
 

 

 

 

 

 

O‘zMU XABARLARI 
 

ВЕСТНИК НУУз 
 

ACTA NUUz  
 

SCIENTIFIC JOURNAL OF NATIONAL UNIVERSITY OF  

UZBEKISTAN NAMED AFTER MIRZO ULUGBEK 

 

THE 

JOURNAL 

HAS BEEN 

PUBLISHED 

SINCE 1997 

 

 

 

2026 

2 
Exact 

sciences 

Editor in Chief: 

Madjidov I.U. – Doctor of Technical Sciences, Professor 

Deputy Editor in Chief: 

Ergashov Y.S. – Doctor of Physical and Mathematical Sciences, 

Professor 

Editorial Board: 

Ayupov Sh. A. –  DSc. (Phys.-Math.), Academician (Uzbekistan) 

Alimov Sh. A. –  DSc. (Phys.-Math.), Academician (Uzbekistan) 

Azamov A.A.–  DSc. (Phys.-Math.), Academician (Uzbekistan) 

Rozikov U. A. –  DSc. (Phys.-Math.), Academician (Uzbekistan) 

Aripov M. M. –  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Zikirov O. S. –  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Ganikhodjayev R. N. –  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Narmonov A. Y. –  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Rakhimov A. A. –  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Aloev R. J. –  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Beshimov R. B.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Shoimkulov B. A.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Khalmuxammedov A.R.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Akhmedov A.B.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Sharipov O.Sh.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Mamadaliyev N.A.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Khudoyberdiev A.Kh.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Matyakubov A. S.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Sobirov Z.A.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Khajiyev I.O.–  DSc. (Phys.-Math.), Professor (Uzbekistan) 

Kitmanov A.M.–  DSc. (Phys.-Math.), Professor (Russia) 

Kozhanov A.I.–  DSc. (Phys.-Math.), Professor (Russia) 

Dzhokhadze O.M.–  DSc. (Phys.-Math.), Professor (Georgia)   

Managing editor: 
Gaybullaev R. K. – PhD (Phys.-Math), Associate Professor (Uzbekistan) 

 

 

TOSHKENT – 2026 



Acta NUUz � Exact sciences

� CONTENTS �

Abdimurodova Sh. A nonlocal problem for mixed-type equations of Barenblatt-Zheltov-Kochina
and Boussinesq type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
Amonov B. On the uniqueness of the solution to Frankl’s problem with a non-symmetric nonlocal
condition for the Gellerstedt equation with different orders of degeneracy . . . . . . . . . . . . . . . . . . . . . . . 9
Ashirov A., Bazarbaev S. Capacity of the Set of Liouville Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 14
Atajonov Kh., Akhmedjanova R. Local and 2-local anti-derivations on someWitt-type infinite-
dimensional Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Azizov A. Weighted ergodic averages for d-dimensional flows in ideals of compact operators . . . 26
Boboxonova M. Control problem for a process described by a fractional partial differential
equation in a rod . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
Bozorov J., Turayev T. Carleman formula in the matrix polydisc of the second type . . . . . . . . . 41
Gadaev S. Cn - Luzine properties for α - subharmonic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
Gaybullaev R., Nuratdinov K. On 1

2 -derivations of the Euclidean Lie algebras . . . . . . . . . . . . . . 57
Khajiev I.O., Ruzimatov J.A. Initial-boundary value problem for a third-order composite type
differential equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
Khalilov A. Limiting Gibbs measure on a non-regular tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Khasanov Sh. A direct problem and a time-dependent inverse coefficient problem for a sub-
diffusion equation involving the ψ-Prabhakar-Caputo operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
Khayitkulov B. Numerical solution of the non-stationary convection-diffusion problem in the
one-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
Mamadaliev N. , Sayfullaeva R. On the pursuit problem in linear differential-difference ggames
of neutral type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
Mamadaliyev N., Juraev R., Toshbuvayev B. Finite soft products and symmetric powers in
soft topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
Muminov M., Shermukhammedov B. Piecewise constant argument method using Adams-
Bashforth technique solution for second order nonlinear systems of ODEs . . . . . . . . . . . . . . . . . . . . . . . 117
Narzillaev N., Suyunova M. Examples of admissible convex kernels for generalized potentials 126
Norkulova R. Inverse problem for the time-fractional linearized Kuramoto-Sivashinsky equation
in the class of decreasing functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
Nurmukhamedova N., Berdimuradov M. Asymptotically efficient recursive estimation for
incomplete samples under right censoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
Pirmatov Sh. On the eigenfunction expansion of the B-polyharmonic operator. . . . . . . . . . . . . . . . 150
Sadullaeva Sh. Nonlocal problem for a fractional wave-type equation with Hilfer derivative . . . 157
Saitova S., Abdusalomova O. Controllability via Killing vector fields on the Sphere and
transverse singular foliations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
Shadimetov Kh., Jabborov Kh. Optimal quadrature formula for the approximate calculation
of the singular integral with the Hilbert kernel in the space L(3)

2 (0, 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
Shoimkulov B. , Otemuratov B., Kutlymuratov B.Morera boundary theorem for the matrix
ball of the first type in the class of integrable functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
Usmonov D., Jurayeva D. Direct and inverse problems with integral conditions for the string
vibration equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
Usmonxujayev Z. On geodesic mappings of surfaces of revolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
Yusupov Sh., Tojinorova M. On the weak generalized solution of the fourth-order Tricomi
equation with a semi-nonlocal boundary condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

2



Acta NUUz Exact sciences 2/2, 2026, 3-8

A Nonlocal Problem for Mixed-Type Equations of Barenblatt-Zheltov-Kochina
and Boussinesq Type

Abdimurodova Shoxsanam
Karshi State University, Karshi, Uzbekistan

shoxsanamabdimurodova@gmail.com

Abstract. In this paper, the existence and uniqueness of a solution to a nonlocal mixed problem
for abstract operator equations of Barenblatt-Zheltov-Kochina and Boussinesq type are investigated.
The spectral method based on the method of separation of variables is applied to solve the problem.
Conditions for the existence and uniqueness of the solution are established.

MSC (2020): 17A30; 17B30; 17B40; 17B56.

Key words: mixed-type equation, Fourier method, nonlocal condition, uniqueness condition.

Introduction

Many scientific and applied studies conducted worldwide demonstrate the importance of investigating
boundary value problems for partial differential equations. In recent years, considerable attention has been paid
in our country to mathematics, physics, geology, and biology, as well as to fundamental scientific fields with
significant potential for both theoretical research and practical applications. The main aim of this paper is to
solve a nonlocal problem for mixed-type equations with an arbitrary elliptic differential operator. Nowadays,
boundary value problems for mixed-type equations are considered one of the actively developing areas in the
theory of partial differential equations. A large number of scientific studies and monographs have been published
in this field (for example, see ([1]-[8])). Classical works on mixed-type equations can be found in the studies of
A.V. Bitsadze [9], M.M. Smirnov [10], and V.N. Vragov [11].

Let H be a separable Hilbert space endowed with the scalar product (·, ·) and the norm ‖·‖. Let A :
D(A)→ H be an arbitrary positive, self-adjoint operator defined in H and possessing a compact inverse A−1,
where D(A) ⊂ H denotes the domain of definition of the operator A. Assume that the operator A has a complete
orthonormal system of eigenfunctions {vk} in H and a countable set of positive eigenvalues {λk}. By reordering
the eigenvalues, they can be arranged in non-decreasing order, i.e., 0 < λ1 ≤ λ2 ≤ ...→ +∞.

Let C ([a, b] ;H) denote the space of continuous functions u(t) defined on the interval t ∈ [a, b] with values
in H.

Statement of the problem

In this paper, we consider the following mixed problem:
Let us consider the problem of finding a solution to equation

0 =

{
ut +Aut +Au+ ν2u, 0 < t < β,

utt +Autt +Au+ ν2u, −α < t < 0,
(1)

satisfying the two coupling conditions

u(0 + 0) = u(0− 0), ut(0 + 0) = ut(0− 0) (2)

and the integral condition
0∫

−α

u(t)dt = ψ, (3)

Received: 03.05.2026, Accepted: 01.07.2026
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here, α > 0, β > 0, ν > 0 are given positive real numbers, ψ ∈ H.
Definition 1. If u(t) ∈ C ([−α, β] ;H) possesses the properties Au(t) ∈ C ((−α, 0) ∪ (0, β) ;H);

ut(t), Aut(t) ∈ C ((0, β) ;H); utt(t), Autt(t) ∈ C ((−α, 0) ;H) and satisfies all conditions of problem (1)-(3),
then the element u(t) is called a classical solution of problem (1)-(3).

Construction of the solution to problem (1)-(3).
We seek the element u(t), which is a solution of problem (1)-(3), in the following form:

u(t) =

∞∑
k=1

Tk(t)vk. (4)

Substituting (4) into equation (1), we obtain the following equalities:

0 =

{
Tk
′(t)(1 + λk) + (λk + υ2)Tk(t), 0 < t < β,

Tk
′′(t)(1 + λk) + (λk + υ2)Tk(t), −α < t < 0,

here, µ2
k = λk+ν2

λk+1 . The general solution of these equations has the following form:

Tk(t) =

{
cke
−µ2

kt, t>0,
ak cosµkt+ bk sinµkt, t<0,

(5)

here, ak, bk and ck are arbitrary constants.
To determine the unknown constants ak, bk va ck, using the conditions arising from (2)

Tk(0 + 0) = Tk(0− 0), T ′k(0 + 0) = T ′k(0− 0)

we have ak = ck, bk = −µkck. From this, we obtain a solution of problem (1)-(2) in the form:

u(t) =


∞∑
k=1

cke
−µ2

ktvk, t > 0,

∞∑
k=1

(ck cosµkt− µkck sinµkt)vk, t < 0.

(6)

To determine the coefficients ck, we use the integral condition (3) and obtain the relation

ck∆k(α) = ψk, (7)

here,

∆k(α) = (1 +
1

µk
sinµkα− cosµkα). (8)

If ∆k(α) 6= 0, then the coefficient ck is determined as follows:

ck =
ψk

∆k(α)
. (9)

Then, according to (6), we obtain the following formal solution:

u(t) =


∞∑
k=1

ψk
∆k(α)

e−µ
2
ktvk, t > 0,

∞∑
k=1

ψk
∆k(α)

(
cosµkt− µk sinµkt

)
vk, t < 0.

(10)

Now let us consider the case ∆k(α) = 0. Equality ∆k(α) = 0 is equivalent to equality µk = µk cosµkα−
sinµkα.

From equality µk = µk cosµkα − sinµkα, we obtain equality cos (µkα+ ϕk) = µk√
1+µ2

k

, where ϕk =

arccos µk√
1+µ2

k

, 0 < ϕk <
π
2 . For this equation to have a solution, we obtain two families of solutions:

4
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1) µkα = 2πn, n ∈ N ;

2) µkα = −2ϕk + 2πn, n ∈ N .
Since µk → 1 as k →∞ and ∆k(α)→ ∆(α) = 1 + sinα− cosα, in this paper we assume that, in order to

ensure ∆(α) 6= 0, the conditions α 6= 2πn va α 6= −π2 + 2πn (n ∈ Z) are satisfied. Let us introduce the following
notation:

δ = max

{
1, 1 +

ν2 − 1

1 + λ1

}
.

Taking into account that λ1

1+λ1
< µk < δ, it follows that αµk ∈

(
αλ1

1+λ1
, αδ
)
therefore, ∆k(α) = 0 can occur only

for finitely many values of n. Let us denote by K0 = {n1, n2, ..., ns} the set of indices n for which ∆k(α) = 0.
It follows from (7) that if k ∈ K0, then for problem (1)-(3) to have a solution, the following orthogonality

conditions must be satisfied:

(ψ, vk) = 0, k ∈ K0, K0 = {n1, n2, ...ns} . (11)

In this case, the formal solution of problem (1)-(3) is represented in the following form:

u(t) =



∑
k/∈K0

ψk
∆k(α)

e−µ
2
ktvk +

∑
k∈K0

cke
−µ2

ktvk, t > 0,∑
k/∈K0

ψk
∆k(α)

(
cosµkt− µk sinµkt

)
vk

+
∑
k∈K0

ck (cosµkt− µk sinµkt) vk, t < 0.

(12)

Since the coefficients ck are arbitrary, this solution is not unique.
In the following, we assume that the orthogonality condition (11) is satisfied in the case ∆k(α) = 0.
If ∆k(α) 6= 0, then there exists a constant C0 such that the following estimate holds:

|∆k(α)| ≥ C0 > 0. (13)

Now we need to show that the solutions of the form (10) and (12) satisfy all the conditions of Definition
1.

First, we show the uniform convergence of the series (10). For this purpose, we denote the partial sums
of the series (10) as follows: for the case t > 0

S+
n (t) =

n∑
k=1

[
ψk

∆k(α)
e−µ

2
kt

]
vk

and for the case t < 0

S−n (t) =

n∑
k=1

[
ψk

∆k(α)
(cosµkt− µk sinµkt)

]
vk.

First, we study the action of the operator A on the partial sums of the series (10). For this purpose, by
the definition of the operator A, we obtain the following:

∥∥AS+
n (t)

∥∥2
=

∥∥∥∥∥
n∑
k=1

ψk
∆k(α)

e−µ
2
ktλkvk

∥∥∥∥∥
2

and ∥∥AS−n (t)
∥∥2

=

∥∥∥∥∥
n∑
k=1

ψk
∆k(α)

(cosµkt− µk sinµkt)λkvk

∥∥∥∥∥
2

.

5
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By Parseval’s equality and using (13), we obtain the following estimates:

∥∥AS+
n (t)

∥∥2
=

n∑
k=1

λ2
k

∣∣∣∣ ψk
∆k(α)

e−µ
2
kt

∣∣∣∣2 ≤ C n∑
k=1

λ2
k|ψk|

2

and ∥∥AS−n (t)
∥∥2

=

n∑
k=1

λ2
k

∣∣∣∣ ψk
∆k(α)

(cosµkt− µk sinµkt)

∣∣∣∣2 ≤
≤ C

n∑
k=1

λ2
k|ψk|

2
(1 + µk)

2 ≤C1

n∑
k=1

λ2
k|ψk|

2
,

here, C and C1 are positive constants.
From the above estimates, it follows that if ψ ∈ D(A), then Au(t) ∈ C ((−α, 0) ∪ (0, β) ;H).
Similarly, it can be shown that if ψ ∈ H, then u(t) ∈ C ((−α, 0) ∪ (0, β) ;H).
Now we estimate Aut(t). For this purpose, it is sufficient to consider the case t > 0. By the definition of

the operator A, we obtain the following equality:

∥∥∥∥A∂S+
n (t)

∂t

∥∥∥∥2

=

∥∥∥∥∥
n∑
k=1

[
−µ2

k

ψk
∆k(α)

e−µ
2
kt

]
λkvk

∥∥∥∥∥
2

.

By Parseval’s identity and using (13), we obtain the following:∥∥∥∥A∂S+
n (t)

∂t

∥∥∥∥2

=

n∑
k=1

λ2
k

∣∣∣∣−µ2
k

ψk
∆k(α)

e−µ
2
kt

∣∣∣∣2 ≤
≤ C2

n∑
k=1

λ2
k

∣∣µ2
k|ψk

∣∣2 ≤ C3

n∑
k=1

λ2
k|ψk|

2
,

here, C2 and C3 are positive constants. Hence, if ψ ∈ D(A), then Aut(t) ∈ C ((0, β) ;H).
Similarly, it can be shown that if ψ ∈ H, then ut(t) ∈ C ((0, β) ;H).
Now we estimate Autt(t)) in the case t < 0. Applying the operator A to S−n (t), we obtain the following:

∥∥∥∥A∂2S−n (t)

∂t2

∥∥∥∥2

=

∥∥∥∥∥
n∑
k=1

µ2
k

ψk
∆k(α)

(− cosµkt+ µk sinµkt)λkvk

∥∥∥∥∥
2

.

Applying Parseval’s identity, we obtain the following:∥∥∥∥A∂2S−n (t)

∂t2

∥∥∥∥2

=

n∑
k=1

λ2
k

∣∣∣∣µ2
k

ψk
∆k(α)

(− cosµkt+ µk sinµkt)

∣∣∣∣2 ≤
≤ C4

n∑
k=1

λ2
k|ψk|

2|µk|4(1 + µ2
k) ≤ C5

n∑
k=1

λ2
k|ψk|

2
,

here, C4 and C5 are positive constants. From this estimate, it follows that if ψ ∈ D(A), then Autt(t) ∈
C ((−α, 0) ;H).

Similarly, it can be shown that if ψ ∈ H, then utt(t) ∈ C ((−α, 0) ;H).
The uniform convergence of series (12) can be shown in the same way as above. Unlike (10), there are a

finite number of additional terms, which do not affect the convergence of the series in any way.
If the set K0 is empty, i.e., ∆k(α) 6= 0 for all k, then the coefficients ck are uniquely determined, and

problem (1)-(3) has a unique solution.

6
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If the set K0 is nonempty, then in order for a solution to exist, the orthogonality conditions (11) must be
satisfied. In this case, the solution is not unique.

Now we show that the solution is unique when ∆k(α) 6= 0.
Uniqueness of the solution. To prove uniqueness, we use the standard method, namely we assume

the contrary. Assume that we have two solutions u1(t) and u2(t). Let w(t) = u1(t)− u2(t). Since the system is
linear, for w(t) we obtain the following problem:

0 =

{
wt +Awt +Aw + ν2w, 0 < t < β,

wtt +Awtt +Aw + ν2w, −α < t < 0
(14)

with the coupling conditions
w(0 + 0) = w(0− 0), wt(0 + 0) = wt(0− 0) (15)

and the nonlocal condition
0∫

−α

w(t)dt = 0. (16)

Thus, we are reduced to the problem of finding a function w(t) satisfying these conditions.
The solution of this equation is obtained in the same way as above and, according to expression (6), is

given by:

w(t) =


∞∑
k=1

cke
−µ2

ktvk, t > 0,

∞∑
k=1

ck
(
cosµkt− µk sinµkt

)
vk, t < 0.

(17)

To determine the coefficient ck, we use the nonlocal condition (16) and obtain
∞∑
k=1

ck∆k(α)vk = 0. From

this, we obtain the relations ck∆k(α) = 0 for all k ≥ 1. By the condition ∆k(α) 6= 0, we conclude that w(t) ≡ 0.
From condition ∆k(α) 6= 0, we obtain ck = 0. Accordingly, the solution of the given problem is w(t) ≡ 0. Hence,
we conclude that u1(t) = u2(t).

Thus, we obtain the following statement on the existence and uniqueness of a solution to problem (1)-(3):
Theorem 1. Let ψ ∈ D(A).
1) If ∆k(α) 6= 0, then problem (1)-(3) has a unique solution, which is given by the series (10).
2) If ∆k(α) = 0 and the orthogonality conditions (11) are satisfied, then the solution of problem (1)-(3)

is given by the series (12), where ck, k ∈ K0 are arbitrary constants.
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Abstract. In this paper, in a mixed domain D, using calculations in the half-plane x ≥ 0, we
demonstrate examples of the uniqueness of Frankl’s solution with asymmetric nonlocal conditions
defined on a line segment x = 0 that is asymmetric with respect to the origin for the Gellerstedt
equation with various orders of degeneracy. In the Frankl problem, the nonlocal condition is defined
on a line segment x = 0 that is symmetric (with respect to the origin). The nonstandard formulation
of the nonlocal condition and the form of the equation generate a number of new approaches to
solving problems. The uniqueness of the solution to the problem is proven using the method of
auxiliary functions.
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Key words: mixed type equation, different order of degeneration, asymmetric Frankl condition on
the segment of the axis x = 0, auxiliary function, uniqueness of the solution.

Introduction

In 1956, F.I. Frankl [1], while studying the flow around profiles by a subsonic flow with a supersonic zone
ending in a normal shock wave, arrived at a mathematical model [1], currently called the Frankl problem. The
first results on the Frankl problem, considered for the Lavrentyev equation, were obtained by A.V. Bitsadze [2].
Under certain restrictions on the geometry of the Γ- elliptic boundary curve, the most significant results were
obtained in the works of Yu. V. Devingtal [3], Lin Jian-bin [4], A. P. Soldatov [5], and a detailed bibliography
on the Frankl problem is given in the monograph by K. B. Sabitov [6]. In all the above-mentioned works, a
characteristic feature is that the Frankl condition is specified on a segment of the line x = 0 that is symmetric
with respect to the origin.

This work is devoted to proving the correctness of the problem with the asymmetric Frankl condition [7]
on an asymmetric, relative to the origin, segment of the x = 0 axis for an equation of mixed elliptic-hyperbolic
type.

Statement of the problem FK

Let D be the domain bounded by the arc AB, the normal curve σ0 : x2 + 4(m+ 2)−2ym+2 = a2, x ≥ 0,
lying in the first quadrant and having ends at the points A(0, y2), B(a, 0), where a > 0, y2 = (a(m+2)/2)2/(m+2);
segment A′A of the axis x = 0, where A′ = A′(0, y1), y1 < 0,−y1 < y2; segment CB of the axis y = 0, a1 ≤
x ≤ a, 0 < a1 < a, C = C(a1, 0) and characteristic CA′ of the equation

(signy)|y|muxx + uyy = 0, (1)

where m = m1 for y > 0, m = m2 for y < 0.
Let D1 = D ∩ {y > 0}, OP be the part of the characteristic of equation (1) emanating from the point

O = O(0, 0) and intersecting the segment A′C at the point P ; D2 be the region bounded by the curves OP ,
PC, and OC; D3 be the region bounded by the curves OA′, A′P , and PO.

Received: 14.04.2026, Accepted: 24.04.2026
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Problem FK . Find a function u(x, y) ∈ C(D̄) ∩C1(D ∪OA ∪OA′ \ (OP ∪OC)) ∩C2(D1 ∪D2 ∪D3),
where lim

y→−0
uy = lim

y→+0
uy on OC, satisfying equation (1) in the domain D1 ∪D2 ∪D3 and the conditions:

u(x, y) = ϕ1(x, y), (x, y) ∈ σ0; (2)

u(x, 0) = ϕ2(x), a1 ≤ x ≤ a; (3)

∂u(x, y)

∂x

∣∣∣
x=0

= 0, y1 < y < y2; (4)

u(0, y)− µu(0,−ky) = f(y), 0 ≤ y ≤ y2; (5)

where µ = const > 0, k = −y1/y2 < 1, ϕ1, ϕ2, f are given smooth functions, and ϕ2(a1) = 0, ϕ2(a) =
ϕ1(a, 0) = 0, f(0) = 0. (5) is the asymmetric nonlocal Frankl condition.

Note that if in the conditions of the problem FK y1 = −y2 (k = 1), µ = 1, then the Frankl problem [1]
follows from the problem FK . Problems with analogues of the Frankl condition are studied in the works [8]-[12].

Uniqueness of the solution of the problem FK

Theorem 1. Problem FK , subject to the conditions ϕ1(x, y) ≡ 0, ϕ2(x) ≡ 0, f(y) = 0,

k1+m2 ≤ µ2, (6)

has only a trivial solution.
Proof of Theorem 1. Let u(x, y) be a solution to the homogeneous problem FK (i.e. ϕ1(x, y) ≡ 0, ϕ2(x) ≡

0, f(y) = 0, ) from the class of regular in D solutions of equation (1). Denote by v(x, y) a function that, together
with the solution u(x, y) of problem FK , satisfies the system of first-order equations of mixed type

K(y)ux − vy = 0, uy + vx = 0, (x, y) ∈ D1 ∪D2 ∪D3, (7)

where K(y) = (signy)|y|m. Under the condition v(0, 0) = 0, the function v(x, y) is uniquely determined from
system (7):

v(x, y) =

(x,y)∫
(0,0)

[
uηdξ −K(η)uξdη

]
. (8)

Since u(x, y) is a solution to the homogeneous problem FK belonging to the class of regular solutions of
equation (1) in the domain D, the function v(x, y) defined by formula (8) is continuous in the closed domain
D. Taking into account condition (4), it follows from formula (8) that

v(0, y) = 0, y1 ≤ y ≤ y2. (9)

On the set D1 ∪D2 ∪D3 we consider the curvilinear integral

F (x, y) =

(x,y)∫
(0,0)

[
2uvdξ + (K(η)u2 − v2)dη

]
. (10)

It is easy to verify that, by (7), the integrand in (10) is a total differential of some w(ξ, η), i.e.

F (x, y)
(x,y)∫
(0,0)

dw(ξ, η). Consequently, the value of the integral (10) does not depend on the integration path

inside the domain D. Then the integral (10) defines a function continuous in D. Our goal is to prove the
equality F (x, y) = 0, ∀(x, y) ∈ D.

From formula (10), taking into account condition (9), in the region D we have

F (0, y) =

y∫
0

K(η)u2(0, η)dη ≥ 0, (11)

10
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From (11) it follows that the function F (x, y) attains its largest non-negative value in D. Let
max

(x,y)∈D
F (x, y) = F (Q) > 0. We show that the point Q ∈ A ∪ σ0.

From (10) it is easy to calculate that

Fx = wx(x, y) = 2uv, Fy = wy(x, y) = K(y)u2 − v2. (12)

1. Let y > 0. Let’s calculate:
Fxx = 2uxv + 2uvx, (13)

Fyy = m1y
m1−1u2 + 2ym1uuy − 2vvy. (14)

By virtue of (12), (13) and (14) we have

ym1Fxx + Fyy = m1y
m1−1u2. (15)

There are equalities
K(y)F 2

x + F 2
y =

(
ym1u2 + v2

)
, (16)

Fy +
√
K(y)F 2

x + F 2
y

2K(y)
= u2. (17)

By virtue of (16) and (17), from equality (15) we obtain an elliptic equation

ym1Fxx + Fyy = αFx + βFy, (18)

Where

α =

(
m1

y

)
ym1Fx√

ym1F 2
x + F 2

y

, β =

(
m1

2y

)1− Fy√
ym1F 2

x + F 2
y

 .

The coefficients α and β are bounded in any closed subdomain of D1. For y ≥ h > 0, where h is any
sufficiently small number, equation (18) is uniformly elliptic. Consequently, the internal extremum principle
holds for this equation in D1. It follows that Q /∈ D1. Consequently, the function F (x, y) attains its greatest
value on the boundary of D1, and at the point where this greatest value is attained, the inequality ∂F

∂n < 0
holds, where n is the internal normal to the boundary of D1.

On the segment CB of the boundary of the region D1 the function F (x, 0) = const, since by virtue of the
boundary condition (3), by virtue of (12) we have Fx(x, 0) = 2u(x, 0)v(x, 0) = 0, and by virtue of F (0, 0) = 0
we obtain that F (x, 0) = 0.

2. Let y < 0, on the set D2 ∪D3 ∪OP ∪OC ∪OA′ the function F (x, y) does not increase in y, since

Fy(x, y) = −(−y)m2u2 − v2 ≤ 0, (19)

and, consequently, the function F (x, y) does not reach its greatest positive value at the interior points of the
hyperbolic part of the mixed domain and on its boundaries OC ∪OA′, i.e., the function F (x, y) can reach this
value only on the characteristic A′C.

For the characteristics A′C : x+ 2
m2+2 (−y)

m2+2
2 = a1 the equality holds,

dx

ds
= (−y)

m2
2
dy

ds
. (20)

Here x = x(s), y = y(s) is the parametric equation of the characteristic A′C where s is the arc length
(curvilinear abscissa [8, p. 565]) of A′C measured from the point A′(0, y1) to the point M(x(s), y(s)) ∈ A′C
and x′(s) > 0, y′(s) > 0.

By virtue of equality (20), on the characteristic A′C we have

dF (x(s), y(s))

ds
=
∂F

∂x

dx

ds
+
∂F

∂y

dy

ds
=

11
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=

(
∂F

∂x
(−y)

m2
2 +

∂F

∂y

)
dy

ds
=
[
(−y)

m2
2 u− v

]2 dy
ds
. (21)

Taking into account the inequality dy
ds > 0, for the points of characteristic A′C from (21) we obtain

dF (x(s), y(s))

ds
≤ 0, (22)

i.e. the function F (x, y) on the characteristic A′C does not increase, and on OA′, taking into account (9):
v(0, y) = 0, from (12) we have Fy(0, y) = −(−y)m2u2 ≤ 0, therefore the point of greatest positive value of
the function F (x, y) on the characteristic A′C can only be at the point A′. Thus, by virtue of (19) and (22) it
follows that the function F (x, y) can reach its positive maximum in the hyperbolic part of the domain of the
mixed domain D only at the point A′(0, y1).

Taking into account condition (6) of Theorem 1, it is easy to show that F (A′) ≤ F (A). Indeed, in (11),
setting y = y1, we have

F (A′) = −
y1∫

0

|t|m2u2(0, η)dη. (23)

In (23), having made the change of variable integration t = kη, where k = −y1/y2, we have

F (A′) = k1+m2

y2∫
0

ηm2u2(0,−kη)dη, (24)

here, taking into account the homogeneous asymmetric Frankl condition: u(0, y)−µu(0,−ky) = 0 from (24) we
have

F (A′) = k1+m2

y2∫
0

ηm2u2(0, η)

µ2
dη =

k1+m2

µ2
F (A) ≤ F (A). (25)

It follows that the function F (x, y) reaches its greatest positive value in the region D on the curve A ∪ σ0.
Let Q ∈ σ0 and it has coordinates (x0, y0) = (x0(s), y0(s)).
Due to the corresponding homogeneous condition (2) (with ϕ1(x, y) ≡ 0) on σ0 u = 0, then for

(x(s), y(s)) ∈ σ0 from (12) we obtain

dF (x(s), y(s))

ds
=
∂F

∂x

dx

ds
+
∂F

∂y

dy

ds
= −v2 dy

ds
≤ 0, (26)

since on the curve σ0, dy
ds ≥ 0. Then it follows from (26) that in the neighborhood of the point A(0, y2) the

function F (x, y) on σ0 does not decrease with decreasing arc s, therefore the function F (x, y) must take its
positive maximum at an interior point of the curve σ0. Consequently, the function F (x, y) does not reach its
positive maximum at the point A = A(0, y2), then by virtue of (25) there is no such maximum at the point
A′ = A′(0, y1).

Let the function F (x, y) reach its positive maximum at some interior point M0 of the curve σ0, then at
this point

dF

ds
= −v2 dy

ds
= 0,

it follows that v = 0, since at the interior points of the normal curve σ0
dy
ds > 0. Consequently, by virtue of

(12): where u
∣∣
σ0

= 0 at the point of positive maximum of the function F (x, y) we have

∂F

∂n
=

(
∂F

∂x
cos(n, x) +

∂F

∂y
cos(n, y)

)
= −v2 cos(n, y) = 0. (27)

Equality (27) contradicts the Zaremba-Giraud inequality [9, p. 26]:

∂F

∂n
< 0.
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Therefore, there is no positive maximum of the function F (x, y) on σ0.
Given the equalities F (x, 0) = 0 on CB, we conclude that the function F (x, y) in the domain D does not

have a positive maximum. Similarly, it can also be shown that the function in the domain D does not have a
negative minimum.

Therefore, F (x, y) cannot be non-constant, i.e., F (x, y) = const, but since F (0, 0) = 0, then F (x, y) ≡
0, ∀(x, y) ∈ D.

Since the integrand is the total differential of some function w(x, y), then (10) can be written as

F (x, y) =

(x,y)∫
(0,0)

dw(ξ, η) = w(x, y)− w(0, 0) ≡ 0. (29)

Thus, from the last identity, by virtue of (19) we have u(x, y) ≡ 0, v(x, y) ≡ 0 in D and from this follows the
uniqueness of the solution to problem Fk.

Theorem 1 is proven.
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Abstract. In this paper, we prove that the set of Liouville numbers L has zero Cσ-capacity for
every σ > 0, where the capacity is defined with respect to the kernel

kσ(z, ξ) =
1

|z − ξ|σ
.

As a consequence, the Hausdorff dimension of the set of Liouville numbers is zero. More precisely,
Hs(L) = 0 for every s > 0.

Key words: Liouville numbers, capacity, Hausdorff dimension.

Introduction

An irrational number α ∈ R is called a Liouville number if, for every n ∈ N, there exist infinitely many
rational numbers p/q, with p, q ∈ Z and q > 1, such that∣∣∣∣α− p

q

∣∣∣∣ < 1

qn
.

We denote by L the set of all Liouville numbers.
It is a classical fact that the Hausdorff dimension of the set of Liouville numbers is zero. In this paper,

we give a short potential-theoretic proof of this statement: for every σ > 0, the set L has zero Cσ-capacity with
respect to the kernel |z − ξ|−σ.

Theorem 1. For every σ > 0, the set of Liouville numbers L has zero Cσ-capacity with respect to the
kernel

kσ(z, ξ) =
1

|z − ξ|σ
.

Consequently, we have dimH L = 0. More precisely, for every s > 0,

Hs(L) = 0.

Preliminaries

Hausdorff measure

Let E ⊂ Rn be a bounded set, and let h : [0, r0]→ [0,+∞) be a strictly increasing continuous function,
where r0 > 0 and h(0) = 0. For a fixed ε > 0, consider countable covers of E by open balls {Bj(xj , rj)}j≥1 such
that rj < ε. Define

Hh(E, ε) = inf


∞∑
j=1

h(rj) : E ⊂
∞⋃
j=1

Bj(xj , rj), rj < ε

 .
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*Corresponding autor
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Since Hh(E, ε) is monotone as ε→ 0+, the limit

Hh(E) = lim
ε→0+

Hh(E, ε)

exists. This limit is called the Hausdorff Hh-measure of E. If hs(t) = ts for some s > 0, then Hhs is the usual
s-dimensional Hausdorff measure and is denoted by Hs.

Cσ-capacity

Let K ⊂ C be a compact set and let σ > 0. We consider the kernel

kσ(z, ξ) =
1

|z − ξ|σ
.

For a positive Borel probability measure µ supported on K, its σ-energy is defined by

Iσ(µ) =

∫∫
K×K

dµ(z)dµ(ξ)

|z − ξ|σ
.

Set
Wσ(K) = inf

µ
Iσ(µ),

where the infimum is taken over all positive Borel probability measures supported on K. The Cσ-capacity of K
is defined by

Cσ(K) =
1

Wσ(K)
,

with the convention 1/∞ = 0.
We also define the inner and outer Cσ-capacities with compact subsets and open supersets of any Borel

set E
Cσ(E) = sup{Cσ(K) : K ⊂ E, K compact},

and
Cσ(E) = inf{Cσ(U) : E ⊂ U, U open}.

For Borel sets, these two capacities coincide; we denote the common value by Cσ(E).
We shall use the following standard properties of Cσ-capacity.

1. If E is a Borel set, then
Cσ(E) = Cσ(E) = Cσ(E).

2. The capacity Cσ is countably subadditive on Borel sets. Namely, if E =
⋃∞
j=1Ej , then

Cσ(E) ≤
∞∑
j=1

Cσ(Ej).

3. If there exists a finite positive Borel measure ν such that

Uνσ (z) :=

∫
dν(ξ)

|z − ξ|σ
= +∞

for every z ∈ E, then
Cσ(E) = 0.

Remark. Throughout the paper, we regard subsets of R as subsets of C. The kernel |z−ξ|−σ is invariant
under translations. Hence the corresponding capacity is also invariant under translations.

Main part
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We first prove the result on the interval [0, 1].
Lemma 1. Let α ∈ L ∩ [0, 1]. Then, for every ε > 0 and every σ > 0,

∞∑
q=2

q−1∑
p=1

1∣∣∣α− p
q

∣∣∣σ q2+ε
= +∞.

Proof. Since α ∈ L ∩ [0, 1] and α is irrational, we have α ∈ (0, 1). Fix ε > 0 and σ > 0.
Choose n ∈ N so large that

nσ > 2 + ε

and
2−n < min{α, 1− α}.

By the definition of a Liouville number, there exist infinitely many rational numbers pk/qk, with qk > 1, such
that ∣∣∣∣α− pk

qk

∣∣∣∣ < 1

qnk
.

Since qk ≥ 2, we have
1

qnk
≤ 1

2n
< min{α, 1− α}.

Therefore each such rational number lies in the interval (0, 1). Indeed, if pk/qk ≤ 0, then∣∣∣∣α− pk
qk

∣∣∣∣ ≥ α,
which contradicts ∣∣∣∣α− pk

qk

∣∣∣∣ < 1

qnk
< α.

Similarly, if pk/qk ≥ 1, then ∣∣∣∣α− pk
qk

∣∣∣∣ ≥ 1− α,

which contradicts ∣∣∣∣α− pk
qk

∣∣∣∣ < 1

qnk
< 1− α.

Thus 0 < pk/qk < 1.
Since all terms in the double series are positive and the rational numbers pk/qk belong to (0, 1), we obtain

∞∑
q=2

q−1∑
p=1

1∣∣∣α− p
q

∣∣∣σ q2+ε
≥
∞∑
k=1

1∣∣∣α− pk
qk

∣∣∣σ q2+ε
k

.

Using ∣∣∣∣α− pk
qk

∣∣∣∣ < 1

qnk
,

we get
1∣∣∣α− pk

qk

∣∣∣σ q2+ε
k

>
1

q−nσk q2+ε
k

= q
nσ−(2+ε)
k .

Since nσ > 2 + ε and qk > 1, each term on the right-hand side is larger than 1. Hence the series diverges. This
proves the lemma.

Proof.[Proof of Theorem 1] Fix σ > 0 and set

E0 := L ∩ [0, 1].
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We first prove that
Cσ(E0) = 0.

Let ε > 0 and define a positive Borel measure ν by

ν =

∞∑
q=2

q−1∑
p=1

δp/q

q2+ε
,

where δp/q denotes the Dirac measure at p/q. This measure is finite, because

ν([0, 1]) =

∞∑
q=2

q−1∑
p=1

1

q2+ε
≤
∞∑
q=2

q

q2+ε
=

∞∑
q=2

1

q1+ε
< +∞.

Moreover, supp ν ⊂ [0, 1].
For every α ∈ E0, Lemma 1 gives

Uνσ (α) =

∫
dν(ξ)

|α− ξ|σ
=

∞∑
q=2

q−1∑
p=1

1∣∣∣α− p
q

∣∣∣σ q2+ε
= +∞.

By the capacity criterion 3) stated above, it follows that

Cσ(E0) = 0.

Now let m ∈ Z and set
Em := L ∩ [m,m+ 1].

Since the class of Liouville numbers is invariant under integer translations, we have

Em −m = L ∩ [0, 1] = E0.

Since the kernel |z − ξ|−σ is translation invariant, the capacity is translation invariant. Hence

Cσ(Em) = Cσ(E0) = 0.

Finally,
L =

⋃
m∈Z

Em.

By countable subadditivity of Cσ-capacity,

Cσ(L) ≤
∑
m∈Z

Cσ(Em) = 0.

Therefore
Cσ(L) = 0

for every σ > 0.
It remains to derive the Hausdorff-dimensional conclusion. By Frostman’s lemma, if Hs(E) > 0 for some

Borel set E ⊂ R and some s > 0, then for every 0 < t < s the set E has positive Ct-capacity. Since we have
proved that Ct(L) = 0 for every t > 0, it follows that Hs(L) = 0 for every s > 0. Consequently,

dimH L = 0.

The theorem is proved.
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Abstract. In this paper, we study anti-derivations, local anti-derivations and 2-local anti-
derivations on some Witt-type infinite-dimensional Lie algebras. More precisely, we consider the
Witt algebra, the Virasoro algebra and the Lie algebra W (a, b). We prove that every anti-derivation
on the Witt algebra and on the Virasoro algebra is trivial. For the Lie algebra W (a, b), we obtain a
complete description of anti-derivations. Namely, if b 6= 2, then every anti-derivation is trivial, while
in the exceptional case b = 2, every anti-derivation maps the Witt part into the abelian ideal and
vanishes on this ideal. Using these descriptions, we prove that every local anti-derivation and every
2-local anti-derivation on the considered algebras is an anti-derivation.
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Key words: infinite dimensional Lie algebras, anti-derivations, local anti-derivations, 2-local anti-
derivations.

Introduction

The theory of derivations and their generalizations plays an important role in the study of algebraic
structures. In particular, derivations are one of the main tools for investigating the structure of Lie algebras
and their representations. Various modifications of derivations, such as local derivations, 2-local derivations and
δ-derivations, have been actively studied in recent years.

The notion of a local derivation was introduced independently by Kadison [15] and by Larson and Sourour
[16]. Later, Šemrl introduced the notions of 2-local derivations and 2-local automorphisms [18]. These mappings
are generally not assumed to be global derivations at the beginning. However, for many important classes of
algebras it turns out that every local or 2-local derivation is in fact a derivation.

The study of local derivations on Lie algebras was initiated by Ayupov and Kudaybergenov in [4]. They
proved that every local derivation on a finite-dimensional semisimple Lie algebra is a derivation and gave
examples of nilpotent Lie algebras admitting local derivations which are not derivations. Later, local derivations
on solvable Lie algebras were investigated in [2]. Further results on local derivations of Lie algebras were
obtained in [6,8,20]. In particular, in [21], local derivations were studied for Witt algebras and some other
classes of infinite-dimensional Lie algebras.

Similar questions have also been considered for 2-local derivations. In [3], it was proved that every 2-local
derivation on a finite-dimensional semisimple Lie algebra is a derivation. On the other hand, it was shown that
finite-dimensional nilpotent Lie algebras of dimension greater than two admit 2-local derivations which are not
derivations. Further investigations of 2-local derivations were carried out for generalized Witt algebras, locally
simple Lie algebras, Virasoro-like algebras and Schrödinger–Virasoro algebras [5,14,19].

Another important generalization of derivations is the notion of δ-derivations. This notion was introduced
by Filippov in [9,10]. A linear map D on a Lie algebra L is called a δ-derivation if

D([x, y]) = δ
(
[D(x), y] + [x,D(y)]

)
Received: 06.05.2026, Accepted: 20.06.2026
*Corresponding autor

19



Acta NUUz Exact sciences 2/2, 2026, 19-25

for all x, y ∈ L. Ordinary derivations correspond to the case δ = 1, while anti-derivations correspond to the
case δ = −1. In [10], δ-derivations of prime Lie algebras were studied. In particular, it was shown that prime
Lie algebras usually do not admit nonzero δ-derivations for δ 6= 1,−1, 0, 1

2 .

Recently, local and 2-local anti-derivations were studied for several finite-dimensional algebras. In
particular, local and 2-local anti-derivations on solvable Lie algebras were considered in [1], while analogous
questions for filiform associative algebras, were investigated in [7].

The present paper is devoted to local and 2-local anti-derivations on some Witt-type infinite-dimensional
Lie algebras. More precisely, we consider the Witt algebra, the Virasoro algebra and the Lie algebra W (a, b).
These algebras are fundamental examples of infinite-dimensional graded Lie algebras. The Witt algebra can be
realized as the Lie algebra of derivations of the algebra of Laurent polynomials. The Virasoro algebra is the
universal central extension of the Witt algebra. The Lie algebra W (a, b) contains the Witt algebra as a natural
component and gives an important family of Witt-type infinite-dimensional Lie algebras.

The main aim of this paper is to describe anti-derivations of the above algebras and to study their local
and 2-local analogues. We prove that every anti-derivation on the Witt algebra is trivial. We also show that every
anti-derivation on the Virasoro algebra is trivial. For the Lie algebra W (a, b), we obtain a complete description
of anti-derivations. Namely, if b 6= 2, then every anti-derivation is trivial. In the exceptional case b = 2, every
anti-derivation vanishes on the abelian ideal generated by {fn | n ∈ Z} and maps the Witt part into this ideal.

Using these descriptions, we prove that every local anti-derivation on the Witt algebra, the Virasoro
algebra and W (a, b) is an anti-derivation. We also prove that every 2-local anti-derivation on these algebras is
an anti-derivation. Thus, for the Witt-type infinite-dimensional Lie algebras considered in this paper, local and
2-local anti-derivations do not give new mappings beyond ordinary anti-derivations.

The paper is organized as follows. In the preliminary part, we recall the definitions of δ-derivations, local
δ-derivations and 2-local δ-derivations. Then we introduce the Witt algebra, the Virasoro algebra and the Lie
algebra W (a, b). In the main part, we describe anti-derivations of these algebras and prove the corresponding
results for local and 2-local anti-derivations.

Preliminaries

Throughout the paper, all vector spaces and Lie algebras are considered over the field of complex numbers
C. We denote by Z the set of all integers and by δi,j the Kronecker delta. All omitted brackets are either zero
or are obtained by skew-symmetry.

Definition 1. Let (L, [−,−]) be a Lie algebra over a field F. A linear map D : L → L is called a
δ-derivation if it satisfies

D([x, y]) = δ
(
[D(x), y] + [x,D(y)]

)
, (1)

for all x, y ∈ L, where δ ∈ F is fixed.
The cases δ = 1, δ = −1, and δ = 1

2 are of particular importance. A 1-derivation is an ordinary derivation,
while a (−1)-derivation is called an anti-derivation. In the case of Lie algebras, anti-derivations coincide with
reverse derivations, which were studied by Herstein in [12].

For a fixed δ, we denote by Derδ(L) the set of all δ-derivations of L.
Definition 2. A linear map ∆ is called a local δ-derivation, if for any x ∈ L, there exists a δ-derivation

Dx : L → L (depending on x) such that ∆(x) = Dx(x). The set of all local δ-derivations on L we denote by
LocDerδ(L).

Definition 3. A map ∇ : L→ L (not necessarily linear) is called a 2-local δ-derivation, if for any x, y ∈ L,
there exists a δ-derivation Dx,y ∈ Derδ(L) such that

∇(x) = Dx,y(x), ∇(y) = Dx,y(y).

It should be noted that a 2-local δ-derivation is not necessarily linear. However, for any x ∈ L and any
scalar λ, we have

∇(λx) = Dx,λx(λx) = λDx,λx(x) = λ∇(x).

Let A = C[t, t−1] be the algebra of Laurent polynomials. It has a basis {tn | n ∈ Z} and the multiplication
tmtn = tm+n. The Witt algebra W is the Lie algebra of all derivations of A, that is, W = Der(A). For each
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n ∈ Z, put en = −tn+1 d
dt . Then {en | n ∈ Z} is a basis of W , and the Lie bracket is given by

[em, en] = (m− n)em+n, m, n ∈ Z.

The Virasoro algebra(denoted by Vir) is closely related to the Witt algebra. It is a nontrivial one-
dimensional central extension of the Witt algebra [13]. More precisely, the Virasoro algebra has a basis {en, f |
n ∈ Z}, where f is a central element, and the multiplication is given by

[em, en] = (m− n)em+n +
1

12
(m3 −m)δm+n,0f, [em, f ] = 0.

If the central element f is put equal to zero, then one obtains the centerless Virasoro algebra, which is usually
called the Witt algebra [13].

The Lie algebras W (a, b) form an important class of Witt-type infinite-dimensional Lie algebras. They
naturally arise as semidirect products of the Witt algebra and modules of the intermediate series. This class
contains many important Lie algebras as special cases and has been studied in connection with extensions of
the Virasoro algebra by modules of tensor densities. We now recall the definition of W (a, b).

For a, b ∈ C, the Lie algebra W (a, b) = spanC{ei, fi | i ∈ Z} has the following brackets:

[ei, ej ] = (i− j)ei+j ,
[ei, fj ] = −(j + a+ bi)fi+j ,

[fi, fj ] = 0,

i, j ∈ Z.

The subspace W = spanC{em | m ∈ Z} is a subalgebra of W (a, b) isomorphic to the Witt algebra.
Moreover, I = spanC{fm | m ∈ Z} is an abelian ideal of W (a, b), and it is a module of the intermediate series
over the Witt algebra. Hence W (a, b) = W n I. The algebras W (a, b) were considered in mathematical physics
[19].

Main part

In this section, we describe anti-derivations of the Witt algebra, the Virasoro algebra and the Lie algebra
W (a, b). We then apply these descriptions to local and 2-local anti-derivations.

Proposition 1. Any anti-derivation on the Witt algebra W is trivial, i.e. ϕ ≡ 0.
Proof. Let ϕ be an anti-derivation of the Witt algebra. Then we set ϕ(ei) =

∑
j∈Z αi,jej . Now we apply

ϕ to the elements ei, ej :

ϕ([ei, ej ]) = −([ϕ(ei), ej ] + [ei, ϕ(ej)])

= −(
∑
k∈Z

αi,k[ek, ej ] +
∑
k∈Z

αj,k[ei, ek])

= −(
∑
k∈Z

((k − 2j)αi,k−j + (2i− k)αj,k−i)ek).

On the other hand ϕ([ei, ej ]) = (i− j)ϕ(ei+j). Comparing coefficients of basis elements, we obtain the following
relation

(i− j)αi+j,k + (k − 2j)αi,k−j + (2i− k)αj,k−i = 0. (2)

If we put j = 0 in (1), then we obtain

αi,k =
k − 2i

i+ k
α0,k−i, k 6= −i, and α0,−2i = 0, i 6= 0. (3)

If we put k = i+ j in (1), then we have

(i− j)αi+j,i+j + (i− j)αi,i + (i− j)αj,j = 0 (4)
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Next, we put k = i in (2). Then we have αi,i = − 1
2α0,0, αj,j = − 1

2α0,0, i, j 6= 0. By using this and (3) we have
the following: αi+j,i+j = α0,0. Thus we have αi,i = 0, α0,0 = 0. In the next step, we put k = −i− j, i, j 6= 0
in (1):

(i− j)αi+j,−(i+j) + (−i− 3j)αi,−i−2j + (3i+ j)αj,−2i−j = 0.

We can simplify this by using (2),

(i− j)αi+j,−(i+j) + (−i− 3j)
−i− 2j − 2i

i+ (−i− 2j)
α0,−2i−2j + (3i+ j)

−2i− j − 2j

j − 2i− j
α0,−2i−2j = 0.

Due to α0,−2i−2j = 0 and i 6= j, we have αi+j,−(i+j) = 0, or αi,−i = 0. Now we show that α0,2s+1 = 0 for all
s ∈ Z. Put i = 1, j = 2 in (1) and take k = i+ j + (2s+ 1) = 2s+ 4. Then (1) gives

−α3, 2s+4 + 2s α1, 2s+2 − 2(s+ 1)α2, 2s+3 = 0. (5)

Using (2), we obtain

α3, 2s+4 =
2s− 2

2s+ 7
α0, 2s+1, α1, 2s+2 =

2s

2s+ 3
α0, 2s+1, and α2, 2s+3 =

2s− 1

2s+ 5
α0, 2s+1.

Substituting these expressions into (4), we get(
−2s− 2

2s+ 7
+

2s · 2s
2s+ 3

− (2s+ 2)(2s− 1)

2s+ 5

)
α0, 2s+1 = 0.

A direct simplification gives
72

(2s+ 3)(2s+ 5)(2s+ 7)
α0, 2s+1 = 0.

Hence α0, 2s+1 = 0 for all s ∈ Z. Thus ϕ ≡ 0.
Corollary 1. Any local and 2-local anti-derivation on the Witt algebra W is an anti-derivation.
Proposition 2. Any anti-derivation on the Virasoro algebra Vir is trivial, i.e. ϕ ≡ 0.
Proof. The proof of the proposition is omitted, since it is technical and follows by applying the same

arguments as the proof of Proposition 1.
Corollary 2. Any local and 2-local anti-derivation on the Virasoro algebra Vir is an anti-derivation.
Proposition 3. Any anti-derivation ϕ on W (a, b) has the following form:

(i) If b 6= 2, then ϕ is trivial, i.e. ϕ ≡ 0.

(ii) If b = 2, then ϕ(fn) = 0 for all n ∈ Z, and there exist scalars (ct)t∈Z (only finitely many ct 6= 0) such that

ϕ(en) =
∑
t∈Z

ct fn+t, n ∈ Z.

Proof. The proof of the proposition is omitted, since it is technical and follows by applying the same
arguments as the proof of Proposition 1.

Theorem 1. Any local anti-derivation on W (a, b) is an anti-derivation.
Proof. The case b 6= 2 is clear. We prove the theorem for b = 2. First, we prove several lemmas.
Lemma 1. Let ∆ be a local anti-derivation on W (a, 2). If ∆(em) = 0, then ∆(em+1) = 0 where m ∈ Z.
Proof. By Proposition 3, any anti-derivation ϕ on W (a, 2) satisfies

ϕ(en) =
∑
t∈Z

ct fn+t, n ∈ Z.

Hence, there exist integers p ≤ q such that

ϕ(en) =

q∑
t=p

ct fn+t.
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Consider the equality

ϕ1(em+1)− xϕ1(em) = ∆(em+1 − xem) = ∆(em+1) = ϕ2(em+1),

where x ∈ C∗ and ϕ1, ϕ2 are anti-derivations associated with ∆. Then

q∑
t=p

ctfm+1+t − x
q∑
t=p

ctfm+t =

q′∑
t=p′

btfm+1+t,

where p′ = p− 1 and q′ = q. Writing this equality with respect to the basis {fk}, we obtain

(−xcp − bp−1)fm+p +

q−1∑
t=p

(ct − xct+1 − bt)fm+1+t + (cq − bq)fm+1+q = 0.

Hence,
−xcp − bp−1 = 0, ct − xct+1 − bt = 0, p ≤ t ≤ q − 1, cq − bq = 0.

Consequently,
bq + x−1bq−1 + x−2bq−2 + · · ·+ x−(q−p)bp + x−(q−p+1)bp−1 = 0.

Since this equality holds for all x ∈ C∗ and the coefficients bt (p − 1 ≤ t ≤ q) are independent of x, it follows
that

bt = 0, p− 1 ≤ t ≤ q.

Therefore, ∆(em+1) = 0.
Lemma 2. Let ∆ be a local anti-derivation on W (a, 2). If ∆(em) = 0, then ∆(em−1) = 0 where m ∈ Z.
Proof. The proof is similar to that of Lemma 1.
Lemma 3. Let ∆ be a local anti-derivation on W (a, 2). If ∆(e0) = 0, then

∆(em) = 0 for all m ∈ Z.

Proof. Assume ∆(e0) = 0. By Lemma 1, using induction, we obtain

∆(em) = 0 for all m > 0.

Similarly, applying Lemma 2 yields

∆(em) = 0 for all m < 0.

Hence, ∆(em) = 0 for all m ∈ Z.
Proof of Theorem 1. Let ∆ be any local anti-derivation on W (a, 2). Then there exists an anti-derivation

ϕ on W (a, 2) such that
∆(e0) = ϕ(e0).

Set ∆1 = ∆− ϕ. Then ∆1 is a local anti-derivation such that ∆1(e0) = 0. By Lemma 3, ∆1(em) = 0 for
all m ∈ Z.

Moreover, by Proposition 3, every anti-derivation on W (a, 2) vanishes on the ideal generated by {fm |
m ∈ Z}. Hence, for every m ∈ Z, the locality of ∆1 gives ∆1(fm) = 0.

Therefore ∆1 vanishes on both basis components {em | m ∈ Z} and {fm | m ∈ Z}. Then ∆1 ≡ 0. Thus
∆ = ϕ is an anti-derivation. The proof is complete.

Theorem 2. Any 2-local anti-derivation on W (a, b) is an anti-derivation.
Proof. In the case b 6= 2, the proof is clear. We prove the theorem for b = 2.
Let ∇ be a 2-local anti-derivation on W (a, 2), such that ∇(e0) = 0. Then for any element x =

∑
n∈Z

xnen+∑
m∈Z

ymfm ∈W (a, 2) there exists an anti-derivation ϕe0,x, such that

∇(e0) = ϕe0,x(e0), ∇(x) = ϕe0,x(x).
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Hence,
0 = ∇(e0) = ϕe0,x(e0) =

∑
t∈Z

αtet +
∑
t∈Z

βtft,

which implies, αt = βt = 0, t ∈ Z.
Consequently, from the description of the anti-derivation W (a, 2), we conclude that ϕe0,x = 0. Thus, we

obtain that if ∇(e0) = 0, then ∇ ≡ 0.

Let now ∇ be an arbitrary 2-local anti-derivation of W (a, 2). Take an anti-derivation ϕe0,x, such that

∇(e0) = ϕe0,x(e0) and ∇(x) = ϕe0,x(x).

Set ∇1 = ∇− ϕe0,x. Then ∇1 is a 2-local anti-derivation, such that ∇1(e0) = 0. Hence ∇1(x) = 0 for all
x ∈W (a, 2), which implies ∇ = ϕe0,x. Therefore, ∇ is an anti-derivation.
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Abstract. Let H be an infinite-dimensional complex Hilbert space, and let (B(H), ‖ · ‖∞) be the
C?-algebra of all bounded linear operators acting on H. Let CE be the symmetric ideal of compact
operators in H generated by a fully symmetric sequence space E ⊂ c0. Consider a d-dimensional
semigroup {Tu}u∈Rd+ of positive Dunford-Schwartz operators on B(H) that is strongly continuous
on the trace-class ideal C1. Let w : Rd+ → [0,∞) be a bounded measurable weight function.

In this paper, we first show that for all t > 0, the corresponding weighted ergodic averages
At,w(x) = 1

W (t)

∫
[0,t]d

w(u)Tu(x)du, where W (t) =
∫

[0,t]d
w(u)du, are well-defined and naturally

extend to positive Dunford-Schwartz operators. Using this property and the Hardy-Littlewood-Pólya
majorization, we establish a non-commutative individual ergodic theorem for weighted d-dimensional
flows. Specifically, we prove that if the weight w(u) ensures mean convergence in the Hilbert-Schmidt
ideal C2, then for any x ∈ CE , the weighted averages At,w(x) converge to a limit x̂ ∈ CE with respect
to the uniform norm ‖ · ‖∞ as t→∞.

MSC (2020): 46E30; 37A30; 47A35.

Key words: symmetric sequence space, Banach ideal of compact operators, Dunford-Schwartz
operator, weighted ergodic averages.

Introduction

Let (B(H), ‖ · ‖∞) be the C?–algebra of all bounded linear operators in a complex infinite-dimensional
Hilbert spaceH. The study of noncommutative individual ergodic theorems in the space of measurable operators
affiliated with a semifinite von Neumann algebra M ⊂ B(H) equipped with a faithful normal semifinite trace
τ was initiated by F. Yeadon [13], who established that for any positive L1(M)–contraction T : L1 → L1

and every x ∈ L1 there exists x̂ ∈ L1 such that the averages An(T )(x) = 1
n+1

∑n
k=0 T

k(x) converge to x̂
bilaterally almost uniformly. That is, given ε > 0, there exists a projection e ∈ M such that τ(1 − e) < ε and
‖e(An(T )(x)− x̂)e‖∞ → 0 as n→∞, where 1 is the unit ofM.

The study of individual ergodic theorems beyond L1(M, τ) started much later with another fundamental
paper by M. Junge and Q. Xu [9], where, among other results, the individual ergodic theorem was extended
to the case of a positive Dunford-Schwartz operator acting in the space Lp(M, τ), 1 < p < ∞. In [2] ([3]), an
individual ergodic theorem was proved for a positive Dunford-Schwartz operator in a noncommutative Lorentz
(respectively, Orlicz) space.Building upon Lance’s extension of the pointwise ergodic theorem for actions of the
group of integers on von Neumann algebras, Conze and Dang-Ngoc [4] and Watanabe [12] studied continuous
generalizations of Lance’s results. In particular, noncommutative individual ergodic theorems were established
for actions of the semigroups Rd+. The corresponding ergodic theorem for actions of Rd+ with respect to bilaterally
almost uniform convergence was initially considered by Junge and Xu [9]. In particular, they derived that these
averages converge bilaterally almost uniformly in any noncommutative Lp-space for 1 ≤ p < ∞ and almost
uniformly if 2 < p <∞.

A natural and significant development of these results involves the incorporation of weight functions into
the continuous flows. To this end, the fundamental properties of weighted ergodic averages must be examined.
In the present work, we carry out this investigation.
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Let H be a complex infinite-dimensional Hilbert space, and let c0 be the Banach space of converging to
zero sequences of complex numbers. Every symmetric sequence space (E, ‖ · ‖E) ⊂ c0 generates a symmetric
ideal of compact operators (CE , ‖ · ‖CE ), acting in H, by the following rule (see, for example, [10, Chapter 3,
Section 3.5]):

CE = {x ∈ K(H) : {sn(x)} ∈ E}, ‖x‖CE = ‖{sn(x)}‖E ,

where K(H) is the two-sided ideal of compact linear operators in B(H) and {sn(x)}m(x)
n=1 is the set of eigenvalues

of the compact operator |x| in the decreasing order.
Let N (respectively, R) be the set of natural (respectively, real) numbers. Fix d ∈ N and denote Rd+ = {u =

(u1, . . . , ud) : 0 ≤ ui ∈ R, i = 1, . . . , d}. Let {Tu}u∈Rd+ be a semigroup of positive Dunford-Schwartz operators,
such that T0(x) = x for all x ∈ B(H) (definition of Dunford-schwartz operator see below in Preliminaries
section). A semigroup {Tu}u∈Rd+ is said to be strongly continuous on Cl1 if

lim
u→v
‖Tu(x)− Tv(x)‖Cl1 = 0.

for each x ∈ Cl1 .
Let w : Rd+ → [0,∞) be a bounded measurable function, and let {Tu}u∈Rd+ be a strongly continuous on

Cl1 semigroup of Dunford-Schwartz operators and let

At,w(x) =
1

W (t)

∫
[0,t]d

w(u)Tu(x)du, t > 0, (1)

where W (t) =
∫

[0,t]d
w(u)du, be the corresponding weighted ergodic averages. We show that the operators At,w

extend to the Dunford-Schwarz operators, in particular, At,w(CE) ⊂ CE for any fully symmetric sequence space
E ⊂ c0.

Preliminaries

Let l∞ (respectively, c0) be the Banach space of bounded (respectively, converging to zero) sequences
{ξn}∞n=1 of complex numbers equipped with the uniform norm ‖{ξn}‖∞ = sup

n∈N
|ξn|. If ξ = {ξn}∞n=1 ∈ l∞, then

the non-increasing rearrangement ξ∗ = {ξ∗n}∞n=1 of ξ is defined by

ξ∗n = inf

{
sup
n/∈F
|ξn| : F ⊂ N, |F | < n

}
.

The Hardy-Littlewood-Polya partial order in the space l∞ is defined as follows:

ξ = {ξn} ≺≺ η = {ηn} ⇐⇒
m∑
n=1

ξ∗n ≤
m∑
n=1

η∗n for all m ∈ N.

A non-zero linear subspace E ⊂ l∞ with a Banach norm ‖ · ‖E is called a symmetric (fully symmetric) sequence
space if

η ∈ E, ξ ∈ l∞, ξ∗ ≤ η∗ (respectivelly, ξ∗ ≺≺ η∗) =⇒ ξ ∈ E and ‖ξ‖E ≤ ‖η‖E .

Let (H, (·, ·)) be an infinite-dimensional separable Hilbert space over the field C of complex numbers, and
let (B(H), ‖ · ‖∞) be the C∗-algebra of bounded linear operators in H. Denote by K(H) the two-sided ideal of
compact linear operators in B(H).

Let Bh(H) = {x ∈ B(H) : x = x∗}, B+(H) = {x ∈ Bh(H) : x ≥ 0}, and let τ : B+(H)→ [0,∞] be the

canonical trace on B(H), that is, τ(x) =
∞∑
i=1

(xϕi, ϕi) for all x ∈ B+(H), where {ϕi}∞i=1 is an orthonormal

basis in H.
Let P(H) be the lattice of projections in H. If 1 is the identity of B(H) and e ∈ P(H), we will

write e⊥ = 1− e.
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Let x ∈ B(H), and let {eλ}λ≥0 be the spectral family of projections for the absolute value |x| = (x∗x)1/2

of x, that is, eλ = {|x| ≤ λ}. If t > 0, then the t-th generalized singular number of x, or the non-increasing
rearrangement of x, is defined as (see [7])

µt(x) = inf{λ > 0 : τ(e⊥λ ) ≤ t}.

A non-zero linear subspace X ⊂ B(H) with a Banach norm ‖ · ‖X is called noncommutative symmetric (fully
symmetric) space if the conditions

x ∈ X, y ∈ B(H), µt(y) ≤ µt(x) ∀ t > 0

(respectively,
s∫

0

µt(y)dt ≤
s∫

0

µt(x)dt ∀ s > 0 (writing y ≺≺ x))

imply that y ∈ X and ‖y‖X ≤ ‖x‖X .
The spaces (B(H), ‖ · ‖∞) and (K(H), ‖ · ‖∞), as well as the classical Banach two-sided ideals

Cp = {x ∈ K(H) : ‖x‖p = τ(|x|p)1/p <∞}, 1 ≤ p <∞,

are examples of noncommutative fully symmetric spaces.

If x ∈ K(H), then |x| =
m(x)∑
n=1

sn(x)pn (if m(x) =∞, the series converges with respect to the uniform norm

‖ · ‖∞), where {sn(x)}m(x)
n=1 is the set of eigenvalues of the compact operator |x| in the decreasing order, and pn

is the projection onto the eigenspace corresponding to sn(x). Consequently, the non-increasing rearrangement
µt(x) of x ∈ K(H) can be identified with the sequence {sn(x)}∞n=1, sn(x) ↓ 0 (if m(x) < ∞, we set sn(x) = 0
for all n > m(x)).

Fix an orthonormal basis {ϕn}∞n=1 in H. Let pn be the one-dimensional projection on the subspace
C · ϕn ⊂ H. If (X, ‖ · ‖X) ⊂ K(H) is a symmetric space then the set

E(X) =

{
ξ = {ξn}∞n=1 ∈ c0 : xξ =

∞∑
n=1

ξnpn ∈ X

}

(the series converges uniformly) is a symmetric sequence space with respect to the norm ‖ξ‖E(X) = ‖xξ‖X .
Consequently, each symmetric space (X, ‖ · ‖X) ⊂ K(H) generates a symmetric sequence space (E(X), ‖ ·
‖E(X)) ⊂ c0. The converse is also true: every symmetric sequence space (E, ‖ · ‖E) ⊂ c0 generates a symmetric
space (CE , ‖ · ‖CE ) ⊂ K(H) by the following rule (see, for example, [11, Chapter 3, Section 3.5]):

CE = {x ∈ K(H) : {sn(x)} ∈ E}, ‖x‖CE = ‖{sn(x)}‖E .

The pair (CE , ‖ · ‖CE ) is called a Banach ideal of compact operators (cf. [8, Chapter III]). It is known that
(Cp, ‖ · ‖p) = (Clp , ‖ · ‖Clp ) for all 1 ≤ p <∞ and (K(H), ‖ · ‖∞) = (Cc0 , ‖ · ‖Cc0 ).

Hardy-Littlewood-Polya partial order in the Banach ideal K(H) is defined by

x ≺≺ y, x, y ∈ K(H) ⇐⇒ {sn(x)} ≺≺ {sn(y)}.

Using Lemma 2.5 (ii) [7] and Theorem 4.4 (iii) [7] we get

x ≺≺ y, z ≺≺ y, x, y, z ∈ K(H) =⇒ x+ z ≺≺ 2y. (1)

We say that a Banach ideal (CE , ‖ · ‖CE ) is fully symmetric, if conditions y ∈ CE , x ∈ K(H), x ≺≺ y
entail that x ∈ CE and ‖x‖CE ≤ ‖y‖CE . It is clear that (CE , ‖ · ‖CE ) is a fully symmetric ideal if and only if
(E, ‖ · ‖E) is a fully symmetric sequence space.

