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UDC 35C25, 35C27

DYNAMICS OF LEGENDRE POLYNOMIALS
Akhmedova D. D. *

RESUME

Legendre polynomials have been applied in image reconstruction since the early
years. In image processing, Legendre Polynomials can be used for color image
compression. In this paper, we studied the dynamics of Legendre polynomials, which
are orthogonal in the interval [—1, 1]. We computed fixed points and orbits of some
points using Wolfram Mathematica for the case when n=2. The Legendre polynomial
is an even function, so it is sufficient to compute it in the interval [0, 1].

Key words: Dynamical system, legendre polynomials, fixed points, orbits, periodic
point.

1. Introduction

The late 19th century witnessed the development of the field of orthogonal polynomials,
with numerous sets of orthogonal polynomials being derived from the examination of particular
physical problems. One of them are Legendre polynomials. They are orthogonal on the interval
[—1,1].

It’s no secret that in recent decades, researchers have been using Legendre polynomials to
process medical images, as well as their signals [3]-[5]. In [3]-[5] the Legendre polynomial method
is used for 1D modeling, and the extended formulation in [3]-[12] is used for 2D modeling. In
medical images, Legendre polynomials are used mainly in color image compression [3], as well as
in image reconstruction based on its blur invariant [6]. For instancee, they are used 2D Legendre
polynomials in the classification MRI images for hybrid technique [12]|. In image processing,
Legendre Polynomials can be used for color image compression [3], construction of image from
its blur invariant [3, 8|. [4, 5| presents a method of how to calculate Legendre moments for
the grayscale image. In this paper, we learnt dynamical systems of Legendre polynomials. This
dictates the relevance of the task of this article. Paper is organized as follows. In section 2
short description of Legendre polynomials and their dynamical systems. In section 3 we found
their fixed points and orbits in case n = 2. Furthermore, they are shown in images. Finally the
conclusion is presented in section 4.

2. Main part

Definition 2.1. Two function f;(z) and f;(z) are called orthogonal on an interval [a, b],
if satisfies this equation

[ s =0

*Akhmedova D. D - Andijan State University, dilafruz.ahmedova.0695@Qgmail.com
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A set of orthogonal polynomials in the set are orthogonal to each other, that is

b
/ filx)fj(x)de =0, where i#j

These polynomials arise as solutions to Legendre’s differential equation (Adrien -Marie
Legendre 1752-1883)
0*P(x) OP(z)
1 — a2 —2r——=
(1=27) Ox? rr

+AP(z) =0 (1)

where A = n(n + 1)
This equation is commonly encountered in physics, especially in cases where spherical
polar coordinates are utilized and the problem exhibits cylindrical symmetry

Legendre polynomials are integral components of the quantum mechanical solution for
rotational motion.

We have following polynomials in cases n = 1,2, 3, ...

g@»:%@ﬁ—qx

Py(z) = %(5x3 — 3x);

Our main interest is learning dynamics of these polynomials.
First thing to do is that we need to find it’s fixed points.
Definition 2.2 The point z is called a fixed point for f | if f(z) = x.

Definition 2.3 Suppose xj is a fixed point for F. Then xq is an attracting fived point if
|F'(x0)] < 1. The point zg is a repelling fived point if |F(xo)| > 1. Finally, if |F(20)| = 1, the
fixed point is called neutral or indifferent.

Let n = 1, then we have following sequences

Pi(z) = P}(x) = P}(z) = ... = Pf(zx) =2

for any k € N
So any iterate is definitely equal to = value.
Next we consider that n = 2, then we have as we defined above

Pyfa) = 5(32> 1) )
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Fig 3. Fixed points of P3(x)

We solve this equation to find it’s fixed points

Py(zx) ==z
1_i_3x2
- — — T =
2 2

1

5 and o = 1 solutions So this equation has two real roots.

and we have x; =

1.0t

0.5¢

Fig 1. Fixed points of Pz(x)

After then we find fixed points of second iterate of that:

1
3
Similary, Pj(x) = z equation has two real and six complex roots.

in this case equation has four x = —% multiple and x = 1 real roots
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Fig 2. Fixed points of P%{x}

Theorem 2.4. Let us
P(z) == (4)
equation for ¥Yn € N, then 1) It has two real roots, if n = 2k + 1, 2) It has four real roots, if
n = 2k.
Next we check type of these fixed points. For this we compute the magnitude of the first
derivative P'(x)

1
P'(z0) = (5337:2 —1) =3z

We have |P'(zo)| = 1 in case 29 = —3 and |P'(z)| > 1 for 2o = 1. Then zy = —
indifferent point and zy = 1 is repelling fixed point by definition, but we will see xo = —
attracting fixed point by graphical analysis in next section.

Given xg € R, we define the orbit of this point under F to be the sequence of points

18
1S

W =0 =

To, 11 = F(20), 20 = F*(20), ..., 7y = F™(0)

The point zq is called the seed of the orbit.

There are many different kinds of orbits in a typical dynamical system. Obviously, the
most important kind of orbit is the fixed point. The orbit of the fixed point is the constant
sequence xrg, ro, g, ---

So The orbits of the fixed points of —% and 1 we identified above are respectively

1 1 1
333
and
1,1,...,1
Next using computer research we find orbits for z € [0, 1]. We assume 27 = 0.1, then it’s
orbit, which consist of 100 points of zq, F/(x¢), F?(zq), ..., F*%(z0) is
it shows that this orbit in [—0.5,0.1] interval.
Similary
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(8.1, -0.485, -0.147163, -0.467515, -0.172145, —0.455549, —0.188712,
_9.446581, - 0.200847, -0,43949, -0.218272, -0.433678, -0.217885, - 0.428789,
-©.224209, - 0.424595, ~0,229578, -0.420941, —0.234213, -0.417716, -0.23827,
-9.414841, ~9.24186, -0.412255, —0.245068, -0.409912, -0.247958, - 0.487775,
~9.250579, - 0.4685815, -0.252971, -0.404809, - 0.255165, - 0.482336,

-9.257189, - 0.400781, -0.259062, -0.39933, -0.260803, -0.397973, - 0.262427,
- ©.396698, - 0.263945, 0.395499, -0.265371, - 0.394368, - 0.266711,

-©.393298, -0.267975, -0.392284, -0.26917, -0.391321, -0.270362, - 0.390406,
-©.271375, - ©.389533, -0.272396, -0.388701, - 0.273368, - 0.387905,

-©.274294, _0.387144, _0.275179, -0.386415, -0.276026, - 0.385715,

_©.276836, - 0.385043, -0.277613, -0.384396, - 0.278359, -0.383774, -0.279076,
_©.383175, - 0.279766, -0.382597, -0.28043, -0.382039, - 0.281069, - 0.3815,
_©.281687, - 0.380979, -0.282283, -0.380475, —0.282858, -0.379987, -0.283415,
~9.379514, - 0.283954, 0,379855, -0.284476, - 0.37861, -0.284981, - 0.378179,
_©.285472, —8.377759, -0.285947, -0.377351, -0.286409, -0.376955, - 0.286858)

(8.2, -0.44, 0.2096, -0.434182, —0.217333, - 0.429149, —0.223746, - 0.424906,
-0.229182, -0.421213, -0.233869, -0.417958, -0.237967, -0.415058, -0.24159,
~0.412451, -0.244826, -0.41009, -0.247739, -0.487938, -0.25038, - 0.405965,
_0.252789, -0.484147, -0.254998, -0.482464, -0.257034, -0.4009, -0.258919,
-0.399442, -0.260669, -0.398077, -0.262302, -0.396797, -0.263829,
-0.395592, -0.265261, -0.394455, -0.266608, -0.39338, -0.267878, -0.392362,
-0.269078, -0.391396, -0.270214, -0.390476, -0.271292, -0.389601,
_9.272317, -0.388765, -0.273292, -0.387967, -0.274222, - 0.387203,
~-0.275111, -0.386471, -0.27596, -0.385769, -0.276773, -0.385095, -0.277553,
_0.384447, -0.278301, -0.383823, -0.27902, -0.383221, -0.279712, -0.382642,
-0.280378, -0.382082, -0.28102, -0.381542, -0.281639, -0.38102, -0.282236,
-0.380514, -0,282813, -0.380025, -0.283372, -0.379551, -0.283912,
~0.379091, -0.284435, -0.378645, -0.284942, -0.378212, -0.285433,
_0.377792, -0.28591, -0.377383, -0.286373, -0.376986, - 0.286822, -0.376599,
_0.287259, -0.376223, -0.287684, -0.375857, -0.288098, -0.3755, -0.2885)

100 points of orbits of x=0.2

Next we describe it using the dynamics of one-dimensional maps,which called graphical
anlysis

Assume we have the graph of a function F and wish to display the orbit of a given point
xo. We begin by superimposing the diagonal line y = x on the graph of F'. As we know, the
points of intersection of the diagonal with the graph give us the fixed points of F. To find the
orbit of g, we begin at the point (xg, zo) on the diagonal directly above g on the x-axis. We
first draw a vertical line to the graph of F'. When this line meets the graph, we have reached
the point (xq, F'(xp)). We then draw a horizontal line from this point to the diagonal. We reach
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(0.3, 0.365, -0.300163, —0.364854, —0.300323, -0.364709, - 0.300481,
_0.364567, -0.308636, -0.364427, —0.30079, -0.364288, -0.300941, -0.364152,
-0.30109, -0.364817, -0.301237, -0.363884, -0.301383, -0.363753, - 0.301526,
-0.363623, -0.301667, -0.363495, -0.301807, -0.363369, -0.301944,
-0.363244, -0.30208, -0.363121, -0.302214, -0.363, -0.302347, -0.36288,
-0.302478, 0.362761, ~0.302607, —0.362644, ~0.302734, 0.362528, 0.30286,
- 0.362414, 0.302985, 0.3623, 0.303108, 0.362189, ©.303229, 0.362078,
-0.303349, _0.361969, —0.303468, -0.361861, - 0.303585, -0.361754,
-0.303701, -0.361649, —0.303815, - 0.361545, -0.303928, -0.361441, _0.30404,
-0.361339, -0.304151, -0.361238, -0.30426, -0.361139, -0.304368, - 0.36104,
-0.304475, -0.360942, -0.304581, -0.360845, -0.304686, -0.36075, - 0.304789,
-0.360655, -0.304892, -0.360562, -0.304993, -0.360469, -0.305093,

- 8.368377, 0.305193, 0.360286, 0.305291, 0.360196, 0.305388,
_0.360107, -0.305484, _0.360019, -0.305579, -0.359932, -0.305673, - 0.359846,
~0.305767, -0.35376, -0.305859, -0.359675, -0.308595, -0.359592, -0.306041)

100 points of orbits of x=0.3

the diagonal at the point whose y-coordinate is F'(zg), and so the x-coordinate is also F'(x).
Thus we reach the diagonal directly over the point whose x-coordinate is F'(xy), the next point
on the orbit of z5. Now we continue this procedure. Draw a vertical line from (F (), F(xg)) on
the diagonal to the graph: this yields the point (F(xg), F*(xg)). Then a horizontal line to the
diagonal reaches the diagonal at (F%(zg), F*(xy)), directly above the next point in the orbit. To
display the orbit of x0 geometrically, we thus continue this procedure: we first draw a vertical
line from the diagonal to the graph, then a horizontal line from the graph back to the diagonal.
The resulting “staircase” or “cobweb” provides an illustrative picture of the orbit of xg.

Figure 4 shows graphical analysis of P»(x) function, which we learnt above. such as that

1.0

100

-1.0

Fig4. Graphical analysis of P2(%) and P3(x)

if we find points of orbits of in [0, 1], then they are always in [—0.5, 1]
Conclusion
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In our everyday lives, we are constantly surrounded by a vast array of information, which
is transmitted, processed, and analyzed through various media. Digital images, in particular,
play a crucial role in communication as they represent a finite set of digital values known as
pixels. These images contain valuable information and features and are widely utilized in diverse
industrial sectors, including medicine, social media networks, and security environments. The
interpretation of image information holds substantial significance, leading to a rapid increase in
the demand for image processing and analysis methods. We can find solution to such problems
by studying thr dynamic systems of Legendre polynomials. In this paper, we present dynamics
of legendre polynomials in case n = 2. We know that the polynomials we have learned are
orthogonal on the interval [—1, 1]. However, since the function is even when n = 2, we divided
the cross section by two into intervals [—1, 0] and [0, 1]. All results in the interval [0, 1] correspond
to tje interval [—1,0].
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REZYUME

Lejandr ko’pxadlari tasvirni qayta tiklashda dastlabki yillardan beri qo’llanilgan.
Tasvirni qayta ishlashda Lejandr ko’pxadlarini rangli tasvirni siqish uchun ishlatish
mumkin. Ushbu maqolada biz [—1,1] oralig’ida ortogonal bo’lgan Legendre
ko’phadlarining dinamikasini o’rgandik. Biz n=2 bo’lgan holat uchun Wolfram
Mathematica dasturi yordamida ba’zi nuqtalarning qo’zg’almas nuqtalari va
orbitalarini hisobladik. Bu holda lejandr ko’pxadi juft funktsiyadir, shuning uchun
uni [0, 1] oralig’ida hisoblash kifoya.

Kalit so‘zlar: Dinamik sistema, Lejandr ko‘phadi, qo‘zg‘almas nuqta, trayektoriya,
davriy nuqta, davriy trayektoriya.

PE3IOME

[Tosmuromer Jlexkanipa NTpUMEHAINCH TPU PEKOHCTPYKIINN N300payKeHUi ¢ TEePBBIX
ster. IIpm obpaboTke m300pazKeHuit MOJUHOMBI JIexKaHpa MOTyT HCIIOJIb30BaThHCS
JUTS C2KaTHs IIBETHBIX M300parkeHnil. B TaHHOi cTaThe MBI HCCJIEIOBAINA TUHAMUIKY
oJIMHOMOB JlexKaH pa, OpToroHaIbHbIX B uHTepBase [—1, 1]. Mbl paccunrtasm Hero-
JIBU2KHBIE TOYKU M OPOUTHI HEKOTOPBLIX TO4eK ¢ momoribio Wolfram Mathematica
Jutst caydas, korga n=2. [Homunom Jlexkanmapa — derHas (QyHKIUS, TOITOMY €ro
JOCTATOYHO BBIYUCINTH Ha nHTepBase [0, 1].

Karoueswvie caosa: lunamudeckas cucTeMa, MOJUHOMBI JlexKamipa, HEIOIBUK-
HbIE TOYKU, OPOUTHI, TIEPUOIUIECKAT TOUKA.
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k:(()m)—TRANSLATION—INVARIANT GIBBS MEASURES FOR ONE THE
FERTILE THREE-STATE HARD-CORE MODEL

Bozorqulov A. A. "

RESUME

We consider fertile three-state Hard-Core (HC) models with the activity parameter
A > 1 on a Cayley tree. It is known that there exist four types of such models:
wrench, wand, hinge, and pipe. We study k[()m)—translation—invariant Gibbs measures
for the considered model in the case wand on the Cayley tree. Such measures are
constructed by means of translation-invariant Gibbs measures. In the case wand for
ko = 2 and m = 1,2, 3 on the Cayley tree the existence of k:((]m)—translation—invariant
Gibbs measure proved and the exact number of such measures found.

Key words: Cayley tree, configuration, fertile graph, Hard-core model, Gibbs
measure, k(()m)—translation—invariant Gibbs measure.

INTRODUCTION

Solutions to problems encountered in studying the thermodynamic properties of physical and
biological systems primarily lead to challenges within the theory of Gibbs measures. These
measures are instrumental in characterizing the macroscopic behavior of systems by providing
insights into their equilibrium states, statistical dependencies, and phase transitions. It is known
that each limit Gibbs measure corresponds to a particular phase of the physical system. This
association enables the characterization of distinct thermodynamic phases, such as solid, liquid,
or gas, each represented by a unique Gibbs measure. Therefore, in the theory of Gibbs measures,
one of the important problems is the existence of a phase transition, i.e., when the physical
system changes its state when the temperature changes. This occurs when the Gibbs measure
is not unique (see [1]-[4]).

Moreover, it is known that for continuous Hamiltonians (see [5]), the set of Gibbs measures
forms a non-empty, convex, and compact subset within the space of all probability measures,
equipped with the weak topology (see, e.g., [1, chapter 7). The set of the Gibbs measures on
Z% is the convex hull of the set of all limit Gibbs measures (see [6]).

Hard constraints arise in diverse fields such as combinatorics, statistical mechanics,
queuing theory, and telecommunications. In particular, the hard-core model appears in various
applications, such as the study of random independent sets within a graph [7], [8], the modeling
of gas molecules on a lattice [9], and the analysis of multicasting in telecommunication networks
[10], [11]. A.E. Mazel and Yu.M. Suhov introduced and conducted an in-depth study of the
hard-core (HC) model on the d-dimensional lattice Z¢ [12].

There are many works devoted to studying translation-invariant and periodic Gibbs
measures for HC models with three states on the Cayley tree of order k£ > 1 (see [13]-[19]). In
particular, in the work [17] in the case wand is considered translation-invariant splitting Gibbs

“Bozorqulov A. A. - Fergana State University, adhamjonbozorqulov@gmail.com
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measures for the HC model with three states on a Cayley tree of arbitrary order and explicit
forms of such measures are found on the Cayley tree of order k = 2.

In work [20], the authors constructed some Gibbs measures (hereinafter referred to as the
Gibbs measures obtained by the ART-construction) for the Ising model on the Cayley tree.
In papers [21], [22] for the Ising model and in work [23] for the Potts model by means of the
translation-invariant Gibbs measure on the Cayley tree of order ky, a new Gibbs measure on the
Cayley tree of order k, kg < k, was constructed and it was called a (kg)-translation-invariant
Gibbs measure.

In this paper, for the HC model with three states in the case wand, similar to the works of
[21]-[23], using known solutions of functional equations corresponding to translation-invariant
Gibbs measures on a Caley tree of order ky = 2 known from the work of [17], we construct new
measures, which we call k;(()m)—translation—invariant Gibbs measures, where m is the number of
times of solutions corresponding known translation-invariant Gibbs measures on the set of direct
successors of vertex x. More precisely, in the case for m =1,k > 3, form =2, k=5,...,9 and
for m = 3, k = 7,8,9 conditions for the existence of k(()m)—translation—invariant Gibbs measure
and its exact number found.

PRELIMINARIES

The Cayley tree S* of order k > 1 is an infinite tree, i.e., a connected graph without cycles,
such that exactly k + 1 edges originate from each vertex. Let &% = (V, L,4), where V is the
set of vertices 3%, L is the set of edges and i is the incidence function setting each edge [ € L
into correspondence with its endpoints x,y € V. If i(l) = {z, y}, then the vertices x and y are
called the nearest neighbors, denoted by | = (x,y).

For a fixed point 2° € V,

W, ={xeVl]d(x,2°) =n},  Vi= ] W,
m=0

where d(z,y) is the distance between vertices  and y on a Cayley tree, i.e., the number of
edges of the shortest path connecting x and y.

Write z < v, if the path from 2° to y goes through z. Call vertex y a direct successor
of z if y = x and x,y are nearest neighbors. Note that in 3* any vertex x # 2° has k direct
successors and z° has k + 1 direct successors. Denote by S(x) the set of direct successors of z,
ie. if x € W, than

S(x) = {y; € Wyld(w,y;) = 1,i =1,2,...,k}.

HC model. Let ® = {0,1,2} and 0 € Q = ®" be a configuration on V. In this model,
each vertex z is assigned one of the values o(z) € ® = {0,1,2}. The values o(z) = 1,2 mean
that the vertex z is ‘occupied’, and o(x) = 0 means that z is ‘vacant’. We let € (y, ) denote
the set of all configurations on V' (V,,).

We consider the set ® as the set of vertices of a graph G. We use the graph G to define a
G-admissible configuration as follows. A configuration o is called a G-admissible configuration
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on the Cayley tree (in V,,), if {o(z),0(y)} is the edge of the graph G for any pair of nearest
neighbors z,y in V (in V). We let Q¢ (Qf ) denote the set of G-admissible configurations.

The activity set [13] for a graph G is a function A : G — R, from the vertices of G. The
value A; of the function A at the vertex ¢ € {0,1,2} is called the vertex activity.

For given G and A we define the formal Hamiltonian of the G—HC model as
— Y log Ap(a), if o€ QF,
HA o) = { v

zeV

+00, if o ¢ QC.
In this paper we consider the case \g =1, A\ = Ay = X . For g, € Q‘G/n we let

#Ho, = Z 1(on(x) > 1)
zeV,
denote the number of occupied vertices in V,.

Let z: @+ 2y = (204, 21,0, 22.0) € RY be a vector-valued function on V. For n = 1,2, ...
and A > 0, we consider the probability measure p™ on Q‘G,n defined as

n 1 o
H’( )(Un) = Z_)\# " H ZU(m),xa (]-)

n zeWy,

where Z,, is a normalization divisor,

Ly = Z A\#on H 25 (z),x-

5,169?,” €W,

The probability measure 1™ is said to be consistent if for all n > 1 and any o,,_; € Q‘G/;H:

> 1 (oo V) (onor Vw, € 9F) = pt (o). (2)

wn €Qw,,

In this case, by the theorem Kolmogorov (see [5] or [24] there is a unique measure p on

(Q¢,B) such that
wl{o:oly, = on}) = u"(0,)
for all n and any o, € Qf .

Definition 1. A measure p defined by formula (1) with consistency condition (2) is
called a splitting hard core Gibbs measure with activity A > 0, corresponding to the function
z: 2z € V\{z"} = 2,. In this case, a HC Gibbs measure corresponding to a constant function
zz = 2z 18 said to be translation-invariant.

Definition 2. [13] A graph is said to be fertile if there is a set of activities X such that
the corresponding Hamiltonian has at least two translation-invariant Gibbs measures.

Let L(G) be the set of edges of a graph G. We let A = AY = (aij)i,j:0,1,2 denote the
adjacency matrix of the graph G, i.e.,

a.:ac_{ 1, if {i,j} € L(G),
=% T 0, if {ing) ¢ L(G).
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The following theorem presents a condition on z, ensuring that the measure p™ is
consistent.

Theorem 1. [17] The probability measures p™, n = 1,2, ..., defined by formula (1) are
consistent if and only if the following relations hold for any v € V\{z°}:

S = )‘H alota11z] ,+aiszy
Lae — yeS(z) ago+ao1z] ,+ao22s

(3)

/ /!
- )\H ag0+ag12y ,+a222;
2, yeS(x) ago+ao1z] ,+aozzy .’

where z; , = N2io/2002, 1= 1,2.

In (3), we assume that z,, =1 and z;, = z;x > 0 for i = 1,2. Then by Theorem 1 there
exists a unique G-HC Gibbs measure p if and only if for any functions z : x € V —— 2z, =
(21,4, 22.2) the equality holds:

A0 + Aj121.4 + Q229 .
Zig = A || ’+ ¢ ’y+ BT i=1,2. (4)
a ap1 2 ap2 2
yeS(z) 00 01~1,y 02<2,y

kzém)-TRANSLATION-INVARIANT SPLITTING GIBBS MEASURES IN THE
CASE G = WAND

In this paper we consider the case fertile graph G = wand:

wand : {0,1}{0,2}{1,1}{2,2}.

In [17] for any k the translation-invariant Gibbs measures for the HC model with three
states in the case of a fertile graph G = wand studied and considered the following system of
equations (see (3.12) of [17]):

k
— 1+2
a=A <Z1+22> ’

142 F
72 = A (T)
It is also known from the work of [17] that the system (5) for £ = 2 and A > 1 has three

solutions, two of them h = (2,f) and | = (¢, Z) correspond to translation-invariant splitting
Gibbs measure i1, pt2, where

2 2
) <1+\/1—4a3) ; (1—\/1—4@%)
== —2)  y=t=—X—2] .
2a

(5)

0 2ay

Here ag = 2/ (VA + 8 + V). It is easy to verify that 2 =1, 24+ = 1/a2 — 2.

Using these known solutions Z, we construct new measures on a Cayley tree that differ
from the previously known ones.

We consider the half-tree. Namely the root 2° has k nearest neighbors. We construct
below new solutions of the functional equation (4).

The boundary condition z = {z,,x € Gy} with fields taking values h, [ defined by the
following steps (for an example of such a function see Fig. 1):
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h Il hhh 2 2 h2z 21 2h] 1 hlh=zzz]

VARV

Figure 1. In this figure the values of function z, on the vertices of the Cayley tree of order 5 are shown. This is

the case when m = 1.

Step-1. If at vertex o we have z, = z, then the function z,, which gives real values to each
vertex y € S(x) by the following rule

h on m vertices of S(x),
[ on m vertices of S(z),

z on k — 2m remaining vertices.

Step-2. If at vertex x we have z, = h, then the function z,, which gives real values to each
vertex y € S(x) by the following rule

h on m vertices of S(x),
[ on m vertices of S(x),

h on k — 2m remaining vertices.

Step-3. If at vertex x we have z, = [, then the function z,, which gives real values to each
vertex y € S(x) by the following rule

h on m vertices of S(x),
[ on m vertices of S(x),

[ on k — 2m remaining vertices.

Here h = (hy, hs), | = (I1,13) and 2m < k.

The measure corresponding to the set of values z = {z,,x € G} constructed in this way
is called k:(()m)—translation—invariant splitting Gibbs measure, where kg is the order of the tree on
which the translation-invariant measures p1, 19 exist, and m is the number of times of solutions
h, l on the vertices of S(z).

In the second and third steps, from (4) for h and [, respectively, we obtain the following

systems of equations
~ k—2m
=1 (1t
Am=E S hathe ’

~ k—2m
1 1the
Am—1 h1+ho

AN

(6)

[Se 8
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and

Jr
5 1 1+~ k—2m (7)
z:Am71 <N1+~22> ’
the solution is as follows:
i _02+cd—1 s ?—cd—1 = Z—cd—1 ~_02+cd—1
Vo e+ 7?2+l 2—ed+1 T 2—cd+ 1

where

N VATE+VA+ (VAT B+ VA2 - 16
_ ; |

Clearly, the systems of equations (6) and (7) make sense if hy, ho, Iy, I are positive.
Lemma 1. Let k > 2m, k,m € Z and A > 1. Then hy = Iy > 0.
Proof. Firstly, we show that ¢ +cd —1 > 0.

A> 1.

1
)\m—l

A +ed—1=LFmm(\) + Licam (A) - % 1.
It is easy to verify that L(\) > 1. Therefore ¢* + cd — 1 > 0.

Similarly, we can show that ¢ —cd +1 > 0.

It follows that our inequality is true for all A > 1:

A +ed—1

hi=lh=—— ">
! 2 c?2—cd+1

0.
Let C(k,m)={\A:A>1, hy =1 >0}
The case m = 1.

Lemma 2. Let m = 1 and k > 2m. Then there exists a single \*(k,m) such that
Clk,m)={A: 1< A< X} #0.
Proof. Let m = 1 and k > 2m. Let’s find the values of X satisfying the following inequality

- - = ted+1
hy=1 = ———— > 0.
2 ! c2—cd+1

So, it is sufficient to solve the inequality —c? 4+ cd + 1 > 0.
—P4ed+1=f(\)=—LF7 +LF7 +1.
Now let us check the sign of the derivative of the function f(\),

Fo) = i SLeL <2L% - 1) .
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It is known L(A) > 1 and

_VAESHEVA [ VAEBHVA

oy = YA it VA >0,
8V + 8 VVATE+VA? — 16

from them f'(\) < 0.
Thus, the function f(\) is monotonically decreasing, and f(1) = 1. Note that A > 1 for
that reason sup f(\) =1

1<A<o0

It is easily checked that

lim f(\) = Le2(\)[1 — LF2(\)] + 1 = —oc.

A—+00

Then there exists A*(k, 1) intersecting the axis A such that (1, A*(k, 1)) has f(\) > 0.

Now we determine \*(k, 1),
fO) = —LF2(\) + LFE(\) +1 = 0.

If we consider this as a quadratic equation with respect to Lk%()\):

L\ = (ﬁ; 1) .

Let us introduce the following notation v/A + 8 + v/A = t. From this notation we find the

following
t+V2—16 2 -8\ 2
:T,)\:< > > L t=2L(\) + T 8)

L)

From these .

