, IKCTEHCH-
OHAJIbHOE 3aJ[aHUe BBIYUCUMBIX (DYHKIIUN BTOPHUYHO OTHOCHUTEIHLHO WX WHTEHCHOHAJBHOM CYIIHOCTH, COJEp-
JKalleil KoJ pasBUTHs IIPOIEcca), JolrycKaoreil 3deKTHBHOe PACIO3HABAHME DA3JIMYUs COCTABJISIONINX ee
9JIEMEHTOB IIyTEeM OTJIEJIEHUsI UX COOTBETCTBYIOIIUMHU AJTOPUTMUYIECKH OIPEE/IsieMbIMU OKpecTHOCTsIMU. 1Ipu
9TOM, CaMa COBOKYIHOCTH AJITOPUTMOB, OOpPa3HO TOBOpsi, 00pasyeT "KOKOH’, B KOTODBIA “3amunra’ IuHAMUKA
(DYHKITMOHUPOBAHUST CHCTEMBI, 3aJJAHHON He aDCTPAKTHBIM CO3HAHUEM CTOPOHHETO HABJIOJATE s, 8 KOHKPETH-
KOH OIPEJIEISIONIUX ee MPOIECCOB PA3BUTHS.

Cuenys akagemukam FO.JI. Epmosy u C.C. Tonuaposy [1,2,3] upuBesem psii OCHOBHBIX OIIPEJIEIEHUI.
Eciu (A; ¥) — cuernas ynusepcasibHas ajrebpa 3(pdeKTUBHON CUIHATYPBI 3, TO 1I0J] ee HyMepaleil 6yiem Ha-
3bIBATh BCSKOE TAKOe OTOOParKeHUE I MHOYKECTBA HATYPAJIBHBIX YMCEJI W Ha OCHOBHOE MHOXKECTBO aJiredphl A,
JIJIST KOTOPOT'O CyIecTByeT 3PpheKTuBHOE ceMeiicTBO F' BHIYNCIUMBIX (DYHKIIMIA, [TPEICTABJISIONIIX Y.-OlE€PAIIAN
ayrebpel A B HyMepalun v, T.e. BCAKasl Olepalust o € ¥ IPeJICTABIISIeTC COOTBETCTBYIONIEH eif TaKON BhIYnc/iu-
Moit dyukuueii f € F, aro VT (ovT = vfT)). Ecau 1) — 9KBUBaJIEHTHOCTD HA w, TO ajaredpy (A; X) Oyuem Ha3bIBATDH
[IPEeICTAaBUMON HAJT 1), €CJIN CYMIECTBYET HyMepalys 9T0# ajaredpbl ¢ HyMepalMOHHONW SKBUBAJEHTHOCTHIO PaB-
HO#1 1), T.€., PABHOCWJIBHO, HaiiJleTcs Takoe 3pdeKTUBHOE ceMeiicTBO F' BBIYUCIUMBIX DYHKIH, COTJIACOBAHHBIX
C 9KBUBAJIEHTHOCTBIO 7] (U3 7)-9KBUBAJIEHTHOCTU aPIYMEHTOB CJIE/lyeT 1)-9KBUBAJIEHTHOCTh 3HAYEHNH (DYHKIMH Ha
9THX aprymeHTax), uro (A; ¥) nzomopdHa darrop-anrebpe BeIIUCINMON aiarebps! (w; F') 1o KOHrpysHIMH 7).

Besikast anrebpa, mpejicraBuMasi HaJl SKBUBAJEHTHOCTBIO 7] HA W HA3BIBAETCSI 1]-aJiredbpoii. 3amMeTuM, 9To
Jobast He Gosiee yeM cuerHas airebpa 3bdEKTUBHON CUrHATYDBI MMeeT HyMepaiuio (HAIPUMED, UHLYIUPO-
BAHHYIO I'eJIeJIeBCKOIl HyMeparueil abCOTIOTHO CBOOOMHOM Y.-ajareOpbl OT CIETHOIO MHOXKECTBA CBOOOHBIX II0-
POXKIAIONTNX, T.K. J00as Y-aaredpa ecTb TOMOMOPQHBIH 00pa3 abCoTIOTHO CBOOOIHON OT MOAXOIAIIETO UNCIA,
CBOGOJTHBIX MOPOXKAIOIIAX) U TIOTOMY AJITOPUTMUIECKH MIPEJICTABIMA, HAJT HEKOTOPOI SKBUBAJEHTHOCTHIO.
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SAnpom Hymepanuu v anreGpsl A GymeM Ha3bIBATH HYMEPAIMOHHYIO SKBUBAJEHTHOCTD {(z,y)|vae = vy}.
Ecin v — mymeparust, To 4epes ker(v) Gynem o603HAUATH €€ sijipo.

ITycts (A;v) — nymepoBanuas ajrebpa. [logmuoxkecTBo B anreGpbl A HAZBIBAETCS V-TIEPEIUCTUMBIM (V-
BBIYMCIUMBIM ), €CJIH TIePEeUUC/UMO (BBIYHCUMO) MHOXKecTBO v~ 1(B). Ecin u3 KoHTeKcTa Gy/IeT sCHO, Kakast
HyMepaIusl IMeeTCsl B BUIY, TO MOJMHOKECTEA aJITeOphl Oy/IeM HA3BIBATH TIPOCTO TMEPEIUCTUMBIMEA (BBITHCITA-
MbIMH) 6€3 [PUCTABKH V.

Ecsin nanbl nse nymepoBanmbie anrebpsl (A, p) u (B, v), To romomopdusm ¢ u3 A B B Ha3biBaeTcs MOpP-
dusmom, ectu oH 3ddEKTUBEH HA HOMEPAX, T.€. CYIMIECTBYET TaKasl BhIYUCINMAas QYHKIUSA ¢, 9TO pu = vg. Ecan
JAHHBI MOpdu3M ¢ sBistercd uzomopdusmom u3 (A, u) va (B, v), To Gymem roopurh, uro (A, ) sdpdexkrus-
HO cBosmMa K (B, V). 3amerum, 9TO XOTsi 00paTHOe 0TOOpaykeHne K M30MOp(MOU3MY €CTh TaKyKe M30MOPMOU3M,
OH He 00s13aH OBITH MOP(MU3MOM, T.K. 0OpaTHOE OTOOpaykKeHue, BOODIIE TOBOPs, MOXKET U He IOJI€PKUBATHCS
BBIUHCJINMOI Ha HOMepax (pyHKIHei.

N3zomopdnoe BIoKeHNE, SIBIISIONEECST MOP(MU3MOM, HA3BIBACTCA dP(MEKTUBHLIM BJIOYKEHUEM.

HywmepoBannag anrebpa, B KOTOPO#l OTHOIIEHUE PABEHCTBA BBIYUCIUMO Ha HOMepax (ajiropuTMUIeCKU
pa3penMo) Ha3bIBaeTCsd BhIYUCIUMO. [0BOPAT, 94T0 ajrebpa MMeET BLIYUCIUMOE IIPEJICTABJICHHE, €CJU OHA
nMeeT BBIYUCIUMYIO HyMepaluio.

OrmeTnM, 9TO TEepMUH “BBIYUCIUMAS HyMepalus’ YyHIOTPeOIsgeTcss B KJIACCHIECKO JUTEPAType MO BbI-
YHUCJMMOCTH U B CoBepIieHHO uHblX KoHTekcTax (cM. FO.JIL.Epmos, [1]). Tak, npu ucrnojb30BaHAA HAMUA IOHATHI
HyMepalmu ainrebpol (dbopmanbaoe nonsTre) 3dbdexTuBHoil curHaTypbl (HedopMabHOE OHSATHE) BTOPOE $IB-
Jistercs BeraucyauMbiM B cMbicie FO.JI.Epmosa (T.e. mogpasymeBaercs Hajuune 3(pQeKTUBHON 1IPOIeAyPbI, 'BbI-
JIAOIIel” 0 CUTHATYPHOMY CHMBOJIYy AJTOPUTM BBIYHCIEHUsI COOTBETCTBYIONIEH (DYHKIHH, TPEeCTABIISIIONIE
UHTEPIIPETAIUIO JIAHHOIO CUMBOJIA OIEPAIMU B 3TOH HYMEPAIIUH).

Omnpegesienue 1. Anrebpa A Ha3bIBaeTCA BLIYUCIUMO (IIO3UTUBHO, HEIATHBHO) IIPEJCTABUMON, €C/iu
CYIIECTBYET €e HyMepalysl ¢ BbIYUCIUMBIM (II€PEIUCIUMBIM, KOIIEPEIUCIUMbBIN) SIIPOM.

Od4eBHUIHO, YTO BBIYUCIUMOCTD HyMepAINH aJrebpbl PABHOCHJIBHA OTHOBPEMEHHOI IIO3UTUBHOCTH U HETa-
TUBHOCTH 3TOII HyMepaIuu.

SamMeTnM, YTO €cjIu ajredpa MMeeT BBIYUCIUMOE IIPE/ICTABICHUE, TO OHA M30MOpQHA JIMOO KOHEYHOM
asrebpe, b0 asrebpe Buaa (w; F'), e w — MHOXKECTBO HATYPAJIbHBIX dnces, a F — noaxopsiiee 3pdheKTUBHOE
CEMEHCTBO BBIUYUCIUMBIX (DYHKITHIA.

Hamee, HAapsiIy ¢ TepMUHOM “HyMepariss’ OyaeM WHOTIA YIIOTPEOIsITh B KATeCTBE er0 CHHOHUMA, TEPMITH
“npencraBaeHue’.

OyHmaMeHTaIbHbIE aJIredpamdecKne MOHITHS OIS U €ero 0000IIeHns — 00JIACTH eTOCTHOCTH, SABJISIIOT-
csl KJIACCUYECKUMU OOBEKTAMM HMCCJIEJOBAHUS B MATEMATUYIECKOH JIOTWKe, KOTOpasi, B YaCTHOCTHU, 3aHUMAETCS
OIMCAHUEM AJTOPUTMHUYECKUX CBOHCTB KOJIEIl, 33JaHHBIX TEMH WU UHBIMHU OpejcTabieHusivu [1]. Baxkuefimm-
MU CPeJ aJIfOPUTMUIECKUX MPEICTABICHUH ITUX OObEKTOB SIBJISIIOTCS BBIYUCIUMbIC, HA3BIBABIINECS [IPEKJIE
KoHCTPYKTUBHBIME [2,3]. Camu ke 9Tu 00beKThI, HA3bIBABIIUECs] PAHEE KOHCTPYKTUBU3UDPYEMBIME, B COBDEMEH-
HOH 3aIa/[HOM TEPMUHOJIOTMN UMEHYIOTCS KAK UMEIOIINE BHIMACIUMbIE KOIIUH, T.€. TAKHE, KOTOPBIE H30MOP(HBI
KOJIBL[AM, HOCUTEJISIMUA KOTOPBIX SIBJISIIOTCH BBIYUCJIUMbBIE (AJIrOPUTMUYECKU PA3PEeIIUMble) II0MHOYKeCTBa MHO-
JKECTBA HATYPAJILHBIX YHCEI, & ONEPAIUN CJIOXKEHUS U YMHOXKEHUS [TPEICTABJICHDI HOJXOIATIAMY BHIYUCTAMBIME
OllepPAITUSIMH.

Bousee dopmasbho, ecim (R; 4+, X) — Ipon3BoJIbHOE He GoJiee UeM CIeTHOE KOJIBIO U U — OTOOPasKeHNe U3 W
Ha R, 1j1s1 KOTOPOTO CYIIECTBYIOT TAKUE BHIYUCIUMbIE OMHAPHBIE onepanuu @, ® (IpeICTaBIIsIONIe COOTBETCTBY-
IOIIFE OIIEPAITI KOJIbIIA HA HOMEPAaX /KOJIaX ero 3JIeMEHTOB B IPEJICTABIEHHUN V), 9To VI, y € w[va+ry = v(zdy))
uVz,y € wyexxvy = v(z®y)] (r.e. v aBugerca 3bderTUBHBIM rOMOMOPGU3MOM BBIYUCIUMOIO KOJIbIEA (W; B, ®)
Ha (R;+, X)), To v Ha3bIBaETCsI HyMepalyeil (aJIropuTMUICKUM [IPEJCTABIeHuEeM ) KoJbla R.

SlapoMm HyMepaluy ¥ Ha30BeM ee HYyMEPAIMOHHYIO S9KBUBAJEHTHOCTD, T.¢ MHOXKecTBO {(x,y)|vae = vy}.

Ounpenenienne 2. Koubio R Ha3bBaeTCs BHIYUCIUMO ([IO3UTHBHO, HETATUBHO) IIPEICTABUMBIM, €CJIU
CYIIECTBYET €ro IPEeJICTABIEHIE ¢ BEIYUCIUMBIM (II€PEYHCIUMBIM, KOIIEPEIUCIUMBIN) sIPOM.

Herpyamo 3ameTuTs, 9T0 BEIYUCIMMOCTD IPEJACTABICHAA KOIbIA PABHOCUIbHA OJHOBPEMEHHON TO3UTHB-
HOCTH M HETaTUBHOCTH 3TOTO npescrasienus. OpauMu u3 Hanbojiee BaXKHBIX 00BEKTOB B TeOpun abCTPaKTHOMN
BBIUHMCJIMMOCTH SIBJISIFOTCsT T10JIs. 'T.K. J11060€e 1oJie sIBAsieTCsl NpOCTOl anrebpoit (T.e. B HEM OTCYTCTBYIOT COG-
CTBEHHBIE WJIEAJIBI), TO BCSIKOE MO3UTHBHOE IIPEJICTABJIEHNE TI0JIsl SIBJISIETCST BBIYUCAUMBIM (cM.[2], rie nmokaszaHo,
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YTO BCAKAsS MO3UTUBHAS HyMEPAaIisl KOHTDYSHII-TIPOCTOMN areGpsl siBasieTcst BbraucanMoii). C 1pyroit ¢cTopoHsl,
BCSIKOE OECKOHEYHOE BBIMUCIIIMO MPEJCTABUMOE TI0JIe 00/Ia/[aeT HEBBIMUCIUMBIMI HETATUBHBIMU M1PEJCTABICHN-
simu [6]. Huzke Gyier mokasaHo, 4TO TAKOBBI XKe U GECKOHEYHbIe 00JIaCTH IeJIOCTHOCTH.

IIpocTeiinum GECKOHEYTHBIM TOJIEM XapPAKTEPUCTUKU HYJIb SBJISIETCS T0JIe PAIMOHAJIBHBIX YUCEs, HE UMe-
folree He TOJBKO COOCTBEHHBIX HMEAJIOB, HO M COOCTBEHHBIX MOATOJIEH. B ¢BA3M ¢ BhINMECKAa3aHHBIM BO3HUKAET
€CTEeCTBEHHBI BOIIPOC O BBIYUCJIMMOCTH HO3UTUBHBIX IOAKOJIEI, IO/ PAIMOHAJBHBIX YUCEJT (aBTOMaTquCKH
SBJISIOIINAXCS 00JIACTSMU U;GIIOCTHOCTI/I) B €r0 eCTeCTBEHHOM MpecTaBieHnn. [[0JI0KUTETbHBIN OTBET Ha TOT
BOIIPOC aHOHCUPOBAH B [5] Tem He MeHee, MPUHITUTINAILHBIN BOIIPOC O CYIIECTBOBAHUN 00JIACTH 1TEJIOCTHOCTH, 00-
JIAJIATOIIEH HEBBIYUCIUMBIM ITO3UTUBHBIM IIPEJICTABICHUEM, TIO-BUIUMOMY, OCTaBaJICd OTKPBITBIM. Eciim 001acThb
IEJIOCTHOCTU HE SBJISIETCH I10JIEM (T.e. B Hell eCTh MYyJIBTUILINKATUBHO HEOOPATUMbIiA aneMeHT), TO pelreTKa
ee MJIeasioB He SIBIIAETCA ayke apTHHOBOM, UTO MTO3BOJISIIO MPEINOIOKUTDL B OOIIEM CIyvae HAJIIne ODOraThix
CEMEMCTB MO3UTUBHLIX MPEJICTABICHUN, B T.U. HEBBIYMCIUMBIX, T.K. UMEHHO CYIIECTBOBAHNE PA3HOOOpPA3HBIX
UJIeaJIOB TIO3BOJISIET CTPOUTH TaKWe HACAJIbI, (PaKTOPhI IO KOTOPHIM 00/IATaI0T HYKHBIMU aJITOPUTMUIECKUME
CBOICTBaMU.

2. OcHOBHAag 4YacTb.

AxamemuroM A.V.MasblieBbIM B TOCTPOEH 3HAMEHUTHII IIPUMED acCOIMATABHOTO KOJIbIla 6e3 meanTeseit
HYyJISA, HE BJIOKAMOI'O B TeJI0. BoJiee TOro, My IbTUILIMKATHBHAS ITOJIYTPYIIA IOCTPOEHHOTO UM KOJIBIA HE BJIOXKU-
Ma B I'PYIIILY. DTU PE3YJIbTATHI CTUMYINPOBAJIN ABTOPOB HACTOSIIEH CTAThY K U3y IEHUIO BOITPOCOB 3P DEKTUBHOIN
BJIO2KAMOCTH KOJIEIT B 1I0JIst. Bee paHee paccMOTPEHHBIE BOIIPOCHI IIPUMBIKAIOT UMEHHO K 9TOH MPOOJIEMATHKE.

Io-Bunumomy, B simrepaTtype 1o [4] aGCTpakTHON BEIYUCIIMMOCTH HE YIEJISLIOCH JOJXKHOTO BHUMAHUSI TOMY
dakTy, 9TO MPOIe/Iypa BJOXKEHNUS KOMMYTATUBHONU 00JIACTH [IEJIOCTHOCTH B II0JI€ CBOMX YACTHBIX 10 CYIIECTBY
apyserca a¢dexrusnoii. B pabore [6] qokazaHbl caeayionuii pe3ysibTar.

Teopema 1. Besikas j1oKaabHO HeraTHBHAS 00JIACTH IETOCTHOCTH 3(M@PEKTUBHO BJIOXKHMA, B IIOJIE€ CBOUX
YJaCTHBIX, KOTOPOE SIBJIIETCH HETaTUBHBIM.

Cremyrotas TeopeMa MOKA3bIBAET, YTO B OTJIUYIUE OT IOJIE, BCE MO3UTUBHBIE MPEICTABICHUS KOTOPHIX
BBIUHCJINMbI, TIO3UTUBHBIE OOJIACTHU IEJIOCTHOCTH HE 00si3aHBI OBITh BBIYHC/IMMBIMHU.

Teopema 2. CymecTByeT HEBBIYUCIUMAS [TO3UTUBHAS 00JIACTH IIEJIOCTHOCTH.

HoxkazarenbctBo. [lycts H — abcortoTHO CBOOOIHAST KOMMYTATHBHAS IOy IPYIINA, TOPOXKIAEHHAST MHO-
xkecrBom X = {x,|n € w} (r.e. 3HaYenns aByx ciaoB Haj X paBHbl B H TOrza W TOJBKO TOTIA, KOIJA OHU
COBIIAJIAIOT C TOYHOCTBIO JO UIHOPUPOBAHUS PACCTAHOBKM CKODOK U [IEPECTAHOBOK 3jieMeHToB u3 X ), R — 1o-
JIYTPYIIIIOBOE KOJIBIIO TOJYTPYINbl H Ha KOJBIIOM MeJbIX unucea . MOoKHO cauTaThb, ITO R ecTh KOJIBITO
MHOTO4JIEHOB C IIeIOYHCIeHHBIMI Kodd bunpenTaMn oT lepeMeHHbIX u3 X . B camom sielte, sjieMeHTaMn KOJIbIa
R sIBISIFOTCST KOHEUHBIE CYMMbBI BUJA meﬁ le’:, rne m € Z,i; € w,j; € w. ZcHO, 9TO ITO KOJIBIO SIBJISAETCSI
00JIaCTBHIO TEJIOCTHOCTHU. JIerKo Tak»Ke MOHATh, YTO R BBIYUCIUMO IPEICTABUMO, T.K. PABEHCTBO JIBYX MHOTOYJIe-
HOB B [T PaBHOCHJILHO COBIaJEHUIO UX “PeAyIHPOBAaHHLIX (DOPM, ONpeIe/eHHbIX KaK yIOPAZOIeHHbIe CyMMBI
npousBeiennit Buga Y, ma ...x]" (Keramm omyckaem).

[Tycrs v — Beruncsimmas HyMepanus kosbia R. 3abukcupyem Y = {z; € X|i € a}, rue a — nepeunciaumoe
HeBBIMHUCIIMOe MHOXKecTBO. PaccmoTpum npeas I, mopoxkieHHbiil MHOKecTBoM Y. Herpymao ybeaurhbes, uTo
uzeas I COCTOMT B TOYHOCTH U3 BCEX MHOTOWICHOB f, uMeomux Buf f = > ma;]!..x]", rje Kax/Ioe caraemMoe

i
JAHHOIO BUJA COMEPIKUT XOTsT ObI OJUMH MHOXKHUTENIb Ty € Y.

Tlokazkem, aro I siBjisieTcst IpoCThIM ujieasioM, T.e. ecyin f,g € Ru f ¢ I, g & I 1o fg & 1. JleiictBuresibHO,
ecim f ¢ I, To B 3amucH MHOTOWIeHa f CyIIECTBYET XOTs OBl OJ[HO CJIaraeMoe, He COJEpXKallee HU OIHOTO
muaOKUTES n3 Y . Torma maorowren f MoKHO mpefcTaBuTh B Bune [ = f1 + fo, rae MHOrOYIeH f HE COMEPKUT
HU OJ[HON mepemenHo#t x; € Y, a fo € I. AHajJoruaHO, MHOTOYJIEH ¢ TIPEJCTaBUM B BUJE § = ¢1 + go2, TJiE
MHOTOYJIEH 1 HE COJEPXKUT HU OJHON mepeMeHHON x; € Y, a go € I. 3amerum, 410 B mpousBejieHun figy
OTCYTCTBYIOT IlepeMeHHble u3 Y, a 3HauuT f1¢g1 He siBasiercs snementoM nieana I. Torna fg = (fi+f2)(g1+92) =
fig1 + fi92 + fagi + fage, upu aTOM f1g2 + fog1 + foge € I. CaenoBarenbro fg ¢ I. Takum obpazom I siBisieTcs
[POCTBIM HJIEAJIOM U, COOTBETCTBEHHO, (hakTop-Koybo R /I kosbia R 1o uneatny I— 061acThbio IEJIOCTHOCTH.

BaMeTHM, 9TO B CHJTy TIePeIHCIMMOCTH (¢ MHOYKECTBO V-] TaKsKe TIepedncnMo, T.e. uaeas I mepedncmm
B HyMepaiun V. JleficTBUTE/IbHO, TIepeIucIiss ey IMPOBaHHbIE (Ja/iee HECOKPATUMbIE, CM. BbIIe) (hOPMbI MHO-
TOYJIEHOB, COIEPIKAINX [IEPEMEHHbIE Xy I t € (v, 1 YMHOYXKAs UX HA JIEMEHTHI R MBI, TeM CaMbIM, UCYEPIIAEM
nnead 1.

169



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 167-171

Pacemorpum Hymeposauuoe dakrop-kosbno (R/I,p), Tae p = ¢v, 1 ¢ — eCTeCTBeHHbIH roMoMOpOU3M
R na dakrop-konbno R/I. Torma aymeposarnoe Koublo (R/I, ) siBisieTcss TIO3UTUBHON HEBBIUMCAMMOI (a
3HAYUT U HE HEFATUBHOI) 06JIACTHIO HEJIOCTHOCTU. B caMoM JieJie, JIErKO 3aMeTHTh, YTO Bhraucaumocts (R/1T, u)
O3HAYAET BBIYUCIUMOCTD uiaeasa I, a 3HAYUT U MHOYKECTBA (v, KOTOPOE HEBBIYUCIIMMO.

32LM6TI/IM7 YTO €CJIH B JOKa3aTe/IbCTBE TEOPEMbI 2 B34Tb MHOXKECTBO (! KOIIepeIuCJINMBbIM W HEBBIIHC-
JIMMBIM, TO IIOJIyYUM HEBBIYHCJINMOE HEraTUBHOE IIPpEACTaBJICHUC obacTu OEeJIOCTHOCTH. Boiee TOT'0, BCAKad
OeCKOHEYHAasT BBIYUCIUMO npeacTaBuIMasd 00J1aCTh IEeJIOCTHOCTHU O6J'Ia,,[l;aeT HEBBITUCJINMBIM HEraTHUBHbBIM IIDEJI-
CTaBJIECHUEM, TOI'Ja KaK BCAKHE ITO3UTUBHDLIE IIDEJICTAaBJICHUA MHOTUX obacreit OeJIOCTHOCTU, HE ABJIAIONINXCHA
IIOJISIMU, BBIYUCJINMBI (HpOCTefIHII/IIU/I IpuMep — KOJIbIO IIEJIbIX YUCeJI Z7 BCAKO€ ITOBUTHUBHOE IIpEJICTaBJIEHUE KO-
TOPOIo BBI‘{I/ICJII/IIVIO).

W3 reopem 1 u 2 mosiyuuM Cjeyomue pe3yibTarbl:

Caencreue 1. HymepoBaHHast KOMMYTaTHBHAsT 00JIACTD MEJIOCTHOCTU 3(DPEKTUBHO BJIOKUMA B 3D dek-
THUBHO HEBBIPOXKJIEHHOE II0JI€ TOT/IA U TOJILKO TOT/Ia, KOra OHA HeraTHBHA.

CaencrBue 2. CyliecTByeT HO3UTHBHAsT 00JIACTH IEJIOCTHOCTH, 3((PEKTUBHO HE BJIOXKUMAsi HU B KaKOE
9P PEKTUBHO HEBBIPOKICHHOE TIOJIE.

Ounpenenienne 3. Anrebpa A = (A; f1,..., fr) currarypsl ¥ = (f1,..., f;) Ha3bIBAETCS TEPMAJILHO
cenapabesibHOl, e Jjisd JI000ro KOHEYHOr0 MHOXKeCTBa 2-TepMoB {t1(x,y), ..., tn(z,y)} ¢ mapamerpamu u3
2
A, nist moboro nopmuoxkectBa J C {1,...,n} u Va € A umeer mecto:

AE N\ twla,a) #ti(a,a) = by Iba(by #b2) A( [\ trlbr,ba) # ti(br. b2)).
(k,hyeJ (k,heJ

IIpennoxxenne 1. Ilycrs A = (A; f1,..., fr) — GeckoneuHas anrebpa u juist JOOBIX TepMOB t1(z) u
ta(x) ¢ napamerpamu u3 A muOKecTBO {0 € A : A F t1(a) = ta(a)} mubo KoHewHO, GO coBnasaer ¢ A. Torma
2 SABJIAETCA TEPMAJIBHO CENAPaOeLHON.

Hoxkasaresberso. Ipuseneno B [7].
IIpennoxkenme 2. Jliobast 6eckoredHast 06JIACTH IEJOCTHOCTH TEPMAJILHO cerapadebHa.

Kazxknpiit Tepm t(z) ¢ nmapamerpamu u3 00JIACTH [EJIOCTHOCTH IPECTABIAET COBON MHOIOUYJIEH OT OHOI
epeMeHHo ¢ Ko3ddunmenTaMu 13 00JIaCTH IEJIOCTHOCTU. VI3BECTHO, YTO KayKJIblil HEHYJIEBO MHOTOYJIEH HaJI
00JIACTBIO TIEJIOCTHOCTH MMEET KOHEYHOe UHCJI0 KOPHel, obpamaimx ero B Hyib. CjegoBaTe/bHO, 3HAUECHUS
JIByX MHOTOYJICHOB COBIIAJIAIOT JINOO HA KOHETHOM MHOYKECTBE, JIMOO BCIOLY. Takmm 00pa30oM, 10 MPEJIOZKEHUIO
1, 0b/1acTb 1ETOCTHOCTH TEPMATILHO cenapabesbHa.

B pab6ore [7] B.Xycaunos, T.Ciaman u I1.Cemyxun mokazanu, 910 jobas GeCKOHEYHAs BBIYUCIUMA
ajrebpa, sIBJIAIONIEECs] TEPMAJILHO CernapabesbHo, 00J1a/1aeT HEBBIYUCINMBIM HETATHBHBIM IIpeJicTaBienneM. 113
9TOr0 (haKTa BMECTE C MPEJJIOKEHNEM 2 BBITEKAET CJIELyIOIee

IIpennoxkenne 3. Jliobas 6eckoHedHass 00IACTD MIETOCTHOCTH, 001 AI0IIAsT BEITUCINMBIM TPEICTABIIE-
HUEM, UMeeT HEBBIYUC/IMMOE HETATUBHOE IIPEJICTABJICHIIE.
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REZYUME

Ushbu magolada biz halqalarning algoritmik tasvirlarini o’rganamiz. Ma’lumki, maydonning har
bir pozitiv tasviri hisoblanuvchi bo’ladi. Butunlilik sohalar sinfi maydonlar sinfini kengaytiradi.
Hisoblanuvchi bo’lmagan pozitiv tasvirga ega bo’lgan butunlilik sohasiga misol qurilgan.

Kalit so‘zlar: algoritmik tasvirlar, termal cenmapabesnnuk, nomerlangan halga, butunlilik sohasi,
pozitiv va negativ butunlilik sohasi

RESUME

In this paper, we study algorithmic representations of rings. It is known that every positive
representation of a field is computable. The class of integral domains extends the class of fields.
An example is constructed in the class of integral domains that has a noncomputable positive
representation.

Key words: algorithmic representation, thermal separability, numbered ring, integrity domain,
positive and negative integrity domain.
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PE3IOME

B nmamnoit pabore nzyvuana UTpoBbIe 3a0a41 TPECASTOBAHNUS, ONUCHIBAEMbIE CHCTEMOI TuddepeHiim-
aJIbHBIX yPaBHEHMII IIPU MHTErPAJIbHBIX OI'DAHUYEHUSIX Ha YIIPaBJIEHWs UI'POKOB. B mpejjiaraemoii
cXeMe HCITOJIb3YIOTCS UIEN MeTOJ| pa3pemaromux (pyHkimii. [lojryyeHb HOBoe HOCTATOYHOE yCJIOBUE
JJIs OKOHYaHUs T dEPEeHITNATHLHOE UI'PhI 38 HEKOTOPOE TAPAHTUPOBAHHOE BPEMSI.

Karouesnie caosa: nuddepennnanbHas UTpa, 3aada MpecieI0BaHns, THTerpabHOe OTPAHUICHHE,
TepMUHAJIBHOE MHOYKECTBO, MHOTO3HAYHOE OTOOparKeHne, pa3peraonias (DyHKIINsI, [IPeC/IeI0BATEb,
ybOeraromnuii, yrpaBJIeHuii.

ITocranoBka 3ama4un. JunaMuka KOHMDIMKTHO-YIIPABJISIEMOTO IPOIECCA B KOHETHOMEPHOM €BKJIUI0BOM
npoctpancTse R™ 3amaeTcd cucteMoit TuHERHBIX TuddEPEHITHATBHBIX YPABHEHUH

z2=A(t)z+ B(t)u — C(t)v, z(to) = 20, t > to > 0, (1)

rie z € R*,n > 1; A(t), B(t), C(t)— marpuunbie hyHKIuu pasMepHocTH KOTOpHIX (n X n),(n X p), (n X q),
3JIEMEHTBI KOTOPOIl ABJIAIOTCA U3MEPHMBIMA (byHKIMAME BPEMEHH; OHH K TOMY K€ CYyMMHUPYEMBI Ha, KAKOM - JIH60
KOHEeTHOM mHTepBaJe [to, T|, to < T < +00; u 1 v yIPABJISIONIE TAPAMETPHI TIPECTIETYIONIETO W MPECITEYEMOTO
coorBeTcTBeHHO, 4 € RP, p > 1 u v € R?, ¢ > 1. YupasieHus IIpecseTyomero u yoerarmrmero urpokos u(-), v(-),
ABJIAIOTCS U3MEPUMBIMU 110 JIebery byHKIIUAME, KOTOPBIE YI0BJIETBOPSIOT NHTEIPAJIBLHBIM OIPAHHYCHUSIM BH/IA,

+oo
/0 Ju(t)|?de < 1, (2)

“+o0
/0 ()P < 1. 3)

Usmepumbre dyukmun u = u(t), v = v(t), to < t < 400, yAOBIETBOPSIONIIE HHTEIPAJILHBIM OrDAHIYEHNU-
sm (2),(3), Ha3ZOBEM JonycmMuMbLMU YNPABAEHUAMU TIPECIEIYIONEro U yOeralnero UrpokoB, COOTBETCTBEHHO.
ITycrs B mpoctpancTse R™ BMecTe ¢ HECTAIMOHAPHON AuHAMUYECKOi cucremoii (1) 3a7aH0 IuIMHApIYIe-
CKO€ TepMUHAJIBHOE MHOXKECTBO
M(t) =My + Ml(t), te [to,—l—OO),

rae Mo — JuHERHOe HOAIPOCTPAHCTBO u3 mpocrpancTBa R™, a M (t) — u3aMepumoe KOMIAKTHOZHAYHOE OTOO-
paxkeHue, 06pa3bl KOTOPOrO PUHAJIEXKAT OPTOrOHAJBLHOMY Jjionoanennio L k noaupocrpanctsy My B R™ (r.e.
My@ L =R").

IIpeciesoBanue HAUMHAETCA U3 HAYAIBHOIO 110JIOXKeHUs 29 € R™\ M (t) u cunTaercs 3aKOHIEHHBIM, KOIJIA
dazoBas Touka z(t) BUEpBBIE HOLAJAET HA TEPMHUHAJIbHOE MHOXKeCTBO M, B MoMeHT BpeMmenu t = t(zg). Llean
y6eraomnero urpoka COCTOUT B TOM, 9TOOBI MAKCUMAJILHO OTTAHYTH OKOHYAHUE UIPDI.
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OrmeruM, aTo myst pemerust z (-, to, 20, u(+), v(-)) ypasuenns (1) cupasennusa dbopmyna Kommu [3],[14] B
3asiade npecienopanue (1), KoTopele yiosaeropsitomue (2), (3) orpaHMYeHUsIMU, UMEeT CIIeyIoIlee IPeICTaB-
JieHue B cuity (bOPMYJIbL:

t
z(t) = z(t, to, 20, u(:),v(+)) = (¢, t0)20 +/ O(t, s)[B(t)u(s) — C(t)v(s)]ds. (4)
to
3necy marpuna~-gyukims P(t, s) - yIOBIETBOPSIET yPABHEHUIO
%t’s) _ O(t, ) A(s), ¢ > to,
s

u ycnosuio ®(t,t) = E, rne E— equnuunas marpuna.