Note that, along with any Schatten ideals Cp, 1 ≤ p < ∞, of compact operators, the family of such
fully symmetric ideals CE contains many noncommutative counterparts of classical symmetric sequence spaces,
examples of which are given in the last section of this note.
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A linear contraction T : B(H) → B(H) is called a Dunford-Schwartz operator (writing T ∈ DS), if
T (C1) ⊂ C1 and ‖T (x)‖1 ≤ ‖x‖1 for all x ∈ C1. We will write T ∈ DS+ if T is a positive Dunford-Schwartz
operator, that is, T ∈ DS and T (B+(H)) ⊂ B+(H).

Any fully symmetric ideal CE is an exact interpolation space in the Banach pair (C1,B(H)) (see
[5, Theorem 2.4]). It then follows that T (CE) ⊂ CE and ‖T‖CE→CE ≤ 1 for all T ∈ DS. In particular,
T (K(H)) ⊂ K(H) and the restriction of T on K(H) is a linear contraction (also denoted by T ).

In [1], the following result was established regarding the extension of any positive linear contraction
T : C1 → C1 with the property ‖T (x)‖∞ ≤ ‖x‖∞ for all x ∈ C1 up to the Dunford-Schwarz operator
T̃ : B(H)→ B(H).

Theorem 1. Let T : C1 → C1 be a positive linear contraction such that ‖T (x)‖∞ ≤ ‖x‖∞ for all
x ∈ C1. Then there exists a unique operator T̃ ∈ DS such that T̃ (x) = T (x) for all x ∈ C1, and T̃ is
σ(B(H), C1) - continuous.

Weighted ergodic averages of d-dimensional flows in Banach ideals of compact operators

Let d ∈ N and let Rd+ = {u = (u1, . . . , ud) : 0 ≤ ui ∈ R, i = 1, . . . , d}. In what follows, {Tu}u∈Rd+ ⊂ DS
+

is a semigroup such that T0(x) = x for all x ∈ B(H). A semigroup {Tu}u∈Rd+ is said to be strongly continuous
on fully symmetric ideal C1, if lim

u→v
‖Tu(x) − Tv(x)‖C1 = 0 for each x ∈ C1. Note that for u,v ∈ Rd+,

u = (u1, . . . , ud), v = (v1, . . . , vd) the convergence u→ v means that ui → vi for each i = 1, . . . , d.
If {Tu}u∈Rd+ ⊂ DS+ is a strongly continuous semigroup on C1 then for any x ∈ C1 and y ∈ B(H)

the function ϕx,y(u) = τ(Tu(x)y) is continuous on Rd+. Therefore, for the Lebesgue measure µ on Rd+ we
have that the map Ux : Rd+ → C1 defined as Ux(u) = Tu(x) is weakly µ-measurable, that is, the complex
function τ(Ux(u)y) is a measurable function on (Rd+, µ) for all y ∈ B(H) (recall that (C1)∗ = B(H) and every
f ∈ (C1)∗ has the following form f(x) = τ(xy) for some y ∈ B(H)). Since, in addition, Ux(Rd+) is a separable
subset in C1, Pettis theorem [14, Chapter V, § 4] entails that the real function ‖Ux(u)‖1 = ‖Tu(x)‖1 is µ-
measurable on Rd+. Using the inequality ‖Tu(x)‖1 ≤ ‖x‖1, we obtain that ‖Tv(x)‖1 is an integrable function
on [0, u1] × [0, u2] × . . . × [0, ud] for any u = (u1, . . . , ud) ∈ Rd+. By [14, Chapter V, § 5, Theorem 1], the
function Tv(x) is Bochner µ-integrable on [0, t]d for every t > 0.

Let w : Rd+ → [0,∞) be a non-negative bounded Lebesgue measurable function such that W (t) =∫
[0,t]d

w(u)du > 0 for all t > 0. Since the semigroup {Tu}u∈Rd+ is strongly continuous on C1, the map u 7→ Tu(x)

is strongly measurable for any x ∈ C1. The multiplication by a scalar measurable function preserves this property,
so the map u 7→ w(u)Tu(x) is also strongly measurable on Rd+. Since w(u) is bounded, there exists M > 0 such
that w(u) ≤M almost everywhere. Using the fact that Tu is a contraction in C1, we can estimate the norm of
the integrand:

||w(u)Tu(x)||1 = w(u)||Tu(x)||1 ≤M ||x||1.
Since the function is bounded by a constant on the set [0, t]d of finite Lebesgue measure, it is Bochner integrable.
Thus, for any x ∈ C1 and t > 0 there exists the weighted Bochner integral:

At,w(x) =
1

W (t)

∫
[0,t]d

w(u)Tu(x)du ∈ C1.

Since Tu is a positive operator and w(u) ≥ 0, it is clear that At,w is also a positive operator. Furthermore, by
the properties of the Bochner integral, we have the following norm estimates for all x ∈ C1:

||At,w(x)||1 ≤
1

W (t)

∫
[0,t]d

w(u)||Tu(x)||1du ≤
1

W (t)

∫
[0,t]d

w(u)||x||1du = ||x||1,

and similarly, since ||Tu(x)||∞ ≤ ||x||∞,

||At,w(x)||∞ ≤
1

W (t)

∫
[0,t]d

w(u)||Tu(x)||∞du ≤ ||x||∞.

Consequently, by Theorem 1, there exists a unique operator Ãt,w ∈ DS+ such that Ãt,w(x) = At,w(x) for all
x ∈ C1, and Ãt,w is σ(B(H), C1)–continuous. Below, the operator Ãt,w is simply denoted by At,w.
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We summarize the preceding construction and the fundamental properties of the weighted ergodic
averages in the following theorem.

Theorem 2. Let {Tu}u∈Rd+ ⊂ DS+ be a strongly continuous semigroup on C1, and let w : Rd+ → [0,∞)

be a bounded Lebesgue measurable function such that W (t) =
∫

[0,t]d
w(u)du > 0 for all t > 0. Then, for any

t > 0 and x ∈ C1, the weighted Bochner integral

At,w(x) =
1

W (t)

∫
[0,t]d

w(u)Tu(x)du

is well-defined and belongs to C1. Furthermore, At,w uniquely extends to a σ(B(H), C1)–continuous positive
Dunford-Schwartz operator on B(H) (i.e., At,w ∈ DS+).

While Theorem 2 ensures the existence and basic operator properties of the weighted averages, the mere
boundedness of the weight w(u) is generally insufficient to guarantee the asymptotic convergence of At,w(x) as
t→∞. To establish individual ergodic theorems in fully symmetric ideals, we must restrict our attention to a
class of weights that ensure mean convergence in the space C2. This naturally motivates the following definition.

Definition 1. A weight function w ∈ L∞(Rd+) is called an ergodic weight for the ideal C2 if, for any
x ∈ C2 and any strongly continuous semigroup {Tu}u∈Rd+ ⊂ DS+, the weighted averages At,w(x) converge in
the norm of C2 as t→∞.

Furthermore, the fact that At,w acts as a positive Dunford-Schwartz operator (as established in Theorem
2) immediately provides a fundamental spectral inequality for compact operators. This majorization property
will serve as the crucial ingredient in transferring convergence from C2 to arbitrary fully symmetric ideals.

Corollary 1. Let w : Rd+ → [0,∞) be a bounded measurable weight and let At,w be the corresponding
weighted ergodic average. For any compact operator x ∈ K(H), the Hardy-Littlewood-Pólya majorization
At,w(x) ≺≺ x holds, that is:

m∑
n=1

sn(At,w(x)) ≤
m∑
n=1

sn(x)

for all m ∈ N and t > 0.
Proof. By the previous construction, the operator At,w belongs to the classDS+. The stated majorization

directly follows from the fundamental properties of positive Dunford-Schwartz operators acting on the ideal of
compact operators [6, Theorem 4.7]. The proof is complete.

With the definition of an ergodic weight and the crucial majorization property established, we are now
ready to state and prove the main result of this section – the non-commutative individual ergodic theorem for
weighted averages in fully symmetric ideals of compact operators.

Theorem 3. Let (CE , ‖ · ‖CE ) be a fully symmetric Banach ideal, and let {Tu}u∈Rd+ ⊂ DS
+ be a strongly

continuous semigroup on C1. If w ∈ L∞(Rd+) is an ergodic weight for the ideal C2, then for any x ∈ CE , the
weighted ergodic averages At,w(x) converge to some x̂ ∈ CE with respect to the uniform norm ‖ · ‖∞ as t→∞.

Proof. Let x ∈ C2. By Definition 1, the assumption that w(u) is an ergodic weight for C2 implies that
there exists an operator x̂ ∈ C2 such that ‖At,w(x)− x̂‖2 → 0 as t→∞.

Recall that C2 ⊂ K(H) and the uniform norm is majorized by the Hilbert-Schmidt norm, meaning that
‖y‖∞ ≤ ‖y‖2 for all y ∈ C2. Consequently, we immediately obtain that ‖At,w(x)− x̂‖∞ → 0 as t → ∞ for any
x ∈ C2. This implies that the net of operators {At,w(x)}t>0 is Cauchy in the Banach space (K(H), ‖ ·‖∞), which
yields:

‖At,w(x)−As,w(x)‖∞ → 0 as t, s→∞, ∀x ∈ C2. (2)

Since the ideal C2 contains the linear subspace of all finite-dimensional operators, it is everywhere dense
in (K(H), ‖ · ‖∞). Given that (CE , ‖ · ‖CE ) is a symmetric ideal generated by the sequence space E ⊂ c0, we have
the continuous embedding CE ⊂ K(H). Thus, for an arbitrary element x ∈ CE and any ε > 0, we can choose an
approximation xε ∈ C2 such that ‖x− xε‖∞ < ε.

Using the fact that At,w is a Dunford-Schwartz operator (Theorem 2), its restriction to K(H) is a linear
contraction with respect to the uniform norm, i.e., ‖At,w(y)‖∞ ≤ ‖y‖∞ for all y ∈ K(H). This allows us to
establish the following estimate for any t > 0:

‖At,w(x)−At,w(xε)‖∞ = ‖At,w(x− xε)‖∞ ≤ ‖x− xε‖∞ < ε.
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Applying the triangle inequality along with the property (2), we obtain:

‖At,w(x)−As,w(x)‖∞ ≤ ‖At,w(x)−At,w(xε)‖∞ + ‖At,w(xε)−As,w(xε)‖∞ + ‖As,w(xε)−As,w(x)‖∞ ≤

≤ 2ε+ ‖At,w(xε)−As,w(xε)‖∞.

Taking the limit superior as t, s → ∞, we find that lim supt,s→∞ ‖At,w(x) − As,w(x)‖∞ ≤ 2ε. Since ε > 0 was
chosen arbitrarily, it follows that:

‖At,w(x)−As,w(x)‖∞ → 0 as t, s→∞

for all x ∈ CE . By the completeness of the Banach space (K(H), ‖ · ‖∞), there exists a unique compact operator
x̂ ∈ K(H) such that ‖At,w(x)− x̂‖∞ → 0 as t→∞.

Next, we show that the limit operator x̂ belongs to the ideal CE . According to the eigenvalue variation
inequality [8, Chapter II, §2, Corollary 2.3], we have:

|sn(At,w(x))− sn(x̂)| ≤ ‖At,w(x)− x̂‖∞

for all n ∈ N. As a consequence of the uniform convergence of the averages, it follows that sn(At,w(x))→ sn(x̂)
pointwise as t→∞ for each n ∈ N.

By Corollary 1, the weighted average At,w satisfies the Hardy-Littlewood-Pólya majorization At,w(x) ≺≺
x for all t > 0, which means:

m∑
n=1

sn(At,w(x)) ≤
m∑
n=1

sn(x)

for all m ∈ N and t > 0. Taking the limit as t→∞ on the left side of the inequality, the pointwise convergence
of the singular numbers yields:

m∑
n=1

sn(x̂) ≤
m∑
n=1

sn(x)

for all m ∈ N, which means that x̂ ≺≺ x. Since x ∈ CE and (CE , ‖ · ‖CE ) is a fully symmetric Banach ideal, the
majorization x̂ ≺≺ x guarantees that x̂ ∈ CE , completing the proof.
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Abstract. Throughout this paper, a control problem for a process described by a fractional-order
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1. Introduction

In recent years, fractional differential equations have been widely used in physics, biology, medicine and
control theory. This work is devoted to solving the problem of determining the right-hand side function of a
fractional partial differential equation such that the difference between the values of the process at different
times follows a given law.

Control problems for processes described by partial differential equations can be found in [1], [2]. In
the works of V.A. Il’in and E.I. Moiseev (see [3]-[5]), boundary control problems related to wave propagation
processes are studied in detail. Results on control problems for parabolic-type equations, particularly heat
transfer processes, are presented in [6], [7]. Control problems for processes described by homogeneous heat
equations were investigated in the works of academician Sh.O. Alimov (see [8]-[12]). Inverse problems for
determining the right-hand side (heat source density) in various subdiffusion equations have been studied by
many researchers. More detailed information can be found in [13].

Some control problems for heat equations are studied in [14]-[20], and for fractional equations in [21],
[22].

2. Preliminaries

In this section, we present fractional-order derivative in the sense of Caputo and several pieces of data
about the Mittag-Leffler function, which we will use below.

Let 0 < ρ < 1. Then the fractional derivative of order ρ in the sense of Caputo is defined as follows:

Dρ
t h(t) =

1

Γ(1− ρ)

t∫
0

h
′
(τ)

(t− τ)ρ
dτ, t > 0, (1)

where Γ(ρ) - gamma function.
Let ρ and µ an arbitrary complex numbers. We denote by Eρ,µ(z) the two-parameter Mittag-Leffler

function:

Eρ,µ(z) =

∞∑
n=0

zn

Γ(ρn+ µ)
. (2)

3. Statement of the problem

Received: 01.05.2026, Accepted: 15.06.2026
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In this section, we consider the problem of finding a solution to the following fractional differential
equation in the sense of Caputo

Dρ
t u(x, t)− a2u(x, t) = f(x), 0 < t < T, (3)

subject to the initial condition
u(x,+0) = φ(x), 0 ≤ x ≤ l (4)

and the boundary conditions
u(0, t) = 0, 0 ≤ t ≤ T, (5)

u(l, t) = 0, 0 ≤ t ≤ T, (6)

where φ(x), f(x) is given functions, a and T are positive constant numbers. The problem of finding a solution
to (3) - (6) is called the forward problem.

Problem. Let ψ(x) be a given function. It is required to determine the source function f(x) such that
the solution of problem (3) - (6) satisfies the following condition:

u(x, t2)− u(x, t1) = ψ(x), t1, t2 ∈ (0, T ). (7)

In other words, the function f(x) must be chosen so that the difference between the states of the process
at times t2 and t1 evolves according to a given law.

Definition 3.1. If u(x, t) ∈ C([0, l] × [0, T ]) and f(x) ∈ C[0, l] the function having the properties
Dρ
t u(x, t), uxx(x, t) ∈ C((0, l)× (0, T )), satisfy conditions (3) - (7), then the pair of functions {u(x, t), f(x)} is

called a solution of the control problem (3) - (7).
We will prove the following theorem to solve this problem.
Theorem 3.2. Let φ(x) ∈ C2[0, l] and have a third-order piecewise continuous derivative, ψ(x) ∈ C4[0, l]

have a fifth-order piecewise continuous derivative. Assume that these functions satisfy the conditions φ(0) =
φ(l) = 0, φ

′′
(0) = φ

′′
(l) = 0, ψ(0) = ψ(l) = 0, ψ

′′
(0) = ψ

′′
(l) = 0 and ψ(IV )(0) = ψ(IV )(l) = 0. Then the control

problem (3) - (7) has a unique solution and this solution is given by:

u(x, t) =

∞∑
n=1

[
φnEρ,1

(
−
(πna

l

)2

tρ
)

+ fnt
ρEρ,ρ+1

(
−
(πna

l

)2

tρ
)]

sin
πnx

l
, (8)

where

fn =
ψn

tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

)−

−
φn

(
Eρ,1

(
−
(
πna
l

)2
tρ2

)
− Eρ,1

(
−
(
πna
l

)2
tρ1

))
tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

) (9)

and

f(x) =

∞∑
n=1

fn sin
πnx

l
. (10)

To prove this theorem, we carry out the following steps:
1. We solve the forward problem.
2. We solve the control problem.

Forward problem 3.3. In this section, we present the solution of the forward problem (3) - (6). We use
the Fourier method to solve this problem (see, for example [23], p. 82):

u(x, t) =

∞∑
n=1

Tn(t)Xn(x)
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and we have the following Sturm-Liouville problem:
X
′′
(x) + λX(x) = 0

X(0) = 0,

X(0) = 0.

(11)

Solving problem (11), we have the set of eigenfunctions Xn(x) = sin πnx
l and eigenvalues λn =

(
πn
l

)2
.

Thus, we have

u(x, t) =

∞∑
n=1

Tn(t) sin
πnx

l
. (12)

Substituting (12) into equation (3), we have the following equation:

∞∑
n=1

[
Dρ
t Tn(t) + a2

(πn
l

)2

Tn(t)

]
= f(x).

Thus, using condition (4) and equality (10), we arrive at the following problem: Dρ
t Tn(t) +

(
πna
l

)2
Tn(t) = fn,

Tn(+0) = φn.
(13)

Based on the solution of the Cauchy problem for a linear fractional-order differential equation in the Caputo
sense, the function Tn(t) is given as follows (see [24], p. 230):

Tn(t) = φnEρ,1

(
−
(πna

l

)2

tρ
)

+ fnt
ρEρ,ρ+1

(
−
(πna

l

)2

tρ
)
. (14)

As a result, we have that the formal solution of the forward problem (3) - (6) has the following form:

u(x, t) =

∞∑
n=1

[
φnEρ,1

(
−
(πna

l

)2

tρ
)

+ fnt
ρEρ,ρ+1

(
−
(πna

l

)2

tρ
)]

sin
πnx

l
.

Control Problem 3.4. Existence of a solution. In this section, we study the inverse problem (3)
- (7). Assuming that the function f(x) is known, the problem (3) - (6) has a solution of the form (8). Using
condition (7), we have the following equality:

u(x, t2)− u(x, t1) =

∞∑
n=1

[
φn

(
Eρ,1

(
−
(πna

l

)2

tρ2

)
− Eρ,1

(
−
(πna

l

)2

tρ1

))
+

+fn

(
tρ2Eρ,ρ+1

(
−
(πna

l

)2

tρ2

)
− tρ1Eρ,ρ+1

(
−
(πna

l

)2

tρ1

))]
sin

πnx

l
= ψ(x).

Expanding the function ψ(x) into a Fourier series with respect to the system {sin πnx
l } and equating the

corresponding coefficients, we have the following equality:

φn

(
Eρ,1

(
−
(πna

l

)2

tρ2

)
− Eρ,1

(
−
(πna

l

)2

tρ1

))
+

+fn

(
tρ2Eρ,ρ+1

(
−
(πna

l

)2

tρ2

)
− tρ1Eρ,ρ+1

(
−
(πna

l

)2

tρ1

))
= ψn.

From this equality, we have

fn

(
tρ2Eρ,ρ+1

(
−
(πna

l

)2

tρ2

)
− tρ1Eρ,ρ+1

(
−
(πna

l

)2

tρ1

))
=
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= ψn − φn
(
Eρ,1

(
−
(πna

l

)2

tρ2

)
− Eρ,1

(
−
(πna

l

)2

tρ1

))
.

From this, it follows that

fn =
ψn

tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

)−

−
φn

(
Eρ,1

(
−
(
πna
l

)2
tρ2

)
− Eρ,1

(
−
(
πna
l

)2
tρ1

))
tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

) .
Now, we prove the uniform convergence of the Fourier series of the function f(x) that is

f(x) =

∞∑
n=1

fn sin
πnx

l
,

where the Fourier coefficient fn is defined by equality (9). For this purpose, we introduce the partial sum of the
series as follows:

Fj(x) =

j∑
n=1

fn sin
πnx

l
.

According to the above equality, we have

Fj(x) =

j∑
n=1

[
ψn

tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

)−

−
φn

(
Eρ,1

(
−
(
πna
l

)2
tρ2

)
− Eρ,1

(
−
(
πna
l

)2
tρ1

))
tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

)] sin
πnx

l
.

If we introduce the following notations for

F 1
j (x) = −

j∑
n=1

φn

(
Eρ,1

(
−
(
πna
l

)2
tρ2

)
− Eρ,1

(
−
(
πna
l

)2
tρ1

))
tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

) sin
πnx

l

and

F 2
j (x) =

j∑
n=1

ψn

tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

) sin
πnx

l

respectively, then we have equality
Fj(x) = F 1

j (x) + F 2
j (x).

Now, we study each of these terms separately, in other words, we investigate their convergence.For this
purpose, we use the asymptotic estimates of the Mittag-Leffler function:

Eρ,1(−t) =
t−1

Γ(1− ρ)
+O(t−2)

and

Eρ,ρ+1(−t) = −
2∑
k=1

(−t)−k

Γ(ρ+ 1− ρk)
+O(t−3) = t−1 − t−2

Γ(1− ρ)
+O(t−3).

First, using the above asymptotic estimates, we simplify the denominators in the series F 1
j (x) and F 2

j (x).

tρ2Eρ,ρ+1

(
−
(πna

l

)2

tρ2

)
− tρ1Eρ,ρ+1

(
−
(πna

l

)2

tρ1

)
=
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= tρ2

(
1

tρ2
−

(
πna
l

)−4

Γ(1− ρ)t2ρ2
+O

((
πna
l

)−6

t3ρ2

))
− tρ1

(
1

tρ1
−

(
πna
l

)−4

Γ(1− ρ)t2ρ1
+O

((
πna
l

)−6

t3ρ1

))
=

=
(πna

l

)−4
(
− 1

Γ(1− ρ)tρ2
+O

((
πna
l

)−2

t2ρ2

)
+

1

Γ(1− ρ)tρ1
−O

((
πna
l

)−2

t2ρ1

))
.

Using the asymptotic estimates of the Mittag-Leffler function and the last equality, we obtain the following
equality:

F 1
j (x) = −

j∑
n=1

φn

(
(πnal )

−2

Γ(1−ρ)tρ2
+O

(
(πnal )

−4

t2ρ2

)
− (πnal )

−2

Γ(1−ρ)tρ1
−O

(
(πnal )

−4

t2ρ1

))
(
πna
l

)−4
(
− 1

Γ(1−ρ)tρ2
+O

(
(πnal )

−2

t2ρ2

)
+ 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

)) sin
πnx

l
=

= −
j∑

n=1

φn
(
πna
l

)−2
(

1
Γ(1−ρ)tρ2

+O

(
(πnal )

−2

t2ρ2

)
− 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

))
(
πna
l

)−4
(
− 1

Γ(1−ρ)tρ2
+O

(
(πnal )

−2

t2ρ2

)
+ 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

)) sin
πnx

l
=

= −
j∑

n=1

φn
(
πna
l

)2( 1
Γ(1−ρ)tρ2

+O

(
(πnal )

−2

t2ρ2

)
− 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

))
(
− 1

Γ(1−ρ)tρ2
+O

(
(πnal )

−2

t2ρ2

)
+ 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

)) sin
πnx

l
=

= C

j∑
n=1

n2φn sin
πnx

l
.

If φ(x) ∈ C2[0, l] has a third-order piecewise continuous derivative and satisfies the conditions φ(0) =
φ(l) = 0, φ

′′
(0) = φ

′′
(l) = 0, then the series F 1

j (x) is uniformly convergent (see [25], p. 241).
Now, we investigate the uniform convergence of the second term F 2

j (x). For this purpose, we use the
above asymptotic estimate of the Mittag-Leffler function and obtain the following equality:

F 2
j =

j∑
n=1

ψn(
πna
l

)−4
(
− 1

Γ(1−ρ)tρ2
+O

(
(πnal )

−2

t2ρ2

)
+ 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

)) sin
πnx

l
=

=

j∑
n=1

ψn
(
πna
l

)4
− 1

Γ(1−ρ)tρ2
+O

(
(πnal )

−2

t2ρ2

)
+ 1

Γ(1−ρ)tρ1
−O

(
(πnal )

−2

t2ρ1

) sin
πnx

l
=

= L

j∑
n=1

n4ψn sin
πnx

l
, L > 0.

It is clear that if ψ(x) ∈ C4[0, l], has a fifth-order piecewise continuous derivative and satisfies the
conditions ψ(0) = ψ(l) = 0, ψ′′(0) = ψ′′(l) = 0 and ψ(IV )(0) = ψ(IV )(l) = 0, then the above series is uniformly
convergent (see [25], p. 241).

Thus, the series (10), whose Fourier coefficients are defined by formula (9) is uniformly convergent.
Uniqueness of the solution. Assume that problem (3) - (7) has two different solutions {u1(x, t), f1(x)}

and {u2(x, t), f2(x)} . If we set u(x, t) = u1(x, t) − u2(x, t) and f(x) = f1(x) − f2(x), then problem (3) - (7)
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reduces to the following problem: 

Dρ
t u(x, t)− a2uxx(x, t) = f(x),

u(x, 0) = 0,

u(0, t) = 0,

u(l, t) = 0,

u(x, t1)− u(x, t2) = 0.

(15)

In that case, we have following Cauchy problem:

Dρ
t u(x, t)− a2uxx(x, t) = f(x),

u(x, 0) = 0,

u(0, t) = 0,

u(l, t) = 0.

(16)

According to the solution of the forward problem (3) - (6), the solution of this Cauchy problem is given by the
following expression:

u(x, t) =

∞∑
n=1

fnt
ρEρ,ρ+1

(
−
(πna

l

)2

tρ
)

sin
πnx

l
. (17)

If we use the additional condition u(x, t2)− u(x, t1) = 0 , we have the following equality:

fn

[
tρ2Eρ,ρ+1

(
−
(πna

l

)2

tρ2

)
− tρ1Eρ,ρ+1

(
−
(πna

l

)2

tρ1

)]
sin

πnx

l
= 0,

since ρ ∈ (0, 1) and t1, t2 ∈ (0, T ) satisfy tρ2Eρ,ρ+1

(
−
(
πna
l

)2
tρ2

)
− tρ1Eρ,ρ+1

(
−
(
πna
l

)2
tρ1

)
6= 0, we conclude

that the equality fn = 0 holds for all n ≥ 1. From this, it follows that f(x) = 0 and consequently, by (17), we
obtain u(x, t) = 0. From these equalities, we obtain u1(x, t) = u2(x, t) and f1(x) = f2(x), hence, the solution of
problem (3) - (7) is unique.

The theorem is proved.

4. Conculusion

In this paper, a control problem for a process described by a fractional-order partial differential equation
was studied. Using the Fourier method, an explicit representation of the solution was obtained. The results
obtained can be applied in the study of fractional-order control problems and inverse problems.
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Carleman formula in the matrix polydisc of the second type

Bozorov Jorabek*
Termez State University, Termez, Uzbekistan

jorabek.bozorov.89@mail.ru
Turayev Tura

Termez State University, Termez, Uzbekistan
turayev.tura.96@mail.ru

Abstract. In the present paper, a Carleman-type formula is derived for holomorphic functions
defined in a matrix polydisc of the second type. The domain under consideration is represented as
the Cartesian product of classical matrix domains of the second type. Particular attention is devoted
to the investigation of holomorphic and meromorphic functions in matrix-valued domains and to the
construction of an integral representation of Carleman type for this class of matrix domains.
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Introduction. Statement of the Problem

Let D ⊂ C be a bounded domain with piecewise smooth boundary ∂D. If the function f(z) is holomorphic
in the domain D ⊂ C and continuous on the closure D, then, as is well known, the values of this function inside
the domain D ⊂ C can be reconstructed from its boundary values on ∂D by means of the Cauchy integral
formula.

Naturally, the following question arises: if the function f(z) is holomorphic in the domain D and
continuous on the boundary ∂D, while its values are prescribed only on a certain part of the boundary of
the domain, then in what manner can the values of the function f(z) inside the domain D be reconstructed?

A positive answer to this problem was first obtained by T. Carleman in 1926 (see [1], [3]). The
corresponding integral representations subsequently became known as the Carleman formulas.

Later, in 1933, G. M. Goluzin and V. I. Krylov (see [2]) developed a method based on the introduction
of an extinguishing function, which made it possible to solve this problem for an arbitrary simply connected
domain of the complex plane.

They proved the following statement: if f ∈ H1(D) and the set M ⊂ ∂D has positive Lebesgue measure,
then for every point z ∈ D the following Carleman formula holds

f(z) = lim
m→∞

1

2πi

∫
M

f(ξ)

[
ϕ(ξ)

ϕ(z)

]m
dξ

ξ − z
,

where ϕ(z) ∈ H∞(D) satisfies the following two conditions:

1. |ϕ(z)| = 1 almost everywhere on ∂D\M,

2. |ϕ(z)| > 1 in D.

Subsequently, A. Kytmanov and N. Nikitina developed a new approach to deriving the Carleman formula
for arbitrary homogeneous domains. By means of this method, Carleman-type formulas were obtained for
a number of classical domains. Moreover, this problem has also been the subject of scientific investigations
by several researchers from Uzbekistan, among whom are G. Khudoyberganov [6], B. Shoimkulov [8],
U. Rakhmonov [7], R. Kosbergenov [9], J. Bozorov [10], and J. Abdullaev [12].
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In the present work, the function under consideration is holomorphic in the matrix polydisc of the second
type, while its values are prescribed only on a part of the skeleton. The problem consists in reconstructing
the values of the function inside the domain from its known values on a part of the skeleton.

Main part

Let
D2 =

{
Z ∈ C[m×m] : ZZ < I

}
be the classical domain of the second type [3], where Z is a symmetric matrix of order n × n, Z denotes the
complex conjugate matrix of Z and I is the identity matrix of order n×n. The skeleton of the domain is defined
by

S2 =
{
ξ ∈ C[m×m] : ξξ = I

}
.

The Cartesian product of n copies of the domain D2 will be called the matrix polydisc of the second type

D2 ×D2 × · · · ×D2︸ ︷︷ ︸
n

and will be denoted by Tn2 , that is

Tn2 =
{
z =

(
z(1), z(2), . . . , z(n)

)
∈ Cn[m×m] : z(j)z(j) < I, j = 1, . . . , n

}
.

Furthermore, we define the skeleton of the matrix polydisc of the second type as the Cartesian product
of n copies of S2 and denote it by S(Tn2 ), namely,

S(Tn2 ) =
{
ξ =

(
ξ(1), ξ(2), . . . , ξ(n)

)
∈ Cn[m×m] : ξ(j)ξ

(j)
= I, j = 1, 2, . . . , n

}
.

Let the function f(Z) be defined in the domain Tn2 .
Definition 1 ([3]). Let the function f(Z) be holomorphic in the domain Tn2 and satisfy the condition

sup
0≤r<1

∫
S(Tn2 )

|f(rξ)| dµ(ξ) <∞,

where dµ(ξ) denotes the normalized Lebesgue measure on S(Tn2 ). Then the function f(Z) is said to belong to
the Hardy class in the domain Tn2 , and this is denoted by

f(Z) ∈ H1(Tn2 ).

Since the matrix polydisc of the second type is the Cartesian product of n classical domains of the second
type, the automorphism of the matrix polydisc possesses n coordinates, and in each coordinate there exists an
automorphism of the classical domain of the second type, namely.

φA(Z) =
(
φ1
A(z1), φ2

A(z2), . . . , φnA(zn)
)
,

where
φjA(zj) = Rj

(
zj −Aj

) (
I −A j

zj
)−1 (

R
j
)−1

. (1)

Here the matrices Rj , Aj , zj satisfy the following conditions:

R
j
(
I −Aj

(
Aj
)T) (

Rj
)T

= I

AjR
j

+RjA
j

= 0.

Mapping (1) is an automorphism of the classical domain of the second type.
The automorphism φA(Z) maps the point A ∈ Tn2 to the origin, and the point 0 to the point A.
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Let E ⊂ S(Tn2 ) be a set of positive measure, that is,

(µE > 0).

Denote by S(Tn−1
2 ) the projection of the set E onto the space Cn−1[m ×m]. Let the points of the set

S(Tn−1
2 ) be denoted by

ξ = (ξ2, . . . , ξn).

Introduce the following notation:

E0,ξ =
{
Z : z ∈ E, φ1

0(z1) = λ, φj0(zj) = λφj0(ξj), j = 2, n, λ ∈ S2

}
E0 = {z ∈ E, µ1E0,ξ > 0} .

By Fubini’s theorem, the following relations hold:

µn−1E > 0, E0,ξ × E0 = E.

Consider the auxiliary function defined by

ψ0(ξ) =
1

2πi

∫
E1

0,ξ

η + λ∗

η − λ∗
· dη
η
, ϕ0 = expψ0,

where
E1

0,ξ =
{
ξ1 ∈ E0,ξ, ξ

1 = αU, α = eiϕ, 0 ≤ ϕ ≤ 2π
}
.

Denote the complementary set of E1
0,ξ with respect to Ẽ0,ξ by E0,ξ, that is,

E1
0,ξ × E0,ξ = E0,ξ.

Thus, we have defined a section of the above-mentioned set E ⊂ S(Tn2 ) by a hyperline passing through
the origin via E0,ξ. Since this set is contained in S2, for the function f belonging to the Hardy class in the
classical domain of the second type, the following formula holds.

f(0) =
m∫

E0,ξ

dµ0

lim
l→∞

∫
E0,ξ

f(ξ)

[
ϕ0(ξ)

ϕ0(0)

]l
dµ1

Integrating both sides of this equality over the set E0, we obtain

∫
E0

f(0) dµn−1 =

∫
E0


m∫

E0,ξ

dµ0

lim
l→∞

∫
E0,ξ

f(ξ)

[
ϕ0(ξ)

ϕ0(0)

]l
dµ1

 dµn−1

As a result, we arrive at the equality

f(0) =
m∫

E0

dµn−1

∫
E0,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕ0(ξ)

ϕ0(0)

]l
dµ(ξ)

By LebesgueвЂ™s theorem, it follows that both the integral and the limit exist. Therefore, the formula
proved above can be formulated in the form of the following lemma.
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Lemma 1.
If

f(z) ∈ H1(Tn2 ), E ⊂ S(Tn2 ), µE > 0,

then the following formula holds:

f(0) =
m∫

E0

dµn−1

∫
E0,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕ0(ξ)

ϕ0(0)

]l
dµ(ξ). (2)

It follows from the above lemma that the value of the function f(z) at the origin of the domain Tn2 has
been reconstructed from the values of the function f(z) on the set E.

Now, by means of this lemma, we reconstruct the values of the function f(z) at an arbitrary point of the
domain Tn2 .

For this purpose, define

EA,ξ =
{
Z ∈ E, φ1

A(z1) = λ, φjA(zj) = λφjA(ξj), j = 2, n, λ ∈ S2

}
,

EA = {ξ′ : ξ′ ∈ S(Tn−1), µ1EA,ξ > 0} ,

where
EA,ξ × EA = E,

and
ϕA = expψA,

ψA(ξ) =
1

2πi

∫
E1
A,w

η + λ

η − λ
· dη
η
,

E1
A,w =

{
ξ1 ∈ EA,ξ : ξ1 = (φ1

A)−1
(
λ(φ1

A)−1(w)
)
, |λ| = 1

}
,

w ∈ φ1
A(SU(m)).

Theorem 1.
If

f(z) ∈ H1(Tn2 ) , E ⊂ S(Tn2 ) , µE > 0,

then for every point A ∈ Tn2 the following formula holds:

f(A) =
m∫

EA

dµn−1

∫
EA,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕA(ξ)

ϕA(A)

]l n∏
j=1

H
(
Aj ; ξj

)
dµ(ξ). (3)

where
H
(
Aj ; ξj

)
=

1

det
m+1

2

(
I −Ajξ j

)
is the Cauchy–SzegЕ‘ kernel for the classical domain of the second type. Proof. In the case A = 0, Theorem 1
was proved in Lemma 1. Now consider the case A 6= 0. By virtue of the lemma, the value of the function f(z)
at the point 0 of the domain Tn2 was reconstructed in the following form:

f(0) =
m∫

E0

dµn−1

∫
E0,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕ0(ξ)

ϕ0(0)

]l
dµ(ξ).
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Replacing f(z) in this formula by the function f(φA(0)), we obtain the equality

f(φA(0)) =
m∫

E0

dµn−1

∫
E0,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕ0(ξ)

ϕ0(φA(0))

]l
dµ(φA(ξ)).

Here φA(0) = A. Taking into account the relation

dµ(φA(ξ)) = |det J(ξ, A)| dµ(ξ)

and

|det J(ξ, A)| = P (A, ξ) =

n∏
j=1

H(Aj , ξ
j
)H(ξj , A

j
)

H(Aj , A
j
)

,

we obtain

f(A) =
m∫

EA

dµn−1

∫
EA,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕA(ξ)

ϕA(A)

]l n∏
j=1

H(Aj , ξ
j
)H(ξj , A

j
)

H(Aj , A
j
)

dµ(ξ).

Further, using the fact that

f(ξ)

 n∏
j=1

H(ξj , A
j
)

−1

∈ H1(Tn2 )

for the function under consideration, we obtain

f(A)
n∏
j=1

H(Aj , A
j
)

=
m∫

EA

dµn−1

∫
EA,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕA(ξ)

ϕA(A)

]l n∏
j=1

H(Aj , ξ
j
)H(ξj , A

j
)

H(Aj , A
j
)

dµ(ξ).

Further, we obtain

f(A) =
m∫

EA

dµn−1

∫
EA,ξ

dµ0

lim
l→∞

∫
E

f(ξ)

[
ϕA(ξ)

ϕA(A)

]l n∏
j=1

H(Aj , ξ
j
) dµ(ξ). (4)
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Abstract. In this paper, the smoothness properties of α-subharmonic functions in the sense of
Luzin are studied. For any ε > 0, it is proved that there exists an open set Gε with small α-capacity
such that the function u belongs to the class Ck on compact subsets of D \Gε. The results are based
on the Riesz representation theorem and estimates of Riesz potentials, generalizing the classical
theorems of N. Luzin, A. Cartan, A. Sadullaev, R. Madrakhimov, and S. Imomkulov to the case of
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1. Introduction

N.N. Luzin’s remarkable theorem states that every measurable function f(x) in the domain D ⊂ Rn is
continuous outside some thin set (C-Luzin property): For any ε > 0, there exists a subset of Uε ⊂ D with
Lebesgue measure m(Uε) < ε and the constriction of the function f |D\Uε is continuous (see, for example [1]).

For subharmonic functions in terms of Newtonian (logarithmic for n = 2) capacitance, a similar theorem
was proven by A. Cartan [2] (see also [3], [4]). In this case, the discarded set is even thinner: let u(x) be a
subharmonic function in the domain D ⊂ Rn. Then for any ε > 0 there exists an open set Uε ⊂ D such that
the capacitance Cn−2(Uε) < ε and the constriction u|D\Uε are continuous, i.e. u ∈ C(D \ Uε).

In the work [6] (see also [7]), the smoothness of subharmonic functions is established outside some thicker
sets than small-capacity sets. Specifically, the following theorem is proven: let u(x) be a subharmonic function
in the domain D ⊂ Rn, p be a fixed number, 0 < p ≤ 2. Then for any ε > 0 there exists an open set Gp,ε ⊂ D
such that the Hausdorff cover Hn−2+p(Gp,ε) < ε and the function u(x) belongs to the Lipstick class Lipp, for
0 < p < 2, p 6= 1, and also belongs to the class Lipp−0, for p = 1, 2, on the compact subsets of the equality
D \Gp,ε. Here

Lipp−0 =
⋂
k<p

Lipk.

In the works [8,9] the differentiability of subharmonic functions is studied in the cases p = 1, 2. Relatively,
final results were obtained.

Theorem 1.1 ([8]). Let u(x) be a subharmonic function in the domain D ⊂ Rn. Then for any ε > 0
there exists an open set Gε ⊂ D with Lebesgue measure m(Gε) < ε such that u(x) belongs to the class C2 on
the compact subset of the difference D \Gε.

Theorem 1.2 ([9]). Let u(x) be a subharmonic function in a domain D ⊂ Rn. Then for any ε > 0 there
exists an open set Gε ⊂ D with capacity Cn−1(Gε) < ε such that u(x) belongs to the class C1 on compact
subsets of the difference D \Gε.

Combining the above theorems, the following general theorem was formulated in the review paper [12].
Theorem 1.3 ([11]). Let u(x) be a subharmonic function in the domain D ⊂ Rn. Then for any number

p : 0 ≤ p ≤ 2 and ε > 0 there exists an open set Gp,ε ⊂ D with capacitance Cn−2+p(Gp,ε) < ε (in the case p = 2
the Lebesgue measure m(G2,ε) < ε) such that u(x) belongs to the class Cp on compact subsets of the difference
D \Gp,ε.

Received: 01.05.2026, Accepted: 16.06.2026
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Let us note that the proof of the above formulated theorems is based on the theorem on the Riesz
representation for subharmonic functions (see, for example, [4], [5], [7], i.e., the differentiability of potentials
outside a set of small capacity (Hausdorff measure) is proved).

An important subclass of the set of subharmonic functions is the class of convex functions. The properties
of convex functions, in particular the property of differentiability, are well studied and are one of the main
subjects of study in the theory of convex surfaces and convex analysis. You can read about them, for example,
in the monographs of A.D. Alexandrov [22] and R. Rockafeller [21]. Note that a convex function has a one-sided
directional derivative at any point [21]. Moreover, in the works of A.D. Alexandrov [23] and Yu.G. Reshetnyak
[24] the almost everywhere double differentiability of convex functions was proved (see also [25], [26]), i.e. if
u(x) is a convex function in the domain D ⊂ Rn, then

u(x+ h)− u(x)−
n∑
i=1

∂u(x)

∂xi
hi −

1

2

n∑
i,k=1

∂2u(x)

∂xi∂xk
hihk = O(|h|2)

in almost all points x ∈ D.
Obviously, such a statement does not hold in the case of subharmonic functions, generally speaking. For

example, for a subharmonic function with values −∞ everywhere on a dense set of points, such a statement is
not true.

In the recent work [28] (see also [27]), the following theorem is proven: let D ⊂ Rn be a-convex domain
and u(x) : D → R be a locally strictly convex function. Then for any continuous function ε(x) : D → (0, 1) and
for any number ε0 > 0 there exists a locally strictly convex function g(x) from the class C2(D) such that

1) m{x ∈ D : u(x) 6= g(x)} < ε0;

2) |u(x)− g(x)| < ε(x), x ∈ D;

3) Hausdorff measure Hn(Γu∆Γg) < ε0, where Γu = {x, u(x) ∈ Rn+1 : x ∈ D}.

Note that in the work [10] a similar theorem is investigated for monotonic and convex functions in a
one-dimensional case.

In the work of Daujanov A. Sh. [12], the differential properties of the generalized solutions of elliptic
equations with constant coefficients were proven, i.e., the following theorem of the type C – Luzin’s property:
Let f ∈ D′(G) be a generalized function of the order of singularity s : 0 ≤ s ≤ m. Then for any ε > 0 there
exists an open set Uε with Lebesgue measure m(Uε) < ε such that the solution u(x) of the equation P (D)u = f
belongs to the class Cm−s on compact subsets of the difference G \ Uε.

Here P (D)u(x) =
∑
|j|≤m

αjD
j is an elliptic differential operator of the m-order with constant coefficients.

Recently, a more definitive result for functions from the Sobolev class was obtained in the works of B.
Boyarsky, P. Hajlasz, and P. Strzeloski [15] (see also [13],[14]): let G ⊂ Rn be a domain. u(x) ∈ W k,p

loc (G) there
exist a closed subset E ⊂ G and a function g(x) ∈ Cm(G) ∩Wm+1,p

loc (G) such that

(i) Bessel capacity Bk−m,p(G \ E) < ε;

(ii) Dαu(x) = Dαg(x) for all x ∈ E and for each α : |α| ≤ m;

(iii) u(x)− g(x) ∈Wm+1,p(G);

(iv) ‖u(x)− g(x)‖Wm+1,p(G) ≤ C(n, k, p)‖u‖Wm+1,p(G\E) < ε.

(See also the following works [29],[30] related to this topic)
Let us give the definition of the class Ck(E) (k-non-negative number) for an arbitrary closed set E ⊂ Rn:

we will say that the function u(x) defined on E belongs to the class Ck(E) if there exist certain functions E
defined on u(j)(x), j ≤ k such that u(0) = u,∣∣∣∣∣∣u(j)(x+ h)−

∑
|j+l|≤k

u(j+l)(x)

l!
hl

∣∣∣∣∣∣ ≤ α(h)|h|k−|l| (∗)
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x, x + h ∈ E, 0 ≤ |j| ≤ k, α(h) → 0 at h → 0. Here, j = (j1, j2, . . . , jn) and l = (l1, l2, . . . , ln) are
multi-indices, |j| = j1 + j2 + . . .+ jn, l! = l1!l2! . . . ln!, hl = hl11 h

l2
2 . . . h

ln
n .

Note that in the case E = Rn, the space Ck(Rn) has a simple differential property: it consists of functions
u having continuous partial derivatives up to the k-th order. The following Whitney theorem [19] (see also [20])
on extension establishes a connection between Ck(E) and Ck(Rn).

Theorem 1.4 (Whitney). Let E ⊂ Rn be a closed set and u(x) ∈ Ck(E). Then u(x) extends to the
entire space Rn as a function of class Ck(Rn), i.e., there exists a function F (x) ∈ Ck(Rn) such that F (x) ≡ u(x)
on E.

2. Definition of α-subharmonic functions and their properties

Definition of α-subharmonic functions. (see [16]) Let α be an arbitrary d-closed, strictly positive
differential form of bidegree (n− 1, n− 1) in the domain D ⊂ Cn, n ≥ 2:

α =

(
i

2

)n−1 n∑
j,k=1

αjk(z)dz[j] ∧ dz̄[k], αjk(z) ∈ C1(D), dα = 0. (2.1)

Strictly positive α means that for any compact domain G ⊂ D there exists a number ε > 0 such that the
differential form α− εβn−1 ≥ 0, where β = ddc|z|2.

Definition 2.1. A twice smooth u(z) ∈ C2(D) function is called α-subharmonic in the D ⊂ Cn domain
if the differential form ddcu ∧ α ≥ 0 is in D ⊂ Cn. A u(z) ∈ L1

loc(D) function is called α-subharmonic in the
D ⊂ Cn domain if

1) it is upper semicontinuous in D, i.e. u(z0) ≥ lim supz→z0 u(z), ∀z0 ∈ D;

2) operator ddcu ∧ α ≥ 0 in a generalized sense, i.e.
∫
u(z)α(z) ∧ ddcω(z) ≥ 0, ∀ω ∈ F (D), ω ≥ 0.

The class α-of subharmonic functions is denoted by α − sh(D), including in this class, for convenience,
the function u(z) ≡ −∞.

Definition 2.2. A function D ⊂ Cn that is twice smooth in a domain u(z) ∈ C2(D) is called α-harmonic
if ddcu ∧ α = 0 in D.

In work [16], it is shown that for the strictly positive closed differential form α biomogeneous (n−1, n−
1), the operator ddcu ∧ α is a self-adjoint elliptic operator.

Since ddcu∧α is a second-order elliptic operator, the theory of elliptic equations of mathematical physics
is applicable here. In particular, if the coefficients αjk ∈ Cl+λ, where Cl+λ is a class of l-times differentiable
functions, and the l-th partial derivatives belong to the Holder class Lλ, 0 < λ ≤ 1, then a solution to the
equation ddcu ∧ α = 0 exists and belongs to the class Cl+2+λ (see [31]).

In this work, we assume everywhere that all coefficients of the differential form belong to the Holder class
Lipλ, 0 < λ ≤ 1.

1) According to the theory of elliptic operators, the operator ddcu∧α has a symmetric fundamental solution
Kα(z, w) ∈ C2+λ(Cn \ {w}). Let’s list some properties of the fundamental solution:

a) Kα(z, w) ∈ C2+λ(Cn \ {w}), Kα(w,w) = −∞.
b) Kα(z, w) < 0, ∀z, w ∈ Cn and for fixed w ∈ Cn (remember that n ≥ 2)

lim
z→w

Kα(z, w) = 0.

c) Kα(z, w) is α-subharmonic function in Cn, and it is α-harmonic at z 6= w.

d) There are constants c1 > 0 and c2 > 0 such that

c1
|z − w|n−2

≤ |Kα(z, w)| ≤ c2
|z − w|n−2

; (2.2)
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∣∣∣∣∂Kα(z, w)

∂zj

∣∣∣∣ =

∣∣∣∣∂Kα(z, w)

∂z̄j

∣∣∣∣ ≤ c3
|z − w|n−1

, j = 1, 2, . . . , n; (2.3)

max

{∣∣∣∣∂2Kα(z, w)

∂zj∂zk

∣∣∣∣ , ∣∣∣∣∂2Kα(z, w)

∂z̄j∂z̄k

∣∣∣∣ , ∣∣∣∣∂2Kα(z, w)

∂z̄j∂z̄k

∣∣∣∣ j, k = 1, 2, . . . , n.

}
≤ c4
|z − w|2n

, (2.4)

∀z, w ∈ Rn, n ≥ 2. (see. [17], [31]).

2) Riesz representation (see [16]). If u(z) is α-subharmonic function, then for any subdomain G b D the
following holds

u(z) =

∫
G

Kα(z, w) dµ(w) + g(z), (2.5)

where µ = ddcu ∧ α and g(z) is α-harmonic functions in G.

3. Hausdorff measures and Cn−α-capacity

3.1. Hausdorff measures. Let E be an arbitrary set from Rn. Let us consider coverings of a set E by
finite or countable sets of balls Bi of diameters di:

E ⊂
⋃
i

Bi

and let’s put
Ĥs(E) = inf

∑
dsi , s > 0,

where infinum is taken over all such covers. Ĥs(E) is called the Hausdorff scope of order s > 0. We impose an
additional condition on di such that di < ε, ε > 0. We denote the corresponding exact lower limit by Hε

s (E).
Then Hε

s will be a non-increasing function of the variable ε, i.e.

Hε2
s (E) ≤ Hε1

s (E) РїСЂРё ε2 > ε1 > 0.

The limit Hs(E) = limε→0+H
ε
s (E) is called the outer α-Hausdorff measure of the set E.

Let us note some properties of the quantities Ĥs and Hs:

1) Ĥs(E) ≤
∑
i Ĥs(Ei) and Hs(E) ≤

∑
iHs(Ei) for any finite and countable family {Ei} such that E ⊂⋃

iEi;

2) Ĥs(E) ≤ Hs(E);

3) Ĥs(E) and Hs(E) are equal to zero simultaneously.

A set E ⊂ Rn is called Hs measurable if

Hs(A) = Hs(E ∩A) +Hs(A \ E)

for any A ⊂ Rn (see [31]). If a set E is Hs-measurable, then Hs(E) is called the Hausdorff measure of the set
E.

4) Let E1, E2, . . . , En, . . . be pairwise disjoint Hs-measurable sets, then

Hs

(⋃
i

Ei

)
=
∑
i

Hs(Ei)

i.e. Hs is a countably additive measure;

5) every Borel set Hs is measurable.
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Detailed information about the Hausdorff measure and its properties can be found in the monographs
[4], [18], [31].

3.2. Cn,s is the capacity ([4],[5]). Let M(Rn) (0 < s < n) be the set of all Borel measures in Rn,
n ≥ 2, and let

uµs (x) =

∫
dµ(y)

|x− y|n−s
, x ∈ Rn,

potential of the measure µ. Cn−s - the capacity of a compact set K ⊂ Rn is called the quantity

Cn−s(K) = sup{µ(Rn) : µ ∈M(Rn), supp(µ) ⊂ K, us(x) ≤ 1, x ∈ supp(µ)}.

For an arbitrary set E ⊂ Rn, the quantities

Cn−s(E) = sup{Cn−s(K) : K b E} and Cn−s(E) = inf{Cn−s(G) : G = G0 ⊃ E}

are called internal and external capacities, respectively.
If Cn−s(E) = Cn−s(E), then the set E is called C-measurable (measurable in capacity) and we will write

Cn−s(E) instead of Cn−s(E) or Cn−s(E). It is known that all Borel sets C-are measurable (see [4]).
Let us note some properties of Cn−s-capacity:

1) Cn−s(E) ≤
∑
i Cn−s(Ei) for any finite or countable family of C-measurable sets {Ei} such that E =

⋃
iEi;

2) Cn−s(B(x, r)) = A(n, s)rn−s, where B(x, r) = {y ∈ Rn : |x − y| < r}, A(n, s) is a constant depending
only on n and s.

In what follows we will need the following lemmas.
Lemma 3.1. ([9]). Let µ be a finite Borel measure with compact support supp(µ) ⊂ Rn. Then for any

ε > 0 there exists an open set Uε ⊂ Rn with capacity Cn−s(Uε) < ε such that

a) the family of functions ∫
|x−y|<δ

dµ(y)

|x− y|n−s

converges uniformly to zero as δ → 0 on the set Rn \ Uε;

b) the family of functions

µ(B(x, t))

tn−s

converges uniformly to zero as t→ 0 on the set Rn \ Uε.

Lemma 3.2. ([6]). Let µ - be a finite Borel measure in Rn and µ(t) = µ(B(0, t)) – the measure of an
open ball B(0, t) ⊂ Rn. Then for any smooth function h(t) in the interval (0,+∞) and for any numbers a, b,
0 < a < b < +∞, the following relation holds, connecting the Lebesgue integral with the Stiltes integral:∫

a≤|x|≤b

h
(
|x|
)
dµ(x) =

∫
(a,b]

h(t) dµ(t).

4. Main result

Theorem 4.1. Let u(x)− be a α− subharmonic function in a domain D ⊂ Cn ∼= R2n. Then for any
number p : 0 ≤ p < 2 and ε > 0 there exists an open set Up, ε ⊂ D with capacity C2n−2+p(Up,ε) < ε such that
u(x) belongs to the class Cp on compact subsets of the difference D \ Up,ε.

Proof. Let u(x) − α- be a subharmonic function in the domain D ⊂ Cn ∼= R2n. For any subdomain
G b D, the representation holds
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u(z) =

∫
G

Kα(z, w) dµ(w) + g(z),

where µ = ddcu ∧ α, suppµ ⊂ G, and g(z) α− are harmonic functions from the class C2+λ(G) [see (2.5)].
According to this representation, it is sufficient for us to study the smoothness of the potential

v(z) =

∫
Kα(z, w) dµ(w)

of the Borel measure µ, where suppµ ⊂ B, B = {z ∈ Cn : |z| < 1}.
According to Lemma 3.1, for any ε > 0 and 0 < p < 2, we can take some open set Up,ε ⊂ B such that

C2n−2+p(Up,ε) < ε and for some non-decreasing function ρ(t) > 0, t ∈ (0,+∞), ρ(t)→ 0 for t→ 0, the following
estimates hold:

a) µ(B(z, t)) ≤ ρ(t)t2n−2+p, z ∈ B̄ \ Up,ε;

b)
∫

B(z,t)

dµ(w)
|z−w|2n−2+p ≤ ρ(t), z ∈ B̄ \ Up,ε, where B(z, t) = {z ∈ Cn : |z − w| < t}.

The existence of such a set Up,ε follows from Lemma 3.1.
Case 0 < p < 1. On the compact B̄ \ Up,ε, we estimate the following difference.

R(z, h) = v(z + h)− v(z), z, z + h ∈ B̄ \ Up,ε,

i.e.

R(z, h) =

∫
|z−w|≤2|h|

[Kα(z + h,w)−Kα(z, w)] dµ(w) +

∫
|z−w|≥2|h|

[Kα(z + h,w)−Kα(z, w)] dµ(w) =

= J1(z, h) + J2(z, h).

According to the property (2.2) of the kernel Kα(z, w) we obtain the following estimate for J1(z, h):

|J1(z, h)| ≤
∫

|z−w|≤2|h|

|Kα(z + h,w)| dµ(w) +

∫
|z−w|≤2|h|

|Kα(z, w)| dµ(w) ≤

≤ c2
∫

|z−w+h|≤3|h|

dµ(w)

|z − w + h|2n−2
+ c2

∫
|z−w|≤2|h|

dµ(w)

|z − w|2n−2
.

Now using Lemma 3.2 we obtain the following.

|J1(z, h)| ≤ c2

3|h|∫
0

dµ(B(z + h,w))

t2n−2
+ c2

2|h|∫
0

dµ(B(z, t))

t2n−2
=

= c2
µ(B(z, t))

t2n−1

∣∣∣∣3|h|
0

+ (2n− 2)c2

3|h|∫
0

µ(B(z + h, t))

t2n−1
dt

+c2
µ(B(z, t))

t2n−2

∣∣∣∣2|h|
0

+ (2n− 2)c2

2|h|∫
0

µ(B(z, t))

t2n−1
dt =

= c2
µ(B(z + h, t))

t2n−2+p

∣∣∣∣3|h|
0

+ (2n− 2)c2

3|h|∫
0

µ(B(z + h, t))

t2n−2+p
tp−1dt+
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+c2
µ(B(z, t))

t2n−2+p
tp
∣∣∣∣2|h|
0

+ (2n− 2)c2

2|h|∫
0

µ(B(z, t))

t2n−2+p
tp−1dt

Since z, z + h ∈ B \ Uρ,ε, from this, according to the definition of the set Uρ,ε, we obtain the estimate

|J1(z, h)| ≤
(

3nc2ρ(3|h|) + (2n− 2)
3p

p
c2ρ(3|h|) + 2pρc2ρ(2|h|) + (2n− 2)

2p

p
c2ρ(2|h|)

)
|h|p = γ1(|h|)|h|p,

where
γ1(|h|) = 3pc2ρ(3|h|) + (2n− 2)

3p

p
c2ρ(3|h|) + 2pc2ρ(2|h|) + (2n− 2)

2p

p
c2ρ(2|h|)

and γ1(|h|)→ 0, h→ 0.

Now we will estimate the value of J2(z, h). For this we will use the Taylor expansion

Kα(z + h,w)−Kα(z, w) =

n∑
j=1

∂Kα(z, w)

∂hj
hj +

n∑
j=1

∂Kα(z, w)

∂zj
hj + o(|h|),

z, w ∈ B, |z − w| ≥ 2|h|, and equation (2.3) for sufficiently small h, we obtain the following equation:

|Kα(z + h,w)−Kα(z, w)| ≤ C |h|
|z − w|2n−1

,

z, w ∈ B, |z − w| ≥ 2|h|, C – constant. From here we get

|J2(z, h)| ≤ C
∫

|z−w|≥2|h|

|h|
|z − w|2n−1

dµ(w) = C|h|
+∞∫

2|h|

|h|
t2n−1

d(µ(B(z, t))) =

= C|h| µ(B(z, t))

t2n−1

∣∣∣∣+∞
2|h|

+ (2n− 1)C|h|
+∞∫

2|h|

µ(B(z, t))

t2n
dt ≤

≤ C2pρ(2|h|)|h|p + (2n− 1)C|h|p
+∞∫
1

µ(B(z, t))

t2n
dt+

+ (2n− 1)C|h|p|h|1−p
1∫

2
√
|h|

µ(B(z, t))

t2n
dt+ (2n− 1)C|h|p|h|1−p

2
√
|h|∫

2|h|

µ(B(z, t))

t2n
dt ≤

≤ C2pρ(2|h|)|h|p + (2n− 1)C|h|p|h|1−p
+∞∫
1

µ(B(z, t))

t2n
dt+ (2n− 1)C|h|p|h|1−p

1∫
2
√
|h|

ρ(t)

t2−p
dt+

+ (2n− 1)C|h|p|h|1−p
2
√
|h|∫

|h|

ρ(t)

t2−p
dt ≤

≤ C (2pρ(2|h|) + µ(B(0, 2))) |h|p +
2n− 1

21−p(1− p)
ρ(1)(

√
|h|)1−p+

+
(2n− 1)

21−p(1− p)

(
1−

√
|h|

1−p)
ρ
(

2,
√
|h|
)
|h|p = γ2(|h|)|h|p. (4.2)

where γ2(t)→ 0 as t→ 0. Combining estimates (4.1) and (4.2) we obtain

|R(z, h)| ≤ γ(|h|)|h|p, z, z + h ∈ B \ Up,ε, where γ(t)→ 0 for t→ 0.
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Case 1 ≤ p < 2. Now, in the compact B \ Up,ε we evaluate the following differences

R0(z, h) = v(z + h)− v(z)−
n∑
j=1

∂v(z)

∂zj
hj −

n∑
j=1

∂v(z)

∂z̄j
h̄j , (4.3)

Rj(z, h) =
∂v(z + h)

∂zj
− ∂g(z)

∂zj
, j = 1, 2, . . . , n. (4.4)

R̄j(z, h) =
∂v(z + h)

∂z̄j
− ∂v(z)

∂z̄j
, j = 1, 2, . . . , n. (4.5)

First, we will estimate the value R0(z, h).

R0(z, h) =

∫
|z−w|<|h|

[
Kα(z + h,w)−Kα(z, w)

]
dµ(w)−

n∑
j=1

∫
|z−w|<2|h|

∂Kα(z, w)

∂zj
hj dµ(w)−

−
n∑
j=1

∫
|z−w|<2|h|

∂Kα(z, w)

∂z̄j
h̄j dµ(w)−

∫
|z−u|≥|h|

[
Kα(z + h, u)−Kα(z, u)−

−
n∑
j=1

∂Kα(z, w)

∂zj
hj −

n∑
j=1

∂Kα(z, w)

∂z̄j
h̄j

]
dµ(w) = J1(z, h)− J2(z, h) + J3(z, h).

The value J1(z, h) is evaluated in the same way as in the case of p < 1.
According to inequality (2.3), the value J2(z, h) is estimated as follows

|J2(z, h)| ≤ 2nC|h|
∫

|z−w|<|h|

dµ(w)

|z − w|2n−1
= 2nC|h|p

∫
|z−w|<2|h|

dµ(w)

|z − w|2n−1|h|p−1
≤

≤ 2nC|h|p
∫

|z−w|<2|h|

dµ(w)

|z − w|2n−2+p
.

Due to the condition b), the last integral converges to zero on the B \ Up,ε compact at h→ 0, i.e.,

|J2(z, h)| ≤ γ2(h)|h|p, z, z + h ∈ B \ Up,ε,

and γ2(h)→ 0 at h→ 0.
It remains to estimate the value J3(z, h).
From the Taylor formula of the second degree for the kernel and according to inequality (2.4) we obtain

the following estimates for Kα(z, w):∣∣∣∣∣∣Kα(z + h,w)−Kα(z, w)−
n∑
j=1

∂Kα(z, w)

∂zj
hj −

n∑
j=1

∂Kα(z, w)

∂z̄j
h̄j

∣∣∣∣∣∣ ≤ C |h|2

|z − w|2n
,

z, w ∈ B, |z − w| ≥ 2|h|, C − constant.

We have

|J3(z, h)|h|2
∫

|z−w|≥2|h|

dµ(w)

|z − w|2n
≤ |h|2

∞∫
2|h|

dµ(B(z, t))

t2n
.

Here, applying the estimation method as in (4.2), we obtain the following result.
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|J3(z, h)| ≤ γ3(h)|h|p,

γ3(h)→ 0 for h→ 0. As a result, we obtain an estimate of

|R0(z, h)| ≤ γ(h)|h|p, z, z + h ∈ B \ Up,ε.

γ(h)→ 0 for h→ 0. The differences are estimated exactly the same way Rj(z, h), R̄j(z, h), j = 1, 2, . . . , n.
Thus, the potential v(z) belongs to the class Cp(B \ Up,ε).
The theorem is proven.
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Abstract. The purpose of this paper is to describe all 1
2 -derivations of the Euclidean Lie algebra

e(d). We determine their explicit form and show how the semidirect product structure of e(d)
influences the non-existence of nontrivial 1

2 -derivations for d > 3. All 1
2 -derivations and transposed

Poisson structures for the algebra e(3) are obtained. It is shown that any transposed Poisson
structure on e(d), d ≥ 3 is trivial. These results contribute to the broader program of classification
of generalized derivations for non-semisimple Lie algebras.
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Introduction

The idea of δ-derivations was introduced in the theory of non-associative algebras (like Jordan algebras, Lie
algebras, alternative algebras) by Fillippov in [3]. They extend the concept of usual derivations to a wider class
of operators. Studying inner δ-derivations leads to understanding automorphisms and deformations. Moreover,
δ-derivations are linked with generalized derivations of Lie algebras. In [4] is shown that, in simple Lie agebras,
non-trivial δ-derivations exist only for special values of δ (often δ = 1

2 or −1).The case δ = 1
2 remains especially

important because of its close relation to centroid operators and its strong appearance in semisimple, perfect,
and solvable Lie algebras. In many concrete classes–such as Euclidean algebras, conformal Galilei algebras, and
Heisenberg-type Lie algebras–the explicit computation of 1

2 -derivations provides detailed information about
ideals, radicals, and representation behavior. This makes 1

2 -derivations particularly useful for classification
problems and for understanding rigidity properties of non-semisimple Lie algebras.

The notion of δ-derivations of Lie algebras and superalgebras, of which 1
2 -derivations are a particular case,

was systematically studied by Zusmanovich in [7], where general properties of such maps and their role in the
structure theory of Lie algebras were established. The study of transposed Poisson structures on Galilean and
solvable Lie algebras was carried out by Kaygorodov, Lopatkin, and Zhang in [6], where in particular it was shown
that any finite-dimensional solvable Lie algebra admits a non-trivial transposed Poisson structure. Transposed
Poisson structures on solvable and perfect Lie algebras were described by Kaygorodov and Khudoyberdiyev
in [5], where it was shown, among other results, that there exists a perfect Lie algebra admitting non-trivial
1
2 -derivations but no non-trivial transposed Poisson algebra structures.

Thus, modern investigations of δ-derivations combine classical structural Lie theory with contemporary
studies of local derivations, generalized derivations, and infinite-dimensional constructions. The subject continues
to develop through applications to Lie superalgebras, Leibniz algebras, current algebras, and conformal
symmetry algebras, making δ-derivations an active and relevant topic in present-day algebra research. In recent
years, δ-derivations have been investigated for various classes of Lie algebras, including simple, semisimple,
solvable, nilpotent, and infinite-dimensional algebras. For many finite-dimensional simple and semisimple Lie
algebras over fields of characteristic zero, nontrivial δ-derivations exist only for specific values of δ, and in many
cases they reduce to scalar operators or vanish identically. These results demonstrate strong rigidity properties
in perfect and centerless Lie algebras.
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Preliminaries

In this section, we recall some definitions and known results for studying Euclidean algebras. Throughout this
paper, we denote by C the set of all complex numbers. More precisely, we have

Definition 1. A Lie algebra over a field F is a vector space L equipped with a bilinear operation
[−,−] : L× L→ L, called the Lie bracket, such that for any x, y, z ∈ L the following properties hold

[x, x] = 0,

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0,

for all x, y, z ∈ L.
Definition 2. Let L be a vector space equipped with two nonzero bilinear operations · and [−,−]. The

triple (L, ·, [−,−]) is called a transposed Poisson algebra if (L, ·) is a commutative associative algebra and
(L, [−,−] is a Lie algebra that satisfies the following compatibility condition

2z · [x, y] = [z · x, y] + [x, z · y].

