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UDC 517.55

COMPARATIVE ANALYSIS OF ESTIMATES OF DISTRIBUTION
FUNCTION IN RIGHT RANDOM CENSORING SCHEMAS BY USING OF
KERNEL MATHEMATICAL MODELING

Abdushukurov A. A., " Bozorov S. B. ”

RESUME

In paper we present some comparison of distribution function estimators when the
lifetime data subjecting to right random censoring. Nonparametric estimators based
on conception of presmoothed estimation of relative-risk function. We give some
numerical results also.

Key words: Random censoring, product-limit, relative risk, presmoothed,
proportional hazards, asymptotic representation, strong consistency.

INTRODUCTION

Censored data occur in survival analysis, bio-medical trials, industrial experiments.
There are several schemas of censoring (from the right, left, both sides, mixed with competing
risks and others). However, in statistical literature right random censoring is wide spread, in
so far as it was easily described from the methodological point of view. Here we consider also
this kind of censorship in order to comparing our results with others.

Let X1, X5, ... and Y7, Y5, ... be two independent sequences of independent and identically
distributed (i.i.d.) random variables (r.v.-s) with common unknown continuous distribution
functions (d.f.-s) F and G, respectively. Let the X be censored on the right by Yj, so that the
observations available for us at the n — th stage consist of the sample:

O(n) = {(Zjaéj)a 1 S] S n};

) with I (A) meaning the indicator of the event A.

where Z; = min (X;,Y;) and §; = I (X; <Y,
1. If X; <Yj, then Z; = min (X;;Y;) = X, is equal to §; = 1 and in this case we can observe
X

2. Otherwise if Y; < X, then Z; = min (X;;Y;) = Y is equal to ; = 0, and this can be
censoring condition.

The main problem consists a nonparametrical estimating of d.f. F' with nuisance d.f. G
based on censored sample C™, where the number of observed Xj—5,V,=0+..+0,15a
random amount with a Binomial distribution.

“Abdushukurov A. A. Moscow State University named after M. V. Lomonosov, Tashkent Branch,
Tashkent, Uzbekistan, a__abdushukurov@rambler.ru
“Bozorov S. B. - Gulistan State University, Gulistan, Uzbekistan, suxrobbek 8912@mail.ru
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Kaplan and Meier |1] were the first to suggest the product-limit (PL) estimator F,”" of
F' defined as

6
- T (=) s o,

F,PL (1) = {5:2)<t} 1

( ) 1, t > Z(n), (5(n) =1, ( )
undefined, t> Zpy,), Oy =0,

where Z) < ... < Zj,) are the order statistics of Z- sample {Z;, 1<j<n} and

{5(j), 1< < n} the sequence of indicators adjunct to the ordered Z - sample. There
are a different versions of PL - estimators. However, those do not coincide, if the largest Z; is a
censoring time. There is an enormous set of the works on investigating of several properties of
PL - estimators and their application on statistical problems, specially in case of right random
censorship.

Now, in order to study the extent to which the above estimator (1) is, we draw an

estimation by creating a software that gives an option on this model using computer modeling
(Figure 1).
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Puc. 1: FI'l— Kaplan-Meier estimator, (Weibull distribution)

However F,Lis not a unique estimator of d.f. F. Abdushukurov |2, 3] proposed another
estimator of F| of relative-risk power type:

0, t< Z(l),
F () =1—(1 = Hy, ()"0 = 1 - ()"0 70 <t < Zyp), 1<j<n—1, (2)
1, t>Z4

)1
where H, (t) = %Z?:J(Zj <t), t € R" = (—o0;+00) is an empirical estimator of d.f.
P(Z;<t)=1-(1-F@)(1-G({¢) = (t) and R, (t) = (A, (t)) " A, (1) is an estimator
of relative-risk function R (t) = (A(t))"' Ay (t),t € R'. Here cumulative hazard functions
(c.h.f-s) A, Ag and A; corresponding to d.f.-s H, G and F defined as

A(t):/_w%on(tHAl(t%
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dHo (U)
— (3)

/m ‘/ H (u=)’
/w >:/ Jﬁ%g7

with subdistribution functions Hy (¢) + H; ( ) H(t),t R,

t
t

Hy(t)=P(Z;<t,06;=0) = / —))dG (u),

o

H ()= P(Z <t 6 —1) = / L)) dF (u).

o0

The corresponding estimators of c.h.f.-s (3) are

M0 = [ TS = o)+ A0,

where

t
H
Akn(t):/ ih’;—"g)_), k=0,1; Hy, (t ZIZ<t 5; = k)

are empirical counterparts of Hy (t), k= 0,1 with Hy, (t) + Hln (t)=H,(t), t e R.
Now in order to study what the abovementioned (2) estimator’s degree is, we will

construct software that an option gives through computer modeling and demonstrate the
estimation in drawing (Figure 2).
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Puc. 2: FIE— Relative - Risk Power estimator
In [2-4] it was shown that both of estimators (1) and (2) have a similar asymptotic

properties tending to the same limiting Gaussion process. However, the relative-risk power
estimator (2) has some small-sample advantages with respect to PL - estimator (1). For
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example, it is not sensitive to censoring in last observed point Z,, since F,%# (Z(n)) =1
and it is identifiable with the model: (1 — F,®% (¢)) (1 — G,*® (t)) =1—H, (t), n > 1, t € R,
where G, BE (1) = 1 — (1 — H, (t))" ™" is an corresponding estimator of d.f.G(t). In [4] it
was proposed several extended versions of estimator (2) in generalized models of incomplete
observations mixed with competing risks. These estimators were also extensively studied in
some statistical problems. It is not difficult to observe that estimator (2) is a natural extension
of well-know ACL - (Abdushukurov-Cheng-Lin) estimator of F' in simple Proportional Hazards
Model (PHM):

FACT () =1—-(1—H, ()", teR!,

where p, = “» is an estimator of probability p = P (6; = 1), which is value of the constant
relative-risk function R (t) = p (so far as in PHM, A, (t) = pA(t),t € R'). Note that
F,A°L was independently proposed and studied by Abdushukurov [5] and Chen, Lin [6]
(for more information, see also Csorgo [7]). This estimator was studied, extended and used
by many other authors up present. The main property of PHM is its characterization by
independence of subsamples {Z1, ..., Z,} and {01, ..., 0, }. This property is equivalent to relation
1-G@t)=(1-F(@®), t eR for some positive 5. In PHM, p = ﬁ and therefore [ is
a censoring parameter. Estimator F,4¢" in PHM is asymptotically efficient with respect to
F, Pl This advantage of estimator is well preserved for plug-in estimators of many functionals

(see, [2, 5, 7]).

Now, with the aim of studying to what extent the above ACL estimation is, we draw up a
software that gives an option on this model using computer modeling and draw the estimation
(Figure 3 and Figure 4 ).

0.8 4

06 4

04 |

02+

0.0+

Puc. 3: FA¢L— ACL estimator, (Weibull distribution (c=2))

That is why, in this framework the conditional probability that datum is not censored
given its observed value

p(t)=P(0;=1/Z;=t)=E[5;/Z;=1], teR, (4)
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Puc. 4: FAYL—ACL estimator’s persistency B-robustness, (Weibull distribution (c=2)) )

is a very important function, which in PHM is constant p (t) = t € R'. Moreover, the key

1
1+8°
role of probability (4) takes part in expressing c.h.f. A; via A as

t

A1<t>:/ p(w)dA (u), teRY,

—0o0

and, therefore, relitive-risk function given as

R(t):(A(t))_l/ p(u)dA (u), te R

Probability (4) is a regression of §; on Z;. Hence, it can be estimated by some of regression

statistics. We have used following nonparametric regression estimator of Nadaraya [8] and
Watson [9]:

Pt = [nhl(n) ;n;k <th_(nZ)]) 71 [nhl(n) jzn;(sjk (th_(nz)j)

where the kernel k(-) is a given probability density function and {h =h(n),n>1} is a
bandwith sequence such that: A | 0, n — oo. In case of dependence of probability (4) on
unknown parameters it may be estimated parametrically (see, Dikta [10] in this context). Cao
et. al. [11] proposed following presmoothed PL-estimator of d.f. F' by replacing the censoring
indicators d(;) in the expression of PL-estimator (1) by the estimator (5) at the observed data

points:

Pa (Z) )

EP(t)=1-— I I 1———=, R".

®) ( n—j+1 te (6)
{]Z(])St}

: (5)

Now, in order to study the extent to which the above estimator (6) is, we draw an
estimation by creating a software that gives an option on this model by computer modeling
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FPt) — estimator (n=500)
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0.0 05 10 15 20 25
Puc. 5: FP—estimator
(Figure 5).

Some asymptotic properties of estimator (6) were investigated in [11, 12]. Taking into
account some advantages of estimator (2) with respect to (1), we propose a new presmoothed
relative-risk power (PRRP) estimator:

0, t < Zn,
FPR(@) =1— (1= H, (1)) = {1 (=)0 7 << Ziy, 1<j<n—1, (7)
1, t> Z(n),
were .
R0 = (A ()7 A2, (0= (A @) [ pu(w)dis (), t €Y

is a partially presmoothed analogue of estimator R, (t). For probability mass function (4)
smooth estimator (5) is used in formula for c.h.f. A; (¢). But the estimator (7) is not smooth.
We can see that estimator (7) also well defined in whole line without any conditions on
censorship.

Now, with the aim of studying to what extent the above estimator (7) is, we draw up a
software that gives an option on this model using computer modeling and draw an estimation
(Figure 6).

ASYMPTOTIC PROPERTIES OF PR ESTIMATOR

Let’s denote 7 (n) = h2 (n)+(nh (n))™/? (logn)"/* . In order to investigating the properties
of estimator (7) we need the following conditions:
(Cl) (F,G) € K = {(F.G): Nv(W\Ng#0,P(X;<Y;)€(0,1)}, where Np =
{t: 0<F(t)<1l}and Ng={t: 0<G(t) < 1};
(C2) Numbers «, f and 7 are such that min{H (), 1 —H (8)} > 7(0,1), a > 74 =
sup{t: H(t) =0} and 8 < Ty =inf{t: H (t) =1}, [o, 0] # 0;
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— FRit) — estimator (n=500)
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Puc. 6: FI'f— Presmoothed Relative-Risk Power estimator

(C3) For all n > 1 there takes plase P (0 < v, <n) = 1;
(C4) k is a symmetric, twice continuously differentiable and bounded variation density function
with compact support;

(C5) Density ¢ (t) = H'(t) exists, is four times continuously differentiable at ¢ € [a, 8] and

sup ¢ (t) > 0;
ast<s

(C6)p (t) is four times continuously differentiable at t € [«, 5];
(CT)n'~¢ - h(n) — oo for some € >0, Y o2 h*(n) < oo for some A > 0 and h? (n) =

0 ((nh (n))"V2. (10g (ﬁ))” 2).

Consider random functions

o155 = TP (2 <) - H ),
patti) = [ HEERE
e [ (12 )
903(t7275)_/ook( h ) 1_H(u)du

In the next theorem, we will show that PR estimator can be approximated by summ of
i.i.d. random functions on ¢ with the rate for the remainder term tending to zero at n — oo
almost surely.

Theorem 1. [13] If the conditions (C'1) — (C7) are fulfilled, then there holds
() = F(t) = (1= F () () + Qu (1), (8)
with sup |Q, (¢)] =0 (max {(r (n)log n)?, k’%}) , where

a<t<p

Qn (t) = 2370 o1 (6 Zi) — @2 (4 Zi) + @3 (t; Zi, 6).
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Theorem 2. [13] Let the assumptions of Theorem 1 are fulfilled. Then at n — oo there holds

oo\ /2
sup |FY7 () — F(t)| <0 ( max {r(n) logn, (1 i ) } > : (9)

a<t<p

The approximating sequence of normalized sum of random functions €2,, (¢) in Theorem 1is
the same that for presmoothed PL — estimator (6). Therefore, from theorem 3.7 in [12] follows
the asymptotic normality of PR estimator, under tacking into account the representation (8).

Theorem 3. [13] Let the assumtions of Theorem 1 are fulfilled and (C8) nh? (n) (logn) ® —
0o, nh8 (n) (logn)* — 0 and h? (n) (logn)’ — 0 as n — ocofor any t € [a, 5] . Then there hold

1. If nh* (n) — 0, then n'/2 (FPR (1) — F (1)) -5 N (0,02 (1)),
2. If nh* (n) — C*, then n'/2 (PR (t) — F (1)) =<5 N (b(t) 02 (1)),

where

b(t):CQ(I—F(t))a(t)d(k),d(k):/_ w?k? (u) du,

o= [ UL iy,

—00

1= [ nwn u<t>=%.

NUMERICAL STUDY OF ESTIMATORS

In this section we investigate the above estimates using numerical methods. By python
programming language we are preparing a high-quality sample. We select F' (¢, ¢) = 1—e™ %", ¢ =
1.79 (t > 0) and get a sample of volume n = 500. This sample is censored from the right with
r.v.-s having a d.f. G(t) =1 —e™" (t > 0). The resulting sample have a degree of censorship
47%. We will study the above estimates on the resulting sample.

The black long-pointed line in the figure shows the theoretical d.f. F' (¢, ¢) and the black
line shows the Kaplan-Meier estimate (Figure 7). One disadvantage of this estimate is that it
may not matter at this endpoint.

Now we draw the evaluation graph (Figure 8) of estimator proposed by Abdushukurov
(2). In the figure, the black long-pointed line shows the theoretical d.f., the black line shows the
Abdushukurov’s estimate. It can be seen from the graphs drawn that both estimates are very
good. But in practice, it is difficult for us to see on the graph which score is better. Therefore,
we study the sum 77" (F, (Z;) — F (Z:))>. Let’s make the appropriate tables for it.

Sum | S (FPE(Z) - F(2))" | S0 (FRR(Z,) — F (Z))° | Relative

n

Value 0.204858 0.123901 0.604814
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' -== Ftcl=1-e", c=179(t=0} —— FR(t)— estimator (n=500)
o . —— Kaplan-Meier estimator o i . . z : :
: : . . : : 0.0 05 10 15 2.0 25
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. . Puc. 8 FFIFE_ Relative - Risk Power
Puc. 7: FPL—Kaplan-Meier estimator . "
estimator
10
10
08
0.8
0.6
0.6
0.4
0.4
o . 02 === FAtc)=1-e7", c=179(t=0)
) G L) —— FR(t) - estimator (n=500)
A F,f'(t}— estimator (n=500) 0.0
o 0.0 05 10 15 2.0 25

0.0 0.5 10 15 20 25

Puc. 10: FPR— Presmoothed Relative-Risk

Puc. 9: FP—estimator Power estimator

From the table above, it can be concluded that the estimate (2) proposed by
Abdushukurov is closer to the d.f. F' (¢, c).

Now we draw the estimates (6) and (7).

As can be seen from the graph, despite the high level of censorship, both estimates are
very close to the theoretical d.f.. The table below shows that the price actually depends on the
selected bandwith sequence in formula (5).

Bandwith | S0, (F?(Z;) — F (Z))* | 321, (EPR(Z;) - F (Zi))2 Relative
h(n) = 0.294402 0.277757 0.943462
h(n) = 5= 0.23152 0.210734 0.910219
h(n) = - 0.181307 0.178650 0.985345

From the above table, we can conclude that the FIF—estimator is better than
FP—estimator.
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REZYUME

Biz ushbu maqolada taqgsimot funksiyasini o‘ng tomondan tasodifiy senzurlanishli
modelda umr davomiyligi funksiyasini noparametrik baholashni solishtirma ko‘rib
chiqdik. Umr davomiyligi funksiyasi uchun yangi oldindan silliglangan darajadagi
tavakkalliklar nisbatini bahosini taklif qildik va uni kichik kvadratlar usulidan
foydalanib sonli usulda mavjud baholardan effektiv ekanligini ko‘rsatdik.

Kalit so‘zlar: Tasodifiy senzurlash, ko’paytma limiti, tavakkalliklar nisbati,
oldindan silliglangan, proporsional tavakkalliklar, asimptotik =xossalari, kuchli
asoslilik.
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PE3IOME

B nanHoit craThbe paccMOTpeHa U CpaBHEHa HellapaMeTpuyiecKasl OlleHKa KI3HEeHHOI
[IPOJIOJIZKUTE/IHHOCTUH B MOJIEJN CJIYYaflHOTO IEeH3ypUPOBaHud (PYHKIIMU pacipeie-
JIEHUd ¢ IpaBoit croponbl. HaMu ObLta mmpeiiozkeHa oreHKa OTHONIEHUsT PUCKOB HO-
BBIM CIVIaZKEHHBIM yPOBHEM i (DYHKIIUN ITPOIOIKUTETLHOCTH YKU3HU U TIOKA3AJIN
ee 3PPEKTUBHOCTD OT CYIIECTBYIOIIUX OIEHOK IIPH IIOMOIIU MaJIbIX KBaJIpATHBIX
METOJIOB.

Kaouesvle caosa: ciydaitHoe 1eH3ypPUPOBAHUE, TTPOU3BOIUTEILHBIN JIMMUT, OT-
HOIIIEHNE PUCKa, CIVIA?KEHHBI, IIPOTIOPIIMOHAIbHbIE PUCKH, ACUMIITOTUYECKHUE CBOM-
CTBa, MOIIHAs 0OOCHOBAHHOCTD.
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UDC 519.21

M|G|1|N VA GJ|M|1|N — 1 SISTEMALAR BANDLIK DAVRLARI O‘RTA
QIYMATLARI O‘RTASIDA IKKILANMA MUNOSABATLAR

*
O¢‘.Bozorova

REZYUME

Ushbu ishning magsadi M|G|1|N va GJ|M|1|N — 1 sistemalar bandlik davri o‘rta
giymatlari o‘rtasida ikkilanma munosabat o‘rnatish va uning ayrim tadbiqlarini
ko‘rsatish. Jumladan, GJ|M|1 kutishli sistema bandlik davri o‘rta qiymati ikkinchi
usulda nisbatan oson keltirib chiqariladi. Shuningdek, G.J| M |1|N —1 sistema bandlik
davri o‘rta qiymati uchun asimptotik formula isbot gilinadi.

Kalit so‘zlar: Bandlik davri, navbat uzunligi, o‘rta qiymat, ikkilanmalik,
statsionar tagsimot.

KIRISH

Tasodifiy jarayonlar bilan bog‘liq bo‘lgan masalalarni yechishda ba’zan turli tasodifiy
jarayonlarning taqsimotlari o‘rtasida shunday munosabatlarni o‘rnatish mumkinki ular
yordamida bir tasodifiy jarayon uchun olingan natijalarni ikkinchi tasodifiy jarayonga o‘tkazish
mumkin bo‘ladi yoki ushbu munosabatlar bir gator yangi natijalarni nisbatan oson olish
imkonini beradi. Bunday munosabatlar odatda ikkilanma munosabatlar deyiladi.

Ommaviy xizmat ko‘rsatish sistemalariga tegishli qator masalalar ikkilanma munosabatlar
o‘rnatish orqali hal qilingan. Bu bo‘yicha ko‘plab ilmiy maqolalar chop etilgan. Dastlabki
ishlar J.Keylson [5], L.Takach [6], D.N.Shanbxach [7], A.Gxosal[8|, A.A.Shaxbazov [9] va
boshqalarga tegishli. Keyinchalik, T.A.Azlarov, H.Qurbonovning qator ishlari chop etildi
([10],[11],[12]).Ushbu ishlarda M|G|1|N va GJ|M|1|N — 1 ikkilanma xizmat ko‘rsatish
sistemalarining statsionar va nostatsionar navbat uzunliklari tagsimotlari, shuningdek, bandlik
davrlari tagsimotlari o‘rtasida ikkilanma munosabatlar o‘rnatiladi.

Ushbu ishda M |G|1|N va GJ|M|1|N —1 sistemalar bandlik davri o‘rta qiymatlari o‘rtasida
ikkilanma munosabat o‘rnatiladi va uning ayrim tadbiglari ko‘rsatiladi. Jumladan, GJ|M|1
kutishli sistema bandlik davri o‘rta giymati ikkinchi usulda nisbatan oson keltirib chiqariladi.
Shuningdek, GJ|M|1|N —1 sistema bandlik davri o‘rta qiymati uchun asimptotik formula isbot
qilinadi.

MASALANING QO‘YILISHI VA ASOSIY NATIJALAR BAYONI

Quyidagi Fin- M|G|1|N va Fyoy -GJ|M|1|N — 1 bir kanalli ikkilanma xizmat ko‘rsatish
sistemalarini qaraymiz: [} y sistemada talablarning kelish momentlari orasidagi vaqt uzunliklari
va Fyy sistemada xizmat ko‘rsatish vaqti uzunliklari bir xil

Ale) = {o,xgo,

l—e ™ 2>0 \A>0,

“O¢.Bozorova — Sharof Rashidov nomidagi Samarqand davlat universiteti, Universitet xiyoboni Bulvar 15,
Samarqand 140104, O‘zbekiston. ogiloy.bozorova@mail.ru
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tagsimotga ega;

F|y sistemada xizmat ko‘rsatish vaqti uzunliklari va Fyy sistemada talablarning kelish
momentlari o‘rtasidagi vaqt uzunliklari o‘zaro bog‘liq bo‘lmagan va bir xil B(x)[B(z + 0) = 0]
tagsimot funksiyasiga hamda p~! o‘rta qiymatga ega bo‘lgan tasodifiy migdorlarni tashkil etadi;

talablarga ularning kelish tartibida xizmat ko‘rsatiladi;

kutish joylari soni Fy sistemada N(N > 1) ga, Fyy sistemada esa N — 1 ga teng.

Ushbu belgilashlarni kiritaylik:

Cig -Fig, k > 1, sistemaning bandlik davri;

(on -Fyy sistemaning bandlik davri;

,01 = A\~ va py = pA ! mos holda Fyy va Fyy sistemalarning yuklanishi;

fOOO e **dB(z), Res > 0;
= [y e dP( ClN < z), Res > 0;
fo e **dP((on < z), Res > 0.

Qaralayotgan ishda M {1y va M{on miqdorlar o‘rtasida ikkilanma munosabat o‘rnatiladi
va uning ayrim tadbiqlari o‘rganiladi. Ushbu miqdorlar va ularning asimptotik holatlari [1] va [2]
ishlarda tadhiq qilingan. Bu yerda esa M (;y uchun olingan natijalar o‘rnatiladigan ikkilanma
munosabat yordamida to‘g‘ridan to‘g‘ri M(,n ga o‘tkaziladi.

1-teorema. N > 1 da ushbu munosabat o‘rinli:

MGy —pt
AMGy — MGn-1)

2-teorema. Quyidagi munosabat o‘rinli:

MGy =

,p2 < 1,

]\}LT%O MGn = {)‘(1 n)’ (2)

0, ;02 Z ]-a
bu yerda 7 — v = b(A — \v) tenglamaning birdan farqli eng kichik yechimi.
Izoh. (2) natija |2] ishda olingan. Bu yerda esa (1) tenglikdan bevosita keltirib chiqariladi.
3-teorema.Ixtiyoriy py uchun N > 3da ushbu munosabat o‘rinli:

o2 bN—l

MGy = —~ S

- ban, (3)

bu yerda

2(p2 — 1)
li bon = i f=1b=14+ ——=.
]\}I/g sup bay = 1r/g in + P2

1-teoremaning isboti. [3] ishda g, (s) funksiya uchun quyidagi munosabat o‘rinli
ekanligi ko‘rsatilgan:

_ AN—I(S)
S) = — 4
bu yerda Ak(s) quyidagi tenglikdan aniglanadi:
Z oA vb(s) — b(s + A — Av) %)

(1 =)o —b(s+X—\v)]
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Agar A,(0) =1 deb gabul qilsak, u holda (4) formuladan quyidagiga ega bo‘lamiz:
1—gy(s) 1 An(s) = An_i(s)

s Apn(s) s '

Bu yerdan s — 0 da ushbu tenglikga ega bo‘lamiz:
AN(S) — AN_l(S)

Mo =l === )
(5) munosabatga ko‘ra
N v(1 - b(s))
1—v VR AL(s) = = +1
( )kZ:O +(3) b(s+X—Av) —v

yoki

S M (Ak(s) = Api(s)) = =) ™)

b(s+A—Av)—v
Ushbu tenglikning ikkala tomonini s ga bo‘lib, s — 0 da limitga o‘tib, ushbu munosabatga

ega bo‘lamiz:
o0

2 MGk = = = )

Shuningdek, 2] ishda quyidagi formula isbot gilingan:
sPn_1(s)

—1— N >2 9
fuls) Qn-1(s) — Qn—2(s) ®)
bu yerda Py (s) va Q(s) ushbu munosabatlardan aniglanadi:
kapk(s):_ 1 1—b<3+)\_)\?})’
o b(s+A—Av)—w s+A— v
ikak(s) == ! , (10)
— b(s+A—Av) —wv
(9) ga ko‘ra B
]' B fN(S) — PN_I(S) (11)
S Qn-1(s) — Qn-2(s)
yoki s — 0 da

Pn_
n-1(s) , (12)
Qn-1(5) — Qn-2(s)
bu yerda P, = P,(0) va Qr = Q(0) (10) dan bevosita kelib chiqadigan quyidagi hosil giluvchi
funksiyalar orqali aniglanadi:

M<2N =

S - 1 LB =)
— bA— o) —v A1 —v)

(13)
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kaQk —A ) (14)

Bu tengliklarga ko‘ra

= 1—w
AY V' (Py—Py) == :
Z (e = Picr) b(A — A\va) — v

= K _ B 1—v
— @k~ Qum) = b\ — Mva) — v

Ushbu tengliklarga ko‘ra
Qn-1—Qn-2=ANPn_1— Pyn_2)
va (12) quyidagi ko‘rinishga keladi:

Pn_y

Méox = 555 (15)

(13) dan ushbu tenglikga ega bo‘lamiz:

ka‘-l-lp _ v — Y :kaMCUV_iZ,Uk'

pulb(A — o) —v]  p(l—wv)

k=0 k=1
Bu yerdan

A 1

—Py_1=MGNn — —

H H

yoki

0 1

Py_1=~M{n— <

N-1= Y GiN \

munosabatni hosil gilamiz. Bunga ko‘ra (15) dan (1) tenglik kelib chiqadi.ll
2-teoremaning isboti. 1] ishda quyidagi asimptotik munosabat isbot gilingan:

I MCin—k r,p1 > 1,
im =
N—oo MClN ]_’pl < 1.

(16)

Ma’lumki ([4]),

o< 1,
lim MGy = meerald
N—so0 00, p1 2 1(p2 < 1).
Agar p; = p% tenglik e’tiborga olinsa, (1) dan (16) ga ko‘ra (2) kelib chiqadi. B
3-teoremaning isboti. [12] ishda quyidagi munosabat ko‘rsatilgan:

1—-bN

MClN = mblN; (17>



O‘zMU xabarlari - 18- Aniq fanlar

bu yerda
2(1—p1)
b=t e N2
li biy = liminf by = 1.
pllfzfvlsup 1N pll%lﬂ 1IN

(17) munosabatga ko‘ra (1) dan ushbu tenglikga ega bo‘lamiz:

,\(117;;) (1 =0"M)biy — ! B N —1 [biv — ”ff})—ifél]

Moy = _ ' |
- sl =0y — (L= 07N by ] AL —p1) 355 +0(1— p1)

(18)

1
A

Agar p, = p, ' ekanligi e’tiborga olinsa, u holda (18) tenglikdan teoremaning isboti kelib
chiqadi. &
Misol. B(z) =1 —e ", u> 0,2 > 0, bo‘lsin. U holda
l_) A — \) = > 7)\(17U):B€f,uxd _ I

—1}).

Bunga asosan (8) ga ko‘ra ushbu munosabatga ega bo‘lamiz:

= k _ v _
I T

K p+A(1—v)

v v+ pr—pv)—14+1 1 1
- -

Wiy — v mL—v(l+p—p0))  plpv? = (L+p)o+1)  p

Viyet teoremasiga asosan

prv® = (14 pr)o+1=pi(v—1)(v - i) =1 —=v)(1 = p1v)

P1
Demak,
= 1 1
k
(% MClk = - — (19)
; pl—v)(I —po)  p
1;} va 17}0 - funksiyalarni [v| < min (1, p_11> sohada gatorga yoyib,

p
Z’U M= Z Zﬂl— Z’U T (20)
= k 0
tenglikga ega bo‘lamiz. Darajali qatorlarning tenglik shartiga ko‘ra (20)dan
1 — pJIV—H
MGn 21
(1= p1) (21)

formulaga ega bo‘lamiz.
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Endi (21) tenglikga ko‘ra (1) dan M(oy ni topish qiyin emas:

My = Lz D0 —p) =1 1op P it mopl) o
A1 = 1)y =) Ao (1= p1) MY(L=p)  Aprt—1)

Ushbu tenglikdan p; = p;* da quyidagi formulaga ega bo‘lamiz:

1—p)
M =
ax =52
Xulosa

Ushbu ishda M|G|1|N va GJ|M|1|N — 1 sistemalar bandlik davri o‘rta qiymatlari
o‘rtasida ikkilanma munosabat o‘rnatildi va uning ayrim tadbiqlari ko‘rsatildi. Jumladan,
GJ|M|1 kutishli sistema bandlik davri o‘rta giymati ikkinchi usulda nisbatan oson keltirib
chiqarildi.Shuningdek, GJ|M|1|N — 1 sistema bandlik davri o‘rta qiymati uchun asimptotik
formula isbot qilindi.
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PE3IOME

Ilesnb sroif pabora yCTAHOBUTH COOTHOIIEHMH JBONCTBEHHOCTH MEXKJY CDEJHIMU
3HadeHuAMH nepuofa 3anaroctn cucreM M|G|1|IN u GJ|M|1|N — 1 u mokasarsb
HEKOTOpbIC ee IpUMeHeHns. B "acTHOCTH, CcpejHee 3HAYCHUE HEPHOJA 3aHATOCTH
cucremsl oxuganus GJ|M|1 OTHOCHTEIBHO JIETKO BBLIBOAUTCSA BTOPBIM CIIOCOOOM.
Takzke JoKazaHa aCHMITOTHYECKast (DOpMy/Ia JId CPEJIHEro 3HAYCHUs IEePUOjia
zamsgrocru cucreMms! GJ|M|1|N — 1.

Karoueswvie caosa: llepuo 3ansaroctu, JJIMHA OYePEIN, CPEJIHASA BEJINUNHA, JIBOM-
CTBEHHOCTD, CTAIIMOHAPHBIE PACIIPEIC/ICHNUE.

RESUME

The purpose of this paper is to show the duality relations between the mean values
of busy period of the queueing systems M|G|1|N and GJ|M|1|N — 1 and to show
some of its applications. In particular, the mean value of the waiting period of
the GJ|M|1 waiting system is relatively easy to output in the second way. An
asymptotic formula for the mean value of busy period of the system GJ|M|1|N — 1
is also proved.

Key words: Busy period, queue length, mean value, duality, stationary
distribution.
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UDC 517.98

THE EXISTENCE OF NOT TRANSLATION INVARIANT TWO PERIODIC
GRADIENT GIBBS MEASURES ON CAYLEY TREE OF ARBITRARY
ORDER

Ilyasova R.A. °

Abstract. In this paper the condition for the existence of not translation
invariant two periodic gradient Gibbs measures is found. Boundary law vectors are
constructed using the normal subgroup of index two on the group representation of
Cayley tree.

Key words: SOS model, gradient configuration, G-admissible configuration, spin
values, Cayley tree, gradient Gibbs measure, periodic boundary law.

Definition 1. A family of vectors {luy}, o with Ly € (0, )% is called a boundary law

for the transfer operators {Qy}ver, if for each (x,y) € L there exists a constant ¢y, > 0 such
that the consistency equation

lxy wx = H ZQZQS Wy % za:(wz) (1>

zeax\{y} VY. EL

holds for every w, € Z. A boundary law is called g-periodic if lyy(wy + q) = lyy(ws) for every
oriented edge (z,y) € L and each w, € Z.

Let G be a free product of k + 1 cyclic groups of the second order with generators
ai, as, ...ay1, respectively.

It is known that there exists a one to one correspondence between the set of vertices V
of the Cayley tree I'* and the group G4.

Let Ny = {1, ...,k + 1} and

Hy = {CL‘ € Gy | wa(ai) is even}.

i€A

By proposition 1.5 in ([6]) for any @ # A C Ny, the set Ha C G, is a normal subgroup of
index two.

Now we define the boundary law corresponding to A = Ny in the following form:

. 12,)7 ifr € Hyandy € Gy \ Ha
Y l%),inyHAandxeGk\HA

In SOS-model on Cayley tree, ® is the unbounded nearest-neighbour potential with

Q)(w,y) (waf7wy) = |Wx — wy| and (I){x} = ().

“Ilyasova R.A. - National University of Uzbekistan, ilyasova.risolat@mail.ru
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For any y € V and z € S(y) (so that d (z°,y) = d (2°, 2) — 1), for convenience of notation
we set

) (2)
tai= 2 e g, 0 g
Ly (0) lay (0)

Let we are given a graph GG. We use it to define a G—admissible configurations as follows.
Definition 2. (|10]) A configuration o is called a G-admissible configuration on the Cayley
tree, if {o(z),0(y)} is the edge of the graph G for any pair of nearest neighbors z,y in V. We
let Q¢ denote the set of G-admissible configurations.

Let L(G) be the set of edges of a graph G. Welet A = A% = (@ij); jez, denote the adjacency
matrix of the graph G, i.e.,

G:{ 1 i {i,j} € L(G)
0 if {i,j}¢ L(G)

Then system of boundary law equations (1) corresponding to SOS model on the G-
admissible configurations becomes:

2 = (aw@” + 2 jez ame'Z—th)
=

0,0 + ez, @007t

. .. .1 € Ly =7\ {0}. (2)
B CLZ‘709‘zl + ZjEZO Clm@'li]‘Zj

k
t; = .
( 0,0+ 2 ez, 10,02 )

Let G is complete graph with loops in every vertex. Then using this transfer operator and
the parameter § = e=7# (0 < § < 1) the system of equations (2) for our model now reads

0l + 3 oy, 011t b
Z; = -
1+ 3 ez, 0912

, . k

i€ Zo =17\ {0} (3)

For ¢ = 2 we study g—periodic not translation-invariant solutions of (3) and assume
u; = /2 and v; = /t;. In this case, the sequence is

1Y = (up, 1ug, 1 ug, )

l(2) = (...,Ul, 171}1, 1,1)1, )

by denoting u; := z and vy := y we get the following system of equations:

20y —*+20+1\"
N 20y + 62 + 1

(292x—92+29+1>k
y:

20z + 6% + 1



Acta NUUz -23 - Exact sciences

VEk—1
VE+1

there exists exactly three 2— height periodic GGMs corresponding to normal subgroup of index
two on the Cayley tree of order k > 1. While one of them is translation-invariant, and the other
two Ha—periodic (not translation-invariant).

Theorem 1. Let 0 € | 0, . For the SOS model with the parameter § = e=78

Proof. Let us analyze the properties of the following function to find solutions of the

e v = f(y)
system (4) which is equivalent to , where
y=flx)
(@ )+ 20"
f(x)_(29x+92+1 ' (5)

Case 1. Assume x = y. In this case we obtain the equation z = f(z). The function

20 \"
f(x) is bounded, strictly increasing (6% + 1 > 20) for x > 0, since f(0) = ( ) > 0,

1+ 6?
2 k
lim, , f(z) = (9 + 1) and

20

k(0 +1)%(0 —1)°f(x)

f'(x) = (6% + 1)a + 26) (20 + 62 + 1)

< 0. (6)

Therefore, in this case we have the unique solution which is x =y = 1.

Case 2. Assume x # y. Let us find the conditions for the existence of x # y solutions of
our system. To do this, we will study the equation

f(f(z)) == (7)

Since the function f(x) is invertible for x > 0, we consider the last equation in the form
f(x) = 7! (x) == g(x), where

o (@) YT 20
g(@) = f (m)__29%+92+1

Since f(x) > 0, then g(z) > 0, hence we have

20 \k o211)"
$1:(62—H) <£U<<20) = I3. (8)

Note that by finding the solutions of the equation h(z) = 0 of the function h(z) = In % =

In f(z) — Ing(z) we will get the same solution set to the equation (7). It is clear that x = 1 is
a solution to this equation, i.e. h(1) = 0. Using derivatives (6) and

(0+1)*(0 — 1)*g(x)
kN ak=1[(02 + 1) ¥z — 20][—208/x + 6% 4 1]

g'(x) =
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we have
k(O +1)%(0 —1)? (6 +1)2(0 — 1)

Wiz) = (02 + D) +20)(20w + 2+ 1) kYR 1[(62 + 1)z — 20][—20/x + 602 + 1]

Denoting /z = ¢, we rewrite the derivative h/(z) as follows
¢(t) =

B (6 +1)*(1 — 0)*p(t)
kth=1((0% 4 1)tk + 20)(20tk + 62 4 1)[(0? + 1)t — 20](—20t + 26?)

where
p(t) = 20(0* + 1)t** + 2k%0(6% + 1)tF! — (k2 — 1)(0* + 667 + 1)t* + 20Kk% (6> + 1)t" 4 26° + 26.

Note that, by Descartes’ theorem on positive solutions of the polynomial p(t), h'(x) has
at most two positive solutions.

It’s easy to check that

lim h(z) =400, h(1) =0, lim h(z) = —o0

T—x1 T—>T2

Hence, the equation h(z) = 0 has at least one solution zy for z < 1 and at least one
solution xj, for # > 1 if A'(1) > 0. From this condition

: (6 +1)*(0 — 1) k? 1
)= ; ((9+1)4_ (9-1)4) -0 ©)

it follows that k& > 2, because EZ 1;2 > (0. Besides,
. Vi _ . Vi —
Jiy () = =0, i ) = —oc
for k > GH . Then from A'(1) < 0 it follows that the function h(z) has exactly two critical

points 51, 52 r1 <& <land 1 < & < zy. This means that h(x) increases at 7 < x < &,& <
x < x5 and decreases at £ < x < &. Therefore, in this case the equation h(z) = 0 has only two
solutions xy < 1 < . It remains to check the condition = # y. We have solutions zy < 1 < zj,.
Then, because the function f(x) is strictly decreasing, from the equality f(z) = y we obtain
that f(zo) = yo > f(1) =1 > f(x}) = y,. So, the system of equations (4) has exactly three
solutions under the assumption 6 € (0,6.,) and k > 1 where

g _ VE-1
cr \/E—l—l

This completes the proof. [
[10] Let us choose the graph G, defined by (see Fig.2)

0, otherwise

_{1, ifi=jorli—jl=1, i,jeZ
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Figure 2: The graph G with the set Z of vertices.

Then the system of equations (2) becomes

y + 20 F
T\ 11

z+20\" (10)
y:(29:c+1)

-1
YD) 2). Then the SOS model with the graph G and the parameter

0 = e=78 there exists exactly three 2—height periodic GGMs corresponding to normal subgroup
of index two on the Cayley tree of order k > 1. While one of them is translation-invariant (see
[10]), and the other two Ha—periodic (not translation-invariant).

Proof. 1t is easy to check that the function f(x) is bounded and strictly increasing for the
values of 6 € (0, %) Then the proof is similar to the proof of Theorem 1 using the functions

Theorem 2. Let 6 € (O,

I+29 k -1 - \k/__ze
Jw) = (Qeﬁ 1) and glo) = /@) = g

In this case the interval (8) for the existence of not translation invariant solutions corresponding
to graph G will be

1\" :
l’l_(%) <$<(29) = Z9.