<\/52+1>2(k:—2) 1

()7 (%))

Now we check the sign of the derivative of A with respect to the variable k = = (x € N).

(Co)™ e () ) ()T () )
T—2 -2 3
V5+1 V5+1
() () )
from this, it is easy to see that (A\*(z))’ > 0 since x > 3 . Hence, as k increases, the value of

A*(k, 1) also increases.
Remark 1. From the formula (9), the following values for \*(k,1) can be obtained:

N (k,1) =

(A (@) =

Y

A*(3,1) &~ 1.18034; A\*(4,1) = 1.8; A*(5,1) ~ 3.09017; \*(6,1) ~ 5.44444;
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A(T,1) A 9.48382; \*(8,1) ~ 16.19999; A\*(9, 1) ~ 27.19763.

It is clear that the set D(k,m) = C(k,m) N (1,00) = C(k,m). For Gibbs measures
constructed by the first step of the above construction, the system (4) has the form

k—2m
o = 1 1+2z1
1 — Am—1 21429 ’

k—2m
_ 1 1429
22 - Am—1 ’

(10)

z1+22

where z; >0, 2z >0, A € C(k,m).
Now we consider the system of equations (10) for m = 1. The following theorem is true.

Theorem 2. For the Hard-Core model in the case G = wand when kg = 2 and m = 1,
the following statements are true:

1. If X € C(3,1) or A € C(4,1), then there exists one k(()m)-tmnslatz’on—z’nvam’ant Gibbs
measure.

2. For k > 5 and A € C(k,1) there are exactly three k:[()m)-tmnslation-mvariant Gibbs
MEAsures (1], [ly, [s.

Proof. 1. If m = 1, the following system, independent of A, is formed from the system

14 )2
_ Z1
1= <z1+22> ’
ey )72
_ zZ2
<2 = <z1+22> :

Subtracting the second equation from the first, we obtain

(10)

(14 20)F 3 4+ 4 (1 + 2)k3
(21 — 22) (1 — (21 T Zz)k—z =0. (12)
Therefore z; = 29 or
(14 2)" 2 =0 +2)" 3+ .+ 1+ z)"3 (13)

In the case z; = 23 = 2, from (11) we obtain the equation

= f() = (1;)

which has a unique positive solution z*, i.e. the system of equations (11) has a solution (z*, z*).

By (12) for k = 3 we obtain z; = 2z and 23 + 25 = 1. With 2z + z3 = 1 the system (11)
has no solution. Hence, k = 3 has a single solution in the case z; = 2z, = 2.

From (12) for k = 4 we get the equalities z; = 2 and (21 + 22)? = 21 + 23 + 2. From the
second equality and by (11) we have z; = z5 = 1 since z; > 0, 25 > 0. Therefore, even when

k = 4, there is a single solution in the case z; = 25 = 2.

2. To prove this, if we assume that A = 1 in system (5) in the work [25] and the value of
system (11) in this paper A(t) = 1 and k; = k — 2 , then the expression A, = 5 (%)ki2 is
for k > 5, A\, <1 = A. Thus, as concluded in the paper [25], since the value A = 1 is greater
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than A.., than for A € C(k, 1) we have exactly three k:(()l)-translation-invariant Gibbs measures
Wi, ps, 1k corresponding three solutions (11).

The case m = 2. In this case, the following lemma is valid.
Lemma 3. The following are true:

C(5,2) ={A: 1 < X< \(5,2)}, where \*(5,2) ~ 1.13996.
C(6,2) ={A: 1 < X< A\(6,2)}, where \*(6,2) ~ 1.51753.
O(7,2) = {A: 1 < A < M(7,2)}, where X*(7,2) ~ 2.16334.
C(8,2) ={A: 1 <A< \(8,2)}, where \*(8,2) ~ 3.17116.

0(9,2) = {A: 1 < A < X\ (9,2)}, where X*(9, 2) ~ 4.68427.

Proof. Let’s find A\*(5,2). To do this, solve the inequality

- - = tcdd+1
hy=l = ——— > 0.
2 ! c2—cd+1

For this purpose it is sufficient to solve the inequality —c? +cd +1 > 0..

1
—F+ed+1=f(\)=—-L*N\)+ ALZ(/\) + 1.
2 1 1 L
f'(\) = —4L3L + ALL’ - ﬁﬁ —2LL (2L2 -3t 2A2L,> <0

because A > 1, L(A\) >1 and L'(\) > 0. Thus, the function f(\) is monotonically decreasing,

and f(1) = 1. Note that A\ > 1 for that reason sup f(\) =
1<A<o0

lim f(\) = L*(\) (; — L2()\)) +1=—o0.

A—400

Then there exists A*(5, 2) intersecting the axis A such that f(A) >0 in the interval (1, A\*(5,2)).

Now let’s find the value of A*(5,2). To do this, we solve the equation f(\) = 0 using (8)
we can get

- 1,  —LMLA 412+ LM L2412+ (L +1)2
) ==L + L) +1 = S

3 =0.

Denoting L? = L*(\) = s from last equation can get s° — s* + s3 — 35> + s — 1 = 0, which has
the only positive root s ~ 1.53057. From this we obtain A*(5,2) ~ 1.13996.

The values of \*(6,2), A\ (7,2), A*(8,2), A*(9,2) are also found in the same way as
above.

The following theorem is true.

Theorem 3. For the Hard-Core model in the case G = wand when ky = 2 and m = 2,
the following statements are true:

1. If A € C(5,2) or A € C(6,2), then there exists one k{™ -translation-invariant Gibbs
measure.

2. If X € C(7,2) or A € C(8,2) or A € (C(9,2), then there are exactly three k(()m)-
translation-invariant Gibbs measures (3, ps, (1.
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Proof. 1. For m = 2 the system (10) has the form
1 1421 hd
21 =y <m> g
_ 1 1429 hd
Z9 = by <m> .

For k = 5, subtracting the second equation from the first in system (14), the equalities 21—z = 0

or 21 4+ 29 = + are formed, and for z; — 2, = 0 the system has only one solution (z*,2%), in the

)
case 21 + 2o = % the system has no solution.

(14)

For k = 6, the following equalities z; — 2o = 0 and 2z, + 2z, = LEv1+8A W are obtained.

In this case z; = zy there is only one solution (z*, z*) and in the case z; + zp = @ the
system no solution because the condition A > 1 is not satisfied. Hence, in the case A € C(5,2) or
A € C(6,2) we have one kéQ)—translation—invariant Gibbs measure corresponding unique solution
(z*,2*) of the system (14).

2. For k = 7 to solve the system (14) we use Theorem 4 presented when solving system
(13) in [14].

In [14] if we look A as 3 in system (13), we find A, = 27/4 for the system (14) above.

Also, Ao > A*(7,2). Hence, for k = 7 the system (14) has three solutions for 1 < A <
A(7,2).

Using the above method we can find the existence of three k((]m)—translation—invariant Gibbs
measures in the sets C'(8,2), C(9,2).

Thus, in the case A € C(7,2) or A € C(8,2) or A € C(9,2) we have three k;(()Q)—translation—
invariant Gibbs measure corresponding three solutions of the system (14).

The case m = 3. In this case, the following lemma is true.

Lemma 4. The following are true:

C(7,3) ={A: 1 <A< A\(7,3)}, where \*(7,3) ~ 1.11728.

C(8,3) ={A: 1 < X<\ (8,3)}, where \*(8,3) ~ 1.39816.

C(9,3) ={A: 1 <A< A(9,3)}, where \*(9,3) ~ 1.83764.

Proof. The proof of this lemma is similar to the proof of Lemma 3.

The following theorem is true.

Theorem 4. For the Hard-Core model in the case G = wand when ko = 2 and m = 3,
the following statements are true:

1. If X € C(7,3) or A € C(8,3), then there exists one k‘(()m)-translatz’on-invariant Gibbs
measure.

2. If X\ € C(9,3), then there are exactly three k;(()m)—tmnslation—mvariant G'ibbs measures
His Has K-

Proof. The proof is similar to the proof of Theorem 3.

All Gibbs measures obtained in Theorems are new and different from previously known
Gibbs measures.
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REZYUME

Ushbu ishda Keli daraxtida unumdor graf aktivlik parametri A\ > 1 bo’lganda,
uch holatli Hard-Core (HC) modelini ko'rib chiqamiz. Ma’lumki, uch holatli HC
modelida unumdor graflarning to’rt turi mavjud, ular: kalit, jezl, sirtmoq va hushtak.
Bunda biz Keli daraxtida k‘(()m -translyatsion-invariant Gibbs o’lchovlari jezl bo’lgan
holatni o’rganamiz. Bunday o’lchovlar translyatsion -invariant Gibbs o’lchovlari
yordamida quriladi. Natijada graf Keli daraxtida jezl bo’lgan hol uchun kg = 2
va m = 1,2,3 bo’lganda kém)—translation—invariant Gibbs o’lchovlarining aniq soni
topildi va ularning mavjudligi isbotlandi.

Kalit so‘zlar: Keli daraxti, konfiguratsiya, unumdor graf, Hard-core modeli, Gibbs
o’lchovi, kém)—translation—invariant Gibbs o’Ichovi.

PE3IOME

Mper pacemarpusaem iogopoaabie Hard-Core (HC) momesnn ¢ Tpemsi cocTosiHus-
MU U C [TapaMeTpoM akTuBHOCTH A > 1 Ha gepeBe Kou. MzBectHo, uTo cyitie-
CTBYeT YeTbipe THIIa TaKUX MOJEeJIei: MeTJid, CBUCTOK, »Ke3JI U KJod. Mbl n3yda-
eM k;(()m)-TpaHCﬂHLLI/IOHHo—I/IHBapI/IaHTHble Mepbl ['mObca 11 paccMarpuBaeMoit Mo-
nean B ciaydae rpada ke Ha jgepeBe Konm. Takme mMephbl cTpodrcs ¢ IIOMO-
b0 TPAHCAAIMOHHO-UHBAPpHAHTHBIX Mep ['ub0ca. B ciaydae xkeszn mpu ky = 2
nm = 1,2,3 na gepeBe Ksim j0Ka3aHo CyIecTBOBaHUE ki(()m)—TpaHCJIHHI/IOHHO—
HHBapUAHTHBIX Mep ['nbOca 1 HaliIeHO TOYHOE KOJIMYECTBO TAKUX Mep.

Karoueswvie caosa: Jlepeso Konu, kouduryparus, miogopoaHbiii rpad, Moae/Ib
Hard-core, mepa I'u66ca, k(()m)-TpaHCJIHLLHOHHo—HHBapHaHTHaH Mepa ['mboca.
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ON THE CONTROL PROBLEM ASSOCIATED WITH A FOURTH ORDER
PSEUDO-PARABOLIC EQUATION

Dekhkonov F. N. *

RESUME

In this paper, we consider boundary control problem for a fourth order pseudo-
parabolic type equation in a bounded two-dimensional domain. A control function is
given at the boundary of the considered domain. To achieve the average temperature
in the domain, it is required to find a control function. Using the Fourier method,
the control problem is reduced to the Volterra integral equation of the second type.
The existence of the control function is proved using the method of successive
approximation.

Key words: Fourth order pseudo-parabolic equation, Volterra integral equation,
admissible control, initial-boundary problem, method of successive approximation.

INTRODUCTION

It is known that in recent years, due to the increasing interest in physics and mathematics,
the boundary problems related to pseudo-parabolic equations were widely studied. For this
purpose, various boundary problems for parabolic and pseudo-parabolic equations have been
widely studied by many researchers.

It is well known that fourth-order pseudo-parabolic equations describe a variety of
important physical processes, such as heat conduction in materials, electric signals in a nonlinear
telegraph line with nonlinear damping, viscous flow in materials with memory [1], vibration of
a nonlinear elastic rod with viscosity 2|, nonlinear bidirectional shallow water waves [3|, the
velocity evolution of ionacoustic waves in a collisionless plasma when an ion viscosity is invoked
[4], and so on.

The boundary control of a linear pseudo-parabolic equation and compare the results to
those of parabolic equations was studied in [5]. The stability, uniqueness, and existence of
solutions of some classical problems for the considered equation are studied in [6]. In [7], the
point control problems for linear pseudo-parabolic and parabolic type equations are considered.

The optimal control problem for the parabolic type equations was studied by Fattorini
and Friedman [8, 9]. Control problems for the infinite-dimensional case were studied by Egorov
[10], who generalized Pontryagin’s maximum principle to a class of equations in Banach space,
and the proof of a bang-bang principle was shown in the particular conditions.

The boundary control problem for a parabolic equation with a piecewise smooth boundary
in an n—dimensional domain was studied in [11] and an estimate for the minimum time required
to reach a given average temperature was found. In [12], the considered the heat conduction
equation with the Robin boundary condition and developed a mathematical model of the process

“Dekhkonov F. N. — Namangan State University, Namangan, Uzbekistan,
National University of Uzbekistan, Tashkent, Uzbekistan, f.n.dehqonov@mail.ru
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of heating a cylindrical domain. Control problems for the heat transfer equation in the three-
dimensional domain are studied in [13]. Basic information on optimal control problems is given
in detail in monographs by Lions and Fursikov [14, 15]. Boundary control problems for linear
pseudo-parabolic type equations were studied in works [16-18|, and it was proved that there is
a control function for heating the domain to the average temperature.

In [19], the null boundary control problem associated with a fourth-order parabolic
equation in a one-dimensional bounded domain was considered by the method of reducing
the control problem to well-posed problems proposed by Guo and Littman [20]. In [21], the null
interior controllability for a fourth order parabolic equation was studied. The method they used
is based on Lebeau-Rabbiano inequality. Optimal time problems for the fourth-order parabolic
equation in the two-dimensional domain are studied in works [22, 23|.

For the fourth order nonlinear pseudo-parabolic equation, there are also some results
about initial boundary value problem and Cauchy problem, especially on the global existence,
nonexistence and asymptotic behavior of the solutions [24-26].

In 1978, Bakiyevich and Shadrin [24] considered the following problem

ut_aluxx_QZU:pxt_'_aSuazxxx:f<x7t)a .Z'ER, t>07
u(z,0) = p(x), =€k,

where ai,as > 0, ag > 0 are constants. They showed that the solutions of this problem are
expressed through the sum of convolutions of functions ¢(z) and f(z,t) with corresponding
fundamental solutions of the problem. In 2009, Khudaverdiyev and Farhadova [25] discussed
the following fourth order semilinear pseudo-parabolic equation

Ut — A1 Uggt + Ugzzr = f(zatvuauxauxxauxxx)7 0 S € S 17 0 S t S T < +OO,

where a; > 0 is a fixed number. They proved the existence in large theorem for generalized
solution by means of Schauder stronger fixed point principle. Zhao and Xuan [26] studied the
following

U — A1 Ugg — A2 Uggt + O3 Upgge + f(u)ac = O; T e R7 t>0.

They obtained the existence and convergence behavior of the global smooth solutions.

In this work, we considered the problem of boundary control for the fourth-order pseudo-
parabolic equation in the quadratic domain. For this, the control problem was first reduced
to the Volterra integral equation of the second kind, and the continuity of the integral in the
given domain was shown. As a result, the existence of the control function was proved using
the method of successive approximation. At the end of the article, the control function is found
in the exact values of the parameters.

STATEMENT OF PROBLEM

In this article, we consider the following fourth order pseudo-parabolic equation in the
domain 2 = (0,7) x (0, )

uy — Au— Auy + A*u =0, (z,y,t) € Qpr:=Qx (0,7T), (1)
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with boundary value conditions

uy(0,y,t) = —P(y)v(t), wu(muy,t) = 0, uy(z,0,t) =0, wuy(zr,mt) =0, (2)
and

Uper(0,9,1) = 0, Upge(m,y,t) = 0, uyyy(z,0,t) = 0, uyy(z,m,t) = 0, (3)

and initial value condition

u(z,y,0) = 0, 0<uzy<m, (4)
where Au = (2, y, 1) + tyy (2, Y, 1), A%U = Uppr (T, Y, ) + 2 Uy (T, Y, 1) + Uy (7,9, 1), P(y)
is a given function and v(t) is the control function

Let M > 0 be some given constant. It is called that the control function v(t) € C[0,T]
is admissible, if it fulfills the following conditions

p(0)=0, |v(t)] <M, telo,T). (5)

Assume, the given function ® € C®[0, 7| satisfies the conditions
B0(0) = &V (x) = 0(0) = 8 (m) =0, [@y)dy =1 (6)

Control Problem. Let a,b > 1 and assume that function ¢(t) is a given. Then find the
control function v(¢) from the condition

w/a7/b

//u(x,y,t) dedy = ¢(t), 0<t<T, (7)

0 0

where u(z,y,t) is a solution of the problem (1)-(4) and it depends on the control function v(t).
We now offer the primary theorem for demonstrating admissible control’s existence.

Theorem 1. There exists a constant v > 0 such that for any function ¢(t) € C[0,T]
satisfying the conditions

M
$(0) =0, [o(t)] < o 1€ [0, 7],
the solution v(t) of the equation (7) exists, unique and satisfies the conditions (5).

We will consider the proof of Theorem 1 step by step in the next sections.
INTEGRAL EQUATION FOR CONTROL FUNCTION

In this section, we consider the reduction of the control problem to a Volterra integral
equation of the second kind.

Definition 1. By solution to initial-boundary problem (1)-(4), we understand the function
u(z,y,t) represented in the form

(m — )

o _'LU(mvyvt)? (8)

u(z,y,t) = v(t) ®(y)



Acta NUUz - 26- Exact sciences

where the function w(z,y,t) with the reqularity w(z,y,t) € Cﬁ:;f(QT)ﬂC’(QT) and Wygy, Wyyy €
C(Q) is the solution to the mized problem

w; — Aw — Aw; + A*w = % O(y) V' (t) — (m 2_:)2 O3 (y) V' (t) — %@(y) V(t)—
ST @) i)+ 2 00 ) vit) - 2oy vn + T a0 ) v,

with boundary value conditions

wy(0,y,t) = wy(m,y,t) = 0, wy(z,0,t) = wy(zr,mt) = 0,
and
wxxz(oayat) = wxmm<7ray7t) = 07 wyyy(xaovt) = wyyy(xaﬂ'at) = Oa

and nitial value condition
w(z,y,0) = 0.

As a result, we get (see [27])

2 0o o (1+n2)(1)n i (t—5) 1
+;szg(1+n2+m2)(/e Hm, V'(s)ds | cosmx cosny+
0

t

9 oo oo (n2+n4) (I)n - (t—s)
to lelm2(1+n2+m2) /6 Hmnlt=5) 1 (s) ds | cosma cosny,
m=1 n= 0

where fi, ,, as follows
_ (mP4n?)?’+mP4n® 5
Hmn = L+ m?+n? =m-+n”.

Lemma 1. Let the function ®(y) € C°(0, | satisfy the conditions (6). Then the following
estimate is holds

C
’@n’§—5’ n:1,2’...’
n

where ®,, is the Fourier coefficient of the function ®(y) and C is a positive constant.

Proof. It is known that the Fourier coefficient of the function ®(y) in the interval (0, 7)
is defined as follows

2 s
o, = —/@(y) cosnydy, n=1,2---. 9)

m
0
By (9) and condition (6), we might write

m ™

9 =7
o, = —/cb(y) cosny dy = —(CD(y) sinny — /q)(l)(y) sinnydy) =
0

™n

=0
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™

2 T=T
=— ((ID(I)(y) cos ny /<I>(2)(y) cosny dy)
=0
0
2 (e o () si
= ——— | ®"¥(y) sinny — [ Y (y) sinnydy | =
™ o0

dW(y) cosny dy) =

™n 0
0
2 (g - ) (y) si
= —( 2 (y) sinny — [ &Y (y) sinnydy | =
™ o0
0
_ 2 dO)(y) sinny dy
T nd '
0
Then we get
C
|(Dn|§_5a n:172a"'
n

Lemma 1 is proved.
Lemma 2. Let v(t) € C'0,T]. Then the solution to problem (1)-(4) is

(r — x)

—5;—Mwuw—(g—§)ww+§jwww—

u(z,y,t) =

9 0o 00 ]_—|—7l (/ —n (t—s) / >
——E E e Hmnt=3) () ds | cosma cosny—
2 2 2
™ 1m (1+n +m J

m=1 n=

t
2 — — n? +n?) (t—s)
_;Zzlm +n2+m2 (/ oK )ds) COS T COSNY, (10)
0

m=1 n=

Proof. Let us prove that the Fourier series of the function w(z,y,t) belongs to the class
C’;l:;ljtl(QT) N C(Qr) and Wype, Wy, € C(Q). It is sufficient to prove that the corresponding
series converge uniformly. Due to conditions imposed on the expression of the function v(t) for
w(z,y,t) converges uniformly, so w(z,y,t) € C(Qr). It is logically proved that Wy, wy,, €
C(Qr), wy, Aw, Awy, A?w € C(Qr) and w(w,y,t) satisfy the equation.

Q.E.D.

Lemma 2 is proved.

From the solution (10) and the condition (7), we can write

w/a /b

o) = [ [ ute.0)drdy -

0 O
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— u(t) //@(y)hg—ﬁdxdy—;i;(g—%>u(t)+%/u(s)ds—

2 = 1+n ®,, sin ™ gin 2
__Z E ( ) b /e—ﬂm,n(t—s) V/(S) ds—
T
0

m=1 n=1 (1 + n2 + m2)

2 o o (n? +nt) ®,, sin T sin 2T
2y U I S [t s,
T
1

2 2
i 1+ n2? +m?)

According to the condition v(0) = 0, we get

w/a /b
(m —x)? m(m 1
t) = v(t o dedy— = (T - =)o
o) =v) [ [ o) T dway- T (2 - v
0 0
t o0 o 1 .
T —|—n n Sin 2% sin &%
S )ds — b
+ab/y( s—vit szlz; +n2+m2) *
0 m=1nn

t
mn

2 o= o (14 n?) P, sin 2T sin 2% o (t—5)
+=23 % “Hmant=9) 1 (5) ds. 11
- /e v(s)ds (11)

mn(1+n2—i—m2)

According to Parseval equality, we get

w/a /b
(m —x)? ™ 2 O = Py sin BF sin 27
O(y) ——dady = — + — " . 12
// ) 27 v 6a +7TZZ m3n (12)
0 0 m=1 n=1
By (11) and (12), we have
b(t) = (t)ﬂ+ Qiifb sin % sin &F N
— vt szlnzlmn (1 +n2%+m?)
T +n?) @, sin T sin 2T
= ds + =2 b —pm,n (t=5) ds.
+ab/y(s) S+7rzlzl mn(1+n2+m2) /e v(s)ds
0 m=1 n=
We set
= T YN e 130, (13)
m=1n=1
where

(1+n?) ®, sin T sin X

mn(1+n2+m2) ’

2
v, == 14
n=c (14



Acta NUUz - 29- Exact sciences

and

A ®,, sin =% sin
= —+ = & . 15
& ab+7rle;mn(1+n2+m2) (15)
Then, we get the Volterra integral equation of the second kind

yt)—l—a/K(t—s)y(s)d:s:agb(t), t>0, (16)

where a = 871,
PROOF OF THEOREM 1

In this section, we consider the existence of a solution to the Volterra integral equation
of the second kind. Then we prove the admissibility of the control function.

Lemma 3. Let the conditions of Lemma 1 hold. Then, the function K(t) is continuous
on the half line t > 0.

Proof. Using Lemma 1 and equality (14), we can write

2C 1+n?
m mnd (1 +n?+m?)

[Wonn| < —

Then, we have the estimate

|K iiwm,ne_um’nt <
m=1 n=1
1+ n?
= _+_mz_:;mn5 (14 n?+ m?) =4

where A is a positive number and it follows

m 1+ n?
. 1
ZZW ST (17)

m=1 n=1

Therefore, the function K (t) is continuous on the half-line ¢ > 0.
Lemma 3 is proved.

Since the kernel of integral equation (16) is continuous, according to the general theory,
the solution of this integral equation is unique.

Lemma 4. Let ¢(t) be continuous on the half-line t > 0. Then the equation (16) has the
solution.

Proof. The Lemma 3 states that the function K (t) is bounded in ¢ € [0, T]. Therefore,
the integral equation (16) can be solved using the method of successive approximation.
Set

w(t) = ao(t), w(t) = a/K(t—s)ykl(s)ds, k=1,2,.. (18)
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Then, we have the solution

o

v(t) = > (=) ult).

k=0

Indeed, we can see that this function satisfies Eq. (16)

k=0

a/K(t—s)u(s)ds = aZ(—l)k/K(t—s)yk(s)ds:

Lemma 4 is proved.

(19)

It is known « is finite. According to Lemma 1, S is a finite constant number. Indeed, we

may write
T 2 o= 1D,
<42
= b+7rm21;mn(1—l—n2+m2)
T 20 1
< 42~
T mZ:;mnf’(l—l—nQ—i-mQ) oo
Set
ol = max |(¢)]

Lemma 5. Let ¢ € C[0,T]. Then, the following estimate is valid:

tk
m(t)] < Ja Aol k=0,
where o = B~1 and B, A are defined by (15), (17), respectively.
Proof. Now we prove the Lemma using the induction method.

I. It is not difficult to see that the inequality holds for £ = 0.
II. We prove for k + 1:

e ()] < af /IK(t—S)IIVk(S)IdSS

t
k
S
< laf 2ol [ 1K) 3y ds <
0
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tk+1

(k+1)!

< a2 AR g / 5 ds = [aftH2 AR 16z

Then, we get the required estimate
th
@) < ol AT S lollr, R =0,1,.

Now we present the proof of the main theorem 1.
Proof of Theorem 1. Using the lemma 5 and (18), (19), we get

()] < lec )| < llgllz §:|Oz|’“+1 A’“ = lal e ]

Then using the inequality |o(t)| < %, we have

()] < laf e lollr < M, t€0,T],

where as 7 we took

v =laleAT 0 < T < +o0.

From the integral equation (16) and condition ¢(0) = 0, we have v(0) = 0. Thus, we have
proved the admissibility of the control function v(t).

EXAMPLE

Let ®(y) = 1 + cos2y, y € (0,7) in initial-boundary problem (1)-(4). If we take a = 7
and b = 2 in the control problem, as a result, the expressions given by equalities (14) and (15)
are determined as follows:

1
=—, V,,=0.
/8 27 ’

Thus, the function K (t) defined by (13), we can write

We consider the following function:
o(t) = te ', tel0,T].

The physical meaning of the function ¢(t) is the average temperature in the domain.
In this case, we can write the main integral equation (16) as follows:

t

v(t) + /V(s)ds =2te”", t>0.

0

Thus, we obtain the following solution:
v(t)=(t—tHe, t>0.

Acknowledgments. The author is grateful to Academician Sh.A. Alimov for his valuable
comments.
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REZYUME

Ushbu maqolada biz chegaralangan ikki o‘lchamli sohada to‘rtinchi tartibli
psevdoparabolik tipdagi tenglama uchun chegaraviy boshqaruv masalasini ko‘rib
chigamiz. Ko‘rib chiqgilayotgan soha chegarasida boshqaruv funksiyasi berilgan.
Sohadagi o‘rtacha temperaturaga erishish uchun boshqaruv funksiyasini topish
kerak. Furye usuli yordamida boshqaruv masalasi ikkinchi turdagi Volterra
integral tenglamasiga keltiriladi. Boshqarish funksiyasining mavjudligi ketma-ket
yaqinlashish usuli yordamida isbotlangan.

Kalit so‘zlar: To‘rtinchi tartibli psevdoparabolik tenglama; Volterra integral
tenglamasi; joiz boshqaruv; boshlang‘ich-chegaraviy masala, ketma-ket yaqinlashish
usuli.
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PE3IOME

B nmannoit pabore paccmaTpuBaeTcd 3ajada IPAHUIHOTO YIIPaBJIEHUs JIJIsl YpaBHe-
HUsI TICEBIONAapabOIMIecKoro THIa YeTBEPTOro MOPSIKA B OrPpAaHUYIEHHON JIByMep-
Hoit obstactu. Ha rpanuie paccmarpuBaemoii obactu 3aaHa HYHKIU YIIpaBye-
Hus. i gocTukeHus cpejiHeil TeMiepaTypbl B 00J1acTu Tpedyercst HailTu hyHK-
o yrpasienus. C momornbio metoia Pypbe 3a/1a1ua yrpaBieHnus CBOJUTCS K UHTe-
rpajgbHOMY ypapHeHno Boibreppa Broporo pomga. CyinecrBoBanne pyHKIUA YIIPAB-
JIEHUsI JTOKA3bIBAETCs C IMMOMOIIBIO METOa TOCIeI0BATEIbHBIX TPUOIMAKEHNI.