Transposed Poisson algebras were introduced first in a paper by Bi, Bai, Guo and Wu in [1].
Definition 3. Let (L, [−,−]) be a Lie algebra, ϕ : L→ L be a linear map. Then ϕ is a 1

2 -derivation if it
satisfies

ϕ([x, y]) =
1

2

(
[ϕ(x), y] + [x, ϕ(y)]

)
. (∗)

A relation between 1
2 -derivations of Lie algebras and transposed Poisson algebras were established in [8]

by Ferreira B.L.M., Kaygorodov I. and Lopatkin V.
Lemma 1.[8] Let (L, ·, [−,−]) be a transposed Poisson algebra and z an arbitrary element from L. Then

the left multiplication lz in the associative commutative algebra (L, ·) gives a 1
2 -derivation of the Lie algebra

(L, [−,−]).

Lemma 2.[8] Let L be a Lie algebra without non-trivial 1
2 -derivations. Then every transposed Poisson

structure defined on L is trivial.

Main part

The Euclidean Lie algebra e(d) is the Lie algebra of the group of rigid motions of the d-dimensional Euclidean
space. It describes infinitesimal rotations and translations and is given by the semidirect sum e(d) = so(d)nRd
where so(d) is the Lie algebra of rotations and Rd is the abelian ideal of translations. A standard basis consists of
the elements sij , corresponding to rotations, and Pk, corresponding to translations. The commutation relations
are determined by the natural action of so(d) on Rd. That is{

[sij , skl] = −δiksjl − δjlsik + δilsjk + δjksil,

[sij , Pk] = −δikPj + δjkPi,
(∗∗)

where δ is the Kronecker Delta defined as 1 for i = j and as 0 otherwise and i, j, k, l = 1, . . . , d.

Now, we present the main result which describes the space of 1
2 -derivations of e(d,C).

Theorem 1. Every 1
2 -derivation ϕ of the Euclidean algebra e(d) is of the form

i) ϕ = λIde(3) + ψ, if d = 3,

ii) ϕ = λIde(d), if d > 3,

where ψ(s12) = βP3, ψ(s13) = −βP2, ψ(s23) = βP1 and λ, β ∈ C.

58



Acta NUUz Exact sciences №2/2, 2026, 57-62

Proof.
Initially, we show that ϕ acts on so(d) diagonally. Fix the triple i, j, k ∈ {1, 2, . . . , d}. Without loss of

generality, we may assume that i < j < k. Then, one can directly verify that the linear span of the elements
sij , sik, sjk is isomorphic to so(3,C),that is, we have the following commutation relations below

[sij , sjk] = sik, [sij , sik] = −sjk, [sik, sjk] = −sij , (1.1)

Set

ϕ(sij) =
∑

1≤m<n≤d

λijmnsmn +
∑

1≤t≤d

βijt Pt,

ϕ(sik) =
∑

1≤u<v≤d

λikuvsuv +
∑

1≤l≤d

βikl Pl,

ϕ(sjk) =
∑

1≤p<q≤d

λjkpqspq +
∑

1≤w≤d

βjkw Pw.

(1.2)

By applying (∗) to (1.1), by bilinearity and together with (1.2) we get

−2ϕ(sij) = [ϕ(sik), sjk] + [sik, ϕ(sjk)]

= [
∑

1≤u<v≤d

λik
uvsuv, sjk] + [

∑
1≤l≤d

βik
l Pl, sjk] + [sik,

∑
1≤p<q≤d

λjk
pqspq] + [sik,

∑
1≤w≤d

βjk
w Pw],

−2ϕ(sjk) = [ϕ(sij), sik] + [sij , ϕ(sik)]

= [
∑

1≤m<n≤d

λij
mnsmn, sik] + [

∑
1≤t≤d

βij
t Pt, sik] + [sij ,

∑
1≤u<v≤d

λik
uvsuv] + [sij ,

∑
1≤l≤d

βik
l Pl],

2ϕ(sik) = [ϕ(sij), sjk] + [sij , ϕ(sjk)]

= [
∑

1≤m<n≤d

λij
mnsmn, sjk] + [

∑
1≤t≤d

βij
t Pt, sjk] + [sij ,

∑
1≤p<q≤d

λjk
pqspq] + [sij ,

∑
1≤w≤d

βjk
w Pw].

(1.3)

By analyzing the coefficients at basis elements of so(d) and by (1.2) we have the following

−2ϕ(sij) = −2
∑

1≤m<n≤d

λij
mnsmn = [

∑
1≤u<v≤d

λik
uvsuv, sjk] + [sik,

∑
1≤p<q≤d

λjk
pqspq]

= −λik
iksij − λjk

jksij + λik
ij sik + λjk

ij sjk + x1 + y1,

(1.4)

−2
∑

1≤p<q≤d

λjk
pqspq = [

∑
1≤m<n≤d

λij
mnsmn, sik] + [sij ,

∑
1≤u<v≤d

λik
uvsuv]

= −λij
ijsjk − λ

ik
iksjk + λij

jksij + λik
jksik + x2 + y2,

(1.5)

2
∑

1≤u<v≤d

λik
uvsuv = [

∑
1≤m<n≤d

λij
mnsmn, sjk] + [sij ,

∑
1≤p<q≤d

λjk
pqspq]

= λij
ijsik + λjk

jksik − λ
ij
iksij − λ

jk
ik sjk + x3 + y3,

(1.6)

where x1, x2, x3 ∈ 〈sim, sjm, skm| m 6= i, j, k〉, y1, y2, y3 ∈ Rd. Moreover, λijmn = 0, m, n /∈ {i, j, k}, i.e. ϕ(sij) ∈
〈smn|m,n〉.
If (m,n) = {(i, j), (i, k), (j, k)}, (p, q) = {(i, j), (i, k), (j, k)}, (u, v) = {(i, j), (i, k), (j, k)} in (1.4), (1.5) and
(1.6), that is, the sums runs only over three pairs {(i, j), (i, k), (j, k)} we obtain

−2λijijsij = −λikiksij − λ
jk
jksij , −2λijiksik = λikij sik, −2λijjksjk = λjkij sjk,

−2λjkjksjk = −λijijsjk − λ
ik
iksjk, −2λjkik sik = λikjksik, −2λjkij sij = λijjksij ,

2λikiksik = λijijsik + λjkjksik, 2λikjksjk = −λjkik sjk, 2λikij sij = −λijiksij .

By comparing the corresponding coefficients at basis elements sij , sik, sjk from above we obtain{
λijij = λikik = λjkjk,

λijik = λikij = λijjk = λjkij = λjkik = λikjk = 0.
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Thus, we have

ϕ(sij) = λijijsij + x+ y, (1.7)

where x ∈ 〈sim, sjm, skm| m 6= i, j, k〉 and y ∈ Rd.
Having established the formula (1.7) for an arbitrary triple i, j, k, we now exploit the structure of so(d,C).

Recall that the linear span of the elements {sij} is isomorphic to so(3,C), and since so(d,C) decomposes, as
a vector space, into a direct sum of such subalgebras, we may conclude that x = 0 in (1.7). Consequently, the
map ϕ acts on each generator sij by

ϕ(sij) = λ sij + y, y ∈ Rd,
that is, ϕ scales each sij by a uniform scalar λ and adds an element of Rd.

Now, we show that ϕ|so(d,C) = λId|so(d,C) for d ≥ 4 and ϕ = λIde(3) + ψ, for d = 3. To prove this, we
compare the corresponding coefficients in (1.3). Thus, we have

−2
∑

1≤t≤d

βijt Pt = [
∑

1≤l≤d

βikl Pl, sjk] + [sik,
∑

1≤w≤d

βjkw Pw],

2
∑

1≤l≤d

βikl Pl = [
∑

1≤t≤d

βijt Pt, sjk] + [sij ,
∑

1≤l≤d

βjkw Pw],

−2
∑

1≤w≤d

βjkw Pw = [
∑

1≤t≤d

βijt Pt, sik] + [sij ,
∑

1≤w≤d

βikl Pl],

which, together with (∗∗), give βijt = 0, t /∈ {i, j, k} and the following equalities:

−2βiji Pi − 2βijj Pj − 2βijk Pk = βikj Pk − βikk Pj − β
jk
i Pk + βjkk Pi,

2βiki Pi + 2βikj Pj + 2βikk Pk = βijj Pk − β
ij
k Pj − β

jk
i Pj + βjkj Pi,

−2βjki Pi − 2βjkj Pj − 2βjkk Pk = βiji Pk − β
ij
k Pi − β

ik
i Pj + βikj Pi.

By comparing the corresponding coefficients at the basis elements, we get{
βijk = −βikj = βjki ,

βiji = βijj = βiki = βikk = βjkj = βjkk = 0.

Now, we show that βijk = −βikj = βjki = 0 for d > 3. Since d > 3, for any sij there exists skl such that
[sij , skl] = 0 ({i, j} ∩ {k, l} = ∅). For such a pair we apply (∗) and write the following relations:.

0 = ϕ([sij , skl])

= [ϕ(sij), skl] + [sij , ϕ(skl)]

= [λijijsij + βijt Pt, skl] + [sij , λ
kl
klskl + βklv Pv]

= βijk Pl − β
ij
l Pk − β

kl
i Pj + βklj Pi,

which implies βijk = 0 as needed.
Now, we consider how ϕ acts on Rd. Let

[sij , Pk] = 0, (k 6= i, j), (1.8)

ϕ(Pk) =
∑

1≤p<q≤d

γkpqspq +
∑

1≤t≤d

µktPt. (1.9)

By appliying (∗) to (1.8) and by (1.9), we obtain

[ϕ(sij), Pk] = [ϕ(Pk), sij ],

[λsij , Pk] = [
∑

1≤p<q≤d

γkpqspq +
∑

1≤t≤d

µktPt, sij ],

0 = [
∑

1≤p<q≤d

γkpqspq, sij ] + [
∑

1≤t≤d

µktPt, sij ].
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First term on the right-hand side provides us that γkpq = 0.

Finally, we show that ϕ acts on Rd trivially. Let

[sij , Pi] = −Pj , [sij , Pj ] = Pi, (1.10)

ϕ(Pi) =
∑

1≤t≤d

µitPt, ϕ(Pj) =
∑

1≤l≤d

µjlPl. (1.11)

By applying (∗) to (1.10) we obtain

2ϕ(Pi) = λPi + [sij ,
∑

1≤l≤d

µjlPl]

= λPi − µjiPj + µjjPi,

−2ϕ(Pj) = −λPj + [sij ,
∑

1≤t≤d

µitPt]

= −λPj − µiiPj + µijPi,

(1.12)

which together with (1.11) provide

2µiiPi + 2µijPj = λPi + µjiPj + µjjPi,

−2µjiPi − 2µjjPj = −λPj − µiiPj + µijPi.

By comparing the corresponding coefficients at basis elements, we get µii = µjj = λ and µij = µji = 0. By
substituting µji and µ

j
j to (1.12) we get

ϕ(Pi) = λPi, ϕ(Pj) = λPj .

This completes the proof.

Remark 1. Note that the proof is restricted to the case d ≥ 4. If d = 3, one can directly verify that the
first part of theorem follows immediately.

Description of transposed Poisson algebras structure defined on e(3).

We aim to describe the multiplication · on e(3). By lemma (1) for every basis element there is an
associated 1

2 -derivation ϕ of (L, [−,−]) such that ϕk(sij) = sij · Pk = Pk · sij = ϕij(Pk), ϕkl(sij) = sij · skl =
skl · sij = ϕij(skl), ϕi(Pj) = Pi · Pj = Pj · Pi = ϕj(Pi).

Corollary. Any transposed Poisson structure on the Euclidean algebra e(d) (d ≥ 3) is trivial.

Proof. We prove the claim for d = 3, because any 1
2 -derivation of e(d) is trivial for d ≥ 4. Hence, we

have only trivial transposed Poisson structure for d ≥ 4 (see [8]).
Let d = 3 and ϕ be a 1

2 -derivation of e(3). Then by Theorem 1 we have

ϕ(s12) = λs12 + βP3, ϕ(s13) = λs13 − βP2, ϕ(s23) = λs23 + βP1,

ϕ(P1) = λP1, ϕ(P2) = λP2, ϕ(P3) = λP3.

Moreover, by Lemma 1 the linear operators ls12
, ls13

, ls23
, lP1

, lP2
, lP3

are 1
2 -derivations of associative commutative

algebra (e(3), ·). Thus, we have
s12 · s13 = ls12

(s13) = αs13 + βP2,

s13 · s12 = ls13
(s12) = γsij + δP3,

where α, β, γ, δ ∈ C. Since (e(3), ·) is commutative, we derive α = β = γ = δ = 0, that is, s12 · s13 = 0. By a
similar way one can obtain s12 · s23 = 0 and s13 · s23 = 0. Applying the same arguments on the operators ls12

and lP1 we get that s12 · P1 = 0. Similarly, one can verify that sij · Pk = 0 for i, j, k ∈ {1, 2, 3}.
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Remark 2. It should be emphasized that the algebra e(3) provides a counterexample to the naive
expectation that non-trivial 1

2 -derivations force the existence of non-trivial transposed Poisson structures.
Indeed, e(3) possesses non-trivial 1

2 -derivations yet admits no non-trivial transposed Poisson algebra structures.
Furthermore, since [e(3), e(3)] = e(3) the algebra e(3) is perfect, making this a particularly notable example and
providing a concrete answer to Questions 2 and 5 raised in [2].
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its analysis. Using the energy integral and logarithmic convexity methods, an a priori estimate
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are proved on the well-correctness set. To obtain a numerical solution, a regularization method is
employed, on the basis of which an approximate solution is constructed.
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Introduction

Let u(x, y, t) be a function defined in the domain QT = {(x, y, t) : (x, y) ∈ Ω, 0 < t < T}, where
Ω = {0 < x < l, 0 < y < d}, Qt = {(x, y, τ) : (x, y) ∈ Ω, 0 < τ < t}, satisfying the equation(

∂

∂t
+ α

)(
∂2

∂t2
+ L

)
u(x, y, t) = f(x, y, t). (1)

Here α ∈ R \ {0}, and

Lu(x, y, t) = (a1(x, y)ux(x, y, t))x + (a2(x, y)uy(x, y, t))y − c(x, y)u(x, y, t),

with a1(x, y) > 0, a2(x, y) > 0, c(x, y) ≥ 0, where a1(x, y), a2(x, y) ∈ C1(Ω), c(x, y) ∈ C(Ω) and f(x, y, t) is a
given source function.

Statement of the problem. Find a solution of the equation (1) in the domain QT satisfying the
following conditions: initial

u|t=0 = ϕ(x, y), ut|t=0 = ψ(x, y), utt|t=0 = h(x, y), (x, y) ∈ Ω̄ (2)

boundary
u|∂Ω = 0, 0 ≤ t ≤ T. (3)

The problem (1)-(3) falls into the category of ill-posed problems in mathematical physics. Specifically,
this problem does not exhibit continuous dependence of the solution on the initial data, which indicates that it
is unstable.

The theory of boundary value problems for equations of composite type and third-order equations has
a rich history and continues to develop actively. The fundamental foundations of the theory of composite-type
equations were laid in the works of A. V. Bitsadze [1] and V. N. Vragov [2]. A significant contribution to

Received: 18.05.2026, Accepted: 12.06.2026
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the development of the solvability theory of boundary value problems for such equations was made by S. A.
Tersenov [3], A. M. Nakhushev [4], T. D. Djuraev [5-6], I. E. Egorov [7-8], and O. S. Zikirov [9-10]. Among
contemporary studies, the works of A. I. Kozhanov deserve special mention [11-12]. The study of ill-posed
boundary value problems for differential equations is addressed in the works of M. M. Lavrentiev, S. G. Krein, and
their students [13-17]. In particular, results for differential-operator equations and mixed-type equations of the
second and high orders were obtained by K. S. Fayazov and I. O. Khajiev [18-20]. Internationally, fundamental
contributions have been made by J. L. Lions [22-23], who developed the theory of non-homogeneous boundary
value problems and regularization methods for ill-posed problems. The general theory of linear partial differential
equations, including ill-posed Cauchy problems, was significantly advanced by L. Hormander [24-25]. Classical
results on ill-posed problems and their numerical treatment were obtained by H.-O. Kreiss [26] and R. Dautray
[27]. The Italian school, represented by E. Magenes [28] and G. Croce [29], made important contributions to
variational methods for mixed-type equations. From the Japanese mathematical school, S. Mizohata [30] studied
the asymptotic properties and well-posedness of composite-type equations.

In this paper, we investigate an initial-boundary value problem for a third-order equation of composite
type with three initial conditions. In many cases, such problems for similar equations have been studied in well-
posed formulations. It is shown that the problem under consideration is ill-posed, and theorems of uniqueness
and conditional stability of the solution are proved on the set of correctness.

Let us introduce the notation

utt(x, y, t) + Lu(x, y, t) = v(x, y, t), (4)

then the problem (1)-(3) can be represented as the following subproblems.
Problem A. Find a function u(x, y, t) satisfying the equation

utt + Lu = v

and the conditions
u(x, y, 0) = ϕ(x, y), ut(x, y, 0) = ψ(x, y), (x, y) ∈ Ω̄

u(0, y, t) = u(l, y, t) = 0, u(x, 0, t) = u(x, d, t) = 0.

Problem B. Find a function v(x, y, t) satisfying the equation

vt + αv = f

and the conditions
v(x, y, 0) = h+ Lϕ, (x, y) ∈ Ω̄,

v(0, y, t) = v(l, y, t) = 0, v(x, 0, t) = v(x, d, t) = 0.

Solving Problem B, we find v(x, y, t)

v(x, y, t) = e−αt(h+ Lϕ) +

∫ t

0

f(x, y, t)eα(τ−t)dτ. (5)

Let us represent the scalar product as

(ϕ(x, y), ψ(x, y)) =

∫
Ω

ϕ(x, y)ψ(x, y)dΩ

and define the norm as
‖ϕ(x, y)‖2 =

∫
Ω

ϕ2(x, y)dΩ.

From equality (5) we obtain the inequality

‖v‖ ≤ e−αt(‖h‖+ ‖Lϕ‖) +

(
1− e−2αt

α

∫ t

0

‖f‖2dτ
)1/2

. (6)
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To solve Problem A, we use the method of separation of variables, i.e., the Fourier method, and proceed
to the following spectral problem.

Eigenvalue problem. Find the values of λ for which the problem
Lω(x, y) = −λω
ω(0, y) = ω(l, y) = 0

ω(x, 0) = ω(x, d) = 0

has nontrivial solutions.
The eigenvalue problem has eigenvalues λn and eigenfunctions ωn(x, y). Here λn are real numbers forming

a monotonically increasing sequence:

0 < λ1 ≤ λ2 ≤ λ3 ≤ λ4 · · · → ∞,

and ωn(x, y) are orthogonal functions satisfying the condition for k, n ∈ N

(ωk, ωn) =
1

‖ωk(x, y)‖2

∫
Ω

ωk(x, y)ωn(x, y)dΩ =

{
0, k 6= n

1, k = n
.

The system of eigenfunctions is complete, which allows arbitrary continuous functions to be expanded
into Fourier series with respect to this basis [21].

Suppose that a solution to the problem exists. Then problem (1)-(3) can be represented as

u(x, y, t) =

∞∑
n=1

[
ϕnch(λnt) +

ψnsh(λnt)

λn
+

1

λn

∫ t

0

vn(τ)sh(t− τ)λndτ

]
ωn(x, y) (7)

where

vn(t) = e−αt (hn − λnϕn) +

∫ t

0

fn(τ)eα(τ−t)dτ,

ϕn =

∫
Ω

ϕ(x, y)ωn(x, y)dΩ, ψn =

∫
Ω

ψ(x, y)ωn(x, y)dΩ,

hn =

∫
Ω

h(x, y)ωn(x, y)dΩ, fn(t) =

∫
Ω

f(x, y, t)ωn(x, y)dΩ.

Main part

Lemma 1. For the solution of the Problem A satisfying the conditions

u(0, y, t) = u(l, y, t) = 0, u(x, 0, t) = u(x, d, t) = 0, ∀t ∈ (0, T ),

the following estimate holds:∫
Qt

u2 dQt ≤ d(t)

(
T

∫
Ω

u2(x, y, 0) dΩ + γ

)1−r(t)(∫
QT

u2 dQT + γ

)r(t)
, (8)

where
d(t) = e

(T+1)
(1−e−t)T−(1−e−T )t

1−e−T , γ = (2T 2 + 3)

∫
QT

v2(x, y, τ) dQT + ρ,

r(t) =
1− e−t

1− e−T
, ρ = 2

∣∣∣∣∣∣
∫
Ω

u(x, y, 0)ut(x, y, 0)dΩ

∣∣∣∣∣∣+ T

∣∣∣∣∣∣
∫
Ω

(
u(x, y, 0)Lu(x, y, 0) + u2

t (x, y, 0)
)
dΩ

∣∣∣∣∣∣ .
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Proof. Let
F (t) =

∫
Qt

u2(x, y, t) dQt + (T − t)
∫

Ω

u2(x, y, 0) dΩ + γ.

then it is easy to see that

F ′(t) =

∫
Ω

u2(x, y, t) dΩ−
∫

Ω

u2(x, y, 0) dΩ,

F ′′(t) = 2

∫
Ω

u(x, y, t)ut(x, y, t) dΩ,

where F ′(0) = 0. Then

F ′(t) = 2

∫
Qt

u(x, y, t)ut(x, y, t)dQt,

F ′′′(t) = 2
∫
Ω

u2
tdΩ + 2

∫
Ω

uuttdΩ = 2
∫
Ω

u2
tdΩ + 2

∫
Ω

u(v − (a1ux)x − (a2uy)y + cu)dΩ =

= 2
∫
Ω

u2
tdΩ + 2

∫
Ω

uvdΩ− 2
∫
Ω

u(a1ux)xdΩ− 2
∫
Ω

u(a2uy)ydΩ + 2
∫
Ω

cu2dΩ.

Let us compute the derivative of the function
∫
Ω

u(a1ux)xdΩ +
∫
Ω

u(a2uy)ydΩ−
∫
Ω

cu2dΩ,

d

dt

∫
Ω

u(a1ux)xdΩ +

∫
Ω

u(a2uy)ydΩ−
∫
Ω

cu2dΩ

 = 2

∫
Ω

((a1ux)x + (a2uy)y − cu)utdΩ =

= 2

∫
Ω

(v − utt)utdΩ = 2

∫
Ω

vutdΩ− 2

∫
Ω

uttutdΩ = 2

∫
Ω

vutdΩ− d

dt

∫
Ω

u2
tdΩ


Integrating the last expression and using the initial conditions, we obtain∫

Ω

u(a1ux)xdΩ +

∫
Ω

u(a2uy)ydΩ−
∫
Ω

cu2dΩ = 2

∫
Qt

vutdQt −
∫
Ω

u2
tdΩ + ρ1

Hence

F ′′′(t) = 2

∫
Ω

u2
tdΩ + 2

∫
Ω

uvdΩ− 2

2

∫
Qt

vutdQt −
∫
Ω

u2
tdΩ + ρ1


= 4

∫
Ω

u2
tdΩ + 2

∫
Ω

uvdΩ− 4

∫
Qt

vutdQt − 2ρ1,

where ρ1 =
∫
Ω

(
u(a1ux)x + u(a2uy)y − cu

2 + u2
t

)∣∣∣∣
t=0

dΩ and integrating it, we obtain

F ′′(t) = 4

∫
Qt

u2
t (x, y, τ)dQt + 2

∫
Qt

u(x, y, τ)v(x, y, τ)dQt−

− 4

t∫
0

∫
Qτ

v(x, y, τ1)ut(x, y, τ1)dQτdτ − 2ρ1t+ β,

where β = 2
∫
Ω

u(x, y, 0)ut(x, y, 0)dxdy, or

4

∫
Qt

u2
t (x, y, τ)dQt = F ′′(t)− 2

∫
Qt

u(x, y, τ)v(x, y, τ)dQt+
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+4

t∫
0

∫
Qτ

v(x, y, τ1)ut(x, y, τ1)dQτdτ − (β − 2ρ1t).

Now, using the inequality 2 |ab| ≤ sa2 + 1
s b

2, where s > 0, after elementary transformations we obtain

4

∫
Qt

u2
t (x, y, τ) dQt ≤ F ′′(t) +

2T

s

∫
Qt

u2
t (x, y, τ) dQt

+ 2Ts

∫
Qt

v2(x, y, τ) dQt +

∫
Qt

u2(x, y, τ) dQt +

∫
Qt

v2(x, y, τ) dQt + |β − 2ρ1t|,

If s = T , we have

2

∫
Qt

u2
t (x, y, τ)dQt ≤ F ′′(t) + (2T 2 + 1)

∫
Qt

v2(x, y, τ)dQt +

∫
Qt

u2(x, y, τ)dQt + |β − 2ρ1t| ,

from which we obtain

2

t∫
0

(t− τ)

∫
Qt

u2
t (x, y, τ)dQtdt ≤ F ′(t) + (2T 2 + 1)T

∫
Qt

v2(x, y, τ)dQt + T

∫
Qt

u2(x, y, τ)dQt + Tρ,

where ρ = |β|+ T |ρ1|, or

2

t∫
0

(t− τ)

∫
Qt

u2
t (x, y, τ)dQt + 2

t∫
0

(t− τ)

∫
Qt

v2(x, y, τ)dQt ≤ F ′(t) + TF (t).

Consider the function µ(t) = ln(F (t)) , then its second derivative

µ′′(t) =
F ′′(t)F (t)− F ′2(t)

F 2(t)
=

(
4
∫
Qt

u2
t (x, y, τ)dQt + 2

∫
Qt

u(x, y, τ)v(x, y, τ)dQt − 4
t∫

0

∫
Qτ

v(x, y, τ1)ut(x, y, τ1)dQτdτ − 2ρ1t+ β

)
F 2(t)

×

(∫
Qt

u2(x, y, τ)dQt + (T − t)
∫
Ω

u2(x, y, 0)dxdy + γ

)
−

−

(
2
∫
Qt

u(x, y, t)ut(x, y, t)dQt

)
F 2(t)

2

= I1 + I2 + I3.

We divide the last expression into three parts and estimate each part separately.

I1 =

4
∫
Qt

u2
t (x, y, τ)dQt

∫
Qt

u2(x, y, τ)dQt −

(
2
∫
Qt

u(x, y, t)ut(x, y, t)dQt

)2

F 2(t)
+

+

4
∫
Qt

u2
t (x, y, τ)dQt

(
(T − t)

∫
Ω

u2(x, y, 0)dΩ + γ

)
F 2(t)

≥ 0
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I2 =

(
2
∫
Qt

u(x, y, τ)v(x, y, τ)dQt − 2ρ1t+ β

)(∫
Qt

u2(x, y, τ)dQt(T − t)
∫
Ω

u2(x, y, 0)dΩ + γ

)
F 2(t)

=

=

(
2
∫
Qt

u(x, y, τ)v(x, y, τ)dQt − 2ρ1t+ β

)
F (t)

≥

(
−
∫
Qt

u2(x, y, τ)dQt −
∫
Qt

v2(x, y, τ)dQt − |ρ|

)
F (t)

≥ −1

I3 =

−4
t∫

0

∫
Qτ

v(x, y, τ1)ut(x, y, τ1)dQτdτ

(∫
Qt

u2(x, y, τ)dQt + (T − t)
∫
Ω

u2(x, y, 0)dΩ + γ

)
F 2(t)

=

=

−4
t∫

0

∫
Qτ

v(x, y, τ1)ut(x, y, τ1)dQτdτ

F (t)
≥
−4

t∫
0

(t− τ)
∫
Qτ

ut(x, y, τ1)v(x, y, τ1)dQτdτ

F (t)
≥

≥ −F
′(t)− TF (t)

F (t)
≥ −µ′(t)− T.

We combine the above inequalities and obtain

µ′′(t) + 2µ′(t) + 2T + 1 ≥ 0.

Then the following inequality holds:

µ(t) ≤ µ(0)(1− r(t)) + µ(T )r(t) + c(t).

Hence the desired inequality (8) follows. Lemma 1 is proved.
Taking into account inequality (6) and based on inequality (8),∫

Qt

u2dQt ≤ d(t)

(
T

∫
Ω

u2(x, y, 0)dΩ + γ1

)1−r(t)(∫
QT

u2dQT + γ1

)r(t)
(9)

the inequality will be appropriate here

γ1 = 3(2T 2 + 3)

T∫
0

(
e−2αt

(
‖h‖2 + 3(‖a1ϕx‖2W 1,0

2
+ ‖a2ϕy‖2W 0,1

2
+ ‖cϕ‖2)

)
+

1− e−2αt

α

∫ t

0

‖f‖2dτ
)
dt+ ρ

We define the well-posedness set M as follows:

M = {u(x, y, t) :

T∫
0

‖u(x, y, t)‖2dt ≤ m2}

Theorem 1. Suppose a solution of the problem (1)-(3) exists and belongs to the set M . Then the solution of
the problem (1)-(3) is unique.

Proof. Suppose there exist two solutions u1, u2 of the problem (1)-(3). Moreover u1, u2 satisfy equation
(1) with homogeneous initial and boundary conditions.

Let us introduce the notation u = u1 − u2. Then the function u(x, y, t) satisfies the equation(
∂

∂t
+ α

)
(utt + Lu) = 0

the initial
u(x, y, 0) = 0, ut(x, y, 0) = 0, utt(x, y, 0) = 0
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and the boundary
u(0, y, t) = u(l, y, t) = 0, u(x, 0, t) = u(x, d, t) = 0

conditions. It follows that γ1 = 0 and based on inequality (9) we obtain∫
Qt

u2dQt ≤ 0

or u(x, y, t) ≡ 0. Hence u1 = u2 i.e., the solution is unique.
Let us introduce the notation m1 = sup

(x,y)∈Ω

|a1(x, y)|, m2 = sup
(x,y)∈Ω

|a2(x, y)|,

m3 = sup
(x,y)∈Ω

|c(x, y)|, m4 = sup
(x,y)∈Ω

|a1x(x, y)|, m5 = sup
(x,y)∈Ω

|a2y(x, y)|.

Theorem 2. Suppose a solution of the problem (1)-(3) exists and u, uε ∈M and also

‖ϕ− ϕε‖W 2
2
≤ ε, ‖ψ − ψε‖ ≤ ε, ‖h− hε‖ ≤ ε, sup

t
‖f − fε‖ ≤ ε.

Then for the solution of the problem (1)-(3), the following estimate holds:∫ t

0

‖u− uε‖2dτ ≤ d(t)
(
Tε2 + γε

)1−r(t) (
4m2 + γε

)r(t)
,

where

γε =3(2T 2 + 3)ε2

(
1 + 6

(
m2

1 +m2
2 +

m2
3

2
+m2

4 +m2
5

)) 1− e−2αT

2α

+ 3(2T 2 + 3)ε2 4αT + 3e−2αT − 1

4α2
+ 2Tε2

(
m2

1 +m2
2 +

m2
3

2
+m2

4 +m2
5

)
Proof. Let us introduce the notation U(x, y, t) = u(x, y, t) − uε(x, y, t). Then the function U(x, y, t)

satisfies the equation (
∂

∂t
+ α

)
(Utt + LU) = f(x, y, t)− fε(x, y, t)

with the initial and boundary conditions

U(x, y, 0) = ϕ(x, y)− ϕε(x, y), Ut(x, y, 0) = ψ(x, y)− ψε(x, y), Utt(x, y, 0) = h(x, y)− hε(x, y),

U(0, y, t) = U(l, y, t) = 0, U(x, 0, t) = U(x, d, t) = 0.

Let Utt + LU = V . Then
Vt + αV = f(x, y, t)− fε(x, y, t),

V (x, y, 0) = h(x, y)− hε(x, y) + L(ϕ(x, y)− ϕε(x, y)),

U(x, y, 0) = ϕ(x, y)− ϕε(x, y), Ut(x, y, 0) = ψ(x, y)− ψε(x, y),

U(0, y, t) = U(l, y, t) = 0, U(x, 0, t) = U(x, d, t) = 0.

From inequality (6)

‖V (x, y, t)‖2 ≤ 3e−2αt
(
‖h− hε‖2 + ‖L(ϕ− ϕε)‖2

)
+

1− e−2αt

α

∫ t

0

‖f − fε‖2 dτ ≤

≤ 3e−2αtε2

(
1 + 6

(
m2

1 +m2
2 +

m2
3

2
+m2

4 +m2
5

))
+

3(1− e−2αt) t ε2

α
.

Now we estimate the function ρ

ρ = 2

∣∣∣∣∣∣
∫
Ω

U(x, y, 0)Ut(x, y, 0)dΩ

∣∣∣∣∣∣+ T

∣∣∣∣∣∣
∫
Ω

(
U(x, y, 0)LU(x, y, 0) + U2

t (x, y, 0)
)
dΩ

∣∣∣∣∣∣ .
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Applying the initial conditions, we estimate

ρ = 2

∣∣∣∣∫
Ω

(ϕ(x, y)− ϕε(x, y))(ψ(x, y)− ψε(x, y))dΩ

∣∣∣∣+
+T

∣∣∣∣∫
Ω

(
(ϕ(x, y)− ϕε(x, y))L(ϕ(x, y)− ϕε(x, y)) + (ψ(x, y)− ψε(x, y))2

)
dΩ

∣∣∣∣ ≤
≤ 2Tε2

(
m2

1 +m2
2 +

m2
3

2 +m2
4 +m2

5

)
γ = (2T 2 + 3)

∫
Ω

‖V (x, y, t)‖2dΩ + |ρ| ≤ γε.

If we denote

γε =3(2T 2 + 3)ε2

(
1 + 6

(
m2

1 +m2
2 +

m2
3

2
+m2

4 +m2
5

)) 1− e−2αT

2α

+ 3(2T 2 + 3)ε2 4αT + 3e−2αT − 1

4α2
+ 2Tε2

(
m2

1 +m2
2 +

m2
3

2
+m2

4 +m2
5

)
we obtain

t∫
0

‖u− uε‖2dτ ≤ d(t)
(
Tε2 + γε

)1−r(t)(
4m2 + γε

)r(t)
.

Which was required to prove.

Approximate Solution

Case 1. Without loss of generality, we assume that ϕ(x, y) = 0, ψ(x, y) = 0, f(x, y, t) = 0, h(x, y) 6= 0.
Suppose a solution of the problem (1)-(3) exists, then it can be represented in the form

u(x, y, t) =

∞∑
n=1

(
1

λ2
n

e−αthn
αsh(λnt)− λnch(λnt) + λne

−αt

α2 − λ2
n

)
ωn(x, y).

As an approximate solution, consider the function

uN (x, y, t) =

N∑
n=1

(
1

λ2
n

e−αthn
αsh(λnt)− λnch(λnt) + λne

−αt

α2 − λ2
n

)
ωn(x, y),

where N is an integer regularization parameter,

hn =

∫
Ω

h(x, y)ωn(x, y)dxdy

and as an approximate solution with approximate data, consider the function

uNε(x, y, t) =

N∑
n=1

(
1

λ2
n

e−αthnε
αsh(λnt)− λnch(λnt) + λne

−αt

α2 − λ2
n

)
ωn(x, y),

where hnε =
∫

Ω
hε(x, y)ωn(x, y)dΩ.

Suppose that λn 6= α, ∃δ > 0, min |α−λn| ≥ δ, and ‖h−hε‖ ≤ ε, u ∈M . Then we estimate the difference

‖u− uNε‖ ≤ ‖u− uN‖+ ‖uN − uNε‖. (10)

Consider the second term on the right-hand side of inequality (10)

∥∥uN − uNε∥∥2
=

N∑
n=1

(
1
λ2
n
e−αt (hn − hnε)

(
αsh(λnt)−λnch(λnt)+λne

−αt

δ(α+λn)

)
ωn(x, y)

)2

≤

≤ 1
λ4

1
e2t(|α|+λN ) (|α|+2λN )2

δ2(α+λ1)2 ε2.
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Now consider the first term on the right-hand side of inequality (10). To do this, we estimate the norm of the
difference between the exact and approximate solutions.
We have: ∥∥u− uN∥∥2

=

∞∑
n=N+1

(
1

λ2
n

e−αthn

(
αsh(λnt)− λnch(λnt) + λne

−αt

α2 − λ2
n

)
ωn(x, y)

)2

. (11)

Using the well-posedness set, we obtain the following inequality
where

‖u(x, y, T )‖2 =

∞∑
n=1

1

λ4
n

e−2αTh2
n

(
αsh(λnT )− λnch(λnT ) + λne

−αT

α2 − λ2
n

)2

.

The coefficients hn are chosen as follows:

hn =


λ2
N+1e

αT
(
α2 − λ2

N+1

)
m

αsh(λN+1T )− λN+1ch(λN+1T ) + λN+1e−αT
, n = N + 1

0, n 6= N + 1

Then we obtain the following estimate for the norm of the difference of the solutions:

∥∥u− uN∥∥ ≤ eα(T−t) (αsh(λN+1t)− λN+1ch(λN+1t) + λN+1e
−αt)m

(αsh(λN+1T )− λN+1ch(λN+1T ) + λN+1e−αT )
.

If approximate data are used instead of exact data, the corresponding estimate takes the form

∥∥u− uNε ∥∥ ≤ eα(T−t) (αsh(λN+1t)− λN+1ch(λN+1t) + λN+1e
−αt)m

(αsh(λN+1T )− λN+1ch(λN+1T ) + λN+1e−αT )
+

1

λ2
1

et(|α|+λN ) (|α|+ 2λN ) ε

δ2 (α+ λ1)
.

To find the parameter N , we compute:

inf
N

{
eα(T−t) (αsh(λN+1t)− λN+1ch(λN+1t) + λN+1e

−αt)m

(αsh(λN+1T )− λN+1ch(λN+1T ) + λN+1e−αT )
+

1

λ2
1

et(|α|+λN ) (|α|+ 2λN ) ε

δ2 (α+ λ1)

}
.

Case 2. Without loss of generality, we assume that ϕ(x, y) = 0, ψ(x, y) 6= 0, f(x, y, t) = 0, h(x, y) = 0.
Suppose a solution of the problem (1)-(3) exists, then it can be represented in the form

u(x, y, t) =

∞∑
n=1

ψnsh(λnt)

λn
ωn(x, y).

where ψn =
∫
Ω

ψ(x, y)ωn(x, y)dΩ.

Similarly, the norm of the difference between the exact and the approximate data is obtained, which has the
form: ∥∥u− uNε ∥∥ ≤ mλN+1shλN+1t

shλN+1T
+
eλN t

λN
ε.

For the purpose of determining the regularization parameter, the following minimization problem is considered:

inf
N

{
mλN+1shλN+1t

shλN+1T
+
eλN t

λN
ε

}
.

Case 3. Without loss of generality, we assume that ϕ(x, y) = 0, ψ(x, y) = 0, f(x, y, t) 6= 0, h(x, y) = 0.
Suppose a solution to problem (1)-(3) exists, then it can be represented in the form

u(x, y, t) =

∞∑
n=1

 1

λ2
n

t∫
0

τ∫
0

fn(τ1) eα(τ1−τ)dτ1sh ((t− τ)λn) dτ

ωn(x, y)
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where
fn(τ1) =

∫
Ω

f(x, y, τ1)ωn(x, y)dΩ

As an approximate solution, consider the function

uN (x, y, t) =

N∑
n=1

 1

λ2
n

t∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)dτ1sh ((t− τ)λn) dτ

ωn(x, y)

where N is an integer regularization parameter, and as an approximate solution with approximate data, consider
the function

uNε(x, y, t) =

N∑
n=1

 1

λ2
n

t∫
0

τ∫
0

fnε(τ1) · eα(τ1−τ)dτ1sh ((t− τ)λn) dτ

ωn(x, y)

where fn(τ1) =
∫
Ω

f(x, y, τ1)ωn(x, y)dΩ, fnε(τ1) =
∫
Ω

fε(x, y, τ1)ωn(x, y)dΩ.

Let
‖f(x, y, τ1)− fε(x, y, τ1)‖ ≤ ε

and u ∈M . Then we estimate the difference∥∥u− uNε∥∥ ≤ ∥∥u− uN∥∥+
∥∥uN − uNε∥∥ (12)

Consider the second term on the right-hand side of inequality (12)

∥∥uN − uNε∥∥2
=

N∑
n=1

 1

λ2
n

ωn(x, y)

t∫
0

τ∫
0

(fn(τ1)− fnε(τ1)) eα(τ1−τ)dτ1sh ((t− τ)λn) dτ

2

≤

≤ 1

λ4
1

t∫
0

τ∫
0

e2α(τ1−τ)ε2dτ1
e2λN (t−τ)

4
dτ =

1

λ4
1

(
λN
(
e2λN t + e−2αt − 1

)
− α

16λNα (λN + α)

)
ε2

∥∥uN − uNε∥∥ ≤ 1

4λ2
1

(
λN
(
e2λN t + e−2αt − 1

)
− α

λNα (λN + α)

)1/2

ε.

Now consider the first term on the right-hand side of inequality (12)

∥∥u− uN∥∥2
=

∞∑
n=N+1

 1

λ2
n

t∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)dτ1sh ((t− τ)λn) dτ

2

(13)

From the set of correctness, we obtain the following inequality:

‖u(x, y, t)‖2 =

∞∑
n=1

eλnT
2λ2

n

 T∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)−λnτdτ1dτ −
T∫

0

τ∫
0

fn(τ1) · eα(τ1−τ)−λn(τ−2T )dτ1dτ

2

≤ m2.

We introduce the notation. Then, using the Lagrange multiplier method, the coefficients are chosen as follows:

T∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)−λnτdτ1dτ = gn

e−2λnT

T∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)+λnτdτ1dτ = g̃n
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gn =

{
2mλ2

N+1e
−λnT + g̃N+1, n = N + 1

0, n 6= N + 1

∥∥u− uN∥∥2 ≤
∞∑

n=N+1

e2λnt

4λ4
n

 t∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)−λnτdτ1dτ −
t∫

0

τ∫
0

fn(τ1) · eα(τ1−τ)+λn(τ−2t)dτ1dτ

2

=

=

∞∑
n=N+1

e2λnt

4λ4
n

(∫ T

0

∫ τ

0

fn(τ1)eα(τ1−τ)−λnτdτ1dτ−

∫ T

t

∫ τ

0

fn(τ1)eα(τ1−τ)−λnτdτ1dτ −
∫ t

0

∫ τ

0

fn(τ1)eα(τ1−τ)+λn(τ−2t)dτ1dτ

)2

≤ A1 +A2 +A3,

where

A1 =

∞∑
n=N+1

3e2λnt

4λ4
n

 T∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)−λnτdτ1dτ

2

,

A2 =

∞∑
n=N+1

3e2λnt

4λ4
n

 T∫
t

τ∫
0

fn(τ1) · eα(τ1−τ)−λnτdτ1dτ

2

,

A3 =

∞∑
n=N+1

3e2λnt

4λ4
n

 t∫
0

τ∫
0

fn(τ1) · eα(τ1−τ)+λn(τ−2t)dτ1dτ

2

.

We divide the last expression into three parts and estimate each part separately.

A1 ≤
∞∑

n=N+1

3e2λnt

4λ4
n

(
g2
n

)2
=

∞∑
n=N+1

3e2λnt

4λ4
n

(
2mλ2

ne
−λnT + g̃n

)2 ≤ 6me2λN+1(t−T )λ2
N+1 +

3e2λN+1(t−T )T 2

2λ4
N+1N

2
,

A2 ≤ (T − t)
∞∑

n=N+1

3e2λnt

4λ4
n

T∫
t

 τ∫
0

fn(τ1) · eα(τ1−τ)−λnτdτ1

2

dτ ≤

≤ (T − t)
∞∑

n=N+1

3

4λ4
n

T∫
t

τ∫
0

f2
n(τ1)dτ1 ·

e2λn(t−τ) − e2λn(t−τ)−2τα

2α
dτ ≤

(√
3 (T − t)T
2Nλ2

N+1

)2

,

A3 ≤
∞∑

n=N+1

3e2λntt

4λ4
n

t∫
0

τ∫
0

f2
n(τ1)dτ1

τ∫
0

e2α(τ1−τ)+2λn(τ−2t)dτ1dτ ≤

≤
∞∑

n=N+1

3t

4λ4
n

t∫
0

τ∫
0

f2
n(τ1)dτ1

e2λn(τ−t) − e2λn(τ−t)−2ατ

2α
dτ ≤

( √
3t

2Nλ2
N+1

)2

.

We combine the above inequalities and obtain

∥∥u− uN∥∥ ≤
3me2λN+1(t−T )λ2

N+1 +
3e2λN+1(t−T )T 2

2λ4
N+1N

2
+

(√
3 (T − t)T
2Nλ2

N+1

)2

+

( √
3t

2Nλ2
N+1

)2
1/2

.
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Here, too, to find the parameter N , the following expression is computed:

inf
N

 1

4λ2
1

(
λN
(
e2λN t + e−2αt − 1

)
− α

λNα (λN + α)

)1/2

ε

+

3me2λN+1(t−T )λ2
N+1 +

3e2λN+1(t−T )T 2

2λ4
N+1N

2
+

(√
3(T − t)T
2Nλ2

N+1

)2

+

( √
3t

2Nλ2
N+1

)2
1/2


Conclusion

The paper investigates an initial-boundary value problem for a third-order composite-type differential
equation. This problem belongs to the class of ill-posed problems in mathematical physics. During the study, a
priori estimates were obtained using the energy integral and logarithmic convexity methods, and theorems on
the uniqueness and conditional stability of the solution were proved. The problem was reduced to a spectral
problem by means of the Fourier method, and an analytical representation of the solution was derived.

In addition, the set of well-posedness was determined, and the stability of the solution on this set was
investigated. To construct convergent approximate solutions, the Tikhonov regularization method was applied,
and the problem of optimal selection of the regularization parameter was considered. Approximate solution
formulas and their error estimates were obtained for various cases of initial data.

In conclusion, theoretical and numerical methods for solving an ill-posed third-order composite-type
equation were developed in the paper, and it was shown that the proposed regularization approach ensures the
stability of the solution on the well-posedness set.
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Abstract. In this article we consider ferromagnetic Ising model on an infinite non-regular rooted
tree, specifically an alternating tree where the branching number depends on the parity of the
generation. We prove that a phase transition occurs if and only if x = g(x) admits more than one
solution, which is equivalent to the condition d1d2 · f ′(u0) f ′(v0) > 1, where (u0, v0) is the critical
point of the composite map.
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Introduction

Gibbs measures on infinite graphs are fundamental to statistical mechanics and probability theory, with
the Ising model serving as the canonical example for studying phase transitions and multiple equilibrium states
[2, 5]. The geometry of the underlying graph profoundly influences the structure of Gibbs states [1, 3].

Infinite trees occupy a special position due to their recursive structure, which allows exact analytic
treatment through nonlinear recurrence relations [3, 5]. The classical theory has primarily focused on regular
trees (Cayley trees or Bethe lattices), where every vertex has the same number of neighbors. In this setting,
Higuchi [1] established that every “Markov chain” Gibbs state can be obtained as a limiting Gibbs state with
suitable boundary conditions, based on the foundational work of Preston[3] and Spitzer [5].

This article extends Higuchi’s framework to the ferromagnetic Ising model on an infinite non-regular
rooted tree, specifically an alternating tree where the branching number depends on the parity of the generation.
The alternating structure introduces a coupled system of fixed-point equations, replacing the single equation
that governs the regular case.

Our main results provide sharp conditions for uniqueness versus multiplicity of limiting Gibbs states,
revealing a critical boundary determined jointly by the branching numbers and interaction strength. Below this
boundary the limiting Gibbs state is unique; above it, three fixed points emerge, signaling phase coexistence

Preliminaries

Let T be an infinitely rooted tree with root 0 ∈ T . Unlike the regular (d + 1)-tree, we do not assume
that every vertex has the same number of neighbors. Instead, the branching structure may vary from vertex to
vertex and, in particular, may alternate periodically or follow a more general pattern.

For any vertex t ∈ T , denote by: |t| the graph distance from the root 0 to t, N(t) the set of neighbors
of t; b(t) = |N(t) ∩ {u : |u| > |t|}| the number of children of t (i.e., neighbors further from the root); p(t) =
|N(t) ∩ {u : |u| < |t|}| the number of parents of t (for t 6= 0, p(t) = 1 since the tree has no cycles; for t = 0,
p(0) = 0).

Thus every vertex t 6= 0 has exactly one parent, and b(t) ≥ 0 children. The root has b(0) children.
For t, s ∈ T , we write: tem t→ s if t 6= s and the unique simple path from 0 to s passes through t (i.e., t

is an ancestor of s); t→1 s if t→ s and t and s are neighbors (i.e., s is a child of t).
For any vertex s 6= 0, we denote by t(s) its unique parent (the vertex such that t(s)→1 s).

Received: 01.06.2026, Accepted: 25.06.2026
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For any finite V ⊂ T , the boundary ∂V is defined as:

∂V = {t ∈ T \ V : ∃s ∈ V such that t and s are neighbors}.

We will primarily consider the sequence of boxes or balls:

Vn = {t ∈ T : |t| ≤ n}, n ≥ 1.

For any vertex s ∈ T , define the subtree rooted at s:

Ts = {t ∈ T : s→ t} ∪ {s},

and its intersection with Vn:
Vn,s = Ts ∩ Vn.

Let ΦV = {−1,+1}V be the space of spin configurations on a subset V ⊂ T . For the whole tree we write
Φ = ΦT . The product topology is assigned to Φ.

For each t ∈ T , define the coordinate projection Xt : Φ → {−1,+1} by Xt(σ) = σ(t). The σ-algebra
generated by {Xt : t ∈ V } is denoted by BV that is BV = σ({π−1(A) : A ⊂ {−1, 1}V }). In particular, B = BT .

Fix a real number H (external magnetic field) and a positive number J (ferromagnetic nearest-neighbor
coupling). For a finite subset V ⊂ T , an inner configuration σ ∈ ΦV , and a boundary condition ω ∈ Φ, the
interaction energy on V is defined by:

EωV (σ) = −H
∑
t∈V

σ(t)− J
∑
t,s∈V
t∼s

σ(t)σ(s)− J
∑

t∈V, s∈∂V
t∼s

σ(t)ω(s),

where t ∼ s denotes that t and s are neighbors in T . The first sum runs over all vertices in V , the second over
internal bonds (both endpoints in V ), and the third over bonds crossing the boundary.

The finite-volume Gibbs state on ΦV is:

PωV (σ) =
1

ZωV
exp
[
−EωV (σ)

]
, σ ∈ ΦV ,

where the partition function is:
ZωV =

∑
δ∈ΦV

exp
[
−EωV (δ)

]
.

We may view PωV as a probability measure on (Φ,B) by concentrating on configurations that equal ω
outside V (though this extension is not strictly necessary for limiting Gibbs states).

For fixed H and J , let {Vn} be an increasing sequence of finite subsets such that Vn ↑ T (i.e.,
⋃
n Vn = T ).

If for a given boundary condition ω ∈ Φ the weak limit

Pω = w-lim
n→∞

PωVn

exists, then Pω is called a limiting Gibbs state ith boundary condition ω.
A probability measure P on (Φ,B) is called a Gibbs state (or DLR state) for (H,J) if for every finite

V ⊂ T and every A ∈ BV ,
P (A | BV c)(ω) = PωV (A) a.s. (P ),

where V c = T \ V and BV c is the σ-algebra generated by spins outside V .
It is well known that:

• The set G(H,J) of all Gibbs states for fixed (H,J) is non-empty, compact, and convex.

• Every limiting Gibbs state Pω is a Gibbs state.

• Conversely, every extremal point of G(H,J) can be realized as a limiting Gibbs state for some boundary
condition ω.
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In the specific case of an alternating tree where:

b(t) =

{
d2, if |t| is even,
d1, if |t| is odd,

for all t ∈ T (with the root at level 0), we denote:

• The children of the root: 1, 2, . . . , d1.

• For any vertex s 6= 0, let bs = b(s) be its number of children.

The recursions simplify because bs depends only on the parity of |s|.

Main part

In this section we define limiting Gibbs states and derive recurrence relations for the quantities Rn,s(ω)
and Yn,s(ω) in the context of a non-regular tree T (specifically, the alternating tree described above). We follow
the general approach of Higuchi but adapt it to the case where the number of children depends on the generation.

From now on we consider the increasing sequence of boxes:

Vn = {t ∈ T : |t| ≤ n}, n ≥ 1.

For each vertex s ∈ T we define the subtree rooted at s:

Ts = {s} ∪ {t ∈ T : s→ t},

and its intersection with Vn:
Vn,s = Ts ∩ Vn, n ≥ |s|.

The vertices of V1 \ {0} (the children of the root) are numbered 1, 2, . . . , b(0), where b(0) = d1 in our
alternating model.

For any boundary condition ω ∈ Φ, any vertex s ∈ T \ {0}, and any n ≥ |s|, define:

Wω
n,s(ε) =

∑
σ∈ΦVn,s
σ(s)=ε

exp
[
−EωVn,s(σ)− Jεω(t)

]
, ε = ±1, (1)

where t is the unique parent of s (i.e., the vertex such that t→1 s). The term −Jεω(t) is the contribution from
the bond connecting s to its parent, separated out for convenience.

Then define:

Rn,s(ω) =
Wω
n,s(+1)

Wω
n,s(−1)

, Yn,s(ω) =
1

2
logRn,s(ω).

Theorem 1. For s ∈ T \ {0}, let its children be denoted by u1, u2, . . . , ub(s), where b(s) is the number of
children of s. Then:

Wω
n,s(ε) = exp

(
εH
) b(s)∏
i=1

[
eεJWω

n,ui(+1) + e−εJWω
n,ui(−1)

]
, ε = ±1.

Proof. If we denote

−Eω↑Vn,s(σ) = H
∑

x∈Vn,s

σ(x) + J
∑
x∼y

x,y∈Vn,s

σ(x)σ(y) + J
∑
x→1y
x∈Vn,s
y∈∂Vn,s

σ(x)ω(y) (1)

the expression (1) can be written as
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Wω
n,s(ε) =

∑
σ∈ΦVn,s , σ(s)=ε

exp
[
−Eω↑Vn,s

]
, ε = ±1,

Decompose the energy: Separating the root s from its subtrees gives

Eω↑Vn,s(σ) = −Hε− J
b(s)∑
i=1

εσ(ui) +

b(s)∑
i=1

Eω↑Vn,ui
(σ(i))

where σ(i) restriction of σ to Vn,ui depending only on the configuration in that subtree.
Since the subtrees Vn,u1 , ..., Vn,ub(s) are pairwise disjoint, the sum factorises:

Wω
n,s(ε) = eHε

∑
σ∈ΦVn,s
σ(s)=ε

b(s)∏
i=1

(
eJεσ(ui) · e−E

ω↑
Vn,ui

(σ(ui))
)

=

= eHε
b(s)∏
i=1

[∑
σ(i)

(
eJεσ

(i)(ui) · e−E
ω↑
Vn,ui

(σ(i)(ui)))]
Summing σ(i)(ui) over {−1,+1} and recognising the definition of Wn,ui :

Wω
n,s(ε) = eHε

∑
σ∈ΦVn,s
σ(s)=ε

b(s)∏
i=1

(
eJεσ(ui) · e−E

ω↑
Vn,ui

(σ(ui))
)

=

= eεH
∏

ui:s→1ui

[
eεJWω

n,ui(+1) + e−εJWω
n,ui(−1)

]
Hence (1) holds. Then we get

Wω
n,s(+1) = eH

∏
ui:s→1ui

[eJWω
n,ui(+1) + e−JWω

n,ui(−1)]

Wω
n,s(−1) = e−H

∏
u:s→1u

[e−JWω
n,u(+1) + eJWω

n,u(−1)]

Rn,s(ω) =
Wω
n,s(+1)

Wω
n,s(−1)

=
eH
∏
ui:s→1ui

[eJWω
n,ui(+1) + e−JWω

n,ui(−1)]

e−H
∏
ui:s→1ui

[e−JWω
n,ui(+1) + eJWω

n,ui(−1)]

Rn,s(ω) = e2H
∏

ui:s→1ui

eJRn,ui(ω) + e−J

e−JRn,ui(ω) + eJ
(2)

where {σ(0) = +1} := {σ ∈ ΦVn : σ(0) = +1} is a cylinder set.

PVn(σ(0) = +1) =
1

ZVn

∑
σ∈ΦVn
σ(0)=+1

exp{−EωVn(σ+)} =
1

ZVn
Wω
n,0(+1)

similary

PVn(σ(0) = −1) =
1

ZVn

∑
σ∈ΦVn
σ(0)=−1

exp{−EωVn(σ−)} =
1

ZVn
Wω
n,0(−1)

It is easy to see from the above formulas that the following holds

79



Acta NUUz Exact sciences 2/2, 2026, 76-83

PVn(σ(0) = +1)

PVn(σ(0) = −1)
= e2H

d1∏
i=1

eJRn,i(ω) + e−J

e−JRn,i(ω) + eJ

From this, dividing the equations for ε = +1 and ε = −1, we obtain:

Rn,s(ω) = e2H

b(s)∏
i=1

eJRn,ui(ω) + e−J

e−JRn,ui(ω) + eJ
.

In terms of Yn,s(ω) = 1
2 lnRn,s(ω), this becomes:

Yn,s(ω) = H +

b(s)∑
i=1

f
(
Yn,ui(ω)

)
, (3)

here the function f is defined by:

f(x) =
1

2
log

ch(x+ J)

ch(x− J)
= th−1

(
th J · thx

)
.

For the root 0 with children 1, 2, . . . , b(0), we have a similar expression without the parent term:

PωVn
(
σ(0) = +1

)
PωVn

(
σ(0) = −1

) = e2H

b(0)∏
i=1

eJRn,i(ω) + e−J

e−JRn,i(ω) + eJ
.

Equivalently,
PωVn

(
σ(0) = +1

)
PωVn

(
σ(0) = −1

) = exp
(

2H + 2

b(0)∑
i=1

f
(
Yn,i(ω)

))
.

For n > m and for any η ∈ ΦVm , the finite-volume Gibbs measure satisfies:

PωVn
(
{σ(s) = η(s), s ∈ Vm}

)
=

exp
[
−EωVm−1

(η)
]∑

ξ∈ΦVm
exp
[
−EωVm−1

(ξ)
]∏

s∈∂Vm−1
Wω
n,s(η(s))

, (4)

where EωVm−1
(η) is the energy restricted to Vm−1 with boundary condition ω and inner configuration η, and

∂Vm−1 is the set of vertices at level m. The following lemma provides a sufficient condition for the existence of
the weak limit Pω = w- limn→∞ PωVn

Lemma 2. Let ω ∈ Φ be given. If there exists an integer N > 0 such that for every vertex s ∈ T with
|s| ≥ N the limit

lim
n→∞

Rn,s(ω) exists,

then the limiting Gibbs state Pω = w-limn→∞ PωVn exists.
Proof. The existence of limits for Rn,s(ω) implies, via the recurrence relations, the convergence of the

finite-dimensional distributions of PωVn . The latter are expressed in terms of products of ratios involving Rn,s(ω).
By the martingale convergence theorem or direct verification of the Cauchy criterion for weak convergence, the
limit exists.

Let d1 and d2 simultaneously odd or even. Firstly, us consider a boundary condition ω such that c(ω) =∑
s;t→s ω(s) is independent of t ∈ T \ {0}.

We obtain

Yn,s(ω) = H +

b(s)∑
i=1

f
(
Yn,ui(ω)

)
,

If we seperate parity levels by writing

ak := Yn,s, |s| = 2k bk := Yn,s, |s| = 2k + 1
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then {
ak = H + d1f(bk−1)

bk = H + d2f(ak)
(5)

This coupled structure is the fundamental departure from the regular tree setting, where a single scalar
recurrence Yn = H + df(Yn−1) suffices[1].

The Fixed-Point Equations

Passing to the infinite-volume limit, we seek fixed points (x, y) ∈ R2 of system (6), that is, solutions ofx = H + d2f(y)

y = H + d1f(x)
(6)

Substituting the second equation into the first yields the following scalar fixed-point equation in the single
variable x:

x = H + d2f
(
H + d1f(x)

)
(7)

where f(x) = 1
2 ln cosh(x+J)

cosh(x−J) , with parameters J > 0, d1, d2 ∈ N, and H ∈ R.
The number and stability of solutions to (7) govern the uniqueness or multiplicity of limiting Gibbs states.

Properties of f

The function f satisfies the following properties:

1. f ∈ C∞(R).

2. f is odd: f(−x) = −f(x) for all x ∈ R.

3. f is strictly monotonically increasing with derivative

f ′(x) =
sinh(2J)

cosh(2x) + cosh(2J)
> 0.

4. supx∈R f
′(x) = f ′(0) = tanhJ .

5. limx→±∞ f(x) = ±J .

Indeed, properties (1) and (2) follow directly from the definition. For (3), we compute:

f ′(x) =
1

2
[tanh(x+ J)− tanh(x− J)]

=
1

2

(
sinh(2J)

cosh(x+ J) cosh(x− J)

)
=

sinh(2J)

cosh(2x) + cosh(2J)
> 0.

For (4), note that f ′(x) is an even function and the denominator cosh(2x) + cosh(2J) attains its minimum at
x = 0, giving 1 + cosh(2J). Therefore,

f ′(x) ≤ f ′(0) =
sinh(2J)

1 + cosh(2J)
= tanh J.

(5) follows from limx→±∞ tanh(x± J) = ±1.
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Properties of g

The function g(x) = H + d2f(H + d1f(x)) satisfies:

1. g ∈ C∞(R);

2. g′(x) = d1d2f
′(H + d1f(x)

)
f ′(x);

3. g(x) has a unique point x0 wihich g′(x) attains ite maximum;

4. g′(x)→ 0 as |x| → ∞;

5. maxx∈R |g′(x)| = d1d2 tanh2 J ;

6. limx→±∞ g(x) = ±d2J .

All properties of g(x) follows from properties of f(x) function which proof above.
Theorem 3. [Contraction Mapping Principle][2] If supx∈R |g′(x)| < 1, then g is a contraction mapping

on R and possesses a unique fixed point.
Proof. By the Mean Value Theorem, for any x, y ∈ R:

|g(x)− g(y)| = |g′(ξ)||x− y| ≤ L|x− y|,

where L = supx∈R |g′(x)| < 1. Since R is a complete metric space, the Banach fixed-point theorem guarantees
the existence of a unique fixed point.

Theorem 4. [Analogue of Preston’s theorem on non-regular tree] For fixed parameters H ∈ R and J > 0,
the following three conditions are mutually equivalent:

(i) There exist at least two distinct Gibbs states for the interaction (H,J); that is, a phase transition occurs.

(ii) The fixed-point equation (3) admits more than one solution.

(iii)
d1d2f(u0)f(v0)) > 1, |H| ≤ Hc(d1, d2, J),

where (u0, v0) is the unique positive solution of the critical system

u0 = d1f(v0), v0 = d2f(u0), f ′(u0)f ′(v0) =
1

d1d2
,

and Hc(d1, d2, J) denotes the critical external field.

Proof. (i)⇔(ii). The FKG inequality [3] and the monotonicity of the ferromagnetic interaction remain
valid on the alternating tree, since these properties depend only on the nearest-neighbour structure and the sign
of J not on the regularity of branching. By Lemma 1, the existence of a limiting Gibbs state Pω is equivalent
to the convergence of Rn,s(ω) as n → ∞ for all s outsite a finite set. The limit points of the sequence (ak, bk)
under iteration of (5) are precisely the fixed points of (6), and hence the solutions of (7). If (7) has multiple
solutions, distinct boundary conditions produce distinct limiting states, establishing non-uniqueness.

(ii)⇔(iii).Define the composite function g : R→ R by

g(x) = H + d2f(H + d2f(x))

Then (8) is equivalent to the fixed-point equation x = g(x).Since f is smooth, concave on (0,∞), and satisfies
f ′′(x) < 0, the derivative g′′(x) < 0 therefore graph of function g has an S-shaped, and equation x = g(x) admits
more than one solution if and only if maxx∈R g

′(x) > 1, which occurs precisely when condition (iii) holds. The
critical point is accordingly

Jc =
1

2
ln

√
d1d2 + 1√
d1d2 − 1

.
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When the fixed-point equation (7) admits three solutions, label them xα ≤ xβ ≤ xγ with corresponding
y-components yα ≤ yβ ≤ yγ determined by system (7). The intermediate solution (xβ , yβ) is unstable under
iteration of (5), while (xα, yα) and (xγ , yγ) are stable.

For a boundary condition ω ∈ Φ, define the spin sum ct(ω) =
∑
s:t→1s

ω(s) for t ∈ T \ {0}.
Proposition. Under the same hypotheses as Theorem 2, the iterates (ak(ω), bk(ω)) satisfy

lim
k→∞

(ak(ω), bk(ω)) =


(xα, yα), H + Jct(ω) < xβ for all t ∈ T \ {0}
(xβ , yβ), H + Jct(ω) = xβ ,

(xγ , yγ), H + Jct(ω) > xβ for all t ∈ T \ {0}
(2)

Proof. From (5) we have bk = g(bk−1) where g(x) define above. Once the conrgence {bk} is established,
the convergence of {ak} follows immediately from the continuity of f . So suffices to analyze the iteration
bk = g(bk−1).

Indeed if maxx∈R g
′(x) > 1, x = g(x) equation exist exactly three fixed points xα < xβ < xγ or

maxx∈R g
′(x) ≤ 1 than g(x) has one fixed point. Each fixed point under iteration bk = g(bk−1) is stability that

at xα and xγ : g′(xα) < 1 and g′(xγ) < 1, at xβ : g′(xβ) > 1.
Let x∗ ∈ {xα, xγ} be stable fixed point of g then we easily obtain if b0 > xβ , the sequence {bk} converges

monotonically to xγ ; if b0 < xβ , the sequence {bk} converges monotonically to xα; if b0 = xβ , then bk = xβ for
all k, another hand b0(ω) = H + Jct(ω).

Corollary. Let Pω+ and Pω− denote the limiting Gibbs states corresponding to the all-plus and all-minus
boundary conditions, respectively. Then:

Pω =

{
Pω+ , H + Jct(ω) > xβ ∀t ∈ T \ {0},
Pω− , H + Jct(ω) < xβ ∀t ∈ T \ {0}.
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Abstract. In this paper, a direct problem and a time-dependent inverse coefficient problem for
a sub-diffusion equation with the ψ-Prabhakar-Caputo differential operator of fractional order are
considered. The direct problem is reduced to a Volterra integral equation of the second kind with
respect to t, and the existence and uniqueness of the solution to the direct problem are proved based
on the theory of Volterra integral equations and the completeness of the system of eigenfunctions. In
the inverse problem, a time-dependent coefficient is determined, and the existence and uniqueness of
the solution are proved using the contraction mapping principle and Banach’s fixed-point theorem.
In addition, stability estimates for both problems are established.
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problem, contraction mapping principle, Banach’s fixed-point theorem, bivariate Mittag-Leffler type
function.

Introduction

Currently, researchers are focusing on systematically developing generalised fractional calculus and its
applications to ordinary and partial differential equations, since generalised fractional operators explicitly
characterise the nature of the underlying processes. For instance, in [5] and [19], the history of fractional
calculus, ψ-fractional calculus, and various types of fractional and generalised fractional integral-differential
operators, along with their properties and applications, are presented in detail. In [6],[16],[17],[18], the authors
investigate the properties of ψ-Prabhakar fractional integral-differential operators, their generalisations, and
selected applications.

