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UDC 517.55

UCH FERMIONLI SISTEMAGA MOS SHRYODINGER OPERATORI
UCHUN FADDEEV TENGLAMALARI

Abdullayev J.I., Ergashova Sh.H. ”

REZYUME

Bu ishda bir o‘lchamli panjarada uch fermionli sistemaga mos Shryodinger operatori
H,(K) qaralgan. Zarrachalar juft-jufti bilan faqat qo‘shni tugunlarda bo‘lgandagina
ta’sirlashadi deb hisoblanadi. Barcha k& € T va p larda H,(K) operatorga mos

Faddeev tipidagi integral operator ikki xil usulda qurilgan.

Kalit so‘zlar: Shryodinger operatori, panjara, fermion, xos giymat, xos funksiya,
kvaziimpuls, invariant qism fazo, Faddeev tipidagi integral operator, bog‘langan
holat.

KIRISH

Ikki fermionli sistemaning bog‘langan holatlari bir o‘lchamli panjarada [1] ishda
o‘rganilgan. Ikki o‘lchamli panjarada ikki fermionli sistemaning bog‘langan holatining mavjudlik
masalasi [2| ishda cheksiz ko‘p bo'lishi [3] ishda o‘rganilgan. Tashuvchisi chekli potensial bo‘lgan
Shryodinger operatorining invariant qism fazolari [4| da o‘rganilgan. d— o‘lchamli panjara Z4
da o‘zaro qo‘shni tugunlarda ta’sirlashuvchi uch fermionli sistemaga mos H,(K) operatorning
muhim spektri [5] ishda tavsiflangan.

Uch zarrachali sistemaning bog'langan holatlarining mavjudligi bir qator ishlarda
o‘rganilgan, masalan, [6, 7, 8, 9, 10, 11]. |6] ishda sferik simmetrik potensial bilan juft-juft bo‘lib
ta’sirlashuvchi uch fermionli sistema ikki o‘lchamli Evklid fazosida garalgan. Agar sistemada
ikki zarrachali gism sistemalar manfiy energiyali bog‘langan holatlarga ega bo‘lmasdan nol
energiyali rezonansga ega bo‘lsa, u holda bu sistema cheksiz ko'p uch zarrachali bog‘langan
holatlarga ega bo‘ladi. N(E) bilan energiya operatorining —E < 0 dan kichik xos qiymatlari
soni belgilansa, u holda limg o |In |In E||7*N(E) > 8/(3n) ekanligi isbotlangan.

Ushbu ishda bir o‘chamli panjara Z da o‘zaro juft-jufti bilan qo‘shni tugunlarda
ta‘sirlashuvchi massasi bir bo‘lgan uch fermionli sistemaga mos energiya operatori H, qaralgan.
Impuls tasvirda uch fermionli sistemaning energiya operatori H, to‘g'ri integralga yoyiladi
(19, 12, 13| ga qarang):

Hu:/@HM(K)dK.
T

Bizning tadgigotlarimiz shuni ko‘rsatadiki, Shryodinger operatori H, (/) ning muhim
spektri ikkita kesmaning birlashmasidan iborat bo‘ladi. Ularning joylashuv o‘rni va kesmalar-
ning kengligi kvaziimpuls K va p parametrga bog'liq bo‘ladi.

Biz panjarada uch fermionli sistema Hamiltoniani H, ni chegaralangan o‘z-o‘ziga qo‘shma
operator sifatida aniqlaymiz. Ikki zarrachali h,(k) operatorning yagona xos gqiymatining

“Abdullayev J.I., Ergashova Sh.H. — Sharof Rashidov nomidagi Samarqand davlat universiteti,
Universitet xiyoboni Bulvar 15, Samarqand 140104, O‘zbekiston. jabdullaev@mail.ru. sh.ergashova@mail.ru
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xossalarini o‘rganamiz. Keyinchalik, uch zarrachali Shryodinger operatori H,(K) ning muhim
spektrining tuzilishini tasvirlaymiz.

Shryodinger operatori H,,(K') ning muhim spektrdan tashqaridagi xos giymatlarini topish
masalasi Faddeev tipidagi A, (K, z) operatorning qo‘zg‘almas nugtalarini topish masalasiga
keltiriladi. Faddeev tipidagi operator ikki xil usul bilan qurilgan.

MASALANING QO‘YILISHI

Biz quyidagi belgilashlardan foydalanamiz: Z bir o‘lchamli panjara, ¢5(Z?) esa Z* da
aniqlangan kvadrati bilan jamlanuvchi funksiyalarning Hilbert fazosi. (3°(Z?) C (5(Z?) fazo esa
istalgan ikki koordinatasiga nisbatan antisimmetrik funksiyalardan tashkil topgan qism fazo
bo‘lsin.

Biz bu ishda bir o‘lchamli panjara Z da qo‘shni tugunlarda ta’sirlashuvchi uch fermionli
sistemaga mos energiya operatori H, ni qaraymiz.

'Koordinatali tasvirda bir o‘lchamli panjara Z da ikki fermionli sistema kinetik energiyasiga
mos hy operator £3%(Z?*) fazoda o‘z-o‘ziga qo‘shma operator sifatida quyidagicha aniqlanadi:

N 1 1
hg=—ARI —-T®A.
0 7 & 5 &

Bu yerda A— panjaradagi Laplas operatori, I esa ¢5(Z) fazodagi birlik operator.

Qo’shni tugunlarda ta’sirlashuvchi ikki fermionli sistemaga mos to‘la energiya operaton
h ham (5%(Z?) fazoda ta’sir giladi va kinetik energiya operatori ho ning qo‘zg‘alishidir, ya'ni

~ ~

by = ho —

Bu yerda pu— ikki fermionning ta’sir energiyasi va © operator zarrachalarning qo‘shni tugunlarda
ta’sirlashishini quyidagicha ifodalaydi:

(09) (2, y) = Iz — y)d(w.y),
bu yerda
i L x| =1,
Iw) = { 0, |a] #1.
Shunga o‘xshash bir o‘lchamli panjara Z da uch fermionli sistema kinetik energiyasiga
mos Hy operator (2%(Z?) fazoda quyidagi formula bilan aniglanadi:

. 1 1 1
Ho=—§A®[®[—§I®A®I—§I®I®A.

~

Qo‘shni tugunlarda ta’sirlashuvchi uch fermionli sistema to‘la energiyasiga mos H,
operator Hy ning qo‘zg‘alishidir, ya'ni

ﬁu =y — M(VH + Vag + ‘731)7

bu yerda
(Vaﬁf)(xbm?ax?)) = 79(3301 - x,g)f(.fﬂl,.’ﬂg,xg), «@ 7£ 57 &,5 = 17 2a3
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T = (—m, w|=bir o‘lchamli tor, L3*(T3) C Ly(T?) esa T3 da aniglangan istalgan ikkita
koordinatasiga nisbatan antisimmetrik bo‘lgan kvadrati bilan integrallanuvchi funksiyalardan

tashkil topgan fazo bo‘lsin. Impuls tasvirda ikki va uch zarrachali energiya operatorlari mos
ravishda L$*(T?) va L3*(T?) fazolarda aniglanadi.

Ikki zarrachali sistemaning energiya operatori h, va uch zarrachali sistemaning energiya
operatori H,, larining spektrini o‘rganish masalasi mos ravishda h,,(k), k € Tva H,(K), K € T
operatorlar oilalalarining spektrini o‘rganish masalasiga keltiriladi [4, 7, §].

Ikki zarrachali h,(k) = ho(k) — pv Shryodinger operatori LYNT) = {f € Ly(T) : f(k —
p) = —f(p)} fazoda quyidagi formula bilan ta’sir qiladi:

((1)1)(a) = ) (0) ~ = [ costa — )f @)t )

T

Bu yerda
Er(q) = e(q) +e(k —q), e(q) =1 —cosg.

Uch zarrachali H,(K) = Ho(K) — p(Vi + Vo + V3) Shryodinger operatori

L3(T?) == {f € L(T?) : f(p,q) = —f(a.p) = —fF(K—p—q.9) = —f(p,. K —p—q)}

fazoda quyidagi formula bilan ta’sir giladi:

(Ho(K)f)(p,q) = Ex(p,0) f(p,q),  Ex(p,q) =c(p) +elq) +e(I —p—q),

Vif)(p,q) = %/COS(C] —t)f(p.t)dt, (2)

T

e )oa) = £ [[eostp— 0150yt (50 0) =2 [[costp— 015000+ g+ ).

T T

Shuni ta’kidlaymizki, Vi, V5 va V3 operatorlar unitar ekvivalent. V,,, o = 1,2, 3 operatorlar
proyektordir.

IKKI ZARRACHALI h,(k) OPERATORNING SPEKTRI

Biz (1) tenglik bilan aniqlangan ikki fermionli sistemaga mos h,(k) operatorning
spektri bilan qiziqamiz. Kompakt qo‘zg‘alishda muhim spektrning turg‘unligi haqgidagi Veyl
teoremasiga [13] ko‘ra h,(k) operatorning muhim spektri oess(h,(k)) qo‘zgalmas ho(k)
operatorning spektri bilan ustma-ust tushadi, ya'ni

Uess(hu(k)) = U(hﬂ(k)> = [gmln(k)7gma:c(k)]
Bu yerda

k k

: k k
Emin(k) = min Ex(q) = 2—2cos 5= 2 (5) v Emax(k) = max Ex(q) = 242 cos 5 = 4—2¢ (§> .
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Bu ifodadan ko‘rinadiki, Epin () va Enae(-) funksiyalar k € (—m, 7] ning juft funksiyasi, & (+)
funksiya [0, 7] da o‘suvchi, &,4.(+) esa kamayuvchidir. Bundan
II?E% gmzn(k) = 6mm<0) = 07 IileaTX Emax(k) = gmaz<0) =4.
Har bir z € R\ [Enin(k), Emax (k)] da A, (K, 2) bilan I —porg(k, 2) operatorga mos Fredholm
determinantini belgilaymiz. Bu yerda ro(k, z) qo‘zg‘almas hy(k) operatorning rezolventasi. v

operator ranggi birga teng proyektor bo‘lganligi uchun Fredholm determinanti quyidagicha
sodda ko‘rinishda bo‘ladi:

L2
I sin” sds 20
Aﬂ(k,z):l—;/ ’ =1- = (3)
T 5k(§—5)—2 2—z+\/(2—z)2—40052§

3-lemma. z < &.,;,(k) soni h,(k) operatorning zos giymati bo‘lishi uchun A,(k,z) =0
bo‘lishi zarur va yetarli.

1-teorema. Faraz qilaylik, k € T va p > cos% bo‘lsin. U holda h,(k) operatorning muhim
spektrdan chapda yagona L e
k) =2=p= s+ 5 (4)
xos qiymati bor.
Agar p > 1 bo'lsa, xos qiymat barcha k € (—m, 7] larda mavjud bo‘ladi va bu xos qiymat
i € (1, 00) ning funksiyasi sifatida kamayuvchi.
(4) tenglikdan ko‘rinadiki, z,(k) xos qiymat [—m, 7| da juft va [0, 7] da o‘suvchi.

UCH ZARRACHALI H,(K) OPERATORNING MUHIM SPEKTRI

Biz qarayotgan uch zarrachali sistemada uchta bir xil (fermion) zarracha bo‘lganligi uchun
Vi, Vo va Vi operatorlar unitar ekvivalent (1-lemmaga qarang). Demak, H,(f)(K ) = Ho(K) —
Vi, H,(f)(K) = Hy(K) — uVs va H,S3)(K) = Hy(K) — uV3 operatorlar ham unitar ekvivalent
bo‘ladi. Shuning uchun biz ulardan birini H, ,Sl)(K ) kanal operatorni qaraymiz. H él)(K ) opera-
torning impuls fazodagi tasviri o‘z-o‘ziga qo‘shma operator bo‘ladi va Lgl)(']IQ) Hilbert fazosida
quyidagicha aniglanadi.
HO(K) = Hy(K) - Vi,

Kanal operatori Hy (K) va LV (T2) := {f € Ly(T?) : f(p,q) = —f(p, K —p—q)} fazoni
quyidagi ko‘rinishda to‘g‘ri integralga yoyish mumkin [13].

a0 = [entwpa, ) = [&18 ) map 5)
T T

(5) ifodada H,Sl)(K ) operatorni to‘g‘ri integralga yoyishdan hosil gilingan qatlam operatori
H, ,Sl)(K ,p) Hilbert fazosi LgK_p )(T) da quyidagicha aniqlanadi.

HV(K,p) = h,(K —p) +(p)],
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bu yerda I — birlik operator, h, (k) esa (1) ko‘rinishda aniglangan ikki zarrachali sistemaga mos
Shryodinger operatori.

H ﬁl)(K ,p) operatorning spektri barcha p > 1 va p € T larda quyidagi ko‘rinishda bo‘ladi:

o(HD(K,p)) = {z.(K — p) + e(p)} U [Emin(K — D) + £(D), Emax(K — p) +2(p)],

bu yerda z,(k) ikki zarrachali h,(k) operatorning xos qiymati (1 — teoremaga qarang).

H, (K) operatorning muhim spektri E (p, q¢) va A\, k (p) = 2,(K —p)+e(p) funksiyalarning
giymatlar sohasidan iborat bo‘ladi, ya'ni

Uess(Hu(K)) == ImEK U Im/\MyK.

Muhim spektrning birinchi qismi ImFEy kesma H,(K) operator muhim spektrining uch
zarrachali shoxchasi deyiladi va u p parametrdan bog'liq emas, ikkinchi qgismi ImA, g, esa
H,(K) operator muhim spektrining ikki zarrachali shoxchasi deyiladi va u g parametrning
ortishi bilan —oco ga qarab siljiydi.

Biz bir o‘lchamli holni qarayotganlimiz uchun z,(k) xos qiymat aniq topiladi. Shuning
uchun biz muhim spektrning joylashuvini aniq topa olamiz. Masalan, K = 0 bo‘lsin. U holda

Oess(H,(0)) = {2 — - i,4 — 4 U {0, g} .

Agar > 4 bo‘lsa, ikki va uch zarrachali shoxchalar kesishmaydi, ya'ni

2=ty nfog] -e
7 2

H,(K) operatorning muhim spektri tasnifini keltirib o‘tdik endi bu operatorning muhim
spektrdan tashqaridagi xos qiymatlari bilan qiziqamiz.

FADDEEV TIPIDAGI TENGLAMALAR

Ma'lumki, H,(K) operatorning muhim spektrdan tashqaridagi xos qiymatlarini topish
masalasi o‘z-o‘ziga qo‘shma, kompakt Faddeev tipidagi 7),(k,z) operatorning qo‘zg‘almas
nuqtalarini topish masalasiga keltiriladi.

Barcha z < Apin(p, K) = min{ Apin (6, K), Epin(K)}, lar uchun

ng)(T) = {Wl,wz) D1, € LQ(T)} = Lo(T) x Ly(T)
fazoda quyidagi Faddeev tipidagi T),(K, z) operatorni aniglaymiz:

Tll(K7 Z) T12(K7 Z)
Tu(K, 2) = ( T (K, z) Tyn(K,z) > ’

bu yerda

cos(K — p — t)[cos p — cost|yy (t)dt
(Bx(p.t) = 2)V/Au(K —t.z —e(t))

(T (K. 2)61) () b /

T /ALK —pz—2() J
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[costsin(K — p — t) +sinpcos(K —p — t)|s(t)dt
(Th2(K, 2)1b2)(p) = /A K Dz —c(p T/ (Ex(p,t) — 2)/A (K — 1,2 — &(t))
cospsin(K — p— t) +sintcos(K —p — t)|u (t)dt
(T (K, 2)1)(p) = T/ K be—c(p T/ (Ex(pt) — 2) /ALK —t, 2 —e(t))
. _ m sin(K — p — t)[sin p + sin t]y)o(t)dt
(Too (K, 2)12) (p) w\/AM(K—p,Z—S(P)) / (Ex(p,t \/A t,z—€(t)).

T,(K, z) operatorning aniqlanish sohasi

DT, ,9) = { 1, 02) /\ﬂswﬁwiz_g /\ﬂxwwwij—aw>zo}

Endi quyidagi lemmani isbotlaymiz.

4-lemma. Vi, Vs, V3 operatorlarni quyidagi ko ‘rinishlarda ham tasvirlash mumkin:

Vif)(p.q) = —% /COS(K —p—q—t)f(pt)dt, (6)
(Vaf)(p.0) = - [ cos( —p =g~ 1)5(a.t 7

(Vaf)(p,q) = os(q —t)f(K —p—q,t)dt (8)

2=
H—
@)

Isbot. Biz bu lemmmaning isbotini faqat V) operator uchun keltiramiz. V, va Vj
operatorlar uchun ham xuddi shunday isbotlanadi. f(p,q) = —f(p, K — p — q) tenglikdan
foydalansak, V} operatorni quyidagicha yozish mumkin:

1 1
Vif)p.a) = [ costa— 07w thdt =~ [ cost — 0)f(p. K — p )t
T T
Endi integralda K — p — t = s almashtirish bajarsak, (6) tenglikka ega bo‘lamiz. O
l-eslatma. Agar
1 1 .
orlp) = - [ cosstips)ds v oalp) =~ [ sinsf(p,5)ds (9)
T T

deb belgilasak, u holda (2) va (6) tengliklarga asosan bu funksiyalar orasida quyidagi bog‘lanish
mavjud:

K—-p

2

©2(p). (10)

[\]
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2-teorema. z < Ay (1, K) soni H,(K) operatorning zos qiymati bo‘lishi uchun 1 soni
T, (K, z) operatorning xos qiymati bo‘lishi zarur va yetarli.

Isbot. Zaruriyligi. Faraz qilaylik, z < A, (11, K) soni H,,(K) operatorning xos giymati
va f € L3(T?) unga mos xos funksiya bo‘lsin. U holda quyidagi tenglik o‘rinli:

Ho(K)f —p(Vi+Va+ V) f = 2 f. (11)

(2), (7), (8) tengliklardan foydalanib (11) tenglikni quyidagicha yozish mumkin:

Exlp )~ | [[costa = 0futyir + 1 [ cost ~p = - 0@ty

T T

+%/Cos(q—t)f(K —p— q,t)dt] = 2f(p,q).

T

U holda f funksiyaning antisimmetriklik xossasidan va (9) belgilashdan

/COSp(,Dl(p)dp = //Cosp costf(p,t)dpdt = 0, /sinpgog(p)dp = //sinp sintf(p,t)dt =0
T T T T T T

(12)
tengliklar kelib chiqadi. Bu belgilashlar yordamida (11) dan f € L$*(T) uchun quyidagi ifodani
olamiz:

f(p,q) = m {cosqsol(p) +8in q pa(p) + cos(K —p — q) p1(q) +sin(K —p — q) pa2(q)+

+cosq<p1(K—p—Q)+sinqwa(K—p—q)]- (13)

(13) ifodani (9) belgilashlarga olib borib qo‘ysak, hosil bo‘lgan

o sin? tdt p [ cos(K —p—t)(cosp + cost)p;(t)tdt
pilp) | 1= = +
™) Exp,(K=1)/2)—2] 7 Ex(p,t) — =
i / [costsin(K —p —t) +sinpcos(K —p —t)]pa(t)dt
+— )
™ EK(p7 t) -z
T
(p)|1- M/ sin” tdt B u/ [cospsin(K —p—t) + sintcos(K —p — t)]gpl(t)dt+
el r) Exo. (K —0/2)~=z) "7 Ex(pt) — 2

i / sin(K — p —t)(sinp + sint)py(t)dt

T
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tenglamalar sistemasi nolmas ¢ = (p1,p2) € LgQ)(']I‘) yechimga ega. (3) tenglikdan foydalanib
yuqoridagi tengliklarni quyidagicha yozish mumkin:

B i cos(K — p —t)(cosp + cost)p tdt
= SR p,z—e<p>>/ ’

Ex(p,t) —
g / [cost sin(K — p_t)E:(?ff(fi(K —p—tlea®dt
pa(p) = AR _’;’ — g(p; T/ [cos psin(K —p — 27;(;2; (i)S(K —p—Blea(t)dt |
+7TAu(K _;;7 — T/ sin(K —p —Ezéziiéoj sint)po(t)dt (15)
Quyidagi

1P) = /AWK —p 2 =) (). talp) = \/DuE —p. 2 =)o) (16)

belgilashlarni kiritib, (12) dan 1; va 1 lar uchun quyidagi shartni olamiz:

cos p 1 (p)dp _0 sin p s (p)dp

) VALK —pi—cm) ) VAR - "

Yy va 1o lar tilida (14) va (15) tengliklarni quyidagicha yozish mumkin:
Ui(p) = (Tu(K, 2)vn)(p) + (Th2(K, 2)v2) (),

Ua(p) = (Tar (K, 2)1) (p) + (T22(K, 2)12) (p),
yani A = 1 soni 7),(K, z) uchun xos giymat bo‘ladi.
Yetarliligi. Faraz gilaylik, biror z < A, (¢, K) uchun 1 soni 7),(K, z) operatorining xos
giymati va unga mos xos funksiya ¢ = (11, 1) bo'lsin, ya'ni,

v =T.(K,2)¢, e DIL(K,z))

tenglik o‘rinli bo‘lsin. U holda (13) tenglik bilan aniglanuvchi f funksiya L3%(T?) fazoda
yotadi hamda (11) tenglikni qanoatlantiradi. Qaysikim ¢; va ¢y funksiyalar (16) tenglikdan
aniglanadi. O

Agar P- bilan ng)(']l‘) fazoni D(T,(K,z)) qism fazoga proyeksiyalash operatorini
belgilasak, u holda TP(K,z) := PT,(K,z)P operatorni Lg)(T) fazoni o‘zini-o‘ziga
akslantiruvchi operator sifatida garash mumkin.

1-tasdiq. Agar biror z < Apin(p, K) uchun Tf(K, 2)Yp = 1 tenglama noldan fargli
yechimga ega bo‘lsa, u holda H,(K)f = zf tenglama ham nolmas yechimga ega va aksincha.

H,(K) operatorga mos Faddeev tipidagi tenglamani yana boshqa usul bilan ham olish
mumkin. Shu maqgsadda quyidagi tasdigni isbotsiz keltiramiz.
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5-lemma. Vi, V5 va V3 operatorlar uchun quyidagr tengliklar o‘rinli:

L Y e e F (1
ana) =+ [sin (5= p)sin (550 - 5) fls. s (19
0an ) =+ [sin (P50 )sin (P50 = 5) fls. K - ). (19)
Lo(T) fazoda quyidagi inﬂ‘;egral operatorni aniglaymiz:
- sin (B2 — oY ain (B8 ) ws)ds
(MM@WM7W%MEL—MM!(géﬂ;bswiw)wD'

3-teorema. z < A, (1, K) soni H,(K) operatorning zos qiymati bo‘lishi uchun 1 soni
A, (K, z) operatorning zos qiymati bo lishi zarur va yetarli.

Isbot. Zaruriyligi. Faraz qilaylik, z < A, (11, K) soni H,,(K) operatorning xos giymati
va f € L3(T?) unga mos xos funksiya bo‘lsin. U holda quyidagi tenglik o‘rinli:

Ho(K)f —p(Vi + Va+ Va) f = 2 f. (20)
(17), (18), (19) tengliklardan foydalanib (20) tenglikni quyidagicha yozish mumkin:

Exc(p.q)f(p.q) — = sin (Kz_p —q> /sin <¥—s> f(p.s)ds = Z sin (Kz_q —p> x
T

/sin (% —s) f(s,q)ds—gsin (?) /sin (]% —s) f(s, K —p—q)ds = zf(p,q).
T T

Quyidagi

. (K —p
o) = [[sin (552 = 5) 1t s)is (21)
T
belgilashni kiritib, (20) dan quyidagiga ega bo‘lamiz:

o) % {s@(p) sin (? - q) —¢(q) Sir;gﬁ—zp) — (K —p—g)sin (}%)} |

(22)
(22) ifodani (21) belgilashga olib borib qo‘ysak, hosil bo‘lgan

in K=p_ in K=s_ (s)d
o S 5 s|s 5 p | p(s)ds

L sin? sds
¢(p) 1_;T/EK(p’(K_S)/2)_Z - J Ex(p,s) —z
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tenglama nolmas ¢ € Ly(T) yechimga ega bo‘ladi. (3) belgilashdan foydalanib yuqoridagi

tenglikni quyidagicha yozish mumkin:
K — K —
Tp - 5) sin ( 5 L p) o(s)ds

- o sin <
) = AL (K —p,z —e(p)) / Ex(p,s) — z ’ (23)

T

(23) tenglik ¢(p) = \/AL(K — p,z —e(p))¢(p) tilida quyidagi ko‘rinishni oladi:

% - 3) sin <K2_ i —p) Y(s)ds

EK(p>S> -z

9

b(p) = W\/Au(K__Q/;’Z —(p)) T/ (

yani A = 1 soni A,(K, z) operator uchun xos giymat bo‘ladi.

Yetarliligi. Faraz qilaylik, z < A, (g, K) uchun 1 soni A, (K, z) operatorning xos
giymati va ¢ € Lo(T) unga mos xos funksiya bo‘lsin. U holda (22) tenglik bilan aniq-
lanuvchi f funksiya L$*(T?) fazoda yotadi hamda (20) tenglikni ganoatlantiradi, bu yerda

p(p) = () /ALK —p,z —e(p)) O

INVARIANT QISM FAZOLAR

Sistema to‘la kvaziimpulsi K = 0 bo‘lganda (10) tenglikdan quyidagi munosabatni olamiz:

sin g D
7 ¢2(p)  yoki pi(p) =tg 3 - pa(p).
COS — 2

2

p1(p) =

Bu munosabatdan ¢, funksiya juft bo‘lsa, ¢; funksiyaning toq funksiya ekanligi kelib chiqadi.
Agar ¢, toq bo‘lsa ¢ juft bo‘ladi. Shunga ko‘ra D(7),(K, z)) fazoni quyidagi gism fazolarning
to‘g'ri yig'indisi shaklida yozish mumkin:

LY (T) = LY(T) x LE(T) := { (b1, 2) - 1 € LY(T), vy € L(T)},

L57(T) = L§(T) x L§(T) := {($1,4) : 1 € L5(T), 2 € LY(T)}.

6-lemma. L§2)"6(T), Lf)e"(']r) qism fazolar T, (0, z) operatorga nisbatan invariantdir.
Isbot. A,(p,z —e(p)) va e(p) funksiyaning aniqlanishidan kelib chigadiki,

Au(=p, 2z —e(=p)) = Bu(p, 2 — £(p))-
Agar ¢; € L§(T) va i € L§(T) bolsa, t = —s almashtirish olib, Ey(—p, —s) = Ey(p, s)
ekanligidan quyidagi munosabatni olamiz:
B i / cos(—p — s)[cos(—p) + cos(—s)]1(—s)ds
T/ Au(=p,z —e(=p) ) (Eo(=p,=5) = 2)\/Au(=s,2 = 2(=5))

91(=p) +
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/ sin(—p) cos(—p — 3) — cos(—s) sin( — 8)|tha(—s)ds
T —p,—5) — 2)\/Au(—s, 2z — e(—3))

_ i /cos(p—l—s)[cosp—l—cos sli1(s)ds
T/ Aulp,z —e(p)) S (Eolp,s) — 2)\/Auls, z —e(s))

/ smpcos p-l— s) — cos ssin(p + s)|¢a(s)ds
W\/A (p, 2 ) —2) \/Au (s,z—¢(s))

oy 1 [sin(—s) cos(—p — s) — cos(—p) sin(—p — s)]1h1(—s)ds
SRR S T i e =y

7T\/A

n = g1(p),

T

T

B o / sin(—p — s)[sin(—p) + sin(—s)]2(—s)ds
e ) TN S e N = )

_ H / [sin s cos(p + s) — cospsin(p + s)]iby(s)ds
TV Aulp, z — £(p)) (Eo(p, s) — 2)/Au(s, z — €(s))

m / sin(p+3)[sinp+sins]w2( )
D0z —2(p) S (Bo(p,s) — 2)\/Du(s, 2 — e(s))

+ = —g2(p)-

Demalk, LéQ)eo(T) qism fazo T(0,z) operatorga nisbatan invariant ekan.T!”(Kz)
operator o‘z-o‘ziga qo‘shma operator bo‘lgani uchun L§2)€°(T) qism fazoning ortogonal
to‘ldiruvchi L?“ (T) gism fazo ham operatorga nisbatan invariant bo‘ladi.

Shunga o‘xshash tasdigni A4,(0, z) operator uchun ham keltirish mumkin.

7-lemma. L(T) va L§(T) qism fazolar A,(0, z) operatorga nisbatan invariantdir.

Isbot. Ma’lumki, o‘z-o‘ziga qo‘shma B integral operatorning yadrosi K(—p,—q) =
K(p, q) shartni qanoatlantirsa, L§(T) va L§(T) qgism fazolar B operatorga nisbatan invariant
bo‘lar edi. A(—p, —q; z) = A(p, ¢; z) tenglikning bajarilishini tekshiramiz.

sin _—p—q sin _—q—p
W 2 2

A(—p,—q;2) = — =
) = R s —(9) (Bo(—po~0) — /At s —2(=0)
. p . q
) r (5*‘1) (5“’)
71—\/Alt(pv Z = ( )) EU pv - Z \/A Qa ))

Demak, L3(T) va L§(T) gism fazolar A#(O, z) operatorga nisbatan invariant ekan.

= A(p, ¢; 2)
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AHHOTAIINSI

B mannoit pabore paccMaTpuBaIOTCs IPOCTPAHCTBA MHBAPUAHTHBIX dacTeil, Jmc-
KPETHBI 1 HelpepbIBHBIN crekTp omneparopa Illpesunrepa H M(K ) COOTBETCTBYIO-
Iero CUCTEME TPeX YaCTHIL (,J:LByX depMuoHOB ¢ Maccoit 1 u oJIHOM JAPYTOil YacTUITBI
¢ maccoit m = 1/7). lokasamo, aro oueparop H,(0) nmeer eIUHCTBEHHOE IPOCTOE
cOOCTBEHHOE 3HaYEHHE, JIeyKalllee CaeBa OT CYNIeCTBEHHOI'O CIIEKTPAa IIPH JIOCTATOYHO
6osbimx > 0.

Karoueswvie caosa: Oueparop Illpeannrepa Ha pererke, (hepMrOH, COOCTBEHHOE
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3HaYCHHUE, COOCTBEHHAs (DYHKIUs, KBA3UUMIIYJILC, CBI3AHHOE COCTOsIHUE, UHBAPU-
AHTHHOE TOIIPOCTPAHCTBO, oneparop Paiieea

RESUME

In this paper, we consider the Schrédinger operator H,(K), corresponding to a
three-fermion system on a one-dimensional lattice. It is assumed that particles
interact with each other only when they are in neighboring nodes. For all £ € T and
i, the Faddeev type operator corresponding to the operator H,(K) is constructed
in two ways.

Key words: Schrodinger operator, lattice, fermion, eigenvalue, eigenfunction,
quasimomentum, bound state, invariant subspace, Faddeev type operator.
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UDC 517.9

APPROXIMATIONS FOR RAUZY-VEECH RERONMALIZATIONS OF THE
GENERALIZED INTERVAL EXCHANGE MAPS

Akhadkulov H. A. "

RESUME

Let f be a generalized interval exchange map with bounded combinatorics. Suppose
[’ satisfies a certain Zygmund condition depending on parameter v € (0, 1] on each
of its continuity intervals. We prove that the Rauzy-Veech renormalisations of f are
approximated by Mobius transformations in C'-topology. The findings presented
in this paper build upon and expand the results previously demonstrated in [1] and
[10].

Keywords: generalized interval exchange map, renormalization, Md&bius
transformations, convergence, Zygmund functions.

1. INTRODUCTION

A standard interval exchange map (i.e.m, in short), denoted as f, defined on a finite-length
interval I, is a one-to-one map which is locally a translation except at a finite number of
discontinuities. Thus f is orientation- preserving and preserving the Lebesgue measure. By
requiring only that f be a locally orientation-preserving homeomorphism, we arrive at the
definition of a generalized interval exchange map (g.i.e.m, in short). G.i.e.m’s are a natural
extension of circle homeomorphisms with the breaks, where f has discontinuities in its first
derivative at a finite number of points. Khanin and Vul [3] proved that the circle diffeomorphisms
with a single break, the renormalization operator converges to a two-dimensional space of
fractional linear transformations in C%-topology. In what follows, we underscore the significance
of Khanin and Vul’s [3] findings within the realms of the renormalization conjecture and rigidity
theory. The renormalization conjecture posits the convergence of renormalizations for two break-
equivalent circle diffeomorphisms (defined in [4]), while rigidity refers to the occurrence of a
smooth conjugacy between maps initially only topologically equivalent. Investigations of these
Mébius transformations in [5, 6, 7], and [8 have revealed that the renormalization operator
exhibits robust hyperbolic properties within a particular domain of this space. These properties
bear a striking resemblance to those anticipated by Lanford [9] in the context of critical
rotations. As previously noted, g.i.e.m’s represent natural extensions of circle homeomorphisms
with singularities of the break type. However, unlike circle diffeomorphisms with a single break
point, numerous unresolved problems persist in this scenario. In this paper, we aim to explore
g.i.e.m’s within the framework of lower smoothness conditions. We will investigate these maps
under the constraint imposed by the Zygmund condition depending on a parameter v € (0, 1],
as detailed in Section 2.2. Note that the class of such diffeomorphisms is wider than the class
of C**¥ diffeomorphisms. Our main result is Theorem 1, where we show that, the Rauzy-Veech
renormalizations of the g.i.e.m’s from our considered class approximate Mobius transformations

“Akhadkulov H. A. - School of Quantitative Sciences, University Utara Malaysia, CAS 06010, UUM
Sintok, Kedah Darul Aman, Malaysia.
—National University of Uzbekistan, University Street 4, 100174 Tashkent, Uzbekistan. akhadkulov@gmail.com
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with the rate of O(n™7) in C'-topology. This finding expands upon the principal outcomes
presented in [1] and [10].
2. GENERALIZED INTERVAL EXCHANGE MAPS

Let I be an open bounded interval. A generalised interval exchange map (g.i.e.m) f on [ is
defined by the following data. Let A be an alphabet with d > 2 symbols. Consider a partition
(mod0) of I into d open subintervals indexed by I = Ul,. The map f is defined on UI,, and its
restriction to each I, is an orientation preserving homeomorphism onto the f(I,). Let r > 1
be an integer. The g.i.e.m f is of class C" if the restriction of f to each I, extends to a C"-
diffeomorphism from the closure of I, onto of closure of f(I,). The points u; < ... < ug_1
separating the I, are called the singularities (break points) of f.
2.1 RAUZY-VEECH INDUCTION

A pair m = (m, m1) of bijections m. : A — {1,...,d}, € € {0,1} describing the ordering of the
subintervals I, before and after the map is iterated. For each e € {0,1}, define a(e) = 7! (d).
If |Io(0)| # |f({a@))| We say that f is Rauzy-Veech renormalisable (or simply renormalisable).
If |Io(0)| > | f(La))| We say that the letter a(0) is the winner and the letter (1) is the loser,
we say that f is type 0 renormalisable and we can define a map R(f) as the first return map
of f to the interval I' = I\ f(I4(1)). Otherwise |Io)| < |f(la1))|, the letter (1) is the winner
and the letter a(0) is the loser, we say that f is type 1 renormalisable and we can define a map
R(f) as the first return map of f to the interval I' = I\ f(Iy0)). We want to see R(f) as a
g.i.e.m To this end we need to associate to this map an A-indexed partition of its domain. We
do this in the following way. The subintervals of the A-indexed partition P! of I' are denoted
by I,. If f has type 0, then I = I, when a # a(0) and I ;) = In)\f(laq))- If f has type 1,
I, = I, when a # a(1), a(0) and Iya) = [~ (f(Ta)\a©)s Ta@) = Lo\ o) It is easy to
see that both cases (type 0 and 1) we have

R(f)(x) :{ fa), i 7€ Laasy

f(z), otherwise.

And (R(f),A,P') is a giem, called the Rauzy-Veech renormalisation (or simply
renormalisation) of f. A g.i.e.m is infinitely renormalisable if R"(f) is well defined, for every
n € N. For every interval of the form J = [a,b) we denote 0J = {a}.

Definition 1. We say that a g.i.e.m f has no connection if f™(01,) # 0lg for allm > 1,
a, B € A with mo(B) # 1.

Let &, be the type of the n-th renormalisation, a,(¢,) be the winner and «,(1 — ¢,) be
the loser of the n-th renormalisation.

Definition 2. [t is said to be that infinitely renormalisable g.i.e.m f has k-bounded
combinatorics if for each nand B,y € A there exist ny,p > 0 with In—ny| < k and
’n_nl _p| < k such that &ﬂ1(5n1) = 67 O‘ﬂ1+p<1 - 5n1+p) =7 and an1+i(1 - 5n1+p) =
Qpy1it1(Enyyi) for every 0 < i < p.

Definition 3. We say that a g.i.em f : I — I has genus one if f has at most two
discontinuities. Note that every g.i.e.m with either two or three intervals has genus one.

2.2 ZYGMUND CLASS

To formulate our results we have to define a new class. For this we consider the function
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Z7:10,1) — (0, +00) such that Z7(0) = 0 and

1 -
7 (x) = <log E) z € (0,1) and v > 0.

Let T' = [a, b] be a finite interval and consider a continuous function K : T" — R. Denote by
A?K (x,7) the second symmetric difference of f on J, i.e.,

A*K(z,7)=K(x+7)+ K(z — 1) — 2K(z),

where x € T', 7 € [O, @] and x +7,x — 7 € T. Now we are ready to define a new class.

Definition 4. Let IDD,?“ZW, k € N and v > 0, be the set of g.i.e.m f: 1 — I such that

(i) For each o € A we can extend f to I, as an orientation preserving diffeomorphism;
(ii) On each I, f' has bounded variation and satisfies:

HAQf’( T < CrZ27(7);

HLO@(I’Q)

(11i) The g.i.e.m [ has k-bounded combinatorics;

(iv) The map f has genus one and has no connection.

Note that the class of real functions satisfying (ii) inequality is wider than C***, for any v > 0.
We remind that the class of real functions satisfying (ii) with Z7(7) = 1 is called the Zygmund
class. Generally speaking, the function satisfying (ii) does not imply the absolute continuity of
f" on I,.
3. MAIN RESULT

We need the following notions. Let H be a non-degenerate interval, let ¢ : H — R be a
diffeomorphism and let J C H be an interval. We define the Zoom of g in H, denoted by Zx(g)
the transformation Zy(g) = Ajogo Ay where A; and A, are orientation-preserving affine maps,
which sends g(H) into [0, 1] and [0, 1] into H respectively. The precise definitions of A; and A,
will be given later in Section 7. Let My be a Mobius transformation My : [0, 1] — [0, 1] such
that My(0) = 0, My(1) = 1 and

N

Denote by ¢% € N the first return time of the interval I” to the interval I", i.e., R"(f)|n = f% |
where ¢ € N is the first return time. Now we define a new quantity as follows:

- f dnz f/
m, = €xp ( Z 2f, dnl)( >>

=0

where ¢ and d? are the left and right endpoints of f¢(I"), respectively. Now we are ready to
formulate our main results.
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Theorem 1. Let f € D", v € (0,1]. Then there exists a constant C' = C(f) > 0 such
that o

||EI&L(Rn(f)) - Mm%||c1([071]) S -

ny
for all a € A.
We need the following definition.
Definition 5. Let g : H — R be a C?- diffeomorphism. The operator Ng : H — R defined

g'(x)
g ()

as

Ng(x) = , xe€H

is called the non-linearity of g.
4. MODULUS OF CONTINUITY OF ZYGMUND FUNCTIONS

Let T = [a,b] be a finite interval and consider a continuous function K : T — R. The
following theorem will be used below.

Theorem 2.([1]) Assume that the function K : T — R satisfies the inequality
||A2K(-,T)||Loo(T) < CtZ7(1)

for some v € (0,1]. Then
W(6, K) = o<5| log 5|1—5)

if v € (0,1) and
w(d, K) :O(élloglogﬂ)

if v =1 where w(-, K) is the modulus of continuity of the function K.
4.1. THE DISTORTION OF INTERVAL AND RELATIVE COORDINATES
In this paragraph we introduce the distortion of interval T' = [a,b] with respect to
continuous and monotone function K : T"— R. We obtain some estimates for the distortion of
interval. The distortion of the interval I with respect to K is

D(T;K) = |K|(TT|)|

The distortion is multiplicative with respect to composition. Henceforth, take any x € [a, b] and
consider the distortions

D,(z) := D([a,z]; K) and Dy(x) := D([z,b]; K). (1)

Below we study the distortions D,(x) and Dy(z) as the functions of x € [a,b]. Consider the
following function © : (0,1) x (0, +o00) — R,
S(log )17 i (5.7) € (0,1) x (0, 1);
0(6,7) =
d(loglog 1) if (4,7) € (0,1) x {1}.

The following lemmas will be used in the proof of main theorems.
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Lemma 1. Let K € D27 (1) and v € (0, +0c). We have

D) ., _ K'a)— K'(b)
Do(2) 2K (b)

+o(|1]- 27(1) + |K'(a) = K'(®)] - 2(11],7)).

For the proof of the lemma see [1|. For z € [a, ], we define its relative coordinate as follows:
r — 7= The relative coordinate of x plays an important role in the proof of main theorems.

Lemma 2. Let K € D'™2"(I) and y € (0, +00). We have

Dy(x) — Dy (x)

(o= a)(b—a) (5 ):%((1—Z>K'(a)+zmb>—K’(x)) +o(j1-2:(1). )

Proof. By differentiating D, and D, we obtain

K@) =Dule) 0 pygy - Do) = K@)

T —a b—=x

Dy (x) =

One can easily see that

K'(x) — K'(a)

1
2 r—a

K'()— K'(x) 1

1
D' = Z.
o) 2 b—ux +1—2

+20(z(1)), D) = o(2:(1m).

It implies that

(z —a)(b— 2) (Dé(wz — 53@)) - %((1 ~ 2)K'(a) + 2K'(b) — K’(x)) + o(|f| - zv<|f|)).

Lemma 2 is proven.

Our next goal is to estimate the expression on the right-hand side of equation (2). For
this we define the following function 77, : [0,1/2] x (0,1) = R as

T, (s,t) :s/lw—i-/oszw(xt)dx if s €(0,1/2]

and T.,(0,t) = 0, for any t € (0, 1).
Lemma 3. Let K € D'*27(I) and v € (0,4+00). There exists a constant C' > 0 such that

11| - T (2, |I)  if z€][0,3];
|(1—2)K'(a) +2zK'(b) — K'(z)| < C
1] - T (1 = 2,|1]) if z€(5,1].

Proof. The proof of this lemma closely follows that presented in [1|. The only difference
lies in the definition of the relative coordinate, which is given as 1 — z in the referenced work.
Thus, by substituting z with 1 — z we obtain the proof of this lemma.

It is easy to see that the function T, (z,|1]) is an increasing function of z on [0, 3]. Hence
the function T, (1 — z,|/|) is a decreasing function of z on (3, 1]. Therefore T, (2, |1]) < T,(3,|1])
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for all z € [0,4] and T, (1 — z,|1|) < T,(3,|1]) for all z € [3,1]. Morcover, if the length of the

interval [ is sufficiently small then it can be easily shown that

T,(3.11) = 0(2(1)).

Thus, Lemmas [1] and [2] imply the following.
Corollary. Let K € D'*27(I) and v € (0, 400). If the length of interval I is sufficiently
small then we have

(@~ ) — )| 2D =L _ o (11201).

Next, consider the sub-case v € (1, +00). We need the following function

S,(x) =3 272"

where z € (0,1) and v > 1. As we have mentioned above, in this case, the function K’ is
differentiable, therefore D! and Dj are differentiable as well. Hence, we have

Lemma 4. Let K € D'*27(I) and v € (1,+00). There exists a constant C' > 0 such that

(@ = a)(b =) (D) = Dy(a))| < € 1118, (111),

|Dyw) — Dia)| < € Sl

Proof. The proof of the lemma is straightforward and relies on simple computations.
5. DYNAMICAL PARTITION OF THE STATE SPACE I.

In this section, we recall the definition of the dynamical partition of I generated by forward
dynamics of some fundamental intervals. As we have mentioned in Section 2.1 the Rauzy-Veech
renormalization R(f) of f is a g.i.e.m with d intervals and the sub-intervals I}, « € Aof I' C I
denoted by P'. By induction, we can derive the n-th renormalization R"(f) of f, and the sub-
intervals P = {I", a € A} of I" C I""'. Denote by ¢%, @ € A the first return time of the
interval I7 to the interval /™. The intervals of P" are said to be fundamental intervals of rank
n.

Definition 6. The system of intervals
& ={f'(I3), 0<i< gy, a€ A}

1s called n-th dynamical partition of I. Note that interiors of dynamical partition are mutually
disjoint and cover the whole interval I. The dynamical partitions £, are refined, that means,
any element of &, is a union of a number of elements of the next partition &, .

6. ESTIMATES FOR THE RATIO DISTORTION OF R™(f)

Consider the g.i.em f € D,?ZW. Note that g.i.e.m f is infinitely many times renormalizable i.e.
R"(f) is well defined for any n > 1 since there is no connection due to condition (iv). Consider
I" € P", o € A a fundamental interval of rank n. Let A; : I" — [0,1] be an orientation-
preserving affine map as described in Section 3. For the convenience of notation, we will use
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25 instead of A; and denote by z;* the orientation-preserving affine maps that transform the
intervals I™" := f*(I") to [0,1]. One can easily see that

x— v .
=0 xcl™ acA 0<i<g”

1 dnz_ n,. a

where ¢ and d™' are the end points of the interval I™. To formulate the following lemmas,
we introduce additional notation.

D([dg" x5 fo)
D([%CZ’O]; f)

To simplify notation, let us denote

T,.(x) =log +logm®,  xel™. (3)

zii=22 =", Bii=d" and ;= f'(x) € I, 0<i<q”
and
T (20) := Ln(Bo + 20(a0 — Ho))-

We have
Lemma 5. Let f € D" and v € (0,+00). There ezists a constant C' > 0 such that

C
T <=
zﬁﬁ%’iﬂ n(20)] < -

for alln > 1.

Proof. Given that the distortion ratio multiplies upon composition, we have

Zl g Dﬁ +log (4)

According to Lemma 5], we obtain
gn—1
2 los

where d,, is the diameter of the partition of &, that is the maximum of the lengths of its elements.

—logm, + O (Zv(dn) + Q(d,, 7)) (5)

27(dy) + Qdn, ) = o(i).

n”y

Thus

C
T < =
z?é%’iﬂ n(20)] -

Lemma [5] is proven.

In the next section, we will use the following estimates to approximate relative coordinates
using Mébius transformations in the C'-topology.
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Lemma 6. Let f € D27 and v € (0, +00). There exists a constant C' > 0 and a natural
number Nog = No(f) such that

dTn(Zo) C
1— <=
z?el%},(l] %o(1 = %) dzg on
for all n > Nj.
Proof. Setting
Do, (i)
U(x;) := log (6)
Deg,(;)
we rewrite Y,, as follows
qn—1
Ta(z0) = D, W(x:) + logrmy,. (7)
i=0
It is evident
dY,(20) dY,(x) dU(z;)  d¥(z;) oy
e — . d = . v .
o2 — (o — - S and S = ST (1) ®)

Since ¢ iterations of the interval [av, By] are pairwise disjoint due to Finzi’s inequality (see [2])
we get the following

(f'(2)) (a0 — o) c o and e < zo(1 — 20)

(a; — Bi) B ~ ozl - =)
where v is the total variation of log f’. Relations (7) through (9) imply

e’ <

S 621/ (9)

a1
dT,(20) 3 S V()
1 — ) S| v (1— .
2001 = 20) =7 < > 1= ) - ) (10)
Differentiating (6), we obtain
dv(z;) < 11 ) dD,, (z;) N 1 (dDai(:cl-) B dDﬁi(xi)> (11)
dl’i N Dai (.CL'Z> D/gz (iL‘l) dl’z D,Bz (l’l) diL'fL dCCZ ’
By employing the mean value theorem and Theorem 2, we obtain
1 1 1 ‘
- = N ~ < C- Q(dm’y) (12>
‘Dai(xi) Dﬁz(xl) f/(ai) f/ 52
for any v € (0, +00), where &; € o, x;] and f3; € [;, B;]. Next we estimate |d‘lj “i)| Using (12)
we have
d\If(Zlfl) dDa(l’Z) 1 dDa(QTZ) dDB(xz)
< C-Qd,, ’ : : ‘ — = - : 1
‘ 1, | = O )| inf /() | da dz, (13)
Applying this inequality to the right-hand side of (10), we obtain
ae—1
A7 ( { dD ()
1- —’<C3”an, i1 ) — ]| =t 14
201 = 20) (A7) Y 21 = 22) o = Bl | =2 (14)

1=0
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3v an—1
(& dDa<LUZ> leg(SCz)
+: zi(1 = z)|a; — B - - -
g & (1= oA

= A, + B,.
Next we estimate A, and B,,. To estimate A,,, we utilize the straightforward equality

dDal (x;)

[

Zi<1 _Zi)|az ﬁzl

= 2| /(i) — f'(q)]
and get A,

{[xi7di]7

O(Q(d,,7) ), since f’ has bounded variation and the system of intervals
0 <i < ¢%} do not intersect. Next we estimate B,. By the definition of z;
dDa.(l’i) dDB(ZL‘Z)
(1 — zi) | — B - - -
(1 = ) = | S - S8

. (lEz - Oéi)(ﬂi - l‘z)
B Bi —

dDai(xi) . dDﬁz(‘rl)

By Corollary, we have

(xi - Oéz’)(ﬁz‘ - xz)

dDq, (z:)  dDg (x:)
Bi — i

—o(I 121 )

for sufficiently large n. Hence B,, = O(Zw(dn_1)> and A, + B, = (9( ) for sufficiently large
n. Lemma 6 is proven.
7. PROOF OF THEOREM 1

Proof. Let us revisit again the definition of the zoom for the nth renormalization of f and
the associated relative coordinates. nth renormalization of f on the interval I is R™(f)|n =
(e o

a Nl =
f% | where ¢ is the first return time of the interval 7 to the interval I". Zoom Z of R"(f)
in I} is

=( pn FU (e + zo(de® — i) — f (ca®))
‘—‘(R (f))( 0) fq% (dZ,O» . fQ%‘ (CZ,O))

where zj is the relative coordinate of x in I” that is

x — ™0
ZO =
70 70

do” — co

After performing straightforward calculations, we obtain

E(Rn(f))(zo). 20 _D([dn’

—_
—
—

"((z0) 1=z D([z,c");

(R
The relationship (3) implies

D202} f) 1
D([z, ], fa)

Consequently, the last two relationships imply

n

L_ER())0) 2 1 .
SR ) Tz g P
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By solving for Z(R"™(f))(z), we obtain

—_ Zoma
=(R" z2y) = u —. 15
( (f))( 0) (1 _ ZO) eXp(Tn(Z())) + zgh® ( )
This and Lemma 5 implies
max |Z(R"(f))(zo0) _MAQ(Z())‘ < g (16)
20€[0,1] Tn - n

for all n > 1. Next we estimate the derivative of Z(R"(f))(zo). Differentiating (15) we obtain

(1= 20(1 = 20)}(20) )t exp(To(z0)

: (1)
(2= 20) exp(Laz0)) + zos)

E'(R"(f)(20) =

Applying Lemmas 5 and 6 for the last relation we get

=/ (RA())(20) — My (0] < &

max
20€[0,1]

for all n > 1. Inequalities (16) and (17) imply the proof of Theorem 1.
CONCLUSION

In conclusion, this paper has established significant advancements in our understanding
of generalized interval exchange maps with bounded combinatorics. By imposing a Zygmund
condition on the derivative of f’ with a parameter v € (0, 1] across its continuity intervals, we
have demonstrated that the Rauzy-Veech renormalisations of such maps converge to Mobius
transformations in C'-topology. This conclusion not only provides valuable insights into the
dynamics of generalized interval exchange maps but also offers practical implications for
strategic planning and analysis. The results presented here not only corroborate but also extend
the earlier findings documented in [1] and [10]. Through rigorous mathematical analysis, this
paper contributes to the broader discourse on the behaviour of interval exchange maps and lays
the groundwork for further exploration in this intriguing field.
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REZYUME

Faraz qilaylik f chekli kombinatoriklarga ega bo’lgan umumlashgan interval
almashinuvchi akslantirish (u..a.a) bo’lsin. Agar ushbu u.i.a.a ning hosilasi
f' o’zining har bir uzliksizlik oraliglarida v € (0,1]) parametrga bog’liq
bo’lgan Zigmund shartini qanoatlantirsa, u holda bu akslantirishning Rauzy-Veech
renormalizatsiyasi, C!-topologiyada Myobus asklantirishlari bilan approksimatsiya
qilinishi ko’rsatildi. Bu natija u.i.a.a dinamikasi haqida gimmatli tushunchalarni
beradi va bundan oldingi adabiyotlar [1] va [10] da qilingan ishlarni muhim
kengaytiradi.