After simple calculations we get the following inequality to find not translation invariant
solutions of the system (10) which is equivalent to A’(1) > 0 (see (9) in Theorem 1)

20 +1)(1 — 20) k2 1
h'(1) = ( : - 0.
1) K 20+ 12 (1-202)°
By solving the last i lit t0<o< il
y solving the last inequality we ge ST
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REZYUME

Bu maqolada davri ikki bo‘lgan translyatsion invariant bo’lmagan gradient
Gibbs o‘lchovining mavjud bo‘lishi sharti topilgan. Chegaraviy qonun vektorlari
Keli daraxtining gruppaviy tasvirining indeksi 2 bo‘lgan normal qism gruppasi
yordamida qurilgan.

Kalit so‘zlar: SOS model, gradient konfiguratsiya, G-maqgbul konfiguratsiya, spin
qgiymatlar, Keli daraxti, gradient Gibbs o‘lchovi, davriy chegaraviy qonun.

PE3SIOME

B nannoit  pabore HaiijleHO yC/IOBHE — CYIIECTBOBAHHUSA  HETPAHCISAIIMOHHO-
MHBAPUAHTHBIX JIByX IE€PUOIUYIECKUX TI'PaJMEeHTHbIX Mep ['mbbca. BekTopsr
IPAHUYHOTO 3aKOHA CTPOATCS € MCHOJIb30BaHUEM HOPMAaJILHOU MOJIPYIIIHI UHIEKCA
JIBa B I'PYIIIOBOM IIpeJicTaB/ieHnu jgepea Ko,

Karouesvie caosa: SOS-monenb, rpajmenTHas Koudurypamnus, G-momycTrumast
KOH(UTyparusd, 3HadeHus CcruHa, jgepeBo K»aum, rpaguenTtHas wmepa ['ub0Oca,
MEPUOJNYECCKUA IPAHUIHBIA 3aKOH.
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COMPLETE SYSTEMS OF INVARIANTS OF IRREGULAR CURVES IN A
EUCLIDEAN GEOMETRY

Khadjiev D. *, Bayturaev A. "

RESUME

Definitions of a retiring path, a retiring curve, an invariant parametrization of a
retiring curve and a retiring length of a curve are introduced. For the group M (n)
of all isometries of an n-dimensional Euclidean space, the problem of the M (n)-
equivalence of retiring curves is reduced to that of retiring paths. Complete systems
of G-invariants of retiring curves are obtained for G = M (n) and some its subgroups.
Conditions of the global G-equivalence of retiring curves are given in terms of the
retiring length and integral G-invariants of curves.

Key words: Irregular curve, Rectifiable curve, Invariant, Euclidean geometry.
Introduction

The present paper is devoted to an invariant-theoretic approach to the theory of irregular
curves in a Euclidean geometry.

Let R™ be the n-dimensional Euclidean space with the scalar product < z,y >= x1y; +
ToYo+- - -+ Tny,. The classical theory of regular curves in R"™ is accounted in books (|5],p.p.140-
155; (8], p.p.158-160; [12],p.p.13-15; [15],p.p.185-194; [19], p.p.61-64). Differential invariants,
invariant parametrizations and global properties of regular curves in n-dimensional Euclidean
space are considered in papers [6, 7, 13, 14, 19, 20, 21, 22| and monographs [5,10].

Let O(n) denote the group of all orthogonal n x n-matrices and M (n) = {F : R — R" |
Fr =gx+b,g€ O(n),b e R}, where gx denotes the product of a matrix g and a column-
vector z € R™. Set SO(n) = {g € O(n) : det(g) =1} and SM (n)={F : R* — R" | Fx = gx+D,
g € SO(n), b € R"}. The Frenet-Serret equations for a regular curve in R" give the curvature
functions ky(s),...,kn—1(s) of the curve (|8], P. 158-160; [5], P. 140-149). The curvatures
ki(s), ..., kn—a(s) are M(n)-invariant. However, the curvature k,_;(s) is SM (n)-invariant but
not M (n)-invariant. For example, the torsion of a curve in R? is an SM|(3)-invariant but
not M (3)-invariant function. Therefore, the system of curvatures ki(s),...,k,—1(s) gives the
solution to the problem of G-equivalence of curves only for the group G = SM(n) ([19], P.
61-64). In the paper [6], the complete system of global differential and integral G-invariants of
a regular curve in Euclidean Geometry is obtained for groups G = M (n), SM (n).

The classical theory of curves in the Euclidean space R"™ does not work if, for instance,
the curve is not differentiable or first several derivatives of the radius-vector of the curve turn
to zero. A general theory of irregular curves, which is analogues to the theory of curves in
differential geometry, was began by A. D. Alexandrov [1, 2|. In his papers, the turn (integral
curvature) of a curve is defined and investigated. The notion of a curve of finite turn appeared
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“Bayturaev A. - National University of Uzbekistan, abayturaev@mail.ru
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in mathematics for the first time in Radons paper [18] devoted to potential theory on the plane.
The theory of Alexandrov was modified and developed in works (|3, 4, 17, 18|). The concept
of the torsion of irregular curves in R® was defined and investigated ([3], p. 217]). Analogs of
Frenet formulas and theorems on natural parametrizations for irregular curves in R® are given
([3], pp.268-280). It is proved ([3], p. 279, Theorem 9.2.4) that the trio (s(u), k(u), 7(u)) is a
complete system of SO(3)-invariants of a curve in R?, where s(u) is the length, x(u) is the turn
and 7(u) is the complete torsion of a curve. Theory of generalized integral curvatures of curves
are considered in the works by I. F. Majnick (see references in [3, 18]).

In the present paper, we develop other approach to the theory of irregular curves.

This paper is organized as follows. In Section 1, definitions of a retiring path, a retiring
curve, a retiring type of a curve, an invariant parametrization of a retiring curve and a retiring
length of a curve are introduced. It is proved that an invariant parametrization of a retiring
curve with a fixed retiring type is unique (Proposition 4). The problem of the G-equivalence of
retiring curves is reduced to that for retiring paths, where G is an arbitrary subgroup of M (n)
(Theorem 1). In Section 2, complete systems of the G- invariants of a retiring path and a retiring
curve are obtained for groups G = M (n), SM (n), O(n), SO(n) (Theorems 2-3, Corollaries 1-6).
The conditions of the global G- equivalence of retiring curves are given in terms of the retiring
length of a curve and the system of the integral G- invariants of a curve.

1. Invariant parametrizations of a continuous curve and the theorem on reduction

Let I = [a,b] be a segment of the field of real numbers R.

Definition 1. A continuous mapping x : I — R™, will be called a continuous I-path (path,
for short) in R".

Definition 2. Let I = [a,b], Iy = [c,d]. A continuous I;-path x (t) and a continuous
Iy-path y (r) in R™ will be called D-equivalent if a homeomorphism ¢ : Iy — Iy exists such that
o(c) =a and y(r) = x(p(r)) for allr € Iy. A class o of D-equivalent continuous paths in R"
will be called a continuous curve in R". A path x € o will be called a parametrization of a.

Remark 1. This definition is an analog of Definition 2 in [11] for continuous curves and
it coincides with the notion of an oriented curve in (3], p. 6).

Let z(t) an I-path. Then Fx(t) is also an I-path in R™ for any F' € M(n). Let G be a
subgroup of M (n).

Definition 3. I-paths x(t) and y(t) in R" are called G — equivalent if y(t) = Fx(t) for
some F' € G. This being the case, we write x < Y.

Let a = {h,,7 € @} be a continuous curve in R", where h, is a parametrization of «.
Then Fa = {Fh,,7 € Q} is a continuous curve in R" for any F' € M(n).

Definition 4. [11]. Continuous curves a and 3 in R™ are called G —equivalent if f = Fa
for some F € G. This being the case, we write o < B.

Let z(t) be a continuous I-path in R" and & = {t1,%2,...,t,} is an arbitrary chain in
I = [a,b]. Let us set

() = Y leltirn) — (0]
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The least upper boundary of s(§) on the set of all chains of [a, b] is called a length of the path
x(t) on [a,b] and is denoted as I(x; a,b). The path z(t) is termed rectifiable on [a, 0] if its length
is finite (see [3], p. 29).

Let I} = [a,b], I, = [c,d], z(t) is a rectifiable [;-path and ¢ : I, — I; is a homeomorphism
such that ¢(c) = a. Then z(p(r)) is a rectifiable Jo-path. A class of D-equivalent rectifiable
paths in R"™ will be called a rectifiable curve in R™. Let a = {h,, 7 € @} be a rectifiable curve
in R™, where h, is a parametrization of «. Then Fa = {Fh,,7 € Q} is a rectifiable curve in
R™ for any F' € M(n).

Definition 5. An [-path x(t) is called normal if x(t) has no segment of constancy,
different from one-point sets. A curve o in R™ will be called normal if it contains a normal
parametrization.

The following proposition is known:

Proposition 1 (/3/, p.p.30-31). Let z(t) be a normal rectifiable path on [a,b]. Then the
mapping l(z;a,-) : [a,b] — [0,{(z;a,b)] is a homeomorphism such that p,q € 1,q < p implies
l(x;a,q) < l(z;a,p).

Definition 6. Let I = [a,b]. An [-path x(t) will be called retiring if one of the following
conditions hold:

(r1). the path x(t) is a normal rectifiable path on [a,b] (that is p,q € I,q < p implies l(x;a,q) <
I(x;a,p));

(r2). the path x(t) such that p,q € I,q < p implies ||x(q) — z(a)|| < [|z(p) — z(a)||;

(r3). the path x(t) such that 0 < < x(t) — x(a), % > foralla <t andp,qg e I,q<p
implies < x(q) — x(a), % > < < z(p) — z(a), % >

In the case (1), the path x(t) will be called a retiring path of the type k. For every
k =1,2,3, we define the function ri(x) on the set of all paths as follows: put ri(x) =1 if x is a
retiring path of the type k and ri(x) = 0 if it is not the one. The function 7 (x) will be called
a retiring function of the type k of a path.

Remark 2. Let (i,7) such that 1 < 1,5 < 3 and i # j. We show existence of a path x(t)
with ri(x) = 0 and r;(z) = 1. It is obvious in the cases (i,7) = (2,1),(3,1). Ezamples for cases
(1,7) = (1,2),(1,3),(2,3),(3,1) are given below.

Example 1. Let [ = [—3,0]. We define the I-path z(t) = (21(t), z2(t)) in R? as follows.
Put x1(t) =t for all t € I. We define the real function x(¢) on I as follows. Put z2(0) = 0. For

an arbitrary natural number m, we define the function z5(t) on [—55, —5m57) as follows

om+2 4 1 1 1
t t+ — Vt _— =
nat) =t Sve oo o )
and )
2mt 2 1 1 1
.I’Q(t): m t—a vtE[—2—m+2m+2,—2m+1).

Then the function w5(t) is defined on I and it is continuous on /. Hence the path z(t) =
(x1(t), xo(t)) is continuous on I. It is easy to see that

> Lot

m=1
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Hence z(t) is not rectifiable on 1. It is obvious that x(t) is retiring of types 2 and 3. This means
that ri(z) = 0,73(x) =1 and r3(x) = 1.

Example 2. Let I = [0,1]. We define the I-path z(t) = (z1(t),22(t)) in R? as follows.
For t € [0,3], put 21(t) = 0 and 5(t) = t. For ¢ € (3, 3], put 21(t) =t — 3 and x,(t) = 3. For
t € (2,1, put () =t — 3 and x5(t) = —t + 1. It is easy to see that z(t)is a continuous path,
ro(x) =1 and r3(x) = 0.

Example 3. Let I = [0, 1]. We define the I-path x(t) = (x1(t), z2(t)) in R? as follows. For
t €0,1], put z1(t) = t and z5(t) = V3t. For t € (3, 3], put 21(t) = t and z5(t) = —2\/§t—|—3‘/7g.
For t € (%, 1], put z1(t) = t and z5(¢t) = 0. It is easy to see that x(¢)is a continuous path,
ro(z) = 0 and r3(x) = 1.

It is obviously that:

(1).if M y then ri(x) = r(y) for all £ = 1,2, 3 that is the function r(z) is M (n)-invariant
for all k =1,2,3;
(2). if z,y is parametrizations of a curve a then r(z) = 4 (y) for all k = 1,2, 3.

By the property (2), we can define a retiring type of a curve as follows: a retiring type of
a parametrization = € o will be called a retiring type of a curve a and denoted by 74 (). It is

obviously that if «, 8 are curves such that « M) B then ri(a) = r(B) for all k = 1,2, 3. This
means that the function ry(«) is M (n)-invariant for all k =1,2,3

Let I = [a,b] and z(t) be a retiring [-path of type 1 that is normal rectifiable I-path in
R™. Put Ly(z) = l(x;a,b), where [(x;a,b) is the length of z(t) on [a,b]. Let x(t) be a retiring
I-path of type k in R", where k = 2,3. Put Ly(z) = ||2(b) — 2(a)||. For an arbitrary real number
L > 0 and every k = 1,2,3, there exists a retiring /-path of the type k such that Lj(z) = L.

Let k£ =1,2,3. It is obviously that:

(1). if x,y are retiring paths of the type k and = Me y then Li(z) = Li(y);
(2). if x,y is parametrizations of a curve « of the type i then Li(z) = Li(y).

By the property (2), we can define the function Lj(a) for a curve « as follows: put
Li(a)) = Lg(z) for z € «. The function Li(«) is an M (n)-invariant for all k& = 1,2,3. The
function Ly («) will be called retiring length of a curve «

Now we define an invariant parametrization of a retiring curve of the type k in R™. Let
z(t) be a retiring [-path of the type 1 that is a normal rectifiable curve in R". We define the
euclidean length function s;(z;t) of the type 1 as follows. We put si(x;t) = I(z;a,t) for all
t € I, where l(z;a,t) is the length of x(¢) on the segment [a,t]. Let 2(t) be a retiring I-path of
the type k in R", where k = 2,3. We define the euclidean length function s (x;t) of the type k
as follows. We put sy(x;t) = ||z(t) — z(a)|| for all t € I.

By Proposition 1, the function s;(xz;t) is a homeomorphism s;(z;-) : I — [0, L (z)] such
that s;(z;a) = 0. Hence the inverse function of s;(x;t) exists. Let us denote it by ¢;(z;s).
The domain of t;(x;s) is [0, L;(z)] and the function t;(x;s) is a homeomorphism t(x;-) :
[0, Ly (x)] — I such that ¢;(x;0) = a. By the definition of the retiring path of the type k = 2, 3,
the function si(x;t) is a homeomorphism sy (z;-) : I — [0, Li(x)] such that si(z;a) = 0. Hence
the inverse function of si(x;t) exists. Let us denote it by tx(z;s). The domain of tx(x;s) is
[0, Lx(z)] and the function tx(z;s) is a homeomorphism tx(z;-) : [0, Lg(z)] — I such that
tr(z;0) = a.
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Proposition 2. Let I = [a,b],J = [¢,d] and x is a retiring I-path of the type k in R™,
where k € {1,2,3}. Then
(1) sp(z;tp(x; 8)) = s and tg(x; sp(z;t)) =t for allt € I,s € [0, L(z)];

(2) sp(Fz;t) = sp(x;t) and tp(Fx;s) = ti(x;s) for all F € M(n);
(3) the equalities sg(z(p);r) = sk(x;p(r)) and o(tp(x(p);s)) = te(z;s) hold for any
homeomorphism ¢ : J — I such that ¢(c) = a.

Proof. (1). Since t;(z; s) is the inverse function of si(z;t), we have si(z;tx(z;s)) = s and
tr(z; sp(z;t)) =t for all t € I,s € [0, Li(x)].

(2). By the definition of the function sg(z;t), it is M (n)-invariant that is s,(Fxz;t) =
sg(z;t) for all F € M(n). This equality implies ¢ (Fz;s) = ty(x; s) for all F € M(n).

(3). Let x(t) be a retiring I-path of the type 1 in R™. Then we have si(xz(p);r) =
lx(p);e,r) = Uzsa,o(r) = si(z;0(r)). So si(z(p);r) = si(x;¢(r)). This implies that
o(ti(z(p);s)) = ti(x;s). Let x(t) be a retiring [-path of the type k in R", where k =
2,3. Then we have sip(z(¢);r) = ||z(eo(r)) —xz(p(c))|| = sk(z;o(r)). Hence we obtain the
equality si(z(p);r) = sp(z;(r)) for all & = 1,2,3. Using this equality and the equality
si(w;0(r)) = (sk(x;-) 0 @(-))(r), we obtain tx(x(p); ) = (si(z(9);-))™" = (sk(a;-) 0 (1)) =
(o() Lo (sp(x;)™t = (0(-) Lo (te(x;-)). Hence o(tp(x(p); s)) = tr(x; s). Proposition proved.

Let a be a retiring curve of the type k, where k = 1,2,3, and z € a. Then z(tx(z; s)) is
a parametrization of «.

Definition 7. The parametrization x(tx(x;s)) of a retiring curve a of the type k will be
called an invariant parametrization of the type k of a.

We denote the set of all invariant parametrizations of the type k of o by Py(«). Every
y € Pi(a) is a retiring J-path of the type k, where J = [0, Lg(«)].

Proposition 3. Let a be a retiring curve of the type k, z € a and z be a J-path, where
J =10, Li(c)]. Then the following conditions are equivalent:

(1) z is an invariant parametrization of the type k of «;
(2) sp(z;8) = s for all s € [0, Li(a)].

Proof. (1) — (2). Let z € P,(«). Then there exists y € « such that z(s) = y(tx(y; 9)).
Let I = [a,b] be the domain of the definition of y(¢). We take x = y and ¢(s) = tx(y;s) in
Proposition 2. Then we have J = [0, Ly(y)], ¢ = tx(y;) : J — I. By Proposition 2(3), we have
sk(y(tr(y;+));s) = sk(y; tr(y; s)) and, by Proposition 2(1), we have the equality s (y; tx(y;s)) =
s for every retiring path y of the type k. These equalities imply si(z;s) = sk(y(tr(y;-));s) =
se(yite(y; s)) = s.

(2) — (1). The equality si(z;s) = s implies tx(z; s) = s. Hence z(s) = z(tx(z;5)) € Py(a).

Proposition 4. Let o be a retiring curve of the type k. Then there exists the unique
wmvariant parametrization of the type k of a.

Proof. Let x,y € «, x be an Ji-path and y be an Jy-path, where J; = [c1, d1], Jo = [ca, da].
Then a homeomorphism ¢ : Jy — J; exists such that ¢(c2) = ¢ and y(r) = z(p(r)) for all
r € Jy. Using the equality ¢(tx(z(p); s)) = tx(z;s) in Proposition 2(3), we obtain y(tx(y; s)) =
x(e(tr(y;s))) = x(e(tp(x(v);s))) = x(tx(z;s)). The proposition is proved.

Let G be a subgroup of M(n). We note that if curves «,  are retiring curves of the type
k and o < B then ri(a) =r(B) =1 and Li(a) = Li(B).

Theorem 1. Let «, 8 be retiring curves, ry(a) = re(8) = 1, Lg(a) = Lg(B) and = €
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Pi(a),y € Py(B). Then « < B if and only if x < Y.

Proof. Let a < B and h € «. Then there exists ' € G such that § = Fa. This
implies F'h € 3. By Propositions 2-4, we get x(s) = h(tx(h;s)),y(s) = (Fh)(tx(Fh;s)) and
Fx(s) = F(h(tg(h;s))) = (Fh)(tx(h;s)) = (Fh)(te(Fh;s)) = y(s). Thus z 19 y. Conversely, let
x 2 y, that is, there exists F' € G such that Fx = y. Then « < (. The theorem is proved.

Theorem 1 reduces the G-equivalence problem of retiring curves to that of paths.

2. Complete systems of invariants

Proposition 5. Let x( ) y(t) be continuous I-paths, where I = [a,b]. Then x(t) Mgy y(t)

if and only if ((t) — (a)) % (y(t) ( )-

Proof. =. Assume that x(t) ( ). Then there exists F' € O(n) and u € R" such that
y(t) = Fx(t) + u for all ¢t € I. In particularly, for ¢ = a, we have y(a) = Fz(a) + u. Hence

y(t) — y(a) = Fa(t) — x(a)) that is (2(t) — 2(a) X (y(t) — y(a)).

<. Assume that (z(t) — x(a)) v (y(t) — y(a)). Then there exists F € O(n) such that

y(t) —yla) = F(x(t) — z(a)). Put u = y(a) — Fx(a). Then we have y(t) = Fz(t) + u for all

t € I that is x(t) M y(t). The proposition is proved.

Proposition 6. Let x(t),y(t) be continuous I-paths, where I = [a,b]. Then x(t) = y(t)

if and only if x(t) — x(a) e y(t) — y(a).

Proof. It is similar to the proof of Proposition 5.

Remark 3. Propositions 5 and 6 reduce the problems of M (n)-equivalence and SM (n)-
equivalence of paths to O(n)-equivalence and SO(n)-equivalence of paths, respectively.

Let I = [a,b] and x(t) is a continuous I-path in R™. Set z1%(t) = x(t), 211 (t) = fat o= (t)at
for i = 1,2,...,n. Then 2l = 2l(¢) is an I-path in R". Let < 2l 2l > be a scalar product
of paths zll and 2. Then the derivative 4 < zl(t), zUl(t) > exists for all ¢ € (a,b), i > 1 and
j > 1. Below we use some notions and notations from the differential algebra (see (6, 9, 11]).

Proposition 7. Let 0 < i < n,0 < j < n,i+j > 1. Then a differential polynomial
Qij{y1, ..., yn} exists such that

< 20(t), 200(t) >= Qi{< W), (1) >, ..., < 2(t), 2 (1) >}

for allt € (a,b).

Proof. We will prove an existence of @;; by induction on ¢ = (n — i) + (n — j). Since
0<i<n,<j<mn,i+j>1,wehave (n—1i)+ (n—7)>0.In the case (n — i)+ (n —j) =0,
the desired existence of Qun{y1,...,yn} for < 2l 2" > is obvious: Qun{¥1,..., Y%} = yn. In
the case (n — i) + (n — j) = 1, we have < 2"l 2l >=< gl z=1 >— %% < gl gl >
that is Qn_12{¥1, -, Un} = Qun-1{¥1, -, Un} = %%yn. Assume that a differential polynomial
Qn—in—i{y1, ..., yn } exists for all 7, j such that n—i+n—j < ¢. Let i < jand ¢ = n—i+n—j = 20b,
where b is an integer. Then < z["~1, 2"l >=< gt~ 2lb+hl > for some h > 0. For h = 0, we
have Quw{y1, ---, Yn} = yp. Hence the induction on h is true for h = 0. Using the equality

< x[b—h]7x[b+h] >— % < m[b—h+1}’x[b+h] S < x[b—(h—l)]’x[b—&-(h—l)] =
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and applying the inductions on ¢ = n —i +n — j and h, we conclude that < z*~% zl"=7 > is
a differential polynomial in < z!M, 2l > .. < 2l gl >

Let g=n—i4+n—7j =2b+1. Then < x4 zlr=il >=< g1 Z[0+D+h] > for some
h > 0. Since 4 < g0+ g0+ >'= 2 < ol 20+ > we have Quii{y1, .., Yn} = SLyp1 for
h = 0. Hence the induction on h is true for h = 0. Using the equality

< gbh gt S % < b GIOFD+R o (=] D)+ 5
and applying the inductions on ¢ = n —i 4+ n — j and h, we conclude that < zl! 2l! > is a
differential polynomial in < z™ 2l > .. <zl g >,

Definition 8. Let I = [a,b]. A continuous I-path x(t) in R™ will be called non-singular if
[x[l] ®)xP(t) ... 2l ()] #0

for allt € (a,b). A curve o will be called non-singular if it contains a non-singular path.
Definition 9. Let I = (a,b). A continuous I-path x(t) in R™ will be called regular if the
derivative C‘ft—lzx(t) exists for allt € I = (a,b), 1 < k <mn, it is continuous and

d d? d"
Ex(t)@x(t) . d?x(t) # 0

for allt € (a,b). A curve o will be called reqular if it contains a reqular path.

The classical differential-geometrical method does not work for irregular curves. The
following two paths are irregular but they are non-singular.

Example 4. Let z(t) = (t,t*) be the I-path in R?, where I = [—1,%]. This path is
analytical but it is irreqular. It is easy to see that [xV(t)z®(t)] # 0 for all t € (—1,1). Hence
it 1s non-singular in 1.

Example 5. Let z(t) = (z1(t), zo(t)) be the I-path in R?, where I = [0,1], z1(t) = €' for
allt € I, z5(t) = 5 fort € [0,1] and z5(t) =t fort € (1,1]. This path is an irregular continuous
path. It is easy to see that [xV(t)z®(t)] # 0 for all t € (0,1). Hence it is non-singular in I.

Denote by A, the determinant det H< 2l 2l >Han‘

We need the following lemma
Lemma 1. The equality

(Y1 Yn][21 - - 2a] = det|] < i, 25 > |lnxn

holds for all vectors y1,...,Yn, 21, ...,2, in R™.
Proof. A proof of the this lemma is given in ([10], p.72). The lemma is proved.
Using Lemma 1 to vectors y; = 21 = 2, yo = 20 = 2P, .-+ |y, = 2,, = 2[", we obtain

[xmxm . .x[”]]2 = det ||< gl U] > = A, (1)

nxn

Let z(t) and y(t) be I-paths in R™ such that x o y. Then <zl 20l >=< ¢l yll > for

all 0 < 4,7 that is < 2, 2V > is an O(n)-invariant function of z.
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Theorem 2. Let I = [a,b]. Assume that x(t) and y(t) are non-singular continuous I -paths
in R™ such that

< all(t),al(t) >=< y¥(1), y" (1) > (2)

forallt € (a,b) and 1 <i <n. Then z o Y.

Proof. Eq.(2) and Proposition 7 imply

20(t), 2V (t) >=< y1(8), 4V (t) > (3)

forallt € (a,b) and 1 < i < j < n. Using these equalities, we get A, (t) = A,(t) for all t € (a,b),
where A, () is the function Eq.(1). Since z,y are non-singular [-paths, A, (t) # 0,A,(t) # 0
for all ¢ € (a,b). Hence

As(t)™h = Ay (1) (4)
for all t € (a,b). Denote by A(x(t)) the matrix ||z!!(£)z/?(t) ... 2" (t)||, where we consider z!(t)
as a column-vector. We set £ A(z(t)) = Ha:[o] (t)zM(¢) ... 2""U(t)||. Since z(t) is non-singular,
we have detA(z(t)) = [« (¢)2P(2) ... 2(¢)] # 0 for all t € (a, b). Hence the matrix A~!(z(t))
exists for all ¢t € (a,b). We consider the matrix A~ (z (1)L A(z(t)) = ||ef;(t)]]. Tt is easy to see
that:

(a) ¢fj41(t) =1 forallt € (a,0) and 1 <j <n—1;
(b)cw()—OforalltG(a b)and j#£1,i#j—1,1<i<n,2<j<mn;

x 1(#)-al =1 (@)l @)l (1)..aln) (2 :
(c) i (t) = [= EEErEmwET 0] for all t € (a,b) and 1 <i <n.

Lemma 2. cf;(t) = ¢};(t) for allt € (a,b) and 1 < 4,5 < n.

Proof. The above equality (a) implies cf;,,(t) = c/;,,(¢) for all 1 < j <n —1 and the
equality (b) implies cf;(t) = ¢f;(t) forall j # 1,7 # j—1,1 <7 < n,2 < j < n. Prove
ci(t)=cl(t) for all 1 <i<n.

Using Lemma 1 to vectors y; = 2, z; = 2l (i, 5 =1,... n), we obtain
[z .x[”]}g = det|| < 2zl 20 > ||, n. (5)
Similarly, using Lemma 1 to vectors zl!, ... =1 g0l gl+1 gl 200 2P 2l we have
[a:[l] I e P R .x["]] [zmxm . .:E[”]} = det|| < z™ 2l > ||, (6)

where k=1,...,¢—1,0,2+1,...,n;l=1,2,....n
From Eq.(2)-Eq.(6) and the equality

im0l 1] .x[”]] [xm 1 P L e .x["q [x[l]xm .. .x[”]}

AL
x(t)z [ —

o [T N PR

)

for 1 <i < n, we obtain

[x[l] - x[ifl]x[o]x[i‘i’l} - l'[n]:| _ [y[l] .. y[iil}y[o]y[i+1} . [n]:| 7

for all i = 1,...,n. The lemma is proved.
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Lemma 2 implies A~ (z(t)) % A(z(t)) = A~ (y(t))LA(y(t)) for all ¢ € (a,b). Using this
equality, we obtain

O (AW)A)™) = (2 AW)AGE)™ + Al) o (A ) = (2 Al)Al) -
AW (S A@)A) T = Al (A) 2 Aly) — Alx) S A@)A() " = 0

for all ¢ € (a,b). By this equality and connectedness of (a,b), we get that A(y(t))A(z(t))™" is
not depend on t € (a,b). Put F = A(y)A(x)~!. According to detA(x(t)) # 0 and det A(y(t)) # 0
for all t € (a,b), we have detF' # 0 and A(y(t)) = FA(x(t)) for all t € (a,b). We prove that
F € O(n).

Let A(x)" be the transpose matrix of A(z). Using A(z)TA(z) = ||< 2!, 200 >||  and
Eq.(3), we obtain that A(x)" A(z) = A(y)" A(y). This equality and the equality A(y) = FA(z)
imply that F'' F = E, where E is the unit n x n-matrix. Hence F' € O(n).

The equality Ay(t) = FAx(t) implies yll(t) = Fall(t) for all t € (a,b) that is
[Ty(t)dt = F [ a(t)dt. This equality implies y(t) = Fa(t) for all ¢ € (a,b). Since x(t) and y(t)
are continuous on I = [a, b], we obtain y(t) = Fz(t) for all t € I. The theorem is completed.

Corollary 1. Let a, 8 be non-singular retiring curves in R", rp(a) = ri(5), Li(a) =

Li(B) for some k € {1,2,3} and x € Py(«),y € Py(B). Then « o B if and only if
< aB)(s), 29)(s) =< y1(s), y1(s) > (s)

for all s € (0, Li(«)) and j = 1,2,...,n.

Proof. Let a, f be non-singular retiring curves in R", ry(a) = r(8), Li(a) = Li(B) for

some k € {1,2,3} and z € Py(a),y € Pi(5). Let « o 5. Then, by Theorem 1, we have x ow Y.

This equivalence implies Eq.(8). Conversely, assume that Eq.(8) holds. Then, by Theorem 2,
O(n) O(n)

x ~"y. Applying Theorem 1, we obtain a ~" 5.
Remark 4. The I = [—1, i]-path x(t) = (¢,t%) in Ezample 4 and I = [0,1]-path x(t)

i Example 5 are irreqular and non-singular. It is easy to see that they are rectifiable. Hence
Theorem 2 applicable to them and Corollary 1 applicable to the curves o, where x € «.

Corollary 2. Let x(t),y(t) be I = [a,b]-paths such that z(t) — x(a) and y(t) — y(a) are
non-singular I-paths in R™ and

< (z = 2(a)(t), (z — 2(a)) (1) >=< (y — y(a)(¥), (y — y())"(t) > (9)

for allt € (a,b) and 1 < i <n. Then x Me) Y.
Proof. By Eq.(9) for all ¢ € (a,b), using Theorem 2, we obtain existence F' € O(n) such
that (y(t) —y(a)) = F(x(t) — xz(a)) for all t € I. Then by Proposition 5, we obtain x M Y.
Corollary 3. Let a, 8 be non-singular retiring curves in R", rp(a) = ri(5), Li(a) =
Li(B) for some k € {1,2,3} and x € Py(a),y € Pi(B). Assume that x(t) —z(0) and y(t) —y(0)

are non-singular continuous I-paths in R™, where I = [0, Ly(«)]. Then a M B if and only if

< (2 = 2(0)"(s), (x — 2(0))"(s) >=< (y = 9(0))"(s), (y — y(0))"(s) > (10)



Acta NUUz - 36- Exact sciences

for all s € [0, Li(a)] and i =1,2,... n.

Proof. Let « MY B. Then, by Theorem 1, we have x o y. This equivalence implies

Eq.(10). Conversely, assume that Eq.(10) holds. Then, by Corollary 2, x MY y. Applying
Theorem 1, we obtain « Me (. The corollary is proved.

The functions [zMz® .. 2] and < zl(t), 2 (¢) > are SO(n)-invariant. Hence x 0
implies [zMzl . 2] = [yMyP . y0] and < 20(t), 200(t) >=< yl1(2),yl(t) > for all t €
(a,b) and 0 <.

Theorem 3. Let I = [a,b]. Assume that x(t) and y(t) are non-singular continuous I -paths
in R™ such that

[ar[l]a:m . .x["]] = [ymyp] . .y["]} L < 2l (@), 2 (1) >=< yl(t), 40 (1) > (11)
forallt € (a,b) and 1 <i<n—1. Then x ey Y.

Proof. Suppose that condition Ek.(11) is valid. We denote the algebraic cofactor of the
element < zl! 2l > in the matrix || < 211, 2Vl > ||, by A;;(z). Then we have

[x[l]xp] . .x[”]f = || < 2, 20 > || n =< 2 2 > A (@) 4+ 4 < 2l 2 > A (). (12)

As the path z is non-singular, vectors z!!(¢), ..., 2["/(¢) are linear independent for all ¢ € I. In
particular, vectors z!1(¢), ..., 2["~1(¢) are linearly independent for all ¢ € I. Then

App () = det|| < 21(t), V(1) > ln-1)x(n-1) # 0

for all t € I. From the equality Eq.(12) we obtain

< gl gl o [x[l]xm . .x[n}}z_ <zl 2> Ay (z) — . — <zl 2l > A (2) 1)
| Aun (@) |
Similarly, we have
2
- y["} y[”] o [yh]ym N .y[”}] — < gyl Yyl > An(y) —..— < ylnl g1l A1 (y) (14)
’ Ann(y)

A,;(z) is a differential polynomial of all < zli(¢), 2V(¢) >, where i + j < 2n,i < n,j < n. By
Proposition 7, A,;(z) is a differential polynomial of < z[ 2t} > . < 2=t 2=l > “Similarly,
An;(y) is a differential polynomial of < y, yl!l > < yln=l =1 > From equalities Eq.(11),
we obtain A,j(x) = A,;(y) for all j = 1,...,n. This, in view of Eq.(11), (13), (14), gives <
gl gl >=< ¢l ylnl > By this equality, equalities, Eq.(11) and Theorem 2, there exists
g € O(n) such that y(t) = gz(t). From the equality [«Mzl? .. 2] = [yl1y# . yl] we have

[x[l]:cm . x[”]} = [(gx)[l] (gz)? ... (gx)["]] = detg [x[l]xm . .m["]] :

As [2M(8)zP)(t) ... 2lM(t)] # 0 for all ¢ € I, we have detg = 1, that is, g € SO(n).
Corollary 4. Let o, be non-singular retiring curves in R", rp(a) = rg(f5), Lp(a) =

Li(B) for some k € {1,2,3} and x € Py(«a),y € Py(B). Then a 0 B if and only if

[a:m(s) . .x[”](s)] = [ym(s) .. .y["](s)} , < azm(s), x[j](s) >=< yll(s), y[j](s) > (15)
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for all s € (0, Li(a)) and j =1,2,...,n— 1.
Proof. Let a, 8 be non-singular retiring curves in R", () = 7(5), Lr(a) = Li(5) for
some k € {1,2,3} and z € Py(a),y € Py(f). Let « 5o B. Then, by Theorem 1, we have

AR y. This equivalence implies Eq.(15). Conversely, assume that Eq.(15) holds. Then, by
Theorem 3, x e y. Applying Theorem 1, we obtain « 5o 5.

Corollary 5. Let x(t),y(t) be I = [a,b]-paths such that z(t) — x(a) and y(t) — y(a) are
non-singular I-paths in R" and

(@ —a(@)M(t)... (& —2(@)" ()] = [(y = y(@) (V) ... (y = y(@)" (1],

< (z = 2(a)"(t), (z — 2(a)) (1) >=< (y = y(a)(t), (y — y())"(t) > (16)

for allt € (a,b) and 1 <i<n—1. Thenxs%n)y

Proof. By Eq.(16) for all ¢ € (a,b), using Theorem 3, we obtain existence F' € SO(n)
such that (y(t) —y(a)) = F(z(t) —x(a)) for all t € I. Then by Proposition 6, we have x o Y.

Corollary 6. Let a, 8 be non-singular retiring curves in R", rp(a) = ri(5), Li(a) =

Li.(B) for some k € {1,2,3} and x € Py(a),y € Pr(B). Assume that x(t) —z(0) and y(t) —y(0)

are non-singular continuous I-paths in R™, where I = [0, Li(«)]. Then o S B if and only if

[(@ = 2(0)(s) ... (z = 2(0)"(s)] = [(y —y(O)M(5) ... (y — 9(0))")(5)],

< (z = 2(0))"(s), (x — 2(0))"(s) >=< (y — y(0))"(s), (y — y(0))"(s) > (17)
for all s € [0, Li(a)] and i =1,2,...,n — 1.

Proof. Let o S (. Then, by Theorem 1, we have x St y. This equivalence implies
Eq.(17). Conversely, assume that Eq.(17) holds. Then, by Corollary 5, x S y. Applying
. SM(n)
Theorem 1, we obtain a  ~ " f3.
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REZYUME

Chetlanuvchi yo’l, chetlanuvchi chiziq, chetlanuvchi chizigning invariant
parametrlanishi va chetlanuvchi uzunlikning ta’riflari  kiritiladi. n-o’lchamli
yevklid fazosining barcha izometriyalarining M (n) gruppalari uchun chetlanuvchi
chiziglarning M (n)-ekvivalentligi muammosi chetlanuvchi yo’llarga keltiriladi.
G = M(n) va uning ayrim qgism gruppalari uchun chetlanuvchi chiziglar G-
invariantlarining to’liq sistemalari hosil qilinadi. Chetlanuvchi chiziglar global
G-ekvivalentligi shartlari chetlanuvchi uzunlik va chiziglarning butun sondagi
G-invariantlari bo’yicha berilgan.

Kalit so‘zlar: Noregulyar chiziq, to’g’rilanuvchi chiziq, invariant, yevklid
geometriyasi.

PE3IOME

Broggarcsa onpejiesienus yaassionierocs myTH, yIaJssioneicd KPUBoil, NHBApUAHT-
HOI TTapaMeTpu3aIiu yIaadiomeiicas KpuBoil u yaajsdronieiica JmmHbl KpuBoit. s
rpynnsl M (n) Bcex uzoMeTpuil n-MepHOrO €BKJIUJIOBa MPOCTPAHCTBA ITIPObIeMa
M (n)-9KBUBaJEHTHOCTH YIAJISIFONIMXCS KPUBBIX CBOJIUTCS K YIAJISIFOIIIMCS Iy TSIM.
[Tony4ensr nosable cucteMbl (G-UHBAPUAHTOB YAAJSIONUI KpUuBbIX it G = M (n)
U HEKOTOPBIX ee IOArPYIIl. YCJIOBUsS II00aabHON (GG-3KBUBAJIEHTHOCTH VIAJISIO-
Uil KPUBBIX 3aJaI0TCA B TEPMUHAX VIAJISIIONIAI JIUHBI W TeJIOYUCTeHHBIX (G-
WHBapUAHTOB KPUBBIX.

Karoueswvie caosa: Heperyiisgpuas Kkpusas, cripgMmigeMas KpruBasi, THBAPDUAHT, €B-
KJIMJI0Ba, TEOMETPHSI.
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UDC 517.98

p-ADIK SONLAR MAYDONIDA 1-LIPSHITS FUNKSIYALARI VA
ULARNING DINAMIKASI

Kucharov R. R., " Pardayev Sh. A., " Salimov J. K.~

REZYUME

Bu maqolada p-adik 1-Lipshits funksiyalar va ularning xossalarni haqida
ma‘lumotlar bayon qilingan. p-adik 1-Lipshits funksiyalarning umumiy ko‘rinishi
keltirilgan. p-adik 1-Lipshits funksiyalarning dinamikasi o‘rganilgan.