In [1],[3],[4],[15], the authors consider inverse coefficient problems for time-fractional diffusion and
advection-dispersion equations, employing the Fourier method, the contraction mapping principle, and Banach’s
fixed-point theorem to establish well-posedness. However, the number of such works remains limited, and
the existing studies primarily rely on the Riemann-Liouville, Caputo, and Hilfer fractional derivatives. When
studying fractional differential equations, it is also essential to understand the properties of special functions,
in particular, their upper and lower bound estimates, complete monotonicity, and asymptotic behaviour, since
solutions to fractional differential equations are typically expressed in terms of such functions. Analysing these
properties is, in general, a non-trivial task. In [8],[9],[11], researchers employed the bivariate Mittag-Leffler
function E2(x, y) to investigate direct and inverse problems for sub-diffusion equations and mixed-type equations.

In the present paper, we consider both a direct problem and a time-dependent inverse coefficient problem
for a sub-diffusion equation involving the ψ-Prabhakar-Caputo fractional differential operator of fractional
order with a time-dependent coefficient. The main contributions of this work are the proof of uniqueness, the
establishment of local existence, and the analysis of the stability of solutions to both problems. To the best of
our knowledge, this is the first study to address such problems in the framework of the ψ-Prabhakar-Caputo
operator, and the results obtained here generalise several previously known results in the literature.

Preliminaries

Received: 22.05.2026, Accepted: 10.06.2026
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In this section, we recall some well-known definitions, lemmas, and results that will be used throughout
the paper.

Definition 1. [7] The bivariate Mittag-Leffler function E2(x, y) is defined by

E2

(
γ1, α1, β1; γ2, α2

δ1, α3, β2; δ2, α4; δ3, β3

∣∣∣∣∣ xy
)

=

+∞∑
m=0

+∞∑
n=0

(γ1)α1m+β1n
(γ2)α2m

Γ (δ1 + α3m+ β2n)

xm

Γ (δ2 + α4m)

yn

Γ (δ3 + β3n)
. (1)

Here, α1, α2, α3, α4, β1, β2, β3, γ1, γ2, δ1, δ2, δ3, x, y ∈ R, min{α1, α2, α3, α4, β1, β2, β3} > 0 .

Lemma 1. [10] If α3 > −α4, α3 > 0 , β2 > −β3, β2 > 0 and δ1
2 > α3θ,

δ1
2 > β2θ,

γ1 > θ (α1 + β1) , x < 0, y < 0, 0 6 θ < 1
2 conditions are valid, then following estimates holds;∣∣∣∣∣E2

(
γ1, α1, β1; 1, 0

δ1, α3, β2; δ2, α4; δ3, β3

∣∣∣∣∣ xy
)∣∣∣∣∣ 6 C̃

(−x)
θ
(−y)

θ

Γ
(
δ1
2 − α3θ

)
Γ
(
δ1
2 − β2θ

)
Γ (γ1 − θ (α1 + β1))

Γ (δ1 − θ (α3 + β2))
. (2)

Definition 2. [13, pp.40-45] The function

Eα,β(x) =

∞∑
k=0

xk

Γ(αk + β)
, (3)

called the Mittag-Leffler function with two parameters. Here α, β, x ∈ R, α > 0.

Theorem 1. [2] Let u, v be two integrable functions and g continuous, with domain [a, b]. Let ψ ∈ C1[a, b]
an increasing function such that ψ′ (t) 6= 0 ∀t ∈ [a, b]. Assume that

1. u and v are nonnegative;

2. g is nonnegative and non-decreasing.

If

u(t) ≤ v(t) + g(t)

t∫
a

ψ′ (t) (ψ (t)− ψ (τ))
α−1

u (τ) dτ,

then

u(t) ≤ v(t) +

t∫
a

+∞∑
n=1

[g(t)Γ (α)]
k

Γ (αk)
ψ′ (τ) (ψ (t)− ψ (τ))

αk−1
v (τ) dτ, ∀t ∈ [a, b]. (4)

Corollary 1. [2] Under the hypothesis of Theorem 1, let v be a non-decreasing function on [a, b]. Then,
we have

u(t) ≤ v(t)Eα,1 (g (t) Γ (α) (ψ (t)− ψ (a))
α

) , ∀t ∈ [a, b]. (5)

In the next section, we will propose our main results.

A direct problem

Let us consider a partial differential equation with fractional order:
PCDα,β,γ,δ

0t;ψ u (t, x)− uxx (t, x) + p (t)u (t, x) = f(t, x), (6)

on the following domain: Ω = {(t, x) : 0 < t < T, 0 < x < b}.
Here T, b, α, β, γ, δ ∈ R, α > 0, 0 < β ≤ 1. Also f (t, x) , p(t)are given functions, PCDα,β,γ,δ

0t;ψ is
ψ- Prabhakar-Caputo fractional derivative and defined as follows in [6],[17]

PCDα,β,γ,δ
0t;ψ u(t, x) = P Iα,1−β,−γ,δat;ψ

(
1

ψ′(t)
d
dt

)
u(t, x) =

t∫
0

ψ′(s)(ψ(t)− ψ(s))
−β
E−γα,1−β (δ(ψ(t)− ψ(s))

α
)
(

1
ψ′(s)

d
ds

)
u (s, x) ds, t > 0,

where, ψ (t) ∈ C1[0, T ],ψ′ (t) > 0 for all t ∈ [0.T ] .

Problem 1. To find a regular solution {u(t, x)}of the equation (6) which satisfies
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• Regularity conditions:

u (t, x) ∈ C
(
Ω̄
)
, PCDα,β,γ,δ

0t;ψ u(t, x) ∈ C (Ω) , uxx(t, x) ∈ C (Ω) , ux(t, x) ∈ C
(
Ω̄
)
. (7)

• Initial condition:
u(0, x) = ϕ (x) , x ∈ [0, b] , (8)

• Boundary conditions:
u(t, 0) = 0, u(t, b) = 0 , t ∈ [0, T ] . (9)

Here, ϕ(x) is a real, given function and ϕ (0) = ϕ (b) = 0.
Definition 3. A function u(t, x) is called a regular solution to Problem 1, if u(t, x) satisfies equation (6)

and conditions (7)-(9).
We point out that in [3], a problem similar to Problem 1 was considered by D.K. Durdiyev and

J.J. Jumaev, where the Caputo fractional derivative was employed. Note that if γ = 1 and ψ(t) = t in
equation (6), then the ψ -Prabhakar–Caputo fractional derivative reduces to the Caputo fractional derivative.

Existence and Uniqueness of the Solution to the Problem

Theorem 2. If α > 0, γ > 0, δ < 0, p(t) ∈ C[0, T ], ψ(t) ∈ C1[0, T ], ψ′ (t) > 0, ϕ(i)(0) = ϕ(i)(b) =

0, (i = 0, 2, 4), ϕ(4)(x) ∈ C
(
Ω̄
)
, ϕ(5)(x) ∈ L2(0, b), f (t, 0) = f (t, b) = f

(2)
xx (t, 0) = f

(2)
xx (t, b) = 0, f

(2)
xx (t, x) ∈

C
(
Ω̄
)
, f

(3)
xxx (t, x) ∈ L2 ((0, b) ;C[0, T ]), then there exists a unique solution to the Problem 1, and the following

estimates hold true:

|u(t, x)| ≤ Eβ,1
(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)(

1+C3+C4

12 + 1
2

∥∥ϕ(1) (x)
∥∥2

L2(0,b)

+

(
C3

2

∥∥ϕ(3) (x)
∥∥2

L2(0,b)
+ 1

2

∥∥∥f (1)
x (t, x)

∥∥∥2

L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
,

(10)

|uxx(t, x)| ≤ Eβ,1
(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)(

1+C3+C4

12 + 1
2

∥∥ϕ(3) (x)
∥∥2

L2(0,b)

+

(
C3

1
2

∥∥ϕ(5) (x)
∥∥2

L2(0,b)
+ 1

2

∥∥∥f (3)
xxx (t, x)

∥∥∥2

L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
,

(11)

∣∣∣PDα,β,γ,δ
0t;ψ u(t, x)

∣∣∣ ≤ 1
12 + 1

2

∥∥∥f (1)
x (t, x)

∥∥∥2

L2((0,b),C[0,T ])

+Eβ,1

(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)
‖p (t)‖C[0,T ]

(
1+C3+C4

12 + 1
2

∥∥ϕ(2) (x)
∥∥2

L2(0,b)

+

(
C3

2

∥∥ϕ(3) (x)
∥∥2

L2(0,b)
+ 1

2

∥∥∥f (1)
x (t, x)

∥∥∥2

L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
+Eβ,1

(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)(

1+C3+C4

12 + 1
2

∥∥ϕ(3) (x)
∥∥2

L2(0,b)

+

(
C3

2

∥∥ϕ(5) (x)
∥∥2

L2(0,b)
+ 1

2

∥∥∥f (3)
xxx (t, x)

∥∥∥2

L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
.

(12)

Here, C3 = C1Γ (γ) , C4 = C2
Γ(γ)
β , C5 = C2Γ (γ) , and

‖u(t, ·)‖L2(0,b) =

√√√√√ b∫
0

u2(t, ·)dx , ‖u(·, x)‖C(0,T ] = max
0<t≤T

|u(·, x)| ,

‖u(t, ·)‖L2((0,b);C[0,T ]) =

√√√√√ b∫
0

‖u(t, ·)‖2C[0,T ] dx.

Proof. To prove Theorem 2, we first establish the existence of a solution to Problem 1, and then prove the
uniqueness of such a solution.

86



Acta NUUz Exact sciences 2/2, 2026, 84-93

First part of the proof. Existence.
Let us seek a solution to Problem 1, as follows:

u(t, x) =

+∞∑
n=1

un(t)Xn(x), (13)

where

Xn(x) =

√
2

b
sin

πnx

b
, λn =

(πn)

b2

2

, un (t) =

b∫
0

u(t, x)Xn (x) dx .

Taking function (13) into account, from equation (1), we have

PDα,β,γ,δ
0t;ψ un (t) + λnun (t) = Gn(t), n = 1, 2, ..., (14)

where

Gn(t) = fn(t)− p (t)un (t) , fn (t) =

b∫
0

f(x, t)Xn (x) dx.

The initial condition (8) leads to the relations

un (0) = ϕn, n = 1, 2, ..., (15)

where

ϕn =

b∫
0

ϕ (x)Xn (x) dx.

The solution to the problem {(14),(15)} obtained in [12] as follows:

un(t) = ϕn − λnΓ (γ)ϕn(ψ(t)− ψ(0))
β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
+Γ (γ)

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
Gn(s)ds .

Including, the form of the function Gn(t), we arrive at the following integral equation:

un(t) = ϕn − λnΓ (γ)ϕn(ψ(t)− ψ(0))
β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
+

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
fn(s)ds ,

−
t∫

0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
(p (s)un (s))ds .

(16)

Based on integral equation (16), we have the following Volterra integral equation of the second kind with weak
singularity

un (t) = hn(t) +

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

Kn (t, s)un (s)ds, (17)

where

hn(t) = ϕn − λnΓ (γ)ϕn(ψ(t)− ψ(0))
β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
+

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
fn(s)ds ,

(18)
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Kn(t, s) = −Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
p(s). (19)

In view of the facts that Kn(t, s) ∈ C ([0, T ]× [0, T ]), 0 < β < 1, ψ(t) ∈ C1[0, T ], ψ′(t) > 0 for all
t ∈ [0, T ], p(t) ∈ C[0, T ], and fn(t) ∈ C[0, T ], by the theory of Volterra integral equations, equation (17) has a
unique solution in C[0, T ] for each n.

We proceed to derive estimates (10)–(12). For this purpose, we first establish estimates for the following
functions: un(t) and PDα,β,γ,δ

0t;ψ un(t), for each n ∈ N.
Using estimate (2) and taking the conditions of Theorem 2, for θ = 0 into account, we obtain the following

estimates: ∣∣∣∣E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)∣∣∣∣ ≤ C1,∣∣∣∣E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)∣∣∣∣ ≤ C2.

(20)

Using estimates (20), function (18), considering facts that ψ (t) ∈ C1[0, T ],ψ′ (t) > 0 for all t ∈ [0.T ] and
p(t) ∈ C [0, T ] , fn(t) ∈ C [0, T ] , we obtain

|hn(t)| ≤ |ϕn|+
(
C3

∣∣∣ϕ(2)
n

∣∣∣+ C4‖fn(t)‖C[0,T ]

)
(ψ(T )− ψ(0))

β
. (21)

In the same way, from (19) we get
|Kn (t, s)| ≤ C5‖p(t)‖C[0,T ]. (22)

In light of estimates (21),(22) and using inequality (5), we have

|un (t)| ≤ Eβ,1
(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)

×
(
|ϕn|+

(
C3

∣∣∣ϕ(2)
n

∣∣∣+ C4‖fn(s)‖C[0,T ]

)
(ψ(T )− ψ(0))

β
)
.

(23)

Applying equation (14) and estimate (23), we arrive at∣∣∣PDα,β,γ,δ
0t;ψ un (t)

∣∣∣ ≤ ‖fn(t)‖C[0,T ] +
(
|ϕn|+

(
C3

∣∣∣ϕ(2)
n

∣∣∣+ C4‖fn(t)‖C[0,T ]

)
(ψ(T )− ψ(0))

β
)

×Eβ,1
(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)
‖p (t)‖C[0,T ]

+

(∣∣∣ϕ(2)
n

∣∣∣+

(
C3

∣∣∣ϕ(4)
n

∣∣∣+ C4

∥∥∥f (2)
n (t)

∥∥∥
C[0,T ]

)
(ψ(T )− ψ(0))

β

)
×Eβ,1

(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)
.

(24)

Here,

ϕ(2)
n =

b∫
0

ϕ(2) (x)Xn (x) dx, ϕ(4)
n =

b∫
0

ϕ(4) (x)Xn (x) dx, f (2)
n (s) =

b∫
0

f (2)
xx (s, x)Xn (x) dx.

In light of estimates (23),(24), and function (13), and in view of the following well-known results

2ab ≤ a2 + b2,

+∞∑
m=1

|gm|2 ≤ ‖g(x)‖2L2(a,b) ,

+∞∑
m=1

1

(πm)
2 =

1

6
, (25)

and conditions of the theorem, we derive estimates (10)-(12).
Second part of the proof.Uniqueness. It has been shown above that equation (14) has a unique

solution un(t) for each n ∈ N. Furthermore, by virtue of estimate (10), we establish the absolute and uniform
convergence of the series representing the solution u(t, x) of Problem 1. These results, together with the
completeness of the system of eigenfunctions {Xn(x)}n∈N, imply that Problem 1 has a unique solution.

Stability of the Solution to the Problem
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Let us suppose that the function ũn (t) be a solution of equation (16) with corresponding coefficient ϕ̃n and
functions p̃(t), f̃n(t). Namely,

ũn(t) = ϕ̃n − λnΓ (γ) ϕ̃n(ψ(t)− ψ(0))
β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
+

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
f̃n(s)ds ,

−
t∫

0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
(p̃ (s) ũn (s))ds ,

(26)

where

ũn (t) =

b∫
0

ũ(t, x)Xn (x) dx, f̃n (t) =

b∫
0

f̃(t, x)Xn (x) dx, ϕ̃n =

b∫
0

ϕ̃(x)Xn (x) dx.

For convenience, we introduce the following notations:

ū(t, x) = u(t, x)− ũ(t, x), ϕ̄(x) = ϕ (x)− ϕ̃(x), f̄(t, x) = f(t, x)− f̃(t, x), p̄(t) = p(t)− p̃(t). (27)

Then the following theorem holds.
Theorem 3 If α > 0, γ > 0, δ < 0, p(t) ∈ C[0, T ], ψ(t) ∈ C1[0, T ], ψ′ (t) > 0, ϕ(i)(0) = ϕ(i)(b) = 0, (i =

0, 2), ϕ(2)(x) ∈ C
(
Ω̄
)
, ϕ(3)(x) ∈ L2(0, b), f (t, 0) = f (t, b) = 0, f (t, x) ∈ C

(
Ω̄
)
, f

(1)
x (t, x) ∈ L2 ((0, b) ;C[0, T ]),

then the following estimate holds true:

‖ū(t, x)‖C[0,T ] ≤ Eβ,1
(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)(

1
12 + 1

2

∥∥ϕ̄(2) (x)
∥∥2

L2(0,b)

+

(
C3+C4

12 + C3
1
2

∥∥ϕ̄(3) (x)
∥∥2

L2(0,b)
+ 1

2

∥∥∥f̄ (1)
x (t, x)

∥∥∥2

L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
+C4‖p̄ (t)‖C[0,T ]

(
Eβ,1

(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
))2 (

1
12 + 1

2

∥∥ϕ(2) (x)
∥∥2

L2(0,b)

+

(
C3+C4

12 + C3
1
2

∥∥ϕ(3) (x)
∥∥2

L2(0,b)
+ 1

2

∥∥∥f (1)
x (t, x)

∥∥∥2

L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
.

(28)

Proof Using functions (16),(26) and applying notations (27), we derive the following equation

ūn(t) = ϕ̄n − λnΓ (γ) ϕ̄n(ψ(t)− ψ(0))
β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
+

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
f̄n(s)ds ,

−
t∫

0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
p̄ (s)un (s)ds

−
t∫

0

ψ′(s)(ψ(t)− ψ(s))
β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
p (s) ūn (s) ds.

(29)

Taking into account the conditions of the Theorem and estimates (20), we obtain that

|ūn(t)| ≤
(
|ϕ̄n|+

(
C3

∣∣ϕ̄2
n

∣∣+ C4

∥∥f̄n(t)
∥∥
C[0,T ]

)
(ψ(T )− ψ(0))

β
)

×Eβ,1
(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
)

+C4‖p̄ (t)‖C[0,T ]

(
Eβ,1

(
C5Γ (β) ‖p(t)‖C[0,T ](ψ(T )− ψ(0))

β
))2

×
(
|ϕn|+

(
C3

∣∣∣ϕ(2)
n

∣∣∣+ C4‖fn(t)‖C[0,T ]

)
(ψ(T )− ψ(0))

β
)
.

(30)

Then, applying the first relation in (27), conditions of the Theorem,the series representation of u(t, x) given by
equality (13), and the classical results (25), together with estimate (30), we obtain estimate (28).

Thus, in this section, we have established the existence, uniqueness, and stability of Problem (1). If we
assume that certain functions appearing in equation (6) {u(t, x), p(t)}are unknown, such a setting leads to
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a more challenging and practically relevant problem. In the next section, we investigate the time-dependent
inverse coefficient problem.

INVERSE COEFFICIENT PROBLEM

Problem 2. Find a function p(t) in equation (6), if the solution of Problem 1 satisfies the following integral
condition

b∫
0

ω (x)u (x, t) dx = E (t) , 0 ≤ t ≤ T, (31)

where, functions ω(x), E(t) are given functions.
Theorem 4. Let us assume that the following conditions α > 0, γ > 0, δ < 0, ψ(t) ∈ C1[0, T ], ψ′ (t) >

0, ϕ(i)(0) = ϕ(i)(b) = 0, (i = 0, 2, 4), ϕ(4)(x) ∈ C
(
Ω̄
)
, ϕ(5)(x) ∈ L2(0, b), f (t, 0) = f (t, b) = f

(2)
xx (t, 0) =

f
(2)
xx (t, b) = 0, f

(2)
xx (t, x) ∈ C

(
Ω̄
)
, f

(3)
xxx (t, x) ∈ L2 ((0, b) ;C[0, T ]), are valid. If E(t) ∈ C1[0, T ], |E (t)| ≥ q >

0, ω (x) ∈ C2[0, L], ω (0) = ω (L) = 0, then there exists a number T ∗ such that Problem 2 has a unique solution
belonging to the class C[0, T ∗].
Here, q is a sufficiently small number.

Proof. To prove the theorem, we multiply both sides of equation (6) by ω (x) and integrate from 0 to b
with respect to x, then we have

b∫
0

ω (x) PCDα,β,γ,δ
0t;ψ u (t, x) dx−

b∫
0

ω (x)uxx (t, x) dx+

b∫
0

ω (x) p (t)u (t, x) dx =

b∫
0

ω (x) f(t, x)dx. (31)

Applying condition (31), to equation (32), we get

PCDα,β,γ,δ
0t;ψ E(t)−

b∫
0

ω (x)uxx (t, x) dx+ p (t)E (t) =

b∫
0

ω (x) f(t, x)dx (32)

Applying the integration by parts to equation (33) and using boundary conditions (9), equality (13), we have

PCDα,β,γ,δ
0t;ψ E(t)−

+∞∑
n=1

un(t)ω(2)
n + p (t)E (t) =

b∫
0

ω (x) f(t, x)dx, (34)

where

ω(2)
n =

b∫
0

ω′′ (x)Xn(x)dx.

Taking equality (16) into account, from (34), we obtain the following equation

PCDα,β,γ,δ
0t;ψ E(t)−

+∞∑
n=1

(
ϕn − λnΓ (γ)ϕn(ψ(t)− ψ(0))

β

×E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
ω

(2)
n

−
+∞∑
n=1

(
Γ (γ)

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

×E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
(fn(s)) ds

)
ω

(2)
n

+
+∞∑
n=1

(
Γ (γ)

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
(p (s)un (s)) ds

)
ω

(2)
n

+p (t)E (t) =
b∫
0

ω (x) f(t, x)dx,
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Since the last equation, we have the following operator equation with respect to the function p(t)

p(t) = S [p (t)] . (35)

Here,

S[p(t)] = M (t)− 1
E(t)

+∞∑
n=1

(
ω

(2)
n Γ (γ)

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

×E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
(p (s)un (s))

)
ds,

(36)

M (t) = 1
E(t)g(t) + 1

E(t)

+∞∑
n=1

(
ω

(2)
n ϕn − λnΓ (γ)ω

(2)
n ϕn

×(ψ(t)− ψ(0))
β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(0))
β

δ(ψ(t)− ψ(0))
α

)
+ 1
E(t)

+∞∑
n=1

(
ω

(2)
n Γ (γ)

t∫
0

ψ′(s)(ψ(t)− ψ(s))
β−1

× E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣ −λn(ψ(t)− ψ(s))
β

δ(ψ(t)− ψ(s))
α

)
fn(s)ds

)
,

(37)

g(t) =

b∫
0

ω (x) f(t, x)dx.

Next, we apply the contraction mapping principle to show equation (35) has a unique solution. For this
purpose, we find an estimate of the function M(t). Considering estimates (20), theorem conditions, relations
(25), and function (37), we have the following estimate

|M(t)| ≤ 1
q‖g(t)‖C[0,T ] + 1

q

(
1
2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖ϕ (x)‖2L2(0,b)

)
−C3

1
2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+
∥∥ϕ(2) (x)

∥∥2

L2(0,b)

)
(ψ(T )− ψ(0))

β
)

+C4

q

(
1
2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖f (t, x)‖2L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β
)

:= R.

Let us define the following ball of functions:

FT (p(t),M(t), R) :=
{
p(t) : p (t) ∈ C [0, T ] , ‖p(t)−M(t)‖C[0,T ] ≤ R

}
,

with a radius R and a center at the point M(t). Based on the definition of the ball, we have

‖p (t)‖C[0,T ] ≤ 2R. (38)

Using expressions (36), estimates (20),(23),(25), and (38), we obtain the following estimate

‖S [p (t)]−M(t)‖C[0,T ] ≤
2RC4

q
(ψ(T )− ψ(0))

β
Eβ,1

(
2RC5Γ (β) (ψ(T )− ψ(0))

β
)

×
(

1

2

(∥∥∥ω(2) (x)
∥∥∥2

L2(0,b)
+ ‖ϕ (x)‖2L2(0,b)

)
+
C3

2

(∥∥∥ω(2) (x)
∥∥∥2

L2(0,b)
+
∥∥∥ϕ(2) (x)

∥∥∥2

L2(0,b)

)
(ψ(T )− ψ(0))

β

+
C4

2

(∥∥∥ω(2) (x)
∥∥∥2

L2(0,b)
+ ‖f (t, x)‖2L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β

)
.

Let T1 be a positive root of the following equation with respect to T

2RC4

q (ψ(T )− ψ(0))
β
Eβ,1

(
2RC5Γ (β) (ψ(T )− ψ(0))

β
)

×
(

1
2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖ϕ (x)‖2L2(0,b)

)
+ C3

2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+
∥∥ϕ(2) (x)

∥∥2

L2(0,b)

)
(ψ(T )− ψ(0))

β

+C4

2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖f (t, x)‖2L2((0,b),C[0,T ])

)
(ψ(T )− ψ(0))

β
)

= R.
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Then for any T ∈ [0, T1], the S maps a ball to the same ball, that is, S [q (t)] ∈ FT (p(t),M(t), R) .

Also, using equality (36), notations (27), estimate (23),(26), for fn (t) = f̃n (t) , ϕn = ϕ̃n, we have the
following estimate

‖S(p (t))− S (p̃ (t))‖C[0,T ] ≤
[

2RC2
4

q (ψ(T )− ψ(s))
β
(
Eβ,1

(
2RC5Γ (β) (ψ(T )− ψ(0))

β
))2

+C4

q Eβ,1

(
2RC5Γ (β) (ψ(T )− ψ(0))

β
)](

1
2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖ϕ (x)‖2L2(0,b)

)
+ 1

2

(
C3

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+
∥∥ϕ(2) (x)

∥∥2

L2(0,b)

)
+C4

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖f (t, x)‖2L2((0,b),C[0,T ])

))
(ψ(T )− ψ(s))

β
)
‖p (t)− p̃ (t)‖C[0,T ].

Let T2 be a positive solution of the following equation with respect to T :[
2RC2

4

q (ψ(T )− ψ(s))
β
(
Eβ,1

(
2RC5Γ (β) (ψ(T )− ψ(0))

β
))2

+C4

q Eβ,1

(
2RC5Γ (β) (ψ(T )− ψ(0))

β
)](

1
2

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖ϕ (x)‖2L2(0,b)

)
+ 1

2

(
C3

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+
∥∥ϕ(2) (x)

∥∥2

L2(0,b)

)
+C4

(∥∥ω(2) (x)
∥∥2

L2(0,b)
+ ‖f (t, x)‖2L2((0,b),C[0,T ])

))
(ψ(T )− ψ(s))

β
)

= 1.

For T ∈ (0, T ∗] , the operator S reduces the distance between any two elements p(t) and p̃ (t) in
FT (p(t),M(t), R). Consequently, by selecting T ∗ < min {T1, T2}, the operator S becomes a contraction on the
ball FT (p(t),M(t), R). By the Banach fixed-point theorem (see [13],p.67-68 and [14],p.43-51), S admits a unique
fixed point in FT (p(t),M(t), R), which implies the existence and uniqueness of a solution to Equation(35).
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Abstract. This work is devoted to the numerical solution of a non-stationary problem of optimal
placement of minimum-power heat sources. The formulation of the problem requires the simultaneous
fulfillment of two conditions. The first condition is to ensure that the temperature remains within
the specified minimum and maximum limits by optimally placing minimum-power heat sources in
a rod. The second condition is that the total power of the heat sources used for heating must be
minimal. This problem has been studied under stationary conditions in the works of other researchers.
However, the non-stationary case has not been considered. Since finding an analytical (continuous)
solution to the boundary value problem is difficult, a numerical solution is sought. It is challenging to
find the integral operator with a continuous kernel (Green’s function). A numerical approximation of
the Green’s function in matrix form has been obtained. A new algorithm for the numerical solution
of the non-stationary optimal control problem of placing minimum-power heat sources in processes
described by parabolic partial differential equations is proposed. A new numerical solution method
is introduced. A mathematical and numerical model of the processes described by the convection-
diffusion equation, defined for the first boundary value problem, has been constructed. The boundary
value problem is studied in the one-dimensional case. An implicit finite difference scheme was used
for the numerical solution of the problem. Based on this scheme, a system of difference equations was
constructed. The resulting system of difference equations was transformed into a linear programming
problem. The linear programming problem is solved using the M-method. For each time value, the
linear programming problem is solved. A new approach to the numerical solution of such problems
is proposed. A general block diagram of the algorithm for solving the non-stationary optimal control
problem of placing minimum-power heat sources is provided. An algorithm and software have been
developed for the numerical solution of the problem. A brief description of the software is given.
Specific examples demonstrate that the numerical solution of the boundary value problem stays
within the specified limits, and the sum of optimally placed minimum-power heat sources minimizes
the objective functional. The results of the computational experiment have been visualized.

MSC (2020): 65K05; 65N06.

Key words: non-stationary problems, optimal placement, heat sources, convection-diffusion
equations, M-method.

INTRODUCTION

One of the most common elements in various fields of human activity is the system of heat sources and
the thermal balance in heated spaces. Mathematical modeling of such systems poses the problem of optimal
placement of heat sources in heated areas, which is closely related to resource-saving engineering technologies.
The problem of optimal placement of heat sources in heated areas has always been relevant in design work
in construction, greenhouses, and other technical and technological fields. Problems of this type have been
studied in the stationary case. However, the problem of optimal placement of minimum-power heat sources in
the non-stationary case has not yet been studied.

The work [1] proposes a solution to the problem of optimal placement of sources in inhomogeneous media,
in which scalar stationary fields are described by elliptic equations. The algorithms for solving the problem are
based on methods for estimating the values of the functional on the set of possible locations of sources, which
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makes it possible to choose the optimal variant by implementing the branch and bound method. The paper
[2] considers the problem of optimal space heating based on the Pontryagin maximum principle. The paper
[3] considers the problem of energy-efficient heat supply of a building in a central heating system. In [4], the
differential-difference problem of controlling the diffusion process was studied, an analogue of the maximum
principle was obtained, which allows one to determine the moments of switching on and off the source of
maximum power. In [5], the problem of optimal control of processes described by the heat equation was studied.
The control parameter is set in the boundary condition and has reached the minimum of the functional given
by the integral quadratic expression. A method for finding an admissible control that gives a minimum to the
functional is shown.

In [6, 7, 8], a method and an algorithm for solving the non-stationary problem of the optimal choice of
the density of heat sources in simple geometric regions were developed so that the temperature inside the region
under consideration was within the specified limits. At the same time, the heat sources provided the specified
temperature regime of the minimum total power and the temperature in the specified corridor filled with a
homogeneous or inhomogeneous medium. In [9], a boundary value problem of parabolic type was considered.
The distribution of heat in the considered body is controlled by a function that is located on the boundary of
the body.

In [10], the convection-diffusion equation is solved numerically in two-dimensional geometry to simulate
heat transfer. Testing was carried out and results were obtained for the cases of boundary conditions of three
types. We also note that in [11, 12, 13] numerical schemes with explicit convective and implicit diffusion transport
are considered.

In this paper, the problem of convection-diffusion control based on optimization of the linear objective
functional with restrictions is considered, which is solved based on approximation and reduction to the problem
of linear programming. The paper proposes a method and algorithm for solving the non-stationary problem of
maintaining the temperature inside the region within specified limits, by optimally placing heat sources in the
rod. Software was developed to conduct computational experiments.

STATEMENT OF THE PROBLEM AND ITS FINITE-DIMENSIONAL APPROXIMATION

In the rectangle D = {a ≤ x ≤ b, 0 ≤ t ≤ T}, it is required to find a function f(x, t) ≥ 0 such that for any
t ∈ [0, T ] the linear functional

J{f} =

b∫
a

f(x, t) dx→ min, (1)

reaches a minimum and satisfies the following conditions:

∂u

∂t
= χ(x, t)

∂2u

∂x2
− v(x, t)

∂u

∂x
+ f(x, t),

a < x < b, 0 < t ≤ T,
u(x, 0) = u0(x), a ≤ x ≤ b,
u(a, t) = µ1(t), u(b, t) = µ2(t), 0 < t ≤ T,

(2)

m(x, t) ≤ u(x, t) ≤M(x, t), (x, t) ∈ D, (3)

where u = u(x, t) – is the temperature of the rod at point x at time t; χ(x, t) > 0 – is the diffusion coefficient
(thermal diffusivity); v(x, t) – is the convection velocity; u0(x), µ1(t), µ2(t), m(x, t), M(x, t) – are given
continuous functions satisfying the conjugation conditions µ1(0) = u0(a), µ2(0) = u0(b). The functions m(x, t)
and M(x, t) – are the minimum and maximum temperatures defined in the domain D. The power of volumetric
heat sources is described by a square-integrable function f(x, t) in the space L2(D).

Let Lu =
∂u

∂t
− χ(x, t)

∂2u

∂x2
+ v(x, t)

∂u

∂x
. The operator L defined in L2(D) has an inverse L−1. Here L−1

is an integral operator with a continuous kernel (Green’s function). Using it, you can write the problem (1)-(3)
in the following form:

m(x, t) ≤ (L−1f)(x, t) ≤M(x, t),
f(·, ·) ∈ L2(D), f(x, t) ≥ 0.

(4)
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Since it is difficult to find a continuous solution to problem (1)-(4), we look for a numerical solution to
the problem. In this case, using an implicit scheme, we replace problem (2) with a finite-difference equation.

Let us introduce into D a difference grid uniform in both variables ωτh =ωh × ωτ ={(xi, tj): xi = ih,
tj = jτ , i = 0, 1, . . . , N1, j = 0, 1, . . . , N2, h = (b− a)/N1, τ = T/N2}.

The implicit difference scheme for problem (2) has the form:

uj+1
i − uji
τ

= χj+1
i

uj+1
i+1 − 2uj+1

i + uj+1
i−1

h2
−

vj+1
i

uj+1
i+1 − u

j+1
i−1

2h
+ f j+1

i ,

i = 1, 2, . . . , N1 − 1, j = 0, 1, . . . , N2 − 1,

u0
i = u0(xi), i = 0, 1, . . . , N1,

uj+1
0 = µ1(tj+1), j = 0, 1, . . . , N2 − 1,

uj+1
N1

= µ2(tj+1), j = 0, 1, . . . , N2 − 1.

(5)

Here χj+1
i = χ(xi, tj+1), vj+1

i = v(xi, tj+1), f j+1
i = f(xi, tj+1).

Let us introduce the notation

X =

(
1

τ
+

2χj+1
i

h2

)
, X+ =

(
−χ

j+1
i

h2
+
vj+1
i

2h

)
,

X− =

(
−χ

j+1
i

h2
− vj+1

i

2h

)
.

Let’s consider the extended matrix of the system:

A =



X X+ . . . . . . 0

X− X X+ . . . 0

. . . . . . . . . . . . . . .

0 . . . X− X X+

0 . . . . . . X− X


.

We get
G = A−1.

We approximate the problem (1)-(5) as a linear programming problem. We divide the domain D into

equal parts by x on N1, and by t on N2: D =
N2⋃
j=1

N1⋃
i=1

Dj
i , where D

j
i = {(x, t), xi−1 ≤ x ≤ xi, tj−1 ≤ t ≤ tj}, i =

1, 2, . . . , N1, j = 1, 2, . . . , N2. In the space L2(D) the functions f ji = f(xi, tj), (x, t) ∈ Dj
i (i = 1, 2, . . . , N1 − 1,

j = 1, 2, . . . , N2) are defined as piecewise constant functions. From this we obtain f(x, t) ≈
N2∑
j=1

N1−1∑
i=1

f ji .

Let gjik = G, mj
i = m(xi, tj), M j

i = M(xi, tj), i = 1, N1 − 1, k = 1, N1 − 1, j = 1, N2. Substitute the
expression f(x, t) into (1) and replace inequality (4) with grid functions.
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After this we get the following linear programming problem:

Jj{f} =

N1−1∑
i=1

(mesDj
i )f

j
i → min, j = 1, 2, . . . , N2,

mj
i ≤

N1−1∑
k=1

gjikf
j
k ≤M

j
i , i = 1, N1 − 1, j = 1, N2,

f jk ≥ 0, k = 1, 2, . . . , N1 − 1, j = 1, 2, . . . , N2.

(6)

Problem (6) is solved by the M-method [14, 15]. The numerical solution to problem (2) is found using uji =
N1−1∑
k=1

gjikf
j
k . The found f jk is a function that gives a minimum to the functional (1).

DESCRIPTION OF THE ALGORITHM AND MODELING RESULTS

For an approximate solution of problem (1)-(6), software in the C# language has been developed. It allows
you to represent all the necessary input data: constants, coefficients, grid parameters, as well as temperature
functions, initial and boundary conditions, in the form of scripts. Graphical modules have been developed to
present the results.

The flowchart (Fig. 1) shows a general algorithm for the numerical solution of the non-stationary problem
of controlling the optimal location of heat sources.

Рис. 1: Flowchart of the general algorithm for solving the problem

Computational experiment. It is required to find the optimal location of heat sources with minimal
power in a parallelepiped. The problem was solved with the following input data: the computational domain uses
a cube x ∈ [0, 1] with thermal diffusivity functions χ(x, t) = x2t m2/s and velocity components v(x, t) = xt m/s.
The initial and boundary conditions are determined by the functions: u0(x) = 2 + x2 m/s, µ1(t) = 2 + t2 m/s,
µ2(t) = 3+t2 m/s. The minimum and maximum temperatures are given by the functionsm(x, t) = 1+x2 +t2 K,
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M(x, t) = 4+x2 + t2 K, and the end of time T = 1. Calculation grid with the number of sources N2×(N1−1) =
50×49. The minimum value of the functional in the numerical solution is Jmin = 2982.17 K·m/s. In fig. 2
presents the results of a numerical solution to problem (6). The results are presented with the minimum (blue
borders, below), maximum (red borders, above) and approximate (green, middle) temperature values. In fig. 3
shows the optimal placement of heat sources with minimum power in the form of a histogram.

Рис. 2: Problem solution graph (6)

Рис. 3: Optimal placement of heat sources f(x, t)

As can be seen from figure 2, the solution to the boundary value problem lies in the limit of minimum
and maximum temperatures, i.e. satisfies inequality (3). It can be seen that the value of u(x, t) is almost equal
to the minimum temperature. This means that the functional Jj{f} reaches a minimum.

In figure 3, the power of optimally placed heat sources is displayed in the form of a histogram. The height
of the bars in the histogram indicates the power of the heat sources. The black lines in the figure are formed by
the superposition of heat sources at each fixed point in time.

CONCLUSION

A method and algorithm are proposed for solving the non-stationary problem of maintaining the temperature
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inside a region within specified limits by optimally placing heat sources in a rectangle. The problem was solved on
the basis of numerical modeling of the convection-diffusion process and sequential solution of linear programming
problems. The results of the computational experiment confirm that the functional achieves the minimum and
solves the main problem.
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Abstract. This work is devoted to the method of directional pursuit, which arose in the
consideration of many-player differential games [10]. This method is applied to the study of the
pursuit problem in linear differential games described by a system of linear differential-difference
equations of neutral type under geometric constraints on the players’ controls. Modifications of the
third pursuit method for differential-difference equations of neutral type have been developed. New
sufficient conditions on the process parameters for the completion of the game in a guaranteed finite
time have been obtained.
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Introduction

The theory of conflict-controlled processes is an intensively developing branch of modern mathematics.
This theory investigates the control problems of dynamic processes under conditions of conflict, which implies
the presence of two or more parties capable of influencing the process with opposing or non-coincident goals and
optimizing specified performance functionals of the process. Dynamic processes can be described by differential,
integral, difference, hybrid, and other equations. Conflict-controlled processes described by ordinary differential
equations are called differential games [7], a term introduced by the American mathematician R. Isaacs, one of
the founders of the theory of differential games.

Differential games represent one of the most important branches of mathematical control theory, which
studies object control in conflict situations. The theory of differential games develops the ideas and methods of
optimal control theory; the latter can be considered a special case of the former when the number of players
equals one. By considering differential games as a part of mathematical control theory, we thereby emphasize
the managerial aspect of the theory, its origin, and the field of possible applications.

The systematic development of the theory of differential games began in the late 1950s and early 1960s.
It was stimulated by practical needs and the great successes of mathematical control theory, game theory, and
operations research. The progress of the theory of differential games is primarily associated with the names of
L. S. Pontryagin, N. N. Krasovskii, E. F. Mishchenko, R. Isaacs, and W. Fleming. A major contribution to the
development of the theory of differential games was made by Yu. S. Osipov, B. N. Pshenichnyi, L. A. Petrosyan,
A. I. Subbotin, N. Yu. Satimov, F. L. Chernousko, and A. A. Chikrii. Interesting results were obtained in the
studies of A. A. Azamov, A. Ya. Azimov, E. G. Al’brekht, V. D. Batukhtin, A. Bryson, N. L. Grigorenko, R. V.
Gamkrelidze, P. B. Gusyatnikov, V. G. Guseinov, M. I. Zelikin, A. V. Kryazhimskii, A. B. Kurzhanskii, V. N.
Lagunov, A. A. Melikyan, M. S. Nikol’skii, N. N. Petrov, E. S. Polovinkin, N. N. Subbotina, V. E. Tret’yakov,
V. N. Ushakov, V. I. Ukhobotov, A. Friedman, A. Z. Fazylov, A. G. Chentsov, L. P. Yugai, and their students.
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A fundamental contribution to the development of the theory of differential games was made by the
schools of L. S. Pontryagin and N. N. Krasovskii.

In the present work, the main focus is on the investigation of the pursuit problem described by a system
of linear differential-difference equations of neutral type under geometric constraints on the players’ controls.
Analogs of the third pursuit method and the directional pursuit method have been developed and applied to
solve the pursuit problem. To solve the formulated problem, the method of resolving functions is applied. In
the study of this problem, new sufficient L. S. Pontryagin conditions for the solvability of the pursuit problem
have been obtained.

Problem Formulation

Consider a pursuit problem described by a system of differential-difference equations of neutral type [1,
8]:

ż(t) = Az(t) +

m∑
i=1

Biż(t− hi) +

m∑
i=0

Ciz(t− hi)−Du(t) + Fv(t), (1)

where z(t) ∈ Rn, n ≥ 1; A,Bi (i = 1, 2, . . . ,m), and Ci (i = 0, 1, 2, . . . ,m) are constant square matrices of
order n × n; D and F are constant matrices of order n × p and n × q, respectively; 0 = h0 < h1 < · · · < hm
are constants; u is the control parameter of the pursuer, and v is the control parameter of the evader. The
parameters u and v are chosen in the form of measurable vector functions u = u(·) and v = v(·) satisfying the
geometric constraints:

u(t) ∈ P, v(t) ∈ Q, 0 ≤ t < +∞, (2)

where P and Q are non-empty compact subsets of the spaces Rp and Rq, respectively.Measurable functions
u = u(t) and v = v(t), 0 ≤ t < +∞, satisfying constraints (2) are called admissible controls of the pursuer
and the evader, respectively.Furthermore, a non-empty cylindrical terminal set M = M0 + M1 is specified in
the space Rn, where M0 is a linear subspace of Rn, and M1 is a compact subset of the subspace L, where L is
the orthogonal complement of the subspace M0 in Rn (i.e., M0 ⊕ L = Rn).The initial position for the pursuit
problem (1) is given by an n-dimensional absolutely continuous function ϕ(t) defined on the interval [−hm, 0],
i.e., {

ϕ(·) : z(t) = ϕ(t), t ∈ [−hm, 0], z(0) = ϕ(0) ∈ Rn \M
}
. (3)

The goal of the first player, the pursuer u, is to bring the trajectory of equation (1) onto the terminal
set M in a finite time by choosing a control u(t) (subject to constraints (2)). The goal of the second player,
the evader v, is to use the control v(t) to prevent the trajectory of equation (1) from meeting the terminal set
M at any finite moment of time, or, if this is impossible, to delay the end of the game as much as possible.Let
us denote by S the set of points of the form S =

{
t : t =

∑m
i=0 jihi, ji is an integer

}
, and let S0 denote the

intersection of S with the interval (0,∞), i.e., S0 = S ∩ (0,∞).
Definition 1. Let K(t) be the unique matrix function possessing the following properties [1]:a) K(t) = 0̃

for t < 0, where 0̃ is the n× n zero matrix;b) K(0) = E, where E is the n× n identity matrix;c) the function∑m
i=0 CiK(t− hi) is continuous on [0,+∞); d) K(t) satisfies the matrix differential equation:

K̇(t) = AK(t) +

m∑
i=1

BiK̇(t− hi) +

m∑
i=0

CiK(t− hi), for t > 0, t /∈ S0. (4)

It should be noted that the matrix function K(t) satisfying conditions a)-d) can be obtained by the
conventional method of successive integration of equation (4). The function K(t) belongs to the class C1 for
t > 0, t /∈ S0, but in the general case, it has discontinuities of the first kind at the points of the set S0.Suppose
that admissible controls u = u(t) and v = v(t) are chosen on the interval [0, t], t > 0. Then, for the solution
z(t) of equation (1) under the initial condition (3), the following formula holds true [1]:

z(t) =
[
K(t)−

m∑
i=0

K(t− hi)Bi
]
ϕ(0) +

m∑
i=0

0∫
−hi

K(t− r − hi)
[
Biϕ̇(r) + Ciϕ(r)

]
dr−
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−
t∫

0

K(t− r)
[
Du(r)− Fv(r)

]
dr, (5)

where B0 = −E, and E is the n×n identity matrix.(Note: In the second integral of formula (5), the upper limit
τ in the original text was corrected to t to ensure mathematical consistency with the variable z(t)).

Definition 2. We shall say that in the game (1), (2), from the initial position ϕ(·), the pursuit can be
completed in time T = T (ϕ(·)), 0 ≤ T < +∞, if there exists a function u(t, v), 0 ≤ t ≤ T (ϕ(·)), v ∈ Q, taking
values from the set P, such that for any measurable function v = v(t), 0 ≤ t ≤ T (ϕ(·)), v(t) ∈ Q, the function
u(t, v(t)), 0 ≤ t ≤ T (ϕ(·)) is measurable, and the corresponding trajectory z = z(t) of equation (1), subject to
the initial condition (3), reaches the terminal setM at some moment t = t∗ ∈ [0, T ], i.e., the inclusion z(t∗) ∈M
holds true. Moreover, to conduct the pursuit, the pursuer requires information about the objects. It is assumed
that at each moment of time t ≥ 0, the pursuer knows the solution z(s) on the interval −hm ≤ s ≤ t and the
control v(s), 0 ≤ s ≤ t.

The number T (ϕ(·)) is called the guaranteed pursuit time from the initial position ϕ(·), and the function
u(t, v), 0 ≤ t ≤ T (ϕ(·)), v ∈ Q, is called the pursuit function. By the solution of the pursuit problem, we
mean:a) finding the initial positions ϕ(·) from which the completion of the pursuit is possible in the game (1),
(2) in the sense of the definition introduced above;b) finding the pursuit function u(t, v) in an explicit form or
specifying a method for its construction.

Formulation and Proof of the Main Results

Let us denote by π the matrix of the orthogonal projection operator from Rn onto L [4], and by

X ∗ Y = {x ∈ Rn : x+ Y ⊂ X} =
⋂
y∈Y

(X − y),

the geometric difference (Minkowski difference) of the sets X and Y , where X,Y ⊂ Rn [4].
A. Let τ be an arbitrary fixed positive number, and t ∈ [0, τ ].Let M(t) ⊂ L, 0 ≤ t ≤ τ, denote an

arbitrary measurable closed-valued set-valued function (mapping) such that [8]:

τ∫
0

M(t)dt ⊂M1. (6)

Let us introduce the set-valued mapping

Ŵ (M(t), t, τ) =
[
M(t) + πK(t)DP

]
∗ πK(t)FQ, 0 ≤ t ≤ τ. (7)

Assumption 1. For the initial position ϕ(·), there exist a positive number τ and a set-valued mapping
M(t), 0 ≤ t ≤ τ, satisfying condition (6), such that for all t ∈ [0, τ ], the set Ŵ (M(t), t, τ) is non-empty.

By virtue of Assumption 1 and the properties of the set-valued mapping Ŵ (M(t), t, τ), there exists at
least one Borel-measurable integrable selector, which allows us to introduce the Lebesgue integral [4] of the
set-valued mapping Ŵ (M(t), t, τ), i.e.,

W (M(·), τ) =

τ∫
0

Ŵ (M(t), t, τ)dt, (8)

W3(τ) =
⋃
M(·)

W (M(·), τ). (9)

Note that W3(0) = M1.

The set W3(τ) will be called the modified first integral of L.S. Pontryagin (corresponding to game (1)).
Furthermore, the set W3(τ) is a convex closed set that depends continuously on τ.
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Let us fix some initial position ϕ(·). We introduce the following vector function:

ξ[τ, t, ϕ(·), w̃(·)] =
[
πK(τ)−

m∑
i=0

πK(τ − hi)Bi
]
ϕ(0)+

+

m∑
i=0

0∫
−hi

πK(τ − t− hi)
[
Biϕ̇(t) + Ciϕ(t)

]
dt− w,

where w ∈W3(τ). In accordance with the definition of the integral (8), there exists a Borel-measurable integrable

selector w̃(t) ∈ Ŵ (M(t), t, τ), 0 ≤ t ≤ τ, such that the equality w =
τ∫
0

w̃(τ − t)dt holds. Let us fix it. Then, the

vector function ξ[τ, t, ϕ(·), w̃(·)] takes the form:

ξ[τ, t, ϕ(·), w̃(·)] =
[
πK(τ)−

m∑
i=0

πK(τ − hi)Bi
]
ϕ(0)+

+

m∑
i=0

0∫
−hi

πK(τ − t− hi)
[
Biϕ̇(t) + Ciϕ(t)

]
dt−

τ∫
0

w̃(τ − t)dt. (10)

Let us set

η[τ, t, ϕ(·), w̃(·)] =

{
ξ[τ,t,ϕ(·),w̃(·)]
|ξ[τ,t,ϕ(·),w̃(·)]| if ξ[τ, t, ϕ(·), w̃(·)] 6= 0,

η0 if ξ[τ, t, ϕ(·), w̃(·)] = 0,
(11)

where η0 is an arbitrary unit vector from L.

It is easy to show that if ξ[τ, t, ϕ(·), w̃(·)] = 0 for some positive τ, then the pursuit problem is solvable by
the moment τ. Therefore, in what follows, it is assumed that ξ[τ, t, ϕ(·), w̃(·)] 6= 0 for all τ ≥ 0.

For an arbitrary vector v ∈ Q, we define the numerical function:

λ(ϕ(·), τ, t, v) =

=


sup
{
λ ≥ 0 : λη[τ, t, ϕ(·), w̃(·)] ∈

[
M(τ − t) + πK(τ − t)DP

]
−

−πK(τ − t)FQ− w̃(τ − t)
}

if ξ[τ, t, ϕ(·), w̃(·)] 6= 0,

τ−1 if ξ[τ, t, ϕ(·), w̃(·)] = 0.

(12)

Let us introduce the notation λ(ϕ(·), τ, t) = inf{λ(ϕ(·), τ, t, v) : v ∈ Q}.
Assumption 2. For the initial position ϕ(·), there exist a positive number τ = τ1(ϕ(·)) > 0, a set-valued

mapping M(t), 0 ≤ t ≤ τ1, (see (6)), and an integrable function w̃(t), 0 ≤ t ≤ τ1, such that:
a) the function λ(ϕ(·), τ1, t), 0 ≤ t ≤ τ1, as well as the superposition λ(ϕ(·), τ1, t, v(t)), 0 ≤ t ≤ τ1, of

the function λ(ϕ(·), τ1, t, v), 0 ≤ t ≤ τ1, v ∈ Q, and an arbitrary integrable function v(t), 0 ≤ t ≤ τ1, are
integrable;

b) the following inequality holds:

| ξ[τ1, t, ϕ(·), w̃(·)] | −
τ1∫

0

λ(ϕ(·), τ1, t)dt ≤ 0. (13)

Theorem 1. If the conditions of Assumptions 1 and 2 are satisfied, then in the game (1) under constraints
(2), from the initial position ϕ(·), the pursuit can be completed in a finite time T = τ1(ϕ(·)).

Proof. Suppose that for the initial position ϕ(·), all conditions of Theorem 1 are fulfilled. For an arbitrary
measurable function v(t), 0 ≤ t ≤ τ1, v(t) ∈ Q, we consider the control function h(t; v(t), 0 ≤ t ≤ τ1) defined
as follows [7-9]:

h(t; v(t), 0 ≤ t ≤ τ1) =| ξ[τ1, t, ϕ(·), w̃(·)] | −
τ1∫

0

λ(ϕ(·), τ1, t, v(t))dt.
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It is claimed that there exists a moment of time t = t∗ ∈ [0, τ1] such that h(t∗; v(t), 0 ≤ t ≤ t∗) = 0 (by
virtue of item b) of Assumption 2, such a moment of time exists for each initial position ϕ(·)). Clearly, if
ξ[τ1, t, ϕ(·), w̃(·)] = 0, then one can set t∗ = 0.

Suppose that ξ[τ1, t, ϕ(·), w̃(·)] 6= 0 and h(t; v(t), 0 ≤ t ≤ τ1) > 0 on the interval [0, τ1]. Indeed, in this
case, we have:

0 < h(t; v(t), 0 ≤ t ≤ τ1) =| ξ[τ1, t, ϕ(·), w̃(·)] | −
τ1∫

0

λ(ϕ(·), τ1, t, v(t))dt ≤

≤| ξ[τ1, t, ϕ(·), w̃(·)] | −
τ1∫

0

λ(ϕ(·), τ1, t)dt,

which contradicts inequality (13). Thus, let h(t∗; v(t), 0 ≤ t ≤ t∗) = 0. Moreover, h(t; v(t), 0 ≤ t ≤ t) > 0
for all t such that 0 ≤ t < t∗.

Taking this fact into account, we choose the functions u(t) ∈ P and m1(t) ∈M(t), which, at the moments
of time t ∈ [0, t∗], are defined as solutions to the equation:

m1(τ1 − t) + πK(τ1 − t)Du(t)− πK(τ1 − t)Fv(t) =

= w̃(τ1 − t) + λ(ϕ(·), τ1, t, v(t))η[τ1, t, ϕ(·), w̃(·)], (14)

and at the moments of time t ∈ (t∗, τ1], as solutions to the equation:

m1(τ1 − t) + πK(τ1 − t)Du(t)− πK(τ1 − t)Fv(t) = w̃(τ1 − t). (15)

In what follows, the time intervals [0, t∗] and (t∗, τ1] will be called active and passive, respectively [9].
By virtue of item a) of Assumption 2, there exists one or multiple solutions to equations (14) and (15).

According to Proposition 2 [3], the function λ(ϕ(·), τ, t, v) defined by equality (12) is a measurable function with
respect to t for fixed v. Consequently, by virtue of the Filippov-Castaing theorem [2], equations (14) and (15)
are solvable in the class of measurable functions.

Let us show that with this method of managing the parameter u(t), the pursuer can guarantee the
completion of the pursuit within the time τ1.Let us verify that the trajectory z(t), 0 ≤ t ≤ τ1, of equation (1),
subject to the initial condition (3), reaches M by the moment of time τ1. Using the Cauchy formula (see (5)),

after projecting it onto L, adding and subtracting the value
τ1∫
0

w̃(τ1 − t)dt, and taking into account the choice

of controls (14) and (15), we obtain:

πz(τ1) =
[
πK(τ1)−

m∑
i=0

πK(τ1 − hi)Bi
]
ϕ(0) +

m∑
i=0

0∫
−hi

πK(τ1 − t− hi)
[
Biϕ̇(t) + Ciϕ(t)

]
dt−

−
τ1∫

0

πK(τ1 − t)
[
Du(t)− Fv(t)

]
dt+

τ1∫
0

w̃(τ1 − t)dt−
τ1∫

0

w̃(τ1 − t)dt =

= ξ[τ1, t, ϕ(·), w̃(·)]−
t∗∫

0

[
w̃(τ1 − t)−m1(τ1 − t) + λ(ϕ(·), τ1, t, v(t))η[τ1, t, ϕ(·), w̃(·)]

]
dt+

+

τ1∫
0

w̃(τ1 − t)dt−
τ1∫
t∗

[
w̃(τ1 − t)−m1(τ1 − t)

]
dt =

= ξ[τ1, t, ϕ(·), w̃(·)] +

τ1∫
0

w̃(τ1 − t)dt−
t∗∫

0

w̃(τ1 − t)dt−
t∗∫

0

λ(ϕ(·), τ1, t, v(t))η[τ1, t, ϕ(·), w̃(·)]dt+
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+

t∗∫
0

m1(τ1 − t)dt−
τ1∫
t∗

w̃(τ1 − t)dt+

τ1∫
t∗

m1(τ1 − t)dt =

=

τ1∫
0

m1(τ1 − t)dt. (16)

Indeed, as established above:

ξ[τ1, t, ϕ(·), w̃(·)]−
t∗∫

0

λ(ϕ(·), τ1, t, v(t))η[τ1, t, ϕ(·), w̃(·)]dt =

=| ξ[τ1, t, ϕ(·), w̃(·)] | η[τ1, t, ϕ(·), w̃(·)]−
t∗∫

0

λ(ϕ(·), τ1, t, v(t))η[τ1, t, ϕ(·), w̃(·)]dt =

=
[
| ξ[τ1, t, ϕ(·), w̃(·)] | −

t∗∫
0

λ(ϕ(·), τ1, t, v(t))dt
]
η[τ1, t, ϕ(·), w̃(·)] = 0.

Consequently, from (16) we have:

πz(τ1) =

τ1∫
0

m1(τ1 − t)dt ∈
τ1∫

0

M(τ1 − t)dt ⊂M1.

Thus, for the initial position ϕ(·), the inclusion πz(τ1) ∈ M1 holds, which is equivalent to z(τ1) ∈ M, meaning
that the pursuit terminates within the time τ1. Theorem 1 is proved.

Assumption 3. For the initial position ϕ(·), there exists a matrix function G(t) : L → L, t ∈ [0, τ ],
which is upper semicontinuous with respect to t, such that the set

ŵ(t) = πK(τ − t)DP ∗ G(τ − t)πK(τ − t)FQ

is non-empty for all t ∈ [0, τ ].

We define the numerical function λ(ϕ(·), τ, t, v) as follows:

λ(ϕ(·), τ, t, v) =

=


sup
{
λ ≥ 0 : λη[τ1, t, ϕ(·), w̃(·)] ∈ πK(τ − t)DP−

−G(τ − t)πK(τ − t)Fv − w̃(τ − t)
}

if ξ[τ1, t, ϕ(·), w̃(·)] 6= 0,

τ−1 if ξ[τ1, t, ϕ(·), w̃(·)] = 0,

where the vector functions ξ[τ1, t, ϕ(·), w̃(·)] and η[τ1, t, ϕ(·), w̃(·)] are defined in the same way as in Theorem 1.
Assumption 4. a) For the initial position ϕ(·), there exists a number τ = τ2(ϕ(·)) > 0 such that the

following inequality holds:

inf
v(·)∈Q

[ τ2∫
0

λ(ϕ(·), τ2, t, v(t))dt
]
> 1;

b) for any admissible control v = v(t), 0 ≤ t ≤ τ2, of the evader, the following inclusion holds:

τ2∫
0

[
E −G(τ2 − t)

]
πK(τ2 − t)Fv(t)dt ⊂M1.

Theorem 2. If the conditions of Assumptions 3 and 4 are satisfied, then in the game (1) under constraints
(2), from the initial position ϕ(·), the pursuit can be completed in the time T = τ2(ϕ(·)).
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Abstract. We investigate finite soft product spaces and symmetric powers within the framework
of soft topology. We prove that the weight of a soft topological space is preserved under finite
Cartesian powers and that the canonical soft projections are soft bi-open. We then introduce the
n-th symmetric power of a soft space as a soft quotient of the n-fold product and study its basic
properties. In particular, we show that soft compactness is preserved under symmetric powers and
that the weight of the symmetric power does not exceed the weight of the original space. An example
illustrates that the canonical quotient projection need not be soft open in the soft setting.
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Introduction

Since its introduction by Molodtsov [12], soft set theory has become an important mathematical tool for
modeling uncertainty via parameterized families of subsets. Unlike fuzzy set theory, a soft set assigns to each
parameter a crisp subset of the universe, providing a flexible framework for handling incomplete or approximate
information.

The development of soft topology, initiated in [3,7,8,13,16], extends classical topological ideas to the soft
setting. In this framework, notions such as soft continuity, soft openness, soft compactness, and soft separation
axioms are defined in terms of parameterized families of subsets. Although these concepts parallel classical
topology, their behavior may differ significantly due to the presence of parameters.

Product constructions play a fundamental role in topology. In classical topology, finite products preserve
compactness and important cardinal invariants such as weight. It is therefore natural to investigate to what
extent these properties extend to soft topological spaces. In particular, understanding the behavior of weight
under soft product constructions is essential for the structural study of soft spaces.

The first aim of this paper is to study the finite Cartesian powers of a soft topological space. We prove
that the weight of a soft space coincides with the weight of its finite powers. We also show that canonical soft
projections are soft bi-open and that fundamental mapping properties-such as soft continuity, soft openness,
soft injectivity, and soft surjectivity-are preserved under finite powers.

The second aim of the paper is to investigate symmetric powers in soft topology.
The n-th symmetric power of a soft space is introduced as a soft quotient of the n-fold product under

the action of the symmetric group. We examine compactness and weight properties of these spaces and prove
that soft compactness is preserved under symmetric powers. Moreover, we establish that the weight of the
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symmetric power does not exceed the weight of the original space. An example demonstrates that, unlike in
classical topology, the canonical quotient projection need not be soft open.

The paper is organized as follows. Section 2 recalls basic definitions and notation from soft topology.
Section 3 studies finite soft products and the preservation of weight. Section 4 introduces symmetric powers of
soft spaces and establishes their compactness and weight properties.

Preliminaries

Throughout, X denotes a universe set and E a fixed parameter set. A mapping F : E → P(X) is called
a soft set over X with respect to E and is denoted by FE . The pair (X,E) is referred to as a soft class. For
e ∈ E, the value F (e) ⊆ X is called the e-approximation of FE .

A soft set FE is called the null soft set if F (e) = ∅ for all e ∈ E, and the absolute soft set if F (e) = X
for all e ∈ E. These are denoted by ΦE and X̃E , respectively.

Given soft sets FE and GE over the same universe X and parameter set E, their union and intersection
are defined parameterwise:

(FE tGE)(e) = F (e) ∪G(e), (FE uGE)(e) = F (e) ∩G(e), e ∈ E.

Arbitrary unions and finite intersections of soft sets are defined similarly. The complement of FE is the
soft set F cE given by

F cE(e) = X \ F (e), e ∈ E.

Definition 2.1. A soft topological space is a triple (X, T , E) where T is a family of soft sets over X
satisfying:

1. ΦE and X̃E belong to T ;

2. the union of any family of members of T belongs to T ;

3. the intersection of finitely many members of T belongs to T .

Elements of T are called soft open sets, and soft closed sets are complements of soft open sets [3].
Example 2.2. Let X = {a, b, c} and E = {e1, e2, e3}. Let T = {ΦE , X̃E , FE , GE , HE}, where

F (e1) = {a, c}, F (e2) = {a, b}, F (e3) = {c},

G(e1) = {a, b}, G(e2) = X, G(e3) = {a, b},

H(e1) = {a}, H(e2) = {a, b}, H(e3) = ∅.

Then T is a soft topology on X.
Definition 2.3. Let (X, T , E) be a soft topological space and let Y ⊆ X. The family

TY = {FE u ỸE : FE ∈ T }

is a soft topology on Y , and (Y, TY , E) is called the soft subspace of (X, T , E), where ỸE is the constant soft
set defined by ỸE(e) = Y for all e ∈ E [7].

A soft subspace (Y, TY , E) is called a soft open (resp. soft closed) subspace of (X, T , E) if ỸE is soft
open (resp. soft closed) over X.

Definition 2.4. A subfamily B ⊆ T is called a soft base for T if for every FE ∈ T there exists a subfamily
B0 ⊆ B such that

FE =
⊔
{UE : UE ∈ B0 }.

The weight of (X, T , E) is

w(X, T , E) = min{ |B| : B is a soft base for T }.
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Proposition 2.5. Let (X, T , E) be a soft space and let (Y, TY , E) be a subspace of X. Then

w(Y, TY , E) ≤ w(X, T , E).

Proof. Let w(X, T , E) = κ. Then there exists a soft base

B = {UαE : α ∈ Λ }

for T such that |B| = κ. It is enough to show that

BY = {UαE u ỸE : α ∈ Λ }

is a soft base for TY . Let VE be an arbitrary soft open set over Y . By the definition of a soft subspace, there
exists a soft open set UE over X such that

VE = UE u ỸE .

Since B is a soft base for T , we have

UE =
⊔
α∈Λ0

UαE , for some Λ0 ⊆ Λ.

Therefore,
VE =

( ⊔
α∈Λ0

UαE

)
u ỸE =

⊔
α∈Λ0

(
UαE u ỸE

)
.

Hence BY is a soft base for Y , and thus |BY | ≤ κ. This proves Proposition 2.5. �

Soft maps

Let (X,E) and (Y,E′) be soft classes, and let f : X → Y and ϕ : E → E′ be mappings. The pair fϕ is
called a soft map from (X,E) to (Y,E′).

Definition 2.6. Let FE be a soft set over X. The soft image fϕ(FE) is the soft set over Y defined by(
fϕ(FE)

)
(e′) =

⋃
e∈ϕ−1(e′)

f
(
F (e)

)
, e′ ∈ E′

[10].
Definition 2.7. Let GE′ be a soft set over Y . The soft inverse image (fϕ)−1(GE′) is the soft set over X

defined by (
(fϕ)−1(GE′)

)
(e) = f−1

(
G(ϕ(e))

)
, e ∈ E

[10].
Example 2.8. Let X = {a, b, c}, Y = {x, y, z}, E = {e1, e2, e3, e4}, E

′
= {e′1, e

′

2, e
′

3}. Then (X,E) and
(Y,E

′
) are soft classes. Define fϕ : (X,E)→ (Y,E

′
) as:

f(a) = x, f(b) = f(c) = y,

ϕ(e1) = ϕ(e2) = ϕ(e4) = e
′

2, ϕ(e3) = e
′

3.

Choose two soft sets over X and Y respectively as:

FE : F (e1) = {b, c}, F (e2) = {b}, F (e3) = {a, c}, F (e4) = ∅,

GE′ : G(e
′

1) = {x, y}, G(e
′

2) = {x, z}, G(e
′

3) = {z}.

Then the mapping fϕ : (X,E)→ (Y,E
′
) is given as: for a soft set FE over X, fϕ(FE) is a soft set over Y

obtained as follows:

fϕ(FE)(e
′

1) = ∅, fϕ(FE)(e
′

2) = f(F (e1) ∪ F (e2) ∪ F (e4)) = f({b, c}) = {y},
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fϕ(FE)(e
′

3) = f(F (e3)) = f({a, c}) = {x, y}

and
f−1
ϕ (GE′ )(e1) = f−1

ϕ (GE′ )(e2) = f−1
ϕ (GE′ )(e4) = f−1(G(e

′

2)) = {a},

f−1
ϕ (GE′ )(e3) = f−1(G(e

′

3)) = ∅.

Thus we have
fϕ(FE) = {(e

′

1, ∅), (e
′

2, {y}), (e
′

3, {x, y})}

and
f−1
ϕ (GE′ ) = {(e1, {a}), (e2, {a}), (e3, ∅), (e4, {a})}.

Definition 2.9. Let (X, T , E) and (Y, T ′, E′) be soft topological spaces. A soft map fϕ is called

• soft continuous if (fϕ)−1(GE′) ∈ T for every GE′ ∈ T ′;

• soft open if fϕ(FE) ∈ T ′ for every FE ∈ T ;

• soft bi-open if it is both soft continuous and soft open.