Onpepesenne. Byaem rosopurs, uro B urpe (1)-(3) m3 magasbHOro mosoxkenus zo € R™ \ M(t)
BO3MOXKHO 3aBeplieHne IpecieioBanus 3a Bpemsa 1T = T(zg), to < T < oo, ecim cyuecrByer (QyHK-
mast u(t,v),tg < t < +oo,v € R u(t,v) € RP, 9To I TPOU3BOJBHOI CYyMMHUDYEMON C KBaJPaTOM
byukmun v(t), to < t < 400, v(t) € R?, ynosnersopsiomieii nepaBeHcTBY [[v(-)||L,[t0,400) < 1, dyHKIHS
u(t) = u(t,v(t)), to < t < 400, aBigercss GyHKIMEH ¢ CyMMUPYEMBIM KBAJPATOM, VJOBJIETBOPIET HEPABEH-
etBY [[u(-)||Ly[to,+00) < 1 # TpaexTOpus z(t), to < t < +00, cooTBeTcTByOmasn ynpasaennam (u(t), v(t)) ypas-
uenus (1) nonazaer Ha TepMuHasbHOE MHOXKecTBO M () npu Hekoropom t = t* € [tg,T], T.e. yuoBiaersopser
BKJIOYeHHIo z(t*) € M (t).

Hucno T'(z¢) Ha3BIBaeTCsI BpEMEHEM IIPECJIeIOBAHNUS U3 TOUYKU 2o, byHKmd u(t,v), to < t < T'(2p), v €
RY, — dyHKIMEH TPEC/Ie/IOBAHNS.

Ilox perennem 3a1a<u MPEC/IEIOBAHNS TOHUMAETCS

a) HAXOXKJICHIE HAYaILHBIX [TOJIOKEHNUIT 2o, 13 KOTOPHIX B Urpe (1)-(3) BO3MOXKHO 3aBepIleHne IPecIeio-
BAHUS B CMbIC/IE BBEAEHHOIO BBLIIE OLPEeICHNU;

b) HaxoXK/ieHUE B SIBHOM BHJIE WJIU yKa3aHue Cliocoba HocTpoeHus (pyHKIuY peciaenoBanusd u(t, v).

Tpebyercs naittu HadasbHbe HOTOXKeHUA 29 € R™ \ M (t) u3 xoropsix B urpe (1)-(3) Bo3amoxkHO 3aBep-
IIIEHUEe TIPeCcIeOBaHNs 38 KOHe4YHOe BpeMst 1.

B macrosmieit paboTe MCCIeIyIOTCS UTPOBbIE 3aa1, ONMUCHIBAEMbBIE CUCTEMON JUHEHHBIX auddepeHiim-
AJIbHBIX ypaBHeHI/Iﬁ C UHTEr'paJibHbIMU OI'PaHUYCHUAMU Ha yIIPpaBJIEHUA UT'PDOKOB C TOYKU 3PEHUA BOSMO2KHOCTHU
3aBepIIeHNs] IPecyieloBaHus 3a KoHedHoe BpeMsi. C ucnosib3oBanneM ujei paborsl [6,9] nosrydeHs! gocTaToqHbIe
YCJIOBHSI JIJIsI 3aBEPIIEHNUs IIPECIe/IOBAHUS N3 33/ IaHHOI HAYaJIbHOM TOUKY. TepMUHAIBHOE MHOZKECTBO IIPEJICTAB-
JIsTeTCs B BUJE IWJINHIPA B N-MEPHOM €BKJINJIOBOM IPOCTPAaHCTBe. [lJisi peleHust mMOCTABICHHON 3a1a9u [IpU-
MeHsieTcsi MeTo/1 paspernatorneii pyukimun. @opmyupyercs anasor yeiaosust JI. C. TlonTpsruna, mo3BOJISIONINRT
[IOJIYYHUTD JIOCTATOYHBIE YCJIOBUS Ul PA3PENINMOCTH 33/1a9l 38 HEKOTOPOe TapaHTHpOBaHHOe BpeMs. JlamHas
paboTa HEIOCPEeICTBEHHO IPUMBIKAeT K nucciegaoBanusm [6,9,13].

Cdopmynupyem npenosnoxenne Ha mapamerpsl urpsbl (1)-(3), KOTopoe MOKHO Ha3BIBATH AHAJIOTOM yCJIO-
susi JI.C.Ilonrpsiruna [1,2] mist juddepeHnuaIbHbIX UID ¢ MHTErPAJBHBIMA OIPDAHNYEHUSIMI HA yIPABJICHUS
HUT'DOKOB.

IIycrs 7 > 0 uucso u t € [0,7]. Yepes m1 — 0603HAYMM MATPHILY OIIEPATOPA OPTONOHAJBHOTO IIPOEKTH-
poBannga u3 R"wa L: m: R* — L.

ITpenmosoxkenne 1. Cyuwecmeyem makxoe wucaio o, to < a < 1, ¢ >ty wmo dasa 8cex NOAOAHCUMEALHHLT
t 6BINOAHAENCA GKAIOYEHUE

7®(t, to)C(t)V C and(t,to)B(t)U,
e U = {u € RP: [|ul po[te,400) < 1} uV = {v € RY: vl 2,1, 4+00) <1 } - eQUHUYHDLE WAPDL 8 NPOCTNPAHCTNGAT
YNPasaeHul.

Jasiee mosiaraemM, ITO 3TO IPEIIIOJIOKEHNE HA MAPAMETPBI UI'PhI BBIMOJTHEHO. 3aMUKCHPYEM HEKOTOPOE
HadvaJIbHOE OJIOXKeHue 2. 1lomoxum

€lrsz0, 0] = 70(rto)z0 — [ e 1), (7)
to
| SOl npu gl zo,w()] # 0,
0T, z0, w()] = 7|7£0[) el upu &[T, 20, w(-)] = 0,
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rae 770 — MPOU3BOJILHBIN €TUHUYHBIN BeKTOp U3 L.

Beeaem BcriomorareibHOE MHOTO3HAUHOE 0TOOpaszkeHue Bua [6]:

W(r,t,v) = {)\ €ER: [A(Ml(t) — ¢, zo,w(-)])+

+7®(7,t)C(t)v + w(t)} ﬂ VA =) | €7, 20, 0()] |72 A+ a|v]|2 - 7@ (7, t) B(H)U # @}, (8)
rae (7,t,v) € [tg,00) X [tg, 00) X RY.
A
U3 npexanonoxkenns: 1 cieyer, 4T0 MHOro3HavIHOe oToOpazkenue W (T,t,v) HeIyCTO U HelpPepbIBEH Ha

A
muOXKecTBe [0, +00) X [0,+00) X V, To B cuiy yreepxaenus 1.3.1 [4] mHOrosHauHoe oroGpazkenue W (T,t,v)
[IOJIyHEIIPEPBIBHO CBEPXY, 3Ha4uT, bopesesckoe. CienoBarensbo, coryacuo jgemme 1.3.6 [4] cymecrByer xorst 6b1

A
onuu GopeneBckuii cenexrop W(t), w(t) € W(r,t,v),t > to. Obosnadnm
- - A
I ={w(): w(t) € W(r,t,v),t>t},

A
COBOKYIIHOCTB GOPEJIEBCKHUX CEJEKTOPOB MHOIO3HAIHOIO OoTobparkenus W (T,t,v).
BadukcupyeM HadaabHy0 HO3UNUIO zg € R™ \ M () u Hekoropslit snement w(-) € I'*.

Tenepb ¢ OMOMIBIO BCHOMATATEJLHOIO MHOIMO3HAYHOIO O0TOOpazkeHust (5) OIpesesnM Tak Ha3bIBAEMYIO
paspemiamomnyio GyHKIuio ciaepyomum obpasom [4,9)]:

A
A(zo, T, t,v) = sup W (T, t,v),

A
371€Ch B KaUeCcTBe CylpeMyMa Oepercs TOuHas BepXHas I'DaHb 3jieMeHTa MHOxkecTBa W (T, t,v).
UccenemyeM cBoiicTBa BCIIOMOTaTeIbHONO MHOTMO3HAYHOIO 0TOOpazkenus (8) u paspenraontyo dbyHKIHMIO
A(ZOa T, t, U) [479]

Jlemma 1. Hmerom mecmo coomHowenus:
1. Mzo, 7, t,v) > tg daa ecex (T,t,v) € [to, +00) X [t, +00) X RY;
2. Mz, 7, t,v) = +00 npu &[T, 20, W(-)] € My(t) daa secex (7,t,v) € [to, +00) X RY;

3. Mz, T, t,v) < 00 npu &[T, 20, W(:)] & M1(t) das aobvz (T,t,v)) € [tg, +00) X R

JIemma 2.Humepsan [to, Az, T,t,v)) C V/[\/(T,t,v) oan ecex (T,t,v) € [to, +00) X [tg, +00) X RY.
JIemma 3.1Ipu &[T, 29, W(-)] &€ M1 (t) sepxnas epanv 6 onpedeseruu A(2q, T,t,v) docmueaemcs. Pynruua

Mzo, T, t,v) usmepuma no Bopear no cosoxkynrnocmu nepemernux (T,t,v) € [to, +00) X [tg, +00) x RY.
JlokazaTesbcTBa 3TUX JIEMM BIIOJIHE aHAJOTMYHBI JJ0Ka3aTeIbcTBaM U3 [6).

Tenepb chOpMyIMpPyeM ITOCTATOTHOE YCJIOBAE TAPAHTUPOBAHHOTO NMPUBEJEHNsI pereHnst ypasaenus (1)-
(3) Ha TepMuHAIbLHOE MHOKECTBO M (1) M3 HAYAIBHOTO MOJIOXKEHUS 2.

IIpennosioxkenue 2. Jai Ha4aAbHOZ20 NOAOHCEHUSA Z) CYUECNEYEm MOoMeHm epemenu T = T1(zp) > 0
maxot, 4mo:

a) cynepnosuyus A(zo, 71,71 — t,0(t)), t0 <t < 71, Pynryua N zo, 1,71 — t,0(t)),to <t < 1,0 €RL u
NPOUZBONLHOT cymmupyemol ¢ keadpamom dyrruuu v = v(t),tg <t < 71, das komopot ||v(-)|| < 1, asasemces
CYMMUPYemoti;

b) das ecex donycmumux ynpasserud v(-) UNOAHAEMCA HEPABEHCTNEO

T1

| €[, 20,0 (-)] | —inf { Az, 71,71 — t,v0(t))dt : /tﬁ Jo(t)||?dt <1} <O0. (6)

to

Cdopmysupyem rerepb JIOCTATOUHBIE YCIOBHs MAPAHTUPOBAHHOIO [IPUBEIEHKs pellieHus ypaBaerus (1) —
(3) ma TepmuHAIBHOE MHOXKeCTBO M (1) U3 HAUAIBHOTO TIOJIOXKEHUS 2().
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Teopema. Ecau evinoarenv 6ce yeaosus npednososcerut 1 u 2, mo 6 uzpe (1) npu oepanuvenuax (2),(3)
B03MOCHO 3a6EPUWEHUE NPECAedo8aHus 3a Konewnoe spems T = T1(2p).

Joxa3aresbcTBo. 3aduKkcnpyeM MOMEHT BpeMeHH Ti(Zp), Y/JAOBIETBODSIONIII yCJIOBUsIM TeopeMbl 1.
ITpoanammusupyeM ciydait &[T, 2o, W(-)] ¢ M (1).
PaccMoTpuM MHOrO3HaMHOE OTOOparKeHHe BUIA

F(t,v) = {ml(t) € Mi(t) : Mzo, 71,71 — t,0) (ml — T][Tl,zo,ﬁ)(-)]) +7®(m, 71 —t)C(t)v €

S R(T17T1 - t,)\,’l],Oé) : W(I)(Tth - t)B(t)U}a

rae R(m, 71 —t, A\ v,a) = \/(1 —a) | &, z0,w()] |7 AMzo, 71,71 — £,0) + ajv]].
U3 Toro, uro B cuity seMMbl 2 [9] paspematomast GyHkImst A(zo, 71, 71 — t, v(t)) HONyHENPEPbIBHA CBEPXY
0 TIepeMeHHBLIM ¢ U v, CJIeyeT, 9T0 U MHOTO3HAYHbIE OTOOPaXKEHUsT

/\(2077_137_1 - ta U) (Ml(t) - 77[7_3 ZOaﬁ)()]) + W(I)(Tlv’rl - t)C(t)’l),

R(T1, 1 — ta )‘7 v, Oé) : W‘I)(Tl, T — t)B(t)U7

Gy/1yT HOJIyHEIIPEPBIBHBIME CBEPXY 110 IepeMeHHbIM ¢ 1 v. Torma cormacHo jemme 1.7.5 paGorer [14] nmomaydaem,
YTO MHOrO3Ha4uHOe oTobpaxkenue F'(t,v) gaBisercs usMepumbiM. [IOCKOIBKY B CHILY JIEMMbI 3, pa3peliaronas
byukuusa A(zg, 71,71 — t,v(t)) aBiasgerca usmepumoit 1o Bopesro, To s Beex (¢, v) € [to, 00) X RY BbIOIHSIETCHA
CJIeIyInee BKIIOUEHUE

7®(m, 7 —t)C(t)v € U R(m, 71 —t,\v,0)7® (1, 7n —t)Bt)U+
uelU

+(t) = Az0,71, 71 — £,0) (Ma(8) =l 20, ()] ). (10)

Scno, uro 31O BRIIOUEHHE, U3MepuMoe 110 Bopestio, 3aucut or (¢, v) u HenpepbiBHO OT U € U.

U3 reopembr 06 usmepumom Boibope Kyparosckoro u Pusb-Hapazesckoro [15,16] caenyer, 9to v BKIIO-
genus (10) cymecrByer omgHo3HaYHBL n3MepuMblil 10 Bopesio cesekrop wi (t,v) € U Takoii, 4To uMeer MecTo

BKJIIOUEHUE
R(r,m1 —t, A, v,)7n®(11, t) B(t)w (t,v) — 7P(71,¢)C(t)v + w(t) €

€ Alzo, 1,7 = £,0) (Mu(t) = mlr, 20, ()] ), (1)

s Beex (t,v) € RT x RY, tne Rt = [tg, 00). CremoBaTesbHo, UCXOIA U3 ITOMH K€ TEOPEMbI, MOXKHO CJIEJIATH
3aKJI0YeHre, 4To CyIIecTByeT OJIHO3HAYHbBIH u3MepuMblii 110 Bopeio cenekrop wa(t,v) € U Takoii, uTo umeer
MECTO PaBEHCTBO

R(r, 71 —,0,0,a)7®(71, 71 — t)C(t)wa(t,v) — 7P(11, 71 — t)C(t)v + w(t) = 0, (12)

npwm Beex (t,v) € RT x RY.
IIpenosnoxum, uTo yberaionuii UrPOK UCIOIb3yeT Ha OTpe3Ke [tg, T1] Npou3BoIbHOE u3Mepumoe 1o Jle-
Gery ynpassenue v(t), KOTOPOe YJIOBJIETBOPSIeT HHTETrPAILHOMY OrDAHHIEHHIO

J GRS

to

Corutacto npeanosoxenuio 2 1m.b) (cm.(6)), cymecrByer Mmoment Bpemenn T = T*(zp) Takoii, aro

/ Mzo, 77 — t,0(8))dt =| €l 20, 5()] |

to

VkazkeM cr1ocod BhIOOpa yIIPABJIEHUS IIPEC/IeI0BATEIEM.
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Paccmorpum MHOTO3HATHOE 0TOOparKeHNE

Ur(t,v) = {w1 € U : R(r1, 71 — t, A\, v, )7 ® (11,71 — ) B(t)ws (t,v) €

€ )\(’207 T1,T1 — t7 U(t)) (M1<t) - 77[7'7 205 ’J)()]) + 77(1)(7—17 T — t)C(t)U - ’lj)(t)}
B cusy siemmbr 1.3.7 [4], oo GopeseBckoe 1o coBokynuocru (t,v). Torma cemekrop
up(t,v) = lexminUy (t,v), to <t <T%,

cortacuo jeMme 1.3.6 [4], saBigeTcs Goperesckoit mo (¢, v) dyHKIuedl. YIpaBIeHue IPeciIef0BaTeNs Ha HHTEP-
BaJie [tg, T™] moI0KUM paBHBIM

U(t) = ul(tav(t))a to <t<T1.
Ono sBisiercs m3amepuMoii dbyrknueit Bpemenn (cm.aemma 1.1.1[4]).

Paccemorpum MHOrO3HAYMHOE 0TOOpaXKEHUE
Us(t,v) ={ws € U : R(my, 71 — t,0,0,0)7®(71, 71 — t)C(H)wy = 7@ (71,71 — t)C(t)v — w(t)}.
B cuy siemmbr 1.3.7 [4], oro GopesieBckoe 110 cookynHoctH (¢, v). Cesekrop
us(t,v) = lexminUs(t,v), to <t <1,

siBsIsieTcst GopesieBckoit mo (¢, v) dynkuueii(cm.aemme 1.3.6 [4]). Yupasnenue npeciemosaressi Ha UHTEpBaJe
(T™*, 71] MOT0XKUM PaBHBIM
u(t) = ua(t,v(t)), T" <t <.

Cornacao semma 1.1.1[4], siBstercst u(t) n3Mepumoit dyHKImeH.

Torza mpecsieyoneMy UIPOKY PEKOMEHJIyeTcsl IpUMEeHsITh yipasienue u(t) = u(t,v(t)), to <t < 71, B
BUJIE
u(t) = R(ri, 71 —t, \v,a) - wi (11 — t,v(t)) mpmt € [to, T*], (13)
R(Tlv 1 — tv Oa v, a) ! wQ(Tl - t? ’U(t)) pu te (T*v 7—1}'

Taxoit 3aKOH BBIOOpa yIPABJIEHUI UTPOKa siBJIsieTcsi (MO CYIIECTBY) KOHTYDYIIPABJIEHUEM C OJHUM Iepe-
KJIIOYCHHUEM.

OTmMeTnM, 9TO OCTPOEHHOE TaKnM obpasoM yupasienue u(t), tg < t < 71, (em.(13)), a Takke cynepro-
surwst u(t, v(t)), to <t < 71, Gynrwnm u(t,v), to <t <71, v € R? Gyner uamepumoii 1o Jlebery dbyHKImei st
IPOU3BOJILHON M3MepuMoii dbyrkun v = v(t), to < t < 7, v(t) € RY, [14].

Brauaste ybesmmest, 4To BbIOpaHHOEe TakuM obpasoM yupasierue u(t) = u(t,v(t)), to <t < 71, (em.(13))
VJIOBJIETBOPSIET WHTETpaibHOMY orpanmdenuio (2). JleficTurensho, B cuity Hepasencrsa Kommu-Bymrskosckoro
[17] mmeem

[P = [ =) 2000117 Aormm = t0(6) + al (O]t — o) Par

to to

T T
+/T* allv@®)|P@(r —t,v(®)|Pdt < (1) | €[r,z0,0()] |7 / A(z0, 71,71 = 1, 0(t))di+

to

T
+a/ lo(t)||dt < 1,

to
9TO ¥ O3HAYAET JIONYCTUMOCTh yupasierust u(t) = u(t, v(t)), to <t < 71.

ITokazkeM, UTO IPUMEHsIs OIUCAHHBLH criocob ynpasienus u(t, v(t)), to < t < 71, (em.(13)) upecsenosa-
TEJIb, IPU MPOU3BOJILHOM JIONMYCTHMOM ynpasiernn v = v(t), tg < ¢t < 7| MOXKeT 3aBEepIIUTh IPECIICI0BAHNE
3a BpeMs T1. JeficTBUTENILHO, IIyCTh BONPEKH yTBepXKJIeHHOMY, z(t) ¢ M(t) na orpeske [tg,71]. Jyst sToro
PaCCMOTPHM CJIEAYIONLyIo 3amady Komm

2= A(t)z+ Bt)u(t,v(t)) — C(t)v(t), z(to) = 20, t > to > 0.
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Torna mo dbopmyste Komm (em.(4)) must pemenust z(t), tg < t < 71, ypabrenus (1) u yauTbiBasi 3aKOH BBIGOpa
yupassienuii npeciegosarens (11),(12) u (13) mocse ero npoektuposanust Ha L, Haxomaum

72(m) = 7B, to) 20 + / (T — OIBEut) — C(H)o()]dt =

to

= 7®(71,%0)20 + /T1 7®(7, 1 — t) [B(t)u(t,v(t)) —C(t)v(t)|dt =

to

T1

.
(k)20 + / 7 ®(r1, 71— ) Bu(t, v())dt + / 7 ®(r, 71 — ) B()u(t, v(t))dt—

T1 T
_ / 7B (r1, 71— )C((t)dt = 7B, t0) 20 + / R(r1,m1 — £\ 0(t), a)wd (1. to — ) B()wn (1 o(t))di+

to to

+ / Riri,m1 — 10,0, )7 (r1, 71 — ) B(E)wa(t, v(t))dt — / 7 ®(r1, 71 — O (E(t)dt € 70 (r1, )20+

* to

.
+/0 [A(zo,ﬁ,ﬁ . t,fu(t))(Ml(t) . n[ﬁ,zo,w(-)}) 4 ®(r, 71— )CH)(t) — @ — )| dt+

+/n [m(ﬁ,ﬁ —OC()(t) — w(r — t)}dt - /n 7 (1,11 — )C(t)v(t)dt =

* to

T* T*
:w@(ﬁ,to)ZH/ Azo, 71,71 ft,v(t))<M1(t) 717[7'1,20,1?)(~)})dt+/ 7 (71,71 — )C(t)v(t)dt—

to to

_ /tT* w(r — t)dt + /Tl 7P (11,11 — t)C(t)v(t)dt — /

*

" w(m —t)dt — /T1 7®(r, 7 — t)C(¢)v(t)dt =

* to

:g[ﬁ,zo,w<.)]+/ /\(zo,n,n—t,v(t))Ml(n)dt—/ Mzo, 71,71 — ,0(8)) 0, 20, ()] dt.

to tO

OTKy,ZLa, C y49€eTOM paBEHCTBa

&1, 20, w(+)] —/t A(z0, 71,71 — t,0(t)0[T1, 20, W(+)]dt =

0

= |l €lryz0,0()] | —/t Ao ~ t,o(0)dt|nlr1, z0,3()] =0,

U BBILYKJIOCTH MHOXKecTBa My (71) n3 memmer 1.3.9 [4] umeem

z(m) € /t Mzo, 71,71 — t,v(t)) My (m1)dt = My (7).

0

CanenoBatenbro, mz(71) € M (7). Ilocnentee paBHOCHIBHO BKIIOUeHUIO z(7T1) € M (71), BOIpEKH HAIIEMY JIOILy-
miernio. Takum o6pazom, urpa (1) npu orpanndenusx (2),(3) U3 HAYAIBHOTO IIOJIOKEHUS 2() MOXKHO 3aBEPIIUT
[IPECJICIOBAHUSA 32 KOHEYHOE MOMEHT BPEMEHH T7.

Awnasiornuno, paccmarpusaercs caydait £[11, 2o, W()] € M1(t). B arom cuyuae, yipasienue mpecienoBa-
resist Ha wHTepBase [0, T| umeer Buy

u(t) = Vallo(®)Pw(r —t,v(t)). (14)

TTokaxkeM, 4TO B 9TOM cilydae ¢ HOMOINbIO yupasienus (14) urpa (1) u3 Touku zg Tak Ke 3aBepira-
ercs 3a BpeMd &[T1, 29, W(+)] (mis moboro momycrumoro yupasienust v(t)) u yupassienue u(t) yIOBJIETBOPIET
UHTErPajIbHOMY OIDAHNIEHUIO (2).

T1

ra(m) = 7 (1, )20 + / " (1 — ) B(ult, v(t))dt — / 7B (r1, 71 — )C(E)0(t)dt =

to to
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T1
= m®(71,1)20 +/ R(mi, 11 —t,0,v,a)7®(11, 71 — t)B(t)wa (11 — t,v(t))dt—

to

_ / Y (T — OO0t = TB(r1, 1)z + / N (1 — O (bt — B — B)dt—

to to

— /Tl 7®(11, 71 — t)C(t)v(t)dt = &[11, 20, W(-)] € My(T1).

to

IMokazkeM, uTo BeIGpaHHOe yupasieane (14) ymosrersopsier HepaseHCTBY (2). Vmeem
T1 T1
[ uPd=a [ o[ jatn - o) < o<1
to 0

Takum obpaszom, urpa (1) npu orpanuuenusix (2),(3) m3 HAYAILHOW TOUKH Zo IPU YKA3AHHOM BBIIIE
criocobe yupasienust u(t), to < t < 71 (em.(13)), 3aBepimaercst 3a koneuHoe Bpemsi T = 71. Teopema JloKa3aHa
HOJTHOCTBIO.

JINTEPATYPA

1. Tlourpsrun JI.C. N36panusie Hayurbie Tpyasl. M.: Hayka. Tom 2. 576 c.

2. Hourpsrun JI.C. Jluneitubie nuddepennuaibabie urpsl npecienosanus // Marem.c6. 1980. 3(7). C. 307—
330. https://doi.org/10.1070/SM1981v040n03ABEH001815

3. Kpacosckuit H.H. Yupasisenne gunamuaeckoit cucremoit. M.: Hayxka, 1985.
4. Yukpuit A.A. KoudukrHo yrnpasisgembie nporieccol. Kues:Haykosa jgymka, 1992, 384 c.

5. Hukpwmit A.A., Beamaropuunsiit B.B. Meros pasperiaiomux dbyHKIui JJ1sT THHEHHBIX TudOEepEHIATBHBIX
urpax ¢ MHTerpajbHbIMU orpanndenusmu // Asromaruka. 1993. Ned. C. 26 — 30.

6. Yukpwuit A.A., BesoycoB A.A. O jmneiiabix gudepeHnuajipbHbIX UIPaxX ¢ WHTErPAILHBIME Or'DaHIIe-
auamu // Tpyapr Wucruryra maremarnku m Mmexanuku YpO PAH. 2009. T. 15. Ne4. C. 290 — 301.
https://doi.org/10.1134/S0081543810060076

7. Besoyco  A.A. Meron paspemawomux GyHKOmA s gudepeHnuaabHBIX  UTP € MHTE-
rpajbibiMu  orpanudenusmMu  //  Teopust onTumanmbHbix  pemenwit. 2010 N2, C.  10-16.

http://nbuv.gov.ua/UJRN/Tor 2010 9 3

8. Benoycos A.A. JTuddepeHipanbable UrPbl ¢ HHTErPAJbHBIMA OIPDAHNICHUSMHI HA YIPABJIECHHUS] B HOPME
L, // Teopus onrtumManbubix permenuit. 2011. Ne10. C. 3-8. http://nbuv.gov.ua/UJRN/Tor 2011 10 3

9. Camaros B.A. Meros, paszpemaromux byHKIUH 7 pereHns 33/1a91 IPeCcsieI0BAHUST TPU WHTETPAJIHHBIX
orpaHuveHusX Ha yupasienus // MexayHapoublii yaHo-rexuudeckuii )Kypaadl "IIpobsembl yupasienust
u uadopmaruku". Kues, 2013. Ne4. C. 16-32.

10. Carmmos H. FO. Meroms! pertenns 3a/iadu npecie0BaHns B Teopuu JuddepeHnnagibabx urp. Tamkent:
Harmuonanbuast 6ubsmoreka Y3bekucrana umenu Ajuiiepa Hapou, 2019.

11. Mamazmanues H. 3anaga mecsie 1oBaHus s THHEHHBIX UI'D ¢ HHTEIPAJILHBIME OTPAHIYEHIAMY HA yIIPaB-
Jienusi urpokos // Mseecrust By3os. Maremaruka. 2020. Ne3. C. 12-28.
https://doi.org/10.26907/0021-3446-2020-3-12-28

12. Mamagammes H., Ubéaiinyuraes T.T. Momudukanuss Tperbero Merofa IIPEC/eIOBAHUST  JIJIs
nuddepeHuaibHO-PA3HOCTHBIX  ypaBHeHuil Hefirpasbhnoro tumna // Wssecrus Bysos. Maremaruka.
2021. Nel1. C. 21-33.
https://doi.org/10.26907 /0021-3446-2021-11-21-33

178



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 172-179

13.

14.

15.
16.
17.

Mawmagasmes H. A., Mycramnokysios X. 4, Aoxyanumosa I. M. Merox paspemaronux (OyHKIWI 115 pe-
IIEHUsT 3aJIaUN TIPECJIeIOBAHNsI ¢ MHTEIPATbHBIMI ONDAHWYEHHUsIMU Ha yIIpaBjieHus Urpokos // BecTHuk
Vamyprckoro yauepcurera. Maremaruka. Mexannka. Kommnbrorepabie Hayku. 2023. T. 33. Bem. 1. C.
103-118. https://doi.org/10.35634/vm230107

Bapra IIxx. Onrumasnbaoe ynpasienne auddepeHnnaabHbIMUA 1 (DYHKIINOHAIbHBIMEA ypaBHeHusiMu. M.:

Hayxka, 1977. 624 c.
Kyparosckuit K. Tonosoruza. T. 2. M.: Mup, 1969.
Kisielewicz M. Differential inclusions and optimal control. Boston: Kluwer Academic Publ., 1991

Kommoropos A. H., ®omun C. B. Dyementsr Teopun byHKIwmii u ¢yHrnuonaspHoro anaausa. M.: Hayka,
1972

REZYUME

Ushbu magqola o’yinchilarning boshqaruvida integral cheklovlarga ega bo’lgan differentsial
tenglamalar tizimi bilan tavsiflangan o’yin masalasi tadqiq gilingan. Taklif etilayotgan sxemada
hal giluvchi funktsiya usuliningg g’oyalardan keng foydalanadi. Muayyan kafolatlangan vaqt ichida
differensial o’yinni tugatish mumkin b’lishi uchun yangi etarli shart olingan.

Kalit so‘zlar: differential game, pursuit problem, integral constraint, terminal set, multivalued

mapping, resolving function, pursuer, evader, control.

RESUME

This paper examines pursuit game problems described by a system of differential equations with
integral constraints on the players’ controls. The proposed framework utilizes ideas from the resolving
function method. A new sufficient condition for terminating the differential game within a certain
guaranteed time is obtained.

Key words: differential games, the pursuit problem, terminal set, pursuer, evader, controls.
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KBA3UJIMHENHASI UTPA MIPECJIEAOBAHUS OJIsI AUO®PEPEHIINAJIBbHO-PA3HOCTHBIX
YPABHEHUN HENUTPAJIBHOI'O THUIIA

MAMAIAJMEB HYMAH>KOH AJIMM/I>)KAHOBUY
HAUIVOHAJIBHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIVIBEKA, TAIIKEHT
WMHCTUTYT MATEMATUKUA M. B.M1.POMAHOBCKOIO AKAJIEMUU HAVK PECIVBJIMKU Y3BEKUCTAH
m numanab9@mail.ru
NBANAYIIAEB TOJIAHBOM TYPCYHBAEBUY
AHONKAHCKUN TOCYTAPCTBEHHBINI YHUBEPCUTET UMEHU 3. M. BABYPA
ibaydullayev73@mail.ru

PE3IOME

B nannoil pabore m3ydeHbl KBasuJIMHENHHbIE JudDepeHInalbHble UIPHI, OIMUCHIBAEMBIE CUCTEMOI
JIMHEWHBIX i DepeHIalbHO-PA3HOCTHBIX YPABHEHUI HEATPAJbHOIO THUIA IIPU [E€OMETPUIECKUX
OrPAHUYEHUSX HA YIPABJIEHUs] UTPOKOB. PazpaboraHbl MOAMMUKAIINNA TPETHETO METOA IIPECJIEI0-
BaHUs U METOJIA IIPECIEIOBAHNS IO HAIIPABJIEHUIO JIst AuddepeHnnaabHO-PA3HOCTHBIX YPABHEHUIT
HefiTpasbHoro Tuma. llosyydens HOBbIE TOCTATOYHBIE YCIOBHUS Ha IIapaMeTPhI IIPOIECCa JJIs 3aBep-
IIIEHUs UTPBI 34 OIIPEJIeJIEHHOE KOHEYHOE BPEMSI.

Karouesnie caosa: kpazuinHeiinas quddepeHnnaibHas urpa, 3ajada npecjaeaopanus, nuddepen-
IaJIbHO-PA3HOCTHBIE ypaBHEHNA HEHTPAJJIBbHOI'O THUIIA, TEPMIHAJIBHOE MHOXKECTBO, IIpEC/IeJOBATEIb,
yoOeraromnuii, yrpaBJeHue.

B Teopun quddepennuaabHbIX UTp y2Ke JOCTATOYHO JABHO YCTAHOBUJIOCH TPABUJIO, COCTOSIIIEE B TOM, 9TO
HOBBIE€ KOHCTPYKIINU OTPabATHIBAIOTCS W3HAYAJIBHO B CIyYae TAK HA3BIBAEMBIX I€OMETPUICCKUX OIPAHUICHUN
Ha yupasienus |1, 2, 3, 4]. Bo3moxkuo sTOT cityuail nupejcTaBisgercs 6osiee IPUBBIYHBIM JJisl HCCJIeI0BaTes el
nm J1azxke 6ojiee MpOCTHIM.

Cranosisienne teopun g depeHuaIbHbIX UIP B TAaKUX IIOCTAHOBKAX CBS3aHO C WCCJIEIOBAHUSIMU
P.Aiizekca, JI.C.Ilourpsruna, H.H. Kpacosckoro, E.®. Mumenko, B.H.[Tmenuunoro, ¥Y.®@uemunra. ITocien-
Hue 60 Jier 6bLIN IePUOIOM UHTEHCUBHOI'O PA3BUTHUsI TeOpUU MM depeHna bHbIX Urp.

Ocuopanosiorarormue pesyabrarsl, noayaennse JI. C. Hoarpsaruasivm u E. ®. Mumesnko [1, ¢.37-41], npu-
Beust K coznanuio JI. C. [IoHTpsSruHBIM TIEPBOTO U BTOPOIO IIPSIMBIX METOJOB PEIleHUs] 339 [IPecsie0BaHUs
Jtst JimHeHHbIX auddepeHnuaabubix urp. JlaHHBIT MeTOJ JaeT yI00HO MpOBEpsieMble JOCTATOYHBIE yCJIOBUSI
Pa3peruMOCTH 3aJ[a4du [PEeCcIe0OBaHus B Kjacce KoHTpcrpareruit. Cpenu paboT, MOCBSAMIEHHBIX PA3BUTHIO U
npumerernto Metonos J1. C. [orrpsirwaa, cinexyer ormernts [2-14].