Kalit so‘zlar: p-adik sonlar, p-adik norma, 1-Lipshits funksiyalar, dinamik sistema,
qo‘zg‘almas nuqta.

KIRISH

p-adik sonlarni birinchi bo‘lib nemis matematigi K.Henzel tomonidan 1897-yilda fanga
kiritilgan. Bu sonlar dastlab sonlar nazariyasining bir gismi sifatida o‘rganilgan. Keyinchalik
p-adik sonlarning boshqa fan sohalarida tadbiqlari topila boshlagach, p-adik sonlar nazariyasi, p-
adik analiz, p-adik differensial tenglamalar, p-adik funksional analiz, p-adik dinamik sistemalar,
p-adik ehtimolliklar nazariyasi, p-adik o‘lchovlar nazariyasi kabi yangi fan sohalar rivojlana
boshladi [1, 2, 3, 4, 5, 6, 7]. Shuningdek, kvant mexanikasiga, garmonik to‘lginlar nazariyasiga,
stoxastik jarayonlarga ham p-adik analizni tatbiq etib kelinmoqdal§|.

G‘anixo‘jaev N.N., Roziqov U.A., Muxamedov F.M. Z da Ising modeli uchun p-adik Gibbs
o‘lchovini tuzganlar [9]. Bundan tashqari, Kolmogorovning o‘lchovlarni kengaytirish haqidagi
teoremasining p-adik analogini isbotlaganlar. Hakimov O.N. ma’lum daraxtlarda to‘rtta o‘zaro
ta’sirga ega Ising modeli uchun yagona p-adik Gibbs o‘lchovi mavjudligi ko‘rsatgan [10].
Uchinchi tartibdagi Keli daraxtida Ising modeli uchun invariant umumlashgan p-adik Gibbs
o‘lchovlari to‘plami tasvirlangan [11]|. p-adik Ising-Potts modelining dinamikasi o‘rganilgan
(p # 2) va parametrlar bo‘yicha ba’zi hollarda Ising-Potts modelining xaotik ekanligini
ko‘rsatilgan [4].

Dinamik sistemalarning noarximed nazariyasi bu noarximed analizdagi akslantirishni
tatbiqidagi eng tabily maydondir. 1997-yilda A.Yu.Xrennikov anglash jarayonlarini
modellashtirishda p-adik dinamik sistemalarni tatbiq qilishni taklif qildi [14]. Biz ixtiyoriy
natural son uchun ham p-adik sonlar halgasidagi dinamik sistemalarni tatbiq qilishimiz
ham mumkin [12]. Shuni ta‘kidlab o‘tamizki, p-adik dinamik sistemalar dastlab sodda
funksiyalar uchun o‘rganilgan. Bulardan murakkabroq funksiyalar uchun p-adik dinamik
sistemalar o‘rganilmagan. p-adik 1-Lipshits funksiyalari E.Yurova, A.Xrennikovlarning ishlarida
o‘rganilgan [13].
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Ushbu maqolada p-adik 1-Lipshits funksiyalar va ularning xossalari hagida ma’lumotlar
bayon qilingan. p-adik 1-Lipshits funksiyalarning umumiy ko‘rinishi keltirilgan. p-adik 1-
Lipshits funksiyalarning dinamikasi o‘rganilgan.

DASTLABKI TUSHUNCHALAR

Aytaylik bizga biror (K, +,-) maydon berilgan bo‘lsin.

Tarif 1. || - || : K — Ry akslantirish quyidagi zossalarga ega bo‘lsin:

)]z =0 <= z=0;

2) Istiyoriy x,y € K uchun |[zyl| = ||=[l[lyl;

3) Iatiyoriy x,y € K uchun ||z +y|| < ||z|| + ||y||-

U holda bu akslantirishga (K, +,-) maydondagi norma deyiladi. (K,4+,-,| - ||) to‘rtlikka
esa normalangan maydon deyiladi va qisqacha (K, || - ||) kabi yoziladi.

Ta’rif 2. (K, || -||) normalangan maydon bo‘lsin. Agar iztiyoriy x,y € K uchun

[+ yl| < max{|[z]], [[y|[} (1)

o‘rinli bo‘lsa, || - || normaga noarzimed normasi deyiladi.

Aytaylik P tub sonlar to‘plami bo‘lib, p € P biror tub son bo’lsin. Ixtiyoriy a € Z \ {0}
uchun shu sonning p bo‘yicha tartibi tushunchasini kiritamiz.

Ta’rif 3. Agar a = 0(mod p*) va a # 0(mod p**1), u holda k € Z songa a butun sonning
p bo‘yicha tartibi deyiladi va ord,(a) kabi yoziladi.

Agar a = 0 bo‘lsa, ixtiyoriy k € Z uchun a = 0(mod p*) o‘rinliligini hisobga olib, ord,(0) =
+00 deymiz.

Endi ixtiyoriy z = % ratsional son uchun
ord,(x) = ord,(a) — ord,(b)

deb qabul gilamiz.
Ta’rif 4. Q ratsional sonlar maydonida quyidagi | - |, akslantirishni garaymiz:

P
0, agar x =0 bo'lsa.

S — agar x # 0 bo'lsa,
|[E’p:{ ordp (z) g ;é (2)

(2) ko ‘rinishdagi akslantirish Q maydonda noarximed normasi bo‘ladi. Q maydondagi bu
akslantirishga p-adik norma deyilads.

To‘la normalangan p-adik sonlar maydonini @, ko‘rinishida belgilaymiz.
Ta’rif 5. Normasi 1 dan katta bo‘lmagan p-adik sonlarni Z, orqali belgilaymiz:

Zy, ={a € Q,,|a|, < 1}.

Endi Q, maydondagi asosiy to‘plamlardan yana biri bilan tanishamiz.
Ta’rif 6. Normasi 1 ga teng bo‘lgan p-adik sonlarni Z,, orqali belgilaymiz:

Z, = {a € Qp, |al, = 1}.
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Ta'rifdan bevosita kelib chiqadigan xulosalar: Z; C Z, va Z;, = Z, \ pZ,.

Ma’lumki, har qanday (X, d) metrik fazoda markazi a nuqtada radiusi r bo‘lgan ochiq
shar quyidagicha aniglanadi:

B.(a) ={x € X : d(z,a) < r}.
Q, fazoda esa quyidagi to‘plam ochiq shar bo‘ladi:
By(a) ={z € Q,: |z —a|, <7}
Ta’rif 7. Agar f funksiya [ : Z, — Z, bo‘lib, quyidagi shartni qanoatlantirsa

|f(£lf) - f(y)lp < pa’x - y’pv Va:,y S ZP

bu funksiyaga p*-Lipshits funksiyasi deyiladi. Xususan o = 0 b‘lganda

|f(@) = fW)lp <z —ylp, Y,y €Z, (3)

bo‘lib, f funksiya 1-Lipshits funksiyast deyiladi.
1-Lipshits shartining bir necha ekvivalent shartlari ham mavjud [15]:

i) |f(x +y) — f(x), <|ylp, barcha z,y € Z, lar uchun;
i7) |i(f(x +vy) — f(z))|, <1, barcha z € Z, va barcha y # 0 € Z, lar uchun;
it) f(x +p"Z,) C f(x) + p"Z,, barcha x € Z,,n > 1 uchun;

iv) f(z) = f(y)( mod p"), barcha n > 1 uchun x = ( mod p") bo‘lganda.

Aytaylik bizga D C Q, to‘plam va f : D — Q, funksiya berilgan bo‘lsin. (f,D) dinamik
sistemani o‘rganish bu ixtiyoriy xy € D nuqta uchun z,, = f"(z¢), n = 1,2, 3, ... ketma-ketlik
limitini o‘rganishdir.

Ta’rif 8. Agar z¢o € D nugta uchun f(xy) = x¢ bo’lsa, u holda xy nugta (f,D) dinamik
sistemaning qo‘zq‘almas nuqtasi deyilads.

Ta’rif 9. ¢ qo‘zg‘almas nugta bo‘lsin. Agar uning shunday U,(xy) atrofi topilib, ixtiyoriy
x C Up(xg) uchunlim,_,o f"(x) = xq¢ tenglik bajarilsa, u holda xq nuqta tortuvchi nugta deyiladi
va

A(zg) ={z eD: nh_g}o f(x) =z}

to‘plamni esa x, nuqtaning tortilish to’plami yoki atraktor: deyilads.
Ta’rif 10. xy nugta f(z) funksiyaning qo‘zg’almas nugtasi bo’lsin. Agar
1) |f'(xo)]p < 1 bo‘lsa, xo nugta tortuvchi,
2) | f'(xo)], = 1 bolsa, xo nugta betaraf,
3) | f'(zo)]p, > 1 bo‘lsa, o nugta itaruvchi
deyilads.



O‘zMU xabarlari - 43- Aniq fanlar

Tasdiq 1. |2] Iztiyoriy x,y € Q, uchun quyidagilar o ‘rinli:

1) |z|, # |ylp bo‘lsa, u holda |x + y|, = max{|z|,, |y|,} bo‘ladi.
2) p=2da ||y = |y|s bo'lsa, u holda |x + y|» < 3|z|s bo‘ladi.
3)p# 2 da x|, = |yl|, bolsa, u holda |z + y|, < |x|, boladi.
Lemma 1. [2| Zy da 2 — a ko’phad ildizga ega bo‘lishi uchun

a = p*(ag + a2 + ap2* + az2® + .....)
yoyilmada o juft bo‘lib, a1 = as = 0 bo‘lishi zarur va yetarli.

Lemma 2. 2| Aytaylik [ : Z, — Z,, bo‘lsin. Agar [ funksiya koifitsiyentlari p-adik butun
sonlar bo‘lgan polinom bo‘lsa, u holda bu funksiya 1-Lipshits funksiyasi bo‘ladi.

ASOSIY NATIJALAR

Aytaylik f : Q, — Q, akslantirishni aniqlaydigan

fusdi) = (2 1)k aez, ()

xr+a

funksiya berilgan bo‘lsin.

Lemma 3. (4) funksiya k = 2 va k = 3 uchun ivtiyoriy x € Z; da 1-Lipshits funksiyasi
bo‘lads.

Isbot. Avval (4) funksiyani & = 2 uchun ko‘rib chiqamiz:

foale) = (ax+ 1)2'

r+ta

fa2(x) funksiyani (3) shartga tekshiramiz.

_ |2azy + (® + 1)(x +y) + 2a a’—1
‘fa,?(x) fa,Q(ZU)’p - (x+a)(y+a) (:I:—i—a)(y—i—a) ) ’37 y’P
fa2(x) funksiya (3) shartni qanoatlantirishi uchun
2axy + (> +1)(z +y) + 2a a’?—1 <1 5)
(z+a)(y +a) (x+a)y+a)l|,

bo‘lishi lozim. Funksiya Z; to‘plamda qaralganligi uchun bu to‘plamdan olingan ixtiyoriy = da
|z|, = 1 bo‘ladi. a esa butun sonlar to‘plamidan bo‘lganligi sababli |a|, < 1 bo‘ladi. Bunga va
1-tasdiqga ko‘ra (5) tengsizlik bajarilishi kelib chigadi.

Endi k = 3 da ,
ar + 1
Jas(w) = (:U—l-a)

bo‘ladi. f,3(x) funksiyani (3) shartga tekshiramiz.
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| fa3(®) = fa3(¥)]p =
a®—1 a’?—1 ( ) 2+3 ar+1 ay+1
. a’: —_— . .

Gray+ro \@rayra "’ r+a yta
w.2(x) funksiya (3) shartni qanoatlantirishi uchun
Jfa2(2) y q

a?—1 a?—1 (z— ) 2+3 ar+1 ay+1
(x+a)(y + a) (x4 a)(y + a) Y r+a y+a
bajarilishi lozim.

Teorema 1. f, (z) funksiyani k = 3 da 1-Lipshits funksiya bo‘lishi uchun Vx € Q,\ pZ,
bo‘lishi zarur va yetarl.

Isbot. Yetarliligi. f,(z) funksiyani k = 3 da 1-Lipshits shartiga tekshiramiz:

‘fa,3(x) _fa,3(y>|p:

a’?—1 a’?—1 (1) 2+3 ar+1 ay+1
@rap+a \\eraly+a 7 r+a y+a
Zarurlgi. Bu yerda

2 _ 2 _ 2

a‘—1 ' a 1 (z ) +3'ax—|—1.ay+1 <1
(z +a)(y + a) (z +a)(y + a) rta yta )|

tengsizlik bajarilsa f, 3(x) funksiya 1-Lipshits funksiyasi bo‘ladi.

-\x—y\p

p

<1

P

-|x—y|p

p

Endi (4) funksiyaning dinamik sistemasini p = 2 va k = 3 bo‘lganda o‘rganamiz.
Qo‘zg‘almas nuqtani topish uchun f(x) = x tenglamani yechib: z; = 1, x93 = —1 va
a® —3a+ (a* — 1)va? — 4
T3 = )
2

a® —3a— (a* —1)va? — 4
2

larga ega bo‘lamiz. x5 va x4 qo‘zg‘almas nuqgtalar mavjud bo‘lishi uchun |a® — 4|, > 0 bo’lishi
lozim. Bundan esa |a|y > % bo‘lishi kelib chiqadi. Demak x3 va x4 nuqtalar uchun % <lal; <1
bo‘ladi. Agar |a|, = % yoki |a], = 1 bo‘lsa 1-lemmaga ko‘ra a® — 4 sonidan ildiz chiqgmaydi va
x3 4 nuqtalar mavjud bo‘lmaydi.

Ty =

Teorema 2. Agar z; (i = 1,4) lar f(x) funksiyaning qo‘zg‘almas nugtalari bo‘lsa, u holda
quytdagilar o ‘rinli:

1) 1 =1 uchun a € 2Zy da tortuvchi, a € Z% da betaraf,

2) x9 = —1 uchun a € 27y da tortuvchi, a € 7% da itaruvchi.
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Isbot. f'(z) = WF—(Z)ﬁW bo‘lishini topib olamiz. Berilgan sonlar to‘plami uchun

quyidagilarni aniqlaymiz:

a €27y da, lal <1, la—1a=1, Ja+ 1, =1 bo'ladi, (6)
a€Zs da, lalp =1, la—1] <3, Ja+ 1], <1 bo'ladi.
1-hol. #; = 1 uchun f'(1) = 3&8:1_)12) bo‘ladi. a € 2Z, da (6) ga ko‘ra
3a(a—1)
W)y = |22 <1
’f( )|2 ((Z+1)2 )
bo‘lishi kelib chiqadi. a € Z3 da esa
3a(a —1)
)]y = |28
|f()|2 (a+1)2 ,

bo‘ladi.
2-hol. 21 = —1 uchun f'(—1) = 2% bo‘ladi. a € 2Z, da (6) ga ko'ra

3a
"(=1)], = 1
Lf(=1)l2 a1, <
bo‘lishi kelib chiqadi. a € Z3 da esa
3a
(1) = > 1
k= |2
bo‘ladi.
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PE3IOME

B s7o0ii ctaTbe onuckiBaeTca nHGOPMAIIUS O P-aIMIeCKIX 1-JTUIIHAIEBBIX (DYHKITUSIX
n ux cpoiicrBax. [IpuBogauTcs oOImMil BUJI pP-aJIndecKuX 1-JIAMIIATIEBBIX (DYHKITHIA.
Tak>ke nsydaercsd JJUHAMUKA P-aUICCKUX 1-JIUMINATEBBIX (DYHKITNAH.

Karouesvle caosa: p-aandeckue 4ucia, p-aandeckas HopMa, 1- HKIun JIummm-
) )
Oa, JMHaMHW4YeCKasd CUCTeMa, HEIIOABHU2KHad TOYKa.

RESUME

This article is described information about p-adic 1-Lipschitz functions and their
properties. An overview of p-adic 1-Lipschitz functions is given. The dynamics of
p-adic 1-Lipschitz functions is studied.

Key words: p-adic numbers, p-adic norm, 1-Lipschitz functions, dynamic system,
fixed point.
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UDC 519.24

BUTSTREP USULIDA QURILGAN STATISTIK BAHOLAR UCHUN LIMIT
TEOREMALAR

Muradov R. S., " Ziyoitdinova M. A. "

REZYUME

Butstrep usulida qurilgan baholar ko‘plab yaxshi xossalarga ega bo‘ladi. Matematik
statistikada ko‘pgina baholash usullari yordamida qurilgan baholarning aniq
yoki limit tagsimotlari bosh to‘plamning noma’lum taq- simotiga bog‘liq bo‘lib
goladi va ularni amaliyotda qo‘llanilishi giyinlashadi. Ushbu maqolada o‘rganilgan
butstrep usulida qurilgan baholar bunday kamchiliklardan holi bo‘lib, ularni
noma’lum xarakteristikalar uchun ishonch oraliglari qurishda ham keng foydalanish
mumkindir. Bundan tashqari, maqolada butstrep usulida qurilgan baholar uchun
limit teoremalar ham o‘rganilgan.

Kalit so‘zlar: Matematik statistika, butstrep usuli, statistik baho, ishonch
oraliglari, empirik tagsimot, limit teoremalar.

Kirish

Ma‘lumki, matematik statistikada ko‘pgina baholash wusullari, masalan, haqiqatga
maksimal o‘xshashlik usuli, momentlar usuli, xi-kvadrat minumimi usuli va boshqalar
yordamida tuzilgan statistik baholarning aniq yoki limit tagsimotlari bosh to‘plamning
noma’lum tagsimotiga bog'liq bo‘lib qolib, ularni amalda qo‘llanilishida bir qancha
qiyinchiliklarga olib keladi. Ammo butstrep baholar bunday kamchiliklardan holi bo‘lib,
ularni masalan noma‘lum xarakteristikalar uchun ishonch oraliglarini qurishda keng qo‘llash
mumkindir. Bundan tashqgari, ular yordamida qurilgan ishonch oraliglari berilgan ishonch
ehtimolini o‘zgartirilmagan holda odatdagi standart ishonch oraliglaridan bir muncha torroq
bo‘lar ekan.

Noma'lum F tagsimotga ega bo‘lgan bo‘sh to‘plamdan X™ = (X1, ..., X,,)- statistik
tanlanma olingan bo‘lsin. Bu yerda X;,i = 1,n bog'liq bo‘lmagan va bir xil tagsimlangan
tasodifiy miqdorlardir. Matematik statistikaning muhim masalalardan biri X (n) bo‘yicha F
ning biror funksionali # = T'(F') ni baholash masalasidan iboratdir. Ushbu maqolada biz 6-
bir o‘lchovli skalyar bo‘lgan holni ko‘ramiz. Demak, § € © C R!. Agar F taqsimotlar oilasi
noma’lum parametrlar aniqligida berilgan bo‘lib, # aynan mana shu parametrning o‘zi yoki

uning biror funksiyasi bo‘lsa, u holda ko‘rilayotgan masala parametrik, aks holda noparametrik
deb ataladi.

Agar 6,, = Y,,(X (™) statistika 6 ning biror bahosi bo‘lsa, odatda 6, ning sifati (xossalari)
siljish kattaligi B, (F) = Mp(0, — 0), kvadratik risk D,(F) = Mp(6, — 0)* yoki biror bir

*Muradov R. S. - Fizika-matematika fanlari doktori (DSc), dotsent. Namangan muhandislik-texnologiya
instituti, rustamjonmuradov@gmail.com
*Ziyoitdinova M. A. —Andijon davlat universiteti 3-bosqich tayanch doktoranti, ziyoitdinov@yahoo.com



O‘zMU xabarlari - 48- Aniq fanlar

boshqa xarakteristikalar orqali aniglanishi mumkin. Ammo ko‘p hollarda bahoning xossalarini
ifodalovchi bu kabi xatoliklar 6, statistikaning quyidagi noma’lum

Gp(z; F) = Ppa™ : 0, (™) <

tagsimotga bog'liq bo‘lib qolib, ulardan foydalanishda qiyinchiliklar yuzaga keladi. Bu yerda
Pp, Mg va Dp lar X tanlanmani elementlari F' ga teng degan shartda hisoblangan ehtimollik,
matematik kutilma va dispersiyalarni anglatadi. Hozirgina ta’kidlaganimizni tasdiqlovchi bir
misol keltiraylik.

1.1-misol. Kuzatilayotgan tasodifiy miqdor X ning tagsimoti F' va matematik kutilmasi
0 = MpX bo‘lsin. Agar X = (X, ..., X,,) tanlanma X ni kuzatish natijasida olingan bo‘lsa,
u holda # uchun tabiiy, ya’ni momentlar usuli bahosi

>
i=1

67127:

SRS

o‘rta arifmetik giymatdir. U holda

n

1 - 1
MFY:_MF E XZ:—nMFXzﬁ,
n
=1

1 - 1
Dyx = —Dr (Z XZ-> = — nDpX =
=1

— (X =07 = [ (@ 02aF() =T @)

n n
Demak, (1) hisoblar asosida

Bo(F) = Mp(6,, — 0) = Mg, —0 =0 —0 =0

2
Dp(F) = Mp(6,, — 6)* = Mp(6, — Mpb,)? = DpX = %F

Agar o%€ (0,00) bo‘lsa, u holda markaziy limit teoremasiga asosan yetarlicha katta n larda:

PF(@<:E) :P(Y<9+“f/§) :Gn<9+0F—\/;;;F> ~

-standart normal qonun.
Bu munosabatdan
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ya'ni 6, = T bahoning taqsimoti nomalum F' ga bog‘liq bo‘lib qolmoqda.

Demak, yuqorida ko‘rib o‘tkanimiz kabi holatlarda noma’lum 6 uchun 6, yordamida
ishonch oraliglari qurish yoki biror gipotezalarni tekshirish uchun kriteriylarni qurishda
muammolar yuzaga kelib qoladi. Amaliy statistikada uchraydigan bunday muammolarni hal
qilishda 6 uchun butsrep baholar qulaydir. Endi biz butsrep baholarini qurish usullari bilan
tanishib o‘tamiz. Baholar qurishning butstrep usulini eng dastlab Bred Efron 1979-yilda |1, 2,
4] tavsiya etgan. Butstrepning mohiyati quyidagidan iboratdir.

Asosiy masala.

(Q,A,Q) ehtimollik fazosida aniglangan kuzatilayotgan X tasodifiy miqdor yaratgan
ehtimollik fazosini (X, B, P) orqali belgilaymiz. Bu yerda X - to‘plam X ning barcha mumkin
bo‘lgan giymatlari to‘plami, B esa X ning to‘plam ostilaridan tuzilgan Borel to‘plamlari o—
algebrasi va X ning taqgsimot qonuni

P(B)=Q(w: X(w) € B),B € B.

Biror noma’lum parametr ¢ anigligida berilgan (parametrik hol) yoki umuman (nopara- metrik
hol) P oilaga tegishlidir, ya'ni

{Py,0 €®} =P yoki {P}=P,

A

P, () orqali P(-) ning biror bahosini belgilaymiz.
Masalan, parametrik holda

A

P,(B) = Py,(B),B € B,

bo‘lib, bu yerda 6,, statistika # ning biror bahosi va noparametrik holda esa
. 1
P,(B) = — I(X,€B), BeB, 2
(B) = 31X e D), Be )

emperik baho bo‘lsin. Bu yerda I(A) orqali A xodisaning indikatorini belgiladik. Agar B =
(—o0,x) deb olsak, P(B) = P((—o0o,t)) = F(t) — tagsimot funksiya bo‘ladi va unga mos
bahoni P,(B) = P,((—00,t)) = F(t) deb belgilaymiz. Hajmi m bo‘lgan Xl(n), o X5 tasodifiy
miqdorlarni X™ = (X1, ..., X,,) tanlanma berilganligi shartidagi taqsimot qonuni P, (-) bo‘lsin.
Bu esa oz navbatida quyidagini anglatadi, bir ehtimollik bilan

m

Qw: X{"(w) € By,... X[V (w) € Bp/X™) = [[ Pu(Bi), BieB, k=Tm  (3)
k=1

(3) tenglik bilan aniqlanadigan (Xl("), X )) = Y, statistik tanlanma butstrep tanlanma

deb ataladi. Odatda m = m(n) va n tanlanma hajmlaridan
0 < lim inf <E> < lim sup (T> < 00 (4)

n—00 n n—o0 n
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shart talab qilinadi [1, 4] (masalan m = n deb tanlash mumkin). Butstrep tanlanmasining
tagsimot funksiyasi £}, (t) bo‘lganligi sababli Y,\") ni statistik modellash usulida tuzish mumkin.

0 =W (X LX)

m

orqali # uchun butstrep bahoni belgilab olamiz. ¢, ning tagsimot funksiyasini G*(y) = P(yﬁ,? )

0r,. < y/X™) orqali belgilab olib, uni baholashni quyidagi Efron taklif etgan uchta qadamlarda
amalga oshiramiz:

1-qadam: X tanlanma orqali Fn(t) bahoni qurib olamiz;

2-gadam: Berilgan m = 1,...M lar uchun F), tagsimotga ega bo‘lgan (Xl(n), s Xfff)) =

v, butstrep tanlanmalarni va ular orqali esa 6 uchun 6 = butstrep baholarni qurib olamiz;

3-qadam: G* ni baholash uchun v, orqali emperik bahoni quramiz:

Cialr) = 77 G <)

m=1

Biz M* orqali G* tagsimotga nisbatan hisoblangan matematik kutilmani belgilab olib,
B, = M0, . —0,,
D, = D*0;,, = M*(0,,, — M"0;,,)*,

lar orqali 6, butstrep bahoning siljish kattaligi va dispersiyalarini kiritamiz. Bu
xarakteristikalarni G, empirik tagsimot yordamida baholaymiz:

Butstrep baholar uchun limit teoremalar.

Aytaylik, X™ = (Xi,...,X,,) statistik tanlanma noma’lum F taqsimotga ega bo‘lgan
bo‘sh to‘plamdan olingan bolib, Y* = (X7,..., X*) esa X(™ dan tuzilgan butstrep tanlanma
bo‘lsin. F' ga mos o‘rta giymat va dispersiyalarni kiritamiz:

o0

0=0(F)= /:vdF(x),

—00
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0 va o2 parametrlarni mos ravishda

1 n
-1y
n
k=1
» 1 ¥\ 2
== (X —X),
.
tanlanma o‘rta arifmetik qiymat va dispersiyalar bilan baholash tabiiydir. U holda markaziy
limit teoremaga asosan
VX, —0) n

g =Y BN, 1),

S, n—o0

xossalari o‘rganilgan. Eslatib o‘tamiz Y,; butstrep tanlanma tagsimoti E, empirik tagsimotdir.
X tanlanmaga mos butstrep tanlanma dispersiyani

e 1 &
_m;

hamda &,, ning butstrep anologlarini

kiritamiz.

Teorema 1 [1] X1, Xo, ... tasodifiy migdorlar ketma-ketligi chekli musbat dispersiya o
ga ega bo‘lsin: 0 < 0% < 0o. U holda n,m — oo da deyarli barcha tanlanmalar uchun /m(X}, —
X,,) ning berilgan X1, Xy, ..., X,, lardagi shartli tagsimoti N(0,0?) ga intiladi. Bundan tashqari,
shartli ehtimollik bilan S, — o, ya’'ni bir ehtimollik bilan ixtiyoriy € > 0 uchun:

lim P(|S;, —o|>¢/X1,....,X,)=0.

7,1M—+00

Demak, 1-teoremadan

vm(Xr —X,) 2 N@0,52) £ N(,5?).

m
n—oo n—o0

Bundan esan,m — oo da ¢, va ¢}, tasodifiy miqdorlar ketma-ketliklarining limit tagsimoti
yagona N (0, 1) ekani kelib chigadi.
Endi oddiy empirik tagsimot funksiya va uning butstrep analogini

1 m
*_E (Xp<t), teR (5)
mk:
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kiritamiz. Bu empirik taqgsimotlar yordamida empirik jarayon
wn(t) = Vi(Fo(t) = F(t))

va butstrep empirik jarayonlarni

A

wa(t) = Vm(F;(t) = Fu(t))

tuzib olamiz. Matematik statistikaning noparametrik nazariyasidan ma’lumki [3], w,(t)
tasodifiy jarayon n — oo “Broun ko‘prigi” deb ataluvchi Gauss jarayoni B(F'(t)) ga kuchsiz
yaqinlashadi:

wa(t) 2 B(F(t), teR (6)

n—oo

bu yerda {B(y),0 <y < 1} o‘rta giymati nol (M B(y) = 0) va kovariyatsiyasi

MB(y1)B(y2) = min(y1, y2) — t1ye, Y1, y2 € [0,1]

formula bilan aniglanadi. Bu (6) da’voning butstrep jarayon uchun analogi [1] da isbotlangandir.

Teorema 2 [1]. Deyarli barcha tanlanma ketma-ketliklar X1, Xa, ... uchun wp,,(t) butstrep
empirik jarayonning X1, Xo, ..., X,, lar berilganidagi shartli tagsimotlari n,m — oo da B(F(t))
ga kuchsiz yaqinlashadi:

{wam(®) /X1, ... X} 2 B(F(t)), teR. (7)

n — 0o
m — o0

(7) munosabatdan hususan butstrep F,,(t) bahoning asosliligi ham kelib chiqadi: Ve > 0 uchun

lim P( sup |F,(t)—F(@)]>¢/X1,....X,) =0. (8)
n,m—=00  _co<t<oo
Bundan tashqari, (7) da’vo yordamida noma’lum taqsimot funksiya F(¢) uchun asimptotik
ishonch oralig'ini tuzish mumukin. Empirik tagsimot F,(t) va berilgan a € (0,1) son uchun
C,(F,) ni butstrep tagsimotidan shunday tanlaymizki (m = n uchun):

lim P{\/n sup

n
n—o0 —oo<t<oo

Fit) = Full)] < CulBu0)/ X, s Xa)} = 1= 6 )
munosabat bajarilsin. U holda (9) ga asosan

lim P{/n sup
n—oo

—oo<t<oo

B t) — F(t)’ <C(E)y=1—a. (10)

Demak, yetarlicha katta n larda (10) dan 1 — a ehtimollik bilan quyidagi tengsizlik bajariladi:

Vn

Eot) = F()| < Culh, te R,

ya'ni

teR (11)
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(11) dan noma’lum F'(¢) uchun 1 — a satxdagi asimptotik ishonch oralig‘i quyidagicha

(Fn(t) _ Oul) B () + C”<F”)>

vn Vn

ekan. Shuni ta’kidlab o‘tamizki,
Cn<Fn) n—i}oo ﬁlfaa

bu yerda f;_, soni sup |B(y)| tasodifiy miqdorning 1 — a satxdagi kvantilidir
0<y<1

P( sup |B<y>|s51_a)zp(sup \B<y>|ﬁl_a):1—a.

—oo<t<oo 0<y<1
Xulosa va takliflar (Conclusion/Recommendations).

Ushbu magqgolada noma’lum parametrlarni statistik baholashning butstrep usuli va uning qanday
hosil qilish ketma-ketligi o‘'rganilgan. Butstrep usulining boshqa baholash usullaridan afzalliklari
keltirilgan. Noma’lum xarakteristikalar uchun ishonch oraligqlari qurish masalalari ham tahlil
gilingan. Bundan tashqari, butstrep baholari uchun limit teoremalar ham tadqiq qilingan.
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PE3IOME

O1eHKH, TOCTPOEHHBIE C HUCIIOJIb30BAaHUEM MeToja OyTcTperra, 00/IaJai0T MHOTTMI
XOPOIIMMHU CBOMCTBaMu. B MaTeMaTuvuecKoil cTaTUCTUKE TOYHbIE WJIM IIPeJIe/bHbIe
pacIpejieJIeHus OIeHOK, IOCTPOEHHBIE ¢ UCIOJIb30BaHNEM MHOTUX METOJIOB OIEHKH,
3aBUCAT OT HEU3BECTHOT'O pPaCIIpeje/IeHns COBOKYIIHOCTHU, YTO 3ATPY/IHSET UX HUC-
moJib3oBaHue Ha rnmpakTuke. OIEeHKH, TOCTPOEHHBIE ¢ TTIOMOIIBIO U3yYaeMOr0 B CTATHE
MeTojia OyTcTpelna, JIMIMIEHbI MOJ00HBIX HEJO0CTATKOB M MOTYT IITHPOKO HCIIOJIB30-
BaThCS ITPU TTOCTPOEHUH JIOBEPUTEIbHBIX HHTEPBAJIOB JIjIsI HEM3BECTHBIX XapaKTepHh-
cruk. Kpome Toro, B cTarhe paccMaTpUBAIOTCs MIPeJe/bHbIe TeOPEMbl JIjIsl OIEHOK,
IIOCTPOEHHBIX METOJIOM OyTCTperia.

Karoueswvie caosa: MaremaTrndeckas CTATUCTUKA, OyTCTPEI-METO, CTATUCTUAYC-
CKasl OIEHKA, JOBEePUTEIbHbIE MHTEPBAJIbI, SIMIINPUIECKOE PACIIPEIe/IeHIE, TIPEe/Ie /b
HBIE TEOPEMBI.

RESUME

Estimates constructed using the bootstrap method have many good properties. In
mathematical statistics, the exact or limit distributions of estimates constructed
using many estimation methods depend on the unknown distribution of the
population, making them difficult to use in practice. Estimates constructed by
the bootstrap method studied in this article are free of such shortcomings, and
they can be widely used in the construction of confidence intervals for unknown
characteristics. In addition, the article examines limit theorems for estimates
constructed by the bootstrap method.

Key words: Mathematical statistics, bootstrap method, statistical estimation,
confidence intervals, empirical distribution, limit theorems.
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UDC 517.55

A(2)-ANALYTIC FUNCTIONS IN NON-CONVEX DOMAINS
N.R.Turdieva. D.N.Oltiboyev * *

RESUME

In this paper, we study A(z)-analytic functions in non-convex domains. In
particular, we prove an analogue of Cauchy integral formula for A(z)-analytic
functions in non-convex domains.

Keywords: A(z)-analytic functions, Cauchy integral formula, Beltrami
equation.

Nowadays, the class of A(z)-analytic functions studied deeply and develops rapidly.
Mainly, A(z)-analytic functions are well studied in convex domains (see [1|). However, we
can see that properties of A(z)-analytic functions are distinguished in convex and non convex
domains (see [2]). The applications of the A-analytic functions we can see in mechanics, geology,
medicine, particularly, in the problems of tomography. In this paper considered A(z)-analytic
functions in case when A(z) is anti-analytic function.

Let us see the following Beltrami equation

f2(2) = A(2) f(2) (1)
where the function A(z) is in general assumed to be measurable with |A(z)] < C' < 1 almost

everywhere in the domain D C C. Solutions of equation (1) are often referred to as A(z)-analytic
functions.

Let A(z) be anti-analytic, 0A = 0 in D C C such that |A(z)| < C < 1,Vz € D. We put

0 — 0
DA = & —A(Z)g
_ 0 0
DA = % —A(Z)&

According to (1) the class of A(z)-analytic functions f € O4(D) characterized by the fact that
Daf =0, i.e. the class of A(z)-analytic functions are the solutions of the Beltrami equation.

Let D C C be a convex domain and A(z) is anti-analytic function in D, with |A(z)| <
C < 1. Fix z5 € D. We consider the function

1 1

K(z,6) = — .
(2.€) 2mi oz — 29 + fv(

A(T)dr

ZO,Z)
where 7 (z, z9) is a smooth curve which connects the points z, zo € D. This function posses the
following properties (see [3]):

1. K(z)is a A(z)-analytic function in D.

“N.R.Turdieva. — National university of Uzbekistan, nrturdieva@gmail.com
“D.N.Oltiboyev. — National university of Uzbekistan, davrbek.oltiboyev@gmail.com
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2. For any € > 0 with {|z — 29| = ¢} CC D we have

/|— KG)= + ARE) =1

The integral f’Y(ZO 2 A(7)dr defines an invertible analytic function in D, where 7 (z, 2o)
is a smooth curve which connects the points z,zy € D. Since the domain is simply connected

and the function A(z) holomorphic, then the integral I(z) = fW(ZO 2 A(7)dr does not depend

on a path of integration and I'(z) = A(z). If D is convex domain then z, is unique zero of the
following function (see [1])

V(z,20) =2 — 20+ / A(r)dr,z0 € D (2)

v(20,%2)

In fact, if [zo, 2] is a segment which connects the points zg, 2 € D, then

z— 2o+ / A(T)dr = 2 — 20 + A(r)dr
~(20,2) [20,7]

and since |A(z)| < C < 1 we can see that the unique zero of the function (2) will be simple.

Theorem 1 (see [1]). If a function A(z) belongs to the class of m-smooth functions
(A(z) € C™(D)), then every solution f of the equation (1) also belongs to the class, i.e. f €
c™(D).

Since, anti-analytic function is infinitly smooth, then Theorem 1 implies that O4(D) C
C>(D).

Next example shows that, if D is not convex, then the function 1 (z, zg) may have addition
zeros in D.

Example 2. Let

1 3
D:{§<|z|<2,—£<argz<§}, zo=1

and A(z) = —# is the branch of {/z withs/1 = 1. We are going to show that 1(z,1) = 0 has

o1 i
two solutions in D. Indeed, v/z = (re=%)3 = rie’, —2 < p=argz < ¥ It is casy to sce that

|A(2)|p < % <1 and

3/
72

2
P(z,1 :z—l—/ ——dT =2 —
&1) 7(113)3\3/F

Solutions of the equation ¥(z,1) = 0 are z; = 1,25 = 6%723 = 0, but 0 is not in D.

6mi

Hence this equation has two solutions in D, i.e. ¥(1,1) = 0 and ¢ (eT, 1> =0.

The example shows that zeros of the function (1) may not be unique, if D is not convex.
The next theorem shows the relation between zeros of the function .
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Proposition 2. If zy, 21, 23 . . .. are the zeros of the function 1 (z, zg), then we have

V(z,20) =Y (2,29) = ... ..
Proof. We know that zy be a zero of (1). Let z; be another zero of (1), then

V(z,20) =2— 20+ / A(r)dr

7(20,2)

=z—xnt+xm -2+ / A(r)dr + / A(r)dr =
72(2172)

71 (20,21)

zw(zl,zo)qu—zl—i—/ A(T)dT = (2, 21) .

’Y(zlvz)
Consequently, we have ¥ (21, z9) = 0.

Theorem 3. Let D C C be a simply connected domain and A(z) is an anti-analytic
function with |A(z)] < C < 1. Let P C D is a set of isolated zeros of ¥ (z, 2zy) , z9 € P. Thenwe
have

a) If 21,29 are two disjoint zeros of function (2), then [z1, z3] segment does not completely
belong to D, i.e. [z1,22] N D # [z1, 29].

b) Each z' € P is simple zero point of ¥ (z, zg).

Proof. a). We assume, by contradiction, that z, zo are two disjoint zeros of function (2)
and [z1, 22] N D = [z, 25]. We have

0=1(292,20) =220 — 20 + / A(T)dT =20 — 21+ 21 — 20 + / A(r)dr + / A(r)dr =
71 (20,21) 72(21,22)

7(20,22)

:1/1(21720)4‘22—21-1-/

Y2(21,22)

A(T)dr = 25 — 21 + / A(T)dr

Y2(21,22)

On the other hand

>

22—21+/ A(T)dT 2|22—2’1|— :|2’2—21|—
Y2(21,22)

/ A(r)dr / A(r)dr
v2(21,22) [21,22]

/ dr
[#1,22]

This is a contradiction. So it implies that the segment [z;, 2] which connects two zeros of
function 1) (z, z9) does not completely belong to D i.e. [z1, 2] N D # [z1, 22].