Moreover, fϕ is called soft injective (resp. soft surjective) if both f and ϕ are injective (resp. surjective)
[8].

Proposition 2.10. If fϕ : (X,E)→ (Y,E′) and hψ : (Y,E′)→ (Z,E′′) are soft continuous maps, then

hψ ◦ fϕ = (h ◦ f)ψ◦ϕ

is soft continuous [7].
Lemma 2.11. Let fϕ : (X, TX , E)→ (Y, TY , E′) be a soft bi-open surjective map. Then

w(Y, TY , E′) ≤ w(X, TX , E).

Proof. Let w(X, TX , E) = κ, and let

B = {FαE : α ∈ Λ }

be a soft base for (X, TX , E) with |B| = κ. Put

B′ = { fϕ(FαE) : α ∈ Λ }.

Since fϕ is soft open, we have B′ ⊆ TY and |B′| ≤ κ.
Let GE′ ∈ TY . By soft continuity, (fϕ)−1(GE′) ∈ TX , hence

(fϕ)−1(GE′) =
⊔
α∈Λ0

FαE

for some Λ0 ⊆ Λ. Applying fϕ, we obtain

fϕ
(
(fϕ)−1(GE′)

)
=
⊔
α∈Λ0

fϕ(FαE).

Since f and ϕ are surjective, for every e′ ∈ E′ we have ϕ−1(e′) 6= ∅, and

fϕ
(
(fϕ)−1(GE′)

)
(e′) =

⋃
e∈ϕ−1(e′)

f
(
f−1(G(e′))

)
= G(e′).

Hence fϕ
(
(fϕ)−1(GE′)

)
= GE′ . Therefore B′ is a soft base for (Y, TY , E′), and so w(Y, TY , E′) ≤ κ. �

For every soft space (X, T , E), the map (idX)idE is called the identity soft map. It is soft continuous by
definition.
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The weight of soft product space

Let {(Xα, Eα) : α ∈ ∆} be a family of soft classes. For soft sets Fα,Eα over Xα, their Cartesian product
is the soft set (∏

α∈∆

Fα

)∏
α∈∆ Eα

over
∏
α∈∆

Xα,

defined by (∏
α∈∆

Fα

)(
(eα)α∈∆

)
=
∏
α∈∆

Fα(eα), (eα)α∈∆ ∈
∏
α∈∆

Eα.

Definition 2.12. Let {(Xα, Tα, Eα) : α ∈ ∆} be a family of soft topological spaces. Put

X =
∏
α∈∆

Xα, E =
∏
α∈∆

Eα.

The initial soft topology on X generated by the family of soft projections

(pq)α : (X,E) −→ (Xα, Eα), α ∈ ∆,

is called the soft product topology on X [3].
Proposition 2.13. The family of all product soft sets

∏
α∈∆(Fα, Eα), where (Fα, Eα) is a soft open set

over Xα and (Fα, Eα) 6= X̃α,Eα for only finitely many α ∈ ∆, is a soft base for the Cartesian product
∏
α∈∆Xα.

Moreover, if for each α ∈ ∆ a soft base Bα for (Xα, Tα, Eα) is fixed, then the subfamily consisting of those
products

∏
α∈∆(Fα, Eα) for which (Fα, Eα) ∈ Bα whenever (Fα, Eα) 6= X̃α,Eα , and (Fα, Eα) 6= X̃α,Eα for only

finitely many α ∈ ∆, is also a soft base [3].
We generalize the definition of soft compactness to arbitrary soft sets.
Definition 2.14. Let (X, T , E) be a soft topological space. A soft set FE over X is called soft compact

if every soft open cover of FE admits a finite subcover. That is, for every family {FαE}α∈Λ ⊆ T such that

FE v
⊔
α∈Λ

FαE ,

there exist α1, . . . , αn ∈ Λ such that

FE v
n⊔
i=1

FαiE .

A soft topological space (X, T , E) is called soft compact if its absolute soft set X̃E is soft compact.
Proposition 2.15. Any soft closed subspace of a soft compact space is also soft compact.
Proof. Let (X, T , E) be a soft compact space and let (Y, TY , E) be a soft closed subspace. Then (ỸE)c

is soft open over X. Let µ = {FαE : α ∈ Λ} be a soft open cover of ỸE . Then

µ′ = µ ∪ {(ỸE)c}

is a soft open cover of X̃E . Since (X, T , E) is soft compact, there exists a finite subcover

ν = {Fα1E , . . . , FαnE , (ỸE)c}

such that

X̃E =
( n⊔
i=1

FαiE

)
t (ỸE)c.

Hence ỸE v
⊔n
i=1 FαiE , so (Y, TY , E) is soft compact. �

In classical topology it is known that the Cartesian product of compact spaces is compact. An analogous
statement holds in soft topology.
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Theorem 2.16 (Tychonoff-type Theorem for Soft Compact Spaces). Let {(Xα, Tα, Eα) : α ∈ ∆}
be a family of soft compact spaces. Then the soft product space

∏
α∈∆Xα, equipped with the soft product

topology, is also soft compact [2].
We consider the case ∆ = {1, 2, . . . , n} and Xα = X, Eα = E for all α ∈ ∆. In this case the Cartesian

product is denoted by (Xn, En). For soft sets F1E , . . . , FnE over X, define their product soft set on Xn by

(F1E × · · · × FnE)(e) = F1(e1)× F2(e2)× · · · × Fn(en), e = (e1, . . . , en) ∈ En.

Let (X, T , E) be a soft topological space. Then the family

B = {F1E × · · · × FnE : FiE ∈ T , i = 1, . . . , n }

is a base for a soft topology on Xn, and this topology is denoted by T n. In other words,

T n =
{⊔

B0 : B0 ⊆ B
}
.

Proposition 2.17. For each i ∈ {1, . . . , n}, the soft projection

(pq)i : (Xn, T n, En) −→ (X, T , E),

induced by the classical projections pi : Xn → X and qi : En → E, is soft bi-open.
Proof. Fix i ∈ {1, . . . , n}.
Soft continuity. Let FE ∈ T . For e = (e1, . . . , en) ∈ En we have((

(pq)i
)−1

(FE)
)

(e) = p−1
i

(
F (qi(e))

)
= p−1

i

(
F (ei)

)
.

Hence
(
(pq)i

)−1
(FE) is the basic product soft set H1E × · · · ×HnE , where HiE = FE and HjE = X̃E for j 6= i.

Thus
(
(pq)i

)−1
(FE) ∈ T n.

Soft openness. Take a basic open set F1E × · · · × FnE ∈ T n. For ei ∈ E,(
(pq)i(F1E × · · · × FnE)

)
(ei) =

⋃
e∈q−1

i (ei)

pi

(
(F1E × · · · × FnE)(e)

)
= Fi(ei).

Therefore (pq)i(F1E × · · · × FnE) = FiE ∈ T . So (pq)i is soft open, and hence soft bi-open. �

Proposition 2.18. For any soft topological space (X, T , E) the following equality holds:

w(X, T , E) = w(Xn, T n, En).

Proof. First we prove that w(Xn, T n, En) ≤ w(X, T , E). Let w(X, T , E) = κ. Then there exists a soft
base B for (X, T , E) such that |B| = κ. By Proposition 2.13 (for finite products), the family

B⊗ = {F1E × · · · × FnE : FiE ∈ B, i = 1, . . . , n }

is a soft base for (Xn, T n, En). Clearly, |B⊗| = κ, hence w(Xn, T n, En) ≤ κ.
Now we prove that w(X, T , E) ≤ w(Xn, T n, En). By Proposition 2.17, the projection (pq)i is soft bi-open

and surjective. Therefore Lemma 2.11 yields

w(X, T , E) ≤ w(Xn, T n, En).

�

Let (X, T1, E1) and (Y, T2, E2) be soft topological spaces, and let fϕ : (X, T1, E1)→ (Y, T2, E2) be a soft
map. Consider the soft map

(Πnf)Πnϕ : (Xn, T n1 , En1 )→ (Y n, T n2 , En2 )

defined by
Πnf(x1, . . . , xn) = (f(x1), . . . , f(xn)), Πnϕ(e1, . . . , en) = (ϕ(e1), . . . , ϕ(en)).
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n-th symmetric power of a soft space

The symmetric group Sn acts on Xn by permuting coordinates:

σ · (x1, x2, . . . , xn) = (xσ(1), xσ(2), . . . , xσ(n)).

This action naturally induces an equivalence relation ∼ on Xn:

(x1, . . . , xn) ∼ (y1, . . . , yn) ⇐⇒ ∃σ ∈ Sn such that (y1, . . . , yn) = σ · (x1, . . . , xn).

Equivalently, two points of Xn are equivalent if one is a permutation of the other.
Let SPnX := Xn/Sn be the set of unordered n-tuples (i.e., multisets) of elements of X, and let SPnT

be the quotient soft topology induced from the soft product topology T n via the canonical soft projection map

πρ : (Xn, T n, En) −→ (SPnX,SPnE),

where
π(x1, . . . , xn) := [(x1, . . . , xn)], ρ(e1, . . . , en) := [(e1, . . . , en)],

and [x] denotes the equivalence class of x under the action of the symmetric group Sn by coordinate
permutations.

Finally, we define the n-th symmetric power of a soft space (X, T , E) as the soft topological space

(SPnX, SPnT , SPnE).

That is,
(H,SPnE) ∈ SPnT ⇐⇒ (πρ)

−1(H,SPnE) ∈ T n.

More details about this space are given in [15,9,4].
Proposition 2.19. Let (X, T , E) be a soft compact space. Then the symmetric power soft space

(SPnX, SPnT , SPnE) is also soft compact.
Proof. We proceed in two steps.
Step 1. Let (X, T , E) be a soft compact space. Then, by Theorem 2.16, the soft product space

(Xn, T n, En) is soft compact.
Step 2. The canonical soft projection

πρ : (Xn, T n, En) −→ (SPnX,SPnT , SPnE)

is soft continuous and surjective. Since the image of a soft compact space under a soft continuous surjection is
soft compact, it follows that (SPnX,SPnT , SPnE) is soft compact. This proves Proposition 2.19. �

It is well known that the canonical projection π : (Xn, T n)→ (SPnX,SPnT ) is an open map in classical
topology (see [15]). However, in the setting of soft sets, this property need not hold.

Example 2.20. Let X = {a, b}, E = {e1, e2}, and let

T = {ΦE , X̃E , FE}, F (e1) = {a}, F (e2) = {b}.

A basic family for the soft product topology on X2 is

B = {FE × FE , FE × X̃E , X̃E × FE , X̃E × X̃E },

where, for E2 = E × E, we have

(F × F )E2(e1, e1) = {(a, a)}, (F × F )E2(e1, e2) = {(a, b)},

(F × F )E2(e2, e1) = {(b, a)}, (F × F )E2(e2, e2) = {(b, b)},

(F × X̃)E2(e1, e1) = (F × X̃)E2(e1, e2) = {(a, a), (a, b)},
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(F × X̃)E2(e2, e1) = (F × X̃)E2(e2, e2) = {(b, a), (b, b)},

(X̃ × F )E2(e1, e1) = (X̃ × F )E2(e2, e1) = {(a, a), (b, a)},

(X̃ × F )E2(e1, e2) = (X̃ × F )E2(e2, e2) = {(a, b), (b, b)}.
Hence

T 2 =
{⊔

B0 : B0 ⊆ B
}

is a soft topology on X2.
Assume that the canonical soft projection

πρ : (X2, T 2, E2) −→ (SP 2X,SP 2T , SP 2E)

is a soft open map. Then πρ(FE × FE) is a soft open set over SP 2X, where

πρ(FE × FE)([(e1, e1)]) = {[(a, a)]}, πρ(FE × FE)([(e1, e2)]) = {[(a, b)]},

and
πρ(FE × FE)([(e2, e2)]) = {[(b, b)]}.

Since πρ is the soft quotient map, it follows that

(πρ)
−1
(
πρ(FE × FE)

)
is a soft open set over X2. However,

(πρ)
−1
(
πρ(FE × FE)

)
(e1, e1) = {(a, a)},

(πρ)
−1
(
πρ(FE × FE)

)
(e1, e2) = (πρ)

−1
(
πρ(FE × FE)

)
(e2, e1) = {(a, b), (b, a)},

and
(πρ)

−1
(
πρ(FE × FE)

)
(e2, e2) = {(b, b)}.

Thus (πρ)
−1
(
πρ(FE × FE)

)
/∈ T 2, a contradiction. Therefore, πρ is not a soft open map. �

Let fϕ : (X,E)→ (Y,E′) be a soft mapping. Define the mapping

(SPnf)SPnϕ : (SPnX,SPnE) −→ (SPnY, SPnE′)

by
SPnf([x1, . . . , xn]) := [f(x1), . . . , f(xn)],

and
SPnϕ([e1, . . . , en]) := [ϕ(e1), . . . , ϕ(en)].

Theorem 2.21. Let fϕ : (X, T , E)→ (Y, T ′, E′) be a soft continuous map. Then

(SPnf)SPnϕ : (SPnX,SPnT , SPnE) −→ (SPnY, SPnT ′, SPnE′)

is also soft continuous.
Proof. Consider the canonical soft projection mappings

(πX)ρX : (Xn, En) −→ (SPnX,SPnE)

and
(πY )ρY : (Y n, (E′)n) −→ (SPnY, SPnE′).

It is known that they are soft continuous mappings. By Proposition 2.10, the map ΠnfΠnϕ is soft continuous.
The following diagram is commutative:

(SPnX,SPnE)
(SPnf)SPnϕ−−−−−−−−−−−−→ (SPnY, SPnE′)

(πX)ρX

x x (πY )ρY

(Xn, En)
(Πnf)Πnϕ−−−−−−−−−−→ (Y n, (E′)n)
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That is,
(SPnf)SPnϕ ◦ (πX)ρX = (πY )ρY ◦ΠnfΠnϕ.

Hence (SPnf)SPnϕ◦(πX)ρX is soft continuous. Since (πX)ρX is a soft quotient map, it follows that (SPnf)SPnϕ
is soft continuous. �

Proposition 2.22. For any soft topological space (X, T , E) the following inequality holds:

w(SPnX,SPnT , SPnE) ≤ w(X, T , E).

Proof. Let w(X, T , E) = κ. Then by proposition, we have w(Xn, T n, En) = κ. In this case there exists
a soft base B = {(Hα, E

n) : α ∈ ∆} for SPnT such that |B| = κ. We prove that

N = {πρ(Hα, E
n) : α ∈ ∆} ∩ SPnT

is a soft base for SPnT . Take an arbitrary soft open set (G,SPnE) over SPnX. Since πρ is soft quotient map,
it follows that (πρ)

−1(G,SPnE) is soft open set over Xn. Then there is a ∆
′ ∈ ∆ such that

(πρ)
−1(G,SPnE) = ∪

β∈∆′
(Hβ , E

n).

Since πρ is a soft surjective map, implies that

(G,SPnE) = ∪
β∈∆′

πρ(Hβ , E
n).

Proposition 2.22 is proved. �
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Abstract. The aim of this work is to develop a numerical method for solving initial value problems
involving second order nonlinear system of ordinary differential equations (ODEs). This is achieved
by using the Piecewise Constant Argument Method (PCAM) in combination with the Adams-
Bashforth technique. To facilitate this, we construct a differential equation with piecewise constant
arguments (DEPCA) that is parameterized by a positive integer n, which represents the number of
subintervals. We derive the explicit form of the unique solution to the initial value problem for the
resulting second order DEPCA. Furthermore, we prove that this solution converges to the solution
of the original problem as n increases. To validate the proposed approach, we solve several test
problems that arise from physical models with specified initial conditions. The numerical results
show that the method is efficient and highly accurate.

MSC (2020): 34A06, 34A12, 34A34, 65A05.

Key words: Approximate solution, Initial value problems, Piecewise constant argument.

Introduction

In this paper, we show a construction of an approximate solution for the second order nonlinear system
of differential equation of the form

y′′(t) = f(t,y(t),y′(t)), t ∈ [0, 1], (1)

with initial conditions
y(0) = y0, y′(0) = y′1, (2)

where y(t) = (y1(t), y2(t), ..., ym(t)), f = (f1, f2, ..., fm) are vector functions on Rm, fi, i = 1, ...,m, are real
valued differentiable, continuous functions on [0, 1]×R2m, y0, y′1 ∈ Rm are given vectors.

Systems of ODEs are widely utilized in various scientific and engineering fields. For instance, mixing
problems involving two tanks, electrical networks, and mass-spring systems can all be modeled using systems
of ODEs [1].

Various analytical and numerical techniques have been developed and applied to solve systems of ODEs.
The Adomian decomposition method (ADM) is presented in [2]. Haar wavelet collocation method (HWCM)
is investigated in the literatures [3,4]. In [5], an Artificial Neural Network (ANN) method is proposed for
solving well-known classes of Lane-Emden type equations, a class of important nonlinear singular second-order
differential equations. The functional matrix of integration via Bernoulli wavelets and generated a competent
numerical scheme is developed to solve the nonlinear system of singular differential equations which is Lane-
Emden form by Bernoulli wavelets collocation technique (BWCT) with different physical conditions in [6].
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The piecewise constant argument method is employed to solve various nonlinear ordinary differential
equations, such as the Bernoulli, Lane-Emden, and Duffing equations [7-9].

To construct an approximate solution, we first introduce second order system of differential equation
with piecewise constant arguments corresponding to the considered system of ODE with initial conditions,
which does depend on a positive integer number n. Next, we define a definition of the solution of second order
system of differential equation with piecewise constant arguments as a piecewise-smooth function with respect
to a positive integer n. It is proved that this equation has a unique piecewise-smooth solution, which will be
an approximate solution of the considered initial value problem for large n. Numerical results are presented
showing the effectiveness of the proposed methods, and the errors between the approximate and exact solutions
are estimated.

Differential equations with piecewise constant arguments

Let y(t) be solution of the initial value problem (1)-(2). Then there exists A > 0 such that |yp(t)| ≤ A
for all t ∈ [0, 1] and p = 1, 2, ...,m.

In what follows, we suppose that the functions fp(t, x1, ..., x2m), p = 1, 2, ...,m, have the compact support
D = [0, 1]× [−A,A]2m, i.e. we assume that

fp(t, x1, ..., x2m) = 0 for (t, x1, ..., x2m) /∈ D. (3)

Moreover, under this assumption on the functions f1, ..., fm the solution y(t) of the initial value problem (1)-(2)
is preserved.

We remark that the assumption (3) ensures the boundedness of the functions
fp(t, x1, ..., x2m) in D. Thus, under these conditions, we can construct a numerical approximation algorithm for
the solution.

Let n be a positive integer number and tk = k
n , k = 0, 1, ..., n. This study focuses on using piecewise

constant argument method and Adams-Bashforth technique for solving the initial-value problems. This technique
is thoroughly discussed in many references, for example in [10].

Consider second order nonlinear system of differential equation with piecewise constant arguments of the
form {

y′′(t) = Fn(t),

y(0) = y0, y′(0) = y′1,
(4)

where Fn(t) is a vector function with piecewise continuous functions on [0, 1) defined as

Fn(t) = fk for t ∈ [tk−1, tk), k = 1, 2, ..., n.

Here the vectors fk ∈ Rm are chosen by using Adams-Bashforth technique (See pages 302-307 in [10])

f1 = f(t0,y(t0),y′(t0)), t ∈ [t0, t1),

f2 =
3

2
f(t1,y(t1),y′(t1))− 1

2
f(t0,y(t0),y′(t0)), t ∈ [t1, t2),

f3 =
3

2
f(t2,y(t2),y′(t2))− 1

2
f(t1,y(t1),y′(t1)), t ∈ [t2, t3),

fk =
1

24

(
55f(tk−1,y(tk−1),y′(tk−1))− 59f(tk−2,y(tk−2),y′(tk−2))

+37f(tk−3,y(tk−3),y′(tk−3))− 9f(tk−4,y(tk−4),y′(tk−4))
)
, t ∈ [tk−1, tk), k = 4, 5, ..., n,

the vectors y(tk) and y′(tk) are taken as a limit of the solution of the ODE

y′′(t) = fk, t ∈ [tk−1, tk)

as y(tk) = lim
t→tk−0

y(t), y′(tk) = lim
t→tk−0

y′(t), k = 2, 3, ..., n.

We introduce the definition of a solution to the system of equations (4).
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Definition 1. A vector function y(t) := yn(t) is called a solution of the initial value problem (4) if the
following conditions are satisfied

(i) y(t), y′(t) are continuous on [0, 1];
(ii) y′′(t) exists and continuous in [0, 1] with possible exception at points k

n , k = 0, 1, ..., n, where
one-sided derivatives exist;

(iii) y(t) satisfies initial value problem (4) in [0,1), with the possible exception at the points k
n , k =

0, 1, ..., n.
The system of equation (4) is called the second order system of differential equation with piecewise

constant arguments corresponding to the system of equation (1).
Theorem 1. For any positive integer number n the initial value problem (4) has a unique solution yn

defined as

y(t) =

t∫
tk−1

s∫
tk−1

Fn(s1)ds1ds+ (t− tk−1)y′(tk−1) + y(tk−1), t ∈ [tk−1, tk), (5)

where y(tk−1) = lim
t→tk−1−0

y(t), y′(tk−1) = lim
t→tk−1−0

y′(t), k = 2, 3, ..., n.

Lemma 1. Let yn be solution of (4). Then

lim
n→∞

|f(t,y(t),y′(t))− Fn(t)| → 0, (6)

for all t ∈ [0, 1], where |a| =
√
a2

1 + a2
2 + ...+ a2

n.

The following theorem claims that the function yn can be approximated for the solution of the initial
value problem (1)-(2).

Theorem 2. For any ε > 0 there exists a positive integer number n0 = n(ε) such that for any n > n0

the estimation

sup
t,t 6= k

n

|y′′n(t)− f(t,y(t),y′(t))| < ε (7)

holds, where yn is a solution of the initial value problem (4).

Proof of the Main results

Proof of the Theorem 1. For t ∈ [t0, t1) the equation (4) takes the following form

y′′(t) = Fn(t). (8)

Integrating both sides of equation (8) (2)-times over [t0, t), we have

y′(t) =

t∫
t0

Fn(s)ds+ y′(t0), (9)

y(t) =

t∫
t0

s∫
t0

Fn(s1)ds1ds+ y′(t0)t+ y(t0). (10)

The following limits exist y(t1) = lim
t→t1−0

y(t), y′(t1) = lim
t→t1−0

y′(t). Further, for t ∈ [t1, t2) we rewrite equation

(4) as
y′′(t) = Fn(t). (11)

Integrating (11) (2)-times over [t1, t) gives

y′(t) =

t∫
t1

Fn(s)ds+ y′(t1), (12)
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y(t) =

t∫
t1

s∫
t1

Fn(s1)ds1ds+ (t− t1)y′(t1) + y(t1). (13)

One can see that the functions y(t), t ∈ [t0, t2), are twice differentiable in (t0, t2) and continuous on [t0, t2]. The
function y′′(t) continuous in (t0, t1) ∪ (t1, t2) and at points t = t1 and t = t2 one-sided derivatives exist.

By similar way, we can show that a solution of the system of equation

y′′(t) = Fn(t), t ∈ [tk−1, tk), k = 3, ..., n,

represents as

y′(t) =

t∫
tk−1

Fn(s)ds+ y′(tk−1), t ∈ [tk−1, tk), (14)

y(t) =

t∫
tk−1

s∫
tk−1

Fn(s1)ds1ds+ (t− tk−1)y′(tk−1) + y(tk−1), t ∈ [tk−1, tk). (15)

The function yn(t) =: y(t) defined by (15) is twice differentiable in (t0, t1) ∪ (t1, t2) ∪ · · · ∪ (tk−1, 1) and a
differentiable in (0, 1) and continuous on [0, 1]. One can see that the function yn(t) is a unique solution of the
system of IVP (4). Theorem 1 is proved.

Lemma 2. There exists a positive number C such that for any n and k ∈ {1, 2, ..., n} the inequalities

|y′(tk)| ≤ C, (16)

|y(tk)| ≤ C (17)

hold.
Proof. Let

M = max
0≤t≤1

|Fn(t)|. (18)

Then for t ∈ [0, t1) from (9) and (10) we obtain

|y′(t1)| ≤ 1

n
M + |y′(0)| (19)

and
|y(t1)| ≤ 1

2n2
M +

1

n
|y′(0)|+ |y(0)|, (20)

respectively.
For t ∈ [t1, t2) applying the equality (18), from (12) and (13), we obtain

|y′(t2)| ≤ 1

n
M + |y′(t1)| (21)

and
|y(t2)| ≤ 1

2n2
M +

1

n
|y′(t1)|+ |y(t1)|. (22)

Analysing similarly, from (14), (15) for t ∈ [tk−1, tk), k = 3, 4, ..., n, we obtain the following inequalities

|y′(tk)| ≤ 1

n
M + |y′(tk−1)| (23)

and
|y(tk)| ≤ 1

2n2
M +

1

n
|y′(tk−1)|+ |y(tk−1)|. (24)
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Using the recurrence inequality (23) and taking account (19), we get

|y′(tk)| ≤ M

n
+ |y′(tk−1)| ≤ (k − 1)M

n
+ |y′(t1)| ≤ kM

n
+ |y′(0)|. (25)

Hence
|y′(tk)| ≤ kM

n
+ |y′(0)| ≤M + |y′(0)|. (26)

Similarly, using (24), we obtain the following evaluations

|y(tk)| ≤ 1

2n2
M +

1

n
|y′(tk−1)|+ |y(tk−1)|

≤ 1

2n2
M +

1

n
|y′(tk−1)|+ 1

2n2
M +

1

n
|y′(tk−2)|+ |y(tk−2)|

≤ 1

2n2
M +

1

n
|y′(tk−1)|+ 1

2n2
M +

1

n
|y′(tk−2)|

+...+
1

2n2
M +

1

n
|y′(t1)|+ |y(t1)|

≤ k

2n2
M +

1

n
|y′(tk−1)|+ 1

n
|y′(tk−2)|+ ...+

1

n
|y′(0)|+ |y(0)|.

Then applying (25), we have

|y(tk)| ≤ k

2n2
M +

1

n

( (k − 1)M

n
+ |y′(0)|+ (k − 2)M

n
+ |y′(0)|

+...+
M

n
+ |y′(0)|

)
+ |y(0)|

≤ k

2n2
M +

1

n

(k(k − 1)M

2n
+ k|y′(0)|

)
+ |y(0)|

≤ k

2n2
M +

k(k − 1)

2n2
M +

k

n
|y′(0)|+ |y(0)|.

Hence
|y(tk)| ≤ k

2n2
M +

k(k − 1)

2n2
M +

k

n
|y′(0)|+ |y(0)| ≤ M

2
+ |y′(0)|+ |y(0)|. (27)

Since k ≤ n, from (26) and (27) we obtain the inequalities (16), (17).
Proof of the Lemma 1. For convenience we denote f(t) := f(t, y1(t), y′1(t), ..., ym(t), y′m(t)) and

Rn(t) = f(t)− Fn(t).

Since f is continuous on [t0, t1], Rn(t) estimated as

|Rn(t)| = |f(t)− f(t0)| ≤ L(|t− t0|+ |y1,n(t)− y1(t0)|+ |y′1,n(t)− y′1(t0)|
+...+ |ym,n(t)− ym(t0)|+ |y′m,n(t)− y′m(t0)|).

Similarly, for t ∈ [t1, t2) we have

Rn(t) = |f(t)− [
3

2
f(t1)− 1

2
f(t0)]| ≤ |f(t)− f(t1)|+ 1

2
|f(t1)− f(t0)| ≤

L(|t− t1|+ |y1,n(t)− y1(t1)|+ |y′1,n(t)− y′1(t1)|+ ...+ |ym,n(t)− ym(t1)|+ |y′m,n(t)− y′m(t1)|)

+
L

2
(|t1 − t0|+ |y1,n(t1)− y1(t0)|+ |y′1,n(t1)− y′1(t0)|+ ...+ |ym,n(t1)− ym(t0)|+ |y′m,n(t1)− y′m(t0)|).

For t ∈ [t2, t3)

Rn(t) = |f(t)− [
3

2
f(t2)− 1

2
f(t1)]| ≤ |f(t)− f(t2)|+ 1

2
|f(t2)− f(t1)|

≤ L(|t− t2|+ |y1,n(t)− y1(t2)|+ |y′1,n(t)− y′1(t2)|+ ...+ |ym,n(t)− ym(t2)|+ |y′m,n(t)− y′m(t2)|)

+
L

2
(|t2 − t1|+ |y1,n(t2)− y1(t1)|+ |y′1,n(t2)− y′1(t1)|+ ...+ |ym,n(t2)− ym(t1)|+ |y′m,n(t2)− y′m(t1)|).
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For t ∈ [tk−1, tk), k = 4, 5, ..., n

Rn(t) = |f(t)− [
55

24
f(tk−1)− 59

24
f(tk−2) +

37

24
f(tk−3)− 9

24
f(tk−4)]|

≤ |f(t)− f(tk−1)|+ 31

24
|f(tk−1)− f(tk−2)|+ 28

24
|f(tk−2)− f(tk−3)|+ 9

24
|f(tk−3)− f(tk−4)|

≤ L(|t− tk−1|+ |y1,n(t)− y1(tk−1)|+ |y′1,n(t)− y′1(tk−1)|
+...+ |ym,n(t)− ym(tk−1)|+ |y′m,n(t)− y′m(tk−1)|)

+
31L

24
(|tk−1 − tk−2|+ |y1,n(tk−1)− y1(tk−2)|+ |y′1,n(tk−1)− y′1(tk−2)|

+...+ |ym,n(tk−1)− ym(tk−2)|+ |y′m,n(tk−1)− y′m(tk−2)|)

+
28L

24
(|tk−2 − tk−3|+ |y1,n(tk−2)− y1(tk−3)|+ |y′1,n(tk−2)− y′1(tk−3)|

+...+ |ym,n(tk−2)− ym(tk−3)|+ |y′m,n(tk−2)− y′m(tk−3)|)

+
9L

24
(|tk−3 − tk−4|+ |y1,n(tk−3)− y1(tk−4)|+ |y′1,n(tk−3)− y′1(tk−4)|

+...+ |ym,n(tk−3)− ym(tk−4)|+ |y′m,n(tk−3)− y′m(tk−4)|).

According to the equalities (9) and (10), we obtain

y′n(t)− y′(tk−1) =

t∫
tk−1

Fn(s)ds, for t ∈ [tk−1, tk) (28)

and

yn(t)− y(tk−1) =

t∫
tk−1

s∫
tk−1

Fn(s1)ds1ds+ y′(tk−1)(t− tk−1), for t ∈ [tk−1, tk), (29)

by (28) and (29) we have

|y′n(t)− y′(tk−1)| ≤M 1

n
,

and
|yn(t)− y(tk−1)| ≤ (M + 2C)

1

n
.

Those yield

|y(r)
n (t)− y(r)(tk−1)| ≤ (M + 2C)

1

n
, r = 0, 1.

Then, we obtain

Rn ≤


L(1 + 2m(M + 2C)) 1

n , [t0, t1)
3L
2 (1 + 2m(M + 2C)) 1

n , [t1, t2)
3L
2 (1 + 2m(M + 2C)) 1

n , [t2, t3)
23L

6 (1 + 2m(M + 2C)) 1
n , [tk−1, tk), k = 4, 5, ..., n.

(30)

Since the numbers M and C do not depend of n, the last inequality yields the proof of the Lemma 1.
Proof of the Theorem 2. Let yn(t) be a solution of (4), i.e. the equality

y′′n(t) = Fn(t), t ∈ [0, 1]. (31)

Then the equality

Qn(t) = y′′n(t)− f(t,y(t),y′(t)) = Fn(t)− f(t,y(t),y′(t))

holds. According to the (30) inequality yields the proof of the Theorem 2.
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Stability analysis

We introduce Zero-stability for the proposed piecewise constant argument method mixed the Adams-
Bashforth technique.

Definition 2. (Zero-stability) The numerical method applied in (5) for approximating problem (1)-(2)
is said to be zero-stable if there exists a constant C such that, for every ε > 0, there exists a positive integer
n0 = n0(ε) for which the inequality

|yε(t)− y(t)| ≤ Cε,

holds for all t ∈ [0, 1] and n > n0. Here, y = yn and yε = yn,ε denote, respectively, the solutions of the exact
and the perturbed problems (4) and{

y′′ε (t) = Fn,ε(t),

yε(0) = y0 + δ, y′ε(0) = y1 + δ,
(32)

where |δ| ≤ ε, Fn,ε(t) = fk,ε, t ∈ [tk−1, tk),

f1,ε = fε(t0,yε(t0),y′ε(t0)), t ∈ [t0, t1),

f2,ε =
3

2
fε(t1,yε(t1),y′ε(t1))− 1

2
fε(t0,yε(t0),y′ε(t0)), t ∈ [t1, t2),

f3,ε =
3

2
fε(t2,yε(t2),y′ε(t2))− 1

2
fε(t1,yε(t1),y′ε(t1)), t ∈ [t2, t3),

fk,ε =
1

24

(
55fε(tk−1,yε(tk−1),y′ε(tk−1))− 59fε(tk−2,yε(tk−2),y′ε(tk−2))

+37fε(tk−3,yε(tk−3),y′ε(tk−3))− 9fε(tk−4,yε(tk−4),y′ε(tk−4))
)
, t ∈ [tk−1, tk), k = 4, ..., n.

Theorem 3. (Zero-stability) Assume that f is differentiable function. Then the numerical method applied
in (5) for approximating problem (1)-(2) is zero-stable.

Numerical experiments and Discussions

In order to derive an approximate solution to equation (1), it is necessary to compute y(t), which is
explicitly defined by (5). Additionally, Theorem 2 establishes the convergence of the algorithm, with inequality
(7) demonstrating the diminishment of the residual error as n becomes large.

The procedures of the PCAM are outlined as follows
Input: n is a positive integer number, initial conditions.
Step 1: Compute y(t), y′(t) for t ∈ [0, t1);
Step 2: Find limits y(t1) = lim

t→t1−0
y(t), y′(t1) = lim

t→t1−0
y′(t);

Step 3: Let y(t) be solution of (4) in [tk−2, tk−1) and

y(tk−2) = lim
t→tk−2−0

y(t), y′(tk−2) = lim
t→tk−2−0

y′(t).

Compute y(t), y′(t), k = 2, . . . , n using (5), and find corresponding limits

y(tk−1) = lim
t→tk−1−0

y(t), y′(tk−1) = lim
t→tk−1−0

y′(t);

Step 4: Construct an approximate solution from (5);
Output: Errors are found.
Let us define absolute errors as follows

Absolute Error (AE) = |Yi − yi|, i = 1, 2, ..., n,

where Y and y are exact and approximate solutions respectively. All of the computations have been performed
using MAPLE 12.
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Problem 1. A nonlinear system of Lane-Emden equations is solved by proposed method. Consider the
nonlinear of initial value problem is expressed in [4-6], following as

y′′1 (t) + 1
t y
′
1(t) = y2

1(t)y3
2(t) + y3

2(t), y1(0) = 1, y′1(0) = 0,

y′′2 (t) + 3
t y
′
2(t) = −y2

1(t)y5
2(t)− 3y5

2(t), y2(0) = 1, y′2(0) = 0, t ∈ [0, 1].
(33)

The exact solution is y1(t) =
√

1 + t2, y2(t) = 1√
1+t2

. Absolute errors are computed, obtained using Artificial
neural networks [5], Haar wavelet collocation method [4], Bernoulli wavelets collocation technique [6] and present
method evaluated at the chosen points are reported in Tables 1-2.

t ANN [5] HWCM [4] BWCT [6] Present method Present method Present method
n = 102 n = 103 n = 104

0.0 3.96× 10−6 0 0 0 0 0
0.1 3.53× 10−6 1.19× 10−6 5.60× 10−9 3.15× 10−8 7.86× 10−10 8.13× 10−12

0.2 2.17× 10−6 3.67× 10−6 5.79× 10−9 1.47× 10−7 2.99× 10−9 3.03× 10−11

0.3 1.62× 10−6 7.28× 10−6 3.61× 10−9 4.31× 10−7 6.03× 10−9 6.07× 10−11

0.4 5.79× 10−7 1.16× 10−5 4.31× 10−9 7.36× 10−7 9.19× 10−9 9.23× 10−11

0.5 5.85× 10−7 1.18× 10−5 2.39× 10−9 9.96× 10−7 1.18× 10−8 1.18× 10−10

0.6 1.63× 10−6 2.09× 10−5 3.12× 10−9 1.17× 10−6 1.36× 10−8 1.36× 10−10

0.7 2.67× 10−6 2.69× 10−5 1.42× 10−9 1.25× 10−6 1.45× 10−8 1.45× 10−10

0.8 3.78× 10−6 3.38× 10−2 3.83× 10−2 1.25× 10−6 1.45× 10−8 1.46× 10−10

0.9 5.00× 10−6 3.21× 10−5 3.44× 10−9 1.21× 10−6 1.41× 10−8 1.41× 10−10

1.0 6.06× 10−6 3.27× 10−5 2.34× 10−9 1.15× 10−6 1.35× 10−8 1.36× 10−10

Таблица 2: Comparisons of y1(t) of absolute errors are presented for Problem 1.

t ANN [5] HWCM [4] BWCT [6] Present method Present method Present method
n = 102 n = 103 n = 104

0.0 8.20× 10−6 0 0 0 0 0
0.1 9.63× 10−6 2.43× 10−6 3.04× 10−9 3.24× 10−8 1.78× 10−9 1.79× 10−11

0.2 7.49× 10−6 3.63× 10−5 3.49× 10−9 4.95× 10−7 6.34× 10−9 6.35× 10−11

0.3 6.74× 10−6 6.50× 10−7 3.57× 10−9 1.03× 10−6 1.15× 10−8 1.16× 10−10

0.4 6.42× 10−6 2.96× 10−6 3.53× 10−9 1.42× 10−6 1.52× 10−8 1.53× 10−10

0.5 4.55× 10−6 3.98× 10−6 3.31× 10−9 1.49× 10−6 1.59× 10−8 1.59× 10−10

0.6 3.68× 10−6 3.78× 10−7 3.01× 10−9 1.21× 10−6 1.30× 10−8 1.30× 10−10

0.7 2.87× 10−6 5.56× 10−6 2.69× 10−9 6.30× 10−7 7.02× 10−9 7.03× 10−11

0.8 1.66× 10−6 1.48× 10−5 2.48× 10−2 1.70× 10−7 1.06× 10−9 1.05× 10−11

0.9 1.13× 10−6 1.24× 10−5 1.78× 10−9 1.07× 10−6 1.01× 10−8 1.01× 10−10

1.0 4.67× 10−7 2.35× 10−5 1.68× 10−9 1.99× 10−6 1.94× 10−8 1.94× 10−10

Таблица 3: Comparisons of y2(t) of absolute errors are presented for Problem 1.

Problem 2. Consider the nonlinear initial value problem, following as

y′′1 (t) = y2
1(t) + y′2(t)− (t+ 1)sin(t)− cos(t)− sin2(t)− t2, y1(0) = 0, y′1(0) = 2,

y′′2 (t) = y′1(t)y2(t)− 2sin(t)− tcos2(t)2tcos(t), y2(0) = 0, y′2(0) = 1, t ∈ [0, 1].
(34)

The exact solution is y1(t) = sin(t) + t, y2(t) = tcos(t). Absolute errors are computed at the chosen points are
reported in Tables 3-4.

Conclusion

Firstly, employing the Adams-Bashforth technique is constructed second order system of differential
equation (4) with the piecewise constant argument corresponding to the considered problem (1)-(2) which has
the unique twice differentiable solution of the form (5). Subsequently, it is shown that the residual error of the
approximation yn(t) tends to zero as the value of n becomes sufficiently large. Several numerical problems are
represented to illustrate the absolute errors of the approximate solutions for nonlinear second order system of
ODEs and to demonstrate the effectiveness of the proposed method.
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t Present method Present method Present method Present method
n = 102 n = 103 n = 104 n = 105

0.0 0 0 0 0
0.1 4.62× 10−6 4.89× 10−8 4.91× 10−10 4.92× 10−12

0.2 1.10× 10−5 1.13× 10−7 1.13× 10−9 1.13× 10−11

0.3 1.91× 10−5 1.95× 10−7 1.95× 10−9 1.95× 10−11

0.4 2.92× 10−5 2.95× 10−7 2.96× 10−9 2.96× 10−11

0.5 4.15× 10−5 4.19× 10−7 4.19× 10−9 4.19× 10−11

0.6 5.66× 10−5 5.71× 10−7 5.71× 10−9 5.71× 10−11

0.7 7.53× 10−5 7.58× 10−7 7.59× 10−9 7.59× 10−11

0.8 9.84× 10−5 9.91× 10−7 9.92× 10−9 9.92× 10−11

0.9 1.27× 10−4 1.28× 10−6 1.28× 10−8 1.28× 10−10

1.0 1.64× 10−4 1.65× 10−6 1.65× 10−8 1.65× 10−10

Таблица 4: Absolute errors of y1(t) are presented for Problem 2.

t Present method Present method Present method Present method
n = 102 n = 103 n = 104 n = 105

0.0 0 0 0 0
0.1 1.17× 10−5 1.24× 10−7 1.25× 10−9 1.25× 10−11

0.2 2.46× 10−5 2.53× 10−7 2.54× 10−9 2.54× 10−11

0.3 3.83× 10−5 3.90× 10−7 3.91× 10−9 3.91× 10−11

0.4 5.30× 10−5 5.38× 10−7 5.39× 10−9 5.39× 10−11

0.5 6.94× 10−5 7.03× 10−7 7.04× 10−9 7.04× 10−11

0.6 8.80× 10−5 8.89× 10−7 8.90× 10−9 8.90× 10−11

0.7 1.09× 10−4 1.10× 10−6 1.10× 10−8 1.10× 10−10

0.8 1.33× 10−4 1.35× 10−6 1.35× 10−8 1.35× 10−10

0.9 1.62× 10−4 1.63× 10−6 1.63× 10−8 1.63× 10−10

1.0 1.95× 10−4 1.97× 10−6 1.97× 10−8 1.97× 10−10

Таблица 5: Absolute errors of y2(t) are presented for Problem 2.
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RESUME

We study concrete examples of admissible convex kernels arising in generalized potential theory.
The kernels considered in this paper are positive, non-increasing, convex near the origin, singular
at the origin, locally integrable with respect to the weight r dr, lower semicontinuous, and satisfy a
strengthened local doubling condition of the form

k(qr) ≤ Ak(r), qA < 1.

Such assumptions appear naturally in Wiener-type estimates for generalized capacities and k-thin
sets. We give detailed verifications for logarithmic kernels, power kernels of order less than one,
iterated logarithmic kernels, and finite positive linear combinations of such kernels.

Key words: generalized potential, admissible kernel, convex kernel, logarithmic kernel, k-capacity,
thin set, Wiener-type condition.

MSC 2020: 31A15, 31C15, 28A75.

1. Introduction
In classical potential theory in the complex plane, the logarithmic kernel plays a central role. Many

fine properties of potentials, capacities, and thin sets are formulated in terms of the logarithmic potential. In
generalized potential theory, the logarithmic kernel can be replaced by a more general positive kernel k(|z−w|),
where k is a singular function defined near the origin. Such a replacement is useful when one wants to study
capacities and thinness associated with kernels having different rates of blow-up.

The aim of this paper is to present explicit examples of kernels satisfying the standard assumptions needed
for generalized potentials. We consider positive functions which are non-increasing, convex near zero, singular at
zero, locally integrable with respect to the measure r dr, lower semicontinuous, and satisfy a strengthened local
doubling condition. The additional restriction qA < 1 is important in applications to Wiener-type estimates,
because it guarantees useful estimates for integrals of the kernel over small intervals.

The present note is motivated by the class of generalized kernels used in the necessary Wiener-type
condition for generalized potentials studied in [8]. We do not prove a new Wiener criterion here. Instead, we
give detailed elementary verifications for several concrete kernels satisfying the assumptions that arise in that
theory.

The paper is organized as follows. In Section 2 we define the class of admissible convex kernels. In Section
3 we recall the associated generalized potential, energy, capacity, and thinness. In Sections 4–6 we verify the
assumptions for logarithmic, power, and iterated logarithmic kernels. In Section 7 we prove stability under finite
positive linear combinations. Section 8 contains concluding remarks.

2. Admissible Convex Kernels
We introduce the class of kernels considered throughout the paper.
Definition 1. Let a > 0. A positive function k : (0, a) → (0,∞) is called an admissible convex kernel if

it satisfies the following conditions:

Received: 26.05.2026, Accepted: 20.06.2026
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K1 k is non-increasing on (0, a) and convex in a neighborhood of 0;

K2

lim
r→0+

k(r) = +∞;

K3 there exists b ∈ (0, a) such that ∫ b

0

rk(r) dr <∞;

K4 there exist constants q ∈ (0, 1) and A > 0 such that

k(qr) ≤ Ak(r)

for all sufficiently small r > 0, and
qA < 1;

K5 k is lower semicontinuous on (0, a).

Remark 1. Condition (K4) is a strengthened local doubling condition near the origin. The inequality
qA < 1 is stronger than ordinary doubling. It is useful, for instance, for proving estimates of the form∫ r

0

k(t) dt ≤ Crk(r),

which appear naturally in the study of one-dimensional density properties of thin sets.
When such a kernel is used in the definition of potentials on the whole complex plane, it may be extended

to a positive lower semicontinuous function on (0,∞). In the present paper only the behavior of k near the
origin is essential.

3. Generalized Potentials and Capacities
Let µ be a finite positive Borel measure with compact support in C. The generalized k-potential of µ is

defined by

Uµk (z) = −
∫
C
k(|z − w|) dµ(w), z ∈ C.

The sign convention is chosen so that larger positive kernels correspond to more negative potentials.
Let E ⊂ C be compact and denote by M(E) the set of all probability measures supported on E. The

k-energy of E is

Wk(E) = inf
µ∈M(E)

∫
E

∫
E

k(|z − w|) dµ(z)dµ(w).

The corresponding k-capacity is

Ck(E) =
1

Wk(E)
,

with the usual convention that Ck(E) = 0 if Wk(E) = +∞.
Definition 2. A set E ⊂ C is called k-thin at a point z0 ∈ E if there exists a finite positive Borel measure

µ with compact support such that Uµk (z0) > −∞ and

lim sup
z→z0

z∈E\{z0}

Uµk (z) < Uµk (z0).

If z0 /∈ E, then E is called k-thin at z0 by convention.
For an admissible kernel, the natural Wiener-type series associated with a point z0 is

∞∑
n=1

k(qn)Ck(En),
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where
En = E ∩ {z ∈ C : qn+1 ≤ |z − z0| ≤ qn}.

In Wiener-type problems for generalized potentials, this series appears naturally as a necessary condition for
k-thinness at z0; see [8]. The purpose of the present paper is not to prove such a criterion, but to exhibit concrete
kernels for which the underlying assumptions hold.

4. Logarithmic Kernels
We first consider powers of the logarithm.
Proposition 1. Let α > 0 and define

k(r) = | log r|α, 0 < r < a < 1.

Then k is an admissible convex kernel.
Proof. For 0 < r < a < 1, one has | log r| = − log r, and therefore

k(r) = (− log r)α.

A direct computation gives

k′(r) = −α(− log r)α−1

r
< 0.

Thus k is non-increasing. Moreover,

k′′(r) =
α(− log r)α−2

r2

(
(− log r) + α− 1

)
.

Since − log r → +∞ as r → 0+, we obtain k′′(r) > 0 for all sufficiently small r > 0. Hence k is convex near the
origin.

The singularity condition is immediate:

lim
r→0+

| log r|α = +∞.

For the weighted integrability condition, put t = − log r. Then r = e−t and dr = −e−t dt. Hence∫ b

0

r| log r|α dr =

∫ ∞
− log b

tαe−2t dt <∞,

because exponential decay dominates polynomial growth.
The function k is continuous on (0, a); hence it is lower semicontinuous on (0, a).
It remains to check the strengthened doubling condition. Let q ∈ (0, 1) be fixed. Since

k(qr)

k(r)
=

(
| log(qr)|
| log r|

)α
=

(
1 +
| log q|
| log r|

)α
,

we have
lim
r→0+

k(qr)

k(r)
= 1.

Choose A > 1 so close to 1 that qA < 1. For sufficiently small r > 0, the above limit implies

k(qr) ≤ Ak(r).

Thus (K4) holds, and k is admissible.
5. Power Kernels
We next consider power-type singularities. The condition qA < 1 imposes the restriction that the power

exponent must be less than one.
Proposition 2. Let 0 < α < 1 and define

k(r) = r−α, r > 0.
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Then k is an admissible convex kernel.
Proof. We have

k′(r) = −αr−α−1 < 0

and
k′′(r) = α(α+ 1)r−α−2 > 0.

Thus k is decreasing and convex on (0,∞). Since α > 0,

lim
r→0+

r−α = +∞.

Moreover, ∫ b

0

rk(r) dr =

∫ b

0

r1−α dr <∞,

because 1 − α > −1. In fact, this weighted integral is finite for every α < 2, but the strengthened doubling
condition below requires α < 1.

The function k is continuous on (0,∞); hence it is lower semicontinuous.
For q ∈ (0, 1),

k(qr) = (qr)−α = q−αk(r).

Thus the doubling condition holds with A = q−α. Since 0 < α < 1, we have

qA = q1−α < 1.

Therefore k is admissible.
Remark 2. If one only assumes the weaker doubling condition k(qr) ≤ Ak(r) without requiring qA < 1,

then the weighted integrability condition allows r−α for every 0 < α < 2. However, for the stronger class relevant
to the Wiener-type estimates considered here, one needs 0 < α < 1.

6. Iterated Logarithmic Kernels
We now consider a slower singularity involving an iterated logarithm.
Proposition 3. Let β > 0 and define

k(r) =
∣∣log | log r|

∣∣β
for all sufficiently small r > 0. Then k is an admissible convex kernel.

Proof. Take 0 < r < e−1. Then | log r| = − log r > 1, and hence

k(r) =
(
log(− log r)

)β
.

Put t = − log r. Then t→ +∞ as r → 0+ and k(r) = (log t)β . Differentiating gives

k′(r) = −β(log t)β−1

rt
, t = − log r.

Thus k′(r) < 0 for all sufficiently small r > 0, so k is non-increasing near the origin.
A second differentiation yields

k′′(r) =
β(log t)β−2

r2t2
[t log t− log t+ β − 1] , t = − log r.

Since t log t− log t+ β − 1→ +∞, we obtain k′′(r) > 0 for all sufficiently small r > 0. Hence k is convex near
zero.

The blow-up condition follows from

lim
r→0+

log(− log r) = +∞.
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For integrability, using again t = − log r, we obtain∫ b

0

r
∣∣log | log r|

∣∣β dr =

∫ ∞
− log b

e−2t(log t)β dt <∞.

The function k is continuous for all sufficiently small r > 0; hence it is lower semicontinuous there.
Finally, let q ∈ (0, 1) and set c = | log q|. Then

| log(qr)| = − log r + c = t+ c.

Thus
k(qr)

k(r)
=

(
log(t+ c)

log t

)β
→ 1

as t→ +∞. Choose A > 1 so close to 1 that qA < 1. Then, for all sufficiently small r > 0,

k(qr) ≤ Ak(r).

Thus the strengthened doubling condition holds, and k is admissible.
7. Finite Positive Linear Combinations
The above examples can be combined to produce many further kernels.
Proposition 4. Let k1, . . . , km be admissible convex kernels, and let c1, . . . , cm > 0. Then

k(r) =

m∑
j=1

cjkj(r)

is also an admissible convex kernel.
Proof. The positivity is clear. Since each kj is non-increasing near the origin, their positive linear

combination is also non-increasing near the origin. Since convexity is preserved under positive linear
combinations, k is convex near the origin.

Since each kj tends to +∞ as r → 0+, we have

lim
r→0+

k(r) = +∞.

Moreover, if ∫ b

0

rkj(r) dr <∞, j = 1, . . . ,m,

then ∫ b

0

rk(r) dr =

m∑
j=1

cj

∫ b

0

rkj(r) dr <∞.

Lower semicontinuity is also preserved under finite positive linear combinations.
It remains to verify the strengthened doubling condition. For each j, choose constants qj ∈ (0, 1) and

Aj > 0 such that
kj(qjr) ≤ Ajkj(r), qjAj < 1,

for all sufficiently small r > 0. Choose a common number q ∈ (0, 1) sufficiently small. For each j, let nj be an
integer such that

q
nj+1
j ≤ q < q

nj
j .

For sufficiently small q, we may assume

qA
nj+1
j < 1, j = 1, . . . ,m,

because
qA

nj+1
j < q

nj
j A

nj+1
j = Aj(qjAj)

nj → 0
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as q → 0 and hence nj →∞.

Since q ≥ qnj+1
j and kj is non-increasing, we get

kj(qr) ≤ kj(q
nj+1
j r) ≤ Anj+1

j kj(r)

for all sufficiently small r > 0. Put
A = max

1≤j≤m
A
nj+1
j .

Then qA < 1, and

k(qr) =

m∑
j=1

cjkj(qr) ≤
m∑
j=1

cjA
nj+1
j kj(r) ≤ A

m∑
j=1

cjkj(r) = Ak(r).

Thus (K4) holds, and k is admissible.
Remark 3. In particular, one may combine logarithmic, power-type, and iterated logarithmic kernels.

For example,
k(r) = c1| log r|α + c2r

−γ + c3
∣∣log | log r|

∣∣β , α, β > 0, 0 < γ < 1,

with c1, c2, c3 > 0, is an admissible convex kernel for all sufficiently small r > 0.
8. Conclusion
We have verified several explicit classes of admissible convex kernels suitable for generalized potential

theory. In particular, logarithmic kernels | log r|α, α > 0, power kernels r−α, 0 < α < 1, and iterated
logarithmic kernels | log | log r||β , β > 0, satisfy the required monotonicity, convexity, singularity, integrability,
lower semicontinuity, and strengthened doubling conditions near the origin. We also showed that the class is
stable under finite positive linear combinations. These examples provide a useful supply of kernels for applications
to generalized capacities, thin sets, and Wiener-type estimates.
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Abstract. We consider an inverse problem associated with the linearized time-fractional
Kuramoto-Sivashinsky equation within the Schwartz space of rapidly decreasing functions. The goal
is to determine the unknown time-dependent component of the source term, utilizing an integral
overdetermination condition. The existence of a unique solution to the corresponding direct problem
is established through the application of the Fourier transform. To address the inverse problem, it
is reformulated as an operator equation. The unique solvability of this problem is demonstrated by
proving the boundedness of the associated resolvent operator, which maps from C[0, T ] to C[0, T ].
This ensures the well-posedness of the inverse problem under the given framework.
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1.Introduction

Over the past decade, focuses on detailed interest have been devoted to fractional-order generalizations of
classical evolution equations. Replacing the integer-order time derivative with the Caputo fractional derivative
introduces the memory effect into the model, that is, the current state of the system depends not only on
its rapid structure, but on its entire past history. This hereditary property renders fractional-order models
particularly well suited to describe anomalous diffusion, viscoelastic behavior, and subdiffusive processes that
arise in complex physical, biological, and engineering systems. Research on direct and inverse problems for
fractional differential equations has provided important opportunities for the analysis and control of various
natural phenomena. Studying inverse problems allows us to investigate and regulate physical processes described
by fractional differential equations.

We should note contemporary creations associated to some inverse problems connected with fourth
order parabolic equations. In [7] K.Cao investigated a fourth order parabolic PDE and established the
inverse source identification problem associated with it. More accurately, the author studied the inverse
problem of identification of the source function f(x) from observation v(·, τ) or the time-integral observation∫ τ

0
ω(t)u(x, t)dt.

The paper by Mansur I. Ismailov [15] examines an inverse problem based on the Mullins surface grooving
equation in a finite domain, where the time-dependent surface diffusivity D is unknown. Using Fourier series
analysis, the Mullins coefficient is recovered from total mass data under self-adjoint spectral boundary conditions.
In Ibrahim Tekin and He Yang’s paper [25] the inverse coefficient problem for the time-fractional Euler-Bernoulli
beam equation is investigated: leveraging and additional integral measurement condition, the existence and
uniqueness of the solution to the problem of improving the unfamiliar time-dependent coefficient is established.
The theoretical results are validated through numerical experiments.

The paper [14] considers the inverse problem for a fourth-order parabolic equation with a complex-valued
coefficient. Using the method of separation of variables, the existence and uniqueness of the solution of the
Dirichlet and Neumann boundary value problems for a non-self-adjoint differential operator in space L2(−1, 1)
are investigated.
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In [1], an inverse problem of determining a time dependent coefficient is investigated for the elastic beam
equation. By applying the Fourier method and the contraction mapping principle, the existence and uniqueness
of the solution are established.

The author’s paper [16] investigates the inverse problem of determining the time-dependent heat capacity
coefficient in addition to the solution of the heat equation under nonlocal boundary conditions. Assuming suitable
regularity and compatibility conditions on the given data, the existence, uniqueness, and stability of the solution
with respect to the input data are established.

This article [19] proposes a convenient approximate method for solving the complex mathematical
equation describing beam vibrations-the Bernoulli-Euler equation. The method of based on special Trefftz
functions, which are used to effectively solve both direct problems and inverse problems-that is, cases where
boundary conditions or the load acting on the beam are unknown.

This paper [21] establishes the existence and uniqueness of the solution to the fractional diffusion equation.
Moreover, it shows that the initial condition and source term can be recovered from the observation data.
Ashurov and Shakarova had studied the inverse problems of determining the time dependent or spatially
dependent source function for the subdiffusion equation under different observation conditions ([3], [4]). Durdiyev
and Jumayev [8] investigated the inverse problem of determining an unknown kernel in integro-differential
diffusion equations with a fractional time derivative and obtained the local existence and global uniqueness of
the solution. In these papers ([6],[22],[23]) the inverse problem for subdiffusion equation on a metric star graph
is transformed into an operator equation, and the existence and continuity of the associated resolvent operator
are established.

Most existing studies focus on fourth-order parabolic equations or low-order models. Inverse problems
with integral conditions for the linearized Kuramoto-Sivashinsky equation have not been studied yet. This
paper studies the inverse problem in the class of decreasing functions, where the right-hand side has the form
f(t)g(x, t). The corresponding Cauchy problem is also investigated. Therefore, this paper presents a detailed
study of the inverse problem for the linearized Kuramoto-Sivashinsky equation.

∂β0tu+ a2uxxxx + buxxx + cuxx + dux + pu = f(t)g(x, t) + h(x, t), x ∈ R, 0 < t ≤ T, (1.1)

with initial condition
u(x, 0) = ϕ(x), x ∈ R, 0 ≤ t ≤ T, (1.2)

and integral overdetermination condition

+∞∫
−∞

η(x)u(x, t)dx = ψ(t), 0 ≤ t ≤ T, (1.3)

where 0 < β < 1; a > 0, b, c, d, and p are real numbers, η(x) and ψ(t) are given functions, ϕ(x) ∈ S(R).
Inverse source problems of this type arise naturally in a wide range of physical and engineering

applications, where the source term driving the system cannot be accessed through direct measurement and must
therefore be reconstructed from indirect observations. The additional integral condition represents a weighted
spatial average of the system’s state, which constitutes a physically meaningful and practically relevant type of
observation data. The problem is formulated in the Schwartz space S(R) in the class of infinitely differentiable,
rapidly decreasing functions. This functional framework is particularly well adapted to the analysis of problems
posed on the whole real line. These results extend the existing theory and contribute new developments to the
theory of inverse problems for higher-order differential equations.

The remainder of the paper is structured as follows. Section 2 is committed to the following necessary
definitions and important lemmas for our framework. In section 3 we proved the existence- uniqueness of a
solution for the direct problem. In section 4 we proved the existence-uniqueness and stability of a solution for
the inverse problem. The conclusions are provided in the final section.

2. Preliminaries

In this section, we recall the definitions and properties that will be used in the remainder of the paper.
2.1.The Schwartz space.
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Definition 2.1.([13], [24],p.135) The Schwartz space S(R) is the topological vector space of functions
g : R→ R such that g ∈ C∞(R) and

sup
x∈R
|x|k

∣∣∣∣dng(x)

dxn

∣∣∣∣ <∞, (2.1)

for every k, n ∈ N ∪ {0}.
We present the space of continuous functions u(t) = u(·, t) as SC(T ) = C([0, T ], S(R)). Following [26] we

introduce the topological space SCβ(T ) = {u ∈ SC(T ) : ∂β0tu ∈ SC(T )}. The Schwartz space is a natural one
to use for the Fourier transform. Differentiations and multiplication exchange roles under the Fourier transform
due to the properties of smoothness and rapid decrease. As a result, the Fourier transform is an automorphism
of the Schwartz space.

2.2.Fourier transform.
Definition 2.2.([13], [24]) The Fourier transform of a function f ∈ L1(R) is a function f̂ : R→ C defined

by

f̂(λ) ≡ F[f ](λ) :=
1√
2π

+∞∫
−∞

f(x)e−iλxdx. (2.2)

The inverse Fourier transform defined by

f(x) ≡ F−1[f̂ ](x) :=
1√
2π

+∞∫
−∞

f̂(λ)eiλxdλ, (2.3)

provided that the right-hand side exists. We use x to denote the spatial variable and λ the variable in the
Fourier transform.

Theorem 2.3.([24],p.137) The Fourier transform and its inverse map the space S on to itself in a one-
to-one, linear and continuous manner.

2.3.Fractional integral and derivatives.
The Riemann-Liouville fractional integral of order β > 0, of a function g is determined by (see [17], p.

69)

Iβ0tg(t) =
1

Γ(β)

t∫
0

g(ξ)

(t− ξ)1−β dξ, t > 0,

provided that the integral on the right-hand side of equality exists.
If f ∈ Lp(0, T ), 1 ≤ p ≤ +∞, then (see Lemma 2.3 in [17])

(Iα0tI
β
0tf)(t) = (Iα+β

0t f)(t).

For 0 < β < 1 an operator defined by

∂β0tg(t) =
d

dt
I1−β
0t (g(t)− g(0)) =

1

Γ(1− β)

d

dt

t∫
0

g(ξ)− g(0)

(t− ξ)β
dξ, t > 0, (2.4)

is called the Caputo fractional derivative, where Γ(β) =
+∞∫
0

xβ−1e−xdx is Euler’s Gamma function. Here we

suppose that the right-hand side of the equality (2.4) exists.
For absolute continuous functions on [0, T ] one has [17]

∂β0tg(t) = I1−β
0t

d

dt
g(t) =

1

Γ(1− β)

t∫
0

g′(ξ)

(t− ξ)β
dξ, t > 0.

Next, we introduce the two-parameter function of the Mittag-Leffler type, which plays a very important role in
the fractional calculus.
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2.4. The Mittag-Leffler function.
Definition 2.4.([11], [20]) For 0 < α < 1, a two-parameter function of the Mittag-Leffler type is defined

by the series expansion

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
, z ∈ C. (2.5)

If β = 1, then the Mittag-Leffler function is called the one-parameter or classical Mittag-Leffler function
and it is denoted by Eα(z) = Eα,1(z).

Theorem 2.5.([12], [20],p.58) If 0 < α < 1 and µ is a real number such that

πα

2
< µ < min{π, πα}. (2.6)

Then we have the following asymptotic expansion:

Eα,β(z) = −
n∑
r=1

1

Γ(β − αr)
1

zr
+O

[
1

zn+1

]
, (2.7)

as |z| → ∞, µ ≤ |arg z| ≤ π, where β ∈ C, n ∈ N.
The following differentiation formula is an immediate consequence of the definition of the two-parametric

Mittag-Leffler function. (
d

dz

)m
[zβ−1Eα,β(zα)] = zβ−m−1Eα,β−m(zα), m ≥ 1. (2.8)

Lemma 2.6. ([9], p.136) Let 0 < α < 2 and µ is defined by (2.6). Then for any β, z ∈ C with µ ≤
| arg z| ≤ π one has

|Eα,β(z)| ≤ C

1 + |z|
, (2.9)

where C is constant.
2.5.Fundamental inequalities.
Now we present several fundamental inequalities that are frequently employed in our analysis ([10], p.706).
The following two statements, originally founded by Alikhanov, are next presented in a form suitable for

our framework.
Lemma 2.7. [2] For any function v(t) absolutely continuous on [0, T ], one has the inequality

v(t)∂β0tv(t) ≥ 1

2
∂β0tv

2(t), 0 < β < 1, (2.10)

Lemma 2.8. [2] Let a nonnegative absolutely continuous function y(t) satisfy the inequality

∂β0ty(t) ≤ c1y(t) + c2(t), 0 < β ≤ 1, (2.11)

for almost all t in [0, T ], where c1 > 0 and c2(t) is an integrable nonnegative function on [0, T ]. Then

y(t) ≤ y(0)Eβ(c1t
β) + Γ(β)Eβ,β(c1t

β)Iβ0tc2(t). (2.12)

3. THE DIRECT PROBLEM

We represent the solution of problem (1.1)-(1.2) as u(x, t) = v(x, t) + w(x, t), where w satisfies the following
equation.

∂β0tw + a2wxxxx + bwxxx + cwxx + dwx + pw = h(x, t), x ∈ R, 0 < t ≤ T, (3.1)

with initial condition
w(x, 0) = ϕ(x), x ∈ R, 0 ≤ t ≤ T, (3.2)

where 0 < β < 1, a > 0, b, c, d, and p are real numbers.
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The problem (3.1)-(3.2) is called the direct problem.
We obtained an exact analytical solution of the direct problem by employing the Fourier transform

method and properties of the Caputo fractional derivative ([5], [17]).
Theorem 3.1 Let ϕ(x) ∈ S(R) and h(t, x) ∈ SC(T ), there is a unique solution to the Cauchy problem

(3.1)-(3.2) in the class of functions SCβ(T ).
Proof. We prove that the Cauchy problem has a solution using Fourier transforms. Applying the Fourier

transform on x (2.2), we get the following result

∂β0tŵ(λ, t) + P (λ)ŵ(λ, t) = ĥ(λ, t), (3.3)

ŵ(λ, 0) = ϕ̂(λ), (3.4)

where P (λ) = a2λ4 − ibλ3 − cλ2 + idλ + p, functions ŵ(λ, t), ĥ(t, λ), ϕ̂(λ) are images of functions
w(x, t), h(t, x), ϕ(x), respectively.

The unique solution to the Cauchy problem (3.3)-(3.4) is as follows ([17],p.141)

ŵ(λ, t) = ϕ̂(λ) · Eβ,1
(
−P (λ)tβ

)
+

t∫
0

ĥ(λ, τ)(t− τ)
β−1

Eβ,β
(
−P (λ)(t− τ)β

)
dτ. (3.5)

It is clear that the real part of the function P (λ) is positive for large |λ|. According to (2.8) we have∣∣∣∣ dndzn (zβ−1Eβ,β
(
zβ
))∣∣∣∣ =

∣∣zβ−n−1Eβ,β−n
(
zβ
)∣∣ ≤ C

1 + |z|1+n
, (3.6)

for large |z| and Re(z) < 0.
The derivatives of the function Eβ,1(z) can be estimated in a similar way. So, we can find that the

derivatives of the Mittag-Leffler functions Eβ,β(z) and Eβ,1(z) are bounded if Re(z) < 0.
So, taking into account ϕ̂(λ) ∈ S(R) and ĥ(λ, t) ∈ SC[0, T ] from the representation (3.5), we resolve

ŵ ∈ SC[0, T ]. According to equation (3.3), it follows that ∂β0tŵ = −P (λ)ŵ+ ĥ(λ, t). The right hand side of this
equality is in SC(T ). So, ∂β0tŵ ∈ SC(T ), and consequently, ŵ ∈ SCβ(T ).