B mammoe Bpems mipu cO37aHUM U UCCJIEIOBAHUN MATEMATHIECKUX MOJEJIeil B OOJIBIIMHCTBE CJIyIaeB HC-
CIIOJIb30BaHUE OOBIKHOBEHHBIX AuddepeHnnaabHbIX YPAaBHEHNN YK€ HeIOCTATOYHO. DoJjiee a/leKBaTHBIM sIBJIS-
eTcsl WCIIOJIb30BaHue armapara JuddepeHnnaabH0-PA3HOCTHRIX ypaBHeHuil. Ha npakTnke cerojiHs BO3HHKJIA
HEODXOJIMMOCTb B MOJIEJIMPOBAHUHU UTP IIpecjefoBanus JuddepeHnalbHO-PA3HOCTHBIMY YPABHEHUSIMUA, B KO-
TOPBIX YYUTHIBAETCS MIPEIUCTOPUS COCTOSHUS CUCTEMBI, UTO MO3BOJIsieT 0oJiee aJIeKBATHO OTPAXKAET JIMHAMUKY.
Jljist pelieHnst TAKUX 3371249 pa3paboTaH MeTOJ, pa3pemaonuX (yHKINNA, KOTOPBI PA3BUBAET MEPBBIi IPIMOI
merojt JI.C.Ilonrpsiruna. Bosiee c0KHBIM KJIACCOM SBJISIOTCST KOHMJIMKTHO-YIIPABJISIEMbIe TIPOTIECChI, KOTOPHIE
onuchBaOTCH AuddepeHnnaIbHO-PA3HOCTHBIMI YPABHEHNUSAMI HEHTPAJIbHOTO THUIIA, COJEPKAIIMUME HEU3BECT-
HYI0 (DYHKIIUIO U ee IIPOU3BO/HbIE B PA3/INYHbIE MOMEHTHI BpEMEHU. B CBsI3M ¢ 9TUM BO3HUKAET HEOOXOMMOCTH
MOIMUIIPOBATE METO]T PA3peIIaiux MYHKIWA JIJIsi TAKOTO KJIacca 3a1ad.

Nsyuenuto quddepeHnnaabHbIX UT'D, OMACHIBAEMbBIX TudHepeHIraIbHO-Pa3HOCTHBIMI Y PABHEHUSIMHA, 10~
cesmiensl paborer H.H. Kpacosckoro, HO.C.Ocunosa, A.B.Kpsizkumckoro,t).C.Ocunosa, M.C.Hukonabckoro,
A A Yukpua,I'"I[.Yukpus, JI.B. Bapanosckoii, H.Mamaganuesa, u jap. B atux paborax NOpPUBOIITCA JO-
CTATOYHBIE YCJIOBUS YCIEIIHOTO 3aBepinenus nud@epeHIuaTbHO-PA3HOCTHON HUIPBl COJIMKEHUsI, BBISCHAET-
csg CTPYKTypa SKCTPEMAJIbHBIX CTpaTermii cOJIMKeHus, JOKa3aH AN TeopeM 00 aJbTEepHATHBE, U3Ydal0TCs

180



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 180-188

JnuddepeHaIbHO-PA3HOCTHBIE UI'PBI [IPEC/IEIOBAHUST IIPU N€OMETPUIECKUX W MHTEIPAJIBHBIX OTPAHMYEHUSIX
HA yIpaBJIeHUsI UTPOKOB.

B macrosmeit pabore OCHOBHOE BHUMAHWE YJIEJSETCS UCCIEIOBAHUIO 33JIa9U [IPECJIEIOBAHNS OIMCHIBAEC-
MO CHCTEMOiT INHEHHBIX iud depeHITnaIbHO-PA3HOCTHBIX YPABHEHHIT HEHTPAJIBHOTO TUIIA, TIPU TEOMETPUIECKUX
OTPAHUYEHUX HA YIIPABICHUS UTPOKOB. PazpaboTaHbl 1 MIPIMEHEHBI aHAJIOTBI TPETHETO METOA, TIPECIeOBAHUS
U METOJA TMPECeOBaHNs MO HAIPABICHUIO I PEIleHNs 3aJa49u mpeciefoBanus. [Ipm mcciemoBannm 91oi
3aJ1a9U TOJIyY€Hbl HOBBIE jiocTaTounble yciaosus JI.C.IlonTpsrunna pazpemmMocTa 3aa9u npecyieoBanus. Ha-
crosimasi paboTa IpuUMbIKaeT K nybiukamusiM [4,6,13] u npomomkaer uccrenosanust [6,13,17].

IlocranoBka 3amauu. PaccmarpuBaerca kBasmimHeiiHas auddepeHnuaibHas UTpa TPECIeT0BAHUS
onmchiBaeMast cucreMoil auddepeHIanbHo - pA3HOCTBHBIX YPaBHEHUH HefTpadbHoro tuna [13,18]

m m

£(t) = Az(t) + ZBz‘é(t —hi) + Zciz(t —hi) = f(t,u,v), t >0, (1)

i=0 =0
rue z(t) = (21(t), -+ ,2,(t)) — BekTOp azoBbix KoopauHAT U3 npocrpaHcrea R™ n > 1;A B; (i =
0,1,---,m),C; (i = 0,1,--+ ,m) moCTOsIHHBIE KBaJIPATHbIE MATPUIBI pasMepHocTH (n X n), (n X n), (n X n),
cooTBeTcTBeHHO; 0 = hg < h1 < -+ < h,;, — KOHCTAHTBL; U U ¥ — YIPABJIAIONINE TTapAMETPhI PEeCIeyOIero

U TIpecsieyeMoro, coorserctBenno, u € RP, v € R?, p > 1, ¢ > 1. IlapameTpbl ynpaBJjieHUsS UTPOKOB U U V
BLIOMPAIOTCS B BHJIE M3MEPUMbIX BEKTOPHBIX GyHKIui u = u(-) u v = v(-), u3 obuacreil ynpasseHus

uelU(t), veV(t), 0<t< o0, (2)

upuuem U(t) € Q(RP) u V(t) € Q(RY), rme Q(RP) u Q(R?) — —— COBOKYIHOCTH HEIYCTHIX KOMIIAKTOB IIPO-
crpacts RP u RY, n sBisercs uaMepuMuMbl oTobpazkeHusimu Jyuist t € [0, +00), coorBercTBeHHO. BekTop-
dyukuua f(t,u,v) — 6JOK ynpasieHus, - oupezenena na muoxecrse [0,+00) X RP x R? u yuposiaersopser
ycaousim Kapareogopu: s Beex dukrcupoBaabix (u,v) X RP x R? ona usmepuma 1o ¢, t € [0,4+00) u jjis
noutu Beex t € [0, +00) HeIpephIBHA IO COBOKYIHOCTH IIEPEMEHHBIX U, v Ha RP x R7, [4].

Bynem TakKe CIMTATD, ITO
| f(tu,0) [[< afb),

st moboro u € U(t), v € V(t), t € [0,+00), tme a(t) — cymMMEpyemas Ha KAKOM-JIMO0 KOHETHOM WHTEPBAJIE
[0,7], 0 < T < +o0, dynkmus [4].

Kpowme Toro, B mpoctpancTBe R™ BBIIEIEHO TEPMUHAIBHOE MHOXKECTBO, KOTOPOE 000O3HAUAETCST CUMBOJIOM
M(t).

HauapHbIM 10J102KEeHUeM 15t ipecaieoBanust (1) siisiercs n — MepHast abCOTIOTHO HelpephIBHAsT (hyHK-
st p(t), onpeneseHHas Ha oTpeske [—h,,, 0], T.e.

{00) 1 2(t) = (®), t € [~hm, 0], 2(0) = p(0) € R\ M (1) }. (3)

Usmepumbie dbyaxmun v = u(t), 0 <t < +o00,v = v(t), 0 < t < 400, yJAOBIETBOPAIOIIIE OrPAHUICHUAM
(2), HA30BEM QONYCMUMBLMU YNPABACHUAMY TPECIEYIOMEro U yOEraiomero nrpoKOB, COOTBETCTBEHHO.

Iycrs u = u(t), 0 <t < +00,v =v(t), 0 <t < 400, — DOMyCTHMBIE YIpPaBIeHUs UTPoKoB B urpe (1),(2).
YupasrerneMm u(-), v(-) u HavaapbHOMy moJoXkeHHIO ©(-) (cM.(3)) craBurcsa B coorBeTcTBHE perienue z(t) =
z((+),u(-),v(-)) ypaBuenns (1), Boixogsmue npu ¢ = 0 u3 HadaIbHOTO moJIOXKeHUs (). COCTOSTHIEM CHCTEMBI
(1) B Texymmii MomenT Bpemenn £, t € [0, +00), onpenensercs Bektop-byuximedt z (1), z (-) = (z;(-), -+, 2, (),
rie z/(s) ={z(t+5), —hm < s < 0}, sapistromelicst KyCKOM Peajin30BaHHON TpaekTopun cucreMbl (1) Ha oTpeske
BpeMeHH [t — Ny, ].

BeiGupasi cBoU ylpaBiieHUs] B BUJIE U3MEPUMBIX BEKTOPHBIX QyHKIWA © = u(-) u v = v(-), yJI0BIE€TBODSI-
IOIIUX OrpaHudeHusaM (2), KaxKJIblil U3 UIPOKOB BO3JEHCTBYeT Ha ypasHenuto (1), mpecieryst CBOM 1I€JIH.

IpecieoBanne HaunHaercst npu ¢ = 0 M3 HAYAIBHOIO TOJOXKEHHs (+) M CUNTAETCS] 3aKOHYEHHBIM B
MoMeHT Bpement ¢ = £[p(+)], Korma daszosast Touka z(t) BlepBbIe TOMATAET Ha TePMUHATILHOE MHOZKecTBO M (1),

re. z(t) € M(t). Lens yberaiomero urpoka COCTOUT B TOM, 4TOObI I10 BO3MOXKHOCTU OTTAHYTH OKOHYAHHUE UIPHIL.

BcnomoraresibHbIe KOHCTPYKIMU. BCioy B jajbHeiiineM: a) TepMuHaIbHOe MHOKeCTBO M (t) sBiis-
eTCs UIMHIPUICCKAM U UMEeeT BHI

M(t) = Mo + M (t), (4)
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riae My — smneitnoe noxnpocrpancTBo npocrpancrsa R™, My () — BBIILYKJIO3HAYHOE KOMIIAKTHO3HAYHOE MHO-
ro3HaYHOE 0TOOPasKeHne, KOTopoe npuHuMaer 3Hadenust u3 (L), L — OopTOroHaJIbHOE JIONOJIHEHNE K TIOJIIPO-
crpanctBy My B R™ (1e. Mg ® L = R™ ); 6) Uepes m1 — 0003HAUUM MATPHIL OIEPATOPA OPTOrOHAJIBHOIO
npoektupoBanug u3 R™ ma L : 7 : R™ — L; B) 1oy uHTErpajioM OJHO3HAYHON MM MHOIO3HAYHON (DyHKIMN
(MHOTO3HAYHOrO OTOOpaXKkKeHHs ) IIOHNMaeTcs ee uHTerpat Jlebera [1].

YcraHoBUM yCJIOBHS Ha IapaMeTpbl KOHMIMKTHO-yIpaBisieMoro nponecca (1)-(4) upu KOTOpbIX HepBbIit
UTPOK % MOXKET MOGUTHCST BBIXOMA TPAEKTOPUH cucTeMbI (1) HA TEPMUHAIBLHOE MHOYKECTBO 32 KOHETHOE BPEMsI
pH JIIOOBIX IPOTUBOAEHCTBAX BTOPOTO MIPOKA, .

O6o3naunM depe3 S MHOXKECTBO TOYEK BHjA S = {t ct= Y0 jihs, ji — memoe qncno}, u mycrs SO

obozHadaer mepecedenue S ¢ nosymiockoctsio (0,00), T.e. SY = S ﬂ(O, oo).

ITycrs 7 — mosoxkuresbHoe uncio u t € [0,7]. Ilycrs monycrumele ynpasiaenust v = u(t), v = v(t)
BbIOpanbl Ha orpeske [0,7], 7 > 0, rorma juia pertenus z(7) ypasuenus (1) npu HadanbHOM ycsaoBuu (3),
MMeeTCs CJIeJLyIolee Tpejicrasienne 18]

m m 0
2(1) = [K(T) - ZK(T - hi)Bz}@(O) + Z / K(r—t—h) [BZ«P(t) + Cip(t) |dt—
i=0 i=0

i

—/K(T — ) f(t,u(t),v(t))dt, (4)
0

rae K (t), —oo < t < 7, — euHCTBeHHAs MaTpUIHAs DYHKIWMs, 0618 Iat0Mmast caeayomumu ceoiicreamu [13,18]:
a) K(t)=0, t <0,0 — uysneBast marpuna nopsiika n; b) K(0) = E, rne E — enuHUYHAS MATPHIA TOPSIKA
m

n; B) dynkrms » .~ C;K(t — h;) nenpepsiBaa Ha [0, +00); 1) K (t) yaosrersopsier Marpudsomy auddepeHiu-
AJILHOMY yPaBHEHUIO

K@ﬁaﬂﬂﬂ+§3&K@—h0+§3QK@—m%mmt>&t¢Sq (5)
=0 =0

CymiecTBoBaHNEe U €IUHCTBEHHOCTD MaTpudnoi dbyukimu K (t), —0o < t < T, yJAOBJIETBOPSAIOIIEH YCJIOBAAM a)—
r), MOI'YT OBbITH JIOKA3aHbl OOBIYHOM METOJIOM IOCJIEI0BATEIHHONO NHTEIPUPOBAHUS N0 IaraM ypasHenus (5).
Oynxnusa K (t) mpunagexut xkiaccy O mpu t > 0, t ¢ S, Ho B 06ImeM cryuae WMeeT pa3phIBBI TIEPBOTO PO/IA
B TOUKaX MHOKecTBa S°.

Ounpepenienue. Bydem zosopumv, wmo 6 uepe (1)- (4) uz nauwaavhozo nososcerus p(-) 803MOHCHO
sasepwenue npecaedosarus 3a epema T = T(p(+)),0 < T < 400, ecau cywecmeyem Pynkyus u(t,v), 0 <t <
T(p(+), v € V(t), npunumarowas snauenus ud muoscecmeo U(t), maxas, 4mo i npouseosvroti usmepumort
dynryuu v = v(t), 0 <t < T(p(+)), v(t) € V(t), pynrwyua u(t,v(t)), 0 <t < T(p(-)), Asriemea usmepumot
u coomeememeyowan mpaekmopus z = z(t), m.e. pewenue ypashenue (1) ¢ yuemom Ha¥AABHOLO YCAOBUS
(8) npu wexomopom t = t* € [0,T], nonadaem na mepmunasvroe mnosxcecrneo M(t), m.e. epro exArOUeHUI0
z(t*) € M(t). IIpu amom das eedenusn npecaedo8arus 0020HANOUEMY HYHCHO 3HAMY UHPopMayuto 06 obsexma.
IIpednoaazaemes, wmo npecaedosamens 3naem: 8 Kaxrcovl momenm epemery t > 0 pewenue z(s) na ompeske
t—hm < s <tuynpasaenue v(s), 0 < s < t.

Yucso T(p(+)) Ha3BIBAETCS BpeMeHeM mpecieqoBanust u3 Touku ¢(-) € X, dyuxnus u(t,v), 0 < ¢ <
T(p(+), v € V(t), — byHkuueil upecaes0BaHus.

Tpebyrorcst HARTH HaYAIBHbIE [OJI0KeHUs ((+) 13 KOTOPBIX B urpe (1) BO3MOXKHO 3aBepINEHUE IPECIe0-
Banus 3a konegnoe spemst T = T'(¢(+)).

A. TIycrs G(t), 0 <t <7, — IPOU3BOJIBHOE KOMAKTHO3HAYHOE MHOTO3HAYHOE OTOOPAYKEHME, YIOBJIETBO-
psifortiee ycsosuio [6,17]

/G@ﬁcMﬁ) (6)
0

Teneps chopmynmupyeM [HOCTATOYHOE YCJIOBHE JJIsi BO3MOXKHOCTH 3aBEPIIEHUS IIPECJIEIOBAHUS B HUIDE
(1),(2). 3aBepiuienne Tpecse0BaHNsI MOHUMAETCS B CMBICJIE BBEJIEHHOTO BBIIIE OIPEIEJICHUS.

182



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 180-188

PaccmoTpum MHOTO3HA3HBIE OTOOPAYKEHUST

K@) f(t, P,v) ={nK({t)f(t,u,v):u € P}, miav e V(t), 0<t<m,
wEw.n= () [¢O+rK@fEPY] 0<t<r, (7)
veV (t)
IIpeanonoxenne 1. Cywecmeyem mmnozosnaunoe omobpasicenue G(t), 0 < ¢t < 7, makas, “wmo mmo-
A
orcecmeo W(G(t),t), t € [0,7] nenycmo dan ecex t € [0, 7).

A
B cuiny npennosioxkeHust U CBOMCTB MHOTO3HAYHOrO orobpaxkenust W (G(t),t), 0 < t < 7, B HeM cyIie-
CTBYET XOTsl ObI OJINH M3MEPHUMBIii 110 BOpEJIo cyMMUPYEMbIil CEeIEKTOP, 9TO MO3BOJISIET HAM BBECTH MHTETPAJ

JleGera [1] or MHOrO3HAYHOrO OTOGPAZKEHUS I//I\/(G(t), t), 0<t <, re.
A
U / W(G(t),t)dt, W(0) = My(t). (8)

ITonoxum pu 7 > 0

m m 0
a(r)o() = [K(r) = S K(r—h )+ 3 [ Klr—t = ha) [Biglt) + Cuptt)] it
=0 1=0_"

i

Corutacuo (8) BBezieM DyHKIMIO ONPEIEISIONLY 0 HAUMEHbBIIEE MapAHTUPOBAHHOE MOMEHT BPEMEHU [TOUMKHI
rpecjeoBaTesieM yOeraromnero urpoka, Iy MOAMMPUKAIINA TPETHEro MeTOa 3aa<N IPEC/ICIOBAHNS, TOJIO0KIM

4]
T(p()) =inf{r > 0: 7®(7)p(-) € W(7)}.

Teopema 1. [Tycmo svinoaneno npednoaosicenue 1 u T (p(-)) # 0. Kpome mozo, cywecmseyem noaosicu-
meavhoe wucao T = T1(p(+)), T1(@(+)) € T(p(+)) makoe, wmo umeem mecmo SKAONENUE

m®(11)p(-) € W(m). (9)

Toz0a 6 uepe (1),(2) 603mooicho 3asepuwerue npeciedosanus us 3a04HHO20 HAUAALHO20 NOA0HCEHUS P (+)
3a xonewnoe gpema T = 11(o(+)).

Hoxkazaresnncrso. Corsacho (9) u (8) Haiiiercst m3MepuMoe 3aMKHY TO3HATHOE MHOTO3HAYHOE OTOOpaKEeHNEe
G(t), 0 <t <7, uto

/ G(tydt C M(t),
0

B()p(-) € W(G(), 71)- (10)

B cuny Brutodenne (10) m B COOTBETCTBUE C OIPEEIEHNEM HUHTETPAJa OT MHOTO3HATHOIO OTOGpaykeHus (8)
ciefyer cymecTsoBanue cymmupyemoii dyaximun w(t), 0 < ¢ < 71, Jjig KOTOPOI UMEET MECTO PABEHCTBO

T1

/w(t)dt — B(m)(), () € W(GH),1), 0<t<m. (11)
0

[TosTomy

w(r —t) € {[G(n )+ 7K (1 — t)f(t,P,u)} }

Jyist Hekoroporo t € [0, 71].
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Canenosaresnbro (cMm.(11)), ypaBHenue
w(ry —t)=m+7K(m —t)f(t,u,v), 0 <t <, (12)

OTHOCHUTEJIbHO HemsBecTHOW mnapbl (u,m) € P x G(m — t), upu KaxaoMm (HUKCUPOBAHHOM 3HAYCHUU IIa-
pol (t,v) C [0,71] x V(t) umeer pemenue. HeciioxkHo mokasarb, 4TO CyIIECTBYeT €IMHCTBEHHOE PeIleHHe
(u(t,v),m(t)) ypasuenus (12), kommonenTa u(t,v), KOTOPOTO SIBJISETCS HAMMEHBINEH B JIEKCHKOTPAbDUIECKOM
CMBICJIE Cpesu Beex pernenuii (u, m) ypasaenust (12) (npu mokasaTenbeTse 3T0ro (axTa UCHOIb3YETCsl, B 9aCT-
HOCTH, 3aMKHYTOCTb MHOXKecTBa M (t)). Hasee, ananornuno semme Ousmnnosa-Kacrena [19] yeranasiubaercs,
UITO [I7Is IPOM3BOJIbLHOM m3Mepumoit dyukuuu v(t), t € [0, 7], v(t) € V(t), dyuxnus u(t, v(t)), t € [0, 7], aBirs-
erca uamepumoii. Cymmupyemocts ke dyukiuu (m(t,v(t))), t € [0,71], cienyer u3z ypasaenus (12).
YTBepKIAETCS, UTO €CJIU CTOPOHA, YNPABJSIONAA MapaMeTpoM u, BbiOmpaer dbyukumio u(t,v), t €
[0,71], v € V(t), a cropoHa, ynpasjsdiolias HapaMeTpPOM ¥ — HPOU3BOJIbHYIO (DYHKIMIO, TO TPAEKTOPUSs
z(t), 0 <t < 71, ypaBHenus (1) ¢ y4eToM HavdanbHOTO ycaoBus (3), momaaaer Ha MHOKecTBO M (t), T.€. BKIIIO-
venve z(t) € M(t) Gyzner BbimoaHEHO IpH HEKOTOpoM t = t* € [0, 7], JeficTBUTEIBHO, IIyCTh, BOIIPEKU YTBED-
KuaeMoMy, z(t) ¢ M (t) na orpeske [0, 71]. Torna ns dopmyast Komu st npejcrabienus perenns (ocie ero
npoektupoBanusg ua L ) ypasuenus (1) npu 7 = 71 (¢(0)) npuxomaum K CjIeAyIomeMy COOTHOIIEHHUIO

m m 0
mz(m) = [ﬂ'K(Tl) — ZT(K(Tl — )+ Z / 7K (r —t— hy) | Bip(t) + Cip(t) | dt—
=0 =0 _h.

i

T1

- / K (r1 — ) f(t ut, o(t)), o(t))dt. (13)
0
VuursiBag 3akon BeiOOpa yupasienuii (13) u pasencrsa B (11) uz dopmyist (13) momyanm
mz(1m) = ®(m)e(-) — /u?(n —t)dt + /m(ﬁ — t)dt,
0 0
u tak Kak m(t) € M ua orpeske [0, 71], TO
™ ™
wz(m) = /m(t)dt € /M(t)dt C M.
0 0

Canenosaresnbho, 7z(11) € Mi(t), 310 9KBUBaNEHTHO TOMY, 4T0 2(71) € M(t), BOIpEeKH HaIIEMy JIONYIIEHWO.
Teopema 1 gokazaHa.

B. Badwukcupyem HeKoTOpOe HavaJbHOe Hosiokenune (-) € X.
Bsenem B paccMoTpenune CaeayIoONyo BEKTOP - (DYHKIHIO

€m0 0] = [K(r = 37K (r — h) B o(0)+
1=0

m O
+Y [ K == h)[Bielo) + Cip0)] i~ fi(7),
i=0_%,
rie fi1(7) € W(7). B coorBercTBun ¢ onpejesenneM uHTerpasa (8) cyrmecTByer uaMepuMblil mo Bopeso cym-
MUpyeMbIil cenekTop w(t) € I/?/(G(t),t), 0 < t < 7, Takoif, YTO UMeeT MEeCTO PaBeHCTBO fi(T) = fﬁ}(r — t)dt.
Badukcupyem ero. Torna Bekrop — dbyukuus &[T, ¢()] nmeer Bu ’

m

e ()] = [TK(r) = Y wK(r — h) Bi] o(0)+
=0
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T

+> | 7K (r —t = hi)|Big(t) + Coep(t) | dt — [ b(r — t)dt.
2 ]

Iomoxxum

g = SOl e
nlr e O] = e oy S et # 0.

Hasee, onpenennm aucioByio dyuaknuio A(¢(+), 7,t,v) caemyromum obpazom [4,6]:
(), 7t0) =sup{A 2 05 Mlr ()] € [G(r = ) + K (T = ) (2, P,v)] = ol ~ 1), (15)

O6oznaanm 1epe3 A(¢(-),7,t) = inf{A(¢(:),7,t,v) : v € V(¥)}, ecim &[1,(-)] = 0, To cunraercs
i, e()] = 0, Me(-),7,t) = Me(-), 7, t,v) = 0. B ganbreitmem npemnonaraercs, aro &7, ¢(+)] # 0 muas Beex
72> 0.

IIpenmonioxxenne 2. [as nauaavnozo nosodicernus @(-) € X cywecmsyiom nosodrtcumesbHoe “ucaio
7 = 12(p(+)), 2(0(+)) € T(e(+)), mrozosnaunoe omobpascenue G(t), 0 < t < 79, (em.(6)) u cymmupyemasn
Pynxyus w(t), 0 <t < 19, maxue, ¥mo:

a) daa ecex t € [0, 2] Henycmo mmoocecmeo @(G(t),t);

b) dynwyua A(p(+), 72,t), 0 < t < 73, a maxorce cynepnosuyua N(@(-), 72,t,v(t)), 0 <t < 72, dynwyua
Ap(4), 12, t,v), 0 <t < 7g, veEV(L), npu npouszoavhoti cymmupyemots ynruuu v(t), 0 <t < 7o, aasomes
CYMMUPYEMBLMU;

C) 6DINONHEHO HEPABEHCMBO

T2

Ifbwwﬂl—/A@OJmﬂﬁSO- (16)

0

Teopema 2. Ecau evinoaneno npednoaosicenue 2, mo 6 uepe (1),(2) us 3adanioeo Hauaibro20 nosodice-
nua () € X 603mooicno sasepuwerue npeciedosanus 3a epema T = To(p(+)).

Hokazarenscrso. Ilycrs st HadaabHOro mosioxkeHusi ¢(+) € X BBIIOJHEHBI BCE YCJIOBHH TEOPEMBI 2.
g npousBosbHOil usmepumoit dbyukiuun v(t), 0 < t < 79, v(t) € V(t) paccMorpuM KOHTPOJIBHYIO (DYHKIHIO
h(t;v(r), 0 <r <t), 0 <t <7y, oupenejeHHyIO cieayonmm obpasom [4,6]:

t

(t) = hitio(r), 0 <7 <) =t p()] | = [ At vle))dr
0
VTBepKaaeTcs, 9TO CymecTByeT MOMeHT BpeMenu t = t* € [0, 72] Takoii, uro h(t*;v(t),0 <t < ¢*) =0
(B CWiIy II.C) TIPEMONIOKEHWs] 2 TAKOW MOMEHT BPEMEHH CYIIECTBYET JJIsi KarKJOTO HATAJBHOTO ITOJOYKEHUST

¢(+) € X). dcuno, aro ecan £[72, p(+)] = 0, To MoxkHO caurars t* = 0. Ilycts &[72, ¢()] # 0, u h(t) > 0 Ha oTpeke
[0, T2]. JdeitcTBuTenbHO, B 9TOM CJIydae

0<Mﬁ%4&mwﬂlf/MM%wmmmﬁ§
0

T2

ﬂﬁmwﬂﬂ\—/AWOnmﬂﬁ

0

uTo nporusBopeunt HepasencTBy (16). Takum obpasom, myers h(t*;v(t), 0 < t < t*) = 0. Ipu srom
h(t550(t),0 < ¢t < t*) > 0 gua Beex t, korma 0 < ¢ < t*. C ygerom sroro dakra BoiOepeM (QYHKIMU
u(t) € U(t), g1(t) € G(t), xoropsie B MomenT Bpemenu t € [0, t*] onpeeisiorcst KaK pelieHnst yPaBHEHUs

g1(m2 —t) + 7K (19 — 1) f(t, u(t),v(t)) =
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= m(TQ _t) —I—)\(Lp(-),ﬂ'g,t7v(t))1’}[7'2,30(-)}, (17)
a B MOMEHT BpeMeHH t € (t*,79] — Kak pelleHusi ypaBHEHUs
g1(me —t) + 7K (12 — ) f(t,u(t),v(t)) = w(re — ). (18)

ITpomexyrku Bpemenu [0,t*] u (t*, 71| B ganbueiiniem Oyuem Ha3bBaTh "akTUBHBIM "1 "IIACCUBHBIM COOT-
BETCTBEHHO [4].

B cuiy 11.a) npeanosiozkenusi 2 CyIiecTByeT OJHO MM MHOIO perienuii ypasaenus (17),(18). Corsacuo
yreepkenuto 11.2 [4] dyrxmus A(¢(-), 7, ¢, v) onpenenennas pasercTsoM (15) siBisiercst namepumoit byHKImIEH
no t npu dbukcuposanubix v. CiemoBaresnbHo, B cuiy TeopeMbl Pummmosa-Kacrena [19] ypasuenns (17),(18)
paspemmMbl B Kjaacce u3MepuMbix Gynkiumit. [lokazkeMm, 9T0 Opu TaKOM Crocobe yupasjeHus mapaMmerpoM u(t)
peciIefoBaTe/lb MOKET FapaHTHPOBATL OKOHYAHHUE IIPECICIOBAHNS 32 BPEMEHHU Ta.

Voemumes, uro tpaekropus z(t),0 < t < 79), ypasuenus (1) ¢ yuerom HadajbHOrO ycjaosug (3) moma-
naer Ha M(t) mo momenTa Bpemenu To. Mcnosnb3ys dopmyny Komm (cm.(4)) nocie ee npoekTuposanus ua L,

T2
upuGaBJisist 1 BblUUTAs BelnuauHy [ W(To — t)dt u yuuThIiBast 3aKoH BbIGOpa yupasiaenuii (17),(18), momyaum

m m 0

m2(n2) = [7K(r2) = 37K (72 — hi) Bi] (0) + 3 / TR (72—t = hi) | Bip(t) + Cigp(t) i

i=0 =0

|
\
Bl
ey
|
=
~
—
ﬁ
2
Q‘
S
+
o\
5‘
|
H-
Q.
~
I
\
2
—
ey
|
=
e
S

/ 2 = ) = 9172 — 1) + M), 7 1y 0 (0)lrs, 9] it
0

+0/u§(72 —t)dt —

T t* t*

= tlrao() + [ (rs — 1)t - / s — t)dt — / A (), 72t 0(E)) e, ()]t +

0 0 0

t* T2

T2
+/g1(7'27t)dt / (Tgft)dt+/gl(7'27t)dt:
0 t* t*
T2
0/

gl(T2 — t)dt (]_9)

N60, kaK yCTAHOBJIEHO BBIIIIE,

Elra, ()] — / ()7t 0(8))1 [, ()]t =
0

+*

= [1€lrmp Ol | = [ Mol mast 0@t lrac ()] =

0
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Caenosaresnbro, u3 (19) umeem

T2

r2(ry) = / g1(ms — t)dt € / Glrs — t)dt C My (2).
0 0

Taxum o6pazom, Js HadagabHOrO Hostokenus ¢ (-) € X mmMeer Mecto BKiodenue mz(7z) € Mi(t), aro

9KBUBAJIEHTHO TOMY, 9TO 2(73) € M (t), T.e. mpeciieJoBaHNe 3aKAHUINBAETCSI 38 BpeMsl To. Teopema 2 jokasaHa.
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REZYUME

Ushbu maqola o’yinchilar boshqaruvidagi geometrik cheklovlar qo’yilganda neytral tipdagi chizigli
differensial-differensial tenglamalar sistemasi tomonidan tavsiflangan kvazichiziqli differensial o’yin
masalasi tadqiq qilinggn. Neytral tipdagi differensial-differensial tenglamalar uchun uchinchi quvish
usuli va yo’'nalish bo’yicha quvish usulining modifikatsiyalari ishlab chigilgan. Muayyan cheklangan
vagt ichida o’yinni yakunlash uchun yangi etarli shartlar olingan.

Kalit so‘zlar: kvazichiziqli differensial o’yin, quvish masalasi, neytral tipdagi differensial-ayirmali
tenglama, terminal to’plam, quvlovchi, qochuvchi, boshqaruv.

RESUME

This paper examines quasilinear differential games described by a system of linear differential-
difference equations of neutral type under geometric constraints on the players’ controls.
Modifications of the third pursuit method and the directional pursuit method for differential-
difference equations of neutral type are developed. New sufficient conditions on the process
parameters are obtained for game completion within a certain finite time.

Key words: quasilinear differential game, pursuit problem, differential-difference equations of
neutral type, terminal set, pursuer, evader, control.



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 189-195

YIK 539.3

NCCJIEJOBAHUNE BOJIHOBOT'O IBN2KEHNA B YVIIPYTI'OM CTEP>KHE C
AIIITPOKCUMAILIMEN 3AKOHA TPEHNA

MAMATOBA HuropAa TYXTABAEBHA
HAIIMOHA/ILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIYI'BEKA, TAIIKEHT
nigmamatova@yandex.ru

PE3IOME

PaccmarpuBaerca 3amada o0 pacmpocTpaHeHHH YIPYTHX BOJIH B TPyOYaTOM MOJIyOECKOHETHOM
CcTep2KHe, KOHTAKTUPYIOIIEM C OKPY2Kaloleil yupyroit cpemoit Tuna Bunkiepa, mpu Bo3aeiicTBUN Ha
TOpEI] SKCIIOHEHITNAJIBHO yOBIBAIOIIEH JUHAMUYeCKOi Harpy3ku. VccireryoTes ocIeICTBIS 3aMEHbI
CUTHATYDBI B 3aKOHE TpeHus Ha (hyHKIuo Xepucaiija. Vcoap3ys MeTo/] HHTerpagbHbIX COOTHOIIE-
HUM, TTOJIy9IeHO TPUOJIMAKEHHOE PEIIeHNe, PE3YIHTAThl KOTOPOI'O IIPE/ICTABICHBI B BUE I'PAGUIECKUX
3aBUCHMOCTEH CKOPOCTU W HAIPsI?)KEHUsI OT BpeMmeHu. [IpoBesieHo comocTaBienne mpuOIMKEHHBIX 1
TOYHBIX PEIIeHnil, TOKA3aBIlee UX YIOBJIETBOPUTEIbHOE COIJIACHE. YCTAHOBJIEHBI BPEMEHHbIE NHTED-
BaJIbl, B IIPeJieJiaX KOTOPBIX JIOIYIIIEHNE O 3aMeHe CUTHATYPhI pyHKInell XeBucaiijia He IPOTHBOPE-
4nT 3aKkoHy Kysona.

Karouesnvie caosa: yupyras BOJHA, CyXOe TPEHUE, BUHKJIEPOBCKOE OCHOBAHME, yJapHAas HArPy3Ka,
dyHKIIa XeBucaia.

1. BBenenne

JlBrKeHne pa3sHOro poja CTEP’KHEBBIX JIEMEHTOB B MEXAHMYECKUX CHCTEMAaX OOBIYHO COIIPOBOXKIAETCS
tpenneM. OJHON U3 BaKHEHINNX 3a/a9 IIPU ITOM SIBJISIETCsS U3YyUeHUE BJIMSHUS HA BOJHOBOW ITPOIECC TPEHUsI
MeXK/Iy BHEIITHel cpejioil 1 DOKOBOI TTOBEPXHOCTHIO TPYOBI UJIN CTEPKHSI.