> |29 — 21| — ¢ =(1—=¢)|za—21]|>0

Let us know prove b). We know that z is simple zero of (2). Let 21 is another zero of (2).
Then v (2, 29) = ¥ (2,21) by Theorem 1 . This means z; also will be simple zero of (2). Proof
is complete/
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Corollary. Arbitrary convex subdomain G C D consist only one zero of 1 (z, zp).

If G C D is convex subdomain with piecewise smooth boundary G, then for any function
f(2) € O4(G) N C(G) it is true the following Cauchy formula (see [1])

f2) = | K(&2)f(§)(dE+ A()dS), z€G (5)

oG

o L . 1 . . . .
where K(z2,§) = 5= P Y is kernel function and (&, z) is a smooth curve which

connects the points &,z € D.
We prove a generalization of (5) for the case, when G is not convex.

Theorem 4 (Cauchy formula). Let D C C be an arbitrary simply connected domain
and G C D be a subdomain, with piecewise smooth boundary 0G, and A(z) be anti-analytic
function in D with |A(z)] < C < 1. We assume that there are no zeros of ¥ (z,29) on OG. Let
p > 0 be arbitrary small such that U (z;,p) CC G and U (2, p) N U (zj,p) = @, i # j, where
2,7 = 1,n are simple poles of the function K((,z). If 20 = 21,22, .. .. , zn all zeros of ¥ (z, zp)
in the subdomain G, then for any function f € O4(G) N C(G) we have

FOK(C, 2)(d¢ + A(¢)dC) = Z f(z) (6)

oG

Proof. We take arbitrary small p > 0 such that U (z;, p) CC G and U (2, p) NU (2, p) =
@, for © # j. By the generalization of the Cauchy theorem, we have

/ FOR (G A + AQT) = 0.
AG\UF_U(z5.p))

So it follows that

[ HOR(C )+ AT = Z / QK (65) (e + AQT)
—2j p
By using the second property of the function K((, z) we have
| TR () [ AT = £ (2
zj|=p

Since f € O4(G) N C(G) we have that for arbitrary small ¢ > 0 there exists § > 0 such
that at |( — z;| = p < 0 we have next inequality

f(Q) = f(z)l<e
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It implies that

[ HOK @) e+ AT ~ £ (2)

IC—z;]=p

- ‘ [ O @)W AQT) ~ [ Fla) K G2 [+ AQT)

<€

/l< |- (f@) —f (ZJ)) K (C»Zj) (dC + A(C)d_C)

by letting, € — 0 we obtain (6). The proof is complete.

The following description will help to find out more about the class of A(z)—analytic
functions in non convex domains.

Definition. Let D be a bounded domain and 0D = U?:1 v;. Let D; CC C are bounded
domains with D; = ~;,7 = 1,n. We say that D is almost convez if U?:1 D; s convex.

Example 2. Let D = {r < |z| < R},r > 1 and A(z) = 2,k > 2, where A(z) satisfies
the condition |A(z)| < C' < 1. We are going to show that the zero zy of the following function

w(z,zo):z—zo—i-/ %dT (2)

is unique in D. To show this we need to do some calculations as below

b (2 20) +f—1d Loy A i
Z,20) =2— % —dr=2z—=z - | =z-z _ —
’ T TR, T TEF D (kD
oyt 5—k+1 B gkt R 1 B 1 _
(—k+1) (=k+1) Pl (—k+1) 2N (—k+1)
5 k—1 5—k—1 k=1 _ s—k—1
:Z_ZO+ ZO i —Zo+ ZO “ :0

Ck+ 1) () (Ch+ D) ()l (—k+1)(z2)"

By moving the second expression to the right side of equality, we take the following

(Z-m) Yoz "7

Zz — 20 =
(k-1 ()
By assuming z # 2, we have
- P k—2
- <0 —\k—1 ——k—2—j=J
U RO DEas

Now we take the absolute value of both sides of the equation and specify this by B

k—2

Z— 20 k-1 —k—2—j= j

B=|—— -(k—l)-‘(zzo) ‘: E ZNTE 7y
(z—72) =
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We will estimate the right side of equality from above

k—2 k—
St < Yl < Z 211 5l Z = (- 1)z
j=0 =0
From the other side,
zZ— 20

b= = (k—1)[z="" (7)

(k= 1)- |(zz)"

5

i.e. by estimation which we have done above and by equality (7) we take B < B, but it is
impossible, contradiction. This means that z = z, is unique zero of the function (2).

We conjecture that if D is an almost convex domain, then the function (1) has unique
zero in D.
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REZYUME

Ushbu maqolada qavariq bo‘lmagan sohalardagi A(z)-analitik funksiyalar
o‘rganilgan. Xususan, qavariq bo‘lmagan sohalardagi A(z)-analitik funksiyalar
uchun Koshining integral formulasining analogi isbotlangan.

Kalit so‘zlar: A(z)-analitik funksiyalar, Koshining integral formulasi, Beltrami
tenglamasi.

PE3IOME

B jannoit crathe Mbl msydaem A(z)-aHasuTmdeckue (DYHKIUH B HEKOHBEKCHBIX
obmacrax. B wacrHocTu, Mbl jokasbiBaeMm anasor dopmysabel Komun s A(z)-
AHAJTUTUIECKUX (PYHKINI B HEKOHBEKCHBIX 00JIACTSIX.

Karuesvie caosa: A(z)-anarumuveckue pynruuu, gopmyasa Kowu, ypasnerue
Beavmpamu.
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O HEKOTOPBIX IIOAIIPOCTPAHCTBAX ABJIAIOIIINXCA
MHOTI'OOBPA3USAMUI PA3JINYHON PASMEPHOCTU ITIPOCTPAHCTBA
P(X) BEPOATHOCTHBIX MEP.

Kypaes T. ®., " Typcynosa 3. O. "

PESIOME

B jnanHOil crarbe paccmarpuBas npocrpancTBa P(X) Bcex BEpOATHOCTHBIX Mep
onpejieJIEeHHOe METPUYECKOM KOMITaKTe X, BBIJEIdeM PsiJi Pa3/INYHBbIX I'€OMeTPH-
YeCKUX MHOTroobpa3uii KOHe4YHO! M OeCKOHEYHON Pa3MEPHOCTH.

Kaouesvle caosa: MHOTOOOpasusd, 4 - MHOXKECTBO, PA3MEPHOCTD, IIEHII, peTpaK-
s, J1ebOpMaAIMOHHBINA PETPAKT, CUJIBHO JePOPMAaIMOHHBIN PETPAKT..

®ynkropom P BepositHOCTHBIX Mep, mpocTpancTBoM P(X) Bcex BEpOATHOCTHBIX Mep U
€ro MOJIIPOCTPAHCTBAMHU OIPEJIEJIEHHBIX METPUIECKOM KOMITaKTe X, MOXKHO O3HAKOMUTHCS B
paborax [1 — 6].

HamomMHamM, 9T0 TOIOIOrTYECKOe MPOCTPpaHCTBa X HA3bIBAETCS MHOINOOOPA3UeM, MOJIEIH-
pPOBaHHOM Ha mpocTpaHcTBe Y mim Y- MHOrOOGpasueM (7], eciin BCsKas TOYKA MPOCTPAHCTBA
X mMeer OKpPeCTHOCTDh, TOMEOMOP(HYIO OTKPBITOMY MOJMHOYKECTBY IIPOCTPAHCTBA Y .

Q= TI:2,[-1,1]; rmmbepros ky6, W= = {(g9;,) € Q : gi = £1} i— as rpamb Kyba Q,
BdQ = |J2, Wi - ncepnorpanmma ky6a Q, a S =Q \ BdQ mncesioBHyTpeHHOCTD Kyba Q.

Ussecrno, uro S = [[2,(—1,1);u S ~ RX[9]. CienoBaresbHo, Iy - rHILOEPTOBO IPOCTPAH-
crBo romeoMopduo S u RXo, Y — jmueiinas o6osouka crangapraoro kupimda Q = [0 [0, 2%]
B I'mJIbOEPTOBOM IPOCTPAHCTBE [y; depe3 lg wim o 00603HAYAETCd JIMHEITHOE TOIITPOCTPAHCTBO
[IPOCTPAHCTBA lp, COCTOsIINEE U3 BCEX TOYEK JIUITh KOHETHOE YUCJIO KOOPIUHAT KOTOPBIX OTIHY-
Ho ot mynd, a Qf - moampocrpamcTBo rmILbepTOBa Kyba (Q, cocTodmmee n3 BeeX TOUEK JIHIIDL
KOHEYHOE YUCJI0 KOOPMHAT KOTOPBIX OTJIMIHO OT HyJsisd. Hepes rintQobo3Havdaercs: pajuaibHast
BHYTPEHHOCTB TuibbepToBa Kyba ( cocrosmmii u3 Touek {x = (x,) € Q;|z,| < t < 1,4; s
Bcex n € N}.

W3BecTHO, 9TO 0 ~ l{ ~ Q/, a Y — romeomopdno rintQ. Ouesmano, aro rintQ ~ BdQ
u BdQ ~>".

UsBectHo, uro nmpoctpancTBa Q, > ¥ ly CHIIbHO GECKOHETHOMEPHBI, & ITPOCTPAHCTBA l{ , 0
1 Q7 c1ab0 GeCKOHEUHOMEDHBI U BCE 3TU HPOCTPAHCTBA OJIHOPOIHBIL.

Crnenys no [8], o - Z - mHOXKecTBO (cueTHOE OOBEUHEHNE Z — MHOKECTB) B rujibbeproBa
Kyba () Ha3BIBAIOT IPAHIUIHBIM MHO)KecTBOM B (Q (0oboznavaercs, depe3 B(Q)), eciau Q\B =~ Iy
MmuozxkectBo A C X mpocrpancTBa X Ha3bIBAETCS 4 —MHOMXKECTBO B X, ec/in JiJIst JTI060TO
e > 0 cymecryer Takoe orobpaxkenusi f: X — X, aro p(f(z),z) < & st oboro x € X [9].
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Boistee obmmm 06pas3oM, rpaHUIHBIM MHOXKECTBOM B () - MHOroobpasum Ha3bIBAlOT 0- Z
MHOYKECTBO, JIOMOJTHEHIE JI0 KOTOPOTO SIBJIAETCS lo- MHOTOOOpa3neM.

U3 BhIlIIe TPUBEJICHHOTO CJIe/IyeT, 9To TceBaorpanuiia Bd(Q), ruinbeproBa Kybda () - saBiis-
eTCsl er0 'PAHUIHBIM MHOYKECTBOM.

Teopema 1. Jlas 106020 cobcmeennozo 3amkHymoz0 noommoxcecmea A € expX becko-
newrozo komnaxma X nodnpocmpancmeo P(A) npenebpesrcumo 6 Sy(A)

Zloxazameasvcmeo. Ilycte X Geckoneunsiit komnakt u A € expX, A # X. Uckomyro
romorommio h(p,t) : Sy(A) x [0,1] = S,(A) mocrponm nosoras h(pu,t) = (1 — t)u + tug, Tre
o € Sp(A\P(A), supppo N A =0 re. supppy C X\A.

Ecmm t =0, o h(j,0) = (1 = 0)pu 4+ 0 - po = p 1. h(p1,0) = idg, a)

Ecmu t>0, To h(u,t) = (1 —t)u + tpug€P(A) tak Kak upu t>0 muoxectBo supph(f,t) co-
JEPKUT TOUEK He IpuHagyieskaeit muoxkectsy A r.e.h(u, (0,1]) C S,(A)\P(A). D10 o3nauaer,
aro P(A) npenebpexumo B S,(A) nmm P(A) ects Z- muoxecrso B S,(A). W

[y — MHOTOOOpAa3MUs.

B pab6ote [1] 6pu10 J0Ka3aHO, UTO Jyist JIIOOOr0 COGCTBEHHOIO MOAMHO)KecTBa A € expX
OecKoHedHoro KoMmakTa X mpoctpatctso S,(A)romeoMopdno ruan0epToBOMy IIPOCTPAHCTBY
ly Te. Sp(A) ~ Is.

SHAUUT, BEPHO CJIELYIOIAsT

Teopema 2. /[aa pasiuunvix aw0bvx cobecmseennvir nodmuooscecmse A € expX u B €
expX, nodnpocmpancmea Sy(A) u S,(B) 2omeomoppnov. m.e. Sp(A) ~ Sp(A).

CaencrBue 1. s 100X pasIHYIHBIX COOCTBEHHBIX mOaMHOKeCTB A € expX u B €
expX mogmpocrpancTsa Sy(A)u Sy,(A)uMeeT 0INHAKOBBI NOMOTOIMYECKHUIT THIL.

B pabore [2] mmeercs ciepytomiast: 060t KoMmakT Y JiexKaruii B rub0epToBOM Ipo-
CTpaHCTBe [y TpeHeOpeKUMO T.e. Iy \Y ~ [y

N3 sToro dakta u Teopembl 1-2 mosrydaem

CrnencrBue 2. /st g100bIX Pa3JIMIHBIX COOCTBEHHBIX MOAMHOXKeCTB A € expX u B €
expX mommpocrpamctsa S,(A)\P(A) u S,(B)\P(B) romeoMOpdHBI ¥ ©X TOMOTOIIYIECKHUIT TUII
OJIMHAKOBO.

B pabore [3] umeercs ciemyromast:

Teopema 3 [3]. Ecau X - noanoe cenapobosvroe mempusyemoe npocmparcmeo mo npo-
ussedenue X X ly aeasemcsa ly - mroz006pasuem mozda u moavko moezda, xkoz2da X ecmv ANR
nPOCMPaHCMEO0.

WsBecTHO, 9TO Aj1s1 J1I0O00OT0 COOCTBEHHOTO IMOAMHOXKecTBa A € expX ITOAMHOXKECTBA
P(A) € AR. Ecmu |A| < n, 10 P, ,-1(A) = Po(A)\P,—1(A) romeoMopdHO eBKINIOBOMY IIPO-
crpancTey R !

B cuiy stux dakToB u TeopeMs! [3] mosryuum

Teopema 4. /[as a0bo20 cobecmeennozo nodmmosrcecmsea A € expX OeCKOHEUH020 KOM-
naxma X npoussedernue P(A) x S,(A) eomeomoppro ly, 6 wacmnocmu, ecau A < n, mo
Pyn1(A) x Py(A) >~ 1.

NzBectHO, 9TO eciu A € expX cOOCTBEHHOE MOIMHOXKECTBO KOMIIAKTa OECKOHETHOTO KOM-
nakTa X, To nognpocrpanctso P, (A) o - kommakTHo 1 AR — IpOCTPAaHCTBO, B 9aCTHOM CJIydae,
A = X. Torga B cuty Teopemsl [3] mosrydaem
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Teopema 5. /Jlas a100020 cobemeenmnozo nodmmoocecmea A € expX beckoHewH020 KOM-
naxma X, npouzseedenus P,(A) x S,(A)zomeomopdro ly. B wacmmnom, cayuae P,,(X) X Sp(A) ~
lg.

Caexncrsue 3. [lycts A € expX u B € expX u X 6eckoneunbriit kommakT. Torma (P(A)U
P(B)) x S,(AUB) ~ Sp(AU B).

B pa6ore [1] 66110 moKazano, uro P, (X) ecTh rpaHUYHOE MHOYKECTBO TMJIbOEpTOBa KyOa
P(X) ~ Qre. P(X)\P,(X) ~ B(Q).

B cuny storo daxTa MoxKeM yTBEPKIATD.

Teopema 6. /[aa 106020 A € expX cobcmeeno2o nooMHoNCeCmEa DECKOHEYH020 KOM-
naxma X umeem mecmo (P(X)\P,(X)) x S,(A) ~ Iy, 6 wacmuom, cayuae: P(X)\P,(X) ~
Sp(A).

Nwmeercs coreayronuii pe3yinbTaTh OTHOCSIINUXCS o - MHOrooOpasusim.: [Ipocrparcrso X
ecTb [y - MHOTOOOPa3MsI, TOTIa U TOJBKO TOIJIA, KOTla X OTKPBITO BJIOXKEHO B [s.

Ecim AC B, A€expXuB €expX A# B. Au cobcTBEHHO B OECKOHETHOM KOMITAKTE
X, To umeer Mmecto ciegytommue S,(A) C Sa(B). Sp(A) ~ 1y ~ S,(B), To S,(B)\S,(A)orkpsiro
B S,(B).

Bnaunt, noampocrpanctso Sy(B)\S,(A) ects Iy - MuOroobpasus. B cmiy BbImykIocTH
Sp(B)\Sp(A) romeomopdno Iy e. S,(B)\S,(A) =~ Iy

N Tak BepHoO:

CaencrBue 4. /s m00bIX COOCTBEHHBIX Pa3JIMYHBLIX HmoaMHOKeCTB A € expX u B €
expX Oeckoreunoro kommakTa X, noanpocrpancTso S,(A)\S,(B) romeomopduo ls.

BameTnMm, 4TO B ycjaoBusaX cieactsus 4, mogmpocrpanctso Sy,(A)\S,(B)Bciogy mior-
uol B P(X) u S,(A) N S,(B) toxke Beiomy miorano B P(X). C apyroit cTOpoHBI BepHO
pasenctso: P(X)\(Sp(A) N.5,(B)) = (P(X)\S,(A)) U (P(X)\S,(B)) = Bd(Q)U B(Q) = B(Q)
- rpannvHOe MHOXKecTBa Kyba P(X) ~ Q.

Bepno crienyiomas

CaencrBue 5. B ycnosusix ciencrsust 4, moamnpocrpanctso S,(A) NS, (B) romeomopdno
ly me. Sp(A) N Sy(B) =~ s.

Q - MmHOTOOOpAa3UH.

IIycts X GeckoneuHblii kKommakT. 3BecTHO, UTO J110060€ OTKPBITOE MOAMHOYKECTBO I'MJIb-
6eproBa Kyba Qectb () - MHOrOOOpa3us.

Ecim A m B pasimunble cobcrBenHble moamuoxkectBa A € expX m B € expX, TO
P(X)\P(A) u P(X)\P(B)orkpsitsel B P(X). me. P(X)\P(A) u P(X)\P(B) — Q— muOro-
obpazus

Nmeerca caenytomas: JIBa Q- MHOrOOOpasust roMeoMOPdHBI TOT/Ia U TOJIBKO TOT/Ia, KOT/Ia
OHU UMEET OJIMHOKOBBIN TOMOTONNYECKUil Tull [3].

Bepno cienyromas
Teopema 7. Jlasa mo06vix passuvnvir coocmeennvixr nodmmoocecms A € expX u B € expX

komnarma X nodnpocmpancmeo P(X)\P(A) u P(X)\P(B) zomeomopgnoi, credosamervro
umeem 00UHOKOBIT 20MOMONUNECKUT TRUN.

N3 tpuanrynasgpumoct ( - MHOrooOpa3usi HMeeM:
CaeacrBue 6. s 1100010 3aMKHYTOTO COOCTBEHHOIO HE OJHOTOYETHOIOTO IIOIMHOMKE-
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crBa A € expX, beckoreunoro komakra X npousseenust P(A) x P(X)romeomopduo Q.

Nmeerca crenyromast: [Ipocrpancrso X ects Q - MHOroo6pasnst Torja n TOJIBKO TOL/IA,
Koryia X OTKPBITO BJIOZKeHO B Q[3].

CaenctBue 7. B ycnosusix ciencrsus 6, nognpocrpancrso P(X )\ P(A)MOXKHO OTKPBITO
BJ0KUTh B P(X).

B wacrtroM, ciyuae, nognpocrpanctso (P(X)\P(A)) x [0,1) Toke MOXKIHO OTKDPBITO BJIO-
x)uth B P(X)[10].

Nnmeercs crepyromast: Q - MHOroobpasust X; u XouMeeT ojiuH U TOT YKe FOMOTOIMYECKUii
THII, TOIJa U TOJIBKO Torja, korga Xi X [0,1) o~ Xy x [0,1) [10].

Teopema 8. Jlasa 110061 pa3AUMHE HEOOHOMOYEUHOIT COOCMGEHHBIT NOOMHONCECTNE
A € expX u B € expX nodnpocmpancmeo P(X)\P(A) u P(X)\P(B) umeem odunaxo-
6wl 2omomonuueckut mun u (P(X)\P(A)) x [0,1) 2omeomoppro (P(X)\P(B)) x [0,1)m.e.
(PXONP(A)) x [0,1) = (P(X)\P(B)) x [0,1)

Ecrm AC X u A= A, to P(A)ects AR KoMITakT.

Bepno cienytorasi:

CaencrBus 8. /st 11060ro cOOCTBEHHOIO HEOHOTOYEUHOTOr0 HoAMHOXKecTBa A € expX
npousseserust P(A) x P(X)romeomopduo P(X). Te. P(A) x P(X) ~ Q.

CaencrBue 9. /15 1106010 cOOCTBEHHOIO HEOIHOTOYEIHOTOr0 MOAMHO)KecTBa A € expX
npoussesenust (P(X)\P(A)) x P(X) romeomopduo Q- muoroobpasuto. r.e. P(A) x P(X) =~
Q % [0,1)

CaencrBue 10. [Iasa 1r060ro co6CTBEHHOIO HEOSHOTOUETHOIOTO IIOJMHOXKECTBa A €
expX npomssegenns P, (A) x P(X) romeomopduo ) .

NsBectno, uro juis moboro n € N unpocrpancrsa P, (X), Pr(X)ects Z - MHOXKECTBO B
P(X)[1].

st 100BIX OECKOHEYHBIX KOMIIAKTOB X U Y, COOCTBEHHBIX HEOJIHOTOYEUHBIX IOJIMHO-
xecTB A € expX, B € expY, HaTypaJbHOrO 4ucia n € NMOXKeM yTBep:KIaTh

Teopema 9. Jlas mobvix cobcmsernvr Heodnomovweunvx noommosncecms A € expX, B €
expYu n € N nodnpocmpancmea:

P(X)\P,(X) ~ P(Y)\P,.(Y) 2omeomopgroi;
P(X)\P(4) ~ P(Y)\P(B):
POO\PS(X) = POO\P,(Y):
P(X)\P,(A) = P(Y)\Pu(B);

Nssectno, uro ShX = ShYrightarrowShPs(X) = ShPp(Y) [6] u as mo6bIx GeCKOHETHBIX
komakToB X u Y nmeer mecro: P(X)\0(X) ~ P(X)\Pr(X) [6].

1. U cobcrBeHHOE OTKPBITOE MOJIMHOZKECTBO OECKOHETHOIO KOMIAKTa X, T0 Sy,(U) - Q Mo-
roobpasusi;

2. Jlast mro6bIX cOOCTBEHHBIX OTKPBITHIX HoaMHOXKecTB Uy u Uy € Tx

Sp(Ur) N'S,(Us) ects Q - mHOr00Opasust;
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1. U; - orkpsiro u cobersenno B X, 1o U; # X tae () U; = A— 3amkuyro, 10 (o, Sp(Us) =~

n=1
la;
2. N, Sp(U;)—orkpsito B P(X), Torna | J;~, S,(U;)— Q - mMuorooGpasus;

lg WJIn 0 - MHOroobpas3us

Ecimm X GeckoHeYHBINT KOMIIAKT pasMepHocTH HOJb T.e. dim X = 0.

1. Py(X)C P(X) 10, Py(X) ~0;
2. P,(X)\P,(X) romeomopdHo o;

3. X b6eckoneunblii kKommakT A C X ero cobcTBeHHOE BCIOJY ILJIOTHOE CYETHOE IMOIMHOKE-
crBo, Torga P,(A) romeomopduo o u P(A) romeomopduo 0

4. Ecrm X xommakT u dim X < n, Torma P,(X) ~ 0; Ecm U C X, U - orkpbito, U = X
P,(U)~c

>~ — MHOroobpasusi
X - 6eckoneunsiit kommakt. U C X,U # X, U = X

1. P(U) ~ >, U— GeCcKOHEIHO WIN HECUETHO;

2. Py(X) ~ Y ecin P,(X) coneprut ruasbepros ky6 Q;
3. P,(X) x P(X) ~ Y (crencreust 10);

4. P,(Q) x P(Q) ~ S (us cencreust 10);

5. P,(BdQ) ~ 3" (3 caencreus 10).

CaencrBue 11. ns 11060ro cobCTBEHHOTO MOAMHOXKeCTBa A € expX NPOU3BEICHUS
P(X\A) x P(X) romeomopduo » .

CaeacrBue 12. /s 11060ro coOCTBEHHOTO OTKPBITOro mogamuoxkectsa U C X mponsse-
nennst P(U) x P(X) romeomopdmuo Y .

Ecaun X cocrour w3 {z,, 1,2, ...,T,} TOouek. (n + 1) - Touex, To P(n) ecrb CHUILIEKC
o™{x,,T1, T, ..., T, } BEPIIUHBI KOTOPBIX ABJIAETCS TOUKH T; T.e. 1{x,, 11, T, ..., Ty}

~ cuMmiekcy o" pasmeproctn n (9], PasencrBo P(X\A) ~ P(X)\S,(A) osmauaer,
9TO MHOXKECTBO Sp,(A) ecTb BCIOJY IJIOTHOE CBSI3HOE IOJMHOXKECTBO. 3/€Ch M3 CHMILIEK-
ca T{x,, 1,29, ...,2,} BHIGpacosath muomectBo P(X\A) momyamm S,(A). 3amernm, dro
S,(A)ebimykio B T{x,,z1, T2, ..., T }. IT0 o3Hauaer, Sp(A) € AR. Ecim A ectb Touka {w;},
10 Sp(z;) € AR. Torna iy Sp(w:)) € AR u (2, Sp(x) = intT{x,,x1,22,...,,} Te.
intT{x,,z1, 22, ..., T, } ToMeoMopdHO npocTpancrtey R". dro osnHauaer, (i, Sp(z;)ects Es-
KJIMJIOBO HPOCTpaHcTBO pasMepuocru n. C apyroit cropoust (B sToMm ciydae) ()., Sp(z;) =
P 1 (X)\Po(X). Homyuaercs, aro P,1(X)\P,(X) cocrour n3 Bcex mep pu € P,y1(X) HOCH-
TeJIN KOTOPBLIX COCTOHUT 13 pasHo (n + 1)- Touek.
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Bamernm, uro S,(7;) = T{x,, 1,72, .., 0 \T{Ty, T1, Ty ooy Ti 1, Tisg1, ey T} TIIE
Ti{x,, ..., i1, Tit1, ..., Tn JCUMILIEKC pazMepHocTH (n — 1).

Ecmn X = {A, B,C}, to P(X) =A ABC' - paBHOCTOPOHHBII TpeyroabHUK. MHOKECTBO
SpA =n ABC\[BC] r.e. Sp(A) ecrn tpeyromsuuk A ABC 6e3 croponst [BC|. Sp(A)NSp(B)N
Sp(C) = int A ABC. UssectHo, uto int A ABC ~ R? - eBKJMJIOBO ILIOCTKOCTH. Tak Kak
P(A) € Sp(A) u P(A) samxuyro u Beinykio. Cregosarensno, P(A) € AR. B stom ciyuae
cymectsyer perpakims 15 : Sp(A) — P(A) 1.e. r5(a) = a, ecrm a € P(A).

B mannowm ciydae, 718 cOOCTBEHHOTO 3aMKHYTOT'O ITOJIMHOXKeCTBa A KOMITakTa X TOIIIPO-
crpancTBo P(A) siBiisiercsi cuIbHBIM J1ehOPMAIIMOHHBIM PETPAKTOM U TpocrpaHcTBa P(X) u
o pocTpancTBo Sp(A).

Tomorormto h(u,t) : Sp(X) x [0,1] — Sp(A) mocrpoum nosorast h(p,t) = (1 —t)u+te
3 (p1). Ussectro, uro ecom ¢ = 0, To h(y,0) = p re. h(p,0) = ids,(a)

Ecim t = 1, To h(p, 1) = r5(p) - perpakus.

Buaunt, moamuoKecTBo P(A) ecTh CuiibHBIN JeOPMAINOHHBIN DETPAKT.

Cire1oBaTe/IbHO UMEET MECTO CJIELYIOMAs:

Teopema 10. /laa ao0boz0 cobecmeernozo 3amknymozo nodmmootcecmsea A xomnaxma
X nodnpocmparcmeo P(A)asasemes cusvioim 0epopMatuoHHOM PEMPAKIMOM NPOCMPAIHCMEA
Sp(A) u P(X).

Jlerko jokasbiBaeTcs Cliejyrolasi:

Teopema 11. /Jlas a06020 cobemeentozo 3amrxrymozo nodmmosicecmesa A xomnarxma X
nodnpocmparcmea S,(A)\P(A) u P(X)\P(A) 2omomonuuecku naommuw 6 Sp(A) u 6 P(X).

R" - Muoroobpa3us

CaencrBue 13. /g soboro xomewnoro komiakrta X (rme |X| > 2) mpocrpancrso

ﬂxi cx Sp(T;) ABIACTCA EBKINIOBLIM RIXI nroroo6pasuen.

X - beckoHeunblii KoMuakT 1 dim X = 0

1. s vopmasbraoro dyrkropa P, umeer mecro: P(X\A) = P,(X)\Sp, (A)
2. Py(X)\Pu-1(X) = P, —1(X)ects R"™! mHOro06pasus
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REZYUME

Magqolada metrik kompaktda aniglangan barcha extimol o‘lchovlari P (X) fazosining
turli chekli va cheksiz o‘lchamga ega bo‘lgan geometrik ko‘philliklar gatori
aniqlangan.

Kalit so‘zlar: Ko'pxilliklar, Z — to‘plam, o‘lcham, sheyp, retraktsiya, deformatsion
retrakt, kuchli deformatsion retract.

RESUME

In this article, considering the spaces of all probability P (X) measures defined by
the metric compactum, we select a number of different geometric manifolds of finite
and infinite dimensions.

Key words: Manifolds, Z-set, dimension, shape, retraction, deformation retract,
strongly deformation retract.



Bectauk HY VY3 - 68- Tounble HayKu

VIK 517.55

TEYEHUE UJIEAJBHONI KNJKOCTU B BHE3AITHO CVYXKAIOIITEMCSI
KAHAJIE

3akupos A.X. "

PE3IOME

[lenb macrosmieil craTbd COCTOUT B MOJYYEHUHN aHAJIUTUYIECKOTO PENTeHus 3a/1avu
0 TE€YEHUM HICAJHHOIN YKUJIKOCTH B TPyOe ¢ BHE3AIHBIM cyKeHueM. PopMyaupy-
eTcsd MaTeMaThu4yecKas MOJIeb T€YeHUs, B OCHOBY KOTOPOIl II0JIOYKEHBI ypPaBHEHUS
Dilsiepa 1 ypaBHEHUSI HEPA3PBIBHOCTU JIJIsT UeaabHON cpesbl. C MOMOIIBIO MeTO-
JIOB TEOPHUH AHAJUTHYCCKUX (DYHKIIMI TOJIYIEHO PEIeHue MOCTaBJICHHON 3a/1aduu.
[TocTpoenn! rpadukn pacipejie/ieHus CKOPOCTel U JaBIeHUN Ha KayKJIOM OTPEe3Ke
IPAHUIIBI BEPXHEN TTOJIYIIIOCKOCTH.

Karoueswvie caosa: crpys, ujeaibHas KUJIKOCTb, BHE3AITHOE CyKEHUE, aHAJIUTHU-
JecKue (PyHKINNI, KOMILJIEKCHAsT CKOPOCTb.

Bsenenune

B nacrositiiee BpeMsi 3HAUUTE/IHLHO BO3POC NHTEPEC K MPOOJIeMe CXOJAIIIXCA TeIeH. DTU
TeUYeHUS TOJIYUMIN OOJIBINOE PUKJIQJTHOE 3HAUYEHNE B PA3/IMYHBIX 00JIACTAX HAYKU U TEXHOJIO-
IUU, HAIIPUMEp, KOH(Y30PhI ¢ Pa3IUIHBIMKU YIVIAMU CYXKEHHS IMIUPOKO UCIOJb3YIOTCA B Pas-
JINYHBIX TEXHUYIECKUX W TEXHOJOTMYECKNX yCTPONCTBaxX. BHe3aHoe cyKeHne MIOCKOro KaHaa
Wi TPyObl YacTO BCTpedaeTcsd IPU OOTEKAHUH adPO/IMHAMUYIECKIX TTOBEPXHOCTEH U 9JIEMEHTOB
TeIIOdHEepreTuIeckoro obopynosanus. Tedenne B kKoH(y30pe COINPOBOKIAETCH MOCTEIIEHHBIM
YBEJINYECHUEM CKOPOCTH U OJITHOBPEMEHHBIM CHUKCHUEM JIaBJICHUA.

[Tepexon mMexy TpybaMu C pasUIHBIMUA JUAMETPAMH HPUBOJIUT K PACIIUPEHUIO WJIN
CY?KEHHIO TOTOKa. TaKoro pojia mepexobl MPeICTABISIIOT cO0O MeCTHBIE COINPOTUBJ/ICHHS, Ha
KOTOPBIX UMEET MECTO MOTEPHU JABJICHUS. DKCIEPUMEHTATHLHO U TEOPETUICCKH MOKA3aHO, UTO
IIpU TEYEHUAX YKUJIKOCTU B KOH(pY30pax HaOJIIOMAIOTCA TaKWe sBJIEHUs KaK OTPBIB IOTOKA,
obpaTHOe TedYeHHUe U YCUJIeHUE TYypPOYJIEHTHOCTH, IPUYEM OTPBIB ITOTOKA B KOH(Y30pe CUIHHO
3aBUCUT OT €ro NeOMETPHUH U ITapaMeTPOB MOTOKa. TeueHne mocje BHE3AITHOIO CyKEHUs U Pac-
IIUPEHNUsT TPYOBI SABJIAETCA OJHUM U3 9aCTO BCTPEUAIONINXCH CJIYYaeB OTPBIBHOIO MOTOKA IPH
00TEeKaHU! OCTPBIX KPOMOK TeJI.

Pabota [1] mocesitena nccsie10BaHIsAM CXOJISIIIXCS TeYeHU HbIOTOHOBCKIX KHUJIKOCTel B
KaHaJax co cTyneHuaroi konduryparmeii. B pabore |2] npuBoaurces 0630p 9KCepuMeHTAIbHBIX
U TEOPETUIECKUX PAOOT, MOCBANIEHHBIX TEUECHUIM XKUJIKOCTel B KaHa/laX ¢ BHE3AITHBIM CY>KeHU-
eM, a TaKKe CpaBHEHUs Pe3y/IbTaTOB pPeIleHUs IOJHBIX YPaBHEHUN IBMXKEHHUS METOI0OM KOHEU-
HBIX pasHocTeil. YucaeHHo perrenbl 00Iue ypaBHeHU JIBUKEHNS JTAMUHAPHO-U30TEPMUIECKOTO
TeYEHNUsI JKUJIKOCTeH 3 OOJIBINOoN TPyObl KPYTJIOrO CeUeHUsl Iepe3 Pe3Koe C:KaThe B KOAKCHAb-
HYIO TPYOKY MEHBINEro juamMerpa u depe3 06/JacTh Pa3BUTHsI TeUeHUsT MeHbIeil TpyoObl [4].

* - .
3akupoB A.X. — Harnuonanpubiit yauBepcurer Y30ekucrana, asqar _zQmail.ru
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Ha ocHOBe M3BECTHBIX 9KCIIEPUMEHTAIBHBIX W TEOPETUYECKUAX PE3YJIbTATOB M3YyU€HBI OC-
HOBHBIE XapaKTCPUCTUKM IIOTOKA: BUXPb Ha BEPXHEM IIOTOKE, IPUCYTCTBYIOMMIA JIJIA MaJsbIX
gmcesn Peitnonbaca n BorHyTOCTh Npoduiis CKOPOCTH B CEUYEHHM BXOJA IS OOJIBINNX UUCE]I
Peitnosnpica [4]. B pabore [5] man KpaTkuii 0630p HEKOTOPBIX JOCTHZKEHHN B BBIIHCINTE/ILHOM
PEOJIOI'MH U OIUCAHUE HEKOTOPLIX HOBBIX IIOJAXOJO0B /I IIOJIy4eHHUs COBIIQJIEHUN MeXKy 4uc-
JIEHHBIMA ¥ 9KCIIEPIMEHTAJIbHBIMI pPa0OTaMy, IOCBAIIEHHBIX 33/la4aM T€UCHHUs B CYyKEHUAX.

YucieHHoe Mcc/Ie0BaHIe CTPYKTYPhI T€UEHUsT W TEIJIOOOMEHa B Ta30KalleTbHOM TypOy-
JIEHTHOM IIOTOKE 3a IPSIMOIl CTYIIEHBKOI, 0OpaIlleHHOI HaBCTpedy ABYX(a3HOMY ra30KaleabHO-
My TeUYeHHIO BBIIOJHEHO B pabore [6]. [Ipu permennn ucnonb3yorcs JByMepHbIE OCpeTHEHHbIE
o Peitnosbcy ypasuenns Hasbe-Crokca.

B pab6ore [7| npoBeieHo nccieioBanne JAMUHAPHOIO CTAIMOHAPHOIO HEU30TEPMUYECKOTO
TeYeHUsd CTENEHHON YKUJKOCTU B IMUJIMHIPUYECKOM KaHaJe ¢ BHe3aIllHbIM cyzkeHueM. Dopmy-
JIPYyeTCd MaTeMaTu4decKasd MO/Ie/Ib TeYeHUd, KOTOpasd BKJIIOYACT ypaBHEHUA I'MJIPOJAUMHAMUKY,
HaIlMCAHHBbIC B ITIEPEMEHHBIX (DYHKIMSA TOKA - BUXPh, U ypaBHeHHe dHepruu. [l perrenus 3a-
Ja4vy UCHOJIb3yeTCAd MEeTO/J YCTAHOBJICHUHA C HOCJEAYIONeld peajim3alueil KOHeYHO-PA3HOCTHOIO
METO/Ia Ha OCHOBE CXEMBbI IIEPEMEHHBIX HAIIPABJICHUN.

B cBsA3M ¢ MHOIOYNCIEHHBIMU TEXHUYECKUMU IPUJIOXKEHUAMA, TeIeHUs KUJIKOCTH B Ka-
HaJIaX C Cy’KeHHeM IIOCTOHHO IIPUBJIEKAIOT BHUMaHUe HcciefoBareseil. CoBpeMeHHbIe ncciie-
JoBanus Tpejcrapiensbl B [8-10], rae ocoboe BHUMAHME yJIeIsAeTcs XapaKTepUCTuKaM 00JIacTu
IMUPKYJISAIIMOHHOTO JIBUZKEHUS U HOTEPSIM SHEPI'UH B IMIMPOKOM JINAIa30HE M3MEHEHUs IapaMeT-
pOB.

B pa6ore [11] C.A.HanbIruapiM BrepBble yKa3aHa BO3MOKHOCT MATECMATHICCKOTO aHa-
JIN3a IUIOCKUX CTPYHHBIX HOTEHINA/IBHBIX TEYCHN C2KUMAEMOIl XKUJIKOCTH U T'a3a ¢ JO3BYKOBOI
ckopocThio, a Takxke ["Kupxrodom pemrena 3a/1a4ua ImIOCKIX HOTEHIUAIBHBIX CTPYHHBIX Teue-
HUIl HeCXKUMaeMoit »KuikocTu. Beser 3a ero paboToii MosiBHJIOCH MHOT'O UCCJIEI0BAHUI, ITOCBSI-
IIEHHBIX IIJIOCKUM CTPYHWHBIM IIOTE€HITMAIBLHBIM TEYEHUAM CKIMAeMOU JKUIKOCTH, B KOTOPBIX
JIaHbl TpUbIMKEeHHbIe MeTo bl [12-14].