Now, based on the properties of direct and inverse Fourier transforms (Theorem 2.3), we conclude that
the Cauchy problem (3.1)-(3.2) has a unique solution w(x, t) ∈ SCβ(T ).

4. SOLVABILITY OF THE INVERSE PROBLEM

Now, we consider the following inverse problem of finding the pair of functions (v, f):

∂β0tv(x, t) + a2vxxxx(x, t) + bvxxx(x, t) + cvxx(x, t) + dvx(x, t) + pv(x, t) = f(t)g(x, t) (4.1)

with initial conditions
v(x, 0) = 0, (4.2)

and an additional condition given by

+∞∫
−∞

η(x)v(x, t)dx = E(t) := ψ(t)−
+∞∫
−∞

η(x)w(x, t)dx, 0 < t ≤ T. (4.3)

We multiply both sides of equation (4.1) by the function η(x) and integrate over R, we obtain

∂β0t

+∞∫
−∞

η(x)v(x, t)dx+ a2

+∞∫
−∞

η(x)vxxxx(x, t)dx+ b

+∞∫
−∞

η(x)vxxx(x, t)dx

+c

+∞∫
−∞

η(x)vxx(x, t)dx+ d

+∞∫
−∞

η(x)vx(x, t)dx+ p

+∞∫
−∞

η(x)v(x, t)dx = f(t)

+∞∫
−∞

η(x)g(x, t)dx. (4.4)
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We denote

g∗(t) =

+∞∫
−∞

η(x)g(x, t)dx, max
t
|g∗(t)| = m > 0.

After introducing the notation, we have the following second kind f(t) operator equation

f(t) = (Bf)(t) +
∂β0tE(t)

g∗(t)
, (4.5)

where E(t) is defined in (4.3) and

(Bf)(t) =
1

g∗(t)

[
a2

+∞∫
−∞

η(x)vxxxxdx+ b

+∞∫
−∞

η(x)vxxxdx

+c

+∞∫
−∞

η(x)vxxdx+ d

+∞∫
−∞

η(x)vxdx+ p

+∞∫
−∞

η(x)vdx

]
. (4.6)

Theorem 4.1. Let η ∈ L2(R), E, ∂β0tE ∈ C[0, T ], g ∈ SC(T ), g∗(t) > 0, then the inverse problem
(4.1)-(4.3) has a unique solution (v, f) ∈ SCβ(T )× C[0, T ] and the following stability estimate holds

‖f‖C[0,T ] ≤M‖∂β0tE‖C[0,T ],

where M is a positive constant.
Proof. We prove that equation (4.5) admits a solution. We need to study the operator B. The operator

B : C[0, T ] → C[0, T ]. Indeed, if f ∈ C[0, T ], then, by Theorem 3.1, v ∈ SCβ [0, T ]. Since the function v and
its derivatives in the expression under the integral of (4.6) belong to the class SC(T ), they are continuous in t.
Hence, the integral in (4.6) is uniformly convergent with respect to t. Therefore, Bf ∈ C[0, T ].

Now we need to obtain some a-priori estimates. For this, first we prove the following lemma.
Lemma 4.2. Let T > 0 and hold the conditions of Theorem 4.1. Then∥∥∥∥ ∂n∂xn v(·, t)

∥∥∥∥2

≤ CΓ(β)Eβ,β(D̃tβ)Iβ0t|f(t)|2,

for all 0 ≤ t ≤ T , where n is non-integer positive number, C is a positive constant, and D̃ = 2+a2

a2 .
Let us now carry out an induction on the order of the derivative. We put

|||v|||2n =

+∞∫
−∞

(
dnv(x)

dxn

)2

dx,

and |||v|||0 = ‖v‖L2(R).
Now we can take the nth derivative of each term of the equation with respect to x, then multiply by

2 ∂
nv
∂xn , and integrate with respect to x in R.

2

+∞∫
−∞

∂β0t
∂nv

∂xn
∂nv

∂xn
dx+ 2

+∞∫
−∞

∂n

∂xn
Lv

∂nv

∂xn
dx = 2f(t)

+∞∫
−∞

∂ng

∂xn
∂nv

∂xn
dx (4.7)

where Lv = a2vxxxx + bvxxx + cvxx + dvx + pv.

Now we estimate the terms on the left-hand side of this equality.

2

+∞∫
−∞

∂nv

∂xn
∂β0t

∂nv

∂xn
dx ≥ ∂β0t

+∞∫
−∞

(
∂nv

∂xn

)2

dx = ∂β0t|||v|||2n, (4.8)
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2a2

+∞∫
−∞

∂n+4v

∂xn+4

∂nv

∂xn
dx = 2a2

+∞∫
−∞

(
∂n+2v

∂xn+2

)2

dx = 2a2|||v|||2n+2, (4.9)

+∞∫
−∞

∂n+3v

∂xn+3

∂nv

∂xn
dx = 0,

+∞∫
−∞

∂n+1v

∂xn+1

∂nv

∂xn
dx = 0, (4.10)

∣∣∣∣∣∣2
+∞∫
−∞

∂n+2v

∂xn+2

∂nv

∂xn
dx

∣∣∣∣∣∣ = 2|||v|||2n+1 ≤ σ|||v|||2n+2 +
1

σ
|||v|||2n. (4.11)

The last integral on the right-hand side of (4.7) is estimated using the Cauchy inequality:∣∣∣∣∣∣2
+∞∫
−∞

f(t)
∂ng

∂xn
∂nv

∂xn
dx

∣∣∣∣∣∣ ≤ (f(t))2

+∞∫
−∞

(
∂ng

∂xn

)2

dx+

+∞∫
−∞

(
∂nv

∂xn

)2

dx. (4.12)

Summarizing the above estimate, using the appropriate choice of σ = a2

2 , we have

∂β0t|||v|||2n ≤ D̃|||v|||2n + C|f(t)|2. (4.13)

Using Gronwall’s inequality (see Lemma 2.8) we rich the desired estimate

|||v|||2n ≤ CΓ(β)Eβ,β(D̃tβ)Iβ0t|f(t)|2. (4.14)

Now we study the properties of the operator B. For that, we need the following estimates.

Ik =

+∞∫
−∞

η(x)
∂kv(x, t)

∂x
dx, k = 0, 1, 2, 3, 4.

Using Cauchy’s inequality, we obtain the following estimate for each Ik

|Ik| ≤ ‖η‖L2 ·
∥∥∥∥∂kv∂x

∥∥∥∥
L2

≤ C(T )

√
Iβ0t|f(t)|2. (4.15)

Using the definition of Bf and expression (4.15), we obtain the following

|Bf |2 ≤ 5

m

( 4∑
k=0

I2
k

)
≤ C̃Iβ0t|f(t)|2.

Second iteration

|B2f |2 = |B(B(f))|2 ≤ C̃Iβ0t|Bf |2 ≤ C̃I
β
0t ◦ (C̃Iβ0t|f(t)|2) ≤ C̃2I2β

0t |f(t)|2.

Continuing in the same manner, we repeat this process n times. From this we find the norm of the operator Bn.

|Bnf |2 = |B(Bn−1f)|2 ≤ C̃nInβ0t |f(t)|2. (4.16)

Next, we estimate the norm of Bf .

‖Bf‖2C[0,T ] ≤ C̃I
β
0t|f |2 ≤ C̃ max

0≤t≤T
|f |2 · Iβ0t1 ≤

C̃T β

Γ(β + 1)
‖f‖2C[0,T ]. (4.17)

Now, iterating the inequality (4.16)

‖Bnf‖2C[0,T ] ≤
C̃nTnβ

Γ(nβ + 1)
· ‖f‖2C[0,T ].
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By definition

‖Bn‖ = sup
‖f‖=1

‖Bnf‖C[0,T ]

‖f‖C[0,T ]
≤

√
C̃nTnβ

Γ(nβ + 1)
.

According to Stirling’s formula, √
C̃nTnβ

Γ(nβ + 1)
∼

√
(C̃T β)n

√
2πnβ · (nβe )nβ

.

Now, let us calculate the spectral radius

r(B) = lim
n→+∞

n
√
‖Bn‖ ≤ lim

n→+∞

C̃T
β
2

(2πβ)
1

4n
4
√

n
√
n(nβe )

β
2

= 0.

Therefore, B is a quasinilpotent operator [18]. Consequently, the spectrum of the operator B consists only of
the point {λ = 0}, so it follows that the resolvent operator (I −B)−1 exists. Hence,

‖(I −B)−1f‖C[0,T ] ≤
+∞∑
k=0

√
C̃kT kβ

Γ(kβ + 1)
‖f‖C[0,T ].

So, summarizing the above, the resolvent operator

(I −B)−1 : C[0, T ]→ C[0, T ]

is bounded and continuous. From this, according to (4.5), f can be determined

f = (I −B)−1 ∂
β
0tE

g∗
.

Then, according to the estimate for the resolvent operator, we have

‖f‖C[0,T ] ≤M‖∂β0tE‖C[0,T ],

where M =
∑+∞
k=0

√
C̃kTkβ

Γ(kβ+1) < +∞, since r(B) = 0.

We proved the existence of unique f ∈ C[0, T ]. The existence of unique v ∈ SCβ(T ) follows from Theorem
3.1. Hence, the theorem is proved.

5. CONCLUSION

In this work we investigated the inverse problem of determining the unknown time-dependent component
of the source term in the linearized Kuramoto-Sivashinsky equation, subject to an integral overdetermination
condition. The existence of a unique solution to the corresponding direct problem is established through
the application of the Fourier transform. To solve the inverse problem, it is reformulated as an operator
equation. Using a-priori estimates, it is demonstrated that the resolvent operator, defined with the aid
of the overdetermination condition, is well-posed. These findings contribute significantly to the theoretical
understanding of the Kuramoto-Sivashinsky equation and lay a robust foundation for future studies, particularly
in exploring the nonlinear case.
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Abstract. This paper is devoted to Fisher-type recursive inference for parametric statistical
models under incomplete observations arising from Type-I right censoring. We consider a one-
parameter family of distributions and construct a recursive estimation procedure based on successive
contributions of the censored score function normalized by the corresponding Fisher information. The
proposed algorithm belongs to the class of stochastic approximation methods with a decreasing step
size and can be interpreted as a recursive analogue of the classical Fisher scoring method adapted to
incomplete data. The asymptotic properties of the recursive estimator are discussed under standard
regularity conditions, including almost sure convergence and asymptotic normality.
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Introduction

Background and Related Works. The problem of estimating unknown parameters of probability
distributions is one of the fundamental topics of mathematical statistics. A wide variety of estimation methods
has been developed, among which the maximum likelihood method occupies a central position due to its strong
theoretical properties. In particular, under standard regularity conditions, maximum likelihood estimators are
known to be asymptotically efficient and to attain the Cramer-Rao lower bound [1–4].

However, in many practically relevant situations, the likelihood equations do not admit closed-form
solutions. This difficulty becomes especially pronounced in incomplete statistical models, such as models with
censored observations, truncated samples, or missing data. In such cases, numerical and recursive procedures
play a crucial role in constructing feasible estimators [5–7].

One of the classical approaches to recursive estimation is based on stochastic approximation methods.
The foundational theory of stochastic approximation and recurrent estimation was developed in the seminal
monograph by Nevelson and Khasminskii [1], where convergence properties and asymptotic behavior of recursive
estimators were systematically investigated. A prominent example of such recursive procedures is the Fisher
scoring method, which can be viewed as a stabilized variant of the NewtonвЂ“Raphson algorithm using Fisher
information instead of the observed Hessian [2,8,9].

Recursive estimation techniques are particularly attractive in problems where data arrive sequentially
or where re-estimation based on the full sample is computationally expensive. Moreover, recursive estimators
naturally arise in signal processing, reliability theory, and survival analysis, where censored observations are
ubiquitous [6,7,10,11].

In recent years, parameter estimation under censoring has received renewed attention. Various authors
have studied estimation problems for different distributions in incomplete models, including exponential, gamma,
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and normal distributions, using both classical and Bayesian approaches. In particular, comparative analyses of
estimation methods under right-censoring for gamma and normal distributions were carried out in [12–16],
highlighting the impact of censoring on estimator bias, variability, and efficiency.

Positioning and Contribution. Motivated by the above developments, the present paper focuses
on recursive estimation based on Fisher information in incomplete statistical models with right-censored
observations. We consider a parametric family of distributions depending on an unknown parameter θ, and
study recursive estimators constructed via score-type updating rules of the form

θn+1 = ϕ(n, θn, Xn+1), n = 0, 1, 2, . . . , (1)

where the update function ϕ is defined through the score function and Fisher information.
Special attention is paid to the Type-I right-censoring scheme, in which observations exceeding a fixed

threshold are censored. In this framework, classical maximum likelihood estimation typically leads to implicit
likelihood equations that are difficult or impossible to solve analytically. To overcome this difficulty, we employ
Fisher-type recursive formulas of the form

θn+1 − θn =
1

(n+ 1)I(θn)

∂

∂θ
logLn

(
X(n), θ

)
, n = 1, 2, . . . ,

where I(θ) denotes the Fisher information associated with the underlying statistical model.
We adapt this recursive scheme to the incomplete-data setting induced by right-censoring and investigate

how the censoring mechanism affects both the score function and the Fisher information. Theoretical analysis is
complemented by numerical illustrations, demonstrating that Fisher-type recursive procedures provide a stable
and computationally efficient alternative to direct likelihood maximization in censored models.

The main contributions of the paper can be summarized as follows. First, we derive recursive Fisher-type
estimation formulas tailored to Type-I right-censored samples and establish their theoretical properties. Second,
we study the influence of different censoring levels on the behavior and accuracy of the resulting estimators.
Finally, This paper extends Fisher-type recursive estimation to Type-I right-censored samples and establishes
strong consistency, asymptotic normality, and asymptotic efficiency under mild regularity conditions.

2. Model under Type-I Right Censoring and Fisher Information

2.1. Type-I right-censoring scheme and observable sample. Assume that the valuesXi of a random variable
ξ are observed only on the interval Xi ≤ T , and for those observations that exceed T the value T is recorded
instead. Such an experimental model is called the Type-I right-censoring model with threshold T .

Hence, instead of the random variable ξ, we observe the vector (η, δ), where

η = ξδ + T (1− δ), δ = I(ξ ≤ T ),

and I(A) denotes the indicator of an event A. Therefore, in n independent trials the observed statistical sample
is

C(n) = {(ηi, δi), i = 1, . . . , n}. (2)

Here
ηi = Xiδi + T (1− δi), δi = I(Xi ≤ T ).

In the sample (2), the number of non-censored observations is a random variable

νn =

n∑
i=1

δi.

2.2. Distribution function. Let the distribution function of ξ be

F (x, θ) =

∫ x

−∞
f(u, θ)µ(du) = Pθ(ξ < x)
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which can be written as

F (x, θ) =


∫ x

−∞
f(u, θ) du, if µ(·) is the Lebesgue measure,∑

{i:xi<x}

[
F (xi + 0; θ)− F (xi; θ)

]
, if µ(·) is a discrete measure.

2.3. Density of the observable variable under censoring. In this case, the density function of η is defined
by

g(x, θ) =

{
f(x, θ), x ≤ T,

1− F (T ; θ), x > T,
that is, g(x, θ) =

[
f(x, θ)

]y[
1− F (T ; θ)

] 1−y
. (3)

Here y denotes the fixed value of δ (i.e., y ∈ {0, 1}).

2.4. Derivative of g(x, θ) with respect to θ. Under regularity conditions,

∂g(x; θ)

∂θ
=


∂f(x; θ)

∂θ
, x ≤ T,

T∫
−∞

∂f(u; θ)

∂θ
µ(du), x > T,

=

[
∂f(u; θ)

∂θ

]y[ T∫
−∞

∂f(u; θ)

∂θ
· µ(du)

]1−y

. (4)

2.5. Regularity conditions. When applying (4), we use the following regularity conditions:

(A) NF = {x : 0 < F (x, θ) < 1} does not depend on θ;
(B) the function f(x, θ) is twice differentiable with respect to θ;
(C) the identity ∫ +∞

−∞
f(x, θ)µ(dx) = 1

can be differentiated twice under the integral sign with respect to θ, and∫ +∞

−∞

∣∣∣∣∂kf(x, θ)

∂θk

∣∣∣∣µ(dx) <∞, k = 1, 2.

2.6. Fisher information for the censored observation. Under conditions (A)–(C), the Fisher information
corresponding to the density g(x, θ) can be computed as

Eθ

(
∂

∂θ
log g(η, θ)

)2

= Eθ

(
1

g(η, θ)

∂g(η, θ)

∂θ

)2

.

Taking into account the structure of g(x, θ), we obtain

Eθ

(
δ

[
1

f(η, θ)

∂f(η, θ)

∂θ

]2
)

+ Eθ

(
(1− δ)

[
1

1− F (T ; θ)

∫ +∞

T

∂f(u, θ)

∂θ
µ(du)

]2
)

= I(θ). (5)

Since

Eθδ =

∫ T

−∞
f(x, θ)µ(dx), Eθ(1− δ) = 1− F (T ; θ),

it follows from (4) that

I(θ) =

∫ T

−∞

(
∂

∂θ
log f(u, θ)

)2

f(u, θ)µ(du) +

(∫ +∞

T

∂f(u, θ)

∂θ
µ(du)

)2

1− F (T ; θ)
. (6)
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The quantity I(θ) defined by (6) represents the Fisher information about the unknown parameter θ
contained in a single observation (η, δ) from the sample (2). Due to the additivity property of Fisher information,
the total information contained in the sample C(n) equals

In(θ) = n I(θ).

3. Recursive Fisher-type Estimation and Asymptotic Properties

3.1. Auxiliary function and a basic inequality. Introduce the function

R(θ) =

∫ +∞

−∞

[
ln

g(x, θ)

g(x, θ0)

]
g(x, θ0)µ(dx). (7)

Clearly, R(θ0) = 0. Moreover, since for z 6= 1 we have ln z < z − 1, we obtain

R(θ0) = Eθ0

{
ln

[
g(η; θ)

g(η; θ0)

]}
≤
∫ +∞

−∞

(
g(x, θ)

g(x, θ0)
− 1

)
g(x, θ0)µ(dx) = 1− 1 = 0.

3.2. Additional condition. Hence, for all θ ∈ Θ we impose the following condition:

(D) the function R(θ) is twice differentiable and the identity (7) can be differentiated twice under the
integral sign.

3.3. Recursive sequence. Define the following recursive sequence:

θn+1 − θn =
1

(n+ 1)I(θn)
· ∂
∂θ

ln g(ηn+1; θ)
∣∣∣
θ=θn

. (8)

Theorem 1. Assume that, together with regularity conditions (A)–(D), the following conditions hold:

(E) for r(θ) = R′(θ) and θ 6= θ0 one has r(θ)(θ − θ0) < 0;
(F) as |θ| → ∞, the function

Q(θ) = I2(θ)Eθ0

[
∂

∂θ
ln g(η; θ)

]2

= I2(θ)

∫ +∞

−∞

(
∂g(x, θ)

∂θ

)2
g(x, θ0)

g2(x, θ)
µ(dx)

does not grow faster than a quadratic function;
(J) as L→∞, for every ε > 0, uniformly in |θ − θ0| < ε,∫

{x:| ∂ ln g(x;θ)
∂θ |>L}

[
∂ ln g(x; θ)

∂θ

]2

g(x, θ0)µ(dx)→ 0;

(K) the functions I(θ) and Q(θ) are continuous and positive for θ ∈ Θ.

Then the recursive sequence (8) is strongly consistent, asymptotically normal, and asymptotically efficient
for θ0:

P
(

lim
n→∞

θn = θ0

)
= 1, (9)

√
n (θn − θ0)⇒ N(0; I−1(θ0)).(10)

Proof. Introduce the function

Φ(ηn+1; θ) =
1

I(θ)

∂

∂θ
ln g(ηn+1; θ).
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Then
EθΦ(ηn+1; θ) =

r(θ)

I(θ)
,

and

Eθ

[
Φ(ηn+1; θ)− r(θ)

I(θ)

]2

≤ EθΦ2(ηn+1; θ)−
(
r(θ)

I(θ)

)2

≤ EθΦ2(ηn+1; θ) = Q(θ).

By Theorem 4.1.1 in [1], relation (7) follows. Moreover, taking into account that r(θ0) = 0 and the theorem
conditions, we obtain(

r(θ)

I(θ)

)′ ∣∣∣
θ=θ0

=
r′(θ0)

I(θ0)
= I−1(θ0)

[∫ T

−∞

∂2g(x, θ0)

∂θ2
µ(dx)−

∫ T

−∞

(
∂2g(x, θ0)

∂θ2

)
g(x, θ0)

g(x, θ0)
µ(dx)

]
= −1.

Checking similarly the remaining assumptions of Theorem 6.6.2 in [1], as n→∞ we have
√
n (θn − θ0)⇒ N

(
0; EθΦ

2(η; θ0)
)
. (11)

But
EθΦ

2(η; θ0) = I(θ0) I−2(θ0) = I−1(θ0). (12)

Hence, (10) follows from (11) and (12). The theorem is proved.

4. Analytical Consequences of the Main Theorem

4.1. Strong consistency. Theorem 1 establishes that the recursive sequence {θn} defined by (8) is strongly
consistent, that is,

P
(

lim
n→∞

θn = θ0

)
= 1.

This result guarantees that, despite the incompleteness of the sample caused by Type-I right-censoring, the
proposed Fisher-type recursive estimator converges almost surely to the true value of the unknown parameter
θ0. In particular, censoring affects neither the existence nor the consistency of the estimator, provided that the
Fisher information is properly modified according to (6).

4.2. Asymptotic normality. The asymptotic distribution of the recursive estimator is given by
√
n(θn − θ0)⇒ N

(
0, I−1(θ0)

)
.

Hence, the limiting variance of the estimator is completely determined by the Fisher information corresponding
to the censored observation. This highlights the key role of the information functional (6), which incorporates
both the contribution of uncensored observations and the correction term induced by censoring.

4.3. Asymptotic efficiency. Since the asymptotic variance coincides with the inverse Fisher information,
the recursive estimator (8) attains the Cramer–Rao lower bound. Consequently, the estimator is asymptotically
efficient. This property is particularly important in incomplete statistical models, where classical maximum
likelihood estimators often lack explicit representations or require iterative numerical optimization.

4.4. Interpretation of the recursive update. The recursion

θn+1 − θn =
1

(n+ 1)I(θn)

∂

∂θ
ln g(ηn+1; θ)

∣∣∣
θ=θn

can be interpreted as a stochastic approximation scheme with a decreasing step size (n+ 1)−1. The presence of
the Fisher information I(θn) stabilizes the update and compensates for the information loss due to censoring.
As a result, the recursion naturally balances bias and variability and leads to optimal asymptotic behavior.

4.5. Role of censoring. Formula (6) shows explicitly how the censoring mechanism modifies the Fisher
information. The first term corresponds to the contribution of observed values below the threshold T , while
the second term reflects the information contained in censored observations. This decomposition provides a
transparent analytical explanation of how increasing censoring affects the efficiency of estimation.
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Discussion

The main objective of this work was to formulate and justify a Fisher-type recursive estimation scheme
in an incomplete statistical model generated by Type-I right censoring. In this setting, the original observation
ξ is not always available; instead, the observed data take the form of pairs (η, δ), where η = ξδ + T (1− δ) and
δ = I(ξ ≤ T ). Consequently, the statistical model is determined not by the original density f(x; θ) but by the
induced density g(x; θ) corresponding to the censored experiment.

A key methodological step is the explicit construction of the censored-data density g(x; θ) and its
derivative with respect to θ. In particular, for the Type-I censoring mechanism, the derivative given in
equation (4) captures, in a compact form, how censoring transforms the score structure: the case x ≤ T
corresponds to the usual parametric contribution of fully observed values, while the case x > T summarizes the
information content of censored observations through an integral quantity.

Under the regularity conditions (A)–(C), this construction leads to a well-defined Fisher information
functional associated with the censored observation. Its decomposed representation given in equation (6) makes
the effect of censoring analytically transparent: the first term accounts for the contribution of observations
below the threshold T , whereas the second term represents the contribution of the censored part through the
tail probability 1−F (T ; θ). Therefore, the loss or redistribution of information induced by censoring is encoded
directly in the Fisher information functional.

On this basis, the recursive sequence is introduced via a Fisher-type update rule of the form (8), which
belongs to the classical family of stochastic approximation procedures [8–10] with a decreasing step size (n+1)−1.
The normalization by I(θn) plays a stabilizing role and yields a natural recursive analogue of the Fisher scoring
method.

The asymptotic justification of this construction is provided by Theorem 1 under conditions (A)–(D)
together with (E)–(K). In particular, the theorem establishes three fundamental properties of the proposed
recursive estimator: strong consistency, asymptotic normality, and asymptotic efficiency, as formalized in
Section 4.

From a statistical viewpoint, these results imply that the proposed recursion achieves the best possible
asymptotic precision permitted by the incomplete-data model. Moreover, the dependence of the limiting variance
on I(θ0) emphasizes that estimation efficiency is governed by the information content of the censored observation
rather than that of the complete-data model. Hence, the effect of censoring on estimation accuracy is fully
characterized through the modified Fisher information given in equation (6).

It is also worth noting that the proof strategy relies on the auxiliary functional defined in equation (7),
which satisfies R(θ0) = 0 and R(θ) ≤ 0 for θ 6= θ0. This functional plays the role of an information-type contrast
measuring the discrepancy between the true model and its parametric perturbations. Condition (E), formulated
in terms of r(θ) = R′(θ), ensures a stabilizing drift toward θ0 and guarantees almost sure convergence of the
recursive sequence. In this sense, the established asymptotic properties follow naturally from the interaction
between the censored-data Fisher structure and the imposed regularity framework. Similar censored-data
methodologies have recently been employed in engineering reliability analysis and operational lifetime modelling
[17].

Overall, the presented results provide a rigorous theoretical foundation for Fisher-type recursive
estimation in right-censored incomplete statistical models. The framework is formulated at the level of a general
parametric family and is not restricted to a specific distribution, making it suitable for subsequent specialization
and numerical investigation in concrete models.

Conclusion

In this paper, we investigated recursive estimation of an unknown parameter θ in an incomplete statistical
model arising under Type-I right censoring. Instead of complete observations, the available data consist of
censored pairs (η, δ), which induce a modified density g(x; θ) for the observed experiment. We provided an
explicit representation of g(x; θ) and its derivative with respect to θ, thereby clarifying how censoring transforms
the score function and the information structure.

Under regularity conditions (A)–(C), we derived the Fisher information functional associated with the
censored observation and obtained its analytical decomposition into contributions from the observed and
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censored parts of the sample. Based on this information functional, we introduced a Fisher-type recursive
scheme of the form (8), which extends the classical Fisher scoring philosophy to the recursive estimation setting
for censored data.

The main theoretical result (Theorem 1) establishes that the proposed recursive estimator is strongly
consistent, asymptotically normal, and asymptotically efficient. In particular, the asymptotic variance is given
by I−1(θ0), where I(θ) is the Fisher information corresponding to the censored experiment. This confirms that
the recursion attains the optimal asymptotic precision permitted by the incomplete-data model, and that the
impact of censoring on estimation efficiency is fully captured by the modified Fisher information.

The obtained results form a rigorous basis for further investigation of Fisher-type recursive procedures
in concrete parametric families and for numerical studies of their finite-sample performance under different
censoring levels. Such numerical illustrations and model-specific applications are natural continuations of the
present theoretical framework.
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Abstract. The paper investigates the problem of eigenfunction expansion for a B-polyharmonic
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Introduction

The problem of convergence of spectral expansions associated with elliptic operators has been extensively
investigated by numerous researchers; nevertheless, it continues to attract considerable attention due to its
ongoing relevance and complexity [1-4]. Although sufficient conditions ensuring the convergence of spectral
expansions for elliptic operators with singular coefficients have been studied in substantial detail, the
corresponding necessary conditions remain comparatively less explored.

The work [2] examines eigenvalues and eigenfunctions, as well as their asymptotic behavior. It also
provides estimates for spectral expansions and investigates local convergence properties of expansions in
eigenfunctions. In all the aforementioned studies, sufficient conditions are established for the convergence of
spectral expansions corresponding to various classes of functions.

In [5-9], questions of convergence and Riesz summability of spectral expansions associated with elliptic
operators were studied for piecewise smooth functions. The research of Alimov [10] and Pirmatov [11] examines
spectral expansions associated with the self-adjoint extension of the Laplace operator and the biharmonic
operator in an N -dimensional domain. It was established that if the spectral expansion of an arbitrary function
at a certain point is Riesz summable, then its spherical mean centered at that point possesses generalized
continuity. Furthermore, necessary conditions were obtained for the Riesz summability of spectral expansions
in terms of the eigenfunctions of an elliptic operator containing a Bessel operator with respect to one of the
variables in an arbitrary N -dimensional domain adjacent to the singularity hypersurface [13-16].

Problem Formulation

Consider the Euclidean half-space R+
N , the points of which are denoted by (x′, xN ), where x′ =

(x1, x2, . . . , xN−1) and xN > 0. Let a bounded domain Ω+ with a piecewise smooth boundary Γ be located
in the half-space R+

N and be adjacent to the hyperplane xN = 0. The part of the boundary Γ located in R+
N is

denoted by Γ+, while the part of the boundary Γ lying on the hyperplane xN = 0 is denoted by Γ0.
In the domain Ω+, we consider the differential operator

∆B =
1

xkN

∂

∂xN
xkN

∂

∂xN
+

N−1∑
i=1

∂2

∂x2
i

, (1)

where k is a fixed positive constant.
We define the domain of the operator ∆B to be the set of functions u ∈ C∞0 (Ω+ ∪ Γ0) satisfying the

condition
∂u

∂xN
= 0, x ∈ Γ0.
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Consider an orthonormal system of eigenfunctions un(x) of the polyharmonic operator, corresponding to
the eigenvalues {λn}:

∆m
Bun(x) − (−1)mλnun(x) = 0, x ∈ Ω+. (2)

Assume that the regular boundary conditions are self-adjoint and such that all eigenvalues are positive:
λn > 0.

We introduce the Hilbert space L2,k(Ω+) with dot product

(u, v)k =

∫
Ω+

u(x)v(x)xkN dx,

and denote the associated norm by ‖u‖k =
√

(u, u)k.
In the domain Ω+, we expand a function f ∈ L2,k(Ω+) into a Fourier series in terms of the eigenfunctions

{un(x)}∞n=1:

f(x) ∼
∞∑
n=1

fnun(x),

where
fn =

∫
Ω+

f(x)un(x)xkNdx

are the Fourier coefficients. Denote µn = λ
1/2m
n .

Consider the partial sums of this series

Eµf(x) =
∑
µn<µ

fnun(x), fn = (f, un)k. (3)

We define the mean value of order α > 0 for a function f ∈ L2,k(Ω+) over a hemisphere of radius r
centered at a point x ∈ Γ0 as follows:

Sαr f(x) =
1

ωN (k, α)rN+k

∫
|y|<r, yN>0

(
1− |y|

2

r2

)α−1

f(x+ y)ykN dy, (4)

where
ωN (k, α) =

∫
|y|<1, yN>0

(
1− |y|2

)α−1
ykN dy.

The main result of the present paper is stated as follows.
Theorem. If the spectral expansion (3) of a function f ∈ L2,k(Ω+) converges at a point x ∈ Γ0, then for

any α > 1/2, the following equality holds:

lim
r→0

Sαr f(x) = f(x). (5)

The case k = 0 of the theorem was proved for the Laplace operator in [12]. Similar theorems have been
established for the B-elliptic operator [18], as well as for the operator −∆ + q(x) in an arbitrary N -dimensional
domain [19].

The proof of the theorem relies substantially on the results of Kipriyanova [17], in which a mean value
formula for the B-polyharmonic operator was obtained. Specifically, for any solution to equation (2), the
following formula holds:∫

ω+
1

un(x+ rθ, rθN )θkNdω1 = π
N−1

2 Γ(
k + 1

2
)un(x)JN+k−2

2
(rµn)(

rµn
2

)−
N+k−2

2 + ψn(x, r) (6)
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where the function ψn(x, r), for any compact set K ⊂ Ω+ ∩ Γ0, satisfies the estimate

|ψn(x, r)| ≤ Ce−γµn . (7)

with some positive constants C = C(K) and γ = γ(K).
From (6) it follows that ψn(x, 0) = 0. Indeed, setting r = 0 in (6), the left-hand side becomes

un(x)
∫
ω+

1

θkNdω1, while the right-hand side gives

π
N−1

2 Γ(
k + 1

2
)un(x) lim

r→0
JN+k−2

2
(rµn)(

rµn
2

)−
N+k−2

2 =
π
N−1

2 Γ(k+1
2 )

Γ(N+k
2 )

un(x),

which coincides with the left-hand side because
∫
ω+

1

θkNdω1 = π
N−1

2 Γ(k+1
2 )/Γ(N+k

2 ). Hence ψn(x, 0) = 0.

Moreover, for each fixed n, the function ψn(x, r) is continuous in r (or at least tends to zero as r → 0)
due to the smoothness of eigenfunctions and the explicit form of the Bessel function. Consequently,

lim
r→0

ψn(x, r) = 0.

Preliminary Results

Fix a point x ∈ Γ0 and consider the following function:

g(y) =

{ (
1− |y−x|

2

r2

)α−1

, if |y − x| ≤ r,
0, if |y − x| > r.

where |y − x|2 =
N−1∑
i=1

(yi − xi)2 + y2
N , x = (x1, x2, ...., xN−1).

For α > 1/2, the function g belongs to L2,k(Ω+). We calculate the Fourier coefficients of the function g
by transforming to spherical coordinates:

gn = (g, un) =

∫
Ω+

(
1− |y − x|

2

r2

)α−1

un(y)ykNdy =

=

∫
ρ≤r

(
1− ρ2

r2

)α−1

un(x+ ρθ, ρθN )ρN−1ρkθkNdρdω1 =

=

r∫
0

(
1− ρ2

r2

)α−1

ρN+k−1dρ

∫
ω+

1

un(x+ ρθ, ρθN )θkNdω1.

Further, we use the mean value formula (6):

gn = π
N−1

2 2(N+k)/2−1Γ(
k + 1

2
)µ−(N+k−2)/2
n un(x)

r∫
0

(1− ρ2

r2
)α−1ρ(N+k)/2J(N+k)/2−1(ρµn)dρ+

+

r∫
0

(
1− ρ2

r2

)α−1

ρN+k−1ψn(x, ρ)dρ. (8)

The first integral is reduced to Sonine’s integral (see [19], formula 12.11.(1)) by simple transformations,
and the second integral is evaluated using estimate (7). Then, the Fourier coefficient of the function g(y) takes
the following form:

gn = π
N−1

2 2(N+k)/2−1Γ(
k + 1

2
)rN+kJ(N+k)/2+α−1(rµn)(rµn)−(N+k)/2−α+1 + rN+kφn(r), (9)
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where
φn(r) = O(1)e−γµn . (10)

From the above, for each fixed n, we have lim
r→0

φn(r) = 0. Indeed, using the estimate (7) and the fact that
ψn(x, ρ) → 0 as ρ → 0, for any ε > 0 there exists δ > 0 such that |ψn(x, ρ)| < ε for ρ < δ. Then for r < δ the

second integral in (8) is bounded by ε
r∫
0

ρN+k−1dρ = CεrN+k, which implies |φn(r)| ≤ Cε. Hence φn(r)→ 0 as

r → 0.
Applying Parseval’s identity to the functions f and g, and taking into account the obtained expression

(9) for the function g, we arrive at the following representation for the mean value (4) of the function f at the
point x:

Sαr f(x) = B(N, k, α)

∞∑
n=1

J(N+k)/2+α−1(rµn)

(rµn)(N+k)/2+α−1
fnun(x) +

∞∑
n=1

fnφn(r), (11)

where B(N, k, α) = 2(N+k)/2+α−1Γ((N + k)/2 + α), and the function φn(r) satisfies the estimate (10).
Let us consider each of the two terms on the right-hand side of (11) separately:

Tαr f(x) =

∞∑
n=1

ϕα(rµn)fnun(x), (12)

where

ϕα(t) = B(N, k, α)
J(N+k)/2+α−1(t)

t(N+k)/2+α−1
, (13)

and

Iαr f(x) =

∞∑
n=1

fnφn(r). (14)

Note that

Iα0 f(x) =

∞∑
n=1

fnφn(0) = 0.

First, let us estimate the series (14).
Lemma 1. For any σ > N + k, the series

∞∑
n=1

1

µσn
<∞.

converges.
Proof. Since A is a self-adjoint extension of the B-polyharmonic operator, for any τ > 0, the operator

A−τ is an integral operator

A−τu(x) =

∫
Ω+

Gτ (x, y)u(y)ykdy

whose kernel Gτ (x, y) has the following Fourier series expansion in terms of the eigenfunctions:

Gτ (x, y) =

∞∑
n=1

un(x)un(y)

λτn
, x, y ∈ Ω+.

In particular, for τ = 1, this kernel coincides with the Green’s function, and the following estimate holds
for the kernel Gτ (x, y) (see [1], p. 117, formula (4.1.9)):

|Gτ (x, y)| ≤ C|x− y|2mτ−(N+k). (15)

Then, applying Parseval’s identity and taking into account estimate (15), we obtain
∞∑
n=1

1

λ2τ
n

=

∫
Ω+

∫
Ω+

|Gτ (x, y)|2xkNykNdxdy ≤ C
∫

Ω+

∫
Ω+

|x− y|4mτ−2(N+k)xkNy
k
Ndxdy
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Since the domain Ω+ is bounded, the last integral converges if 4mτ > N+k. Setting σ = 4mτ and noting
that λ2τ

n = µ4mτ
n , we obtain the assertion of the lemma.

�

Corollary 1. For any p > 0, the series

∞∑
n=1

e−γµnµpn <∞. (16)

converges.
Proof. We use the estimate of the exponential function, which follows from its series expansion. For any

m ∈ N and t > 0, we have the equality

eγt ≥ (γt)m

m!
,

from where it follows
e−γt ≤ Cm(γ)

tm
.

Therefore
tpe−γt ≤ Cm(γ)

tm−p
.

In this case, taking m > p+N + k, we obtain from Lemma 1

∞∑
n=1

e−γµnµpn <

∞∑
n=1

Cm(γ)

µm−pn

<∞.

�

Corollary 2. For the quantity Iαr f defined by equality (14), the following estimate holds:

|Iαr f(x)| ≤ C‖f‖L2,k(Ω+). (17)

Proof. The proof of the lemma follows from the Cauchy-Bunyakovsky inequality and from estimates (10)
and (16):

|Iαr f(x)| ≤

( ∞∑
n=1

f2
n

)1/2( ∞∑
n=1

φ2
n(r)

)1/2

≤

≤ ‖f‖L2,k(Ω+)C

( ∞∑
n=1

e−2γµn

)1/2

≤ C‖f‖L2,k(Ω+).

�

Lemma 2. If the spectral expansion of the function f ∈ L2,k(Ω) converges at the point x ∈ Γ0, then for
any α > 1/2, the following equality holds:

lim
r→0

Tαr f(x) = f(x).

Proof. We represent the sum (12) as an integral and integrate by parts

Tαr f(x) =

∞∫
0

ϕα(rµ)dEµf(x) = ϕα(rµ)Eµf(x)|µ=∞
µ=0 − r

∞∫
0

Eµf(x)ϕ′α(rµ)dµ.

Using the equalities E0f = 0, ϕα(+∞) = 0 and the change of variable rµ = t, we obtain the following
expression:

Tαr f(x) = −r
∞∫

0

Eµf(x)ϕ′α(rµ)dµ = −
∞∫

0

Et/rf(x)ϕ′α(t)dt = B(N, k, α)

∞∫
0

Et/rf(x)
Jl+1(t)

tl
dt,
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where l = (N + k)/2 + α− 1.
According to the condition of the lemma, Eµf(x) → f(x) as µ → ∞. Then, for any ε > 0, there exists

T > 0 such that
|Eµf(x)− f(x)| < ε, µ ≥ T.

From here,

Tαr f(x) = B(N, k, α)


rT∫
0

Et/rf(x)
Jl+1(t)

tl
dt+ f(x)

∞∫
rT

Jl+1(t)

tl
dt+

∞∫
rT

[
Et/rf(x)− f(x)

] Jl+1(t)

tl
dt


As rT → 0, the first term admits the estimate

rT∫
0

Et/rf(x)
Jl+1(t)

tl
dt = O

 rT∫
0

tdt

 = O(r2T 2),

while the last term satisfies the estimate
∞∫

rT

[
Et/rf(x)− f(x)

] Jl+1(t)

tl
dt = O

ε ∞∫
rT

Jl+1(t)

tl
dt

 = O(ε).

The integral in the brackets converges if l > 1/2.
Then, from the preceding estimates, we have

Tαr f(x) = 2lΓ(l + 1)f(x)

∞∫
rT

Jl+1(t)

tl
dt+O(r2T 2) +O(ε)

Using the asymptotics
∞∫

rT

Jl+1(t)

tl
dt =

2−l

Γ(l + 1)
+O(r2T 2),

we obtain
Tαr f(x) = f(x) +O(r2T 2) +O(ε).

Taking the limit as r → 0, and given that ε > 0 is arbitrary, we obtain

lim
r→0

Tαr f(x) = f(x).

�

Lemma 3. Let f ∈ L2,k(Ω+). Then

lim
r→0
|Sαr f(x)− Tαr f(x)| = 0. (18)

Proof. According to (14) we have

Iαr f(x) =

∞∑
n=1

fnφn(r),

with |φn(r)| ≤ Ce−γµn and, as shown above, lim
r→0

φn(r) = 0 for each n. The series
∞∑
n=1
|fn|Ce−γµn converges by

Corollary 1. By applying the dominated convergence theorem of Lebesgue, we obtain

lim
r→0
|Iαr f(x)| = 0.

Hence, the desired equality (18) follows from (11).
�

The proof of the theorem follows directly from Lemmas 2 and 3.
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Nonlocal problem for a fractional wave-type equation with Hilfer derivative
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Abstract. In this paper, the nonlocal problem is studied for a differential equation with a
fractional Hilfer derivative, where the order of the fractional derivative is 1 < α < 2. The nonlocal
boundary value problem Dα,β

t u(t) + Au(t) = f(t), 0 < t ≤ T , (Iδu)(T ) = γIδu(+0) + ϕ ( γ is a
constant), is considered in arbitrary separable Hilbert space H with positive self-adjoint operator
A. The obtained results demonstrate the conditions for the existence and uniqueness of a solution
to this problem, as well as the necessary conditions required for the existence of the solution.

MSC (2020): 35R11; 33E12; 35L05.

Key words: Nonlocal problem; Cauchy problem; Hilfer derivatives; Mittag-Leffler function.

1. Introduction

Fractional differential equations have become an essential tool in modeling various physical and biological
phenomena involving memory and hereditary properties, such as anomalous diffusion, viscoelasticity and signal
processing (see, [14, 20, 22]). Among the numerous definitions of fractional derivatives, the Riemann-Liouville
and Caputo derivatives are the most widely used. However, each has its limitations: a key issue with the Riemann-
Liouville definition is its reliance on initial conditions of non-integer order, which are difficult to interpret
physically. On the other hand, the Caputo operator addresses this problem, but at the cost of demanding
higher regularity from the initial data (see [24]). To overcome these limitations, R. Hilfer introduced a two-
parameter fractional derivative that interpolates between the Riemann-Liouville and Caputo derivatives ([14]).
For a function y(t), the Hilfer derivative of order n− 1 < α < n and β ∈ [0, 1] is defined as

Dα,βy(t) = Iβ(n−α) d
n

dtn
I(1−β)(n−α)y(t), t > 0.

The parameter β provides additional convenience: when β = 0, we recover the Riemann-Liouville derivative;
when β = 1, we obtain the Caputo derivative. This interpolation property makes the Hilfer derivative particularly
attractive for modeling complex systems where the type of fractional derivative itself may be subject to
identification from experimental data (see [13, 15]).

This work is devoted to studying a nonlocal problem for a fractional differential equation involving the
Hilfer derivative of order 1 < α < 2, which corresponds to fractional wave-type equations describing intermediate
processes between diffusion and wave propagation. The problem is studied in an arbitrary separable Hilbert
space H with a positive self-adjoint operator A. The aim is to identify conditions for the problem to be well-
posed. Furthermore, in the ill-posed case, we seek additional conditions that ensure the existence of a solution
(which may not be unique), as well as the explicit form of all possible solutions.

Nonlocal problems for Hilfer fractional differential equations of order 1 < α < 2 have been studied in
several recent works. In [2], nonlocal boundary value problems for such equations were investigated using fixed
point theorems. In [18], a nonlocal boundary value problem for a mixed-type equation involving bi-ordinal
Hilfer fractional differential operators was studied. In [19], a non-local problem for a time-fractional differential
equation with the Hilfer operator on a metric star graph was considered, where the existence and uniqueness of
the solution were established using a priori estimates. In the Caputo sense, a four-parameter non-local problem
for a fractional wave equation of the same order was studied in [6].

Received: 21.05.2026, Accepted: 02.07.2026
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When 0 < α < 1, nonlocal time conditions for fractional diffusion equations with Caputo derivative were
investigated in [8]. The Riemann-Liouville case was treated in [4]. The Hilfer derivative was considered in [5,
28].

Let H be a separable Hilbert space, and let A be an arbitrary operator on H that is self-adjoint,
positive, unbounded, and defined on the domain D(A) ⊂ H. Suppose that A has a complete in system of
orthonormal eigenfunctions {vk} and a countable set of positive eigenvalues {λk}. It is convenient to assume
that the eigenvalues do not decrease as their number increases, i.e. 0 < λ1 ≤ λ2 ≤ · · · → +∞.

Let ε be an arbitrary real number. For h ∈ H with Fourier coefficients hk = (h, vk),

Aεh =

∞∑
k=1

λεkhkvk,

clearly, the domain of this operator is given by

D(Aε) =

{
h ∈ H :

∞∑
k=1

λ2ε
k |hk|2 <∞

}
.

For elements of D(Aε) we introduce the norm

‖ h ‖2ε=
∞∑
k=1

λ2ε
k | hk |2=‖ Aεh ‖2,

and together with this norm D(Aε) turns into a Hilbert space.
For a function y(t) on [0,+∞), the Riemann-Liouville integral of order α is defined by the formula

below(see, e.g. [20], p. 181):

Iαy(t) =
1

Γ(α)

∫ t

0

(t− ξ)α−1y(ξ)dξ.

Let 1 < α < 2 and 0 ≤ β ≤ 1 are a fixed number and let C((a, b);H) stands for a set of continuous
functions u(t) of t ∈ (a, b) with values in H. Consider the following nonlocal problem:

Dα,β
t u(t) +Au(t) = f(t), 0 < t ≤ T,

(Iδu)(T ) = γ(Iδu)(+0) + ϕ,
d
dt (I

δu)(+0) = φ,

(1.1)

where f(t) ∈ C([0, T ];H) is a given function, ϕ, φ ∈ H are given elements, γ is a given constant and δ =
(1− β)(2− α).

In the present article, we focus on the case γ 6= 0. The case γ = 0 is referred to as the backward problem.
This problem has been studied for the Caputo derivative in [9,19], for the Riemann-Liouville derivative in [1]
and for the Hadamard derivative in [25].

Definition 1.1 A function tδu(t) ∈ C([0, T ];H) with the properties Dα,β
t u(t), Au(t) ∈ C((0, T ];H) and

satisfying conditions (1.1) is called the solution of the nonlocal problem (1.1).
Suppose λ0 > 0 fulfills Eα,1(−λ0T

α) = γ. We put λk = λ0 and let m0 be the multiplicity of λk. The
assumptions on the operator A guarantee that m0 is finite. The set of indices k in question is then defined by
K0 = {k0, k0 + 1, ..., k0 +m0 − 1}.

Theorem 1.2 Let ϕ, φ ∈ H and f(t) ∈ C([0, T ];D(Aε)) for some ε ∈ (0, 1).

(a) If |γ| ≥ 1 or γ ∈ (−1; 0) ∪ (0; 1), but λk 6= λ0 for all k ≥ 1, then problem (1.1) has a unique solution and
this solution has the form

u(t) =

∞∑
k=1

[(
ϕk − (IδVk)(T )

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα) + Vk(t)

]
vk,
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where

Vk(t) =

∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ.

(b) If γ ∈ (−1; 0) ∪ (0; 1) and λk = λ0 for some k ∈ K0, then for problem (1.1) to have a solution, the
fulfillment of the following orthogonality conditions

(ϕ, vk) = ((IδV )(T ), vk) = (φ, vk) = 0, K0 = {k0, k0 + 1, ..., k0 +m0 − 1} (1.2)

are sufficient.

Accordingly, the form of the solution can be written as follows:

u(t) =
∑
k/∈K0

[(
ϕk − (IδVk)(T )

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα) + Vk(t)

]
vk

+
∑
k∈K0

(
bkt
−δEα,1−δ(−λktα) + φkt

1−δEα,2−δ(−λktα) + Vk(t)

)
vk.

with arbitrary coefficients bk, k ∈ K0.
Moreover, the following coercive type inequality is valid for some constants Cγ > 0 and Cε > 0:

‖ Dα,β
t u(t) ‖2 + ‖ u(t) ‖2≤ Cγt−2(α+δ) ‖ ϕ ‖2 +

(
Cγ

λ2
1t

2(α+δ)
+ t2−2α−2δ

)
‖ φ ‖2

+Cε max
t∈[0,T ]

‖ f(t) ‖2ε, 0 < t ≤ T.

Our paper is structured as follows. Section 2 provides basic notations, definitions and lemmas for solving
problems. In Section 3, we study the nonlocal problem for homogeneous equation and find solution in which
case they uniquely exist. In Section 4, we formulate the Cauchy problem for the non-homogeneous equation
and the existence and uniqueness of the solution are proved using the corresponding theorem. In Section 5, we
formulate the main problem by using results of the previous two sections. In Section 6, we demonstrate the
theoretical results from the previous sections by means of a specific numerical example.

2. Preliminaries

In order to find a solution to the nonlocal problem, we introduce some concepts. For α and an arbitrary
complex number β, we denote the Mittag-Leffler function with two parameters by Eα,β(t):

Eα,β(t) =

∞∑
k=0

tk

Γ(αk + β)
.

Lemma 2.1 If α > 0, then for any t ≥ 0 one has:

| Eα,µ(−t) |≤ C

1 + t
,

where C - constant does not depend on µ and t (see, e.g. [7], p.136).
Lemma 2.2 Let 1 < α < 2 and t ≥ 0 then following inequality holds (see [6]):

|Eα,1(−t)| < 1.
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Lemma 2.3 Let 0 < α < 2, then following relation holds (see [8]):

|tα−1Eα,µ(−λtα)| ≤ Cλε−1tεα−1, t > 0,

where λ is a positive number, C is a constant and 0 < ε < 1.
Lemma 2.4 Let 0 < ε < 1 be any fixed number and f(t) ∈ C([0, T ];D(Aε)). Then the following estimate

holds (see, [8]):
∞∑
k=1

∣∣∣∣λk ∫ t

0

τα−1Eα,µ(−λkτα)fk(t− τ)dτ

∣∣∣∣2 ≤ Cε max
t∈[0,T ]

||f(t)||2ε,

where Cε is a constant which depends on ε.
Lemma 2.5 If α, δ, µ > 0 and t > 0 then following equality holds:

Iδ
[
tµ−δEα,µ−δ+1(−tα)

]
= tµEα,µ+1(−tα).

Proof. Using the definition of the Riemann-Liouville fractional integral and the series representation of the
Mittag-Leffler function, we have

Iδ
[
tµ−δEα,µ−δ+1(−tα)

]
=

1

Γ(δ)

∫ t

0

(t− ξ)δ−1ξµ−δ
∞∑
k=0

(−ξα)k

Γ(αk + µ− δ + 1)
dξ

=

∞∑
k=0

(−1)k

Γ(δ)Γ(αk + µ− δ + 1)

∫ t

0

(t− ξ)δ−1ξαk+µ−δ dξ

=

∞∑
k=0

(−1)ktαk+µ

Γ(αk + µ+ 1)
= tµEα,µ+1(−tα).

The proof is complete. �

3. Nonlocal problem for homogeneous equation

Let us consider the following nonlocal problem for homogeneous equation
Dα,βW (t) +AW (t) = 0, 0 < t ≤ T,
(IδW )(T ) = γ(IδW )(+0) + ψ,
d

dt
(IδW )(+0) = φ,

(3.1)

where ψ, φ ∈ H are given functions.
We solve problem (3.1) using the Fourier method and we look for a solution of that, in the form of series

W (t) =
∑∞
k=1 Tk(t)vk, k ≥ 1. Then we have the following problem:

Dα,βTk(t) + λkTk(t) = 0, 0 < t ≤ T,
(IδTk)(T ) = γ(IδTk)(+0) + ψk,
d

dt
(IδTk)(+0) = φk,

(3.2)

where ψk and φk are the Fourier coefficients of functions ψ and φ respectively.
Let us denote (IδTk)(0) = bk. Then, the unique solution to the differential equation (3.2) with this

initial condition has the form Tk(t) = bkt
−δEα,1−δ(−λktα) +φkt

1−δEα,2−δ(−λktα) (see, [8]). From the nonlocal
conditions of (3.2) we obtain the following equation to find the unknown numbers bk:

Iδ
(
bkt
−δEα,1−δ(−λktα) + φkt

1−δEα,2−δ(−λktα)

)∣∣∣∣
t=T

= γbk + ψk,
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according to Lemma 2.5 one has

bkEα,1(−λkTα) + φkTEα,2(−λkTα) = γbk + ψk. (3.3)

Hence,

bk =
ψk − φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ
. (3.4)

If λk > 0 and T > 0, then according to Lemma 2.2 we have Eα,1(−λkTα) 6= γ for all |γ| ≥ 1 and using
Lemma 2.1, we obtain following estimate

|bk| ≤ Cγ
(
|ψk|+

|φk|
λ1

)
, k ≥ 1. (3.5)

Here and below, by Cγ we will denote a constant depending on γ, not necessarily the same one.
Additionally, let γ ∈ (−1; 0) ∪ (0, 1). Then, according to Lemma 2.2, there is a unique λ0 > 0 such that

Eα,1(−λ0T
α) = γ. If λk 6= λ0 for all k ≥ 1, then the estimate (3.5) holds with some constant Cγ .

Thus, if |γ| ≥ 1 or γ ∈ (−1; 0) ∪ (0; 1), but λk 6= λ0 for all k ≥ 1, then the formal solution of problem
(3.1) has the form

W (t) =

∞∑
k=1

[(
ψk

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα)

]
vk. (3.6)

Additionally, if γ ∈ (−1; 0) ∪ (0; 1) and λk = λ0 for k = k0, k0 + 1, ..., k0 + m0 − 1, where m0 is the
multiplicity of the eigenvalue λk. Then, the nonlocal problem (3.1) has a solution if and only if the boundary
functions ψ and φ satisfy the following orthogonality conditions.

ψk = (ψ, vk) = 0, φk = (φ, vk) = 0, k ∈ K0; K0 = {k0, k0 + 1, ..., k0 +m0 − 1}, (3.7)

and for these k ∈ K0 arbitrary numbers bk are solutions of equation (3.3). For all other k we have following:

bk =
ψk − φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ
, |bk| ≤ Cγ(|ψk|+

|φk|
λ1

), k /∈ K0. (3.8)

Thus, the formal solution of problem (3.1) in this case has the form

W (t) =
∑
k/∈K0

[(
ψk

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα)

]
vk +

∑
k∈K0

(
bkt
−δEα,1−δ(−λktα) + φkt

1−δEα,2−δ(−λktα)

)
vk, (3.9)

note that the set K0 has a finite number of k. Throughout what follows we will assume that whenever γ ∈
(−1; 0) ∪ (0; 1) and λk = λ0, then orthogonality condition (3.7) is satisfied.

We now prove that the formal solution obtained above is, in fact, a solution to problem (3.1). To do this,
We show that this solution satisfies all the condition of Definition 1.1. For this, we take the partial sum of series
(3.6) and check for convergence by applying the operator A. Applying operator A to the partial sum Sj , we get

ASj(t) =

j∑
k=1

λk

[(
ψk

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα)

]
vk.
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Therefore,

‖ ASj(t) ‖2=

∣∣∣∣ j∑
k=1

λk

[(
ψk

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα)

]
vk

∣∣∣∣2.
According to the Parseval equality

‖ ASj(t) ‖2≤
j∑

k=1

λ2
k

∣∣∣∣( ψk
Eα,1(−λkTα)− γ

− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα)

∣∣∣∣2 ≤ j∑
k=1

λ2
k

∣∣∣∣ ψk
Eα,1(−λkTα)− γ

t−δEα,1−δ(−λktα)

∣∣∣∣2

+

j∑
k=1

λ2
k

∣∣∣∣−φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ
t−δEα,1−δ(−λktα)

∣∣∣∣2 +

j∑
k=1

λ2
k

∣∣∣∣φkt1−δEα,2−δ(−λktα)

∣∣∣∣2 = AS1
j +AS2

j +AS3
j ,

where

AS1
j =

j∑
k=1

λ2
k

∣∣∣∣ ψk
Eα,1(−λkTα)− γ

t−δEα,1−δ(−λktα)

∣∣∣∣2,
AS2

j =

j∑
k=1

λ2
k

∣∣∣∣−φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ
t−δEα,1−δ(−λktα)

∣∣∣∣2,
AS3

j =

j∑
k=1

λ2
k

∣∣∣∣φkt1−δEα,2−δ(−λktα)

∣∣∣∣2.
Using estimates (3.4), (3.7) and Lemma 2.1 we obtain

AS1
j =

j∑
k=1

λ2
k

∣∣∣∣ ψk
Eα,1(−λkTα)− γ

t−δEα,1−δ(−λktα)

∣∣∣∣2

≤ Cγ
j∑

k=1

λ2
kt
−2δ

∣∣∣∣ ψk
1 + λktα

∣∣∣∣2 ≤ Cγ
t2α+2δ

j∑
k=1

|ψk|2.

AS2
j =

j∑
k=1

λ2
k

∣∣∣∣−φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ
t−δEα,1−δ(−λktα)

∣∣∣∣2

≤ Cγ
j∑

k=1

λ2
kt
−2δ

∣∣∣∣ φk
(1 + λktα)λ1

∣∣∣∣2 ≤ Cγ
λ2

1t
2α+2δ

j∑
k=1

|φk|2.

AS3
j =

j∑
k=1

λ2
k

∣∣∣∣φkt1−δEα,2−δ(−λktα)

∣∣∣∣2 ≤ C j∑
k=1

λ2
kt

2−2δ

∣∣∣∣ φk
1 + λktα

∣∣∣∣2

≤ Ct2−2δ−2α

j∑
k=1

|φk|2.

‖ ASj(t) ‖2≤
Cγ

t2(α+δ)

j∑
k=1

|ψk|2 +

(
Cγ

λ2
1t

2(α+δ)
+ t2−2α−2δ

) j∑
k=1

|φk|2.
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Hence, if ψ, φ ∈ H then AW (t) ∈ C((0, T ];H). From equation (3.1) one has Dα,β
t W (t) = −AW (t), t > 0. So

we have Dα,β
t W (t) ∈ C((0, T ];H).

Uniqueness. Suppose problem (3.1) has two solutions: W1(t),W2(t) and set W (t) = W1(t) − W2(t).
Then we have 

Dα,β
t W (t) +AW (t) = 0, 0 < t ≤ T,

(IδW )(T ) = γ(IδW )(+0),
d
dt (I

δW )(+0) = 0.

We define Wk(t) = (W (t), vk). From the self-adjointness of the operator A, we have following equality:

Dα,β
t Wk(t) = (Dα,β

t W (t), vk) = −(AW (t), vk) = −(W (t), Avk) = −λkWk(t) (3.10)

and the nonlocal condition implies
(IδWk)(T ) = γIδWk(+0). (3.11)

Let us denoteWk(0) = bk. Then, the unique solution to the differential equation (3.10) with this initial condition
has the form Wk(t) = bkEα,1(−λktα) (see, e.g. [7], p.174). From the nonlocal conditions of (3.11) we obtain the
following equation to find the unknown numbers bk

Iδ
(
bkt
−δEα,1−δ(−λktα)

)∣∣∣∣
t=T

= γbk,

and by Lemma 2.5 we have
bkEα,1(−λkTα) = γbk. (3.12)

Let |γ| ≥ 1 or γ ∈ (−1; 0) ∪ (0; 1), but λk 6= λ0 for all k ≥ 1. Then, Eα,1(−λkTα) 6= γ for all k.
Consequently, in this case all bk = 0, therefore, Wk(t) = 0, and by virtue of completeness of the set of
eigenfunctions {vk}, we conclude that W (t) ≡ 0. Thus, problem (3.1) in this case has a unique solution.

Now suppose that γ ∈ (−1; 0) ∪ (0; 1) and λk = λ0, k ∈ K0. Then, Eα,1(−λkTα) = γ, k ∈ K0 and
therefore equation (3.12) has the following solution: bk = 0, if k /∈ K0 and bk is an arbitrary number for k ∈ K0.
Thus, in this case, there is no uniqueness of the solution to problem (3.1).

Thus, we obtain the following statement.
Theorem 3.1. Let ψ, φ ∈ H.
If |γ| ≥ 1 or γ ∈ (−1; 0)∪ (0; 1), but λk 6= λ0 for all k ≥ 1, then problem (3.1) has a unique solution and

this solution has the form (3.6).
If γ ∈ (−1; 0) ∪ (0; 1) and λk = λ0, for k ∈ K0, then problem (3.1) to have a solution, the fulfillment

of the orthogonality conditions (3.7) are sufficient. In this case the solution of the problem (3.1) has the form
(3.9) with arbitrary coefficients bk, k ∈ K0.

Moreover, there is constant Cγ > 0 such that the following coercive type inequality holds:

‖ Dα,β
t W (t) ‖2 + ‖W (t) ‖2≤ Cγ

t2(α+δ)
‖ ψ ‖2

+

(
Cγ

λ2
1t

2(α+δ)
+ t2−2α−2δ

)
‖ φ ‖2, 0 < t ≤ T.

4. Cauchy problem for non-homogeneous equation

We now study the following Cauchy problem
Dα,β
t V (t) +AV (t) = f(t), 0 < t ≤ T ;

(IδV )(0) = 0,
d

dt
(IδV )(0) = 0.

(4.1)
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Theorem 4.1 Let f(t) ∈ C([0, T ];D(Aε)) for some ε ∈ (0, 1). Then, problem (4.1) has a unique solution
and this solution has the following form:

V (t) =

∞∑
k=1

(∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ

)
vk. (4.2)

Moreover, there is a constant Cε > 0 such that the following coercive type inequality holds

‖ Dα,β
t V (t) ‖2 + ‖ V (t) ‖21≤ Cε max

t∈[0,T ]
‖ f(t) ‖2ε, 0 < t ≤ T. (4.3)

where fk(t) are the Fourier coefficients of the function f(t) .
Proof. Existence. Assume that a solution to problem (4.1) exists. Then, due to the completeness of the

system vk, the solution can be written in the form:

V (t) =

∞∑
k=1

Tk(t)vk, (4.4)

where Tk(t) are the Fourier coefficients of the function V (t). Then we put the equation (4.4) to the problem
(4.1), and obtain following problem: 

Dα,β
t Tk(t) + λkTk(t) = fk(t),

IδTk(0) = 0,
d

dt
(IδTk)(0) = 0, k ≥ 1.

(4.5)

The solution of the problem (4.5) has the form (see, for example [7]):

Tk(t) =

∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ. (4.6)

Thus, according to the equalities (4.4) and (4.6), we find the formal solution of the problem (4.1) as the
form (4.2).

To prove the uniqueness of the solution, we use the standart technique, that is, the solution of the
problem (4.1) with the homogeneous condition is identically zero. Taking into account f(t) = 0, then the
Fourier coefficients of that function fk(t) is zero (i.e. fk(t) = 0). Then it follows Tk(t) ≡ 0, for all k ≥ 1. In
that case, u(t) ≡ 0 derives from the equality (4.4) and the completeness of the system {vk}.

We now verify that the formal solution satisfies the conditions of Definition 1.1. We denote the partial
sum of series (4.2) by Sn(t).

Now we apply the operator A on the partial sum Sn(t), then we have:

ASn(t) =

n∑
k=1

(∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ

)
λkvk.

Due to the Parseval equality we may write

‖ ASn(t) ‖2=

n∑
k=1

λ2
k

∣∣∣∣ ∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ

∣∣∣∣2.
According to Lemma 2.4, we have:

AS2
n =

j∑
n=1

λ2
k

∣∣∣∣∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ

∣∣∣∣2 ≤ Cε max
t∈[0,T ]

||f(t)||2ε.

Therefore,
‖ ASn(t) ‖2≤ Cε max

t∈[0,T ]
||f(t)||2ε.
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Hence, if f(t) ∈ C([0, T ];D(Aε)) we obtain AV (t) ∈ C((0, T ];H) and in particular V (t) ∈ C([0, T ];H).
Further, from equation (4.1) one has Dα,β

t Sn(t) = −ASn(t) +
∑n
k=1 fk(t)vk, t > 0. Therefore, from the

above reasoning, we have Dα,βV (t) ∈ C((0, T ];H) and

‖ Dα,β
t Sn(t) ‖2≤ Cε max

t∈[0,T ]
||f(t)||2ε+ ‖ f(t) ‖2, t > 0.

Thus, we have completed the rationale that (4.2) is a solution to problem (4.1). The last two inequalities imply
estimate (4.3).

5. Solution of the nonlocal problem

Now we turn attention to the solution of the main problem (1.1).
Let ϕ ∈ H and f(t) ∈ C((0, T ];D(Aε)) for some ε ∈ (0, 1). If in problem (3.1) we take the function ψ in

a nonlocal condition in the form ψ = (ϕ− (IδV )(T )) ∈ H, then W (t) + V (t) is a solution of the main problem
(1.1), where W (t) is a solution of (3.1) and V (t) is a solution of (4.1). Thus, if |γ| ≥ 1 or γ ∈ (−1; 0) ∪ (0; 1),
but λk 6= λ0 for all k ≥ 1, then

u(t) =

∞∑
k=1

[(
ϕk − (IδVk)(T )

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα) + Vk(t)

]
vk, (5.1)

where

Vk(t) =

∫ t

0

τα−1Eα,α(−λkτα)fk(t− τ)dτ.

If γ ∈ (−1; 0) ∪ (0; 1) and λk = λ0, k ∈ K0, then

u(t) =
∑
k/∈K0

[(
ϕk − (IδVk)(T )

Eα,1(−λkTα)− γ
− φkTEα,2(−λkTα)

Eα,1(−λkTα)− γ

)
t−δEα,1−δ(−λktα)

+φkt
1−δEα,2−δ(−λktα) + Vk(t)

]
vk +

∑
k∈K0

(
bkt
−δEα,1−δ(−λktα) + φkt

1−δEα,2−δ(−λktα) + Vk(t)

)
vk.