Karoueswvie caosa: llcesnornapaboinieckoe ypaBHEHIE Y€TBEPTOTO MOPSIKA; WH-
TerpaJjibHoe ypasHeHue Bosbreppa; JomycTuMoe yipapieHne; Hada/lbHO-KpaeBas 3a-
Jlaga, MeTO/I TI0C/IeI0BATEIbHBIX ITPUOINKEHUI.
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CHEKLI O‘'LCHAMLI FREDGOLM OPERATORI DARAJALARINING
SPEKTRI VA REZOLVENTASI

Husenova J. T. *

REZYUME

Ushbu maqolada L?[—; ] Hilbert fazosida ta’sir qiluvchi chekli o’lchamli 7" integral
operatorning (Fredgolm operatorining) istalgan n natural soni uchun 7" darajalari
topilgan. T™ operatorning xos giymatlari va mos xos funksiyalari aniqlangan. 7™
operatorga mos rezolventa operatori qurilgan.

Kalit so‘zlar: integral operator, Fredgolm operatori, chekli o‘lchamli operator, xos
qiymat, karralik, xos funksiya, rezolventa operatori.

1. Kirish.

Elementlari funksiyalardan iborat fazoga funksional fazo deyiladi [1]. Masalan, C[—m; 7] —
[—m; m] kesmada aniqlangan barcha uzluksiz funksiyalar to‘plami, L?[—m; 7| — [—; 7| kesmada
aniglangan barcha kvadrati bilan integrallanuvchi (umuman olganda kompleks giymatlarni
gabul giluvchi) funksiyalar to‘plami funksional to‘plamlarga misol bo‘la oladi. Funksional fazoda
tenglama berilgan bo‘lib, noma’lum element funksiyadan iborat bo‘lsa, bunday tenglamaga
funksional tenglama deyiladi. f(z) = f(—z) - juftlik tenglamasi; f(x + L) = f(z) - davriylik
tenglamasi; f(x +vy) = f(z) + f(y) - additivlik tenglamasi va boshqa tenglamalar funksional
tenglamalarga eng sodda misollar bo‘la oladi. f(x +vy) = f(z) + f(y) - Koshi tenglamasi;
flx +y) + flx —y) = 2[f(x) + f(y)] - kvadratik tenglama yoki parallelogramm qoidasi;
fl(x+v)/2) = (f(z)+ f(y))/2 - Yensen tenglamasi; f(x+vy)- f(z —y) = f?(x) -Lobachevskiy
tenglamasi; f(z + y) + f(xr — y) = 2f(x)f(y) -Dalamber tenglamasi mashhur funksional
tenglamalarga misol bo‘la oladi.

Agar funksional tenglamada noma’lum funksiya integral belgisi ostida bo‘lsa, u holda
bunday tenglamaga integral tenglama deyiladi. Masalan,

fw) = [ " K(a,t)f(0)de (1)

tenglama f(r) funksiyaga nisbatan chiziqli integral tenglamadir, bu yerda K(-,-) — [-m; 7]* da
aniglangan berilgan funksiya.
(1) tenglamaning yadrosi deb ataluvchi K (-,-) funksiya o‘lchovli va

/ / |K (2, y)[Pdady < oo

shartni qanoatlantirsin, ya'ni K (-,-) kvadrati bilan integrallanuvchi funksiya bo‘lsin.

“Husenova J. T. — Buxoro davlat universiteti
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L*[—m; 7r] Hilbert fazosida aniglangan

(Tf)(z) = / " K (e, 0 f(t)dt 2)

operatorga K yadroli Fredgolm operatori deyiladi.
Ko‘p hollarda T" operator Fridrixs modelida qo‘zg‘alish operatori [2-7] sifatida o‘rganiladi.
Ushbu maqolada (2) ko‘rinishdagi 7" Fredgolm operatori yadrosi

m

K(z,y) = vi(w)u(y)

=1

kabi aniglangan hol o‘rganiladi, bu yerda v;(+), i = 1,m — [—; 7] kesmada aniqlangan haqiqiy
giymatli o‘zaro chizigli bog‘lanmagan uzluksiz funksiyalar, m € N. Dastlab ixtiyoriy n natural
soni uchun berilgan T operatorning 7" darajalari aniglangan. Topilgan 7™ operator uchun
A = 0 soni cheksiz karrali xos qiymat, ko‘pi bilan m ta (karraligi bilan qo‘shib hisoblaganda)
xos giymatlarga ega ekanligi ko'rsatilgan va mos xos funksiyalari tavsiflangan.

2. Chekli o‘lchamli Fredgolm operatorining xos qgiymatlari va mos xos funksiyalari

L?[—m; 7] Hilbert fazosida
TN = ule) [ wof@d, i~ Tm )

—T

tenglik yordamida ta’sir giluvchi operatorni qaraymiz. Bunda v;(+), i = 1, m — [—m; 71| kesmada
aniqlangan haqiqiy giymatli o‘zaro chiziqli bog‘lanmagan uzluksiz funksiyalar.

Bizga Funksional analiz kursidan yaxshi ma’lumki, ixtiyoriy f,g € L?[—; ] elementlar
uchun ularning skalyar ko‘paytmasi

(f.9) = / " Ftyat

tenglik yordamida, f € L*[—m; 7| elementning normasi esa

= ([ o)

tenglik yordamida aniglanadi. Tegishli ta’riflardan foydalanib, L?*[—m; x| Hilbert fazosida
T:=T\+---+1T,

kabi aniqlangan 7" operator chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator ekanligini
ko‘rsatish mumkin.

Ta'rifga ko‘ra

T)@ =Y o) [ wosw
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tenglik o‘rinlidir.

Magola matnida foydalanish uchun o(-), ess(-) va opp(-) simvollar orqali mos ravishda
chegaralangan va o‘z-o‘ziga qo‘shma operatorning spektri, muhim spektri va nuqtali spektri
belgilangan.

Ushbu maqolaning asosiy natijalaridan biri quyidagi teoremada o‘z aksini topgan.
1-teorema. \ = 0 soni 7" operator uchun cheksiz karrali xos qiymat bo‘ladi.
Isbot. Berilgan T" operator uchun xos giymatga nisbatan 7'f = 0 tenglamani qaraymiz.

Avvalo bu tenglamani
> ula) |

=1 -

™

vi(t) f(t)dt =0 (4)

ko‘rinishda yozib olamiz. v;(-), i = 1,m funksiyalar o‘zaro chizigqli bog'lanmagan uzluksiz
funksiyalar ekanligidan (4) tenglik faqat va faqat

/ Cw(f($)dt=0, i=Tm (5)

—T

bo‘lgandagina bajarilishi kelib chigadi.

Endi ixtiyoriy % natural soni uchun k ta chizigli bog'lanmagan, (5) shartni
ganoatlantiruvchi funksiyalar mavjud ekanligini ko‘rsatamiz. Buning uchun matematik
induksiya metodidan foydalanamiz. L?|—7; | cheksiz o‘lchamli fazo bo‘lgani uchun shunday
wy € L?[—m; 7] funksiya topilib,

/ vi(Hwi(t)dt =0, i=1,m

shart bajariladi. Xuddi shuningdek, L?[—m; w] cheksiz o‘lchamli fazo bo‘lgani uchun shunday
wy € L2[—m; 7] funksiya topilib, w; va wsy funksiyalar chiziqli bog‘lanmagan hamda

/ vi(twe(t)dt =0, i=1,m

—T

shart bajariladi. Faraz qilaylik, ixtiyoriy & > 3 soni uchun w;, ws, ..., wy_1 funksiyalar qurilgan
bo‘lib, {wy, ws, ..., wg_1} chizigli bo‘lanmagan sistema va ixtiyoriy j € {1, ...,k — 1} uchun

/ vi(tyw; (O)dt = 0, i=T,m
shart bajarilsin. U holda shunday wy € L*[—m; 7] funksiya topilib, {wy, ws, ..., wg_1, wy} chizigli
bo‘lanmagan sistema va
/ vi(tw(t)dt =0, i=1,m

shart bajariladi. Shunday qilib, {w;, ws, ..., wx} chizigli bog‘lanmagan sistema mavjud bo‘lib,
uning elementlari (5) shartni ganoatlantiradi. Bu esa A = 0 soni 7" operator uchun cheksiz
karrali xos giymat ekanligini bildiradi. 1-teorema to‘liq isbotlandi.

1-teorema isbotidan ko‘rinib turibdiki, (5) tenglikni qanoatlantiruvchi har qanday f €
L?[—m; 7| funksiya T operatorning A = 0 xos giymatiga mos xos funksiya bo‘ladi.



O‘zMU xabarlari - 38- Aniq fanlar

T operatorning nolmas xos giymatlarini aniglash magsadida
A()\) = det ()\51] - (’Ui,?}j))
funksiyalarni kiritamiz, bu yerda

P 1, agar 2=7 bo'lsa,
Y1 0, agar i#7j bo'lsa.

Odatda A(-) funksiyaga T" operatorga mos Fredgolm determinanti deyiladi.

Quyidagi teorema T operatorning xos giymatlari va A(:) funksiyaning nollari orasidagi
munosabatni ifodalaydi.

2-teorema. \ # 0 soni T operatorning xos giymati bo‘lishi uchun A(\) = 0 bo‘lishi zarur
va yetarlidir.

Isbot. Faraz qilaylik, A # 0 soni T operatorning xos qiymati, f € L*[—m; 7| esa unga mos
xos funksiya bo‘lsin. U holda f funksiya T'f = Af xos giymatga nisbatan tenglamani, ya'ni

m ™

> ul) / w0 f(t)dt = M (x) (6)

1=1 -

tenglamani gqanoatlantiradi.
Ixtiyoriy A # 0 uchun (6) tenglamadan f funksiyani

1 m
flz) = 1 > Cui(x) (7)
i=1
ko‘rinishda topamiz, bu yerda

Coim [ wswa i=Tm ®)

—Tr

f funksiya uchun topilgan (7) ifodani (8) belgilashga qo‘yib, (6) tenglama nolmas yechimga
ega bo‘lishi uchun quyidagi

p

S (A — (1, 0,)) = 0

Ch
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matritsaviy tenglama nolmas (Cy,...,C,,) € C™ yechimga ega bo‘lishi, yani A(A) = 0
bo‘lishi zarur va yetarli ekanligini hosil gilamiz, bu yerda C™ orqali C to‘plamning m-darajasi
belgilangan. 2-teorema to‘liq isbotlandi.

Isbotlangan 2-teoremadan 7" operatorning diskret spektri uchun

oaisc(T) ={A#0: A(X) =0}

tenglikni hosil gilamiz.

Shunday qilib, T operatorning xos qiymatlarini topish masalasi A(+) funksiyaning nollarini
topish masalasiga keltirildi. Aniqlanishiga ko‘ra, A(:) funksiya A o‘zgaruvchiga nisbatan m-
darajali algebraik ko‘phad bo‘ladi. Algebraning asosiy teoremasiga ko‘ra A(:) funksiya ko‘pi
bilan m ta (karraligi bilan qo‘shib hisoblaganda) haqiqiy nolga ega bo‘ladi. Demak, T" operator
bitta A = 0 cheksiz karrali xos qiymatga, ko‘pi bilan m ta (karraligi bilan qo‘shib hisoblaganda)
nolmas xos qiymatlarga ega bo‘ladi.

1-2-teoremalardan quyidagi tasdiglarni hosil gilamiz:
Oess(T) = {0}, caisc(T) = {A #0: A(X\) = 0},
o(T) = () = {0} U{A 01 A(N) = 0},

Shunday qilib, T" sof nuqgtali spektrga ega operator ekan.
Navbatdagi izlanishlarimizda qulaylik uchun

(Ui7vj>:()7 Z#j? i?j:17m (9>
shart bajarilishini talab gilamiz. U holda A(-) funksiyani
AN = A= [ol) = Jlv2ll) - (A = [lvml*)
ko‘rinishda yozish mumkin va 2-teoremaga ko‘ra

aaise(T) = { o]l lvall?, .., llom 1}

tenglikni hosil gilamiz. Shunday qilib, agar (9) shart bajarilsa, u holda T" operator sof nuqtali
spektrga ega bo‘lib,

o(T) = opp(T) = {0, 0], [[o2]l?, ..., lvm|1*}
munosabatlar o‘rinlidir.

1-2-teoremalarning isbotida qo‘llanilgan mulohazalar yordamida ixtiyoriy j € {1,2,...,m}
uchun

o(T;) = opp(T5) = {0, |lv;I*}
munosabatlar o‘rinlidir. Demak, agar (9) shart bajarilsa, u holda T va T, j = 1,m
operatorlarning spektrlari o‘rtasida

o(T)=0(T1)Uo(Ty)U..Ua(T),)

bog‘lanish o‘rinlidir. Shunday qilib, T" operatorning spektrini o‘rganish masalasi nisbatan sodda
ko‘rinishga ega T}, j = 1, m operatorlarning spektrlarini o‘rganish masalasiga keltirildi.



O‘zMU xabarlari - 40- Aniq fanlar

3. T operator darajalarining spektri va rezolventasi.

Endi (9)-shart asosida T' operator darajalarining xos qiymatlarini aniqlash masalasini
qaraymiz. Dastlab 72 operatorni aniqlaymiz:

(T2f)(x) = mez[_mmw

Oxirgi tenglikda v;(z) := ||v;||vi(z) belgilash olib

ifodani hosil gilamiz. Shu sababli, agar (9) shart bajarilsa, u holda 1-2-teoremalarga ko‘ra T
operator sof nuqtali spektrga ega va

o(T%) = opp(T%) = {0, 0], %2l -... |7m]*},
ya'ni
o(T?) = opp(T?) = {0, [oal|*, o2l ..., lvm I}
munosabatlar o‘rinlidir.
Endi T° operatorni aniqlaymiz:

(T*f)(w) = TX(Tf)(a mez/mmw

Oxirgi tenglikda 0;(x) := ||v;||*v;i(x) belgilash olib, T® operator uchun

m

0 = am[mwwn

i=1

ifodani hosil gilamiz. Shu sababli, agar (9) shart bajarilsa, u holda 1-2-teoremalarga ko‘ra T
operator sof nuqtali spektrga ega va

o(T%) = opp(T°) = {0, 0], (|52, ... |0},
ya'ni
o(T%) = opp(T°) = {0, lual|®, o2l ..., lvmI®}

munosabatlar o‘rinlidir.

Ta’kidlash joizki, agar (9) shart bajarilsa, u holda ixtiyoriy n > 2 natural soni uchun 7"
operator

D =Y P [ uwsoa (10)

tenglik yordamida ta’sir giladi.
Yuqoridagi mulohazalardan foydalanib, quyidagi teoremani hosil gilamiz.
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3-teorema. Agar (9) shart bajarilsa, u holda ixtiyoriy n > 2 natural soni uchun 7"
operator sof nuqgtali spektrga ega va

o(T7") = opp(T7) = {0, o™, [valI*", -, lvm[*" }

munosabatlar o‘rinli.

Quyidagi teorema T™ operatorga mos rezolventa operatorini tavsiflaydi.

4-teorema. Agar (9) shart bajarilsa, u holda L?*[—m;7| Hilbert fazosida (10) tenglik
yordamida ta’sir qiluvchi T™ operatorga mos Ry (7T™) rezolventa operatori

m

1 1

(RA(T")9) (2) = —5 0(z) v [ ygtorin

A Al
i=1
formula yordamida aniqlanadi.
Isbot. Fiksirlangan A € C\ o(T™) soni uchun f, g € L*|—m; 7] funksiyalarga nisbatan
Sl (o) [ )0 - s = gla) (11)
i=1

—T

tenglamani garaymiz.
A # 0 bo‘lgani bois (11) tenglamadan f(-) funksiya uchun

f@) = =39() + 3 3 Gl V(o) (12

ifodani topamiz, bu yerda C; sonlari (8) tenglik yordamida aniglanadi.
f(z) funksiya uchun topilgan (12) ifodani (8) belgilashga qo‘yib, (9) shartga ko‘ra

= )0y = — / " n(t)g(t)d

—T

(A= lea]®)Cs = — / " a(t)g(t)d

tenglamalar sistemasiga ega bo‘lamiz.
Bundan esa o'z navbatida A ¢ o(T™) ekanligidan

_W / vi(t)g(t)dt;

Co= 5 [ wg)

—T

01:
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tenglamalar sistemasi hosil bo‘ladi.
C; uchun topilgan yechimlarni (12) tenglikka qo‘yib, f(x) funksiya uchun

m

f@) = 30 - 1 ) [ wga
r)=——g(x)— — ——v(x V;

D Nl [T A
tenglikni hosil gilamiz.

Ta'rifga ko‘ra T™ operatorga mos Ry (T™) rezolventa operatori L?[—m; 7] Hilbert fazosida

m

(B (1)) (0) = —50() = 3 3 yizei(o) [ ottty

—Tr

formula bilan aniglanishini hosil gilamiz. 4-teorema to‘liq isbotlandi.

Endi asosiy natijalar bayonida foydalanilgan (9) shart bajariladigan vy, ...,v,,
funksiyalarga misol keltiramiz.

Faraz qilaylik, m = 2 bo‘lsin. U holda v(z) = sinz va vy(x) = cosz funksiyalar (9)
shartni qanoatlantiradi, ya'ni

(v1,v9) = / sintcostdt = 0.

Faraz qilaylik, m = 3 bo‘lsin. U holda

(z) = sin(3z), agar xz € [—m; —7/3] bo'lsa;
V) = 0, agar =z € [—n/3;7] bo'lsa;
(z) = sin(3z), agar x € [—7n/3;7m/3] bo'lsa;
T 0, agar a e [—m; —7n/3| U [n/3;7] bolsa;
(z) = sin(3z), agar x € [r/3;m bo'lsa;
vl = 0, agar =z € [—m;7/3] bolsa

funksiyalar (9) shartni qanoatlantiradi, ya’ni

(U1,U2) = (U1,U3) = (UQ,Ug) = 0

tengliklar bajariladi.

Xulosa. Ushbu maqolada L?[—7; 7] Hilbert fazosida ta’sir qiluvchi chekli o‘lchamli
ajralgan yadroli 7" integral operator (Fredgolm operator) uchun A = 0 soni cheksiz karrali xos
giymat bo‘lishi isbotlangan. Nollari 7" Fredgolm operatorining xos giymatlari bilan ustma-ust
tushuvchi Fredgolm determinanti qurilgan. (9) shartdan foydalanib, n = 2, n = 3 va ixtiyoriy
n > 3 natural soni uchun 7" operatorning ta’sir formulasi topilgan. Ularning xos giymatlari va
mos xos funksiyalari aniqlangan. Istalgan n natural soni uchun 7™ operatorga mos rezolventa
operatorining aniq ta’sir formulasi keltirib chiqarilgan. Maqola matni so‘ngida n =2 van =3
hollarda (9) shart bajariladigan parametr funksiyalarga misollar keltirilgan.
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PESIOME

B sroii crarbe s KOHEYHOMEPHOTO HHTErpajbHOro omeparopa 1 (omeparopa
®peroabMa), AefiCTBYIONEro B ribo0epToBoM poctpancTse L2 [—7; 7], naitgen T
JUIsE TI000r0 HaTypasbHoro uncsia n. Oupenesensl cCOOCTBEHHBIE 3HAUYCHHUS W COOT-
BETCTBYIOINE UM cobcTBeHHble (hyHKITNN orteparopa 1™. [loctpoena pe3oibBeHTHAA
orepaTop, COOTBETCTBYIOMIi oneparopy 1.

Karoueswvie caosa: nHTerpabHbIil ormepatop, omneparop PpearosbMma, KOHETHO-
MEepHBIi orepaTop, COOCTBEHHOE 3HaYeHUEe, KpaTHOCTh, cOOCTBeHHas (DYHKITUs, OIle-
paTop pPe30JIbBEHTHI.

RESUME

In this paper for the finite-dimensional integral operator T' (Fredholm operator)
acting in Hilbert space L?[—m; 7| the nth power T™ is found for any natural number
n. The eigenvalues and corresponding eigenfunctions of the operator T are defined.
The resolvent operator corresponding to the 7™ operator is constructed.

Key words: integral operator, Fredholm operator, finite dimensional operator,
eigenvalue, multiplicity, eigenfunction, resolvent operator.
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UCHINCHI TARTIBLI OPERATORLI MATRITSA MUHIM SPEKTRINING
CHEGARALARI UCHUN BAHOLASHLAR

Ismoilova D. E. *

REZYUME

Ushbu maqolada fermionli Fok fazoda chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma
bo‘lgan uchinchi tartibli operatorli matritsa qaralgan. Bu operatorli matritsaning
muhim  spektri tavsiflangan. Ta’sirlashish  parametrining qiymatlarining
giymatlariga nisbatan muhim spektrning quyi va yuqori chegaralari uchun
baholashlar olingan.

Kalit so‘zlar: fermion, operatorli matritsa, Fredgolm determinanti, xos qiymat,
muhim spektr, quyi chegara, yuqori chegara, spektral baho.

1. Kirish.

Elementlari Banax yoki Hilbert fazolarida ta’sir qiluvchi chiziqli operatorlardan iborat
bo‘lgan operatorli matritsalarning spektral xossalari ko‘plab ilmiy va amaliy masalalarda
o‘rganilgan [1]. Qattiq jismlar fizikasi 2|, kvant maydon nazariyasi [3|, statistik fizika [4],
kvant mexanikasi [5], magnitogidrodinamika [6] va boshqa ko‘plab sohalarda operatorli
matritsalar, xususan, panjaradagi soni saqlanmaydigan chekli sondagi zarrachalar sistemasiga
mos Hamiltonianlarning muhim va diskret spektrlari bilan bog‘liq dolzarb muammolar paydo
bo‘ladi. Shuning uchun bunday turdagi operatorli matritsalarning spektral xossalarini o‘rganish
muhim masalalardan biri hisoblanadi.

Mazkur magqolada panjaradagi soni saglanmaydigan va uchtadan oshmaydigan zarrachalar
sistemasi bilan bog‘liq A uchinchi tartibli operatorli matritsa qaralgan. A operatorli matritsani
u ta’sir giladigan Hilbert fazo xususiyatidan kelib chiqib oltinchi tartibli operatorli matritsa
ko‘rinishida ham tasvirlash mumkin. Unitar akslantirish yordamida A operatorli matritsani
diagonal elementlari fermionli Fok fazoning qirqilgan uch zarrachali qism fazosida ta’sir qgiluvchi
uchinchi tartibli operatorli matritsalar bo‘lgan ikkinchi tartibli diagonal operatorli matritsaga
unitar ekvivalet ekanligini ko‘rsatish mumkin [7]. Bu xossa A operatorli matritsa muhim,
diskret va nuqtali spektrlarini tadqiq gilishda qulay hisoblanadi. Dastlab A operatorli matritsa
muhim spektrining joylashuv o‘rni aniqlangan hamda uning ikki va uch zarrachali tarmoqlari
topilgan. « ta’sirlashish parametrining giymatlariga nisbatan muhim spektrning quyi va yuqori
chegaralari uchun spektral baholashlar olingan.

2. Uchinchi tartibli operatorli matritsa va uning muhim spektri.
Dastlab ushbu maqolada ishlatiladigan ayrim belgilashlarni kiritamiz. T¢ = (—m;7]d
orqali d o‘lchamli torni, Hy := C orqali bir o‘lchamli kompleks fazoni, H; := Lo(T?)
orqali T¢ to‘plamda aniqlangan kvadrati bilan integrallanuvchi (umuman olganda kompleks

*Ismoilova D. E. — Buxoro davlat universiteti
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qiymatlarni qabul qiluvchi) funksiyalarning Hilbert fazosini va Hy := L3((T9)?) orqali
(T9)? to‘plamda aniglangan kvadrati bilan integrallanuvchi antisimmetrik (umuman olganda
kompleks giymatlarni qabul qiluvchi) funksiyalar fazosini belgilaymiz.

Quyidagi Hilbert fazolarini qaraymiz:
FOLa(TY) i= Ho @ Hy;  F2(La(T) := Ho & Ha & Ho,

Yuqoridagi tengliklar yordamida aniglangan, ya’ni féZ)(LQ(']I‘d)), n = 1,2, ko‘rinishidagi
fazoga Fas(Lo(T?)) fermionli Fok fazoning (n + 1) zarrachali qirqilgan qism fazosi deyiladi.
FP (Lo(T9)) fazoning elementlari f = (fo, f1, f2) vektor-funksiya ko‘rinishida aniglangan bo‘lib,
bu yerda f; € H;, 1 =0,1,2.

C2 ® F2(Ly(T9)) fazoning elementlari f = { £, £ £ s = +} kabi aniglangan bo‘lib,
ushbu fazoning ixtiyoriy ikkita

f {fO 7f1 9 a _i} va 9—{90 >gl)ag§)>s_:|:}

elementlari uchun skalyar ko‘paytma amali quyidagicha kiritilgan

S _S S S 1 S S
(Fog) =Y (1207 + | FO kg )k + = [ £ (ke k) g (ky, o) dkadey )
Td 2 (Td)2
s=+
C*® J—“é?(LQ(Td)) Hilbert fazoda
A Aot 0
A= Ay A Ap

tenglik bilan ta’sir giluvchi uch diagonalli uchinchi tartibli operatorli matritsani qaraymiz. A
operatorli matritsaning A;; elementlari

Aoof(gs) = 5se és); A01f1(s) = CY/ U(t)ff_s)@)dt;

Td

(Anf) (k) = (s¢ +wk)) AV (), (Afi)) (k) = a / v(t) £ (K, t)dt,

Td

(Apa fS)) (1, ko) = (s6 + wky) +w(ka)) £ (ki ko), f = {f5 FD, 158 = £}

kabi aniqlangan. Bu yerda Aj; orqali A;; operatorga qo‘shma operator belgilangan, ¢ -
fiksirlangan musbat haqiqiy son, w(-) va v(-) funksiyalar T¢ torda aniglangan haqiqiy qiymatli
uzluksiz funksiyalar, a > 0 esa ta’sirlashish parametri hisoblanadi.

Parameterlarga qo‘yilgan bunday shartlarda C? QF2 (Lo (T9)) Hilbert fazosida aniglangan
A operatorli matritsa chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma bo‘ladi.

Eslatib o‘tish joizki, simmetrik funksiyalar yordamida qurilgan bozonli Fok fazoda A
operatorli matritsaga o‘xshash panjaradagi ko‘pi bilan ikkita fotonga ega spin-bozon modeli
[8-10] maqolalarda tadqiq qilingan.
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Quyida A operatorli matritsaning spektral xossalarini o‘rganish uchun qulay bo‘lgan
F2 )(LQ(Td)) Hilbert fazosida aniglangan A®) s = 4 chiziqli, chegaralangan, o‘z-o‘ziga qo‘shma,
bo‘lgan ikkita uchinchi tartibli operatorli matritsalarni qaraymiz:

WA o
A(s) — ASl 4551) 1/4\12

0 A;, AY

Uning elementlari

/Al(()so)fo =sefo, Anf = 04/ v(t) f1(t)dt,

(A f) k1) = (=se +wk)) fi(k),  (Arafo) (k) = Oé/Td v(t) f2(k, t)dt,

(AS) f2) (k1 ko) = (s¢ +w(ka) + w(ks)) folkr, k2),  (foo fro fo) € FO(La(T))

kabi aniqlangan. Bizga funksional analiz kursidan ma’lum bo‘lgan ta'riflar yordamida

(A5 fo) () = o) fo
(Aiof1) (ki k2) = o (v(ka) fr(kr) — v(k1) fi(k2)), (fo, f1) € FO(La(TY)).

tengliklar o‘rinli ekanligini osongina ko‘rsatish mumkin.