ITocTanoBka 3aJaun

PaccmarpuBaercs cranpuoHapHOe TedeHMe UJIeaJIbHON KUJIKOCTH B KaHaJle C BHE3AIIHBIM
cyxkenueM. TeueHune siBjisieTcss CUMMETPUYHBIM OTHOCUTEJILHO ocu Kanaja. ObJyiacTb pereHust
3a/1a91 CXeMaTUIHO M300pazkKeHa Ha puc. 1.

[Ipemonaraercst, 9TO MacCOBBIE CUJIBI U TOBEPXHOCTHBIEC HATAYKEHUs OTCYTCTBYIOT. CTpys
JKUJIKOCTH, BBIXOJIAINAs U3 CYyXKalolelcs JacTu TPyObl, oOpa3yeT CBOOOJHYIO IMOBEPXHOCTDL C
Hen3BeCTHOI rpanurieii. /laBienne na rpaHuile CTpyd PaBHO JIABJIEHUIO B OKPYZKAIOIIEM ITPO-
CTpaHCTBe, T.e. ocTosAHHO. 3 muTerpasa Bepuysmm cieyer, 9o Ha cBOOO/IHON IpaHUIle Be-
JITYNHA CKOPOCTHU TTOCTOSHHA.
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P

|
TXARER"

Puc. 11: O6sacts Teuenud.

Nzmenenne ITapaMeTpoB IIOTOKa HeC2KNMaeMOn H,ZLG&JII)HOI‘/)I KUAKOCTHU IIpU TE€YeHUU B Ka-
HaJlaX OIIUCBIBACTCA YpaBHCHUAMU HEPA3PBIBHOCTU WU YPaBHEHUE OTCYTCTBUA BI/IXpefIZ

Opu) , 9prv)

=0 1
or ror ’ (1)
ou Ov
o=, )
or Oz
[Tpu anmabaTnuecKux MpoLIeccax CBA3b MEXKy JABJICHUEM U ILJIOTHOCTBIO JAaeTCs COOTHO-
IIIEHUEM .
p n
P =Do <—> .
Po

31ech py, po— JABIEHHE U IJIOTHOCTH KHMJIKOCTH B IIOKOE — IapaMeTpPbl TOPMOKEHUSI,

upu v = 0; n = 2 — n0KazaTe/b IOJUTPOINN.
cv

[Ipu aguabarudeckux mporeccax uHTerpaj Beprysm MoxkHO npuBectn K Buiy [4,6,7]

U2

B
0200[1—7—2] ;pzpo[l—T
Yo

: (3)

U2i|,3+1

2
Vo

- % =L
e T =53 0=

Jly1s1 OpeesIeHns IIOCKOTO TIOTOKA JIOCTATOYHO HafiTi (yHKImIO cKkopocteit V = Vyel —
i0), rie Vo— BeIMUIMHA CKOPOCTH M §— yroJI HAKJIOHA CKOPOCTH K OCH .

Mertona pelieHus

Ucnonbzyem meron H.E.ZKykoBckoro, mjis 9T0ro BBeJEM B PaCcCMOTPEHHE AHAJUTHIECKYIO
dbyukmmo [13, 15, 16]:

v
w:anOZT—I—iO, (4)

e T = ln%, Vo— MOIy/Ib CKOPOCTH Ha CBOOOMHON ITOBEPXHOCTH.

O6s1acTh, 3aHATYIO JABUKYIIEHCs KIIKOCTBIO, 0TOOpa3suM Ha BEPXHIOI IOJIOBUHY Iapa-
MeTpudeckoii mirockoctu ¢ = £ + in. Takum obpasom, urodsr Toukam B, C, D, E, coorBercTBO-
BaJin Ha 1iockoctu (¢) 3Hauenusi —1, 1, d, e, GECKOHEUHO yjlaJleHHbIE TOYKU HA IJIOCKOCTSX 2 U
¢ mepexouIn JApyr B apyra (puc.2).
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A B[ CDE A,
-lde E)

Puc. 12: BepxHas MOTyIIOCKOCTb.

-1 0

Cormacuo merony H.E.2Kykosckoro, dyukmun w(() u W(() BbpaxKaiorcst 4epe3 mnapa-
METPUYECKYIO ITEPEMEHHYIO (, M3MEHSIIOIIYIOCA B BEPXHEN MOJIYIIJIOCKOCTH, ¥ BMECTO (DYHKITUN
z(¢) moxkHO nckarh GyHkuuo w(().

Ha neiictBurenbroit ocu BepxHeii nosymtockoctu (¢) dyuknus w(() yIoBIeTBOpSIeT Cie-
JLYEOIIAM YCJIOBHSIM:

mpu n = 0, —00 < & < =1, Imw = 0, 5a AB; uipun = 0, -1 < ( < 1, Rew = 0,
na cBobonubix rpanutiax BC' u B1C; npun = 0,1 < £ < d, Imw = 0 wa D u C1D;; upu

n=0,d<¢§<e Imvw= —7, Ha BepTukajbHbX cTeHkax DE n DiEy;npun = 0,0 < £ <
00, I'mw = 0, Ha TOPU30OHTAIBHBIX cTeHKax KA n FhA;.
w(¢)

Tenepsb BBeieM byHKIHO wi(() = TarveT VA KOTOPO# UMeeM CJIeJTyIONEe TPAaHTIHbIE
3HAYEHU:

npun =0, —oo < & < —1, Imw; = 0;

mpun =0, -1 <& < -1, Imw;, = 0;

npun =0,1<¢&<d, Imw; =0;

mpun=0,d< €& <e, Imwlz—gﬁgfl;

npun =0, e <& < oo, Imw; =0.

Ha Bceit rpanume obmacru (¢) n3BecTHa MHUMAs YacTh HyHKIUU wi(() U, cje1oBaTe/bHO,
ee MOKHO BOCCTAHOBHTH COIVIACHO MHTerpaJsbHoil hopmyste [sapra [14]:

1 dt
w1 (¢) =
VIR —1t—¢
HpH BbIYUCJIEHUN HHTeraﬂa I/ICHOHI)3yeM SalVIeHy & = 8, 41 OHyCKaﬂ HpOMe}KyTO‘{HbIe BBbI-

KJIQJIKU, [IPUBEJIEM OKOHYATEIbHOE BhIpaykenue jyist pyHKimu w(():

\/C dV(—1Tve+1++Ve—1/(+1
RV = Y/ Y e W n o

w(¢) = ()

sz II0CJIEIHETO BbIpazKE€HUA HAXO/JIUM COIIPAXKEHHYIO KOMIIJIEKCHYIO CKOPOCTD:

V\/§—1\/d+1+\/d—1\/g“+1\/C—e :VF(g,e)
"VC—Terl+e-1/(+1VC—d "F(Cd)

V= _ N
rie F(C,d) = s=ymiverver G e) = rmvanvever

V =
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Pazsensst aeficTBUTENBHYIO 1 MHUMYO 9acTi B (3), HaiijeM pacrupeesieHne CKOpoCTel u
JIABJIEHUI Ha KazKJIOM OTPE3Ke I'PAHUIIBI BEPXHEN MOJIYIIIOCKOCTH:

Bross CD: 1 < € < d,

VTV T+ VA-TVERT [e—¢ )
u_%\/§—1\/6+1+\/e—1\/§+1\/;_V()Fl(f)> v=0.

n

p=rpo[l —1F?(&)]" .
Brons DE: d < € < e,

VECTIVA+1+Vd—1VEFT [Je—¢
VE—TVe+T+Ve-1VE+T | E—d

n

p=po[l —ToF2*(¢)]" .
Baoas BC: mpun =0, —1 < £ <0,

u=0,v=-V =— Wk (§).

u = Voeos|ay (€)], v = Vosin[ay (€)];

re

o VI-@(Vd—1J/et1-Vd+1ye—1)
T TTVe = T - e + VA F et 10+ E])

mpun =0,0<¢ <1,

u = Vycos[ag (§)], v = Vpsinfa (§)];
rie

s (§) = arct VI8 (Vd—1Ve+1—-Vd+1/e—1)
2(§) = g\/dTl\/e——l(l—i-g)_{_\/m\/e_i_—l(l_g).

Ckopocts Haberaomiero moroka naxoauM u3 (6) mpu £ — oo:

Vd+1++d—1
Ve+t1l4+ye—1

Va=Vy

O6stacTh KOMIUIEKCHOTO TIOTeHImasa Oymer mosoca mupusoi ¢ [13,15]. Cormacno mero-
Jy 0cOOBIX TOYeK Yarabiruia, orobpakeHue 006/1acTi KOMILIEKCHOTO TTOTEHITHAIa HA BEPXHIOIO
HOJIYTIOCKOCTD (( = & + 1) OCYIIeCTBIISIeTCs AaHATTUTUIECKO# (DYHKIHEii:

W (¢) = ~In( ¢ +1) +iq (™)

rjae ¢- 3a8JIaHHbIA pacxo/l XKUJIKOCTH.
L dW T .
C nmomoripio yHKITHi T V(¢) B ykazaHHBIX 00JIACTSIX MOYKHO HafiTi BCe reoMeTpuye-

CKHe XapaKTePUCTUKK 00J1acTh TedeHns B (pusndeckoit miockocru (z). Kondopmuo orobparka-
foyo GyHKIUo 2 = 2(() HAXOJAUM U3 YPABHEHUSI

AW (dw\
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aw _ g _1_
T “0r = ~x o

N3 s1ux dbopmyn mosyanm:

g 1 VJ(—dV(—1TVe+1l++vVe—1y/C(+1
Vol+1V(—e/—1Vd+1+Vd—1/F1

go—_ 1 1 F(¢, d)

dz= - Vol +1F(Ce)

¢ (8)

Pazemnm JieficTBUTEIbHYIO U MHUMYIO 9aCcTU B BbIpazkeHun (8):

ia1(£)
de+idy=——L 5 ge= 4~ 1<E<0, (9
x +idy - 7TV0|§|_1[005041(@"‘25@”041(5)], £<0, 9)
q eZOQ(g) q . .
d$+2dy__7r_l/b1+§ W_%§+1[608a2(§)+2 sinag (§)], 0<& < 1. (10)

J1st HaxOXKIeHnsl ypaBHEHNs CBOOOIHOM MOBEPXHOCTH B IIAPAMETPUIECKON (hopMe 10cTa-
TOYHO IPOMHTErprpoBarh Bhipazkenus (9) n (10):
0 t
(O) g sina ( )dt,

0 cosas (t
z (&) =x(0) 7TVO fﬁl - Iltﬁ)dt y(€) =y Vo Je 1o |t2
cosq sinaa (t
z (1) — WLVO ¢ 1+2t dt, y(€)=y(1) - WLVO ¢ 1+2t Ldt.

(11)

371eCh

sin(ai (§)) =
V1-& (Vd—1Ve+1—-Vd+1/e 1)
\/[\/HMO—WHme/w—l(lﬂa)fﬂl—g?) (Vd—Tve+1—Vd+ive—1)
cos(az (£)) =
Vi-1ye-T(1+ & +Vd+1Ve+1(1-¢) ,
\/[\/—\/eT( 1+ &) +vVd+1vet1(1-¢)]° +(1—§2)(\/d—l\/e+1—\/d—|—1\/e—1)27
sin(az (§)) =
V1= (Vd—1Ve+1—Vd+1ye—1)
\/[\/m\/muqtéwr\/m\/w—l(l—g)]2+(1—§2)(\/d—l\/e+1—\/d+1\/e—1)2.

Takum ob6pazoM, MOJyUEeHO aHAJUTUYECKOE PEIIeHue IMMOCTABIEHHON KpaeBol 3aJlavu B

)

BepxHeil MmoJIyIiockoctu oTnocuTe/ibHo dyukiun H.E.2Kykosckoro.

Pe3y.TIbTaTbI pac4deToB

Hekoropble XxapaKTepHbIe PE3y/IbTaThl PACIETOBPACIIPEIEICHNS TOPU30HTAIBHON U BEPTHKAIb-
HOI CKOPOCTe(i, & TaKzKe 11015l JaBJIeHUs [PEJCTABIEHbl HUZKe Ha COOTBETCTBYIOIIMX PUCYHKAX
(puc. 3-5).
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14
—d=3

1.3

1.2
= L1

1

0.9

0.8

0.7

0.6 2.4

1 1.5 2 2.5 3 3.5 1 45 X 5 3 4 5 6 7 8 9 x 10

Puc. 13: Pacnpenenenne ckopocTtu Puc. 14: Pacnpenenenne ckopocTtu
B10Jib crenku CD kanasa BH0/Ib creHkn DE kanasa

1
A

0,99995
0,9999
0,99985
0,9998
0,99975
0,9997

0,99965
5 6 7 8 9 X10

Puc. 15: Pacnipenenenue j1aBjienwuii mo-
TOK& BJIOJIb CTEHKH KaHaJIa.
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REZYUME

Ushbu maqolaning maqgsadi keskin torayuvchi kanaldagi ideal suyuqlik oqimi
masalasining analitik yechimini olish. Ideal muhit uchun Eyler tenglamalari
va uzluksizlik tenglamalariga asoslangan oqimning matematik modeli tuzilgan.
Analitik funksiyalar nazariyasi usullaridan foydalanib, masalaning yechimi olindi.
Yuqori yarim tekislik chegarasining har bir oralig’ida tezlik va bosimlar tagsimoti
grafiklari qurilgan.
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Kalit so‘zlar: struya, ideal suyuqlik, keskin torayish, analitik funksiyalari,
kompleks tezlik.

RESUME

The purpose of this article is to obtain an analytical solution to the problem of the
flow of an ideal fluid in a pipe with a sudden narrowing. A mathematical flow model
is formulated, which is based on the Euler equations and continuity equations for an
ideal medium. Using methods of the theory of analytic functions, a solution to the
problem was obtained.Graphs of the distribution of velocities and pressures were
constructed on each segment of the upper half-plane boundary.

Key words: jet, ideal fluid, sudden contraction, analytical functions, complex
velocity.



Bectauk HY VY3 - T7- Tounble HayKn

VK 517.984

O HN2KHEM CIIEKTPE /IBYXYACTNYHOTI'O /IMCKPETHOI'O
OITEPATOPA HIPE/IMHT'EPA

Kymxanos Y. H. *

PESIOME

B nmannoit paboTe ycTaHOBUTH, 9TO €CJIM HUXKHUI Kpail CIIeKTpa, sIBJISIETCs N30JIUPO-
BaHHOI TOUKOIl oneparopa IllpemuHrepa cucTeMbl IBYX YaCTHUIL HA PEIIETKE, TO IIPU
OIIpE/IeJIEHHBIX YCJIOBUSX 110 OTHOIIEHHIO K JIUCIIEPCUOHHBIM (PYHKIIUAM U ITOTEHIIN-
aJIy OH SBJIAETCA MPOCTBIM COOCTBEHHBIM 3HAYEHUEM U €My COOTBETCTBYET CTPOI'O
IIOJIOYKUTEJILHBIN COOCTBEHHBI BEKTOP.

Kaouesvie caosa: Onepatop SHEPIUU, HUKHBIN CIIEKTD, HEBO3MYIIIEHHBII Ollepa-
TOP, KBAHTOBBIX YACTHIL, CUCTEMBI JIBYX KBAHTOBBIX UYaCTHII.

BBE/IEHUE

Huckpernbie oneparops! [HIpeanarepa, cooTBeTCTBYIONINE TAMUJIBTOHUAHAM CHCTEM OJTHO
U JIBYX KBAHTOBBIX YaCTHUI] HA IEJOYNCJICHHOI peleTke u3ydeHsl B padorax [1,2,3].

Haubostee pannme pe3ysibTaThl, CBSI3BIBAIONINE ITOJOKUTEJIHHOCTh U HEBBIPOXKJIEHHOCTH
cODOCTBEHHOTO 3HAYEHUsI, BOCXOIAT K (byHIaMeHTaabHO# Teopeme Ileppona m @pobennyca: Ko-
HEYHAs MaTPHUIA CO CTPOTO IOJIOXKHUTEILHBIMU 3JIEMEHTAMHU HUMEET B KadecTBe COOCTBEHHOIO
3HAYEHUS] €INHUYHOI KPATHOCTHU CBOH CIIEKTPAJIbHBIN PAINyC, TPUIEM COOTBETCTBYIOIINI COO-
CTBEHHBIII BEKTOP CTPOIO IMOJIOKHUTEIEH. 3aMeTuM, 9T0 B Teopeme Ileppona-Ppobennyca mMaT-
puiia He 00si3aHA OBITH CAMOCOIPSZKEHHON. DTa TeopeMa BIepBble MOsIBIIACH B pabore 2| u
3areM B [3].

Ob6ob61erne Teopembl [leppora-Ppobennyca K KBAHTOBBIM CHCTEMaM BOCXOIAT K paboTe
Dimmvva-2Kaddero [4]. Tlpunoxkenne K HEpeIATUBIHCTCKAM CHCTEMaM cjiejaHo B pabore Caii-
mona, Xer Kpona [5].

B sroit pabore nokazano, 4TO pe30JbBEHTa HEBO3MYIIEHHOTO OI€PATOPA SHEPIUU CUCTE-
MBI JIBYX YaCTHUI[ HA d-MEDPHOI PeIleTKe sIBISIEeTCs YCUIUBAIOINIEH MMOJI0KUTE/ILHOCT MIPU BCEX
3HAYEHNAX MOTHOTO KBa3UUMITYJIbca cucTeMbl k € (—m; )% 2 < e, (k). m coxpanstomeit moto-
wurenbHocts pn k € T\ (—m;m)4, 2 < e, (k).

YCTaHOB/ICHO, YTO €CJIM HUXKHUN Kpail ecTb W30/ IMPOBaHHAs TOYKA CIIEKTPa oleparopa
[IpemHrepa cucTeMbl JBYX YacTHIL Ha d-MepHoii pemerke, To npu k € (—m;7)¢ on aBistercs
ITPOCTBIM COOCTBEHHBIM 3HAYEHNEM U €My COOTBETCTBYET CTPOT'O MOJIOKUTETbHBIN COOCTBEeHHBIH
BeKTOp, a 1pu 3Hadenun k € T9\(—m;7)? ona sBageTCa KPATHBIM COOCTBEHHBIM 3HAYCHUEM 1
€My COOTBETCTBYIOT IIOJIOKUTEIbHbIE COOCTBEHHBIE BEKTOPDI.

OnepaTop dHeprmm AByX YaCTUll B KOOpAMHATHOM U MMIIYJIbBCHOM IIpeJCTaBJI€HNAX

*KyJI)KaHOB Y. H. - Camapranickmii rocylapcrBeHHbIii yHuBepcurer umenu Illapada Pammmmgosa,
uquljonov@bk.ru
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[lycth Z-mmozxkecTBo mesbix umcen. Yepes Z4 obosnauaercs d-mepnas pemerka, fo(Z%)
- TMILOEPTOBO MPOCTPAHCTBO KBAIPATHIHO - CyMMUPYeMbIX (hyHKIWHIL, ompene éunx Ha Z9,
[Mycre T? = (R/27Z)? = (—m;71]? - d-mepublit Top. B KoTOpoM Beiojly olepaiuy CJI0KeHust
W yMHOXKEHHs Ha JIeHCTBUTEIbHOE YHUCI0 djeMeHToB MHoxkKecTsa (—m;w]¢ C RY nonmmarorcs
kax oreparuu Ha RY 1o mosyimo (27Z)¢ u Ly(T?) - rus6epToBo MPOCTPAHCTBO KBaIPATHIHO
- WHTerpupyeMbIx QyHKIHIL, onpeaeéuapx Ha TO.

.. A (2 .
HeBo3aMmytieHHbIi ortepaTop SHEPTUn H(g ) cmerenur JIByX KBAHTOBBIX YaCTHUIL HA d-MepHOI
periieTke Z OObIHO aCCOIUUPYETCs CO CJIEIYIONIUM OIIepaTOPOM B FUJIbOEPTOBOM IIPOCTPAHCTBE

((Z7)?) -

rae mq, mo > (0-Macchbl 9acTHIl U
A=AxI, Ay=I1xA.

3nech [- equHUYHBIN omtepaTop B o (Zd), u A gBJsSIeTCS CTAHIAPTHBIM pererdarsiM Jlammacu-
AHOM:

~

A:

J

~

(T(e;) + T(—e;) — T(0)).

d

[y

3xech e;, j = 1, ...,d ABndgerca eMHNIHBIM BEKTOPOM BJIOJIb j-TO HaIpaBJICHHUA Z¢ u T(s)-
orepaTop CJABUTA Ha S, ONPEJICJICHHBIN CJIeIYIOMMUM (hopMmyJie:

A A

(Tf)(s) = flx+s), [fel(z,sezd (1)
Touree 4
(Af)(z) = Z (flx+e) + flz —¢;) —2f(x)), [ € (2.

(2 .. .
OtmeTnM 9TO omepaTop H(() ) ecTh OI'PAaHUYEHHBIN CAMOCOIIPSIZKEHHBIN OorepaTop.

JIerko HpoBEpUTH, UTO HpH KaxiaoM s € Z% omeparop T'(s), oupeneaennsiii 1o Gpopmyie
(1) ynurapno sksusanentTen oneparopy 1'(s) B mpocrpancrse Lo(T9) :

(T(s)f)(p) = eV £ (p).

2
Oneparop sHeprun Hé ) (B KOOD/IMHATHOM TIDE/ICTABICHIN) CHCTEMBI JIBYX KBAHTOBBIX YaCTHII,
JBUZKYIIIXCA Ha, d-MepHOI perreTke Z4 ¢ mapHBIM B3anMoeHcTBIeM Vg, ABJIgeTcs OrpanmdeH-
HBIM CaMOCOIPSIZKEHHBIM OIIepaToOpoM B TuibbepToBoM Tpoctpanctse (o((Z4)?) Buia

O = AP 7,
3/1ech o ) )
(Vif)(@,y) = 0(z =) f(z,y), | € LUZ)),
rae 0 : Z¢ — R - orpanmyueHnas QyHKIIA.

Kpome Toro mpesnosioxkuM, 9T0 (GyHKIUS U yJIOBAETBOPSET CJIEIYIONIUM IPEJIITOJIOXKE-
HUIO:
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Ipeanonoxenue 1. IIpednosooicum, wmo (-) # 0 neompuyameavna u v € €1(Z%).

Jlemma 1. ITycmo evmonneno npednonoscenue 1. Tozda Vig ecmo ozparusenmvd, camo-
conpascennoil U, nososcumenvrod, a onepamop H® ecmuv oepanuvennon camoconpacenoiil
onepamop.

[Tepexos K MMITYJIbCHOMY MPEJICTABJICHUIO OCYIIECTBIISIETCS C TIOMOIIBIO TIPEoOpPa30BaAHUS
®ypoe. Crangapraoe mpeobposasanne Dypoe F i Ly((T4)?) — (5((Z)?) onpenensiercs 1o
dopmyie:

(Ff)wy) = (Gm)™ |t sye 7 duds

1 obpaTHbM oTobpakenuem F1: (y((Z4)?) — Ly((T%)?),

F ) p.q) = 2m)0 S fla,y)eiontivn,

x,yEZ4

OrmeTHM, UTO 3HaveHHs DYHKIUK [ (z,y) = (Ff)(x,y) nasbBatorcs Kodddunuenramu
Dypoe Gyukuun f € Ly((T?)?) B opronopmuposantom Gasuce {t,(p)ty(q)}, yeza. 3amernm,
gyro F' = F ® F. Ilpu 3TO0M UMITyJIbCHOE TPEJICTABIEHAE OIIEPATOPA SHEPIUU CUCTEMbBI JIBYX
JacTuIl JeiicTByeT B ruibbepToBoM npocrpanctie Lo((T9)?) u umeer Buj:

H® . Ly(TYH?) = Ly((T%?), H® = H® — v,

riae
H® :F—lﬁ@)F’ HéQ) — 1H(2)F Vig = F~ VlgF
da
(H" 1) (p,q) = E(p,a) f(p,0), (Viaf)(p,g) = (27) 7 /d v(s —q)f(p+q—s,5)ds.
T
3necn
E( )—1 ()—i—l il—cos
P.a) = 5 -e(p) + o -e(g) 2. Ps);

d -~ i(n
v(p) = (2m)"2 Z ’U(”)e( P,op= (p1,---,pa) € T

nezd

7(2)

JIemMma 2. Cnexmp onepamopa Hy~' abcoaromno nenpepoisrolll u

~ A~

o(H?) = 0ue(HY) = o(HSY) = [0; 2d(myt +my ).

Pa3znoxkeHue B mpsiMoii mHTeErpaJi oriepaTopa Hepruu

B ummynascHoM mpeicraBienmn cemeiicrso {1'(n),n € Z% (cw.(1)) ymmrapmo-
skBuBajenTHo cemeiictey {T'(n), n € Z}, rae

(T()f)(p,q) = e "™ f(p,q), f € Ly((T%?).
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Kommyraruonnoe coornomenue HT(n) = T'(n) H® nopoxaer KoMMyTamuio (CooTHo-
merne) HAT(n) = T(n)H?, n € Z. Cnenosatensno, AGeesa rpyTia yHITaPHLIX OTEPaTO-
pos {T'(n), n € Z} xommyrupyer ¢ oneparopom H? = H(()2) — Via. TlosTOMY mpoOCTpancTBO
Ly((T%)?) u oneparop H®? pazmaraiorcss B mpsMble naTerpain! dhon Heitvana:

L((r) = [

Td

SLa(Edk, B = [ F(k)dk

Td
rie
Fr ={(p,q) € (T, p+q=Fk} keT

3nech

hk) : Lo(Fy) — Ly(Fy),  h(k) = ho(k) —

V.
Teneps ja/ M jelicTBus onepaTopos ho(k) u V na snement f € Ly(Fy,) :

ol

(hok f)(p, k —p) = Ex(0) f(p. b —p),  (VF)(p,k —p) = (27)" /Td v(p—s)f(s,k —s)ds,

rie

s dyskuun Ey(p) Hadigem Ipyroe aHAJINTHIECKOE [IPEJICTaBICHIEe, KOTOPOEe HAM MOHAI00UTCST
B JIaJIbHENIITEM

1 1
E(p) = 21, m—l(l —cosp;) + m—2(1 — cos(p; — kj))| = B9, [11(0) — |p(k;y)| cos(p; — (k;))],
rae 1 1

p(k;) = p— + m—Qe_ij, o(k;) = argu(k;), k; € T. (2)

QyHKINA Ek (p) MOXKeT OBITH TPEJICTAB/IEHA B BHUJIE

Ey(p) = dp(0) — B5_y|pu(kj)| cos(p; — p(ky)), (3)

rae koaddurments |4(k;)| 3axa0Tcs paBeHCTBAME

1 1 1 1 2cosk;
k)l =+ —e kf\Z\/—2+—2+ L
1 mo my ms mqime

Pasencrio (3) jaer ciejyroiee mpejicTaBieHue Jiist Ek,() :

Ey(p + ¢(k)) = Ex(p) = du(0) — S5, |[u(k;)| cos p;. (4)

Tenepnb BBeJieM yHUTApHOE OTOOPaXKeHUEe

Uy : Lo(Fy) — Lo(T?)
KOTOpOe olpejessiercsd (popMyJIoit

(Urf)(p) = f(p, k —p).
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[Ipu sTom omeparop R
h(k) = Uph(k)U;
SABJIIETCH YHUTAPHO SKBUBAJIEHTHBIM OIIEPATOPY B(k)

Mer B ocHoBHOM u3ydnm omepatop h(k) u ero kKoopJuHaTHOe TpeacTaBienne. Omeparop

h(k) nmeer Bu:
h(k) = ho(k) — V.

Jeitcrsus onepatopos ho(k) u V na snement f € Lo(T¢) umeror cieyrtonuii Bu;

(B N@) =BG, (V) = [ oo =0f@,

rae ., '
v(p) = (271) 28 epa(5)e P,

UsBectHo, uTo crekTp oneparopa V conagaer ¢ muoxectsom {0, 9(n), n € Z}, npuuem
qncsia O(n) ABIAIOTCA COOCTBEHHBIME 3HadeHusMu onepatopa V. Tak xak o € £1(Z%), o V
SIBJISIETCST OLIEPATOPOM CO CJIEJIOM (SI/IEPHBIM ), B YACTHOCTH KOMIIAKTHBIM OIIEPATOPOM.

Tak kax Bosmyrenue V = h(k) — ho(k) siBiisieTcst KOMIIAKTHBIM, COIJIACHO Teopeme Beitis
HOJTy9nM, 9TO Tess(R(k)) = Tess(ho(k)).

O6o3naunM
em(k) = min Ei(q), en(k) = max Ex(q).

geT? g€eT

U3 (4) caemyer
em(k) = dp(0) = S5 n(k;)l,  enr(k) = dp(0) + S5, (k).

Jlemma 3. Cnexmp onepamopa ho(k) cosnadaem ¢ ompesrom [ey,(k); err(k)]. Kpome mozo
Tess(ho(K)) = a(ho(F)) = [em(K); ear(F)].
JByx4acTuuHblii quckperHsbiii oneparop IlIpegunrepa

O6o3HaunM 4vepes ﬁ(k;), k € T xoopmunaTHoe mpeacTasaenne omneparopa hik),k € T9,
T.C.

h(k) = Fh(k)F . (5)

Cranpaprroe mpeobpasosamme Pypoe F : Ly(TY) — £y(Z%), koTopoe omnpememsercs mo
dopmyite

[SI[cH

Fhla) = @0t [ e g

1 obparHoe 1peobpasopanne Pypbe F 1 : ly(Z3) — Lo(T?) :

(FLH)(0) = (27) 2 Seegae™™? f(p)dp.

B dusndeckoil mmreparype napamerp k € T Ha3BIBACTCH NOAHGIM KEA3UUMNYACOM CH-
cTeMBbl JIBYX 9YACTHUIL U cooTBeTcTBylomue uMm omepartophl h(k), k € T¢ maspiBaiorcs caoamu
onepamopa H?). Cnoitnbie oneparopsr h(k), k € T us pasencrsa (5) onpezensioresa bopmy-
JIoM



Bectauk HY VY3 - 82- Tounble HayKu

st HeBosmytieHHOTO orepaTopa ho(k) u omeparopa Bo3MmyleHus V' HaiIéM aHAJIUTHIECKHE
npejicraBienus. Vmeer mMecto cieyroriee yTBepKIeHE.

Jlemma 4. /Jleticmeue onepamopa ﬁo(k) na anemenm f € lo(Z%) umeem cud

. 1

(ho(k) (@) = 5 D7 (2001 F(@) = k)| (fla+ e) = fla = ;) ).
j=1
2de (i(-) onpedeaena no gopmyae (2).
Jlemma 5. /[eticmeue onepamopa V na anemenm f € €3(Z%) umeem 6ud

(V) (@) = d(2) f(2).

B npennonoxkennn 1 Bosmymienue V' oneparopa ho(k), k € T? spiasgercs KOMIAKTHBIM
U, CJIeJI0BATe/ILHO, COIACHO TeopeMe Beil/ist 0 CyImecTBeHHBIM CIeKTpe, CyIIeCTBEHHBIN CIEKTD
onieparopa h(k) cocrout u3 ciemyomnero cermeHTa Ha BEleCTBEHHON OCH:

Ocss(N(K)) = [em(F); ear(F)].
Terneps HaiigéM SIBHBII BUJ PE30JIbBEHTHI OIIEPaTOPa Bo(k). PesonbBenTa
(Ro(k, 2) = ((ho(k) — 2I)7", 2 € C\[em(k); enr(K)]
oreparTopa Bo(k) onpejessiercsa dpopmysioit (em. dopmyiy 2.7 1o padore [9])
(Ro(k,2)f(x)) = > #olx —s,k;2) f(s), f € (2,

s€Zd

re

1 e—i(ac,t)
fo(x, k; 2) = dt, z € 7%, 2 € C\[esm(k); enr(K)].
0( ) 1Yy ) (27T)d/r]rd Ek(t)—z ) ) \[ m( )7 M( )]

B nmammeiineM MBI IPEIIIOIOKNAM, 9TO MacChl YacTUIl PABHBI, T.e. m; = Mo = m. Ciie-
JYIOIIas JIeMMa UTPaeT BarXKHYI0 POJIb IIPU JIOKA3aTeJLCTBE OCHOBHBIX PE3YJILTATOB JAHHOIO
naparpada.

Jlemma 6. ITycmov z < e, (k). Tozda:

4 mo dynxyua to(-, k; 2) aeasemes cmpoeo nososcumenvroti 6 lo(Z4);

a) ecauk € (—m;m)
b) ecau k € TN (—m; )%, mo dynryua 7o(-, k; 2) acasemes nosoorcumenvroti 6 o(Z2).

HokazareabcTBo. a) Mbl HaunéM ¢ usydenus GyHKIUH

1 1
ro(p, k; z) == = , . p=(p1,....,pq) € TY 2 < ep(k),
ol ) Ey(p) — = %Z?Zl(l—cospjcos%)—z 21 ¢ (k)

k.
i k € (—m;m)d. Ormerny, uro mis kaxzoro k; € (—m;m),cos % > 0. Tak kaxk 24 — z >

2 y~d cos ki
= D j—1co8p;cos—
2d _
= —2

2 d k; .
=3 =1 COSPjCOS, TO < 1, caemoBaresibio byHKIMIO 7(+, k; 2) MOXKHO pas-
JIO?KUTH B P

d

ro(p, k;z) = Z ﬁ (% Z COSijOSEJ) —

n=0 7j=1
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oo (l)n d ki\U
SR N, T o
= (=) 0<ly,...la<n j=1 2
rie
CTlll,m,ld — L

Ucnonw3ys dopmymny Ditsepa mosrydnm
e 4 =P
(cosp)F = (—> 2k E Cmeir(2m=k) (7)

Mg mokazkeMm, uro Bce koabdunuenter Oypoe 7o(z, k;+) dyukmum ro(p; k,-) aBIsOT-
cst meorpunareabubivu. [ojgcrapnsig (7) B (6), moydumm cieiyiomiee OpeCTaBIeHue JiIs

ro(p; k,-) :

00 n d
ro(p; k, 2) Z )n+1 Z Ol H( cos—) Z C’m] ipg(2mi=lj) —(8)

n:O 0<ly,...,lg<nly,....lq m;=0

[Monw3ysics dopmysoit (8), koaddurments 7o(x, k; z) 3amuiiem B Bue:

" 1 e~izt) p
o .
To(x, k; 2) (27)d /T Eo(t) — 2

Lo @) hoa T oty
m IR . m m; - ) .
@ X I (geey) z ey [ e,
n=0 ‘\m 0<ly,...,lg<n 7j=1
B ety nonoxurensnoctu %d — 2, COS J , upu kj € (—m;m) 1 UCHosb3ys GopMmyILy
4 1 m=20
—d i(myt) g0 )
(2m) /Tde at { 0, m#0, mez ©)

nostyauM 7o(z, k; z) > 0.
T 6 z4 Fo(z, k; -
erepb Mbl IOKazKeM, 9TO HpH JIOOOM & € dbyukus 7o(x, k; 2) ABIAeTcs CTPO

ro mosioxkuTeabHoil. Ilpn Kaxkaom x € Z4¢ maiiryTcda Takme dmciIa l? e {0,1,2,...}, m? €
{0,1,2,...,19}, aro 2m§ — I — 2; = 0. Torma

X @25
To(x,k;2) > ————C" > 0.
0( » vy )— (%d_z)l?-l—l l?

b) Crauana momyctum, uto k = (r,...,7) € T¢. Torma

1 e~i@t) 1 1 ,
A ) — dt — —i@ g > .
o(@, m; 2) (27 )d /T RO @n)dz _ /T © =
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[Mpuvem 7¢(0,7;2) > 0 u 7o(z,7;2) > 0, mpu = # 0.
Ternreps fomycTuM, 4To | KoopauuaT BekTopa k € T¢ paBubl 7, T.e.

k=k=(m ... .’% k... k), k; € (—mm), j=14+1,....d

Torna
ol s 2) = — / e o L1 / —ita’ “dti ! x
ro(x, k;2) = =——_—— [ e , - -
o @m)? Jpa Ef(t) — 2z (2m)i22 — 2 2 (Zyn(H _ )
Tl ks
Sl415-8 - Ny J m; itj(2mj—s;j—xj) j4 .
X Z Cst+1rmsd H (2605 2) Z Csjj /Edle 1M =8 =25 dt . > 0,
0S5l+17"'75d§n Jj=l+1 m]:O
rie ¢ € T

B cuiny dopmyssl (9) cuemyer nosoxurenbHocTh dyHKIuu 7o(z, k; z). Dro 3aBepinaer
JTOKa3aTeJILCTBO JIEMMBI 6.

Teopema 1. [Tycmov z < ¢,(k). Tozda:
a) ecau k € (—m; )% mo onepamop Ry(k,z) AGAAEMCA YCUAUCAIOULUM TOAONHCUMEADHOCTND G

7dY .

gQ(Z )7 A
b) ecau k € T\ (—m; )%, mo onepamop Ro(k, 2) A6AAEMCA COTPAMAIOULUM NOAOHCUMENLHOCTD
6 £2<Zd)

HoxkazarenabcrBo. Ilo ycioBuio teopembl z < e, (k). Jocrarouno pokaszarb, 9T0 ecjiu
k € (—m;m)?% 1o Ry(k,2)th, crporo nonoxurensua u ecim k € T4\ (—m;m)9, o Ro(k,2),
IOJIOXKUTEJIbHA JIJIsT 3JIEMEHTOB KAHOHIYECKOro Gasuca;

i ={ o 1Y (10)
To mo (10) nmeem

(Ro(k, 2)dy) () = Y Folw —ysk,2), 2 < enl(k).

€74

B cuny semmbr 6 ecn k € (—m; )%, 1o dbynxuus 7o(-;k, 2) ABIgeTCS CTPOro IOJI0XKH-
tesibHol n ecm k € T4\ (—m;7)4, To bynkuus 7o(+; k, 2) asngerca nonoxureabuoit. OTciona
CJIeJTyeT JOKA3aTeIHCTBO TEOPEMBIL.

Teopema 2. [Tycmw z(k) = inf o(h(k)) < em(k) uwmy = my. Tozda:

a) ecau k € (—m; ), mo zo(k)-nesvipoorcdenmoe cobemeennoe snavenue onepamopa h(k)
U COOMBEMEMBYIOWUT COOCMEEHHBIT, BEKMOD MOACHO BLIOPAML CMPO20 NOAOHCUMENDHBLM.

b) ecau k € T\ (—m; 7)), mo das mobozo n € N cywecmeyem maxoti nomenyuan d(x),
umo z(k) aeasemea n-kpammom cobemeenmvm snavenuem onepamopa h(k), a coomeememey-
rouue AUHETHO HE3ABUCUMDIE COOCTNEEHHBLE BEKIMOPL MOHCHO SbIOPATND NOAOHCUMENOHBLMU.

HoxkaszareabcTBo. [Ipu Boinosinennn ycaosuii reopeMsr (m; = msy = m) bysrimo L (p)
MOYKHO TIPEJICTABUTD B CJIEJLYIONIEM BUJIE:
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2 kj
Ex(p) = Ezjzl <1 —cos cospj>.
B srom ciaydae cooTBeTCTBYOMAA JUCIIEPCUOHHAA (DyHKITUS Ek(s) oreparopa B(k) uMeer
BUJI;

2d _

. E’ s=0

Ei(s) = —LcosZ, [s|=1
0, |s|>1

TIpu BBIIOJIHEHMH YCIOBHS ) TeOpeMbl 2 juciepcuonnas dyukims Ey(s) yuosiersopser
yestoBuio npemnosnozxkenns 2.2 (em. pabore [9]). Torma us reopemst 4.1 (em. pabore [9]) BeITEKAET
JTOKA3aTeJLCTBO YaCTH &) TeOPEMbI 2.