The corresponding orthogonality conditions have the form

(ϕ, vk) = (IδV (t), vk) = (φ, vk), k ∈ K0; K0 = {k0, k0 + 1, ..., k0 +m0 − 1}. (5.2)

In particular, if
(ϕ, vk) = 0, (φ, vk) = 0, ((IδV )(T ), vk) = 0,

for all
k ∈ K0; K0 = {k0, k0 + 1, ..., k0 +m0 − 1},

then the orthogonality conditions (5.2) are satisfied. Theorem 1.2 is completely proved.

6. Numerical illustration

In this section, we present a concrete numerical example to illustrate the theoretical results obtained in the
previous sections. In particular, we demonstrate:

1. The loss of uniqueness when some eigenvalue λk equals the critical value λ0;

2. The influence of the Hilfer parameter β on the regularity of the solution;

3. The behavior of the solution for different choices of the arbitrary constants bk.
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6.1 Choice of the operator and space. It should be emphasized that the main results of this work are
proved by the Fourier method, which is applicable to any positive self-adjoint operator with a discrete spectrum.
To illustrate these results, we replace the abstract operator A by a concrete operator with Dirichlet boundary
conditions.

Let Ω = (0, π) ⊂ R and consider the operator

A = − d2

dx2
,

with the domain
D(A) = {u ∈ H2(0, π) : u(0) = u(π) = 0}.

It is well known that A is positive and self-adjoint operator in H = L2(0, π), with eigenvalues

λk = k2, k = 1, 2, 3, . . .

and corresponding orthonormal eigenfunctions

vk(x) =

√
2

π
sin(kx), x ∈ (0, π).

With this choice, problem (1.1) takes the following explicit form:

Dα,β
t u(x, t)− d2

dx2
u(x, t) = f(x, t), 0 < x < π, 0 < t ≤ T,

u(0, t) = u(π, t) = 0,

Iδu(x, t)|t=T = γIδu(x,+0) + ϕ(x),

lim
t→+0

d

dt
Iδu(x, t) = φ(x).

(6.1)

Here, the eigenvalues and eigenfunctions of A will be used in the Fourier series expansion of the solution.
6.2 Choice of the functions f(x, t), ϕ(x) and φ(x)

For the numerical illustration, we need to specify the source term f(x, t) and the functions ϕ(x) and
φ(x) appearing in the nonlocal conditions. Their Fourier coefficients will be computed using the orthonormal

eigenfunctions vk(x) =
√

2
π sin(kx).

We take the source function

f(x, t) = 0.3 t sin 2x, x ∈ (0, π), t ∈ [0, T ].

Its Fourier coefficients are computed as follows:

fk(t) =

∫ π

0

f(x, t)vk(x) dx = 0.3 t

∫ π

0

sin(2x) ·
√

2

π
sin(kx) dx.

Due to orthogonality of the sine functions on (0, π), the integral is nonzero only when k = 2:

f2(t) = 0.3 t

√
2

π

∫ π

0

sin2(2x) dx = 0.3 t

√
π

2
,

and fk(t) = 0 for k 6= 2. Thus, the source term activates only the second mode, with a coefficient proportional
to t.

Additionally, we take the same function for both ϕ(x) and φ(x):

ϕ(x) = φ(x) = 0.5 sin(x) + sin(2x), x ∈ (0, π).
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Their Fourier coefficients are computed in the same way as for the source function f(x, t), using the orthonormal
eigenfunctions:

ϕ1 = φ1 =

∫ π

0

(0.5 sinx+ sin 2x) ·
√

2

π
sinx dx = 0.5

√
π

2
,

ϕ2 = φ2 =

∫ π

0

(0.5 sinx+ sin 2x) ·
√

2

π
sin(2x) dx =

√
π

2
.

For k 6= 1, 2, both terms are orthogonal to vk(x), hence

ϕk = φk = 0, k = 3, 4...

Therefore, now we present graphical and numerical references of our results that illustrate the theoretical findings
obtained in the previous sections.

Рис. 4: (A) Solution for the case γ ≥ 1, where no critical value exists (unique solution).

Рис. 5: (B) Solution for the case −1 < γ < 0 ∪ 0 < γ < 1, but with λk 6= λ0 for all k, so the solution remains
unique.

Figures 1 and 2 demonstrate the pointwise traces u(π2 , t) in the admissible regions. The solution for the
case γ ≥ 1 with parameter α = 1.5 and for −1 < γ < 0∪ 0 < γ < 1, but with λk 6= λ0 for all k. In the first case,
there is no critical value, and the solution is unique. In the second case, although the critical value λ0 exists
(since γ < 1), it does not coincide with any eigenvalue λk, hence the solution remains unique. The figure also
shows the influence of the Hilfer parameter β: as β increases from 0 to 1, the solution transitions smoothly from
the Riemann-Liouville case (β = 0, slower decay) to the Caputo case (β = 1, faster decay), confirming that β
serves as an interpolation parameter between the two classical fractional derivatives.

Figure 3 illustrates the solution for the case −1 < γ < 0∪ 0 < γ < 1, with λk = λ0 for some k ∈ K0. The
parameters are α = 1.5, T = 7.0, β = 0.5, chosen so that λ0 = λ1 = 1. Different choices of the arbitrary constant
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Рис. 6: Solution for the case −1 < γ < 0 ∪ 0 < γ < 1, with λk = λ0 for some k ∈ K0.

b1 = 0.5, 1.0, 1.5, 2.0 lead to different solutions, performing the loss of uniqueness when the spectrum contains
the critical value. The solutions decay to zero as t increases. This decline is primarily due to the asymptotic
behavior of the Mittag-Leffler function(see Lemma 2.3).

The factor t−δ with δ = 0.25 has a mild influence, but the main decrising mechanism comes from the
Mittag-Leffler function itself. This behavior is physically natural, as the equation models diffusion-like processes
where the system tends to an equilibrium state (zero) over time.
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Abstract. In this paper, we investigate the controllability on sphere and transverse singular
foliations generated by family of Killing vector fields. We construct an explicit family of vector
fields on Rn for corresponding Sphere, compute the Lie algebra generated by them, and describe the
corresponding orbits. It is shown that the regular leaves are spheres, while the origin is a singular leaf.
Such construction provides a concrete local model for transverse singular foliations and illustrates
their relation with orbit decompositions and sphere fibrations.

Key words: singular foliation, transversal singular foliation, Killing vector fields, Lie bracket.

Introduction

Although singular foliations are less studied than regular foliations, they appear frequently in differential
geometry. In the 1970s, the definition of singular foliations was the subject of intense debate [4]. Subsequently, the
definition proposed by Hermann [1] was almost universally adopted: a singular foliation is a Lie-bracket-closed,
locally finitely generated submodule of the module of vector fields. The theory of foliations plays an important
role in differential geometry, as it allows one to study the local and global structure, dynamics, and topological
properties of high-dimensional smooth manifolds by decomposing them into leaves. In relativity, spacetime
is modeled as a four-dimensional manifold that admits foliations, providing a mathematical framework for
describing the interplay between space and time. Particle trajectories can be interpreted within such foliated
structures.

In this research, orbits of a family of Killing vector fields on the sphere can be regarded as orbits of
an isometric action, i.e., rotations, of a connected subgroup G ⊂ SO(n + 1). Each Killing field has the form
XA(x) = Ax, where A ∈ SO(n + 1), and the whole family generates a Lie algebra G ⊂ SO(n + 1). Therefore,
the orbit of a point x ∈ Sn is equal to G · x, and the dimension of tangent space is given by the formula
dim(G · x) = dim g − dim gx. For the algebra SO(n + 1), the action is transitive, and the whole sphere is
one orbit. For smaller subalgebras, the sphere decomposes into regular and singular orbits, which is naturally
interpreted as a singular Riemannian foliation. In the context of Brockett’s control systems, reachable sets on
the sphere coincide with such orbits; controllability means that the orbit coincides with the whole sphere. In the
case of Killing foliations, modern transverse sphere theorems show that spaces of leaf closures can be described
as quotient spaces of actions on spheres. [14-17]

Preliminaries

We introduce the notion of formal singular foliation along a leaf L by statements in [4]. Such singular
foliation on a manifold M admitting L as a leaf induces some transversal singular foliation.

Let B be a commutative algebra and B = [x1, x2, ..., xd] be the algebra of formal power series in d
variables, i.e. the algebra of formal sums

F =
∑
Fi1...idx1..., xd
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with Fi1,...,id ∈ B. This algebra is filtered by the decreasing sequence (B≥n)n∈N with B≥n being the ideal of
formal functions of valuation ≥ n the ideal generated by monomials of degree ≥ n. It is a complete algebra
with respect to the topology induced by this filtration. We call a formal neighborhood of a manifold L a sheaf
of filtered commutative algebras

U 7→ Cformal(U)

over L that satisfies the property that each point l ∈ L admits a neighborhood U ⊂ L such that

Cformal(U ' C∝(U)[x1, ..., xd].

Elements of this sheaf shall be called formal functions. This sheaf is a sheaf of filtered algebras (Cformal≥k
with respect to a decreasing filtration given by the valuation of the formal power series. In other words, the
k-th ideal of this filtration is made of formal functions which in any neighborhood as in read:∑

i1+...+id
fi1...idx1...xd

with fi1...id being smooth functions on U . We denote by Cformal≥k this ideal and call it the ideal of formal
functions vanishing along L at order at least k. In particular, IL := Cformal≥1 is the kernel of the natural map
Cformal(L)→ C∝(L) and will be referred to as the ideal of formal functions vanishing along L.

We call vector field on a formal neighborhood Cformal of L a derivation of the sheaf Cformal. The space
Xformal of all vector fields is a sheaf of Lie algebra and of Cformal-modules - both structures being related by
the usual Leibniz identity:

[X,FY ] = F [X,Y ] +X[F ]Y

for all F ∈ Cformal and X,Y ∈ X. We say that a formal vector field X ∈ Xformal is tangent to L if it
preserves the ideal Cformal≥1 . Such a vector field can be evaluated at a point l→ L give an element in the tangent
space TlL that we denote by Xl.

Definition 1. [4.Def.1.9.p.7] Let L be a manifold. We call a formal singular foliation on a formal
neighborhood Cformal of the manifold L a subsheaf F of Xformal that satisfies the three following conditions:

1) F is stable under Lie bracket,
2) F is stable under multiplication by Cformal ,
3) F is a locally finitely generated Cformal -module.
When, in addition,
a) every X ∈ F is tangent to L
b) for every u ∈ TlL, there exists X ∈ F such that Xl = u then speak of a formal singular foliation along

the leaf L.
Let us first define the transverse singular foliation.
Definition 2. [4] Let F be a formal singular foliation along the leaf L.
(1) formal vector fields in X ∈ F ∩ V ertπ shall be called vertical vector fields in F and denoted by T .

By construction, T is a Cformal-module stable under Lie bracket. It is locally finitely generated, so is a singular
foliation along L that we call the transverse singular foliation.

(2) For every l ∈ L, any formal vector field in T restricts to yield a formal vector field on the normal
bundle Tl. The image of this restriction is a formal singular foliation on the finite dimensional vector space Tl
that we denote by (Tl, Tl). By construction, it is made of vector fields that vanish at 0 ∈ Tl. We call (Tl, Tl) the
transverse singular foliation at l ∈ L.

Investigating the definitions above we have the folloving definition as corollary for our investigations:
Definition 3 (Transverse singular foliation). Let L ⊂ M be a submanifold which is a leaf of the

singular foliation F .
Let π : T → L denote the normal bundle of L. Define

T = Vertπ ∩ F,
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where Vertπ is the family of vertical vector fields tangent to the fibers of π. Then T consists of the vertical
vector fields that are tangent to the leaves of F .

For a point l ∈ L, let
Tl = π−1(l)

be the fiber over l. If
π−1(l) ⊥ TlL,

then T induces a singular foliation Tl on the fiber Tl. The pair

(Tl,Tl)

is called the transversal singular foliation at the point l.

Remark. For a transversal singular foliation to be well defined, the tangent space TlL of the leaf and the
normal fiber Tl = π−1(l) must be transversal, that is, orthogonal at every point. Thus, a transversal singular
foliation describes the local structure of the foliation in directions normal to the leaf.

Main part

Let

Sn =

{
x = (x1, . . . , xn+1) ∈ Rn+1 :

n+1∑
i=1

x2
i = 1

}
.

For 1 ≤ i < j ≤ n+ 1, denote by

Rij = −xj
∂

∂xi
+ xi

∂

∂xj

the infinitesimal rotation in the coordinate plane (xi, xj). Each Rij is tangent to Sn and is a Killing vector field,
since it is generated by a one-parameter subgroup of orthogonal transformations of Rn+1.

The vector fields for our statement can be written in the form

X = R12 +R34 +R56 + · · · , Y = R23 +R45 +R67 + · · · .

Hence X and Y are Killing vector fields on Sn.
The research on the properties of orbits and Lie algebras given in [15,16,19] by definitions in [18] provide

the following
Theorem 1. Let A(D) be the minimal Lie algebra of vector fields containing D = {X,Y }. Since the Lie

bracket of Killing vector fields is again a Killing vector field, all elements of A(D) are Killing vector fields.
We show that the orbit of D has dimension n. Consider the point

p = (1, 0, . . . , 0) ∈ Sn.

At this point,

X(p) =
∂

∂x2
.

Using the standard commutation relations of infinitesimal rotations,

[Rij , Rjk] = Rik, i < j < k,

we obtain successively vector fields from A(D) whose values at p are

∂

∂x2
,

∂

∂x3
, . . . ,

∂

∂xn+1
.

Indeed, repeated Lie brackets of X and Y generate, at the point p, the directions corresponding to the coordinate
rotations R12, R13, . . . , R1,n+1. Therefore

Ap(D) = {Z(p) : Z ∈ A(D)} = TpS
n.
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Consequently,
dimL(p) = dimTpS

n = n.

By the orbit theorem for families of smooth vector fields, the orbit L(p) is an immersed submanifold
whose tangent space at p is Ap(D). Since this tangent space has maximal possible dimension, the orbit L(p) is
open in Sn(see [10,13]).

On the other hand, the vector fields under consideration are Killing vector fields on the sphere. By the
theorem on orbits of Killing vector fields, every orbit of such a family is a closed subset of the Riemannian
manifold. Hence L(p) is both open and closed in Sn ([13,15]).

Since Sn is connected, any nonempty subset which is simultaneously open and closed must coincide with
the whole sphere. Therefore,

L(p) = Sn.

So we proved the following
Theorem 2. For given Killing vector fields X = {−x2, x1,−x4, x3,−x6, x5,−x8, x7} and Y =

{0,−x3, x2,−x5, x4,−x7, x6, 0} the orbit of the family D = {X,Y } is the whole sphere.
Now using Theorem 2, we construct the singular foliation with leaves as 4-Shperes.
Let be X = {−x2, x1,−x4, x3, 0} and Y = {0,−x3, x2,−x5, x4, } vector fields defined on the R5 Euclidean

space. Consider the minimal algebra generated by these vector fields. Since the distribution constructed from
this algebra is integrable, it defines a corresponding foliation. One determines what type of manifolds its leaves
are, and identifies the singular foliation that serves as a transversal model to this foliation. Solution: In order
to construct the algebra, we compute the Lie brackets of the given vector fields as follows.

X = {−x2, x1,−x4, x3, 0} or R12 +R34

Y = {0,−x3, x2,−x5, x4} or R23 +R45

Z = [X,Y ] =
∑

(X(Y i)− Y (Xi))~ei =
∑
i

∑
j(X

j ∂Y i

∂Xj − Y
j ∂Xi

∂Y j )~ei

Substituting the corresponding functions into the above formulas, we obtain a vector field. Performing the
computations using the resulting vector field, we arrive at the following results:

Z = [X,Y ] = {−x3, x4, x1 − x5,−x2, x3}
A = [X,Z] = {2x4, 2x3, 2x2,−2x1 + x5,−x4},

B = [Y, Z] = {−x2, x1,−2x4,−2x3, 0}
D = [A,B] = {3x3, 3x4, 3x1 − x5,−3x2, x3}

F = [B,D] = {9x4, 3x3,−3x2,−9x1 + 2x5, 2x4}
B1 = B −X = {0, 0,−x4, x3, 0}

D1 = D − 3Z = {0, 0, 2x5, 0,−2x3}
X1 = X −B1 = {−x2, x1, 0, 0, 0}
C1 = [B1, D1] = {0, 0, 0, x5,−x4}
Y1 = Y + C1 = {0,−x3, x2, 0, 0}

F1 = F − 2C1 = {9x4, x3,−3x2,−9x1, 0}
F2 = F1 + 3Y1 = {x4, 0, 0,−x1, 0, }

These vector fields, namely B1, D1, X1, C1, Y1, F2 form a basis of vector fields hence, the minimal algebra
can be completely described using them. Using the basis vector fields, we construct a matrix and compute
its rank. Since the rank of the matrix is 4, the minimal algebra generated by the given vector fields also has
dimension 4, and the corresponding orbit is a 4-dimensional sphere.

Embedding R5 together with the 4-dimensional sphere constructed into R8 we obtain the following vector
fields:

V1 = {0, 0, 0, 0,−x6, x5, 0, 0}
V2 = {0, 0, 0, 0,−x7, 0, x5, 0}
V3 = {0, 0, 0, 0,−x8, 0, 0, x5}
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We compute the Lie bracket of these vector fields:

W1 = {0, 0, 0, 0, 0,−x7, x6, 0}
W2 = {0, 0, 0, 0, 0, 0,−x8, x7}
W3 = {0, 0, 0, 0, 0,−x8, 0, x6}

Later these vector fields are vertical vector fields for a transversal singular foliation. Let’s check the
dimension

(V1, V2, V3,W1,W2,W3) =


0 0 0 0 −x6 x5 0 0
0 0 0 0 −x7 0 x5 0
0 0 0 0 −x8 0 0 x5

0 0 0 0 0 −x7 x6 0
0 0 0 0 0 0 −x8 x7

0 0 0 0 0 −x8 0 x6



M =



0 0 0 x5 −x4 0 0 0
0 −x4 x3 0 0 0 0 0
0 0 −x5 0 x3 0 0 0
−x2 −x1 0 0 0 0 0 0
x4 0 0 −x1 0 0 0 0
0 0 0 0 0 −x6 x5 0
0 0 0 0 −x8 0 0 x5

0 0 0 0 −x8 0 0 x5


If xi = 0, then rank(M) = 0.
For x1 6= 0, x6 6= 0: M1 = x1 6= 0,

M2 =

∣∣∣∣x1 0
0 −x1

∣∣∣∣ = −x2
1 6= 0,

M3 =

∣∣∣∣∣∣
x1 0 0
0 −x1 0
0 0 x6

∣∣∣∣∣∣ = x2
1x6 6= 0

And continue we introduce a modification to the base matrix in order to compute higher-order ranks.
More precisely, instead of the last two vector fields, we take the result of their pairwise Lie bracket , that is W1,
W2. Then correspondingly, using similar transformations M4 6= 0 , M5 6= 0 , M6 6= 0 , M7 6= 0 remain, and only
M8 = 0.

The rank of the matrix we constructed is rank = 7. From this, we can draw the following conclusion: in
the Euclidean space R8 the spheres S3 and S4 are transversal to each other. Conclusion. The singular foliation
consisting of the 4- and 3-dimensional spheres that we constructed, which are mutually transversal, provides a
transversal singular model.

Now we investigate the properties of transversal singular model using the Theorem 3 from [9,Th 2,p3]
and riemannian submersions generated by the Killing vector fieds.

Theorem 3. [9] If Fj are sets of vector fields on manifolds Mj for (j = 0, 1) ϕ : M0 → M1 satisfics
ϕ∗F0 = F1 then ϕ takes F0-orbits into F1-orbits. On each orbit ϕ constant rank. If the vector fields in both
families are complete, then ϕ is a fiber bundle mapping on each orbit.

Using the method developed for S4, we now consider a geometric realization of a transversal singular
foliation on the sphere S7.

Let
D1 = {X1, X2}

be a family of Killing vector fields (rotations) on S7, where

X1 = {−x2, x1,−x4, x3, 0, 0, 0, 0} = R12 +R34,

174



Acta NUUz Exact sciences №2/2, 2026, 170-178

and

X2 = {0,−x3, x2, 0, 0, 0, 0, 0} = R23.

Denote by
A1 = minAlg(D1)

the minimal Lie algebra generated by D1.
Let P1 be the distribution generated by A1, that is,

P1 : x 7−→ A1(x).

By direct computation, the distribution P1(x) = A1(x) is involutive in the sense of Hermann [6]. Therefore,
it is integrable and admits corresponding integral manifolds.

These integral manifolds coincide with the orbits L(x) of the family D1, that is, with the leaves of the
foliation.

The corresponding orbits are 3-dimensional spheres S3. Consequently, they form a singular foliation
consisting of concentric spheres centered at the origin. This foliation has maximal dimension 3 on the set

x2
1 + x2

2 + x2
3 + x2

4 > 0,

and dimension 0 elsewhere.
Consider the map

ϕ : x 7−→ L(x),

or equivalently,

ϕ : M −→M/F (1)

where M = S7 and F is the foliation generated by the distribution P1, whose leaves are the orbits L(x).

Now we need the result of Detlef Gromoll and Gerard Walschap stated in Section (iv) on page 8 of [?]:
Theorem 4 [20, Th 1.2.1. p6]. Let π : M → B be a submersion with connected fibers, where M is a

Riemannian manifold. Then there exists a metric on B for which π becomes Riemannian iff the Lie derivative
LUg

h of gh vanishes any vertical direction U .
In our suggestions, vertical directions U are given by Killing vector fields, so, LUgh = 0. Then the map

ϕ : x 7→ L(x)

is a Riemannian submersion and

Vertϕ∗ = A1.

Where The differential of ϕ is ϕ∗ = dϕ,

and satisfies
ker(ϕ∗) = A1,

or equivalently,

ker(ϕ∗)(x) = A1(x).

Now consider the family D = {Y1, Y2},
where

Y1 = {−x2, x1,−x4, x3,−x6, x5,−x8, x7},
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and

Y2 = {0,−x3, x2,−x5, x4,−x7, x6, 0}.

The orbits of this family cover the entire sphere S7.
For the map ϕ, we have

Imϕ∗(x) = A/A1 = A2,

where A denotes the minimal Lie algebra generated by the family D.
To determine A2, consider the irreducible Killing vector fields Rij generating the algebras A and A1.

Every element of these algebras can be expressed as a linear combination of such vector fields.
The irreducible elements of A1 are

Rij , 1 ≤ i < j ≤ 4,

while the irreducible elements of A are

Rij , 1 ≤ i < j ≤ 8.

Therefore, the irreducible elements of the quotient algebra A/A1 are

Bij = Rab, 4 ≤ i < j ≤ 8.

Setting

a = i− 3, b = j − 3,

we obtain

1 ≤ a < b ≤ 5.

Hence,

A2 = {Rab | 1 ≤ a < b ≤ 5}.

The orbits corresponding to the distribution generated by A2 are 4-dimensional spheres S4 through every
point of S7.

Thus, we have that

ϕ : S7 −→ S4

is a Riemannian submersion.
Moreover,

ϕ∗(Rij) = Rab, 4 ≤ i < j ≤ 8,

where

a = i− 3, b = j − 3,

and

ϕ∗(Rij) = 0

in all other cases.
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Therefore, the differential of ϕ maps the family

D = {Rij | 1 ≤ i < j ≤ 8}

on S7 to the family

D2 = {Rab | 1 ≤ a < b ≤ 5}

on S4.
So on every orbit we have the fibration with fibers L(x) = S3.

Consequently, ϕ induces the structure

S3 −→ S7 −→ S4,

which coincides with the classical Hopf fibration.
Thus, we have proved the following theorem
Theorem 5. The map

ϕ : x 7→ L(x),

defined in (1), determines a transversal singular foliation on S7 that is equivalent to the Hopf fibration.

Conclusion

In this work, starting from the given vector fields X and Y on R5, we constructed the minimal Lie
algebra generated by them through successive Lie brackets. It was shown that the resulting system of vector
fields defines an involutive and integrable distribution, and therefore induces a foliation.

By analyzing the obtained vector fields and their linear combinations, a basis of the minimal algebra was
determined. The rank computation of the corresponding matrix showed that the dimension of the generated
algebra is 4, and hence its orbits are 4-dimensional manifolds, identified as spheres S4.

Further, embedding this structure into R8, we constructed additional vector fields Vi and their Lie brackets
Wi, which generate a transversal singular foliation. The rank analysis of the extended matrix demonstrated that
its rank is 7, implying that the corresponding orbits are 7-dimensional spheres S7.
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Abstract. In this article, an optimal quadrature formula is constructed for the approximate
calculation of the solution of the Fredholm type singular integral equation of the second kind with
a Hilbert kernel in the space L(3)

2 (0, 1). In the quadrature formula under consideration, the Sard
problem is generated, in which the interval [0, 1] is equidistantly distributed through any N points,
and this problem is solved using the Sobolev method. For this, an analytical representation of the
optimal coefficients of the quadrature formula is obtained by minimizing the norm of the error
functional in the conjugate space L(3)∗

2 (0, 1).
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Problem statement

We will consider the following quadrature formula
1∫

0

ϕ(x) cotπ(x− t)dx ∼=
N∑
β=0

Cβϕ(xβ), (1)

where Cβ are coefficients, xβ are nodes, xβ ∈ [0, 1]. The functions ϕ(x) belong to the Hilbert space L(3)
2 (0, 1),

defined as

L
(3)
2 (0, 1) = {ϕ(x) : [0, 1]→ R, ϕ′′(x)− abs. cont, ϕ′′′(x) ∈ L2(0, 1)}.

The scalar product of the functions ϕ and ψ in the space L(3)
2 (0, 1) is defined as follows

< ϕ,ψ >=

1∫
0

ϕ′′′(x)ψ′′′(x)dx (2)

and the norm of the function ϕ in this space is calculated using the scalar product (2) as follows

‖ϕ‖ =

√√√√√ 1∫
0

(
ϕ′′′(x)

)2

dx. (3)
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The difference between the integral and the quadrature sum in the quadrature formula (1)

1∫
0

ϕ(x) cotπ(x− t)dx−
N∑
β=0

Cβϕ(xβ) =

∞∫
−∞

(ε[0,1](x) cotπ(x− t)−
N∑
β=0

Cβδ(x− xβ))ϕ(x)dx =

=

∞∫
−∞

`(x)ϕ(x)dx = (`, ϕ) (4)

the difference is called the error of the quadrature formula.
The generated (4) corresponds to the following error functional from the conjugate space L(3)∗

2 (0, 1)

`(x) = ε[0,1](x) cotπ(x− t)−
N∑
β=0

Cβδ(x− xβ), (5)

where ε[0,1](x) is the characteristic function of the interval [0, 1], and δ(x) is the Dirac delta-function.
According to the definition of the norm of a linear continuous functional, the following is known (see [5],

p. 82)

‖`‖
L

(3)∗
2

= sup
‖ϕ‖6=0

|(`, ϕ)|
‖ϕ‖

.

From this equality follows the Cauchy-Schwarz inequality

|(`, ϕ)| ≤ ‖`‖
L

(3)∗
2
‖ϕ‖

L
(3)
2
. (6)

According to the Cauchy-Schwartz inequality, according to the norm of the function ϕ(x), the following
conditions hold

(`, xα) = 0, α = 0, 1, 2. (7)

According to the conditions (7), the quadrature formula (1) is defined for the function d2x
2 + d1x+ d0.

These conditions ensure that the error functional is bounded.
Thus, the upper bound of the error (4) for the quadrature formula (1) is estimated using the norm of the

error functional `(x). This gives rise to the following problem.
Problem 1. To find the form of the norm for the error functional `(x) belonging to the conjugate space

L
(3)∗

2 (0, 1).
It can be seen that the error functional depends on the coefficients Cβ and the nodes xβ . The minimization

of the norm of the error functional for the coefficients Cβ and the nodes xβ is called the Nikolsky problem, and
this problem was first studied in the work of Nikolsky [6, 7]. The problem of minimizing the norm of the error
functional only with respect to the coefficients Cβ by prefixing the nodes xβ is called the Sard problem, and this
problem was first studied in the works of Sard [8, 9].

In this work, we will solve the Sard problem. For this, we construct a quadrature formula for points xβ
where the nodes xβ = hβ (h = 1

N , N ∈ N) are equidistantly distributed.
which minimizes the norm of the error functional `(x), i.e.

inf
Cβ
‖`‖

L
(3)∗
2 (0,1)

(8)

The coefficients Cβ that achieve the expression are called optimal coefficients and are denoted as C̊β . This
quadrature formula built on optimal coefficients is called optimal quadrature formula. Therefore, to construct
an optimal quadrature formula in the sense of Sard in the space L(3)

2 (0, 1), it is necessary to solve the following
problem.
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Problem 2. Find the optimal coefficients C̊β to get (8).
The main purpose of this article is to construct an optimal quadrature formula that calculates the integral

(1) with high accuracy in the space L(3)
2 (0, 1). Using the functional method in Hilbert spaces, optimal quadrature

formulas were constructed in the case of singular integrals with Cauchy kernels [11, 18, 19, 20] and in the case
of singular integrals with Hilbert kernels [12, 13]. In addition, optimal quadrature formulas for regular integrals
in various other spaces were constructed using the Sobolev method.

The rest of this article is structured as follows. In the third section, the extremal function corresponding
to the error functional `(x) is determined, and with its help, the expression of the norm of the error functional
(5) is found, i.e., problem 1 is solved. In the fourth section, to find the minimum of the quantity ‖`‖2 on the
coefficients Cβ , a system of linear equations for the coefficients of the optimal quadrature formula in the Sard
sense in the space L(3)

2 (0, 2π) is obtained and solved using the Sobolev method. In the fifth section, the analytical
form of the optimal coefficients of the quadrature formula (1) is found, i.e., problem 2 is solved.

Finding the extreme function and expressing the error functional norm

To solve problem 1, i.e., to find the form of the norm of the error functional (5), we use the concept of
an extremal function.

The function ψ`(x) is called extreme function corresponding to the error functional `(x) if the following
equality holds (see, [3, 4]).

(`, ψ`) = ‖`‖
L

(3)∗
2
· ‖ψ`‖L(3)

2
(9)

The concept of an extremal function was first introduced by S.L. Sobolev and was defined as follows.

ψ` = −`(x) ∗G3(x) + P2(x),

here G3(x) = |x|5
2·5! , P2(x) is a second-degree polynomial.

Note that ∗ is a convolution operation and a convolution of two functions

ϕ(x) ∗ ψ(x) =

∞∫
−∞

ϕ(x− y)ψ(y)dy =

∞∫
−∞

ϕ(y)ψ(x− y)dy

determined by the formula.
Since the space L(3)

2 (0, 1) is a Hilbert space, we present the Riesz theorem on the general form of a linear
continuous functional.

Theorem 1. (Rice’s theorem) Let H be some Hilbert space. Then for each linear continuous functional
` ∈ H∗ in the space H there exists a unique function ψ` called the Riesz element, which satisfies the condition
(`, ϕ) =< ψ`, ϕ >, and for this function the following equality holds

‖`‖H∗ = ‖ψ`‖H

and vice versa.
For any ψ` ∈ H, there exists a unique function ` ∈ H∗ such that (`, ϕ) =< ψ`, ϕ > and ‖`‖H∗ = ‖ψ`‖H .
According to the theorem, the extremal function ψ`(x) is a Riesz element and

(`, ψ`) = ‖`‖2 = ‖ψ`‖2.

According to the theorem, we calculate the square of the norm of the error functional.

‖`‖2 = −
1∫
0

1∫
0

|x−y|5
2·5! cotπ(x− t) cotπ(x− t)dxdy+

+ 2
N∑
β=0

Cβ
1∫
0

|x−hβ|5
2·5! cotπ(x− t)dx−

N∑
β=0

N∑
γ=0

CβCγ
|hβ−hγ|5

2·5!

Thus, the square of the norm of the error functional `(x) is found, and problem 1 is solved.
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Find conditional minimum of error functional

Now we will deal with solving the second problem. The square of the norm of the error functional
generated in (10) is a multi-variable function with respect to coefficients Cβ . According to the rule for finding the
conditional extremum of a function of several variables, we find its local minimum together with the conditions
(7). For this, we construct the Lagrange function

Φ(Cβ , d2, d1, d0) = ell‖2 + 2

2∑
α=0

dα(`, xα), β = 0, 1, ..., N.

Here, according to (7), the following applies

(`, xα) =

1∫
0

xα cotπ(x− t)dx−
N∑
β=0

Cβ(hβ)α = 0, α = 0, 1, 2.

Equating the partial derivatives of the resulting function Φ with respect to the coefficients Cβ and the
unknowns d2, d1, d0 to zero, we obtain the following system of linear equations.

N∑
γ=0

Cγ
|hβ − hγ|5

2 · 5!
+ d2(hβ)2 + d1(hβ) + d0 = f3(hβ), β = 0, 1, ..., N, (11)

N∑
γ=0

Cγ(hγ)2 = g2, (12)

N∑
γ=0

Cγ(hγ) = g1, (13)

N∑
γ=0

Cγ = g0. (14)

here

f3(hβ) =

1∫
0

|x− hβ|5

2 · 5!
cotπ(x− t)dx =

=
1

2 · 5!

∞∑
k=0

(−1)k
B2k22kπ2k−1

(2k)!

[
1

2k + 5

(
(1− t)2k+5 − 2(hβ − t)2k+5 − t2k+5

)
+

+
5(t− hβ)

(2k + 4)

(
(1− t)2k+4 − 2(hβ − t)2k+4 + t2k+4

)
+

+
10(t− hβ)2

(2k + 3)

(
(1− t)2k+3 − 2(hβ − t)2k+3 − t2k+3

)
+

+
10(t− hβ)3

(2k + 2)

(
(1− t)2k+2 − 2(hβ − t)2k+2 + t2k+2

)
+

+
5(t− hβ)4

(2k + 1)

(
(2π − t)2k+1 − 2(hβ − t)2k+1 − t2k+1

)]
+

+
(t− hβ)5

120 · π
ln

∣∣∣∣ sinπ · t
sinπ(hβ − t)

∣∣∣∣,
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g2 =

∞∑
k=0

(−1)k
B2k22kπ2k−1

(2k)!

(
1

2k + 2

(
(1− t)2k+2 − t2k+2

)
+

2t

2k + 1

(
(1− t)2k+1 + t2k+1

))
,

g1 =

∞∑
k=0

(−1)k
B2k22kπ2k−1

(2k + 1)(2k)!

(
(1− t)2k+1 + t2k+1

)
,

g0 =

2π∫
0

cot
x− t

2
dx = 0,

where B2k are Bernoulli numbers and the following formula was used (see [16], p. 224)∫
xp cotxdx =

∞∑
k=0

(−1)k
22kB2k

(2k + p)(2k)!
x2k+p, [p ≥ 1, |x| < π].

The system (11)-(14) consists of (N + 4) unknowns and (N + 4) linear equations with respect to Cγ , γ =
0, 1, ..., N, d0, d1, d2. To solve this system, we will use the functional method proposed by Sobolev. For this
method, the use of a discrete analogue of the differential operator d6/dx6 is very important. In [10], a discrete
analog of the differential operator d6/dx6 is constructed.

Theorem 2. The discrete analog of the differential operator d6/dx6 satisfying the equality D3(hβ) ∗
G3(hβ) = δ(hβ) has the form

D3(hβ) =
5!

h6



2∑
t=1

Kt · q|β|−1
t , |β| ≥ 2,

1 +
2∑
t=1

Kt, |β| = 1,

−25 +
2∑
t=1

Kt
qt
, β = 0,

(15)

where δ(hβ) is a discrete delta function, K1 = (1−q1)7

E5(q1) , K2 = (1−q2)7

E5(q2) , E5(x) is an Euler-Frobineus polynomial of
the 5th degree, and q1 and q2 are roots of the Euler-Frobineus polynomial with E4(q) satisfying the inequality
|qt| < 1, (t = 1, 2).

Theorem 3. The discrete operator D3(hβ) has the following properties:

1) D3(hβ) ∗ 1 = 0
2) D3(hβ) ∗ (hβ) = 0
3) D3(hβ) ∗ (hβ)2 = 0
4) hD3(hβ) ∗G3(hβ) = δ(hβ)

(16)

The proofs of the theorems are given in [10].
Since we will now use discrete-argument functions and operations on them, we will present some concepts

about them.
Defination 1. A function ϕ(hβ) is called a function with a discrete argument if it is defined on the set

of some integer values of the variable β.
Defination 2. The scalar product of two discrete-argument functions ϕ(hβ) and ψ(hβ) is defined as

follows

[ϕ(hβ), ψ(hβ)] =

∞∑
β=−∞

ϕ(hβ) · ψ(hβ)

This equality holds in the case when the series on the right is absolutely convergent.
Defination 3. The convolution of two discrete-argument functions ϕ(hβ) and ψ(hβ) is the following

scalar product

ϕ(hβ) ∗ ψ(hβ) = [ϕ(hγ), ψ(hβ − hγ)] =

∞∑
γ=−∞

ϕ(hγ) · ψ(hβ − hγ).
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We define the left side of (11)

u(hβ) =

N∑
γ=0

Cγ
|hβ − hγ|5

2 · 5!
+ d2(hβ)2 + d1(hβ) + d0. (17)

Let’s convert this (17) expression to convolutional form using the discrete argument function concept
mentioned above

u(hβ) = Cβ ∗G3(hβ) + d2(hβ)2 + d1(hβ) + d0. (18)

Applying the discrete operator D3(hβ) to this expression and using its properties, we get

Cβ = hD3(hβ) ∗ u(hβ) (19)

Thus, to find the coefficients of the optimal quadrature formula, it is necessary to find the general form of
the function u(hβ) at all integer points. From the equality (11) we see that u(hβ) = f3(hβ) for β = 0, 1, ..., N .
Now we need to find the expression (18) for the function u(hβ) when β < 0 and β > N under the assumption
Cβ = 0.

when β < 0

u(hβ) = −
N∑
γ=0

Cγ
(hβ − hγ)5

2 · 5!
+ d2(hβ)2 + d1(hβ) + d0 =

= − g0

240
(hβ)5 +

g1

48
(hβ)4 − g2

24
(hβ)3 + p2(hβ)2 − p1(hβ) + p0 + d2(hβ)2 + d1(hβ) + d0,

where p2, p1, p0 are coefficients equal to

p2 =
1

24

N∑
γ=0

Cγ(hγ)3, p1 =
1

48

N∑
γ=0

Cγ(hγ)4, p0 =
1

240

N∑
γ=0

Cγ(hγ)5.

When β > N

u(hβ) =

N∑
γ=0

Cγ
(hβ − hγ)5

2 · 5!
+ d2(hβ)2 + d1(hβ) + d0 =

=
g0

240
(hβ)5 − g1

48
(hβ)4 +

g2

24
(hβ)3 − p2(hβ)2 + p1(hβ)− p0 + d2(hβ)2 + d1(hβ) + d0,

Thus, u(hβ) has the following form.

u(hβ) =

 −
g0

240 (hβ)5 + g1

48 (hβ)4 − g2

24 (hβ)3 + (d2 + p2)(hβ)2 + (d1 − p1)(hβ) + (d0 + p0), β < 0,
f3(hβ), 0 ≤ β ≤ N,
g0

240 (hβ)5 − g1

48 (hβ)4 + g2

24 (hβ)3 + (d2 − p2)(hβ)2 + (d1 + p1)(hβ) + (d0 − p0), β > N.

Here, to simplify the appearance of u(hβ), we introduce the following notations

d2 + p2 = a−2 , d1 − p1 = a−1 , d0 + p0 = a−0 ,
d2 − p2 = a+

2 , d1 + p1 = a+
1 , d0 − p0 = a+

0 ,

from which it is possible to establish the following

d2 =
a−2 +a+

2

2 , d1 =
a−1 +a+

1

2 , d0 =
a−0 +a+

0

2 ,

p2 =
a−2 −a

+
2

2 , p1 =
a+

1 −a
−
1

2 , p0 =
a−0 −a

+
0

2 .

Then, considering that g0 = 0, we write the form of u(hβ) as follows

u(hβ) =


g1

48 (hβ)4 − g2

24 (hβ)3 + a−2 (hβ)2 + a−1 (hβ) + a−0 , β < 0,
f3(hβ), 0 ≤ β ≤ N,
− g1

48 (hβ)4 + g2

24 (hβ)3 + a+
2 (hβ)2 + a+

1 (hβ) + a+
0 , β > N.

(20)
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Here, a−2 , a
−
1 , a

−
0 , a

+
2 , a

+
1 , a

+
0 are unknown quantities. If these unknowns are found, the general form of

u(hβ) is determined and optimal coefficients Cβ , β = 0, 1, ..., N are found from the formula (19). Now let’s
find these unknowns.

First, we define a−0 and a+
0 from (20).

At β = 0
a−0 = f3(0),

in β = N

a+
0 =

g1

48
− g2

24
− a+

2 − a
+
1 + f3(1)

We determine that it is equal to. Then u(hβ) will look like this

u(hβ) =


g1

48 (hβ)4 − g2

24 (hβ)3 + a−2 (hβ)2 + a−1 (hβ) + f3(0), β < 0,
f3(hβ), 0 ≤ β ≤ N,
− g1

48 (1− (hβ)4) + g2

24 ((hβ)3 − 1) + a+
2 ((hβ)2 − 1) + a+

1 (hβ − 1) + f3(1), β > N.
(21)

Now let’s determine the remaining unknowns a−2 , a
−
1 , a

+
2 , a

+
1 . According to (19) since β < 0 and β > N

has Cβ = 0 based on our assumption

Cβ = hD3(hβ) ∗ u(hβ) = 0, hβ /∈ [0, 2π]

D3(hβ) ∗ u(hβ) = 0,
∞∑

γ=−∞
D3(hβ − hγ)u(hγ) = 0.

Taking (21) into account, we write it down as follows

−1∑
γ=−∞

D3(hβ − hγ)u(hγ) +

N∑
γ=0

D3(hβ − hγ)u(hγ) +

∞∑
γ=N+1

D3(hβ − hγ)u(hγ) = 0,

∞∑
γ=1

D3(hβ + hγ)u(−hγ) +

N∑
γ=0

D3(hβ − hγ)u(hγ) +

∞∑
γ=1

D3(hβ − h(γ +N))u(h(γ +N)) = 0.

Substituting the function u(hβ) into the last expression, we obtain an equation with respect to the
unknowns a−2 , a

−
1 , a

+
2 , a

+
1

a−2

∞∑
γ=1

D3(hβ + hγ)(hγ)2 − a−1
∞∑
γ=1

D3(hβ + hγ)(hγ)+

+a+
2

∞∑
γ=1

D3(hβ − h(γ +N))h2(γ2 + 2Nγ) + a+
1

∞∑
γ=1

D3(hβ − h(γ +N))(hγ) =

= −
N∑
γ=0

D3(hβ − hγ)f3(hγ)−
∞∑
γ=1

D3(hβ + hγ)

(
g1

48
(hγ)4 +

g2

24
(hγ)3 + f3(0)

)
−

−
∞∑
γ=1

D3(hβ − h(γ +N))

(
− g1

48
(hγ)4 + (

g2h
3

24
− g1h

3

12
)γ3 + (

g2h
2

8
− g1h

2

8
)γ2 + (

g2h

8
− g1h

12
)γ + f3(1)

)
. (22)

From this, to find the unknowns a−2 , a
−
1 , a

+
2 , a

+
1 , we calculate the equation (22) when β = −1, β = −2, β =

N + 1 and β = N + 2, and obtain the following system of linear equations

u(hβ) =


A11a

−
2 +A12a

−
1 +A13a

+
2 +A14a

+
1 = B1

A21a
−
2 +A22a

−
1 +A23a

+
2 +A24a

+
1 = B2

A31a
−
2 +A32a

−
1 +A33a

+
2 +A34a

+
1 = B3

A41a
−
2 +A42a

−
1 +A43a

+
2 +A44a

+
1 = B4

(23)
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here

A11 =
5!

h4

(
− 28 +

2∑
i=1

KiDi2

q2
i

)
;

A12 = − 5!

h5

(
− 30 +

2∑
i=1

KiDi1

q2
i

)
;

A13 =
5!

h4

( 2∑
i=1

K1q
N
i (Di2 + 2NDi1)

)
;

A14 =
5!

h5

( 2∑
i=1

KiDi1q
N
i

)
;

A21 =
5!

h4

(
− 118 +

2∑
i=1

Ki

(
1− 1

q2
i

+
Di2

q3
i

))
;

A22 = − 5!

h5

(
− 60 +

2∑
i=1

Ki

(
1− 1

q2
i

+
Di1

q3
i

))
;

A23 = − 5!

h5

( 2∑
i=1

Kiq
N+1
i

(
Di2 + 2NDi1

))
;

A24 =
5!

h5

( 2∑
i=1

KiDi1q
N+1
i

)
;

A31 =
5!

h4

( 2∑
i=1

KiDi2q
N
i

)
;

A32 = − 5!

h5

( 2∑
i=1

KiDi1q
N
i

)
;

A33 =
5!

h4

(
− 28− 60N +

2∑
i=1

Ki

q2
i

(
Di2 + 2NDi1

))
;

A34 =
5!

h5

(
− 30 +

2∑
i=1

KiDi1

q2
i

)
;

A41 =
5!

h4

( 2∑
i=1

KiDi2q
N+1
i

)
;

A42 = − 5!

h5

( 2∑
i=1

KiDi1q
N+1
i

)
;

A43 =
5!

h4

(
− 118− 120N +

2∑
i=1

Ki

((
1− 1

q2
i

)
(1 + 2N) +

Di2 + 2NDi1

q3
i

))
;

A44 =
5!

h5

(
− 60 +

2∑
i=1

Ki

(
1− 1

q2
i

+
Di1

q3
i

))
;

B1 = − 5!

h6

(
− g1h

4

3
− g2h

3 − 30f3(0) +

2∑
i=1

Ki

(
Fi +

1

q2
i

Mi + qN1 Ni

))
;
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B2 = − 5!

h6

(
− 215g1h

4

24
− 19g2h

3

2
−30f3(0)+

2∑
i=1

Ki

(
Fiqi+

(
1− 1

q2
i

)(
g1h

4

48
+
g2h

3

24
+f3(0)

)
+

1

q3
i

Mi+q
N+1
i Ni

))
;

B3 = − 5!

h6

(
g1h

4

3
− 24h3

(
g2

24
− g1

12

)
− 28h2

(
g2

8
− g1

8

)
− 30h

(
g2

8
− g1

12

)
− 30f3(1)+

+

2∑
i=1

Ki

( N∑
γ=0

qN−γi f3(hγ) + qNi Mi +
1

q2
i

Ni

))
;

B4 = − 5!

h6

(
215g1h

4

24
− 228h3

(
g2

24
− g1

12

)
− 118h2

(
g2

8
− g1

8

)
− 60h

(
g2

8
− g1

12

)
− 30f3(1)+

+

2∑
i=1

Ki

( N∑
γ=0

qN+1−γ
i f3(hγ) + qN+1

i Mi +
1

q3
i

Ni +

(
1− 1

q2
i

)(
− g1h

4

48
+

+h3

(
g2

24
− g1

12

)
+ h2

(
g2

8
− g1

8

)
+ h

(
g2

8
− g1

12

)
+ f3(1)

)))
;

where

D10 =
∞∑
γ=1

qγ1 , D11 =
∞∑
γ=1

qγ1γ, D12 =
∞∑
γ=1

qγ1γ
2, D13 =

∞∑
γ=1

qγ1γ
3, D14 =

∞∑
γ=1

qγ1γ
4,

D20 =
∞∑
γ=1

qγ2 , D21 =
∞∑
γ=1

qγ2γ, D22 =
∞∑
γ=1

qγ2γ
2, D23 =

∞∑
γ=1

qγ2γ
3, D24 =

∞∑
γ=1

qγ2γ
4,

F1 =
N∑
γ=0

qγ1 f3(γ), F2 =
N∑
γ=0

qγ2 f3(γ),

Mi =
Di4g1h

4

48
+
Di3g2h

3

24
+Di0f3(0),

Ni = −Di4g1h
4

48
+Di3h

3

(
g2

24
− g1

12

)
+Di2h

2

(
g2 − g1

8

)
+Di1h

(
g2

8
− g1

12

)
+Di0f3(1).

Solving the system of linear equations using the Kramer method, we determine the unknowns
a−2 , a

−
1 , a

+
2 , a

+
1 .

Thus, the general form of the function u(hβ) is defined.

Optimal Coefficients of a Quadrature Formula

In this section, we present the main result for the quadrature formula (1).
Theorem 3. The optimal coefficients of the quadrature formula (1), the nodes of which are equidistant

in the space L(3)
2 (0, 2π), have the form

C0 = 5!
h5

[
g1h

4

48 + g2h
3

24 + a−2 h
2 − a−1 h− 31 · f3(0) + f3(1) +

2∑
n=1

Kn
qn

(
Fn + Un + qNn Vn

)]
;

Cβ = 5!
h5

[
2∑

n=1
Kn

(
qβ−1
n Un + qN−β−1

n Vn +
N∑
γ=0

q
|β−γ|−1
n f3(γ)

)
+ f3(β − 1)− 32f3(β) + f3(β + 1)

]
;

β = 1, ..., N − 1

CN = 5!
h5

[
− g1h

4

48 + g2h
3

24 −
g1h

3

12 + g2h
2

8 − g1h
2

8 + g2h
8 −

g1h
12 + 2a+

2 h+ a+
2 h

2 + a1h−

−31 · f3(N) + f3(N − 1) +
2∑

n=1

Kn
qn

(
qNn Un + Vn +

∑N
γ=0 q

N−γ
n f3(γ)

)]
;
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here

Un =
Dn4g1h

4

48
+
Dn3g2h

3

24
+Dn2a

−
2 h

2 −Dn1a
−
1 h+Dn0f3(0);

Vn = −Dn4g1h
4

48
+Dn3h

3

(
g2

24
− g1

12

)
+Dn2h

2

(
g2

8
− g1

8
+ a+

2

)
+Dn1h

(
g2

8
− g1

12
+ 2a+

2 + a+
1

)
+Dn0f3(N);

Proof. To prove the theorem, we use the expression (19). For this, the discrete operator D3(hβ) is defined
by the formula (15), and the function u(hβ) is defined by the expression (21). So,

Cβ = hD3(hβ) ∗ u(hβ) = h

∞∑
γ=−∞

D3(hβ − hγ)u(hγ) =

= h

( −1∑
γ=−∞

D3(hβ − hγ)u(hγ) +

N∑
γ=0

D3(hβ − hγ)u(hγ) +

∞∑
γ=N+1

D3(hβ − hγ)u(hγ)

)
=

= h

( ∞∑
γ=1

D3(hβ + hγ)u(−hγ) +

N∑
γ=0

D3(hβ − hγ)u(hγ) +

∞∑
γ=1

D3(hβ − h(γ +N))u(h(γ +N))

)
=

= h

( ∞∑
γ=1

D3(hβ + hγ)

(
g1h

4

48
γ4 +

g2h
3

24
γ3 + a−2 h

2γ2 − a−1 hγ + f3(0)

)
+

+

N∑
γ=0

D3(hβ − hγ)f3(γ) +

∞∑
γ=1

D3(hβ − h(γ +N))

(
− g1h

4

48
γ4 +

(
g2h

3

24
− g1h

3

12

)
γ3+

+

(
g2h

2

8
− g1h

2

8
+ a+

2 h
2

)
γ2 +

(
g2h

8
− g1h

12
+ 2a+

2 h+ a+
1 h

)
γ + f3(N)

))
.

From the last expression follows the coefficient C0 when β = 0, the coefficients Cβ when β = 1, 2, ..., N−1,
and the coefficient CN when β = N .

The theorem is proven.
Problem 2 is solved.

Conclusion

In this article, using the Sobolev method, an optimal quadrature formula was developed for the
approximate calculation of a singular integral with a Hilbert kernel with high accuracy in the space L(3)

2 (0, 1)
and an analytical expression of its optimal coefficients was found.
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Abstract. We establish an analogue of the multidimensional Morera boundary theorem for the
matrix ball of the first type defined in the space of vectors of square matrices. In contrast to the
known result of S. Kosbergenov for continuous functions, in the present paper we consider integrable
functions of class Lp(Xmn) (p ≥ 1). The obtained result generalizes the well-known Nagel–Rudin
theorem to the case of integrable functions on the skeleton of the matrix ball.
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Introduction

Morera’s theorem is one of the fundamental theorems of complex analysis. In the one-dimensional case,
it states that if a continuous function on a domain of the complex plane has zero integrals over the boundaries
of all triangles lying in that domain, then the function is holomorphic.

Multidimensional generalizations of Morera’s theorem are an actively developing direction of modern
complex analysis. Of particular interest are boundary versions of Morera’s theorem for integrable functions,
where conditions are imposed on special families of complex curves related to automorphisms of the domain
([1]-[8]). In the present work, all functions on the Shilov boundary are assumed to belong to the class Lp (p ≥ 1).

The starting point was the classical result of Nagel and Rudin [3] established for the unit ball in Cn: if a
continuous function f on the sphere satisfies∫ 2π

0

f(ψ(eiφ, 0, . . . , 0))eiφdφ = 0

for all holomorphic automorphisms ψ of the ball, then f extends holomorphically into the ball.
An alternative proof of the Nagel–Rudin theorem was proposed by S. Kosbergenov in [4]. This approach

proved to be very fruitful: it allowed generalizing the Morera boundary theorem to classical domains for
continuous functions ([5]).

For the matrix ball, a Morera boundary theorem in the class of continuous functions C(Xmn) was proved
by S. Kosbergenov in [6]. The main difference of the present study is the consideration of integrable functions
Lp(Xmn) (p ≥ 1). For this class, the proof requires a more subtle approach: unlike the continuous case, here
functions are defined only almost everywhere.

In this paper we consider the matrix ball of the first type — an important particular case of the classical
domain of the first type. The matrix ball Bmn is defined as the set of vectors Z = (Z1, . . . , Zn), where each
component Zj is a square matrix of order m, satisfying I(m) −

∑n
j=1 ZjZ

∗
j > 0. Its Shilov boundary (skeleton)
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Xmn consists of matrix tuples for which
∑n
j=1 ZjZ

∗
j = I(m). A detailed exposition of the theory of the matrix

ball, including the description of its automorphisms and invariant kernels, is contained in the monograph [7]
(see also [9]).

Automorphisms of the matrix ball are of fractional-linear form and act transitively on the domain. An
essential role is played by the invariant Poisson kernel P (Z,W ), which allows recovering a holomorphic function
from its boundary values. For the matrix ball this kernel has an explicit expression in terms of determinants of
matrix blocks [7, 9].

The aim of this paper is to prove a Morera boundary theorem for the matrix ball for integrable functions
of class Lp(Xmn) (p ≥ 1), generalizing the result of Nagel–Rudin [3] and the results of Kosbergenov [4, 5, 6] to
this case.

Preliminaries

Let Z = (Z1, . . . , Zn) be a vector consisting of square matrices Zj of order m over the field of complex
numbers. We introduce the matrix inner product ([7]):

〈Z,W 〉 =

n∑
j=1

ZjW
∗
j ,

where W ∗j is the conjugate transpose matrix.
Definition 1 ([7]). The matrix ball of the first type is the domain

Bmn =
{
Z ∈ Cm

2n : I(m) − 〈Z,Z〉 > 0
}
,

where I(m) is the identity matrix of order m, and the inequality means positive definiteness of the Hermitian
matrix.

The skeleton (Shilov boundary) of the domain Xmn is the manifold

Xmn =
{
Z ∈ Cm

2n : 〈Z,Z〉 = I(m)
}
.

The dimension of Xmn is m2(2n−1); for m > 1 it does not coincide with the dimension of the topological
boundary. In particular, when m = n the manifold Xmn coincides with the set of unitary matrices U(n).

Denote by Hp(Bmn) the class of all functions F holomorphic in Bmn for which

sup
0<r<1

∫
Xmn

|F (rζ)|p dµ(ζ) < +∞,

where dµ is the normalized Haar measure on Xmn invariant under unitary transformations [9]. For p ≥ 1,
Lp(Xmn) denotes the class of p-integrable functions on Xmn with respect to dµ.

For any function f ∈ Lp(Xmn) and for any ζ ∈ Xmn consider the slice function fζ(t) = f(tζ) for t ∈ C,
|t| < 1.

The following result belongs to Kosbergenov ([6, 7]).
Theorem 1. For any point B ∈ Bmn there exists an automorphism ϕB of the matrix ball Bmn of the

form

ϕB(Z) = R−1
(
I(m) − 〈Z,B〉

)−1
n∑
s=1

(Zs −Bs)Qsk, k = 1, . . . , n,

mapping B to the origin: ϕB(B) = 0. The matrices R and Qsk are determined by the conditions

R∗(I(m) − 〈B,B〉)R = I(m), Q∗(I(mn) −B∗B)Q = I(mn).

Corollary. For any Z,W ∈ Bmn the following identities hold:

I(m) − 〈ϕB(Z), ϕB(W )〉 = R−1(I − 〈Z,B〉)−1(I − 〈Z,W 〉)×
× (I − 〈B,W 〉)−1R∗−1,
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det
(
I − 〈ϕB(Z), ϕB(W )〉

)
=

det(I − 〈B,B〉) det(I − 〈Z,W 〉)
det(I − 〈Z,B〉) det(I − 〈B,W 〉)

.

Main part

Lemma 1. Let dµ be the normalized Haar measure on the skeleton Xmn of the matrix ball Bmn. The
volume element dµ can be written as

dµ =
dϕ

2π
∧ dµ′ =

1

2πi

dt

t
∧ dµ′,

where dµ′ is a differential form defining a positive measure on the manifold X′mn, which is obtained from Xmn

by fixing one of the angular variables. Moreover, for any function f ∈ Lp(Xmn) (p ≥ 1) we have∫
Xmn

|f(ζ)|p dµ(ζ) =

∫
X′mn

dµ′(λ)

∫ 2π

0

|f(eiφλ)|p dφ
2π
. (1)

Proof. The skeleton Xmn of the matrix ball consists of all vectors Z = (Z1, . . . , Zn) satisfying 〈Z,Z〉 =
I(m). Consider the action of the circle T = {t ∈ C : |t| = 1} on Xmn by (t, Z) 7→ tZ = (tZ1, . . . , tZn). This
action is free, because if tZ = Z for some Z 6= 0, then t = 1. For a fixed Z, the set {tZ : t ∈ T} is a circle. On
each such circle we choose a unique point by fixing, for example, the argument of the first matrix component.
More precisely, we require that in the matrix Z1 the element in the upper left corner be a positive real number.
The set of all points of Xmn satisfying this condition is denoted by X′mn. Clearly, X′mn is a smooth manifold of
dimension one less than Xmn, and the map

Φ : X′mn × T → Xmn, Φ(λ, t) = tλ

is a diffeomorphism.
The Haar measure dµ on Xmn is invariant under the action of the group T . Consequently, in the

coordinates (λ, t) this invariance allows us to write the measure as a direct product of the Haar measure
on T and some measure on X′mn. The normalized Haar measure on T is dφ

2π , where φ = arg t. Thus,

dµ(ζ) =
dφ

2π
∧ dµ′(λ),

where dµ′ is a positive differential form on X′mn.
Passing to the complex variable t = eiφ, we have dt = ieiφdφ, hence

dφ =
dt

it
,

dφ

2π
=

1

2πi

dt

t
.

Therefore,

dµ =
1

2πi

dt

t
∧ dµ′.

Applying Fubini’s theorem, for any integrable function g(ζ) we get∫
Xmn

g(ζ) dµ(ζ) =

∫
X′mn

dµ′(λ)

∫
T

g(tλ)
1

2πi

dt

t
.

Set g(ζ) = |f(ζ)|p. Since for t = eiφ we have 1
2πi

dt
t = dφ

2π , we obtain (1). Lemma 1 is proved.

Lemma 2 (invariance of Lp class). Let f ∈ Lp(Xmn), p ≥ 1. Then for any automorphism ψ of the
matrix ball Bmn the function f ◦ ψ also belongs to Lp(Xmn).

Proof. For an arbitrary automorphism ψ of the domain Bmn, consider the measure dµ(ψ−1(ζ)). It is
known ([7]) that

dµ(ψ−1(ζ)) = |h(ζ)| dµ(ζ),
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where h(ζ) is a smooth function on Xmn and |h(ζ)| ≥ δ > 0 for some δ (because the Jacobian of the
automorphism is bounded and bounded away from zero due to compactness of Xmn). Hence,∫

Xmn

|f(ψ(ζ))|p dµ(ζ) =

∫
Xmn

|f(W )|p |h(W )|−1 dµ(W ).

Indeed, the change of variables W = ψ(ζ) gives ζ = ψ−1(W ) and dµ(ζ) = |h(W )|−1dµ(W ). Since |h(W )|−1 ≤
1/δ and f ∈ Lp(Xmn), the integral is finite. Lemma 2 is proved.

Theorem 2. Let f ∈ Lp(Xmn), p ≥ 1. If f satisfies the Morera condition∫
T

f(ψ(tλ)) dt = 0 (2)

for all automorphisms ψ of the matrix ball Bmn and almost all λ ∈ Xmn (here T = {t ∈ C : |t| = 1}, dt is the
differential of the complex variable), then f is the radial boundary value on Xmn of some function F ∈ Hp(Bmn).

Proof. Transform the Morera condition into an integral over the skeleton. Multiplying equality (2) by
dµ′(λ) and integrating over X′mn, using Lemma 1 for f ∈ Lp(Xmn) we obtain∫

Xmn

f(ψ(ζ)) dµ(ζ) = 0. (3)

Consider the k-th component of the vector ζ = (ζ1, . . . , ζm2n). Integrating (2) with weight λk over X′mn,
similarly we get ∫

Xmn

f(ψ(ζ)) ζk dµ(ζ) = 0, k = 1, . . . ,m2n. (4)

Let ϕB be the automorphism sending B ∈ Bmn to 0. Substitute ψ = ϕ−1
B into (4). Make the change of

variables W = ϕ−1
B (ζ), which is valid because ϕB is a diffeomorphism. Then ζ = ϕB(W ), and (4) becomes∫

Xmn

f(W )
[
ϕ−1
B (W )

]
k
dµ(ϕB(W )) = 0. (5)

Express the measure dµ(ϕB(W )) via the Poisson kernel. By Lemma 3.4 from [10] we have

dµ(ϕB(W )) = P (W,B) dµ(W ),

where

P (W,B) =

(
det(I(m) − 〈B,B〉)∣∣det(I(m) − 〈W,B〉)

∣∣2
)mn

is the Poisson kernel for the matrix ball [7]. Note also that, up to a nondegenerate matrixM(B) depending only
on B, the components of the automorphism satisfy[

ϕ−1
B (W )

]
k

= ϕkB(W ) ·M(B).

Since M(B) is nondegenerate, from (5) we obtain∫
Xmn

f(W )ϕkB(W )P (W,B) dµ(W ) = 0, ∀B ∈ Bmn, ∀k. (6)

Consider the Poisson integral of f ∈ Lp(Xmn):

F (B) =

∫
Xmn

f(W )P (W,B) dµ(W ), B ∈ Bmn. (7)

The function F (B) is real analytic in Bmn.
We first prove the following lemma.
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Lemma 3. For the automorphism ϕB and the Poisson kernel P (W,B) the following identities hold:

m∑
s=1

m∑
p=1

b̄sp ϕ
sp
B (W ) = Sp

[
(I − 〈B,B〉)−1 − (I − 〈W,B〉)−1

]
, (8)

m∑
s=1

m∑
p=1

b̄sp
∂P (W,B)

∂b̄sp
= mnP (W,B)

[
Sp(I − 〈W,B〉)−1 − Sp(I − 〈B,B〉)−1

]
. (9)

Proof. From the formula for the automorphism of the matrix ball ([7]) we have

ϕB(W ) = R−1(I − 〈W,B〉)−1(W −B)Q,

where
R∗(I − 〈B,B〉)R = I, QB∗ = (I − 〈B,B〉)−1R∗−1.

Then

Sp(ϕB(W )B∗) = Sp
[
R−1(I − 〈W,B〉)−1(W −B)(I − 〈B,B〉)−1R∗−1

]
=

= Sp
[
(I − 〈W,B〉)−1(W −B)(I − 〈B,B〉)−1

]
.

Since
(W −B)(I − 〈B,B〉)−1 = (I − 〈W,B〉)−1 − (I − 〈B,B〉)−1,

we obtain

Sp(ϕB(W )B∗) = Sp
[
(I − 〈W,B〉)−1 − (I − 〈B,B〉)−1

]
.

For the left-hand side we have Sp(ϕB(W )B∗) =
∑
s,p b̄spϕ

sp
B (W ). This yields (8).

Now we prove (9). The Poisson kernel has the form

P (W,B) =
det(I − 〈B,B〉)mn

det(I − 〈W,B〉)mn · det(I − 〈W,B〉)
mn .

Differentiate P with respect to b̄sp. We get

∂P

∂b̄sp
= mn det(I − 〈B,B〉)mn−1 ∂ det(I − 〈B,B〉)

∂b̄sp
· det(I − 〈W,B〉)−mndet(I − 〈W,B〉)

−mn
−

−mn det(I − 〈B,B〉)mn det(I − 〈W,B〉)−mn−1 ∂ det(I − 〈W,B〉)
∂b̄sp

· det(I − 〈W,B〉)
−mn
−

−mn det(I − 〈B,B〉)mn det(I − 〈W,B〉)−mndet(I − 〈W,B〉)
−mn−1 ∂det(I − 〈W,B〉)

∂b̄sp
.

Factoring out P (W,B), we have

∂P

∂b̄sp
= P

(
mn

1

det(I − 〈B,B〉)
∂ det(I − 〈B,B〉)

∂b̄sp
−

−mn 1

det(I − 〈W,B〉)
∂ det(I − 〈W,B〉)

∂b̄sp
−mn 1

det(I − 〈W,B〉)
∂det(I − 〈W,B〉)

∂b̄sp

)
.

Multiply both sides by b̄sp and sum over s, p:

∑
s,p

b̄sp
∂P

∂b̄sp
= mnP

(
1

det(I − 〈B,B〉)
∑
s,p

b̄sp
∂ det(I − 〈B,B〉)

∂b̄sp
−

194



Acta NUUz Exact sciences 2/2, 2026, 190-197

− 1

det(I − 〈W,B〉)
∑
s,p

b̄sp
∂ det(I − 〈W,B〉)

∂b̄sp
− 1

det(I − 〈W,B〉)

∑
s,p

b̄sp
∂det(I − 〈W,B〉)

∂b̄sp

)
.

Using the rule for differentiating determinants, we find

1

det(I − 〈B,B〉)
∑
s,p

b̄sp
∂ det(I − 〈B,B〉)

∂b̄sp
= Sp

(
(I − 〈B,B〉)−1〈B,B〉

)
,

1

det(I − 〈W,B〉)
∑
s,p

b̄sp
∂ det(I − 〈W,B〉)

∂b̄sp
= Sp

(
(I − 〈W,B〉)−1〈W,B〉

)
,

1

det(I − 〈W,B〉)

∑
s,p

b̄sp
∂det(I − 〈W,B〉)

∂b̄sp
= Sp

(
(I − 〈B,W 〉)−1〈B,W 〉

)
.