Psn muTepecHBbIX 1 BasKHBIX 33129 B CJAyYae B3aUMOJEHCTBUS YIIPYTOrO CTEPXKHS U 2KECTKON CPeJIbl Ipu
IIOCTOSIHHO 10 BeJIMYMHE CUJIE CyXOr'0 TPEHUs, JeMCTBYIONIEN Ha KOHTAKTHOI MOBEPXHOCTHU IIPU HAJIUYIUN OTHO-
CUTEJILHOTO JIBUKEHUS, IETAJIbHO UCCIeI0BaH B paborax [1-12], 3amaua o pacupocTpaHeHuu IPOJOIbHBIX BOJIH
B CTepzKHe, Ha IIOBEPXHOCTH KOTOPOTr'O JAeHCTBYyeT NOCTOAHHAS 110 aMILJIUTY/ie, HO pa3Has 110 HallpaBJIEHUIO CUJIa
CYXOro TpeHwust, uccienosanach B [11]. B atux paGorax BHEIHsiST Cpesia, OKPY¥KAOIAs CTEPXKeHb, IIPEIIIoa-
raerca Henedbopmupyemoii. Vcnonb3yercs obmuit MeTo1 penieHns TaKuX 33124, KOTOPbIi COCTOUT B CBEJIEHUU
paccMaTpuBaeMoil HeJIMHEHHOM 3a/a4n K Psijly PellaeMbIX MOCJIeI0BATEIbHO JIMHEHHBIX 3a0a4. OCHOBHAsT IIPO-
GsieMa CBsi3aHA C OIpeJeJieHreM PAaHuI] 00JacTeil M0 BpeMeHU W IIPOJIOJIBHON KOODAMHATE, BHYTPU KOTOPBIX
BEJIMYMHA ¥ HAIIPABJIEHNE CUJIBI TPEHUS MOCTOSHHBI. Hampasienune qeficTBUs CUJI TPEHUS 3aBUCAT OT 3HAKA OT-
HOCUTETHHON CKOPOCTH YACTHIL Ha OOKOBOI ITOBEPXHOCTH CTepXKHs. Perenne B Kaxk10it u3 obacTeit CTpOUTCs
C YU€TOM TIPEJIBAPUTEIHHO OIPEIEIEHHOTO 3HAKa CKOPOCTH. VCmob3oBaHne OMUCAHHOTO moaxona B [1-3, 6-8,
11], MO3BONIIO MOIYUUTH PENIeHHsl JJIs TEJIO0r0 Psiia 3aJad IPU JOCTATOYHO CJIOKHBIX 3aKOHAX HAIDY KEeHHUsI
CTEPKHS.

B manHOil paboTe IPUMEHUTE/BHO K IEPEYNC/IEHHBIM BBIIIE SIBJIEHUSIM HCIOJIB3YETCS MOJEb B3aMMO-
JIefiCTBUS JUIMHHOTO TOHKOI'O yUIPYroro Teja (Tpy0duaroro Crep:kHs) ¢ OKPYZKalollell ero yupyroil xe cpeioii,
peJcTaB/IsIoneli coboii JnHeiHoe BUHKJIEPOBCKOE OCHOBaHUE, IpeJJIozkeHHas B pabore [6].

B auddepennmanbiom ypaBHeHUN JIBUKEHUS IPUBEIECHHOM B [6], moJjaraercst, 970 CATHATYPA B 3aKOHE
TpeHns 3aMenseTcs pyHknueit Xepucaiiga B Buge k = H (t — %), (H (t - %)f epuanyHas GpyHKIMs Xepucaiina),
n30ABUBIIKACH TAKUM OOpA30M OT HEJUHEHHOCTH B YPABHEHUHU JBUYKEHUs. DTO JOMYIIEHNE He BCEria CIIPABe]I-
JINBO, W 3aBHCUT OT TOI'O KakKas Harpy3kKa IIPHUKJIAJbIBAETCH, B YaCTHOCTH JJIs SKCIIOHEHITMAJIHHO YOBIBAIONIEi
HArpy3KHu.

B nanHO# pabore mccieny0OTCs IOCIEICTBAA TAKOM 3aMeHbl Ha IIPUMepPE CJIETYIONIeH 3a/1a49u.

2. IlocTtaHoBka 3aaI1 1 aHaJIN3 pelIeHUusd.
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Paccvorpum 3amaty o B3anmoiecTBUM TPyOUIATOTO CTEPXKHS C BHEITHEH Cpeioil mpu JAeficTBUU Ha ero
TOPIIE KCIIOHEHINAIBHO yObIBAIOIIEH JUHAMUYECKON HATPY3KHU IoJjiaras, YTO B3aMMOJIEHCTBAE MPOUCXOIUT I10
3aKoHy cyxoro Tpenusi Kysnona npu gomyrienun [6], T.e. IJIOTHOCTH CUJIBI TPEHUS onpeessiercst hopMyIIoi

X Ou x
Fop=k=—,k=H(t——), (1)
p Oz a
IJIe p- IUIOTHOCTD, Y- KO3(DUIMEHT MPONOPIMOHAIBHOCTH, % - WMEET Pa3MEpPHOCTh YCKOpeHmsi. IIpm sTom,
HAIPSKEHHO-1e(DOPMUPOBAHHOE COCTOAHUE B BO3MYIIECHHON M HEBO3MYIIECHHONW YACTAX CTEPXKHS OIMUCHIBACTCH
COOTBETCTBEHHO ypaBHeHusME [1,6,8,11]

0%u 0%u z\ x Ou

8t2:a276x2+}]<_7);%70<x<at, t>0 (2)
0? 02
a712‘:028—;,:c>at, t>0 (3)

rie 02 = E/p, E — momyns FOnTa, p - HOCTOSHHASA TIJIOTHOCTD CTEPIKHS.

ITycrb B HAYAJBHBIA MOMEHT BPEMEHH I10JIyOECKOHEIHBINH TPYOUATHINA CTEPKEHDb ObLI B COCTOSIHUN HOKOSI:
u(z,0) =0, u(z,0)=0, 0 <z < o0, (4)

Ha rtopery crepxkust ¢ = 0, npu ¢ > 0 IPUKJIAIBIBAECTCS IKCIIOHEHINAIBHO yObIBAIOIIAS HAIPY3KA
oo(t) = 0’5EQ (—at), o° = const, a = const. (5)

Bynem paccMaTpuBaTh OCpeJHEHHOE 110 CeIeHIAM CTePKHSA OJJHOMEPHOe JBIKeHne. BpeMs t 6y1eM 0OTCYNTHLIBATE
OT MOMEHT IIPUJIOYKEHHUsI JaBJIeHHs, a och OT HaIIpABUM BJOJb OCU CTEPKHSI.

Haiitu B obmactu © > 0, t > 0 dbyskuuio u(z,t) - pemenne ypasHeruii (2) u (3), yaoBieTBopsioniee
HAYaJILHBIM YCJIOBHAM (4), rpanmanoMy yciosuio (5), a TakyKe JUHAMHIECKOMY YCJIOBUIO HENPEPHIBHOCTH HAa
dpoHTe YyIpyroit BOJIHBI T = at:

(0 +pa -up)l,_g—o =0 (6)

Jjist masibHERIIero paccCMOTpeHus yI00HO BBeCTH Oe3pa3MepHbIe IepeMeHHbIe

Lo _uled) oy o0 oo(t) .

u(z,t) Ll 7(0,t) = o5y —;gi}(oy 0(0) > 0; )
= ug(z,t = _ z r__ t a“T< __

Uy = oo =1 t=1 =1

B nasbneiiiem gyeprouku 6yuem omyckarb. [lpu arom 3amaua (2) - (6) , sanucannas 6 6e3pasmeprolT nepemer-
HOIT NPUMEM BUJL

0%y O%u ou

X
U _ U g — ) p 2t = X t t
8t2 axQ + ( x):u’ax7 M pa270<x< I >0 (8)
?u  0%u
w—@,x>t,t>07 (9)
u(x,0) =0, u(x,0)=0, 0<z < o0, (10)
uw(ovt) :700(15)7 t>0(00(0) >O)7 (11)

(g +ut)ly—y o = 0.

Pemmenne 3amaun (8) - (12) OGyaeM HCKaTh NPUOIHKEHHO, METOIOM HHTerpaibHbIX cootHommennii (MIIC)
[1-3]. Cormacao MIC uckoMoe pemieHne HMINeTCs B BHE MHOIOYIEHA N-I'0 IPHUOJIMKEHHS, KOTOPOe JOJZKHO
YAOBIETBOPATH ypasHeHuio (8) u (9) B cpezateM, T.e. CIELYIONEMY HHTEIDAJILHOMY COOTHOIICHHUIO

/Ot {32u(x, t)  0u(z,t)

" ou
TR ¥ de = pH (t — ) ; %d:c (13)
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Vpasuenve (13) npu TpUBHAIBHBIX HAYAJBHBIX ycaoBusx (10) mMeerT TPUBHAIBHOE DEIEHUE U MO3TOMY WH-
TerpaJibHOe COOTHOIIEHNE YJIOBJIETBODsieTCs. 1lepBoe NpHOJIMKeHne pelleHnsi ypasHeHus: (8) OymeM nckarh B
BU/IE

u(x ,t) = Ag (t) + Ay () = + Aa (2) 2°. (14)
IIpu 5TOM CKOPOCTH TEPEMEITEHNsT CeUEHN CTEPKHS MOYKHO MPEJICTABUTEH B BHUIE
x x\2
w(e ,t) = ao () +a ()T +ax (t) (T) (15)
dA;
a;(t) =t s (i=0,1,2) (16)

Hewnssecrable dyukmmn Ag (t), A1 (t), Az (t), a0 (t), a1 (t) , as (t) HAXOAATCS B CIEIYIONEM MOPSIJIKE: U3 YCIOBHUS
(11) u (16) onpenensirorest Aq(t) u ay(t)

g0 (t) t doyg (t)

_O—()(0+)7a1(t) = — . (17)

A() = oo(0+)  dt

Jasee, BOCIIOIL30BABIIACH MHTETpaJIbHBIM cooTHomerneM (13) yuurniBast (11), (17) u yjoBIeTBODSSA yCIOBUIO
(12) mosyvaeM cieJyrolue 1Ba ypaBHEHUsL:

d dAz dao 3 da1 a1 dA2 . _
a( s )+ S—dt +3 <dt — t) — Qt—dt —6Ay —3p - sign (uy) - (A1 + Ast) =0, (18)
dA
t2d—t2+A2t+ao+a1+A1:O. (19)

rie a1(t) 8 1(t) onpenenenst dhopmysoit (17).

Taxkum obpasom, mosydaem cucremy ypasaenuit (14), (15), (18) , (19), cayskalnyro Juisi OIpe/IeJeHus]
YeThIPEX HEM3BECTHBIX g (t), 2(t), us U u,. [TosyueHHas cucTeMa ypaBHEHHI DeIlleHa C HCIIOIb30BAHUEM CHCTEMBI
Maplel8 mpu ciieyronmx HadYaIbHBIX YCJIOBUSIX

ao(O) = 1, AQ(O) =0. (20)

YucsieHHbIE pacyeThbl YOPOIINEHHON 33a4M U aHAJIN3 PEe3YJIbTAaTOB.

Ha dasoBoit mrockoctu (z,t), BO3MYIIEHHON 4YacTH CTEpXKHS COOTBETCTByeT objactb () =

{x,t: 0 <2 <1, 0<t< <00}, KOTOPYIO TIpeobpasoBanneM ( = § MOXKHO OTOOPA3UTh HA OTPE30K €MHMY-

noit el 0 < ¢ < 1. Pasbusaem orpesok 0 < ¢ < 1 Toukamu (, = 0.1m = = (m = 0,1,2,...,10) ma 10
paBHBIX 4acTeil. DTuM TOYKaM B obsiactu ) (HazoBoil IJIOCKOCTH COOTBETCTBYIOT OTPE3KH OJUHHAJIATH IIPs-
MBIX T, = 0.1-mt (m =0,1,...,10), BeixoAgmUX U3 Hauaa KoopauHat. Eciu jyis huKcupoBaHHOIO 3HAYEHMS
Bpemenu 0 < t,, < T BBecTu 0b60O3HATEHTE
Im
(@, tn) = T =0.1-m (m=0,1,...,10), (21)

n

10 epuanaaoMy 0Tpe3ky 0 < ((Xm,t,) < 1 coorBercrByer orpesok 0 < x,, < ¢, B obsactu {2, rjue n - HOMep
pacYeTHOro0 MPOMEXKYTKA BpeMeHU. PacdeTsl mpom3BeeHbI I IIATH TPOMEXKYTKOB BpeMeHu: t1 = 3; to =
5; ts3 =10; t4 = 20; t5 =T*, rue T BpeMms 3aBepIiieHus Iporecca 1edOPMUPOBAHIS U IIEPEXOA B COCTOSHUE
DPaBHOBECHSI.

Ha Puc. 1 nokazaHo m3MeHeHme cO BPpEMEHEM CKODOCTH IEPEMEIEHUs] W HAIPSKEHUs. 371eCh U JIaJiee
(puc.1-puc.4) xkpusas m = 0 cooTBeTCTBYyeT KpUBOH HanbGosee GJIM3KO PACIOIOKEHHON K KOOPMHATHBIM OCSIM,
a Haumbostee yyanénHas coorsercrByeT m = 10.

Kak BmaHO, CKOpPOCTh M HAIpsi)KEHHE MOHOTOHHO YMEHbBIIAOTCsa ¢ pocroMm t. Ha oTpeskax BpemeHH
(0<t<t1 =3)u0 <t <ty =5 CKOPOCTb, MOHOTOHHO YMEHbLINAsICh, OOpAIAeTCsd B HyJIb B TOYKE
C(m = 0 (m = 0)- Ha koHIE crepxkHs mpu t = t* (m) = 4.94 (m =0). Bxeck u B JanbHeitmem ¢ = t* (m) -
MOMEHT OOpaIleHnsi CKOPOCTHU B HYJIb HA C€YeHUH (,, PACCMATPUBAEMOI0 PACIETHOIO IPOMeXKyTKa Bpemenu. Ha
npomeskyTke Bpemenn 0 < ¢t < 4.94 nmomymenue (1) He nporusopeunt 3akony Kymona. OHaxo, ecim cKoOpocThb
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Puc. 13: I'paduku ckopocTu u HaupsizkeHusi (COOTBETCTBEHHO Bbille U HuxKe ocu ocu 0,1) or BpemeHH: m =

0,2,4,6,8, 10.

m=0

1 2 3 H 5% 4

Puc. 14: U3menenue ckopocru Ha Kouie crepxkHs (z = 0) upu m = 0.

Puc. 15: Iamenenne ..,10).

- ¢

Puc. 16: Ismenenue ckopocTu or BpeMeHn Jyist t5 = 35 (m=0,1,...,10).
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= g <0

>0

o
B
S
&
=

Puc. 18: I'paduku ckopocreii na koniie (x = 0) crepxkHs: Kpusble 1 u 2 — TouHOe penienne, 3 u 4- npubJrKeHHoe
perrerne, cooTseTcTBeHHO i (= 0.3 u p = 0.1.

MeHsieT 3HaK, To (1) mpoTuBOpednT onpeeseHuIo cuiibl Tpenus. Pacdyerst nokasbiBaior (Puc.l, Puc.2), yro nupu
t=4.94 cKopoCTh oOpaIaeTcs B HyJb, a Ipu t> 4.9/ MeHsieT 3HAaK U CTAHOBUTCS OTPHUIATETHHOM.

Taxoe noBesenne ckopocTu HabIIOAETCs U Ha GoJiee JUIMTEIbHBIX IpoMexkyTKax Bpemenu (Puc.3, Puc.4).

Ecnu orBiieuncsa ot dusukn saBiaenns, To rpadukn npusenenubie Ha Puc.1-Puc.4 nuzobpakaroT pernenne
KpaeBoii 3aaun (2) - (6) HesaBucuMO OT 3HaKa ckopocTr. OJHAKO B KAUECTBE 331891 O B3ANMOJIEHCTBAN CTEPIK-
Hsl C BHEIIHEH CpeJIoii pellleHne CripaBejinBo ToJIbKO nipu ¢t < t*. O6jiacTh Ha XapaKTEePUCTUIECKON IIJIOCKOCTH,
Ha KOTOPOil BBINOJIHSIETCS [IOCJIe/IHEE HEPABEHCTBO, IpuBeeHa Ha Puc.5.

Bepudukaryst pe3yibTaToB OCYIIECTBIsAETCs IyTeM cpaBHeHus: npubsmxkenaoro (MUC) u Todnoro pe-
mennit (Puc.6) mis aByx suadenuii koaddunuenrta nponopuuonamsaoctu: 4 = 0.1 u p = 0.3. Kak Bugso u3s
Puc.6 rpaduku crkopocreit, mocrpoerrbix mo MUC u mo TO9HOMY DEITIEHUIO PACIOIATAIOTCH JOBOJBHO OJIN3KO.

IIpumeuanue. Tounoe pemenue yupoineHHol 3ajgaqu noiaydeno B [2]. Ipaduku Tounoro pemenus Ha
Puc.6 mocTpoeHs! 10 perenuto, mojydeHHoM [2] B 6osiee yiuo0HOM JJis PACIETOB BHJIE:

ug (0,t) = Ip (spr) — 25—

112 (Jg 1—e” T Iy (gpr)dr)
+3 o

= —a (fy e () dr) + @)

rae Iy (t)- dynkuua Beccens mymeBoro mopsxka.
3akJro4eHue.

1. TIlpemcraiieHO pUO/IMKEHHOE PEIeHNEe 3aJa9i O PaCIpPOCTPAHEHWH yIPYroil BOJHBI B TPYyOUATOM IIO-
JIyOECKOHEYHOM CTeprKHE, B3aUMOJIEHCTBYIONIEM C BHENIHEH CPEeJIOi 110 3aKOHY CyXOr'0 TDPEHHS COIJIACHO
Mozesm BurKiepa, npu JeficTBHE HA €ro TOPIE SKCIOHEHIMAJbHO YOBIBAIONIEN BO BPEMEHU JIWHAMUIIE-
CKOIl HAI'DY3KU;

2. Kak m3BecTHO, cuja TpeHUsl IpONOpIMOHa bHA. B pabore PuinnmoBa B 3aKOHE TPEHUS CATHYM OTHO-
CUTEJILHO CKOPOCTH 3aMeHsieTcsi (PyHKInel XeBucaiiia, MCCae0BAHDI IOCJIEICTBUS 3aMEeHbI CUTHATYPBI B
3aKOHEe TpeHHs Ha PYHKIUIO XeBUCalIa OT TeX »Ke PYHKIHIL;
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10.

11.

12.

13.

194

. IlokazaHo, 4TO Ha HEKOTOPOM IIPOMEXKYTKE BPEMEHH JIOIIyIIEHNE 3aMEeHbI CUTHATYPBI (pyHKIInell XeBucaiiia

HE IIPOTUBOPEYIUT 3aKOHY KyJIOHa. O,HHaKO, €CJIN CKOPOCTb MEHAET 3HaK, TO 3TO JOIIyHIICHUE IIPOTUBOPECIUT
OIIpEeACJICHNIO CHUJIbI TPEHUHA.

. Ilpuomurcs rpacduk objacTu Ha XapaKTEPUCTUIECKOIN IIJIOCKOCTH, Te ITOJIyYeHHOE PEIlleHNe CIIPABEIIIBO

[IpU TAKOl 3aMeHe, JJIsi SKCIOHEHTHUINAIBHO YOBIBAIIEH HAIDY3KU.

. HO.Hy‘IeHbI I‘pa(i)I/IKI/I7 B KOTOPBIX CKOPOCTH CTaHOBUTCA OTpHL[aTe.HbHOfI B HEKOTOPBIX MOMEHTaX BPpEMECHU,

T.e. pellleHne IPOTUBOPEYUT 3aKOHY TPEHHS.
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REZYUME

Magqolada Winkler tipidagi elastik muhit bilan o‘zaro ta’sirda bo‘lgan yarim cheksiz sterjendagi
elastik to‘lginlarning tarqalish masalasi ko‘rib chiqilgan. Sterjenning uchiga eksponensial kamayuvchi
dinamik yuklanish qo‘yilganda, ishqalanish qonunidagi signatura funksiyasining Heavisida funksiyasi
bilan almashtirilishining natijalari o‘rganilgan. Integral munosabatlar usulidan foydalangan holda
taqribiy yechim olingan bo‘lib, natijalar tezlik va kuchlanishning vaqtga bog‘liq grafik ko‘rinishida
keltirilgan. Taqribiy va aniq yechimlar taqqoslanib, ularning yetarli darajada mosligi anigqlangan.
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Shuningdek, Heavisida funksiyasi bilan signatura funksiyasini almashtirish Kulon qonuniga zid
bo‘lmagan vaqt oralig‘i aniqlangan.

Kalit so‘zlar: elastik to’lqin, quruq ishqalanish, Winkler poydevori, zarba yuki, Heaviside
funktsiyasi.

RESUME

This paper considers the problem of elastic wave propagation in a semi-infinite tubular rod in contact
with a Winkler-type elastic medium, subjected to an exponentially decreasing dynamic load on the
end face. The consequences of replacing the signature in the friction law with the Heaviside function
are investigated. Using the method of integral relations, an approximate solution is obtained, the
results of which are presented as graphical dependences of velocity and stress on time. A comparison
of the approximate and exact solutions is performed, showing their satisfactory agreement. Time
intervals are established within which the assumption of replacing the signature with the Heaviside
function is consistent with Coulomb’s law.

Key words: elastic wave, dry friction, Winkler foundation, impact load, Heaviside function.
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YIK 514.76

CBOMCTBA C®EPUYECKOI'O OTOBPAYKEHHUA IMOBEPXHOCTEW C BEPIIUHAMMU

TunjaAeB JJOHEPBEK PYCTAMBEK YIJIU
TAMIKEHTCKUI I'OCYIAPCTBEHHBIN TPAHCIIOPTHBINT YHUBEPCUTET, TAIIKEHT
drtillayev@mail.ru

PE3IOME

Touku Ha OOIMUX BBIMYKJIBIX MOBEPXHOCTAX KJIACCUMDUIUPYIOTCS HA TPU THUIIA: PETyJIApHBIE, ped-
pUCTBIe U KOHWYECKHe. BBIMyK/ible MOBEPXHOCTH, HE COJIepKAIe PeOPUCTHIX TOYEK, HASBIBAIOTCS
MIOBEPXHOCTSIMU ¢ BepmuHamu. B Hacrosimeir pabore n3ydaercs ceprudeckoe 0TOOPaKEHNe TAKUX
IMOBEPXHOCTEM, & TAKKE UCCJIELYIOTCH CBOMCTBA X BHEIIHE! KPUBU3HbI. /{0Ka3aHbI TEOPEMBI O BHEIII-
Hell KpUBU3HE, XapaKTepHble UCKJIIOYUTEIbHO JJjId IOBEPXHOCTE! C BEPIINHAMU.

Karouesnte caosa: Peryiisipabie TOYKH, peOPUCThIE TOYKH, KOHIYECKAsT TOYKA, OIMOPHAS ILJIOCKOCTD,
cdepuueckoe oToOparkeHne, BHEIHsisi KPUBU3HA, IOJIHAS 3aMKHYTas IMOBEPXHOCTH, IIOBEPXHOCTH C
BEpIITHAMU.

1. BBe,E[eHI/Ie. ITocTanoBka 3ala1 1 OCHOBHBbI€ pPe3yJIbTaTbl

ITo A.JI. AJtekcaHIpOBY BBIMIYKJIasl OBEPXHOCTH OIMPEJIEIISIeTCs] KaK OJIHOCBsI3HAsT O0JIACTh MPAHUIILI Bbi-
IIyKJIOTO TOJIA WX [OJIHAS IOBEPXHOCTH BBIIYKJIOIO TeJa. Fcm Best TpaHUIa BBIILYKJIOTO TOJIA COCTOUT U3 BbI-
IYKJIBIX MHOTOYTOJBHUKOB, TaKasl IOBEPXHOCTh HA3BIBAETCS BBIMYKJIBIM MHOrorpanaukoM [1]. Ciemosarensho,
MHOTOTPAHHUK $IBJISIETCS YACTHBIM CJIYYaeM BBIITYKJIBIX IOBEPXHOCTEM.

CpoiicTBa OIOPHBIX IUIOCKOCTEH M KACATeJbHBIX KOHYCOB BBIIYKJIBIX IIOBEPXHOCTEH, & TaKyKe OCOOEHHO-
cru ux GOPMBI U IIPOCTPAHCTBEHHOI'O PACIOJIOXKeHUs Kiaaccuduiuposanbl B paborax [9-11]. Xapakrepucruku
cdepuueckoro n306pazkeHnst ¥ BHENIHEH KPUBU3HBI BBIIYKJIBIX TeJI IPOAHAIM3UPOBAHBL B [12], rje BbIIOIHE-
HO CONOCTABJIEHHE COOTBETCTBYIOIINX [IAPAMETPOB JIUI JIUCKPETHBIX U HENPEPBIBHBIX Mojeseil. JJuHamMudeckue
MOJIEJIM BBIIYKJIBIX IIOBEPXHOCTEH M 3aKOHOMEPHOCTH M3MEHEHHs BHEINHel KPUBHU3HBI HCC/IeJ0BaHbl B [13]; B
YACTHOCTH, PACCMOTPEHA IBOIONHs CHEPHIECKOr0 N300ParKeHHsI BO BPEMEHH ¥ yCTAHOBJICHBI CBOHCTBA (DyHK-
[IMM KPUBU3HBI [0/l BIUSHUEM CHHIYISIPHBIX TOUEK, BKJIIOYAs PEOPA M BEPIIUHBL. BBILyKJIble MHOIOTDAHHUKI,
He uMeromue pébep (TO eCTh COCTOSIINE TOIBKO U3 BEPIINH), 3aHUMAIOT 0C000€ MECTO B 337adaX U30METPUH Ha
CeUeHnsX M 00pa3yIoT CcHeluaabHbI Kiace [14, 15].

IIycts F' - BhImyKJIast MOBEPXHOCTH, a X - TOYKA HA ITONU MOBEPXHOCTH. PaccMOTpUM MHOXKECTBO BCEX
KPHUBBIX Ha ITOBEPXHOCTH, ITPOXOAAIINX depe3 Touky X € F. MHOKecTBO KacaTeJbHbIX K 9TUM KPUBBIM B TOYKE
X € F obpazyer kacareJbHbBII KOHYC moBepxHOocTH F' B Touke X . O4ueBUHO, 9TO TOUKa X sIBJISIETCS BEPITUHON
9TOr0 KOHYCA.

Knaccudukarmsa Todek moBepxaocTu F ompesesnsieTcst GopMoit ee KacaTebHOTO KoHyca. Ecan Kacarean-
HBIIl KOHYC JefCTBUTEJIHHO SIBJISETCS KOHYCOM, TOUKA [TOBEPXHOCTH HA3BIBAETCSI KOHUYIECKOU. K KacaresbHbII
KOHYC BBIPOXKJIAETCSI B JIBYTPAHHBIN yroJ, TOYKa Ha3bBaeTcsi pebpucrtoii. B ciiyuae, Korja KacaTebHBII KOHYC
BBIPOXKIAETCS B IJIOCKOCTh, TOYKA HA3bIBAETCS peryJsipHoii. Ha MHOrorpanHoil moBepXHOCTH BCTPEUAIOTCS BCE
YKa3aHHBIE TUIBI TOYEK, IMIPUYEM BHYTPEHHUE TOYKH T'DAHEN SsIBJIAIOTCHA PEeryaspHbiMU. Ecaum moBepxHOCTh F
COJIEPYKHUT TOJIBKO PeryjifpHble TOUKH, ee ypaBHeHHne MPHHAIICKUT XoTa Obl K Kiaaccy O (D). Oanaxo cymie-
CTBYIOT BBIITyKJIbIE€ TOBEPXHOCTH, COJIEPZKAIIIE BCE BUJIBI TOYEK U IIPU ITOM HE SIBJISIIOIINECST MHOTOTDAHHUKAMU.

Hamnpumep, 1oBepxHOCTD, 3aaHHast BEKTOPHBIM yDaBHEHUEM

r =1 (u,v) = (cos2ucosucosv, sinv, cos2usinucosv),

e u € [%, ?ﬂf] ,VE [—g, g}, SIBJISIETCs BBIMYKJION MOBEPXHOCTHIO C JIByMsI BEPIINHAMHU U PEOPOM, COEIMHSIIO-

UM 3TU BepiuHbl. ['paduk 9T0il moBepxHOCTH IpeacTaByeH Ha puc. 1.1.
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Puc. 19: I'pacduk BBIIYKIIOi TOBEPXHOCTH C JABYMS BEPINUHAMHI U OIHUM DPEOPOM.

CyIecTByOT MOBEPXHOCTH, UMEIOIIIE KOHEYHOE YHCJIO BEPIIHUH; BCE OCTAJILHBIE UX TOYKU SBJISIOTCS Pe-
TYJISIPHBIMU, 8 PEOPHUCTBIE TOYKU OTCYTCTBYIOT. TaKue MOBEPXHOCTH MPUHSTO HA3BIBATD MOBEPXHOCTSIMU C BEP-
mmHaMu [5, 6].

B macrosieit pabote mcciaeayoTCs CBONCTBA ChEepPUIeCKOr0 OTOOPAKEHNS TOBEPXHOCTEN C BEPITUHAMU.

[I1ockocTh 7 Ha3BIBAETCS OMOPHOI K BBIMYKJION MOBEPXHOCTH F', e/ OHA MMeEeT XOpsi OBbI OHY OOIILYIO
TOYKY C TOBEPXHOCTBIO F', a BCe OCTaJbHBIE TOYKH IOBEPXHOCTH JIEXKAT B OIHOM K3 IIOJIYIIPOCTPAHCTE, OIIpEeie-
JISIEMBIX 9TOH IJIOCKOCTBIO [2].

IIycrs onoprast miockocTb T B Touke X € F' 3ajiaHa B JeKapTOBOii cucreme Koopauaat Oryz ypaBHEHUEM
Az + By+Cz+ D = 0. Torma cepuueckoe orobparkeHne 3TOil IJI0OCKOCTH OIPEIeISeTCsl TOYKON Ha e IMHIIHON
cdepe So, ABIIOMECT KOHIIOM €IUHUYHON HOPMAJIX K ILIOCKOCTU. KOOpAMHATHL 9TOH TOYKU MMEIOT BUIL:

X*{ A ’ B , C }
VAZ+ B2+ C? VA + B2+ C? A2+ B2+ (C?

MrmozxkecTBo cdhepudecKnx 00pa30B BCeX OMOPHBIX ILIOCKOCTeil Touku X € F' HazbBaercs: cepuaecKuM
orobpaxkennem Touku X Ha chepe Sy. s peryisipHbIX TOYEK MOBEPXHOCTH C(HEPUIECKOe OTOOParXKEHHe BbI-
POXKJIaeTCs B OJIHY TOUYKY Ha cdepe, JJIsl PeOPUCTHIX TOUYEK OHO IMPECTABISET COOOM JIyIy OKPY>KHOCTHU, JIJIst
KOHMYECKUX TOUYEK - BBINYKJIYIO 06s1acTh Ha cdepe So [3,4].

Hac unrepecyer nosejienne cpepuyeckoro orobparkenrne B OKPECTHOCTH KOHUYECKON TOYKH IOBEPXHOCTH.

IIycre D - BhiyKJIast OqHOCBsI3HAA 00J1acTh Ha 1iockoctu Oxy ¢ rpanuneii I'. BayTpu obsiactu Bblie/ieHa
TOuKa A, U B IPOCTpAHCTBE 3aJlaHa 3aMKHYyTasl KpuBasi L, OJTHOZHAYHO MIPOEKTUPYIOIasicsi Ha Kpaii ' obsactu
D. Ecmm L asnsiercs jiomanoit, To I' - MHOTOYTOJIBHUK, U BEPIMUHBLI L TPOENUPYIOTCS B BEPIIUHBI .

Paccmorpum MHOXKeCTBO ToBepxHOcTeit F' € W (D) ¢ kpaem L u Bepmmuoii A, IIPOEKTHPYIONLYIOCS B
TOYKY A, U BBIIYKJIOCTHIO B cTOpoHy z > 0.

B manbreiimuM OyeM TOJB30BATbCS MOHSITHEM CEpUIecKOoro 0TOOpParKeHUs BBIMYKJIONH TOBEPXHOCTH,
nepeneceHHoi Ha 110ckocThb [3]. Tlox cpepuueckum oTobpazkeHneM, IEPEHECEHHBIM Ha IUIOCKOCTh, IIOHUMAETC
cremylomee: ecan Touka X € D - mpoeknus Toukn X' € F u X* € S - cdepudeckoe 0TOOpazKeHne TOYKN
X' € F, o X* € Sy naspiBaerca cepuaeckum orobpazkenueM Touku X € D OTHOCUTENLHO NOBepXHOCTH F.

JIemma 1.1. Econ nosepxuocts F' € W (D) siBiisiercsi MHOOIDAHHBIM yIJIOM UJIM KOHYCOM C BEDINUHON B
Touke A, To cdhepruueckoe 0TOOparKeHNE TIOBEPXHOCTH COBIAJIAET CO C(PEPUUECKUM OTOOParKEHUEM €€ BepPIIUHbI

A.

Hokazarenscrso. IIyers F' € W (D) - mOoBepXHOCTD, SIBJISIONIAACS MHOTOIPAHHBIM YIJIOM WJIM KOHYCOM
¢ BepmumHOit A, a D’ - obiacTh, Ha KoTOpyIo npoerupyercs F. Tak kax mpoeknust M BBIIYKJIOTO MHOMKECTBA
M’ C F na obnactb D siBAsieTCA BBIMYKJIOH, U3 CBOHCTB ¢(hepuIecKoro 0TOOpaskeHusT BBITYKJIBIX TOBEPXHOCTEH
citeyer, 9To cdeprudeckoe 0TOOpaKeHne MePEHECeHHO Ha IJIOCKOCTh BRIMYKJIoi obmactu M C D takxke Oyner
BBIILYKJION 0o6siacTbio. 3HayuTr cdepuydeckoe orobparkenue obsactu D orHOCHTesbHO noBepxHocTtu F € W (D)
Tak>Ke OyJIeT BBINYKJIOH obJiacTh Ha cepe Ss.
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Iosepxuocts F' € W (D) MoxKeT GbITH TOJIBKO TP THIA:

1) MuororpanHblit yro ¢ BepmmHoii B Touke A u kpaem L. B atoM ciydae kpait L 6yaeT 60 3aMKHYTOI
JIOMAHOH, MPOEKTUPYIOIMIEHCs HA MHOTOYTOJIBHUK [, OO0 KyCOYHO-TJIAJIKON 3aMKHYTON KPUBOI, OJIHO3HATHO
[IPOEKTUPYIONIeHics Ha TIIaJIKYI0 KpuByio I’ - Kpait obacTu.

2) Komyc ¢ Beprmmnoii B Touxe A,

3) TloBepxHOCTh C BepIIHHOI B TOuKe A.

B mepBbIX JBYX CiIydasix OMOPHBIE IIOCKOCTH BceX ToueK X € D, ormvabix or Touku A, coBnaja-
IOT C OIOPHO# IJIOCKOCTBIO TOUYKM X ** € F - Kpast objiacTu, IpuYeM TOYKa X IPUHAJJIEXKHUT OTpe3ky X *A.
Cdepuieckue 0ToOpazkeHnsI TOYEK COBIAIAIOT CO ceprueckuM oTobpazkennem orpeska X * A. CienosaresbHO,
chepuaeckoe orobpazkenne 06JIACTH COBIAIAET O chepUIeCKUM 0TOOpayKeHneM TOIKu A.