Kalit  so’zlar: umumlashgan interval almashinuvchi  akslantirishlar,
renormalizatsiya, Myobus akslantirishlari, yaqinlashishlar, Zigmund funkisyalari.

PE3IOME

[Iycts f — 0600IIEHHOE 0TOOPaYKEHNE MEPECTAHOBKNA MHTEPBAJIOB ¢ OIPDAHMIEHHON
koMbuHaTopukoii. [Ipenmooxkum, ato f/ yaoBaeTBopsieT HEKOTOPOMY YCJIOBHIO 3UT-
MyHJIa, 3aBucsineMy ot napamerpa vy € (0, 1] Ha KaxKI0M U3 ero MHTePBAJIOB Helpe-
peiBHOCTU. MBI JTI0OKa3bIBaeM, 4TO repeHopMupoBku Posu-Buua f ammpokcumupy-
1oTca peobpasosanua Mébuyca B Cl-romostorun. PesyabraTel, nmpecTaBieHHbIe B
9TO cTaThe, Pa3BUBAIOT U PACIIUPSIOT PEe3y/IbTaThl, paHee MPOIEMOHCTPUPOBAHHDBIE

B [1] u [10].

Kmouesnvie crosa. ObobIIeHHOE 0TOOpAXKEHIE 3aMEHbl HHTEPBAJIOB, IEPEHOPMUPOB-
Ka, IpeodbpazoBannsg Méduyca, cXoIuMOCTb, PYHKIINN SUTMYH/IA.
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UDC 517.984

THE ESSENTIAL SPECTRUM OF THE THREE-PARTICLE SCHRODINGER
OPERATOR FOR A SYSTEM COMPRISING TWO IDENTICAL BOSONS
AND ONE FERMION ON Z

Akhralov Kh. Z. " Lakaev Sh. S. *

RESUME

We consider the Hamiltonian of a system of three quantum mechanical particles (two
identical bosons and a fermion) on the one-dimensional lattice interacting by means
of zero-range attractive or repulsive potentials. We investigate the essential spectrum
of the three-particle discrete Schrodinger operator H(K), K € T depending on
repulsive or attractive interactions, under the assumption that the bosons in the
system have infinite mass.

Key words: Schrédinger operator, dispersion functions, zero-range pair potentials,
essential spectrum.

1. Introduction.

One of the remarkable results in the spectral theory of multiparticle continuous
Schrodinger operators is the description of the essential spectrum (the HVZ-theorem for honour
of W. Hunziker [1], C. van Winter [2]| and G. Zhislin [3]): the essential spectrum of an N -
particle Hamiltonian (in the center-off-mass frame) is the half-line whose lowest bound is the
lowest possible energy which two independent subsystems can have. Since then the result has
been substantially improved and extended to various classes of operators (see the survey [4]
and references therein).

Few results are available in the literature on the essential spectra of the discrete
Schrodinger operators associated to the many-body systems on the optical lattice: the essential
spectrum of the three-body problem on Z3 with analytic dispersion functions was described
in [16]; the four-body HVZ theorem with the discrete Laplacian and zero-range potentials was
shown in [5]; see also |6] and references therein for other results related to the spectral properties
of multiparticle operators in the lattice.

One of the fundamental differences between the multiparticle continuous Hamiltonian
in R?, d > 1, and the discrete Hamiltonian in d-dimensional lattice Z? is that the latter is
not rotationally invariant; however using the technique of separation of variables, the lattice
analogue of the center-off-mass frame [7,8,9] the Hamiltonian can be decomposed into the fibers,
i.e. it can be represented as a direct integral of a family of discrete Schrédinger operators H(K),
parametrized by so-called N-particle quasi-momentum K € T¢, where T d-dimensional torus
[6,10]. In contrast to the continuous case, the fibers nontrivially depend on the quasi-momentum
K and therefore, their spectra is quite sensitive to a change of K : even in two-particle case
the essential spectrum may collapse to a point, and hence, it is not absolutely continuous [11].
Moreover, by virtue of the boundedness of H(K), its essential spectrum is no longer the positive

*Akhralov Kh. Z. -Institute of Mathematics named after V.I.Romanovskiy, axralovh@mail.ru,
“Lakaev Sh. S. - National university of Uzbekistan, shlakaev@mail.ru
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real axis, but an at most countable union of closed segments and in turn this may allow the
Efimov effect to appear not only at the lower edge of essential spectrum, but at the edges of
the gaps between those segments (see [12]).

The main goal of the paper is to investigate the existence of the essential spectrum of
the three-particle discrete Schrodinger operator associated to a system of two identical bosons
and a fermion, where the bosons have infinite mass and the fermion has a finite mass. This
investigation is conducted on the one-dimensional lattice Z and involves repulsive or attractive
zero-range pairwise interactions.

It should be noted that, unlike the last three articles [13-15], we study eigenvalues below
and above the essential spectrum of the unperturbed operator for all repulsive or attractive
zero-range pairwise interactions.

The paper is organized as follows. In Section 1, we introduce the three-particle discrete
Schrodinger operator H(K') and the two-particle discrete Schrodinger operators associated with
subsystems of the system of two identical bosons and a fermion. In Section 2, we study the
essential spectrum of the three-particle disceret Schrodinger operator H (K).

2. THREE-PARTICLE DISCRETE SCHRODINGER OPERATOR ON THE
LATTICE Z.

Let L?((T)?) be the linear subspace of the symmetric functions of the Hilbert space
L*((T)?).

Let us consider the discrete Schrodinger operator H(K), where K € T, associated with a
system consisting of two identical bosons and a fermion moving on the one-dimensional lattice
Z (see [13,15]).

H(K)=HyK)-V

with zero-range attractive potentials
V=Vi+V+V;,

where

V.0 = o= [ fo)dt, (a0 = o= [ ftade

T T

I
(Vaf)(p.q) = g/f(t,er g—t)dt, feL((T)),pqeT,
T
and numbers A and p serve as the parameters of boson-fermion interaction and boson-boson
interaction, respectively.

Here the numbers A and p indicate repulsive pair-wise interaction when p < 0 and A < 0,
and attractive pair-wise interaction when p > 0 and A > 0. The operator Hy(K) is defined on
the Hilbert space L2((T)?) by

(Ho(K)f)(p,q) = E(K;p,q)f(p.q), f € L2((T)%,
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and
E(K;p,q) =e(p) +ep(q) +e(K—p—q), p,qeT.

Here, the real-valued continuous function €,(-) and e¢(-), referred to as the dispersion relation
associated with the free boson and fermion is defined as

1 1

ep(p) = Ef(p), ef(p) = Es(p% e(p) =1—cos(p), peT, (1)

respectively, and m and m represents the mass of the boson and fermion, respectively.

Let k € T and LZ(T) be a linear subspace of the Hilbert space L*(T) defined by

Ly(T) = {f € LA(T)|f(p) = f(k —p)}.

A two-particle discrete Schrodinger operator corresponding to the subsystem
{bozon,fermino} and {bozon,bozon}, of the three-particle system acts on the Hilbert space

L*(T) and L(T) as

hl(lf) = h(l)(k?) — V1, and hg(kﬁ) = hg(k’) — V9, k S T, (2)

respectively.
Here, the operators hl (k)

(k) F)(p) = EP () f(p), [ € LX(T),

and

(hS(k)F)(0) = EP () f(p), [ € LA(T),

where

ES(p) = ey(p) +eplk—p), EP(p) =eu(p) +en(k —p), peT. (3)

The operators v; and vy is defined as

(01)(p /# Jg, feIXT), peT.

and

(0)(p /& )g, feL3(T),peT,

respectively.

2.1. Spectral properties of the two-particle discrete Schrodinger operators
when m = oo and 0 < m < oco.
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With m = oo and 0 < m < oo and the equality (1), the functions (3) can be written as

EN(p) =es(k —p) = e(k —p)/m, B (p) =0, peT. (4)

Consequently, since the potentials v,, @ = 1,2, have a convolution-type property, all
two-particle Schrodinger operators do not depend on the quasi-momentum k£ € T,

hy:=hy(k), and hy = ha(k).
Then, the operators hy(k) and hy(k) act as
h(k)f(p) = ;) f(p) — (1 f)p), fELAT) and  ha(k)f(p) = —(v2f)(p), [ € Ly(T).

As vy is a finite rank operator, according to the Weyl theorem, the essential spectrum
Oess(h1(k)) of the operator hi(k) in (2) coincides with the spectrum o (h9(k)) of thenon-
perturbed operator h{(k). More specifically,

Uess(hl(k)) = [Er(rh)n(k)? Er(rgx(k)]?
where

(k) = min B (p), B (k) = max B (p).

pET max

E(l)

min

Therefore, in our case we have

Oess(h1(k)) = [0,2/m] and  oe(ha(k)) = {0}.
The Fredholm determinants associated with the operators hi(k) are defined as
1 ds
A 2) = 1= Adol2),  do(2) /T zeC\ [0,2/m].
f

T or s)— =z
T

Lemma 1. (a) The number z € C\ [O, 2/m] is an eigenvalue of hy(k) if and only if A(X;z) = 0.

(b) If X < 0 and A > 0, then there exists a unique simple eigenvalue z = 29 of hy(k) in the
interval ( —2/m — p, oo) and ( — 00, 0), respectively. Moreover, 2y does not depend on k € T.
Proof. (a) The equation

hk)f = 2f e, f=A0k)—2)"vf
has a non-trivial solution if and only if
AN z)C =0, CeC,

has a non-trivial solution.
Therein, the solutions C' € C and f € L?(T) are connected by the following relations

-1

C=vf and f=A\R)k)—2z) C.
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(b) Let A > 0. The function A(X\;z) is monotonic decreasing in (—oo,0) and A(X;2z) > 1 in
(—2/m — p,00). Since

lim A(A\;z)=1 and lim A(\;2) = —o0,

Z——00 z—0—

the intermediate-value theorem implies the existence of a unique simple zero z = 29, 20 €
(—00,0) U (= 2/m — p, 00) of the function A();-), and furthermore 2{ € (—o0, 0).

The lemma can be proven in a similar way when A < 0.

Now we can summarize the results of this section in the following lemma.

Lemma 2. We have

Odisc (h1<k>) = {Z?}> Zf A # 07

o(hi(k)) ={z{}U[0,2/m], if X#0
and

aaisc(ha(k)) ={—p}, o (ha(k)) = {—p} U {0}.

3. ESSENTIAL SPECTRUM OF H(K).

One of the notable outcomes in the spectral theory of multi-particle continuous
Schrodinger operators involves characterizing the essential spectrum of the Schrédinger
operators in terms of cluster operators (the HVZ-theorem. See Refs. [16-19] for the discrete
case and [20] for a pseudo-relativistic operator).

Lemma 3. The essential spectrum of H(K) satisfies the relation

0uss(H(K)) = | {a(hl(K — k) + sb(kz)} ulJ {J(hQ(K — k) + af(k)}.

keT keT

Proof. The proof can be found in [15,17].
3.1. The essential spectrum of H(K) with m = oo, and m < occ.
Due to Lemma 2 and the relations ¢,(p) = 0 and €¢(p) = £(p)/m, we obtain

| {a(hl(K — k) + eb(k:)} = o (hy(k)) = {20} U [0,2/m],

keT

9 {a(hQ(K — k) +gf<k;)} - {{—u} u {0} +gf(k)} = [ = p2/m— ] U [0,2/m].

keT keT

According the last two relations and Lemma 3 we have
Theorem 1.

Gess (H(K)) = {20} U ([=p1,2/m — 1] U [0, 2/m]).

CONCLUSION
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The discrete Schrodinger operator corresponding to the Hamiltonian of a system of three

quantum mechanical particles (two identical bosons and a fermion) three arbitrary particles
(with masses m = oo and m < 00) is considered on the one-dimensional lattice for all non-zero
point interactions. The essential spectrum of the Schrodinger operator, has been studied for all
non-zero point interactions.
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13.

REFERENCES

. Hunziker W. On the spectra of Schrodinger multiparticle Hamiltonians. Helv. Phys. Acta.,

1966, V.39, P.451-462.

. Van Winter C. Theory of finite systems of particles. I. Mat.-Fys. Skr. Danske Vid. Selsk.

1960, V.1, P.1-60.

Zhislin G. Investigation of the spectrum of the Schrodinger operator for a many particle
system. Trudy Moskov. Mat. Ob-va. 1960, V.9, P.81-120.

Hunziker W., Sigal I. The quantum N-body problem. J. Math. Phys. 2000, V.41, P.3448-
3510.

Muminov M. A Hunziker-Van Winter-Zhislin theorem for a four-particle lattice
Schrodinger operator. Theor. Math. Phys. 2006, V.148, P.1236-1250.

Mogilner A. Hamiltonians in solid-state physics as multiparticle discrete Schrodinger
operators: problems and results. Adv. in Sov. Math. 1991, V.5, P.139-194.

Graf G., Schenker D. 2-magnon scattering in the Heisenberg model. Ann. Inst. Henri
Poincaré, Phys. Théor. 1997, V.67, P.91-107.

. Lakaev S. The Efimov effect of a system of three identical quantum lattice particles.

Funkcional. Anal.Prilozhen., 1993, V.27(3), P.166-175.

. Yafaev D. Scattering Theory: Some Old and New Problems. Springer-Verlag, Berlin, 2000,

Lecture Notes in Mathematics 1735, P.176.
Mattis D. The few-body problem on a lattice. Rev. Mod. Phys. 1986, V.58(2), P.361-379.

Lakaev S., Kholmatov Sh. Asymptotics of eigenvalues of two-particle Schrodinger
operators on lattices with zero range interaction. J. Phys. A: Math. Theor. 2011, V.44(13),
P.19.

Muminov M. The infiniteness of the number of eigenvalues in the gap in the essential
spectrum for the three-particle Schrodinger operator on a lattice. Teoret. Mat. Fiz. 2009,
V.159, P.299-317.

Muminov M., Aliev N. Discrete spectrum of a noncompact perturbation of a three-particle
Schrodinger operator on a lattice. Theor. Math. Phys., 2015, V.1823(3), P.381-396.



Acta NUUz - 33- Exact sciences

14.

15.

16.

17.

18.

19.

20.

Muminov Z. 1., Aliev N. M., Radjabov T. On the discrete spectrum of the three-particle
Schrodinger operator on a two-dimensional lattice. Lob. J. Math., 2022, V.43(11), P.3239-
3251.

Aliev N. M. Asymtotic of the Discrete Spectrum of the Three-Particle Schrodinger
Operator on a One-Dimensional Lattice. Lob. J. Math., 2023, V.44(2), P.491-501.

Albeverio S., Lakaev S., Muminov Z. On the structure of the essential spectrum for the
three-particle Schrédinger operators on lattices. Math. Nachr., 2007, V.280, P.699-716.

Kholmatov Sh. Yu., Muminov Z. E. The essential spectrum and bound states of N-body
problem in an optical lattice. J.Phys.A: Math. Theor., 2018, V.51, P.265202.

Muminov Z., Lakaev Sh., Aliev N. On the Essential Spectrum of Three-Particle Discrete
Schrodinger Operators with Short-Range Potentials. Lob. J. Math., 2021, V.42(6), P.1304—
1316.

Lakaev S. N., Boltaev A. T. The Essential Spectrum of a Three Particle Schrodinger
Operator on Lattices. Lob. J. Math., 2023, V.44(3), P.1176-1187.

Jakubaba-Amundsen D. H. The HVZ Theorem for a Pseudo-Relativistic Operator. Ann.
Henri Poincaré, 2007, V.8, P.337-360.

REZYUME

Biz bir o’lchovli panjarada kontaktli tortishuvchi yoki itarishuvchi uchta kvant
zarrachalari (ikkita bir xil bozon va bitta fermion) sistemasining Hamiltonianini
ko’rib chiqamiz. Bunda, sistemadagi bozonlar cheksiz massaga ega bo’lgan hol
uchun, uch zarrachali H(K), K € T diskret Shredinger operatorining muhim
spektrini o’zaro ta’sir kuchlariga bog’liq holda o’rganiladi.

Kalit so‘zlar: Shrodinger operatori, dispersiya funksiyalari, kontaktli juft
potentsiallari, muhim spektr.

PE3IOME

Mer paccMOTpPHM TaMHJIBTOHHAH CHCTEMBI TPeX KBAHTOB MEXAaHHYECKUX YaCTHUI]
(IBYX OIMHAKOBBIX 0O30HOB M (hepMHOHA) Ha OJHOMEDHOIl perreTke, B3anMOIeii-
CTBYIOIIHE IOCPEJCTBOM HYJIEBBIX IIOTCHIINAJIOB HPHUTAKEHUS UM OTTAJIKNBAHAS.
MbI nccnemyeM CymecTBEHHBIN CHEKTp TpéxdacTudaHoro omneparopa LIIpémumarepa
H(K), K € T B 3aBUCHMOCTH OTTAaJKUBAIOIIEBO WU/ IIPUTATUBAIONIEIO B3anMOii-
JleficTBUI B IIPEJIOJIOZKEHNAN, ITO OO30HBI B CUCTEMBI UMEIOT OECKOHETHYIO MACCY.

Karoueswvie caosa:Oneparop lllpeaunrepa, aucnepcruontbie (pyHKINN, TOTEHIU-
aJIbl KOHTAKTHOMI I1apbl, CYIIECTBEHHDBIN CIICKTP.
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2D CA WITH NEW BOUNDARY CONDITION
Gaybullaev R. Kh. ! Redjepov Sh. B. 2 Usmonov J. B. 3

RESUME

In this paper, under certain conditions, two-dimensional cellular automata(2D CA)
with a Moore neighborhood are considered. Namely, we study rule matrices of two-
dimensional linear cellular automata defined by the Moore neighborhood with some
mixed boundary conditions over the field Z,. In addition, we present conditions
under which the resulting rule matrices for two-dimensional finite CAs are reversible.

Key words: cellular automata, boundary conditions, rule matrix, reverisibility.

Introduction

It is known that a cellular automaton (CA) is a set of cells arranged in a grid of a
certain shape, so that each cell changes its state over time according to a certain set of rules
governed by the states of neighboring cells. CAs have been proposed for possible use in public-
key cryptography as well as applications in geography, anthropology, political science, sociology,
physics and others (see [1]). Cellular automata were studied in the early 1950s as a possible
model for biological systems by J. Von Neumann and Stan Ulam ([11], [12]). Two most common
types of CA used by different authors are: one-dimensional CA (1D CA) and two-dimensional
CA (2D CA). As a famous example of 2D CA, John Conway’s Game of Life (also known simply
as Life) is a two-dimensional, totalistic CA that introduces more complexity than an elementary
CA, since each cell in the grid has a bigger neighborhood.

A configuration of the system is an assignment of states to all the cells. Every configuration
determines the next configuration via a transition rule that is local in the sense that the state
of a cell at time (¢ + 1) depends only on the states of some of its neighbors at time ¢t. When the
transition rule is linear and under some boundary conditions there are several results (see [9]).
Usually, 2D CA is considered with triangular, square, hexagonal, and pentagonal lattices (see
2], [3], [6], [7], [8])- In the paper [10] investigated the evolution of image patterns corresponding
to the uniform linear rules of 2D CA with the reflexive and adiabatic boundary conditions over
Zso. Moreover, the linear rules of CA can be found to be some image copies of a given first
image depending on the special boundary types. The reversibility is the important character
of the CAs which characterizes the non existence of Gardens of Eden (see [5], [6], [7], [9]). A
reversible cellular automaton is a cellular automaton in which every configuration has a unique
predecessor.

Preliminary
The von Neumann and Moore neighborhood on CA lattice.

The 2D finite CA consists of m x n cells arranged in m rows and n columns, where each
cell takes one of the values of the field Z,. From now on, we will denote 2D finite CA order to

!Gaybullaev R. Kh. — National University of Uzbekistan, r _gaybullaev@mail.ru
2Redjepov Sh. B. — Tashkent University of Information Technologies, sh.redjepov@gmail.com
3Usmonov J. B. — National University of Uzbekistan, javohir0107@mail.ru
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m X n by 2D CA, «,. A configuration of the system is an assignment of the states to all cells.
Every configuration determines a next configuration via a linear transition rule that is local
in the sense that the state of a cell at time (¢ + 1) depends only on the states of some of its
neighbors at the time ¢ using modulo p algebra.

In 2D CA’s theory, there are some classic types of neighborhoods, but in this paper we only
restrict ourselves to the Moore neighborhood. This neighborhood was used in the well known
Conway’s Game of Life. It is similar to the notion of 8-connected pixels in computer graphics.
In Figure 1, we illustrate the von Neumann and Moore neighborhoods. The von Neumann
neighborhood the center cell is surrounded by four square cells (see Figure 1 (left)). The Moore
neighborhood comprises eight square cells which surround the center cell z(;;) (see Figure 77

(right)). From now on, we deal only with Moore neighborhood. Then the state a:(tf Y of the cell

)

(4;7)th at time (¢ + 1) is defined by the local rule function ¢ : Z5 — Z,, as follows:

= ¢($i—1,j—1, Li—1,5y Ti—1,j4+15 Lij4+15 Lit1,54+15 Lit+1,55 Lit+1,5—15 xi,j—l) =

7]
t t t t t t t t
aﬂ%(e)uq + bxl(jl,j + szQl,j+1 + dxz(',}ﬂ + 3$5421,j+1 + fxz('+)1,j + 937@('421,];1 + hxz(,])el (mod p)

(t+1)

where a,b,c,d, e, f,g9,h € Z; = 7, \ {0}

|

Puc. 1: von Neumann and Moore neighborhoods

The value of each cell for the next state may not depend upon all eight neighbors.

Remark If we assume a = ¢ = ¢ = g = 0, then all obtained above results hold for von
Neumann neighborhood.

Note that it is impossible to simulate a truly infinite lattice on a computer (unless the
active region always remains finite). Therefore, we have to prescribe some boundary conditions
(BC). Regarding the neighborhood of the boundary cells, four approaches exist:

e If the boundary cells are connected to O-state, then CA is called null boundary (NB) CA.

e If the boundary cells are adjacent to each other, then CA is called periodic boundary (PB)
CA.

o An Adiabatic Boundary (AB) CA is duplicating the value of the cell in an extra virtual
neighbor.

o A Reflexive Boundary (RB) CA is designed for the value of the left and right neighbors
to be equal concerning the boundary cell.
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The rule matrix of Moore CA and mixed boundary condition

Now, we can characterize the rule matrix Ty under null boundary conditions. In order
to characterize the corresponding rule, first we represent each state matrix of size m x n as a
column vector of size mn x 1. If the same rule is applied to all the cells in each evaluation, then
those CA is called uniform or regular. Throughout the paper we deal with uniform CA.

Thus, the problem of finding a rule matrix of the corresponding rule is taken from the
space of m X n matrices to the space of Z;™. In order to describe this problem more detailly
we define the following map:

which takes the t-th state X® given by
(t) (t) (t)

Wk
oW | T I X0l el el
R0 SRR O

where the superscript 7" denotes the transpose and M,,,«,,(Z,) is the set of matrices with entries
{0,1,2,...,p—1}.

Thus, local rules will be assumed to act on Z;™ rather than My,»,(Z;). The matrix C(t)
is called the configuration matriz (or information matriz) of the 2-D finite CA at the time ¢
and C'(0) is the initial information matrix of the 2-D finite CA. Therefore, one can conclude
that ®(C(t)) = X®.

Using the identification above, we can define
Tr- X = XD (mod p).
Let €;; € My,xn(Z;) be the matrix units. Consider the following two sets:
X =Aej, 1<i<n, 1<j<m},

Y = {eoi; m+1.is €50, €jmt1, 0 <1< m, 0<j<m}.

We define a,n, 7, p: Y — X mappings by the boundary conditions in above. Namely, « is
adiabatic BC, 7 is null BC, 7 is periodic BC and p is reflexive BC.

Now consider a mapping ¢: I' — I where I" = {«, n, 7, p}. Then we study the CA under
boundary conditions that depends on the mapping ¢. In other words, the boundary cells are
evaluated depending upon ¢(z), = € T (see Figure 2). In the paper [4] for the bijective function
© the characterization problem of 2D finite von Neumann CA is completely solved. Let us define
¢ is non-bijective maps on I' as

ola) =n, o(p) = d(n) = é(r) = p, (1)

Note that if we consider Moore neighborhood under the condition (1) there is ambiguity
with setting boundary condition in the cells z¢ o, 2 n+1. In order to distinguish this unclearness
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Puc. 2: Mixing boundary condition

on the condition (1) we define strong right null and strong left null boundary conditions for
those cells, i.e. there is null boundary condition in the cells z¢ and z¢ ;1 have null boundary
condition.

To establish the transition rule matrix Ty structure, it is needed to specify the action of
Tw on the basis matrices e; ;, respectively. Firstly, let us take the linear transition T from m xn
matrix space structure to itself. The images Tg(e; ;) of e;; are connected to the four nearest
neighbor elements considering the Moore neighborhood. Note that the boundary condition ¢
does not play role for non-border cells. Hence, Tx(e; ;) elements are equal to a linear sum of its
eight neighbor elements. Thus, for non-border elements we have

Tr(eij) = a1 -1 +bei1j + cei1 i1+ dejji1 + eeiyrjyr + feiyrj + geiyrj—1 + heij1. (2)

Now, we define the action of Tk on the border elements. All border cells have three
neighbors out of the configuration, but we should define what is the boundary condition in the
neighbor cells e 0, €0 n+1, €m+1,0s Em+1,n+1 Of €11, €105 €m 1, €m n OUL Of the configuration. Without
loss of generality, we obtain

Tg(ell): (d+ h)eio+ (e + g)eaa + fean,

Tg(eln): (d+h)ein1+ (e+glezn1+ fean,

T]ﬁ(eml) (a+ct+e+g)emz+ (b+ flem11+
(d+ h)ema,

Tzﬁ(emn): (a+c+e+g)emnt+ O+ flem—1nt
(d+ h)emn—1,

where a,b,c,d,e, f,g,h € Z).
Moreover, the border elements excepting €1, €1, €m,1, €mn have three neighbors out of
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the configuration. Thus, we get the following:

Tg(em‘) = deyip1 +eexipr + fea; +geaior + hep,
Tzd%)(em,z’) = (a+g)em-1i1+ (b+ flem—1+

(c+e)em—1i+1 + demit1 + hep i,
Tf{(ej,l) = (a+c)ej_12+bej_11+ (d+ h)ejo+
(e+g)ejr12+ fejria,
Tg(ej,n) = (CL + c)ej,lm,l + bej,m + (d + h)ej,n,H-
(e+9g)ejr1n-1+ feitin,

where 2 <i:<n—-1,2<j<m-—1anda,b,cde,f g hcZ,.

Set
010 0 0 000 0 0
0 0 1 0 0 1 00 0 0
0 00 0 0 010 0 0
P = . 7Q: . )
0 0O 0 1 0 0O 0 0
0 00 0 0 0 0O 1 0

A=dP+hQ, B=/fl+eP+gQ, C=>bl+cP+aQ,

where P,Q, I € M,1x,(Zy), I is the identity matrix and a,b,c,d,e, f,g,h € Z3,

Let ¢ be the function in (1), then the following result is true.

Theorem 1. Let Tg: Ly — L™ be the rule matriz which takes the finite Moore CA
over the configuration C(t) of order m x n to the configuration C(t + 1) under the boundary
condition of ¢. Then Tff has the following matrix form:

AL B O O ... O O O
c, A BB O ... O O O
O C, A B O O O
Tg - : :1 :1 :1 . : : : ’ (3)
O O O O ... 4 A B
O O O O O D A

where Ay = A+ hey o +dep 1, B =B+ geio+eepn, Ci=C+aeg+cenn, D=
B+C+(a+g)ers+ (c+e)enn1,
O, €12, €nn1 € Myxn(Zy,), O is the zero matriz and €2, €,n,—1 are unit matrices.

Proof. Firstly, let us take the linear transition 77 : M,,xn(Z,) — Myxn(Z,). The image
TF(e; ;) of e; j is connected to the four nearest neighbor elements considering the von Neumann
neighborhood. Hence T} (e; ;) elements are equal to a linear sum of its five neighbor elements.

Let us denote by E;_1)n4; = €5, 1 <1< m, 1 < j < n, the column vector mn x 1 whose
has the ((i — 1)n+ j)-th (or (7, j)-th in matrix form) entry equals to 1 and the others are equal
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to zero. Then we have -

Enq
el‘,n
Enp
T =T e | =
6n;,1
Epn :
€m,n
d
Tg(el 1) el,2+ee2,2+f62’1
¢ . (h+d)61,n71-‘r(e-.i-g)eln,l_,_fe%n
TR(eln) }

: aei*l*j*1+bei*17j4C€i71,j+1+dei,j+1
Th(eia) = | teeirijr1tfeirrjtgeirij—1theii—1 | =
Tj(em.1) (b+fem—1,1+(ct+etg)em—1,2+dem,2

b, (atctetg)em—1.n14+b+Fem—1,n+
TR(em,n) +(d+h)em7n_l

A B O O ... 0 O O 5
¢ Ay B O ... O O O .
O Ci Ay B ... O O O

O O O O ... 0 A B :
0O 0 0 0 .. 0 D A) \Em

Hence, the transition of the representation of matrix related to the equations above
presented in (3) is obtained. So, the proof is complete.

Rule matrices Moore 2D CA under boundary conditions with associated
rotation

Now we consider boundary conditions ¢ by rotating to 90°. Let us define ¢ as follow:

¢ () =n, 6" (p) = ¢" (@) = ™ (1) = p, (4)

The ambiguity in the cells xg 0, Zo,+1 Will move to the cells xon41, Tmi1n+1. Then we
use strong up null and strong down null. It’s meaning that null boundary conditions would be
applied for the cells xo 41, Tmt1nt1-

To establish the transition rule matrix Tg structure for new boundary conditions, it is
also needed to specify the action of Ty on the basis matrices e; ;. For non-border elements we
hold (2). Then we calculate the action of Tk for boundary cells.

(bgoo (e11) =(a+c+e+g)eaa+ (b+ fleas + (d+ h)ey o,

¢’9° (1) = (a + g)esn_1 + (b+ flean + heyn_1,

¢9° (em1) = (@ +c+ e+ g)emra+ (b+ fem1 + (d+ h)ema,
¢90 (emm) = (@ + 9)em—1n—1 + (b+ f)em—1,n + hemn_1,
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T8 (e1s) = (a+ g)enios + (b+ Fleas + (c+ €)easpr + derist + hery,
T¢90 (emi) = (a+ g)emoric1 + 0+ flemti+ (C+ €)emtiss + demirt + hemit,
T¢90 (ej1) = (a+c)ej12+bej_11+ (d+h)ej2+ (e+g)ejriz + fejri,
T‘i)90 (€jm) = a€j_1n—1+bej_1n+ fejs1n + g€jr1n-1 + hejn_1,

where 2<i<n—-1,2<j<m-—1anda,bcde,f g hecZ,.
Then the following result is true.

Theorem 2. Let ngo Ly — Ly be the rule matriz which takes the finite Moore CA
over the configuration C(t) of order m x n to the configuration C(t + 1) under the boundary

condition of ¢°°°. Then Tﬁ:go has the following matriz form:

A, Dy, O O ... O O O

Cy Ay B, O ... O O O

90° O C A B “e O O O
Tg - : :2 :2 :2 .. : : : ’ (5)

O O O 0O ... 0y Ay By

O O O O ... O Dy A

where Ay = A+ hers, By = B+ gea, C = C +aen, Dy = B+ C+ (a+ g)ero,
O,€12 € My,xn(Z,), O is the zero matriz and €5 is a unit matriz.

The proof is similar to the proof of Theorem 1.

Now we give the following results without proof for the boundary conditions ¢ and

¢270°:
¢ () =n, ¢**(p) = ¢**(a) = ¢ (1) = p,

() =n, ¢ (p) = ¥ () = 6" (7) = p.
Theorem 3. Let the boundary conditions generated by ¢'5° and ¢**°. Then Tf,

Tffm have the following matriz forms:

180°
¢ and

A, Dy O O O O O
i A B O O O O
¢180° O 01 A1 B1 O O O
R - : : : : : : )
O O O O C, A B
O O O O O O A
As D3 O O O O O
C3 A3 Bs O O O O
¢270° O 03 A3 Bg O O O
R - . . : . ]
O O O O Cs As Bs
O O O O O Ds A;
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where Ag = A+d€n7n,1, Bg = B+e€n,n71; Cg = C+C€n7n,1, D3 = B+C+(C+€)€n7n,1,
O, €nn-1 € Myxn(Zy), O is the zero matriz and €, ,_1 is a unit matriz.
Conclusion

In the present we investigate 2D finite linear Moore CA with mixed boundary condition over the
p-ary field Z,, (i.e. p-state spin values). Here, the mixed boundary condition contains reflexive
and null boundary conditions. We construct the transition rule matrix corresponding to the
model for Moore CA. After that, we change the boundary condition by rotation. Then we find
all rule matrices for these type boundary conditions. Note that the four types of boundary
conditions mentioned above are studied in theory of CA. But we are satisfied with using null
and reflexive. But for the structure of mixed boundary conditions we may study other possible
cases. We shall plan to study these type problems in forthcoming works.
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REZYUME

Ushbu maqolada, ma’lum chegaraviy shartlarda Mur qo‘shnilari bo‘yicha ikki
o‘lchovli kletkali avtomatlar (2D KA) qaraladi. Jumladan, Z, maydoni ustida ba’zi
aralash chegaraviy shartlari bilan Mur qo‘shnilari bo‘yicha aniqlangan ikki o‘lchovli
chiziqli kletkali avtomatlarning qoida matritsalarini o‘rganamiz. Bundan tashqari,
ikki o‘lchovli chekli KA uchun olingan qoida matritsalari teskarilanuvchan bo‘lishlik
shartlarni aniglaymiz.

Kalit so‘zlar: kletkali avtomatlar, chegaraviy shartlar, qoida matritsasi,
teskarilanuvchanlik.

PE3SIOME

B nannoit pabore mpu onpeesIeHHbIX YCJIOBUAX PACCMaTPUBAIOTCS JIByMEPHbBIE KJTe-
tounsle aBromaTel (2D KA) ¢ okpecrrocThio Mypa. A nMeHHO, MBI H3ydaeM MaTpu-
bl TPABWJI JIBYMEPHDBIX JIMTHEMHBIX KJIETOIHLIX aBTOMATOR, 3aJaHHBIX OKPECTHOCTHIO
Mypa ¢ HEKOTOPBIME CMeIIaHHBIMYI I'PAHUIHBIMEI YCIOBUAMA HaJL 110J1eM Z,. Kpome
TOT'O, MBI TIPEJICTaBISIEM YCJIOBUS, TP KOTOPBIX MOJTyUYeHHbIE MATPUTIHI TTPABUIT JJTs
JIBYMEPHBIX KOHEIHBIX KA sBJIAIOTCS 0OpaTHMBIMIU.

Karoueswvie cao6a: KaeTOUHbIE aBTOMATHI, IPAHUYHBIE YCJIOBHUS, MATPHUILA ITPABHI,
PEBEPCUBHOCTD.
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UDC 517.9

UCHINCHI TIP KLASSIK SOHA AVTOMORFIZMLARINING BA’ZI
XOSSALARI

Erkinboyev Q. S. *

REZYUME

Bu maqolada Rudin 2| kitobidagi Teorema 2.2.2 ning Kartanning uchinchi tip
klassik sohasidagi analogi keltirilgan.

Kalit so‘zlar: Bir jinsli soha, Simmetrik soha, Klassik soha, Avtomorfizm.

Ma’lumki, Riman teoremasiga asosan chegarasi bir nuqtadan ko‘p bo‘lgan ixtiyoriy bir
boglamli soha U = {z € C: |z| <1} birlik doiraga bigolomorf ekvivalent bo‘ladi. Ammo
C"(n > 1) fazoda bunday xossa (xususiyat) umuman olganda o‘rinli emas. Masalan shar va
polidoira o‘zaro bigolomorf ekvivalent emas. Shuning uchun, C" fazoda bigolomorf sohalar sinfi
muhim hisoblanadi.

Aytaylik, a € C" nuqgta va r > 0 son berilgan bo‘lsin ([2]). Ushbu
B(a,r)={z€C":|z—a| <1}

to'plam C" fazoda markazi a nuqtada, radiusi » bo‘lgan shar deyiladi. C* kompleks fazoda
B(a,r) sharning avtomorfizmi quyidagi formula orqali aniqlanadi|2]:

_a— Pz — 5,042
B 1—(z,a)

Pa(2)

Bu yerda

—~

P,z =

Zﬂ)a,@z =] —P,, s, =1/1— |a|2.
a,a)

Teorema|2]. Va € B uchun ¢,(z) akslantirish quyidagi xossalarga ega:
1) ¢a(0) = a va pq(a) = 0;

2) ¢/,(0) = ~s2P —5Q va. ¢l (a) = ~ & — &

3) Vz € B, w € B lar uchun ushbu

—~

(1= {a,a)(1 = (z,w))
(1= (z,a))(1 = (a,w))

1= (pa(2), a(w)) =
tenglik o‘rinli;
4) Vz € B uchun quyidagi

(L —laP)(x — =)
11— {zaq)

L~ lpa(2)* =

“Erkinboyev Q. S. - Urganch davlat universiteti gerkinboyev@gmail.com
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munosabat o‘rinli;

5) va(wa(2)) = z (involyutsiya bo‘lish xossasi);

6) vq(2) gomeomorfizm bo‘ladi: ¢,(2) € Aut(B).

Endi yuqorida keltirilgan teoremaning 3-tip klassik soha uchun anologini keltiramiz.
Buning uchun bizga quyidagi ta’riflar zarur bo‘ladi.

Ta’rif 1. Berilgan D C C" soha bir jinsli soha deyiladi, agar bu soha avtomorfizmlari
gruppasi Aut (D) tranzitiv bo‘lsa. Ya'ni ixtiyoriy z1,2o € D nuqtalar uchun shunday ¢ €
Aut (D) avtomorfizm mavjud bo‘lib ¢ (21) = z» munosabat o‘rinli bo‘lsa.

Ta’rif 2. Bir jinsli D C C” soha simmetrik soha deyiladi, agar har qanday ¢ € D nuqta
uchun shunday ¢ € Aut (D) avtomorfizm mavjud bo‘lib quyidagi munosabatlar o‘rinli bo‘lsa:

1) ¢ (s) = ¢, z # ¢ nuqtalar uchun ¢ (z) # 2.

2) poy = e, bu yerda e € Aut (D) birlik akslantirish.

Ta’rif 3. G matritsalar gruppasi Li gruppasi tashkil qiladi deyiladi faqat va faqat shu
holdaki nosingulyar limitlarga nisbatan yopiq bo‘lsa, ya'ni agar A, As,... € G matritsalar
uchun lim A, = A va det (A) = 0 munosabatlarning o‘rinli ekanidan A € G ekani kelib chigsa.

n—oo

Ta’rif 4. Chegaralangan D C C" soha klassik soha deyiladi, agar bu sohaning golomorf
avtomorfizmlari to‘la gruppasi klassik Li gruppasini tashkil gilsa va tranzitiv bo‘lsa.

Bir jinsli, simmetrik, qavariq va chegaralangan kompleks sohalar turli nuqtai nazardan
katta qiziqish uyg‘otadi. Buning sababi shundaki, ular yordamida bir qator muhim, asosan
ko'p o‘lchovli natijalar olingan ([1], [2], [3] va boshqalar).

Bir jinsli sohalarda integral formulalar qurishda avtomorfizmlar gruppasidan
foydalaniladi. Bunda avtomorfizmlar gruppalari([4], [5]) keng bo‘lgan elementi matritsalardan
iborat sohalar ([1], [6]) qaraladi. Matritsaviy sohalar birinchi bo‘lib E.Kartan va K.Zigel
tomonidan chuqur o‘rganilgan. Jumladan, ular to‘rtta klassik sohalar avtomorfizmlarining
umumiy ko‘rinishlarini tasvirlashgan. Xua Lo-Ken esa klassik sohalar uchun ko‘p kompleks
o‘zgaruvchili funksiyalar nazariyasida garmonik analizni qurgan (1944-1957 yillarda) va ular
bo‘yicha natijalar Xua Lo-Kenning 1958-yilda xitoy tilida chop etilgan (1959-yilda rus tilida
chop etilgan [1]) monografiyasida keltirilgan.

Klassik sohalarning Zigel sohalari bilan bigolomorf akslantirish mavjudligi [7] da
keltirilgan. Bunday bigolomorf akslantirishlar yozilgan va ularning chegaralanmagan sohalarga
golomorf davom qildirishlar masalalariga tadbiqlari keltirilgan (][9], [10]). Shuning uchun klassik
sohalar ko‘p o‘lchovli kompleks analizda muhim o‘rin tutadi.

Uchinchi tip klassik soha: $3 (m, m)-sohaning har bir elementi ushbul[1]:
1™+ 27 >0

munosabatni qanoatlantiruvchi m-tartibli kososimmetirik kvadrat matritsalardan iborat. Bunda
I _m-tartibli birlik kvadrat matritsa, Z esa Zga qo‘shma matritsa.

R3 (m,m) uchinchi tip klassik soha avtomorfizmlari quyidagi ko‘rinishda bo‘ladi[1]:
0 (Z) = (AZ +B) (~BZ + A) "' = (ZB* + A*) "' (ZA' - B') . (1)

Bu avtomorfizmlarning koeffitsiyentlari mos ravishda

AA-B*B=1", AB=—-B'Ava A*A—B'B=1", B*A=—A'B (2)
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shartlarni qanoatlantiradi.
Agar A =(Q, A~'B = —P deb belgilab (1) akslantirishni soddalashtirsak quyidagi

p(2)=Q(Z~P)(1+P2)' Q"

munosabatga ega bo‘lamiz.

Ushbu

er(2)=Q(Z~P)(1+P2) Q" (3)

(bu yerda: Z € Rz (m,m), Q (I +PP)Q = I, QP+ PQ =0, Q = Q" (4)) akslantirish
berilgan bo‘lsin.

Teorema. pp (Z) akslantirish uchun quyidagi xossalar o‘rinli:

1% op (P) =0, ¢p(0) = P;

20 d(pp (P)) = QdZQ, d (op (0)) = (@) 'dZQ7Y;

30. Ixtiyoriy Z, W € R3 (m,m) uchun ushbu:

det (I — (P, P)) - det (I — (Z,W))

det (I = (pp (2),0p (W) = - (I —(Z,P))-det (I — (P,W)) ®)

munosabat o‘rinli;
40, Ixtiyoriy Z € R3 (m, m) uchun

det (I — (P, P))-det (I —(Z, 7))
~det (I —(Z,P))-det (I — (P, 7))

det (I — (pp (2),0p (2)))

5°. vp (¢p (Z)) = Z (involyutsiya bo‘lish xossasi);
6°. pp (Z) - gomeomorfizm bo‘ladi. pp (Z) € Aut (R3 (m,m)).
Isbot. 1°. pp (Z) akslantirishning Z = P va Z = 0 nuqtalardagi qiymatini hisoblaymiz:

ep(P)=0, ¢p(0)=—-QPQ".
Endi QP + PQ = 0 shartga ko‘ra P = —QPQ~" tenglik o‘rinli. Bundan
ep(P)=0, pp(0)="P

ekani kelib chiqadi.
20, ¢p (Z) akslantirishning differensialini hisoblaymiz:

d(er(2)=d(Q(Z~P)(T+P2) Q") =
—QdZ(I1+P2)'Q'+Q(Z - P)d ((1 + Pz)‘l) O =

=QdZ(I+PZ)"'Q' —Q(Z - P)(I+ PZ) "' Pdz(I + PZ)"'Q~".
wp (Z) akslantirish differensialining Z = P va Z = 0 nuqtadagi qiymatlarini topamiz

d(pp (P)) = QdZ(I+ PP)"' Q" d(pr(0)) = Q(I + PP)dZQ™".
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(4) munosabatlarga ko‘ra
(I+PP)'Q'=Q,QU+PP)=(Q)"
tengliklar o‘rinli bo‘ladi. Demak
d(pp (P)) = QdZQ' d(¢p (0) = (Q7)'dZQ™".

39, Bu xossani isbotlash uchun avvalo ushbu

©(Z)=(ZB*+ A*) ' (ZA =B, o(W) = (WB*+ A*) "' (WA — B

(buyerda A*A—B*B = I'™  A'B = —B'Ava A*A-B'B = 1™ B*A = —A'B) munosabatlar
uchun I — (¢ (Z), ¢ (W)) ifodani hisoblaymiz.

T—(p(2),0(W))=1—(ZB*+ A") " (ZA' - B') (AW* — B) (BW* + A)"' =

= (ZB*+ A" ((ZB* + A") (BW* + A) — (ZA' = B') (AW* — B)) (BW* + A) ™" =
= (ZB*+ A") ' (ZB*BW* + ZB*A+ A'BW* + A*"A — ZA'AW* + ZA'B + B'AW*—
~ BB)(BW*+A) ' =(ZB"+A") ' (Z(B*'B- AA)W* + Z (B*A+ A'B) +
+(A'B+B'A)W* + (A*"A— B'B)) (BW* + A)™

(2) munosabatlarga ko‘ra quyidagilar o‘rinli

B'B-AA=-1,BA+AB=0,A"B+BA=0,A"A-BB=1

demak
I—{p(Z),p(W))=(ZB* + A") " (I - ZIW*) (BW* + A)! =

= (ZB*+ A" (I — ZW*) (BW* + A)~!

ya'ni

I—{(p(Z),o(W)) = (ZB*+ A" (I — ZW*) (BW* + A)~"

tenglik o‘rinli. Bundan esa

det (I — (¢ (Z),0(W))) =det (ZB* + A*)" (I — ZW*) (BW* + A)™') =

det (I — ZW*) det (I — ZW*)

" det (ZB* + A)det (BW* + A)  det ((ZB*(A*)™" + 1) A*) det (A (A-1BW* + 1)) (6)

munosabatning o‘rinli ekani kelib chiqadi. Agar A~'B = —P ekanini inobatga olib I — PP*
ning qiymatini hisoblaydigan bo‘lsak

*

[-PP*=1-A"'B(A'B) =I-A"'BB*(A™)" = A7 (AA* - BB") (A7") = A7}(47))
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tenglikning o‘rinli ekani va bundan

det (I — PP*) = det (A" (A_l)*) = det (A7") det ((A_l)*) (7)

munosabatning o‘rinli ekani kelib chiqadi. (7) tenglikdan foydalanib (6) ni soddalashtiradigan
bo‘lsak ushbu

det (I — (P, P)) - det (I — (Z,W))
det (I = (Z,P)) - det (I — (P,W))

det (I = (pp (2),0p (W))) =

tenglikga ega bo‘lamiz.
4%, Bu xossani isbotlash uchun (5) tenglikda W = Z almashtirishning o‘zi yetarli.

det (I — (P, P))-det(I — (Z, 7))
det (I —(Z,P))-det (I — (P, Z))

det (I — (pp (2),0p(2))) =

50. ¢p (Z) akslantirish (bu yerda: Z € Rs (m,m), Q (I + PP) Q' = 1™, QP + PQ = 0)
uchun
vr(pp(2) =2

munosabatning o‘rinli ekanini ko‘rsatamiz:
op(2)=Q(Z—P)(I+P2)" Q"
or (r (2)) = Qep (2) = P) (I + Pop(2)) Q7" =
) (Q (Z-P)(I+P2)'Q" - P) (I +PQ(Z-P)(I+ PZ)_1Q1>_1Q1 _
=Q(Q(z

1

—P)-PQ(I+P2)(I+P2) Q'QU+P2)(IQ(I+PZ)+
P)"'Q'=Q(QZ - QP - PQ - PQPZ) (Q+QPZ + PQZ — PQP) 'Q™" =
Q((Q-PQP)Z—(QP+PQ)) ((QP+PQ) Z+(Q - PQP)) Q" =

= (Q(Q—-PQP)Z-Q(QP + PQ)) (Q(QP + PQ) Z +Q (Q — PQP)) ™"

Bundan ¢p (Z) akslantirishning koeffitsiyentlari uchun (4) munosabatlarning o‘rinli ekanini
hisobga olsak quyidagilarga ega bo‘lamiz:

Q(Q—PQP)=1,Q(Q—-PQP)=1,Q (QP+ PQ)=0,Q (QP + PQ) = 0. (8)

+PQ(Z

Endi (8) munosabatlardan quyidagi tenglik kelib chiqadi

vr(Z2)=(Q(Q—-PQP)Z-Q(QP+PQ))(Q(QP+PQ)Z+Q(Q—PQP)) =2

ya'ni
vr (pp(2)) = Z.
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6°. Bu xossani isbotlashda dastlab ¢p (Z) € Aut (R3 (m,m)) ekanini ko‘rsatamiz. Biz
yuqorida $3 (m, m) uchunchi tip klassik soha avtomarfizmini (1) ko‘rinishida A = Q, A™'B =
— P deb almashtirish bajarish orqali ushbu
.
p(Z)=Q(Z-P)(I+PZ) Q' (9)
ko‘rinishiga ega bo‘lgan edik. Agar A = @, A~'B = —P alamashtirishni e’tiborga olsak (2)
munosabatlar quyidagiga ) )

QI +PP)Q =1 (10)
ekvivalent. Biz qarayotgan ¢p (Z) akslantirish uchun (4) munobatlarning o‘rinli ekanidan va
uchinchi tip klassik soha avtomorfizmining (9) ko‘rinishi uchun (10) munosabatning o‘rinli
ckanidan ¢p (Z) € Aut (R3 (m, m)) kelib chiqadi.