Substituting these expressions, we obtain

∑
s,p

b̄sp
∂P

∂b̄sp
= mnP

[
Sp
(
(I − 〈B,B〉)−1〈B,B〉

)
−

−Sp
(
(I − 〈W,B〉)−1〈W,B〉

)
− Sp

(
(I − 〈B,W 〉)−1〈B,W 〉

)]
.

For each term we use the identity Sp((I −X)−1X) = Sp((I −X)−1 − I). Then

Sp
(
(I − 〈B,B〉)−1〈B,B〉

)
= Sp(I − 〈B,B〉)−1 − Sp(I),

Sp
(
(I − 〈W,B〉)−1〈W,B〉

)
= Sp(I − 〈W,B〉)−1 − Sp(I),

Sp
(
(I − 〈B,W 〉)−1〈B,W 〉

)
= Sp(I − 〈B,W 〉)−1 − Sp(I).

Substituting, we get

∑
s,p

b̄sp
∂P

∂b̄sp
= mnP

[
Sp(I − 〈B,B〉)−1 − Sp(I)−

−
(
Sp(I − 〈W,B〉)−1 − Sp(I)

)
−
(
Sp(I − 〈B,W 〉)−1 − Sp(I)

)]
.

After simplification we obtain

∑
s,p

b̄sp
∂P

∂b̄sp
= mnP

[
Sp(I − 〈W,B〉)−1 − Sp(I − 〈B,B〉)−1

]
.

Lemma 3 is proved.
Continuing the proof of the theorem. Comparing (8) and (9), we notice that

m∑
s=1

m∑
p=1

b̄sp ϕ
sp
B (W ) =

1

mn

m∑
s=1

m∑
p=1

b̄sp
∂P (W,B)

∂b̄sp
· P (W,B)−1.

Substituting this expression into (6), we obtain

m∑
s=1

m∑
p=1

b̄sp

∫
Xmn

f(W )
∂P (W,B)

∂b̄sp
dµ(W ) = 0.
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Since P (W,B) is real analytic in B and f ∈ Lp(Xmn), differentiation under the integral sign is legitimate.
Hence,

m∑
s=1

m∑
p=1

b̄sp
∂F (B)

∂b̄sp
= 0, ∀B ∈ Bmn. (10)

Expand F (B) in a Taylor series near zero:

F (B) =
∑

|α|,|β|≥0

cα,β B
αB̄β ,

where |α| =
∑m
q=1

∑n
j=1 αqj , B

α =
∏m
q=1

∏n
j=1 b

αqj
qj .

Substituting this expansion into (10) gives∑
|α|≥0, |β|>0

|β| cα,β BαB̄β = 0,

hence cα,β = 0 for all |β| > 0. Consequently, F (B) does not depend on B̄, i.e., F is holomorphic in Bmn.
From definition (7) and Lemma 2 it follows that F ∈ Hp(Bmn). By the Fatou theorem on radial limits

(generalized to the matrix ball [4, 5]), for almost all ζ ∈ Xmn the function f coincides with the radial boundary
value of F :

lim
r→1−0

F (rζ) = f(ζ).

Thus, f is the radial boundary value on Xmn of F ∈ Hp(Bmn).
Theorem 2 is completely proved.
Corollary. If a function f ∈ Lp(Xmn) (p ≥ 1) extends holomorphically (in t) to the analytic disks

∆ψ = {ζ : ζ = ψ(tλ), |t| < 1}

for all automorphisms ψ of the matrix ball Bmn (or for all automorphisms sending the origin to points of some
fixed open set V ⊂ Bmn) to functions of class Hp(∆ψ), then f extends holomorphically to Bmn.

Proof. The holomorphy condition in t implies the integral Morera condition (2) (see [5]). Then by the
proved theorem, f is the boundary value of a holomorphic function in Bmn.
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Abstract. In this paper, direct and inverse nonlocal problems with integral conditions for the
string vibration equation are investigated. The solution is obtained by reducing the problem to the
Cauchy problem for the string vibration equation, and the general form of the solution is constructed
using auxiliary differential equations. The main theorems establish the existence and uniqueness of
the solution. As a result, an explicit solution formula is derived for a new type of problem with
integral conditions for the string vibration equation.
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Introduction

At present, initial, boundary, and spectral problems for the string vibration equation have been widely
investigated by many researchers (see, for example, [1]–[3]). However, problems with integral conditions are
distinguished by their strong physical significance. The study of vibrations propagating in rigid bodies or elastic
media is one of the most important directions in mathematical physics. In modeling such processes, classical
initial and boundary value problems for vibration equations are usually considered. However, in real physical
processes, nonlocal (integral or functional) conditions frequently arise. This restricts the applicability of classical
solution methods and requires the development of new approaches. In this paper, direct and inverse nonlocal
problems with integral conditions for the string vibration equation are studied. To determine the solution, the
Cauchy problem for the string vibration equation is first considered, and then its solution is subjected to an
integral condition. As a result, a nonhomogeneous differential equation with a delayed argument is obtained.
By employing auxiliary differential equations, the structure of the fundamental solution is constructed. Under
appropriate assumptions, the existence and uniqueness of the solution are proved. Let us discuss the physical
interpretation of the problem. The initial conditions determine the initial shape and velocity of the string,
whereas the nonlocal conditions indicate that the state of the system depends on other points of the domain.
This reflects global interactions and reflection effects. The delayed argument indicates the presence of time delay
in the system, i.e., the current state depends on past states. The integral condition represents the cumulative
effect of all influences. Thus, the proposed model adequately describes complex vibration processes occurring in
real physical systems. Typical examples include signal transmission with delay, echo phenomena, and internal
delays in elastic systems.

The development of this field has been significantly influenced by the works [4]–[12]. Below, we briefly
review studies on differential equations with delayed arguments that are closely related to the topic of this paper.
Joseph Wiener investigated boundary value problems for differential equations involving argument reflection and
obtained solutions in parametric form [4]. Will Watkins studied boundary value problems for modified Wiener-
type equations and their solutions. In deriving the solution of a homogeneous differential equation with delayed
argument, we make use of the methods developed in [5]–[6]. The works of Marina Shamilievna Burluskaya
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*Corresponding autor
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are also of considerable importance in this area. She obtained the classical solution of a general two-point
mixed boundary value problem for a first-order differential equation with involution. In the case of a symmetric
potential, the solution was obtained explicitly; for an arbitrary potential, the corresponding spectral problem was
studied in terms of eigenvalues and eigenfunctions. Refined asymptotic formulas enabled the application of the
Fourier method. In her other works, new properties of involutive functional differential operators and equations
were established, and their close relationship with the Dirac system and the Sturm–Liouville equation was
described. This represents the simplest particular case of involutive equations [7]–[9]. Spectral problems for such
equations were also considered in the works of Abdizhahan Sarsenbi [10]–[11]. Mixed nonlocal spectral problems
were studied in the works of Leonid Kritskov [12]. In general, the study of such boundary value problems for
differential equations is important not only from a theoretical point of view but also from a practical standpoint.

Problem Statement

Let D denote the domain bounded by the lines t-x=0, t+x=1 and t=0. In the domain D, consider the
following string vibration equation:

utt (x, t)− uxx (x, t) = f(x, t). (1)

For this equation, we consider the following nonlocal boundary value problem.
I1 problem. Find a function belonging to the class u, ut ∈ C

(
D
)
, uxx, utt ∈ C (D) that satisfies equation

(1) in the domain D and the following conditions:

u (x/2, x/2) + α

∫ x

0

u (1− ξ, 0) dξ = ϕ (x) , 0 ≤ x ≤ 1, (2)

ut (x, 0) = v (x) , 0 ≤ x ≤ 1, (3)

satisfying the conditions u (x, t) find a function, where ϕ (x) , v (x)-given functions, α- a given nonzero real
number.

I1 investigation of the problem
To solve this problem

u (x, 0) = τ (x) , 0 ≤ x ≤ 1, (4)

introduce the notation, where τ (x) - unknown function.
Now, for equation (1), the Cauchy problem satisfying conditions (3) and (4) is obtained.
Theorem 1. If τ (x) ∈ C1 [0, 1] ∩ C2 (0, 1), f (x, t) ∈ L(D) and v (x) ∈ C [0, 1] holds, then the Cauchy

problem admits a unique solution

u (x, t) =
1

2
[τ (x− t) + τ (x+ t)] +

1

2

∫ x+t

x−t
v (z) dz +

1

2

∫ t

0

dη

∫ x+t−η

x−t+η
f (s, η) ds (5)

is of the form. [1]
Now, the unknown τ (x) to find the function, we impose condition (2) on solution (5), and

1

2
[τ (0) + τ (x)] +

1

2

∫ x

0

v (z) dz +
1

2

∫ x/2
0

dη

∫ x−η

η

f (s, η) ds+ α

∫ x

0

τ ( 1− ξ) dξ = ϕ (x) , 0 ≤ x ≤ 1, (6)

we obtain an integral equation.
in (6), denoted by x=0, τ (x) ∈ C [0, 1] and v (x) ∈ C [0, 1] noting that,

τ (0) = ϕ (0) (7)

we obtain the condition, and rewrite (6) as follows:

τ (x) + 2α

∫ x

0

τ ( 1− ξ) dξ = F (x) 0 ≤ x ≤ 1, (8)
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Here, the value of F (x) is equal to the following.

F (x) = ϕ (x)− ϕ (0)−
∫ x

0

v (z) dz −
∫ x/2

0

dη

∫ x−η

η

f (s, η) ds, 0 ≤ x ≤ 1,

First, we show that integral equation (8) has a unique solution. For this purpose, we use Banach’s fixed-
point theorem.

Definition 1. X a metric space and a self-mapping on it T let a mapping be given. If soδ ∈ (0, 1) there
exists a number such that for all x1, x2 ∈ X for all ρ (Tx1, Tx2) ≤ δρ (x1, x2) if the inequality holds, T is called
a contraction mapping, where ρ (·, ·) - X the metric of the space. [13]

Banach fixed-point theorem. Any contraction mapping defined on a complete metric space has a
unique fixed point.

the space of continuous functions C [a, b] denote by. The metric of this space ρ (x1, x2) = max
a≤x≤b

|x1 − x2|

is of the form. [13]
Theorem 2. C [a, b] the space is a complete metric space. [13]
T : C [0, 1]→ C [0, 1] we define the operator as follows:

Tτ = F (x)− 2α

∫ 1

1−x
τ (s) ds.

To apply Banach’s fixed-point theorem, we need to prove the following:
a) τ (x) ∈ C [0, 1] since that Tτ (x) ∈ C [0, 1] holds;
b) arbitrary τ1 (x) ∈ C [0, 1] , τ2 (x) ∈ C [0, 1] for functions

|Tτ1 (x)− T τ2 (x)| ≤ δ |τ1 (x)− τ2 (x)| , 0 < δ < 1

We need to show that the inequality holds.
First, we show that condition a) is satisfied.
Let us assume that ϕ (x) ∈ C [0, 1], f (x, t) ∈ L(D) and v (x) ∈ C [0, 1] If this is the case, then τ (x) ∈

C [0, 1] since Tτ (x) ∈ C [0, 1] It is not difficult to show that it follows that.
Now we show that condition b) is satisfied.
T the operator C [a, b] We show that the operator is a contraction on the space. An arbitrary τ1 (x) ∈

C [0, 1] , τ2 (x) ∈ C [0, 1] Let us consider the following equality for functions:

|Tτ1 − Tτ2| = 2 |α|
∣∣∣∣∫ 1

1−x
[τ1 (s)− τ2 (s)] ds

∣∣∣∣ .
Since τ1 (x) ∈ C [0, 1] , τ2 (x) ∈ C [0, 1], using the last equality, we obtain the following inequality:

|Tτ1 − Tτ2| ≤ max
0≤x≤1

2 |α|
∣∣∣∣∫ 1

1−x
[τ1 (s)− τ2 (s)] ds

∣∣∣∣ ≤ max
0≤x≤1

2 |α|
∫ 1

1−x
|τ1 (s)− τ2 (s)| ds ≤

≤ max
0≤x≤1

2 |α| |τ1 (x)− τ2 (x)|x ≤ max
0≤x≤1

2 |α| |τ1 (x)− τ2 (x)| .

If |α| < 1
2 holds, then the T operator is a contraction.

By Banach’s fixed-point theorem, T the operator has a unique fixed point, that is, integral equation (8)
τ (x) ∈ C [0, 1] has a unique solution.

Now, differentiating equation (8) once with respect to x,

τ ′ (x) + 2ατ (1− x) = F ′ (x) , (9)

we obtain a differential equation with a delayed argument.
If we find a unique function satisfying conditions (7) and (9), then we can uniquely determine the solution

of problem I1 Therefore, we consider the following auxiliary problems.
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Auxiliary problems

K1 masala. y (x) ∈ C [0, 1] ∩ C1 (0, 1) belongs to the class

y′ (x) + βy (1− x) = 0, 0 < x < 1 (10)

the differential equation,
y (0) = k1 (11)

satisfying the initial condition y (x) find a function such that k1, β- given non-zero real numbers.
To solve this problem, in equation (10) we replace x with1− x,

y′ (1− x) + βy (x) = 0, 0 < x < 1 (12)

we obtain a differential equation. Now, differentiating equation (10) once,

y′′ (x)− βy′ (1− x) = 0, 0 < x < 1 (13)

we obtain a differential equation.
It is not difficult to show that from (12) and (13)

y′′ (x) + β2y (x) = 0 (14)

we obtain a differential equation. It is known that the general solution of differential equation (14) is

y (x) = C1 cos (βx) + C2 sin (βx) (15)

is of the form, where C1, C2- arbitrary constants.
However, solution (15) for arbitrary constantsC1, C2 (10) may not satisfy the differential equation.

Therefore, substituting (15) into (10), we obtain the following equality:

−C1β sin (βx) + C2β cos (βx) + C1β cos (β − βx) + C2β sin (β − βx) = 0.

Simplifying this equality, we obtain

(C1 cosβ + C2 sinβ + C2) cos (βx) + (C1 sinβ − C1 − C2 cosβ) sin (βx) = 0

we obtain an equality. This equality must hold for arbitrary x ∈ (0, 1) therefore{
C1 cosβ + (1 + sinβ)C2 = 0
(sinβ − 1)C1 − C2 cosβ = 0

a system of equations must be satisfied. It is not difficult to show that this system has infinitely many solutions
for arbitraryβ. Therefore C2 can be expressed in terms of C1:

C2 =
sinβ − 1

cosβ
C1, β 6= π/2 + πn, n ∈ Z. (16)

we substitute (16) into (15):

y (x) = C1 cos (βx) + C1
sinβ − 1

cosβ
sin (βx) .

Simplifying the last equality, we rewrite it as follows:

y (x) =
C1

cosβ
(cos (β − βx)− sin (βx)) (17)

we obtain an equality. It can be directly verified that function (17) satisfies differential equation (10).
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Now, substituting (17) into condition (11), we obtain, C1 = k1 we obtain an equality. Substituting it into
(17), y (x) the function

y (x) =
k1

cosβ
(cos (β − βx)− sin (βx)) (18)

Theorem 3. If β 6= π/2 + πn, n ∈ Z holds, then K1 the problem has a unique solution, which is given
by equality (18).

Now we consider another auxiliary problem.
K2 problem. y (x) ∈ C [0, 1] ∩ C1 (0, 1) belongs to the class

y′ (x) + βy (1− x) = f1 (x) , 0 < x < 1 (19)

the differential equation
y (0) = 0 (20)

satisfying the initial condition y (x) find a function such that β- a given non-zero real number, f1 (x) - the given
function.

the solution of this problem

y (x) =

∫ 1

0

G1 (x, s) f1 (s) ds+

∫ 1

0

G2 (x, s) f1 (s) ds (21)

we look for a solution in the form, where G1 (x, s) and G2 (x, s) are unknown functions for now, which are
respectively

G1 (x, s) =

{
R1 (x, s) , 0 ≤ s ≤ x,
R2 (x, s) , x ≤ s ≤ 1;

G2 (x, s) =

{
R3 (x, s) , 0 ≤ s ≤ 1− x,
R4 (x, s) , 1− x ≤ s ≤ 1;

we seek a solution in the form, Rj (x, s) ,j = 1, 2, 3, 4 - are also sufficiently smooth functions that are unknown
for now

Initially, from (21) we

y (x) =

∫ x

0

R1 (x, s) f1 (s) ds+

∫ 1

x

R2 (x, s) f1 (s) ds+

∫ 1−x

0

R3 (x, s) f1 (s) ds+

∫ 1

1−x
R4 (x, s) f1 (s) ds (22)

we rewrite it in the following form.
R2 (0, s) +R3 (0, s) = 0 (23)

if (23) holds, then y (0) = 0 holds.
First, differentiating (22) once and then replacing x with 1− x, we obtain the following equality:

y′ (x) + βy (1− x) =

= [R1 (x, x− 0)−R2 (x, x+ 0)] f1 (x) + [R4 (x, 1− x+ 0)−R3 (x, 1− x− 0)] f1 (1− x) +

+

∫ x

0

∂

∂x
R1 (x, s) f1 (s) ds+

∫ 1

x

∂

∂x
R2 (x, s) f1 (s) ds+

∫ 1−x

0

∂

∂x
R3 (x, s) f1 (s) ds+

∫ 1

1−x

∂

∂x
R4 (x, s) f1 (s) ds+

+β

(∫ 1−x

0

R1 (1− x, s) f1 (s) ds+

∫ 1

1−x
R2 (1− x, s) f1 (s) ds+

∫ x

0

R3 (1− x, s) f1 (s) ds+

∫ 1

x

R4 (1− x, s) f1 (s) ds

)
.

Here, this
∂

∂x
R1 (x, s) + βR3 (1− x, s) = 0,

∂

∂x
R3 (x, s) + βR1 (1− x, s) = 0,
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∂

∂x
R2 (x, s) + βR4 (1− x, s) = 0,

∂

∂x
R4 (x, s) + βR2 (1− x, s) = 0

[R1 (x, x− 0)−R2 (x, x+ 0)] = 1,

[R4 (x, 1− x+ 0)−R3 (x, 1− x− 0)] = 0,

Let the relations hold.
First, we consider the first two of these relations:{

∂
∂xR1 (x, s) + βR3 (1− x, s) = 0,
∂
∂xR3 (x, s) + βR1 (1− x, s) = 0.

Adding and subtracting this system once,{
∂
∂xR1 (x, s) + ∂

∂xR3 (x, s) + βR1 (1− x, s) + βR3 (1− x, s) = 0,
∂
∂xR1 (x, s)− ∂

∂xR3 (x, s)− βR1 (1− x, s) + βR3 (1− x, s) = 0,
(24)

we obtain a system. This
F1 (x, s) = R1 (x, s) +R3 (x, s)
F2 (x, s) = R1 (x, s)−R3 (x, s)

]
(25)

Let us introduce the following notations. Then, from (24)

∂

∂x
F1 (x, s) + βF1 (1− x, s) = 0,

∂

∂x
F2 (x, s)− βF2 (1− x, s) = 0,

we obtain differential equations. The general solutions of these differential equations, based on (12) and (17),
are respectively

F1 (x, s) = A (s) (cos (β − βx)− sin (βx))

F2 (x, s) = B (s) (cos (β − βx) + sin (βx))

can be written in the form, where A (s) , B (s) are unknown functions for now.
Found F1 (x, s) , F2 (x, s) substituting the obtained functions into notation (25), the

functionsR1 (x, s) , R3 (x, s)

R1 (x, s) =
A (s) +B (s)

2
cos (β − βx)− A (s)−B (s)

2
sin (βx) ,

R3 (x, s) =
A (s)−B (s)

2
cos (β − βx)− A (s) +B (s)

2
sin (βx) ,

we obtain in the form.
This

a (s) =
A (s) +B (s)

2
, b (s) =

A (s)−B (s)

2

Introducing these notations, the functions R1 (x, s) , R3 (x, s)

R1 (x, s) = a (s) cos (β − βx)− b (s) sin (βx) , (26)

R3 (x, s) = b (s) cos (β − βx)− a (s) sin (βx) , (27)

we obtain in the form.
Using the above method, the functions R2 (x, s) , R4 (x, s)

R2 (x, s) = c (s) cos (β − βx)− d (s) sin (βx) , (28)
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R4 (x, s) = d (s) cos (β − βx)− c (s) sin (βx) , (29)

we obtain in the form.
This

[R1 (x, x− 0)−R2 (x, x+ 0)] = 1,

using the relation
[a (x)− c (x)] cos (β − βx) + [d (x)− b (x)] sin (βx) = 1, (30)

we obtain the equality.
Now, this

[R4 (x, 1− x+ 0)−R3 (x, 1− x− 0)] = 0

using the relation

[d (1− x)− b (1− x)] cos (β − βx) + [a (1− x)− c (1− x)] sin (βx) = 0

we obtain the equality. Here, replacing x with 1− x, we rewrite the last equality as.

[d (x)− b (x)] cos (βx) + [a (x)− c (x)] sin (β − βx) = 0 (31)

we obtain the equality.
It is not difficult to show that using (30) and (31),

a (x)− c (x) =
cos (βx)

cosβ

b (x)− d (x) =
sin (β − βx)

cosβ

we obtain equalities.
Now, this

R2 (0, s) +R3 (0, s) = 0

using the condition
[b (s) + c (s)] cosβ = 0

we obtain equalities.
Using the above equalities,

c (x) = a (x)− cos (βx)

cosβ

b (x) = −a (x) +
cos (βx)

cosβ

d (x) = −a (x) +
cos (βx)− sin (β − βx)

cosβ

we obtain equalities. Substituting these equalities into (26), (27), (28), and (29), the functions
R1 (x, s) , R2 (x, s) , R3 (x, s) , R4 (x, s)

R1 (x, s) = a (s) [cos (β − βx) + sin (βx)]− sin (βx) cos (βs)

cosβ
,

R2 (x, s) = a (s) [cos (β − βx) + sin (βx)]−

−cos (β − βx) cos (βs)− sin (β − βs) sin (βx) + cos (βs) sin (βx)

cosβ
,

R3 (x, s) = −a (s) [cos (β − βx) + sin (βx)] +
cos (β − βx) cos (βs)

cosβ
,

R4 (x, s) = −a (s) [cos (β − βx) + sin (βx)] +
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+
sin (βx) cos (βs) + cos (β − βx) cos (βs)− cos (β − βx) sin (β − βs)

cosβ
,

we obtain in the form
Now, substituting the obtained R1 (x, s) , R2 (x, s) , R3 (x, s) , R4 (x, s) functions into (22), the function

y (x)

y (x) =

∫ x

0

a (s) [cos (β − βx) + sin (βx)] f1 (s) ds−
∫ x

0

sin (βx) cos (βs)

cosβ
f1 (s) ds

+

∫ 1

x

a (s) [cos (β − βx) + sin (βx)] f1 (s) ds−

−
∫ 1

x

cos (β − βx) cos (βs)− sin (β − βs) sin (βx) + cos (βs) sin (βx)

cosβ
f1 (s) ds

−
∫ 1−x

0

a (s) [cos (β − βx) + sin (βx)] f1 (s) ds+

∫ 1−x

0

cos (β − βx) cos (βs)

cosβ
f1 (s) ds

−
∫ 1

1−x
a (s) [cos (β − βx) + sin (βx)] f1 (s) ds+

+

∫ 1

1−x

sin (βx) cos (βs) + cos (β − βx) cos (βs)− cos (β − βx) sin (β − βs)
cosβ

f1 (s) ds

we obtain in the form. After some simplifications, we rewrite the last equality as follows

y (x) =
cos (β − βx)− sin (βx)

cosβ

∫ 1

0

cos (βs) f1 (s) ds−

−
∫ 1

x

cos (β − βx) cos (βs)− sin (β − βs) sin (βx)

cosβ
f1 (s) ds+

+

∫ 1

1−x

sin (βx) cos (βs)− cos (β − βx) sin (β − βs)
cosβ

f1 (s) ds. (32)

Theorem 4. If β 6= π/2 + πn, n ∈ Z and f1 (x) ∈ C (0, 1)∩L1 (0, 1), then the problem has a unique K2

solution, which is given by equality (32).
Now, using the above problems K1 and K2, we obtain the solution of problem (7), (9) in the following

form:
τ (x) =

ϕ (0)

cos 2α
(cos (2α− 2αx)− sin (2αx)) +

+
cos (2α− 2αx)− sin (2αx)

cos 2α

∫ 1

0

cos (2αs)

[
2ϕ′ (s)− v (s)−

∫ s/2
0

f(s− η, η)dη

]
ds−

−
∫ 1

x

cos (2α− 2αx) cos (2αs)− sin (2α− 2αs) sin (2αx)

cos 2α

[
2ϕ′ (s)− v (s)−

∫ s/2
0

f(s− η, η)dη

]
ds+

+

∫ 1

1−x

sin (2αx) cos (2αs)− cos (2α− 2αx) sin (2α− 2αs)

cos 2α

[
2ϕ′ (s)− v (s)−

∫ s/2
0

f(s− η, η)dη

]
ds. (33)

integrating (33) by parts, we rewrite it in the following form:

τ (x) = 2ϕ (x) +
cos (2α− 2αx)− sin (2αx)

cos 2α

∫ 1

0

[4α · ϕ (s) sin (2αs)] ds−

−cos (2α− 2αx)− sin (2αx)

cos 2α

∫ 1

0

cos (2αs)

[
v (s) +

∫ s/2
0

f(s− η, η)dη

]
ds−
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−
∫ 1

x

cos (2α− 2αx) sin (2αs)− cos (2α− 2αs) sin (2αx)

cos 2α
4α · ϕ (s) ds+

+

∫ 1

x

cos (2α− 2αx) cos (2αs)− sin (2α− 2αs) sin (2αx)

cos 2α

[
v (s) +

∫ s/2
0

f(s− η, η)dη

]
ds+ (34)

−
∫ 1

1−x

sin (2αx) cos (2αs)− cos (2α− 2αx) sin (2α− 2αs)

cos 2α

[
v (s) +

∫ s/2
0

f(s− η, η)dη

]
ds

Substituting (34) into (5), we obtain the I1 solution of the problem.
Theorem 5. If |α| < 1

2 , ϕ (x) ∈ C1 [0, 1] ∩ C2 (0, 1), f (x, t) ∈ L(D) ∩ C(D), τ (x) ∈ C1 [0, 1] ∩ C2 (0, 1)
and v (x) ∈ C [0, 1] ∩ C1 (0, 1), then the I1 problem has a unique solution, which is determined by formulas (5)
and (34).

Now, we consider the following inverse problem for equation (1).
Inverse problem
T problem. D in the domain

utt (x, t)− uxx (x, t) = f (t) (35)

satisfying the equation u ∈ C
(
D
)
, utt, uxx ∈ C (D), f (t) ∈ C [0, 1/2] belonging to the class and

u (x, 0) + α1

∫ x

0

u (1− ξ, 0) dξ = ϕ (x) , 0 ≤ x ≤ 1, (36)

(36), (3) and
u (t, t) = ψ (t) , 0 ≤ t ≤ 1/2 (37)

satisfying the conditions {u (x, t) , f (t)} find a pair of functions such that, where ϕ (x) , v (x),ψ (t) - given
functions, and α1 is a given non-zero real number.

To solve this problem, let us introduce notation (4), where τ (x) - unknown function.
Now, for equation (35), we obtain a Cauchy problem satisfying conditions (3) and (4).
Theorem 6. If τ (x) ∈ C1 [0, 1] ∩ C2 (0, 1) and ϕ (t) ∈ C

[
0, 1

2

]
then the Cauchy problem has a unique

solution

u (x, t) =
1

2
[τ (x− t) + τ (x+ t)] +

1

2

∫ x+t

x−t
v (z) dz +

1

2

∫ t

0

dη

∫ x+t−η

x−t+η
f (η) ds (38)

is obtained in the form. [1]
Now, to find the unknown function τ (x), we substitute solution (38) into condition (36) and obtain,

τ (x) + α1

∫ x

0

τ ( 1− ξ) dξ = ϕ (x) , 0 ≤ x ≤ 1, (39)

we obtain an integral equation.
In (39), taking into account that τ (x) ∈ C [0, 1] and v (x) ∈ C [0, 1] we obtain condition (7). Now,

differentiating equation (39) once with respect to x=0 we obtain x,

τ ′ (x) + α1τ (1− x) = ϕ′ (x) , (40)

we obtain a differential equation with a delayed argument.
Now, for equation (40), we find the τ (x) function satisfying condition (7) using the same method as in

the above direct problem. The value of τ (x)

τ (x) = ϕ (x) +
cos (α1 − α1x)− sin (α1x)

cosα1

∫ 1

0

α1 · ϕ (s) sin (α1s) ds−

−
∫ 1

x

cos (α1 − α1x) sin (α1s)− cos (α1 − α1s) sin (α1x)

cosα1
α1 · ϕ (s) ds+ (41)
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+

∫ 1

1−x

sin (α1x) sin (α1s)− cos (α1 − α1x) cos (α1 − α1s)

cosα1
α1 · ϕ (s) ds

Now, from (38)

Φ (x, t, η) =

∫ x+t−η

x−t+η
f (η) ds

we compute the integral.
Φ (x, t, η) = 2f (η) (t− η)

we obtain an equality.
Substituting this equality into (38), we obtain

u (x, t)
1

2
=

1

2
[τ (x− t) + τ (x+ t)] +

1

2

∫ x+t

x−t
v (z) dz +

∫ t

0

f(η)(t− η)dη (42)

we obtain an equality.
substituting (42) into condition (37), we obtain,

1

2
[τ(0) + τ(2t)] +

1

2

∫ 2t

0

ν(z)dz +

∫ t

0

(t− η) f (η) dη = ψ (t) (43)

we obtain an equation, where
τ(0) = ψ(0).

Now, from (43), we obtain the following equation∫ t

0

(t− η) f (η) dη = ψ (t)− 1

2
ψ(0)− 1

2
τ(2t)− 1

2

∫ 2t

0

ν(z)dz (44)

Here, differentiating once with respect to t∫ t

0

f (η) dη = ψ′ (t)− τ ′(2t)− ν(2t) (45)

we obtain an equality. Differentiating equality (45) once more with respect to t, we obtain the function f(t)

f (t) = ψ′′ (t)− 2τ ′′(2t)− 2ν′(2t) (46)

we obtain in the form t = 0 If we set ψ′ (0) = τ ′ (0) + ν(0) in equality (45), we obtain the equality and here, to
findτ ′ (0), we use equality (41). We obtain τ ′ (x)

τ ′ (x) = ϕ′ (x) +
sin (α1 − α1x)− cos (α1x)

cosα1

∫ 1

0

α1
2 · ϕ (s) sin (α1s) ds+

+
cos (α1 − α1x) sin (α1x)− cos (α1 − α1x) sin (α1x)

cosα1
α1 · ϕ (s)−

−
∫ 1

x

sin (α1 − α1x) sin (α1s)− cos (α1 − α1s) cos (α1x)

cosα1
α1

2 · ϕ (s) ds+

+
sin (α1x) sin (α1 − α1x)− cos (α1 − α1x) cos (α1x)

cosα1
α1 · ϕ (s) +

+

∫ 1

1−x

cos (α1x) sin (α1s)− sin (α1 − α1x) cos (α1 − α1s)

cosα1
α1

2 · ϕ (s) ds

we obtain in the form, where x = 0 if we set, the value of τ ′ (0) is obtained as follows.

τ ′(0) = α1ϕ(0) + ϕ′(0) +
α1

2

cosα1

∫ 1

0

[cos (α1 − α1s)− sin (α1s)]ϕ(s)ds
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Now ψ (0) = τ (0) , ψ′ (0) = τ ′ (0)+ν(0), τ (x) ∈ C2 [0, 1] , ν (x) ∈ C2 [0, 1] in order for ψ (0) = ϕ (0),
ϕ (x) ∈ C2 [0, 1] and

ψ′ (0) = ν (0) + α1ϕ(0) + ϕ′(0) +
α1

2

cosα1

∫ 1

0

[cos (α1 − α1s)− sin (α1s)]ϕ(s)ds

must be.
Theorem 7. If |α1| < 1

2 , ψ (0) = τ (0) , τ (x) ∈ C2 [0, 1] , ν (x) ∈ C2 [0, 1], ϕ (x) ∈ C2 [0, 1], ψ (0) =
ϕ (0), ψ (t) ∈ C2 [0, 1/2] and

ψ′ (0) = ν (0) + α1ϕ(0) + ϕ′(0) +
α1

2

cosα1

∫ 1

0

[cos (α1 − α1s)− sin (α1s)]ϕ(s)ds

then the T problem has a unique solution, which is determined by formulas (41), (42), and (46).
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Abstract. It is known that in one of the directions of global geometry, problems such as
reconstructing surfaces from a given extrinsic curvature, Gaussian curvature, or intrinsic curvature
are studied. In particular, when solving reconstruction problems based on Gaussian curvature, the
sign of the Gaussian curvature of a surface plays an important role. In this paper studies geodesic
mappings of surfaces of revolution and investigates how the sign of Gaussian curvature changes
under such mappings. Explicit formulas for the curvature of the image are obtained, conditions for
preserving or reversing its sign are established, and examples of surfaces with positive and negative
curvature are provided.
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Introduction

Geodesic mappings play a fundamental role in differential geometry, serving as a tool for comparing
geometric structures, classifying manifolds, and studying their intrinsic invariants [1].

This paper is devoted to the study of geodesic mappings of surfaces of revolution. The behavior of the
sign of Gaussian curvature under nontrivial geodesic mappings is investigated. Based on the analysis of the
coefficients of the first fundamental forms of the original surface and its image, explicit expressions for the
Gaussian curvature of the image under a geodesic mapping are obtained. Conditions on the intervals of the
deformation parameter for which the curvature sign is preserved or changes to the opposite are determined.
Meaningful examples for surfaces of revolution with positive and negative curvature are presented.

Geodesic mappings establish connections between many applied disciplines such as geometric analysis,
physics, and optimal control. Their overall value lies in the ability to transfer dynamic and geometric structures
while preserving key trajectories, making them a universal tool for both theoretical research and engineering
applications.

Preliminaries

In this section, the general definition of a geodesic mapping is introduced, and a theorem on the necessary
and sufficient condition for the existence of a geodesic mapping is formulated. An example of a geodesic mapping
is also provided.

Let M and N be smooth manifolds of dimension n with affine connections.
Definition 1 [2]. A geodesic mapping f of a manifold M onto a manifold N is a diffeomorphism that

sends geodesic curves of M into geodesic curves of N .
Example 1. Consider a semi-cylinder

M = {(x, y, z) ∈ R3 : x2 + z2 = r2, 0 < z ≤ r, r > 0}

and the plane
E2 = {(x, y, z) ∈ R3 : z = const}.

Received: 09.04.2026, Accepted: 18.05.2026
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Then the mapping
f(x, y, z) =

(rx
z
,
ry

z
, r
)

is a geodesic mapping, where r ∈ R.
Consider these manifolds in a coordinate system x1, x2, . . . , xn common to the mapping f . Denote the

components of the connection objects of the manifolds M and N at corresponding points M(x) and N(x) by
Γhij(x) and Γ̄hij(x), respectively, assuming they are symmetric, and set

Γ̄hij(x) = Γhij(x) + Phij(x) (h, i, j = 1, 2, . . . , n), (1)

where Phij is the deformation tensor.
Theorem 1 [3, p. 72]. For a mapping f of an affine connection manifold M onto an affine connection

manifold N to be geodesic, it is necessary and sufficient that the deformation tensor Phij of the connection of
the mapping f be representable in the form

Phij(x) = ψi(x)δhj + ψj(x)δhi , (2)

where δhi are the Kronecker symbols, and ψi is some covariant vector.
Conditions (2) are tensorial in nature and therefore invariant with respect to the choice of the coordinate

system x1, x2, . . . , xn common to the mapping f . Based on these conditions, equations (1) take the form:

Γ̄hij(x) = Γhij(x) + ψi(x)δhj + ψj(x)δhi . (3)

Remark 1 [3, p. 74]. When the vector ψi(x) is identically zero, the geodesic mapping f is called trivial.
Example 2. Let the surface F̄ be the image of the surface F under a homothety in three-dimensional

space and let k be the homothety coefficient. Then the metric tensors of the surfaces are related by ḡij = k2gij .

Main part

In this section, we study special types of Riemannian spacesвЂ”surfaces of revolutionвЂ”using the tools
of the theory of geodesic mappings of Riemannian manifolds.

Let F be a surface of revolution with a first fundamental form of the type:

ds2 = a(ω)dω2 + b(ω)dt2, (4)

where a(ω) and b(ω) are positive functions, and belongs to the smoothness class Ck(k ≥ 1). Coordinates are
ω ∈ [ω1, ω2] and t ∈ [0, 2π), and parameters ω1, ω2 can reach values ±∞.

Let f : F → F̄ be a nontrivial geodesic mapping, where F̄ is the surface of revolution that is the image
of the surface of revolution F under the geodesic mapping f . In works [4, 5], it was proved that the images of
surfaces of revolution under a nontrivial geodesic mapping are surfaces of revolution. In [6], it was derived that
the first fundamental form of the surface F̄ has the following form:

ds̄2 =
pa(ω)

(1 + qb(ω))
2 dω

2 +
pb(ω)

1 + qb(ω)
dt2, (5)

where the parameter p corresponds to homothetic transformations and is always positive [6], q is limited by the
condition 1+qb(ω) 6= 0, and ω is the same parameter as on the surface F and t ∈ [0, 2π). When 1+qb(ω) < 0, the
space with the first fundamental form (5) may have a different signature, but we will focus on the Riemannian
case where 1 + qb(ω) > 0.

We will examine the changes of surfaces of revolution under geodesic mapping and begin by investigating
surfaces of revolution F with positive Gaussian curvature K.

Theorem 2. The images of surfaces of revolution with positive Gaussian curvature have positive Gaussian
curvature when

q ∈
(
− 4abK

4ab2K + (b′)2
; +∞

)
,
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and have negative Gaussian curvature when

q ∈
(
−b−1;− 4abK

4ab2K + (b′)2

)
.

Proof. To prove the theorem, we must find expressions for the Gaussian curvature of the surfaces of
revolution F and F̄ having the first fundamental forms (4) and (5). Let’s start by finding the expression for the
Gaussian curvature K of the surface F . According to [8, p. 499], the Gaussian curvature of a two-dimensional
manifold is defined as follows:

K =
R1212

g11g22 − g2
12

=

(
∂Γi11

∂t −
∂Γi21

∂ω +
∑
j

Γi2j · Γ
j
11 −

∑
j

Γi1j · Γ
j
21

)
· gi2

g11g22 − g2
12

, (6)

where Γkij are the Christoffel symbols, and R1212 is a component of the Riemann tensor.
The Christoffel symbols of the surface of revolution F have the form:

Γ1
11 =

1

2a(ω)

∂a(ω)

∂ω
; Γ1

12 = Γ1
21 = 0; Γ1

22 = − 1

2a(ω)

∂b(ω)

∂ω
;

Γ2
11 = 0; Γ2

12 = Γ2
21 =

1

2b(ω)

∂b(ω)

∂ω
; Γ2

22 = 0.

The Gaussian curvature of the surface F has the following form:

K =
1

4a2(ω)b(ω)

(
b(ω)

∂a(ω)

∂ω

∂b(ω)

∂ω
+ a(ω)

(
∂b(ω)

∂ω

)2

− 2a(ω)b(ω)
∂2b(ω)

∂ω2

)
.

Let us denote the Gaussian curvature of the surface F̄ by K̄. Now we find the Christoffel symbols of the
surface F̄ whose first fundamental form is given by (5):

Γ̄1
11 =

1

2a(ω)(1 + qb(ω))

(
(1 + qb(ω))

∂a(ω)

∂ω
− 2qa(ω)

∂b(ω)

∂ω

)
;

Γ̄1
12 = Γ̄1

21 = 0; Γ̄1
22 = − 1

2a(ω)

∂b(ω)

∂ω
;

Γ̄2
11 = 0; Γ̄2

12 = Γ̄2
21 =

1

2b(ω)(1 + qb(ω))

∂b(ω)

∂ω
; Γ̄2

22 = 0.

Using formula (6), the Gaussian curvature K̄ of the surface F̄ has the form:

K̄ =
(1 + qb(ω))

4pa2(ω)b2(ω)

[
b(ω)

∂a(ω)

∂ω

∂b(ω)

∂ω
+ a(ω)

(
∂b(ω)

∂ω

)2

− 2a(ω)b(ω)
∂2b(ω)

∂ω2

]
+

+
1

4pa2(ω)b2(ω)

[
qa(ω)b(ω)

(
∂b(ω)

∂ω

)2
]
.

Consequently, we obtain:

K̄ =
1

p

(
K · (1 + qb(ω)) +

q

4a(ω)b(ω)
·
(
∂b(ω)

∂ω

)2
)
. (7)

Expanding the inner bracket in (7), we can show that:

K̄ > 0, when q ∈
(
− 4abK

4ab2K + (b′)2
; +∞

)
, K̄ < 0, when q ∈

(
−b−1;− 4abK

4ab2K + (b′)2

]
.
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The theorem is proved.
Example 3. Consider a paraboloid of revolution F in Euclidean space R3, given in Cartesian coordinates

(x; y; z) by the equations:
x = ω cos t, y = ω sin t, z = ω2,

where ω ∈ (−∞; +∞), t ∈ [0, 2π). The first fundamental form of the paraboloid of revolution has the following
form:

ds2 = (1 + 4ω2)dω2 + ω2dt2.

The Gaussian curvature of F is:
K =

4

(1 + 4ω2)
2 .

The paraboloid of revolution F is mapped under a non-trivial geodesic mapping f to surfaces of revolution F̄ ,
whose first fundamental form is:

ds̄2 =
p
(
1 + 4ω2

)
(1 + qω2)

2 dω
2 +

pω2

1 + qω2
dt2.

The Christoffel symbols for these surfaces are:

Γ̄1
11 =

2ω
(
2− q − 2qω2

)
(1 + 4ω2) (1 + qω2)

, Γ̄1
12 = Γ̄1

21 = 0, Γ̄1
22 = − ω

1 + 4ω2
,

Γ̄2
11 = 0, Γ̄2

12 = Γ̄2
21 =

1

ω (1 + qω2)
, Γ̄2

22 = 0.

Denoting by K̄ the Gaussian curvature of the image of the paraboloid of revolution under the geodesic mapping,
according to (7) we obtain:

K̄ =
1

p
·
(
K · (1 + qω2) +

q

1 + 4ω2

)
=

1

p
· q + 4 + 8qω2

(1 + 4ω2)
2 , (8)

where K is the Gaussian curvature of the paraboloid of revolution. It can be shown that:

K̄ > 0 when q ∈
(
− 4

1 + 8ω2
; +∞

)
;

K̄ = 0 when q = − 4

1 + 8ω2
;

K̄ < 0 when q ∈
(
− 1

ω2
;− 4

1 + 8ω2

)
.

Now consider surfaces of revolution with negative Gaussian curvature having the first fundamental form
(5).

Remark 2. The images of surfaces of revolution with negative Gaussian curvature under a non-trivial
geodesic mapping have always negative Gaussian curvature if q ∈

(
− 1
b(ω) ; 0

)
.

Indeed, if F is a surface of revolution with negative Gaussian curvature and F̄ is the image of F under
a geodesic mapping, then K and K̄, the Gaussian curvatures of F and F̄ , are related by formula (7), and we
obtain:

K̄ =
1

p

(
K · (1 + qb(ω)) +

q

4a(ω)b(ω)
·
(
∂b(ω)

∂ω

)2
)
.

It is clear that K̄ is negative, since a(ω), b(ω) are positive functions and q ∈
(
− 1
b(ω) ; 0

)
.

Example 4. Consider a one-sheeted hyperboloid of revolution in Euclidean space R3, given in Cartesian
coordinates (x; y; z) by the equations:

x = coshω cos t, y = coshω sin t, z = sinhω,
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where ω and t (t ∈ [0, 2π)) are parameters. The first fundamental form of the one-sheeted hyperboloid of
revolution has the following form:

ds2 = cosh 2ω dω2 + cosh2 ω dt2.

The Christoffel symbols of this surface are:

Γ1
11 = tanh 2ω; Γ1

12 = Γ1
21 = 0; Γ1

22 = −1

2
tanh 2ω;

Γ2
11 = 0; Γ2

12 = Γ2
21 = tanhω; Γ2

22 = 0.

Denoting the Gaussian curvature of the one-sheeted hyperboloid of revolution by K, using formula (6), we have:

K = − 1

cosh2 2ω
.

The one-sheeted hyperboloid of revolution F is mapped under a non-trivial geodesic mapping f to a surface of
revolution F̄ with the first fundamental form:

ds̄2 =
p cosh 2ω

(1 + q cosh2 ω)2
dω2 +

p cosh2 ω

1 + q cosh2 ω
dt2.

Denote the Gaussian curvature of the image of the one-sheeted hyperboloid of revolution under the non-trivial
geodesic mapping by K̄. According to (6), we have:

K̄ =
1

p

(
− 1

cosh2 2ω
(1 + q cosh2 ω) +

q sinh2 ω

cosh 2ω

)
. (9)

Taking into account the identity cosh 2ω = cosh2 ω+sinh2 ω and q ∈
(
− 1

cosh2 ω
, 0
)
, the images of the one-sheeted

hyperboloid of revolution under the non-trivial geodesic mapping have negative Gaussian curvature.
Remark 3.The images of surfaces of revolution with zero Gaussian curvature under a non-trivial geodesic

mapping have non-zero Gaussian curvature.
Indeed, if F is a surface of revolution with zero Gaussian curvature and F̄ is the image of F under a

geodesic mapping, then K and K̄, the Gaussian curvatures of F and F̄ , are related by formula (7) and we
obtain:

K̄ =
1

p

(
q

4a(ω)b(ω)
·
(
∂b(ω)

∂ω

)2
)
,

where q 6= 0, since the geodesic mapping is non-trivial.
Example 5. Let F be a circular cone in Euclidean space R3, given in Cartesian coordinates (x; y; z) by

the equations:
x = ω cos t, y = ω sin t, z = ω,

where ω ∈ (0, ω1), t ∈ [0, 2π). The first fundamental form of the circular cone F has the following form:

ds2 = 2dω2 + ω2dt2.

The circular cone admits a non-trivial geodesic mapping, and the Gaussian curvature of the resulting surfaces is
constant and non-zero. Denote the image of the circular cone under the geodesic mapping by F̄ and its Gaussian
curvature by K̄. The metric has the following form:

ds̄2 =
2p

(1 + qω2)
2 dω

2 +
pω2

1 + qω2
dt2,

where p is a positive parameter and q ∈
(
− 1
ω2 ; +∞

)
, 1 + qω2 6= 0, qω2 6= 0, and ω is the same parameter as on

the surface F and t ∈ [0, 2π]. We find the Christoffel symbols for this metric:

Γ̄1
11 = − 2qω

1 + qω2
, Γ̄1

12 = Γ̄1
21 = 0, Γ̄1

22 = −ω
2

;
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Γ̄2
11 = 0, Γ̄2

12 = Γ̄2
21 =

1

ω (1 + qω2)
, Γ̄2

22 = 0.

Using formula (6) we have K̄ = q
2p .

Remark 4. The images of surfaces of revolution with zero Gaussian curvature under a trivial geodesic
mapping also have zero Gaussian curvature.

Since according to Remark 1, the connection components of manifolds admitting a trivial geodesic
mapping are equal, i.e.,

Γ̄hij(x) = Γhij(x).

It follows that R̄hijk = 0.
Example 6. Consider a circular cylinder with the metric

ds2 = dω2 + dt2,

where ω ∈ [ω1, ω2], t ∈ [0, 2π]. The parameters ω1 and ω2 can reach ±∞. The circular cylinder admits a trivial
geodesic mapping [5], and the resulting surfaces have zero Gaussian curvature. Denote the Gaussian curvature
of the image of the circular cylinder under the geodesic mapping by K̄. The metric has the following form:

ds̄2 =
p

(1 + q)2
dω2 +

p

1 + q
dt2.

Here, p is a positive parameter and q ∈ (−1; +∞). The Christoffel symbols of this surface consist of zeros, i.e.,
Γ̄kij = 0, so the Gaussian curvature K̄ = 0.
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Abstract. In this paper, we prove the unique solvability of a weak generalized solution to a semi-
nonlocal boundary value problem for the fourth-order Tricomi equation in the Sobolev spaceW 2

2 (Q).
The uniqueness of the solution to the semi-nonlocal boundary value problem for the fourth-order
Tricomi equation is proved using the energy integral method, and its existence is proved using the
modified Galerkin, a priori estimates, and “ε-regularization” methods.
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Introduction

As is well known, A.V. Bitsadze showed in his work that the Dirichlet problem for a mixed-type equation
is ill-posed [1]. The question naturally arises: is it possible to replace the conditions of the Dirichlet problem with
other conditions covering the entire boundary, which ensure the well-posedness of the problem? Such boundary
value problems (nonlocal boundary value problems) for a second-order mixed-type equation were first proposed
and studied in the work of F.I. Frankl [2]. A problem similar in formulation to the one under study for a
second-order mixed-type equation of the first kind has been studied in bounded domains in [3-6].

As we know, local boundary value problems for fourth-order mixed-type equations without degeneration
were proposed and studied by classical methods in the works of T. Juraev, A. Sopuev [7], Yu. Apakov,
S. Mamazhanov [8]. Non-local boundary value problems for high-order partial differential equations without
degeneracy have been studied by many scientists; a complete bibliography is available in the book by A. Dezin
[9].

Linear inverse problems for model equations of mixed type of the second order in the plane were studied
by classical methods in the work [10], and such problems for equations of mixed type of high order with local
boundary conditions in different Sobolev spaces were studied in the works [11,12], and with non-local boundary
conditions such problems have been very little studied. We will try to partially fill this gap within the framework
of this work.

In this paper, using the results of works [5,6] and applying a modified Galerkin method, a priori estimates,
and “ε-regularization”, the unique solvability of a weak generalized solution of one semi-non-local boundary value
problem for a mixed-type equation of the second kind of the fourth order in Sobolev space is studied.

Problem statement

In the domain
Q = (−1, 1)× (0, T ) = {(x, t);−1 < x < 1; 0 < t < T < +∞}

Received: 09.04.2026, Accepted: 22.06.2026
*Corresponding autor
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let’s consider the fourth-order Tricomi equation

Lu = Pu+Mu = f(x, t), (1)

here

Pu =

4∑
i=0

Ki(x, t)D
i
tu; Mu = a(x)uxxxx − b(x)uxxtt − c(x)uxx,

where K4(x, t) = K4(x) = x, Kj(x, 0) = Kj(x, T ), (j = 0, 3) for every x ∈ [−1, 1] , Di
tu = ∂iu

∂ti (i = 0, 4),
D0
t u = u, and

a(x) ≥ a0 > 0, b(x) ≥ b0 > 0,

c(x) ≥ c0 > 0.

Let all coefficients of equation (1) be sufficiently smooth functions in Q.
Semi-nonlocal boundary value problem: Find a generalized solution u(x, t) of equation (1) from the

Sobolev space W 2
2 (Q) satisfying the following semi-nonlocal boundary conditions

γDp
t u|t=0 = Dp

t u|t=T , p = 0, 1, 2, 3, (2)

u|x=−1 = u|x=1 = 0; uxx|x=−1 = uxx|x=1 = 0 (3)

where γ is a nonzero quantity, which will be specified below.
Further, we need the following definition and auxiliary propositions [4].
Through W l

2(Q) (l = 0, 1, 2, ..., at l = 0, W 0
2 (Q) = L2(Q)) we define Sobolev space with scalar product

(u, ϑ)l =
∑
|α|≤l

∫
Q

DαuDαϑdxdt

and with norm
‖ϑ‖2l = ‖ϑ‖2W l

2(Q) =
∑
|α|≤l

∫
Q

|Dαϑ|2dxdt.

Here α is a multi-index and Dα is a generalized derivative with respect to the variables x and t [13,14]. When
obtaining various a priori estimates, we often use the Cauchy inequality with σ [13], i.e.

∀u, ϑ ≥ 0; ∀σ > 0; 2u ϑ ≤ σu2 +
ϑ2

σ
.

Let’s define the following class of functions:

W1(Q) = {ϑ ∈W 4
2 (Q); γDp

t ϑ|t=0 = Dp
t ϑ|t=T ; p = 0, 1, 2, 3;

ϑ|x=−1 = ϑ|x=1 = 0, ϑx|x=−1 = ϑx|x=1 = 0 }.

Let’s define the following bilinear forms using the function ϑ ∈W1(Q):

A
(
u, e−λtϑ

)
≡ (Pu, e−λtϑ) =

(
xutt, e

−λtϑtt
)

0
−
(
(K3 + 2λx)utt, e

−λtϑt
)

0
+

(
2∑
i=0

biD
i
tu, e

−λtϑ

)
0

,

m (u, ϑ) ≡ (Mu,ϑ) ≡ ((auxx − butt), ϑxx)0 + 2 ((a′ (x)uxx − b′ (x)utt) , ϑx) +

+ ((a′′ (x)uxx − b′′ (x)utt) , ϑ) + (cuxx, ϑ)0,

where bi ∈ C2(Q) ∩ C(Q); b2(x, t) = λK3 −K3t +K2 + λ2x; b1 = K1; b0 = K
0
.

Definition 1. If for any function ϑ(x, t) ∈W1(Q), is valid the following integral identity

A
(
u, e−λtϑ

)
+m

(
u, e−λtϑ

)
=
(
f, e−λtϑ

)
0
, λ =

2

T
ln |γ| > 0, |γ| > 1, (4)

then the function u(x, t) ∈ W 2
2 (Q) satisfying the boundary conditions (2),(3) is called the weak generalized

solution of the problem (1) - (3).
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Main part

Theorem 1. Let the above conditions be satisfied for the coefficients of the equation (1), in addition,
let the following conditions be satisfied for the coefficients of the equation (1): −(2K3 + 3λx) ≥ δ3 > 0,
2K1 −K2t + λK2 ≥ δ2 > 0, λK0 −K0t ≥ δ1 > 0, for any (x, t) ∈ Q̄ where λ = 2

T ln |γ| > 0, |γ| > 1. Then
for any f(x, t) ∈ L2(Q) if there exists a generalized solution of the problem (1) - (3) from the Sobolev space
W 2

2 (Q), then it is unique and the following estimate is valid

‖u‖2W 2
2 (Q) ≤ c ‖f‖

2
0 .

Proof. First, we prove the uniqueness of the solution to problem (1)-(3). We prove the uniqueness of
the solution to the problem using the energy integral method. Let there exist a generalized solution u(x, t) to
problem (1)-(3) from the Sobolev space W 2

2(Q). Consider the following identity

2

∫
Q

Lu· e−λt · ut d xdt = 2

∫
Q

f · e−λt · ut dxdt. (5)

By virtue of the conditions of Theorem 1 and the Cauchy inequality with σ [8], from the boundary conditions
(2), (3) by integrating identity (5) we can easily obtain the following inequality

2

∫
Q

Lu · e−λt · utdQ ≥ e−λT
∫
Q

{
− (2K3 + 3λx) · u2

tt + λ
(
a (x)u2

xx + b (x)u2
xt + c (x)u2

x

)
+

+ (2K1 + λK2 −K2t) · u2
t + (λK0 −K0t) · u2

}
dQ−

−
{

+3σ ‖utt‖20 + σ−1K · ‖ut‖20 + σ ‖uxx‖20 + 2‖a′‖C[−1;1] ‖uxx‖
2
0 + σ−1 ‖b′‖2C[−1;1] ‖uxt‖

2

0
+

+2‖a′‖C[−1;1]‖uxt‖
2

+σ ‖ux‖20
}
· e−λT

+

∫
∂Q

(
K0u

2 +
(
K2 + λ2x

)
· u2

t +

+ (2K3 + 2λx) · ututt − xu2
tt + 2xututtt + a (x)u2

xx + b (x)u2
xt + c (x)u2

x

)
· e−λt · νtdS+

+

∫
∂Q

(2a (x)uxxxut − 2a (x)uxxutx − 2a′ (x)uxxut − 2b (x)utuxtt − 2b′ (x)utt · ut − 2c (x)ut · ux) · e−λtνxdS.

(6)
where

K = max

{
‖K3‖2C1(Q) ,

∥∥∥a′′∥∥∥2

C[−1;1]
,
∥∥∥b′′∥∥∥2

C[−1;1]

}
,

−→ν = (νt, νx) is a unit inward normal vector to the boundary ∂Q.
The conditions of Theorem 1 ensure the non-negativity of the integral over the domain and the conversion

of boundary integrals to zero. From the inequality (6) we obtain

‖f‖20 ≥ e−λT {
∫
Q

{δ3 · u2
tt + δ2u

2
t + δ1 · u2} d x d t−

−3σ · ‖utt‖20 − σ
−1K · ‖ut‖20 − σ

∫
Q

u2
xxdQ+

∫
Q

λa (x)u2
xxdQ+

∫
Q

λb (x)u2
xtdQ+

∫
Q

λc (x)u2
xdQ}−

−2‖a′‖
∫
Q

u2
xxe
−λtdQ− σ−1 ‖b′‖2

∫
Q

u2
xte
−λtdQ− 2 ‖a′‖2

∫
Q

u2
xte
−λtdQ− σ

∫
Q

u2
xe
−λtdQ = (7)
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= e−λT (

∫
Q

(δ3 − 3σ)u2
ttdQ+

∫
Q

(λa (x)− 2‖a′‖C − σ)u2
xxdQ+

∫
Q

(
λb (x)− σ−1 ‖b′‖2C − 2‖a′‖C

)
u2
xtdQ+

+

∫
Q

(λc (x)− σ)u2
xdQ+

∫
Q

(
δ2 − σ−1K

)
u2
tdQ+

∫
Q

δ1u
2dQ).

In inequality (7), we choose the number σ so that the following inequalities are true

δ3 − 3σ =
δ3
2
⇒ σ =

δ3
6
⇒ σ−1 =

6

δ3
,

δ2 − σ−1K = δ2 −
6

δ3
K > δ02 > 0,

a (x) ≥ a0 = (σ + 2‖a′‖C) =

(
δ3
6

+ 2‖a′‖C

)
> 0,

b (x) ≥ b0 =
(
σ−1 ‖b′‖2C + 2‖a′‖C

)
=

(
6

δ3
‖b′‖2C + 2‖a′‖C

)
> 0,

c (x) ≥ c0 =
δ3
6
> 0.

Further, denoting by δ = e−λT min{ δ32 , a0, b0, c0, δ02, δ1} and dividing (7) by δ > 0, we obtain the first a priori
estimate for solving the problem (1) - (3)

‖u‖2W 2
2 (Q) ≤ c ‖f‖

2
L2(Q) .

From this estimate, the uniqueness of the solution of the problem (1) - (3) in W 2
2 (Q).

Let us prove the theorem from the opposite, let the problem (1) - (3) have two solutions u1(x, t), u2(x, t). Then
the new function ϑ(x, t) = u1(x, t) − u2(x, t) satisfies the homogeneous equation (1) with the conditions (2) -
(3) and the first estimate ‖ϑ‖22 ≤ 0 is valid for it. Hence, the uniqueness of the solution of the problem (1) - (3)
u1(x, t) = u2(x, t) from the space W 2

2 (Q).

Now we will prove the solvability of the problem (1) - (3).

Fifth-order equation with a small parameter (auxiliary task).

We will prove the solvability of the problem (1) - (3) by the “ε-regularization” method in combination with
the modified Galerkin method and the method of a priori estimates, namely: in the domain Q = (0, 1)× (0, T )
we consider a family of fifth-order equations with a small parameter

Lεuε = −ε∂∆2uε
∂t

+ Luε = f(x, t) (8)

with semi-non-local boundary conditions

γDq
t uε|t=0 = Dq

t uε|t=T , q = 0, 1, 2, 3, 4, (9)

uε|x=−1 = uε|x=1 = 0, uεxx|x=−1 = uεxx|x=1 = 0, (10)

where ε is a small positive number Dq
zw = ∂qw

∂zq , q = 1, 2, 3, 4, 5; D0
zw = w, ∆2u = ( ∂

2

∂t2 + ∂2

∂x2 )
2
u =

= (∂
4u
∂t4 + 2 ∂4u

∂x2∂t2 + ∂4u
∂x4 ) is a biharmonic operator.

Below, we use the fifth-order equation with a small parameter (8) as the “ε-regulating” equation for the
first-order mixed-type fourth-order equation (1) [5,11,12].

Let’s by V (Q) we denote the class of functions such that uε(x, t) ∈W 4
2 (Q), ∂∆2uε

∂t ∈ L2(Q), and satisfying
the corresponding conditions (9), (10).
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Definition 2. The function uε(x, t) ∈ V (Q) is called a weak generalized solution of problem (8)-(10) if
the following integral identity holds

ε
(
uεttt, (e

−λtϑ)tt
)

+ ε
(
uεxxt, (e

−λtϑ)tt
)

+ ε
(
uεxtt, (e

−λtϑ)tt
)

+

+A
(
uε, e

−λtϑ
)

+m
(
uε, e

−λtϑ
)

=
(
f, e−λtϑ

)
0
.

Theorem 2. Let all conditions of theorem 1 be satisfied. Then, for any function f(x, t) ∈ L2(Q), there
exists a unique weakly generalized solution uε(x, t) of the problem (8) - (10) from space V (Q), and the following
estimate is valid for it:

I) ε(‖uεttt‖20 + ‖uεxxt‖20 + ‖uεxtt‖20) + ‖uε‖22 ≤ c ‖ f ‖
2
0 .

Proof. The proof of the inequality I) is carried out in the same way as the first estimate of theorem 1,
from which it follows that the weak generalized solution of the problem (8) - (10) is unique [6,11,13].

Let’s present the proof of the a priori estimate. Let the function φj(x, t) ∈ W 4
2 (Q) be a eigenfunction of

a self-adjoint, positively defined elliptic operator of the fourth order, with boundary conditions

Dp
t φj |t=0 = Dp

t φj |t=T , p = 0, 1, 2, 3, (11)

φj |x=−1 = φj |x=1 = 0, φjxx
∣∣
x=−1

= φjxx
∣∣
x=1

= 0. (12)

From the general theory of linear self-adjoint elliptic operators [15] it is known that all eigenfunctions of a
self-adjoint, positively defined, fourth-order elliptic operator with the boundary conditions (11), (12) form a
complete orthonormal system in L2(Q). Now, using these sequences of functions, we will construct a solution
to the auxiliary problem

Pωj ≡ exp(−λt
2

)
∂ωj
∂ t

= φj , (13)

γωj(x, 0) = ωj(x, T ), (14)

where γ = const 6= 0 and | γ | > 1. It is clear that the problem (13), (14) is uniquely solvable and its solution
has the form

P−1φj = ωj =

t∫
0

exp(
λτ

2
)φjdτ+

1

γ − 1

T∫
0

exp(
λt

2
)φjdt.

It is clear that the functions ωj(x, t) ∈ W 5
2 (Q) are linearly independent. Indeed, if

N∑
j=1

cjωj = 0 for some set of

function sequences ω1, ω2, ..., ωN , then, acting on this sum by the operator P , we obtain
N∑
j=1

cjPωj =
N∑
j=1

cjφj =

0, and from this it follows that cj = 0 for all the coefficients. j = 1, N . Note that the following conditions arise
from the construction of the function φj(x, t) on the function ωj(x, t) ∈W 5

2 (Q)

γ · Dq
t ωj |t=0 = Dq

t ωj |t=T , q = 0, 1, 2, 3, 4, (15)

ωj |x=−1 = ωj |x=1 = 0; ωjxx|x=−1 = ωjxx|x=1 = 0. (16)

Now we seek the approximate solution of the problem (8) - (10) in the form uNε (x, t) =
N∑
j=1

cjωj(x, t) where the

coefficients cj for any j from 1 to Nare defined as the solution of the following linear algebraic system

2

∫
Q

Lεu
N
ε · exp( −λ t

2
)φjdxdt = 2

∫
Q

f · exp( −λ t
2

) φjdxdt. (17)

We will prove the uniqueness of the algebraic system (17). Multiplying each equation from (17) by and summing
from to, considering the boundary conditions (15) - (16) and the algebraic system (17), we obtain the identity

2

∫
Q

Lεu
N
ε · exp(−λ t)uNεtdxdt = 2

∫
Q

f · exp(−λ t)uNεtdxdt, (18)
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from which, according to the condition of theorem 2, by integrating the identity (18) in parts, we obtain the
first estimate for the approximate solution of the problem (8) - (10), i.e.

ε(‖uεttt‖20 + ‖uεttx‖20 + ‖uεtxx‖20) + ‖uε‖22 ≤ c1 ‖ f ‖
2
0 . (19)

From this follows the solvability of the algebraic system (17)[13]. Estimate (19) allows, by virtue of Theorem 2
and the weak compactness theorem [6,13,16], to perform the limit passage with respect to N →∞ and conclude
that some subsequence

{
uNkε (x, t)

}
converges weakly, by virtue of the uniqueness of the solution (Theorem 1)

in the space V (Q) to the desired solution uε(x, t) of problem (8)-(10), which has the properties specified in
Theorem 2 [6,13]. For uε(x, t), by virtue of (19), the following inequality is valid

ε (‖uεttt‖20 + ‖uεttx‖20 + ‖uεtxx‖20) + ‖uε‖22 ≤ c1 ‖ f ‖
2
0 . (20)

Hence, we obtain the uniqueness of the weakly generalized solution of the problem (8) - (10). Thus,
Theorem 2 proved. Let us proceed to the proof of the solvability of the problem (1) - (3).

Existence of a generalized solution of the problem (1) - (3).

Theorem 3. Let all conditions of theorem 1 and 2 be satisfied.Then the solution of the problem (1)-(3)
of W 2

2 (Q) exists and is unique.
Proof. The uniqueness of the solution of the problem (1) - (3) in space W 2

2 (Q) is proven in Theorem
1. Now we will prove the existence of a generalized solution of the problem (1) - (3) in W 2

2 (Q). For this, we
consider the equation (8) in the domain Q with the boundary conditions (9), (10) for ε > 0. Since all conditions
of theorem 2 are satisfied, then there exists a unique generalized solution of the problem (8) - (10) for ε > 0
and for it the first estimate is valid. From this, it follows that from the set of functions {uε(x, t)} , ε > 0,
it is possible to extract a weakly convergent subsequence in V (Q), uεi(x, t) → u (x, t) of functions such that
εi → 0 [6-16]. We will show that the limit function u(x, t) satisfies the equation Lu = f almost everywhere in
Q. Indeed, since the subsequence {uεi(x, t)} converges weakly in W 2

2 (Q), and the subsequences

{
√
εiu ε i ttt(x, t)}, {

√
εiu ε i xtt(x, t)}, {

√
εiu ε i xxt(x, t)}

are uniformly bounded in L2(Q), and the operator L is linear, then we have

εi
(
uεittt, (e

−λtϑ)tt
)

0
+ εi

(
uεitt, (e

−λtϑ)xt
)

0
+ εi

(
uεit, e

−λtϑxx
)

0
+A

(
uεi , e

−λtϑ
)

+

+m
(
uεi , e

−λtϑ
)

=
(
f, e−λtϑ

)
0
. (21)

From the equation (21), passing to the limit at εi → 0, we obtain the only generalized solution of the problem
(1) - (3) [6,16]. Thus, Theorem 3 is proven.
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