JIlemma 1.2. Eciu F € W (D) - nosepxHocTh ¢ Bepmunoii A, 1o ee cepudeckoe 0ToOpazKeHue gaBJISIeTCst
BBIIIYKJIBIM MHOXKECTBOM, COZIepKaIiuM chepuaeckoe oTobparkenne Bepuimabl A.

Jokazarenbcrso. [lycrs F' - moBepxHOCTh ¢ Beprmnoii B Touke A. Torma kaxkmoii Touke X € D coorser-
cTByeT perynsipHas Touka X' € F. B perynsipHoii Touke OonopHas IJIOCKOCTH COBIAJIAET C KACATETBHOM IIOC-
KOCTBIO TIOBEPXHOCTH U SABJISI€TCs eqUMHCTBeHHO#. Eciu 7y - KacaTeapHas miockocTs Touku X € D, orim4aHoit
orT Touku A, oHa He MOXKeT OBITh OHOpHOU II0cKOCThIO Touku A. CiienoBarenbHo, cdeputieckoe oTodpakenne
touku X € D, ormmaHOoit oT Toukn A He MOXKeT uMeTh OOIMX TOYeK CO chepuiecKuM O0TOOparKeHneM TOUYKH A.
JleiicTBuTeIbHO, eciu ObI chepruIecKne 0OTOOParKeHUs NMEJIH OBIILyI0 TOUKY, TO OTPE30K, TOo oTpe3ok X' A’ mos-
JKeH OB OBl TPUHAIEXKATH OBEPXHOCTH, UTO O3HAYAJIO ObI, ITO TOUKHU OoTpe3ka X'A’ asisaiorcs pebpucTbivu
Toukamu noBepxuoctu F' C D. DTo mpoTHBOpEUnT yCI0BUIO BhiGOpa F.

CnemoBarennho, chepudeckue orobpazkenust Todek X € D, OTIMYHBIX OT TOYKHM A, He UMEIOT OOIIIX TO-
qeK co cepuaeckuM oTobpakerueMm Touku A. 3HauuT, chepuaeckoe 0ToOparKEHNE MTOBEPXHOCTH , SIBJISTIOTIEICST
[TOBEPXHOCTBIO C BEPIIUHON B To4uKe A, cojepkut cdepuieckoe orobparkenue Bepruabl A. Jlemma jgokazana.

PaccymoTrpennbie cBoiicTBa cdepuueckoro orobparkeHusi ObLIM TPUBEIEHDI I MMOBEPXHOCTEH C OIHOIT
BepiuHOi. JJisi TOBEPXHOCTEN ¢ HECKOJIBKUMHU BEPIIIMHAMYU aHAJIOTMYHBIE CBONCTBA COXPAHSIIOTCS: C(PEPUIECKOe
0TOOpaXKeHMe KaxKkJI0i BEPIINHBI IIPEJICTABJISIET COOOIl BBIIYKJIYIO 00/1acTh Ha cdepe, IPU ITOM H300parkeHust
PA3JIMYHBIX BEPIIWH HE TEPECEKAIOTCS.

2. BHelmHsisi KpUBU3HA IMMOBEPXHOCTEN C BepIIMHAMHU

BremHsist KpuBU3HA MHOXKECTBa, OIIPEIEJISeTCs KaK IO b C(DEPUIECKOrO 0TOOPasKEHUE ITOI0 MHOYKE-
CTBa OTHOCHTEJIbHO IIOBEPXHOCTU U obo3Hauaercss wp (M) = S (M*) [3].

IIycts F' - mOBEPXHOCTH C BEPIIUHAME, KOTOPbIE MIPOEKTUPYIOTCA B Touku Ay, As, ..., Ay obmactu D.
Buemnsist KpuBrU3HA TTOBEPXHOCTH € BEPIIMHAMHU O0JIa[A€T BCEMU CBOMCTBAMHU BHEITHENH KPUBU3HBI BBILYKJION
HOBEPXHOCTH, [IEPEHECEHHOI Ha IIOCKOCTD, KaK 9T0 ObLIO paccMoTpeno B pabore [5]. 113 ceoiicts cdepudeckoro
O0TOOpaXKEHNH MMOBEPXHOCTH, MPUBEIEHHBIX B 9TOI paboTe, BBITEKAIOT HEKOTOpBbIE OCOObIE CBOWCTBA BHEIIHEH
KPHUBU3HBI TIOBEPXHOCTEN C BEPIIUHAMU.

O6o3naunM uepe3 M C D 3amblkanme MHOXKecTBa M U BBezeM cienyiomme obosnadenus:: M? 0603Ha-
JaeT MHOXKecTBO M, He cojeprKaliee Touek u3 A;, HO Takoe, UTO €ro 3aMbIKaHme M CONEPIKHUT ¢ TOYEK W3
A;; 06o3HauaeT MHOXKECTBO M, KOTOPOE CONEPXKHUT BHYTPH Ccebsl p TOUEK U3 , IPH 3TOM B €ro 3aMbIKanmm M
HAXOJUTCS ¢ TOUeK u3 Aj;.

CagoiicTBa 2.1. BrenrHsis KpuBru3HA BBITYKJION IOBEPXHOCTU C BEPIIMHAMHA SBJISIETCS HEOTPUIIATEIBHOIA,
I IUTUBHON (DYHKIMEH MHOXKECTBA HA TOBEPXHOCTH.

CaoiicrBa 2.2. Buemusga kpuBusna wp (M) NOBEPXHOCTH ¢ BEPIIUHAMU OBJIAIAET CJIEILYIOMUME CBOf-
CcTBaMU

—_

wWg (M) = WwWg (M),
2. wWg (Mq) = WwWg (M),

p
3. wWg (qu) = Wg (Mq) + Z Wi,
i=1

rJle w; BHEIHsIsI KpUBU3HA BepIuuHabl A; € D.
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PaccMorpuM 1ociieopaTesIbHOCTL obsiacreil M, KaxKjas U3 KOTOPBLIX COJAEPKUT eAUHCTBEHHYI0 TOUKY
- BepuuHy A 1 06pasyer MoCIe0BATEIBHOCTD BIOXKEHHBIX 00JIacTell:

Mi>Msy>..OM,D...
iicrBa 2.3. /1 nocjieioBaTelbHOCTH MHOXKecTB M',, UMeeT MecTo mpelelt
Csoii n

lim wr (M,) =w (A).
n—oo
* !
CsoiictBa 2.4. s nmocnenosarensnoctu M, O M’', 1. BbIIOJHSAETCS yCJIOBUE BIIOJHE A[IATHBHOCTH
BHEIIHEH KPUBU3HBI BBIILYKJION IIOBEPXHOCTH, TO €CTh CIPABEIJIUBO CJIEyIOIlee COOTHOIIEHNE:
lim wp (M,)=0.
n— o0

JlokacaTescTBO IEPEUNCIEHHBIX CBOWCTB CJIEIYeT OT CBOWCTBA CHEPUIECKOro OTOOpayKeHHe BBIITYKJIION
ITOBEPXHOCTHU C BEPIITHHAMH.

3. PacnosioxkeHue IIOBEPXHOCTH C BepIIMHAMM OTHOCUTEJIbHO KacaTeJIbHbIX KOHYCOB BEepIIWH

W3 onpegesrenus MOBEpPXHOCTEl ¢ BEepIIMHAME CJIEIyeT, 9TO TaKhe IOBEePXHOCTH HUMEIOT KacaTesbHbIe-
IIJIOCKOCTU W OIIOPHBIE ILIOCKOCTH. IIpmyeM onopHBIE IIOCKOCTH W MOBEPXHOCTH C BEPIIMHAMU MMEIOT O0Imue
TOYKHU TOJBKO B BEPIINHAX.

IIycrb nocsenoBaresnbHOCTb TOUeK { X, } € D crpemurcst K Touke A; € D, siBasitomeiicss mpoeknueil ToIkn
A’;, tme A'; - Bepmmunabl nosepxuoctu F, i =1, .., k.

Teopema 3.1. [IycTh mocsemoBaTeIbHOCTE TOUEK X, cTpeMuTces K Touke A;. Torma moceosaTebHOCTD
KacaTeNbHBIX IJIOCKOCTEH Touek X'; € CTpeMuTCs K KAcaTeJbHOH IJIOCKOCTH B Touke A’;, KOTOpas sBjsieTcs
KacaTeJIbHON IJIOCKOCTBIO K KacaTeJbHOMY KOHYCY C BEPINUHON B Touke A’;.

JlokazaTeabCTBO TeopeMbl cienyeT u3 reopembl A.Jl. AjekcarapoBa o0 IpeaebHOM IOJIOXKEHUN OIOPHBIX
IJTOCKOCTEH, COOTBETCTBYIOMUX CXOJSIIEHCST TIOCTIE0BATEIBHOCTA TOYEK Ha BBIMYKJIOH mosepxHOCTH [1,2].

O6o3naanm uepes Ki, Ko, ..., K KacarejabHble KOHYChl F IOBEPXHOCTH C BEPIIMHAMHM B TOYKaX
Ay, As, ..., A B obstactu D. PaccMoTpuM BBIIYKIIYIO 000J109Ky K, HATAHYTYIO Ha KOHYCHl K}, n numaap H ¢
obpazyronum, mapaJseabasiMu ocu Oz, HAIPABJISIONIEH KOTOPOro siisiercst rpanuna ' obimactu D. Ilepecete-
HUe BBIMYKJION obooukn K u mummsapa H, npecrapisiomniee cob0il 3aMKHYTYIO0 KPUBYIO, IIPOEKTAPYIOILYOCST
na I', obozunaanm depes Ly,.

Teopema 3.2. Ilosepxnocts F ¢ Bepmuaamu B Toukax A’; i =1,..,k, comepxurcs BHyTpHu KoHyca K u
nmeer ¢ HUM obmme Touku B BepmmHax A;. Kpait mosepxnoctn L', nexxamuit na mamaape H, pacrnonaraercs
HUKe, YeM Lj.

JlokazaTeabCTBO TEOPEMBI CIeAyeT U3 JeMMBI 1, 2 1 TeopeMbr 1.

BHenmHio KpUBU3HY BBIMYKJIBIX MOBEPXHOCTEH MOYKHO PACCMATPUBATHL TAK¥XKE B KJIACCE BBIMTYKJIBIX TO-
BEPXHOCTEH, OIpeIe/IeHHBIX Ha cdepe. B 9ToM ciyuae BHEITHsISI KPUBU3HA 331a€TCs Ha cepe U OOBITHO Ha3bI-
BAETCsl BHEIIHeH KPUBU3HON, IIepeHeceHHol Ha cdepy [3].

[Iycts BRIMyKIas oBepXHOCTH P ompeenena Ha cdepe. Torma cymecTByer eaunndHas cdepa, U3 IeHTpa
KOTOPOIi moBepxHOCTh P 0/IHO3ZHATHO 1TpoekTUpyeTcs Ha cdepy. 1o mpoekTupoBaHNEM ITIOHUMAETCS CIIEIYIOIIee:
KaXKJIBIH JIy9, BBIXOJISIIINI U3 IEHTPa chephl, lepecekaeTr ¢epy U BBITYKJIYIO [IOBEPXHOCTb POBHO B OJHON TOYKE,
U 9TUM TOYKAM CTABUTCS B COOTBETCTBUE B3aUMHO-O/HO3Ha4UHOe orobpaxkenme. Touka X € S5 HazbiBaeTcs
upoeknueii Toukun X' €, ecau Touku X u X' siexkar Ha OJHOI JIyde, HCXOMSIEM U3 HeHTpa cdepbl Ss.

Ecmm X* € S - cheprueckoe orobpazkenne Toukn X' €, To X * HasbBaeTcs ¢cpepuaecKuM 0TOOParKeHREM
touku X € S5. IIpu arom cdepnr S5 u So Hy»KHO paccMaTpuBaTh KakK pasjnydHble chepbl eMHIIHOIO PaJIIyca.

Bremnss kpususna muOkecTBa M/ € onpemensercs Kak mIomab ero cdhepuaeckoro orobpaxkenune M* C
So. DTy BHENIHIOI KPWUBU3HY HA3BIBAIOT BHEINIHeN KpuBH3HON MHOXKecTBa M C S5, mepenecennoil Ha cdepy
muoxecrsa M’ C, u obosnagator depes w (M) = S (M*).

Teopema 3.3. Ilycre @ - mojHas 3aMKHyTasi BBIIYKJIasl IOBEPXHOCTH ¢ BeprmmHamu A, Ao, ..., A,
00JIaTAIONIMY OHO3HAYHBIME NPOEKIUaAME Ha enuHundnHyio chepy S;3. Torma cdepudeckoe orobparkenne P
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SIBJISIETCs TIOJIHOM ITOBEPXHOCTBIO €IMHUYHON cdepbl S, a cdhepuyeckue orobparkenusi Bepimul A; obpa3yior
BBIIIYKJIble obsactu A} Ha cdepe So, He UMeOIIE O0IIUX TOYEK.

JokazarebcTBO TeopeMbl. 110 yCI0BHU TE€OpEMBI BBIILYKJION MOBEPXHOCTH P OMHO3HAYHO ITPOEKTUPYETCS
Ha cdepy S5. DTo o3HAUAET, 4TO Jr0das KpaMas IIPOXOIINas U3 IeHTpa cdepsl S5 IepecekaeT IOBEPXHOCTD B
JIBYX T@YKaX. ITUM TOYKH MOTYT COBIAJATH C TOYKAMU A; WU HE COBIAJATDH, HE 3aBUCUMOCTU OT ITOTO B ITUX
UMEIOTCs TTapaJijiesIbHble OTIOPHbBIE IIOCKOCTH. K 9TUM TapasuIeIbHbIM OMOPHBIM IJIOCKOCTSIM COOTBETCTBYIOT
JIMaMeTPaJIbHO TIPOTUBOIIOJIOKHBIE ToUuKK Ha cdepe S5 [1,2]. Tak kKak, 310 cOOTBETCTBHE GYIET B MTPOU3BOJBLHOM
HalpaBJieHnd, cpepudecKuii 06pa3 MOBEPXHOCTH IIOJIHOCTBIO 3alloJHAeT cdepy Ss.

Cdeputeckoe orobparkenne A Bepruubst A; 6yneT BbIIyKJI0il 06s1acThio Ha cdepe Sz. Tak kak ecsn moc-
KOCTH (v; U [3; ABJISIETCs OMOPHBIM ILIOCKOCTSIMY BEPIIUHBI A; 1 MEPECEeKaIOTCs TO IPAMOi | mpuxoasieiics yepes
9TH BEPIIUHY, TO IOAMHOXKECTBO ILJIOCKOCTE IIyYKa IIJIOCKOCTEN IIPOXO/ISIIIX depe3 MPsIMYIO | U TPOXOSIIIIAIACS
MEXJY ; ¥ [3;, TAK¥Ke SIBJISIeTCs] OTIOPHON MJIOCKOCTb.

Oru nokasepiBaeT ecsin Touka Ay u Aj chepuueckune 0bpaspl IIIOCKOCTEH v 1 3 TO OTPE30K JyrH 60IbIIoft
OKPYKHOCTH cepbl Sy TakyKe MPUHAIEXKUT chepudeckomy obpady Bepmmabl A;. CienoBarenbio cdepude-
cKuit 00pa3 BepInHbl A; SBJISETCS BBIMTYKIIOH 001acThio Ha cdepe Sy. Ho cdhepruaeckne 06pa3bl pa3HbIX BEPITHH
A; m Aji # j, He MOryT uMeeT oOILyIo TOuKy. Eciu oHu nmeior oblye TOYKU, TO ITOMY TOYKY COOTBETCTBYET
OIOpHasl IIJIOCKOCTH IIpoXojsaiieii depe3 Bepmunbl A; n A;[1]. Dro osHauaer orpe3ok A;A; NpUHAIIEKHUT K
nosepxaoctu ®. Ho 3ro mporusopeunt Beibopy P, oHa He mMmeer paHO. Teopema JoKasaHa.

Ciemyer OTMETHTD, YTO 3aMKHYTBIE IIOBEPXHOCTHU, IOJ0OHBIE JPYT JAPYTrYy, UMEIT OJUHAKOBOe cdepu-
yeckoe orobpaxkenuwe. OTcCioa cjejyer, 9YTO BHEIIHss KPUBU3HA TOAOOHBIX TOJHBIX 3aMKHYTBIX BBITYKJIBIX
[MOBEPXHOCTEH TaK¥Ke COBIIAJIAET.

3akKJI04YeHus1

Cdepuueckoe oTobpazkeHue MOBEPXHOCTH € BEPIIMHAMU 00JIa/1aeT OCOOBIMHU CBOWCTBAMM, OTJIMYAOIIU-
MHCS OT CBOUCTB JPYTUX THUIOB MOBepXHOCTel. B wacTHOCTH, BHENIHSS KPUBU3HA BBIMYKJIBIX ITOBEPXHOCTEN C
BEPIIHHAMHI XaPaKTEePU3yeTCs MPU3HAKAME, YHUKAJIHHBIMU JJIsI 9TOTO Kjacca moBepxuocteil. Vcmonb3ys cBoii-
cTBa ceprvecKoro OToOparkKeHnsl BBIIYKJIBIX ITIOBEPXHOCTEN, [TOKA3aHO, YTO IOJIHBIE ITOBEPXHOCTHU IIOJIHOCTHIO
COJIEPKATCS BHYTPH BBIMTYKJIBIX 000J0UEK CBOUX KACATEIHHBIX KOHYCOB.
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REZYUME

Umumiy qavariq sirtlarning nuqtalari uchta turga bo’linadi: regulyar, girra va konussimon. Qirra
nuqtalarga ega bo’lmagan qavariq sirtlar uchga ega sirtlar deb ataladi. Ushbu maqolada sferik tasvir
o’rganiladi va uchga ega qavariq sirtlarning tashqi egiligi xossalari isbotlanadi. Faqat uchga ega
sirtlarga xos bo’lgan tashqi egilish haqidagi teoremlar isbotlangan.

Kalit so‘zlar: muntazam nuqtalar, girra nuqtalar, konussimon nuqtalar, tayanch tekislik, sferik
tasvir, tashqi egilik, to’liq yopiq sirt, uchga ega sirt.

RESUME

Points on general convex surfaces are classified into three types: regular, ribbed, and conical. Convex
surfaces lacking ribbed points are termed surfaces with vertices. The present study examines the
spherical mapping and establishes properties of the external curvature for convex surfaces with
vertices. Theorems concerning the external curvature, which are characteristic exclusively of surfaces
with vertices, have been proved.

Key words: regular points, ribbed points, conical point, support plane, spherical mapping, external
curvature, complete closed surface, surface with vertices.

201



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2 /2.1, 2025, 202-208

YIK 531.01:629.78

OIMPEAEJIEHVUE COCTABJIAIOIIINX BA3VMC-BEKTOPA [OJId YHACTKOB
HYJIEBOU TAT'1 B TPABUTAIIMOHHOM IIOJIE TAPO®UHKEJIS

ToxXUEB PycraAM UcOMUIaAUH YIJU
HAUMOHAJIBHBINT YVHUBEPCUTET ¥Y3BEKUCTAHA UMEHU MUP30 YJIYIBEKA
rustamt96@Qmail.ru

PE3IOME

B pmanHO# cTarhe paccMaTpuBaeTcs pobJieMa HAXOXKIEHUs aHAJATHIECKAX PElIeHuil 3319 OITH-
MU3AIUK JIBUKEHUST TOYKN (EHTPA MACC KOCMUYIECKOI0 allllapaTa) B FPaBUTAMOHHOM nojie Lapdun-
KeJisd. B CBS3M ¢ HENPEPBIBHOCTBHIO COCTABJILAIONIUX Oa3uc-BeKTOPa (KOMIIOHEHT DEaKTUBHON CUJIbI) B
TOYKAX MEPeX0/Ia C OJTHOIO YIACTKA TPACKTOPUH HA JPYTOH, HEOOXOMMO 3HATH COCTABJIAIONTIE 6a3mc-
BEKTOPA JIJIsl YIACTKOB HYJIEBOI TSATH, COSUHSIIONINXCS C AKTUBHBIMU YyIaCTKaMU. B JaHHON cTaThe
OTIPEJIETIAIOTCS COCTABJISIIONINE 6A3NC- BEKTOPA JIJIsS YIACTKOB HYJIEBOIl TSATH B IPABUTAIOHHOM I10JI€
lapdunkessi. Pemenne BapuannoHHON 3a1a9u JJIsi YIACTKOB C HYJIEBOU TSATOH ONPEIEsIsieTcs 0JI-
HBIM HHTErPHpOBaHWeM ypaBHeHus [ammibrona- Akobu.

Karouesnte caosa: Bapuammonnas 3agaga Jlayjaena, raMuibTOHOBasl CUCTEMA, PEAKTUBHAA CUJIA,
ypaBuenue ['amMuibrona- 1koOu, MOJIHBIIT HHTErPaJ.

1. Beegenue.

OnruMusalms TpaeKTOPUii KOCMIYECKHX ANIAPATOB [IEPEMEHHON MACCHI B HEIEHTPAJIBHBIX IPABUTAIINOH-
HBIX IOJISIX — OJIHA M3 OCHOBHBIX 33/[a4 COBPEMEHHOI HeGeCHOI MeXaHUKU U acTpodu3nKu. B NeHTpaJbHBIX 0~
JISIX, ONHCBIBAEMbIX 3aKOHaMH Keliepa, Takue 3a/1a4i CPABHUTEJILHO JIETKO PEIalOTCst aHAJTUTHICCKIMI METO-
JIAMJ ¥ 9UCJIEHHBIM HHTerpuposaHueM. OIHAKO B PeabHBIX YCIOBUSAX, 0COOEHHO BOIM3N IUIAHET ¢ OOOOIIEHHBI-
My noreHimasamu (Hanpumep, 3emin, Mapca, FOuurepa), rpaBuTalitOHHOE 1I0JI€ CTAHOBUTCH HEIEHTPAIBHBIM
U3-3a BJIMSIHUS BBICIIMX rapMOHUK [1]. Bropasi 30HambHAsI TADMOHNKA , YIUTHIBAIOIAsI CIUTIOCHYTOCTD IJIAHETH
[0 9KBATOPY, IPUBOJUT K IPENECCHr OPOUTHI, M3MEHEHUIO NEPUIEHTPA M allOleHTPa, & TaKyKe K BO3MOXKHOMN
HEYCTONYIMBOCTH TPAaeKTOpHil [2]. BapualioHHbIe 3a/[a4i ONTUMU3AIMN TPACKTOPHI HA MHOTOITAIHBIX MOJIETAX
(c "epemoBaHMEM AKTHBHBIX WM IIACCHBHBIX yYacTKOB) ObLam (popmasm3oBanbl MerogoM Jloymena [3], KoTopsbrit
CBOZUT OCHOBHYIO YaCTh IIPOOJIEMBI K MHTEIPHPOBAHMIO 3AMKHYTHIX TAMUJIBTOHOBBIX CHCTEM YETBIPHAIIATOrO
nopszaka. ITosér pasiensiercs Ha TPU THIA YYACTKOB: HyJIeBOH Tsaru (IAcCHBHBIE, € allapar ABUZKETCH IO
BasIHCTHIECKON opOuTe Mo JeHCTBUEM IPABATAINN), IIPOMEXKYTOUHON TSAIM U MAKCUMAJBHONW TArHM (pesKuM
HOJIHOM MorHOocTH apuraress). [laccusuble yaactku (HyseBoit Tsiru, HT) MrparoT KIIFOUeByO POIb, TOCKOJIBKY
Ha HUX OTCYTCTBYET PacXOJ[ TOILINBA, U JBHKEHUE ONPEJEIACTCS TOJBKO IPaBUTAIIMOHHBIM HoTeHnnagoM. ITo-
CKOJIBKY COCTABJISIIONIHE GA3MC-BEKTOPA, ONIPEIEIISIONIHE HAIPABJICHIE PEAKTUBHON CHJIbI, HEIPEPBIBHBI B TOYKAX
LEPEKJIIOUEHN C OIHOTO yUaCTKa TPACKTOPUHI Ha IPYTOH, TO, CIIeI0BATEILHO, BAXKHO 3HATH 3HAYEHUS COCTABILS-
fonuxX 6a3uc-BEKTOPA HA YIACTKAX HYJIEBOI TSAIH, KOTOPbIE COEMHSIIOTCS ¢ AKTUBHBIMUA ydacTKamu. B maHHOMN
paboTe ONpeJIessIoTCs KOMIIOHEHTBI Ga3uCc-BEKTOPA JJIs YIACTKOB HyJIEBOH TAIM B CJIydae I'DABATAIMOHHOIO
nosst Fapdunkens [2].

2. IlocranoBka 3ama4dn.

UsBectro, uro muddepennuaabable ypaBHeHIs] BAPUAIMOHHO 331891 O JBUKEHUN TOYKH (IEHTD Macc
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KOCMMYECKOTO allllapaTa) UMET CJIeIyoNmil Bus [3]

: X

()

F=7 M=-m,

5 - 5 oq - .
X=—X N=—ZIX Aw=2,

or 2
rje 7- pajuyc-BeKTOp TOYKH (IEHTP MAacC KOCMHUYECKOro ammapara), U - eé ckopoctb; M (t) - macca TOYKH; € -
OTHOCHUTEJIbHAsI CKOPOCTb MCTEYEHUs [POJYKTOB CrOPAHUs; M - CeKyHIHbII pacxox Maccel (0 < m < m); § -
I'DABHTAIHOHHOE YCKODEHHE; X, Ar, Ay - MHOKHTesH JlarpamsKa, COpsizKeHHble CKOPOCTH, paiyCy-BeKTOpy U
MaCCe COOTBETCTBEHHO.

['paBuUTAIIMOHHOE TOJIE OCECUMMETPUIHON CheponIanbHON MIaHeThl MOXKHO AINIPOKCHUMUPOBATH MOJIEM
Tarorenus [apduHkesiss, KOTOpoe YaCTHIHO YIUTHIBAET BOZMYIIAIONIIHN 3hDeKT BTOPOit 30HATHLHON TapMOHUKH.
AnnpokcuMupyroniee BbIparkKeHue JJisd MOTEHIMAaa TAaKOr0 T'PABUTAIMOHHOrO II0JIA AT OCHOBHBIE 3(PQPEKTHI,
00yCJIOBJIEHHBIE HECPEPIUIHOCTLIO 3EMJIN, ¥ BMECTE C T€M JIOIyCKAeT NHTETpUPOBaHNe 3aa91 B KBapaTypax Ha
yJacTKax HyJeBoil Taru Metonom Axobu. CrioBas pyHKIUS B MIAHETOIEHTPHYECKON 3KBATOPHAJIBLHOIN CHCTEME
cepruecKrx KOODIMHAT T, ¢, § uMeer caemyromuil Bug, [4]:

o(9)

r2

U(r,0) = f(r) +

)

3aecs dyukuuu f(r) u () canraem npousBobHbIMA. sl yIACTKOB HYJICBOI TSrU MEPBYIO MPYIILY yPaB-
uenuii (1) MOXKHO cBecTH K KBajpaTypaM [2], 4To II03BOJISET HOJIyYUTh COCTABJSIONINE OA3UC-BEKTODA A JIJid
9TUX YYACTKOB. ¥YuuTbiBast, 4ro r(r, ¢, 0) ,v(v1, ve,vs) , nepBylo rpyuiy auddepeniuaibubix ypasaenuii (1) Ha
yaactkax HT B ciaydae rpaBuTarinoHHOTO o ['apduHKe s MOYKHO 3aIllicaTh B CJAEIYIONIEM BUJIE:

o df(r) @) 1
b= -2 3 +;(v§+v§),
By = — 22 1 P23 one,
T r
2
. vivg V5 1 do
= — —_— — 0 [ —
s r pon + r3 do’
. . V2 5 U3
r =", Y =— ==
rcosf r

3. Meron N'amuibrona-kobu.

OTu ypaBHEHHUsI MEPBOU T'PYIIIBI, OMUCHLIBAIONINE CBOOOIHOE IBUKEHWME B moJie lapduHKess, HeJUHEHHB U He
WHTErPUPYEMBI B JIATPAHKEBOM hopme 6e3 TOMOTHUTETHHBIX MpeobpasoBannii. [ mX aHATATHIECKOTO pele-
HUsI TIPEMEHUM MeTo; lamuiabroHa- Iko6u [2], KOTophIil mO3BOJISIET TEpefiTn K KAHOHMIECKUM NEPEMEHHBIM U
BBINOJIHUTH pa3Jie/IeHne IlepeMeHHbIX. | aMUJIbTOHUAH CUCTEMbI MMEeT BUJI:

1 P2 P2
H=-|p24+22, __"9¥ —U(r,
207 r2  r2cos?6 (r¢)
O6006mEHHbIe UMITYJIBCHI ONpeAeIdaiorca Kak: P = 7, P, = ngb,Pg = ngb cos? § Ypapuenme aMuibTOHA-

Axobu MOXKHO 3aICaTh B cjeayromeM BUIe:

s 1[[/as\> 1 [8S\’ 1 95\ ? o(0)
2 a9 l\a ) T2 30) T reoze \ 90 —flr) = —5~=0
ot 2 or r2 \ 00 r2cos? 6 \ Op r
OyHKIMS S ABJSIETCS TOJHBIM UHTErpajioM ypasuerus amuibrona- fkobu. Fcin mexanndeckast cucrema
KOHCEPBATUBHA, MOJIHBIA WHTErpaJ ypasHeHns LaMumiIbToHA- SIKOGH MOXKHO MCKATH CJIEIYIONMM 00pa3oM [2]:

S = 81(r) + S2(0) + S3(p) — ast
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(851(r)>2+ (6556(9)>2 (8%@;@)2 . 20(0)

or r2 72 cos2 0 2 201
983(¢)
851 (r)\> 1 [ (95:(6)\° ( D ) B
( or ) BRA i = 00 cos? 0 20(6) | =0,
9S3(¢)
05:(0)\* (%5) _20(0) = a
00 cos? 0 2

=a3, S3(p) =azp

(2560) + -0

So(0) = / \/a2 - C((O)‘;)Z +20() df

(6%) (043)2
S:/\/Qf(r)+2a1—T2dr—f—/ﬂag—C0829+2<I’(9)d9+a3<p—041t.

(5) - mouHbLit uHTErpan ypasuenus Lamuibrona- Skobu, rie ;- NPOU3BOJIbHBIE OCTOAHHDIE.

08 08 s oS )
Pr= 5000 = g = 50 T Gy Bi, Bi = const (i =1,2,3)

Ha ocuoBanuu ycsosuii (6) mosydaem obiiee peienue ypasaenusi Lamuibrona- sIkoou.

oS Qs
Dp = o = \/Zf(r)—|—2a1 2
9S8 (az)?
po = 80 @z cos2 0 +20(0)
oS
Py = % = Qg
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dS
= — = _t d
A don +/\/2f(r)+2a1—‘;g '
B2 = 05 = dr

1 1 1 1
) 2 Y or | A -3
P Y- G+ 20(00) “o

a3
O cos? 9\/0@ — 25 +20(0)

cos? 0

[Toyuennble ypaBHEHHUST pa3peniaeM OTHOCHTEIHLHO TPOU3BOJILHBIX TOCTOSHHBIX (v; U [3; depe3 0600IIeH-
HBIC MMILYJIbCEL Py, Py, P§ U KOOPJIUHATEI T, ¢, 0.

p2
a1 :%(PTQ +rzcos26‘)_f(r)_¢r(20)
Pz
ap = Pj + 55 — 20(0)
a3 = PLP

ﬂlz—t+f%dT
:2r2fpdrf’fpd0
Bs ==+ [ soniprdo

Taxum o6pa3oM, nepsas mojoBuHa ypasreruii (1), To ects, cucrema (3), cBegena kK kpaaparypam. Haii-
JIEHHOE PeIleHHe Pa3penIuMO OTHOCHTEILHO POU3BOIBHBIX IIOCTOAHHBIX. 1109TOMY MOXKHO HPUMEHHUTH CJIELYTO-
nryto Teopemy Hagedorn’a [5,6,7] ajist onpenesienns cocrapisiionux 6asuc-sekTopa (MuoxkuTeseil Jlarpanxa).

4. Or[pe;[e.neHI/Ie COCTABJIAIOIIINX 6aBI/IC-BeKTOpa.

IIycTs mana cucrema ypaBHeHUN

i = fi (X1, 02, .., 2, t)

of; )
Za%/\ (t=1,...,n)

Ipeanonoxum, uto mis cucrembl (7) HalieHO pelnieHue
x; =2 (e1, .. en,t) (i=1,...,n)
Pa3penmMoe OTHOCHTEILHO MOCTOSHHBIX C;
ci=c¢(z1,...,xn,t) (i=1,...,n)

Torna perenne cucreMsl (8) GyIeT ONPeEIATHCsST COOTHOIIEHUSIMU

dc
Za;zb], (t=1,...,n)

rzie ¢;,b; - Mpon3BOIBHBIE TOCTOAHHBIE.

IIpumenum ykazannbiit metos K yaactkam HT B rpaBuranmonnom mosie lapdunkens. Obmiee pernenne
cucreMbl (3) COAEPXKUT IECTh IPOU3BOJIBHBIX OCTOSHHBIX: (1, Ao, 3, 31, B2, B3, KOTODPbIE OYAyT B JaiabHeineM
COOTBETCTBOBATL ODO3HAUEHUSAM C1,Co,C3,C4,C5,Cg COOTBETCTBEHHO. [l OmMpeesieHnst COCTABIISIONINX Oa3mc-
BekTopa A(A1, A2, A3) Bocnosbsyemcs: popmysmamu (9):
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6
8@

A = —
g Oqk

i=1

bi, (k=1,2,3),

r7e ¢;, b; — MIPOM3BOJIbHBIE IOCTOSTHHBIE, 1 = T, g2 = 0, g3 = (¢ B chepUIECKNX KOODINHATAX.

N 8&1 6042 8043 8ﬂ1 662 853

M it Tyt gy e g et Ty et e
_ (90(1 80[2 80&3 861 862 8,63 .
)\2 - Wbl + Wb2 + WbS + szl + WbS + Wbﬁv

Oay Oap Oas 0p1 0B 0833
A3 = —=b —=b —b3+ —=b —=b —bg.
3 9 1+8<p 2+8<p 3+3g0 4+8<p 5+6<p6

IIOJIyIUM

A1:(1(8133_2;93)_af<r>+2<I><0))bl+b4+b5< 1 _1 1dr>;

2% or 73 or r3 N 2r2p, RE Dy
OP, by b OP, 1
N = 2@ by ) +be ([ £2 gy —1);
7 op (260329 T s b 3) e ( dp cos?0Py © > ’
by [ 1 (’9P02 P2sinf opP2 P2sinf 9P 1 P
A3=— | —= —2-? 0 _og-® — — | by — —b —=P .
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BosHuKaeT BOIpoc: Kakasi 9acTh BTOPOii 30HAJIBHON MAPMOHUKH HE BXOAUT B noTeHnuas lapdunkens. B
[2] mpuBOAMTCS 3HAYEHME STOH YACTH IaMIUIBTOHHAHA, KOTOpas IPHHSATa 3a BO3MyIIaomnyo ¢yHkmo. Torma
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Haitnenusie \; mpeactaBisgioT coboil cocTaBsionine 0a3uc-BeKTOPA JJIst JABUKEHUST TOUKU Ha, yIACTKAX
HYJIEBOIl TSIl'M B TPaBUTAIMOHHOM Tiojie l'apduHKessi. T KOMIIOHEHTHI MOT'YT OBITH HMCIIOJIb30BAHBI B Kave-
CTBE HAYAJbHBIX YCJIOBUI JJIsi aHAJTUTUYIECKOIO perrneHust quddepeHna bHbIX yPABHEHW JIBUKEHUsT B II0JI€
Tapdunkess Ha AKTUBHBIX ydacTKax [8].