Qulaylik uchun o(+), Oess(+), Taisc() va opp(+) to'plamlar orqali chizigli, chegaralangan va
0‘z-0‘ziga qo‘shma operatorning mos ravishda spektr, muhim spektr, diskret spektr va nuqtali
spektrini belgilaymiz.

Endi A va A® s = 4 operatorli matritsalarning spektrlari orasidagi bog‘liqlikni
o‘rganamiz.

Bizga yaxshi ma’lumki, A operatorli matritsaning spektri uchun o(A) = o(A®)uc(A))
tenglik o‘rinli. Bundan tashqari, A operatorli matritsaning muhim, nuqtali va diskret spektrlari
uchun

Oess(A) = UeSS(A(+)) U OeSS(A(_))7 opp(A) = UPP(A(+)) U UPP(A(_))7

Tdise(A) = {Tdise(A™) U 0ise (A7) P\ Oess (A)
tengliklar yordamida aniqlangan munosabatlar o‘rinlidir. Ta’kidlash joizki, A®) operatorli
matritsaning biror xos giymati A" operatorli matritsaning muhim spektriga tegishli bo‘lishi
mumkin. Shu bois o4ise(A) = Taise (AT ) U gise(AT)) tenglik hamisha ham o‘rinli bo‘lavernaydi.

A operatorli matritsaning muhim spektrini aniglash va uning chegaralarini baholash

magsadida i )(Lg (T4)) Hilbert fazosida aniqlangan chiziqli, chegaralangan va o‘z-o‘ziga
go‘shma bo‘lgan quyidagi Aﬁs), s = &+ operatorli matritsani qaraymiz:

A9 — (A Ao
Af Ax
Chekli o‘lchamli qo‘zg‘alishlarda muhim spektrning o‘zgarmasligi hagidagi mashhur Veyl

teoremasiga ko‘ra A§S) operatorli matritsaning muhim spektri

Uess(A§S)) = [_55 + m; —se + M]
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kabi aniqlanadi. Bu yerda m va M sonlari uchun

m := min w(ky), M = max w(k;)
k1€Td k1€Td
tengliklar o‘rinlidir.
Endi C\ [—se+m; —se+ M] sohada regulyar funksiya hisoblangan va A§S) ,s = &£ operatorli
matritsaning Fredgolm determinanti deb nomlangan

v2(t)dt
a —se+w(t) —z

AP (2) :=sc — 2 — oz2/
T

ko‘rinishidagi funksiyani kiritamiz.
A®)(.) funksiya orqali Ags) operatorli matritsaning diskret spektri

aisc(AY) = {z € C\ [—se + m; —se + M] : AP (z) = 0} (1)

quyidagi tenglik yordamida aniqlanadi.
Navbatdagi izlanishlarda qulaylik uchun quyidagi belgilashlarni kiritamiz:

o = U {w(kl) + adiSC(Agfs))} ;2O = 6O Use + 2m;se + 2M].
k1€Td

Yuqoridagi belgilashga ko'ra, ges(A®) = £ tenglik o‘rinli ekanligidan A operatorli
matritsa muhim spektrining joylashuv o‘rni uchun quyidagi teorema o‘rinli [7].

1-teorema. A operatorli matritsaning muhim spektri () va () to‘plamlar
birlashmasidan iborat, yani oes(A) = L) U X(7). Bundan tashqari, oes(A) to‘plam ko'pi
bilan oltita kesmalar birlashmasidan iborat.

Eslatib o‘tish lozimki, 1-teoremada oegs(.A) to‘plam necha kesmalar birlashmasidan iborat
ekanligi « ta’sirlashish parametrining qiymatidan bog‘liq.

3. Uchinchi tartibli operatorli matritsa muhim spektrining chegaralari uchun
baholashlar

Magqolaning ushbu qgismida A operatorli matritsa muhim spektrining quyi va yuqori
chegaralari uchun baholashlar olingan.

Keyingi izlanishlarda qulaylik uchun ES) = min oes(A®) deb belgilash kiritamiz. U
holda

Frin := min oegs(A) = min{Er(nJi:)l; Er(nfr)l}
tenglik o‘rinli bo‘ladi.
Quyida A operatorli matritsa muhim spektrining quyi chegarasi baholangan teoremalarni
keltiramiz.

2-teorema. Faraz qilaylik m > 0 bo‘lsin. U holda ixtiyoriy a > 0 soni uchun F;, <
—¢e + 2m tengsizlik bajariladi.
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Isbot. Dastlab A®)(.), s = 4 funksiyani tadqiq gilamiz. Bu funksiyaning z argument
bo‘yicha differensiali uchun barcha z € R\ [—se + m; —se + M| sonlari uchun

2
DAO () = —1— a2/ vt <0
dz 1a (—se +w(t) — 2)?

munosabat o‘rinli bo‘ladi. Bundan esa A®)(-) funksiyaning z € R\ [~se+m; —se+M] to‘plamda
monoton kamayuvchi bo‘lishi kelib chiqadi. Bundan tashqari,

lim A®(z) = +o0. (2)

Z—>—00
Faraz qilaylik, m > 0 bo‘lsin. U holda

v2(t)dt
a2e+w(t)—m

AT (—e+m)=—m — OzQ/
T

Ko‘rinib turibdiki, ixtiyoriy o > 0 soni uchun A(7)(—¢ +m) < 0 tengsizlik bajariladi.
A (.) funksiyaning monotonlik xossasini va (2) tenglikni inobatga olsak, bu funksiya
(—o0; —e + m) oraliqda yagona FE; nolga ega bo‘lishi kelib chiqadi. U holda Ag_) operatorning
diskret spektri uchun keltirilgan (1) tenglikdan topilgan F; soni Ag_) operatorli matritsaning
oddiy xos qiymati bo‘ladi. 1-teorema hamda ¢(~) to‘plamning aniglanishiga ko‘ra,

Enimn < Ei+m< —e+2m

munosabatni hosil gilamiz. 2-teorema isbotlandi.

/T v (t)dt . )

aw(t) —m

Faraz qilaylik,

bo‘lsin. (3) shart bajariladigan v(-) va w(-) parameter funksiyalarga misol keltiramiz. Agar
d=1, v(ky) = sin(k;/2) va w(k;) = — cos k; bo‘lsa, u holda

m = min(—cosky) = —1
k1€T

munosabat o‘rinli bo‘lib, (3) shart bajariladi, yani

/ sin®(t/2)dt / sin’(t/2)dt _ 1 / dt = 7 < o0,

—cost+1  Jp 2sin®(¢/2) 2

(3) shart bajarilib, m < 0 bo‘lgan holda quyidagi miqdorlarni kiritamiz:

a2e+w(t) — aw(t) —m

3-teorema. Faraz qilaylik, (3) shart bajarilsin va m < 0 bo‘lsin.
1) Agar @ < ayiy == min{ay; as} bo‘lsa, u holda Ey;, = —e + 2m tenglik bajariladi.
2) Agar a > oy bo‘lsa, u holda Ep;, < —e + 2m tengsizlik o‘rinlidir.
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Isbot. Faraz qilaylik m < 0 bo‘lsin. U holda A®)(.) funksiyaning hamda o; va as
sonlarining aniglanishiga ko‘ra

AT (—e4+m)<0e a>a;
AP (—c4+m) <0s a>as.

1) Agar a < apn bolsa, u holda o < apin < ag, yani o < ag va o < apin < ag,
ya'ni a < ay munosabatlar bajariladi. Bunday shartlarni qanoatlantiruvchi o sonlari uchun
A®) (=g +m) >0, s = + tengsizliklar bajariladi. A®)(-) funksiyaning (—oo; —¢ + m) oraliqda
monoton kamayuvchi ekanligidan va (2) tenglikdan bu funksiya (—oo; —e+m) oraliqda nolga ega
emasligi kelib chigadi. U holda .Ags) operatorli matritsaning diskret spektri uchun keltirilgan (1)
tenglikdan Aﬁs) operatorli matritsaning (—oo; —¢ +m) oraliqda xos giymati mavjud emasligini
hosil gilamiz. Shu sababli (=) va ¢*) to‘plamlarning aniqlanishiga ko‘ra, Fnim = —e + 2m
tenglik o‘rinli bo‘ladi.

2) Faraz qilaylik o > i, bo‘lsin. U holda o > ;1 va o > «p tengsizliklarning kamida
bittasi bajariladi. Aniqlik uchun «; < «ay deb olamiz. Mazkur holda a > a; tengsizlik
bajariladi hamda bunday « sonlari uchun A=) (—¢ 4+ m) < 0 munosabat o‘rinli bo‘ladi. Ushbu
tengsizlikdan, A7) () funksiyaning (—oo; —¢ + m) oraliqda monoton kamayuvchi ekanligidan
va (2) tenglikdan A)(-) funksiya —e + m sonidan chapda yagona E; nolga ega ekanligi kelib
chigadi. (1) tenglikga ko‘ra E; soni Ag_) operatorli matritsaning xos qiymati bo‘ladi. ¢(=) va
o) to‘plamning aniglanishiga ko‘ra, Fmin < Ey +m < —e + 2m tengsizlik o‘rinli bo‘ladi.
3-teorema isbotlandi.

Faraz qilaylik,

/T v2(t)dt e (4)

d w(t) —m

bo‘lsin. (4) shart bajariladigan v(-) va w(-) parameter funksiyalarga misol keltiramiz. Agar
d=1,v(k1) =1 va w(k;) = cosk; bo‘lsa, u holda

m = min(cosk;) = —1
k1€T

bo‘ladi hamda integralning qiymati quyidagicha aniglanadi:

/ dt _/ dt _l/ dt o
pcost+1  Jr2cos?(t/2) 2 Jpcos2(t/2)

4-teorema. Agar (4) shart bajarilsa, u holda ixtiyoriy m va barcha o > 0 sonlari uchun
FEoin < —¢ + 2m tengsizlik o‘rinli.

Isbot. Faraz qilaylik, (4) shart bajarilsin. U holda A™)(—¢ 4+ m) = —oo tenglik o‘rinli
bo‘ladi. A)(+) funksiyaning monotonlik xossasini va (3) tenglikni inobatga olsak, bu funksiya
(—o0; —e + m) oraliqda yagona FEs nolga ega bo‘ladi. U holda Aﬁ“ operatorli matritsaning
diskret spektri uchun keltirilgan (1) tenglikdan E5 soni A&“ operatorli matritsaning oddiy xos
giymati bo‘ladi. 1-teorema hamda o) to‘plamning aniqglanishiga ko‘ra,

Fow < Es+m< —e+2m
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munosabatni hosil gilamiz. 4-teorema isbotlandi.

Magolaning keyingi gismida A operatorli matritsa muhim spektrining yuqori chegarasi
uchun baholashlar olamiz. Buning uchun quyidagi belgilashlarni kiritamiz:

E®) = max Oess(A®), Eray i= max 0o (A) = maX{E(+) - B

max max? maxJ *

5-teorema. Agar M < 0 bo‘lsa, u holda ixtiyoriy o > 0 soni uchun FE., > ¢ + 2M
tengsizlik bajariladi.
Faraz qilaylik,
v3(t)dt
— < )
v M —w(t) = (5)

bo‘lsin. U holha M > 0 bo‘lgan holda quyidagi miqdorlarni kiritamiz:

6-teorema. Faraz qilaylik, (5) shart bajarilsin va M > 0 bo‘lsin.

1) Agar o < o ;, := min{as; ay} bo'lsa, u holda Fy., = ¢ + 2M tenglik o‘rinlidir.

2) Agar a > o, ;. bo‘lsa, u holda Ey. > ¢ + 2M tengsizlik o‘rinlidir.

7-teorema. Agar

vA(t)dt
Td M — w(t) N
shart bajarilsa, u holda ixtiyoriy o > 0 va barcha M sonlari uchun FE,,,, > ¢ + 2M munosabat
o‘rinli bo‘ladi.

A operatorli matritsa muhim spektrining yuqori chegarasi uchun keltirilgan natijalar,
uning quyi chegarasi uchun keltirilgan natijalar kabi isbotlanadi.

Xulosa. Mazkur maqolada fermionli Fok fazosida berilgan operatorli matritsa muhim
spektrining quyi va yuqori chegarasi uchun baholashlar olingan. Dastlab operatorli matritsaning
spektral xossalarini o‘rganish maqsadida diskret parametrli yordamchi operatorli matritsalar
keltirilgan. Ularning Fredgolm determinanti aniqlangan. Qaralayotgan operatorli matritsaning
muhim va diskret spektrlari topilgan. Ta’sirlashish parametrlarining ba’zi tabiiy shartlarida
muhim spektrining quyi va yuqori chegaralari uchun baholashlar keltirilgan.
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PESIOME

B »sroit craTtbe paccmaTpuBaercs JIMHeNHAas, OrpaHUYEHHAs W CAMOCOIPIKEHHas
oliepaTopHasi MATPUIA TPETHEro Mopsijika B ¢pepMuoHHoe pocTpanctso Poka. Oru-
CAHO CYIIECTBEHHBIN CIIEKTpP 3TOi orepaTopHoil Marpuilbl. [loydensr oneHku Jiis
HUXKHEIl ¥ BepXHUIl I'PaHU CYIIECTBEHHOI'O CIIEKTPa OTHOCUTEJIbHO 3HAYCHUd Iapa-
MeTpa B3aUMOJICUCTBUA.

Kaouesvle caosa: dhepMuoH, onepaTopHas MaTpuiia, onpejaennteab Ppenarosib-
Ma, cOOCTBEHHOE 3HAUEHHE, CYIIEeCTBEHHBIN CIEKTD, HUKHsIsl TPaHb, BEPXHsisl IPaHb,
CIIeKTpaJibHas OIEHKA.

RESUME

In this paper, we consider the linear, bounded and self-adjoint operator matrix of
order three in the fermionic Fock space. The essential spectrum of the operator
matrix is described. The estimates for the lower and upper bounds of the essential
spectrum with respect to the values of the coupling constant.

Key words: fermion, operator matrix, Fredholm determinant, eigenvalue, essential
spectrum, lower bound, upper bound, spectral estimate.
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SPECTRAL PROPERTIES OF THE ONE-PARTICLE SCHRODINGER
OPERATOR PERTURBED WITH NON-LOCAL DELTA-POTENTIAL

Ismoilov G.I. *

RESUME

The paper considers a one-dimensional Schrodinger Hamiltonian interacted by
two identical non-local Delta-function interactions situated symmetrically with
respect to the origin at the points +xy. The corresponding Schrodinger operator
is constructed as a self-adjoint extension of the symmetric Laplace operator. An
essential spectrum is described and the condition for the existence of the eigenvalue
of the Schrodinger operator is studied. The main results of the work are based on
the study of the operator extension spectrum of the operator hy. Moreover, for a
given parameter xy, we find the asymptotics of the eigenvalues z,(\) and z,(\) as
AN Ay and A\ A\, respectively.

Key words: Schrodinger operators, non-local Delta interactions, eigenvalues,
eigenfunctions, eigeinvalue asymtotics.

Introduction

The issues surrounding the point interaction of two and three identical quantum particles
interacting via point potentials (also known as contact or singular potentials) have been explored
in various scientific studies. Berezina and Faddeeva [1], as well as R.A. Minlosa and L.D. Faddeev
[2], [3], were the first to propose a rigorous mathematical framework for describing the point
interaction of two and three particles, respectively.

In [2], [3], the Hamiltonian of the system was analyzed using the theory of self-
adjoint extensions of symmetric operators, and was presented as a self-adjoint extension
of the symmetric Laplace operator, defined on the domain of functions of three variables,
x1, %2, v3; ¢ € R, j = 1,2, 3, which vanishes whenever two arguments x; = xy,j # k,k =1,2,3
coincide.

This proposed extension is referred to as the Skornyakov-Ter-Martirosyan expansion. In
[4], building on the results of [1], [2], the Hamiltonian of three particles (two fermions and one
particle of a different type) with identical masses interacting via point potentials was studied.
It was demonstrated that the Skornyakov-Ter-Martirosyan extensions are self-adjoint and semi-
bounded.

In this work, we consider a particle moving in one-dimensional space, interacting with
external fields through non-local Dirac delta potentials ¢’ (z 4 x¢), located at +xy (zo € R\ {0}),
with equal strength A € R. Formally, the Schrodinger operator for such a system can be written
as:

hy == hy — A(6'(z + o) + 0" (2 — 20)), (1)

“G.ILIsmoilov — Samarkand State University, University Boulevard 15, Samarkand 140104, Uzbekistan.
golibjon.ismoilov.tdtu@gmail.com
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where hg := —A is the Laplace operator and &' (x) is the first derivative of the Dirac delta
function. However, the operator in equation (1) does not properly define an operator in the
Hilbert space L?(R), because the derivatives of the delta function have singularities, making
them ill-defined in this space.

Therefore, in order to give a meaningful definition to the expression (1), we must restrict
the domain of the operator. This is done by constructing it as a symmetric self-adjoint extension
of the Laplace operator. This process is necessary to ensure that the operator is mathematically
well-defined and consistent. By using the theory of self-adjoint extensions, we can define the
operator rigorously and study its physical implications in a more precise manner.

In the work [5], a formal non-local Schrédinger operator, as defined in (1), is studied
using the renormalization method for the coupling constant A. This approach leads to the
construction of a self-adjoint extension of the operator. It is shown that this self-adjoint
extension has two negative eigenvalues. The dependence of these eigenvalues on the coupling
constant and separation distances is analyzed. Additionally, the resonances of the self-adjoint
extension operator are also examined.

Note that the advantage of one-dimensional models with point perturbations is clear as
they are useful for the study of a variety of qualitative properties. For instance, you can see
[6, 7, 8,9, 10, 11, 12| for one-body problems with local and non-local delta potential.

In the momentum representation of the Hamiltonian after reduction of the variables we
establish the Skornyakov-Ter-Martirosyan extension hy of the associated Hamiltonian. It is
proved that the essential spectrum of the expansion under consideration coincides with the set
of the nonnegative real numbers and the condition for the existence of the eigenvalue of the
Schrodinger operator is studied. The main results of the work are based on the study of the
expansion spectrum of the hy operator. We describe the essential spectrum (cf. Theorem 2.)
and explicitly derive (cf. Theorem 3.) the existence of eigenvalues of the operator and their
dependance on the parametres A and xq € R. Moreover, for a given parameter xy, we find the
asymptotics of the eigenvalues z,(\) and z,(\) as A \( A\, and X | \,, respectively.

Preliminaries

Now, in order to give meaning to a Schrodinger operator with particle interactions involving
non-local delta functions as defined in (1), we define it on the set of functions in the L?(IR) space
that satisfy the condition ¢'(£x¢) = 0. Thus, the singular contributions arising from the action
of the Laplace operator are canceled out by the delta functions in (1). It should be emphasized
that any operator defined in this way is an extension of the symmetric }Alo operator, which is
defined on the following manifold:

D(ho) = {¢ € LA(R) : Ap € LA(R), ¢ (+x0) = 0, 29 > 0}, (2)

where the singular contributions related to the delta functions in (1) disappear.

After the action of the corresponding Fourier transform, the operator ﬁo will go over to
the operator

(hof)(p) = p*f(p)
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defined on the set D(hg) C L*(R) of functions f(p), satisfying the following conditions:
/p4 [ f(p) I dp < 007/peﬂ‘””°pf(p) dp = 0. (3)
R R
According to [13] the defeciency subspace R, of the operator hy, is determined by
R, ={@eL*R): ((hg—zI)f,®) =0, fe D(hy)}.

Lemma 1. For any z € Iy = C\ [0, c0) the defeciency subspace R, C L*(R) of ho consists
of functions of the form

ClpelilIOp + Czpe—’lilfop

®(p)

5 — s Cl,CQE(C.
pe—z

Proof. Let ® € .. Then for any f € D(hg) the relation

((ho — D). g) = / 7 — 2)f (p)B@)dp = 0

R
holds.

From the last relation and conditions (3), it follows that
(p? — 2)peX™Pd(p) =¢, c€C

or ) )
B Clpew:op +C2p€—zxop

®(p)

D) — Cl,CQGC.
pe—z

O

It follows from Lemma 1. that for any z € Il the defeciency subspace R, is two-

dimensional. Therefore, hy is a symmetric operator with defective indices (2,2). Using the

general extension theory [13|, we find that the operator hy has a two-parameter family of
self-adjoint extensions.

Since the operator hgy is non-negative, as in |2, 3|, we use the theory of extensions of
semibounded operators. The defeciency subspace R_; of the operator hy consists of functions
of the form } A
Clpez;top + 02p€—ll'()p

, c=(c1,¢) € C2.

Moreover, by the schemes in [2, 3, 4] the adjoint operator h, is described using the
following lemma.

Lemma 2. Domain of definition D(hy) of hy consists of functions of the form

N dlpeixop + d2pefimgp Clpeixop + Cgpeiixop

g(p) = f(p) P2+ 1 (p? + 1)

(4)

where f € D(hy),cy,ca,dy,dy € C. The operator hy acts on an function of the form (4) by the
formula

hég(p) = pQQ(p) — dlpeixop _ dzpe—izop’
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where dy, dy- constants taken from the decomposition (4) of the function g.

Now select the extensions of the operator h,. We define the set D(hy), D(hy) C D(h,) C
D(hy), as follows:

Clpeizop + Czpe—iazop Clpeixop + C2p€—ixop
p’+1 (p? +1)?

D(h,) = {g(p) = f(p) +A f€ D(ho)} . (5)

The restriction of the operator hy to the domain D(h,) is denoted by h), and it has the
form

(hxg)(p) = P°g(p) — Acrpe™ + cape™" 7). (6)
By definition of hy, it is an extension of the operator hy.
Theorem 1. The extension hy is a self-adjoint operator.

Proof. It is straightforward to check that for any g;,¢2 € D(h,), the following relation
holds:

(hagi, 92) = (g1, hag),
which shows that h, is a symmetric operator. To prove that it is self-adjoint, it is sufficient to
show that the defective indices of h) are equal to (0, 0).
Let ¢ € R_1(hg). Then the function ¢(p) has the form

_ bype'™oP + byperop
— 1

©(p) . by,byeC.

For any g € D(h,), the equality
(hx+1)g,0) =0

holds. Considering (5), we obtain

ix0p+ —il‘op b imop‘i_b —imop
(0 + D)9 ) = (g + 1))+ [ (Pt ZDOUE b ) g,

R (p?+1)2
From the relation

|0+ 010G dp =0,

and choosing ¢; = by, ¢y = by, we get

/ |b1pe™™oP + bypeiwoP |2
R (p? +1)2

dp =0,

which simplifies to
bupe™? 4 bype 0P = ),

and hence, b; = by = 0. Thus, ©(p) = 0, which shows that the defective indices of the operator
h, are (0,0). O
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Spectral properties of the operator h,

The main results of the paper are the following theorems.
Theorem 2. The essential spectrum of the operator hy, coincides with the semiazis [0, 00).
Proof. For each z > 0 consider the sequence of cut-off layers:

1 1
Gn(z) = {pER:\/E—i—— < |p| <\/E+—}, n=123,...
n+1 n
Each layer G,,(z) is divided into half-layers of type

Go(z) ={peGn(z) :p=20}, G, (2) ={p€Gnl(z) :p<0}.

By construction, the size of these parts are equal, and (G} (2)) = u(G, (2)) = $u(Gn(2)).
Using a simple calculation, we get that the measure of the layer G,,(z) is equal to

2
Vn = n == ——.
p(Gu(a) = o
Define a sequence of the test functions f;f), n €N,
(
peson) i Gy

100 = _peoston) o

0,if p € R\ Gu(2).

It is easy to verify that f." € LA(R), ||/

=1, (£, f3)) = 0 with n # m and f,” € D(hy),

1.e.
/ﬁ%@@=& neN.
R
Moreover,
- 1
I(hy — =1) £ = / 0~ 210 () Pdp = o / (7% — 2)pcos(zop) P dp <
% ")
Vitn
<L / (0 = 2)pldp = — / (7 — 2)dp <
-V, Vi
Gn(z) Vet

2 1\? 1\* 1 1 1 1\? 1\?
~ (2 - ) == (2 - - .
<Vn(\/z+n) (\/Z+n) n? n(n+1) n2<\/z+n) (\/E+n)
This shows that

lim ||(hy — zD) .|| = 0.
n—oo
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This means that if z > 0, then z € o.45(hy) therefore [0; 00) C 0.s5(hy). In order to show the
reverse inclusion o.s(hy) C [0; 00), we construct the resolvent operator of hy.

Let ¢ € L*(R). Then, (hy — zI)g = 1. Moreover,

(p* = 2)g(p) — Mc1pe™P + cope™°P) = 4(p)

or

iTop —iTop
9(p) = lp) | yape™ +cape 0
pPP—z pPP—z

Comparing (5) and (7) we obtain the equation for ¢; and c¢y:

CLpe™? + eppe™™P | eupe™? + eppeT™P  Plp) ) cupe™P + copem?

fp) +2 p?+1 (p?2 +1)2 -z p2— 2z

where f € D(hg). Multiplying by ¢ (p) = pe®P the following equations are obtained

Clp2€2ia:0p + 62]72 Clp262ix0p + Cz])Q - w(p)peizop Clp2€2imop + C2p2

iwop 4 )\ _ \
f(p)pe—ia:op + )\Clp2 —+ 02p26—2i$0p n 61p2 + C2p2€—2ixop _ w(p)pe—izop N /\01292 + cger_Qmop
P+l 2 + 1) P P R

Integrating the last equalities over R we arrive at a system equalized for determining ¢; and cs:

a(z)er +b(z)cg = %/% ds,
R
—iT0S (8)
b(z)er + a(z)cy = %/8682—_12(8) ds,
\ R

where
a(z) = 2MV—ze BV — e W) 4 (1= 2y)e ™, b(2) = 2M(V—2 — 1) + 1, y = |zo|.  (9)

Here the following elementary integrals are used

2 izop 2 ,1ToP 2gtzop
/ (p c I ) dp = —me 1ol /—zeleolV=2 2 <, /L)de = E(1—|x0|)6_‘$°‘.
R R

pP+1 p?—=z (p*+1 2

Now we find ¢q, ¢5 in system (8) and get a representation for the resolvent R, (h)) :

ds

(R.v) (p) = ¥(p) + A P cos (op) / s cos (2o5)V(s) ds — psin (Jfop)/ssin (wos)1p(s)

p?—z 7(p?—2) v(2) s?2 —z u(z) s?2—z

Here

u(z) ==u(y, \;2) = 2\ <\/__Z(672y\/fz ) ey 1) L (1—2y)e 1,
) + (1 —2y)e™® + 1.

v(z) =v (y, \; 2) = 2\ <\/—_z(e_2yﬁ +1)—e -1
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This, if z < 0 then p? — z # 0 and the resolvent of the operator hy is an bounded operator. It
follows directly from here that o.s(hy) = [0;00). O

Since h) is a self-adjoint operator and its essential spectrum coincides with [0; c0), the
eigenvalues of the operator hy can lie in the interval (—oo;0).

The number z, z < 0 is an eigenvalue of the operator h, if and only if the number 2z is the
zeros of the function u(-) or v(-).

14+ (1 —2y)e
2(1+ e %)

11— (1-— 2y)e*29_

Ao(y) = =T

; Au(y)

Vy € (0,4+00) 0 < A(y) < Au().
Lemma 2.1.

(@) If p € (—o00;0) U (Au(y); +00), then the function u(-) has only simple zero in (—o0,0).
(b) If u € [0; Au(y)], then the function u(-) has no zeros.
(c) If p € (—o0; 0) U (Ay(y); 00), then the function v(-) has only simple zero in (—o0,0).
(d) If u e [0; A(y)], then the function v(-) has no zeros.

Proof. First we show the monotonicity of the functions v and v. Evaluating the derivatives

1— (1 —2yy/—2)e V== o(2) = Lt e WVE(1 — 2y /—2)
NE ’ NE '

u'(z) = A

One can see that A > 0, then
u(z)>0, v(2)<0 (10)

and if A < 0, then
u'(z) <0, 0'(2) >0, (11)
i.e., if A > 0, then the function u is monotonically increasing and the function v is monotonically

decreasing, and if A < 0 then the function u is monotonously decreasing and the function v is
monotonously increasing.