Tenepb JIOIyCTUM, 9TO BBIIOJIHEHO ycjaoBue b) reopembl. CHavasa JOKazKeM 4acThb b)
Teopemsl B ciryuae d = 1. B stom ciayuae k = m, u oueparop h(r) aeiicrsyer mo dopaye:

(h(m) ) ) = (= — () ) (o).

m
[pemnonozkum, uro 9(1) = 9(2) = ... =0(n) > 0u o(x) =0, upu x € Z\ {1,2,...,n}.
Torpa uncno zy = info(h(m)) = 2 — (1) ABIsgETCH N-KPATHBIM COOCTBEHHBIM 3HAMECHHEM

orrepaTopa iL(W) [Ipu sTOM B KadecTBe JIMHEHHO HE3ABUCUMBIX COOCTBEHHBIX (PYHKITUN MOXKHO
BPATH JIEMEHTHI KAHOHIIECKOTo Gasuca Uy (), . . ., Uy (). OHE SBISIOTCS TOMOKUTEILHBIMI.

Hanum nokasarebeTBo 4acTu b) TeopeMbl 2 B ciyudae d = 2.

B 3T0oM ciiydae BO3MOXKHBI TPH BapUAHTA:

bl) ky =7, ko =7, re. k= (m;m)

b2) ky = m ke € (—m;7), Te. k = (m; ka);

b3) ky € (—m;m), ke =7, Te. k = (ky;m).

HokazaresbeTBo citydasi bl) aHAJIOMHYHO JOKA3aTeLCTBY TeOpeMbl B ciaydae d = 1.

Hokazaresberso ciyuast b2). [lycrs ky = 7w, ke € (—7; 7). Paccmorpum oneparop fL(W; ko).
Beenem nogupocrpancTsa Ly-0qHOMEPHBIE IIOJIIPOCTPAHCTBA, HATAHYTBIE Ha BEKTOD ﬁy, rae
1),~5JIEMEHT KaHOHHYECKOro Gasmca, ompeseisemoro 1o dopmyre (10). B srom ciydae mpo-
crpaHcTBO (o(Z) pasiaraercs B UPIMYIO CyMMY

((2) = ByesL, ()
Paznoxkenne (11) mopoxkaaer pasioxKeHnne
0:(2%) = Byenly @ (o(Z).

Jlemma 7. Iodnpocmparcmeo L, & o(Z) npu ao06om y € Z, UnH6apuaHmMHo 0OMHOCUMeNb-
no onepamopa h(m; ks).
Cy2Kkenue omeparopa fl(w; ko) ma mommpocTpancTBo L, @ l5(7Z) uMeeT Bu

A (1 ky) = T @ hW(ky),
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rje [-equHu4HbIl oneparop B Ly, u
W (k) = ho(ks) =V,
JIBYXYaCTHIHBI JUCKPETHBI onepaTop B {5(7Z), TouHee

(k) £)(5) = = F(5) — — cos 2[f(s +1) + f(s — 1),

(Vu)(s) = 0y(s)f(5): Dy(s) = 0(y, 9)-

Hucio zy = inf o(ho(k)) sBAsieTcs n-KpaTHBIM COOCTBEHHBIM 3HatdeHueM oreparopa ho(k).
BribepeMm morenImas v ciaeyomuM oopa3oM

B(y,5) = 1, s=x;,1=1,...,n

Y579 o, s # 1.

A Ecm y # w31 = 1,...,n, 7o ﬁ(y)(w, k) = iz(w, ke) m wm omepartopbr
) (7, ky), K\ (7w, ky), 4,5 = 1,...,n- yHUTAPHO SKBUBAJICHTHDL.

HGFKO MO2KHO IIpOBEPUTH, YTO OliepaTo h($7) m ]{,'2 nmMeeT €JMHCTBECHHOE HEBBIPOZK/ICH-
) Y
HOe cOOCTBEHHOE 3HaueHNe Z, JeyKallee JieBee CyIecTBEHHOro ciieKTpa onepaTtopa h®) (1, ky).
DTOMY COOCTBEHHOMY 3HAYCHHUIO COOTBETCTBYET IOJIOXKUTE/IbHAS COOCTBEHHAS (PYHKITHA

~

Uu (1) F(5) € Ly, ® lo(Z), i = 1,...,n.

B cuty yHETapHOI SKBUBATEHTHOCTH orepaTopos h(™) (m ky), i = 1,...,n ancio zy aBad-
eTcsi COOCTBEHHBIM 3HaYEHUEM ITUX OIIepaToOPoB. Takum 00pa30M UUCIIO 2y ABJISIETCS N-KPATHBIM
COOCTBEHHBIM 3HaYMeHIEM orepaTtopa h(m, k).

HokazaresbeTBo cirydast b3) oMHAKOBO ¢ JJOKA3aTeIbLCTBOM CIydas b2).
JlokazaTebcTBO TEOPEMBI B ciydas d > 3 IPUBOJUTCA AHAJIOTUIHO.

Baaropapnaoctu: Pabora noiepxkana rpanrom Pecriydsmku ¥Y36ekucran, mpoekt O3 -
20200929224.
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REZYUME

Ushbu maqolada ixtiyoriy o‘lchamli panjaradagi ikki zarrachali sistemaga mos
Shredinger operatori spektri quyi chegarasi yakkalangan nuqta bo‘lganda uning
xo0s qiymat bo‘lishi, agar bu xos giymat oddiy bo‘lsa unga mos xos funksiyaning
qat’iy musbatligi, agar bu xos giymat karrali bo‘lsa unga mos xos funksiyalarning
musbatligi ko‘rsatilgan.

Kalit so‘zlar: Erergiya operatori, quyi spektr, qo‘zg‘almas operator, kvant
zarrachasi, ikki zarrachali kvant sistemasi.

RESUME

In this paper to establish that if the lower edge of the spectrum is an isolated point
of the Schrodinger operator of a system of two particles on a lattice, then under
certain conditions with respect to the dispersion functions and the potential, it is a
simple eigenvalue and a strictly positive eigenvector corresponds to it.

Key words: Operator energy, low spectrum, invariant operator, quantum particles,
system two quantum particles.
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VIK 517.55

OB OTHOM 3AJJAYE IUP®PEPEHIIMAJIBHOI'O YPABHEHUS BTOPOI'O
IOPAIKA C MHBOJIIOIINEN

Mamaganues H. A., " Beknusizos A. E., " Bacuesa X. I. *

PE3IOME

CraTbsi COCTOUT W3 JBYX 4acTeil, B KOTOPBIX PACCMATPHBAIOTCS KPaeBble 3a/[auu
tuna lupuxie n Hefimana. CtaThs cOCTONT U3 IBYX 4YacTeil, B KOTOPBIX PacCMaT-
puBatoTcd Kpaesble 3ajaun tuna upuxie u Helimana. B mepBoit qacTu mpejcras-
JIEHBbI KpaeBble 3aJ1a4, onucbiBaeMble ypaBaenusmu —u” (—x) — Au (x) = f(x), a
BO BTODOIi yactu - ypaBuenusimu ou” (z) — u” (—x) — A (x) = f (). B obenx ua-
crax ObLIO HallieHo obliee pelenne ypaBHeHNsl BTOPOTo MOPSJIKA ¢ WHBOJIIONUEH 1
KPAEBBIME 33/ [aTaMH.

Karoueswvie caosa: YpaBHEHHSI BTOPOT'O TOPsKa C WHBOJIONMEH, 3a/ladu ¢ WH-
BoJTIONHEl, Ga3UCHBIE YCIOBUdA, KpaeBad 3ajiada, pyHKIus ['puHa, crekTpaibHbie
3a/1a9M.

I. B paborax |1, 2, 3| paccmarpuBauch BOIpoc Ga3UCHOCTH, BOIPOC COCTaB/IeHus (DyHK-
nuu ['puna, a Takke crieKTpaJbHble 3a/1a9u ¢ nHBOJIONuel Tuna Jupuxie n tuna Heitmana

—u’ (—z) = du(z) = f(z), u(-1)=u(l)=0, (1)
—u' (—z) = Mu(z) = f(z), o' (=1)='(1)=0, (2)

rjae A— HOCTosiHHOe 9ncio, f (r) — HenpepbiBHas dyHKImst. OTMETHM, 9TO B 9TUX paboTax He
yKa3aHO B fIBHOM BH/Ie OOIIee pelieHrne ypaBHEeHUs

—u" (—x) = Mu(z) = f(z), (3)

9TO 3aTPY/IHSIET PacCMOTPEHUE JIPYTUX KPaeBbIX 3a/1ad.

B nanmoit pabore Mbl Haiizem obree pereHne ypaBHeHUs (3) B SBHOM BHJE U DEIICHIE
KpaeBbix 3a1a49 (1) u (2). Pabora coctont u3 Tpex 5Tanos, T.e.:

1-sran. Haxoxkenune obiero pertenus: ypasaHenus (1).
Beosst B ypaBrenue (3) 3aMeHy apryMeHTa T — —&, HOJIy9nM CJIEJIyoIlee ypaBHEHNe

—u’ (z) = Mu(—x) = f(—=). (4)

[Tpu nomoru ypaBaerust (4) myTéM CJIOKEHUST 1 BBIYUTAHUS C ypaBHEHNEM (3) U IPUMEHsIst
METOJI BAPUAIIUK TIOCTOSTHHBIX /IS KasKJI0T0 U3 MOJIyYEeHHBIX yPaBHEHUH, NMeeM

| Lo
u(x) +u(—x) :C’locosx/Xx—i-Cgosm\/Xx—ﬁ_/lsm\/X(x—t) f @)+ f(=t)]dt, (5)

" - .
MamaganueB H.A. — Hammonasnbublii yausepcurer Y36ekucrana, m__numana59Q@Qmail.ru

* - . .
Bekuusizos A.E. — Hanuonanbublit yauBepcurer ¥Y36ekucrana, bekniyazov.asan@mail.ru

* . o o . .
BacueBa X.I'. — TamkedTcKuil rocyIapCTBEeHHbBI SKOHOMUYIECKUAN yHUBEpPCUTET, vasiyeva98@gmail.com
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u(x) —u(—x) = Dygchx + Dogshx + — / shV/A (z —t) [f (t) — f (=t)] dt. (6)

Tenepsb nponsBojist 3aMeHy aprymenTa @ — —& B paBercTBax (5) u (6), moydnm

u(—z)+u(x)= ClOCOS\/_I—CQOSIH\/_ZE+—/SID\/_ (x+t)[f @)+ f(=t)]dt, (7)

u(x) —u(—x) = Dygchx — Dygshz — — / shV X (z+1)[f (z) — f (—z)]dt. (8)
Croxus pasercrsa (5) u (7), a u3 pasencrsa (6) BeIIuTasd paBeHCTBO (8) mMeeM

u(x)+u(—z) = Clocosx/_m——/sm\/_x—t) (t) dt—

1

\/_ sin VA (x4 1) f (1) dt—l——/sm\/_ (x+1)f(t) dt+—/sm\/_ (x —1t) f(t)dt,

u(—z) —u(z) = D205h\/_x+—/sh\/_x—t) (t) dt—

1

\/_ shV/A (x4 t) f (1) dt+—/sh\/_:c+t) (t) dt——/sh\/—x—t) () dt

nJIm

u(z) + u(—z) = Cyocos VAz+

+% (/x/x/l) sin\/X(x—l—t)f(t)dtvL% </x/x+/1> sin VA ( — t) f (t) dt

u(z) — u(—x) = DygshV/ Az+

(/ / /)sh\/— (x+1t)f dt—l—%(/:/x/l)sizﬁ(xt)f(t)dt

Tenepb, IpyHIIMpyd COOTBETCTBYIOIIME MHTEI'DaJIbHbIEC YJIEHbI KaK10I'0 paBEHCTBa, I10JIy-
UM

u(z) +u(—z) = Cyocos VAz+
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—x x 1

1 . . .
+ﬁ cos\/Xx/sm VALf(t)dt — sin \/Xx/cos VLS (t)dt — cos \/XZL‘/SIII VALf(t)dt |

-1 —x T

u(z) — u(—x) = DygshvV Az+
—x T 1

1
s shv/\x / chV/ LS () dt — chv/Ax / shV/ LS (t) dt — shv/Ax / chV/Atf (t)dt

—1 —x T

HaxoHer, ckja/ibiBasi 9TH paBeHCTBa, 00pa3yeM pellieHrne ypaBHeHus: (3) B BHe

1 |
u (x) = cos Vx4 shv/\x + m[ [cos VAzsin VAL + sh\/Xa:ch\/Xt] f () dt+

—l—% /x [— sin vz cos VAt — ch\/Xxsh\/Xt} f(t)dt+

—l—ﬁ /1 [— cos V Az sin VAt — Sh\/Xxdl\/Xt} f(t)dt. (9)

2-3tan. O6ocHOBaHMe HaleHHOro 0bIero perenusi ypasaeuus (1).
[Iposepum, aro dyuknus (9) ymosiaerBopsier ypasaeruio (1). s sroro dyukmmo u (z) ,
onpejiessieMy paBeHCTBOM (9), pasbuBaeMm Ha CyMMY Tpex ciaraeMbix u () = uy (x) + ug (z) +
ug (), Tae
uy (z) = cos VAz + shv/\r,

—Zx T

1 . .
ug () = W cos V Az / sin VLS () dt — sin \/Xx/cos VLS (t) dt—

-1 —T

1

—cosﬁx/sin\/th (t)dt|

xT

—x T 1

1
ug () = W shv/ Az / chV/ALf (t) dt — chv/ Az / shV/ALS () dt — shy/Ax / chV/ALf (t) dt

—1 —x x

Terneppb 151 KaXKJI0T0 CJIAra€MOro BBIYHCIMM 3HadeHue Bbipaxkenus Lu = —u” (—x) —
Au ()
a) st uy () : mockombKy ) () = —\ cos VAz + Ashyv/Az, Torma sicro, aTo

Luy; = —uf (—x) — Ay (x) = 0; (10)

b) st ug () : MOCKOIBKY
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uy (z) = —% ! sin vV Az / cosVALS (t) dt + cos \/Xx/cos VLS (t) di+

-1 —x

+sin V Az / cos VLS () dt] :

T

uy (r) = \/—X [— cos V Az / sin VAL (t) dt + sin VA / cos VLS (t) dt+

2
71 2
1
+ cos \/Xx/sjn \/th () dt| + f(z) +2f (—x)
TakuM 06pa3oM, UMEET MeCTO CJIeAyIOIee PaBeHCTBO
Lus =~ (~2) — Mup () = LD D) -

2

c) st ug () : MOCKOTBKY

uy (z) = % |:ch\/Xa; / shV/ALSf (1) dt — chv/ / shV/ALS (1) dt — chv/ Az / chV/ALf (t) dt] :

—1 —x T

—x T

uy (x) = \/TX [shﬁx / chV/ALf (1) dt — chv/\x / shV/ AL (t) dt—

-1 —x

2 Y

_shﬁx/chﬁtf (t) dt] PG b Al

Lug = —ugy (—z) — dug (z) =

= g |:sh\/Xx/ch\/th (t)dt — ch\/Xx/sh\/th (t)dt — sh\/Xa:/ch\/th (t) dt] +

—1 —x T

NGLICE

VA [shﬁx / chV/ LS (t) dt — chv/\x / shV/ALS (t) dt — shv/ Az / chV/tf (t) dt] =

2

-1 —x T
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_ ) = f(=x)
N 2
Takum 06pa3oM, CIpaBe/InBO PABCHCTBO
Lug = —uj (—x) — Aug (x) = /() _2f (—x) (12)

[Ipunnmas Bo Banmanue (10)-(12) okoHYATEIBHO, TIOJLY UM
Lu=—u"(—x) — Mu(x) = Luy + Luy + Luz =

= [~y (—=2) = Auy (2)] + [—ug (=) — dug ()] + [—ug (—2) — us (z)] =

(
f x) + f x)— f(—zx
() + f (=2 )+f()2f( ):f@)’
TO ecTh yHKIWs (9) sABIACTCS 06Lu1/1M pereHneM ypaBHeHus (3) ¢ MHBOJIOIHET.

3-stan. KpaeBbie 3ajgaun s ypaBueHust (3).

Corutacuo obrmero Buja perennst (9) mys ypasHenusi (1) MOXKHO paccMOTpeTh KpaeBble
3aJtaqn tura upuxie, Hefimana u apyrux.

B cuy (9)
u(z) = cos VAz + shv/ Az + g (z,t,\), (13)

rje

g(x,t,\) = % ]x [cos Vz sin VAL + sh\/Xa:ch\/Xt} f(t)dt+
—}—ﬁz [— sin v/ Az cos VAt — ch\/Xxsh\/Xt} f () dt+

_1_% /1 [— cos V\x sin VAt — sh\/chh\/Xt} f(t)dt

Tenepb paccMOTpUM CJIELYIONIHE KPAEBbIe 38 Iat:
a) 3agaga dupuxie. 113 obmero pemenns (13) mpn u(—1) = 0 u u (1) = 0, coorser-
CTBEHHO, NMeeM

cos VA — shv/A = ﬁ[ [Sin X cos VAt — ch\/Xsh\/Xt] f(t)dt

1 1 )
cos VA + shv/x = m_[ [sm X cos VAL + ch\/XSh\/Xt] f(t)at

1
Orcrona nonydaum A = —S2YA [ ooy /)¢ f@)ydt, B= chy/A shv/ALf (t) dt
2V heos v Y, f 2VAshVA _J; (t)
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CrenoBaresibHO, perenne Kpaepoit 3aaqu (1) tuma lupuxie nmeer Buj

1 1
_sinvAcos vz /Cos VLS (£) dt+ chv/\shy/ A shV LS () dt + g (2,1, ) .
21

u(e) = 2v/\ cos VA 2v/Ashv/ A I,

B) 3amaua Heifimana. Iuddepennupys Boipokerns (8), mveem

v (z) = —VAsin Vaz + VAchvAz+

. . 1

—|—% —sin V Az / sin VAL () dt — cos Vx / cos VLS (t) dt + sin vV Az / sin VLS () dt | +
1 T [ 1

+5 chvV/ A / shV/ALf () dt — shy/Ax / shV/ALSf (t) dt — chv/ A / chVALf () dt| ,  (14)

TOrJIa MOYKHO PacCMOTPETh KpaeByto 3aja4y (2) ¢ yciaosuem Tunia Heiimana.
Ipu v/ (=1) =0 m v/ (1) = 0 u3 (14) mmeem

Vasin VA 4+ VAchV/A = % / [— cos VA cos VL + sh\/Xsh\/Xt] f(t)dt

1
1
—VAsin VA + VachVA = 3 / [cos X cos VAL + sh\/Xsh\/Xt] f(t)dt.
—1
N3 31X paBeHCTB HAXOIUM

A= cos /A cos VALf (t)dt, B=

_2\/Xsin \/Xi1

1 1

sh\/X

CrenoBaresibHO, pelienne Kpaesoit 3ajaqu (2) tuna Heiimana umeer Buj

shV/ALS (t) dt + g (z,t,\).

u(z) = _ cos A cos vV zx /COS \/th (1) dt shv/Ashv/A\x

2/ X sin v\ a 2/ Achv A ;

Jasee, MOKHO pacCMOTPeTh JAPYTHe KPaeBble 3a1a4H.
I1. B crarbe [3] paccmarpuBaercs jijis oepaTopa ¢ HHBOJIOIMEH

Lu=au” () —u" (—z) — \u(z),
KpaeBag 3a/laua ¢ TPAHUIHBIM ycaoBueM Tuia Helivmana

au” (x) —u" (—z) — M (z) = f (2), (15)
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u (=1)=0, ' (1)=0, (16)
rje A—MocTosiHHoe Yuciio, f () —HempepbiBHAs (DYHKITHS.

B pabore |5| kpaeBas 3a1a9a paccMaTpuBaIach st ypaBHenus (6] mpu oo = 0, HO B 06enx
crarbsx o0Iiee pererne ypasHenus |6 He nmpuBeseno. B maxnOi pabore Mbl IpuBoauM obiiee
pellleHre ITOr0 yPaBHEHU.

st 97Ol Tes M, TPOU3BOJA 3aMeHy aprymMeHTa ¥ — —x B ypasHenuu (15), mosyuwnm
PaBEHCTBO

au’ (—x) —u" (x) = Mu(—x) = f(—2). (17)
[Tocse coxkenust u BeranTanus u3 paseHcts (15) u (17) momyanm
@) +u(—0))" + o fu(a) +u ()] = L ELE D
@)~ w2~ o @) —u(-) = LD

A

Bamennm fist ypobersa 2o = g, 2= = v2. Jlis oupejenenust Bhipazkenuii u (x) + u (—x) n

u () — u (—x) npuMeHNM MeTOJ BApUAIIUY TIOCTOSHHBIX, MOJTY UM

T

i e T _ sinpu (x — x —x
u(z) - u () = Croe™ + oy u(l_a)[ ple—0)[f () + f (o) di,  (18)
w(2) — 1 (=) = Dioe”® + Dage " + m / shv (x =) [f () — f (=) dt.  (19)

-1

Tenepb, mpousBojisi 3aMeHy aprymeHTta © — —z B pasencrBax (18) u (19), mosydmm
COOTHOIIEHUSI MEXKJLy NPOU3BOILHLIMI OcTOAHHBIMU O, Cay, Dig 1 Doy B BUIE
1 1
CQO = ClO + m f COS utf (t) dt n D20 = —D10 + m f Sthf (t) dt. HOSTOMy pPa-
—1 -1
BercTBa (18) u (19) mpuBogsaTCa K BUITY:

1

u(x) +u(—x) =2Cg cos px + %/COS ptf (t) dt—
= z 1
1
N sinp (x —t) f(t)dt +2sinpx [ cosptf (t)dt+ [ sinp(x+1t)f(¢)dt],
p(l—a) _/1 _{ x/
—vx !
u(x) —u(—x) = 2Dygshve + m / shtf (t) dt+
S
—z T 1
+m /shu (x —t) f(t)dt — ZChyx/shl/tf (t)dt — /shv (x+1) f(t)dt].

—1 —x x
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CJI03K1B TIOYJIEHHO TI0JIYYeHHbIe PABEHCTBA 00pasyeM perreHne ypasHeHus: (15)

1 1

/cos ptf () dt + #ﬁa) / shvtf (t) dt—

-1 -1

ie~in

u (CL’) = COS ,uxClo + ShI/ZEDlo —+ m

_2M(11_ 3 /sinu(x—t)f(t)dt—i—QSin,ux/cos,utf(t)dt—i—/sin,u(x+t)f(t)dt +

—1 —x T

—x x 1
1

+—21/ it a) /shu (x —t) f(t)dt — 2chux/shutf (t)dt — /shy (x+t)f(t)dt| . (20)

—1 —x T

Tenepsb mposepuM, uto GyHKINA u (), onpejeseHnas papeHcTBoM (20), sBJIsIeTCsT periie-
ureM ypasaerns (15). 113 (20) mocsre1oBaTe/IbHO HAXOANM

v () = —psin pzCig + vehva Dyg+

1 1

—|—2<i—i_wa)_[cosutf ) dt—z(el—fa)_[shutf () dt+
+ﬁ [Ecosu(xt)f(t)dt2cosua;Zcosutf(t)dtjcosu(x—i—t)f(t)dt +
+m [shu (¢ — 1) f (t)dt — 2chve / shutf () dt — /1 shy (z+1) £ (t)dt]| |
_ u' (z) = —p? ;; pxCo+ $
42 shvaDyy — % /1 cos it f () dt — 2(”16—;@ /1 shutf (1) di+

-1 -1

2(1-a)

—1 —x x

TR [/Sin,u(m—t)f(t)dt+QSinpx/cosmff(t)dt+/Sinu(ert)f(t)dt] -

f@)+f(=a)

2(1 -«
+—2(1:a) _[chy(x—t)f(t)dt—25hux_/shytf(t)dt—/chu(a:+t)f(t)dt +
fa) 1 ()

LY TRy
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A Takxe
—u" (—$) — qu coSs chlo + I/QShI/IBDlo-i-

1 1

veve
—1 -1

,L‘luei,u:p
Py E— tf(t)dt
+2(1_a)/cos,uf() +

f (@) + f (=)
2(1—a) *

1 s / ‘
+m [/Slnﬂ($+t)f(t)dt+/Smu(x—t)f(t)dt] +

—1 x

f(x) = f(=2)
2(1+ao)

+2(1+a)

1 x

Y [/chu(a:+t)f(t)dt/chz/(xt)f(t)dt} +

J1jist IPOBEPKHU CIIPABE/IMBOCTH MOy I€HHOTO PE3YJILTATA BBITUCUM CJIEJIYIONIee BHIPAKEHUE
au” (z) —u" (—z) = du(x) =X+ Bg + X3 + Xy + X5,

IIO9TaIIHO:
Y= [(1 —a)u? - )\} AospxCio + [(1 +a)v? — )\] shvx Do+

1

} /cos ptf (t) dt+

N ipLoe T ipet iNe
2(1—a) 2(1-a) 2u(l-a)

1
—vT

voe ve'® e v
* {2(1+a) “2(1+a) 21/(1—{—04)] /Shutf(t)dt:

-1

1 1

I _
= a51nu$/cosutf (t)dt 1+achuz/shvtf (t) dt,

1—04)7 2(1—a)

Yy = [%/sinu(m%—t)f(t)dtjtﬁ/sinu(x—t)f(t)dt%—

—z —x

A .
+m/smp(m—t)f(t)dt /shu(m+t)f(t)dt+

-1

N v
2(1+a)

2(1+a) 2v(1+a)

-1 -1

+L/shy(xt)f(t)dt;/shy(mt)f(t)dt] =

:L/sinu(m%—t)f(t)dt—kL/sinu(w—t)f(t)dt—l—

2(1—a), 2(1-a)
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—x —T

/shy(a:—l—t)f(t)dt— 11@

14

_l’_
1+«

—x —XT

sin,ux/cos,utf (t)dt + 1 _iV_ achum/shytf (t) dt,

xT

Y3 = [%2 sin px: /w cos utf (t) dt + ﬁQ sin ,ux/ cos utf (t) dt} +

e —z I —x

i T w(lta

—T —T

~sigev [ shotf (e gz [ sh (1) dt] i

—Z —T

= “asin,ux/cos,utf(t)dt—i— 1ia6hux/shyt-f(t)dt,
-1 |

Y= [ﬁ/sinu(ﬂ:7f)f(t)d7f—|—%/sinu(:zc—i—t)f(t)altjL

xT x

1

—m/shy (x —t) f(t)dt—

T

A\ [
o) /smu(l’ﬂ)f(t) dt]

T

1 1

A
m/shu(m+t)f(t)dt _

T T

ro

—m/shy(x+t)f(t)dt+

1 1

sin pux / cos utf (t) dt + ] _T_ chvx / shutf (t) dt.
a

T T

W3 Bbllle BHIMUCIEHHBIX Bblpa}KeHI/Iﬁ HETPYAIHO BHUJETDH, 9YTO

1 1

sinuaz/cosutf (t)dt + 1ioéchux/sh1/tf (t) dt,

-1 -1

_ f@+fl=2) [fl@-f(2)\ [f@+[f(2) [fl)-f(-=2)]_
25_{0‘(_ 2(1-a) | 2(+a) )+ 2(1-a) | 2(1+a) ]_
_J@+ S, f@+ ] ()
2 2
Taxum 0Opa3oM, B CHJIy HAIIIEro 0OO3HATEHMS

Zp + T+ By = —

= [ (2).

o (z) —u' (=) = Mu(z) =81 + Bo + Bg + X4 + 35 = f (2),

TO ecTh QyHKIUA u (), onpeesenHast papeHcTBOM (20), siBJisieTcst pernenneM ypasHerust (15).
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Tenepsr paccmorpum KpaeByto 3ajady ¢ yeaosuem dupuxie: u(—1) = u (1) = 0, ecom
u(—1) =0, To

1 1

/cosutf(t)dt+;Za—iczy)/shutf(t)dt:O,

ie™ — 2sin
COS ILLCH) — ShVDl() + W_@)u

ecm u (1) =0, TO

1 1

v _ o,
/cos,utf(t)dt—l—ﬁ/shytf(t)dtzo.

ie” ™" — 2sin
CcOS ,uC’w + shvDqg + T_a)pj

N3 stux PaBE€HCTB HaXOJIUM

1 1

/cos;uff (t)dt, D=5 fja) Shy/shutf (t) dt.

e

Cig =
2 (1= ) cos

[Tosromy permenne KpaeBoii 3a1a4un ¢ ycjaoBueM Jlupuxie mmveer B

1 1

e’shvx
tf(t)dt hvtf (t) dt
-1 —1

1€t cos px

u(z)

- 2p (1 — «) cos p

1 1

-1 -1

+ e /cos tf(t)dt+
201 —a) )

1

+—2V(1+0z) /shlj(m—t)f(t)dt—QChyx/xsthf(t)dt—/3h1/(x+t)f(t)dt +

—1 T

X -

+—2M(1—04) —/sinu(:c—t)f(t)dt—ZSin,ux/cosutf(t)dt—/sin,u(x—i—t)f(t)dt ,

-1
— A _ /A
rne pb = o) V= 1+a”

[TockosibKy

—Z

1

e—z’,um
/cos utf (t) dt—

v (z) = —psin pxChg + vehva Dy + m

1 —x
e VT

0t /shytf(t)dt+—2(1_a>

-1 -1
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z 1
_QCos;m/cosutf(t)dt—/cos,u(x—f—t)f(t)dt 4
e N :
+—2(11—|—a) _[shu(x—t)f(t)dt—2chv:r—/sh1/tf(t)dt—/shl/(x+t)f(t)dt ,

TO MOYKHO PACCMOTDPETh KpaeByio 3ajady ¢ yciaosueMm Heiimana: v/ (—1) =o' (1) = 0.
Ecmm v’ (—1) = 0, To
, 1 1
e — 2sinp e” — 2chv

m/cesutf(t)dt—l—m/shutf(t)dt:(),

—1 -1

pwsin pCho + vehv Dy +

ecan u' (1) =0, To

, 1 1
e —2sinp eV —2chv

m/cosutf (t)dt + m/shutf (t)dt = 0.

cos uCho + shvDqy +

N3 51X paBeHCTB HAXOIUM

1 1

< / shutf (1) dt.

2v (1 + «) shv
| 1

e
Cio = tf(t)dt, D=
10 2,u(1—a)cos,u/cos'u f@t)dt, Dio

HO3TOMy peuiesune KpaeBoﬁ 3ada491 C yCJIOBUEM ﬂHpHXHe nMeeT BU/g

1 1

e cospx eV shyr
u(z) = 2 (1= a)cosp /cosutf (t)dt + 20 (1 + ) shv /shl/tf (t) dt+
-1 ‘1

— L 1
e e e~V

+m[ COS ,Utf (t) dt + m_/l Shutf (t) dt+

-z T 1

+_2V (11+ 5 _/15h1/ (x—t) f(t)dt — ZCth_/ shvtf (t) dt — /ShV (x+1t)f(@t)dt| +
-z T 1
1 ) . '
+—2,u(1 ~ o) —/181n,u(ac —t) f(t)dt — ZSlnu:L'_/cosutf(t)dt— /sm,u(x+t)f(t)dt :

/A /A
raie u = E’V: Tra:

JINTEPATYPA
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REZYUME

Maqola ikki gismdan iborat bo’lib, Dirixle va Neyman tipidagi involyutsiyali
chegaraviy masalalar ko’rilgan. Birinchi qismda —u” (—x) — Au (z) = f (z) , ikkinchi

gismda esa au”(r) — v’ (—x) — Mu(z) = f(z) tenglamalar bilan tavsiflangan
chegaraviy masalalar keltirilgan. Har ikki gismda ham umumiy aniq yechim
topilgan.

Kalit so‘zlar: Involyutsiyali ikkinchi tartibli tenglamalar, involyutsiyaga oid
masalalar, bazis shartlari, chegaraviy masala, Grin funksiyasi, spektral masalalar.

RESUME

The article consists of two parts, in which boundary value problems of Dirichlet and
Neumann type are considered. The article consists of two parts, in which boundary
value problems of Dirichlet and Neumann type are considered. The first part
presents boundary value problems described by the equations —u” (—z) — Au (z) =
f(z), and the second part by the equations au” (x) — v’ (—z) — Mu(z) = f(x).
In both parts, a general solution to a second-order equation with involution and
boundary value problems was found.

Key words: Second-order equations with involution, problems with involution,
basis conditions, boundary value problem, Green’s function, spectral problems.
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VIIK 517.24

NH®OPMAIINS ®UIIEPA OJIS CJIYYANHO IIEH3YPUPOBAHHBIX
HABJIIOJEHU

Hypmyxamenosa H. C.~

AnaHOTaIMS

Nudopmarus Puinepa gpiserca yHIaMEHTAJIBHBIM MOHATHEM B TEOPHH CTaTH-
CTUYIECKOI'O BBIBOJIA U MUIPAET BayKHYIO POJIb B OIEHKE IapaMeTPOB CTATUCTUIECKUX
mozeneit. Ona mpejcras/isier co00it Mepy HHPOPMATHBHOCTH HAOJIIOIaeMbIX JTAHHBIX
OTHOCHUTCJIbHO HEU3BECTHBLIX IIapaMETpPOB MOJICJIN. B YCJI0BUAX CJIy‘IafIHOFO ICH3Y-
pUpOBaHUsA, KOIJIa YacTbh HAOJIOJEHUN MOYKET OBbITh HEMOJIHOW WU I0JIBEPraThCs
[IEH3yPUPOBAHUIO, BbhluucaeHue nndopmarmun Puiiiepa, MpeicTaBasgeT coOoit CI0K-
HyIO 3aJa4dy. B manHoii pabore mucciemoBano wHdopmaius Puiepa B MOJIEIN CIIy-
YaHOIO IIEeH3yPUPOBAHUs CIIpaBa.

Karouesnie caoga: ciyuaittoe 1ieasypuposanne, nadopmarius Purrepa, pyHKIHST
MHTEHCUBHOCTHU, MOJEJIb IIPOIIOPIUOHAJIbHBIX WHTEHCUBHOCTEIA.

[Iycrs X u Y mesaBucumble ciaydaiinble BeJaudauHbl (c.B.) u omnpeeanm Z = min(X,Y)
- Habmomaemoe ¢.B. u 6 = I[(X < Y). B ciayvae ciaydailHOro neH3ypupoBaHus ¢ CIPaBa MbI
HabmotaeM napbl (Z,0). DTo 03HAYAET, YTO €CJid COObITHE MPOM3OIILIO JI0 MOMEHTa [eH3YPH-
poarus (X < Y'), Mbl 3HaeM To4uHOe BpeMsi coObiTus X. FEciam ke cobbiTue HE MPOU3OIILIO
10 MoMmeHTa Tiensypuposanus (X > Y), Mbl 3HaeM TosibKo, 9T0 X > Y| TO ecThb BpeMs CO-
OBITUST TIPEBBIIIAET BPEeMsI IIEH3YPUPOBaHUA. B n HE3aBUCHMBIX SKCIIEPUMEHTAX MbI TIOJIyYaeM
BBIOODKY:

C(n) = {(Z,L,(Sz), 1= 1,2,,77,}

Nudopmariug Quiiepa ciaydaitHo 1eH3ypUPOBAHHON BHIOOPKHU ObLIa N3ydeHa MHOIOME yUICHBI-
vu. A6aymykypos u Kuwm [1], a Takxke [Ipakaca Pao [2]| uccaenosamm nadopmarmo Puepa,
KOTJIa pacipeje/icHus Kak HaOJiojgaeMoi ¢.B. X, Tak U IeH3ypupylornieil ¢.B. Y 3aBucat ot
HemsBecTHOro mapamerpa 6. [an [3| npecrasun Boipazkerust myist wadopmarn Puiiepa depes
QYHKIINN UHTEHCUBHOCTH, YTO MO3BOJISIET aHAJIU3UPOBATH IMOTEPI0 MHMOPMAIUU U3-33 IEeH3Y-
pUpOBaHUs U U3MeHeHHe MHMOPMAIMU DU HAJUYUE [I€H3YPUPOBAHHBIX JAHHbIX. Dbpon [4]
UCCJIEJIOBAJ CBA3b Mexk 1y uHdopmanueir Ouitepa n GyHKIUAMA UHTEHCUBHOCTH, YTO YIIPO-
IMAeT BBIYUC/IEHUsT U MOHWMAHUE BJIMSHUS EH3YPUPOBaHUS. B JAHHOM CTATbe PACCMOTPUM,
KaK Bbluuciagercd nHpopmanmsa Purnepa s CIydailHO IeH3yPUPOBAHHBIX HaOJIIOIEHUI: KO-
I/1a IEeH3YPUPYIONas cJIyvdaiiHasd BeJIMYNHA He 3aBUCUT OT HEU3BECTHOTO MapaMeTpa, a TaKiKe
KOI'JIa 3aBUCUT OT HEM3BECTHOT'O IapaMerpa.

1. Ilensypupymiiasa ciaydaiiHasgd BeJMYMHA HE3aBUCUT OT HEM3BECTHOI'O Iapa-
merpa. [lycre X c.B. ¢ dynknueit pacupenesnenns (¢b.p.) F(x;0) u wiornocrsio f(x;0), riae
0 € © C R® neussecrublii napamerp. OyHKIMA MHTEHCUBHOCTH JJIs CJIydailHONl BeJnauHbl X
olIpeIe/IseTcsT KakK

f(x:0) f(@:0)

M0 = ) T T Py

* - . .
Hypmyxamenosa H. C. — Hanmonanbusiii yuusepcurer Y3bekucrana, rasulova_nargiza@mail.ru
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rie F(r;0) = 1 — F(z;0). OyHKmus MIOTHOCTH WHTEHCHBHOCTH Ay (7;0) TOKa3bIBaeT, Kak

M3MEHSIETC BEPOSITHOCTD HACTYIIJIEHNST HAOJIIOaeMOro COOBITUS B TAHHBI MOMEHT BPEMEHIL.
Nudopmanus Puinepa 310 Mepa TOYHOCTU OIEHKH HapaMerpa ¢ Ha OCHOBe HaOJIIOAEHUIL.

Nudopmanusa Puitiepa 0 HEU3BECTHOM IIapaMeTpe OIPeJIe/IAeTCsl CASIYONIM 00pa30oM:

Ix(0) =E [(%bg f(X;9)>2] .

3nech % log f(X; 0) dyHKIms BKIaIa, TTIOKA3bIBAIOIIAs 1y BCTBUTEIHLHOCTE JIorapudMa TIOTHO-
CTH K u3MeHeHuto mapamerpa . [Ipu BoioiHeHnn onpeie/IEHHBIX PETryISPHbIX YCI0BU, MPOH
[4] nokazas, aro undopmarmio Ouiepa MOKHO BbIPA3UTh Yepe3 (DyHKIUIO UWHTeHCUBHOCTH

oo B 2

o - [ (%bg Ax<x;e>) F(: 6)d. 1)
—0oQ

D10 paBeHCTBO yJ0OHO it aHaau3a wHopMmarmu Puiepa B KOHTEKCTE IEH3yPUPOBAHHBIX

JIAHHBIX.