Demak ¢p (Z)-gomeomorfizm bo‘ladi.
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B s10ii crarhe nosyden anasor Teopembr 2.2.2 u3 kauru Pyauna 2] mis kinaccude-
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RESUME

In this paper, we obtain an analog of Theorem 2.2.2 from Rudin’s [2] book for
classical Cartan domains of the third type.

Key words: Homogeneous domain, Symmetric domain, Classical domain,
Automorphism.
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UDC 519(6)

O‘ZBEKISTON AHOLISI O‘SISHINING MATEMATIK MODELI VA BA’ZI
KO‘RSATKICH TAHLILLARI

Jabborov N. M. " Narmanov A. J. "

REZYUME

Ushbu maqola mustaqillikka erishishilgandan keyingi O‘zbekiston Respublikasi
aholisi ko‘payishining matematik modelini tavsiflashga bag‘ishlangan. Model uchta
chiziqli bo‘lmagan differensial tenglamalardan iborat, ammo oz sonli o‘zgaruvchilar
va parametrlarga qaramay, u inson evolyusiyasining eng muhim omillari —
demografiya, igtisodiyot, texnologiya va savodxonlik dinamikasini yuqori aniqlik
bilan tavsiflaydi.

Kalit so‘zlar: demografik model, tug'ilish darajasi, o‘lim darajasi, migratsiya,
populyatsiya, giperbolik o‘sish, daromad darajasi.

Kirish

Respublikamizda barqaror va samarali iqtisodiyotni yaratishga qaratilgan iqtisodiy
islohotlarning markazida demografik vaziyat turibdi. O‘zbekistonda o‘ziga xos demografik
vaziyat mavjud: u aholi o‘sish sur’atlarining ortishi, uning tug‘ilish darajasi, o‘lim darajasining
kamayishi va shu bilan birga, mehnatga layoqatli aholi sonining ko‘payishida namoyon
bo‘lmoqgda. Aholi jamiyat taraqqiyotida ishlab chiqaruvchi kuch sifatida ham, iste’molchi
sifatida ham hal qgiluvchi rol o‘ynaydi.

O‘zbekiston Respublikasi o‘z mustaqilligini e’lon qilgandan so‘ng 1991-yildan boshlab
mamlakatimizda ham demografik vaziyat o‘zgara boshladi. O‘zbekiston aholisi 1991-yildan
keyin eng ko‘p miqdorda o‘sgan davlat (+68,4 %) hisoblanadi.

O‘zbekiston Respublikasida aholi soni 2024-yil 1-yanvar holatida O‘zbekiston Respublikasi
Prezidenti huzuridagi Statistika agentligi ma’lumotiga [2]| ko‘ra 36 779 800 nafarni tashkil
qiladi. Bu aholining yashash dinamikasiga ko‘ra, bu raqgam doimo o‘zgarib turadi. 2023-yilda
Respublikamizda tug‘ilish 3,2% ni, o‘lim taxminan 0,4 % ni, tabiiy o‘sish esa 3,8 % ni tashkil
etdi.

Prezidentimiz Shavkat Mirziyoev 2022-yil 20-dekabr kuni Oliy Majlisga va O‘zbekiston
xalqiga Murojaatnomasida [1] o‘tgan yili mamlakatimiz aholisi 36 milliondan oshganini, har yili
qariyb 900 ming nafar yangi avlod vakillari bilan to‘ldirilayotganini ta’kidladi. Katta va do‘stona
oilamiz — O‘zbekistondagi har bir inson tinch va farovon yashashi uchun barcha sharoitlarni
yaratishga harakat qilmoqdamiz. Xalq bizdan maktablar, bolalar bog‘chalari va kasalxonalar
qurishni, ta’lim va tibbiyot sifatini oshirishni, ichimlik suvi va elektr energiyasi, yo‘l va transport
bilan bogliq mahalliy muammolarni hal etishni, ish o‘rinlari sonini ko‘paytirishni, tadbirkorlik
uchun yangi imkoniyatlar yaratishni, adolatni ta’minlashni, byurokratiya va korrupsiyaga

“Jabborov N. M. — Toshkent davlat Igtisodiyot universiteti professori, f.-m.f.d., jabborov61@mail.ru
*Narmanov A. J. — Toshkent shahridagi "MEI"milliy tadqgiqot universiteti Federal davlat byudjeti oliy
ta’lim muassasasi filiali katta o‘qituvchisi, a-narmanov@mail.ru
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barham berishni kutmoqda deb aytib o‘tgandi. Binobarin, Yangi O‘zbekistonni o‘zgartirishda
"Avvalo, inson, keyin jamiyat va davlat"tamoyili asosiy o‘rin tutadi.

Aholi sonining oshishi birinchi navbatda sog‘ligni saqlash va ta’lim tizimiga bosim
tushadi. Prognozlashtirish va makroiqtisodiy tadqiqotlar institutining ma’lumotiga ko‘ra:
Yevropa mintaqasi mamlakatlarida har 10 ming kishiga o‘rtacha 34 nafar shifokor to‘g‘ri
keladi, Amerikada — 24, G‘arbiy Tinch okeani mintaqasida — 19, Sharqiy O‘rtayer dengizida
— 10, Janubi-Sharqiy Osiyoda — 8, O‘zbekistonda bu ko‘rsatkich 27 nafarni tashkil etadi. Agar
Yevropa va Amerika mamlakatlarida har 10 000 kishiga 80 nafardan ortiq (81 va 83) hamshira
to‘g'ri kelsa, O‘zbekistonda 10 000 kishiga 107 nafar hamshira to‘g‘ri keladi.

Aholi sonining oshishi bilan ta’lim tizimiga ham bosim tushadi. 2022-yil boshida 3-6 yosh
oralig‘idagi bolalar soni 2855,2 ming nafarni tashkil gilgan. Prognozlarga ko‘ra, 2026-yilga
borganda ularning soni 3567,3 ming nafarni, 2030—yilda esa 3631,9 ming nafarni tashkil etadi.

3-6 yosh oraligidagi bolalarni maktabgacha ta’lim bilan gqamrab olishning erishilgan
ko‘rsatkichlarini saqlab qolish va kelajakda respublikaning barcha hududlarida jahonning
rivojlanayotgan davlatlaridagi kabi ko‘rsatkichlarni (80 % atrofida) ta’minlash uchun 1 million
400 ming nafar bola uchun maktabgacha ta’lim muassasalarida yangi o‘rinlar tashkil etish,
malakali mutaxassis-tarbiyachilarni tayyorlash zarur, deb hisoblanadi. 2030-yilga borib, 3-6
yosh oralig‘idagi barcha bolalarni maktabgacha ta’lim bilan qamrab olish natijasida 28 000 ta
ish o‘rni tashkil etish mumkin.

2029/2030-0‘quv yiliga qadar bitiruvchilar hamda 1-sinfga qabul qilinadiganlar
o‘rtasidagi tafovut o‘rtacha 162,8 ming o‘quvchini tashkil giladi. Yiliga o‘rta hisobda qo‘shimcha
162,8 ming o‘quvchi uchun kamida 4500 nafar yangi o‘qituvchi jalb qilish zarur bo‘ladi.
2021/2022-o‘quv yilida jami o‘quvchilar soni 6 mln 304 ming 600 nafar, o‘gituvchilar soni
529.1 ming nafar, ya'ni bitta o‘qituvchiga 11,9 nafar o‘quvchi to‘g‘ri keladi. Rivojlangan
mamlakatlarda ushbu ko‘rsatkich 10 nafardan oshmaydi.

Har yili oliy o‘quv yurtlari o‘rtacha 30 ming nafar oliy ma’lumotli pedagogni mehnat
bozoriga chigaradi. Oliy ma’lumot bilan qamrab olish darajasini 50 % ga yetkazish va ayollar
uchun kvotalar sonini oshishi natijasida, 2030-yilga borib, oliy o‘quv yurtlari har yili o‘rta
hisobda 35740 ming nafar pedagog kadrlarni tayyorlashi kutilmoqda. Buning natijasida har bir
o‘qituvchiga 10 ta o‘quvchi to‘g'ri keladi. Bugungi kunda respublikada 180 dan ortiq oliy o‘quv
yurti faoliyat yuritmoqgda. 2021/2022-o‘quv yilida OTMlarga bitiruvchilarni oliy ta’lim bilan
qamrab olish darajasi 38 % ga yetdi. Bitiruvchilarni 50 % oliy ta’lim bilan qamrab olish uchun
zarur bo‘lgan talaba o‘rinlari soni: 2026-yilda jami o‘rta ta’limni bitiruvchilar soni 619,0 ming
nafar, 2030-yilga borib, 615,5 ming nafar bo‘lishi kutilmoqda.

2030-yilda o‘rta ta’lim bitiruvchilarni 50 % oliy ta’lim bilan qamrab olish uchun
OTMlarning hozirgi quvvatini 8 yil ichida 1,5-1,8 marta oshirish zarur.

Tadqgiqotlarga ko‘ra, millat 25 yil yashashi uchun har bir oilada tug‘ilish koeffitsienti bir
oilaga 2,11 farzand to‘g‘ri kelishi kerak. Bundan kam bo‘lsa, millat yo‘qoladi. Agar tug‘ilish
koeffitsienti 1,9 ga teng bo‘lsa millat qayta tiklanmaydi. Bugungi kunda tug‘ilish koeffitsienti
Fransiyada — 1,8 ni, Angliyada — 1,6 ni, Gresiyada — 1,3 ni, Italiyada — 1,2 ni, Ispaniyada —
1,1 ni tashkil etmoqda. Yevropa Ittifoqining 31 davlatida tug‘ilish koeffitsienti har bir oilaga
o‘rtacha 1,38 tadan to‘g‘ri kelmoqda.

Matematik modellarning har xil turlari ma’lum demografik jarayonlarning rivojlanish
gonuniyatlarini aniglash imkonini beradi. So‘nggi o‘n yilliklarda prognozlash nazariyasining
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rivojlanishi turli xil parametrlarda prognozlarni tuzishning ko‘plab protseduralari va usullariini
ishlab chigishga olib keldi (|4, 5, 8]).

Ushbu maqola O‘zbekiston Respublikasi aholisi o‘sishining ijtimoiy holatini matematik
modellashtirish, unga iqtisodiyot, texnologiya va ta’lim rivojlanishining ta’sirining ba’zi
ko‘rsatkichlarini tahlil qilishga bag‘ishlangan.

Matematik modellar va demografiya

[jtimoiy fanlar va matematikaning konstruktiv sintezi ijtimoiy miqdorlarni o‘lchashning
adekvat usullarini joriy qilishni talab qiladi. Xuddi fizikada bo‘lgani kabi, ba’zi miqdorlarni
nisbatan oson baholash mumkin, boshqalarni o‘lchash ko'p vaqt talab qiladigan mehnatni,
hatto yordamchi modellarni qurishga to‘g‘ri keladi. To‘g‘ridan-to‘g‘ri o‘lchash uchun eng qulay
ijtimoiy miqdorlardan biri bu odamlar soni. Shu sababli, demografiya sohasi tadqiqotchilarni
o‘ziga jalb qgiladi. Ma’lumotlarning o‘lchanishi va demografik dinamikani tavsiflovchi saqlanish
gonunidan kelib chigadigan formulaga ko‘ra:

dN

i H— D, (1)
bu yerda N— Respublikamizdagi umumiy aholi soni, H— tug'ilganlar soni va D— vaqt
birligidagi o‘limlar soni. Tug‘ilganlar soni ham, o‘limlar soni ham boshqa ko‘plab ijtimoiy
parametrlarga bog‘liq ekanligi ayon bo‘ladi.

Bundan tashqari, formula (1) migratsiya jarayonlarini hisobga olmaydi va shuning uchun

uni kengaytirish kerak:

ﬂ:H—D—dz’vJ
dt

bu yerda J vektor migratsiya oqimiga mos keladi. Migratsiya jarayonlari tashqi omillar ta’siriga
ko‘proq moyil bo‘lganligi sababli vazifa murakkablashadi.

Tug'ilish va o‘limning biologik jarayonlari nafaqat insonlarga, balki hayvonlarga ham
xosdir. Shuning uchun biologiyada qo‘llaniladigan aniq populyatsiya modellaridan foydalangan
holda demografik modellarni tavsiflashga urinish mutlaqo tabiiy qadamdir.

Hayvonlar populyatsiyasining dinamikasini tavsiflovchi asosiy model Ferxyulst tomonidan

taklif gilingan logistik modeldir:
dN N
— =N - 5), (2)

yoki (2) ni quyidagi ko‘rinishlarda ifodalash mumkin:

dN

— = (@N) = (asN + bN?), (3)
bu yerda birinchi qavs H tug'ilganlar soniga, ikkinchisi esa (1) formuladagi D o‘lganlar soniga
to‘g'ri keladi va r, K, a1, as, b musbat koeffitsientlar bo‘lib quyidagi munosabatlar orqali o‘zaro
bog‘langan.

r=a; — ay va b= —.

K

(3) tenglamaning mantigi quyidagicha: tug'ilish darajasi a; doimiy, shuning uchun
tug‘ilganlar soni B = a;N populyatsiya soniga mutanosib, tabiiy o‘lim a, ham doimiy
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hisoblanadi va kvadratik qo‘shilish bN? ga teng deb olsak bo‘ladi. Yana bir mashhur
populyatsiya modeli Lotka-Volterr modeli 3] bo‘lib, "Yirtgich-o‘lja"modeli sifatida tanilgan. U
o‘zaro ta’sir giluvchi ikkita turning populyatsiya dinamikasini tavsiflaydi, ulardan biri ikkinchisi
uchun asosiy oziqa hisoblanadi va (1) ko‘rinishdagi ikkita tenglamadan iborat:

‘Cil—f = Az — Buxy, )
% = Cxy — Dy.

bu yerda x— o‘lja soni, y— yirtqichlar soni, A, B,C, D— koeffitsientlar. Ushbu modelni ham
aholi o‘sishiga tadbiq qilish mumkin. (4) dan demografik yangi matematik model sifatida
foydalanish mumkin. Jabrlanuvchi roliga aholi, yirtqich roliga esa ijtimoiy beqarorlik, urushlar,
ocharchiliklar, epidemiyalarni sifatida olamiz.

Respublika aholisining giperbolik o‘sishi va S.P. Kapitsa modeli

Agar biz butun insoniyat dinamikasini kuzatsak, inson populyatsiyasi giperbolik qonunga
muvofiq o‘sishini ko‘ramiz. Bu haqdagi birinchi ishlar 1960-yili fon Forrester, Mora va Emietlar
tomonidan yozilgan [11]. Ular demografik ma’lumotlarda statistik baholashni amalga oshirdilar
va aholining o‘sishi eng yaxshi egri chiziq bilan yaqinlashishini aniqladilar.

C
N=—:, ()
to—t
bu yerda C' va ty doimiylar.

Forster (1) va (3) tenglamalardagi ko‘rsatkichlarni baholab, aholining o‘sish jarayonini
tasvirlamaydi degan xulosaga keladi. Forster modelga nochiziglilikni kiritish orqali

modellashtirishni taklif giladi

dN
e (agNF)N,

bu yerda ag, k£~ tajribadan aniqlanishi kerak bo‘lgan doimiylar.

_ k
N = Nl(to tl) ,

to—t

Forster k ni birga teng deb hisoblab, uning yechimini (5) ko‘rinishda yozadi.

(1), (2) biologik taxminlarga asoslangan demografik modellardan farqli o‘laroq,
S.P.Kapitsa modeli aholi o‘sishi tug'ilish va o‘lim vaqt o‘tishi bilan kam o‘zgaradi degan
taxminga asoslanadi:

dN

dt
a doimiy bo‘lsa, S.P.Kapitsa osish tezligi uchun kvadratik bog‘liglikdan foydalanishni taklif
qiladi:

=aN, (6)

dN N’
e @)
bu yerda C' doimiydir.

(7) ko‘rinishdagi tenglamalar [12] da yaxshi o‘rganilgan va ularning yechimlari portlash
rejimlart deb nomlanadi. Bunday tenglamalarning xarakterli xususiyati shundaki, chekli %
vaqtda yechim cheksizlikka intiladi.
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Demografik o‘tishni tavsiflash uchun S.P. Kapitsa modelni quyidagicha o‘zgartiradi.
Kapitsa modeldagi muhim parametr sifatida "insoniyat tizimi va inson rivojlanishining ichki
cheklash qobiliyati"ni ifodalovchi 7 = 42 yilni insonning xarakterli hayot davri deb hisoblaydi.
S.P.Kapitsa demografik o‘sish ikki marta 7 ga teng xarakterli vaqt davomida sodir bo‘lishini
ta’kidlaydi.

Agar (5) yechimni kvadrat o‘sish tenglamasiga (7) almashtirsak, u holda uni quyidagi
ko‘rinishda yozish mumkin.

dN C
- 0
At~ (to —t)
O‘z navbatida, demografik o‘tishni tavsiflash uchun S.P.Kapitsa ushbu tenglamaga 7
parametrini kiritadi:

dN C

P T Y

Bunday modifikatsiya bilan aholi soni barqarorlashadi, bu demograflarning prognozlariga
mos keladi. (9) tenglama aholi sonining analitik formulasini olish imkonini beradi:

N = garctg<t17__ t), (10)

bu yerda t; qarayotgan vaqt oralig‘ining o‘rtasiga teng parametr — demografik o‘tishning o‘rtasi.
Demografik o‘tish effektini tavsiflovchi asosiy tenglama (7) ham, uning modifikatsiyasi (9)
ham mavjud qonunlarning mohiyatini to‘liq ochib bermaydi. Har ikkala ifodaning matematik
ekvivalentligiga qaramay, yozuv shaklidagi farq ularning talqinidagi farqni belgilaydi.

Olingan empirik qonuniyat va hatto uning muvaffaqgiyatli matematik interpolyatsiyasi
ham asosiy qonuniyatni bermaydi. Bunday vaziyatdan chiqishning yagona yo‘li oltin o‘rtalikni
topishdir.

O‘zbekiston aholisining o‘sish modeli va texnologiyalar M. Kremer modeli

Agar avvalgi barcha pasayishlar, birinchi navbatda, turli ofatlar — urushlar, ocharchiliklar,
epidemiyalar tufayli o‘limning ko‘payishi bilan bog‘liq bo‘lgan bo‘lsa hamda bu ofatlar tugashi
bilan insoniyat tezda tiklanib, avvalgi tracktoriyasiga qaytgan bo‘lsa, hozirgi pasayish boshqa
sabablarga ko‘ra yuzaga kelmoqda. Maykl Kremer [10] tomonidan taklif gilingan eng oddiy
model mahsulot ishlab chiqarish ikki omilga bog‘ligligini nazarda tutadi: texnologiya darajasi
va aholi soni.

M. Kremer Y — ishlab chiqarilgan mahsulot, p— aholi soni, A~ texnologiya darajasi uchun
belgilarni qo‘llaydi.

Kremer, ishlab chiqarilgan umumiy mahsulotni quyidagiga teng deb hisoblaydi, ya'ni

G =TNV'™,

bu yerda G~ umumiy mahsulot, T~ texnologiya darajasi, V'~ foydalanilgan yer resurslari, 0 <
a < 17 parametr. Bunda M. Kremer Kobba-Duglas funksiyasidan foydalanadi va bu o‘zini to‘liq
oqlamaydi. Unga ko‘ra, normallashtirish natijasida V' o‘zgaruvchi birga teng. Ishlab chiqarilgan
mahsulot tenglamasi quyidagi ko‘rinishga keladi:

G=rTN?, (11)
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bu yerda r, a ba’zi doimiylar.

M. Kremer Maltus [7| pozitsiyasidan (11) foydalanib, uni quyidagicha qayta shakllantiradi:
modelda aholi o‘sishi N muvozanat darajasiga yaqinlashadi. Modelidagi muvozanat miqdori
aholi jon boshiga to‘g‘ri keladigan mahsulot ishlab chiqaradigan aholi darajasiga mos keladi,
agar jon boshiga to‘g‘ri keladigan mahsulot g yuqori bo‘lsa, aholi soni ko‘payadi va jon boshiga
to‘g'ri keladigan mahsulot kamroq bo‘lsa, § kamayadi. Shunday qilib, populyatsiyaning N

muvozanat darajasi
_ 1
- g\a1
N = (-) , 12
g (12)

Avvalroq S.Kuznes [12| va Saymon [9] "Aholining ko‘pligi potensial ixtirochilar sonining
ko‘pligida" degan g‘oyani ilgari surishgan edi. Kremer bunga oydinlik kiritadi [10, 685-b].
Matematik jihatdan M. Kremer bu pozitsiyani quyidagicha ifodalaydi:

ga tengdir.

aTr
— =ONT 1

bu yerda b bitta ixtirochining o‘rtacha mahsuldorligi.

O‘sish hozirgi darajaga va ixtirolar intensivligiga bog‘liqligi aniq bo‘lsa-da, bu bog‘liglik
chiziqli bo‘lishi shart emas. Shuning uchun M. Kremer S. Jonsning texnologik o‘sish
tenglamasiga murojaat giladi [6]:

a_ bNT?,
dt

bu yerda ¢ ko‘rsatkich birga teng emas. U texnologiyaning hozirgi darajasining o‘sish sur’atiga
bog‘liq.

S. Jonsning o‘zi ¢ < 1 deb hisoblaydi, uning fikricha, urushdan keyingi davrda texnologik
o‘sish sekinlashadi. Barcha mumkin bo‘lgan bog'ligliklarni qoplash uchun Jons umumiy
tenglamaga aholi soni uchun kuch qonunini kiritishni taklif giladi:

d_T — (g al%
i bNYT?, (14)
Ushbu model, aholining o‘sishi va texnologiyani hisobga olgan holda, aholining giperbolik
o‘sishini qoniqarli tarzda tavsiflaydi, ammo ¢ < 1 bo‘lishi bilan o‘sish sur’atlarining sun’iy
pasayishiga qaramay, u demografik o‘tishni to‘liq tasvirlamaydi.
O‘z modelining kamchiliklarini tushunib, M. Kremer uni o‘zgartirishga harakat qiladi.
Modelga aholi sonining o‘sishiga cheklovlarni kiritish uchun tug‘ilish darajasini daromad
funksiyasi sifatida tavsiflovchi ancha murakkab funksiyani kiritadi.

Bu yerda A tug‘ilish va o‘lim o‘rtasidagi farq, g - aholi jon boshiga daromad bo‘lib, u
modelda g = G/N sifatida hisoblanadi.

Xulosa
Maqolada global demografiyvaning mavjud matematik prinsiplari tahlil qilindi.

Shuningdek, maqolada aholining giperbolik o‘sishini tavsiflash demografik-texnologik
yondashuvini empirik asoslash orqali amalga oshirildi. Uchta muhim ko‘rsatkich — aholi soni,
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texnologiya darajasi va savodxonlik darajasini o'z ichiga olgan demografik o‘tish modeli
taklif gilindi. Model mustaqilligimizning dastlabki yillaridan hozirgi kungacha ko‘rib chiqilgan
oraliqdagi uch ko‘rsatkichning qo‘shma dinamikasini aniq tasvirlab beradi.
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PE3IOME

Jlannas crarbs MOCBLIIEHA OMMCAHUIO MATEMaTUIeCKONW MOJIETU POCTa HacCeJIeHUs
Pecnybiuku Y3bekucran mocjiie obperenusi nezapucumoctu. Mojenb cocrout u3
Tpex HeJUHEHHBIX b depeHInaIbHbIX YPaBHEHN, HECMOTPST HA HEDOJIBITIOE KOJIH-
YeCTBO TIEPEMEHHBIX M ITapPaMeTPOB, € BBICOKOW TOYHOCTHIO OIMCHIBAET BarKHEHIITNE
daKTOPBI IBOIONIK YeJI0BEKA — JeMOrpaduio, SKOHOMUKY, TUHAMUKY TEXHOJIOTUI
1 oOpa3oBaHUA.

Karoueswvie caosa: nemorpaduieckas MOJIES, POXKIA€MOCT, CMEPTHOCT, MUTDAITHS,
YUCJIEHHOCT HaceJeHud, TUIepPOOInIeCKnil pOCT, YPOBEH JIOXOJIOB.
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RESUME

This work is devoted to the description of the mathematical model of the
development of the population of Republik Uzbekistan after independence. The
model includes three nonlinear differential equations and despite its relative
simplicity, it describes the dynamics of paramount factors of social evolution, such
as demography, economics, technology and education, to high precision.

Key words: demographic model, birth rate, death rate, migration, population,
hyperbolic growth, income level.
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O‘ZBEKISTON FOND BOZORIDAGI AKSIYALARNI BAHOSINI
O‘ZGARISHINI PROGNOZ QILISHDA MARKOV ZANJIRINI QO‘LLASH

Jabborov N. M. * Mirzamurodov O. S. *

REZYUME

Qimmatli qog‘ozlar bozori faoliyat tendentsiyalarini bashorat qilish qiyin
muammodir. Bu borada turli tadqiqotchilar tomonidan sinab ko‘rilgan ko‘plab
usullar mavjud. Bulardan biri Markov jarayonidir. Biz Markov zanjiridan
foydalangan holda O‘zbekistonda fond bozoridagi qgimmatbaho qo‘g‘ozlarni
tendentsiyalarini prognoz qilish uchun matematik modelini quramiz, bu
investorlarga aksiyalarning keyingi narxlarini tahlil qilish uchun juda muhim
hisoblanadi.

Kalit so‘zlar: Markov zanjiri, O‘tish ehtimoli matritsasi, Fond bozori, gimmatbaho
qog'ozlar, aksiyalar.

Kirish

Jahon iqgtisodiyotining yuqori tezlikda rivojlanishi bilan odamlarning turmush darajasi
va ixtiyorida bo‘ladigan daromadlari tez o‘sib borayotgani va har bir kishining moliyaviy
xabardorligi va investitsiyalarga qiziqishi tobora ortib bormoqda. O‘zbekistonning kapital
bozorlari xam rivojlanayotgani va odamlarning aksiyaga qiziqishi ortib boryapti. O‘zbekiston
fond bozorining 1994 yilda tashkil topgan va shundan beri asta sekinlik bilan rivojlanib
kelmoqda. 2018 yildan boshlab aksiyalar IPOga chigarila boshladi.

Rivojlangan mamlakatlarda qimmatbaho qog'ozlar bilan savdo qilish shu yurtda
yashaydigan aholining ma‘lum bir jamgarmasini qimmatbaho qog‘ozlarga almashtirib o‘zining
ertangi kunini moliyalashtirish yaxshi yolga qo‘yilgan. Bizda xam shu kabi ahalini
passiv daromadlarini oshirish uchun Respublikadagi aksiyadorlik jamiyatlariga xam bo‘sh
turgan mablag‘larni aksiyadorlik jamiyatlarining aksiyalari va obligatsiyalarinii sotib olishga
yo‘naltirish kapital bozorini rivojlanishiga olib keladi[1].

Investorlar investitsiyalardan katta daromad olish uchun turli xil texnik tahlillar bilan
tanishishlari kerak. Asosiy tahlil orqali aksiyalarni tanlash va texnik tahlil orqali aksiyalarni sotib
olish va sotish vaqtini tasdiqlash muhim axamiyatga ega. Narxlari tasodifiy o‘zgarib turadigan
samarali fond bozori bozor ma‘lumotlarining bir xil tagsimlanishini aks ettiradi, ammo biz
o‘tmishdagi ma‘lumotlarni tahlil qilish orqali fond bozorining kelajakdagi tendentsiyasini
taxmin qilishimiz mumkin. Ushbu maqolada biz aksiyadorlarni noto‘gri xatti-harakatlarning
oldini olish uchun va to‘gri qaror qabul qilib qaysi aksiyalarga invitisiya kiritishda muhim
bo‘ladigan matematik model yaratishga xarakat qilamiz.Biz Markov modelidan foydalanib
fond bozori indeksini, aksiya bahosini holatini tahlil gilishni va keying narxlari uchun prognoz
gilamiz.

“Jabborov N. M. — Toshkent davlat Iqtisodiyot universiteti "Amaliy matematika" kafedrasi professori,
f.-m.f.d., jabborov61@mail.ru
“Mirzamurodov O. S. - Toshkent davlat Iqtisodiyot universiteti "Amaliy matematika" kafedrasi assisenti
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Markovning bashorat qilish modeli zamonaviy statistikada muhim rol o‘ynaydi. Markov
modelining boshqa statistik usullardan (masalan, regressiya tahlili, vaqt seriyasi va boshqalar)
farqi shundaki, Markov modelida jamiyki omillar o‘zaro bog‘ligligini hisobga olish shart emas,
faqat evolyutsiyaning tarixdagi xususiyatlarini hisobga olish yetarli. Hodisaning o‘zi holati
va holatning o‘tish ehtimolini hisoblash orqali qimmatboho qog‘ozlar narxining o‘zgarishini
bashorat qilishda, Markov modeli keng qo‘llaniladi.

Adabiyotlar tahlili

Qimmatli qog'ozlar indekslari va daromadlari uchun maqbul bashorat qgiymatlardagi
tasodifiylik tufayli qiyin bo‘lib qolmoqda.Ko‘pgina tadqiqotlarda vaqtli gatorlar yordamida
modellashtirish asosiy parameter sifatida qabul qilinadi. Vaqtli qatorlar asosida
modellashtirishda ham asosiy parameter sifatida foydalanganda ham gimmatbaho qog‘ozlarning
narxining o‘zgarishini to‘liq ifodalay olmaydi. Jumladan O‘zbekiston fond bozoridagi bazi bir
aksiyalarni narxini bashorat qilishda vaqtli gatorlar asosida modellashtirishi samarali natija
bermaydi .Biz Markoz zanjiridan foydalangan xolda taxlil gilmoqchimiz

Markov jarayonidan foydalangan holda tahlil gilishni Zhang Yudong va Wu Lenan aksiya
bahosi uchun chizigli bo‘lmagan dinamik modelni taklif etadi[2].Deju Zhang va Xiaomin Zhang
Markov modeli usulidan foydalanib aksiya bahosini oldindan ko‘rishni Xitoy fond bozoridagi
tendentsiyalarini prognoz qilish uchun Markov zanjiri stoxastik modelini taklif giladilar|3].
Ularning tadqgiqoti shuni ko‘rsatdiki, Markov jarayoni oldingi narxlar ta'siri keyingisi narxiga
sezilarli darajada bog‘liq. va Markov modeli fond bozori narxlarini bashorat qilishda qo‘llab
yaxshi natijalarga erishish mumkinligini takitlashgan.Luc Tuyen esa seriyadagi o‘zgarishlarning
turli darajalarida qurilgan yuqori tartibli yangi Markov modelini taqdim etadi[4]. O‘tish
ehtimoli aralash to‘plamlar asosida hisoblanadi va aniqlik ARIMA va ANN kabi boshqa vaqt
seriyalari modellari bilan taqqoslanadi. Sang Ho Park,Ju-Hong Lee,Jaec Won va boshqalar
aksiya baholarining moliyaviy vaqt seriyalarining dinamik xarakterini qo‘lga kiritish uchun
Yashirin Markov modelini qo‘llashni taklif giladi[5]. Katta ma‘lumotlarni tahlil gilish fond
bozori tahlilida ham keng tarqalgan. Respublikamizdagi fond bozorida qimmatbaho qog‘ozlar
narxining o‘zgarida markov zanjiri modeli qanday o‘rin tutadi 7

Qo‘llanishi

Markov jarayoni stoxastik jarayon bo‘lib, keyingi ta‘sir xususiyatlariga ega emas. Ta’sirdan
keyingi xususiyatlar shuni anglatadiki: ¢t vaqtidagi ¢,, dan katta bo‘lgan bu holat faqat qaysidir
jarayondagi t,, momentidagi holatga bog‘liq lekin jarayonning t,, momentidan oldingi holatga
bog‘liq emas.

Ta’rif. Tasodifiy ketma-ketlikning diskret holat vektori E bo‘lsin. Agar har ganday manfiy
bo‘lmagan butun son ni,ns,...,n, va ixtiyoriy natural son m uchun, iy,is,...,%,,7] € FE
ganoatlantiruvchi bo‘lsa:

P{X(nm—‘rk’) - ]|XTL1 - il’XTQ = i27 cee 7X’nm = Zm} = P{X(nm-l-k) = j’Xnm = Zm} (]')

u holda bu tasodifiy ketma-ketlik {X(,y,n =1,2,...} Markov zanjiri deyiladi|6].
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Balanslangan tizimda, agar tizimning ¢ holatidan j holatiga ehtimoli F;; bo‘lsa, u holda
tizim holatidagi o‘tish ehtimoli vektori to‘plami uzatish matritsasini hosil qgiladi, bu quyidagicha
yoziladi:

P = [Pij]an (2)

Bu yerda uzatish matritsasi ehtimollik matritsasi bo‘lishi kerak, uning ishlash qoidalari
an’anaviy matritsa bilan bir xil. O‘tkazish matritsasi quyidagi xususiyatlarga ega:

p® = pt=b y p = pk) (3)

Markov zanjiri bo‘yicha jarayonni tahlil qilish va prognozlashda biz quyidagi bosqichlarni
amalga oshiramiz: (1) holatni vektorini qurish va tegishli holat ehtimolini aniqlash; (2) holatga
o‘tish ehtimoli matritsasi holatini uzatish orqali yozish; (3) O‘tish ehtimoli matritsasi bo‘yicha
holat vektorining barcha turlarini olish; (4) barqaror holatda tahlil qgilish, bashorat qilish va
garor gabul qilish.

Fond bozoridagi kvarst aksiyadorlik jamiyatini aksiyalarini empirik tahlil gilish

Toshkent fond birjasidagi aksiyalarning qaysi biri kelajakda investorga yaxshi daromad
olib keladi yoki qaysi aksiyalar kelajakda qadirsizlanib investorni daromadini tushishiga tasir
qilishini bashorat qilish ob‘ekti sifatida qo’llashimiz mumkin.

Misol tariqasida, Toshkent fond birjasidagi "Kvarst aksiyadorlik jamiyati" aksiyalarini
ko‘raylik. 2024 yil 3 yanvardan 2024 yil 7 fevralgacha bo‘lgan jami 27 savdo kunidagi yopilish
narxlari o‘zgarishini ko‘rishimiz mumkin, har bir kunning yopilish narxlari uchta holatga
bo‘lamiz: yuqoriga, pastga va o‘zgarmas (2 so‘m farq) bilan yuqoriga va pastga nuqtalar, tahlil
gilinadi va prognoz qilinadi[7].

1-jadval
Ne 1 2 4 5 7 10
Holat X Y P Y P P XY P P P
Ne 11 12 13 14 15 16 17 18 19 20
Holat P (O) ¥ P P Y Y Y P Y
Ne 21 22 23 24 23 26 27 28 28 30
Holat Y P X O P Y P

Endi biz Markov zanjiri yordamida yuqoridagi ma‘lumotlarni tahlil qilib va kunlar uchun o‘shish
yoki pastayish mumkinligini prognoz qilamiz.

Agar 1-jadvaldagi har bir yopilish kunini diskret vaqt birliklari sifatida oladigan bo‘lsak,
yopilish narxlari uchta holatga bo‘linadi: z; =yuqoriga, xy =o‘zgarmas va xrs =pastga bo‘lsin,
u holda holat vektori E(xi, s, x3) holat ehtimoli esa turli holatning paydo bo‘lish ehtimoli
kattaligidir. Holat vektori pi;y = (p1,p2, ..., ps) bilan belgilanadi, bu yerda ¢ = 1,2,...,n, p; a
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ehtimoli j = 1,2...,n.. 1-jadvalda 27 savdo kuni bor, bu yerda yuqoriga z; = 11, o’zgarmas
To = 2 va pastga x3 = 14, shuning uchun har bir holatning ehtimoli quyidagicha:

11 2 14
1= 5 = 0,407, Py= - = 0,074, Py= - = 0,519,

o) = (0,407;0,074;0,519)

vektorga boshlang‘ich holat vektori deyiladi.(2) holat o‘tish ehtimoli matritsasining
o’'rnatilishi 1-jadvalda hech gqanday holatga o7tish bo?lmagan holda oxirgi kun holati pastga
bo?lganligi sababli, pastdan pastga ,yani p;; = 15—4 = 0,357. Pastdan o‘zgarmasgacha bo‘lgan
holat soni 1 ga teng bo‘lgani uchun, mos keladigan o‘tish ehtimoli p1; = 1—14 = 0,071. Pastdan
yuqoriga bo‘lgan holat soni 7 ta bo‘lgani uchun mos keladigan o‘tish ehtimoli p3 = 1% =0,429.
Qolgan o‘tish ehtimolini xam shu usulda qo‘llab natijani olishimiz mumkin.

Endi biz yuqoridagi har bir holatga o‘tish ehtimolini 2-jadval shaklida ifodalaymiz.

2-Jadval
Ebtimolligi Pastga 0°‘zgarmasga Yuqoriga
Pastdan 0.357 0.071 0.429
Q'zgarmasdan 03 0 03
Yugoridan 0.636 0.091 0.364

Kvarts aksiyadorlik jamiyati aksiyalarining yopiq holatga o‘tish matritsasini 2-jadval
orqali olishimiz mumkin.

P11 P12 D13 0,357 0,071 0,429
P=1 pa p2 ps | = 0,5 0 0,5
P31 D32 D33 0,636 0,091 0,364

Bu yerda P matritsasining har bir qatori turli vaziyatlarning holatga o‘tish ehtimoli. Markov
jarayoniga ko‘ra, turli davrlardagi holat ehtimoli j(;) bilan belgilanadi, bu yerda

M) = My * P

bu erda P holat o’tish matritsasi. 1-jadvalga ko‘ra, aksiya bahosi 27-kuni pastlagan, ammo
keyingi ma‘lumot yo‘qligi sababli, u boshlang’ich holat vektori sifatida qabul qilinadi. p) =
(0,0, 1). Vektor va holatga o‘tish matritsasi yordamida kelajakda turli xil yopilish sanalarining
holati ehtimolini bashorat qilish. Shunday qilib, biz 28-kundagi yopilish narxining holat
ehtimollik vektorini olishimiz mumkin.

0,357 0,071 0,429
poy =pe*P=(0 0 1)-| 05 0 05 |=(063 0,091 0,364).
0,636 0,091 0,364
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29-kundagi yopilish narxining holat ehtimollik vektori

f2) = pay * P = (0,504 0,078 0,418 ).
30-kundagi yopilish narxining holat ehtimoli vektori

ps)y = H2) x P = ( 0,504 0,078 0,418 ) .

Yuqoridagi hisob-kitoblardan biz Kvars aksiyadorlik jamiyatini yopilish narxlari tendentsiyasini
ko‘rishimiz mumkin:

Yopilish narxi

1950

1900 ‘/%"9\\ )?\@. /ﬁ
ha _w/@\ /
1850 A \ \
%/ . \ /YN »
i v

1800 \

1750

savdo kunlarining o‘sishi bilan, ya‘ni i yetarlicha katta, agar holat o‘tish matritsasi o‘zgarmas
(ya’ni barqaror sharoitlar), u holda holat ehtimoli tendentsiyaga ega. boshlang‘ich holatdan
mustaqil bo‘lgan va ko'p yoki kamroq barqarorlashgan giymatga. Ya‘ni, Kvarst aksiyadarlik
jamiyati oxir-oqibat 50 foizga pastga tushishi ,10 foizga o‘zgarmas qolishi va 40 foizga yuqoriga
narxi o‘zgarishi mumkin.matematik modelni qo’llagandan keyin uni prognoz qilingan narx,
haqiqiy narxga juda yaqinligini ko‘rishimiz mumkin. Bashorat qilish natijasi haqiqiy vaziyatga
mos keladi.

Xulosa

Markov zanjiri hech qanday keyingi ta‘sirga ega bo‘lmaganligi sababli, gimmatbaho
qog‘ozlar bozorini tahlil qgilish va bashorat qgilish uchun ushbu usuldan foydalanish samaraliroq
bo‘ladi. Biroq, Markov zanjirini bashorat qilish usuli faqat prognozlashning ehtimollik usullari
bo‘lib, bashorat gilingan natijalar mutlaq holatda bo‘lishdan ko‘ra, kelajakda aksiya bahosining
ma‘lum bir holatining ehtimolligi bilan ifodalanadi.Qimmatli qog'ozlar bozorining operatsion
holati bozorning turli xil omillarining ta’siriga bog‘liq, masalan, har ikki tomonning ko‘plab
bozor kuchlari, aksiyalarning o‘zining asosiy holati, makroiqtisodiy siyosat, savdo-igtisodiy
darajalar va investorlarning psixologik va boshqa omillar. Shuning uchun, hech ganday usul
har kuni fond bozoridagi o‘zgarishlarni aniq bashorat qila olmaydi, Markov zanjirini bashorat
qilish usuli bundan mustasno emas.Ammo biz Markov zanjiridan foydalangan holda bashorat
qilish natijalarini boshqa omillar bilan birlashtirib, uni qaror qabul qilish uchun asos sifatida
ko‘rishimiz mumkin. Ushbu magqolada biz faqat Markov zanjirining fond bozorida qo‘llanilishini
o‘rgandik va nisbatan yaxshi natijalarga erishdik. Markov zanjiri fyuchers bozori, obligatsiyalar
bozori va boshqalar kabi boshqa sohalarga ham tarqalishi va qo‘llanilishi mumkin.
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PESIOME

[Iporno3upoBanue TEHJIEHINI AKTUBHOCTH (POHIOBOTO PLIHKA ABJISIETCS CJIOXKHON
pobsiemoii. B 3TOM OTHOIIEHUN CYIIECTBYET MHOXKECTBO METOJIOB, OITPOOOBAHHBIX
pasHbIMu ucciegoBareaymu. OHUM U3 HUAX sBJISIETCS MAPKOBCKHil mporecc. Mbr
CTPOUM MaTeMaTHUIECKYIO MOJIE/Ib IPOrHO3UPOBAHNS TEHACHINN (POHIOBOTO PHIHKA
V3bekucrana ¢ UCIOIb30BaHueM e MapKoBa, 9T0 0OUeHb BayKHO JIjIs HHBECTOPOB
JIJIsl aHAJIM3a OYIyIINX IeH aKITuii.

Kaoueswvie caosa: tienib MapkoBa, MaTpuIia BepOATHOCTEN TTepexo/ia, (POHI0BbII
DBIHOK, IeHHBbIe OyMaru, akijim.

RESUME

Predicting trends in stock market activity is a difficult problem. There are many
methods that have been tried by different researchers in this regard. One of these
is the Markov process. We build a mathematical model for forecasting the trends
of the stock market in Uzbekistan using the Markov chain, which is very important
for investors to analyze the future share prices.

Key words: Markov chain, Transition probability matrix, Stock market, securities,
shares.
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UCHINCHI TARTIBLI OPERATORLI MATRITSA MUHIM SPEKTRINING
TUZILISHI

Jo‘raqulova F. M. *

REZYUME

Ushbu maqolada panjaradagi soni saqlanmaydigan va uchtadan oshmaydigan
zarrachalar sistemasiga mos uchinchi tartibli operatorli matritsa Hilbert
fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator sifatida garalgan.
Ikki o‘lchamli qo‘zg'alishga ega chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma
umumlashgan Fridrixs modellar oilasining spektral xossalaridan foydalanib,
qaralayotgan uchinchi tartibli operatorli matritsaning muhim spektri tadqiq
gilingan. Muhim spektrning ikki va uch zarrachali tarmoqlari ajratilgan. Ikki
zarrachali tarmogqlarning uch =zarrachali tarmoqga nisbatan joylashuv o‘rni
o‘rganilgan.

Kalit so‘zlar: Hilbert fazo, operatorli matritsa, umumlashgan Fridrixs modeli,
Fredgolm determinanti, muhim spektr.

1. Kirish

Operatorli matritsalar muhim va diskret spektrlari bilan bog‘liq masalalar qattiq jismlar
fizikasi [1], kvant maydon nazariyasi [2|, statistik fizika [3], magnetogidrodinamika [4],
kvant mexanikasi [5] va boshqa ko‘plab sohalarda uchrab turadi. Hozirgi kunda operatorli
matritsalarning muhim spektri va uning xos qiymatlari sonini o‘rganishga doir ko‘plab tadqiqot
ishlar olib borilmogda. Bunda, umumlashgan Fridrixs modellari oilasi uchun bo‘sag‘aviy
hodisalarni tahlil qilish, uchinchi tartibli operatorli matritsalar oilasi muhim spektrining
tuzilishini aniqlash [6], xos giymatlar sonining chekli yoki cheksiz bo‘lish shartlarini topishga
alohida e’tibor berilmoqda [7], [8].

Operatorli matritsalar spektral xossalariga bag‘ishlangan ayrim maqolalar tahliliga
to'xtalamiz.

[9] maqolada uchinchi tartibli model operatorli matritsa uchun Yefimov hodisasining
mavjud bo‘lishi (muhim spektrning quyi chegarsiga intiluvchi cheksiz sondagi xos qiymatlarning
mavjudligi) isbotlangan, hamda bu xos giymatlar soni uchun asimptotik formula topilgan. [10]
maqolada uchinchi tartibli operatorli matritsalar uchun olingan natijalar yordamida panjaradagi
ko‘pi bilan ikkita fotonli spin-bozon modelining spektri batafsil o‘rganilgan. [11| maqolada
esa bu turdagi operatorli matritsalar uchun muhim spektrning ichida (muhim spektrning
bo‘shlig‘ida, muhim spektrdan chapda) cheksiz sondagi xos giymatlar mavjud bo‘lish shartlari
topilgan. [12] maqolada esa soni saqlanmaydigan va uchtadan oshmaydigan zarrachalarning
sistemasi bilan bog‘liq ikkinchi tartibli operatorli matritsa uchun ikki yoqlama Yefimov
hodisasining mavjudligi isbotlangan.

[13] maqolada dispersiya funksiyasi chegaralangan holda, « > 0 ta’sirlashish
parametrining ixtiyoriy qiymatida R? fazodagi ko‘pi bilan ikki fotonli spin-bozon modelining

*Jo‘raqulova F. M. - Buxoro davlat universiteti, f.m.juraqulova@buxdu.uz
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spektri tahlil gilingan. Bu holda muhim spektrning aniq ko‘rinishi tavsiflangan hamda muhim
spektrning ikki zarrachali va uch zarrachali tarmoqlari ajratilgan. Bundan tashqgari, muhim
spektr bitta kesmadan yoki oltitadan ko‘p bo‘lmagan kesmalar birlashmasidan iborat bo‘lish
shartlari topilgan.

Ushbu maqolada panjaradagi soni saqlanmaydigan va uchtadan oshmaydigan zarrachalar
sistemasiga mos uchinchi tartibli operatorli matritsa Hilbert fazosidagi chiziqli, chegaralangan
va o0'z-0‘ziga qo‘shma operator sifatida o‘rganilgan. Uning muhim spektri tarmoqlarning
joylashuv o‘rni ikki o‘lchamli qo‘zg‘alishga ega chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma
umumlashgan Fridrixs modellar oilasining spektral xossalari orqali tadqiq qgilingan.

2. Panjaradagi soni saglanmaydigan va ikkitadan oshmaydigan zarrachalar
sistemasiga mos umumlashgan Fridrixs modellari oilasi

Dastlab zarur tushunchalarni kiritamiz. T := (—m; 7] orqali bir o‘lchamli torni, Hy :=
C orqali bir o‘lchamli kompleks fazoni, H; := Lo(T) orqali T torda aniglangan kvadrati
bilan integrallanuvchi (umuman olganda kompleks qgiymatli) funksiyalarning Hilbert fazosini
belgilaymiz.