In order to look for zeros of the functions v and v, we establish the following limits:
u(~0) = limu(z) = 2A(1 — ) + (1 29)e — 1,

2,0
N 1 [ sign(\) - —oo, if A # 0;
U( OO) - ZQIEIOOU(/Z> - { (1 _ 2y>672y _ 17 it = 0’
v(=0) = limv(z) = —2Me™ + 1) + (1 = 2y)e ™ + 1,
T B sign(A) - +oo i, A #0;
v(=o0) = lim v(z) = { (1-2y)e 2 +1, if\=0.

Note that
Yy #0, ¥ >1+2y.
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Since

u(—=0) =2(1 —e ) (A= \,),

v(=0) = =2(1+e ) (A= ),).

Summarising the properties of the functions v and v we can arrange the tables 3 and 2,
which complete the proof of the lemma.

we
Monotonicity
u(=0)
u(—00)

Number of zeros

(_0070)
(N

+
1

{0}
const

0

(0,2 ())
u /"

0

(Ao(¥)s Auly
u

0

)

{Au(w)}
u /"
0

0

(Au(y): +o0)
+
!

Ta6suma 2: The number of zeros of the function u(-) in the interval (—o0,0).

e
Monotonicity
v(=0)
v(=00)

Theorem 3.

Number of zeros

(_0070)
v/
+

1

{0}
const
_|_

+

0

(0,2 ())
N\

(%
+
+
0

—

Ao(y) }

© 4+ o<

v N\

+
1

)

{M(y)}
v N

+
1

Ta6suma 3: The number of zeros v(z) in the interval (—oo, 0).

(Au(y), +00)
v N

+
1

(@) If A € (—00;0) U (Au(y), +00), the operator hy has two negative eigenvalues z, and z,
corresponding to the eigenfunctions (with accuracy up to a constant factor and have the

form)

ga(p) = A

p cos(zop)
p2 — Ry

and  fy(p) = A

psin(zop)
p2 — Ry

?

where z, and z, are zeros of the functions u(-) and v(-), respectively.

(b) If p € (A(y); A\u(y)], then the operator hy has a unique simple eigenvalue with the

eigenfunction

Iap) = A

psin (zop)

pZ_Zv

(c) If A € [0; A\y(y)], then the operator hy has no eigenvalue.

Moreover, the eigenvalues z, and z,, have asymptotics of the form

D] zu(y; A) = — (

12)] 2(y; A) = — (_

1—e 2
2yA\u(y)
1+e
2X(y)

(A= Au(®)? +

AN (y)
14+ e 2 4 2y,

/\2

v

(A= M)+ O((r - Av<y>>3>)
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m AN Ay and A\ Ay, respectively.
Proof. The proof of the existence of the eigenvalues of h) follows from Lemma 3.
Now we prove that the eigenfunctions of the operator h, have the form

_ pcos (zop)

_ _ psin (zp)
p? — z1(%)

and = )
9:(0) p? — 22(7o)

91(p)

From equation (hy — 2I)g(p) = 0 we receive

c1pe’™? + cope™" 0P

g9(p) = A : (12)

Pz

Comparing (5) and (12) we take the equality

CLPEP + CopeT TP ¢y petOP 4 cope TP ey pel™OP 4 copeOP
p?+1 (p?2+1)2 p—z ’

f(p) + A

Then we have the following equation:

F(p)pei=r + 2 2P PeHIP 4 cpp® e 4 oop? | crpPet P + cpp?
p)p p2+1 (p2+1)2 p2—z )
f(p)pe_mop I )\Clp2 + 02p2@—2ixop C1p2 + C2p26—2z’mop _ )\01}72 + C2p26—2ix0p
p+1 (p? +1)2 2
Integrating the last equalities over R we obtain a system of equations for determining ¢; and
C,
a(z)er 4+ b(z)cg = 0,
b(z)cr +a(z)cg = 0,
where

a(z) == a(y, X 2) = 2A(V—=ze WV E 7)1 (1-2y)e ™2, b(2) := b(\; 2) = 2A(V—2—1)+1, y = |zo].

Hence
(a*(2) = b%(2)) i =0, i=1,2.
If a(z) = b(2) (resp. a(z) = —b(z)), then as ¢; we can take any number, in particular,
C; — 1.

Thus, if the number z satisfies the equation u(z) = a(z) — b(z) = 0 (resp. v(z) = a(z) +
b(z) = 0), then z is an eigenvalue of the operator h, and of the functions

p sin(xgp) )

Pz

p cos(zop)
Pz

ga(p) = A (resp- ga(p) = A

corresponding eigenfunctions of the operator h,.
1) Asymptotics for z,:
To understand the asymptotics of z,, we start with the equation for the eigenvalue u(\, 2):

u(A, z) = 2\ ( —zeTWVTE ey 1) +(1-2y)e® —1=0.
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Let’s introduce substitutions:
V—z2=& A=A =1

Using the expansion for e~2%¢:
e =1 2y€ + 2% — §y3§3 +0(£Y),
we substitute this expansion into the equation u(n,§):
1.6) = (140 (208 + 278 = 37€ 400 ) + (1= e =0
Now, let’s make the substitutions n = 6% and £ = 0(cy + w), where w = w(f), to get:
uw(f,w) = —2yb*(co +w)* + 2y%0%(co + w)? — §y3¢94(00 +w)* + 0(0%).

Next, we compute the derivatives of u(6,w):

w (0, w) = —dyb(co + w)* + 6y20%(co + w)* + O(6?),
u'y (0, w) = —4y6*(co + w) + 6y°0° (co + w)* + O(6%). (13)

At the point (0,0), we obtain:
u'9(0,0) = 20,47, u'(0,0) = —4X,yco.

Thus, by (13) the derivative w'(0) is:

Therefore, the asymptotic behavior for w(0) is:
2
w(8) = %9 +O6%), 0\,0.
Hence, we have the asymptotics for y/—z(n):

2
e
V=200) = co/i+ P+ 00, 0.
Thus, the asymptotic behavior of z(\) as A\ A, is:
c? 2
00 = = (= M)+ 5= )+ 00 - 0%
2) Asymptotics for z,:

Next, we consider the asymptotics of z,, starting with the equation for the eigenvalue

v(A, 2):
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v(A, z) = 2A (\/—26_2%/3 +V—z—e W~ 1) +(1-2y)e? +1=0.

Using similar substitutions:

\/__Zfa )‘_)\v:na

and expanding e~¥¢ as in the previous case, we write:
4 _
v(n,€) = (n+ ) (25 = ¢ + 27 — oyt 0(y4)) —(1+e™)n=0.
Now, we compute the first and second-order partial derivatives at the point (0, 0):

vy (n,€) = 26 — 2y€* + 2°¢° — %y?’f“ +0() - (1+e%),

Ve(n, &) =1 <2 — 4y& 4 6y°¢* — ?yz”&?’ + 0(54)> + A (2 = 4y + 657 + O(y"))

0'(0,0) = —(1+e ), v'¢(0,0) = 2\, v”,,(0,0) = 0, v”,(0,0) = 2, v"¢¢(0,0) = —4y,. (14)
Using (14), we get

g(0) = 00 _ 1+
Ug(o,()) 2)\11 ’
V20, — 20,0, Ve + Vee)? 2 — y(l+ e
£1(0) = — 2t 772377 et Vet y(Q;Qre )(1+6_zy).
3 v

Thus, the asymptotic expansion for £(n) is:

1+ e 2—y(l+e®)
o, AN

&(n) (L+e)° +0(),, n\0.

Finally, the asymptotic behavior of z(\) as A — A, is:

2—y(l+e 2
e

Amz—(1+e%u—xa—

) —2y 2 3 2
o, (1+e XA—M)+O«A—M)0.
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REZYUME

Ushbu ishda biz bir o‘lchamli Shrodinger Hamiltonianni ko‘rib chiqamiz, u
ikkita bir xil lokal bo‘lmagan Delta-funktsiyali o‘zaro ta’sirga ega bo‘lib, ular
koordinatalar boshiga nisbatan simmetrik tarzda +xy nuqtalarida joylashgan. Mos
ravishda Shrodinger operatori simmetrik Laplas operatorining o‘z-o‘ziga qo‘shma
kengaytmasi sifatida qurilgan. Shrodinger operatorining muhim spektri tafsilangan
va xo0s giymatlari mavjudligi uchun shartlar o’rganilgan. Ishning asosiy natijalari
kengaytma h, operatorning spektrini o‘rganishga asoslangan. Bundan tashqari,
berilgan parametr zo uchun z,(A) va z,(A) xos giymatlarining uchun mos ravishda
AN\ Ay va A N\ A, holatlarda asimptotiklar topilgan.

Kalit so‘zlar: Shrodinger operatorlari, lokal bo‘lmagan Delta o‘zaro ta’sirlar, xos
giymatlar,xos funksiyalar, xos qiymat asimtotikalari.
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PE3IOME

B pabore paccmarpuBaercs ojpHOMepHbIil [amuiabronnan I[Ipémauarepa, B3ammo-
JIEHCTBYOMN ¢ JBYMSI WJIEHTUIHBIMIA HEJIOKAJIbHBIMI JIeJIbTa~-(DyHKITMOHATbHBIMI
B3aMMO/IEICTBUAME, PACIOJIOKEHHBIMIA CUMMETPUIHO OTHOCHTEILHO HadaJa Koop-
JuHaT B Toukax +xg. CoorBercrBytomuii omeparop IlIpémuarepa crpouTcss Kak
CaAMOCOIIPSIPKEHHOE paCIIUpeHne CUMMETPUYIHOro orepartopa Jlammaca. XapakTte-
pPU30BaH CYIIECTBEHHBIN CIIEKTP, a TaKKe HUCC/IEI0BAHO YCJIOBHUE CYIEeCTBOBAHUSI
cobcTBeHHBIX 3HadeHmit omeparopa IlIpémumarepa. OcHoOBHBIE pe3ysIbTaThl pabOTHI
OCHOBaHBI Ha M3yYeHWH CIIEKTpa pacimmpenuii omeparopa hy. Kpome rtoro, s
3aJIAHHOTO [apaMeTpa Ty HaiiJIeHbl ACUMITOTHKU COOCTBEHHBIX 3HAYEHUIT 2,(\) u
2(A) mpu A N\ Ay 1 A\ \, COOTBETCTBEHHO.

Karoueswvie  caoea: oneparopbl  IIpénunarepa,  HeJoKaJlbHbIE  JiejIbTa-
B3anMMOJIefiCTBUS, COOCTBEHHbIE 3HAYEHUs, COOCTBEHHbIE (DYHKIINU, ACUMIITOTUKH
COOCTBEHHBIX 3HAYEHUI.
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UDC 517.55

(m,v,§) — REGULARITY OF COMPACTS IN C”
Kuldoshev K. K., Narzillaev N. Kh. ~

RESUME

It is known that, the m—subharmonic measure w* (z, E, D) of a set E C D, related
to a domain D C C", is defined by m—subharmonic functions in D. This work is
devoted to properties of a weighted m—subharmonic measure w* (z, £, D, m,,0),
in particular, (m,,§) —regularity of a compact set K C D C C". We generalize
the m—subharmonic measure and prove that several theorems established in [1]
regarding the regularity of the compact set K also hold in the generalized case.

Key words: m—subharmonic function, m—subharmonic measure, m—polar set,
globally m—regular compact, locally m—regular compact.

Introduction. Plurisubharmonic measure and Green function are fundamental concepts
in the theory of plurisubharmonic functions. Their applications have provided solutions to
many problems in multidimensional complex analysis in a series of fundamental works by A.
Sadullaev [4], [5], [6], E. Bedford, A. Taylor [7], J. Siciak [8|, V. P. Zaharjuta [9] and others.
Further, weighted Green functions and delta-extremal functions, i.e. generalized Green functions
are studied in works [10], [11], [12], [13].

One of the important part of the potential theory is theory of m—subharmonic (sh,y,)
functions. It expands and develops the pluripotential theory, which is the main subject for
studying analytic functions of several complex variables and plurisubharmonic functions.

The sh,, functions are defined by the operators
(dduw)* A" %, 1<k<n, (1)

where d = 0+ 0, d° = 222 and 8 = dd° |2|* = 5" dz A dz; is standard canonical (1,1)
form in C". Then dV, = %B" is volume form in C". The operator (1) gives the Laplase
operator for k = 1 and the Monge-Ampere operator for k = n. The operator (1) is called the
complex Hessians operator, as it can be shown that (dd°u)* A% = k! (n — k) Hj, (u) 8", where
u € C* (D) and Hy (u) = Y1), cjper cian Nir " Nja -+ - Aj,— 18 the Hessian of dimension k of the
eigenvalue vector A = (Ag, Ao, ..., A,) of the matrix (ujj), u; = %, j,l =1,2,...,n. The
theory related to the class of sh,, functions was constructed in the works [2], [3], [4]. In their
studies, the sh,, functions in the class of integrable functions L} . (D) were defined as following.

Definition 1. Let u € C? (D), where D C C", is called m—subharmonic (1 < m < n) at
the point 2° € D, if the eigenvalues A (u) = (A1 (u), A2 (u), ..., A, (u)) of the matrix (u;z) ‘Z:ZO
belong to Ty, i1 = {A: Hi (A\) >0, Hy(\) >0, ..., Hy_ i1 (A) >0}, A function u € C? (D)
is called m—subharmonic in D if it is m—subharmonic at every point of z° € D.

In other words, a function u € C? (D) is called m—subharmonic if the conditions (ddu)" A
Bk >0, Vk=1,2,...,n—m+ 1 holds.

“Kuldoshev K. K., Narzillaev N. Kh. — National University of Uzbekistan, qobiljonmath@gmail.com,
narzillaev.nurbek@mail.ru
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It is known that for all twice differentiable m—subharmonic functions u, v, ve, ..., Vy_m
it is true
ddu A dd°vy A ddvy A ... A ddvy_p, A B> 0. (2)

Moreover, if a twice differentiable function wu satisfies (2) for all twice differentiable
m—subharmonic functions vy, v9, ..., v,_,, then u is necessarily m—subharmonic function.
Using this, we can define m—subharmonic functions in the class of the upper semicontinuous
functions.

Definition 2. A function u is called m—subharmonic in the domain D C C", if it is upper
semicontinuous and for any twice differentiable m—subharmonic functions vy, v, ..., v,_,, the
current ddu A ddv, A ddvy A ... A ddvy,_,,, A B 1 defined as

[ddcu A ddvy A ddvy A ... A ddVy—_y, N ﬁm_l] (w) =

= [uAddvi Addvs A ... A ddvy_p, A B A ddw, w € FOP is positive, i.e.
f
/u A ddvy A ddvy A ... A ddvp_pm A BT A ddw >0, Vw > 0.

Class of m—subharmonic functions we denote as sh,, (D). It is clear, that
psh = shy C shy C shy, C ... C sh, = sh. (3)

(3) follows, that if u (z) € sh,, (D), u(z) /&= —oco, then u(z) € L}, (D).

Definition 3. A set £ C D is called m—polar in D C C” if there exist a function
u(2) € shy, (D), u(z) # —oo, such that u|, = —oo.

(3) follows also, that a m—polar set is polar in the sense of the classical potential theory,
so that for m—polar set £ C D the Hausdorf measure Hs, 2.0 (E) = 0.

Definition 4. A domain D C C" is called m—regular if there exists a m—subharmonic
function p (z) in D such that p|, <0, glr%p (2)=0,1ie. D={2€C":p(2) <0}.

The m—subharmonic measure is defined as an extremal function in the class of
m—subharmonic (sh,,) functions. Let £ C D be some subset of the domain D C C". For
the sake of simplicity, we assume that D is a bounded and m—regular domain, We denote by
U(E, D) the class of all functions u € shy, (D), such that u|, < —1, u|, <0 and let

w(z, E,D) =sup{u(z): u(z) eU(E,D)}.

Definition 5. The regularization
w(z, B, D) = limw (w, B, D) = lim sup w(w, E, D) is called the m—subharmonic
w—z E_meB(z,E)

measure (P, —measure) of E with respect to D (see [2], [4]).

Let D C C" be a domain and K C D a compact.

Definition 6. A point z° € K is said to be globally m—regular ifw* (z°, K, D) = —1.
It is said to be locally m—regular if for any neighborhood B, 2° € B C C", the intersection
K (B is globally m—regular at the point 2°, i.e. w* (2°, KB, D) = —1. If all points of a
compact set K are globally (or locally) m—regular, then the compact set K is called a globally
(or locally) m—regular compact. (see [2], [4] ).
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The following Hartogs and Choquet’s lemmas are used repeatedly below.

Lemma 1. (Hartogs’, see [4]). Suppose that g(z) is a continuous real valued function
in a domain D C C" and u; (2),j € N, is a sequence of locally uniformly upper bounded
subharmonic functions such that

Tim u;(2) < g(2)
J]—00
at each point z € D. Then for any compact set K C D, for any € > 0 there exists an integer j
such that u; (2) < g(2) +¢, for each z € K and each j > j.
Lemma 2. (Choquet technical lemma). For any family {u,(z)}, o € A, of functions of

x € D C R, there is a countable set Ay C Asuch that if we denote u(z) = supu,(x) and
acl
v(x) = supuq(x), then {z € D : u(z) < u*(x)} C {x € D :v(zr) < v*(x)} and u*(x) = v*(x),
aElNg
where u*, v*—are regularizations.

Let u, be a family of upper semicontinuous functions in D C C" which is locally
uniformly bounded from above. Then the upper envelope u(z) = supu, (z)is not always

upper semicontinuous. But if we consider the upper semicontinuous regularization u* (z) =

lin(l) sup u(w), where B (z, €) C D is a ball, then u* is upper semicontinuous and holds
e=VweB(z,¢)

Theorem 1.(see [4]) Let {u,(2)}, a € A, be an arbitrary locally uniformly upper
bounded family of m—subharmonic functions in the domain D C C™ and u (2) = sup {u, (2)} .

Then the regularization u* (z) of u (z) is a m—subharmonic function in D.

1. (m,1,0)- subharmonic measure and its properties. Let D C C" be a m—regular
domain, £ C D be any fixed set and v(z) be bounded function in E. We denote by
U(E, D, 1,0) the class of all functions u(z) € shy, (D), such that u|p < ¥|g, ul, < 0,
where 0 € R. Using this family of functions, we define the function

w(z, B, D, ¢,8) =sup{u(z): u(z) €U (E, D, ,d)}.
Definition 1.1. The function

w*(z, B, D,v,6) = lim w (w, E, D,,6)

w—z

is called a (m, v, ) —subharmonic measure ((m, 5 —measure) of the set £ with respect to D.

Note that w* (z, £, D, —1,0), ¢ = —1, § = 0, coincides with the m— measure of the
potential theory in the class of u(2) € sh,, (D), ie. w* (2, E,D,—1,0) = w*(z,E,D). The
weighted (, ) — measure w* (z, £, D, 4,0), case § = 0, was considered in our previous work
[15].

As can be seen from the definition 1.1., the inequality in]gw (2) <w*(z, E, D,¢,d) <§

ze
holds for all z € D. By Theorem 0.1., the function w* (z, E, D,1,0) is m—subharmonic in D.
If§ < ingw (2), then w* (z, E, D,1,d) =6, Vz € D. Therefore, in this paper, we will consider
zE

the special case where § > supy (z) is satisfied.
z€E

In this context, we present several characteristics of the (m, ), ) —subharmonic measure;
Proposition 1.1. a) let Ey C Fy C Dy C Dsy. Then
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w* (z, Eq, Do, 1,0) < w*(z, E1, Dy, 1,0) < w* (2, E1, Dy, ¥,0) for all z € D;.
b) let ¢n|z < |y . Then w* (2, E, D, ¢1,6) <w* (2, E, D, 1,6) for all z € D.

¢) let supt) (2) < 81 < 82,601,092 € R. Then w* (2, E, D, ¢, 61) < w* (2, E, D,1,02),Vz € D.
zeE

d) let ¢ > 1. Then w* (2, E, D, %, §) = iw* (2, E,D,1,cb), Vz € D.
e) let ¢ < 0. Then

w(z, E, D, Y +¢d)=c+w" (2, E, D, ,§ —c),Vz € D.

The proofs of Proposition 1.1. follow easily from the definition of the
(m, 1, §) —subharmonic measure.

Proposition 1.2 (On two constants Theorem). If the function u (z) is m—subharmonic
in the domain D C C" and u|, < C, u|z < ¢, where E C D, ¢ < C then the inequality

w* (2, E,D,1,0) — ¢ w* (z,E,D,1,0) — ¢

<C-|1 —c.

u(z) O | 1+ —— infy (2) o infy (2)
zE ze

holds for all z € D.
The proof of the proposition 1.2. follows easily from the relation

u(z)—C

C_c (5 — infy (2)) +0 €U(E,D,,5).

Proposition 1.3. The inequality

(5— infy) (z)> w2, E, D)+ <w'(z,E,D,1,0) < <5— supy) (z)) ~w*(z, E,D)+§

zeE zeE

holds for any set £ C D and for all z € D.

It follows from proposition 1.3 that the measure w* (z, E, D,,d) is either nowhere ¢ or
identically §. The latter holds if and only if E is m—polar in D.

Proof of proposition 1.3. Take an arbitrary function w(z) € U (E,D) ie. u(z)|p <
—1, u(z)|, < 0. Then (6— iglgzp (z)> ~u(z) +60 € shy (D). From ¢ (2)|5 < 4, it follows
0 — inf) (z) > 0. Note that

z€E

((5—§2£¢ (z)> -u(z)+5> N <9, ((5—;&21& (z)) ~u (2) +6)

Consequently (5 — ig}wa (z)) cu(z)+0 € U(E,D,1,0) and (5 — ig£¢ (z)) cu(z)+6 <
w* (2, E,D,1,9).

As the function u is arbitrary, we get the inequality

<5 - inf@/)(z)) ~w* (2, B, D)+ 6 <w*(z, E, D, ¢,0) for all z € D.

S )0+ < Y

z€E
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Now we show that the inequality w* (z, E, D, ©,§) < (5— supt) (z)) ~w*(z, B, D) +§

holds. Take any function w(z) € U (F, D, 1,0) and consider tzheeE function #ﬁw(z) It can
be easily verify that the function #1);/;2,2) is m—subharmonic in D and satisfies the following
conditions: ZGE

%D<Oand T%JE)E<—1.

Thus % € U(F,D) and % < w*(z, B, D). Therefore the inequality
zeEE z€E

w* (z, B, D, ¢,d) < (5— sup) (z)) - w*(z, E, D) + § follows from the arbitrariness of the
z€E
function u (2) e U (E, D, 1,6) . The proposition 1.5. is proven.
Proposition 1.4. Let £ = |J E;, E; C D,Vj € N, § < 0. Then for all z € D the

j=1
inequality

w*(z, B, D, ,0) > Zw* (z, E;, D,1,9)
j=1

holds.
Proof. Take Yu; € U (E;, D,,0) and consider the class

{Zuj (2): w; €U (E;, D,@z,,a)}.

Since u; is m—subharmonic and negative in D, it follows that the sum Z;; u; () is also
m—subharmonic function in D. We can easily check that 3 ™%, u; (2) € U (E, D,v,9).

Hence,

w(z, E, D,1,0) > sup{Zuj (2): wu; €U (B}, D,¢,5)} =
j=1

= sup{u;(2): w; €U(E;, D,v,8)} = w(Ej, D,1),6).
j=1 J=1

Now we investigate the setsP; = {z € D: w(z, E;, D,¢,0) <w*(z, Ej, D,v,0)}, j €
N. We know that the sets P; are m—polar, and their Lebesgue measure is zero. Therefore, the
Lebesgue measure of P = (J7Z, P is also zero, i.e. mes (P) = mes (U;L P]> = 0. If we take
an upper regularization, we see
w* (z, E, D,4,8) > hme 2, B, D,4,6) >

w—rz
7j=1

! , D — “(2, E:, D .
_w%zllgrelD\PZw o ’¢’5) ;w (27 Jo 71/)75)
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The Proposition 1.4. is proven.
Proposition 1.5. If £ CC D, then lim w*(z, F, D, ¥,9) = 4.

z—0D
Proof. Since D is a m—regular domain, there exists a function such that p (2) € sh,, (D)
inf 9 (z)—4d
and lilng,O (z) = 0. It followed that C-p (2)+d € U (E, D, ¢,9), where C' = Zenilx—p(z). So, from
z—r e
the relations C-p+0 < w*(z, E, D, ¢,6) < Jand lim C-p =0, we get lim w*(z, E, D,,)) =
z—0D z—0D

0. The proposition 1.5. is proven.
Proposition 1.6. Let £ CC Dy and D; C Djy1, U2, Dj = D, j € N. Then

limw* (2, £, Dj, ¥,6) =w* (2, E, D, ¢,9).
j—o0
Proof. According to the proposition 1.1., the inequality w*(z, E, Dj, ¢,6) >
w*(z, E, Dji1, 1,6) is valid. It follows that w*(z, E, Dj, 1,0) is decreasing with respect
to j and limw*(z, E, Dj, ¢,0) = w(z) € shy, (D). Therefore the inequality

j—)OO
limw* (2, £, D;, ¢¥,6) > w* (2, E, D, v, ) holds for all z € D.
j—o0
Now we have to show that lim w* (z, E, D;, ¥,0) < w* (2, E, D, 1,d). We choose ¢; > 0,
j—00

lime; = 0, so that the following relationships {z € D : p < —¢;} C D, hold. We note, that

J—00

p € shy, (D), lirngp (2) = 0. Take an arbitrary v € U (E, Dj, ¢, ) and consider the function
2

(2) = max{u — Ce;, Cp+ 6}, z € D;
v\e) = Cp+6, € D\D; )

inf 1 (2)—8

where C' = ﬁx—p@. It is not difficult to see that v € U (E, D, ¢,6) and u(z) — Ce; <

zEER
v(z) <w* (2, E, D, 1,0) for all z € D;. Since u € U (E, Dj, ¢,0) is arbitrary, the inequality
w*(z, E, Dj, ,6)—Ce; <w*(z, E, D, 1, 6) holds for arbitrary z € D;. As a result, we obtain
the inequality lim w* (z, E, D;, ¥,0) <w* (2, E, D, v, 9) for all z € D. The proof is over.

J]—00
Proposition 1.7. a) let £ C D be an arbitrary set and a function ¢ (z) be a lower
semicontinuous in V' C D, where V' some neighborhoods of E. Then there exists a sequence of
open sets U; D E, U; D Ujyq such that

<hmw* (Z, Uj, D, w,(s)) =w" (Z, Ea D7 %5)

Jj—o0

b) let U C D be an open set and U = |J;Z, K, where K; C K}, are a compact sets and
¥ (z) is an upper semicontinuous function in U. Then

w* (z, K;, D, ¢¥) L w* (2, U, D, ¢).

Proof. a) By technical Choquet Lemma (see [4]) there exists a class of countable

*

functions {ux} C U (E, D, ,§) such that (supug(z) | = w*(z, E, D, 1,0). It is evident
k

that the functional sequence v;(z) = max{u;(z), us(2), ..., u;(2)} is increasing and
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(_hmvj (z)) =w*(z, E, D, ¢,§). Now take the sets U; = {z eV:iv<y(z)+ %} , 7 €N.
J—o0

The sets U; are open because the functions v; (2) — ¢ (2) are upper semicontinuous in V. It
is easy to see, that U; D U;;; and v; — % € U(Uj;, D, ,0) for all j € N. By proposition
1.1., we get w*(2,U;, D, ¢,0) < w*(z, E, D, 4,0),Vj € N. On the other hand v; — % <

w(z, U;, D, ,d), Vj € N. As a result,
1
= Sw (e U Dvd) S (2 B D, 10), Vi€ .