5.3akJrrouenue.

Taxkum 06pa3oM, Jijisi BAPUALUOHHON 381891 O JBUKEHUU TOUYKHU (IEHTP MACC KOCMUIECKOIO allapara) B
TPABUTAIIMOHHOM I10JI€ OCECUMMETPUYIHOM chepOnIAIbHON IJIAHETHI, IPEICTABIEHHOM roTeHInaaoM ['apdurke-
Jisl, Haf{JIEHbI COCTABJIAIONTE HA3NC-BEKTOPA JIJIsi YIACTKOB HYJIEBOH Trd. 3ajada WHTEIPUPOBAHUS yPABHEHUN
J71s1 6a3uc-BEKTOpa 3aMeHeHa 0oJiee TTPOCTOM 3a/1a1el HaX0XK/IeHUsT YaCTHBIX TTPOM3BO/IHBIX OT M3BECTHBIX (DYHK-
nuii. Pe3ysbraThl MOryT OBITH HCIIOJIB30BAHBI IIPU OINPEJIEJICHIN HAIIPABJIEHIS PEAKTUBHON CHJIBI HA aKTUBHBIX
y4acTKaX, C KOTOPBIMU COEJIMHSAIOTCH ACCUBHBIE YYACTKMU.
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REZYUME

Ushbu maqolada Garfinkel tortishish maydonida nuqtaning (kosmik kemaning massa markazi)
harakatini optimallashtirish muammosiga analitik yechimlarni topish muammosi ko‘rib chiqgiladi.
Bir traektoriya segmentidan ikkinchisiga o‘tish nuqtalarida asos vektor komponentlarining (reaktiv
kuch komponenti) uzluksizligi tufayli faol segmentlarga ulanadigan nol turtki segmentlari uchun
asos vektor komponentlarini bilish zarur. Ushbu maqolada Garfinkel tortishish maydonida nol turtki
segmentlari uchun asos vektor komponentlari aniglanadi. Nol turtki segmentlari uchun variatsion
muammoning yechimi Hamilton-Jacobi tenglamasini to‘liq integrallash orqali aniglanadi.

Kalit so‘zlar: Lauden variatsion masalasi, Gamilton tizimi, reaktiv kuch, Gamilton-Yakobi
tenglamasi, to‘liq integral.

RESUME

This article examines the problem of finding analytical solutions to the problem of optimizing the
motion of a point (the center of mass of a spacecraft) in a Garfinkel gravitational field. Due to
the continuity of the basis vector components (the reactive force component) at the transition
points from one trajectory segment to another, it is necessary to know the basis vector components
for the zero-thrust segments connecting to the active segments. This article determines the basis

207



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2 /2.1, 2025, 202-208

vector components for zero-thrust segments in a Garfinkel gravitational field. The solution to the

variational problem for zero-thrust segments is determined by completely integrating the Hamilton-
Jacobi equation.

Key words: Lauden variational problem, Hamiltonian system, reactive force, Hamilton-Jacobi
equation, complete integral.
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®OPMUPOBAHUE IMPEIEIEHTHON BA3BI HA OCHOBE KOMITAKTHOCTU
KJIACCOB 1N CTPYKTYPHOI'O AHAJIN3A JAHHBIX

TyPCYHMYPOTOB JIABPBEK XVIAEPOBUY
TAMKEHTCKUN YHUBEPCUTET MHO®OPMAIIMOHHBIX TEXHOJIOTUN UMEHU MVYXAMMAIA AJI-XOPE3MU
mr.davrbek@mail.ru
XoaxKAEB IIIVKYPXKOH AXMEJOBUY
HAIIMOHA/ILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIYIBEKA, TAIIKEHT
shukurxujayevl@gmail.com

PE3IOME

B crarbe paccmaTpuBaercs 3a1a9a ONTHMU3AIAN 00y YaloIieil BBIOOPKU Ha OCHOBE aHAJIN3a KOMITAKT-
HOCTH KJ1accoB. [lokazaHo, 910 HaJIMIMe MIyMOBBIX U HETUIIMIHBIX OObEKTOB IIPUBOJIAT K HAPYIIIEHIIO
BHYTPEHHEH CTPYKTYPHI JAHHBIX U CHI2KAET 00ODIMIAIONIYIO0 CIIOCOOHOCTh METPUIECKUX AJTOPUTMOB
pacno3naBanus. B kKadecTBe MHCTPYMEHTa aHAJIN3A UCIIOIB3YeTCs MEPA KOMIIAKTHOCTHU, ITO3BOJIAIO-
a1l KOJTMYECTBEHHO OIEHUTH CTEIeHb OJIHOPOHOCTH O0bEKTOB KJIACCA U BBIABUTL JIEMEHTHI, HCKa-
JKaloIue CTPYKTYPY MPU3HAKOBOTO POCTPAHCTBA. [Ipe/yIo2KeHHbBIH 1TOIX0] OCHOBAH HA BBISBJICHUN
ITOJIMHOXKECTB O0'bEKTOB, YXY/IIAIOIINX KOMIIAKTHOCTb BBIOOPKM, U UX IMOCJIEIYIONIEM UCKIIOYEHIN
JInb0O KOPPEKTUpoBKe. MeTonuka mpoBepeHa Ha Pa3InIHbIX HAOOPAX JTAHHBIX U IIPOJIEMOHCTPUPOBA-
Jia CIIOCOOHOCTD IMOBBIMIATH TOYHOCTD KJIACCHMUKAINN 0€3 MCIIOIH30BAHUS TPATUIIMOHHBIX METOI0B
Kpocc-Baiuganuu. [losryueHHbIe Pe3ysIbTaThl IOATBEPKIAIOT, YTO OINTUMUBAINS 00y YaIOIIell BHIOOD-
KM Ha OCHOBE aHAJN3a KOMITAKTHOCTHU SBJIAETCA dDMEKTUBHBIM CPEJICTBOM TOBBIIICHUS YCTOWIMBO-
CTH U KavecTBa PabOThI MOJIEJIell MAITUHHOTO OOy YeHUSs.

Karouesnvie caosa:6a3a MpereeHToB, KOMIIAKTHOCTD, IIIyMOBBIE OObEKTHI, PEryJIsIPU3AIINsT, METPH-
YeCKUIl aJIrTOPUTMBIL.

1. Beeaenne. ITocTarnoBka 3aga4u m OCHOBHbBIE Pe3yJIbTaThI

®PopmupoBaHue 6a3bI MPEEIEHTOB MIPEICTABIET cODOM Mporiece 0TO0pa, (PUIBTPAIINN U YCTPAHEHUS TEX
JAHHBIX 00ydYaloreil BEIOOPKU, KOTOPbIe MOTYT HEXKEJIATEILHO BIUITEH HA MOCTPOCHUE MOIEIN MAIIMHHOTO 00Yy-
qeHust. Takas npoleaypa BKIOYAET UCKII0YEHEe O0BEKTOB 110 PA3JIMYHBIM IIPUYUHAM: OT HAJUYUS OIIMOOK M3-
MEpEHUl UK Pa3sMeTKH JI0 3TUYECKUX U IIPABOBbIX OIPAHUYEHUN, CBA3aHHBIX C UCIIOJIb30BAHUEM OIIPEIeJIEHHBIX
npu3HakoB. B pamkax dopMmMupoBaHusi 6a3bl MPENEIEHTOB YIAJSIOTCS HEPEJeBAHTHBIE, OMIMOOYHbIE WJIU IILy-
MOBBI€ HaOJIIOJIEHNUs], IOCKOJIbKY OHHU HMCKAXKAIOT CTPYKTYPY JAHHBIX, YBEJUYUBAKOT UUCJIO BBHIOPOCOB U MOLYT
MIPUBOAUTH K HEKOPPEKTHBIM peIteHnsiM Mojean. VICKIodenne mogo0HbIX 00HEKTOB CIIOCOOCTBYET MOBLIIIIEHUIO
OJIHOPOJIHOCTH KJIACCOB, YMEHBIIEHUIO BJUSHUAS AaHOMAJIMHA 1, KaK CJAeICTBHE, YIydlIeHUIO0 KadecTBa 0000IIeHNs.
Kpome Toro, ycrpasesue JTaHHBIX, COAEPKAIINX IIPEAB3SITHIE WM JIUCKPUMUHUPYONINE XaPaKTEPUCTUKH, T03BO-
JIsIeT CHU3UTh BEPOSITHOCTH (POPMUPOBAHMS CMEIIEHHBIX 3aKOHOMEPHOCTE U JiejiaeT MoJIe/Ib 6oJjiee yCTONInBOIt
U CIIPaBe JINBOI 110 OTHOIIEHUIO K PA3JIMIHbIM rpyIiamM 00bekToB. [Iporeaypst (hopMmupoBanus u puiibrpaun
6a3bl TMPEIEIEHTOB PACCMATPUBAIOTCS KAK BAYKHBIN 9TAIl MOBBIIIEHUS Ka9eCcTBa U 3(PHEKTUBHOCTHA AJTOPUTMOB
MamuHHOro ooydyenus. OCHOBHAS 1IeJIb TAKUX OIEPALNii 3aK/II09aeTCsd B YCUIEHIN 0000IIAIONINX CBOWCTB MOJIe-
JIeil, & TaK»Ke B YMEHbIIIEHUN UX KOMOMHATOPHOMN CJI03KHOCTH. JIoCTHIraeTcst 9T0, KaK IIPABUIIO, Iy TEM BbISIBJIEHUS
" UCKJ/IFOYEHUd HETUIINYHbBIX UJIN IIIyl\lOBbIX Ha6.HIO)IeHI/II71 %8 IIpI/ISHaKOB Ha CTaJuu IIOJAI'OTOBKN O6y‘{aIOHLI/IX JdaH-
ubix[1]. B crareit npeiokeno nsydars nporece GopMUpoBaHust 6a3bl IPEIEJIEHTOB sl METPUIECKUX METOJIOB
pacIo3HaBaHus MOCPEJICTBOM aHaIN3a KOMIIAKTHOCTH KJIACCOB M BBIOOPKHU B IEJIOM. TaKoil MOIXO0J MO3BOJISIET
KOJIMIECTBEHHO OIEHUTh CTEIeHb BHYTPEHHEl COTIacOBAHHOCTU OOBEKTOB 1 BBIIBUTH CTPYKTYPHI, HAPYIIAEMbIE
[IPUCYTCTBUEM IIyMOBBIX JAHHBIX. B mcciieoBannn npomeaypa (popMUpoBaHus BHIOOPKH BKJIIOYA/Ia KOPPEKTH-
POBKY JIMarHOCTUYECKUX OOBEKTOB Ha OCHOBE KJIMHUYeCKOi mHpopmaiuu. 110/ KOPPEeKTUPOBKOI TOHIMAJIOCH
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Jmb0 yJIaJieHue OMMMOOYHBIX NN COMHUTEIBHBIX 00'bEKTOB, JINOO UCIPABIEHNE HETOYHOCTEN B I[EJIEBOM ITPU3HA~
kKe. MerouKa OCHOBBIBaJIaCh HA CPABHEHWH YPOBHSI Pa3/eJIMMOCTU KJIACCOB JIO U IIOCJI€ KOPPEKTUPOBKU, TIIE
HCIIOJIB30BaJIaCh (DYHKINS KOHKYPEHTHOrO cXoCcTBa. [Ipu 3TOM 0TMeda0ch, 910 upe3aMepHast (PUIbTPAIds ILy-
MOBBIX O0'bEKTOB MOXKET IMPUBECTH K CHUYKEHUIO PEITPE3EHTATUBHOCTH JIAHHBIX. B cTareil Tak»Ke MOI6pKUBAETCs,
YTO MPUCYTCTBUE IIYMOBBIX 3JIEMEHTOB CIIOCOOHO CYIIECTBEHHO U3MEHSITH CTPYKTYPY B3aUMOCBsI3ell B 00yUaio-
ITeit BBIOOPKE IPY UCIOJIB30BAHIE METPUUIECKHUX aJropuTMoB. Ocoboe BHUMAHUE YIEJSIeTCS TOMY, 9TO Iy MOBBIE
00'bEKTHI, COIVIACHO BHIOPAHHOI METPHKE, 3a4aCTYIO SIBJISIIOTCS IOJMHOXKECTBOM I'DAHWYHBIX HaOJIIOJIEHUIN, ITO
JiesiaeT uX 0COOEHHO 3HAYNMBIMU IIPU aHAJM3€ CTPYKTYPhI JaHHBIX. J[JIsT OIEHKH KOMIIAKTHOCTH OBLIM ITPEIIJIO-
2KEHBI CJIeYIONIre IBa moKasaress: [lokasaTesb, OTpaKarIuil CTPYKTYPY B3aUMOCBsi3eil MeK Ty OObeKTaMu B
unrepsaJie (0;1]. Jomycrumble 3HaU€HMsT TOrO NapaMerpa OUPeIesIATCst KOJIUIECTBOM IPYIII BHYTPU KAZKI0I0
KJIACCA U UX INCJIEHHOCTHIO. MeTpuka 0boOIaoIei CltoCOOHOCTH aITOPUTMOB PACITO3HABAHS, PACCINTHIBAEMA
KaK CpeJIHee KOJMIEeCTBO OObEKTOB BHIGOPKH (MCKIIIOUAsl IIyMOBbIE), KOTOPBIE MIPUTATHBAIOTCS OJHUM JTAJIOH-
HBIM OO'bEKTOM MUHUMAJBLHOI'O HMOKPLITHs. JlaHHBI MOKa3aTe/ b UCIOJIb3yeTCsl KAK aJIbTePHATUBHBIIN ITOIX0/T K
KPOCC-BaJIHIAIIHN.
OmnpeneneHne 06bLEKTOB, 00JIAAIOIINX IIIYMOBBIMI XaPAKTEPUCTUKAMU

[TymoBBIE OOBEKTHI MIPEICTABISIOT COOON 3IEMEHTHI 00YUAIOIIeH BHIOOPKH, KOTOPhIE UCKAXKAIOT THIINY-
HYIO CTPYKTYDPY JAHHBIX BCJIEJICTBHE HAJIMYUs OIMMOOK, AHOMAJUIl WM DPEJKUX CUTyalluil, He OTPaKalOIINX
obre 3aKOHOMepHOCTHU. Takne 00bEeKThI MOTYT OBITH PE3YILTATOM HEKOPPEKTHON PAa3METKH, M3MEPUTEIbHBIX
[OTPEITHOCTEH, BEIOPOCOB UJIH CJIy9aifiHbIX (DAKTOPOB, HE MMEIONUX CHCTEMHO pupoisl. [Ipucyrcreue nyMos B
JIAHHBIX HAPYIIAeT BHYTPEHHIOIO COIVIACOBAHHOCTD KJIACCOB, CHUYKAET TOTHOCTH MO/IeJIel, TIOBBIMIAeT UX mepeody-
9aeMOCTh U ocaabiisier crnocobHOCTh K 0606menno[9]. TloaToMy BbIsiBIEHNE U YCTPAHEHUE IIYMOBBIX OOBEKTOB
SABJISIETCS BaKHBIM STAIIOM IIPEIBAPUTEILHON 00pabOTKY JTAHHBIX W ITOCTPOEHUS YCTOWYIUBLIX aJTOPUTMOB Ma-
muHHOTO 00y ueHusi. OHAKO B OOJIBIIMHCTBE CJIyYa€B IIyMbI HE TOJJIAI0TCS HEITOCPEICTBEHHOMY OOHADYKEHUIO,
ITOCKOJIBKY OHU MOTYT BHEIIHE OBITh CXOXKUMHU C BAJMIHBIMU OOBHEKTAME, HO IIPU 3TOM Pa3PYIIATDH JIOKAJIbHDBIE
1 TyI00AJIbHBIE CTATHCTHYECKHE 3aKOHOMEPHOCTH BHYTPH KJIAcCOB. DPDEKTUBHBIE METOIbI OOPHOLI € IIyMOM
JIOJKHBI YIUTHIBATh HE TOJIBKO OTKJIOHEHUS OTJ/IEJIbHBIX OObEKTOB, HO U CTPYKTYPHBIE XapaKTEPUCTHKH BCETO
KJIacca, TaKue KakK KOMIIAKTHOCTD, IJIOTHOCTh M TONOJIOIHsl JAHHBIX. Perienne o BKIOYeHNN (HE BKJIIOYCHUN )
PAHUYHOIO 0O'bEKTA B MHOXKECTBO IIIyMOBBIX IIPUHUMAETCs HA OCHOBE aHaju3a 3Toro oraomenusd[9]. g ana-
Jm3a TpebyeTcs OIPeIeINTh IIOPOroBOe 3HAYEHNE A U YCJIOBHs, HA OCHOBE KOTODBIX HPUHUMAaeTCs perienne|l].

Ha muoxectBe rpanudnbix 06bektoB B = B(Ey, p) cdopmupyem muoxkecrso nap BG = {(S;, 55)}, S €
KN B,i > 2, Sj e CK:nN B,p(SZ‘, SJ) = minSUeBmCKt p(S“ Sv)

Hna (S;,5;) € BG sBBeméMm obosmawenust r(S;) = p(S5;,9;),d(S:)) = p(S;,S), tme S, =
argming, e gk, \{s:} P(Sj, Sa). Amanormano ana S; € CKy N B onpeenim

(i) = p(Sk, S5) = ¢ min  p(Sv,55),  d(S;) = p(S;,5,), e Sy = arg saeEOﬁnclﬁt\{sj}p(S’“S")'
Ornorenne (S)
r{o;
A A<1
(S <A0< AL

paccMaTpuBaeTcsl Kak HeobXo/ImMoe ycaoBrue otHecenust oobekra S; € Ky N B K MHOXKeCTBY HIyMoBbIX. JlocTa-
TOYHBIM YCJIOBUEM SIBJISETCSI

~(S)) "(S))
sy <N " as))

>\ (1)

Buauenue \, B kauecTBe napameTpa (Koab@UIneHTa) peryssipu3aropa, IPUMEHsIeTCsT JIJIs TIOUCKa SKCTPe-
MaJIbHOTO 3HAYEHUsI MePhl KOMIIAKTHOCTH IIpH (PUKCUPOBAHHBIX (hakTopax. Pemrenue 06 achdexTuBHOCTH BHIOOPA
dakTopos (Mepa paccTosHUa MeXKy 00bEKTaMU, CIOCO0 HOPMUPOBAHMUsI, COCTAB HAOOPA IPU3HAKOB U T. 1), U3-
MEHSIIOIUX CTPYKTYPY OTHOIIEHUII 00bEKTOB, KaK IIPABUJIO, TPUHUMAETCS 10 PE3YIbTATAM BBITUCIUTEIHHOTO
SKCIIEPUMEHTA.

Bruraucienune Mepbl KOMIIAKTHOCTHA

KommakTHOCTh B 33/ladaX paclo3HaBaHUs 0OPA30B OTParXKaeT CTEIEeHb OJHOPOJHOCTH U CTPYIITHPOBAH-
HOCTH OOBEKTOB OJHOIO KJIACCA B IMPOCTPAHCTBE MTPU3HAKOB. BBICOKasi KOMIAKTHOCTH O3HAYAET, 9TO OOBEKTHI
OJIHOTO KJIACCA PACIIOJIOKEHBI BIM3KO IPYT K Apyry[4], 9ro cmocoberByer 6ostee TOUHOMY MOCTPOEHUIO MDAHMUIL
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MeXKIy KjaaccaMu. KOMIIAKTHOCTD CJIy?KUT BarKHBIM UHIMKATOPOM KadecTBa O0YdaolIeil BBIOOPKU U SIBJISETCS
oHUM 13 (PaKTOPOB, ONpPEICISIONNX CIIOCOOHOCTh Mofean K 06o6menno. OleHKa KOMIIAKTHOCTH MO3BOJISET
BBISIBJIATH CTPYKTYPHBIE HAPYIEHHs!, BBI3BAHHBIC, B TOM YHUCJIE, IIYMOBLIMHA OOLEKTaMU.

PaccMaTpuBaercs 3a1a4ua paciosHaBaHus B CTaHAAPTHOM nocTanoBKe. CUnTaeTcs, 9To 3a/1aH0 MHOXKECTBO
Ey = {51, ..., S} o0bekToB, pasnenéuaunoe ua (I > 2) Hemepecekaomuxcs mojMuoxects (kmaccos) K, ..., K,
Ey = Ué:l K;. Ouuncanne 06beKTOB IPOU3BOAUTCS € IIOMOINBIO HAGOpa U3 N PA3HOTHUIIHBIX [IPU3HAKOB X (n) =
(1, ..oy Tp), €& W3 KOTOPBIX M3MEPSIOTCS B MHTEPBAJBHBIX IMKaJdax, (n — &) — B HoMuHaIbHOM. Ha MHOMXKecTBe
o6bekToB Ey 3a7aHa MeTpuka p(x, y).

O6oznaunm uepes L(Ey, p) — IOAMHOXKECTBO TPAHUIHBIX OOBEKTOB KJIACCOB, OlpejeiisieMoe Ha FEy 110
merpuke p(z,y). O6bexkTer S;,5; € K;,t = 1,...,1 cuuraiorcs CBa3aHHBIME MeXKIy coboit (S; <+ S;), ecan
{S§ € L(Ey,p) | p(Si,Sj) < ri,Hp(S:,S;) < rj} # 0, vue r;(r;) — paccrosuue no Gukaiimero or S;(S;)
obbekTa u3 Ci, Cx = FEy \ K; o merpuke p(z,y).

Muoxectso G, = {Sy,, ..., S}, ¢ > 2,G, C K;,v < |K;| npencrasisger obnacts (Ipymiry) co CBs3aH-
HbIME OOBbeKTaMu B Kinacce K, ecmm gy moObix Sy, , Sy, € G, cymectsyer myTh Sy, <+ Sy, > ... < Sy,
O6bekr S; € K;,t = 1,...,] NIpUHAJIEXKUT TPYIIE U3 OJHOTO SJIEMEHTA W CUUTAETCH HECBA3AHHBIM, €CJIN He
cymecTByer Iyt S; <+ S; Hu gy oxHoro obwexra S; # S; n S; € K;. Tpebyerca onpeienuTs MIHIMAJILHOE
YUCJIO HEMEPECEeKAIOUXC s IPYI U3 CBA3AHHBIX U HECBABAHHBIX OOBEKTOB O KazkaoMmy Kiaaccy Kt =1, ..., 1.

IIpu onpejesleHnn MEHAMAJILHOTO YUC/IA TPYII U3 CBA3AHHBIX U HECBA3AHHBIX 00HEKTOB KJIACCOB UCIIOJb-
syercs L(Ep,,) — MOAMHOKECTBO IPAHUIHBIX 00bEKTOB (060I0Ka) KIACCOB 0 3aJaHHON METPHUKE [ U OMUCAHIE
O00BEKTOB B HOBOM ITPOCTPAHCTBE M3 OMHAPHBIX NPU3HAKOB. IS BBIIETEHUST O0OIOUKN KJIACCOB I KAZKJIOTO
S; € K;, t =1,...,1 crpourca ynopsizouentas 1o p(x,y) mocjiei0BaTebHOCTD

S’io’ S’h? R Sim_17 S’L = S’L (2)

Iycrs S;p € CK, 6mmekaitmmit k S; 06bekT u3 (1) He Bxogamuit B knace Ky.

O6o3naunm wepe3 O(S;) oxpectHOCTb paguyca 17, = p(S;, Sig) ¢ menTpoM B S;, BKIIOYAIONIYIO BCe 00Db-
eKTBI, Jisi KOTopbixX p(S;, Sir) < 1,7 = 1,...,8 — 1. B O(S;) Bcerma cymiecrByer HEILyCTOE IOJAMHOXKECTBO
00beKTOB[7]

A = {Sia € O(S; Sig, Sia) = i Sig, Sir)}- 3
{ (5) | p(Sip, Sia) =  min  p(Sip, Sir)} (3)
ITo (3) MpUHATIEIKHOCTH OOLEKTOB K 000/I0UKE KJIACCOB OMPeIeIAeTCsT Kak

m

L(Eo,p) = | A

i=1

MmuozxecTBo 06bekT0B 06osoukn u3 K; N L(Ey, p) o6o3HaduM Kak

Li(Eo,p) ={S*,...,8"}, 7 > 1.

Suaverre T = 1 OJHO3HAYHO OIIPEJIEJIsIeT BXOXKIEHNE BCEX OOBEKTOB KJjacca B OJHY rpymiy. Ilpu m > 2
npeobpasyeM onucanue Kaxkaoro oovekra S; € Ki B S; = (Yi1, - - -, Yix), TIE

17 p(S“SJ) <y

_ (4)
O7 p(Si,Sj) Z Ti.

Yij =

Iycrs mo (4) mosydeno onucanre 00beKTOB Kiacca Ky B HoBoM (GMHAPHOM) IPU3HAKOBOM IIPOCTPAHCTBE,
Q = K}, 0 — ancyo memepeceKaomuxesa MexKay coboif Tpynn 06bekTos, Sy, V Sy, S, A Sy — COOTBETCTBEHHO OTe-
paluy JU3bIOHKINKE U KOHBIOHKIUN 110 OMHAPHBIM IIpU3HaKaM 00beKToB S, Sy € K. llomarosoe Bbino/nenue
aJiropuTMa, pasbuenust oobekToB K, Ha Herepecekarommecs: rpymisl Gy, ..., Gy Taxoro.

e ITlar 1: 6 =0;
e ITTar 2: Boyieaurs obbwexkr S € Q, 0 =60+1, Z =5, Gy = 0;
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e ITTar 3: Bouosuars Beibop S € Qu SAZ =true, Q=Q\ S, Go =Gy US, Z=2V S
noka {S € Q| S A Z = true} # 0

e ITlar 4: Eciu Q # (), To maTu 2;

e ITlar 5: Kouerm,

PesynbraThl pazOueHns 0ObEKTOB KJIACCOB Ha HEIIEPECEKAIOMIUEeCs TPYIIbl aJTOPUTMOM IPEIJIaraeTcs
OLIEHUBATH € MOMOIIBIO CIIEIUAILHBIX MEP KOMIAKTHOCTH.
I ,
IMycrs npencrasuresn kiaacca K; N (Ep \ Uj:1 Dj), i = 1,...,] pa3geneHs Ha MUHAMAJIbHOE THCIIO fi
_ C_ p _
HellepeceKaloNuxes rpymt 00bexTos Git, ..., Giy 10 aroputvy us 1. 2, p = [Gyjl, j =1, p, 305 myj = my.
Jlis anamsa pe3ysbTaToB pasbueHus Kiacca K; Ha HEIEpeceKaromumecs TPYIIIBI ¢ yIeTOM UX YUC/Ia, MPEICTa-
BUTEJILHOCTH (110 KOJIMYECTBY OOBEKTOB) U yJAJICHUsI IIYMOBBIX OOBEKTOB IPEIJIaraeTcs UCHOIb30BATh TAKYIO
CTPYKTYPHYIO XapaKTEPUCTUKY KaK OIEHKa KOMIIAKTHOCTH]|3]

w

2
=1 15
@i = sz d (5>

OueBuIHO, YTO MHOXKECTBO JIOIyCTUMbIX 3HadeHuil ©; 1o (5) jexkar B uHTEpBaJIE [mi? 1}. Ecmu rpynna

G;1 comepxkut Bee 06berThl 13 K; N (Ey\ Uézl D;), o ©; = 1. YcpenuenHast olleHKa KOMIAKTHOCTH 00y Tafomeit
|Eo\Ui_,

D,
BLI60pKI/I B II€JIOM ITPOU3BOAUTCHA C yI€TOM J10JIN ( p il ) UCKJIIOYCHHBIX U3 PaCCMOTPEHUA 11O (1) NIYyMOBBIX

00BLEKTOB KaK

l |Bo\Ui_, i
R{Eo\|JDip|=
i=1

1=

S mi® i mi6;
m ’EO \ Ulizl D; m

(6)

Suauenus (5) u (6) KOCBEHHO CBUETEJILCTBYIOT 06 OHOPOAHOCTH (HEOZHOPOLHOCTH) CTPYKTYPHI
obyduaroriieii BbIOOpKHU. HeM 6Jin>ke CXOJICTBO I'PYIII IO YHUCJIY BXOJISINNX B HUX O0BEKTOB KJacca,
Tem 6imke sHadenme (5) — -, a (6) — . Ipm R(Ep \ Uﬁzl D;,p) = 1 uncso rpynn o6beKTOB Ha

l o
EO \l . D PaBHO YHUCJ/Iy KJIAaCCOB. MHuo>kecTBO 3HaYEHU MO (5) n (6) COOTBETCTBEHHO B 71A 1
=1 m;’

u [%,1] npeajiaraeTcsd pPacCMaTPUBATh B KadeCTBE Mepbl KOMIIAKTHOCTHA KJIACCOB U BBIOOPKU B
esioM. 3HaUYEeHUS Mep KOMIIAKTHOCTUA B YKA3aHHBIX BbIIIE MHTEPBAJIAX MOXKHO HCMOJIb30BaTh IS
ODHapy2KeHNsI CKPBITHIX 3aKOHOMEPHOCTEI mo 0a3aM JaHHBIX.

ITocranoBka 3aga4n

PacemorpuM 3a1a49y paciiosHaBaHus B CTAHJIAPTHON mocTaHoBKe. ByjieM cauTaTh, 4To 33/1aH0 MHOXKECTBO
u3 m obbekToB Ey = {51, ..., S}, pasnenénnoe Ha | Hemepecekaromuxcst KaaccoB K, ..., K. Onucanne o6bek-
TOB [POU3BOAUTCS C IIOMOIIBIO 7 PA3HOTUIHBIX Hpu3HakoB X (n) = (1, ...,Ty), £ U3 KOTOPHIX U3MEPSIOTCI B
UHTEPBaJIbHBIX IIKaJaX, n — & — B HoMuHasbHON. Ha Muoxkecrse o6bekToB Ey 3aana Merpuka p(z,y).

Bpeném 0b03HaUEHNST MHOYXKECTB:

B(E,p) = {S ekl ’ p(S;,S) = p(Si, Sd)} — I'PAHUYHBIX OOBEKTOB KJIACCOB;

min
S;€K;,S4€CK;

T C B(Ey, p) — myMoBbIX 00bEKTOB, onpejenseMbix Ha Ey no merpuke p(z,y) E = Eg\ T.
O6bekTsl S5, 55 € Ky, t =1,...,1 cauTaloTcs CBA3aHHBIME MKy coboit S; <+ S, ecin

{SeB(E,p)|p(S,8Si) <rimp(S,S;) <rj} #0 (7)

rae r;(r;) — paccrosiHue 1m0 OsmKaiimero ot S;(S;) 00beKTa U3 JOMOTHEHNS
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CK(CK; = FE\ K;) x K; no merpuke p(z,y)[8].

MuoxkectBO Gty = {Syys s Su. )y ¢ = 2,Gyy C Kpyv < | K| npencrasisier 061acTh (IPYyMIy) O CBA3aH-
HbIME OObeKTaMu B Kjacce Ky, ecin jyist MOObIX Sy, Sy, € Gy CymecTByer myTh Sy, <+ Sy, <+ ... <> Sy
Oo6berT S; € Kyt = 1,...,] IpUHAIJIEKUT IPYIIE U3 OJHOTO 3JIEMEHTA U CUUTACTCA HECBIB3AHHBIM, €CJIH HE
cymecrByer mytu S; <+ S; HE gyig onHoro obobekra S; # S; u S; € K. Cunraercs, 4ro Ha MHOXkecTBe E omnpe-
JleJIeH KaIHBIH aJropuT™M (POPMUPOBAHMS MHOXKECTBA TAJOHOB MUHUMAJILHOIO IOKPLITUS Fo, 1 BHIYUCIEHUS
MepBl KOMIAKTHOCTH|1]

w(E,p) = |E|/|Eo| (8)
Bummzocts k aranony S € E,, N K; BuIMUCAUM 110 JIOKaJIbHON Merpuke py(z,y) = asp(z,y), rue as —

apamerp, olpejessieMblii o rpanndibiM obbekraM u3 E N CKy. Mepa komnakraocTu (8) paccMarpuBaercs
KaK CpejiHee YncJI0 OObeKTOB 13 F HpPUTATUBAETCSI OJHUM STAJOHOM MUHUMAJIBHOrO TOKPbITHs [10] 13 Eup.

Tpebyercst onpeaeuTh MOIITHOCTH MHOXKECTBA IIIYMOBBIX 00BbEeKTOB 1 1 €r0 COCTaB, P KOTOPOM

w(E,p) = zoax w(Eo \ T, p). 9)

IIporiecc dpopmupoBanms MUHIMAJIBLHOTO TMOKPBITHS 00YyYaloIieil BRIOOPKU ITAJTOHAMHU PEATN3yeTCs MyTEM IT0-
CJIEJIOBATEJIBHOIO BBIITOJTHEHUS CJIEIYIOIMINX ITAIOB:

® BbIJ[EJIEHUE MHOYKECTBA I'PAHUYHBIX 00beKTOB KiaccoB B(Ey, p) mo 3agannoil Mmerpuke p(x,y);
® IIOKCK ¥ yjaJjieHue yMoBbix 00bekToB T C B(FEy, p) U3 MHOXKECTBA IPAHUYHBIX;

e pasbuenue 0ObEKTOB KJIACCOB Ha HEMEPECEKAIONIMECS IPYIIIBI IO OTHOIIEHUIO CBA3aHHOCTHU MO MHOYKECTBY
rpannunbix Ha E = FEo \ T}

dbopMupoBaHTe MUHAMAJIBHOTO OKPBITHAS U3 STAJOHOB 110 KAXKIOH TPYIIIE.

IIpentoxkennast mporieypa onpeaeeHus MUHAMAJIBHOTO TIOKPBITUS STAJJOHAMU W BBIYUC/ICHUS 3HAYCHUS MePhI
KOMIAKTHOCTH (9) Ciry2KaT OCHOBOM jijig GOPMUPOBaHUs MHOr0O6pa3us 6a3 MPeneeHTOB JJisl Peau3aluu aJlro-
PUTMOB MeTO/a «OIIKAMNIINiT coceTy. YCIOBUS N3MEHEHUsI CTPYKTYPBI OTHOIIIEHUN MEXK Ty 0ObEeKTaMI BHIOODKH,
YACTh U3 KOTOPBIX MEePEeINCsIeHa B 6], OObICHIIOT IPUYNHY TOSIBJIEHHsI TAKOTO MHOTOOODA3HSI.