Ho @ Hq Hilbert fazosida ta’sir giluvchi va

hoo(x) L=hoy
h,(z):= LV
H( ) ( —\’/J‘th hll(l’)

tenglik orqali aniglanuvchi umumlashgan Fridrixs modellari oilasi deb ataluvchi ikkinchi tartibli
operatorli matritsani qaraymiz. Bu yerda p > 0 ta’sirlashish parametri bo‘lib,

hoo(z) fo = fo, horf1 = /Tfl(t)dt

(hi(z) fi)(y) = wl@,y) fily) fi€Hi, i=0,1,
w(z,y) :=3 —cosx — cosy — cos(z + y).

h,(z) operatorli matritsa Ho @ #; Hilbert fazosida chiziqli, chegaralangan va o‘z-o‘ziga
go‘shma operator ekanligini oson ko‘rsatish mumkin.

h,(z) operatorli matritsaning muhim spektrini aniqlash magsadida #H, @ #; Hilbert

fazosida
0 0
ho() := ( 0 hi(z) )

tenglik orqali aniqlangan operatorli matritsani (qo‘zg‘almas operator) qaraymiz. Ko‘rinib
turibdiki, ho(x) operatorli matritsaning h,(z) — ho(xz) qo‘zg‘alish operatori 2 o‘lchamli
operatorli matritsa bo‘ladi. Chekli o‘lchamli qo‘zg‘alishlarda muhim spektrning o‘zgarmasligi
haqidagi Veyl teoremasiga ko‘ra h,(x) operatorli matritsaning muhim spektri ho(x) operatorli
matritsaning muhim spektri bilan ustma-ust tushadi. Aniglanishiga ko‘ra

Jess(ho(x)) = [E1($>? Eg(.%)},
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bu yerda E)(z) va Es(z) sonlari

Ei(z) == minw(x,y) =3 — cosz — V2 + 2cosz,

yeT
Ey(x) = rilea%cw(x, y) =3 —cosx + 2+ 2cosx
tengliklar yordamida aniqlangan. Demak, h,(z) operatorli matritsaning muhim spektri uchun
Oess(hu(2)) = [E1(2); Ea(x)]

tenglik o‘rinlidir. Har bir tayinlangan p > 0 soni va € T uchun C\ [E;(x); Ex(x)] sohada
analitik bo‘lib,

2

1—2— uy _ < B,
A, (x, = \/(3—Cosz—z)2_4cos2 z 1
H( Z> 1—2+ mp? Z>E2(:):) ( )

\/(3—cos z—2)2—4cos? L’

kabi aniglangan funksiyani qaraymiz. Odatda, A, (z,-) funksiyaga h,(z) operatorli matritsaga
mos Fredgolm determinanti deyiladi.

1-lemma. Har bir € T uchun z € C\ [Ey(x); Ex(z)] soni h,(x) operatorli matritsaning
xo0s qiymati bo‘lishi uchun A, (x, z) = 0 tenglikning bajarilishi zarur va yetarlidir.

1-lemmaning isboti [14] ishda keltirilgan.

1-lemmadan h,(z) operatorli matritsaning diskret spektri uchun

UdiSC(hu(x)) ={z € C\ [E1(n); Ey(7)] : Au(x, z) =0}

tenglikni hosil gilamiz.

2-lemma. Har bir 4 > 0 soni va « € T uchun h,(z) operatorli matritsa E;(x) dan chapda
va Es(z) o‘ngda yotuvchi bittadan oddiy xos qiymatga ega.

Isboti. Aniglanishiga ko‘ra har bir g > 0 soni va z € T uchun A,(z,-) funksiya
(—o0; By (7)) oraligda uzluksiz va monoton kamayuvchi bo‘lib, ushbu

lim A,(z,z) =400, (2)
Z—r—00
TMVEREES g

tengliklar o‘rinli bo‘ladi. (2), (3) tengliklar va A, (z,-) funksiya (—oo; Ey(x)) oraliqda uzluksiz,
monoton ekanligiga ko‘ra shunday yagona E;(Ll)(x) € (—o0; E4(z)) soni topilib, A, (z, Eﬁl)(z)) =
0 tenglik bajariladi. 1-lemmaga ko‘ra E,Sl)(x) < Ei(z) soni h,(z) operatorli matritsa uchun xos
giymat bo‘ladi.

Xuddi shunday, har bir ¢ > 0 soni va « € T uchun A, (z, -) funksiya (E»(z); +00) oraliqda
uzluksiz va monoton bo‘lib, ushbu

Z%gr&)w A, (x,2) = +o0, (4)
lim A,(z,z) =—00 (5)

Z—+00
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tengliklar o‘rinli bo‘ladi. A, (x, -) uzluksiz funksiyaning (FEs(z); +00) oraliqda monotonligiga va
(4), (5) tengliklarga ko‘ra shunday yagona E () € (Es(x); +00) soni topilib, A, (z, EP (z)) =
0 munosabat bajariladi. 1-lemmaga ko‘ra E,(f)(x) > FEy(z) soni h,(z) operatorli matritsa uchun
xos qiymat bo‘ladi.

Qulaylik uchun h,(x) operatorli matritsaning F;(z) dan chapda va E,(x) dan o‘ngda
yotuvchi xos giymatlarini mos ravishda E,(})(:c) va E,(f)(x) orqali belgilaymiz.

3. Uchinchi tartibli operatorli matritsa muhim spektrining tuzilishi

L5(T?) orqali T? da aniqlangan kvadrati bilan integrallanuvchi (umuman olganda
kompleks giymatlarni qabul giluvchi) simmetrik funksiyalarning Hilbert fazosini hamda H
orqali Hy := C, H; := Lo(T) va Hy = L5(T?) fazolarning to‘g'ri yig‘indisini belgilaymiz,
vani H = Ho D Hi D Ho.

‘H Hilbert fazosida ta’sir qiluvchi quyidagi

-/400 AOI 0
AM = 61 ./411 /LA12 , M > 0 (6)
0 ,UJ.ATQ .A22

uchinchi tartibli operatorli matritsani qaraymiz. Bu yerda matritsaviy elementlar

Aoofo = af, Aofi = / OAGd  (Anf)@) = fi(@),

AL / f(a.t)dt,  (Asfo)(z,y) = w(ey) falz, y)

kabi aniglanib, a € R va v(-) funksiya T torda aniglangan haqiqiy qiymatli uzluksiz funksiya.
Aj, va A3, operatorlar mos ravishda Ay va Ao operatorlarga qo‘shma operatorlar bo‘lib,

Ao Ho = Ha, (A fo)(@) = v(@)fo,  fo € Ho,

fil@) + f1(y)
2 )
(6) tenglik yordamida aniqlangan A, operatorli matritsa H Hilbert fazosidagi chizigli,
chegaralangan va o‘z-o‘ziga qo‘shma operator bo‘ladi.

ot HL = Hy, (AL S1)(z,y) = fi € Hi.

1-teorema. A, operatorli matritsaning muhim spektri uchun

9
el ) = T B (a) U 02U B2 0

tenglik o‘rinli.

1-teorema Veyl mezoni, Faddeyev tenglamasining xarakteristik xossasi va Fredgolm
teoremasidan foydalanib isbotlanadi.

Endi ushbu magqoladagi asosiy teoremani bayon gilamiz.

2-teorema. a) Agar p € (0; \/i%] bo‘lsa, u holda A, operatorli matritsaning muhim spektri
uchun

Oess(Ay,) = [min E;Y (x); max EP ()]
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tenglik o‘rinli;

b) agar p € (% ] bo‘lsa, u holda A, operatorli matritsaning muhim spektri uchun

a\ﬁ

Tess(A,) = Im EW () U [0; max Ef) (x)],

m
tenglik o‘rinli bo‘lib, max E(l)(x) < 0 bo‘ladi;
c) agar ji > 3 f V2L 10lga, u holda A, operatorli matritsaning muhim spektri uchun

9
—]UIm Ef)(x)

Oess(Ay) = Im EXV (z) U [0; ;

tenglik o‘rinli bo‘lib, max EM(x) <0 va § < mm E'?(x) munosabatlar o‘rinli bo‘ladi.
Te
Isboti. 1-teoremaga ko‘ra A, operatorh matrltsamng muhim spektri

9
“JUIm EQ) ()

Oess(Ay) = Im Ef})(x) U [0; 5

to'plamdan iborat bo‘ladi. Aniqlanishiga ko‘ra A,,(-, z) funksiya T torda uzluksizdir. Shu sababli
E,(f) T — E,(f) (x), 1 = 1,2 akslantirish haqiqiy giymatli uzluksiz funksiyadir Demak, ImE,(f)
to‘plam yopiq va bir bog‘lamli bo‘ladi, ya'ni ImE) = [mijr; EP(x): maxE )(x)] bo'ladi.

TE

a) Faraz qilaylik, u € (0; \/%7] bo‘lsin. U holda

max A, (2;0) 2 0, (7)
A Dy <0 ®)
min o) =

tengsizliklar o‘rinli bo‘ladi. Agar A, (x; ) funksiyani (—oo; 0) va (5; 4-00) oraliqlarda monoton va
uzluksizligini hamda (2), (5), (7), (8) munosabatlarni inobatga olsak, u holda max Eftl)(a:) >0
xre

va min E( ) (z) < 2 tengsizliklar o‘rinli ekanligi kelib chigadi.

zeT
Ma’lumki,
irgqufA (2;0) = —o0 (9)
va 9
sup A, (z; =) = 00 (10)
z€eT 2

munosabatlar o‘rinli. Agar A, (z;-) funksiyaning (—oo;0) va (§;+00) oraliglarda monoton va
uzluksizligini hamda (2), (5), (9), (10) tengliklarni inobatga olsak, u holda miqrr1 EM(z) <0,
Te

max £ E; @ )( ) > 2 tengsizliklar o‘rinli bo‘ladi. Demak, A, operatorli matritsaning muhim spektri
xe

uchun
Oess(Ay) = [minElgl)( ) maXEl(f)( )]

zeT zeT

tenglik o‘rinli bo‘ladi.
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b) Faraz qilaylik, 1 € (-=; ¥2L] bo‘lsin. U holda max A,(2;0) < 0 va (8) tengsizliklar
VT 2T S
[AS

o‘rinli bo‘ladi. A, (z;-) funksiyaning (—o0;0) va (%; +00) oraliglarda monoton va uzluksizligini
hamda max A,(z;0) < 0, shuningdek (2), (5), (8) munosabatlarni inobatga olsak, u holda
xe

max E,(Ll)(x) < 0, Hli%rl E,(f) (z) < 2 tengsizliklar o'rinli ekanligi kelib chigadi. maXE,SQ)(x) > 2
Tre Tre

tengsizlik bajarilishi a) tasdiqda isbotlangan. Demak, A, operatorli matritsaning muhim spektri
uchun
Gess(A) = T B () U [0; max B2 (2)],

zeT
tenglik o‘rinli bo‘ladi.
c) Faraz qilaylik, pu > % bo‘lsin. U holda %S%Au(x;()) < 0 va Imnei’]ll‘lAM(l‘;%) > 0

tengsizliklar o‘rinli bo‘ladi. A,(z;-) funksiyaning (—oco;0) va (3;+o0) oraliglarda monoton,
uzluksizligini hamda max A, (x;0) <0, miqrrl A, (z;3) > 0 va (2), (5) munosabatlarni inobatga
fas e

olsak, u holda max EV(z) < 0, mi% EP(z) > 2 tengsizliklar o‘rinli ekanligi kelib chigadi.
re S

Demak, A, operatorli matritsaning muhim spektri uchun

Ges(Ay) = Tm B (2) U [0; 5] UTm B (2)
tenglik o‘rinli bo‘ladi.

Xulosa. Ushbu maqolada qattiq jismlar fizikasi, kvant maydon nazariyasi va boshqa
ko‘plab sohalarda uchraydigan panjaradagi soni saqglanmaydigan va uchtadan oshmaydigan
zarrachalar sistemasi Hamiltonianiga mos 4, operatorli matritsa qaralgan, bu yerda p > 0 -
ta’sirlashish parametri. A, operatorli matritsa muhim spektrining joylashuv o‘rni ikki o‘lchamli
qo‘zg‘alishga ega umumlashgan Fridrixs modellar oilasini spektral xossalaridan foydalanib
o‘rganilgan.
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PE3IOME

B nannOIT cTaThe onepaTopHas MaTPUIA TPETHErO MOPsi/iKa, COOTBETCTBYIONIUN CH-
CTEMBI C HECOXPAHLIONNMC U He 6oJiee TpexX YacTHIl Ha pelleTKe, pacCMaTpPUBAET-
¢ Kak JIMTHEHHBIN, OrpaHUYeHHBI U CAMOCOIPSKEHHBIN ollepaTop B T'UJIbOEPTOBOM
npoctpancTBe. Vcnomb3ys crekTpasibHble CBORCTBA JUHEHHON, OrpaHMYeHHON U ca-
MOCOIIPSIZKEHHOI ceMecTBa 0DOOIEHHBIX ceMeiicTBa Mojesneit Ppujipuxa ¢ JIByMep-
HBIM BO3MYIIIEHUEM, UCCJICIOBAH CYIIECTBEHHBII CIEKTDP PacCMaTpUBAEMON ollepa-
TOPHOI MaTPUITHI TPEObETO MOPSAIKA. BbljIe/IeHbl IBYXYACTUYHbBIE U TPEXYaCTUIHBIE
BETBHU CYIIECTBEHHOTO crieKTpa. M3ydeno pacmnoiokenue JIByX4aCTUIHBIX BETBE OT-
HOCHATEJIbHO TPEeX4YaCTUIHOU BETBU.

Karouesvie caosa: TuibdbepTOBO IPOCTPAHCTBO, OllepaTopHas MaTpuiia, 0000IIeH-
Hasg Mozenb Ppuapuxca, onpeaeaureab Opearoabma, CyIeCTBEHHBINH CIIEKTP.

RESUME

In this paper, operator matrix of order three corresponding to the system with
non-conserved and no more than three particles on the lattice is considered as
a linear, bounded and self-adjoint operator in Hilbert space. Using the spectral
properties of the linear, bounded and self-adjoint a family of generalized Friedrich
models with two-dimensional perturbation, the essential spectrum of the considered
operator matrix of order was investigated. Two-particle and three-particle branches
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of the essential spectrum are singled out. The position of two-particle branches with
respect to a three-particle branch is studied.

Key words: Hilbert space, operator matrix, generalized Friedrichs model, Fredholm
determinant, essential spectrum.
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UDC 65L05

ON THE NEGATIVE EIGENVALUES OF THE DISCRETE LAPLACIAN
WITH POTENTIAL IN THREE-DIMENSIONAL CASE

Kurbonov O. I., Akhralov Kh. Z. *

Abstract

Eigenvalue behaviour of a family of discrete Schrodinger operators H,, depending
on parameter u € R is studied on the three-dimensional lattice Z3. The non-local
potential is described by the Kronecker delta function and the shift operator. The
existence of eigenvalues below the essential spectrum and their dependence on the
parameters are explicitely proven. We also show that the essential spectrum absorbes
the threshold eigenvalue.

Key words: Discrete Schrodinger operators, threshold resonance, eigenvalues,
lattice.

1. Introduction.

Cladifying Schrodinger operators’ spectral properties is one of the most fierce research
areas within mathematical physics and operator theory (for recent results see [1-7]). It gives us
to better understand the physical processes integrated to those operators. Especially, In lattices
Schrodinger operators’ eigenvalue behaviors were discussed in many works [8-13], provided the
potential is the Dirac delta function.

In this paper we set a goal to explore the spectrum of the discrete Schrodinger operator
with a non-local potential given at the points zo, —zo € Z3. We demonstrate the existence of
eigenvalues outside the essential spectrum, threshold eigenvalues and resonances depending on
the parameter p, and the sum of coordinates of the point xy € Z3. We clearly show (Theorem
1) the subsistence of eigenvalues and resonances of the operator and their dependance on the
reciprocity parameter p, xg € Z3.

The case of Schrédinger operator given by the non-local potential at one point xy € Z3
was studied in work [14]. In [15] thorough image of the discrete spectrum of identical operators
was described on Z? for all dimensions d > 1. When reciprocity is present at both points
and —xg, the results similar to the cases described above, but adding of u makes the problem
more challenging and expands its application potential.

2. The discrete Schrodinger operator.
2.1. The discrete Schrodinger operator in the position representation.

For brevity, we use the following notations throughout the paper: Z? is the 3-dimensional
lattice and T?® = (R/27Z)? = (—7, 7]? is the 3-dimensional torus (the first Brillouin zone, i.e.,
the dual group of Z?) equipped with the Haar measure.

“Kurbonov O. I., Akhralov Kh. Z. - V.I.Romanovskiy Institute of Mathematics , oybekq330@gmail.com,
axralovh@mail.ru



Acta NUUz - 73- Exact sciences

Let T(y),y € Z* be the shift operator

(TW () = fle+y), [felP(Z%),xel’

the discrete Laplacian A on the lattice Z? is described by the self-adjoint (bounded)
multidimensional Toeplitz-type operator on the Hilbert space £*(Z?) ([16]) as

1

A= > (T(s) = T(0)).

s€z3
|s|=1

Let Vy be a multiplication operator in ¢*(Z3) by the Kronecker delta function 4], 0]:
Vof(z) = [z, 0] f(z).
Then, for a given point xy € Z3, we define the non-local potential (see [16]) as

Viy = 1(VoT (x0) + T*(w0) Vo) + u((VoT (o) + T(—0)) + (T*(wo) + T*(=0) V).

The discrete Schrédinger operator H ., acting in ¢?(Z%), in the position representation, is
defined as a bounded self-adjoint perturbation of —A and is of the form

H,=—-A—-V,,

2.2. Momentum representation of the discrete Schrodinger operator.
In the momentum representation, the one-particle Hamiltonian H, can be expressed as

HM = HO - ‘/1307
where Hy and V,,, are respectively defined as
Hy=F (~A)F and V= F*(V,,)F,

with F being the standard Fourier transform F : L*(T?) — (*(Z3) and F* : (*(Z3) — L*(T3)
being its inverse. Explicitly, the non-perturbed operator Hy acts on L*(T?) as a multiplication
operator by the function e(-):

(Hof)(p) = e(p)f(p), [fe€ LT,

where e(p) = 2?21(1 — cosp;),p € T?. The function ¢(-), being a real valued-function on T?, is
referred as the dispersion relation of the Laplace operator in the physical literature.

The perturbation V,, acts on f € L?(T?) as the two-dimensional integral operator:

(Vao f)(p) =

/ 1 (£C0P) 4 o) | 0s) 4 JG@0) f(s)ds,

T3

1
(2r)?

which can be rewritten in a more convenient way as

Vo )0) = s [ 2a(costan.p) + costan ) f(s)ds, S € (T,

’]1‘3
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To avoid writing the factor of 2 before p in formulas, we keep the notation p but we mean
2u everywhere below.

2.3. The essential spectrum of H,,.

The perturbation V' of Hy is a two dimensional operator, therefore in accordance with the
Weyl theorem on the stability of the essential spectrum, the equality cess(H) = 0ess(Hp) holds.
As Hj is the multiplication operator by the continuous function e(-),

Uess(H,u> - [emim emax] — [076]

2.4. The Fredholm determinant associated with H,,.

First, for a complex number z € C\ [0, 6], let us introduce the following integrals

1 1
alz) = (2m)3 /T:s e(t) — zdt7
b(z) = 1 3/ COS(xO’t)dt,

(2m)3 Jps e(t) — 2
1 cos?(xg, t)
A2) = Gy /T @)= "

Then, for any i € R, the Fredholm determinant associated to the operator H, is defined as a
regular function in z € C\ [emin, €max):

M) = g5 = gy + oty d2) =) - al)els). 1)

Lemma 1. The number z € C\ [0,6] is an eigenvalue of H,, if and only if A(u; z) = 0.
Proof. Consider the eigenvalue equation

(HM - Z)f = 07
which can be rewritten in a more explicit form as

e(p) — 21£(p) - ““” /f /mm@ﬂwwﬂ

T3

with f € L?(T3). Denote

1 1
Cy = ok /T3 f)ydt, Cy= ok /TS cos(xo, t) f(t)dt

Then, the above equation is equivalent to the system of linear equations with respect to C; and

Cs
{ (1 — pb(2))Cr — pa(z)Cy =0 @)
—pc(z)Ch + (1 = pb(z))Cy = 0.

The solution f and the solution C, Cy of (2) are related as
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N (M cos(xo,p)) (Cy 4 pCs).

The Fredholm determinant of the system of linear equations (2) is of the form (1), and
this fact completes the proof.

3. Properties of A(y;z).
For a fixed z € Z3 we consider the function

1 6i(m,t) p
= t - min )
.2 = o [ st 2 €~ ) Q

then the functions a(z), b(z) and c(z) can be expressed as a(z) = (0, 2), b(z) = r(zo, 2)
and ¢(z) = 5 (r(0,z) + r(xo, z)) respectively. For the readers convenience we state the lemma
from [14] which reveals some useful properties of the function r(z, 2):

Lemma 2. For any v € Z3, r(x,z), as a function of z, is positive and monotonically
increasing in (—oo,0). Moreover, the following asymptotical relation holds

1
r(z,z) =0 (W) as z — —oQ,
where
2| = [@1] + [za] + |23
and

lim r(x,z) =r(x, emmn).
Z—Cmin

Proof. We represent the function in (3) as

1

where
1 A >
A=~ /T 3 eZ(x,t)(;cos(tj)) dt
1 n! ~ o
— i(x,t) Ji(k—Fk't) dt
(93 Z RE l.’l.’l.'l/e €
and

Ng = NO X NO X No, NQ = {O, 1,273, }
According to the identity

1 , o 1, for z+k—kK =0
i(w,t) i(k—K't) 30 ) / 3
(27)3 /TB e e dt { 0, for x+k—Fk #0, kol e No,
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the number A, is non-negative for any n € N and strictly positive if there exist k, ¥’ € N3 such
that x + k — k' = 0 with ky + ko + ks + ki + k5 + kf = n. However, the equalities x +k — k' =0
and ki + ko + ks + ki + k5 + k5 = n imply that

A, =0, for n<|x|,
A, >0, for n=]|x|, (5)
A, >0, for n>|z.

The relation (5) and the expansion (4) prove the first part of the lemma.

As e(q) — epin ~ %q2 near the origin ¢ = 0, the following relation is satisfied

d
0</-——i——_+m.
T3 2((]) — Cmin

These prove the second part of the lemma.

Lemma 3. The functions a(z), b(z), ¢(z) and d(z) are monotonically increasing and
positive in (—o0,0), and the followings are valid

lim a(z) = a(emi),
z—0—

lim b(z) = b(emin),

z—0—

Jim ¢(z) = c(emin),

lim d(z) = d(emin)-

z—0—

We also have the aymptotic relations

m@—o(1> 45 7 — —o0,

B
-0 () v
:o( ) ws - —oq,
=0 (%) as z — —00,
U) _o(a) as 2 —oo (6)

(z

~—

Proof. Proofs of the statements involving the functions a(z) and b(z) follow from the
equalities a(z) = r(0, 2), b(z) = r(x¢, z) and Lemma 2. The relation

d(z) = b(2) — a(2)c(2),
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the limits

1 1
a0 = lim a(z) (2)3 /T?, e(t) — emin

1 13
bo = lim b(z) = )3/ COS<I07 ) dt,
T

2—0— (27 s ¢(t) — emin
1 (o, t
co = lim ¢(z) = / cos” (2o, )dt
z2—0— (271')3 T3 e(t) — Cmin

and the properties of a(z) and b(z) yield the proof of the statements related to d(z).
Lemma 4. (a) For any z € (—00, emin), the numbers

2(2) = and pq(z) = 7
Ha(2) b(2) + Va(2)e2) () b(z) — al2)e(2) (7)

are p-intercepts.
(b) For any &,z € (—00, emin) with £ < z, the inequalities

1(§) < pa(z) <0 < pa(z) < p2(§) (8)
and
[ (2)] > p2(2) (9)
hold.
Moreover, we have
0 1

M= ) = e < A= 19
and

1
0. 1 _ ' _
Ha == Z*&min*MQ(Z) by + /aoco ZEEHOO Ha(2) = +oo. (11)

Proof. Simple calculations yield the statement (a).

(b) Due to Lemma 3, the functions a(z)£b(z) are monotonically increasing in the interval
(—00, emin), therefore the relations

Va(z)e(z) +b(z) > va(€)e(§) +b(§) > 0> b(E) — Va(§)e(§) > b(z) — Va(z)e(z)

and
0> b(z) — vVa(2)c(z) > —(Va(z)e(z) + b(2))
provide the proof of inequalities (8) and (9).
4. Threshold eigenvalues and threshold resonances of H,,.

So far, we have studied the equation H,f = zf for z € (=00, emin). Now, we consider it
at the left edge 2z = ey, of the essential spectrum with = p? or u = uf.

Definition.

In the equation H,f = eminf, emin is called
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(1) a lower threshold eigenvalue if f € L*(T3),
(2) a lower threshold resonance if f € L*(T?)\ L*(T?),
(3) a lower super-threshold resonance if f € L(T?) \ L'(T?) for any 0 < e < 1.

If H,f = eminf has no solutions in L*(T?), then emin is a regular point of H,.

For a continuous function

©(p) = Cy cos(xo, p) + Cy

(where C, Cy € C are fixed numbers) define

g(p) = o(p)/e(p).

The function 1/¢(p) has a unique singular point at the origin p = 0, and approximated as
¢e(p) = |p|* at this point. The lemma below is a straightforward consequence of the definition
of g and the properties of e(+)

Lemma 5.
(a) if ¢(0) =0, then g € L*(T?).
(b) if p(0) #0, then g € L'(T%)\ L*(T?).

Proof. From the Makloren series expansion of the function y = cos x, the equation

p(p) = C1 + Ca + (20, p)*¢(p) (12)
can be written, where ¥ (p) is a continuous function. At the same time, it is possible to show

22 < <1y T 13

S sep)=opt pe (13)

from the relation 2?2 S<sinzx <z, 0<z<73.
(a) If ¢(0) = 0, then such numbers B; > 0 and § > 0 are found, |p(p)| < By|p|>, pe T3

/T3(9(p))2dp = /W (f((g))fdp < B /T3 (%p;2)2dp = B, /TS 1dp < 0.

It means that g € L?(T?).
(b) Let ©(0) # 0, By > 0 and § > 0 numbers. There exist number B; > 0 and § > 0, such

and

that
lp(p)| > Bi,  p € Us(0).

[ wwya= [ (g)ap= Bt [ e

U3(0) i Juso P

Then from (13)

and so g ¢ L*(T?).
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The inequality (13) allows to get estimation.

M
lg(p)|dp < / ~dp < oo.
T3 T

3 T2p2
where My > max |¢(p)|. Namely g € L'(T?), so g € L' (T?) \ L*(T?).

In the theorem below, we describe the conditions for e.;, = 0 to be a regular point, an
eigenvalue or a threshold resonance.

Theorem. (a) Let A(u,0) # 0.
The number 0 is a reqular point of H,,.

(b) Let A(u,0) = 0.
(b1) The number 0 is an embedded eigenvalue of H,,, if jn = m;
(b2) The number 0 is a threshold resonance of H,,, if i # ao%bo

Proof.

(a) For the equation
(H, —0)f =0 (14)

has a solution, if and only if the system of equation

{ (1 — [Lbo)cl — ,LL(Z()CQ =0

2
—pcoCh + (1 — pabo) Co = 0. (C1,Cr) eC (15)

has a solution, where the solutions of (14) and (15) are connected by relations

f) = () #p) = cos(ao,p)Ci +Co (16)
and . )
Cy = ) /TS f(s)ds, Cy= Ok /TS cos(zg, s) f(s)ds (17)

Since the determinant A(u,0) of the system (15) is not zero, equation (14) has nontrivial
solution, that is, the number 0 is a regular point of the operator H,,.

[(b)] Since A(p,0) = 0 system of equations (15) has a unique solution, and according to
(16)

f@z%w@,wm:mm@q+@

where f(p) is a solution of (14).

o (bl) p= = if and only if (0) = 0 it follows from Lemma 5 that f € L*(T?).

o (b2) pn# aoibo if and only if ¢(0) # 0 it follows from Lemma 5 that f € L'(T?)\ L*(T?).

The last relation and the definition complete the proof.
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REZYUME

H,, diskret Schrodinger operatorlari oilasi xos giymatlarining o’zgarishi p € R
parametriga qarab Z3 uch o’lchovli panjarada o’rganiladi. Potensial, Kronecker
delta funksiyasi va siljish operatori bilan tavsiflanadi. Muhim spektrdan chapda
xos giymatlar mavjudligi va ularning parametrlarga bog’liqligi aniq isbotlangan.
Shuningdek, bo’sag’a xos qiymatining muhim spektriga yutilishini ko’'rsatamiz.

Kalit so‘zlar: Diskret Schrodinger operatorlari, chegara rezonansi, xos giymatlar,
panjara.

PESIOME

Ha Tpexmepmnoii pemerke Z3 WCCIeI0BAHO MOBEJCHAE COOCTBEHHLIX 3HAMEHHI Cce-
MeilicTBa TUCKpeTHBIX onepaTopos lllpénunrepa H, B 3aBucuMocTn OT Iapamerpa
1 € R. Hesokanbublil morennuas onucbiBaercs jgenbra-dynkimeit Kponekepa un
orteparopoM cisura.CyInecTBOBaHnE COOCTBEHHBIX 3HAYCHUN HUXKE CYIIECTBEHHOI'O
CIIEKTpa U UX 3aBUCUMOCTDL OT IIapaMeETpPOB fABHO ,ZLOKaSaHO.MbI TaK>Ke IIOKa3bIBaeM,
YTO CYIIECTBEHHBINH CIIEKTD MOIVIOIIAET TOPOrOBOE COOCTBEHHOE 3HAYEHHE.

Karoueswvie caosa: /luckpernnie oreparopsl LIIpéannrepa, moporoseiii pe3oHaHC,
COOCTBEHHBIE 3HAYEHUsI, PEITETKA.
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UDC 519.21

M|G|1|N sistemaning bandlik davri o‘rta qiymati uchun limit teoremalar va
ularning tadbiqlari

*
Qurbonov H., Bozorova O°.

REZYUME

Ushbu ishning magsadi M|G|1|N sistema bandlik davri o‘rta giymati uchun
asimptotik munosabatlarni keltirib chiqarishdir. Statsionar navbat uzunligi
tagsimoti bandlik davri o‘rta giymati orqali ifodalanishi ko‘rsatilgan.

Kalit so‘zlar: Bandlik davri, navbat uzunligi, o‘rta qiymat, ikkilanmalik,
statsionar tagsimot.

KIRISH

Ma’lumki, xizmat ko‘rsatish sistemalarining asosiy xarakteristikalari bo‘lgan bandlik davri
va navbat uzunligini tahlil qilish sistemalarni optimal rejalashtirish va xizmat samaradorligini
ta’minlashda muhim ahamiyatga ega. Ushbu tasodifiy jarayonlar M|G|1 va GJ|M|1 sistemalar
uchun [3], [4], [5], [6], |7] ishlarda va M|G|1|N va GJ|M|1|N sistemalar uchun [8], [9], [11], [1],
[2] ishlarda yetarlicha o‘rganilgan.

18], 19], [1], [2] ishlarda olingan natijalardan ko‘rinadiki, statsionar navbat uzunligi
tagsimoti bandlik davri o‘rta qiymati, nostatsionar navbat uzunligi taqgsimoti esa bandlik
davri tagsimoti orqali ifodalanadi. Shu sababli kutish joylar soni cheklangan sistemalar navbat
uzunliklari tagsimotining tahlilini (aynigsa, statsionar holatda) bandlik davri va uning o‘rta
giymatini o‘rganishga olib kelish mumkin.

Ushbu ishda M|G|1|N sistema bandlik davri o‘rta giymati uchun N — oo da asimptotik
munosabatlar o‘rnatiladi va ularning ayrim tadbiglari qaraladi. Jumladan, [10] ishda (209-
bet) GJ|M|1|N sistema statsionar navbat uzunligi tagsimoti uchun olingan natija keltirib
chiqariladi.

Shuningdek, M|G|1|K ,k = 1, N + 1, sistema bandlik davri o‘rta qiymatlari M|G|1|N
va GJ|M|1|N — 1 sistemalar statsionar navbat uzunliklari tagsimotlari o‘rtasida ikkilanma
munosabatlar o‘rnatiladi.

MASALANING QO‘YILISHI VA ASOSIY NATIJALAR BAYONI
1.Sistema bandlik davri o‘rta qiymati uchun limit teoremalar

Bitta xizmat ko‘rsatish qurilmasidan iborat bo‘lgan ommaviy xizmat ko‘rsatish
sistemasiga A parametrli Puasson talablar oqimi kelib tushayotgan bo‘lsin, ya’ni talablarning
kelib tushish momentlari orasidagi vaqt uzunliklari bir xil

Ale) = {o,xgo,

l—e ™ AX>0,2>0,

“Qurbonov H., Bozorova O¢. — Sharof Rashidov nomidagi Samargand davlat universiteti, Universitet
xiyoboni Bulvar 15, Samarqand 140104, O‘zbekiston. khabibullo.kurbanov@mail.ru. ogiloy.bozorova@mail.ru
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tagsimot funksiyasiga ega.

Talablarga ularning kelish tartibida xizmat ko‘rsatiladi. Xizmat ko‘rsatish vaqti
uzunliklari o‘zaro bogliq bo‘lmagan va bir xil B(x)[B(+0) = 0] tagsimot funksiyasiga hamda
! o‘rta giymatga ega bo‘lgan tasodifiy miqdorlarni tashkil gilsin. Sistemaning kutish joylari
soni N ga teng, ya'ni sistemada xizmat ko‘rsatilayotgan talab bilan birga ko‘pi bilan N + 1 ta
(N > 1) talab bo‘lishi mumkin.

Yuqorida keltirilgan shartlar bajariladigan sistema odatda M|G|1|N deb belgilanadi.

Ushbu ishda qaralayotgan sistema bandlik davri o‘rta giymatining asimptotik holatlari
tahlil gilinadi. [11] ishda bandlik davri tagsimotining Laplas-Stil’tes almashtirishini aniglovchi
formula isbot qilingan. Shuningdek, bandlik davri o‘rta qiymati ham aniq ko‘rinishda emas,
balki hosil giluvchi funksiyalar orqali berilishi sababli ushbu natijalardan bevosita foydalanib
bo‘lmaydi. Xizmat ko‘rsatish sistemasining aksariyat xarakteristikalarining (bandlik davri,
navbat uzunligi, kutish vaqti) tahlili ko‘pincha aynan bandlik davri o‘rta qiymatining asimptotik
holatlariga bog‘liq bo‘ladi.

Quyidagi belgilashlarni kiritaylik:

Ck M]G|1|k: k =1, N , sistemaning bandlik davri,

fo e**dB(z), Res > 0,
fo e s dP( Ck < x),Res > 0,

p= )\u - sistemaning yuklanishi,

r - v = b(A — A\v) tenglamaning p # 1 da birdan farqli va p = 1 da birga teng bo‘lgan
yagona yechimi.

1.1-teorema. Ushbu munosabatlar o‘rinli:

1—rk
. k . _ -
lim N (MCy — MCy_y) = L (1.2)
Nosoo N NI O = M) oy + 1] ‘
1.2-teorema. Ushbu munosabatlar o‘rinli:
gN k Tkap Z 17
li = 1.3
N0 M(n 1,p<1, (1.3)
p > 1lda
1
li Ny : 1.4
A Moy = R T o 1] (14)
1.3-teorema. p > 1 da ushbu munosabat o‘rinli:
2(p—1)
T:1+W+O<p—1). (1.5)
1.1-teoremaning isboti. [11]| ishda quyidagi munosabat isbotlangan:
AV
Bi1(s) (1.6)

gk(s): Ak(S) )
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bu yerda Ag(s) ushbu tenglikdan aniqlanadi:

" _wb(s) — (A + X — \v)
g%UAﬁﬁ_fl—WW—bu—Amy (1.7)

Ma’lumki, M ¢, = —g/(0). Bunga ko‘ra (1.6) dan quyidagi tenglikka ega bo‘lamiz:
M, = AL(0) — AL _1(0), k> 1. (1.8)

(1.7) tenglikning ikkala tomonini s bo‘yicha differensiallab, s = 0 da (1.8) munosabatga
ko‘ra ushbu tenglikka ega bo‘lamiz:

Z uMGe = o ”M) i (1.9)

Faraz qilaylik, 7 miqdor v = b(A — A\v) tenglamaning birdan farqli eng kichik yechimi
bo‘lsin. U holda quyidagi munosabat o‘rinli:

b(A— ) —v=a(v)(v—1)(v—r),

bu yerda v = 1 va v = r da a(v) # 0. Bunga va (1.9) tenglikga ko‘ra

v (v—1)(v—r)v =,
= 1.1
pa(v) — pb(A — M) 1U > (1.10)

bu yerda
€1 = TMCl?

€y = TMCQ — (7’ + ]-)MCM
[ TMgk — (’f‘ + I)MCk—l —I— MCk_Q, k Z 3
(1.10)munosabatdan mos holda v = 1 va v = r larda ushbu tengliklarga ega bo‘lamiz:
1—r

e = ———
P pu(p—1)

gk

(1.11)

1.12
l;r TN = M)y + 1 (1.12)

Boshga tomondan

kzek = ngr;ozek = (rM ¢y — MCy_g), (1.13)
=1

N N

> ke = lim > ke = dim MMy — M¢yo). (1.14)

k=1 k=1
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(1.11)-(1.14) munosabatlardan k£ = 1 holda teoremaning isboti kelib chiqadi. £ > 2 bo‘lgan
hol uchun teorema matematik induksiya metodi bilan isbotlanadi.

Darhagqiqat, aytaylik

1 — k-l
lim (r* "My — MCy_p1) = ——— 1.15
munosabat o‘rinli bo‘lsin. U holda ushbu munosabat va (1.12) ga ko‘ra
hm (TkMCN — MCN—I@) = llm (’I“kMCN — TMCN—I@—H —|— TMCN—k—&-l — MCN—k) =
N—o0 N—oo
= lim r(r* 'M{y — My 1) + lim (rMCy g1 — Mn_g) =
N—o0 N—00
B r(1 — k1) N I—7r 1—rk
plp=1 plp=1)  pp-1)
1.2-teoremaning isboti. Ma’lumki, ([3], 63-bet)
;7 p < 17
lim M(y = { #1=r) (1.16)

(1.1) tenglikka ko‘ra

- M-k, _ 1—rk
)_u(l—p) =

: k
i Mon(r = =

Bundan (1.3)munosabatga ega bo‘lamiz. Xuddi shuningdek, (1.16) ga ko‘ra (1.2)dan (1.4)
munosabat kelib chigadi.

1.3-teoremaning isboti. Ma'lumki, ([3], 62-bet), p > 1 da v = b(A—\v) tenglama ikkita
yechimga ega: v; = 1 va vy = r, bu yerda 0 < r < 1. Shu sababli p > 1 da

v —bA =) =a(v)(v—1)(v—r). (1.17)

tenglik o'rinli bo'ladigan, v # 1 va v # r da a(v) # 0 bo‘lgan funksiya mavjud. Boshqa
tomondan, b(A — Av) ni v bo‘yicha qatorga yoyib,

Ng? 2(p—1)
5 (v—1)(v—1+ 252

v—bA— ) =— )+ 0(]1 —v?) (1.18)

tenglikga ega bo‘lamiz. (1.17) va (1.18) ga ko‘ra

A2 2(p—1)
(=14 =

a(v)(v—r) = -

munosabat o‘rinli. Bundan v = 1 da

)+ 0(]1 — o)) (1.19)

r=1+a(1)(p—1)

tenglikga ega bo‘lamiz. Buni e’tiborga olib, (1.19) dan v = r da (1.5) tenglikni hosil gilamiz.H
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Izoh. Agar 0® = [° 2?dB(z) < oo bo‘lsa, u holda ushbu munosabatlar o‘rinli bo‘ladi:

1— 7k 2
i~ = 20 ),
pip(p—1)  plo?

) 1—7rk 2k
lim = )
p=1 AV, (A = M) o=y + 1] pP0?

Ushbu munosabatlar bevosita 1.3-teoremaning natijasi sifatida kelib chiqadi.
2. Bandlik davri o‘rta qiymati uchun olingan natijalarning ayrim tadbiqlari.

Yuqorida keltirilgan M|G|1|N xizmat ko‘rsatish sistemasi bilan bir qatorda, ushbu
sistemada A(x) va B(z) tagsimotlar o‘rnini o‘zaro almashtirib, hamda kutish joylari soni

(N —1) ga teng deb hisoblab, ikkinchi GJ|M|1|N — 1 sistemani hosil gilamiz. Ushbu sistemalar
ikkilanma xizmat ko‘rsatish sistemalari deb ataladi.

Quyidagi belgilashlarni kiritaylik:
p1 = A"t va py = pA7! mos holda M|G|N va GJ|M|1|N — 1 tarmogqlarning yuklanishi;
&1n(t) va & (t) mos holda M|G|1|N va GJ|M|1|N — 1 sistemalarda ¢ momentda mavjud

bo‘lgan talablar soni;
PN(/{?) = thm P(le(t) = k‘), k= O,N + 1,
— 00

Qn(k) = lim P(éx(t) = k). k = 0.V, (2.1)

[8] va [9] ishlarda (2.1) limitlarning (statsionar holat ehtimollarining) mavjudligi isbot
qilingan hamda Py (k) va Q (k) tagsimotlarni aniglovchi formulalar keltirib chiqarilgan. Ushbu
ehtimollar hosil qiluvchi funksiyalar bilan aniqlangan miqdorlar orqali ifodalangan va shu
sababli ulardan bevosita foydalanish ma’lum qiyinchiliklar bilan bog‘liq.

Bu yerda Py (k) va Qx (k) ehtimollarning M ¢y, (k = 1, Nlar orqali ifodalangan ko‘rinishlari
keltiriladi hamda 1-banddagi natijalarning ayrim tadbiqlari qaraladi. Jumladan, Pyk va Qnk
tagsimotlarning N — oo dagi asimptotik holati aniq ko‘rinishda topiladi.

2.1-teorema. Quyidagi munosabatlar o‘rinli:
a)PN(O) == (1 + )\MCN)_17
Pu(k) = u(MG = MGe1)(1+ AMCy) ™ k = T, N, (2.2)
Py(N +1) = [1 = (1= N)M](1+AMCy) ™
)Qn(0) = [ — (1 = N)MGJAM¢N) ™,
Qn(k) = w(M{n 1 — M) AMCy) ™ k=1, N, (2.3)

2.2-teorema. p; > 1(py = p;' < 1) da ushbu munosabatlar o‘rinli:

lim Py(N +1) = lim Qn(0) =1- prt,

N—oo

lim Py(N —k+1)= lim Qun(k) =p;r" (1 —7),k > 1, (2.4)
N—o0 N—oo
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bu yerda r miqdor v = b(A — \v) tenglamaning birdan farqli eng kichik yechimi.
Izoh. [10] ishda @n(k) uchun teoremada keltirilgan munosabat boshqa metodlar
yordamida keltirib chiqarilgan.

2.1-teoremaning isboti. [8] va [9] ishlarda Py (k) va Qn(k) ehtimollar uchun quyidagi
munosabatlar keltirib chigarilgan:

a)Pyn(0) =[1 + %(1 + Afn)],

Pn(1) = Af1Pn(0), (2.5)
Py (k) = A(fr — fa-1)Pn(0), k= 2,N
Py(N +1)=1—(1+Afy)Px(0),
D)Qn(0) =1 = Afnayty,
Qn(k) = Mfx-rt1 — fu-)ani, k=1L, N — 1, (2.6)
Qn(N) = Mgyt

bu yerda fj va g lar ushbu hosil giluvchi funksiyalar bilan aniglanadi:

— v 1 —b(A\ — o)
N , 9.
g;”ﬁ X0 b — o) — 0 27)
- 1
k
= ) 2.
2 e b — \v) — v (2:8)
k=0
(1.8) munosabatga ko‘ra
PM G = qr—1
va
1

M = = (14 Afy)
L

tengliklarga ega bo‘lamiz. Ushbu tengliklarga ko‘ra, (2.5) va (2.6) dan (2.2) va (2.3)
munosabatlar hosil bo‘ladi.ll

2.2-teoremaning isboti. [10] ishdagi (62-bet) tasdiqga ko‘ra p; > 1 da
lim M{y = oo. (2.9)
N—o00

Bunga ko‘ra (2.2) tengliklardagi uchinchi va (2.3) tengliklardagi birinchi munosabatlardan
2.2-teoremaning birinchi tasdiqi kelib chiqadi.

(2.2) dan ushbu tenglikga ega bo‘lamiz:

My My
MCn g1 — M{y-1) 1( 1\?@5“ - MJZNl)

1+ AM(y N yer T A

Pu(N — k4 1) = X
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Bu tenglikdan 1.2-teoremaga asosan, N — oo da

k=1 _ .k
lim Py(NV —k+1) = 20 =) ke (2.10)
N—oco )\
natijaga ega bo‘lamiz.
(2.2) va (2.3) dan
14+ A\MCy
k) = Py(N — k4 1) -~ 25N
Qn(k) N ( +1) NGy

tenglikga ega bo‘lamiz. Bundan (2.10) ga ko‘ra (2.9) ni e’tiborga olib, ushbu natijani olamiz:
p2 > 1da

lim Qu(k) = p;r* 11 —r). 1
N—oo
Xulosa

Ushbu ishda o‘rnatilgan ikkilanma munosabatlar hamda [2]| ishda M|G|1|N sistema
bandlik davri o‘rta qiymati uchun N — oo va sistema yuklanishi p = A\u~! — 1 da o‘rnatilgan
asimptotik formula yordamida M|G|1|N va GJ|M|1|N — 1 ikkilanma sistemalar statsionar
navbat uzunliklari taqsimoti uchun asimptotik munosabatlarni keltirib chigarish qiyin emas.

Xulosa qilib aytish mumkinki, yuqorida aytilgan ikkilanma sistemalar statsionar navbat
uzunligiga doir deyarli barcha natijalarni M|G|1|N sistema bandlik davri o‘rta giymati uchun
olingan natijalar yordamida nisbatan oson keltirib chiqarish mumkin.
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PE3IOME

ILlesnb 3T0it paboTa MoKa3aTh aCUMIITOTHYECKHE COOTHOIICHUS sl CPEIHEro 3Haue-
Hust ieprojia 3ausitoctu cucrembl M |G|1|N. I[Tokazano, 9To pacipeieeHust CTaIo-
HAPHOI JIJINHBI OYePE/I BLIPAsKaeTCs 9epes CPeIHero 3Ha4eHNsl epUo/Ia 3aHATOCTH.

Karoueswvie caosa: llepuost 3aHATOCTH, JIJIMHA OY€PEIN, CPEIHAA BEJIMINHA, JTBOM-
CTBEHHOCTD, CTAllMOHAPHBIE paclipeje/ieHue.

RESUME

The purpose of this paper is to show asymptotical relations for mean value of
busy period of the queueing system M|G|1|N. It is shown that the distribution
of stationary queue size is expressed in terms of mean value of busy period.

Key words: Busy period, queue length, mean value, duality, stationary
distribution.
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OPTIMAL WATER MANAGEMENT IN THE CHANNELS OF MACHINE
WATER RAISE SYSTEMS

Turaev R. 4, Seytov A.° Haydarova R. ¢, Abduraxmonov O. 7, Choriyorov N. 8

Abstract

The article studies the problem of water resources management in the channels of
machine water lifting systems and developed improved modes of water supply to
systems of machine water lifting for irrigation, developed on the basis of the use of
modern mathematical models, optimal control methods and algorithms will ensure
the saving of water and energy resources in the system of machine water lifting.

Key words: mathematical model, unsteady flow of water, main canals, optimal
control problems, fundamental solution, differential equations, hydraulic structures

I.Introduction

Once the ecological situation has been assessed, it is important to consider how water
can be efficiently managed within the pumping station cascade. This may involve assessing the
capacity of each station, as well as the amount of water that is being pumped through the
system. It may also involve considering the source of the water, including whether it is being
drawn from a local river or other waterway, or from an underground aquifer [25,26].

In addition to the strategies mentioned above, it may also be important to consider the
potential impacts of climate change on the water resources in the area. This could include
changes in precipitation patterns, increased frequency and intensity of extreme weather events,
and changes in the timing and amount of snowmelt. By planning for these potential impacts and
implementing adaptation strategies, such as increasing water storage capacity or implementing
more flexible pumping schedules, it is possible to ensure that water resources can continue to
be managed effectively in the face of changing environmental conditions.

Another important aspect of optimal water management is stakeholder engagement.
This may involve consulting with local communities, businesses, and other organizations to
understand their needs and priorities related to water resources. By engaging with stakeholders
in a transparent and collaborative manner, it is possible to build support for water management
strategies and ensure that they are implemented in a way that is equitable and inclusive [27].
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Finally, it is important to regularly monitor and evaluate water management strategies
to ensure that they are achieving their intended goals. This may involve monitoring water
quality and quantity, tracking changes in local ecosystems, and assessing the social and
economic impacts of water management strategies. By regularly evaluating and adjusting water
management strategies based on new information and changing conditions, it is possible to
ensure that water resources are being managed in the most effective and sustainable way
possible. Any complex hydrographic scheme of the channels of machine water lifting systems
can be divided into several simple structures, which are a graph-tree. The tree graph structure
is divided into hierarchies. The hierarchy in the graph is defined using two parameters [1-3|

Q={[i, K], Viel} (1)

i - hierarchy number; K& - number of groups in the given hierarchy.

Groups are a set of sections connected to their beginnings. A group can have one or more
parcels.

Each group is defined by the following numbers [3,4]

Qc = {|jic, nijas kija] » kije € Nyjg. Viie € Lig, Viel}, (2)

Jic -group number in the hierarchy; n;j; -number of the section connected to this group
with its end; k;j¢ -number of groups in the given hierarchy; N;jg -set of numbers included in
this group of sections of the river; I;; -set of group numbers included in this hierarchy.

Each section of the graph is defined as follows [5,6]

Qy = {[m, Kb kaamy] ; Vkp € Ko, Vh,p € Kpp, Y € M} ’ (3)

m - plot number; k., , k,p u m, - respectively, the number of water intakes,
tributaries and plots at the end; K, 5 , K,,p 1 m, - set of numbers of water intakes, tributaries
and numbers of sections located at the end, respectively. Each section of the channel has its
own morphological and hydraulic characteristics, which, for example, for trapezoidal prismatic
sections, will be written as follows, m -plot number, by, -bottom width, m,, - slope factor,
n,, -roughness factor, i, - site bottom slope, [,, - section length, 7, - channel section
efficiency.

In the case of a non-prismatic section of the channel, the characteristics are given as
follows [7,8]

Q5 = {lm, him, Bim, Qim, L], Vi € I, Ym € M}, (4)

where m - is plot number, h;, - depth, B;, - width on top of plot in vertical section 1 ,
Qim - water consumption corresponding to this mode, i.e. consumption characteristics of the
canal sections.

Thus, the structure of the main canal is determined by the knowledge of sets (1) - (4) and
they fully characterize its topology and hydraulic characteristics |9]

Qg :QIUQGUQM‘ (5)
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On the basis of the linear scheme of the main canal, hierarchies, groups are determined
and all sections, branches, tributaries of the canal are numbered. After that, the sets (2, |
Qg , Q,, are compiled in the form of a table with the corresponding fields, these tables are
filled in accordance with the accepted numbering of sections, branches, tributaries, groups
and hierarchies. This representation of the structure of the main canal is very convenient for
developing a database and solving problems of managing the water resources of the main canal.