Now we take the limit 7 — oo and the regularization:

*

{hm (Uj (z) — %)}* < {hmw(z, U;, D, 1/1,5)}* < {limw(z, E., D, 1/1,5)} .
j—o0 j—vo0 j—o0

Consequently {hmw (2, U;, D, @Z),é)} =w"(z, E, D, 1,0) . The proof of a) is over.
j—o0

b). By proposition 1.1. we have w* (z, K;, D, ©,d) > w* (2, K41, D, 1,6) . The functions
w* (2, K, D, 1,0) are decreasing m—subharmonic, and the limit is m—subharmonic, i.e.

limw* (z, Kj, D, ¥,0) =w(2), w(z) € shy, (D).

Jj—00

By the monotony w*(z, K;,D,®,0) > w*(z, U, D,¢,d), Vi € N and w(z) >
w*(z, U, D, 1,0) for all z € D. Now we have to show that w(z) < w*(z, U, D, 1,0). Since
the function v (2) is an upper semicontinuous in U,

vz e | JK; = U, 3jo, Vi > jo, w2, Kj, D,b,6) <4 (2).

Jj=1

It follows from this that w(z)|, < ¥ (2)|,. Therefore w(z) € U (U,D,?,0) and w(z) <
w* (z,U, D, 4,6). The proof is over.

2. (m, v,6) —regularity of compacts. Let the function v (z) be extended to the
domain D as a function from the class U (E, D, ,0) i.e. if there is a function

&EShm(D)adzE:w‘Ev QZ}D<§7 (21>

then it is ibvious w (z, E, D, ¥,8) > 1 (z), ¥z € D and
w(z, E, D, ¢,§)=1v(z2),Vz€ E. (2.2)

However, if condition (2.1) is not satisfied, then, in general, equality (2.2) does not hold. In the
following example, it can be observed that equality (2.2) fails to hold.

Example 2.1. Let ¢ (2) = 1 —|2|*, § = 2, D = B(0,2) c C*, E = B(0,1) c C".
According to the maximum principle and by the definition 1.1.,

w(z, B(0,1),B(0,2),1—|2[*,2) =0 # ¢ (2) , V2 € B(0,1).
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We assume that condition (2.2) holds in the definitions of w(z, E, D, ¢,d). We also
assume, that D C C" is a m—regular domain and K C D is a compact.

Definition 2.1. A point 2° € K is said to be globally (m, ,d)—regular
ifw* (2%, K, D,4,8) = (2°) . It is said to be locally (m, 1, ) —regular if for any neighborhood
B, 2° € B C C", the intersection K (B is globally (m, 1,d) —regular at the point 2°, i.e.
w* (2%, KN B, D, ¢,8) = ¢ (z°). If all points of a compact set K are globally (or locally)
(m, 1,0) —regular, then the compact set K is called a globally (or locally)(m, ,d) —regular
compact.

Proposition 2.1. Let 61,0, € R, 0; < 0, and K be a compact set in D C C" and
condition (2.2) be satisfied, i.e. w(z, E, D, 1,01) = ¢ (2), Vz € E. If K is (m,,ds) —regular
at zg € K, then K is (m, 1, 01) —regular at zg € K. Thusly, if K is (m, v, §3) —regular at 2y € K,
then K is (m,1,d1) —regular at zo € K, §; < Js.

The proof of proposition 2.1. easily follows from definition 2.1. and proposition 1.1.

Theorem 2.1. Let K be (m, 1,§) —regular a compact set and v (z) be a continuous in
the compact set K. Then w* (z, K, D,¢) =w(z, K,D,¢) € C (D) for any z € D.

Proof. Let K be (m, 1, ) —regular a compact i.e. w* (z, K, D,1,0)|, = ¥| - It is evident
that w* (z, K, D, ¢¥,90) CU (K, D, 1,0) and w* (z, K, D,1,0) =w (2, K, D,,9).

Now we prove that w* (2, K, D,, ) is continuous in D. Let us fix ¢ > 0 to be sufficiently
small and then construct the domain G, = {z € D : w*(z, K, D,9,d) < — e}, where § —& >
Y|, - It is easy to see that according to the proposition 1.5., the relation K C G. CC D is
valid. There exists a sequence of monotonic functions u; (z) € shy, (G)[)C™ (G) such that
uj (2) } w* (2, K, D, 1,d) holds for any z € G, where G. CC G CC D. By applying Hartog’s
lemma to the sets G and G,, we establish the relation

i €N, Vj>j1, Vze€Ge: uy(2) <.

On the other hand, since the function v (z) is continuous on the compact set K,
according to Whitney’s theorem [14], there exists some continuous function 1 (z) in D such that

VY (z)’ = 1 (2)|; - Now we consider open sets U, = {z €eD: w (z, K, D, 1,0) <(z2)+ 6}
K
It is clear that K C U.. We again apply Hartogs’ lemma to the pair of sets U, and K and get

djp € N, Vi > jo, Vz e Kt uj(z) < (z)+ 2.

Let us consider the function

(2) = max {u; (z) — 2¢, w*(z, K, D, ¥,0)}, z€G.
viE) = w*(z, K, D, ,d), z¢€ D\G. '

It is obvious that v|, < Y|, v|, <9 for Vj > j3 = max {j1,jo} . It implys
v(z) eU(K,D,,0) and v (z) < w* (2, K, D,v,d). Consequently

u; (2) —2e <w* (2, K,D,¢,0) <wu;(z), Vj>js, Vz € Ge.

Therefore, w* (2, K,D,1,d) is the uniform limit of the w;(z) in G.. This implys that
w*(z,K,D,,0) € C(G.). Since G. CC G CC D, and ¢ > 0 is arbitrary, then
w*(z, K, D,1,0) € C (D). The theorem is proven.



Acta NUUz - 73- Exact sciences

Theorem 2.2. Let ¢y € C'(K) and condition (2.2) be satisfied, i.e. w(z, E, D, 1,,) =
Y (2),Vz € K. A fixed point 2° € K C C" is locally (m, 1,d) —regular if and only if it is
locally m—regular, w* (zo, KNB, D) = —1.

Proof. To prove this theorem, we show that if the point z° € K is not local m—regular, then
it is not local (m, 1, ) —regular and conversely, if point 2° € K is not local (m, 1, d) —regular,
then it is not local m—regular. Let us assume that the point 2 € K is not a local m—regular. i.e.
there exists a ball B such that z° € B C D and the equality w* (20, KNB, D) >—1+4+¢ 0<
g < 1 is valid. According to monotonicity w* (zo, KN B, D) > —1+ ¢ for any ball B;, where
20 € B, C B. Therefore by proposition 1.3.

Wt (0, K (VB D, 6,) > (a— e wz)) o (0, KB D) +5 >
zeK(\B1

2(5— inf ¢(z))(—1+6)+5:5-6+ inf ¢ (z)-(1—¢).

ZGKﬂBl zeK( B1

Since v (z) is continuous, by choosing the neighborhood B; and e small enough, we obtain

. 0)—e6 .. . .
inf ¢ (z) > % From this inequality we get the relation
{EEKOB1

0
PR W) -0,
w <z,KﬂBl,D,¢> >0+ inf (2)(1-¢) > e 6 — Y (29).
Therefore 2° € K is not local (m, ,d) — regular.

Conversely, we have to show that if the point 2 € K is not local (m, 1, §) —regular, then
it is not local m—regular. Suppose 2" € K is not (m, v,d) —regular i.e., there exists the ball
B, 2" € B C D, such that w* (2°, KB, D,4,8) > ¢ (2°)+«a, a> 0. By using the previous
technique we get w* (zo, KﬂE,D,l/J,é) > 1 (2°) + «a for any ball By, where 2° € B; C B.
Therefore by proposition 1.3.,

V(%) +a <w* (zo, KﬂE,D,¢,5> < (5— sup @D(z)) L w” (zo, KﬂE,D) + 4.

2€KNB1

Given that 1 (z) is continuous, we can make sup ¢ (z2) < 9 (2°) + a < & by selecting
ZEKﬂBl
sufficiently small values for o and the neighborhood B;. Thus,

¥ (%) +a <o’ (zo, KﬂE,D,@ZJ,&) <(0-¢ () —a) w (zo, KﬂE,D) + 4.

From the last inequality we get w* (zO, KN B, D) > —1. Hence 2° € K is not the m—regular
point. The theorem is proven.

Theorem 2.3. Let the function ¢ (2) be extended to U (K, D, ¢,d) as a strictly m-
subharmonic function in some neighbourhood Dt O D of closure D, i.e, there exists a function
¢ that is strictly m-subharmonic in the domain DT and @‘K = |y, ¥ B < 6. Then a fixed

point 2° € K C D is locally (m,1,§) —regular if and only if it is globally (m, 1), §) —regular.
Here, a function v (2) is strictly m-subharmonic function in the domain D, if for any
compact domain G CC D, there exists € > 0: ¢ (2) —e|z|* € shm (G).
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Proof. 1t is clear that a locally (m, 1, §) —regular point is also globally (m,,d) —regular.
We will prove the converse: if 2° € K is a globally (m, v, §) —regular point, then it is also locally
(m,,d) —regular point. Let us assume that the point 2° € K is globally (m,,d) —regular,
which means that w* (2%, K, D,v,d) = ¢ (2°). According to the theorem’s condition if the
function v (z) be extend as strictly m-subharmonic function in the domain DT .Then there
exists a constants e > 0 such that the function ¢ (2) — £ |z — 2°| is a strictly m—subharmonic

in the domain D, where 1 is a strictly m-subharmonic function in the domain D and | =
K

V], | <8 Now we will fix the function u (2) that satisfies the condition;
D
u (=) € shn (D). ulpp, < 1, ulp <0,

where B, = B(z°,r) cC D, maxt) + 2 < 6. It can be easily seen that the relation
ZEBT

er? (u(z) +1) —elz — 2O < 0 is appropriate for any z € K. Thus, the function ¢ (z) =
er? (u(z) + 1)+ (2) —e |z — 2°) is m—subharmonic in the domain D and Ol < Yl, ¢lp <
0. Hence, p e U (K, D, ,0) and

0 (2) <w* (2, K,D,,0), ¥z € D.
Thus,
er? <w* (z,KﬂBT,D> v 1) +(2) —elz— 2" <w (2, K, D,,6), Yz € D.
Putting here z = z° we have
er? (w (KB D) +1) + 9 (') o' (%, K, D,15,6) = v (=)

Hence,

er? <w* <zo, KﬂBT,D> + 1) <0,
which implies w* (20, KNB,, D) =—1

This implies that the point 2° € K is locally m—regular. According to Theorem 2.2. we
conculede the local (m, ), §) —regularity of the point z° € K. The theorem is proven.

From the Theorem 2.2. and the Theorem 2.3., we obtain several important corollaries.

Corollary 2.1. If the compact set K C D is globally (m,1,d) —regular, where the
function v (z) is extended to U (K, D, ,d) as a strictly m-subharmonic function in some
neighbourhood Dt D D of closure D, then K is locally m—regular.

Corollary 2.2. If ¢ and ¢, are extended to U (K, D, v1,9) and U (K, D, 1,9) as
strictly m-subharmonic functions in some neighbourhood Dt O D of closure D, respectively,
then the point 2° € K C D is (m,1);,d) —regular if and only if it is (m, 1, §) —regular.

Corollary 2.3. If the compact set K C D is globally (m,1,0) —regular, where v (z)
is extended to U (K, D, 1,0) as a strictly m-subharmonic function in some neighbourhood

Dt O D of closure D, then K is not m—polar at each of its point. It means that for any
2% € K and for any neighborhood B C D, 2° € B the intersection F = B[ K is not m—polar.
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REZYUME

Ma’lumki, D C C" sohaga tegishli £ C D to‘plamining m-subgarmonik o‘lchovi
w* (z, B, D) funksiya D sohadagi m-subgarmonik funksiyalar yordamida aniglanadi.
Ushbu ish w* (z, E, D, m,,¢) vaznli m-subgarmonik o‘lchov xossalariga, xususan,
K C D C C" kompakt to‘plamning (m, v, §)-regulyarligiga bag‘ishlangan. Biz m-
subgarmonik o‘lchovni umumlashtiramiz va [1] maqolada K kompakt to‘plamning
regulyarligi bo‘yicha keltirilgan bir nechta teoremalar umumlashtirilgan holatda
ham bajarilishini isbotlaymiz.

Kalit so‘zlar: m-subgarmonik funksiya, m-subgarmonik o‘lchov, m-polyar
to‘plam, global m-regulyar kompakt, lokal m-regulyar kompakt.

PE3IOME

UsBectHo, uto m-cybrapmonmdeckast Mepa w* (z, F, D) muo)kectBa E C D, cB-
zannasi ¢ obnactoio D C C", omnpejensercs m-cyorapMOHHYIECKUMEI (DYHKITASIMI
B D. Hacrosias paboTa 1mocssdinena u3y4eHuIo CBOWCTB m-CyOrapMOHUYIECKOH Me-
pbl ¢ BecoM w* (2, E, D;m,,0), B actHoctu, (m, 1), §)-peryasspHOCTH KOMIAKTHO-
ro muoxkectBa K C D C C". Ob6ob1iaercst moHATHE M-CyOrapMOHUYECKON MepbI U
JTOKA3BIBACTCS, ITO HEKOTOPBIE TEOPEMBbI, JJOKa3aHHBIE B [1]|, OTHOCHTEIbHO perysap-
HOCTH KOMIIAKTHOI'O MHO»XKecTBa K, TaKKe BepHBI B 000DIIEHHOM CJIyvae.

Karoueswvie caoga: m-cybrapMonundeckas (DYHKIUs, mM-CyOrapMOHUYECKas Me-
pa, M-TOJIPHOE MHOYKECTBO, TJI00ATHHO M-PEryIdpPHBIN KOMIIAKT, JOKAIBLHO M-
PEryJspHBI KOMITAKT.
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UDC 517.55

NUMERICAL METHODS FOR THE DIFFERENTIAL EQUATIONS
FRACTIONAL ORDER

Madraximova Z. S., Khayrullaev U. B., Temirova S. B. "

RESUME

This work is devoted to applications of a numerical method for partial differential
equations of fractional order.

It is well known that in applications of PDEs, it is often required to find an
approximate solution of the problem in mathematical physics. In this work, the
method of finite differences, which is one of the numerical methods, was used to
approximate the solution of fractional order PDEs. Note that the uploaded power
technology and software packages enable us to find an approximate solution to the
investigated problem. Detailed information on differential, integral, and integro-
differential operators, as well as fractional order differential equations, is available
in references [1]-[4].

Numerical methods are used to investigate initial-boundary value problems for
fractional order wave equations, which involve Caputo derivatives in both single
and multiply connected domains. Additionally, by employing the method of finite
differences, we can approximately transform a fractional order PDE into a system
of linear equations.

Key words: derivatives of fractional order, initial-boundary value conditions, finite
difference methods.

We consider equation
cDou(z,t) —a - ug(x,t) —b-u(x,t) = f(z,1) (1)

in simple connected domain Q = {(z,t): 0<x <1, 0<t<T}, where f(z,t) is given
function, ¢ D§u is a differentional operator Caputo fractional order a, which has a form [1], [2]:

o, 1 ! —a
cDgu = m/o (t — 2) “u,(x, 2)dz, (2)

['(a) = / e 't 4t T, a, b, . = const, 0 < a < 1.
0

Problem formulation.

*Madraximova Z. S. — National university of Uzbekistan, Tashkent, Uzbekistan, Nordic International
University, zilolaxonmadrahimova@gmail.com, Khayrullaev U. B. — Novosibirsk State University. Novosibirsk
(Russian Federation), u.khairullaev@g.nsu.ru, Temirova S. B. — National university of Uzbekistan, Tashkent,
Uzbekistan, temirovasitoral999@gmail.com
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Problem A. Find an approximate value of solution of the equation (1), on the fixed
points of the domain €2, which satisfies following boundary and initial conditions:

where p;(t) € C[0,T] (i =1,2), 7(x) € C[0,]].

On the first step we demonstrate covering of the bounded domain with the network:

For instance, assuming (z,t) is a point of the Decart orthogonal coordinates, x,¢ surface
we cover by the square network

r=m-h, x=n-hm,n=0,12,... (5)

where h is given positive constant. Each vertices of obtained squares we recall NODEs and a
numbers h STEP. Further applying (Phyton) programm package we demonstrate a covering
surface of variables x,t by square network (5):

1 | ## Import a library of necessaries ##

2 | import numpy as np

3 | ## Import a library MATH for base mathematical functions and constants.

4 | import math

5| # Import a library MATPLOTLIB for create graphs and diagrams.

6| import matplotlib.pyplot as plt

7| #4 Import a module SYMPY for operation symbolic math

8| from sympy import *

9| # Import a function ‘PARSE EXPR' from the module SYMPY

10| from sympy.parsing.sympy parser import parse expr

11] # Import a function ‘MATHML' from the module SYMPY for demonstration objects
Sympy in the line MathML.

12| from sympy.printing.mathml import mathml

13| # Import a function ‘DISPLAY" from the library IPYTHON for demonstration objects
in block notes IPYTHON.

14| from IPython.display import display

Further, we define number of nodes which belongs to the considered domain.

For example, if m=5 and n=4, then we get covering as follows:
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o

1

2

Now, we make following next operations:

1 | # We check, that the given point (a, b) inside of considered domain given by network.
2 | def check(a,b,h):

3 |
4]
5|
6

if a+h<=N and b+h<=M-+h and a-h>=—0 and b-h>—0:

return True
else :

return False

7 | # We define nearest point (a, b) of a bounds of the considered domain based on the
Euclidian distance.

8| def change n(a,b):
r=|]

9]

10|
11|
12|

14]
15|
16|

for i in range(len(f_)):
r.append(np.sqrt((x_1[i]-a)**2+(f _[i]-b)**2))

return x_l[np.argmin(r)|,f [np.argmin(r)]

13| # We check, that the point (a, b) inside of the considered domain.

if a+2*h<=N and b+h<=M and a>=0 and b>=0:

return True

else:
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17| return False

On the next step we write approximate equations on the each defined nodes. All steps we
make using by Python programming package. Due to definitions of partial derivatives, on the
each nodes (z,t) (assuming that all points (z,t), (x + h,t), (z + 2h,t), (x,t + h) inside of ),
we can get follows

1 ¢ e (. Ve 1 Pu(z, 2+ h) —u(z, 2) i
F(l—a)/o(t ) el 2)d h-F(l—a)/O (t —2)> d

u(x + h,t) —u(z,t)
h

ug(z,t) ~

u(x + 2h,t) — 2u(x + h,t) + u(z, )
h2

Upe (T, 1) &

1| # We restore a system of equations for nodes belongs to the solutions domain.

2| def integ(m,n):

3|  x = Symbol(’x’)

4| z = Symbol(’z’)

5/t = Symbol(’t’)

6/ h = Symbol(’h’)

7| alpha = Symbol('a’)

8  f = Function(’f")

9] U = Function('u’)

10| G = Function(’I")

11 if n%2==0:

12 eq =Eq(((h**2)*((n+1)*h)**(1-alpha))/G(2-alpha)*(U(m*h,(n+1)*h)-
U(m*h,n*h)), U(m*h+2*h,(n+1)*h)-2*U(m*h+h,(n+1)*h)+U(m*h,(n+1)*h))

13 if n%2 —— 1:

14| eq=Eq(((h**2)*((n+1)*h)**(1-alpha))/G(2-alpha)*(U(m*h,n*h)-
U(m*h,n*h+h)), U(m*h+2*h,(n+1)*h)-2*U(m*h+h,(n+1)*h)+U(m*h,(n+1)*h))
15|  return eq

Now, we define the system of algebraic equations on each inner nodes, as follows

( thl a(u(
r2-
h2(2h)'~° (u
T
h2(3h)'~(

u(0,h)) = u(0,h) — 2u (h, h) + u (2h, h)
3§+u(0 2h) — 4 (0,2h) — 2u (h, 2h) + u (2h, 2h)
=0 u(0,2 2 Wul0.3h) — 4, (0,3h) — 2u (h, 3h) + u (2h, 3h)

B2 (Cn=1)h) "~ (—u@.C2n-Dh)+u(0.Cn=DM) _ 4, (0, (25 — 1)h) — 2u (h, (2n — 1)R) + u (2h, (2n — 1)h)

r2—a)

h2(2nh)1 = (u(0,(2n—1)h)—u(0,2nh
\ (2nh) 7%( (g((;_a)l) J=ul0.20h) — 4,0, 2nh) — 2u (h, 2nh) + u (2h, 2nh)

0)+
a)
0,

(
(2—
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( 2pl—«a —u(h, u
hzh 1(_”2(22;* h) — 4 (h, h) — 2u (2h, h) + u (3h, h)
BT L —uh2M) — (h 9h) — 2u (2h, 2h) + u (3h, 2h)

«

IR DB LIS — oy (h, 3h) — 2u (2h, 3h) + u.(3h, 3h)

PO 0l Bl — (1, (20— 1)h) — 2u (2h, (20 — 1)) +u (3h, (20 — 1)h)

| R DN 02n) — 4y (h, 2nh) — 2u (2h, 2nh) + u (3h, 2nh)

4 211—« uln uln
hoh < ROl — oy (nh, h) = 2u ((n + 1)h, B) +u((n +2)h, )
) = 4 (nh, 28) — 2u (0 -+ 1), 28) + u (0 + 2)h, 28)
) el SN — oy (nh, 3h) — 2u ((n + 1)k, 3h) + u ((n + 2)h, 3h)
T “).i”‘;(“;@"‘('é;;) T —
2—a
=u(nh,(2n —1)h) —2u((n+ 1)h, (2n — 1)h) + u ((n + 2)h, (2n — 1)h)

\ h2(2"h)1_a(u(";ﬁ’gqf;)l)h)_"(”h’znh)) = u (nh,2nh) — 2u ((n + 1)h,2nh) + u ((n + 2)h, 2nh)

We will find approximate solution of the Problem A, which satisfies boundary «(0,¢) =¢, 0 <
t <3;u(0,t) =t, 0<t<3;and initial conditions u(z,0) =0, 0 <z <2.

(10.0997355701 = —2u (0.5, 0.5) + u (1.0,0.5) + 0.5
—0.1410473958 — 2u (0.5, 1.0) + u (1.0,1.0) + 1.0
0.1727470747 = —2u (0.5, 1.5) + u (1.0, 1.5) + 1.5
—0.1994711402 = —2u (0.5, 2.0) + u (1.0, 2.0) + 2.0
0.2230155145 = —2u (0.5, 2.5) + u (1.0, 2.5) + 2.5
—0.2443012559 = —2u (0.5, 3.0) + u (1.0, 3.0) + 3.0
0.1994711402u (0.5,0.5) = u (0.5,0.5) — 2u (1.0,0.5) 4 u (1.5, 0.5)
0.2820947917x (0.5, 0.5) — 0.2820947917w (0.5, 1.0) = (0.5, 1.0) — 2u (1.0, 1.0) + u (1.5, 1.0)
—0.3454941494w (0.5, 1.0) + 0.3454941494w (0.5, 1.5) = u (0.5, 1.5) — 2u (1.0, 1.5) + u (1.5, 1.5)
0.3989422804w (0.5, 1.5) — 0.3989422804w (0.5, 2.0) = (0.5, 2.0) — 2u (1.0, 2.0) + u (1.5, 2.0)
—0.4460310290u (0.5, 2.0) + 0.4460310290u (0.5, 2.5) = u (0.5, 2.5) — 2u (1.0, 2.5) + u (1.5, 2.5)
0.4886025119u (0.5, 2.5) — 0.4886025119u (0.5, 3.0) = u (0.5, 3.0) — 2u (1.0, 3.0) + u (1.5, 3.0)
0.1994711402u (1.0,0.5) = u (1.0,0.5) — 2u (1.5,0.5) + 0.5
0.2820947917w (1.0, 0.5) — 0.2820947917w (1.0, 1.0) = u (1.0, 1.0) — 2u (1.5,1.0) + 1.0
—0.3454941494w (1.0, 1.0) + 0.3454941494w (1.0,1.5) = u (1.0, 1.5) — 2u (1.5,1.5) + 1.5
0.3989422804u (1.0, 1.5) — 0.3989422804w (1.0, 2.0) = u (1.0,2.0) — 2u (1.5, 2.0) + 2.0
—0.4460310290u (1.0, 2.0) + 0.4460310290u (1.0, 2.5) = u (1.0,2.5) — 2u (1.5,2.5) + 2.5

| 0.4886025119u (1.0,2.5) — 0.4886025119u (1.0, 3.0) = (1.0, 3.0) — 2u (1.5, 3.0) + 3.0

1| # We solve the system of algebraic equations

2 | solve(eq 1, dict=True)

Obtained system of algebraic equations (6) has a unique solution. This solution has a
form:

© (0.5, 0.5) = 0.371129081858283,
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(0.5, 1.0) = 1.32169150027025,
(0.5, 1.5) = 1.36987559973530,
u (0.5, 2.0) = 2.52240480268656,
(0.5, 2.5) = 2.39721862365525,
(0.5, 3.0) = 3.70314793087377,
u (1.0, 0.5) = 0.341993733816924,
(1.0, 1.0) = 1.50233560465356,
(1.0, 1.5) = 1.41249827420627,
u (1.0, 2.0) = 2.84533846517239,
(1.0, 2.5) = 2.51745276182959,
(1.0, 3.0) = 4.16199460579609,
u (1.5, 0.5) = 0.386887926895481,
(1.5, 1.0) = 1.41483100154687,
(1.5, 1.5) = 1.47176827313997,
u (1.5, 2.0) = 2.70847949920361,
(1.5, 2.5) = 2.58184997974925,
(
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REZYUME

Ushbu ish kasr tartibli xususiy hosilali differensial tenglamalar uchun sonli usulni
qo’llashga bag’ishlangan.

Ma’lumki, XHDT (xususiy hosilali differensial tenglama) larni qo’llashda ko’pincha
matematik-fizika masalalarining taqribiy yechimini topish talab qilinadi. Ushbu
ishda kasr tartibli xususiy hosilali differensial tenglamalarning taqribiy yechimini
topishda sonli usullardan biri chekli ayirmalar usulidan foydalanildi. Yangilangan
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texnologiya va dastur paketlari o’rganilayotgan masalaning tahminiy yechimini
topish imkonini beradi. Differensial, integral va integro-differensial operatorlar
hamda kasr tartibli differensial tenglamalar haqida batafsilroq ma’lumotlar [1]-[4]
da berilgan.

Kasr tartibli to’lqin tenglamalari uchun boshlang’ich chegaraviy masalalar Kaputo
hosilalarini bir va ko’p bog’lamli sohalarda sonli usullar yordamida o’rganishni o’z
ichiga oladi. Chekli ayirmalar usulidan foydalanib, kasr tartibini XHDT (xususiy
hosilali differensial tenglama) larni chiziqli tenglamalar sistemasiga keltiramiz.

Kalit so‘zlar: kasr tartibli differensial tenglamalar, boshlang’ich chegaraviy
masalalar, chekli ayirmalar usuli.

PESIOME

Jlannasi pabora MOCBSIIEHA TPUMEHEHUIO YUCJIEHHOIO METOJa JIjId PEIIeHus ypaB-
HEHUIl B 9ACTHBIX IMPOU3BOIHBIX JIPOOHOTO TOPSIIKA.

XopoIo u3BecTHO, 4TO B mpusoxkenusax Y Il gacro Tpebyercsa HaiiTn nmpudImzKeH-
HOe pelleHne 3aJadn MareMarudeckoil dousuku. B manHoit pabore OBLI UCIIOJIB30-
BaH METOJ| KOHEUHBIX PAa3HOCTeN (OJMH U3 YMCIEHHBIX METOJ0B) BOCCTAHOBJICHUS
npubsmkennoro perrenust Y Y11 agpobroro mopsiika. 3amMeTuM, 4TO OOHOBJIEHHbBIE
[AKEThl TEXHOJIOTWI U MPOrPAMMHOIO O0OECIIedeHUs JAI0T HaM BO3MOXKHOCTL Haifi-
TH TPUOJIMZKEHHOE PeIeHre UccjeayeMoil 3aja4qn. BoJjiee 1ojipobubie cBejieHust o
nuddepeHImaabHbIX, THTETPAJbHBIX U UHTErpo-TuddepeHnnaabHbIX oepaTopax
u quddepeHnuaibHbIX YpaBHEHUAX JPOOHOrO TOpsIKa npuBejeHbl B [1]-[4].