OnTUMHU3AIHOHHBII TIOX0/] K 0TOOPY 9TAJOHOB, OCHOBAHHBIN HA MUHAMU3AIUU (DyHKIIMOHATIA [TOJHOTO
CKOJIB3SIIEr0 KOHTPOJIsI, ObLT pacCMOTpeH B uccienoBannu. [Ipu pa3dueHnn BHIOOPDKHM Ha OOYYAIoONyi0 U KOH-
TPOJIBHYIO YaCTH IIPEJII0JIarajoch, YTO B 00e MOABBIOOPKHU HOMALYT OObEKThl U3 MHOYXKeCTBa TaJoHOB. OHaKO
pobJieMa YUCIEHHOTO PEIIeHNsT TAKOM ONMTUMU3AIMOHHON 3a/1a49u JJIsi OOJIBINNX JAHHBIX OCTABAJIACH HEPEIIEeH-
HOIL.

B pmannoit pabore mjisi yMEHBIEHUS BHIYUCIUTEILHOM CJIO2KHOCTH TPOIEILYyPhl 0TOOPA ITAJIOHOB UCIIOJIb-
3yercst mpenobpaborka manabix. OHA BKIIOYaeT B cebsd pa3iesieHre BHIOOPKU HA HEepeCeKAaroNuecs: TPYIIbI
BHYTPH KaxKJ0ro kjacca. lIpemmonaraercs, 9To ¢ yBesmdenneM o0beMa JAHHBIX U yJAJEHUEM BBIOPOCOB M3-
MEHYMBOCTh KOHMUTYPAIMHA BBIOOPKH 10 MHOXKECTBY I'DAHUYIHBIX OOBEKTOB KJIACCOB OyJET YMEHBIIATHCI. DTa
TEHJIEHIIUs] MOXKET ObITh OIleHEeHa, 110 CHUXKEHUIO Pa3bpoca CJIEIYIONUX TapaMeTpPOB:

® UICJ/Ia HElePeCeKAIOIUXCs TPYIIT BHYTPH KJIACCOB, ONPEE/IeMbIX HAa OCHOBE CBI3HOCTH OOBHEKTOB Yepe3
CHCTEMY TIEPECEKAIOIINXCs TUIEPIIAPOB;

® IIPE/ICTABUTEIHFHOCTH TAJOHOB MUHUMAJIBHOTO ITOKPBITUS, BBIMHUCJISEMOTO 10 I'PYIIIIaM 00bEKTOB KJIACCOB
¢ Hecdepuieckoit Konduryparmueit;

® BeJMYMHBI 3a30pa (OTCTYNA) MeXKJy IPeJICTABUTENSIMUA PA3HBIX KJIACCOB.
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BroiBoabl n3 anaim3a 3TUX mapaMeTpPOB BOCTPEOOBAHDI MPHU OIEHKE 00OOIIAIONIeH CIIOCOOHOCTH aJTOPHUT-
MOB. OJIHAKO WCIOJIb30BaHNE ACUMIITOTUYECKUX METOIOB [IJIsi 9TOTO MMEEeT B OCHOBHOM TEOPETUYECKYIO IIeH-
HOCTbB, IMOCKOJIbKY OHU IIPEIIOJIATal0T Ype3MepPHO OOJIbIIe 00ydaroIye BEIOOPKH, UTO JeJaeT WX HelpaKTHY-
HBIMU.

BoruncanTeabHbIA SKCIIEPUMEHT.

Jytst meMOHCTpaIyy BJIUsIHUsT KOI(MMUIIMEHTOB pery isipu3aiuy Ha 3HaYeHNe Mephl KOMIAKTHOCTH, & TaK-
2Ke JIJTsl aHaJIN3a UX CBA3U ¢ 0000IIAONIEH CIIOCOOHOCTHIO AJITOPUTMOB METO1a OJIMKAMIIIEro cocea ObLIN UCIOIhb-
30BaHbl HAOOPBI JaHHbIX Spambase [10]. 3HaueHUs KOMMIECTBEHHBIX IPU3HAKOB ObLIM IIPUBEJIEHBI K JUAIIA30HY
[0;1] ¢ moMomTBIO TPOGHO-TMHEHHOTO TPEOOPA3OBAHNS.

st omerkn 3¢ HEKTUBHOCTH 0TOOPA ITAJTOHHBIX OOBEKTOB B KAUECTBE MPEIEICHTOB s 00ydIeHus ObLT
BBITIOJIHEH 9KCIIEPUMEHT Ha BbIOOpKe Spambase [10], conepkamem 4204 o6bexra. JlanHble ObIIM pa3/eseHbl Ha
JiBe PaBHbIE 110 00BEMY BBIOODKH € MCIOJIB30BAHUEM UEPEJYIONIErocs MOPsi/iKa MHIEKCOB (Y6éTHDbIE U HEYETHBIE)
BHyTpH Kaxkoro kiacca. Obe Boibopku — Chet u Nechet — npumensiincs kax jij1st 06y IeHust, TaK U Jjist KOHTPOJISI.
PesynbraTsr oTO0pa mpereeHToB 1Mo 3TUM ABYyM BEIOOPKaM IIpejcTaBiieHbl B Tabsmie 1. B kagecTBe mpereeHToB
PACCMATPUBAJIICH STATOHBI MUHUMAJIHLHOTO TIOKPBITHST, KOTOPbIE (POPMUPOBAJIUCH C UCIIOJIH30BAHUEM JIOKAJTIHHBIX
METPUK, BBIYHCJSIONINX PACCTOSHUS [0 HOPMAJIM30BAHHBIM OIMCAHUSAM OOBbEKTOB B nuamaszone [0;1].

Jadval 14: Onrumasibabie 3HAYEHUS KOIGDMOUIIUEHTOB PEryJIspA3ANA HA JAHHBIX Spambase

Kosdbduiiment lucao Yucso stamonoB | KoMImakTHOCTD
Merpuica peryiasipu3anuu obnexTon (Chet, Nechet) o (8)
LIy MOBBIX
Eskinza 0,7 70 395 (196, 199) 10,2915
Yebroimesa 0,7 115 370 (233, 137) 10,7490
Yebwimena,/ (1+Epkimna) 0,6 82 498 (239, 259) 8,1157
Esrimnpa/(1+Yebbimesa) 0,8 83 400 (201, 199) 10,0991

st orenkm 0bOOIAIOINIEH CITOCOOHOCTU aJTOPUTMOB PACIIO3HABAHNS B KATIECTBE MPEIEIeHTOB ObLIN B3sI-
ThI 9TAJIOHBI MUHUMAJILHOTO OKpbITUst BEIOOPOK Chet u Nechet. TounocTs Kitaccudukanuy npu UCIoJIb30BaHUT
MeToa OJIMXKAMIIero cocella C eBKJINI0BOM METPUKOIL IIpejicTaBiieHa B Tab.2. B ckoOKax IpuBeIeHbl Pe3y/IbTa-
THI I O0YJaIOUX BEIOOPOK 0€3 yrajieHus IIyMOB U 0TO60pa 3TajaoH0B. HOpMUPOBKa JAaHHBIX HA KOHTPOJIBHOM
BBIOOPKE BBITOJIHSJIACH HA OCHOBE IIAPAMETPOB 00y YAIOIero Habopa.

Jadval 15: TounocTsb pacnosnaBanust Mo MeTpruke EBkinma

KouTrpoJsbHast BbIDOpKa
IIpenenenTor Chet Nechet
o BBIOOpKeE
Chet - 88,20 (87,01)
Nechet 88,73 (88,63) -

B Tabu1.2. npeacraBieHsl pe3yabTaThl Kpocc-TecTupoBanust Mexk 1y Boibopkamu Chet u Nechet. B mepsoit
crpoke 6aza u3 246 sranonos (cm. Tabu.l.), mocrpoennas Ha BoiGopke Chet, ucnonabzoBasach s Kiaccudu-
karnn 2102 oobekroB w3 Nechet. Bo Bropoit crpoke 223 srajona m3 Nechet nmpumensiinchy /it TeCTHPOBAHUS
2102 o6bekroB Chet.

3akJiouyeHmne

IIpoBeénmoe nccaemoBanne MOKA3aJI0, YTO MCIIOIB30BAHAE MEPBI KOMIAKTHOCTH ABJISETCH MTEPCIEKTHB-
HBIM HHCTPYMEHTOM JIJIsl AHAJIN3a CTPYKTYPbI 00YUIAIOIIIX JIAHHBIX W BBISIBJIEHUS TyMOBBIX 00beKTOB. OmruMu-
3arust 06y Jaroleil BBIOOPKU Ha OCHOBE KOMITAKTHOCTH II03BOJISET YCTPAHUTD 3JIEMEHTHI, HAPYIIAIOIIe BHY TPEH-
HIOIO0 COIIACOBaHHOCTH KJIACCOB, TEM CAMBIM IIOBBIIIAsi KAYECTBO KJIACCU(DUKAIIIN U YCTOWINBOCTh METPUIECKUX
aJITOPUTMOB paclo3HaBaHus. PazpaboraHHasi METOIMKA JIEeMOHCTPHUPYET, UTO IpeBapuTebHas (DUILTPAIUS
BBIOOPKHU CIIOCOOHA CYIECTBEHHO YIIydIIaTh OOOOIIAOIIYI0 CIIOCOOHOCTD MOjeseil 0e3 yBeImIeHnsT UX CJI0YKHO-
cru. Kpome toro, moaxom obecnievdnBaer 6ostee TiTybOOKOEe TIOHMMAHUE PACIPEIETeHNs JAHHBIX, UTO JeIaeT €ro
MTOJIE3HBIM TP (POPMHUPOBAHUHU PEIPE3eHTATUBHBIX 00yYIaionnx BHIOOpOK. Takmm oOpa3oM, aHaJIM3 KOMIIAKT-
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HOCTU MOXKET PaCCMAaTPUBATHCA KaK dM@PEKTUBHBIII U YHUBEPCAJIbHBIH MEXaHU3M JIJIs IIOBBIIIEHUS KAadecTBa
MaIIMHHOrO 00y4YeHus, 0COOEHHO B 33J[a9aX, YyBCTBUTEJIbHBIX K CTPYKTYpE IIPU3HAKOBOI'O IIPOCTPAHCTBA.
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REZYUME

Ushnu magqolada sinflarning kompaktligini tahlil qilish asosida o‘quv tanlovini optimallashtirish
masalasi ko‘rib chiqiladi. Shuni ko‘rsatadiki, shovqinli va noodatiy obyektlarning mavjudligi
ma’lumotlarning ichki tuzilmasini buzadi hamda metrikaning asosidagi tanib olish algoritmlarining
umumlashtirish qobiliyatini pasaytiradi. Tahlil vositasi sifatida sinf obyektlarining bir xilligini
miqdoriy baholash va belgi fazosi strukturasi buzilishini keltirib chigaruvchi elementlarni aniglash
imkonini beruvchi kompaktlik o‘lchovi qo‘llaniladi.

Taklif etilgan yondashuv tanlov kompaktligini yomonlashtiruvchi obyektlar to‘plamini aniglash va
ularni tanlovdan chigarish yoki tuzatishga asoslanadi. Metodika turli ma’lumotlar to‘plamlarida
sinovdan o‘tkazildi va an’anaviy Kkross-valitatsiya usullaridan foydalanmasdan turib ham
klassifikatsiya aniqligini oshira olishi namoyish qilindi. Olingan natijalar shuni tasdiqlaydiki,
kompaktlik tahliliga asoslangan o‘quv tanlovini optimallashtirish mashinaviy o‘qitish modellari
barqarorligi va ishlash sifatini oshirishning samarali vositasidir.

Kalit so‘zlar: pretsedentlar bazasi, kompaktlik, shovqin obyektlar, regulyarizatsiya, metrik
algoritmlar.

RESUME

The article addresses the problem of optimizing the training sample based on the analysis of class
compactness. It is shown that the presence of noisy and atypical objects disrupts the internal data
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structure and reduces the generalization ability of metric recognition algorithms. A compactness
measure is used as an analysis tool, allowing for a quantitative assessment of the degree of
homogeneity of class objects and identification of elements that distort the structure of the feature
space.

The proposed approach is based on identifying subsets of objects that degrade sample compactness
and their subsequent exclusion or correction. The methodology has been tested on various datasets
and has demonstrated the ability to improve classification accuracy without using traditional cross-
validation methods. The obtained results confirm that optimizing the training sample based on
compactness analysis is an effective means of enhancing the stability and quality of machine learning
models.

Key words: case database, compactness, noisy objects, regularization, metric algorithms.
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YIK 517.55

TEPMOJAMHAMMNYECKU COTJIACOBAHHAA MOJAEJIb TEOPUN
IIOPOVYIIPYTIOCTUN XMMNYECKUN AKTUBHOTI'O I'NIMHCTOTI'O CJIAHITA

XangaroB Niaxom KyapPATOBUY
HAIIMOHAJIHBIN TEAATOTUYECKUIN YHUBEPCUTET Y 3BEKUCTAHA UMEHU Husamu, TAUIKEHT
i.khaydarov@npuu.uz

PE3IOME

Tenzop nedopmanum € B MOPUCTON Cpeibl sABJsAeTCHT DYHKIMEH HAIPSKEHNs 0 U IIOPOBOTO JaBJIe-
Hust p. onosiHuTebHBIE OCMOTHYECKHTE F(PDEKTHI IPUCYTCTBYIOT B HEKOTOPBIX MTOPOIAX, TAKUX KaK
ciannpl. [lokazano, uro stu 3¢ deKkThl B CBOIO 0Yepeh MOAUMUIUPYET TEPMOJIMHAMUKY CUCTEMBI.
A ¥MeHHO BblIpaKeHnue BHYTPeHHel 3HEepPIuu IOMABJISEeTC JOIOJHUTEILHOE CIaraeMoe, 00yCI0BIIeH-
HOE XUMHUYIECKUMU TOTEHIHAIAMA [ M3 BCEX XMMHUYECKHUX BHJIOB B TIOPOBOI XKUIKOCTH. Besrencraue
9TOI'0 B COOTHOIIEHUAX JIe(POPMAIUH - HAIIPSIZKEHHUE OSIBJISETCS CJIaraeMoe 00yCJIOBJIEHHBIMU XUMU-
YECKUMU TOTEHIIUATIAMM.

Karouesnvie cnosa: opucTast Cpejia,HachIAIOIast XKAJIKOCTD, YIIPYTHe IapaMeTpPbl, TEH30D HaIIPsI-
2KEHU, TapIuaIbHas IJIOTHOCTh, 3aKOH Jlapcu, XUMUdIecKnii TOTEHITHA.

1. Benenne. IlocTtanoBka 3aJa9M 1 OCHOBHBIE PE3yJILTATHI

JucriepcHoe COCTOSTHUE SIBJISIETCST OCHOBHBIM COCTOSTHUEM MAaTepH, TaK KaK OOJIbIasi YacTb BEIEeCTBA BO
Bceenennoit maxoaurcst B Bujie MbLTH. B 36MHBIX YCJIOBUSIX YEJIOBEKY NPUXOJIUTCS CTAJKUBATHLCI C OOJIBITAM
pPa3HOOOpA3MEM JMCIIEPCHBIX (A9PO30JIbHBIX) CUCTEM — aTMOCc(hepHbIe a3po30/u (06/1aKa, TyMaHbI), OT KOTOPBIX
3aBUCHAT [IOr0JIa ¥ KJIMMAT Ha 3eMiie, a9PO30JIH B PA3JIMIHBIX cdepax IPOou3BOACTBA (IIOPOIIKOBAs METAJIILY LU,
YTOJIbHAS IIPOMBIILIEHHOCTD, TEXHOJIOI sl JIAKOKPACOUYHOI'O IPOU3BOJICTBA U T.JI.), & TAKzkKe ObITOBbIE a3pPO30JIH,
00pa3yIoIuecs IPU PACHIbIINBAHIH PA3INIHBIX [IECTUIINIOB, OCBEKUTEIEH BO3/IyXa, MapdOMepHBIX KUIKOCTEN
a T.JI.

MHuorodasubie (B mpocreiiinem caydae n1ByxdasHble) TeIeHNsI UIPAIOT BAXKHYIO POJIb B PsIJle TEXHOJIOIUH
1 B pabodux mporeccax SHEPreTUIECKUX U JBUTATE/IbHBIX YCTAHOBOK. B KavecTBe TPUMEPOB MOXKHO ITPUBECTH
HaHeceHre (DYHKIIMOHAJBHBIX MOKPHITHI HAa KOHCTPYKIIMOHHBIE MAaTEpUaJIbl, IPOIECChl bapboraxKa, dQJioranuu,
CeITUMEHTAIINN, IIOJIyYeHne ITOPOIIKOB METaJIJIOB PACIbLINBAHNE U JBUKEHUE KalleJb I'OpI0Yero B KaMepax Cro-
paHus YKUJIKOCTHBIX PAKETHBIX JIBUTATEJIEN, IBUKEHNE YACTUI, KOHJICHCHPOBAHHON (ha3bl B COIIOBBIX OJIOKAX
TBEPJAOTOIIMBHBIX PAKEeTHBIX JIBUTaTeJIel, IIPOIeCChl C;KUTaHUA PACIblJIEHHOI'O TBEPJOI0 TOIINBA B KOTEJIbHBIX
YCTaHOBKaX U T.JI.

MHOFO(i)aBHbIe TedeHnsd IMMOLINHAIOTCA OCHOBHBIM 3aKOHAM COXpaHEHUd I'MIpora3oJinHaMUKN. O)lHa.KO npu
9TOM ypaBHEHUsI UMEIOT OoJiee CJIOXKHYIO CTPYKTYPY, YeM B CiIydae OJHOMA3HbIX TedyeHni. B MHOTOMa3HBIX CU-
cremMax 00si3aTeJIbHO IIPUCYTCTBYIOT IMOBEPXHOCTU pasjena (a3, Ha KOTOPHIX CBOWCTBA CILIONIHON CPEJIbI M3Me-
HAIOTCsI CKAYKOOOPA3HO. DTO NPUHIUIINAIBHO OTJINIAeT MHOrOMA3HbIE CUCTEMbI OT OAHOMA3HBIX (B TOM JHCIe
1 MHOTOKOMITOHEHTHBIX ), TJIe TAKUX CKAJKOB HeT [1].

[nmmna siByIsieTcs oHUM U3 HanboJIee PACTIPOCTPAHEHHBIX THIIOB TOPHBIX MOPOJ, caaraomux 10 11% sce-
ro obbema 3emMHON KOpbl. C HUMU YaCTO MPUXOJUTCS MMETh JIeJIO NPU BO3BeJeHNN (DYHIAMEHTOB 3JIaHWA U
CTPOUTEJIbCTBE PA3/IMIHBIX NWH2KEHEPHbIX COOpy)KeHHI‘)‘I. OHI/I IIOBCEMECTHO UCIIOJIb3YIOTCA KaK ChbIpbe JIJIsl IIPOU3-
BOJICTBa, KEPAMUKM, KUPIINYa, [IEMEHTa, 8 TaKyKe B KaueCTBe HAIIOJHHUTEJ IS DA U3TOTOBJIEHUN PE3UHBI, OyMaru,
OypOBBIX PaCTBOPOB U T.7. [JIMHBI 00/18Ia10T BBICOKOI aJICOPOIIMOHHON CIIOCOOHOCTHIO, M UX YCIEIIHO IPUMEHSFOT
JJIsE OYUCTKU Macesl, KPACOK, BUHA, OTOeTMBAHNS TKaHell, a TaKyKe KAK eCTeCTBEHHbIE SKOJOTHIECKUE Dapbephl
J71s1 GOPBOBI ¢ PACTIPOCTPAHEHWEM TEXHOTEHHBIX 3arpsisHennii [2]. B wacTHOCTH, cpemum MATMATHIECKAX MECTO-
POKJICHHI UMEIOTCST BayKHBIE KJIACCHI, 00pA30BaHIe KOTOPBIX CBI3aHO C IPOSIBJIEHNEM B CUJTHKATHBIX PACIIIIABOB
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IIPU OLIPEJEJICHHBIX YCJIOBUAX fABJICHUdA HECMECHUMOCTH, XOTd B IIOCJIE/IHee BpeMs OCHOBHOE€ BHHUMAaHHUE B HUCCJIe-
JIOBAHUU JUHAMHUKH (DOPMHUPOBAHUS KPYIIHBIX MECTOPOXKJICHHUI MarMaTHYeCKUX CYJIbMUIHBIX DY/ YIACJSIeTCs
pacc/IOeHHBIM 6a3UTOBBIM ILIyTOHAM [4].

1. TepmoauuHamMuKa ABYyX(a3HON CpeJibl C MOBEPXHOCTHO — AKTUBHBIM BEIIECTBOM.

Paccmorpum gByxdasHyo cpeny ¢ TepMOIUHAMUYECKUM pPaBHOBECHEM B o0beMe V', KoTOpas fABJSETCH
JKHJIKOCTBIO ¢ KAaIJISIMU B Hell, U 9TU KaIlJIM MOT'YT ObITh, HanpuMep, MaciaoM. Obo3HadaeM BOJHYIO MacCy B IIpe-
JleJlaX YKa3aHHOTO o0bema Kak M7, MacasiHyto Maccy Kak Mo 1 Maccy MOBEPXHOCTHO - AKTUBHOIO BEIIECTBA KaK
M,. TlepBblit 3aKOH TEPMOINHAMUKY, TPUBEICHHBIN HIKE MIPEICTABIISIET COOOM THAPOIMHAMUICCKON CHCTEMBI
[5], amammsupyemoit 3mecs:

dEy = TdS — pdV + pdMy + pod My + predM, + 5d5. (1)

Bnech Ey, S - BHYTpeHHsIsI SHEPIUsL U SHTPOIHS CUCTEMBL B 00beme V; T - TeMieparypa; p- JABJICHAE; &
- ITOBEPXHOCTHOE HATS’KEHHE Ha TPAHUIE Pas3jiesia MeXKIy BOJONH W MaC/IOM; Y= (J- obrIas IO b TOBEPX-
HOCTH I'PAHMIIBI Pa3/Iesia MEXKLY BOJHBIMYM U MACJISTHBIMU KAILIAMU; J - KOJIUIECTBO KAlleJIb B O0bEME; (i1, (12, [he
XUMUYECKHE MMOTEHIUAJIb KOMIIOHEHTHI 1, 2 M IOBEPXHOCTHO - aKTHUBHOIO BelecTBa. llajgeHneM mapjaeHust B
" JKUJIKOCTHBIX TIOJICUCTEMAX ' MOYXKHO IIpeHeOpedb B JalbHeHIIuX paccyKiaenusx. ¥ pasuenueM (1) BBomuTCs Xu-
MIYECKUe TMOTEHITNAEL. [l THApOInHaMITIeCKOTO OMMMCAHNsT HaM HeOOXOANMO BBECTU (DU3NIECKHE TIIOTHOCTH:

(E07§7M17M27MC72) :(EOaSaplaPQapCaC'})V (2)

IMoncragasist coorHomenust u3 (2) B (1), TPUXOAUM K TIEPBOMY NIPWHIIAILY TEPMOIMHAMUKHY JIJIsI €INHATIBL
00beM CpeJIb:
dEy =TdS — pdV + pi1dpy + padps + pedpe + C5dJ. (3)

JlaBJieHre MOXKHO OTIPEJIETINTD Yepe3 TePMOIUHAMUIECKYIo (opmyiy [7]:
p=—Eo+ TS+ p1p1 + pzp2 + prepe + C5J. (4)
BBenem maoTHOCTD Ccpeibl, comepsKaleil BoIy, Maca0 U MOBEPXHOCTHO - AKTUBHOE BEIIECTBO:
p=p1+p2+pe. (5)
B Tepmunax HOBBIX IepeMeHHbIX, hopMysta (3) HPUHUMAEM CJIeLyIONNi BUI;:
dEy = TdS + pidp + (o — 1) dpa + (e — 1) dpe + ¢od J. (6)

IMockonbKy BbIoIHSAETCS cooTHOIIeHUE po = M /V = mN /V = mJ, Mbl npuxoauM K JIOKaJIbHOH (hopme
TIepBOTO TMPUHITAI TEPMOINHAMUKH YE€ThIPEX — MapaMEeTPUIECKON TePMOIUHAMUIECKON CHCTEMBbI

- o
dEy = TdS + pdp + (adJ + (e — p11) pe = TdS + prdp + %dpg + (tte — H1) pe- (7)
— - m
U=J+?(M2_N1)7 (8)
p=—Eo+ TS+ pp+ (pe — pu1) pe + (5, 9)
dp = SdT + pdpy + ped (pe — p1) + ¢ J do. (10)

3/IeCh M— Macca KaIju, flo 7 [i1.

(DOpMyJIa (7) OIIUCBIBaET JIOKaJIbHOE TEPMOJUHAMNYICCKOEC PaBHOBECHE. ,ZLHH OTHOCUTEJIBHOI'O B3aMMHOI'O
JIBUYKEHUS JIByX KOMIIOHEHTOB, cJieyer 0600muTh reopuio (9] mist ciaydas 6e3 JOKaJIbHOro paBHoBecus. PasHocrsb
CKOpOCTel w = % — v KOHTHHYyMa BOJIbI — MaCJ/ia MOXKHO PacCMATPHUBATH KAK YMEHbBIIIEHHE CTEIIeHH CBOOOIIBI
[10]:

dEy =TdS + pudp + (6dJ + (pe — p1) d + (u —v) djo =
=TdS + padp + Zdps + (pte — p1) dpe + (u — v) djo,

218



BeEcTHUK HY VY3 TOYHBIE HAVKU Ne2/2.1, 2025, 217-222

p=—Eo+ TS+ pip+ (e — p1) pe + ¢ J + (u — v) jo,
dp = SdT + pdp1 + ped (pre — p1) + (JdG + jod (u —v) .
SAeCL jO* IJIOTHOCTb OTHOCHUTEJIbHOI'O MMITYJIbCa; U— CKOPOCTH KOHTHHYYMa KallJld; U— CKOPOCTb KOHTHUHYYMa
BOJbI. KHHQTI/I‘IQCKOQ CJIaraemMoe JIJjid ,HByXCKOpOCTHOIU/I Ccpeabl 6BI.H BBE€J€H B COOTBETCTBUU C [7]
2. CoorHorteHus jgedopMalum — HANIPAKEHUN C YY€TOM XUMUYECKUX MOTEHIIUAJIOB.
Iycrs f cBoGomHast sHeprusi [ebMrosblia IIOPUCTOH cucTeMbl (T.e. CKeJIeT + MOPOBOM KUJKOCTH) TeM-

mepaTypbl T u S SHTPOINN OTHECEHHYIO HA eIUHUILy 00beMa IOpUCTOro Teja. Vimeem

R
df = O-ijdgij + Z/fdmr — SdT.

r=1

3aecy pacrBoputensb (06prdHO Boga ) 1 R — 1 apyrux BuzoB B mopoBoil xuakocru. Macca m”KaxKioro
BHUJA B eJuHUIE 00beMa IIOPUCTOTO MaTepruaja U3MEPSIeTCsl B MOJISIX.

XuMuuecKne MOTEHIMATBI KOMIIOHEHTOB B PACTBOpE 3anuiieM B Bue [11]
uw =py+ RTInz"y" = pui+ RT Ina",

re fif, SBJISeTCs XUMWYECKHI IIOTEHIUA BUJA " B PABHOBECHOM COCTOSIHHA, T’ - YACTUYHOE MOJIADHAS JI0JI
BUJIOB T, " siBJisieTcst KO3 dUImeHT akTuBHocTd u a” = x”y" SBJsieTcs aKTUBHOCTH 7'~ 10 Bujga. R — razoBast
nocrogHHad. B mmeanpHOM pactBope 7" = 1. XuMudecKuil NOTEHIUAJ [ ABJdeTcd (dyHKOUeH TaBJICHAA H
V/IOBJIETBOPSIET COOTHOIIEHIE
T

opg . 1

20—y = =

op p"
rae v"- 00beM MOJIS BEIECTBA.

Hasiee mpenebperaem BimsiareM TemrepaTypbl. OOBIYHO B JIaDOPATOPHBIX YCIOBUSX TO BBIMOJHSIETCS.
OmpemenuM cBOOOAHYIO SHEPTUIO [ eTbMrosbIa fi CBA3AHHYIO ¢ TBEPAON TaCTHICH B BUIE

R
dfo=d(f —p'm") = oijde;; — »_ m"dp’.
r=1

Tax kak dfy aBngerca momasM auddepentmanom. [Ipuanvas €;;u 1 B KadecTBe HE3aBUCHMBIX Iepe-
MEHHBIX COCTOSIHUSI, ITOJIYIUM

3017' _ 75mr (11)
our a&ij
aom”  Om?®
Ui Ly (12)
au® aur
Takum 06pa3oM, B 3TUX [IEPEMEHHBIX COOTHOIIEHUs JiepOpMaIlisl — HAIIPSYKEHUN MMeeT B
ddij = ijkld€kl - ZDZ-CZ/,LT (13)
T
dm" = Djjde;; + Y A™dp* (14)
S

r7ie MBI nenosb3osanu (11), aro6er onpenemTh nepekpectabie Koaddmmentsr D B (13) u (14), toe A™ = A®",
B cuy (12). Kpome Toro, MoxkeM paccMOTpeTh CBOGOIHYIO dHepruio ['mbbca

d f_Z,UzrmT—UijEij :5ijdgij —Zmrd,ur.

Crosa B cuity mostHOTO AudpdpepenIana, I TPUHAMAAC ;1 [, KaK TTePeMEeHHBIX COCTOSHUA, Oy INM

8517- - om”
our N 80‘ij

(15)
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u cooromenus (12) nmeer Mecto, Kak u panbine. Ciie0BaTeIbHO

deij = Sijridow + Z Qi;dp” (16)

dm” = Qjdoi; +» B dp’ (17)

rJie Mbl Hcnosb3osasy (15), 4Tobbl onpesesmTh nepekpectabie koaddmmentst Qf; B (16) u (17), n e B™ =
B*", B cuiy (13).

Jlaee ©yaeM WHCIIOJNB30BATh HANPsAYKEHNWE O;; W XUMUYEeCKHe IOTEHIWAJbl [t B KadecTBe HE3aBU-
CHMBIX IEPEMEHHBIX COCTOsHH. lIpm 9TOM BXOAsimue B 9TH COOTHOmEHHs KopduumeHTsr Sijk, Q7 , 1
B*TonpeIeIIioTcs 13 S9KCIIEPUMEHTOB. DKCIEPUMEHTHI TI0 YILUIOTHEHUIO TJIMHBI B KOHTAKTE ¢ OOJIBIIM pe3epBya-
POM OBIIH BBITIOMHEHBI B paboTax [12,13]. B KaxKI0M 9KCIIEPUMEHTE COCTAB ILIIACTOBOTO (DJIIOUIA TIOIEPIKUBAIICS
[TOCTOSTHHBIM, & IIPUJIO’KEHHOE HAIIPSI?KEHIE BAPbUPOBAJIICH: PE3YIbTATHI JAI0T HHPOPMAIIIO 0 KO3(hMUIMEHTAX
Sijki. XUMIIEeCKIil COCTAB TIACTOBOTO (BJTIOH1a BADbUPOBAJICA B IIPEJieIaX OJHOTO SKCIIEPUMEHTa, THO0 N3MeHe-
nueMm pactBopa CaCly Ha pactBop NaCl, mubo myrem m3MeHeHusi KOHIeHTparmu cojin. Habironenue cremneHn
HaOyXaHUsl IJIMH B 3aBUCUMOCTH OT KOHIIEHTPAIIUU COJIM MOTYT TaK>Ke OBITh BBLIOJHEHBI Ha MUKPOCKOIHNYE-
CKOM yPOBHE, C UCIOJb30BAHNEM DPEHTIEeHOBCKON Mudpakinu Jjis U3MEPEHUsT PACCTOSHUST MEXKJy JIacTUIIAMI
romHbl (cM., Hanpumep, [14, 15]). Takum obpasom, 3T uHGOPMAIMA MO3BOJISAIOT ONPEIETUTh EPEKPECTHBIE
Ko3ppunyentsr Q.

3. OHOKOMITIOHEHTHAsI IIOPOBAasi KU/ IKOCTh

B ommoxoMmIOHEHTHON TOpPOBOit Kujakoctu, a” = x" = <" = 1, u, cJea0BaTeIbHO, COTJIACHO (POPMY-
ne pt = dp / dpt. OTkmuK cramma GyjieT 3aBHCEeTh TOMBKO OT IIOPOBOTO JIABJIEHMs JKUIKOCTH B pe3epByape n
NPUIOXKEHHOTO HAIpszKeHusi. Ee/m cucreMa gBJIsieTcsl M30TPOIHbIM, cooTHommenust (16) u (17) yupomaiorea u
OPUHUMAIOT BUJ

de;; = Srdoyj + S20;5dogs + 04 Z Q du" (18)

dm" = Q"dogy + Yy _ B dp’ (19)

n Mbl BUAUM, YTO JJIsdI MOIAECJIMPDOBaAHUA HeO6XO‘HI/Il\lbI YgeTbIpe MaTepuaJIbHbIX KOS(beI/IHI/IeHTa. B H3OTpOHHOfI
nopucroii cpejie, coornomenus (18) u (19) moxHO 3ammcars B Buje [16]

v 3 (vy — )
2peij = 04 — ——OkkOij dij,
Heig = 0t T Ok j+B(v+1)(vu+1)akkpj
B 3p0 (vy, — V) 3
T S Blot D (o 1 1)\ T BP)

31ech ObLIN BEIOPAHBI Y€ThIPE MATEPHUAJIBHBIX KOI(DMUIMEHTA: MOLYJ/Ib CIBUIa, i, HACBIIIEHHbIE U HEHACHIIIIEHHBIE
ko3 durmentor [lyaccona v u v, n napamerp CkemnTona B, KOTOpBINl CBsi3bIBAET HEHACHIMIEHHBIN OTKJIUK
TIOPOBOTO MABJIEHUS U TPUIOKEHHDBIE HATPSIKEHUS.

4. YpaBHeHUs] JABUKEHUS

Ecau orknoHeHus OT TEpMOJIMHAMHYECKOTO PABHOBECHUSA HEBEJIUKHU, TO MACCOBBIA MOTOK " 77— TO BHJA
MOXKET OBITH IIPEICTABIIEHO B BUJIE
ro__ rS\7 .,,8
4 = — E LijVJH )
S
rJe L:JS = Lf; coryacuo npuaruiny Oucarepa. Tak Kak Mbl pacCMATPUBAEM OJIHOKOMITOHEHTHBIE [TOPOBBIE YKI/I-
KOCTH, HACBIIIIaeMasl IIOPUCTAs CPEJIA SABJISIETCS M30TPOIHON U JJI TAKUX CPEJl B TUPABINIECKOM CIIydae CIpa-
BeymB 3akoH Hapcew [9, 17]:
1
1 _
¢ =——=Vp,
Xpp
re p! - maprmasbHas TIOTHOCTH TIOPUCTOf KUJAKOCTH (BOJbI), p- TMOMHAS MJIOTHOCTH KOHTHHYYMAa, X - K03h-
durmenT Mek@Ga3HOro TPEHUs.
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3akon COXpaHeHHdA MaCChl JIJId KazK/JI0I'0 BUJa UMeeT MeCTO

om”
ot

+ divg" = 0,

u cjie1oBaTe/IbHO
T rSs S TS S
7% < ijdm’j + Es B d,u ) - ;z (Z [ij Vj ) .