Let us consider the record in the given terms of the database of balance relations in the
channel sections from the condition of the presence of steady modes in the channel sections.
The water flow at the beginning of the m - section of the canal is determined as follows [10,11]

Qg + ZB Qij - ZP Qij
e, e,
Q= ——"" e Vme M, (6)
Mim

where Q- water flow at the beginning and end, Q) pmj» & Bmj -Water consumption of water
intakes and tributaries, 7,, - is the efficiency of the m - section of the channel.

In the groups j;; in ¢ - hierarchy of the structure of the main channel, the balance
ratios are written as [12]
K H
Qi = D, Q. V€l (7)

kijGeNijG
Qfllijc - water flow at the end of the section n;; -section connected to this group by its

end, QkHijG water flow at the end of section k;;¢ - the section of the canal of group jis .

For end sections in groups, water flow rates are set at the end of these sections [13,14]

ng =@y, Ymy, € My, (8)

where Qﬁk - water flow rates at the end of the end sections in the groups of the my
-section connected to this group by its end, ka - given water flow in the end sections of the
main canal, M, € M - set of numbers of end sections of the main canal.

Using expressions (6) - (8) with known values of water flow rates at the outlets of water
intakes and inflows, as well as at the ends of the final sections of the main canal, starting from
the last hierarchy of the canal structure, it is possible to calculate the required water flow rates
at the beginning of all sections of the main canal. The resulting water flow rates provide the
specified flow rates at the water intakes and end sections of the canals, taking into account the
known water flow rates at the inflows at given efficiency values of k.p.d. channel sections.

In the problem of determining water needs in the annual planning of water distribution
for the growing season, crop irrigation regimes ¢ are used, in which for each hydromodule
region k in each irrigation j , irrigation norms Wj;, , irrigation dates, i.e., start ;g ,
end t;x and duration of watering Tiy; = ti;m — tigjx . Irrigation rate Wio  for

N’L
the growing season is determined as the sum of irrigation rates, i.e. Wy o = > Wyp . For
j=1

planning water resources for each crop, ten-day hydro- and irrigation modules are calculated.
The ten-day hydromodule is the required specific water consumption (1/s/ha) supplied evenly
for a given decade of the growing season. A ten-day irrigation module is the required specific
area (ha/irrigation) irrigated in a given decade of the growing season.
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II. Methods and results

The algorithm for calculating the ten-day hydro - and irrigation module for crop irrigation
regimes for the growing season, which is necessary for implementation in the water management
database, has the following form: 1. Irrigation regimes for agricultural crops are selected
in accordance with the hydromodule area of the region under consideration. 2. For a given
hydromodule region of the region, the irrigation regime of the selected crop, starting from the
first decade of the growing season, the start and end dates of the decade are compared with
the start date of crop irrigation, there may be the following cases:

a. the initial date of irrigation of agricultural crops is outside the decade, in this case, for
this decade, the ten-day hydro - ¢j,p and irrigation modules s;.5,p are equal to zero, i.e.
[15,16]

Gikjnp = 0, 9)
Sikjnp = 0, (10)

where girjnp is ten-day hydromodule (1/s/ha), Sinp is irrigation module (ha/irrigation),
1 -1is crop, k -is hydromodule area, j - is irrigation number, n - is current decade number.

b. if the start date of irrigation of agricultural crops is between the start and end dates
of the decade, then for this decade the ten-day hydromodule ¢;,p and irrigation s;zjnp
modules are determined by the following dependencies [17,18]

WikjnD(Tikj — e — 1)

= 11
qm]nD 86,47;]6] ( )
(Tij — tijrr — 1)
SikjnD = ’ T':' (12)
ikj

t,u is the start date of the decade, n - is the number of the current decade,

c. if the start and end dates of the decade are between the start and end dates of irrigation
of crops, then for this decade the ¢j,p hydromodule and s;;;,p irrigation modules are
defined as [19,20]

VVikjnD
. Ll 13
Q’Lk,‘]TLD 86, 4/1’;kj7 ( )
Tn
SikjnD = _T.,f’ (14)
ikj

where T,,p is the number of days in a given decade.

d. if the end date of irrigation of agricultural crops is between the start and end dates of
the decade, then for this decade the ten-day hydromodule is determined as follows [21]

ikjnD(tiij tnK)
G = 15

(2
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(tijerr — k)
SzkgnD T;'kj ) (]‘6)
where t, ;- - is the start date of the decade, n is the number of the current decade.
3. Ten-day hydromodule of agricultural crops is determined by summing ten-day irrigation
hydromodules

Nzk

QiknD = Z QikjnD (17)
n=1
Nik

SiknD = Z SikjnD' (18)
n=1

In (9) - (18) ten-day hydromodules g;x;,p has the dimension (1/s/ha), ten-day irrigation modules
Sikjnp- (ha/irrigation), irrigation duration Tj; and date differences, for example t;x;m - thi
(days).

Ten-day hydro - and irrigation modules of crops calculated according to the algorithm (9)
- (18) are the basis for calculating the water demand of crops for the growing season, depending
on the sown areas of the respective crops.

Next, consider the sequence of calculating the needs of the water resources of the main
canal consisting of m € M sections, in each section of the canal there are branches j € J,,, and
cach branch j irrigates the areas wj;; where j € J,, are the numbers of branches in the m-
section, J,,, are the sets of numbers of branches in the m-section;

e m € M - numbers of sections of the main canal, M- is the set of numbers of sections of
the main canal;

e i € I,; - types of agricultural crops sown on suspended lands of the j - branch in the
section of the canal with the number m; I,,,; - a set of types of agricultural crops suspended
by the lands of the j - allotment in the section of the canal with the number m;

o k€ K, - types of hydro - modular areas suspended from the lands of the j - branch on
the canal section with number m, K, - set of types;

e hydromodule areas suspended from the lands of the j - branch in the section of the canal
with the number.

Thus, wpjix is the structure of the sown areas of the entire main canal, then for each
branch, taking into account the modes of irrigation of crops, the need for water resources is

determined as follows [22]
4iknDWmjik
Qbmm = >, Y~ (19)
i€l,, keK, . Mg

P P

mjn QOmjn + qDijrN (20)
where ¢;r,p- ten-day hydromodules of the 7 - crop of the k -hydromodule region for the

n - decade; ngjn is the required flow for irrigation of water, ¢ppm;n - is the required flow of

non-agricultural consumers, Qﬁljn is the total required water flow of the j - outlet of the m -
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section of the main canal for the n - decade; 7,4, is the efficiency factor of the on-farm canals
of the j - outlet of the m - section of the main canal.

Irrigated areas by consumers are determined as

S:;jn: Z Z SiknD%mjiks (21)

i€l k€K, .

where S”,,;,— irrigated areas of the j - outlet of the m -section of the main canal for the
n - decade of the growing season; s;i,p - ten-day irrigation modules of the i - crop of the k -
hydromodule region for the n - decade.

Similarly, according to formula (19), the required water flow rates at the end outlets of
the main canal are determined.

The required costs and irrigated areas suspended by the m - plot in the n - decade of the
growing season on the plots are determined as follows

VIS

Sho=> Sho. (23)
i€dm

where J,,;— are the sets of branch numbers of the m— section of the main canal.

According to expressions (19) - (20), the needs of the canal sections in water resources for
the n - decade of the growing season are determined.

The sequence (algorithm) for calculating water flow rates for sections of the main canal
is as follows:

1. In accordance with (8) and (19), the required water flow rates are calculated for the n
- decade at the end of the final sections of the main canal

P — QP ¥m, € M, ¥n € Np, (24)

nmk nmk7

2. Then, starting from the last hierarchy by hierarchy groups in the sections, the required
water discharges for the n - decade at the beginning of the sections of the main canal are
calculated as follows [23]

PK P P
PH __ an + Qan B QPmn

an — s Vm € ]iG7 \V/Tl € NB, (25)
Mm
Qbmn = Z (Q6BBmj T 4pPmin) = QoBBm + dDPmns VM € Li, Y € N, (26)
J€Tn
Qbn = D Qbjns Ym € Lig, ¥n € Np, (27)
i€y
Q5 pm = Z QOBmjns ¥YM € Lig, Yn € Np, (28)

jeJB
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4ppmn = Z 4ppPmjn; Vm € IiGa Vin € N, (29)

jeJl

where QFH_ ~ QFE  — water flow at the beginning and end of the site, Q¥ 5., QF pyn—
total water consumption of required water intakes and forecast inflows, QF ;5,.., ¢DPmn— total
water discharges of required water intakes for irrigation and other consumers, JZ— set of
numbers of water intakes on the site, JL — set numbers of tributaries in the section, I;z— set
of section numbers in the group under consideration, 7,,— efficiency of the m— section of the
canal, Ng— numbers of the decade of the growing season.

3. In the groups j;¢ in the ¢ hierarchy of the structure of the main channel, the balance
ratios are written as [24]

= Z Qk”Gn, jG’ - I’iGa Vn - NB, (30)

k”GGN

7,]Gn

where QF - is the water flow at the end of the n;; section.
ij
4. Next, the calculation is repeated in steps 2-3 for the next hierarchy in the structure.

Thus, the planned modes of operation of sections of the main canal are calculated to meet
the needs of all consumers, which are characterized by the following set:

QBP = {[m’ Q711311:7 an’ QBm’m QPm’rm QOan7qDPmn’ Sin} Vm € M? vn € NB}?

Here Q¥H,,, , QFX,,, - are the water consumption at the beginning and end of the site,
QL,m> Qb - are the total water discharges of water intakes and tributaries, Q 0 5mn, ¢ DPmn
- are the total water consumption for irrigation and other consumers, S*,,, - are the irrigated
areas of agricultural crops suspended on the plot m for the decade n of the vegetation period.

The head required (planned) water flow QEZ corresponding to the initial section of the
canals of the machine water lifting system for decades of the growing season is the required
flow for all consumers of the canal. Here m, - is the number of the initial section of the main
channel.

Determining the need for water resources by consumers of the main canal in the non-
vegetation period is similar to that for the growing season. The only difference is that instead
of irrigation regimes for crops, leaching rates of irrigation of saline lands by types of salinization,
the irrigation rate of grain and other crops during the non-vegetation period, and the rates of
water-charging irrigation are used.

For the non-vegetation period, leaching regimes for saline areas are determined by salinity
types i, in which leaching rates, irrigation rates for grain crops and the rate of water-charging
irrigations Wjy;p, irrigation periods, i.e. start ¢,z , end ¢, and duration of irrigation Tj;—
tikj-tikj - The leaching rate, irrigation rate for cereals during the non-vegetation period and
the rate of water- chargmg irrigation W p are determined as the sum of leaching and irrigation

rates, i.e. . W, p = Z kP

Appendix 6 to Table A1.2 shows the flushing regimes for saline lands during the non-
vegetation period. For planning water resources for each type of saline lands, ten-day flushing
hydro and irrigation modules are calculated. A ten-day leaching hydromodule is the required
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specific water consumption (1/s/ha) supplied evenly for flushing saline lands in a given
decade of the non-vegetation period. A ten-day irrigation module is the required specific area
(ha/irrigation) irrigated in a given decade of the non-vegetation period. Ten-day hydro and
irrigation modules for the non-vegetation period are calculated according to the algorithm (9)
- (18) using the data in Table A1.2.

The algorithm for calculating the planned water supply regimes for sections of the main
canal for the non-vegetation period, to provide leaching irrigation of saline lands, irrigation of
grain water-charging irrigation of all outlet consumers is characterized by the following set [25]

QﬁBP = {[m7 gﬁa 257 ngm ngmm Qgana qumm Srlrjm} ,‘v’m € M7 Vn € NHB} ’ <32>

Here QP QFEK - are the water discharge at the beginning and end of the canal
section, Q¥ 5, . QFp, =~ - are the total water discharges of water intakes and tributaries,
QF 65mns @C ppmn - are the total water discharges for irrigation and other consumers, S¥,.,
- are the irrigated areas of agricultural crops suspended on the plot m for a decade n outside
the growing season, Ny p - the numbers of the decade of the growing season.

The elements of the set (32) are calculated on the basis of saline lands leaching regimes,
irrigation of crops during the non-vegetation period, according to the structure of areas of saline
lands, the structure of crops of grain and other crops irrigated during the non-vegetation period.

With the calculation of all elements of the sets (31) - (32) according to the above algorithm,
the problem of determining the planned needs in the annual planning of irrigation of irrigated
lands is solved.

ITI. Conclusion

As a result of the research, the methodology for calculating the improved operating modes
of the facilities of the machine water lifting system for irrigation - the cascade of the Jizzakh
pumping stations has been refined:

e analysis of water intake and water supply regimes of the Amu Zangsky pumping station
cascade;

e parameters of pumping units and pressure pipelines were determined and specified;

e the methodology for calculating the modes of water intake and water supply of pumping
stations based on the theoretical-set approach has been refined;

e the methodology for calculating the steady-state operating modes of sections of the
cascade channels has been refined.

It should be noted that the developed method for calculating the operating modes of the
objects of the machine water lifting system for irrigation, using the example of the Jizzakh
pumping station cascade, will improve the operating modes of the system objects, reduce the
consumption of water and energy resources during water lifting in the system and increase the
operational efficiency of the system objects by increasing the speed of obtaining, storage and
processing of necessary information.
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AnHOTaIug

B crarbe ucciemoBana npobsiemMa yrpaB/ieHusd BOJHBIME pecypcaMi B KaHAJax Ma-
IMIITHHBIX BOJIONIObEMHBIX CHCTEM U pa3pabOTaHbI, YCOBEPIIEHCTBOBAHHbBIE PEYKUMBI
[I0JIAYH BOJIBI B CHCTEMBI MAIIIMHHOT'O BOJIOIIOIBLEMA JIJIs OPOIIIeHUs, pa3pabOTaAHHbIE
Ha OCHOBE HCIIOJIb30BaHUs COBPEMEHHBIX MaTeMaTUYeCKUX Mojeseit, onTuMaabHbIX
METO/IOB YIIPABJIEHUS W AJITOPUTMBI O0ECIiedaT SKOHOMUIO BOJIHBIX U dHEpreThde-
CKMX PECYpPCOB B CUCTEME MAaIlIMHHOI'O BOJIOIO/IbEMA.

Kaouesvle caosa:mareMaTndecKas MOJIC/Ib, HECTAIIMOHAPHBIH TTOTOK BOJIbI, MAT' M-
cTpaJibHbIe KaHaJIbl, ONTUMAJIbHBIE 33/Ia9K yIIpaBIeHUA, PYHIAMEHTAIBHOE Pele-
nue, auddepeHiuaibable YpaBHeHUsI, THIPOTEXHUIECKAE COOPYKEHUST

AnHoTarus

Maqolada mashinali suv ko’tarish tizimlarining kanallarda suv resurslarini
boshgarish muammosi o’rganiladi va sug’orish uchun mexanik suv ko’tarish
tizimlarini suv bilan ta’minlashning takomillashtirilgan rejimlari ishlab chiqiladi,
zamonaviy matematik modellardan foydalanish asosida ishlab chiqgilgan optimal
boshqarish usullari va algoritmlari mashina suv ko’tarish tizimida suv va energiya
resurslarini tejashni ta’minlaydi.

Kalit so‘zlar: matematik model, beqaror suv oqimi, magistral kanallar, optimal
boshqgaruv masalalari, fundamental yechim, differensial tenglamalar, gidrotexnik
inshootlar
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MATRIX IN INTELLIGENT TECHNOLOGY FOR AUTOMATIC PLANT
SPECIES RECOGNITION IN APPLICATION SYSTEM

Yilihamujiang Yusupu = Matyakubov A. *

Abstract

Automatic plant species recognition has become increasingly vital in various
domains such as agriculture, biodiversity conservation, and ecological research.The
integration of intelligent technology into various domains has revolutionized
traditional approaches, enhancing efficiency and accuracy. Traditionally, manual
identification of plant species is labor-intensive and time-consuming.However,
recent advancements in Al and ML have paved the way for the development
of automated recognition systems. This thesis explores the role of matrices in
intelligent technology for automatic plant species recognition in application systems.
Through an examination of existing literature, this study investigates how matrices
are utilized for data representation, feature extraction, classification algorithms, and
integration into application systems. Furthermore, it addresses challenges and future
directions in the field, emphasizing the importance of interdisciplinary collaboration
and technological advancements.

Key words: Automatic plant species recognition, intelligent technology, deep
learning, matrices, feature extraction, feature representation, classification.

1. Introduction

Automatic plant species recognition plays a crucial role in addressing global challenges
related to biodiversity conservation, agriculture, and environmental monitoring. With the
advancement of intelligent technology, particularly in the fields of computer vision and machine
learning, the development of application systems for automatic plant species recognition has
gained significant traction. Central to these systems is the utilization of matrices, which play
a crucial role in processing and analyzing large volumes of botanical data.Matrices serve as
foundational elements in these systems, facilitating various aspects of data processing and
analysis.

2. The Role of Matrices in Data Representation and Analysis

Matrices serve as fundamental tools for representing and manipulating data in various
forms, making them indispensable in the field of intelligent technology.Automatic plant
species identification involves several key steps, including data collection, preprocessing, feature
extraction using matrix-based algorithms, model training, and evaluation.

We start to understand the matrix from data collection. Plant image data may come from
botanical gardens, online repositories, or from collection libraries provided by plant research
institutions.

“Yilihamujiang Yusupu — National University of Uzbekistan, alam@asleng.org
* Matyakubov Alisher — National University of Uzbekistan, almasa@list.ru
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(a) Data acquisition methods (b) Transmission and storage

Data acquisition methods, transmission and storage

These data will be collected through modern equipment such as cameras, video recorders,
scanners, etc., and will eventually be saved to computer hard drives or optical discs. So there
is a question in what form and how are these data saved in our computers?

These data will be collected through modern equipment such as cameras, video recorders,
scanners, etc., and will eventually be saved to computer hard drives or optical discs. So there
is a question in what form and how are these data saved in our computers?

During the 19th century, Thomas Young was proposed|1| and Hermann von Helmholtz|2]
elucidated the red, green, and blue, is rooted in the phenomenon of additive color mixing, where
different colors are combined to create a broader spectrum of hues.

In 1957, Kirsch created a digital image sequence composed of 30,000 small squares (176
x 176) by scanning photos of his son[3]. And is considered the world’s first digital picture.
The smallest unit that makes up this digital picture is the 30,000 small squares. Named ’pixel’
by Kirsch and his scientific research team. Students who are good at English should easily
recognize that it is a compound word consisting of picture and element. Since then, pixels have
become one of the most important units of measurement in the digital age.

Below we see a colorful picture of a dog. This picture is also displayed by superimposing
the three colors of red, green and blue. Let’s take a look at this picture in three colors. We

Colour image Red Colour Cnansl Grean Colour Chanel Blue Colow Chans|

Three primary color decomposition of color images

consider the pixel value of each monochrome image to be the intensity value of that color.
Generally, the size of the single-color pixel value in RGB format is expressed from 0-255. We
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use pixel values to
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Images are stored in this way and matrices are utilized to represent features extracted
from images or sensor data|4]. These features may include color histograms, texture descriptors,
or shape characteristics, each of which contributes to the unique identification of plant
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species . By organizing data in matrix form, algorithms can efficiently process and analyze
information, enabling accurate classification of plant species|5].The use of matrices in image
feature extraction and image recognition will be introduced in detail.

3. Feature extraction and flattening of feature maps into vectors

Feature extraction is a crucial step in automatic plant species recognition, where relevant
information is extracted from raw data to facilitate classification|6]. Matrices play a pivotal
role in this process by representing extracted features in a structured format. Moreover,
dimensionality reduction techniques such as Principal Component Analysis (PCA) and Linear
Discriminant Analysis (LDA) leverage matrix operations to transform high-dimensional feature
vectors into lower-dimensional representations, thereby reducing computational complexity and
enhancing classification accuracy|7].

Biologically, memory formation and storage involves changes in synaptic connections
between neurons, known as synaptic plasticity|8]. Long-term potentiation (LTP) and long-term
depression (LTD) are key processes in memory formation. These processes occur in different
areas of the brain, including structures such as the hippocampus and frontal lobes.

Record diagram

Bliss and Collingridge (1993) proposed a model of synaptic plasticity, arguing that long-
term potentiation underlies memory formation|9]. In this process, as a neuron’s synaptic activity
increases, its connections become stronger, promoting long-term storage of information. When
humans remember the characteristics of an object, it involves the coordinated action of multiple
brain regions. Sensory information is first received and encoded into electrical signals between
neurons, and then these signals are processed and integrated in the brain. These properties
may involve sensory properties such as the object’s appearance, sound, taste, etc., as well as
the emotional and situational information associated with it.

Correctly identifying things in memory requires pattern recognition and comparison by the
brain. The brain determines whether new information is the same thing or similar by comparing
the match between new information and existing memories. This involves the coordinated action
of multiple areas in the brain, including areas of vision, hearing, motor control, and more.

The characteristics and validity of information extracted by this multi-sensory system
determine the depth of memory.
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Image recognition in computer vision is a similar process. In addition to improving the
effectiveness of the image in the image acquisition step, a lot of work and parameter adjustments
are made in the feature extraction step to improve the accuracy of image recognition. The
feature extraction process refers to extracting representative and useful features from raw data
for use by machine learning models. In deep learning, feature extraction is usually done through
the first few layers of neural networks (convolutional layers), which are able to automatically
learn and extract features from the data.

3.1. Convolution operation

Mathematical representation feature extraction process can be described as the original
data X Apply a specific feature extraction function f, get the feature representation
F.Mathematically it can be expressed as:

F = f(X) (1)

in, X is the original data,F’ is the extracted feature representation.

In convolutional neural networks, the feature extraction process usually includes the
following steps: Convolution operation: Convolution operation is one of the core steps of feature
extraction. It extracts local features at different locations by sliding a convolution kernel (filter)
on the input data. Mathematically, the convolution operation can be expressed as:

M-

H
2
L
Q

z+m,j+nc * Kmnc (2)

I
o
Il
o

m=0 n c

Among them, F Represents the value at position (i,7) in the convolved feature map F,
corresponding to the output of the k-th convolution kernel.

Z Z Double summation sign used to traverse each position of the convolution
kernel, Where M andN are the height and width of the convolution kernel respectively.

zg:ol Used to iterate over each channel of the input image, where C' is the number of
channels of the input image.

Xitmj+nec Represents the value at position(i + m,j + n) in the input image X,
corresponding to the pixel value of the c-th channel.

KW). . Represents the weight at position (m, n) in the k-th convolution kernel,
corresponding to the weight value of the c-th channel.

3.2. Flatten feature map

After calculating the feature map, you need to convert the multi-dimensional feature map
into a one-dimensional vector.

Assume that the shape of the feature map F is C x H x W, where:
C' is the number of channels (channels).

H is the height of the feature map.

W is the width of the feature map.

The flattening operation converts the feature map into a one-dimensional vector x of

length C' « H « W.
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Schematic diagram of the convolution process

(3)

The elements in the feature map F' can be expressed as Fj,,,, where c represents the c-th
channel, h represents the h-th row, and w represents the w-th column. The flattened vector x
can be expressed as:

Fize — VnputdatasizeJ +1

step

z[i] = Fopw (4)

Among them,i is the flattened one-dimensional index, calculated as
t=cHW+hW+w (5)

3.3. Fully connected operation

Assuming that the length of the flattened vector z is L (i.e. L = HW D), then the output
of the fully connected layer The calculation formula for the value Z; of the j-th neuron in z is:

L
%= Wyeji @i+ bpe, (6)

i=1
z; :Represents the value of the j-th neuron in the output vector z of the fully connecte
i R ts the value of the j-th in the output vect f the fully ted
layer.
Wy ji :Represents the value of the j-th row and i-th column in the weight matrix Wy, .
x; :Represents the value of the i-th element in the flattened vector x.
bs.; ‘Represents the value of the j-th element in the bias vector by, .

In this way, by multiplying the flattened feature vector x by the weight matrix W fc, and
adding the bias vector b fc, we get the output vector z of the fully connected layer. This output
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vector z can then be nonlinearly transformed through an activation function (such as ReLU,
sigmoid, tanh, etc.) to obtain the activated output a.

4. Classification Algorithms and Matrix Operations

Classification algorithms form the backbone of automatic plant species recognition
systems, employing matrices for model representation and optimization[10|. Techniques such as
Support Vector Machines (SVM), Random Forests, and Convolutional Neural Networks (CNNs)
utilize matrix operations for training and inference, leveraging the rich information encoded
within feature matrices[10|. By iteratively adjusting model parameters based on training data,
these algorithms learn to discriminate between different plant species with high accuracy.

5. Integration with Application Systems

The integration of intelligent technology for automatic plant species recognition into
application systems has facilitated real-world deployment in various domains. These systems
often employ user-friendly interfaces that allow users to capture or upload plant images, which
are then processed using sophisticated algorithms based on matrix computations. The output
typically includes the predicted plant species along with confidence scores, providing valuable
insights for botanical research, agriculture, and environmental monitoring.

PlantUZ plant species recognition application systems user interface

6. Challenges and Future Directions

Despite the remarkable progress in automatic plant species recognition, several
challenges persist, including robustness to variations in environmental conditions, scalability
to large-scale datasets, and interpretability of model decisions|?]. Addressing these
challenges requires interdisciplinary collaboration between botanists, computer scientists, and
domain experts, along with advancements in algorithmic techniques and data collection
methodologies. Therefore, we are adopting some new collection methods in terms of data
collection. When we develop a platform to conduct scientific research in the field, we collect
data in real time and send it back to our server to train our recognition model and classify
new species discovered in a timely manner.New categories were also selected for the research
objects.
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Grid Mapping of Central Asian Plants Scientific Research Field Investigation Information
Collection Platform

The previous studies were all about living plants. Now we start to collect images of dried
plant samples. Later, we will learn about the eigenvalue matrix of dry plant sample images
in the image recognition process. The difference is that we will conduct in-depth research
on how to improve the recognition accuracy of dry plant images. Future research directions
may involve the exploration of deep learning architectures, multimodal fusion techniques, and
transfer learning approaches to further enhance the performance and applicability of intelligent
plant species recognition systems.

(a) Plant sample library of the :
Institute of Botany, Academy of (b) Plant sample image collection
Sciences of Uzbekistan device (c) Plant sample image example

Data acquisition methods, transmission and storage

7. Conclusion

In conclusion, the integration of intelligent technology with automatic plant species
recognition has paved the way for the development of application systems capable of accurately
identifying plant species from images or sensor data. Matrices serve as foundational elements in
these systems, facilitating data representation, feature extraction, and classification. As research
in this field continues to advance, the synergy between intelligent technology and botany holds
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tremendous potential for addressing global challenges in biodiversity conservation, agriculture,
and environmental sustainability.
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Annotatsiya

O’simlik turlarini avtomatik aniqlash qishloq xo’jaligi, biologik xilma-xillikni saglash
va atrof-muhitni o’rganish kabi turli sohalarda tobora muhim ahamiyat kasb
etmoqda. Aqlli texnologiyalarning turli sohalarga integratsiyasi samaradorlik va
aniglikni oshirish orqali an’anaviy yondashuvlarda o’zgarishlar qildi. An’anaga
ko’ra, o’simlik turlarini qo’lda aniqlash ko’p vaqt talab etadi va ko’p vaqt talab
etadi. Biroq, sun’iy intellekt va ML sohasidagi so'nggi yutuqlar avtomatlashtirilgan
tanib olish tizimlarini ishlab chiqishga yo’l ochdi. Ushbu maqola matritsalarning
rolini ko’rib chigadi amaliy tizimlarda o’simlik turlarini avtomatik aniqlashning aqlli
texnologiyasi hisoblanadi. Mavjud adabiyotlarni tahlil gilish asosida ushbu tadqiqot
matritsalardan ma’lumotlarni taqdim etish, xususiyatlarni ajratib ko’rsatish,
tasniflash algoritmlari va amaliy tizimlarga integratsiya qilish uchun qanday
ishlatilishini ko’rib chigadi. Bundan tashqari, u ushbu sohadagi muammolar
va kelajak yo’nalishlarini bo’yicha takliflar keltirilgan, fanlararo hamkorlik va
texnologik yutuqglarning muhimligini ta’kidlaydi.

Kalit so‘zlar:o’simlik turlarini avtomatik aniqlash, aqlli texnologiya, chuqur
o’rganish, matritsalar, xususiyatlarni ajratib olish, xususiyatlarni taqdim etish,
tasniflash.

AnHOTaIMs

ABTOMaTHYecKkoe paclio3HaBaHUE BUJIOB pacTeHHUil nmprobperaeT Bce OOJIbINEE 3HA-
YeHUe B PA3JIMIHBIX 00/IACTSIX, TAKIX KaK CEJIbCKOE XO3sHCTBO, COXpaHeHHe Oropas-
HOOOpa3ms M IKOJIOTUIECKue ucceioBanus. Marerparnus nHTEIEKTYaIbHBIX TeX-
HOJIOTHIT B pa3/IndHbIe 00JIACTH MPOU3BEJIa PEBOJIOIUIO B TPAJIUIIMOHHBIX ITOXO0-
Jlax, MOBBICUB 3((PEKTUBHOCTH U TOYHOCTD. T PaJIUITMOHHO PyIHAS WICHTUMDUKAIIIS
BUJIOB PACTEHUil sIBJISETCS TPYJAOEMKOH W OTHHMaeT MHOrO BpemeHu. OIHAKO I10-
cJaeJIHNAE JIOCTHKEHHsI B OOJIACTU MCKYCCTBEHHOrO mMHTesIekTa u ML mpostoxuim
IyTh K pa3paboTKe aBTOMATU3UPOBAHHBIX CUCTEM paciio3HaBaHus. B 3Toit crarbe
paccMaTpUBAETCA POJIb MATPUIL B UHTELIEKTYaIbHAS TEXHOJIOTHA aBTOMATUIECKOTO
pacro3HaBaHus BUJIOB PACTEHU B NPUKJIIHBIX cucreMax. Ha ocHoBe anasm3a cy-
MIECTBYIOMIEH JIMTEPATYPbl B 9TOM HCCJIEJIOBAHUNA PACCMATPUBACTCS, KAK MaTPHILBI
UCIIOJIB3YIOTCS JIJIS TIPEJICTAB/IEHUS JIAHHBIX, BBIJIEEHUS MTPU3HAKOB, aJIlOPUTMOB
KJIaccupUKaIUI U WHTErPAIlui B IPHUKIIHbIE cucTeMbl. Kpome Toro, B HEM pac-
CMaTPUBAIOTCA TTPOOJIEMbBI U HaIlpaBJIeHUd Ha OyIyInee B 3TOM 00/I1aCTH, TOYePKH-
BAaETCd BaXKHOCTD MEYKJIUCIUILINHAPHOTO COTPY/THUYIECTBA U TEXHOJOTUICCKUX JI0-
CTUKCHU.

Karouesvie caosa: Apromarmdeckoe paclo3HABaHWE BUJIOB PACTEHU, WHTE-
JIEKTyaJIbHbIe T€XHOJIOTUU, TJIyDOKOE OOyUeHHe, MATPUIIbI, U3BJICUCHIE TPU3HAKOB,
[IpeJICTaBJICHIE TPU3HAKOB, K/IaCCH(DUKAIINS.
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O IMCKPETHOM CIIEKTPE TAMNJIBTOHUAHA TPEX YACTUILL HA
JABYXMEPHOW PEIIIETKE

Asmes H. ™

PE3IOME

PaccmarpuBaeTcs raMuIbTOHHAH CUCTEMbBI TPEX ITPOU3BOJIBHBIX YaCTHIL Ha JIBYXMEP-
HOIT pereTKe, B3aNMOJIENCTBYIONINX C TTOMOTIHIO TAPHBIX KOHTAKTHBIX TTOTEHITNATIOB
nputskenud. JlokazbiBaeTcs 6€CKOHEYHOCTD JTUCKPETHOTO CIIEKTPA, JIEZKAIIIX JIeBee
CYIIECTBEHHOT'O CIIEKTPa, COOTBETCTBRYIOIIEero oneparopa Ilpeannrepa npu Bcex 3Ha-
YeHUAX MTOJTHOTO KBa3UMMITYJILCA B CJIydae, KOrJla B TPEXIaCTUIHON CUCTEME MACCHI
JIBYX YacCTUI] OECKOHEUIHBIE.

Karouesvie caosa: TpexdacTudHas CUCTeMa Ha perrerke, orneparop Ilpeannrepa,
CYIIECTBEHHBII CIIEKTp, JUCKPETHBIN CIIEKTP, COOCTBEHHOE 3HAYEHNE, YPaBHEHNE TH-
ma Dageesa..

Bsenenue 1.

B dusmiaeckux paborax [5], [13] u3ywanocs cyimecTBoBanne 6€CKOHEIHOrO THCIa COOCTBEH-
HBIX 3HAYEHUH, HAKAILIMBAIOIIUXCSI K JIEBOMY Kparo CYIIECTBEHHOIO criekTpa orepartopa I1Ipe-
munrepa (addexr Edbumona [2]). Crporoe MaremaTudeckoe J0Ka3aTeIbLCTBO CYNIECTBOBAHUSI
sddexra Edumosa Brepsoie 66110 nposeseno B pabore ddaesa [11| ¢ ucnosbosanuem me-
TOJIOB MHTErpaJbHbIX ypasHennit Pajyieesa. 3aTeM CymecTBOBaHne OECKOHEYHOIO YHC/Ia CBSI-
3aHHDBIX COCTOSIHHUIN ObLIO ycTaHOBIEHO B paborax [14], [15] m st raMmibTOHHAHA CHCTEMBI
TPex YacTHI[ Ha TPEXMEPHOI pelreTke, B3auMOJIeHiCTBYIOIIUX ¢ IIOMOIIBIO TTAPHBIX KOHTAKTHBIX
[OTEHIUAJIOB IPUTSIXKEHUsI, I0Ka3aHo B paborax [3], [4] npu HyseBoM 3HAUEHUM TIOJIHOTO KBA3U-
UMITy/IbCa cucTeMbl. KOHEYHOCTh CBA3aHHBIX COCTOAHMI aucKperHoro oneparopa Ilpeaunrepa
TpeX YacTHI[ JOKa3blBaIach B 4] mpu Masblx 3HaUeHUSAX MOTHOrO KBasumMmiyiabca K # 0. B
pabote |6] HalieHO yCIOBIE MOSIBIIEHNS JIAKYHBI CYIIECTBEHHOIO CIIEKTPA U JIOKA3aHO CYIIECTBO-
BaHne GECKOHEYHOTO YKC/Ia COOCTBEHHBIX 3HAYEHUIT B 9TOi JIaKyHe /I JTUCKPETHOIO OllepaTopa
[IIpeaunrepa Tpex YacTHIL

B pabore [7,8] paccmarpuBaercs cucreMa TpeX MPOU3BOJBHBIX YACTHUIL HA OJHOMEPHOI
pelieTKe, B3auMOACHCTBYIONMX ¢ IHOMOIIBIO IAPHBIX KOHTAKTHLIX MOTEHIUAJIOB HPUTAMKCHUS,
B CJIydae Korjia CBOOOJIHBIA MaMHJILTOHUAH CUCTEMbI TPEX IPOU3BOJIBLHBIX KBAHTOBBIX YaCTHUIL
npejicrasisier coboii perrerdarsiii oneparop Jlamnaca. /lokasbiBaeTcss KOHETHOCTD JUCKPETHO-
I'0 CIEeKTpa COOTBETCTBYIOMmEro oneparopa IlpeauHrepa npu BeeX 3HAYEHUAX MOJTHOTO KBA3H-
UMITYJIbCA B CIydae, KOrjla Macchl JIBYX YacTHUIl KOHeYHbIe. [[oKasbiBaeTcst GECKOHEIHOCTD JIUC-
KPETHOro crekTpa oneparopa Illpeannrepa B ciydae, Korja B TPEXYaCTUIHON CHCTEME MACCh
JIBYX 4aCTUI, OECKOHETHBIE.

Kpowme Toro, B pabore [§8] paccmarpeHo cucreMa Tpex MPOU3BOJILHBIX YACTHIL HA OJHO-
MEPHOIi perreTke, B3auMOJEHCTBYIONMX ¢ MOMOMNIBIO MapHBIX KOHTAKTHBIX MOTEHIMAJIOB IIPH-
TSKOHHSA, T/Ie CBOGO/HBI TAMIVIBTORMAH Hy CHCTEMBI TPEX MPOU3BOJBHBIX KBAHTOBBIX TACTHIL

* - . . .
Ammes H. — Hanmonanbubiit yauBepcurer ¥Y3b6ekucrana, nialiyev@mail.ru,
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C MaccaM# M, = 00, Mg = 00 U M, < 00, U IOKA3aHO YTO HOfABJIAETCA DECKOHEUHOe HCIO
cobCTBeHHBIX 3HaueHuit oneparopa H (K), cTpeMsImuxcs K Kpal CyIeCTBEHHOTO CIEKTPA.

B nacrosimeii pabore paccMaTpuBaeTcs JBYMEPHBI aHAIOI TPEXIaCTHIHOIO OllepaTopa B
[7] u [8], B3auMOIeficTBY IOIUX € TIOMOIIBIO TAPHBIX KOHTAKTHBIX TIOTEHIUAIOB IPUTSZKEHUS, TJ1e
CBOBO/THBII TAMIITBTOHMAH Hy CHCTEMBI TPeX MPON3BOILHBIX KBAHTOBBIX TACTHIL OIIPe/Ie/IAeTCA
JIICIIEPCHOHHBIMU cOOTHOMIeHusIME £;(+), 4 = 1,2, 3. TlosydyeHnl aHAJIOIMYIHbIE CIIEKTPAJIbHBIE
cBoiicTBa TpexuacTuaHOro oneparopa Illpejunrepa kak B pabore 7] u [8].

OTMeTHM, 9TO CyNEeCTBEHHBI CIIEKTD Oess( H (K)) oneparopa H(K') cocrout u3z obbeu-
HEHUsI CIIEKTPOB KaHaJbHBIX omeparopoB H,(K),a = 1,2,3. B ommdne oT Tpex4acTHIHOTO
omneparopa IllpejuHrepa Ha TpeXMEpHOI peleTKe CIeKTp KaHaabHOro orneparopa H,(K) Ha
OJIHOMEDHOIi peleTKe MPU BCeX 3HAYEHUsIX SHEPIUH B3aUMOJeHCTBUs (i, > 0 (a He omnpeeseH-
HBIX 3HAYCHUAX [l > 0 ) cocTouT u3 00benHeHns CIIeKTPa ¢BOOOIHOrO ramMusbronnana Hy(K)
1 HEKOTOPOro oTpeska [AM(K), \2*(K)], T.e.

0(Ha(K)) = o(Ho(K)) U MT"(K), Ag™(K)].

C yBeqmdaeHueM i, > 0 5TOT OTPE30K CABUTAETCS BIIEBO OT Foin(K), a ¢ yMeHbIeHueM fi, > 0
npubsmkaercst K Fuyin (K), tae Eyin(K)— seBblit Kpail ciekTpa ¢cBOGOJIHOrO TaMIJIETOHHAHA.

JlokazaHo, 9To TIPU M, = 00, Mg = 00 U M., < 00 0Tpe30K A (K), A (K)],i = a, 3,
npespaiaercs B TOUKy, T.e. \; = AMY(K) = N (K) i = «,3. B sTom ciyuae uncio A
SIBJIsIeTCsT OECKOHETHOKPATHBIM COOCTBEHHBIM 3HAUEHHWEeM KaHasbHOro omeparopa H;(K),i =
«, 3, 1 nogiBJIsieTcst GECKOHEYHOe YUC/I0 COOCTBEHHbIX 3HaYeHuii oneparopa H (K), crpemsimuxcst
K \,7 = «a,(. Boruaucasgores 3tn coOCTBEHHBIC 3HAYEHH: U UX KparHocTh. [lokazaHo, 4To
CyIIECTBOBaHNE TaKUX COOCTBEHHBIX 3HAYCHHUi He 3aBUCUT OT i, > 0. IIocKOJIBKY CTpyKTypa
CYIIECTBEHHOTO CIIGKTPa MMEeT BH/L

Oess(H(K)) = 0 (Ho(K)) U{Xa} U {As} U [NT™(K), AT™(K)],

AR (K) < A,

HabJIIo1aeTcsd NHTEepecHas KapTuHa: IIpU HEKOTOPBLIX 3HAUYCHUAX [, > () OeCKOHedHOoe YnCI0 co0-
CTBEHHBIX 3HaveHuil oneparopa H (K) mosiBiisieTcst B CYIIECTBEHHOM CIIEKTPE, TOYHEe, B OTPe3-
ke [AI(K), X0®(K)], a npm Go/IbIMIX 3HAYCHUSAX [i, > () HaiieHHBIe COGCTBEHHbIC 3HATECHH
MOTYT HAXOJMThed Ha JlakyHe (Ha unTeppasie (AJ*(K), Fuin(K))) cymecTBeHHOro criekTpa
onepatopa [llpemunarepa.

Omnucanme TpeX4acTUYIHOIO orneparopa u (popMyJIMPOBKA OCHOBHBIX Pe3yJibTa-
TOB 2.

[Tycrs Z?— jaByxMepHas nejiouncyiennas pemerka, u £2((Z?*)3)— runbsbeproBo npocrpan-
CTBO KBaJIPATHIHO-CYMMUPYeMbIX (DyHKIHIL, onpeseennbix na (Z2)3.

CBOGOHbIi raMuIbToRnan Hy CHCTEMBI TPEX MPOM3BOJILHBIX KBAHTOBBIX UACTHIL HA De-
merke Z? onpejie/isieTcss Kak OrpaHuHueHHbIi CAaMOCOTIPSKEHHBI 01IepaTop B IMIbGEPTOBOM MPO-
crpanctse (*(Z3):

(Ho'lb)(nl,ng,’n@,) = Z [51(5>Q/J(n1 +S,n2,n3) +<§2<S)w(n1,n2 +S,n3)

S€EZ2,|s|<1
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+23(8)1h(n1,m2, 3 + 5)),

rie £4(8) = &(s)/mqy (o = 1,2,3) — nucnepcroHHble COOTHOIIEHUS, M, > 0— Macca Y4acTHIlbI
a, é(-)— auckpernas GyHKIUA ecTh yérHasa GyHKIua Ha Z2:

£(s) <Oecmu |s| =1, £&(s)<O0ecimm|s|>1, u £(0)=— Z £(s).
SEZ2, s#0

TpeX‘{aCTI/I‘{HbeI TFraMUJIBTOHNAH H CUCTEeMbI TpeX KBAHTOBBIX YaCTHUIl C IIapHBIMMU KOH-
TaKTHBIMU MTOTEHIIMAIAMEI OIPEICIICTCd KaK OIPAHUYCHHOE BO3MYIIEHNE CBOOOIHOTO T'aMUTh-
TonnaHa Hj :

~

H = Hy— Vi — paVo — pu3Vs,
rje
(Vo) (n1, ng, mz) = 5n5n7w<n17n27n3)7 {o, 8,7} ={1,2,3}.

Baech fi, > 0— sHeprus B3auMOJCHCTBUS ABYX YACTHIL, Oy, — CUMBOJ KpoHekepa.

[ycrs L?((T?)") (n = 1,2,3)— ruis6epToBo IPOCTPAHCTEO KBa IPATHIHO-UHTETPUPYe-
MbIX dyHKImi, onpeenenubix na (T?)" te T = (—, 7.

Hcnonb3ys npeobpasopanne Pypbe U pasjioxKeHHe B IPAMOMl OIEpATOPHBI HHTErpaJ
[4],[12], nsyvenne crieKTpasbHBIX CBOHCTB oneparopa H MOKHO CBECTH K HCCJIEJOBAHUIO CIICK-

TPaJIbHBIX CBOHCTE CeMeiiCTBa caMOCOIPsKEeHHBIX orpaHnndeHHbx oneparopos H(K), K € T?,
neficteytomux B rubbeprosom npocrpanctse L2(T?) no dpopmyite

H(K)=Ho(K) -V, V=mVi+ uVa+ pusVs,
riae Ho(K)— omeparop yMHOXKeHHsT Ha (DYHKIUIO
5K<x7y) :él(I)+€2(y)+63(K—ZL’—y), ‘rayeT27

ea(+), @ =1,2,3, npeobpazosanns Pypbe byHKIHUIO £,4(+), T.€.

ea(r) = —e(x), e(z)= Z é(s)cos(s,x), x€T?

s€Z?

1
(i@ = G / f.s)ds,  (Vf)(y / f(s

Vaf)(z. ) / f(s,x+y—s)ds, f e LX(T?).

Cremymomast TeMMa JT0Ka3bIBACTCS COBEPIIEHHO aHATIOIHYIHO JoKa3aTe/bcTBo Teopema 1.1
pabote [4].

Jlemma 2.1 Tna mo6oro K € T? cymecTBenublil ciekTp e H(K')) oneparopa H(K)
COCTOUT U3 O0BEIMHEHNUST CIIEKTPOB OLIEPATOPOB KAHAJIOB

H,(K) = Hy(K) — oV, « = 1,2, 3,



Bectauk HY VY3 - 115- Tounble HayKn

T.C.

Oess(H (K)) = 0(H1(K)) Uo(Hz(K)) Uo(Hs(K)).

[Tyctb hy(k), k € T?, — oneparop, neiicryiomuii B L?(T?) no dpopmyiie
ho(k) = h§(k) — pav, o€ {1,2,3},

rie h§(k) — oneparop yMHOXKeHUs Ha DYHKIHIO s,ga)(k) =¢eg(r)+ey(k—2x)m

1 2
vf(x) = W/f(s)ds, x e T (1)
[Iyctn
un(F) = minfes(2) + & (k — )], eli(k) = maxlep(x) + o, (k — o))
a#B#7.

Onpenemmm 1ipu kaxgaom z € C\ [51%11(16), 5&&(1@)] CIIEIYIONYI0 (DYHKIIHIO:

a1 Lot ds
Aalk;z) =1 (27T)2T[85(8)+57(k_5>_2'

DJIeMeHTapHBIMI METOJAMU JIOKA3BIBAETCS ClieIytonias [4]

JIlemma 2.2 Yucno z € C\ [Eﬁ)n(k), el (k)] siBIsIeTCS COBCTBEHHBIM 3HAMEHHEM Ollepa-
Topa he (k) Torjga n Tosbko Tora, Korma A, (k;z) = 0.

JIerko HpoOBEpUTh, YTO [yl BCeX fiq > 0 1 k € T? dynuua A, (k;+) uMeer eguncTBeHHOE
oTpurareIbHoe HylIb 2 = Ay (k). [lockosbky dynkims eg(-) + €, (k — -) sABIseTca anamnTHe-
ckoit, To Ao (k) aBngerca nenpepoisroit B T2. TIpu 3ToM oneparop he(k) umeer ejuncTBeHHOE
oTpHIATeIbHOE COOCTBEHHOE 3HaUEeHHE A, (k).

Omneparop H,(K) npeicrasisiercs B Buje npsmMoro uarerpaa [4], [12]

H,(K)= /@[ha(K — ) + eq(x)]dx,

'ﬂ‘Q
CJIeJIOBATENIbHO CIeKTp oneparopa H,(K) onucbiBaercs B Buje

o(Ha(K)) = | (0(ha(E —2)) +ea(2))

rET2

nJI 2Ke
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Orcrona
Uess(ha(K - .’L’)) + &Ta(l,’)

= [ (K — 2) + ea(2), e (K — 2) + £4(2)].

min » “max

[TosTomy u3 aHATUTHIHOCTH (DYHKIUH £(+) nMeeM

U [ (K — 2) + ca(2), 80 (K — @) + €a(@)] = [Enin(K), Buax(K)],

e
Fuin(K) =minEx(2,y), Fnax(K) = maxEx(z,y).

T,y T,y
ITo nemme (2.2)

U (0dise(ha(K — 7)) + ca(z))

xE€T?

= (J Ol — 1) + 2]} = V() X)),

rIe

APNE) = inf (A(K — ) +ea(2)},  A"(K) = sup{Aa(K — 2) + co(2)}.

zeT? 2€T?2

[TosToMy crpaBeji/iuBa CJIEIyIONas JIEMMa

JIlemma 2.3 meer MecTo paBeHCTBO
0(Ha(K)) = [Buin(K), Bnax(K)] U A (K), Ag™(K)].

Tenepb chopmyIupyeM OCHOBHBIE PE3YJILTATHI HACTOSIIEH PabOTHI.

Teopema 1. IIpennonoxunm, 1to m, < oco,mg < oo,m, < oo u {a,,v} = {1,2,3}.
Torma s 06oro p, n K € T? uucio coberBenubix 3Havenuii oneparopa H(K), nexkaimux
JIeBee CYIIECTBEHHOI'O CIIEKTPa, KOHEYIHO.

B nambreiieMm MbI mpejroaraeM, 9To my; = 00, My = 00 U mg < 00. IIpu s3Tom
Exc(w,y) = es(K —z — y).

Bocmosb3sysics jemmoii (2.4) u paccyzkas Kak B JoKa3aTeabeTBe JjeMMbl (2.3) paboTsl 7]
OJTY THIM

Jlemma 2.4 Ilyctb jiq > 0,00 = 1,2, u pug > 0. Torna ana moboro K € T? umeror Mecto
pPaBEHCTBa,

J(HQ(K)) = {>‘01} U [Emim Emax]7 U<H3<K)) = A3 U [Erniny Emax]7

Emin - irel'lﬂ‘% 83(1’), Emax - géaT}Q{Eg(x)’

rjae A\,— OTpHIATeIbHOe OeCKOHETHOKpaTHOe cobcTBeHHOe 3HadeHue orneparopa H,(K), a =
L2uA3={z: z=-¢e3(x)—p3, =z € T?}. Ilpu sTom

U(HS(K)) = [Emin — K3, Emax]a H3 < Emax - Emim
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U<H3(K)) = [Emin — U3, Emax - ,US] U [Emina Emax]7 s > Emax - Emin-

Teopema 2. [Iyctn
)\min - inf{)\la )\2}7 /\max - Sup{)‘ly >\2}

Jnst Beskoro (hUKCHPOBAHHOTO i1, g U i3 oniepaTop H (K') mMeeT 6eCKOHETHOE THCIIO COOCTBEH-
HBIX 3HadeHnit &y, &1, &, .. &n,y oo - M, (1, Gy - Cny - - -, JIEXKAIIUX COOTBETCTBEHHO B (—00, Amin )
1 (Amax, 0) TaKUX, 9TO

lim & = Apn w1 lim (, = A\pax.
n—oo n—oo

Hnsg nokasarenbcTBa TeopeMbl (2) cHadaja CTPOMTCS MHBAPHAHTHOE IIOJIIPOCTPAHCTBO
Ho ornocuresibHo oneparopa H(K), 3atem usydaercsi ciekrp omneparopa H(K) B 5TO0M HH-
BapUaHTHOM TIojpocTpanctee Ho u ero jononnenun Lo((T?)?) © Hy. C noMompio MeTo0B
HMHTErpaJbHBIX yPaBHEHUI IIOKA3LIBAETCA CYIIECTBOBAHUE OECKOHEYHOI'O HYHC/IA COOCTBEHHDBIX
BHAYEHUN U OIPEIETISAIOTCS COOTBETCTBYIONINE COOCTBEHHBIE (DYHKITUM.