HauvayibHo-KpaeBble 33184 JIjIsi BOJTHOBOTO yPaBHEHUs TPOOHOIO TOPSAIKA, TPEIIIO-
JlarafoT MCCJIeIOBaHUE IMPOU3BOJIHBIX KaIlyTo B OJIHO U MHOTOCBSA3HBIX O0JIACTAX C
HCIIOJIb30BAHUEM YUCJICHHBIX METOJ0B. DaKTUYeCKU, MCIOIb3ysl METO/ KOHEYHBIX
paszHocTeil, Mbl TPUOJIMKEHHO CBOJIMM JIpoOHBIH mopsaok Y YIl kK cucreme juneii-
HBIX YpaBHEHU.

Karwouesvie caosa: nuddepeHImaabibiX  YPaBHEHUAX JIPOOHOTO  IMOPSIKA,
HaJaIbHO-KpPaeBble 3aJ1a9M, IJIIOPUPEry/IsipHasd TOYKA, TUCIEHHBIX METO/IOB.
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TRANSLATION INVARIANT GIBBS MEASURES FOR THREE
STATE HARD-CORE MODELS IN THE CASE WAND

Mutalliyev N. N. *

RESUME

In this paper, we investigate the translation-invariant Gibbs measures for the fertile
three-state Hard-Core (HC) models with the activity parameter A; > 0, where i =
0,1,2 on a Cayley tree. It is known that there exist four types of such models:
wrench, wand, hinge and pipe. In the case wand under some conditions on
parameters on a Cayley tree of order one, two and three the exact number of the
translation invariant Gibbs measures found.

Key words: Cayley tree, configuration, fertile graphs, Hard-Core model, Gibbs
measure, translation-invariant Gibbs measures.

INTRODUCTION

The theory of Gibbs measures is crucial for understanding the thermodynamic behavior
of physical and biological systems. In statistical mechanics, Gibbs measures provide a primary
method to describe systems made up of many particles. It is well established that the collection
of all limit Gibbs measures forms a convex and compact set (see, for example [1]-[3]).

A Cayley tree 3% of order k > 1 is an infinite tree, i.e. a graph without cycles with exactly
k + 1 edges originate from each vertex. Let &* = (V, L, 1), where V is the set of vertices S*, L
is the set of its edges and ¢ is the incidence function, which associates each edge | € L with its
end points z,y € V. If i(l) = {z,y}, then x and y are called nearest neighbors of the vertex and
are denoted by [ = (z,y).

For fixed 2° € V we set

W, = {x € V|d(z,2°) = n}, V., = U W,

where d(z,y) is the distance between vertices z and y on the Cayley tree, i.e. the number of
edges of the shortest path connecting vertices  and y. We will write x < y if the path from z°
to y goes through x. A vertex y is called a direct successor of vertex x if y > x and x,y are the
nearest neighbors. Note that in $* every vertex x # 2° has k direct successors, and the vertex
2% has k + 1 successors. We denote the successors of the vertex z by S(z), i.e. if z € W,,, then

S(ﬂ?) = {yz € Wn+1|d($,yl) = 1,’L = 1,2, .. ,l{}}

PRELIMINARIES

“Mutalliyev N. N. - Namangan Institute of Engineering and Technology, nodirbekmutalliyev95@gmail.com
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The HC-model. Unlike other models, the Hard-Core (HC') model places restrictions on
spin values. Hard constraints arise in fields as diverse as combinatorics, statistical mechanics,
and queuing theory. In particular, the HC-model arises when studying random independent
sets of the graph [5], [6], when studying gas molecules on the lattice [4].

HC-model arises as a simple example of a loss network with nearest-neighbor exclusion.
The state o(x) at each node z of the Cayley tree can be 0, 1 and 2. We have Poisson flow of
calls of rate \ at each site x, each call has an exponential duration of mean 1. If a call finds
the node in state 1 or 2 it is lost. If it finds the node in state 0 then things depend on the state
of the neighboring sites. If all neighbors are in state 0, the call is accepted and the state of the
node becomes 1 or 2 with equal probability 1/2. If at least one neighbor is in state 1, and there
is no neighbor in state 2 then the state of the node becomes 1. If at least one neighbor is in
state 2 the call is lost.

In [7] A. Mazel and Yu. Suhov introduced and studied the HC-model on the d-dimensional
lattice Z?. In the present paper, we study this model with three states on the Cayley tree.

In [8], fertile three-state HC-models are identified that correspond to graphs of the hinge,
pipe, wand, and wrench types. The works [9]-[18] are devoted to the study of Gibbs measures
for HC-models with three states on the Cayley tree in the case A\ = As.

Let ® = {0,1,2} and 0 € Q = ®" be the configuration, i.e., 0 = {o(z) € ®: x € V}. In
other words, in this model, each vertex x is assigned to one of the values o(x) € & = {0, 1, 2}.
The values of o(z) # 0 mean that the vertex z is ‘occupied’, and the value o(z) = 0 means
that the vertex z is ‘vacant’. The set of all configurations on V' (V},) is denoted by €2 (Qy,,).

Consider the set ® as the set of vertices of some graph G. Using the graph G we define
a G-admissible configuration in the following way. The o configuration is called G-admissible
configuration on the Cayley tree (in V},) if {o(x),0(y)} is edge of the graph G for any the nearest
pair of neighbors z,y from V (from V},). Let us denote the set of G-admissible configurations
via Q¢ (Q)9).

The activity set [8] for the graph G is the function A : G — R%. Value \; of function A
at vertex i € {0, 1,2} is called its “activity”.

For given G and A, we define the Hamiltonian of the G—HC-model as

— Y log Ap(a), if o€ Q¢
H(0) = { P

+00, if o ¢ Q*C.

Let z : @ 2y = (200, 2125 222) € Ri vector-valued function on V. For n > 1 and A > 0
consider the probability measure p™ on Q“I/RG, defined as

,u") (on) = Z H Ao () H Zon(z),z (1)

CL‘GVn 1‘€Wn

Here Z, is the normalizing divisor:

= 2 1w 1z

©n EQanG €V zeWn,
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The sequence of probability measures 1™ is said to be consistent if for any n > 1 and
On_1 € Q?,ﬁl the equality holds

> 1 o V) L(onor Vw, € Q) = p" V(o). (2)

wn€Qw,

In this case, by the theorem Kolmogorov (see [19]) there is a unique measure p on
(Q+% B) such that

pwlo oV, =0,) = M(n)(an)
for all n and any o,, € Q“l/f
Definition 1. The measure p that is the limit of a sequence u™ defined by (1)
with consistency condition (2) is called the splitting HC-Gibbs measure (SGM) with A > 0

corresponding to the function z : x € V \ {2} — z,. Moreover, an HC-Gibbs measure
corresponding to a constant function z, = z is said to be translation-invariant (TI).

Definition 2. [8/ The graph is called fertile if there is an activity set A\ such that the
corresponding Hamiltonian has at least two TIGMs.

Let L(G) be the set of edges of a graph G. We let A = A9 = (aij)m denote the adjacency
matrix of the graph G, i.e.,

a =l — 1, if {i,5} € L(G),
0 i {i) ¢ LG).

The following theorem states a condition on z, that guarantees consistency of the measure
(.
Theorem 1. Probability measures p™, n = 1,2,..., given by the formula (1), are
consistent if and only if for any x € V' the following equation holds:

Y H atotaiizy ,+aiszy
La 1 1lyeS(z) aoo+ao12] ,+ao2zh (3)

Y H a20+a21zi,y+a22257y
22— 72 LlyeS(z) avo+aoiz] ,+ao2z)

/I __ \/ZRix /Y -
where z; , = Aizm’ A=, i=1,2

Proof The proof is similar to the proof of Theorem 1 in [15].

In this paper we consider the case Ay # Ay and we study TISGMs in the case fertile graph
G = wand:
wand : {0,1}{0,2}{1,1}{2,2}.

And from (3) we obtain
k
21 =N\ <;FTZ;2> )
) k
2= (232)

In particular, in the case G = wand for \; = Ay the following facts are known :
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e In the case k =2 (k = 3) for A <1 (A < 5), there is a unique TIGM v and for A > 1
(A > o) there are exactly three TIGMs 1/0, v, Ve (see [17],]9]).

e In the case £ > 2, for 0 < A < A, there is a unique TIGM and for A > A.. there are

exactly three TIGMs where A, = 25 - (%)k (see [16]).

e In the case k = 2, the measure vy for 0 < A\ < A\g and the measures 14,15 for 1 < A < A\j are
extreme and the measure vg for A > )\g is not extreme, where \g &~ 2.287572, \; =~ 1.303094
(see [18]).

Translation-invariant splitting Gibbs measures

The case k = 1.
Let k =1 and A\; # Ay. In the case G = wand for TISGMs from (4) we have

_ 142
a =M (5)
2y = Agit2
2 2otz

Obviously, 23 # 29 since A\; # \y. For convenience, we introduce the new notations
21 =, 29 =y, then (5) reads:

Mt Az—122
Yy = ! ; )

A2t+Aoy—y? (6)
= detdoy—y?

y
From z > 0, y > 0 we obtain

_ AL+ A2+ 4N )< Ao+ /A3 44N,
2 ’ 2 '

We rewrite (6) as:

y=f(\,z),
T = f(>‘27y)7

where

A+ N — Ao+ A
F\,z) = ;H7 FAayy) = M

Z Y

As a result, solving the system of equations (6) reduces to the following problem:

Yy = f(>\17 f()\zay)%
r = f(A, f(M1,2)),

or

_ Ly (4y)—y? 1+
y—hm” 5ty (7)
= NI

From (7) we find
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(-t (1T ;
= 2, G Y (8)
2 = M g@ta (+o)—22)

{)\1 Ao (1+y) (A2 (1+y)—y?)

Using the symmetry of the system of equations (8), introduce the following function:
1+z) N1 +2) —2?)
z(x + N(1+x) —22)
We calculate the derivative of the function h(\;, z) with respect to x:
=2t + 20223 — N3a? — (A3 + 20D — )\3
22(Nw — 22 + N+ x)?

h(Ai,x) = \; where ¢ =1, 2.

We look at the roots of the equation h/,()\;, x) = 0 with respect to x. Then for z > 0,
g\, ) = =202t + 20227 — N — (A2 + 202 — A\ = 0. (9)

It is easy to see that the number of sign changes in ¢()\;, z) is two, then the number of the
positive roots of the equation g(\;,z) = 0 is at most two by the Descartes theorem. On the
other hand,

g\, 0) = =\ <0, lim g¢(\,2) = —o0.

T—+00

In addition,
¢ (N, ) = —8\a® + 671 — 2XPw — AP — 207

a) Let x > \;. Then —8)\;z® + 6\22? — 2\3x — A3 — 207 < 0 since \;z® > Mz
b) Let z < A; and 8\;z® + 2X\3x > 8A\2z%. Then —8)\;z® + 601222 — 2X\3x — A3 — 202 < 0. Tt
means that ¢(\;, z) < 0, from this 2/, (\;,z) < 0 for Vx > 0, and

lim A(\;,x) = 400, and lim h(N\;,z) = —o0.

z——+0 r—+00
From these, it follows that the h(\;, z) function is decreasing.
Consequently, the following theorem be obtained:

Theorem 2. Let k = 1 Ay # X\o. Then for the three state Hard-Core model in the case
G = wand, there exists exactly one TISGM for \; >0, i =1,2.

The case k = 2.
Let k = 2 and A\; # Ay. In the case G = wand for TISGMs from (4) we have

2

_ 142
Zl - A1<Zl+22> Y
2

_ 1420
72 = )\2<Z1+22> ’

Obviously, 23 # 2z since A\; # \o. For convenience, we introduce the new notations
21 =z, z3 =y, then the system (10) is formed:

y=/20+0) -5
:v:\/%(lﬂ/)—y-

(10)

(11)
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From z; > 0,25 > 0,

1 2\ 1 2 Ny 1 2
“B(M\) + 2 \/ “B(\) + 2 VY
x<(6 (1)+3B )+ 5 ) y<(6 (2)+3B(A2)+3 2),

where B()\;) = (108\/_4— 8AZ + 124/12)2 1 81N, )

We rewrite (11) as
Yy = g()\bx)a
T = g(/\27y)7

g\, z) = \/%(1 +x) =1, g(Ay) = \/§(1 +y) —v.

As a result, solving the system of equations (11) reduces to the following problem:

y = g(A1,9(A2,9)),
z =g, g\, ),

where

or

o A2\/T T+ (14x)—z/x . A

TV A e VE o)+, (12)
_ )\1\/§ \/ﬂ"‘\/g(l""y)_y\/g _ ﬁ(l_}_ )_|_

Y=\ 7ty NG, v Yy +y.

From (12) we find

A = A2 (1+9) (V22 (14+y)—y/¥)

T VIV 220y )2 (13)
Ny = M0+2)?(VAi(4a)—ay7)
27 Va(VatVa(re)—a o)

Using the symmetry of the system of equations (13), introduce the following function:
Ai(L+2)*(VAi(L +2) — a/2)
VeV + VAL +2) —oV/r)?

We get the derivative of the function S(\;, z) with respect to x:

8 () LA (L + 2) (VW Nx™? — T/ Na®? — 5/ N3 — Na® — N + 82° 4 3v/ Nz /2 + N + \)
i) ==

* 2 32(\Niw + N + T — 23/2)3

We look at the roots of the equation f'(\;, ) = 0 with respect to z. §'(\;, ) = 0 is equivalent

to

5()\i,$)

where i = 1, 2.

p(Ai, ) = \/_:1:7/2 )\i)x3—7\/)\_ix5/2 — \a? —5\/)\_ix3/2+)\i:v+3\/)\_i\/5+ A = 0.

It is easy to see that the number of sign changes in p(\;, z) is two or does not, then the number
of the positive roots of the equation p(\;, z) = 0 is at most two by the Descartes theorem. On
the other hand,

p(Ai,0) =X, >0, lim p(\,z) =+o0.

T—+00
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In addition,

p(Ai, 1) =8(1 — V).

Then A; has a value )y such that the number of the positive roots of the equation s(\;,z) =0
is two. Let us denote these numbers as x1(\g) and z2(Ag). That is, z1(\g) and z5(\g) are the
roots of the following equation:

p(N\i, z) = 0.

Then the function S(\;,z) is decreasing in the interval 0 < x < z1(A\g) or & > x2()\), and
increasing in the interval x;(\g) < x < x2(X\g). Then the function [(\;,x) reaches a local
maximum at x = x2()g) and reaches a local minimum at x = 1(\g). As a result, we get the
following for the parameter \;:

Figure 1. Graph of the function 8(\;, ). On the left for A; = 0.2, on the right for \; = 2.

1) If the parameter \; varies in the interval 0 < A\; < A\;(x1(XAg), Ao), then for each \; there
is a unique corresponding x.

2) IFA; = Ni(21(Xo), Ao) or A; = A1(w2(Ao), Ao), then for each \; there are two corresponding

3) If the parameter \; varies in the interval A\;(z1(Xg), Ao) < Ai < Ai(22(Xo), Ao), then for
each \; there are three corresponding x.

4) If the parameter \; varies in the interval A\; > \;(z2(\o), Ag), then for each A; there is
a unique corresponding x.

Therefore, we have the following result:

Theorem 3. Let k = 2. Then for the three state Hard-Core model in the case G = wand,
the number of TISGMs is

1, ’Lf 0< \ < Vl()\i) or \; > VQ()\i),
N = 2, Zf )\z = Vl()\z') or )\1 = 1/2()\0,
3, Zf V1(>\i> <\ < VQ()\Z').

Here x1 and xo are the positive roots of the following equation:

Vx4 (8 — A\)r® — TV Nz — Ao = 5/ Aa®? + Nx 4 3V AT + A = 0,
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and

Ai(1 4 21) (VAL + 21) — 21/70)
VEL(VET+ VAL + 31) — 214/27)%

Ai(1+22)* (VA1 + 22) — 21/T2)
VT2(v/Z2 + VAL + 22) — 221/T3)?

v(Ai) = vo(Ai) =

Remark 1. If \; = Ay, then v1(N\;) = va(\;) and the results derived from above Theorem
3 correspond with the results obtained from the work [18].

The case k=3
Let k£ = 3 and Ay # X9 . In the case G = wand for TISGMs we write the following from
(4)
142 3
2=\ (m) )
3
Z9 = AQ(;TZZQQ) .
Obviously, z; # z3 since A\; # \y. For convenience, we introduce the notation z; = x, z5 = y
and define the following from (14):

(14)

- (15)

From z; >0, 20 >0

Then we can write (15) as:

Where

o) = (1+2) {2 —a, vy = (1+y)\3/%_y.

As a result, solving the system of (15) equations reduces to the following problem:

y = YA, (A2, ),
x = (A, (M1, 7).

That is,
SZE 31‘ 3 x—x3:c
_ A1y Yy+ VN (+y)—y ¥y A
Y=\ Tmom v —y/ 31 +y) -+

w
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From (16) we find ‘
( A2 (1+y> 3 <3¢E(1+y)—y %)
%<%+W(1+y)—y§/ﬂ)3 ’
A <1+x> ' ( Y (4z)—x x>
Ao = :

3
f<f+ mm)—x%)

/\1 =
(17)

\

Using the symmetry of the system of equations (17), we introduce the following function:

A1 +x)3(e/x(1 ) - 2y7)

(i, x) = z
Ve (Va+ IYNQ + 2) - 2 9/)

We get the derivative of the function J(\;, z) with respect to z:
/ 1 2

_2>\Z1/3$10/3+16)\11/3x7/3 18$8/3+2)\2/3 3_|_3>\2/3 2+14>\1/3 4/3 _ )\12/3_4/\11/%1/3
(et + APz 4 AP a1y |

We look the roots of the equation ¢, (\;, z) = 0 with respect to x. Then from ¥, (\;, ) = 0 we
get

SO, ) = A3 (20 + 327 — 1) + A3 (=221 1+ 16273 + 142Y3 — 421/3) — 18233 = 0.
We write d()\;, z) the following:
SN, @) = =20 22103 4 2x2P0® — 182%3 1 160 P03 4 3N P 4 14N PP — 4N Pal B - NP

It is not difficult to see that the number of sign changes in 0(\;, z) is four, then the number of
the positive roots of the equation §(\;, z) = 0 is four or two or zero by the Descartes theorem.
On the other hand,

§(A;,0) = =A% <0, lim 6\, z) = —o0.

T—+00

5(\i, 1) = 4\3/)\>§+ 243/ \; — 18.

Then \; has a value Ag such that the number of the positive roots of the equation d(A;,x) =0
is two or four. We show that d(\;, z) = 0 equation has at most two solutions in z € (0, \;),
Ai > Ap. For this we show that the equation §'()\;, z) = 0 has a unique positive solution.

20 112
() = = AT L 6N — 4807+ 2Nt 4 60 P A”g 18 _

In addition,

4 1/3 —2
Yy =0
37t

We introduce the z = ¢® substitution, then:

4 1/3,-2
At =0.
3

7

20 112 L6
5N t) = -5 SN 46X — 4865 4 —= . AR )W +3 N -
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Using Ferrari formulas for ¢'(\;, ) = 0, we find the unique positive ¢();) solution. Then
the §(\;, z) function is increasing in z < /)\; and decreasing in x > /\;. As a result, there
are at most two solutions of the d(\;, z) = 0 equation in the interval x € (0,1) and A > \;. Let
us denote these numbers as z1(\g) and z2(Ag). That is, 21(A\g) and z2(\g) are the roots of the
following equation:

d(Ai,x) = 0.

Then the function J(\;, x) is decreasing for the interval 0 < x < x1(Ag) or > xa(Ng),
and increasing for z1(\g) < < x2(Ag). Then the function ¥(\;, x) achieves a local maximum
at © = x2(Ag) and achieves a local minimum at x = x1()\g). As a result, we get the following
for the parameter A;:

7

6
0.3
54

0.2+

0.1

0 : : : . : 0 : . . . . . - : )
0 1 2 3 4 5 0 0.1 02 0.3 04 05 06 07 08 0.9
X

Figure 1. Graph of the function ¥(A;, ). On the left for \; = 1, on the right for \; = 0.1.

1) If the parameter \; varies in the interval 0 < \; < \;(z1(\o), Ao), then for each A; there
is a unique x corresponding.

2) If \; = Ai(x1(Xo), Ao), then for each A; there are two z corresponding.

3) If the parameter \; varies in the interval A;(x1(Ag), o) < A; < Ai(x2(Ao), Ao), then for
each \; there are three x corresponding.

4) It N; = Ai(z2(No), Ao), then for each A; there are three = corresponding.

5) If the parameter \; varies in the interval A\; > X\;(z2(A\o), \o), then for each A; there is
a unique x corresponding.

We get the following theorem from the above:

Theorem 4. Let k = 3. Then for the three state Hard-Core model in the case G = wand,
the number of TISGMs is

1, Zf 0< >\z < 771(>\z) or >\z > 772(>\Z),
N=2<S2 if \i= 7)1<)\i) or A\ = 772()\1‘),
3, if m(A) < A <ma(N).

Here x1 and x5 are the positive roots of the following equation.:

—2VL 0/ N + 203§/ N2 = 18V/28 + 16V2T /N + 302/ N2 4+ 143/ 0Vt — 43/ N /x — /22 =0,
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and

/\i(l + $1>4<\3/X(1 +x1) — 5E1\3/$_1>

m(Ai) = R
\?/95_1<\3//\_z‘+$1\3/)\_i— 3/1’_9
o )\i(l +x2)4(\3/x»(1 + ) — @3/:@—2).

\3/90_2<\3/>\_z‘+56’2\3/>\_i— \3’/37_%>3

Remark 2. If \; = X\o, then n1(\;) = m2(N\;) and the results derived from above Theorem

4 correspond with the results obtained in the work [16].

10.

11.
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REZYUME

Ushbu ishda Keli daraxtida unumdor graf aktivlik parametri \; > 0, ¢« = 0,1,2
bo’lganda, uch holatli Hard-Core (HC') modeli uchun translyatsion-invariant Gibbs
o’lchovlarini o’rganamiz. Ma’lumki, uch holatli HC' modelida unumdor graflarning
to’rt turi mavjud bo’lib, ular: kalit, jezl, sirtmoq va hushtak. Jezl holatida birinchi,
ikkinchi va uchun tartibli Keli daraxtida )\; parametrlarning quyidagi ba’zi shartlari
asosida translyatsion-invariant Gibbs o’lchovlarining aniq soni aniqlangan.

Kalit so’zlar: Cayley tree, configuration, fertile graphs, Hard-Core model, Gibbs
measure, translation-invariant GGibbs measure.

PESIOME

B nannoit pabore MBI UCCIEyeM TPAHC/IAIMOHNHO-HHBapUaHTHBIE Mepbl ['nbbca jits
wiogopoaubix Hard-Core (HC) momesteit ¢ Tpemsi COCTOSHUSIMU ¢ APAMETPOM aK-
tuHoct \; > 0, ¢ = 0, 1,2, na gepese Kanu. I3BecTHO, UTO CyIIECTBYET YeThIpE
TUIIa TAaKUX MOJIeJIeil: MeT/isd, CBUCTOK, ¥Ke3J1 U KJ04. B ciydae »Ke3J1 Tpu HEKOTO-
PBIX YCJIOBHSAX Ha MapaMeTphl Ha JiepeBe K3/ mopsijika ofuH, 1Ba U TpU, HallIeHO
TOYHOE KOJIMIECTBO TPAHC/IAIMOHHO-UHBAPpUAHTHBIX Mep ['ubbca.

Kaouesvie caosa: lepeso Kaym, Kouduryparus, miogopoHbiii rpad, MoJie/rb
Hard-core, mepa I'ub6ca,TpaHc/asiimoHHO-UHBapuanTHasa Mepa ['uboca.
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ON A FAMILY OF VOLTERRA CUBIC STOCHASTIC OPERATORS
Okhunova M. O. *

RESUME

In present paper we consider a family of discrete time Kolmogorov systems of
three interaction population depending on a parameter 6. We show that there is
the critic value 6* such that if € (6*, 1] this evolution operator is a non-ergodic
transformation and it has property being regular when 6 € [0,60*]. We give some
biological interpretations of our results.

Key words: quadratic stochastic operator, cubic stochastic operator, Volterra
operator, regular and non-regular operator.

Introduction

The notion quadratic stochastic operator (QSO) first introduced by Bernstein[1]. Such
operators frequently arises in many models of mathematical genetics, namely, theory of heredity
and the theory of QSOs developed in many works (see e.g. [9],[14],[17],[18],[21],[22],|27],[28]).
Let E ={1,...,m} be a finite set and the set of all probability distributions on £

Smflz{x:(xl,...,xm) eR™:xz; >0, ViEE,inzl}
i=1

be the m — 1- dimensional simplex.

A quadratic stochastic operator is a mapping V : S™~! — S™~1 of the simplex into itself,
of the form V(x) = x' € S™~!, where

I; = Z pij,kxixjy k < E, (1)
ijeE
and the coefficients p;; ; satisfy
Pijk = Pjik = 0, Zpij,k =1, i,j,keE. (2)
kEE

The trajectory (orbit) {x™} n =10,1,... of V for an initial value x(*) € S™! is defined
by
x ) = v (xM) = i@y n=0,1,2,...
For nonlinear (quadratic) dynamical system (1),(2) Ulam [27] suggested an analogue of a

measure-theoretic ergodicity in the form of the following ergodic hypothesis: a QSO V is said
to be ergodic if the limit

n—oo N

n—1
1
lim — Z VF(x)
k=0

“Okhunova M. O. - Fergana State University, oxunova.muxlisaxon@mail.ru
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exists for any x € S™~1,

On the basis of numerical calculations Ulam, in 1960 in [27], conjectured that the ergodic
theorem holds for any QSO.

The QSO V is called Volterra, if p;j, = 0 for any k ¢ {i,j}, 1,7,k € E. In 1977 in [27],
Zakharevich considered the Volterra QSO on S?

Vi (27 + 2320, 33 + 22013, 25 + 22173) (3)

and showed that it is a non-ergodic transformation, that is he proved that Ulam’s conjecture is
false in general. Later in [8] established a necessary condition for a QSO defined on S? to be a
non-ergodic transformation, that is Zakharevich’s result was generalized to a class of Volterra
QSOs defined on S2. In [9] have shown the correlation between non-ergodicity of Volterra QSOs
and rock-paper-scissors games, so Zakharevich’s example (3) can be reinterpreted in terms game
theory as a paper-rock-scissors game.

The biological treatment of non-ergodicity of a QSO is the following: in the long run
the behavior of the distributions of species is unstable. For a recent review on the theory of
quadratic stochastic operators see [10].

Note that one can consider triple different sorts of individuals and obtain an other sort
which is totally different from previous taken sorts. The genetic engineers found a solution of
problem with genetic defects in the mitochondria. The new technique which was developed
in Newcastle, uses a modified version of IVF to combine the healthy mitochondria of a donor
woman with DNA of the two parents. It results in babies with 0.1% of their DNA from the second
woman and is a permanent change that would echo down through the generations!. From these
biological facts it is natural to consider another class of nonlinear evolution operators which
are different from QSOs.

In [19,20,24], a notion cubic stochastic operator (CSO) was introduced and investigated.
Regularity of some Volterra CSOs were proved in [12,15,24]. In [13] by authors the results of
the works [12,24] were generalised up to a class of constrained Volterra CSOs. A CSO which is a
convex combination of a regular and non-ergodic operators was studied in [16]. A family of non-
ergodic Volterra CSOs was considered in [23|. Random dynamics of Volterra CSOs was studied
in [11]. In [25] by authors were given construction of a cubic stochastic operator. Another class
of CSO which is called the class of conditional cubic stochastic operators were studied in [3].

Main results

The cubic stochastic operator is a mapping W : S™~1 — S™~1 of the form

W(X)l = Z Dijk i TiT Tk, [=1,..,m, (4)

1,5,k=1

where p;;1; are coefficients of heredity such that

Dijk,l Z 07 Zpijk?,l = 17 ivjvkvl = ]-7 ey TN (5)
=1

thttp://www.bbec.com /news/health-31594856
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and we suppose that the coefficients p;;r; don’t change for any permutation of 4, j, k.