[Iycte X u Y meszaBucumble c.B. ¢ d.p. F(z;0) u G(x) coorBercrenno. Torna coBmecrHast
[JIOTHOCTH BEPOSITHOCTU HaOJ0eHus (Z, ) NpH [EeH3yPUPOBAHUN CHPABA UMEET CJIeLyIOIuii
BUJI;

N = 1-5
L(z,0) = [f(:0)G(2)]" [9(x)F(z:0)] ", (2)
riae ¢g(z) wioTHOCTH pactpenesnerns c.B. Y. Ecan dyHKIWs pacnpesesennst eH3ypUpyoIei
semmannbl G(2) He 3aBECHT OT TapaMeTpa ), To mpomssoaHas 1o f or G(x) pasma mymo. To-
Ia BIpaKeHne [uisi IIoTHOCTH yrpomaerca L(z,6) = f9(z:0) [1 — F(z:0)]'° . Undopmarms
Quinepa orHOCUTEIbHO NapameTpa § B Habmogenun (Z,0) OUpeensaeTcsa Kak:

](Z,(S)(Q) =Ey [(% log L(Z7 5))2

= Fy { <5%10gf(2;9) +(1-— 5)%10g(1 - F(Z; 0))) }
(3)

[lensypupoBanue cymecTBeHHO cHIxKaeT uHopmarmio Puiiepa o napamerpe 6, 4ro 3a-
TPYIHSET TOYHOE OICHUBAHKE IIapaMeTpa. DTO JeMOHCTPUPYET HEOOXOAUMOCT YUNTBIBATD 1[EH-
3ypUPOBAHUE IPH CTATUCTHICCKOM aHAIU3E JTAHHbIX.

IIpumep. Iycts X ~ Exp(\) uMeer 9KCHOHEHIMAIBHOE PACIIPE/IC/ICHAE C HEM3BECTHBIM
napamerpoM . [lensypupytomas ¢.B. Y umMeeT usBecTHoe pacupesiesenue ¢ pyHKIumei pacipe-
nenenns G(y). Uadopmanusa Puinepa B caydae moaHoi BeIOOpKU [x(\) = /\% Paccmorpum
cIIydaHoe IeH3ypHUpoBaHue cupasa, Torga uadopmaimn Ouiiepa uMeer cIeayomui Bl

IZ9(\) = E, [(5 G — Z> +(1— 6)ZA)2

Y1006l pemmuth (4) HY:KHO 3HATH TOYHOE pachpefeienue c¢.B. Y. Ecau c.B. Y Takxke mmveer
HoKasaTeIbHOe pacipe/ieieHre ¢ napaMerpoM 1, 1o (4) umeer cieyomuii BuI:

: (4)

2)2 1 2 1

7.6 _
' )(A)_A+1_>\3+A2_ EESERY
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DTOT pe3yabTaT mpejcTaBisger coboit nadopmarmio Puirepa ¢ yIéToM KaK HEleH3ypPHPOBaH-
HBIX, TaK U IEH3yPUPOBAHHBIX JIAHHBIX. B ciIydae cjIydaitHOTO IEeH3YPUPOBAHUS CIIPpABA WH-
dopmarms Duritiepa ymeHbinaercs 1o cpaBHenuio ¢ uugopmarueir Guiriepa B ciiydae MOTHON
BBIOODKU.

JlaHHBII TpUMep TTOKA3BIBAET, UTO MEeH3YPUPOBAHUE TTPUBOINT K CHUYKEHUIO WH(POPMAIIAN
Qurepa 10 CPABHEHUIO € MOJHBIMEU JaHHbIME. OJIHAKO MEH3YPUPOBAHKUE HE BCETJIA IIPUBOIUT
K morepe mHbopMarmu. B ciaydae, Korjga MeH3ypupyolias CiaydaifHas BeJIMIUHA 3aBUCHT OT
HEM3BECTHOI'O Iapamerpa, a eé @d.p. BeIpaxKaercs depe3 ¢.p. c¢.B. X, madopmarus Puirepa
MOKET He U3MEHSIThCs. PaccMOTpuM 3TOT cirydaii.

2. llen3ypupyroias ciayvaiiHasi BeJIMYNHA 3aBUCUT OT HEM3BECTHOT'O ITapaMeT-
pa. Pacemorpumceiyyaii, korja ¢.p. meHsypupyioiieii ¢.B. Y, oboznadaemasi kak G(y; ), 3aBu-
CHT OT TOTO K€ HEM3BeCTHOro mapamerpa 6, uro u ¢d.p. Habmonaemoit Besmanasl X, F(x;0).
B rakux cirydagx orenka mHdopMarmn Puriepa CTAaHOBUTCA 0oJiee CI0KHOM 3aj1a4eil, TaK Kak
HEOOXO/IMMO YUUTBHIBATH 3aBUCUMOCTDH 006€uX C.B. OT mapamerpa 6.

[Iycts X u Y nesasucumsbie ¢.B. ¢ G.p. F(z;0) u G(y; 0) coorBercrenno, rje § € © C R? -
Henm3BecTHBIN mapamerp. Onpeesnnm Habomaemble Besmanabl Z = min(X,Y), 0 = [(X <Y),
rie I(A) - uanukarop cobbitust A. CoBMecTHasI IIOTHOCTH BEPOSITHOCTH CJIyYaitHO MIPaBOCTO-
POHHE TIeH3YPUPOBAHHOrO Habro/ieHust (£, §) ONpeiesisieTcsi CIey oM 06pa3oM:

L(z,8) = [f(2:0)G(2:0)]" [9(z0)F(2:6)] ', (5)

rne F(x;0) =1~ F(x;0) u G(z;0) = 1 — G(x;0). Undopmarmsa Ourmepa 0THOCHTETHLHO TIapa-
Mmerpa 0 B Habmoenusx (Z, ) omnpejesisiercsi Kak:

1Z9(9) = B, [(3 log L(Z, 5))2] : (6)
00
Ucrnonbsyst Beipakenue st log L(Z, §), morydaem
log L(Z,6) = 6log [ f(Z;0)G(Z;0)] + (1 — &) log [¢(Z;0)F (Z;0)] .
YV4aurbiBasi 9TO BhIpaxkeHue Jiid nadopmarun Puiriepa, morydaem

1Z9(9) = /_oo {5 <% log f(z;0) + %log@(% 9))

e}

+(1—9) (% log g(z;0) + % log F(z; 9)) } L(z,0)d=. (7)

PaccmorpuM cretyiomnue yeIoBHst PeryJIsspHOCTH:
(Y1) Hocurens miotnoctu f(x;6) me 3aBucut ot §: Ny = {z : f(x;0) > 0} mocrosgmuo 1o

9% F (x;0) 0%G(x;0) of (x;0) Og(x;0)
(V2) Cmemannble TPOU3BOIHBIE -2 Sm5p  CYIIECTBYIOT M DABHBL —57—~ U — 45
COOTBETCTBEHHO.

(V3) Hpoussomupie 2L éweﬁ) u 89((;;6) CYIIECTBYIOT U OTPAHUYEHbI MOYTU BCIOY JIJIsI BCEX

0 co.




Bectauk HY VY3 - 104- Tounble HayKu

(V4) Undopmarmu Pumepa [X(0) u IY(0) xomeunnl u nosoxurenpus:: 0 <
IX(0), IV (0) < oo.

(Y5) 8 € © CR.

Teopema 1. [Tycmo svinoanenv, ycaosus peeyaaprocmu (V1)-(Y5). Toeda ungopmayus
Quwepa 0as (Z,0) moocem 6bimb uPAHCEHa CALOYIOUUM 00PA30M:

o0

1299y = 1%(0) — / (%W)?(w;&)cv‘(x;@)dx—l—
o | (20N 0001y =
:7(%}@)2f@;6>6<x;6>dw+ 7 (%%ngwmy;e)dy. ®)

Teneps paccMoTpuM ciIydail, Korja 1eH3ypUupyIoas ¢.B. 3aBUCUT OT HEU3BECTHOIO Iapa-
MeTpa CHeIaJIbHOM 00pa30M: MOJIEJIb IIPOHOPIMOHAIBHbIX nHTeHcHBHOCTel (MIIN). B MIIN
MeXK/Jly paclpe/ie/leHIAMN HaOII01aeMoil U IeH3ypUPYIOIIeil ¢.B. BBIIOJIHAETCS CIelyIolee co-
OTHOIIIEHNE!

G(z;0) = [F(x;0))”, (9)

e § > 0 - KOHCTaHTa, XapaKTepu3yolas CTelleHb IeH3ypupoBanus. Vnumoas3ys GyHKIMNn
unTeHcnBHOCTH €.B. X u Y BbIpazkenue (9) MOKHO HAIHCATH CJICIYIONAM 00pa3oM

)\y(l'; 9) = BAx(.I'; 9)

Taxum odpazom, MIIN nogpazymeBaet, 4To (pyHKIMS MHTEHCUBHOCTH JIJidd Y IIPONOPIINOHAIHHA
dyuKIIMI nHTEHCHBHOCTH 1t X ¢ K03 DUImeHToM mponopiuoHajbHocT (. Mmeer mecto

Teopema 2. B MIIN ungopmayus Puwepa ora (Z,6) coenadaem c ungopmavuets Pu-

wepa ona X
1%9(9) = 1%(9).

B MIIN nen3ypupoBaHue MpPOUCXOIUT TAKUM 0Opa3oM, 4TO mHMOpMaIms o napamerpe § He
TepsieTcsl, HeCMOTPsl Ha HAJIMIHe eH3YPUPOBAHKUA. DTO CBI3AHO C TE€M, UTO IEH3YPUPYIOIIAs
BesimanHa Y HECET Takyio ke mHpopMaImio o 6, Kak n HaO/ogaeMast BeJimanaa, X .

Ipumep. B srom npumepe Mbl nokazkeMm, uro B MIIU undopmanus Puriepa s 1ieH-
3ypupoBaHHBIX Habsrojenuit (Z,9) cosnasgaer ¢ undopmarmeii Quiepa Jijis HEIEH3YPUPO-
BanubpX HaGmomenuit X, To ecrs [(%9(9) = IX(6). na storo paccMoTpuM ciydaii, KOrjia
BpeMs 10 coObITud X U BpeMs IEH3YPUPOBaHUA Y PacCIpe/iesieHbl SKCIOHeHIuabHO. [IycTh
fx(z;0) = 0e7%, x>0, fy(y;0) = B0e=P%, y > 0. [Iposepum, 9TO BHIIOIHAETCSA YCIOBHE
MIIU:

Fy(x;0) = [Fx(z;0))".

[eiicTBuTe/IHHO,
[Fx(2:0)]° = [e7%)F = 7P = Fy(;0).
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Berancanm nadopmarnuio Qurepa st (Z,0):

ﬂ“@%ﬂﬂm—AwG%MMﬂa®)h@ﬂﬁﬂ%ﬁw+

PO~ [ (G en:0) 0Pt dy

B MIIN Ay (y;6) = BAx(y;6), u 0be DyHKIMN MHTEHCHBHOCTH UMEIOT OJIMHAKOBBIE Jlorapud-

Mueckue nponssonuble o log Ax (z;6) = 1, Llog Ay (y;60) = & log(80) = 4. Yuursisag s10

BBIIUCJIUM HHTEr'PpaJibl

| (%)2 Felas0) Py (a:6) o = s,

/OOO (%)2 Sy (y; 0)F x (y; 0) dy = ﬁ-

[oncrapasgem Bee B Boipazkenne s 149 (6)

1 g
IZ0) =1%0) - ——— + 1V (0) — ———.
O="O-pan O pars
Vunreisast, aro I*(0) = 55 u IV (0) = 5, nomyuaem
1 1 1 3 1

oL L 1 8 1
0 =g parpte wais @

Takum obpazom B MIIN

1
NM@:@:ﬂ@.
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REZYUME

Fisher informatsiyasi statistik xulosa qilish nazariyasining asosiy tushunchalaridan
biri bo’lib, statistik modellarning parametrlarini baholashda muhim rol o’ynaydi.
U noma’lum parametrga nisbatan kuzatilmaning informativligini o’lchash mezoni
hisoblanadi. Tasodifiy senzurlanish modelida, ya’'ni kuzatilmalarning bir qgismi to’liq
bo’lmagan hollarda, Fisher informatsiyasini hisoblash murakkab hisoblanadi. Ushbu
maqolada o’ng tomondan tasodifiy senzuralanish modelida Fisher informatsiyasi
o’rganilgan.

Kalit so‘zlar: tasodifiy senzurlanish, Fisher informatsiyasi, intensivlik funksiyasi,
proporsional intensivliklar modeli.

RESUME

Fisher information is a fundamental concept in the theory of statistical inference and
plays an important role in parameter estimation of statistical models. It represents
a measure of the informativeness of observed data with respect to the unknown
parameters of the model. In the context of random censoring, where part of the
observations may be incomplete or censored, calculating Fisher information becomes
a challenging task. This paper investigates Fisher information in the model of right-
censored data.

Key words: random censoring, Fisher information, hazard function, proportional
hazards model.
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VIK 517.55

O CIIEKTPE TPEXYACTNYHOI'O OIIEPATOPA IMPEJIVNHI'EPA HA
PEIITETKE

XanxyxkaeB A. M., Xyxxamuepos 1. A *

PE3IOME

Paccmarpupaerca TpexdacTU4HBINR JuckperHblii oneparop Ilpemunrepa H, , :=
H,.(m), ® = (m,7,7,T), aCCONUMPOBAHHBI ¢ cHCTeMOil Tpex dactur (nByX dep-
MHOHOB ¢ Maccoil 1 m ool npyroit wacTuipl ¢ Maccoit m = 1/y < 1), B3au-
MOJIEHICTBYIONIUX C MOMOIIBIO MAPHBIX OTTAJIKUBAIONINX KOHTAKTHBIX ITOTEHIUAIOB
p > 0 ma wernipexmepHoii pemerke Z*. Jlokasano, aro oneparop H,, ., 1pu v > 7o
UMeeT eJINHCTBEHHOE YeThIPEXKPATHOE COOCTBEHHOE 3HAUEHNUE, JIeyKalllee [IpaBee Cy-
[IECTBEHHOI'O CIIEKTPa IIPU JOCTATOYHO OOJIBIINX [i.

Kaoueswvie caoasa: onepatop [lpegunrepa Ha perieTke, raMUJIbTOHUAH, KOHTaKT-
HBII TTOTEHIna I, (PepMHUOH, COOCTBEHHOE 3HAUEHUE, KBA3UUMIILY/IbC, NHBAPUAHTHOE
MIO/IITPOCTPAHCTBO, oreparop Pajsieena.

BBenenue

B mogensix dusuku TBepporo tesa [1], [2], a Takxke B perrerdaroii KBAHTOBOI TeOpUH TOJIs
[3] paccmaTpuBaioTCst IUCKPETHBIE ONEPATOPDI, SIBJSIIONINEC PEIIeTYATHIMU AHAJIOTAMU TPEX-
yacTuaHOro oneparopa Illpeaunrepa Ha €BKINIOBOM IIPOCTPAHCTBE.

CymiecTBoBaHue XOTs ObI OJIHOIO COOCTBEHHOTO 3HAYEHUsSI TPEXUACTUIHOIO JUCKPETHOIO
oneparopa Ulpenmnrepa H,(K) = Hy(K) — uV (1 € R) naa pasmepnocreit d = 1,2 npuse-
Jenbl B [4] u [5], moKazaTenbeTBa KOTOPBIX OCHOBAHbBI HA HEOTPAHUYEHHOCTH HOPMBI OllepaTopa
Danneesa T(K, z) B HuxkHell rpanuie cyiecTBeHHOrO ciekTpa 2z = inf(oess(H,(K))). Ecan
d > 3, 1o oneparop T(K, z) orpannten u Ha Kparo CyIIECTBEHHOI'O CIIEKTPA, T.€. B 9TOM CJIydae
MeTOJIbI 11 d = 1,2 He TPUMEHUMBI.

B [6] msywen momembmbril oneparop HY® (cm. (2.6) paborer [6], ceasammbri ¢ Tpex-
JACTUIHBIM JUCKPeTHbIM oreparopom Illpesuarepa Ha TpexmepHON KyOMYECKOil perieTke ¢
MAPHBIMU KOHTAKTHBIMU TTPUTITHBAIONIMME TTOTEHIINAIAMA, TJe B KAYECTBE JBYXYACTHIHOTO
nuckperHoro omeparopa [IIpenuarepa B3gTO cemeiicTBO Mojeseit Opuapuxca ¢ mapaMeTpaMn
ho(k),a = 1,2,k € T. Jlokazano cymecTBoBaHre KPUTHYECKOTO 3HAYEHUA Y* TapameTpa v,
YTO €CJIN JBYXYACTUIHBIE TIOJCUCTEMBI IMEIOT PE30HAHC C HYJIEBOW SHEPTueil U He UMEIOT CBsI-
3aHHBIX COCTOAHMIL ¢ OTPUIATETbHOI sHepruell, To HJ® nveer GeCKOHETHOE TUCIO0 COOCTBEHHBIX
3HAYEHUIl, JIeYKAINX JIEBee CYIIEeCTBEHHOIO CIieKTpa npu v > v* ~ 13.607, u orcyrcTByeTr 3h-
dbexT Edmvosa npu v < v*. CymecTBeHHEI CIIeKTp oneparopa f,, , cocTONT n3 o0be/IeHeHns

“Xanxyxaes A. M. Uucruryr wmaremarmku wumenn B, Pomanosckoro, Tamikent, Y36ekn-
crad,ahmad x@mail.ru

“Xyxamuepos M. A — Camapkan/jckuii rocyrapcrBennbii yausepcurer,um 111 Pammiosa, Camapkam,
Vabekucran, xujamiyorovl990@Qmail.ru
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aByx orpe3koB. "JIByxdacTudHast BeTBb "CyIIECTBEHHOIO CIIeKTpa omeparopa H,, . (7) casura-
eTcs K +00 C MOPSAIKOM [t TIPU (L — +00, B pe3yJibTaTe KOTOPOro HEKOTOpast 9acTh JIUCKPETHOTO
criekTpa "moromaTesa cyImecTBeHHbIM CIIeKTpoM. [109ToMy BO3HUKAET €CTEeCTBEHHBIN BOIIPOC:
CYIIECTBYIOT JI COOCTBEHHBIE 3HAa4YeHUs oneparopa H, (), jexaliye IpaBee CyIIeCTBEHHOIO
CIEKTpa MPU JOCTATOTHO OOJIBIINX (i, U €CJIU CYIIECTBYIOT, TO CKOJbKO?

B nannoit pabore J0Ka3bIBAETCs, YTO CYIIECTBYeT KPUTHYECKOE 3HAUYEHUE 7Yy TaKOoe, UTO
IpH 7y > Yy U JAOCTATOYHO Gosbimmx i > 0 omeparop H,, ,(7) uMeer eMHCTBEHHOE YETBIPEX-
KpaTHOE COOCTBEHHOE 3HAUEHME, JIEYKAIIee IIPABEee CYIIEeCTBEHHOIO CIEKTPA.

[Ipumensst TeOPHIO BOBMYIIECHUIT MOKHO MOKA3aTh, YTO HOJIYUCHHBIC PE3Y/IBTATH (KPOME
KPATHOCTH COOCTBEHHOI'O 3HAYEHHsI) COXPAHAIOTCA NpH Masbix 3Hadenusx K. Ogaako 4ys-
CTBHUTEJILHOCTD sA/Ipa HHTErPATIBHOrO orepaTopa F'(z) ornocuresnbho n3menenus K npusonut K
M3MEHEHHIO YHC/Ia COOCTBEHHBIX 3Ha4deHnil oneparopa H,, - (K).

IToctanoBka 3amadu u popMyJInpPOBKa OCHOBHBIX Pe3yJIbTa-
TOB

TpexuacTuuneiit Juckpernwlit oneparop Ilpenunrepa M, ., COOTBETCTBYIONUI cuCTeMe TPex

vqacrury (aBe-bepMuOHBI ¢ Maccoit 1 u oxHa Jpyras ¢ Maccoit m = %,) B3aMOIENCTBYFOIIITX
C TTApHBIMU KOHTAKHBIMU IOTEHIMAJaMU, JIEMCTBYET B IOJIIPOCTPAHCBE AHTUCCUMMETPUIHBIX
GYHKIUIT OTHOCUTEIHHO TEPECTAHOBKHU TIEPEMEHHBIX

L**[(TY?] == {f : L*[(T")*] : f(p,qa) = —f(a,p)}.

o opmyJie
H,n = Hoy+p(Vi +V2),

riae

(Hoxf)(P,q) = Ey(p,a)f(p.q), Ey(p,q) =8+4y —&(p) —&(a) +7¢(p+ a),
f(P) = ZCOSpi
Vi = [ fe.s)ds, (af)pea) = [ fs.a)ds.

v > 0— orTHoIleHre Macc (pepMUOHA U JIPYTON YACTHIIBI.

Yo = </ Sijsjl ds> oo (1)

T4

[IycTn

CdopMmymupyeM OCHOBHOI pe3ysIbTaT 3TOi pabOoTHhI.
Teopema 1. IIycmv v > 7. Tozda cywecmeyem p, > 0 makxoe, wmo das 106020 1 >
[t onepamop H,, ., umeem eduncmeennoe wemuperkpammnoe cobcmeenmoe 3Havenue, AexHcauiee

npasee cyuwecmeennozo cnexkmpa. Kpome moeo, coomeememeyrowue cobemeenmnvie GyHKUUL
npunadaesicam noonpocmpancmey L>°[(T4)?] := {f : L*>*[(T*)?] : f(p,q) = —f(—p, —q)}.
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O cnekTpe aByx4yacTudHoro omeparopa hy, (k)

(4} 14 2
CyIecTBeHHBIN CIeKTp oeparopa H,, , ONICBHIBAETCS Yepe3 CIEKTp ‘omeparopa KaHasa', KO-
TOPBIfl CBsI3aH C OIEpPaTOpOM JByXdacTH4IHON mnomcucreMbl, [10]. TTostomy cHauana ciemyer
U3YYHUTH CIEKTD JABYXYACTUIHOIO oreparopa. JIByxuacTudHblil juckperHblii oneparop IIpe-
nunrepa hy, (k) neiicreyer B L?(T*) no dbopmyie

hWY(k) = h077<k) + pv,
rie

(hoy(K))(P) = &Eqy(P)f(P), Exn(p) =2(pP) +7e(k—Dp),

e(p) =4—-&(p), (vf)(p)= N f(s)ds.

[Io Teopeme Beiiig 0 coxpaHeHUU CYIIECTBEHHOTO CIEKTPa IPU KOMIIAKTHBIX BO3MY-
MeHNsX |8, CYIIeCTBEHHBIN CIEKTD Ocss(hy,,(k)) omeparopa hy, (k) coBmamaer co cmexTpom
o(ho(k)) meBosmymennoro oneparopa hg,(k), T.e.

Tess (M (K)) = [Eminy (K), Emaxy (K],

rae

4
Eniny (k) = min &, (q) = 4(1+7) — S v/ T+ 2y cosk; + 7
=1

q€eT

4
Smax,'y<k) = maXEk;y(Q) = 4(1 + ")/) -+ Z \/1 + 2")/ COS k’l + "}/2.

€T4
a i=1

[Iycts 2z € C\ [Eminy (K), Emaxy(K)] 1 A, 4 (k, 2)— gerepmunant Ppegronbma omeparopa
I — prg~(k, 2), tae ro,(k, 2)— pesonbsenta omeparopa hg(k), v— mHTErpasbHBI OHEPATOD
¢ anpom v(q,q’) = 1. Oynkiusa A, ,(k, z) umeer Bu:

Bull2) = 1= D fk2), Dyfke2) = [ % 2)

Jlemma 1. 9ucno z € C\ [Eminy(K), Emax(K)] Asasemen cobemeenmoim snavernuem one-
pamopa h,, (k) mozda u moavko moeda, xoeda A, - (k,z) = 0. Oboznaunm gepes

Ho = (1"‘7)(/;(1_2))_1-

4
Teopema 2. [Tycmo p1 > pgy. Tozda das xaorcdozo k € T* onepamop hy, (k) umeem edun-
cmeennoe npocmoe cobcmeennoe snavenue z, ~(k), nesrcawee npasee cyuecmsennozo cnexmpa.
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Bameuenusi 1. Cobcmsennoe snavenue z, (k) = 2, (k1, k2, ks, ks)— cummempuunan
PYHKYUA OMHOCUMENBHO NEPECMAHOSKYU NepemennulT ki, k; u wemmna no k; € [—m, 7|, Mmono-
monmno yorsaem no k; € [0,7,4,j = 1,4.

JIemma 2. Jlas xaotcdozo v > 0 u p > 4(1 + 7y) cnpasedausos caedyrousue ouenku

16(1 + 7)?

pA A1+ ) < zuq(m) < 245(k) < 2,4(0) < p+4(1+79) + .

Jloxazamenvcmeo. I3 yrBeprKJieHus JIeMMbl 2 HENOCPEJCTBEHHO BBITEKAET COOTHOIIECHHE
/ 7

2y () < 2,4(k) < 2,,(0). Ecoin mbl 1oKazkeM cymiecrBoBanue uucen 2, 2" > 8 + 8y raxux,

9TO

Apy(m,2') < Dy, 2u4(m)) = 0= 8,5(0,2,,(0)) < A,5(0,27),

TOI/Ia U3 MOHOTOHHOHU BozpacTaemoctu dyskimu A, - (k, ) Ha (Enax(k), +00) MOKHO 3aKITIO-
IUTh, 9T0 2’ < 2,,(7) 1 2,,(0) < 2. lnga xaxmoro z > 8 + 87 mMeeM

ds
Ay (m,z)=1— ,u/ =

J z—e(s) —ye(m —s)

_ ds 4 W ds B
B 1_M/Z—4(1+7)—(7—1)§(s)_1 2—4(1—1—7)/1_(71)5(5) -

T T4 z—4(1+7)
o L - DES) (- DEE) .
= z—4(1—|—7)T[_1+z—4(1+’y)+<z—4(1—|—7)> o
_ p AR ORI ACEIORY .
- 1_2—4(1+7)T[_1+(2—4(1+7)) () *"']d' ¥

S,ZLGCB MbI BOCIIOJIb30BaJINCh PaBE€HCTBOM

/52”_1(S)ds:0, ne12, ...

'JI‘4

IIycrs 2’ = p+ 4(1 4 ~). Torga u3 (3) nmeem

’ ’
A Nele— P fgs—1—-—F _g
par (0, 2) < z’—4(1—|—7)/ ® Al

T4

[Tpuanmast Bo BuuManue, 9to |£(s)| < 4, u3 (3) as Kazxkoro z > 8 + 8y MOXKHO MOy IUTB.
2 4
p 4(1+7) > ( A1 +7) )
A0,z >1——F [ l14+|—X ) +——X2 ) +...
p(0,2) 2—4(1—1—7)/[ (z—4(1+7) Zz—4(1+7)
T4
1

u
z—4(1+7) - <2i(i(1—1)7))2

ds

- 1—
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16(1 2

Teneps Boibupas 2"’ = p+4(1 +7) + M, IOJIY M

]

(16(1 +7)2>2
p 1 L
AL4(0,2") > 1— = > 0.
) 16 1_{_7 2 2 16(1 2\ 2
o+ ] 7

O

CyniecTBeHHBIII 1 ANCKPETHBIE CIIEKTPhl TPEeXYaCTUIHOI'O
oneparopa H, .

O6o3HaAYNM

Tain (1, 7) = Wi{z,5(7 = P) +£(P)} Toax(pt,7) = max{zu, (m — p) +e(p)}-

CyIeCTBeHHBIN CLEKTD Oess(H ), ) oneparopa H,, ., cocrout u3 muoxKecTsa [10]

O-ess(H,u,'y) = [Emin,'yu Emax,'y] U [Tmin(,ua ’Y), Tmax(,u; 7)] .

Orpeska |Tmin Tmax 1 | Enin -, Poax~| Ha3bIBAIOTCH " ABYX49aCTUIHON BeTBLIO"
) ) ) Y Y
1 "TpexdacTHIHO BeTBBIO" CYIIECTBEHHOTO CIIEKTpa [, -, COOTBETCTBEHHO.

W3 momoXKuTesbHOCTH orepaTopa V= Vi + ‘/2 " IIpUHIOUIIa MUHUMaKCa 3aKJ/JII09acM

I|Ji£1|r|1£1(HMf, f)= “Jitﬁil[(Hoﬂf, N +uVf =

Z ”}ﬂlil(HO,vfu f) = Emin,'w
13 KoToporo ciemyet, 9to o(H, ) N (—00, By ) = 0.

Orcrona nomy4auM, 4To Jyid Kazxkjoro (> 0,y > 0 oneparop H,, ., He UMeeT cOOCTBEHHBIX
3HaYCHMIA, JeKallux jgesee Fiyin .

Tenepnb HalijieM SKBUBAJICHTHOE YPaBHEHUE JJIsT COOCTBEHHBIX (PYHKIUI TpeX4acTUIHOIO
oneparopa H, .

[Iyctb 2 > Tmax (i, ). Obo3HAUNM

Au,’y(pa z) = Au,'y(ﬂ' —p,z—<(p)).
JIIst KasKJIoro 2 > Tynax (i, ) OIIPEIEIUM CaMOCONpPszKeHHbIi onepatop F'(z) no dgpopmye

)ds

o H )/ P(s
\/Aﬁw(pvz) 2 (z — E,(p;s)) AMN(SVZ),

(F'(2)¢)(p)
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KOTOPBIN OIpeJiesieH B MOITPOCTPAHCTBE

Y(s)ds 0

Vv Aur (s, 2) B

Cretyer OTMETHTB, 4TO ISl KazKJIOTO 2 > Tmax(ft,Y) dyHKIma A, (s, z), olpeleenHas 10
dbopmyiie (2), siBaseTcs MOM0KATEILHOI Mpy Beex s € T

D(F(z)) = { ¥ € LA(T :

JIemma 3. Yucao z € R\ 0.55(H,, ) Acasemca cobcmeenmom snavenuem onepamopa H,,
moeda u moavKo mozda, Ko2da X = 1 aeasemcea cobemeentvim 3navenuem onepamopa F(z).

Hoxasameavcmeo. Ilycrs ancio z € R\ 0es5(H, ) ecTb cobcTBEHHOE 3HAUEHHE OepaTopa H, .
u f— COOTBETCTBYyMOIAs COOCTBeHHAsT (DYHKINA, T.e. yPABHEHUE

Honyf +p(Vi + Vo) f = 2f (4)

umeer Hemysesoe pemenne f € L%*[(T*)?]. Bronga obosnadenne

w@%ﬂ%ﬂ@n%j/ﬂn$%, (5)

u3 (4) mast 2 € R\ 0es5(H,,,) nMeem

f(p,a) = %%ﬁ%%- (6)

U3 anTucummerpuanoctn pyHknun [ ciemyer, 9To (hyHKIUS @, onpeeaeHHas mo Ghop-
myate (5) npunasiexut npocrpanctsy L2(T*) u ynosiaersopser yciosuio

/wwwpzﬂ

T4
[Togcrasus Boipazkenue (6) B (5) MBI IIOIyYNM, 9TO ypaBHEHHE
ds ©(s)ds
@p(l—u/——————>=—u/——————
P ) T B

uMeer mHenysesoe perenne. OTciofa, ucnons3ys obosnadenue (2) ybeaumces, aro ¢ € L*(T?)
ABJIdeTCd pellleHueM CJICAYIomEero ypaBHECHNA

M ©(s)ds
“m‘mmgalz—a@@' ™

Ecim obosuatnm gepes ¥(p) = /A, (P, 2) ¢(p), Torma u3 (7) umeem

)ds

_ —h / Y(s
V A;w(p’ z) i (2 — E”/(p7 s)) Aum(s? Z)’

Y(p)
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T.e. A =1 ecTh cobcTBeHHOE 3HAUEHUE orepaTopa F(z) u
vis)ds
T4 \% AM7’Y<S7 Z)

(Heobxodumocms.) Ilycrs mis mexoroporo z € R\ 0e4(H, ) wmeno 1 ssisercs

cobcTBeHHBIM 3HadeHneM omeparopa F(z) n ¢ € D(F(z))— coorBercTByiommas coOOCTBEHHAS
dyukuus. Torpa dyukuus f, oupenesennas 1o dopmyse (6) OPUHAIIEKUT TPOCTPAHCTBY
L?%[(T*)?] u yaosnerBopsteT paseHcTsy (4). O

Bameqanust 1. Kpamnocmos cobcmeennozo snavenus z € R\ 0ess(H, ) onepamopa H, .,
cosnadaem ¢ Kpammocmuio cobemeennozo anavenus A = 1 onepamopa F(z).

JI1sT OrpaHMYIEHHOTO CAMOCOIPSIKEHHOTO omeparopa B, JefCTBYIONero B rmjioepTOBOM
npocrpancTBe H u jijis HeKoroporo A € R onpezenum aucio n[A, B] depes

n[\, B] := max{dim Hp(\) : Hp(\) C H; (Bp,¢) > X, ¢ € Hz(\), |l¢|| =1}

Ecin kakasi-To TOUKa CyIIECTBEHHOIO CIieKTpa oreparopa B Gosbine A, 1o n[\, B] paBHO
6eCKOHEYHOCTH, U ec/ii N[\, B] KOHETHO, TO OHO PABHO YHCITy COOCTBEHHBIX 3HAUEHHUIT orlepaTopa
B, koropsie GoJibiie A (eM. Hanp. jgemmy [nasmana [9).

Creyromias leMMa cJIe/lyeT u3 u3BectHOro npuHiwina bupmana [1lsunrepa [7).

Jlemma 4. ITyemo p1 > po. Tozda das xaoscdozo z > Tyax (L, ) uMeem mecmo pagercmeo

nlz, H,,] = n[l,F(2)].

NuBapuanTHbie NOAIIPOCTPAHCTBA orepaTropa F'(z)

sBecTHO, uTo ruibbeproso npoctpanctso L2(T*) npecrasisiercs B Bujie IPsMOii CyMMBI IPO-
CTPAHCTB YETHBIX U HEYETHBIX (DYHKIIHIL:

LZ(T4) — L2,0(T4) D LQ’G(T4).

Jlemma 5. Iodnpocmpancmea L*°(T4) u L*¢(T*) uneapuarmmve ommocumenrvro onepamopa

Joxazameavcmeo. dapo K(p,q;z) oneparopa F(z) ynosrersopsier yeiosuio K(—p, —q; z) =
K(p,q;z). Orcrofa ciejyer J0Ka3aTebCTBO JIEMMBI. O]

O6osznaunm uepes P° u P¢ oneparopbl npoektuposanus npocrpanctsa L2(T*) wa mogpo-
crpanctsa L*°(T*) u L*¢(T*) | coorBercrienno, T.e. nist f € L*(T*) sepunl pasencTsa

(P°1)(p) = 5l7(P) ~ FC-DI. (P)(p) = 517(P) + F(-p)]
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3 mnsapuantioctn nogpocrpancts L2°(T*) u L*¢(T*) ornocurensuo onepartopa F(z)
CJIEZIYIOT, 9TO IIPOeKTOPLI P° u P¢ mepecTaHOBOYHEI ¢ orepaTopoM F'(z), T.e.
7 )

P°F(z) = F(2)P°, P°F(z) = F(z)P°.

O6osznauum uepes F°(z) u F(z) cyxenus oneparopa F'(z) na nogupocrpancrso L*°(T*)
u L?¢(T*), coorsersenno. Torya umeem

i sin p; sin s;1(s)ds
o _my =1 :
(F°(2)¥)(p) Auﬁ(p”z)T[ (z— Ey(p,s))(z — Ey(p,—s))V/Au,(s,2) ©

[z —e(p) —e(s) — 4y — vzcosplcossl]w(s)ds

Fe(z
(F“(2)¢)(p) = \/,WT/W (= E.(p,5))(= Ey(p,_)) Aun(s, 2)

JIemma 6. ITycmo z > Tyax (i, 7). Onepamop F€(z)— ompuyamenen.

Joxazamenvcmeo. JlokaszaTesbCTBO aHAJIOIHYIHON JIeMMBI IIpuBeieHo B pabore [10]. [

Jlemma 7. ITpocmparcmeo nevemmox dynryut L*°(T4) asasemes noonpocmparncmeom
npocmpancmea D(F(2)). Kpome mozo L*°(T*) mootcno npedcmasumy 6 eude npamoti cymmot

LZ’O(T4) — Z @H“

IIOJIIPOCTPpaHCTBa Hl IpeacTaB/IdI0TCA B BUJ/IE TEH30PHBIX HpOI/ISBG,ZLGHI/Iﬁ e

Hi = L2(T) ® L*(T) @ L*(T) @ L*(T),  Hy = L*(T) @ L**(T) @ L**(T) ® L*(T),
Hs = L*(T) ® L*(T) @ L**(T) ® L**(T),  Ha= e(']r) ® L**(T) ® L**(T) ® L**(T),
Hs = L>(T) @ L**(T) @ L**(T) ® L**(T),  He = L**(T) ® L*(T) @ L**(T) ® L>*(T),
Hy = L*°(T) @ L*°(T) @ L**(T) ® L**(T),  Hs = L27"(']I‘) ® L*°(T) ® L*°(T) ® L**(T).

Jlemma 8. ITodnpocmpancmea H;, i = 1,8, uneapuanmiv, OMHOCUMEAbHO ONEPamopa

Joxazameavcmeo. B cuy aHAJOrMYHOCTH PACCYZKJICHHUI JIOCTATOYHO TOKA3aTh WHBapUAHT-
HOCTB MOJNPOCTPaHCTBa Hq oTHOCUTEIBHO oneparopa F(z). Ilycrs ¢ € Hq— mpon3BoJIbHbI
ssement. [Tokaxkem, aro F(z)y € H;. llomcraisis BMecTo nopbiaTerpaiboil hyHkmmn (s)
dyukmo —1p(—s1, S9, 83, S4), 3aMensiss (—sSi, So, 3, S4) 4epe3 (q1, Ga, G3, ¢4) TMOJIB3YIACH TOXKIE-
CTBOM

E’y(_p17p27p37p47 —q1, 42,43, Q4) = E’y(p7 q)7

nMeeM p
(F(z)¢>(—p1,p2,p3,p4) = —X
AMv’Y(I‘)a Z)
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[ p(s)ds i
(Z_E’Y(_plap27p37p47_Sla827s3734)) Amﬂy(S,Z)

(q)dq

B % / (0
V AM’Y(p? Z) i (2 - E’Y(I)a q)) V Au,'y(‘]a Z)
AH&.HOI‘I/I‘IHBIMI/I paCy}K,ZLeHI/IHMI/I MO2KHO HOKaBaTb, qTO
(F'(2)Y)(p1, —p2, 03, pa) = (F(2)Y)(p1, p2, P3, 1) = (F(2)¥)(p1, P2, —D3, Pa)

= (F(2)¥)(p1, p2, p3, —Pa),

MHBAPUAHTHOCTD TIOJIIIPOCTPAHCTBA H1 OTHOCHTEJBHO oreparopa F'(z). O

= —(F(2)Y)(p1, p2, P3, Pa).

O6oznaunm vepe3 FO(z),a = 1,2,3,4, u Fg (2),F a4(2), Fy(2),F(2) cyxenus onepa-
topa F(z) ma mogmpocrpanctsa H;, o € {1,2,3,4} u Hs Hg, H7,Hs COOTBETCTBEHHO.

B upocrpancree L*°(T*) Beomum ynurtapubiii onepatop U,s : LPo — L o, €
{1,2,3,4}, koropsiii comocraBut GyHKIWA f(p1, P, P3,Ps) €€ Ke 3HAUEHUE, C 3aMEHEHHBIMU
MecTaM# apryMeHTaMu p, u pg. Hampumep, onepatop Uy OnpeessieTcst CIeay oM 00pa3oM:

(Ule)<p1?p2ap3ap4) = f(anp17p37p4)‘
JIemma 9. Onepamopw FY(z), F3(z), F$(2), F{(z) ynumapro sxsusasermmvie, m.e.