Bameuanue. B Treopeme (2) qmciia A\pin U Apax HE 32BUCAT OT fi3. JlemMa (2.4) mokasbiBa-
€T BO3MOXKHOCTD CYIIECTBOBAHUS TAKUX CJIy4aeB, KOIJIA YUCIA Apin U Apax MOI'YT HAXOIUTHCS
B cymecrBeHHOM criekTpe H(K) wim »Ke Ha JIaKyHe CYIIECTBEHHOro crekTpa. Hampuwmep, B
cIydae i = Mo AMEET MECTO Amin = Amax- HPH MaJIbIX SHa9CHUAX (i1 U {3 = Frax — Emin 3TO
YHCJIO HAXOJUTCS B MOJAMHOXKECTBE [Fyin — 3, Frax — [43] CYIIECTBEHHOTO CHEKTPA Tess H (K),
a Tpu GOJIBINUX fi3— HA WHTepBaJe (Ha JIAKyHe CYIIeCTBEHHOTO creKTpa) (Fmax — i3,0). [lpu
9TOM 10 Teopeme (2) CylmecTBYIOT Takue cjydan, 4ro oneparop H(K) umeer GeckoHeUHOE
9UCI0 COOCTBEHHBIX 3HAYEHWII B CYIIECTBEHHOM CIEKTPe WM Ha JaKyHe CyIIeCTBEeHHOI'O
CIIEKTDA.

KonedyHOCTh JUCKpPETHOTO cIeKTpa 3.

B sTOM paszere MbI IpeJoaraeM, 9To m, < 00,mg < 00, 1 m, < 0o, rae {a, §,7} =
{1,2,3}.
[IycTn
T(K) = inf 0o (H(K))

u W,(z)— oneparop ymuoxkenus na dynkmmo [W,(z; 2)] 7, rae

Wi(x;2) = Ay(K x5z — ea(x)), Waly; 2) = Ao(K —y; 2 — €2(y)),

Wi(x; 2) = As(x; 2 — e3(K — x)).
Oynknus A, (z; 2) aeagercs nosoxkureabHoil npu Beex z < 7(K). Ilosromy oneparop W, (2)
HOJIOZKUTEJIEH TIpH Beex 2z € (—oo, 7(K)).

Ormpe/iesiiM caMOCOIPSZKEHHBIH KOMIIAKTHBIN onepatop T(z), 2z < 7(K), B ruianbepToBOM
IPOCTPAHCTBE Lg?’) (T?) = L*(T?) @ L*(T?) @ L*(T?), 3ajanublii MmaTpuneii

NI

T(z) = (Tz‘j<z))3 T;(2) = (‘;Vz (Z)K"'(z)wj%(z)7 iii
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Bnech K;j(2)— HHTerpasbHbIl OlIepaTop, MOPOXKIAEHHDI anxpoM K;;(z; z, s) Takoii, ato K;;(z) =
[K;i(2)]", rae

2m) L/ 2m) L/
Klg(Z;I,S) = M K13(2;l’,3) ( 7T) ks

x(z,8)— 2z’ :SK(JZ,S—:B)—,Z’

2 —1
K23(Z; z, S) _ ( ﬂ-) V Ha 3

Ex(s—w,x)— 2z

O6osnatmm 1depe3 N(z), z < inf oe(H(K)) = 7(K) 1ucio cobCTBEHHBIX 3HAYEHMIT OIe-
paropa H(K) nexamnux jieee z. [Tycth A caMOCOTPSIZKEHHBIN OIlepaTop JeHCTBYIONU B MHIb-
Geprosom npocrpancTBe H u Ha(A), A > Sup 0es(A) moanpocTpancTBo cocrosiiiee u3 BeK-
topoB f € H, ynosnersopstomux yciosuio (Af, f) > A(f, f).

[Tonmoxum

n(A,A) = sup dimHa(N).
Ha(N)

Yucso n(A, A) coBmagaer ¢ 9ucaoM cOGCTBEHHBIX 3HAYEHUI (C y9IeTOM KPATHOCTH) ONEPATOpa
A, nmexkamuyx mpasee OT .

JIemma 3.1 g auciaa N(z) (¢ yaeroM KpaTHOCTH) COOCTBEHHBIX 3HAYECHHI OEpaToOpa
H(K), nexamnmux sieBee oT 2z < 7(K'), IMeeT MeCTO paBeHCTBO

N(z) =n(1,T(2)), z<T7(K).
HokazarenbcrBo. CHadasra T0KaxkKeM, ITO
N(z) =n(1, R§ (2)VR;(2)), V =mVi+ p2Va + psVs, (2)

rie Ry(z)— pesonbsenta oneparopa Hy(K).
[Ipeanonoxum, uro u € H_px)(—2), T.e. (H(K) — 2)u,u) < (Vu,u). IlosTomy

(y.9) < (R (VR (2)yow), v = (H(K) - 2)tu.

Takum obpasom, N(z) < n(l, Ré(z)VRé(z)).

Paccymgaﬂ AHaJIOTUYIHO, IIOJIyYIHUM O6paTH06 yTBEPKIAEHUE
1 1
N(z) = n(1, Bj (2)V R (2))-

Otciona ciaeyer paBeHcTBo (2).

1 1
PaccMoTpuM ypasHenue jiis cobersennbix dynkiuit f € L?(T?) oneparopa RE (2)V RE (2)

1 1
A = B3 (2) Vi + Vs + Vs | RS (2)f, A #0,

T.€. YpaBHEHHE

1 [ H1 f(.T7 S)ds H2 f(87 y>d8

A(zy) = Exlz,y) — 2L (2m Ex(x,s)— 2z (27T>2T2 Ex(s,y) — =
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f(s,z+y—s)ds ]
27T \/EKsa:—l—y—s)—z‘

(3)

Bsenem obosnadeHusa
.CL' f (z,8)ds

\/EK z,s) —2’

f(s,x)ds

(z) fm (4)

.T f (s,x—s)ds

«/EK $,L—S)

U3 pasencrsa (3) nmeem

1 M1
[

CREmELE: = poste +u)

M2 M
)2 @g(y) + (

/\f(l‘,y)z )Qgpl(x>+ (27‘(‘ 27‘{')

[MoxcraBum 510 BRIpakenue B (4), Torga GYHKIUU @1, Qo U @3 YIOBJIETBOPSIOT CUCTEME
WHTETpaJIbHBIX ypaBHEHUH

( _ ds (s)d (z+s)d
Api(a) = (2};1)2 f ez P1(T) + 5 ) E(@a—z T P A e
. ds . s+x)ds
] )\902 f 5K(sx —z (2/;2)2 f Ex(s,x)— P2 Q?) + (2/:1:3)2 g?(((s CC))—Z
_ (s)ds (z s)ds
)\(’03 - f SKG(Dslz s) + (2!;2)2 5:2(53: s) f Ex (s,z—s) (l’)
\

HOCJIEeIHAA CUCTEMa yPaBHEHUN IPUHUMAECT BT
3
Mo =L(2)p, ¢ = (p1,90,93) € L (T?), (5)

rie L(z) camoconpsizkeHHBI orepaTop B Lég)(TQ), OIpeJIeJIeHHBII 110 hopMyITe

L(z)p =
ds s)ds z+5s)ds
(zljrl)szQ Er(@,5)—2 p1(z) + (2!;2) T S;f?a(c $)—z f ?f((acs)

1 pi1(s)ds f f <p3(5+$)d8
(27r) SK(s T)—z 27r)2 Ex (5,T) 27r Ex (5,1)
p1(s)ds p2(z—s) ds
(27r f Ek (s,x—s)—z f Ex(s,x—s)—z 27r)2 f Ek(s,x—s) ((L’)

Jlerko mpoBepuTh, uTo yparenus (3) u (5) sgBJsIOTCS SKBUBaIeHTHBIMUA. OTCIOA MOy~
YUM PABEHCTBO

N(z) =n(1,L(2)).

Ecim nokazkem, paBeHCTBO

n(lv L(Z)) = n(17 T(Z))v

TO JieMMa OyJIeT JIoKa3aHa.
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[Tycrs @ € HL(z)(l), re. (L(2)p, @) > (¢, ) wim

/ [(2/;1)2/ SK(;;_Z%@H (2/}?)2/ &ﬁi?)diﬁ

T2 T2 T2

3 p3(x + s)ds H1 p1(s)ds
(271')2 / EK(JI,S) — Z]Spl(x)dl"i‘ [[<27T)2 2 EK(S,I) —

2 ds s w3(s+x)ds
(27'(')2 / EK(S,l') — 2902(37) + (271')2 / EK(S,I') — 2]902(33)(11’

+/[(2/jrl)2 / SK(SS[,);(S)—)iS) =7 (2/;2)2 / gféfa;__?)di 2

T2 T2 T2

+(2ljf)2 / Ek (s xdi s) — 2903($)]903(:E)dx

T2

> [ewn@is+ [ @+ [ e@p@.

T2 T2 T2

HOCJIG,ILHee HEPABEHCTBO PAaBHOCUJIbHO HEPABEHCTBY

s Pa(s)ds 3 w3(x + s)ds
/[(QW)Q / EK(.CE, 3) — + (27()2 / 5}{(%,8) — Z]¢1($>d$—{—

f p1(s)ds py [ pals +a)ds ——
/[(277') EK(S x)—z * (27?)21T2 Ex(s,x) — z]g@( Jdo+
H2 pa(x — 5)ds
/ /SK (s, —s) ( )2 J Ex(s,z—s) — Z]gog(x)dx ~
/AI(K —x; 2 — e1(x)) o1 (2) o (x)dx + /AQ(K — ;2 — &9(x))pa () po(x)dx
+/A3(x; 2z —e3(K — x))ps(x)ps(z)d.

O6osnauus yepes ¢ = (p1, Yo, P3), U1

o £ulo) 1o e Ea(a)
eal) VALK — 252 — eq(2)) 2 4l VAs(z; 2 — e3(K — 1))

nosyanM (T(2)p, @) > (¢, ), Te.
n(1,L(2)) <n(1,T(z))
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AHAJIOTTIHO JTOKA3bIBAETC 00OPATHOE YTBEPIKIEHIE
n(1,L(z)) = n(1,T(2)).

Jlemma (3.1) mokaszana. O

CoBepIIIeHHO aHAJIOTHYIHO J0Ka3aTeIbCTBY, IIPUBeIeHHOMY B pabote [7], [8], [12] mosb3y-
scb MerogaMu PperosibMa, MOKHO JTOKA3aTh CIICLYIONLYIO JIEMMY.

Jlemma 3.2 Oneparop Tip(z2), o # [ npeacraBisiercst B BUJE

Tap(z) = Tup(2) + Fap(2), a# B,

rJie olepaTopHO3HaYHASA (DY HKIIHS Taﬁ(-) HenpepbIBHa 110 HopMe Ha (—oo, 7(K)| u Fp(z), 2z <
7(K), 1 HE3aBUCHMO OT 2 SIBJISIETCS KOHETHOMEDPHBIM OIEPATOPOM.
Ompezermi omeparop T(2), z < 7(K), B ruiib0epTOBOM IIPOCTPAHCTBE Lg?’) (T?), 3a1aHHbI
MaTpUIEei
. - 3
T(:) = (Tu(2), -
1,7=1
[TocKOMBKY It KazKJI0I0 ONPaHUYIeHHOro oneparopa A, JefiCTBYIONEro B THILO0EPTOBOM
POCTPAHCTBE Lg?’) (T?), u qyia moGoro @ = (p1, 2, p3) € Lég)(']TQ) HMEIOT MECTO COOTHOIIEHNUSI

AR ) o) = (AD, AD) o) ) = ZHA‘P Jill* = ZHZAU%HQ

3 3
<D 3> lAypll < 3281113 1455 () 1171 @]|*.

i=1 j=1 i=1

CupaBe/iyinBa OIeHKA

3
JA]] < V3| D sup |[Ay]>
i=1 J

[TosTomy

3

IT(2) = T(r(K)|| < V3 ngp 1T35(2) = Ty (T(EI?, 2 < 7(K). (6)

j=1

U3 nmepasencrsa (6) u semmbl (3.2) coemryer
JIemma 3.3 Oneparop T(z),z < 7(K), upejcrapisiercs B BUJE

T(z) = T(2) + F(2),

rJie omeparopHosHadHas dynkius T (-) Hempepsisroii o HopMe Ha (—oo, 7(K)| n F(z2), z <
7(K), HE3aBUCUMO OT 2 SIBJISIETCS KOHEIHOMEPHBIM OIIEPATOPOM.

Hokazarenscrso Teopemsr (1). IMombsysacs mepasencrsom Beitna [1] n(a + b, A + B) <
n(a, A) + n(b, B) 1yist KOMOAKTHBIX oniepaTopos A, B, mosyaum

<n(2T() +n(3, F(2) <l

N(z) JT(2) = T(r(K))) + n(

JT(7(K)))+

Wl =
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1
- F
n(} )
Coryaco semme (3.3) oneparop T(7(K)) sB/IsieTCsi KOMIAKTHBIM, IIO3TOMY
1 -
0 B((K)) < o0

u pu Masbix 7(K) — 2z < 0 mMeeT MeCTO PABEHCTBO

1
g»
[Mockosbky F(z) ecTh KOHEIHOMEDHBII OIIEPATOP U PA3MEPHOCTH MPOCTPAHCTBA €r0 3HAYECHUI
HEe 3aBHCUT OT 2, 2 < T(K), CyaieCcTByeT 4ucJIio F >0 TaKoO€, 94TO IJIsdd BCEX Z < T(K) BEPHO

T(z) — T(r(K))) = 0.

n(

n(=,F(z2)) < F < 0.

Taxkum obpaszom, 1 Beex z < 7(K) nmeer mecro zHepasencrso n(1, T(z2)) < oo. CremoBaresb-
HO, 110 JeMMe (2.4) anciio coberBennbix 3uadenuit H (K), nexamux #a (—oo, 7(K)), aBiasgercs
KOHCTHBIM.

Teopema (1) mokazama. O
Huckpernsbiii criektp oneparopa H(K) ipu m; = my = 0o 1 m3 < oo 4.

B sToM pasjernie MbI IpejiiosaraeM, 9To my = my = 00, mg < 00. Torma omeparop H (K)
ocTapyigeT Kaxjioe us nognpocrpancts Ho = {f € L*(T?):  f(x,y)
=g(x +vy),g9 € L*(T*)} u Hy = L*(T?) & Hy unsapuantubid. [Ipu sToM

Udisc(H(K)) - 0disc<HO) U Udisc(Hl)a (7)
rie H® = PH(K)P, H' = P-H(K)P+, P— oproronambhbiii npoektop B Hg, P+ =1 — P.

[Tockosbky Ho uzomopduo L%(T?), onepartop H® yHuTapHO-3KBUBAJIGHTEH OIIEPATOPY ",
neitcreytomemy B L2(T?) o dpopmyte

—0
H" = Hg — pizl — (p1 + pa)v,
e Hy — oneparop yMHoxKenns Ha GyHKImo 3( K —-), [— eMHIYHbI ollepaTop, v— olepaTop,

JeiicTBytomuii o dpopmyite (1).
Omneparop H' neiictyer B Hy 110 bopmyite

H' = HO(K) — Vi — Vs,

[IycTn
Fuin(K) =mines(K —s), FEpax(K) = maxes(K — s).
s€T? s€T2
[ousitao, 910 Enin(K) u Eya(K) He 3aBucar or K € T2, m03TOMY MBI HCHOJIB3yeM

0003HaYCHAA
Emin = Emin(K) Emax = Emax(K)~
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HamomuuM, 9To B ciiydae my = mg = 00, mg < 00 dyHKIwsa A, (z;2) He 3aBUCHT OT
x € T?. Jlna ynobersa oboznaunm ee depes A, (z)

Mo ds
Aa =1- ) C EminvEmax s = 17 2
(2) (2m)? / e3(s) — z zeCh oo
’]TZ
Ilomoxkum
Qn(z) = / E@))e @V at, zez? n=0,1,..., (8)
’H‘2

e
Ep)=c(p) —E(0) = Y (&) (9)
SEZ2,57£0
Jlemma 4.1 a) [lna mobwix k € Z?, n € NU {0} sepro Q,(k) > 0;
b) dna mobeix k € Z? cymecrsyer n € NU {0} Takoe, aro Q,(k) > 0.
HokazarenabcTBo. a) OuennHo, 9T0 Kaxkplii koaddunuent Pypoe byuxrmmn (£(+))"
COCTOUT M3 KOHEIHOH cyMMbl npomssegennit (—(sy)) -+ (—&(s,)), s1,-. ., s, € Z* \ {0}.
[TockosbKy Bee KoabdunuenTsr Pypbe GyHKIMI £(+) ABIAIOTCI HEOTPUIATEIBHBIMHE, TO

qtst mroboro n € NU {0} koeddunuentsr ypoe dynkmnuu (£(+))" TakKe sBISIOTCA HEOTPHUIIA-
TeJILHBIMU.

Hosromy jyist JI00BIX S1, ..., s, € Z? \ {0} u3 pasencrsa
A 2 _ 0
/ i) g — (2m)*, ecrmm = 0; 2
T2 0, ecium # 0, m € Z

u (9) ciemyer
Quk) > (—&(s1)) -+ (—&(50) / elttteetht gt > 0. (10)

b). Tlonoxkum
My = {+e; € Z*: j=1,2},

rjae ej, j = 1,2 eIuHu4nbIe OPTHI Ha 72,

Tak Kak J11060it 3JIeMEHT MHOXKECTBa Z* TIpejicTaB/Igercs B Bujie (KOHEUHOIt) CyMMBbI 3J1e-

MeHTOB I, cymecTBytoT ng u s?, o 500 € Il Takwue, aTo

N R
Taxum obpazom, u3 —£(s) > 0, nmpu s € Iy u (10) cremyer, aTo

Qu(k) = (2m)*(—&(s1)) -+ (—€(sn)) > 0.

ITycTh

1 1(k,s)d
du(z) = / €% ke 2 €C\ [Fuin Fonl. (11)
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JleMMa, aHATIOTMYHASL CJIELYIONIEMY yTBEPZKIEHUIO, Oblia JoKkasana B [9] 11s B pasmMepHOM
CJlydae M UrpaeT Pemaronyio poJib B J0KA3aTeIbCTBE OCHOBHOTO PE3y/IBTATA.

Jlemma 4.2 Jna moboro k € Z? dbynxuus dy(z) gBIgercs cTporo MoJoKUTEIbHON 1
MOHOTOHHO Bo3pacTaoreil Ha (—o0, Epiy).

nmeer mecTo
lim di(z) =0 wu lim  dg(z) = +o0. (12)

Z——00 2= FEmin—0

HoxkaszareabcrBo. [Ipeacrasum (11) B Bue

1 e~i@D)
di(z) = dt /e C\ [Emin; Paax)-
<) = Gy /T B0z veLzeCA ]

Tak kak £(s) <0, 0# s € Z* u By, = £(0), umeem

(0) — Buin = 2(0) = 3 &ls) = 3° —2(5) = 3 [£(s) cos(s, )| = E(0),

sEZ2 s#0 s#0
sez? sez2

[Tockombky £(0) — z > |€(p)|, To MoxKmO 1pecTaBuTh di(2) B Buje psga Jlopama

E: _ZwHQ(@, 2 < Enmin, (13)

n=0

riae Qn(x) onpesenena 1o (8).
B cuny a) semmsr (4.1) momyumm, aro (13) sABIsieTcss HEOTPUIATEILHBIM M CTEICHHBIM
PSIJIOM TIePEMEHHOTO ﬁ C HEOTPUIATEIbHBIMU KO3 DUIeHTAME 1, CIeJ0BaTeIbHO, di(z) > 0

npu mobbix = € Z2. Bosee Toro, B cuty b) memmbr (4.1) mis moboro x € Z? dyuxuust Ro(z;-)
SIBJISIETCSI CTPOTO MOHOTOHHO BoO3pacTarolieii Ha (—o0, Fyin).

DTO 3aBePIIAET JOKA3ATEIBCTBO JIeMMBI (4.2).
Crrestyommast JleMMa UI'paeT PEIIalolyo POJib IPU J0Ka3aTeIbCTBE OCHOBHOIO PE3y/IbTATA.

Jlemma 4.3 Yucio 2z € C \ 0es(H') siBIsieTcs cobeTBeHHbIM 3HavMenueM onepatopa H '
TOI/Ia ¥ TOJBKO Torna, Koryma D(z) = 0, rae

=[[2:(2)

Di(z) =1- A/:(lz) A’j(zz)dz@).

Ecin uuciio 2z € C\ 0es(H')— cobersennoe snauenne H! ¢ Di(z;) = 0, To cooTBercTByIomas
cobcTBeHHAsA (DYHKINUSA UMeeT BU/I

1
s -—r—y)—z

fi(z,y) = (1 e EER2= G ()

)

H1 +i(k,(K/2—1))
——d
2 272 (2) k(zr)e ]
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rne k € 72

JokazarenbcTBo. [Iycthb 2 € C\ 00( H')— cobeTBennoe 3navenue oneparopa H' u f—
COOTBETCTBYIONIMUIT cOOCTBEHHBII BeKTOD, T.e. ypasHenne H'(K)f = zf umeer HeTpuBHasbHOE
pemtenne f. Tak kak npu z € C \ os( H') oneparop Ry(z) orpanuven B L?(T?), umeem

[ =Ro(2)[m V1 + Vol f. (14)

OTcroza ciiefyer, 9To 9uc/Io 2 ABJIAeTC COOCTBEHHBIM 3HadeHueM orneparopa H! Torga u
TOJIBKO TOIjIa, Koria 1 siBasercs cobCTBeHHBbIM 3HadenneM Ro(z)[pu1 Vi + paVa), npudem kpar-
HocTu 2z 1 1 coBnagaioT. Beemem obosHaueH

Vo =Vof, a=12 (15)

I3 pasencrsa (14) nmeem

1
es(K—z—y)—2z

[, y) = (11161 (y) + paa ()], (16)

[oncrasiss Beipazkenne (16) B (15), mosy<auM, 9To GYHKIMA @, @ = 1, 2 YIOBIETBOPSAIOT
cucTeMe MHTEerpaabHbIX yPaBHEHM

fi1 P1(y)ds Fh2 p2(s)ds
e1(y) = )2 1/63([(_3/_ 92" (27r)2T2/ es(K —y—s)— 2

L o1(8)ds 2 Pa(x)ds
Pl) = (2)2 /az(K—s—I)—Z+ (27T)2/53(K—5—1’>_

T2 T2

[Tonp3ysich MEPUOMIHOCTHIO TOIBIHTEIPAJIBHBIX (DYHKINI B 3TOW CHCTEME ypPaBHEHHUIA,
IPOM3BO/IA 3aMEHy TepeMeHHbIX K /2 — s = B mepBOM M BTOPOM MHTErpaJjax IIPaBOH YacTH
paseHcTB 1 3ametuB, 9T0 A, (2) # 0,a = 1,2, mpu z € C\ oes(H'(K)), ybemumes, uTo
Do, @ = 1,2, YIOBIETBOPAIOT CICAYIOMEH CHCTEMe MHTErpaIbHbIX YPaBHCHMIL:

o (t)dt
901(9) — AL(2) (2;;2)2 o e;?;th)fz’

(17)

d ~
pa(7) = A21(z) (26:)2 o 53f751-&(-2)i2’ vily) = @iy + %)
T

[Tpu sTom BekTOp f, onpeeenusiii o dgopmyse (16), sBiisieTcst COGCTBEHHBIM BEKTOPOM OIIe-
paropa H'(K), cooTBeTcTBYIOMUM COOCTBEHHOMY ancity z € C\ 0es(H'(K)), Torma
U TOJIbKO TOrIa, Korja ® = (¢1, pg) aBiasercs pentenueM cucreMsl (17). Huesro Takux JuHeHO
HE3aBUCHMbBIX COOCTBEHHBIX BeKTOpPOB f u ® coBmajaer.

[Moxcrasisisi Bropoe u3 pasencts (17) B mepBoe, mojydaem

_ M1M2 p1(s)dtds
oY) = Al( //53 (y + 1) —263(s+t)—z (18)

1= Q(2)e1,

nJI
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rae Q(z) = —ﬂ’”—QQ (Q— unTerpanbHbIil oneparop, jeiictyiomuit B L?(T?) dopmyite

A1 (z)Az(
1 o(t)dt
(@) = (27)2 /a3<x+t)—z'

’]1‘2

[Tpu stom eciiu ® = (1, o) aBisercst perierueM cucrembl (17), To @1 saBageTCST COO-
cTBeHHOIT (byHKIHel oneparopa (Q(z), coorBercTByIoIIeil cobcTBerHOMY 3HaueHnO 1. O6paTHO,
ecm ) sABJIAeTC coOCTBeHHO dyHKImei oneparopa (Q(z), coorBeTcTByIOIIEil COGCTBEHHOMY
sHadennio 1, To ® = (1, p2), po = Z%ngl siBJIsieTcst perieareM cucreMbl (17). Hucesno Takux
JINHEITHO HE3aBUCUMBIX CODCTBEHHBIX BEKTOPOB (1 1 P coBmajaer.

Tak kak gynxnus 1/(e3(-) — z) HenpepbisHa Ha T2, To onepaTop Q sIBIsIeTcs OlepaTopoM
Funpbepra-llmuara. CremoBarenbHo, omeparop (Q(z) NPUHAIIEKUT KJIACCY OIEPATOPOB €O
CJIEIOM.

[Tosromy gerepmunant det(I — QQ(z)) oneparopa I — (Q(z) CyIecTByeT U ONpEIeIsaeTCst
o dopmyste (cm. Teopema XII1.106 kauru [10])

o0

det(I = Q(2) = [ [(1 = M(2)), (19)

k=0

rie {\i(z) }— coberBenmble 3HavMenus ()(z), BBIINCAHHDIE C YIETOM aarebpandecKoil KpaTHOCTH.
I[To reopeme XIII.105 xkuuru [10] wmcso 1 ects coberBenHOE 3HAYMEHHE oniepaTopa ()(z) Torma u
ToJBKO Torna, Korga det(I — Q(z)) = 0.

I[Iycthb p— coberBennast dbyHKIws oneparopa QQ(z), COOTBETCTBYIOMAst COOCTBEHHOMY 3Ha-
YEHUIO A, T.€.

B ,ulu2 ©(s)dtds
)\@(y)_Al( //63 (y+1t) —zes(s+1t) — 2z (20)

Paznaraga (byHKLLI/HO © B pgaa II0 6a31/1(:y {ei(’”’)} U YYUTBIBasI NEPUOJUIHOCTDH IOJbIHTE-
kez?

rpabHON (DYHKIIMH, TTOJTY UM

2
i(k,x) 1 25y 2%) / ei(k’s)ds
A1 (2)Aq(2) (2m)* | ) es(s) — 2
T2

et = e

nJjm u /,L
Mz) = — 2 di(2)]?.
(0) = g bl
Takum obpasom, cobersennoe 3Hadenne \x(z), k € Z?, oneparopa Q(z), ydactByoiee B ¢Gpop-
myite (19), nmeer Bug

Ae(z) = %\dkw,

a Yp(z) = e®?) k€ 72, apnserca cobersennoii dynkiueit oneparopa Q(z), coorsercrByomeit
cobeTBeHHOMY 3HaUeHuo A (z2), k € Z2.
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Bamernm, uro dy(z) = d_y(z) mna moboro k € N2 u 2z € C \ 0us(H'(K)). TosToMmy,
ecrm wmcyio 1 = \g(2), 21 € R\ 0ess(H'(K))— coberrennoe snadenne Q(z;), To @y = etik:)
ABJIAETCS COOTBETCTBYIONIEi cobeTBennoii dynkiueit oneparopa Q(2y).

Orciona ecin uucio z € C\ o(HY(K))— cobersennoe snavenune HY(K) ¢ Dy(z) =
1—=Xk(zx) = 0, To 13 bopmysn (17) u (16) mosrydaem COOTBETCTBYIONLYIO COOCTBEHHYTO (DYHKITHIO

1
es(K—z—y)—z

fiE@,y) = [ ()

M1 :I:i(k,(K/Z—:r))i|
———d )
) As(2) k(zr)e

Jlemma (4.3) mokazana. O

Jlemma 4.4 O6o3HauuM yepe3 z = \; OTPUIATEIbHBIN HYJIb byHKI A;(-)
= 0,7 = 1,2, ¥ HOJOKUM Ay, = min{ Ay, s},  Apax = max{A;, A2}. Cymecrsyer nocsenosa-
teqbuoctb {k,} C N2 u uucna z;, € (—00, Amin),
€k, € (Amax, Pmin) Takue, ato Dy (2x,) = 0 u Dy, (&,) = 0 npu kaxgaom n = 1,2,.... [Ipu
9TOM

lim 2z, = Apin,  1im &, = Anax-
n—oo

n—00

Jloka3aTeyqbCcTBO. JIerko mpoBeput, 4To

lim Di(z) =1

Z—r—00

gt Beex k= 0,1, .. .. Ilockombky A;(2) > 0,7 = 1,2 upu z < Ayin 4 110 jiemMe (4.2) dy, (Amin) 7#
0,l=1,2,..., 170 13 A1 (Amin)A2(Amin) = 0 nMeem

) R ! H2 o _
dm Dy (2) = (1 AQ(Z)Al(z)dkl(z)) oo

Orcroma, cormacuo nernpepbiBHOCTH Di(+), Ciemyer CymecTBOBaHue 2, € (—00, Apin) TAKOIO,
a0 Dy, (2r,) =0,0=1,2,....
[TockosbKy Er_nooD(z) = 1 u D(-)— anmammrumieckas dynxnus na C\ [{\} U {2} U
[Emin (K), EmaX(KZ)} ( te C— KOMILTIEKCHASI TIJIOCKOCTD ), TO JIOJIZKHO OBITH llg(l)lo 2k, = Amin-
3ameTnm, 9TO

Emin )\max Emin )\max
lim dj, (;) -0 u A, (;> <0, a=12

[Tosromy cymectByer ny > 0 Takoe, 110 Dy ( > 0 maa Beex k, ||k||1 > ny. Cormacuo
A1(2)A2(2) > 0 mpr 2z € (Amax, Pmin) 7 di,(Amax) # 0,0 =1,2,... u3

Emin;’)\max )

A1 (Amax>A2 ()\max) =0

nMeeM

lim Dy, (z) = —o0.

Zz—Amax+0
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Hanee, u3 nenpoipeisaocta Gyuxmmu Dy (-), momygaem Dy, (&) = 0 maa mekoroporo &, €
(Amas, (BmintAmac) g peex k, ||k[]1 > ni.

N3 anamuruanoctu dbysakmn D(-) na C\ [{Al}U{)\Q}U[Emin, Emax]} CJIe/LyeT, 9TO zliglo &k, =
Amax- JJId BeeX k; > ny.

Jlemma (4.4) nokazana. O

Ananornano semme (4.3) J0Ka3bIBACTCSA
. —0
Jlemma 4.5 /lia Beakoro p; > 0,1 = 1,2, 3, oneparop H umeeT eIMHCTBEHHOE COOCTBEH-

Hoe 3HaueHne \3 < inf oe(H ) ¢ Az(A3) =0, ne

P+ o ds 2
A =1 k e 7Z-.
3(2) ()’ / S =z FE

T2
JokazarenbeTBo TeopeMsl (2) caemyer usz dopmyisi(7) u semm (4.3)-(4.5). O
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REZYUME

Biz uchta ixtiyoriy tizimning Gamiltonianini ko’rib chiqamiz Ikki o’lchovli panjara
ustidagi zarralar juftlashgan yordamida o’zaro ta’sir qgiladi jalb qilishning kontakt
potentsiallari. Tegishli muhim spektrning chap tomonida joylashgan diskret
spektrning cheksizligi Ishdagi umumiy kvazimomentumning barcha qiymatlari
uchun Shredinger operatori uch zarrali tizimda ikkita zarrachaning massalari cheksiz
bo’lsa.

Kalit so‘zlar: Panjara ustidagi uch zarracha sistemasi, Shredinger operatori, asosiy
spektr, diskret spektr, xos giymat, Faddeev tipidagi tenglama.

RESUME

We consider the Hamiltonian of a system of three arbitrary particles on a two-
dimensional lattice interacting using paired contact potentials of attraction. The
infinity of the discrete spectrum lying to the left of the essential spectrum
corresponding to Schrodinger operator for all values of the total quasimomentum in
the case when in a three-particle system the masses of two particles are infinite.

Key words: Three-particle system on a lattice, Schrodinger operator, essential
spectrum, discrete spectrum, eigenvalue, Faddeev type equation.
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VIK 517.956.6

O suneliHOll oOpaTHOI 3aaYe C NEPUOANYECKUM KPAaeBbIM yCJIOBUEM JIJIs
YPaBHEHUsSI CMENIaHHOI'O TUIa BTOPOT'O pPoJa B HEOIPAHWYEHHOM IIapaJjuielienunene

J>kamasios C. 3. * Cunarnunosa B. K. ©

PE3IOME

B nanHO# cTaTbe, METOJAMU «£ -PETYJSIpU3AIUNy», allPUOPHBIX OIEHOK, ITOCJIEe0-
BaTEJbHOCTHIO MPUOJIMKEHU ¢ NpuMeHeHueM mpeodbpaszoBanus Pypbe JI0Ka3aHbI
TEOPEMBI CYIIECTBOBAHUS W €IUHCTBEHHOCTH OOOOIIEHHOTO peIleHns] OTHON JIMHEH-
HO# 0OpaTHON 3a/1a49u C TEePUOJIMIECKIMU KPACBBIMU YCJIOBUSMU B OIPE/ICJICHHOM
KJIaCcCe UHTErPUPYEMBIX (DYHKITHIH.

Karoueswvie caosa: smHelinas oOpaTHas 3a/ada C MEPUOJINIECKUMU KPAEBBIMU
YCJIOBUSIMH, KOPPEKTHOCTD 3a/Ia9l, METOJbI «E-PEryIapU3aIuny, allpuopHbIE OIEH-
KU, TIOCJIEJI0BATE/ILHOCTD IPUOJINKEeHNs, Ipeodpa3oBanus Pypone.

1.BBeaenue

B nporiecce nccsieioBanus HeJIOKAJIbHbBIX 3814 ObLIa BbISBIEHA TECHAs B3ANMOCBI3b 3a-
Jlad ¢ HEJIOKAJbHBIME KPAEBBIMU YCJIOBUSIMU 1 00pATHBIME 3a/iadamu. K HACTOdAIIEMY BpeMeH:
JOCTATOYHO XOPOIIO M3y 9IeHbl 0OpATHBIE 33a9 JJIsI KJIACCHYECKUX YDaBHEHUH TaKUX Kak, Ma-
paboIMIecKuX, SIUITHIECKUX U rurepbonndeckux Tumos [1],[2]. O6parubre 3amaan s ypas-
HEHU{l CMEITaHHOro THIIa B IJI0CKocTH n3ydeno B paborax K.B. Caburosa u ero yuenukos [19],
a JIJIsl MHOTOMEPHBIX yPABHEHHUIT CMEITaHHOTO THIIA KaK II€PBOro, TaK U BTOPOTO POJia B OIPaHU-
YeHHBIX 00s1acTaAX, n3ydensl B paborax C.3. Ixamamnosa, P.P. Amyposa u C.I'. [Tarkosa [6]-[9].

3HaYUTEILHO MeHee U3y9YeHHBIMH SBJIAIOTCA OOpaTHBbIEC 3aJa4un JjId yPaBHEHUI CMelIaH-
HOTO THUIIa TIEPBOTO pojia (B YACTHOCTH, I ypaBHEHUs TPUKOME) B HEOIDAHMYEHHBIX 00JIa-
crsix [12], a ayist ypaBHEHHI CMENIAHHOTO THUIIA BTOPOIO POJia TaKUe 3a/a9i B HEOIPAHUYEHHBIX
00J1aCTAX MPAKTHICCKUE HE UCCICI0BAMNCH. JacTHIHO BOCIOJHUTD JAHHBIA POGE MBI U I10-
IBITAEMCS B paMKaxX 9TOH paboThI.

B nmannoit pabore, 11 HCCIEI0BAHUS OJHO3HAYHON Pa3penmMOCT 00PATHBIX 3aad JIJIst
TPEXMEPHOr0 ypaBHEHUs CMEMIAHHOI'O THIA BTOPOI'O POJa, BTOPOrO IOPSAJIKA B HEOrDAHMYECH-
HOM TIapaJule/Ienuiesie IpejiaraeTcsa MeToJ, KOTOPbIi OCHOBaH Ha CBeJeHHe OOpaTHON 3a-
a9 K IPSAMBIM MePUOAMYCCKUM KDPACBLIM 3aJadaM JIIs CeMeiiCTBO HarpyKeHHBIX WHTEIPO-
nuddepeHaabHbIX YpaBHEHUS CMEITAHHOTO THIIA BTOPOrO POJIa, BTOPOIrO HMOPSIKA B OTPaHU-
YEeHHOHN IPAMOYTOJIbHOI 00JIACTH.

HamomuuM, 9TO HArpy?KEHHBIM ypaBHEHHEM HPHHATO HA3LIBATL YPABHEHUE C YACTHBIMU
IPOM3BOMHLIMH, COAepKalnee B KO3 PUIMEeHTaX MM B IPABOil YaCTH 3HAYCHUSA TeX WJIA MHBIX
dbyukIMOHAIOB OT perenns ypaBuenus [17].

B obnacru

G=(0,1)x(0,T)xR=0Q xR={(x,t,2);x € (0,1),0<t <T < 400,z € R}

*Moxamamos C. 3. — Mucruryra marvemarnkn umenn B.J.PomanoBckoro Axajemun Hayk PeciryGimkn
V3b6ekucras, siroj63@mail.ru

*Cunargunosa B. K. - Uncturyra maremarnkn nvern B.J.Pomanosckoro Axajemun Hayk PeciryGinku
V3bekucran, sbiybinaz@Qmail.ru
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pPacCMOTPUM ypaBHEHHE CMENTaHHOTO THUIIA BTOPOIO POJIa BTOPOIO MOPSIIKA:
Lu = k(t)uy — Au + a(z, t)us + c(z, )u = P(z,t, 2), (1)

e Au = Uz, + u,,-omeparop Jlammaca, u mycrs k(0) = k(T) = 0. 3mecb ¥(z,t,2) =
g(x,t,z) + h(x,t)f(x,t, 2), gz, t,2) nu f(x,t, z)-3ananuble dyuknun, a Gyaknusa h(x,t) nou-
JIEXKUT OIPE/IETIEHUIO.

Ypasuenue (1) oTHOCHTCST K YpaBHEHHsIM CMEIIAHHOTO THIIA BTOPOTO pOjia, TakK Kak Ha
sHak Qyuknun k(t) 1o mepemenHoit ¢ BHyTpu obsacTu () He HajaraerTcsi HUKaKue OrpaHude-
uug [3].

IIycThb Bee KoadbdurmenTs ypasaenns (1) mocrarouno riaxue GyHKIEE B Q.

Jluneitnas obparuas 3amada. Haittu dbyuxmun {u(x,t,z), h(x,t)} yaosiaersopsito-
mue ypasaenuto (1) B obnacru G, Takue uro, GyHKIwms u(z,t, z) yIOBIETBOPSET CJIE/LYIONINM
HEPUOIUIECKIM KPAEBBIM YCJIOBHUAM:

uli=o = uli=r, (2)
DPu|y—o = DPul|y—1;p = 0,1, (3)
Jasbueitiem 6yiem canrarh, arou(x, t, z) uu,(z,t,z) — Oupn |z| — oo. (4)

Kpowme Toro, pemenne 3a1aun (1)-(4) yaoBiaeTBopsieT J0NOJTHUTEILHOMY YCIOBUIO
u(z,t,ly) = polx,t), (5)
rie Uy € R u Bmecte ¢ dyuknueit h(x,t) IpUHAIIEKAT KIACCY
U= {(u,h)lu € Wy (G); h € W3(Q)}.

2,3 )
Baecs W5 (G) Becoas npocrpancrea CobosieBa ¢ HOPMOIt

—+00

— 30~
||u||12/v2273(g) = (27T) 12 / (1+’)‘|2) ||U($,t,/\)||12/v22(Q)d/\, (A)

—00

Ouesmno, uro mpocrpancTso Wi (G) ¢ mopmoit (A) sBisercs GAHAXOBBIM MPOCTPAH-
creom [10]- [15].
[Tpu moJryueHny pa3JIngHbIX AIIPHOPHBLIX OIEHOK MBI 9aCTO MCIIOIb3yeM HEepaBeHCTBO Ko-
mu ¢ o [13]:
Yu, 9 >0, Vo >0, 2u -9 < ou® + o~ 2.

Ounpenenienne 1. Obobwernvim pewernuem 3adavu (1)-(5) 6ydem nasvieamov dynryuto
u(z,t,z) € U, ydosaemsoparowyro ypasreruto (1) nowmu ecrody 6 obaacmu G, ¢ ycrosuimu
(2)-(5).

ITycTh BBIIOJIHEHDI CJICLYIONIHIE YCI0BAS OTHOCUTEIHLHO KO3 (DHUINEHTOB, IPaBOiil 4acT U
3ajaHHON byHKIWMH @o(T,1);

Veaosue 1: [lepuopnunocts: a(x,0) = a(z,T), c(z,0) = c(x, T).

9(x,0,2) = g(z, T, 2), f(z,0,2) = f(z,T, 2).
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Dajkocts: f(x,t, b)) = fo(z,t) € Co1(Q), [ folz, )] = p >0, f € W*(G), g € Wy°(G).

VYemosue 2: go(z,t) € Wi (Q); Diwoli—o = Dfwoli=r; ¢ = 0,1,2; DPpola—o = D2@o|e=1;
p=0,1.

OprosnavHoe paspenmMocTs 3aga4n (1)-(5) mokazkeM ¢ momomipio mpeobpasoBanus Dy-
pbe, T.e. JUIs HaxOXkKJeHus perenus 3axaqn (1)-(5), npumensem npeobpazoBanne Pypoe 10
nepeMenHoit z, s 3agaan (1)-(5).

s Toro 4To06I ChOPMYSTMPOBATH OCHOBHOM PE3yJIbTAT, HEOOXOIUMO BBITIOJTHUTH HEKOTO-
pblie GOPMATBHOCTH MOCTPOCHHUS.

Pacemorpum ciienbl ypasuenust (1) npu z = {q:

Lu(z,t,0y) = k(t)uy(z,t,0y) — Ug(x, t, ly) — usy(x,t, bo)+
+a(z, t)u(x, t, bo) + c(z, t)u(x, t, by) = Y(x,t, ly).

Tenepb, yauTsiBast JIOMOTHUTETHLHOE yesoBue (5) u to, uto fo # 0, onpeesnm hopMaibHO
HensBecTHYIO yHKIuo h(x,t) B BUge HHTErpasa

+oo
1 1 .
Mz t) = ——— | P+ —— [ Ne™Mog(z. t. \)d)
(@1) = 5 [0+ _%/ Moi(a,t, \)dA | |

rae o = Lowo — go, go(7,t) = g(z,t,4), Lopo = k(t)po, — o,. + al(z,t) po, + c(,1) po, a
nyist onpegesnenust Gyukiwii 4(x,t, \) B obmactn @@ = (0,1) x (0,7T) moaydum HarpyKeHHBIX
unTerpo-1udepeHnnalbHbIX YPABHEeHHI CMEIIAHHOIO TUIIA BTOPOIO POJa BTOPOIO IIOPIIKA:

L4 = k(t)lUy — g + alz, t)i + (c(z,t) + N2)0 = Lot + N4 =
. Pz T o et X 6
= g(z,t,\) + ];(O(izg\)) [CI)O + \/%—W [ &eon(x,t, f)df} = F(a), (6)

C IepuoJunIeCKNMUN KpPpac€BbIMU YCJIOBUAMUA

a|t:0 - a|t=T7 (7)
D£ﬂ|x:0 = D§a|x:17p = O, ]_, (8)
rie A € R,
+0o0

flz,t,\) = (2m)" /2 / f(z,t, 2)e"™dz

npeobpaszosanue Pypbe 1o nepemennoit z dbyukmun f(x,t, z).

Teopema 1. (OcHOBHOI pe3ysbTaT) [Tycms GuinosHEHbL BbilUe YKA3AHHbIE YCA06UA 1 U
2 das Kosppuyuenmos ypasuenus (1), kpome moezo, nycmv 2a — |ky| + pk > By > 0, pe(x,t) —
ci(x,t) > by >0 das ecex (x,t) € Q u NYCMb CYWLCMEYEM, NOAOHCUMEABHOE YUCAO T -MAKOE,
wmo dasa by = min{ By, i, by} umerom ouyenxu by — 11p?c™ =5 >0, =M ||f||3v§,3(G) <1, 2de

+o0
M = const (0u2m5_1p_2 ||f0||c§;,}(Q)> . m = 20cic03, ¢ = [ (11731‘);)3 < 400, (i = 2,3)-

Koapuyuernmo, meopemvi earoxcenus Cobosesa. Tozda cywecmeyem eduncmeennoe pewerue
aunetinot, obpammnot s3adavy (1)-(5) us yxasanmozo xaacca U.
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oxasameavcmeo meopemut 1 nposedem no caedyrouieli creme:

1. ITokaxkewm, uro perrenne 3aaan (1)-(4) u(z, t,y) € U ynoBaeTBOpsIeT JOMOJHATETHLHOMY
yeosuio (5).

2. Jlna nokasaTenabCTBa OJHO3HAYHON paspermnmmvocTd 3ajadn (6)-(8) crauarnma wmcciey-
eM OJIHO3HAYHYIO Pa3pEIINMOCTh BCIIOMOIaTeIbHOM 331841, TO €CTh UCCJIE/yeM Pa3peIInMOCThb
ceMeficTBa HAIPYKEeHHBIX HHTErpo-jinddepeHIuaIbHbIX yPABHEHUIT COCTABHOIO THIIA C MAJIBIM
apamMeTpoM.

3. BaTeM ¢ IOMOIIBIO 9TOf BCIIOMOTaTEIBLHOMN 381491 U3y TUM OJTHO3HATHYIO PA3PEIIIMOCTD
ceMeficTBa HAIDY?KEHHbBIX YPaBHEHWI CMEIMIAHHOIO TUIIA BTOPOrO POjia, BTOPOro mopsiaka (6)-
(8).

4. Vcnonb3ys 0jHO3HAYHYIO Pa3pernmMocTs 3aaqn (6)-(8), mokazxkeM OfHO3HATHYIO pas3-
peImMocThb JinHeiiHoi obpaTHoit 3amaun (1)-(5).

Tenepv npucmynum ¥ peasudayut, 2mot cremol.

Cravasia nokaxkeM, 9ro GyHKIW u(x,t, z) yIOBIETBOPSAET JOMOJHUTEIHHOMY YCIOBHUIO
(5), me. u(z,t,ly) = @o (x,t). [Ipeanonoxkum nporusuoe. [lycrs

—+o0
w (ot by) = (2m) 12 / U, £ \)ePMAN = w (2, 1) £ o(x, 1)

Pacemorpum dyukrmio 9(x,t) = w(x,t) — po(x,t) B obmact Q.

Yumuoxkas obenx cropon (6)-(8), Ha e:/;i;) U UHTErpUpYys 10 MapamMeTpy A oT —oo JI0 00,

YUUATHIBAS YCJIOBUS T€OPEMbBI 1, MOIyUUM CJIE/IYIONTYIO 3319y

Lo = k(t)Vy — Upp + alx, t)0¢ + c(x, 1) =0 9)
C NEPUOJIMIECKIMHU KPACBBIMHU YCJIOBUSIMU
ﬂ’t:o = ﬁ’t:Ta (1())
D3|o—o = D3V]o—1;p = 0,1. (11)
Enuncrsennocts perenus 3agaau (9)-(11) mokaszano B paborax [4]-|6], orkyma ciaemyer
Iz, t) =0, re. w(z,t) = po(z,1).
2.CemMeiicTBO Harpy>KeHHbIX HHTErpo-AuddepeHnabHbIX yPABHEHUI COCTAB-

HOI'o Tuiia ¢ MaJibIM IIapaMeTpOM.

Paspemvocts 3aaun (6)-(8) qoKazkeM METOJIAMU «&- PEryJIsipU3aIliiy, OCIeI0BATE b-
HYIO IIPUOJINZKEHII U allPHOPHBIX OIEHOK, a MMeHHO B obaactu @ = (0,1) x (0,7) pacemorpum
HEPUOINIECKYIO KPAeBYIo 3a/ady I CeMeiCTBO HAIPYKEHHBIX HHTErpO-1uddepeHaibHbIX
YPaBHEHUI COCTABHOIO THIIA ¢ MaJIbIM HapaMeTpOM:

£, = =% + Lo, + N0, =
) ” too ) 12
= gt ) + Lot {cbow%ﬂ [ @eiton(z,t,6)de| = F(a) 12)
—0oQ

C IIepuoJuIeCKUMU KPaeBbIMU YCJIOBUAMU:

thﬁa’tzo = Dgas‘tzT; q= 07 1727 (13)
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Dgﬁs’xzo = Dgaslle;p = 07 17 (14)

e e-MaJjioe HOJIOKUTEILHOEe THCIO.
B nasbHeiieM npu jlokasaresibcTse KoppekTHocTr 3aa4un (12)-(14), nonamobarcs ciie-
nytorre 0003HAUEHNsT U BCIIOMOTATE/IbHbBIE JIEMMBL.
Ompenennm W;(Q, R), (i = 0, 1, 2)-npocrpancTsa 06001eHHbIX dyHKIMI B 0bacT ) co
sHaveHuaAMU B R, T.e.