DJIEKTPOHEHTPAJIBHOCTD IOJIPA3YMEBAET, 9TOOBI He IOJKHO ObITh HUKAKHAX HAPAIMBAHUI M3MEHEHUS B
srob6oit Touku. Ecim 2"~ BaleHTHOCTD 7- TO BHIA, TO

% (Z q{zr) =0.

Tlorennmansl TedeHuit OyIyT CO3AAHBI JIJIsI TOTO, YTOOBI COXPAHUTD 3JIEKTPOHEHTPAJIBHOCTD. Y I00HO BBE-
CTHU TOTEHIIHAJIBI TeueHuss WB XUMHYECKUE TOTEHIINAJbI 7'~ TO BUJIA CJIeIyomuM oopaszom ' = " + 2" F'WU rae
[i"-xuMudeckuii norennual (7 - ro BUAA ), COOTBETCTBYIOMIMI JIOKAIBHON KOHIEHTPAIMHA UOHOB, BOJbI U [JIXHBIL.
Monnble MOTOKYM NPUHUMAIOT BHIL,

T s a ~NS S
4 :_ZLij%j(u +2°FV),

u norennual tedenust U sBiserca penreHuneMm ypasHeHus llyaccona ciemyromero suia

r 9 rs 9 ~Ss s _

C HYJIEBBIM TPAHUYHBIM ycaoBreM Jlupuxiie Jijist KOHTAKTa ¢ BHICOKOI IIPOBOUMOCTBIO 2KUJIKOCTH UJIU TIOPUCTOM
TOPOJIBI.

Ecin 3a1aub! TOTOKH, TOTIa BBIOJIHIETCS YCJIOBUSI HEIIPOTEKAHNUSI U HEIIPOBOISIEH IpaHullbl. Keim nox
aJicopbupyercst Ha CTeHKaX 0P, OH OyJeT Iy TeIIeCTBOBATE TOJBKO MEJJIEHHO, YePe3 CKAJIbI, I COOTBETCTBYIOIINE

T8

koo unuenter neperoca L;7 6yayt mansr. Ecian xuviraeckne s exTsl npenedpekuMo Masbl (nanpumep, eciu
[OPHUCTOCTh B IPEJeax CJAHIA sBJIAeTCs OOJBIINM, U3-32 OTTOKA), TO OyIeT JOMUHUPOBATH KOHBEKTUBHOE
TedYeHune, ¢ JOMOTHUTETbHON Muddy3neit MOHOB O OTHOIIEHUIO K 00bEeMHOM »KUIKOCTH.

Pa6ora Boinossena pu dbunancosoit nopuepkke PODU (rpanr 18-31-00120).
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REZYUME

G’ovakli muhitdagi ¢ deformatsiya tenzori ¢ kuchlanish va p g’ovak bosimining funksiyasidir.
Ba’zi tog’ jinslarida, masalan, slanetslarda qo’shimcha osmotik effektlar mavjud. Bu effektlar, o’z
navbatida tizimning termodinamikasini o’zgartirishi ko’rsatilgan. Xususan, ichki energiya ifodasi
g’ovak suyuqligidagi barcha kimyoviy turlarning p” kimyoviy potensiallari tufayli qo’shimcha had
hosil giladi. Natijada, deformatsiya-kuchlanish munosabatlari kimyoviy potensiallar tufayli hadni o’z
ichiga oladi.

Kalit so’zlar: g’ovakli muhit, to’yingan suyuqlik, elastik parametrlar, kuchlanish tenzori, gqisman
zichlik, Darsi qonuni, kimyoviy potensial.

RESUME

The strain tensor ¢ in a porous medium is a function of stress o and pore pressure p. Additional
osmotic effects are present in some rocks, such as shales. It is shown that these effects, in turn, modify
the thermodynamics of the system. Specifically, the expression for internal energy adds an additional
term due to the chemical potentials u" of all chemical species in the pore fluid. Consequently, the
strain-stress relationships include a term due to the chemical potentials.

Key words: Porous medium, saturating fluid, elastic parameters, stress tensor, partial density,
Darcy’s law, chemical potential.
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YUCJIEHHOE PEIIIEHUE HECTAHHOHAPHOﬁ 3AIJAYU YIIPABJIEHUA KOHBEKL[I/IEI'/II-,Z[I/IQQVBI/IEI‘/’I
B IBYMEPHOM CJIYVHAE

XAUUTKYJIOB BoBoMYPOa XAMUTOBUY
HAIIMOHA/ILHBIN YHUBEPCUTET Y3BEKUCTAHA UMEHU MUP30 YJIYI'BEKA, TAIIKEHT
b.hayitqulov@mail.ru

PE3IOME

Jannas paboTa MOCBSIIEHA TUCIEHHOMY PENIeHUI0 HECTAITMOHAPHON 3a/Ia9i OIMTUMAJBHOIO pa3Me-
IIEHUsI UCTOYHUKOB TeIlIa MUHUMAaJIBHON MomHOCcTH. [locTraHoBKa 3aja4u TpebyeT OJHOBPEMEHHOTO
BBINIOJTHEHUST NBYX ycjoBuit. [lepBoe yciioBue - obecriednTb HAXOXKJIEHWE TEMIIEPATYPHI B IIpEJIesie
MUHUMAJIbHBIX U MAKCUMAJIBHBIX TEMIIEPATYP 38 CUET ONTUMAJIBHOIO PA3MEINCHIS UCTOYHUKOB TEll-
Jla ¢ MEHHMAJIBHOU MOIIHOCTBHIO B IPSMOYTOJbHHUKE. BTOpoe yCioBue 3aK/II09aeTCsS B TOM, ITOOBI
cyMMapHasi MOIIIHOCTh MCTOYHUKOB TeIlIa, UCHOJIb3yeMbIX JJIsi 000rpeBa, OblIa MUHIMAIBLHOU. DTa
3aJlava U3ydvajach B CTAIlMOHAPHBIX YCJIOBUSAX B paborax Apyrux y4éHwix. OJIHAKO B HECTAIIMOHAD-
HOM CJIydae 3a/1a1a He PACCMaTPUBAJIOCh. [I0CKOIbKY HAllTH HEIIPEPBIBHOE PEleHre KPAaeBOl 3a/1atn
CJIO?KHO, TO UITEM YHCJIEHHOE PEIeHre 3a/1a9u. 1 Py/IHO HaliTh HHTErpaIbHBII OMEepPATOp C HEIIPEPbIB-
ubiM sizipoM (byukiua [puna). Haiigeno unciiennoe 3nadenve dyskiuu ['puna B Buje MaTPUIBL.
[IpeokeH HOBBIN AJITOPUTM YHCJIEHHOTO PEIIEHUsT HOCTAIMOHAPHON 33/1a91 ONITHMAJIBLHOTO YIIPAB-
JIEHUSI Pa3MeIl[eHneM HCTOYHUKOB TeIla ¢ MUHIMAJILHONW MOIIHOCTBIO B IIPOIECCAX, OMUCHIBAEMBIX
JdepeHITuaJIbHBIMU YPABHEHUSIMU C YACTHBIMU ITPOU3BOIHBIME 11apaboIndecKoro tTumna. Ilpeso-
2KEHa HOBasi METOMIMKA YUCJIEHHOTO pertenns. [locTpoena MareMaTndeckas 1 9uCI€HHAST MOJIEb IIPO-
IIECCOB, OIMCHIBAEMbBIX YPAaBHEHNEM KOHBEKIUU-auddy3un, 3aIaHHbIM JJIsi IEPBOI KPAaeBOl 3a1a4u.
KpaeBas 3amada msydaercs JJisl JIBYMEPHOTO ciydas. J[Jisi 9UCIEHHOTO pEIeHusl 3aJIadi HCIOJb-
30BaJIaCh HesiBHAs KOHEYHO-PA3HOCTHAas cxeMa. [lo aToif cxeme Obuta cO3/IaHA CHCTEMa PA3HOCTHBIX
ypapHenuii. CcopMupoBaHHas cucreMa pPa3HOCTHBIX ypPaBHEHMII IPHUBEIEHA K 3ajade JIMHEHHOTO
IpOrpaMMUpOBaHus. 3aa4a JIMHEHHOTO IPOrPaAMMUPOBAHUS PEMIaeTcsi ¢ moMoIbio M-meroza. [Ipu
KaXKJIOM 3HAYEHUU BPEMEHU PEIaeTcsi 3a/ada JMHEHHOro mporpaMMupoBanus. [Iperoxken HOBBII
[TO/IXOJT K YUCJICHHOMY perreHuio 3a7a4. [Ipusemena obirast OJI0K-CxeMa aJIrOPUTMa, PEIeHUs HeCTa-
IIHOHAPHOI 33129l ONTUMAJIHLHOIO YIIPABJIEHUs PA3MEIeHHeM HCTOYHUKOB TeIla ¢ MUHUMAJBHON
MOIITHOCTBI0. PaszpaboraH aJiropuT™M U IporpaMMHOe ObecIiedeHre J1Jisl YUCJIEHHOIO PelleHus 3a/1a4u.
IIpuBeseHO KpaTKoe OIHMCAaHUE MPOrpaMMHOrO obecrieueHusi. Ha KOHKPETHBIX NpUMepax MOKa3aHOo,
9TO YHCJIEHHOE PEIeHre KPAaeBOW 3aJadi HAXOIUTCS B 3aJIaHHBIX MPEIeIax, CyMMa ONTUMAJIbHO
Pa3MeeHHbIX UCTOYHUKOB TeILIa ¢ MUHUMAJIBHON MOIHOCTBHIO JTaeT MUHUMYM (hyHKInoHa y. Bu-
3yaJIM3UPOBAHBI PE3YJIHTATHl BEITUCIUTETLHOTO SKCIIEPUMEHTA.

Karouesvle ca08a: HeCTAIMOHAPHBIE 33/1a4H, OITHMAJIBHOE Pa3MeIleHne, HICTOYHUKHI Tella, YPaB-
HeHUsI KOHBeKIuu-1uddysuu, M-meros.

Beegenne. OauM u3 caMbIX pacIpOCTPAHEHHBIX OOBEKTOB B PA3IUYHBIX cepax JesiTeTbHOCTHA IeJI0-
BEKa sIBJIFETCS CUCTEMa MCTOYHUKOB TEILIA, TEIJIOBOI DaJIaHC B OTAIJIMBAEMbBIX IOMeIeHusX. Maremarnaeckoe
MOJIEJIMPOBAHIE TAKUX CHCTEM CTABHUT 33124y 00 ONTUMAJIHLHOM DAa3MEINEHNN MUCTOYHUKOB TEIJIa B OTAIIMBAE-
MBIX [TOMEITEHUSIX, UTO CBS3aHO C PECypcocOeperaoiuMy HHKEHEPHBIMI TeXHOJIOTHSAMUI. 3a/1a9a ONTHMAJIBHOTO
pa3MelleHusi HCTOYHUKOB TelljIa OTAILIMBAEMBbIX ILIOIIA el Beeryia ObLIa, aKTYaJIbHOI IIPY IIPOEKTHBIX paboTax B
CTPOUTE/IBCTBE, TEILINNAX U APYTUX TEXHUIECKUX U TEXHOJOIUIECKUX cdepax. 3a a9u ITOrO TUIA ObLIN U3yde-
HBI JJIsI CTaIoHapHOro caydas. OIHAKO 3a/1a9a ONTUMAJIBHOIO PA3MEIEHUs HCTOYHUKOB TeIlIa ¢ MUHIMAJIbHON
MOIITHOCTBIO JIJIsi HECTAIlMOHAPHOI'O cjlydasd He U3ydeHa.

B pa6ore [1] npemiioxkeno pelenue 3a/1a4u ONTUMAIBHOIO PA3MEINEHUsT HICTOYHUKOB B HEOJHOPOIHBIX CPe-
J1aX, CKaJISIPHBIE CTAIIMOHAPHBIE OIS B KOTOPBIX OIICHIBAIOTCS JITUITAIECKUMU yPABHEHUAME. B OCHOBY aJiro-
PUTMOB PeIlleHns 3a/1a9H 0JI02KEHBI CIIOCOOBI OIEHK!N 3HAaUYeHn (DYHKIMOHAJA HA MHOYXKECTBE BO3MOYKHBIX MECT
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pa3MeIeHust HCTOIHUKOB, UTO JAaeT BO3MOXKHOCTDH BBIOOPA ONTUMAJILHOTO BAPUAHTA IIyTEM PeasH3alii MeTOoIa,
BerBeil u rpaHuIl. B pabore [2] paccMOTpeHBI 3a/[aun ONTUMAJILHOTO HAIDEBA IIOMEIEeHNsT HAa OCHOBE IIPUHIIIIA
makcumyMa Ilonrpsirnna. B pa6otre [3] paccmorpera 3as1a4a 9HeproaddHEKTHBHOrO TEIUIOCHAGXKEHNS 3/[aHUs B
cucTeMe IeHTPaIbHOro oToruienus. B pabore [4] usydena nuddepeHmaibHO-pa3HOCTHAS 3898 YIIPABICHUS
porteccoM udy3un, Moy IeH aHAJIOT TPUHIIAIT MAKCUMYMa, TIO3BOJISIIOIINAN OMPEIeNTh MOMEHTHI BKIIOUEHU ST
U BBIKJIIOYEHHsI NCTOYHIKA MaKCAMAJIBHON MormHocTH. B pabore [5] n3yvena 3aada oNTUMAIBHOTO YIIPABJIEHUS
[IPOIIECCAMHE, OIMCHIBAEMBIMU YPaBHEHUEM TEILJIONPOBOIHOCTU. Y IIPABJIAIOIINY IapaMeTp 3aJaH B I'DAHUYHOM
YCJIOBUM ¥ JIOCTUT MUHUMYMa (DYHKIIMOHAJIA, 38IaBAEMOT0 HHTErPaIbHBIM KBaJIPATUIHBIM BbhipakenuneM. [loka-
3aH METOJ HAXOXKJIEHUsI JOIyCTUMOTO YIIPABJICHUS, JTAIOIIEr0 MUHUMYM (DbYHKIIMOHAITY.

B paborax [6-8] paspaGoTaHbl METOJI U AJITOPUTM DeNleHHsi HECTAIMOHADHBINA 331849 06 ONTHMAJIbHOM
BBIOODE IJIOTHOCTH MCTOYHUKOB TEILIA HA MPOCTHIX MT€OMETPUIECKUX O0JIACTAX TaK, YTOOBI TEMIIEPATYPA BHYTPHU
paccMarpuBaeMoil 00JIaCTH HAXOIMIACH B 3aJaHHBIX mpejesaxX. [Ipu 9ToM UCTOYHUKY Telia 00ecredanBaI 3a-
JIAHHBIN TEeMIIepATYPHBII PEKUM MUHUMAJIHHON CYMMAPHOI MOITHOCTH M TEMIIEPATYDY B 33JIAHHOM KOPHJIODE,
3AII0JHEHHOM OJJHOPOJHON MM HEOMHOPOHOI cpesioii. B pabore [9] paccmorpena Kpaesas 3aa4a napabosmae-
ckoro tuna. PacrpeesieHne Temnja B pacCMaTPUBAEMOM TeJjieé KOHTPOJUPYeTCsi (PYHKIINEH, KOTOpasi HaXOIUTCs
Ha TPAHUIIE TeJIa.

B pa6ore [10] uucsieHHO peraercs ypasHeHune KOHBeKIMU-Auddys3un B AByMEPHOH reoMeTpHU JIJIs MO-
JIeJINPOBaHMs TeIutonepeadn. 1[poBeeHO TeCTHPOBAHNE W TIOJYyYeHBI PE3YJIbTATHI JJIS CJIYyIaeB TPAHMIHBIX
ycaoBuii Tpex tuioB. OrMeruM, Takxke, 9To B paborax [11-13] paccMOTpeHbl YHCIIEHHBIE CXEMbI ¢ SBHBIM KOH-
BEKTHUBHBIM U HESIBHBIM JUMD@Y3MOHHBIM TEPEHOCOM.

B nmammoit pabore paccMOoTpeHa 3ajada yIpaBIeHUs KOHBEKImeh-anddy3neit Ha OCHOBE ONMTHMUBAINN
JINHEITHOTO 11eJ1eBOro (DYHKITMOHAJIA C YI€TOM OTPAHUYEHMIl, KOTOPasl PEeIIaeTcsl Ha OCHOBE AIIIPOKCHMAIIUU U
CBeJIeHUsI K 3a/a4e JIMTHEHHOTO IIPOrpaMMUpPOBaHusi. B paboTe mpe jiararoTcst METOJ M aJITOPUTM PEIeHIsT HeCTa-
[IMOHAPHOM 33/1a49M MOJJIEPKAHUS TEMIIEPATYPbI BHYTPU 00JIACTH B 33JIAHHBIX IIPEJEsax, IIyTeM OINTAMAIbLHOTO
pa3MernieHnsl UCTOYHUKOB TEILIA B MPsIMOYTOIbHUKE. [l TpOBe/IeHNsT BEIYUCIUTEIbHBIX SKCIIEPUMEHTOB OBLIO
pa3zpaboTaHo TpOrpaMMHOE ODecITeIeHme.

ITocTaHOBKa 3a/ayu M €€ KOHEYHO-PA3HOCTHas anmpokcumarums. B obmactn D = {a < z <
b, c <y <d, 0 <t < T} tpebyerca naiirn byukuuto f(z,y,t) > 0 Takywo, uro misa moboro t € (0,7
JITHEHHDBIN (DYHKITHOHAJT

b d
JU}://f@wimwx%mm, (1)

JIOCTHUTaJl MAHAMYMa B YIOBJIETBOPSIINCH CJIEILYIONIAE YCIOBUS:
ou 0%u 0% ou Ou
== =+ - H(=+= t
o = xent) (G + 55 ) — et (G4 50) + Sae)
a<zr<b c<y<d 0<t<T,
u(r,y,0) =uo(z,y), a<x<b c<y<d
u(a,y,t) = .ul(y7t)5 u(bayat) = M2 yvt)7 c
u(z,c,t) = pg(x,t), u(z,d,t) = ps(z,t), a
m(x,y,t) <u(w,y,t) < M(z,y,t), (v,y,t) €D, (3)

(2)

<d, 0<t<T,
<b, 0<t<T,

rae u = u(x,y,t) — TeMieparypa B TOUKe (X,%y) UPAMOYIOJbHUKA B MOMeHT Bpemenu t; x(z,y,t) > 0 — ko-
sbdunuent nuddysun (remueparypornpoBogsoctu); v(x,y,t) — CKOPOCTh KOHBEKIIUU [0 COOTBETCTBYIONIAM
HanpasieHusM; ug(x,y), p1(y,t), ue(y,t), us(z,t), pa(x,t), m(z,y,t), M(x,y,t) — 3auaHHbIe HEPEPBIBHBIE
dbyHKIMHN, yIOBIETBODSIONME YCJIOBHs conpsikerns (e, t) = ps(a,t), p1(d,t) = pala,t), pa(e,t) = ps(b,t),
pa(d,t) = pa(b,t). @yaxun m(x,y,t) u M(z,y,t) — umeror cMmbica GOYHKIUA MUHIMAJIBHON M MAKCHMAJIBHON
TeMIepaTypbl B objactu D cooTBeTCTBeHHO. MOIMHOCTh 00BEMHBIX MCTOYHUKOB TEILIA OINMCLIBACTCS KBAJpa-
TuaHO uHTerpupyemoii dbyukiueit f(x,y,t) B upocrpancrse Lo(D).
ou 0?u  0%u Oou Ou
IIycrs Lu = 5 —x(z,y,1t) (3362 + 8yQ> +o(z,y,t) ((% + o
nmeer obparnbiit L. 3nech L™! — mHTerpanbubiil onepaTop ¢ HempepbiBHBIM AapoM (dbyrkmus ['puna). Uc-
HOJIB3Ysl €10, MOXKHO 3ammcarh 3a1a4dy (1)-(3) B ciexyromem Buje:

f('ﬂ ) ) € LQ(D)v f(x7y7t) > 07 m(:L‘7y7t) < (L_lf)(l‘7y7t) < M(x,y,t). (4)

>. Oueparop L, oupenesnennstii B Lo (D),
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TockonbKy TpyIHO HaiiTu HempepbiBHOE perienne 3anaqan (1)-(4), umem dncieHHOE perenue 3aza4am. B
9TOM CJIydae, UCIOJIb3ysl HeSIBHYIO CXeMy, 3aMeHsieM 3a/1a1y (2) KOHEUHO-DA3HOCTHBIM yPABHEHHEM.

Bsenem B D paBHOMEDHYIO IO TPEM IEPEMEHHBIM PA3HOCTHYIO CETKY U;lhz =Wp, XWp, Xxw ={(x; =
ihi, yj = jho, ty = k1), i = 0,N1, j = 0,Na2, kK = 0,N3} ¢ maravu hy = (b — a)/N1, ho = (d — ¢)/Na,
T = T/N3

HesiBHasi pa3HOCTHAsI cxeMa JJIsl ycjioBust (2) uMeer BHL:

k1 k k+1 k1 k1 k+1 k+1 k+1
U — (u —Quij +u; (e} —2uij —|—uij_1> B

ij o X’-CTH i+1j
T * h? h3

v

k+1 k41 k+1 _  k+1
ka1 [ Wit %oy I Uijp1 — U1 4 fhtl
" 2h, 2ho v

i=1,2,.. . Ni—1, j=1,2,....No—1, k=0,1,...,Ns— 1, (5)

UO» :uo(xi,yj)7 i:O,l,...,Nl, j:(),].,...,NQ,

ij

Ugjl ::ul(yjatk+1)a ulfv—r]l :,UQ(yjatk—‘rl)? j:0717"'7N27 kzoala"'aNf’)* 13

’U,i-co+1 = M3(xi7tk+1)7 ufﬁj = ,u,4(£[:i,tk+1), 7= 07 1, .. .,Nl, k = 071,. . 7]\73 — 1.

k+1 _ k+1 _ k+1 _
Bmeck X5 = X(@i, Yy, thr1)s v = v(@i, Yj tet), fii = (@0, Y tetn).
Benem obosnadgenusa

xv- (14 21y n 2, X+ — i + v X~ = Xyt
TR R ) h2 " om ) h2 2h )

v — xi + v Yo = R
h2 2hy )’ h’ 2hy )

PaCCl\/IOTpI/IM paCcHIMPpEeHHYIO MaTpUuily CUCTEMbI:

XYyt 0o ... 0 Xt 0 ... ... 01
Y- XYyt o ... 0 Xt 0 ... 0
e
0 0 X 0 0 Y XYY"
L0 0 X° 0 0 Y~ XY-
ITomyanm
G=A1
Aunpoxrcumupyenm 3azgady (1)-(5) B Buze 3aza4u jauneiinoro nporpamMmuposanust. Paznesum obiacrs D o
N3 Ny N
x,y,t coorBercrBento Ha N1, N, N3 pasubix uacreit: D= |J U U ij, e ij = {(x,y,t), vi—1 <z < xy,
k=1i=1j=1

Y1 <y < yj, th—1 <t < g}, i =1,Nq1, j =1 Ny, k =1,N3. B mpocrpancrse Lo(D) dyuxiun 1’3- =
flxi,yj,te), (x,y,t) € ij (t=1,N1—1,j =1,Ny— 1, k = 1, N3) onpesesstiorcst Kak KyCOIHO-IIOCTOSIHHBIE
N3 Ni—1Nsy—1

dyukuun. Orciona nosmyunm f(x,y,t)~ >, > > Z
k=1 i=1 j=1

HyCTb 9pq = G7 mfj = m(xhyj?tk)» MZI‘C] = M(mhyj?tk)? qu = ikja N = (Nl - 1)(N2 - 1), (p =4q,q9 =
(i—1)(No—1)+4),p=1,N,q=1,N,i=1,N; —1,j =1, Ny — 1, k = 1, N3. I[loncrasum Beipaxenne f(x,y,t)

B (1) u 3ameHnM HepaBeHCTBO (4) Ha ceTouHBIE (DYHKIIUH.
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ITocsne sToro mosyuuM cieayIonryio 3aa4y JUHEHHOrO IPOrPAMMUPOBAHUS:

J{f) = Z Z (mesDJ) fE — min, k=1,2,..., N3,

i=1,N,—1, j=1,No—1, k=1, N3,
k>0, ¢=1,2,...,N, k=1,2,...,N5.

Bazaqa (6) pemmaercs M-meTo1oM (METOIOM HCKyccTBeHHOTO 6asuca) [14, 15]. Hucsaennoe pernierne 3a1a9u
N

(2) HAXOAUTCS ¢ TOMOIIBIO u ngq f Haitnennas f, fk sapnsiercst dyHKupeil, gaomeil MEHIMYM (yHKIHO-
q=1
nasy (1).
Pe3ybTaThl BEIYNCINTEIBHBIX IKCIIEpUMEHTOB. [ npubimkentoro pemenns 3auaaun (1)-(6) pas-
paborano mporpammHoe obecrievuerue Ha si3bike C'#. st mipesicTaBiieHns pe3ysibraToB pasdpaboTaHbl rpadu-
geckue Mojysu. Ha 6Giok-cxeme (puc. 1) npusenen obIuil ajirOPUTM DeIIeHUs 3aJa4dd C HCIOJIb30Ba~ HUEM

YUCJIEHHOTO METOJIA JIJIsT BBIMUCTCHUS Jiin -
4

BEoZ 341AHHBIX JAHHBX
JIHCKPeTH3AIHA MOJ&TH

¥

HOCT]JOH:M KOHETHO-PASHOCTHYIC allIPOKCHMAITHIQ
E BHTE 32Ja9H ITHHefHOTO TOporpaMMHPOEAHAT

PemaeM 3anaqy B BHAE JTHHEHHOIO IPOTPaMMHPOBAHHA
€ HCIOMB30BaHHEM M-MeToza.

PeEbeTa'[ - OIITHMATBHBIe HCTOTHIKI fmm

[
!

BEIEOT pe3yIbTaTOR

Puc. 20: Biok-cxema o01rero aaropurma pemreHust 3a1a9u

IIpumep. Tpebyerca HaiiTH ONTHMAJIBHOE Pa3MeEIeHNe UCTOYHUKOB TEIJIa ¢ MIHUMAJIBHON MOIHOCTHIO
B OPSIMOYTOJIbHUKE. B KauecTse pacuérHoil obsactu ucnosbsyercst Keaapar x,y € [0,1] ¢ dyrkuusmu koad-
burmentom ubdysun x(z,y,t) = x?y*t M2 /c u xkomnonentamu ckopoctu v(x,y,t) = xyt m/c. Hauambhoe
U IPaHUYHBIE YCJIOBUS onpejensiorces dyakmasvm: ug(z,y) = 2 + 22 + 2 m/c, pu1(y,t) = 2+ y* + 2 m/c,
pa(y,t) = 3+ 3% + 12 m/c, ps(x,t) = 2+ 22 + 12 m/c, pa(x,t) = 3 + 22 + t2 m/c. OrpanmauBaromue TeM-
nepaTypHble KpuBbIe 3ajaforcs dyrkmmavu: m(z,y,t) = 1+ 2% + % + 2 K, M(z,y,t) = 4 + 2> + y? + 2
K, a okonuanue Bpemenn T = 1. Pacuérnas cerka ¢ unciaom uctoaaukoB (N7 — 1)x(Ny — 1)x N3 = 9x9x10.
Ha puc. 2 npencrasieHbl pe3ysbTaThl YUCIEHHOrO perenus 3a1a49u (6). MUHUMYM OpU YHCJIEHHOM DeIleHUn
3navuenne yHKIMOHANA paBeH Juyin = 23.74 K-m/c. Tlpencrasiennl pe3y/ibraTbl ¢ MUHUMAJBHBIM (TDAHUIIBI
C CUHHMM I[BETOM, HUKE), MAKCUMAJIbHBIM (CPAHUIBI ¢ KPACHBIM IIBETOM, BBIIIE) U HPUOJIUKEHHBIM (3€IeHbIM
[BETOM, II0CEPeIMHe) 3HAYEHUAME TemilepaTypbl. Ha puc. 3 10Ka3aHO ONTUMAJILHOE PACIIOJIOXKEHUE UCTOYHUKOB
TeIlIa ¢ MUHUMAJIBHOM MOIITHOCTBIO.
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u(x, y,1)

Puc. 21: T'padux pemenuns 3anauun (6) upu t =T

flxp.n)

Puc. 22: OurumanbHoe pasMelieHne NCTOYHUKOB Teria f(x, y,t)

Kak Bunno u3 pucynka 2, perrenne KpaeBoil 3aa4u J€KNUT B IpeJesle MUHUMAJIbHBIX U MAKCHMAJIbHBIX
TeMIIepaTyp, T.e. YJOBJIETBOpsieT HepaBeHCTBY (3). Bumano, uro snavenne u(z,y,t) IPAKTUIECKH PDABHO MUHU-
MaJIbHO# Temiieparype. 9To o3Haudaer, uro dbyHkuunonan Ji{f} mocruraer MmuanMyMa.

3akmrodenne I[IpenioXKeHbl METOIUKA W AJTOPUTM PEIleHHsl HECTAIMOHAPHOW 3aJadu I10JJIePrKAHUSI
TeMIepaTypbl BHyTpU 00JIACTH B 3aJJaHHBIX IIPeJie/IaX IIyTeM ONTUMAJILHOTO Pa3MEIIeHNs HCTOYHIUKOB TeILIa B
IPSIMOYTOJIBHUKE. 3aJ[ada PEIleHa Ha OCHOBE JHCJIEHHOTO MOJEIMPOBAHUS IIPOIECcCa KOHBEKIMU-Iuddy3nn u
[IOCJIEIOBATEILHOTO PEIeHns 3329 JIMHEHHOTO MPOrPAMMUPOBAHUA. Pe3ysIbTaThl BEIYUCIUTEILHOTO SKCIIEPU-
MEHTa IIOATBEPXKIAIOT JIOCTUXKEHNE (DYHKIIMOHAJIOM MUHIMYMa U PelleHne OCHOBHOI 3a1advu.
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REZYUME

Ushbu ish minimal quvvatli issiqlik manbalarini optimal joylashtirishning nostatsionar masalasini
sonli yechishga bag‘ishlangan. Masalaning qo‘yilishi bir vaqtning o‘zida ikkita shartning bajarilishini
talab qiladi. Birinchi shart to‘g‘ri to‘rtburchakka minimal quvvatli issiqlik manbalarini optimal
joylashtirish orqali temperaturani minimal va maksimal temperaturalar oraligida bo‘lishini
ta’minlashdan iborat. Ikkinchi shart isitish uchun sarflangan issiqlik manbalarining umumiy
quvvati minimal bo‘lishini ta’minlashdan iborat. Statsionar holda ushbu masala boshqa olimlarning
ishlarida o‘rganilgan. Nostatsionar holda esa qaralmagan. Chegaraviy masala yechimini uzluksiz
holda topish qiyin bo‘lgani uchun masalaning sonli yechimini qidiramiz. Uzluksiz yadroli (Grin
funksiyasi) integral teskari operatorni topish qiyin. Grin funksiyaning sonli giymatini matritsa
ko‘rinishida topamiz. Parabolik tipdagi xususiy hosilali differensial tenglamalar bilan tavsiflanuvchi
jarayonlarda minimal quvvatli issiqlik manbalari joylashuvini optimal boshgarishning nostatsionar
masalasini sonli yechishning yangi algoritmi taklif gilingan. Boshqgacha qilib aytganda yangicha sonli
yechish metodikasi taklif gilingan. Birinchi chegaraviy masala uchun berilgan konveksiya-diffuziya
tenglamasi orqali tavsiflanuvchi jarayonlarning matematik va sonli modeli qurilgan. Chegaraviy
masala ikki o‘lchovli hol uchun o‘rganilgan. Masalani sonli yechishda oshkormas chekli ayirmali
sxemadan foydalanilgan. Ushbu sxema yordamida ayirmali tenglamalar sistemasi hosil qilingan.
Hosil qgilingan ayirmali tenglamalar sistemasi chiziqli programmalash masalasiga keltirilgan. Chiziqli
programmalash masalasi M-metoddan foydalanib yechilgan. Vaqtning har bir giymatida chiziqli
programmalash masalasi yechiladi. Masalani sonli yechishning yangicha yondashuvi taklif gilingan.
Minimal quvvatli issiqlik manbalari joylashuvini optimal boshgarishning nostatsionar masalasini
yechish algoritmining umumiy blok-sxemasi keltirilgan. Qo‘yilgan masalani sonli yechish uchun
algoritm va dasturiy ta’minot ishlab chiqgilgan. Dasturiy ta’'minotning qisqacha tavsifi keltirilgan.
Chegaraviy masalaning sonli yechimi berilgan oraliglarda yotishi, optimal joylashtirilgan minimal
quvvatli issiglik manbalarining yig‘indisi funksionalga minimum berishi konkret misolda ko‘rsatilgan.
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Hisoblash eksperimentining natijalari vizuallashtirilgan.

Kalit so‘zlar: nostatsionar masala, optimal joylashtirish, issiglik manbalari, konveksiya-diffuziya
tenglamalari, M-metod.

RESUME

This work is devoted to the numerical solution of the non-stationary problem of optimal placement of
heat sources of minimum power. The statement of the problem requires the simultaneous fulfillment
of two conditions. The first condition is to ensure that the temperature is within the limits of
minimum and maximum temperatures due to the optimal placement of heat sources with a minimum
power in the rectangle. The second condition is that the total power of the heat sources used for
heating is minimal. This problem was studied under stationary conditions in the works of other
scientists. However, the problem was not considered in the non-stationary case. Since it is difficult
to find a continuous solution to the boundary value problem, we are looking for a numerical solution
to the problem. It is difficult to find an integral operator with a continuous kernel (Green’s function).
The numerical value of the Green’s function is found in the form of a matrix. A new algorithm for
the numerical solution of a non-stationary optimal control problem for the placement of heat sources
with a minimum power in processes described by parabolic partial differential equations is proposed.
A new technique for numerical solution is proposed. A mathematical and numerical model of the
processes described by the convection-diffusion equation given for the first boundary value problem
is constructed. The boundary value problem is studied for the two-dimensional case. An implicit
finite difference scheme was used to solve the problem numerically. According to this scheme, a
system of difference equations was created. The formed system of difference equations is reduced to
a linear programming problem. The problem of linear programming is solved using the M-method.
For each time value, a linear programming problem is solved. A new approach to the numerical
solution of problems is proposed. A general block diagram of the algorithm for solving the non-
stationary problem of optimal control of the placement of heat sources with a minimum power is
given. An algorithm and software for the numerical solution of the problem have been developed. A
brief description of the software is given. A concrete example shows that the numerical solution of
the boundary value problem lies in the given intervals, and that the sum of optimally placed heat
sources with minimal power gives a minimum to the functional. The results of the computational
experiment are visualized.

Key words: non-stationary problems, optimal placement, heat sources, convection-diffusion
equations, M method.
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