FY(2) = U3y F3(2) Uy = Ugy F5 Uy = Uy F(2) Uy

B zaksiouennu maparpada oTMeTHM, YTO B CHJILY JIEMMBI 8 omeparop F°(z) MOKHO Ipeji-
CTaBUTh B BUJIE:

Fo(z) = FY(2) + F5(2) + F5(2) + F)(2) + Fasy(2) + Fiag(2) + Foy(2) + Fp(2).

O riiaBHOII M ocTaTO4YHON YacTax oneparopa F(z)

I3BecTHO, 4TO TpexdacTHIHAS BETBb |Eyin~(7), Emax ()] CyllecTBeHHOrO ClleKTpa omepa-
topa H,. He 3aBucuT OT mapamerpa f > 0, a AByXUaCTHIHAS BETBb (2, (), 2,+(0) + §]
CYIIECTBEHHOI'O CIIEKTPa CABUrAETCA K +00, Korja [t — +0o (cM. 1eMMmy 2).

JIemma 10. [Tyemo > 8(1+ ) u 2 > Tmax(14,7y). To2da eeprv, nepaserncmea

(Zun/(ﬂ'_p> —8—87)(z — 16 — 8) < 1 < Z'Zuﬁ(ﬂ'_p)

1z = 2y (™ —p) — £(p)) Nuq(Py2) 7 p(z = zuq(m —p) — £(p))

9)

Ecau p > 0 docmamouno 6oavwoe u z > Tmax(pt,7y), mo 6epra acumnmomura

Au,v(p,:max,y(u)) - 5(/;) (1 + O(i)) (10)

ede 2, ,(pP)— cobcmeennoe snavenue deyruacmuynozo onepamopa hy, ~(p).
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Jloxasameavcmeo. Tlo memme 1 s seex p € T mmeer mecto

ds
8 / @) —c(s) e s
[Tonp3ysich aTM nMeeM
Auq(piz) =1 _M/z—l;l—j(ps) =
ds ds
B “TZ (D) —2(3) —e(m — (%) “T[ S ep) —=5) —e(m— (T 9)

. [Z - Zu,’y(ﬂ' - p) - 5(13)] ds
= / oo™ =) —2(5) — e — o+ 9~ B (8] (1)

13 mepasencts 0 < (8) < 8 1 2 > Tiax (1, 7) = 24,(0) + 8 > 0 caeayet, aro

1 1 1
< < :
Zuny(T = P) = Zuy(m —p) —&(s) =ye(m = (P +5)) ~ 2uy(m—p) —8-8y
1 1 1
-< < : (12)
2~ z—E,(p,s) ~ 2—16 — 8y

U3 coornommenmit (11)-(12) nenocpezgcrsenno BoiTekaeT (9).

s nokazaresnscrsa (10) Bocnosbsyemces (13) u cooTHOEHIEM

1 _ 1 <1_ £(s) —1€(p +5) )
Zuqy(m—p) —e(s) —ve(m = (p+s))  zus(m—p)—4—4y Zun(m—p)—4—4dy /)

Tlomb3yacey TozK mecTBOM =1- T # —1), umeeMm
Y a 1+x 1+’ (z# 1),

. Ei(p’ ) (2 —4—49) (11+ ‘:_(_Ep'_’ S4)v> S 41_ 4 (1 ) Zm—pS)) - 13

Ecin yuects mepasencTBa 2, () < z,,(k) < 2,,(0) < p+4(1 +7) + M < z u yTBep-
Kjierne jjeMMbl 2, 1o u3 (11) j1y1st G0JIBINX fi IOy 9UM PABEHCTBO

Malp.2) = e B o (3))

Orcro/ia HEOCPEICTBEHHO BhITeKaeT paseHcTso (10). O

B nmaspHefimeM mpeoozKuM, 9T0 [t JOCTATOTHO OOJIBIIOE U 2 > Tmax (i, Y) = 2,,-(0)+8.

Ecimm onepatop F' mpejictaBiisgercsd B BuJle CyMMBbI o1iepaTopoB F u Fh, Ipu 3TOM HOpMa
ortepaTopa Fh cTpeMuTCs K HYJIIO IIPH (4 — 400, TO oiepaTop Fh HaA30BEM 0cmamounot 4acmmwio,



Bectauk HY VY3 - 117- Tounble HayKn

a oneparop F) = F' — F, 2aasnoti wacmwio oneparopa F. Eciaun HopMma oneparopa F' crpeMurcst
K HYJIIO IPHU [t — —+00, TO OyJIeM CUYHTAThb, YTO IJIaBHAs YacThb olepaTropa [ paBHa HYJIO.
Ocrarounyio JacTh oneparopa F obosnaunm depes F”, a riasHyio dacTh depes F'.

o
Jlemma 11. IIycmo z > 2,,(0) + 8. Onepamop FY(z) npedcmasasemca 6 sude cymmol
2Aa6HO0T U 0CMamMowHoU wacmet, m.e.

FY(z) = FY'(2) + FY'(2), (14)
3decw

z . f:lsinpl sin s19(s)ds
(FV")(p) = (z —4—4v)? \/Auw (p, = \/A“W(s,z)

7 P;8) P(s)ds
(s, z

f n(
(z—4- 47)2\/ A (P, z>1r[ V Ay (s, ) 7

(15)

E,(p,s) =4+ 4y —((v;p,s),
2de ((7;p,s) = &(p) +&(s) —€(p+s) — 4.

Jloxazameavcmeo. Topcrasngas (13) B (8) momyuum paserctso (14). Temepb mokazkem, 49To

cymectyer p(y) > 0 Takoe, 9To mpu f > fi(7y) BEPHO
o,Tr C

[Fr ()] < =,
,u

KOTOPasi BBIIOJHAETCST PABHOMEDHO 110 2 > Tyax (1), 1 C'—II0JI0KUTEIbHAST KOHCTAHTA, 3aBUCS-
mas TOJBKO OT 7.

ycrs ¢ € L2(T*) u ||¢]] = 1. Hoassysacs nepasencrsamu &(p) < 4 u E,(p,s) > 0, uveem

. i et )[90)dsdp
(P (o0 € = // O ey L& e ST

pl (4+87)% —2(4 + 8y) S
Ao >//¢Awsf¢lffi

u((4+87)2 — 2(4+87)) ()| ds 2
= LA L (16)

(2 —4—4y)° ) VALL(s, 2)
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Tak Kak z > 2, (P) + 8 > Timax(pt), yaurssas (9), npu g > 8(1 + ) mosryunm

2

P( = / \/ g el <

Tak kak p

z—4 — 4y
3 (16) u (17) mpu p > 8(1 + v) umeem

<2, zzp+4(1+9),

3((4 +89)2 —2(4 + 87)) W

=

[(F"(2)¥, ¥)] <

e
T ou

e C,, = 6((4 +87v)? —2(4 + 87)) w.
L

!
Jlemma 12. Onepamop Fy”(z) umeem eduncmeennoe npocmoe noioHcumesvHoe coo-

CMBEHH0e 3HAYEHUE L
Wy sin” sy
A = d
M(Z) (2 —4 —4y)? / A,W(s, z) °
']1‘4

¢ coomeememsyrouets cobcmeennoti hynryuet

sin pq o
1(p) = NIV € L7
#»’Y(p7 Z)
Jloxazameavcmeo. JlokazaTeabCTBO JIEMMbl TPUBUAJIBHO, TIO3TOMY IIPOIIYCKAEM €ro. ]

O6oznaunm vepes Py, P, , Py, P, oneparopsl npoektuposanus L?(T?) na noapocrpan-
cTBa
L*°(T) ® L*(T) ® L*(T) ® L*(T), L*(T)® L**(T) ® L*(T) ® L*(T)

LA(T) ® L*(T) ® L*°(T) ® L*(T), L*(T)® L*(T) ® L*(T) ® L*°(T),

COOTBETCTBEHHO.

Ormernm, uro s smoboro f € L?(T?) umeer mecto

(Pl_f)(p) = %[f(php??p?np‘l) - f(_p17p27p37p4)]‘
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Anajoruano onpejiestAoTcs npoekTopsl Py, Py, Py
Onennm HOPMBI oniepaTopoB Fiy, (2) = Py Py Py F(z). CHauasa oneHuM HOPMY OIIepaTo-
pa Py Py F(z2).
C 910ii 1eJbI0 BBOJIMM OJIHOMepHBIi omeparop B(2), 2 > Tyax(i,y), JdeiicrByromuii B
L2(T*) no dopmyte
p(z — 16 — 8y)~? W(s)ds

A%’Y(p7 Z) T4 V AN‘:’Y(S7 Z) '

Hopwma sToro oneparopa paBHa €ro MOJIOKUTEJIHLHOMY COOCTBEHHOMY 3HAYMECHUIO

B m ds
HB(Z)H - (2—16—87)2//\“77(572)‘

T4

(B(2)¥)(p) = (18)

JIemma 13. ITyemv p > 8(1 + ). Toeda cywecmsyem C > 0 maxoe, wmo npu ecex
2 > Tmax (i, ) uy > 0 swnoansemes

1B < C. (19)

Joxasameavcmeo. V3BECTHO, UTO €CJ 2 > Tax(f4,Y), TO ipu Beex p € T4 umeer mecto
A, (s,2) >0

U OHa MOHOTOHHO BO3PACTaeT Ha |Tax (i, ), +00) 1o z. Takum obpazom

[ ds
I1B(2)|| < || B(Tamax (11, )| = (n(0) — 8(1+ 7)) / Ayr (8, 2,,(0) +8 — &(s))

'JT4
Orcrosa, yuanTbiBast HepaBeHCTBO (9), mmeeM:

2u,,(0) + 8 / 2y~ (T — s)ds
(2u,7(0) = 8(1 + 7))211‘4 2 (0) + 8 = 2z (m —8) — £(s)

1B (Temas (14 7)) || <

Orciona u u3 mepaBeHcTB [t > 8(1 4+ 7), 2,,(0) > z,,(p) > 1t + 4(1 + 7) BbITeKaeT, ITO

(247(0) +8)2,1(0) ds Ll 00
HB(Tmax(/%P)/))H < (Zuﬁ(O) — 8(1 +7))2¥ 8 — 8(8) = 24/ €(S> = oo

’I[‘4

]

Jlemma 14. ITycmo p > 8(1 + 7). Toeda cywecmsyem C' > 0 makoe, wmo npu écex
z > z,,(0) + 8 sepro nepaserncmeso

2
I v
1P P P <O
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Jlokasameavcmeso. JIokasaresbCcTBO J€MMbI TIPUBOIUM I oniepatopa Py Py, F(z). U3 ompe-
nesiennii oneparopos Py u F(z) cremyer, ato

(P F(2))(p) ey (z — E,(p,s)) 'sinp; sin sy 1(s)ds

B V AMv’Y(pvz) T4 (Z - E’y(_plap27p37p4as)) V AMKY(Sv Z)

Ymuoxum #Ha P; ciea onepatop Py F(z), Te.

1

(Py Py F(2)¥)(p) = 2 [(Pl_ F(2)¥)(p) — (P F(2)¥)(p1, —pg,pg,p4)} .

YauTbiBas MOCIE/HEe PABCHCTBO, MOCJC HECIOKHDBIX BLIYHCIICHUI TTOLY UM CJIeLyIONee Ipei-
craBJieHne Jiid siipa oneparopa Py Py F(z) :

—247y% sin p; sin q; sin ps sin gy

FQ__(pJ q7 Z) -
VA (P, 2)(z = Ey(=p1, D2, p3, 01, 4) ) (2 — Ey(p1, —D2, P3, P4, Q))

z — E,(p,q) — y(sinpi sing; + sinp, sin go)
(Z - E’V(_ph —P2,P3, P4, q))(Z - E’Y(p7 q)) A#v')’(qa Z)

Orciona u u3 onenok (12) ciemyer, aro

X

1 2y

Foy (2 < 2v°B(p,q;

rie byukius B(p, q; z)— siipo uHTerpaibHoro omneparopa (18). Orcrofa u3 cooTHONEHM
2> 2,,(0)+8> p+4(1+7)

u (19) nosyunm

2
. gl
1P Py F(2)]| < C;-

N3 nemmsbr 13, mepasencrsa ||[FB|| < ||F|| - [|B]| u || P.|| = 1, = 1,2, 3,4, BeITeKaeT:
Caenercsue 1. [Tycmo p > 8(1 + 7). Tozda cywecmsyem C' > 0 makoe, wmo npu écex
2 > 2,,(0) + 8 umerom mecmo

~? 2 ~2 2
IFan ()l < €5 IFaaE)l < O IF(2)] < O P2 < O

,Z[OKaBaTeJIbCTBa OCHOBHBIX P€3YJ/IbTaTOB

Cremyromas JieMMa UTpaeT BasKHYIO POJIb IPH J0KA3aTeJIbLCTBE OCHOBHBIX PE3YJIbTATOB ITOI
paboTHI:
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JIemma 15. ITycmo v > 0. Toeda cywecmesyem p, > 0 maxoe, wmo das 1106020 (> fi
cobcmeennoe anavenue Ny, (Tmax (i, Y)) onepamopa Ff’l (Tmax (14, 7)) ydosaemsopaem paserncmay

Ay (Tmax (4, 7)) = % + O(%)a

2de o onpedeaeno no gopmyae (1).

Joxazamenavcmeo. U3 yrBepxkaenuit jjemm 2 u 10 ciemayer, 9To juid pUKCUpoBaHHOTO v >
CYHIECTBYET (i, > ( Takoe, 9TO IPH [i > [, UMEET MECTO

Mo (s 117)) = = [ = -
pyy \Tmax (1, (Tmax(,ua ,y) — 4 — 47)2,]1,4 Awy(p, Tmax(:uaf)/) - 5(p))
y . 9 1% 1 1
= sin — 1—|—O(—>>]d +0(-) =
2 (0) — 4(vy — 1)T[ " L(P) ( H P (M)
sin? 1 sin? pyd 1
_ 7/ LN dp+0(;):7/$+0(ﬁ)'
e (1 + cosp;) T
i=1

]

Aoxasamenvcmeo meopemo, 1. Ilycts v > 7. Ilokazkem, uro cymecrsyer i, > 0 Taxoe, 4To
IPH /i > [l EMeeT MecTO paBeHCTBO |1, F(Timax(1, 7)) = 4.

N3 mpsamoit cymmbl
F(z)=F°(2) ® F(2), 2> Tmax(1t,7)
U OTpUIATE/ILHOCTH onieparopa F¢(z) ciemyer, 9to
n[l, F(z)] = n[l, F°(2)] +n[L, F(2)] = n[1, F(2)], 2 = Tmax(1t,7)-
U3 yaurapHOil 9KBUBaJIeHTHOCTH oriepaTopos FP(z), Fy(z), F$(z), F}(z) BbITekaet, 4To

n[l, F°(z)] = 4n[1, FY(2)].

Orciona u u3 HepasencTsa Beiisist mosyydaem
n[1,F(2)] = n[l—c+e Flz)+ F"(2)] < n[l —e, FPN(2)] + nle, FP7(2)].
U3 caencrsus 1 3akmodaeM, 4To Jid joboro € > 0 cymecTsyeT i, > 0 Takoe, 4TO
n[L, F35,(2)] = n[l, Fs(2)] = nlL, Fiy,(2)] = n[l, Fiy(2)] = nle, F" (2)] = 0,

2 2 Tmax(11,7)
DY BCEX [ > [i. Hasee, n3 memmer 12 cremyer, aro nll, F(z)] < 4.
Tenepb MbI oKazkeM, 910 11, F(Tmax (14, 7))] > 4.
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Tax kax 1o jemme 15 j1s1 1106010 f4 > fiy

1= n[1, FP (Taax (11, 7))] < 2[1, F2 (Taax (11, 7)),

13 paBeHCTBa

L, F(Tmax(1t:7))] = 1L, F*(Tmax (12, 7))] = 4An[L, FY (Tmax (12, 7))]

umeeM, 910 n[1, F(Tmax (i, 7))] > 4.

U3 neverHocT cOOCTBEHHO (DYHKIUH 1, COOTBETCTBYIOIIEN COOCTBEHHOMY 3HAYEHUIO A >
1 oneparopa F(z), 2 > Tmax(it,Y), 1 deTHOCTH A, (P, 2) 110 KA’KIOMY aPIyMEHTY p; BHITEKAET,

970 )
Y(p 2,0 (i
p(p) = ——=—=—= € L™(T").
Ay (P, 2)
U3 dbopmyssr (6), cBsasbiBaromeii cobersentble dbyHKImN oneparopos F(z) u H,, , ciaemyet, 110
coocrBenHas GyHKIMA f oneparopa H, ., COOTBETCTBYIOIAd COOCTBEHHOMY 3HAYEHUIO Z >
Tmax (4, 7), IPUHAIESKUT TIoipocTpancTsy L2e%°[(T4)2]. O
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REZYUME

To‘rt o‘lchamli Z* panjarada juft-jufti bilan itaruvchi g > 0 kontakt potensial
yordamida ta’sirlashuvchi uch zarrachali (massasi 1 ga teng ikkita fermion va
m = 1 < 1 massasi boshqa zarracha) sistemaga mos uch zarrachali H, . diskret
Shryodinger opetatori qaralgan. Yetarlicha katta @ > 0 va v > 7o lar uchun H,, ,
operatorning muhim spektrdan o‘ngda yagona to‘rt karrali xos qiymatga ega ekanligi

isbotlangan.

Kalit so‘zlar: panjaradagi Shryodinger operatori, gamiltonian, kontakt potensial,
fermion, xos qiymat, kvaziimpuls, invariant qism fazo, Faddeev operatori.

RESUME

We consider a three-particle discrete Schrodinger operator H, ., := H, ,(7), ® =
(m, 7,7, m), associated with a system of three particles (two fermions with mass 1
and one other particle with mass m = 1/v < 1) interacting via pairwise repulsive
contact potentials y > 0 on a four-dimensional lattice Z*. It is proved that the
operator H,, -, for v > 7, has a unique four-fold eigenvalue lying to the right of the
essential spectrum for sufficiently large .

Key words: : lattice Schrodinger operator, Hamiltonian, contact potential, fermion,
eigenvalue, quasi-momentum, invariant subspace, Faddeev operator.
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VIK 517.55

OITPEJIEJIEHVUE KOOPINHAT INEHTPA MACC TOPHOI'O MACCUBA
OI'PAHVMYEHHOI'O BOPTOM KAPBEPHI U IIJIOCKOCTBIO
CKOJIb2KEHU 41

Xymnoiioepaues O. 2K., Hopos I. M *

PE3IOME

lannast cTaTbhs MOCBSINEHA OIPEJIEJIEHIIO KOOPJANHAT IEHTPa MacC T'OPHOTO Mac-
CUBa TIPU BEJIEHUU OTKPBITHIX TOPHBIX paboT. Oupejiesiss KOOPAUHAT IEHTPA MaCC
FOPHOI'O MacCHUBa U pacCMaTpUBasl ero Kak MaTepUabHYI0 TOUYKY, MOKHO HCIIOJIb-
30BaTh JIjI 00ECIIEYEeHNN YCTONINBOCTU ODOPTa Kaphepbl WK ycryia. Kak n3sectHo,
kovddurment 3anaca ycroitunsoctu (K3Y) ompesensercs Kak OTHOIIEHUE Yiep-
xkuBatonux cun Ky moponsr k casuratommm eé cmitaM Kepa. [lo ompesenennbiM
KOOD/IMHATAM IEHTPa MACC MOYKHO BBIYHCJIUTEL JEHCTBYIONINE CHJIbI HA OOpTa Ka-
pPbepbl KaK Ha MATEPHUATbHYIO TOUYKY FOPHON TOPOJIBI, TTOC/Ie Tero onpeaeantb K3Y.

Karoueswvie caosa: KoopauHar neHTpa Macc, O0pT Kapbepbl, YCTYI, TOPHBII Mac-
cUB, KO3 DUIMEHT 3araca YCTONIYUBOCTH, yJICPKUBAIOINIUE CUJIbI, CABUTAIONINE CH-
JIbI, KyOm4ecKasl CILIaifH (DyHKITHS.

BBenenue

MmuorosieTHU OTBIT HEIPOIIOTL30BaAHUS TOKA3BIBAET YCTONUUBYIO TEHICHITUIO ITPEUMYIECTBEH-
HOT'O Pa3BHUTHUsS OTKPBITOTO CIIOCO0a Pas3spabOTKH MECTOPOXKICHUN TBEP/IBbIX IMOJIE3HBIX MCKOIIa-
eMBbIX, Ha JIOJII0 KOTOPOI'O MPUXOIUTCS OCHOBHON 00beM MHUPOBOM JTOOBIYH TOJIE3HBIX MCKOITae-
MbIX. PazBuTue ropuo/io0bIBaoeii mpombinuieHHocT B PeciiyOinke Y30eKucTan cOmpoBoK 1a-
eTCsI POCTOM YJEJIBLHOTO BeCa OTKPBITOTO CIIOC00a pa3pabOTKU MOJIE3HBIX UCKOIIAECMBbIX, KOTOPbI
UMeeT Pl TPEUMYIIECTB Tepe/ ToI3eMHBIM criocoboM. HecmoTpsa Ha MHOroO4YMC/IEHHBIE UCCTIE-
JIoBaHus, MpobjemMa obecriedeHns yCTORIUBOCTU OOPTOB B UX IPEJIETLHOM TIOJIOXKCHUU U3-3a
CJIOYKHOCTH ¥ TIIMPOKOT'O Pa3HOOOPa3nsi TOPHOTEXHIYECKUX U M'UIPOT€0JIOTTIECKIX YCIOBHIA Me-
CTOPOKIeHUI J1J1s1 TIIyGOKMX KapbepoB JI0 KOHIIA elnle He perena [1-2]. B manuoii crarbe aBropa-
MU [PEJJIAraeTCs PACCMOTPETH MOPHYIO MMOPOJIy KAK CUCTEMY MaTepPUAJbHBIX TOUYEK, pa3duBas
e€ Ha HECKOJIbKO YacTell, 1 HalT! JjId KaKJIO YacTu WX KOOpJMHAThI IeHTpa Macc. lasee,
U3 OIPeJIeJIEHHBIX KOODIMHAT IeHTPa MacC JacTell, MCIOIb3ys N3BECTHYIO (DOPMYITY CIOKEHUS
BEKTOPOB, HaITH KOOD/IMHATHI IEHTPa Macc FOPHOTO MaccuBa. PaccmarpuBast MEHTP Mace Io-
POJIbI KaK MaTepUaIbHYIO0 TOYKY, MOXKHO OIIPEJE/IUTh JICHCTBYIOIINE Ha Hee yAEePKABAIOIINEe U
caBuTAroNe Cuiibl. Vcrmosnb3ys TeopeMy 0 IBUZKEHNN IEHTPA MACC TeJia MOYKHO ITPOTHO3UPOBATH

* o .

XynoitbepaueB O. 2K. —HaBoniickoro rocy1apCTBEHHOTO TOPHO-TEXHOJTOTHIECKOT0 YyHUBEpcuTeTa, Hapow,
Vs6ekucran, khudayberdiyevo@mail.ru

* (Y

Hopos I M - Hapowuiickoro rocymaapCTBEHHOI'O II€JIJarOI'MYecKoro WHCTUTyTa, HaBom, ¥Y30ekucraH,
norovg91@mail.ru
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YCTOMYNBOCTD MJIM HEYCTOWYIMBOCTU MOPHOI TIOPOJIbI B paccMaTpUBaeMOM ydacTke. /[y Haxox-
JICHUST KOOPJ/IMHATHI IIEHTPa Macc TOPHOI MOPOJIbl TpebyeTcs ONpeIe/TMThH KOHTYP TOil obJacTu
FOPHOI'O MaCCHUBa, KOTOPbI OKpyzkaeT ero. C 3TOH IeIbi0 UCIOIb3YeTCs METOJ, KyOUIecKOoro
citaitaa. Oupe/ie/IeHHbI KOHTYD CJIYKUT IPAHUIHBIME YCJIOBUSIME ITPU BBITHCIEHUN KOOP/IHU-
HaThI IEHTPa Macc, KaK KaxkKJI0il 9acTu, Tak H 1ejoro Maccusa. [Ipn HaX0oXKIeHNH KOOPIMHATHI
[EHTPa Macc IIIOCKON Gurypsr ucnosibsyeM ceegenns u3 [3-4|. Ilycrs ayst mockoit obmactu
FOPHOIO MaCCHBa MOPOJIBI €€ MJIOTHOCTD Y SIBJISIETCsI IEPEMEHHON BemIuHoil, T.e. 7 = v(x,y),
TOrJIa COOTBETCTBYIOIINE KOOPIMHATHI IIEHTPa MaCcC HaxoJaTcs 1mo dpopmysam [3-4:

_ [ Jpry(z,y)dudy _ [ [pn(z,y)dedy
T @ ydedy %" [ [y (@, y)dady

rie D—obsacTh MHTErPUPOBAaHUs, OIPEIeISIoNas IIOCKYI0 (hUrypy.

Te

(20)

[Iycth B pe3yibrare 3KCIEPUMEHTOB TIOJIYYeHbl 3Ha4YeHUsi (DYHKIUU, H3MEPEHHbIE B
HECKOJIbKUX TOYKaxX. 1pebyercs pemaTh CIeAyIONIyIo 3aJady: KaK HailTh 3HaYeHUs (OyHK-
I B MIPOMEXKYTOUYHBIX TouKax! Takas 3ajiavua Ha3bIBaeTCH 3aJladeil WHTEPIOJIAINA U 9acTo
BO3HUKAaeT Ha HpakTuke. Ha npakTunke HamboJiee 9acTo UCHOJIB3YIOTCA KyOUdecKue CIUIAiHbI
S3(x)—crutaitHbl TpeTbeil CTeleHn ¢ HelpepBIBHOI, 10 KpaiiHeil Mepe, IepBoil IIPON3BOHOM.

s onpesiesieHns TPAHUIIBI TIJIOCKOM O0JIACTH MCIIOIb3yeM MeTOJ KyOMYecKOro CILIaifHa.
[Ipumensisi 3TOT METOJI, HAXOJIUM BBIIYKJIYIO KPUBYIO, KaK (POPMbI TPAEKTOPUH T'OPHOT'O MacC-
cuBa. JTa KpuBas OyleT BepxHeil rpanurieit obsactu. [ljas Toro, 4rodbl HaTH KyOHUIECKOTO
cIuIaiiHa UCIosb3yeM pesysbrar paborsl [4]. IIpuBomum obmuii Buj KyOuaeckoro CruiaifHa jiist
HOMepa i, e ¢ = 0, n:

yi = Si = a; + bi(x — x;) + ci(r — 2;)* + di(v — ;). (21)

Terepb Mepexo M K HEIOCPEJICTBEHHOMY H3JIOXKEHHUIO DeIIeHie OCTABJICHHOM 3a/1a4n,
WJLTIOCTPHUPYS 9TO HA KOHKPETHOM IIPUMEpe.

IIpumep. PaccmarpuBaercs 3ajada Onpe/ieseHust BepXHEil T'DAHUILI TOPHOTO YCTYIIa
(6opT Kapbepsl) IrHOl ocHoBaHus 20 /1. 1 BBICOTOM 16 €. T.e., MOCTPOUTD BBIMYKJIYIO (OpMY
TpaeKTOpuu ycTyia (60pTa Kapbepsl), €CJIU B Pe3YJIbTaTe IKCIEPIMEHTOB, II0JIyIeHa HEKOTOPasT
3aBUCHMOCTh yHKIUM y = f(2) OoT nepeMenHoit =, B Buje tabsmipl (Tab. 1).

Tabmauma 1.

i|oj121]3]14
x| 0]4] 8 12|16
y|0]9]14 18|20

B pesysbrare sKcrmepuMeHTa MOJTydeHa 3aBUCHMOCTH byHKImN y = f(z) OT mepeMeHHOH .
1—HOMED TOYEK, r—3HAUYCHUd IepeMeHHoil, y—3Hnadenus GpyHkiun. Hukmioo rpanuiry ob/iacTu
orpejiesIuM ceytonmm obpasom. Haxourest ypaBHeHme psiMOii TpoXo/Isiee depes J1Be TOUKH
0(0;0) u A(xy; y,). Dra npsmag OyIeT CJIY:KUTb KaK JUHUSA CKOJbKEHUs TOPHOIO MACCUBA.

O6Goznaunm vepes A; = A(x;;y;), riae @ = 0,4, cOOTBETCTBYIONIIE TOYKH Ha IJIOCKOCTH
Oxy. Jamee, HaXoauM IIPOMEXKYTOUIHBIE Kybndeckue ciaitn dyaxmmit S;, riae ¢ = 0, 3, HCIoIb-
3ys1 pe3ysbrarhl paborsl [4] u dopmyiast (2).

B KoHEeYHOM pesysibrare COCTABUM CJIEIYIOINLYIO CHCTEMY:
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ap=0,a1 =9,a, =14,a3 = 18,¢c9 =0
4bg 4 64dy = 9

4by 4 16¢1 + 64d; =5

by 4+ 4co + 16dy =1

2b3 4+ 8cg + 32d3 =1

by — by + 48dy =0

—c1 4+ 12dy =0

by — by + 8c; +48d, = 0
co—c3+12dy =0

\03—1—12d3 =0

,}__LJIH Kpa.TKOCTI/I STy CI/ICTeMy HaIlInIIIeM B ManI/I‘IHOM BI/I,ZLe, KaK
AX = B,

3nech A—marpuna KoadduinenTon, X —MaTpHIa-cTOI0EI] HEM3BECTHBIX, B—MaTpHIa-CToI0er]
¢BOOOHBIX 1nces1. Jlajgee HaXOMUTC COOTBETCTBYIOMAsT OOpaTHas MaTPHIA, JJIsd TON IeJIH UC-
[IOJIb3yeTCsI TOToBas rporpamma B Excel. Hajennyio oOpaTHyo MaTpuIly YMHOXKas Ha, MATPHILY
CTOJI0EI-CBOOOIHBIX UJICHOB

BT = [0;9;14; 18;0;9; 5; 1; 1; 0; 0; 0; 0; 0; 0; 0],

HAXOJINTCsI Hem3BeCcTHBIe Ko duerTsl nmoydernnoit CJIAY.

Omnpegenum obparnyio marpuiy A1 x marpune A. Tak, kak ypasnenne AX = B umeer
pemenue X = A~!B, To ucnonnsys nporpammy u3 Excel, naxomum npousseenue A~ B. Jlanee,
HAXOJIMM HEM3BECTHBIX KOdMUIUEHTOB a;, b;, ¢;, d;(i = 0,3), B Buze Tabsurp (Tab. 2):

Tabmuma 2.
i a; bz C; dz
0| 0 | 2,508929 0 -0,01618
1] 9 |1,732143 | -0,1942 | 0,018415
2|14 ] 1,0625 | 0,026786 | -0,0106
3| 18| 0,767857 | -0,10045 | 0,008371

[IpuBeienbl 3HaYEHUS HEU3BECTHBIX KOIMD@PUITMEHTOB, J1JIsi COOTBETCTBYIOININX KyOUIeCKuX
citaitnoB. VTak, onpeiesienbl Bee Hen3BecTHbIe Ko durimeHTol. [logcraBiiss ux B Kyoudeckue
MHOT'OYJIEHBI COOTBETCTBEHHO, IOJIYYUM KyOMYecKHUe CIUIAfHbI, KOTOPbIE NHTEPIOJIUPYIOT UCKO-
MYyI0 (DYHKITUIO B 338/ JAHHBIX YaCTUIHBIX OTPE3KAX.

Tenepb, B 9acTUYIHBIX OTPE3KAX [T;, Tiy1], Tae ¢ = 0,3, 3ajaBas 1MOCIEI0BATEIHHO IIIar,
marpumep 0,5 mosyanm tabiuiy (Tab. 3) 3HAYEHU Y JJIs COOTBETCTBYIONUX OTPE3KOB .
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Tabsmuma 3.
X y X y X y X y
0 0 4,5 1 9,819824 | 8,5 | 14,53662 | 12,5 | 18,35986

0,51 1,252441 | 5 | 10,55636 | 9 | 15,07868 | 13 | 18,67578
1 |2,492746 | 5,5 | 11,22342 | 9,5 | 15,61823 | 13,5 | 18,95403
1,5 | 3,708775 | 6 | 11,83482 | 10 | 16,14732 | 14,5 | 19,42264
2 | 4,888393 | 6,5 | 12,40437 | 10,5 | 16,65799 | 14,5 | 19,42264
2,516,019461 | 7 | 12,94587 | 11 | 17,1423 | 15 | 19,62556
3 | 7,089844 | 7,5 | 13,47314 | 11,5 | 17,59229 | 15,5 | 19,81592
3,5 | 8,087402 | 8 14 12 18 16 20

4 9

B Tabusmrie npuBe/IeHBl 3HAUEHUST & ¥ Y COOTBETCTBYIOIIHE YaACTUIHBIM OTPE3KaM [T, Tit1],
riae i = 0, 3.

Teneps noctpouM rpaduk Kybudeckoro ciuiaiina, omnpeensiomnero ¢opMy yeryna (6opra
Kapbepbl), KOTOPBI PUBEJIEH Ha PUCYHKE 1.

25

20

Buicoma yemyna

0 1.5 3 4.5 6 75 9 105 12 135 15

Hlupuna ycmyna

Puc. 16
Puc. 1. Tpaekropus ycrymna (6opra Kapbepsbl), IIOJIy4YeHHasT KyOU4IeCKUM CILJIAfHOM

Tenepb mpuCTYyIUM K OIPEICJCHUI0 KOOP/IMHAT MEHTPA MAacC TOPHOI'O MACCHUBA, OTpaHU-
YEeHHOT'O YKA3aHHBIMU JIMHUSIMH.

Koopaunarer nearpa mace O; Bbrancistiores no gopmyraam (20). Beraucienust siBistrorcst
9JIEMEHTAPHBIMI, HO TPOMO3IKUMM, ITO3TOMY IPOIYCKasl WX, MPUBOIUM IOJIYIE€HHBIE PE3Y/b-
TaThl, TJe Yeped (Tei;Yei);4 = 0,3, 0603HAYEHBI COOTBETCTBYIONINE KOOPJUHATHI HEHTPa Macce
O;. CeayomuM maroM siBJIsieTCsl OlpeeseHre IMPaHnuIlbl 00J1aCTH HHTEIPUPOBAHMUsI, KOTOPBIX
obosnaunM yepes D;, i = 1, 4. Jlna uacTudanoro uuTepsaa (;; i1 ), obnacts D; onpepengercs
caeaytonmmM obpaszom: CBepXy COOTBETCTBYIOIINM ypaBHEHUEM S;, CHU3Y YpPaBHEHHEM IIPSAMOIL,
npoxojgieit uepes Toukn (z;;0) u (r441;0), ciepa x = x; U cupaBa T = Ty, e i = 0, 3.
[eomeTpuueckoe n3006pazkeHne BbINECKA3AHHBIX JAHHBIX [IPUBEJIEH Ha PUCYHKe 2 (CM. puc.2).

Puc. 2. I3o06pakeHne HaX0XK/IeHUsI KOOPAUHAT [[eHTPa MacC TOPHOT0 MaCcCHUBAa.
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YA

Y1 =20

y3 =18

y2:14

y1=9
Yo =0 -
xg=0x1=412=38 r3=12 :v4:167x

Puc. 17

B pesynbrare moJsryueHbl ciienyionme KOOpAUHATH eHTpa Macce (J; JacTeil TOpHOTO Mac-
CUBa, Ha KOTOPBIX OH pa3/le/IeH:

(o = 2,634; yeo = 3,432), (e = 6,548; yoq = 6,197),

(T = 10,027; yeo = 15,047), (3 = 14,017; y3 = 19, 308).

[Ipomnyckasi IpoMeKyTOUYHBIE BBIKJIAJIKU, IPUBEIEM OKOHYATEIbHBIN Pe3y/IbTar:
z. = 8, 3; y. = 10,9.

Torma nCKOMBI# TIEHTP Macc TOPHOTO MacCHUBa, OrpaHUYeHHOro objacTbio [, Oyier
O(zc;y.) = O(8,3;10,9).

Ucnonbays Touky O(Z,;y.) KaK MEHTP MacC FOPHOIO MACCHBA, MOYKHO OIPEJIeJUTh JIeii-
CTBYIOIIUE Ha Hee CUJIBbI, T.e. YAEPXKUBAIONINX U CABUTralOmMux cui. /lajee, Haxomas OTHOIIEHHE
sTux cuyi MoxkHO Halitu K3Y s 60pra Kapbepbl win ycryna. PaccMOTpEeHHBIN MeTOJ, 1103-
BoJIsieT onpeneanTh K3Y 0osiee mpocThIM CIIOCOOOM, 9TO O0JIErYaeT pelreHne JaHHON 3a1adn
CIEIUATNCTAM 110 TOPHOMY JIEJTy.

BriBo,

Takum obpazom, MPUBEJIEHBI pacdeTHbIEe (POPMYJIbI OIIPEIe/IeHs TPAHNI 00JIACTH, U3y da-
€MOT'0 TOPHOT'O MaCCHBa, PACCMOTPEH IIPUMep U OIpejieleHbl KOOP/IMHATHI IIEHTPa Macc paspa-
H6aTbiBaeMOro ydacTika. PaccMOTpeHHBIN MeTO/] MOXKHO HCIIOJIBL30BaTh i orpejenenus K3V
f6opTa Kapbepbl WU yCTyIla, TaK Kak, IIPU 9TOM BCe JEHCTBYIONINE CUJIbI IPUIATAETCS TOJIb-
KO K ozHoit Touke O(x¢;y.), 9ro yupormaer Borauciaenns K3Y. Ipusenentsie hopMyIibl JIerko
NPUMEHUMBI JIJId oTpejieieHnsi (popMy TPAaeKTOPHHU OOpPTa Kapbepbl UJIN YCTYIIA, YTOOBI B JA/Th-
HeHITeM HCII0/IB30BaTh X B IeJIIX 0€30IMacHOCTH U YCTONIMBOCTH IOPHOT'O MacCHBA.
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REZYUME

Ushbu maqola ochiq usulda qazib olish jarayonida tog' jinslarining massa
markazining koordinatalarini aniqlashga bag‘ishlangan. Tog® jinslari massasi
markazining koordinatalarini aniglash va uni moddiy nuqta sifatida ko‘rib chiqish,
uni karer yoki to‘siq tomonining barqarorligini ta’minlash uchun foydalanish
mumkin. Ma’lumki, barqarorlik xavfsizligi koeffitsienti (BXK) tog® jinslarining
ushlab turuvchi kuchlari Kut ning harakatga keltiruvchi kuchlari Khk nisbati
sifatida aniqlanadi. Massa markazining ma’lum koordinatalaridan foydalanib,
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toshning moddiy nuqtasida bo‘lgani kabi, karyerning yon tomonlariga ta’sir giluvchi
kuchlarni hisoblash va keyin barqarorlik xavfsizligi koeffitsientini(BXK) aniqlash
mumkin.

Kalit so‘zlar: Massa markazining koordinatalari, karyer tomoni, qirrasi, tosh
massasi, barqarorlik koeffitsienti, ushlab turuvchi kuchlari, harakatga keltiruvchi
kuchlari, kubik splayn funktsiyasi.

RESUME

This article is devoted to determining the coordinates of the centre of mass of the
rock mass during open-cut mining operations. Determining the coordinates of the
centre of mass of the rock mass and considering it as a material point, can be used
to ensure the stability of the side of the pit or ledge. As it is known, the stability
reserve factor (SRF) is defined as the ratio of retaining forces Kre of the rock to
the shear forces Ksh. According to certain coordinates of the centre of mass, it is
possible to calculate the acting forces on the sides of the quarry as a material point
of rock, and then to determine the SRF.

Key words: : Centre of mass coordinates, quarry face, ledge, rock massif, stability
factor, restraining forces, shear forces, cubic spline function.