W,(Q,R) = {§‘06W2(Q),i=0,1,2; (1+ A 3/2‘

\ﬁH , € La(R), W§<Q>=L2<Q>},

C HOpMOi1
o0

<q§>2 / 2o an (B)
= | 0 o]y
i w3(Q)

OueBnzno, uro mupocrpancrBa W;(Q,R) ¢ 3amanHONl HOPMOii SBJIAIOTCH GAHAXOBBIM
[13],[15]-|20]. 13 oupenenenns npocrpancrsa Wi(Q), i = 0,1,2, ciemyer cieayronye BIoKeHHs
WZ(Q7R) C Wl(QaR) - WO(Q7R>

Teneps onpejiesuM ciieryiomiee MpoCTPAHCTBO (PYHKIIUN

WQR) = {0 eWa(Q.R), ZA0)eWo(Q.R),
Didlizo = Didlicria = 0,1,25 D2dlocg = D2dlecrip = 0,1.}

¢ KOHEYHOI HOpMOiT B.

Omnpenenenune 2. Ob6obuwermnvm pewenuem sadaywy (12)-(14) 6ydem nasveams dyrrxyuio
ﬁ(x,t, A) € W(Q,R), ydosaemsoparowyro ypasuenuto (12) noumu ectody 6 obaacmu.

Paspemumocts 3amaan (12)-(14) mokasblBaeTCs METOJAMHI MTOCJIEI0BATEIBHBIX TPUOIH-
JKeHuit u anpruopHbIX oreHok [6]-[8],[10], To ecTh paccMOTPUM TTEPHOANIECKYO KPAEBYIO 3a/ady
JUTS CEMERCTBO HArpYKeHHBIX HHTErpo-auddepeHuagibibiX ypaBHeHuii COCTABHOIO TUIIA ¢ Ma-
JIBIM TIAPAMETPOM:

£.4 A(G) _ gaAéf i Lou(e 4 a2q . (0)
=g ) 00+ [ @l Vo, de| = P )
C IepuoJuIeCKNMU KPacBbIMU YCJIOBUAMUA
Dl a|,_ =Dia?|,_,1q=0,12, (16)
Dy, = D] _ ip=0,1, (17)
ree>0, 6=0,1,2,..., {ai"}=o0.

Jlemma 1. ITycmwv ewinoanenv, 6ce ycaosus meopemuve 1, mozda das pewenus 3a0a4u
(15)-(17) cnpasedruen caedyroujue ouenky

(I) % (<a§j’2>z + <ﬂ§i)t>z> +< (0)> < const(f, &, \),
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(IT) %<%ﬁg>>z+< ()> < const(, 2, \).

Cumeonom const(0, €, \) 3decv u danee 0603HAMUM NOCTNOANHYIO, 3GBUCAWYIO O NAPAMEMPOE
0,e, \.
Joxazameavcmeo aemmovt 1. PaccMoTpuM TOXKIECTBO

2 (fﬂ@, (2@29) + ,uu“”)) =2 (F( (0 )) (2u( )+ ua@)) , (18)
0 0

r7ie MOCTOAHHYIO (4 > (), BhIOEpeM TO3Ke.

YauTeiBasi yCJIOBHIT TeopeMbl 1, MHTErpupys Mo dactsM ToxKaecTBO (18) u mpuMmeHsisa
Hepasencra Koru ¢ o [13], Jierko moyauTh cjieBa CHU3Y CJIeIyIONIee HEPABEHCTBO

2 f £49 <2u(9) + pal ) dxdt >

2 2
ze(ﬁifgo t0)+f{ 2a—kt+uk)(a§f)> +
a© 2

o (a® 2 () _ _ I
| Ues —|—,u)\ e’ ) + (pec—c¢) 0 4 Vdzat — 20 . 2o
2 2
= [0 (i) e = (82) e = 20 ales + (e + XYl e ),
oQ

,  (19)

at

0

e = const >0, € = (ex = (¢, x);e, = (€, t)) eAMHUMHBLL BEKTOp BHYTPEHHEl HOPMAJIH K
rpanutie 0 (). YcaoBusi TeopeMbl 1, obecrednBaoT He OTPUIATETLHOCTh HHTErpasia 1Mo 00/1acTh
Q. YunTbiBas nepuogndeckne Kpaesbie yciosue (16), (17) u ycaoBust TeopeMsr 1, moJIyauM, 9T0
IpaHUYHble MHTErpaJibl obpaTsaTes B Hyab. CienoBarebo, u3 HepaBeHcTBa (19) 1 BBIOUpaAst o
MaJloe HOJIOKUTETbHOE YHCyIo, TaKk By — 20 > By > 0, by — 2u%07 'K > by > 0, K =

et

2f£ 6)(2u()+,uuE )dxdt>

max {||K ||é1[0 L ||a||20[0 T]}, HOJIYYHUM CJIeBa CHU3Y CJIeJlylolllee HEPABEHCTBO
2
+

X ®\? NS
> e ( [al2), 0 +f{Bm( ?) +u(um) + (20)
2
oo ()" Jdudt > = (‘ a®) )
riae by = min{Bg, i1, by }. Temepp npumensis HepaserncrBo Komm ¢ o k Toxzgecrsy (20), ¢
npaBa CBEpXY HOJIYIUM
2 (P70, (26 + i) | <

<[ (o4 2 @+ g e Ve nar] (20 + ual?)) | <

()

ett

o®

sxt

2

+
0

~(6)
uszt

)

1

< 6,&20'71

2
O + 20 [Hgné s

2|2 2 2
o (To||so||wg<@)+||go||o) +

_1)

2
12c,0p72 A,

(1+ A )
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riae To = 2maX{Hk(t)HC[0,T] ) Ha@at)”c(cg) 5 ’|C(l’7t)“c(Q)}~
O6bemunss nepasenctsa (20) u (21), mosy M

(

<20 [ngﬁ 2p

NGl

NG
Ugyt
o

Ue

2
) 0> + (bo — 6po™ 1) ||

iy (Eletiza loll) | + 22

1)de)\.

| /\

‘ 1

2100 HfH (1+ APy’

12
[Ipumensist reopembl Biozkennst Cobosiea: .0 [17],[18] x HepaBeHCTBY
Q
2

(22), mosy M

(0 2 (0 2 _ (0 2
e ([l + Jo2}) + o - o o] <
~ 12 — 2 2
< 20cs gl + 207 4] (Tl + Il + )
2
oo 2
120160051 p2 e

YunursiBag yciaoBue TeopeMbl by — 6p2o ™t > by — 1120~ > 6 > 0, pasjends HepaBeHCTBA
23) ma 6 > 0, ymaOKasg (1 + |\ 2 UHTEIPUPYH 10 A OT —0O U JI0 0O, MOJIYUUM IEPBYIO
y y y
PEKypPPEHTHYIO (hopMyITy

2 2 A\ 2 2
({3t (i), + (), < vt o2 (1) ) e

AN\ 2
A =200y {(@ +2p~ <f>2 (To ||90||%/v22(c2) + ||90||?)>} g

YUUTBIBas YCJIOBHUIT TeopeMbl 1

rIe

A\ 2 N\ 2
2c1c000 tp 2 <f>2 <q=M <f> <1,
3

U3 peKyppeHTHOH dhopmysibt (24), mosyanm cupaseyuBoctb (1) onenku. JleficTBuTenbHo, s

1)
9TOTO B KAYeCTBE «HAYAJIBHOTO MPUOJINKEHUsT» BO3bMEM (DYHKIIUIO { . } = {0}. Torna nme-
eM

= (o). + (a)7) + (a2, < 2oas™ (0034207 (1), (B el + Il | =

HpO,H‘OJI}KaH 9TOT IIpolecc, METOJ0M MHAYKIUHA IIOJIYy9HUM IIEPBYIO alIpUOPHYIO OLICHKY JId

Jioboit pyHKINN {a?) } , VO > 1,

= (o), a0)7) + iyt < a3 < 2
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Tenepsb fokazkeMm crpapeyinBocTb oreHku (11). Jljist 5T0ro paccMOTpuM TOXKIECTBO:

—2 / £.09 Pal9 dxdt = —2 / F(alV) Padzadt, (25)
Q Q
rie Pal” = < A — ,uﬁgg — ﬁugz)m> , B = const > 0.

Amnajiorudnbie paccyzKJIeHUsI, 9TO U IIPU JJOKa3aTeIbcTBe OleHKU (1), OCHOBAHHBIE Ha WH-
TErprpPOBAHUN 110 9aCTAM (25), ¢ yIeTOM YCIOBHI T€OPEMBI U IEPHOMIECKAX KPAEBBIX YCIOBHUIT
(16), (18) mpuBemyT CHE3Y K OIEHKE

2
|_2 [ (i) Paé‘”dxdt‘ > ¢ |eas | I 2a+kt>( Ett) +
Q

2
+113 (ﬁéi)x) + (20— k) (agm) vazdt — 60 |0 (26)
A N ) o2 0

e o— ko3 duimenT HepapeHcTBO Ko, YauThiBas ycjaoBus TeopeMbl 1, U BbIOUpas KO3h-
bunpentsr By — 9u?Ko™t > Byg > 0, uff — 607! > pg > 0, K = max {HKHC1 0.1]> ||a||2C(Q)},

N = max {HaHCl(Q), Hc||Cl(Q)}, oMy M

2fF( i) Pl dudt +9M2N0—‘ ‘ Hf’ﬁui")
) ) (27)
+ [ {Bm ((%2) + <agi> ) + o (aggx)x> }dmdt.
Q
Toryna u3 HepaBeHCTBO (27) MOyYUM CHU3Y CJIEIYIOILYO ONEHKY
2 RIS ’ 2
—2 / F (@) PalPdxdt| + 9> No |0l ||| > e vl ) ]|, - (28)
0

Q

rie by = min{ Bio, o }. Ilpumenss wnepaserctso Kommn ¢ o K Toxk1ecTBy (28), cripaBa MOy duM
HEPaBEHCTBO

( )

2
+912No ||a ‘

<
1

2fF< 0= 1)> Puée)dxdt

+o0 )
<o (o423 [on g Teroseat e i) |+
0

2
+9/L2N0' H < 8,&2 -1 ge) 2+ (29)
~112 _ 2
+dop? {I|g||1 +3p7? (To lellive o) + ||90||1>] +
2 Aol 2 NOIR
+6c104207 || fol 2 g HfH (1+|)\|) dA+ 9y Na‘ua 1
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O6beauuss nepasencrsa (28) n (29), mosyanm

ﬁ(g) 2 _ (0 2
‘6A8t5 ‘0+<b0_111u20. 1) ug) ‘2 S
2 A2 21l £ 2 2 2
<dow® gl + 307 || 1], o) (Do lelhwgo) + llolly ) | + (30)
2 00 2 2
2 -2 2 ; 2\3 || ~(6-1) 2 ~(0)
+6c101”072 [ follor ) Hf‘ . _{o (1+ A1) ||ae )2 d\ + 9u*No ||
A2 A2
[Ipumensisi Teopembl Bioxkenust CoboJieBa H f ‘ < e |fll K HepaBeHCTBY (31),
cHQ) wW3(Q)
HOJTY THM
NORME: 2
e 2882 |+ o - 11207 || <
12
< docy I3+ 302 ], (bl + )| + 51
2
2 00 2 2
2 -2 2 ; 2\3 || ~(6-1) 2 - ()
+10ciez0pp™ || foll e g Hf‘ WE @) 7{0 (1+ %) ||ae 2d)\ +9u*No ’ ||

Paznenas nepasencrsa (31) na by — 11p%0~! > § > 0, ymuOKas (1 + |/\|2)3 U UHTErpUpys
0 A OT —00 U JI0 00, HOJIyYUM BTOPYIO PEKyPPEHTHYIO (DOpMyILy

2

@)\ 2 o\ 2 o N2
5 <8A3“f > + <u§9)>2 < Ay +10cic3op?p=2571 HfoHc1(Q) <f>3 <u§0 1)> ) (32)

0 2

Bsenem obosnauenue

-\ 2
Ay = 20c5020 N6 [4 <§>? +3p~? <f>3 <T0 ||‘PH12/V23(Q) + HQOH?H ’

Y4UTbIBagd YyCJIOBUA TCOPEMBI 1, 9TO

A\ 2 A\
10ciczop®p 267! 1foller () <f>3 s¢=M <f>3 <1

13 peKyppeHTHOl hopmyJibt (32), nosydum cripaseyimBocThb (11) onenku. JleficTBUTEILHO, J1Ist
(—1
9TOr0 B KA4eCTBE «HAYAILHOIO IPUOINKEHUA» BO3bMEM (DyHKIIUIO {u( )} = {0}. Torma as

«HYJIEBOI'O HpI/I6JII/I}K6HI/IH » HNMeEEeM

2

3 8A0£0) R 2 _ R B A\ 2

5<8t +«@gsmW%wa{u%+w2wg@wm@@+wﬁﬂ5Al
0

HpOLLO.H}KaH 9TOT IIponecc, MeTOA0M MHAYKIHUHU IIOJIy9UM BTOPYIO allpPUOPHYIO OLEHKY JIJId JIIO-

6ot yHKITIHI {a@} , VO > 1,

2
e [onad 2 ’ A
- : 1O\ < A E N < 22
5< ot >0+<u€ >2— 27:0q “1—gq
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Otcrofa, Kak JI0Ka3aTeIbCTBe OleHKN [ ), jerko nosydaercs onenka [1). Jlemma 1 goka-
3aHa.

Beesém noByto dyukmumio uz W(Q,R) mo dopmyie 9O = ) — ﬁé"*”; e>0: 0=
0,1,2,3... { Y } = {0} . Torzma st Hee cupaBeIMBa CJIEIYIONIAS JIEMMA.

Jlemma 2. [lycmo ewnoanenv, 6ce ycaosus meopemv, 1. Toeda odaa  dynruyuy

{1%9)} € W(Q,R) cnpasedausos caedyrousue ouenru:

(1) 5 (3, + (30)7) + (3 < g

(V). 5 <8Aai(9) >0 + <?§£9)>2 < Azq(a)

oxazameavecmeo aemmos 1. N3 (15)-(17) s dbysximn I e W(Q,R) momyanm
CJIEIYIOIILYIO 3a/1ady.

£, 19(6) 6A7§(9) 4 Lod® + 2290 =
_J&bA) i 60— 50— (33)
= i f e ) e, 1,€)dg = F(907V)
C TIEPUOINIECKAMU KPAEBbIMU yCJIOBUSIMU
Dg 195;9) B = Dg 195:9) B 7q g O7 ]_7 27 (34)
D&%e) = Dgz??’) =0;p=0,1, (35)
=0 r=1

e € > 0, 9:0,1,2,...,{ Al 1)}_{0}.

(6
CrenoBaTeIbHO, KaK U B JOKA3aTEJIHLCTBE JEMMbBI 1, s PYHKIII {ﬁg )} = {u8 } —

{a?*”} € W(Q,R) moxy4uum TpeTbio peKyppeHTHYO0 (hOpMyITy

5 (), 02),) + (90, <o (o0, 5

HOBTOPsisl paccyzkaernst jgeMMbl 1, u3 (36) nosyunm [11) anpuopHyIo OIEHKY.
Awnayormano nokasbiBaetcs orierka V). Jlemma 2 mokasana.

Teopema 2. ITycmwv vinoanens, 6ce ycaosus meopemv, 1. Tozda zadava (15)-(17) odro-
anawno paspewuma 6 W(Q,R).
Hoxaszameavecmeo Teopemy 1 1okazkeM METOIOM CzKUMAIONUX orobpazxkenuii |9]. Ilycrn
£, omeparop, cooTBeTCTBYOMMI 1udepeHIIaIbHOMY BbIPazKeHIIO (15) u yciaoBusim (16),
(17). O6osnaunm vepes £ -1 is popmasbHbIil 06paTHbIil onepaTop. Oupeie/ MM B IPOCTPAHCTEE
W(Q,R) oneparop
= L£71F, (af7V) = paly.

1. TTokazkem, urto omeparop P orobpazkaer npocrpanctsa W (Q,R) B cebst.
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[Iyctn {ﬁw—l)} € W(Q,R), torga mas perenns 3agaqn (15)-(17), cupaseymsa yTBep-
JKJeHne JeMMbl 1, Te. crupaseqmBa onenka I[I). Orciofa ciegyer, 9ro Jyist JiOObIX 6 =

0,1,2,3... moayaum {a?)} € W(Q,R). Takum obpazom P : W(Q,R) - W(Q,R).

2. Tokaxkem, uro P cxxumaromuii orneparop. IlycTtnb {a?)}, {ﬂg_l)} € W(Q,R). Pac-

(1) - ) )
PUM HOBYIO (DYHKIIHIO 4 U = Us U , JIJIsl Hee CIIPaBEJIJINBO YTBEPXKIEHNE

JeMMbl 2, T.e. cipaBeuBa V) onenka, T.e.

(o), + (07 + (99! < const )

Taxum obpaszoM P c:KUMAIOIINIT OTIepaTop, Telepb M0 U3BECTHOMY ITPUHITAITY C2KUMAIOITUX
orobpazkenwuii, 3aa4da (15)-(17) uMeer e IMHCTBEHHOE pellleH e, TPUHAJIeZKAIee MTPOCTPAHCTBY
W(Q,R) npu & > 0. ITpn srom myeenm @) — i, npu 6 — oo [6]-[8],[11],[12].

3. CemeiicTBO HArpy>KeHHBIX HHTErpo-anddepeHInaIbHbIX YPAaBHEHUIN CcMe-
IIAHHOT'O TUIIA BTOPOTO POJa, BTOPOIo IIOPSIKa

Temepp mokazkeM OHO3HAYHYIO paspermumMocTb 3a1aau (6)-(8). Ilpm sTom cemeiicTBo
HATPYKEHHBIX UHTErpo-auddepeHimanibubiX ypaBHeHuit cocrapuoro tuma (12) ¢ yeaosusivu
(13),(14) ucrosb3yeM B Ka4eCTBE «E- PEryJISpU3UPYIONIEro» ypaBHeHUsl jjisi ypasHenus (6) ¢
yeaosuamu (7),(8) [3],14]-[12].

[Iycrs € > 0 npu dukcupoBantom {i.} € W(Q,R) ectb eJIMHCTBEHHOE PEIllEHNe 381441
(12)-(14). Torpma mpu € > 0 cupasemuso uHepasenctso IV). Ilo Teopeme o craboit KOMIIAKTHO-
cru [13],]24], u3 orpanndeHHoil IOCIEI0BATEILHOCTH { U, } MOXKHO H3BJIEYD CJIA00 CXOIAILYIOCS
10J1, TIOCJIeI0BATEeIbHOCTD (DYHKITUN {ﬁsj }, TaKyIo 4To i, — U crabo B W (Q,R). ITokaxewm, 1o
npejiesbHast GyHKIws 4(z, t, \) yaosiersopsier ypapaenuto (6) mourn serogy B W(Q, R). [deii-
CTBUTEJILHO, TaK KaK IOIOCTIEIOBATETHLHOCTD {ﬁaj} ciabo cxomuresa B W(Q,R), a oneparop L
JIMHEEH, TOTJIa UMeeM
Lt — F(a) = L — £(te,) — [F(a) — F(te,)] =

OATG, ;

=ej—5 2 + Lo(0 — Gc,) + N2(4 — @,) — [F(a) — F(a.,)] . (37)

Ilepexozns k npeneny B (37) upu ¢; — 0, nosyunm £4 = F(u). Snaunr dynkius 4(z, t, \)
Oymer equHCTBeHHBIM perenneM 3aaadn (6)-(8) uz W(Q, R).

Tem cambiM j1oKka3ano Teopema 2. Terneps jokazxkem Teopemy 1.

Tak Kak BBIIOJHEHBI BCE YCJIOBHsI TeopeMbl 1 ncnosib3ys pasencrsa [lapcesans - CrekioBa
[10]-[13] st pemenust 3amaqau (6)-(8) mosyaum perenue 3aga4au (1)-(5) n3 ykasaHHOro Kjacca
U. Teopema 1 nokaszana.
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REZYUME

Bu maqolada davriy chegaraviy shartli chiziqli teskari masalani umumlashgan
yechimi topish uchun, Furye almashtirishi, «¢ -regularizasiya», aprior baholar va
ketma-ket yaqinlashishlar usullaridan foydalangan holda mavjudlik va yagonalik
teoremalari isbotlanadi.

Kalit so‘zlar: davriy chegaraviy shartli chiziqli teskari masala, masalaning
korrektligi, Furye almashtirishi, «e-regularizasiya», aprior baholash, ketma-ket
yaqinlashish usullari.

RESUME

This article using the methods of «c -regularization», a priori estimates, and a
sequence of approximations using the Fourier transform, existence and uniqueness
theorems for a generalized solution of a linear inverse problem with periodic
boundary conditions in a certain class of integrable functions are proved.

Key words: linear inverse problem with periodic boundary conditions, correctness
of the problem, «e-regularization» methods, a priori estimate, approximation
sequence, Fourier transforms.
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VIK 517.55

SAIJAYA ITPECJIEJOBAHUS J1JI4
JANO®PEPEHIINAJIBHO-PASHOCTHEIX UT'P HEMTPAJIBHOT'O TUIIA

Mawmanasmes H. A., * Mycranokynos X. 9.~

PESIOME

B nmannoit pabore uzydennl guddepeHnnaabble UTPhI, OMUCHIBAEMbIE CHUCTEMOM
JIMHEHHBIX g depeHmaIbHO-Pa3HOCTHBIX YPaBHEHUI HEHTPaJbHOIO THIA IIPU
MHTEIPAJIbHBIX OTPAHUYCHHUSX Ha yIpaBjieHus HUIPoKoB. C IOMOIIBIO MeTOJIa
paspermaomux QGYHKIUNA TOJy9eHbl J0CTaTOYHbIE YCJIOBHS JIJIsI BO3MOXKHOCTH
3aBepliieHud IIpecjieJ0Bannd C HMHTErpaJiIbHBIMM OI'PaHUYCHUAMU Ha YIIpaBJICHUA
UTPOKOB.

Karouesvie caoesa: juddepeniuanbiHasg —uUrpa, 3ajada  [IPecse0BaHNsd,
nuddepeHInaIbHO-PA3HOCTHLIE YPABHEHUS HEWTPAJbHOIO THIIA, Pa3peIlaioniasd
GyHKIMS, TEpMIHAJIBLHOE MHOYKECTBO, IIPEC/IeI0BaTe/b, YOeralonnii, yipaBIeHne.

I. Tunamuka KOH(DJIMKTHO-YIIPABIISIEMOTO [IPOIECCa B KOHETHOMEPHOM €BKJIUJIOBOM IIPO-
crpancTBe R™ onmcbiBaeTcs cucreMoii JuHeiHbIX juddepeHIuaIbHO - Pa3HOCTHHBIX Y PaBHEHUI
HefirpasbHoro Tua [5], coepzKariell Hen3BeCTHYO (QYHKIMIO U €€ TIPOU3BOHBIX B PA3JIMIHBIE
MOMeHTHI Bpemern [5], [15]

At) = Az(t) + Y Bis(t —hi) + Y Ciz(t — hi) — Du(t) + Fu(t), (1)

=0 i=0
e z(t) e R" n>1;A,B; (i=1,2,--- ,m),C; (i=0,1,2,--- ;m) — NOCTOIHHBIE KBa/IPATHBIE
MaTpuiibl mopska (n X n), (nxn), (nxn); D, F — nocrosiHable MATPUIBI TOPsiKa (1 X p)
(nxq), coorBercrBerno; 0 = hg < hy < - -+ < hy, — KOHCTaHTBI; BEKTOPOM U(t) PACIOPSIZKAETCS

JIOTOHSTIOIIN{T 06 beKT, BeKTOpoM v (t) pacnopsizkaercst yoeratormuii o6bexT. OHI BHIOHpAIOTCS B
BUJIE M3MEPUMBIX BEKTOPHBIX DYHKIWHA © = u(+) 1 v = v(+), YAOBIETBOPSIONINX HHTEIPATHHBIM
orpannveHusiM Buja |4, 6-12]

/ lu()|Pdt < 7 2)

/ lo()|Pdt < o*. 3)

rje p 1 0 — HEOTPUIATEIbLHBIE KOHCTAHTHI.

Usmepumbie dbysakimn u = u(t), v = v(t), 0 < t < 400, yIOBIETBOPSIONIIE OrPAHTICHUSM
(2),(3), HAZOBEM dONYCMUMBLMU YNPABAEHUAMY TIPECTEYIONEro 1 yOEralIero MrpoKoB, COOT-
BETCTBEHHO.

* - .
Mawmananues H.A. — HanmonasibHblil yHUBepcuTeT ¥Y30ekuctana, m numanab9@Qmail.ru
* - _ .
Mycranokysos X.4. — HanuonaspHblil yHuBepcuTeT Y30ekucrana, m _hamdam@mail.ru
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B kauecTBe HAYAJIBHOIO MOJIOZKeHust cucteMbl (1) 3agana n — MepHas abCOIOTHO HElpe-
pbiBHas byHKIWs (), onpejieseHHast Ha 0Tpeske [—h,,, 0]. Orpe3ok —h,, <t < 0, Ha KOTOPOM
3aJIaHO0 HavYa IbHOE 1oJioxKeHne ((byHKIHsI ), HA30BEM HAYAIbHBIM MHOXKECTBOM M 0003HAYMM de-
pe3 X, T.e.

X = {gp() : p(t) — abcostoTHO HelpepbIBHAS (DYHKITHSA,

onpejiesieHHast Ha oTpeske [—hy,, 0], z(0) = ¢(0) € R™\ M} (4)

CocrosiHue cucreMbl B TeKyIuilt MoMeHT BpeMenu ¢, t € [0, +00), COOTBETCTBEHHO OIIPE/IE/IAET-
cat BekTop-dynxkimeit 2 (1), 2'(s) = 2(t + ), —hm < s < 0, apsOmeiicsas KYCKOM pPeaji30BaH-
HOIT TpaekTopun cucremsl (1) Ha orpeske BpemeHu [t — h,,, t].

Kpowme Toro, B eBK/IMI0BOM IIpocTpancTBe R™ 3a/1aH0 TepMuHaabHoe MHozkecTBo M, M C
R™, nmeroriee mumunapudeckuit sug: M = My + My, tne My — nuHeiiHOE TTOIIIPOCTPAHCTBO
B R", a M; — KOMIAKTHOE IOJMHOXKECTBO IOJIIpocTpancTBa L, rjae L — opTroroHaJjbHOE
norosiHeHwe K noanpoctpanctey My 8 R™ (Te. My @® L = R").

[lesib mpeciieioBaTesiss — BBIBECTH B KpaTdaiilliee BpeMsi TPAeKTOpUio cucrembl (1) Ha
TepMUHAIBHOE MHOKecTBO M. Urpa HadmHaeTcss n3 HadaIbHOro mosioxkenus () € X u cuaura-
eTcst 3AKOHYUEeHHOM B MOMeHT Bpemenn t = t[p(+)], kora dbazopas Touxa z(t) Brepsbie momaaeT
Ha TepMuHaIbHOEe MHOXKecTBO M : () € M. Ilenn yberaiomero Urpoka — YKJOHHTH TPaeK-
Topuio cucTeMbl (1) OT BCTpedr ¢ TepMUHAJBHBIM MHOXKECTBOM M Ha BCeM MOTyOeCKOHETHOM
UHTEPBaJIe BPEMEHU, UK, €CJIA 3TO HEBO3MOXKHO, MAKCUMAJILHO OTTAHYTH MOMEHT BCTPEYH.

Ob6osHaunM 1gepe3 S MHOXKECTBO TOYEK BHUIA

S = {t = Zjihi, Ji — 1esoe LIMCJIO},

1=0

u mycrs SO oboznavaer nepecedenue S ¢ npomexxyrkom (0, 00) T.e. SO =S ﬂ((), oo>

Omnpenesienne 1. [Tyemv K(t) — eduncmeennas mampuunan Gynrkyus, 06.4a0a10uan
caedyrougumu ceoticmeamu [15]:

a) K(t)=0, t <0,0 — nyaesan mampuya nopsadka n;

b) K(0) = E,, tne E, — edunuunas mampuya nopadka n;

B) dynryua Yy . CiK(t — h;) nenpepviena na [0, +00);
)

r) K(t) ydosaemsopsaem mampuwnomy duddepenyuarviomy ypasHenuro

K(t) = AK(t) + Em:BiK(t — hi) + iCiK(t — hy), mput > 0. (5)

Bamerum, uro marpuunas dbyukius K (t) yaoBiaerBopsiomas yeaoBusM a)-b), MOKeT
ObITH TOJIyueHa OOBIMHBIM METOJOM MOC/IEI0BATEJLHOIO MHTErPUPOBaHus ypaBHeHud (5).
Oyukiua K (t) npunajexut kiaccy Cl nput > 0, ¢t ¢ S° wo B obuiem cirydae uMeeT paspbiBbI
IIePBOTO POJia B TOUKaX MHO:KecTBa S°.

[Iycrs momycrumble yupasiaenus u = u(t), v = v(t) BeiOpansl Ha orpeske [0,t], t > 0,
Torjia Jyist perienus z(t) ypasaenns (1) npu HadaabHOM ycsoBuu (4) crpaBeinBa CIe/Iyomnast
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dbopmyima [15]
2(t) = [K(t) - in: K(t - hZ)Bl} 0(0) + in: / K(t—s—h) [Bzgo(s) + c,@(s)] ds
- / K(t - s) [Du(s) - Fv(s)] ds, (6)
rne By = —F,, F, — equanvuHas MaTpuIia mOPsIKa 1.

Onpenenenne 2. bydem z06opums, wmo 6 uepe (1)-(3) us nauwaavriozo nososicenua
o(+) € X so3moorcno sasepwenue npecaedosanus 3a epema T = T(p(+)),0 < T < 400, ecau
cywecmeyem Pynkyua u(t,v), 0 < t < +oo0, v € RY, u(t,v) € RP, wmo dasa npoussosvroi
cymmupyemots ¢ xeadpamom gynryuu v(t), 0 < t < 400, v(t) € R, ydosaemsoparoweti nepa-
senemey ||[v(-)| Loo,400) < 0, Pymryus u(t) = u(t,v(t)), 0 < t < +o0, Aeasemca Pynxyued
¢ cymmupyemolm Keadpamom, ydosaemeopaem nepacencmsy ||u(-)| ryo,+00) < p U mpaexmo-
pus z(t), 0 < t < +oo, ypasuenus (1) ¢ ywemom nauasvnozo ycaosus (4) do momenma T
nonadaem na mepmuraibroe muosicecmseo M npu nexomopom t = t* € [0, T], m.e. ydosaemso-
paem ekarouenuro z(t*) € M. Ipu smom Oasn eedenus npeciedosanus 0020HAIOUEMY HYHCHO
anamov ungopmayuio 06 obsexmazx. Ipednorazaemces, wmo npecaedosament 3naem: 6 KaHcowll
momenm epemenu t > 0 pewenue z(s) na ompesxe —h,, < s <t u ynpasaenue v(s), 0 < s < t.

Hucno T(p(+)) HasbiBaeTcs BpemeHeM IpecieioBanus u3 Toukun ¢(-) € X, dyHKImsa
u(t,v), 0 <t <T(p(+), v € Q, — dyurnueit npecie0BAHUS.

Moz perenueM 3a/1a4u TIPEC/IeOBAHNST IOHUMAETCA: a) HAXOZKJICHUE HAYAIBHBIX TT0JI0XKe-
it p(-) € X, u3 xkoropsix B urpe (1)—(3) BO3MOKHO 3aBepIleHHE [TPECIICIOBAHUSA B CMBICJIE
BBEJIEHHOT'O BBIIIE ONpejiesieHnst; b) HaXoxkK/IeHe B sIBHOM BUJIe WM yKa3aHUe CIocoba MoCTpo-
enns (byHKIMU npeciieoBanust u(t,v).

Tpebyercs HaiiTi HavaabHbIEe HOTOXKeHUS ©(-) € X, n3 KoTopbixX B urpe (1)-(3) Bo3MoKHO
3aBepINEHNE MIPeC/Ie0BaHus 3a KoHeaHoe speMst 1.

[Iycrs 7 > 0 — mekoropoe uucyo u t € [0, 7]. ObosuauuMm epes3 T — MaTpUILy OepaTopa
OPTOrOHAJLHOIO MpoekTupoBanusd n3 R"™ na L, a gepe3

XEY:{x::E—i—YCX}:ﬂ(X_?J))

yey

— 0003HAYMM MeOMETPUIECKYI0 PAa3HOCTh (pasHocTh MuukoBcKoro) muoxkects X u Y, X C
R™ Y C R™ [1].
[Iycrs dyuknusa p(t), 0 < t < 7, — cymmupyeMasi ¢ KBaJpaToM HEOTpUIATeTbHAas CKa-
T
JiipHast (DYHKIIHS, YIOBJIETBOPSIONIAs YCIOBUIO f ,uz(t)dt < p2
0
Yepes a(t), 0 < t < 400, — 0003HAYNM POU3BOJIBHYIO U3MEPUMYIO HEOTPHUIIATEIHHY IO

CKAJIAPHYIO (DYHKITHIO.
Yepes M (t), 0 <t <7, — 0603HAIMM POU3BOJIBLHOE U3MEPUMOE 3aMKHYTO3HATHOE MHO-
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rO3HAYHOE OTOOPArKEHHE, YIOBICTBOPSIONIEE YCIAOBHIO
/ M(t)dt C 6M,, (1)
0

riae 0 € [0,1) — HekoTOpast KOHCTAHTA.

PaccemorpumMm crieftyionee MHOXKECTBO

A

W(M(t),7,t) = { [M(T — )+ 7K (r — t)csﬂ(T_t)] * K (T — t)DSa(T_t)}, 0<t<rt.

BBesieM MHOZKECTBO
W(r) = /I/%\/(M(t)ﬂ', t)dt, 0 <t <7, W(0)=dM,. (8)
0

Badukcupyem HeKoTOpoe HavdabHOe nosioxkenne p(-) € X. IMomoxum

€ltp()m0)] = [7K(1) = D wK (t = hi) By o(0)+
+ Z / TK(t —s—h;) [Bisb(S) + OiSO(S)} ds — fi(7),

—h;
riae f1(7) € W(r). Hanee, no onpegenenuto uarerpaia W (r) (cm.(8)) cyrecrByer namepumbIii

A
o Bopemo cymmupyemsbiii ceekrop w(t) € W(M(t),7,t),0 < t < 7, takoit, uro fi(7) =
[ w(r — t)dt. 3abuxcupyem ero. Torma Bexrop — byukuus E[t, p(-), ()] umeer Bux
0

€l o). 0] = [mo) = 3w (e~ h)B] o0+
+ Em: / TK(t—s—h) [Bigb(s) + cig(;(s)} ds — / w(r — t)dt. 9)

s mponsBoIbHOTO BeKTOpa v € Su(r—p), 0 < ¢ < 7, onpefennM pasperaontyio QyHKIIO
[5-8], [14]:
(), 7. t,0,40()) =
sup{)\ >0 \lt, (), @()] € [M(T )+ 7K (r — t)Dsu(T_t)} -
= —WK(T—t)FU—w(T—t)} upu &|

T mpu &|
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rie dbyukiws N[t ¢(-), w(-)] onpenensiercst B cieyernemM Bujie

&), ()] D (-
ﬁ[t, <,0('), ID()] _ |§(§t,go(-),w(~)]\ npu é[t, 90( )7}”( )] # 0, (11>
1 mpu &[t, (), w(-)] = 0,
rae 770 — IPOU3BOJIbHBIN €IMHUYIHBIH BEKTOD U3 L.

OboszHauuMm uepe3
N ()7 t,5(-) :inf{)\(go(-),T,t,v(t),w(-))dt:/Hv(t)”zdt <o}, (12)

B (12) inf 6Geperca 1o BceBO3MOXKHBIM m3MepuMbIM Ha orpeske [0, 7] dyukimam v(t),
IPUHUMAIOIIUM 3HAYEHUS U3 So(r,—1)-

Beenem dbynkmmio ¥(-) : RP — R, ¢(t) =t > 0.

IIpennonoxenue 1. /las nauasvnozo noaoscenus p(-) € X, cywecmeyom wucio T =
T1(p(+)) > 0, pymryuu pu(t), a(t), 0 <t <71, u mHozosnawnoe omobpasicenue M(t), 0 <t < 7,
konemanma 0 € [0,1), makxue, wmo:

a) MHONHCECTNEO I/?/(M(t), T,t) nenycmo das ecex t € [0, 71);

b)  dynrkuus  Ae(:),m,tw0()),0 < t < T, a
Me(+),m,t,0(t), (), 0 < t < 7, Ppynrkyuu A(@(-), 7,t,0,w0()), 0
npou3eoavHot cymmupyemots ¢ keadpamom dynryuu v = v(t), 0 <
lv()|| < o, asasemes cymmupyemoti;

MaAKHCE  CYNEPNOSULUS
<t < m,v € R u
t < 71, daa Komopot

C) CNPasediuso HepaseHcmeo

T1

| €lr, (), ()] |< / A (), s 8, ()t (13)

0

d) das abozo donycmumozo ynpasaenus v(t), 0 < t < 7y, ybezarowezo uzpoka umeem
MECTNO BKAIOUEHUE

T1

U " {1 - O‘(“—tt)} 7K (1 — t)Fo(t)dt € (1 — §)M,.
O lza0m1<0 o) |

Teopema 1. Ecau evimoanense ycaosus npednosodicenus, 1, mo 6 uepe (1)-(2) us 3sa-
dan1o2o nauarvnozo nososcenus ¢(-) € X 603M0oicHo 3a8epuienue npecaedosaHus 36 6PEMA
T =7(p(:)).

Hokazaresnberso. Ilyers jig HadaabHOro mosoxkenust ¢(-) € X BbINOJHEHBI YCJIOBUS
upemmnosnoxenus 1. Pacemorpum dyukimo A(p(+), 7,t,v), onpeenennayio coorrnormerneM (10).
Cornacuo yreepxaenuio 11.2 [13] MoxkHO moKazaTh, 910 9Ta QYHKIUS ITOJYHEIIPEPHIBHA CBED-
Xy 1O v 1pu (DUKCHPOBAHHOM t W m3MepuMa 1o ¢ npu dukcupoanaoM v. Ilycrs t € [0, 7).
s mpomssonbnoro BeKTOpa v € So(r—t), 0 <t < 71, pacCMOTPHM CJIeIyIONIHe yPaBHEHH
OTHOCHTE/IBHO HEU3BECTHBIX U € Sy(r—py mm € M(my —1), 0 <t < 71y :

m+ 7K (r —t)Du=n7K(m —t)Fv+ MNe(-), 1, t,v,0(:))n[m, ¢(-), 0(-)] + w(n —t), (14)
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m+ 7K (r —t)Du=nK(m —t)Fv+w(n —t), (15)

B cuity m.a) npeamosozkenns 1 cyImecTByeT 0JHO WK MHOTO perenuii ypasraenuii (14),(15). Cire-
JoBaTesIbHo, B ciity Teopembl Puimnmnosa-Kacrena [16| ypasuenns (14),(15) nmeror euncrsen-
HYIO0 HAMMEHBIIYIO B JICKCHKOTPa(bUIEeCKOM CMBICJIE TTapy PENICHH, KOTOPYIO 0003HATIM Yepes3
u(t,v(t)), m(t,v(t)), 0 <t < 7. epes G*(t,v),G(t,v), 0 <t <71 — 06O3HAUUM MHOKECTBA

A
perennit ypasuenuii (14),(15), coorsercrenno. B cuy w(t) € W(M(t),7,t),0 <t < 7, u
(10), muoskectBa G'(t,v), G%(t,v), 0 <t < 71, HEIYCTBI U ABJIAIOTCA KOMIaKTaMu. Uepes

¢ (t,v) = col(m(t,v),U(t,v)), ¢*(t,v) = col(m(t,v),U?(t,v)), 0 <t <7,

oboznaunMm perenust ypauernii (14),(15) ¢ HauMeHBIIUMU B JIEKCHKOIPADUIECKOM CMbIC-
e kommonentamu U(t,v),U?(t,v),0 < t < 7, coorBercTBenHo. W3 ypasHenuii
(14),(15) BumHO, YTO TaKWe PEIICHUS €MHCTBEHHBI. BOCIOIB30BABIINCH CBOficTBAMI (DYyHK-
n A(o(+), 71,6, 0,%w(+)), 0 <t <7 u C — CBOJCTBOM MHOIO3HAYHBIX OTOOPaZKEHUIT MOXKHO
nokazarh |13, 16|, uro dbynkmun UL (t,v), U(t,v), m(t,v), 0 < t < 7y, asagiorca B — usme-
pumbivu. ClrefioBaTeIbHO, M1 TPOM3BOJIBHON n3Mepumoit dyrknuun v(t) € R, ¢ € [0,400),
bynkmuu ULt v(t)), U(t,v(t)), m(t,v), t € [0,7], apasorca usmepumbivu [17]. TTomoxkum
m(t,v(t)) =0, u(t,v(t)) =0 upu t > 7.

Huzke jyist moctpoennst ynpasienus u(t), 0 < ¢ < 400, NpecseIyomero urpoka, ucio ib-
3yercst ofiHa ujest u3 pabotel [4]. Tam ke BIepBbIe PeIAraIOCh IPEJCTABUTH yIIpaBieHue v(-)
yberaromero nrpoka B BUJe CyMMBI JBYX H3MepUMbIX (pyHKIuit. Takoe npecrapienne yrpasiie-
Hust v(+) JaeT BOBMOXKHOCTD UCIIOIB30BATH MHOYKECTBO M7 JJIst pellieHnst OCTAaBIeHHON 3a/1a4n.
A umenno, rpy6o rosops, mMuoxkecrsom M; "nornomaercs"gacTh sHeprun yoeraromero urpo-
Ka, a OCTAJLHOI 9aCThIO SHEPTUHU YIPABJIAET IIPeCIelyomuil urpok. OrpaHmdeHHOCTb SHEPTU
yberaroIero urpoka u B TOxKe BpeMsi HEOIDAHUUYEHHOCTb SHEPIUH TIPEC/IELY FOIIEro UI'POKa TIPE/I-
CTaBJISIIOT GOJIbIIE BOBMOYKHOCTE! JIJisl PENIeHUs 33JIa9K IPEC/IeI0OBaAHNUSL.

[Iycts v = v(t), 0 < t < +00, — IPOU3BOJBLHOE JIOIYCTUMOE YIIPABJIEHUE YOEraiomero
urpoka. B coorsercrsuu ¢ [4] Ha orpeske [0, 7] 3HadeHne v(t) yipaBieHns v yOEraloero nrpoka
B KasKJplil MOMEHT BpeMenu t > () IpefcTaB/sgerca B BUJE CyMMBI IBYX M3MEPUMBIX (DYHKIIMIT
v1(t), va(t) Te. v(t) = v1(t) + va(t), Tae v1(t), va(t), OUpPemETIIOTCA CAEIYIONM 00PA3OM:

() = v(t) mpu | v(t) |< alr — 1),
1 alm —t) \Zgl pu | v(t) |> alr —t),
(1) = 0 pu | v(t) |< alr —t),
v2(l) = [1 - a\(gztit)] v(t) mpu | v(t) |[> aln —1t), 0 <t <.

Mndopmanus, UMEOMascs y IPecjeLyoIero HIPoKa, JejaeT BO3SMOKHBIM TaKoe IPeICTaB/Ie-
une. Ouesujno, uro dynknud vi(t), 0 < ¢ < 7y, yJI0BIETBOPsET BKIOUEHHIO U1 (1) € Sa(r —1),
t € [0,7]. Hamee, pacemorpum dbyukmmio p(t;vi(r), 0 < r < t), 0 < t < 7y, oupejie/eHHYO
CJIEJIYIONIUM 0OPa30M:

t

ot (r),0 < 1 < 1) =| €]ro()] | - / Alp(), 77, 01 (r)dr

0



Bectauk HY VY3 - 149- Tounble HayKn

Jlerko BujieTh, 9T0 B cuity 11.b) mpejmoioxkenus 1 cyrecTByeT MOMeHT Bpemenn t = t* € [0, 7]
takoit, aro p(t*;v1(r), 0 < r < t*) = 0 (ecam TaKUX MOMEHTOB BpeMeHH (oJiee OJHOTO, TO
HAMMEHbBINUI 13 HUX 0603HaunM depes t*). JleficTBUTEIHLHO, B IIPOTUBHOM CJIydae

T1

p(rion(t),0 <t <) = [, ()] | —/A(w(-),ﬁi,vl(t))dt <

T1

<o)~ inf / M@ ()o 71ty vn(8), ()t

o1 ()l zg0,7y)S(r1—t)

9TO MPOTUBOpEUUT HepaBeHCTBY (13). YumreiBast sror dakt, yupasaenne u(t), 0 < t < 400,
onpesesuM craeytomum obpasom. Eciau B Moment ¢ € [0, 7] Besmauna p(t;vi(r), 0 < r < ),
0 <t < 7, nonoxurensua, To noaokuM u(t) = Ul(t,v1(¢)). Iyers t* € [0,71] — mepsorit
MOMEHT BPEMEHH, JIJIi KOTOPOTO BBIIOJHEHO paBeHcTBO p(t*;v1(r), 0 < r < t*) = 0. Torma npu
t € (t*, 7] nonoxum u(t) = U2(t,v1(t)). lpu t > 11, nomozkum u(t) = 0. [Tokazkem, 4TO, TpHUMeE-
Hest cTparernio u(t), BBIOpaHHYIO KakK perernst ypasrenuii (14),(15), mpecsienoBaresb MOXKeT
rapaHTHPOBATh OKOHUYAHWE [PEec/Ie/I0BaHusl 3a MOMeHT BpeMenn 71. [logcrasum dyukimm u(t),
v(t), 0 <t < 400, B ypasuenue (1). s pemennst z(t), 0 < t < 400, NOJYyIEHHOrO YpaBHEHHUSI,
C yueToM HavdaabHOTOo ycsosus (4), uz dopmyssl Kommu (cm.(6)) mocse npoektupoBanus Ha L
u yautbiBag (14),(15) npu 7 = 7, mosrygaem

Tz (1) = [WK(Tl) - ZWK(H - hi)Bi:| ©(0) + Z / TK (1 —t — h) | Bip(t) + Cip(t) | dt—

—h;
—/WK(Tl—t)[Du(t)—Fvl dt+/7rK (r1 — 1) Fus () dt =
0 0

m m 0

- [WK(Tl) ~S rK(n - hi)BZ-] p(0) + / rK(r —t — hy) [Bigb(t) + C’iap(t)] dt—

i=0 i=0 .
t*

= [ [Pt w00 4 Ml toa®mlr, o) + s — 1) e

0

T1

— / [—m(t, v1(t)) +w(m — t)}dt + /IWK (11 —t) Fug () dt =

m 0

- [WK 1) Z TK(m — }gp(O) + Z / 7K(m —t—h;) [Blgp(t) + Cip(t) | dt+

=0 “hy
T1 1 t*

+/m(t,v1(t))dt—/w(7'1 —t)dt—/)\(go(~),71,t,vl(t))77[ﬁ,cp(-)]dt—i—

0 0 0
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T1

+/7TK (11 — t) Fuy () dt = &, o(4)] + /m(t, v (t))dt—

—/A@cymam@»mm¢owr+/¢ﬁ-f%%igymxn—omeﬁ:

0

/mtm ﬁ+/ﬂ ﬁ_?th—ﬂm@ﬁ

60, Kak ycTaHOBJIEHO BBIIIE,

t*

%Lﬂﬂ—/Mﬂ%ﬁmm®thOW—

0

[| &, @ //\ ), 71, t, v1(t ))dt]n[71’¢(.)] —0.

CremoBaTesibHO, B CHITY I1.C) MPeAIoIoKenus 1 n ycaosus (7), IMEIOT MECTO BKJIIOYCHNUST

/m@mmﬁe/M@—wﬁcM@

T1

/w {1 — %] 7K (1 — t)Fo(t)dt € (1 — ) M,.

Takum 06pas3oM, i HATAILHOTO MOJIOKeHuA ¢ (-) € X nMmeer MecTo BK/oUYeHne mz(7y) € My,
a 9TO IKBUBAJIECHTHO BKJodenuio z(1y) € M. Teopema 1 mokazana.

I1. Temneps chopmynupyem u jokaxkem teopemy 2. Ilycrs puddepenimaibias urpa orm-
cbiBaeTcs ypaHeHusiMu (1), a mapaMerpsl u, U yJ0BJIETBOPSIFOT HHTErPAJIbLHBIM OIDAHIIEHHSIM
(2),(3). Badukcupyem mpoussosbHoe qHCIO T > 0 1 MponsBosbHOe KoncTanTa a € [0, 2). Obo-
sHadnM depes pu(t), 0 < t < 7, — cymMmmpyeMas ¢ KBaJpaToM HEOTpHIATEIbHAs CKaIsApHAast
DyHKIWS, YIOBIETBOPSIONIAsT YCIOBHIO

T

[t <o a?, pzas (16)

0

7 BBEJIEM KBaJIPaTHYIO MaTPHUILY CID(t) L— L, te [O, 7'] HOJIYHEIIPEPBIBHYA CBEPXY, 3aBUCHIILYH
oT t.

Paccmorpum ciiegyroriee MHOTO3HAYHOE OTOOparkKeHre

Wwﬁy:(]pKﬁ—wD&@—¢ﬁ—wwK@—wF4,temgL

veRY
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rae Sy — P — MepHbII 3aMKHYTHIif map pajuyca 1(t) = ajv|+p(r—t), 0 <t < 7, ¢ nenTpoM
B Havaje KOOD/IMHAT.

Bemem MmHOXKECTBO
/ ), 7, t)dt, 0 <t <7, W(0)=0M,. (17)
0

Badukcupyem Hekoropoe HadasbHOe moJoxkenue ¢(-) € X. Ilomoxkum
&t Byp(), 0()) = [wK () = > K (t = hi) Bi| o(0)+
=0

m 0

+3° [ wK (= s 0 [Bipts) + Ciplo)]ds + 5 - flr),

=0,

e f € L, fo(r) € W(r). Hanee, no onpenenennto unrerpana W(r) (cm.(17)) cymecrsyer
N

u3MepuMblil 110 Bopeitio cyMMI/IpyeMHﬁ cenekrop w(t) € W(M(t),7,t),0 <t < 7, Takoii, IT0

BBITIOJIHEHO PABEHCTBO fo(T) = f T — t)dt. Badukcupyem ero. Torma BekTop — yHKIHUS

&lt, B, ¢(+), w(+)] nmeer Bux

€lt.5.00)0(0)] = [wK () = S mK(t ~ h)Bo(0)+
+ > /ﬂ'Kt—S—hz)[BZ(P( )+ Cip(s )]d5+5 /T b(r — t)dt. (18)

Jlerko mokaszarh, 9TO ecm Jisi HEKOTOPOro mosoxkuresabaoro t E[t, B, o(+), w(+)] To pasz-
penMa 3a/a4a Ipecse/0Baiist K MOMeHTY 7. [loaroMy, B JasibHefieM mpejinoiaraercs, 4To

£[t, B, 0(+), w(-)] msa Beex t > 0.
JlaJtee, JJIst IPOU3BOJIBHBIX BEKTOPOB 3 € L v € R? ompenesinM pa3perraonyo QyHK-

o A(o(+), B, 7, t,v,W(+)) caeayronmmM 06pasoM:
/\<<)0(>) /87 T, ta v, w()) =

sup{)\>0 X[T, B, ¢(),w()] € nK(1 —t)DS,(t)—
=\ —0(r —OrK(r — )Fv - ()} pu E[r, B, (), ()] £0,  (19)
T npu £[7, 5, (), @ ()] = 0.

IIpeanonoxenue 2. /lia nauaavrozo nososicenus o(-) € X cywecmsyrom wucio 7 =
To(@(+)) > 0, sexkmop 5, pynruyua p(t), t € [0, 7], mampuya ®(t), 0 < t < 79, Koncmarnma
a € [0, 2) maxue, wmo:

N
a) mnoocecmeo W (T, t) nenycmo daa ecex t € [0, T);
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b)  dynrkuua Ap(:), 2, 8, t,w(-),0 < t < T, a makdce CYnepno3uuuA
Me(+), 12, 8,t,v(t),w(:), 0 < t < 1o, pynryuu A(p(+), 79, 3,1 U,ID( )),0 <t <muve R,
U NPouseoavHol cymmupyemot ¢ xeadpamom gynruyuu v = v(t), 0 < t < 79, daa Komopot
lv()|l < o, asasemea cymmupyemots;

C) CNPasediuBo Hepasencmeo

T2

1= int{ [ A0, B st o(8) BN [0 o) < 7} <0

0

d) das ar0bo20 donycmumozo ynpasaenus v(t), 0 < t < 75, ybezarouwse2o upoka 6uNOAHEHO

GRANOUEHUE
T2

/[E O(ry — t)| 7K (ro — t)Fo(t)dt C B+ M,
0
20e E — edunuunasn (v X v) — mampuya, dimL = v.

Teopema 2. Ecau wnosnenv, yciosus npednoaosxcenud 2, mo 6 uepe (1)-(3) us 3a-
dannozo Hauaavrozo nosostcenun o(-) € X 603M0CHO 3a6epuieHue NPECAEIOBAHUS 34 BPEMA
T =7(p(-))-

HokazarenbcrBo. Pacemorpum dbyukimio A(¢(+), 8, T2, t,v), OIpenesIeHHy0 COOTHOIIEHU-
eM (19). Dra dyHKIW MOSyHEIPEPBIBHA CBEPXY 110 U, TIPH (DUKCUPOBAHHOM © U M3MEPHUMA 110
t, mpu durcupoBartom v. Ilycrs t € [0, 72]. s npoussosbHOro BeKTopa v € RY paceMoTpum
CJIeJlyIoIie yPaBHEHNA OTHOCUTEIBHO HEU3BECTHOIO U € Sy(y)

TK (2 —t)Du = ®(r2 — )7 K (73 — ) Fo + (72 — 1)) + A((+), B, 72, 1, 0)E[L, B, 0(-), w(-)], (20)
TK(my —t)Du = (1 —t)nK (10 — t) Fv + w(me — 1)), (21)

Hasiee, B culy npeanosioxkenuss 2 CyIIeCTBYET OJHO WJIM MHOTO pemnienuii. O6Go3HaUMM
wepes Ul(t,v), U?(t,v) muoxecrsa pemenuii ypasuenuii (20),(21), coorsercrsenno. B cu-
ay (19) mmoxkecrsa U'(t,v), U(t,v) HemycTbl u siBjsiiorca KoMmnaktamu. O6Go3HAMUM 4Uepes3
Gl(t,v), G*(t,v) nexcukorpadudeckne mMunuMymbl Kommaktos U(t,v), U?(t,v), coorserc-
TBeHHO. Bocrnomsosasiucek coitcrBavu dbyskimit A(¢(-), B, 72, t,v) 1 C' — cBOWCTBOM MHOTO-
3HaYHbIX 0TOOpazkenuii [16], Mozxkuo nokazats [13], uro dyukmuu G (¢, v), G*(t,v) ssistiorcs B
— u3mepumbivu. CiieloBaTe/IbHO, JIJI TPOU3BOJIbHOM dyHkun v € R, t € [0, +00), dyHKiun
G (t,v(t)), G*(t,v(t)), t € [0, 2], nsmepumbr [17].

[Tycrs mist urpst (1)-(3) BbIIOJIBHEHBI BCe YCIOBHS IPEIIOIOKeHHst 2 1 ycTb v = v(t), t €
[0,400), — TPOU3BOJIbHOE JOIYCTUMOE yIpaBJeHne yberaioIero urpoka. YIpaBieHHe pe-
caesioBaresisi Ha orpeske [0, 73] onpegenum cieyronmm obpasom. Eciu B moment ¢ € [0, 7]

BeJIMYIMHa
T2

p(ro,0(t),0 <t <7p) =1-— /A(@('),ﬂﬁz,t,v(t)ﬂf?('))dt
0
[OJIOKUTEJIbHA, TO YIIpaBJIEHUe TIpecyeioBareis Ha orpeske [0, o] mosoxkum paBubiM u(t) =

G(t,v(t)). Ilycts t* € [0,75] — UEpBBII MOMEHT BpeMeHH, JIIsi KOTOPOIO BBIIOJHAETCS pa-
BercTBO p(t*,v(t),0 < t < t*) = 0, B cuily I1.C) NPE/IIONOKEHUST 2 TAKOW MOMEHT BPEMEHH
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cymecryer. [Ipu t € (t*, 73] ynpasjienue npecyeiosareis nojioxuM pasibiM u(t) = G2(t, v(t)).
Hamee, mpu t > T, yupasieHme HpecsegoBaTess MOJOKUM paBHbIM u(t) = 0. Ympasie-
uue u(t), t € [0,+00), ABasiercs JIOMyCTUMBIM, Tak Kak B cuiy (16) u mepasencrsa Kommu-
ByHsAKOBCKOTO, ClipaBejinBa CJIe/IyIolast OleHKa:

/\u(t)|2dt < a2/|v(t)]2dt+2a/u(rz—t)|v(t)]dt+
0 0 0

T2 T2
2
+/u2(72 —t)dt < (aa+ //ﬂ(rg —t)dt) < p?,
0 0

9TO U O3HAYAET JIOMYCTUMOCTD yiipasienus u(t), 0 <t < 1.
Tenepsb mokazkeM, 9TO NMpHMeHeHne yrnpasjenus npeciaenosanus u(t), 0 < ¢ < +00), ra-
paHTUPYeT BO3ZMOXKHOCTU 3aBEpIIeHUsI Ipec/ieloBanus 3a Koneanoe BpeMst T = 7o(p(+)). [og-

craBuB ynpasjenus u(t), v(t), 0 <t < +oo, B npaByio 9acTb ypaBaerus (1) u yIuThIBasi 3aKOH
T2

BbIGOpa yupasnenuit u (20), (21), upuGasisist u BbranTas Beauuuny [ w(r — t)dt ps pemte-
0
ung z(t), t € [0,+00), ¢ yueToM HadagbHOrO ycsoBus (4) mocse ero npoekTupoBaHus Ha L 110

dbopmyite Kormm (em.(6)) umeem:

w2(7s) = [WK(@) — iﬂ((m _ hi)Bi] 0(0) + i /_ i 7K (s —t — hy) [Bm(t) + Ci<p(t)] dt+

T2

+/w T —t dt—/ (r — t)d /WK 7o — ) Du(t) — @(TQ—t)wK@Q—t)m(t)}dH

T2

+ / B = 0(r, = )| 7K (7 — ) Fu(t)dt = |nK(r) - > Tk (n - hi) B | p(0)+

0

+ ZT:L: /_Oh TK(my —t — h;) [Bigb(t) + Cigp(t):| dt—

t*

= [ [t72 = )+ AL, B2t o(®) Dl B o), )] -

T2

_/ Tz—tdt—i—/ E CI)TQ—t)}ﬁK(Tg—t)FU(t)dH
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+ i / TK(r, =t — hy) [Bi¢(t) + OiSO(t)} dt — ]Qw(fg - t)dt) X

+*

><<1 —//\(gp(-),B,Tg,t,v(t),zb(-))dt) —//\(gp(-),ﬂ,fg,t,v(t),w(-))ﬂdtJr

T2 t

—l—/[E —®(rp — t):|7TK<7'2 —t)Fo(t)dt = _5/)‘(90(')75,7'2,15,U(t),'u?(-))dt+

T2 T2
+ / [E —B(ry — t)}ﬂ((@ ) Fu(t)dt = —B + /[E —B(ry — t)| 7K (1 — ) Fo(t)dt.
0 0
B CI/I.Hy H.B). Hpe,ZLHOJIO}KeHI/IH 2 BBIIIOJTHEHO BKJIIOYEHUE
T2
B+ / [E — By — t)] 7K — t)Fo(t)dt € M,. (22)
0
Orciona, u u3 (22) nosydaem, uto 7z (7o) € M. Iocrentee BKiodeHne SKBUBAJICHTHO

BKJIIOUEHNIO 2(Ty) € M. CrenoBaTesibHO, TIpeceoBaHne 3aKkaHanBaercs 3a Bpems 1T = T (p(+)).
Teopema jokazana.
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REZYUME

Ushbu maqolada, o’yinchilar boshqaruviga integral chegaralanish qo’ygan holda
neytral tipdagi chiziqli differensial-ayirmali tenglamalar sistemasi bilan tavsiflanuv-
chi differentsial o’yinlarni o’rganamiz. Hal qiluvchi funksiya yordamida o’yinchilar
boshqaruviga integral chegaralanish qo’ygan holda quvishni tamomlash uchun
yetarlilik shartlari olingan.

Kalit so‘zlar: differensial o’yin, quvish masalasi, neytral tipdagi differensial-
ayirmali tenglamalar, hal qiluvchi funksiya, terminal to’plam, quvlovchi, qochish,
boshqgaruv.

RESUME
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In this paper, we study differential games described by a system of linear differential
equations of neutral type under integral constraints on player controls. Using the
method of resolving functions, sufficient conditions are obtained for the possibility
of completing the pursuit with integral restrictions on the players’ controls.

Key words: Differential game, pursuit problem, differential-difference equations of
neutral type, resolving function, terminal set, pursuer, evader, control.
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VIK 517.953

HAYAJIbBHO-KPAEBBIE 3AJTAYN JJI4d YPABHEHU A NIPEJIMHI'EPA HA
3BE3100OBPABHOM I'PADE

Cobupos 3. A. "

PE3IOME

B nacrosieit pabore meroom Pokaca ucciemoBana Haua IbHO-KPAEBbIE 3a/1a91 J1J1s1
ypasuenud [lIpeunrepa B mpocThIX 3B€371000pa3HbIX Ipadax ¢ BEPIIUHHBIMEI YCJIO-
Busimu tura 0. IIpu srom, ucnoap3oBanreM yHUPUIIMPOBAHHOIO MTPEOOPa3OBAHUS
Dypbe, 3aja49a CBeJIeHa K CUCTEMbI ajiredOpandecKux ypasHeHuit. Vcnosb3oBanuem
obpaTHOro 1mpeodpaszoBaHe MbI MTOJIYYII WHTErPAIbHOE IIPEJ/ICTaBIEHNE PellleHnst
yepes JlaHHble (DYHKIMK B CJIyUasX 3B€3/1000pa3HBIX I'PadOB ¢ KOHEIHBIMU Pedpamu
1 110/ TyOeCKOHEYHBIMU PebpaMu.

Kaouesvie caosa: Ypasuenue lllpenunrepa, merpuyeckuii rpad, pa3BeTBJIEH-
Hble CTPYKTYPhI, YHU(UIMPOBAHHOE MTpeo0pas3oBaHme, HadaIbHO-KpaeBas 3a/ada,
peobpazoBanne Pokaca.

W3BecTHO, 9TO pasBeTBJIEHHBIE CTPYKTYPHI U CETU HCIOIB3YIOTCS JJIS MOJETMPOBAHUS
MHOTHX CJIO2KHBIX CUCTeM U3 (PU3UKU, ONOJIOTUU, IKOJOTHH, COIMOJIOTUN, SKOHOMUKHU 1 (DUHAH-
coB |1, 2|. B aroit crarhe Mbl npejcranisieM Meton Pokaca i perieHusi HECTAIMOHAPHOTO
ypasuenus [IIpenunrepa Ha mpocThIX 3Be371000pa3ubix rpadax. Merpudeckue rpadbt ¢ ypas-
nenueM [lIpémunrepa u yciaosuamu Kupxroda B BeplnHe HAa3bIBAIOTCI KBAHTOBBIMU Tpada-
mu [3-5]. Vpasuenne IIpéauHrepa MOKHO TakyKe PaCcCMATPHBATh KAK YDABHEHHE C MHUMbIM
BPEMEHeM. Y PaBHEHME TEIJIONPOBOIHOCTU Ha PA3BETBJIEHHBIX CTPYKTYpPaX BIEPBbIE OBLIO MC-
nosibzoBano B 50-x rojgax XIX Beka. Tomcon (op KesbBuH) ucrosib3osas ypaBHeHHEe TEILIO-
npoBojiHocTH (KabesbHoe ypaBHeHue ToMcoHa) B KauecTBe MaTeMaTHIECKO MOJIE/TH 3aTyXaHUsI
CUTHAJIA B TIOJIBOJIHBIX TeJierpadHbIX KaOesIsIX.

I'pad cocronT u3 ToveK, HA3BIBAEMBIMU BEPIITMHAMU, U U3 OTPE3KOB, KOHIIBI KOTOPBIX JIe-
x)ar B BepmmHax rpada [3]. ru orpesku HasbiBarorcs pebpamu rpada. Mol Beerga Oymem
paccMaTpuBaTh CBs3aHHBIE Tpadbl, T.e. rpadbl, B KOTOPBIX U3 JIIOOOW TOYKH MOYKHO TOINACTb
B Jipyryio no pebpam rpada. M3oMerpumyueckum comocTaB/IieHHEM KaxKJIoro pebpa rpada na
YMCIOBbIE MHTEPBAJIbl MBI TOJyYaeM TaK Ha3bIBaeMblii MeTpudeckuii rpad. 31ech mMeTpuka
[IOHNMAETCS B CMBIC/IE Te€0/IeE3NIECKONl MEeTPHUKH, T.e. KaK KpaTdaiilllee PAcCTOSHIE 110 pedpaM
rpada Mex 1y aAByMs Toukamu rpada. [lonsarHo, 4To Takas cTpyKTypa ABJIS€TCS OJHOMEDPHBIM,
TOIJIa KaK PEAMCTUIECKIE PA3BETBIIEHHbBIE CTPYKTYPBI JIByMepHbIe (HapuMep, rpad)eHHbIe Ha-
HOTPYOKN) mwin TpexmepHble. [losToMy BO3HEKaeT BOIPOC O Ieae06Pa3HOCTH MOJIETNPOBAHNUST
peaibHbIX POGJIeM TeXHUKY U (DU3UKHU ¢ HOMOIIBI0 MeTpudeckux rpados. B padorax [6, 9] uc-
cJle/IoBaHa Kpaesas 3aja4a Jjist crarmoHapHoro ypastuerus [1Ipeauarepa B TOHKUX (¢ MaJIbIME
HOIEPEYHBIMU CEUEHUSIMU ) PA3BETBJIEHHBIX 00s1acTaX. JJokazaHo, 4To KOTja JuaMeTp moneped-
HEro CEeYEHUs CTPEMUTCS K HYJIIO, PeIllleHne PACCMaTPUBAEMO 3a/[a4U CTPEMUTCA K PEIIeHUIO

*
Cobupoe 3. A. — VYHuBEpPCHTET TOYHBIX U COIHUATHHBIX HAyK, VIHCTUTYT MaTeMaTWKH WMEHU
B.M.Pomanosckoro Akagemunn Hayk Pecriybimku Y36ekucras, sobirovzar@gmail.com



Bectauk HY VY3 - 158- Tounble HayKu

KPaeBoii 33/1a4i Ha COOTBETCTBYIONIEM KBAHTOBOM (MerpuueckoM) rpade. Ilpu sTom, u3 ypas-
nenne [IpemuHrepa B MaJioit 00/1aCTH TOYKM pa3BETBJICHHS, KOTOPas IEPEXOJIUT B BEPIINHHY
rpacda npu upejene, moaydarcs yciaoBusd Kupxrodda. DTor pe3yibrar ocTaeTcs CIipaBein-
BBIM U B CJIy4ae ypaBHEHHsI TeIJIONPOBOJHOCTH, B CHJIy TOrO, 9TO YpaBHEHHE TEILIOIPOBOIHO-
CTH C IIOMOIIBIO IIpeobpa3oBanus Jlamiaca o BpeMeH! IepexoJuT B CTAIlMOHAPHOE YpaBHEHME
[MIpemuarepa.

ITycts rpad I' comepxuts Tpu nosybeckonednsix pebep Bj, 7 = 1,2, 3, ¢ obmuM KOHIIOM
B Touke (), HaspIBaeMoil Bepmunoil rpada (cm. puc. 1.). Ha xaxgom u3 pebep B; (j = 1,2, 3)
OIIPeJIe/INM KOODANHATY &; N30METPUUECKIM 0TOOpazkeHneM 31Toro pebpa K uarepsaiy (0, 00).
B jasbneiiniem, Jijia 0003HaYeHUs KOOPJAUHATEI Mbl OyJ/IeM HCIIOJIL30BaTh T BMECTO ;.

B;

B,

Bs

Pucynok 1. [IpocToit oTKpBITHIT 3B€3/1000pa3HbIil rpad.

B kaxkom pebpe rpada paccmarpubaem ypapuenue IlIpemunrepa
iqt(j)(x,t) = oqV)(z,1), z € B;,t>0,57=1,2,3, (1)
rje o > (0, ¢ HaYaJIbHBIM YCJIOBUEM
¢ (z, 0) = qéj)(x), z€By,j=123. (2)
Ha Bepmuae 3amaem ciepytortue ycaobust ckienBanus (Kupxrodda) tuna §
074" (0, 1) + 8542 (0, ) + 53¢'7(0, 1) = 0, >0, (3)

qo(51)<07 t) = qg)(o’ t) = ngzg)(07 t>’ t>0. (4)
Mpu1 Oyziem Tipe/irosiaraTh, 9To HadadbHble (DYHKITUN q(()j ) (x), j=1,2,3aBasmorcs gocTa-
TOYHO TUVIAJIKUMU U abCOTIOTHO MHTETPUPYEMBI B CBOUX O0OJIACTSAX OIpeJIeIeHIS.

Ormerum, uto B pabore [7| HA MPOCTBIX MeTpUUeCKUX rpadax MCCiIe0BaHa HAYAIbHO-
KpaeBagd 3ajiada i ypaBuenus [[Ipeaunrepa ¢ ycaosuamu Kupxrodda, nim xke, ycaoBusMu
THTIA §.

[Ipucrynum K pemiennto 3ajgaqu. [lepenummem ypasuenue (1) B Buje

(e *etviqU)(z, 1)), = (o™t (k¢V(x,t) —ig?(2,1))),, j=1,2,3, (5)

x

e w = —iok?.
Nnrerpupys ypasuenus (5) mo obmactam By x (0,t), j = 1,2, 3, u upumenss dopmyiy
['puna, naxoaum

/ e—ikz-i-wtq(j)(x’t)dx:/ e_““”qéj)(x)dx—
o 0
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_/t (kq (Os)—zqg(c (Os))ds 1=1,2,3,keC. (6)

ITycTh

Q{j)(k’,t)z/ e*ikzq(j)(x,t)dx,ééj)(k) :/ €7mqtgj)(37)dma
0 0

. t . t y
’g\éj)(w,t) :/ e qU(0, s)ds, Gi(w,1) :/ e*q(0, s)ds, j=1,2,3.
0 0

Torna paencTBo (6) 3aIMCHIBACTCS B BUJIE
"G (k,t) = G5 (k) — kagy) (—iak?,t) + ioG (—iok? 1), j = 1,2,3, (7)

rae Imk > 0.

C,ILeJIaeM BaMeHy k Ha —k? " HOJIy‘{I/IM CJIe,ILyIOHLI/Ie ,ILOHOJIHI/ITGJIbeIe ypaBHeHI/IH
e gD (k1) = G5 (k) + kagy (—iok?, t) + iy (—iok? 1), j = 1,2,3, (8)

e Imk < 0.
Ucnonb3ys obparnoe npeobpazosanue Oypoe B (7), momyanm (cem. [1], [11], [13])

. 1 [
q(])(.flf,t):—/ ezkx+w'k2t/‘(])<k)dk+
2 J_
| G . .
+or ek tiolt (Lo (—iok? 1) + ioGy (—iok®, t))dk, j = 1,2,3. (9)
™ —00

Iycts D® = {k € C: Imk >0, Rek <0}, D® = {k € C: Imk <0, Rek > 0},D =

{kG'C; Im(k?) <0} = DOUDW® (em. puc.2). Oynxuun e*e+ioR kg0 (_iok2 ) u
eketiok™ta (—jok? t)) aBiderca MeJILIMH W cTpeMaATcs K Hymio mpu k — oo B k€

{Imk > 0} \D@. TIpumennm teopemy Kommu n memmy 2Kopjanma u 3aMeHmM KOHTYP HHTe-
IpUpOBaHus BO BropoM uHTerpaje (9) ciemyommum oopasoM:

. 1 [
q(J)(.CI?,t) _ _/ ezkx+w’k2t/\(3)<k)dk+
27 J_
1 s G, NP .
eketiolt(_Log) (—iok? 1) + ioGy (—iok®, t))dk, j=1,2,3. (10)

27T aD®2)
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Pucynok 2.

Tenepb HaM HaJI0 HaliTH HeusBecTHBIE QyHKIMU g (—iock? t), ﬁéj )(—iakz, t),7=1,2,3.

U3 (8) naitgém
koG (—iok?,t) = e G (= k, t) — ¢ (—k) — ioGy (—iok?, t), Imk > 0. (11)
C y4aeTom 3TOro mmeem

. 1 too .
q(])(‘%t):%/ ezkx—i—kat/q*(()J)(k)dk_

—00

1

. ) 1 . . .
_2_ ezkxa\(J)(_k’ t)dk’ + — 61k$+w}€2t%])(—k?)dk+ (12)
T JoD®)

21 Jop@

1 i -~ .
—i——/ elk”wmiagl(—zakQ,t)dk,j =1,2,3.
™ JoD(®2)

B obnacru {k € C: Imk > 0} dynkmun e u g9 (—Fk,t) rosoMopdHbI 1 OrpaHIYeHb:
ethr| = e=xIm(k) _ () k — 0o. OTCI0/1a, H3BECTHBIM CIIOCOHOM, 3aKJTI0UAEM, UTO
? Y 7 9

1 L
— R gD (—k, t)dk =0, 0 <z < oo, t > 0.
21 Jop@
Torna
. 1 [t 4
q(]) (.CL', t) — %/ €Zk$+lo’k2t(/j{(}j)(l€>dk+
—00
1 i - 1 i . .
o ethrtiok gl (_pyag + = / etk tio G (—iok?, t)dk, j = 1,2, 3. (13)
T Jop®@ T Jop®@
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Tenepnb ocraercst naiitu gi(—iok?, t). 3 ycnosuit cknensanust (3), moaydum

G0 (—k, ) = @) (—k) + koGy ) (—iok?, ) +ioGi (—iok?, t),
G (—k, 1) = @ (—k) + koGy (—iok?, 1) +ioGi(—iok?, 1), 14)
etq® (—k, t) = G5 (—k) + ko g (—iok?, t) + iagl(—wk t),
6%g((]1)( iok?, t) + 5%@82)(—@'0/62, t) + 5390 (—iokQ, t) =0,
rae {k € C: Imk < 0}. Orciona nmeem
oy (—iol?, 1) — — Ot (k) + 050" (k) + 030" (=k) |
' ’ 0% + 63 + 03

67 + 05 + 03

Ioncrasisas (15) B npeacrasiaenuit (13) mosywaeM HHTErpajbHOE MPECTABICHIE DPeIIe-
HUS, B KOTOPOM OY/IyT y4acTBOBAaTh WHTerpajbl cofepzxamee g (—k, t), j = 1,2,3. Anayo-
IUYHO TOMY, 9TO OBLIO ClIeJIAaHO B IEePBOM Iaparpade, MOXkKeM II0Ka3aTh, YTO ITH UHTETDAJIbI
obparaiorcst B Hy/lb. C y9IeTOM 9TOr0, HOJIydaeM CJIEAYIONLYI0 TEOPEMY O Pa3PEIINMOCTH 3a,1a-
qu.

Teopema 1. Ecau q( )( ), € C0,+00), u q(() )( ), € L1 (0, +00), 7 = 1,2,3, mo pe-
wenue 3adavwyu (1) — (4) ewpastcaemea me@ymwum obpasom:
) 1 e zkx wt/\(] 1 zk:(; wt~7)
gV (x,t) = — (k)dk + — 45 (—k)dk+
2 J_ o 27 Jap@
1 tkrx—wt, _~ .
+— e ioq(w,t)dk, j=1,2,3, (16)
T JoD®@)
ede
3
.~ 1 j = —tkz (7
ioGuw.t) = g - S8 R, @0 = [ el e
Z] 1 6] j=1 0

B sroMm perrerne MOXKHO yBUIETh, KaK IIPOUCXOINTE paccesHus Ha Bepinne rpada. Ilep-
Boiil wien B (16) mpencrasisier coboit ¢cBOOOHOE PaCHPOCTPAHEHNE BOJIHBI, BTOPON MHTErpaJt
BbIpasKaeT OTPaKeHue Ha BepIIIHE, a TPETHil MHTerpaJl Iepex0xkK IeHNs BOJHbI Ha JIpyTrue pedpa.

2. IIpocroii 3Be31000pa3ublii rpad c orpaHnYeHHbBIMEU pedpaMu

Tenepb paccmoTpum cirydait rpada ¢ KOHeUYHBIME peOpaMu.

Paccmorpum npocroit 3Be3noo6pasnbiii rpad I'y ¢ Tpemsa orpanndeHHbIME pedpamu Bj,
Jj = 1,2,3, mmeronmux obmyio Bepumiuy O. Koopaunary z; ma pebpe B; (j = 1,2,3), oupeue-
JIMM I30METPHYECKHM 0TOOpazkeHneM 3Toro pebpa k uurepsaiy (0, L;), KOTOpOe COmocTaBIIseT
koopaunaty 0 x Bepmune O. [lanmee MBI Oy/eM HCIIOIB30BATH & BMECTO ;.

Ha kaxkyiom pebpe rpada 3ajana ypasuenus [[Ipeaunrepa

iq? (z,t) = 0¢¥)(x,t), z€B;, t>0,j=1,2,3 (17)

xrxr
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C Ha4aJIbHBIMHA YCJIOBUAMUN

¢V (x, 0) = ¢ (x), € B, j =1,2,3 (18)
)48 Fp&HI/I“IHbIMI/I yCﬂOBI/IHMI/I
gD (L, t) = h§ (1), t >0, j=1,2,3. (19)

[IpearmooxKumM, 9To pereHre yAoBIeTBOpsieT ycaoBusaM HenpepbisaocTH (3) 1 Kupxrod-
da (5) ma Bepumae O rpada.

B sToM ciryuae riobasibHble COOTHOIIEHUSI HA KaXKJOM OTJEIbHO B3ATOM pebpe HMEeroT
BUJL

e g9 (k,t) — 3§ (k) = e g (kh (w, ) — ik (w, t))—
—Jk;ﬁo (w,t) +iog(w,t),j =1,2,3, (20)

rne w = —iok?,

Ly } A Ly .
a\(j)(k7 t) — / e—zkxq(J)(x’ t)dl‘, Z]f)])(k) — / 6_kaq((]])(l‘)d{[‘,
0 0
~ . t t .
W wt) = [ e Ly, s i w.0) = [ (L s)ds,
0 0

t t
§Mmﬂ=/e %«HMS%Omﬂz/e“WWwM&jZLZ3
0 0

Cremnaem 3ameny k — —k U MOJIy9IUM CJIe/IyIOIINE JOMOTHUTE/IbHBIE YCIOBUS:

"G =k, t) — g7 (=k) = e*ig(—kh (w, t) — ik (w, )+

ok (w, ) + o (w, 1), = 1,2,3. (21)

Hanee, Kak U B IpebLLyIeM IIyHKTe, u3 riobaabHbix coorHomenuii (20), (21) u ycaosuii
Ha BepIuHe rpada cOCTABUM CUCTEMY ypaBHEHU, pelias KOTOPhIX UMeeM

1
02A1 By B3 + 02 A3 B By + (52Ag,BlBg

iogi(w,t) =

: (5%3233 ( kIl (£) — =R gD (k) + 2o (w, ) —
—e"t (e (k,t) — e g (—k 1)) +

+62 B, By <eikL2q402>(/<;) — e 2 (—k) + 2ko b (w, 1) —
—evt (eikba@)(/{:, t) — e~ kL2 (—k, t)) +

1628, By ( ihLagld) (k) — e=Lag® (k) + 2k h® (w, t)—

—evt (eikL3@3)(k,t) e~ kL) (—k t)))) (22)
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rae A; = efli —emih B, = il 4 emhhi 5 =1,2,3.

Tenepnb mosoxum (em. [7], [8])
GO (k,t) = 35 (k) + iogi (w, t) + e * i - koh (w, 1), j=1,2,3.

Torna moxkuo mepernmcars (20) u (21) B Buze

et gD (k, t) = GO (k,t) — kagé (w t) o—ikLs o], J)(w’t>7 28)
wt’\(J)( k,t) = G(j)(—k,t) +k090 (w, ) szJUth (w,1).
WNrak, MbI mMeeM
; 1, . : ,
kg (w,t) = — (VGO (I, 1) — e GO) (— ks 1)) —
J
1 ) ) ) )
_§ (ewt (elij/\(])(kz’t) _ e_ZijA(])<—k’,t)>) : (24)
J
~ 1 . .
ioh{(w,1) = == (G (k,1) = GI(~k,1)) +
J
1 . )
+§ (ewt (aﬂ)(k,t) — a(a)(—k,t))) , j=1,2,3. (25)

J
Caenytorue JIeicTBASA aHAJOTHIHBI TeM JIEHCTBHUAM, 9TO OBLIO CJAEIAHO B IIPEIHIILY X

nynkTax. [losTomy, Mbl mIporyckaeM moJIpOOHOCTH U CPA3y IPUBEJIEM OKOHYATE/ILHBIN Pe3y/ib-
Tar.

Teopema 2. IIycrs dbynknum hgj)(t) € C0,4+00) (N L1(0, +00), g4 U)(z) e C?0, L, il g =
1,2,3. Torna pemenne 3agaqan (17) — (19), (4) u (5) umeer Bug,

. 1 [t ,
o) =5 [ e (k-

1 ikz—ikL;—wt Elf)j) (k) aéj)( k’) + 2€7iijkUB(()j) (w, t)
i e i dk+ (26)
2T oD #) B]
1 oy € LG (kY — kL gD (k) — 2ka b (w, 1) + 26~ *Liio o (w, t) ”
— 6 7
27T 9D () Bj

e w = —iok?, A9 (w,t) = IN evsh$) (s)ds, G5 (k) = fOLj e~k gl (2)dz,j = 1,2,3,

1
(5 AlBng + 52A2B133 + 5 A3B1B2

iogo(w,t) =
(83B:s (3" (k) — e ™10 (=k) + 2k R (w, 1))
03B By (G0 (k) — e MG (k) + 2koh? (w, 1)) +

+63 B, By <eikL3Zj(()3)(k) — e_ikL3§é3)(—k) + 2]{:07183) (w, t))) .



Bectauk HY VY3 - 164- Tounble HayKu

Takum 06pa30M, MbI IIOJIy49WJIX HUHTErpaJibHOC IPEACTaBJICHUA PpeEIleHrud Ha4daJIbHO-

KpaeBbIX 3aJlad Ha IPOCTBIX 3Be3/1000pa3HbIX rpadax. Kak yxKe ObLIo ckazaHa, B 9TUX pe-
IIEHUSIX MbI MOXKEM YBHJIETHh CBOICTBa paccednus B BepmnHax rpada. CpaBHUBas pelIeHUs
Ha 3Be371000pa3HOM rpade ¢ MoJIyOeCKOHEIHBIMI pebpaMu, I1e HeT OTParKeHHsT OT I'PAHUILI, 1
pemeHud Ha Fpa(be C KOHEYHbIMN pe6paMI/I MO2KHO OTJEJ/JIUTHb BJIMAHUA I'PAaHUYIHBIX BEPIIHWH Ha

o0IITyI0 KapTUHY paccesHusl BOJH Ha rpade.

10.

11.

12.

13.
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REZYUME

Ushbu maqolada metrik graflarda Shredinger tenglamasi uchun boshlang‘ich-
chegaraviy masalalarning yechimining integral ifodasini umumlashgan Fokas
almashtirish usuli yordamida hosil qildik. Olingan yechimlar ochiq va yopiq
yulduzsimon metrik graflarda berilgan masalalar uchun keltirildi.

Kalit so‘zlar: Shredinger tenglamasi, metrik graf, tarmoqlangan struktura,
umumlashgan almashtirish, boshlang‘ich-chegaraviy masala, Fokas almashtirishi.

RESUME

In the present paper we obtained integral-representation of solutions for the initial-
boundary value problems for Schrédinger equation on simple metric graphs via Fokas
method. Obtained solutions representation of the problem for open and closed simple
star graphs let us to see exactly the parts that correspond transmission, reflection
and trapping part of the wave at the branching point of the graphs.

Key words: Schrodinger equation, metric graphs, branched structures, unified
transformation, initial problem, Fokas’ transformation.
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UDC 517.44

SIMMETRIK MATRITSA ARGUMENTLI FUNKSIYALAR UCHUN O‘RAMA
TUSHUNCHASI, UNING ASOSIY XOSSALARI VA DYUAMEL
FORMULASINING ANALOGI

Rajabov Sh. Sh. *

REZYUME

Operatsion hisob: Laplas almashtirishlar nazariyasi Kompleks o‘zgaruvchili
funksiyalar nazariyasining bevosita tatbiglari bilan bog‘langan. Hozirgi kunga
kelib mexanika, elektrodinamika, avtomatika, telemexanika, elektrotexnika,
seysmologiyaning ko‘pgina masalalarini yechishda operatsion hisob usullaridan keng
foydalaniladi. Biz mazkur maqolada simmetrik matritsa argumentli funksiyalar
uchun muxim tushunchalardan biri bo‘lgan o‘rama tushunchasi va uning asosiy
xossalarining analoglarini qurishga harakat qilganmiz. Shu bilan birgalikda Dyuamel
formulasining matritsaviy analogini yozish hamda tatbiqiy natijalar olishni o‘z
oldimizga maqgsad qilib qo‘yganmiz.

Kalit so‘zlar: Laplas almashtirishi, matritsaviy orginal, matritsaviy tasvir, o‘rama,
simmetrik matritsa, ortoganal matritsa, birlik matritsa, nol matritsa, Dyuamel
formulasi, beta funksiya.

1. Kirish.

Laplas almashtirishi buyuk matematik va astronom Pier-Simon Markiz de Laplas (1749-
1827) sharafiga nomlangan bo‘lib, u ehtimollar nazariyasiga oid maqolasida xuddi shunday
almashtirishdan foydalangan [1| va natijada Laplas almashtirishining integral shakli tabiiy
ravishda rivojlangan. Laplas almashtirish nazariyasi XIX asr va XX asr boshlarida Matias Lerx,
Oliver Xevisayd va Tomas Bromvich tomonidan yanada rivojlantirildi. Hozirgi keng tarqalgan
Operatsion hisob Laplas almashtirish nazariyasining to‘liq bir nazariya shakliga keltirgan olim
Gustav Doets hisoblanadi. Uning 1937-yilda chop etilgan "Theorie und Anwendung der Laplace-
Transformation"(Tarjima: Laplas almashtirish nazariyasi va qo‘llanilishi) asarida birinchi marta
Laplas almashtirish tushunchasi ishlatilgan. U o‘zining ilmiy ishlarida birinchi bo‘lib Laplas
almashtirishni muhandislik masalalarini hal qilishda qo‘llagan.

Matritsa argumentli gipergeometrik funksiyalar uchun [2] Lager matritsaviy polinomlarini
matritsa funksiyalarining sonli inversiyaga qo‘llash uchun [3], Bernshteyn operatsion matritsasi
uchun [4] va eng so‘nggi ilmiy ishlardan [5] ko‘p matritsa argumentli funksiyalar uchun Laplas
almashtirishlarining analoglari olingan.

Biz ushbu maqolada simmetrik matritsa argumentli funksiyalar uchun Laplas
almashtirishlari uchun muxim bir tushunchalaridan biri bo‘lgan o‘rama tushunchasi va uning
xossalarini matritsaviy analoglarini olish bilan shug‘ullanamiz. Shuningdek o‘rama tushunchasi
yordamida Dyuamel formulasining matritsaviy analogini ham olamiz.

2. Matritsaviy original va matritsaviy tasvir funksiya tushunchalari.

“Rajabov Sh. Sh. -Toshkent davlat transport universiteti, sh.sh.rajabov@gmail.com
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Bizga f(A) = f(UAU') € S,, (A€ S,, CR[m xm]) (bu yerda, S,,-haqiqly simmetrik
matritsalar sinfi, UU’ = [-ortoganal matritsalar) matritsa argumentli simmetrik matritsa-
funksiya berilgan bo‘lsin [2].

1-ta’rif. Quyidagi shartlarni qanoatlantiruvchi f(A) funksiyaga matritsaviy original
deyiladi:

[. A< 0da f(A) = 0. (bu yerda, A < 0 munosabatni A matritsaning har bir elelementi
0 dan kichik deb tushuniladi);

II. VA € S,,, simmetrik matritsalar uchun f(A)—A > 0. (bu yerda, p(A) = f(A)—A >0
bo‘lib, ¢(A) simmetrik matritsa-funksiyaning har bir elementi nomanfiy deb tushuniladi);

III. VA € S, matritsalar uchun 3M > 0 va a > 0 sonlar topiladiki |f(A)] < M -
e tengsizlik o‘rinli bo‘ladi. (bu yerda, |f(A)| deb har bir elementi f(A) simmetrik matritsa
elementining moduliga teng deb tushuniladi).

Endi yuqorida keltirilgan 1-ta‘rif asosida matritsaviy tasvirning ta‘rifini keltiramiz.

2-ta’rif. f(A) matritsaviy originalning matritsaviy tasviri deb,
Z=X+1iY, (Z€S,,CcCmxm]:Z=2Z") o‘zgaruvchining

F(Z) = / F(A) - eZAdA (1)

A>0

integrali bilan aniqlanadigan matritsaviy funksiyaga aytiladi. Bu yerda, A = (a;;) uchun dA =
[ da;; kabi aniglanadi.
1<j

3-ta’rif. (1) formula orqali matritsaviy originaldan matritsaviy tasvirga o‘tishga Laplas
almashtirishi deyiladi.

f(A) matritsaviy original bilan F'(Z)matritsaviy tasvir orasidagi moslik F(Z) = f(A)
yoki f(A) < F(Z) kabi belgilanadi. Bu yerda, — belgining yo‘nalishi umumiylikka zid
kelmagan holda hamisha matritsaviy tasvirdan matritsaviy originalga tomon yo‘nalgan bo‘ladi.
Amaliy misollar ishlaganda ko‘p hollarda L{f(A)} = F(Z) kabi munosabatdan foydalaniladi
[2-3].

3. Simmetrik matritsa argumentli funksiyalar uchun o‘rama tushunchasi va uning
asosiy xossalari.

Tasvirlarni ko‘paytirish teoremasi o‘rama tushunchasiga asoslanadi.

Bizga f(A),g(A) € S,, aniqlangan haqiqly matritsa o‘zgaruvchi A ning uzluksiz
funksiyalari berilgan bo‘lib, A < 0 uchun f(A) = g(A) = 0 munosabat o‘rinli bo‘lsin.

4-ta’rif. f(A) va g(A) matritsa o‘zgaruvchili funksiyalarning o‘ramasi deb,

| - pymas )
0<B<A
integralga aytiladi va (f * g) (A) kabi belgilanadi [4].
1-teorema (tasvirlarni ko‘paytirish teoremasi). Agar Fi(Z)=> fi(A) va Fy(Z)= f2(A)
bo‘lsa, u holda
FI(Z)Fy(Z)= (fi* f2) (A) (3)
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munosabat o‘rinli bo‘ladi.

Isbot. Isbotlash uchun matritsaviy tasvir (1)-formula va o‘rama ta’rifidagi (2)-
formulalardan foydalanamiz:

et e [Gemeaa= [ [ fa-Bamas | e

A>0 A>0 <B<A

= [P [ R BB = |yt tinstamiz] =

almashtirish kiritamiz
A>0 0<B<A

= / e~ ZWHBl gy / f1(W) fo(B)dB = / e W e ZBaw / fLW) fo(B)dB =

W>0 B>0 W>0 B>0

= / fiW) - e ?Waw / fo(B) e ?PdB = F, (Z) F» (Z).
W>0 B>0
Teorema isbotlandi.
Endi o‘rama tushunchasining asosiy xossalarini keltiramiz.

1-xossa. f (A) va g (A) matritsa argumentli funksiyalarning o‘ramasi uchun quyidagi:

(f*g)(A)=(g=f)(A) (4)
munosabat o‘rinli bo‘ladi.

Isbot. Isbotlash uchun (4) formulani chap tarafidan o‘ng tarafini keltirib chiqaramiz:

A-B=A 0<B<A
(= /‘fA B)g(B)dB bB:—M_A<A<0:

0<B<A

—_ / F(A)g(A—A)dA = / g(A =N f(AN)dA = (g f) (A).
A<A<O 0<A<A

Xossa isbotlandi.

2-xossa. f(A), g(A) va h(A) matritsa argumentli funksiyalarning o‘ramasi uchun
quyidagi:

(f*(gxh))(A) = ((f*g)*h)(A) (5)
munosabat o‘rinli bo‘ladi.

Isbot. Bu xossani isbotlash mobaynida ham birinchi xossani isboti kabi (5) munosabatni
chap tarafidan o‘ng tarafini keltirib chiqaramiz. Buning uchun bevosita matritsa argumentli
funksiyalarning integrallashda o‘zgaruvchi almashtirish usulidan va 1-xossadan foydalanamiz:

(f % {g * h}) (4) = / /(B) / 9(A— Q — B)h(Q)duB =

0<B<A 0<Q<A-B
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B=Q 0<Q<A
:cwzdﬂhmﬁﬁﬂBJ: / h(€) b/ 9(A— B —Q)f(B)dBdQ =
0<Q<A 0<B<A-Q

= (hx{gxf})(A) = {gx*ft=h)(A) = ({f g} xh)(4).
Xossa isbotlandi.
3-xossa. f(A), g(A) va h(A) matritsa argumentli funksiyalar va YA, Ay € R uchun
(f *{Ag 4+ Ash}) (A) = A (f % g) (A) + A2 (f % h) (A) (6)

munosabat o‘rinli bo‘ladi.
Isbot. Ushbu xossani isbotlash uchun o‘rama tushunchasidan va bevosita integralda
o‘zgarmasni integral belgisidan tashqariga chigarish xossasidan foydalanamiz:

(F % Dag + Aah}) (4) = / J(A= B) (\g(B) + Ah(B)) dB =

0<B<A

Y / F(A— B)g(B)dB + ) / f(A— B)h(B)dB =

=M (fxg) (A)+ X (f*h)(A).

Xossa isbotlandi.
4-xossa. Agar f1, fa, ..., fun(A) € S,, matritsaviy original funksiyalar uchun mos ravishda
F\, F,, ..., F,(Z)-matritsaviy tasvir funksiyalar mavjud bo‘lsa, u holda

F(Z) - Fo(Z) o Fu(Z) = (frox fax ook fo) (A) (7)

munosabat o‘rinli bo‘ladi.

Isbot. Bu xossani isbotlash uchun 1-teoremani n marta qayta qo‘llash yordamida
keltirilishini ko‘rishimiz mumkin.

1-natija. Agar (7) munosabatda f; = fo = ... = f, = f(A) bo'lsa, u holda F; = F» =
..=F,=F(Z) bo‘lib

(F(2))" = (f+)"(A) (8)

munosabat o‘rinli bo‘ladi.
Isbot. Shartga ko‘ra matritsaviy original funksiyalar f; = fo = ... = f,, = f(A) tengliklar
o‘rinli va mos ravishda matritsaviy tasvir funksiyalar uchun F} = F», = ... = F, = F(Z)

tengliklar o‘rinli. Bu tengliklarni (7) munosabatga olib borib qo‘yamiz:

F\(2) F(2)-..- Fu(2) = | F(2)-F(2)-...- F(2) | = (F(Z))" >

TV
n ta

S (fixfoxoxfr)(A)=|Fxfxxf](A)=(fx"(A.

n ta

Natija isbotlandi.
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4. Dyuamel formulasi va uning tatbiqlari.

2-teorema (Dyuamel). Agar F(Z)G(Z) = (f % g) (A) munosabat o‘rinli bo‘lib, f'(A)-
matritsaviy original funksiya tashkil gilsa, u holda

ZP2)G(2) 5 [O)(A) + [ 14 Blg(Byi ©)

munosabat o‘rinli bo‘ladi. Bu yerda, O-barcha elementlari nollardan iborat bo‘lgan nol matritsa.
Isbot. Isbotlash uchun (9) munosabatni chap tarafidan o‘ng tarafini keltirib chiqaramiz:

ZF(2)G(2) = [J(0) + 2F(2) = [(0)]G(Z) = [(0)G(2) + [2F(2) = [(0)| G(Z)

Oxirgi tenglikda originalni differensiallash xossasidan [6] foydalanib, yami f'(A) <~ ZF(Z) —
f(O) munosabat o‘rinli ekanligini hisobga olib va o‘rama tushunchasidan foydalanib Laplas
almashtirishini qo‘llaymiz:

F(0)G(Z) + [ZF(Z) — [(O)|G(Z) = F(O)g(A) + f/(A) * g(4) =
e /fA B)g(B)dB

0<B<A
Teorema isbotlandi.
1-izoh. (9) formula simmetrik matritsa argumentli funksiyalar uchun Dyuamel formulasi
deyiladi.
“ (A€ S, CR[m xm], a>0)simmetrik matritsa argumentli

2-natija. Agar f(A) =
b (A€ S C R[m xm], b>0) simmetrik matritsa argumentli original

funksiya va g(A) = A
funksiyalar uchun

(f*9) (A) = A" x A’ = Bppupm (a+ 1,0+ 1) - APTFH (10)

munosabat o‘rinli bo‘ladi. (10) tenglikda By, xm) (@ + 1,0 + 1) -beta funksiya.
Isbot. Isbotlash uchun o‘rama ta’rifidan foydalanamiz:

A% A = / (A—B)"B%B (11)
0<B<A
(11) munosabatda B = AV almashtirish kiritamiz:
 pvapbyp_ | B=AV 0<B<A| _ _1nayb a+b+1
(A B)BdB_ldB:Adv v (I-V)'VtaV | A

0<B<A <V<I

Oxirgi tenglikning qavs ichidagi qismi uchun SBp,umi(a,b) = | — V) tvildy
0<V<I

munosabatni [9-10] hisobga olsak tenglik quyidagi ko‘rinishni oladi:

/ (I =V)*'VPaV | A = B (a+ 1,0+ 1) A%
<V

Natija isbotlandi.
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PE3IOME

OmnepannonHoe ncuncienne: Teopust mpeobpasoBanuii Jlamraca cBsa3aHa ¢ HEIIOCPEI-
CTBEHHBIMU TIPUJIOKEHUSIMI TeOpUN (PYHKIINI KOMILJIEKCHBIX TIepeMeHHbIX. B HacTo-
siTiee BpeMsi METOJIbI OIIEPATHBHOIO pacdeTa MIHPOKO UCIOJb3YIOTCS JIJIsl PeIleHnsT
MHOI'UX 3a/1a9 MEXaHUKH, JIEKTPOIUHAMUKI, AaBTOMATHKH, T€JIEMEXaHUKH, JIEKTPO-
TEeXHUKU, CercMOJIOI . B 3TOU CTaThe Mbl HONBITAJINCH IIOCTPOUTDL aHaJIOT'U IIOHA-
THUA IIEPEHOCa, KOTOPOE ABJIACTCA OJHUM M3 BazKHbIX IIOHATHUI JJIgd CUMMETPHUYIHBIX
MaTPUYIHBIX apryMeHT-(OyHKIII, 1 ero OCHOBHBIX CBOICTB. BMmecTe ¢ 3TuM MBI 110-
cTaBUIM TIepeJ coboii Ie/ib HAlMCaTh MaTPUYHBIN aHajor ¢gopmysbl loamverns u
MOJIyYUTh ITPAKTUIECKHIE PE3YJIbTATHI.

Karoueswvie caosa: npeodbpaszoBanue Jlarmaca, MaTpudHbIil OPUTHHAJ, MATPUY-
HBIIT 00pa3, cBepTKa, CUMMETPUYHAsd MaTPHUIA, OPTOTOHAJIbHAS MATPUIA, €JIMHIY-
Has MaTpuUIla, HyJeBad MaTpuiia, dpopmysta loamers, beta-pyHKITHS.

RESUME

Operational calculus: The theory of Laplace transforms is connected with direct
applications of the theory of functions of complex variables. Currently, operational
calculation methods are widely used to solve many problems of mechanics,
electrodynamics, automation, telemechanics, electrical engineering, and seismology.
In this article, we tried to build analogues of the concept of wrapping, which is one
of the important concepts for functions with symmetric matrix arguments, and its
main properties. Together with this, we set ourselves the goal of writing a matrix
analog of Duhamel’s formula and obtaining practical results.

Key words: Laplace transform, matrix original, matrix image, convolution,
symmetric matrix, orthogonal matrix, unit matrix, zero matrix, Duhamel’s formula,
beta function.