Note that W (defined by (4)) is a non-linear operator, and its dimension increases with
m. Higher dimensional dynamical systems are important, but only relatively few dynamical
phenomena have yet been analyzed (see e.g. [4,5,26]).

©) under

For a given x(® € S™~! the trajectory {x™ n = 0,1,2,...} of initial point x
action of CSO (4) is defined by x"*V = W (x(™), where n =0, 1,2, ... with x = x©.

One of the main problems in mathematical biology consists in the study of the
asymptotical behavior of the trajectories. In [19,20,24] this problem was considered for a class

of Volterra CSO. A class Volterra CSO is defined by (4), (5) and with additional assumption
Dijkg = 0 if 1 ¢ {iaja k} (6)

The biological treatment of conditions (6) is rather clear: the offspring repeats the
genotype of one of its parents.

The following notations we will use in below. We let 9S™ ! denote the boundary of the
simplex S™71 9S™1 = {x € ™! : x; = 0 for at least one i € E'};
a face of the simplex S™ ! be the set ', = {x € S™ ' :2;,=0, i¢ aCFE};
the interior of S™~! be the set [S™ ! ={x € S™ ' zzo-- 2, > 0}
let M; = (014,024, -, Omi) € S™ 1, i =1,...,m, denote the vertices of the simplex S™ !, where
d;; is the Kronecker delta; the point ¢ = (1/m,1/m,...,1/m) be the center of S™ . Let w(x°)
be the set of limit points of the trajectory {W*(x%) € S™ ! :k=0,1,2,...}. Using Lyapunov
functions, one can handle on the set of limit points. Recall the definition of a Lyapunov function.

Definition 1. A continuous function ¢: S™ ! — R is called a Lyapunov function for a
CSO W if there exits the limit lim ¢"(x) for all x € S™ 1.
n—oo

Note that a Lyapunov function is very helpful to describe an upper estimate of w(x).
However there is no general recipe on how to find such Lyapunov functions.

Definition 2. A point x € S™™! is called a fixed point of a CSO W if W (x) = x.

Let DW (x*) = (0W;/0z;)(x*) be a Jacobian of W at the point x*.

Definition 3.[4] A fixed point x* is called hyperbolic if its Jacobian DW (x*) has no
eigenvalues on the unit circle in C.

Definition 4.[4] A hyperbolic fixed point x* is called:
i) attracting if all the eigenvalues of the Jacobian DWW (x*) are in the unit disk;
ii) repelling if all the eigenvalues of the Jacobian DW (x*) are outside the closed unit disk;
iii) a saddle otherwise.
In the present work we consider on S? the following family of Volterra CSOs defined by

#h = x1(2% + 3axy129 + 3dzy23 + 3(1 — b)2d + 3(1 — ¢)a3 + Geyxaxs),
Wi o = xo(x3 + 3br1xa + 3exazs + 3(1 — a)ai + 3(1 — f)a3 + Gegxr23), (7)
rhy = x3(x3 + 3cxiw3 + 3fxows + 3(1 — d)x? + 3(1 — e)22 + Gezwix).

where a,b,c,d, e, f,e1,e2,e3 € [0,1] and e; + €2 + €3 = 1.
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Ifa,b,c,d,e, f = % then we denote corresponding edges by My My, My Mz, My Ms.
One can rewrite the operator (7) in the following form
rp =x1 (14 (6e; — 2) xa23),
W . 13/2 = T2 (1 + (662 - 2) LL’11’3> 3 (8)
xh = x3 (14 (6eg — 2) x1x9) ,

Theorem 1. For the operator W the followings hold:

i) If e; = e; = e3 then W is the identical operator;

ii) Let e; = max (eq, eg, e3) and

1 1
a)if e; > e; > 3k < 3 i,7,k € {1,2,3} and i # j, k # i then all trajectories converge

to edge M;M;;
b)ife; >3 e; <ep <3i,j.ke{l,2,3}and i+#j, k# i then all trajectories converge
to M; for any x(© € int S?;

iii) If e; = e; > ey, then all trajectories converge to edge M;M; for any x(© ¢ int S2.

1
Proof. i) Evidently, from e; 4+ e5 4+ e3 = 1 and e; = ey = e3 it follows e; = €5 = €3 = 3

— 2> $2I3) 3

Using the latter from (7) one has

)
) =1 (1+(6~
W :r’szvg( (6- —2>$1IB3>,
x§:x3(1+(6~ —2>$1I2>7
\

that is, 2 = x1,2, = 29,24 = x3. Therefore in this case the operator W (8) is the identity
operator.

ii) Let e; = max (ey, €9, €3). It is easy to see that the point of the edges M Ms, MyM; and
M, Mj are fixed points of W. For the definiteness we assume that : =1, j = 2 and k = 3. The
rest cases can be considered in a similar manner.

a) Assume that e; > ey > 3,
(8) we have

[S—
+
Wl = W= Wl

0)

ez < % and let x(¥ € int S? be an initial point. Then from

vy =21 (14 (6ey — 2) wox3) > x1, 2h = a9 (1 + (6ey — 2) x173) > T9,

zy=x3(1+ (65— 2) x119) < 3,
where we have used 6e; — 2 > 0, 6e; — 2 > 0 and 6ez — 2 < 0.
Consequently it follows that

2 > ) R O zy Y < @l n=0,1,2,...
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Therefore we have the sequences {x%”)} and {x;n)} are increasing and bounded
n=0,1,2,... n=0,1,2,...

from the above and the sequence {xé")} is decreasing and bounded from the below.
n=0,1,2,...

Consequently it follows the existence of the limits

lim #” =2 >0, lim 2{” =25 >0, lim 2{” = 2% >0.
n—00 n—00 n—00

We claim that 23 = 0. Indeed, if we suppose that 23 > 0. Then we have

g . 2 <1 +(6-e3—2) x@xé’”)
1= lim O lim o)
n—00 J}3n n—o0 .173n
=1+ (6-e3—2) lim x§")x§”) = lim xﬁ”)mg’” =zjry =0,
n—oo n—oo

which is a contradiction to 7 > 0 and x5 > 0. So it follows that =% = 0.
Thus in this case we have

lim W™ (x) =x* = (2}, 25,0) € M My.

n—oo

for all x(© € int S2.
1
Moreover it follows if e; = 3 then x* = (1 — xé“), xg)), O) for any x(© € int S2.
b) Let e; > 1, e5 < e3 < 1 and let x() € int S? be an initial point.
Then from (8) we have

ry =z (14 (661 — 2) 29x3) > 21, x5 = 19 (1 4 (6€g — 2) 2123) < X9,

ry =23 (1 + (6es — 2) r122) < 13,

where we have used 6e; — 2 > 0, 6e; — 2 < 0 and 6e3 — 2 < 0.
Consequently it follows that

'z e <a?, <, m=012.

Therefore we have the sequence {xgn)} is increasing and bounded from the above and
n=0,1,2,...

the sequences {xgn)} and {xén)} are decreasing and bounded from the below.
n=0,1,2,... n=0,1,2,...

Consequently it follows the existence of the limits

lim xﬁ”) =z >0, lim mé") =5 >0, limzy” =z} >0.
n—00 n—00 n—o0

We claim that 23 = 25 = 0. Suppose on the contrary. Let 2 > 0, 2% > 0 then it holds 27 < 1.
Therefore from the first equation of (8) we have

(n41) 1— 2™ (1 + (66 — 2) mgn)x§")>
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: (n),.(n
n—00 1_x§”) = nh—>nolo T2 Ty

) ko
= Tyx3 = 0,

which is a contradicts to the assumption x5 > 0 and x3 > 0. So it follows that x5 = 1.

Therefore we obtain that all trajectories converge M; for all x(¥ € int 52,
iii) As above we assume ¢ = 1, j = 2 and k = 3. Then we have e; = e > e3 and it holds

2e; + e3 = 1. Therefore it follows

1 1
2e3+e3<2e+e3 = 3de3<1l = €3<§ = 61:€2>§

and we have 6e; — 2 > 0, 6e5 — 2 < 0 and 6e3 — 2 < 0. Using the latter as in the previous case
one has all trajectories converge M, for all x(©) € int S2.

10.

11.

The proof of theorem is complete. [
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REZYUME

Bu maqolada biz 6 parametriga qarab uchta o’zaro ta’sir populyatsiyasining vaqtli
Kolmogorov tizimi oilasini ko’rib chiqamiz. Biz 6 ning kritik giymati borligini
ko’rsatamiz. Agar 6 € (0*, 1] bo’lsa, evolyutsiya operatori noergodik transformatsiya
bo’lib, agar 6 € [0, 6*] bo’lsa, regulyar bo’ladi.

Kalit so‘zlar: Kvadratik stoxastik operator, kubik stoxastik operator, Volterra
operatori, ergodik va noergodik operator.

PESIOME

B pabore mbl paccMarpuBaeM CeMENCTBO JTUCKPETHBIX KOJIMOrNOpOBCKHX CHCTEM
TPeX B3aNMOJIEHCTBIN 3aBUCSIIIX OT mapamerpa 6. Mbl mokaspiBaeM, 9TO CyIIeCTBY-
eT KpUTHYeCcKoe 3HadeHne f, Takoe 4uto, ecm 6 € (6%, 1], sToT OmepaTop 9BOJIIOIIN
SBJISIETCS HEIPIOJMYECKUM IIpeobpa3oBaHueM U 00J1a1aeT CBOHCTBOM PeryJIsipHOCTH,
korga 6 € [0, 0%].

Kaouesvie caosa: KsagpaTndnbiil cTOXaCTUYECKU OllepaTop, KyOU4ecKuii cTo-
XaCTHUYECKUil oreparop, omeparop BoJsibreppa, 3projmydeckuii U HOIPTOIUIECKUIA
orepaTop.
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PERIODIC GROUND STATES FOR THE CHUI-WEEKS MODEL ON THE
CAYLEY TREE OF ORDER TWO *

Rahmatullaev M. M. * Rasulova M. A. " Hakimova M. A.”

RESUME

In this work, the three-state Chui-Weeks model on the second-order Cayley tree is
considered. For this model, all translation-invariant and two-periodic ground states
are described.

Key words: Cayley tree, Chui-Weeks model, ground state, translation-invariant
ground state, periodic ground state.

1. Introduction

This work considers the model proposed by S. T. Chui and John D. Weeks in 1981 in the
journal Physical Review B. For the Chui-Weeks model in which the transfer matrix has infinite
dimension, in |2|, the problem of phase transition was studied in 1D systems. So far, the Chui-
Weeks model has not been considered on a Cayley tree. In the present work, the three-state
Chui-Weeks model is considered on a second-order Cayley tree for the first time and for this
model, all translation-invariant and two-periodic ground states are described.

The Cayley tree T'* (see, e.g., [1,3]) of order k > 1 is an infinite tree, i.e., a graph
without cycles, from each vertex of which exactly k+ 1 edges issue. Let T'* = (V, L, 1), where V
is the set of vertices of I'*| L is the set of edges of I'* and i is the incidence function associating
cach edge | € L with its endpoints z,y € V. If i(l) = {z,y}, then = and y are called nearest
neighboring vertices, and we write | = (x,y).

It is known (see [1|) that there exists a one-to-one correspondence between the set V'
of vertices of the Cayley tree of order £ > 1 and the group Gy of the free products of k + 1
cyclic groups {e,a;}, i = 1,...,k + 1 of the second order (i.e. a? = e, a; ' = a;) with generators
a1,A2, ..., Ak41.

We consider model where the spin takes values in the set & = {0, 1,2}. For A C V a spin
configuration o4 on A is defined as a function x € A — o4(z) € ®; the set of all configurations
coincides with Q4 = ®4. Denote Q = Qy and o = oy

Definition 1.1. A configuration o € Q is called G} -periodic, if o(yx) = o(z) for any
x € Gy andy € G}, C Gy,

For a given periodic configuration the index of the subgroup is called the period of the
configuration.

Definition 1.2. A configuration that is invariant with respect to all shifts is called
translation-invariant.

“The work was carried out with the financial support of the state grant of the Republic of Uzbekistan, project
No. F-FA-2021-425.
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2. The model
The Chui-Weeks model (see [2]) is defined by the following Hamiltonian

=J Z —a(y) | +a260(x),07 (1)

(z,y)eL eV

where J, o € R, « is an external field and o € €.

Remark 2.1. Recall that model (1) coincides with the SOS model under the condition
a=0 (see, e.g., [3]).

Let M be the set of all unit balls with vertices in V' and S;(z) be the set of all nearest
neighboring vertices of z € V.

We call the restriction of a configuration o to the ball b € M a bounded configuration oy.
The energy of configuration o, on b is defined by the formula

U(ab):% Z | o(z) — o(cp) k:+225

x€8S1(cp) z€b

where J = (J,a) € R? and ¢, is the center of the unit ball b.
The Hamiltonian (1) can be written as

= Z U(O’b).

3. Ground states

In this section we study ground states for the three-state Chui-Weeks model on the Cayley
tree of order two.

We have the following lemma.
Lemma 3.1. Let k = 2. Then for each configuration ¢,, we have the following

U(ps) € {U;:i=1,2,...,19},

where ; ; Ly

«Q «

Ul*OaU2*Oé,U3*§,U4f§+Z,U5f§+I,

U6 J U7 J + — U8 J —|— U9 J + 3_0[ U10 32J
3J a 3] a 3J 3«
Un=— 5 U12— 5 U13— 5 +Z’U14_2J+Z’

o 5J « 5J « 3o
U15:2J+§;U16:7+Z;U17:7+ Uiy = 3J—|- U19—3J+Z

Definition 3.1. A configuration ¢ is called a ground state for the Hamiltonian (1), if
U(pp) =min{U; : i =1,2,...,19}

for any b € M.



Acta NUUz - 106- Exact sciences

We denote A = {(J,a) € R? : Ug = min{U; : i = 1,2, ..., 19} }.
Calculations show that:

Ay ={(J,a) €eR?*:J >0,a >0}

Ay ={(J,a) € R?:12J > a,a < 0};
Az=As={(J,a) eR*: J = 0,0 > O};
Ay=As=A;=As=Ag=A 1 =Ap=..= A ={(J,a) eR?: J =0, = 0};
A ={(J,a) eR*: —a < 6J <0, > 0};
Aig={(J,a) eR*: J <0,0 <a < —6J};
A ={(J,a) eR*: J<0,12J <a <0}
and (J;?, A; = R? (see Fig. 1).

Figure 1. Representation of the sets A;,i = 1,19.

3.1. Translation-invariant ground states

In this subsection we study all translation-invariant ground states for the Chui-Weeks
model on the Cayley tree of order two. The following theorem describes all translation-invariant
ground states for the three-state Chui-Weeks model.

Theorem 3.1. Let k = 2. Then for the Chui- Weeks model the following assertions hold
i) if (J,a) € Ay, then o(x) = 1,Vx € V and o(z) = 2,Vo € V are translation-invariant ground
states;
i) if (J,a) € Ay, then o(x) = 0,Va € V is the translation-invariant ground state;
i) if (J,a) € R?\ (A; U Ay), then there is no translation-invariant ground state.
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Proof. i) Let k& = 2. We consider the configuration o(z) = i,i € {1,2}, Vz € V.
For any b € M by Lemma 3.1 we have U(c,) = Uy = 0. Thus the configuration o(z) = i,i €
{1,2}, Vz €V is ground state if (J, ) € Ay;
it) Let k = 2. We consider the configuration o(x) = 0 Vz € V. For any b € M by
Lemma 3.1 we have U(o}) = Uy = a. Thus the configuration o(x) =0 Vz € V is ground state
if (J,a) € Ag;
iii) It is obvious. Theorem 3.1 is proved.

Remark 3.1. It is known from [4] that for the SOS model with a non-zero external field,
the configuration o(x) =1 Vx € V is not a translation-invariant ground state. From Theorem
3.1, we can see that this configuration is a translation-invariant ground state for the Chui- Weeks
model.

3.2. GgQ)—periodic ground states

In this subsection we study all GéZ)—periodic ground states for the Chui-Weeks model on
the Cayley tree of order two, where

ng) ={z € Gy:| x| is even},

where | z | means length of the word z.

All G§2)—periodic configurations have the following form:
oo, if = € Gf),

olw) = : @)

o1, if z € Go\ G5,

where 09,01 € .

The following theorem describes all GgQ)—periodic ground states for the three-state Chui-
Weeks’s model.

Theorem 3.2. Let k = 2. Then for the Chui- Weeks model the following assertions hold
i) if (J,a) € Ay, then G5 -periodic configurations

. 1, if v € G, 2, if v € G,
g\r) =
2, if 1€ Gy \ G, 1, if 2 € Gy \ G

are GgQ) -periodic ground states;
ii) if (J, o) € A N Aqg, then G -periodic configurations

@) 0, if v € G, 2, if v € G,
o\xr) = g =
2, if € Gy \ G, 0, if € Gy \ G

are Gg) -periodic ground states.
Proof. i) Let kK = 2. We consider the following GéQ)—periodic configuration
{1fo609,

o(z) =
2,if z € Gy \ G,
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Then we have o(¢;) = 1 or o(¢,) =2, Vb € M. If 0(¢,) = 1 then Vo € S1(¢,) we have o(z) = 2.
In this case by Lemma 3.1 we get U(o,) = % = Uyo. If 0(c;) = 2 then Vz € Si(cy) we have
o(x) = 1. In this case by Lemma 3.1 we get U(0,) = 22 = Uy. From these cases, it follows that

the GgQ)—periodic configuration we have considered is a ground state, if (J, ) € Ajp.

ii) Let k = 2. We consider the following G(22)—periodic configuration

0,if z € ng),
o(@) = ~ @)
2, if JTEGQ\GQ .

Then we have o(¢,) =0 or o(¢,) =2, Vb€ M. If 0(¢,) = 0 then Vo € S1(¢,) we have o(z) = 2.
In this case by Lemma 3.1 we get U(oy) = 3J + § = Uis. If 0(c;) = 2 then Vo € Si(c) we
have o(x) = 0. In this case by Lemma 3.1 we get U(o,) = 3J + %‘ = Uyg. From these cases, it

follows that the ng)—periodic configuration we have considered is a ground state, if
(J,O[) S Alg ﬂAlg = {(J,Oé) S R2 cJ < O,Ck = O}

The remaining cases are proved as above. Theorem 3.2 is proved.
3.3. H-periodic ground states

In this subsection we study all H4-periodic ground states for the Chui-Weeks model on
the Cayley tree, where

Hy={x€Gy: wa(ai) is an even number},
icA
where ) # A C Ny = {1,2,3}, and w,(a;) is the number of letters a; in a word = € G5. Note
that | z |= 23:1 w;(z). It is known that the sets H4 and GéQ) are normal groups of index two
of Go, and also any normal group of index two in G is of the form H, (see [2]). If A = {1,2,3}
then the normal subgroup H 4 coincides with the group ng .
All H 4-periodic configurations have the following form:

0o, if © € Hay,
o(x) =
O'l,if SL’EGQ\HA,

where 0g, 01 € .

The following theorem describes all H 4-periodic ground states for the three-state Chui-
Weeks model.

Theorem 3.3. Let k = 2. Then for the Chui- Weeks model the following assertions hold
i)if | A|=1 and (J,a) € As, then the following two H s-periodic configurations

1, if © € Hg, 2,i4f v € Hy,
o(z) = o(z) =
Q,ifZEEGQ\HA, l,ifQTGGQ\HA

are H 5-periodic ground states;
i) if | A|=2 and (J,«) € Az, then the following four H a-periodic configurations
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0,if © € Hy, 1, if © € Hyp,
g =
1,if£L‘€G2\HA, O,’foEGQ\HA,

1,if$€HA, 2,if17€HA,
o(z) = . o(x) = .
2,if © € Gy \ Hy, Lif x € Gy \ Ha

are H a-periodic ground states;
i11) all H a-periodic ground states except the ground states found in i) and i) are either
translation-invariant or GgQ)-pem'odic.

Proof. Let B; = {x € Si(c) : op(x) =i},i € .

i) Let k=2 and | A |= 1. We consider the following H 4-periodic configuration

1,if x € Hy,
o(z) =
2, if $€G2\HA.

If ¢, € H4, then we have

O'(Cb) = 1, ’ Bl ’: 2, ‘ BQ |: 1,
thus U(oy) = Us.
If ¢, € Gy \ Ha, then we have

o(ey) =2, |Bi|=1, | By |=2,

thus U(oy) = Us.
Consequently, the configuration o we have considered is an H 4-periodic ground state if (J, a) €
As.

it) Let k =2 and | A |= 2. We consider the following H 4-periodic configuration

0, if x € Hy,
o(x) =
1, if {L‘EGQ\HA.
If ¢, € Hy, then we have
() =0, | Bo|=1, | By |=2,
thus U(O’b) = Ug.
If ¢, € Gy \ Ha, then we have

O'(Cb) = 1, ’ Bo ’: 2, ‘ Bl |: 1,
thus U(O’b) = Ug.

Consequently, the configuration o we have considered is an H 4-periodic ground state if (J, a) €
Ag.

The remaining cases are proved as above. Theorem 3.3 is proved.

Remark 3.2. If k =2 and | A |= 2, then, as shown for the SOS model with competing
interaction, there is no Ha-periodic ground state [5]. However, according to Theorem 3.3, it
can be observed that in this case, there exist four H a-periodic ground states for the Chui- Weeks
model.

Remark 3.3. Recall that when k = 2 and | A |= 3, all Ha-periodic ground states are
identical to the G§2) -periodic ground states described in Theorem 3.2.
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REZYUME

Bu ishda ikkinchi tartibli Keli daraxtida uch holatli Chui-Weeks modeli qaraladi.
Ushbu model uchun barcha translatsion-invariant va ikki-davriy asosiy holatlar
tavsiflanadi.

Kalit so‘zlar: Keli daraxti, Chui-Weeks modeli, asosiy holat, translatsion-invariant
asosiy holat, davriy asosiy holat.

PE3IOME

B nannoit pabore paccmarpusaerca Chui-Weeks mozmensb ¢ Tpemst cocTossHUsIME Ha,
nepeBe Kanmm Broporo mopsiika. /Iyt 9Toit Momenn ommcaHbl BCe TPaHCISITHOHHO-
MHBapUAHTHBIE U JBYXIIEPUOINIECKIE OCHOBHBIE COCTOSTHUS.

Karoueswvie caosa: Jlepeso Kamm, Chui-Weeks mojzenb, ocHoBHOE cocrostHue,
TPaHCIANMOHHO-HHBAPUAHTHOE OCHOBHOE COCTOsIHHE, MEPUOIUIECKOE OCHOBHOE CO-
CTOSTHHE.
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UDC 517.55

INVESTIGATION OF THE ESSENTIAL SPECTRUM OF A 3 x 3 OPERATOR
MATRIX

Sharipova M. Sh. *

RESUME

In the present paper, we precisely describe the location and structure of the
essential spectrum of the operator matrix A, of order three with spectral parameter
i > 0. It is associated to the Hamiltonian of system with non-conserved and no
more than three particles on the one-dimensional lattice, in the quasi-momentum
representation. Two-particle and three-particle branches of the essential spectrum
of A, are identified. The number of closed intervals of the essential spectrum of A,
is studied with respect to the parameter p > 0.

Key words: operator matrix, spectral parameter, Fock space, annihilation and
creation operators, essential spectrum, branches.

1. Introduction. Let Hy, H; and Hy be the Hilbert spaces with the norm || - ||o, || - ||z
and || - ||2, respectively. We denote by H the direct sum of the Hilbert spaces Ho, H; and Hao,
that is, H := Ho ® H1 ® Ho. Every element f of the space H can be represented as a vector
f = (fo, f1, fo) with coordinates fy € Ho, fi € H1 and fo € Hy. The norm of the element
f = (fo, f1, f2) € H is defined by

171 = 2/ Ioll3 + £l + 1L £all3.

From the spectral theory of linear bounded operators one can conclude that if the operator A
is a bounded linear operator in a Hilbert space H and a decomposition H = Ho D Hi & Ho is
given, then the operator A always admits a 3 x 3 operator matrix representation

Aoy Aot Ao
A= A A A (1)
Asg A Ay

with linear bounded operators A;; : H; — H,;, i,j = 0,1, 2. It clear that the operator matrix A
is a self-adjoint if and only if A;; = A}, 4,7 =0,1,2.

It can be seen that the elements of the operator matrix A are linearly bounded operators
in the corresponding Hilbert spaces. Spectral properties of matrices with operators of this type
are studied in many literatures, for example, in the following 2 monographs [1,2|. The order of
operator matrices depends on the number of Hilbert spaces. For example, if a direct sum of n
Hilbert spaces is considered, then the resulting operator matrix is of order n. In the present

paper we investigate the case n = 3.

One of the elements belonging to the class of operator matrices is the Hamiltonian
corresponding to a system of non-conserved number of lattice particles. In this system, the

*Sharipova M. Sh. — Bukhara State University, m.sh.sharipova@buxdu.uz
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number of particles can be infinite, as in the spin-boson model [3], or finite, as in the truncated
spin-boson model [4-8]. Some spectral properties of the full spin-boson model is studied in [3].
The existence of the wave operators is studied for the truncated standard spin-boson models
with at most two photons in [4] and with at most three photons in [5]. The essential and discrete
spectrum of the lattice spin-boson model with at most two photons studied in [6-8].

In the present paper we consider the operator matrix A,, of the form (1) with the spectral
parameter o > 0. It is associated to the Hamiltonian of system with non-conserved and no more
than three particles on the one-dimensional lattice, in the quasi-momentum representation. The
location of the essential spectrum oes(.A,) of the operator matrix A, is described. Two-particle
and three-particle branches of the oeg(A,) is defined. The number and structure of closed
intervals of the essential of A, is studied with respect to the parameter p > 0.

The spectrum, the essential spectrum and the discrete spectrum of a bounded self-adjoint
operator will be denoted by o(-), gess(+) and ogisc(+), respectively.

2. Operator matrix of order three and the location of its essential spectrum.

This paper is devoted to the following case: Hg := C is the field of complex numbers,
My := Lo(T) is the Hilbert space of square-integrable (complex-valued) functions defined on the
one-dimensional torus T and Hy := Ly(T?) is the Hilbert space of square-integrable (complex-
valued) functions defined on the two-dimensional torus T?. The space H, is called a zero-particle
subspace of a Fock space, the space H; is called an one-particle subspace of a Fock space, the
space Hs is called an two-particle subspace of a Fock space and the space H := Ho ® H1 D Ho
is called three-particle subspace of the Fock space F(Ly(T)) over Lo(T), that is,

F(Ly(T)) :=C @ Ly(T) @ Ly(TH @ - - - .

The norm of the element f = (fo, f1, f2) € H is defined by

1/2
171 = (168 + [n@Pde+ [ 1atoPasdy)

The scalar product of the two elements f = (fo, f1, f2) € H and g = (g0, 91, 92) € H is defined
by
(F9) = fo-Got [ A@n@ds+ [ fale,y)le vdzdy
T T

Let us consider the operator A,, u > 0 acting in the Hilbert space H as an operator
matrix

Ao Ao 0
A= | pdg An pAp (2)
0 pAj, A

with matrix elements A;; : H; — H;, 1 # j, 2,7 =0,1,2

Aoofo=<for (Aoufi)(t) = / sin(30) , (£)dt,

T

(A1 fi(z)) = (e+ 1 —cos(3z)) fi(x), (Aiafo)(z,t) = /sin(Bt)fg(:m t)dt;

T

(Agafo)(z,y) = (e + 2 — cos(3x) — cos(3y)) fa(z,v), [ = (fo, f1, f2) € H.
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Under these assumptions the operator matrix A, defined by the formula (2) is linear, bounded
and self-adjoint in H.

By simple calculations it is possible to make sure that

(Ag1fo)(x) = psin(3z) fo;
(Al f1)(z,y) = psin(3y) fi(x), (fo, f1) € Ho @ Ha.

Usually the off-diagonal elements Ag;, A2 are called annihilation operators and Af;, Aj,
are called creation operators.

In order to study the essential and discrete spectra of the operator matrix .4, we introduce
a generalized Friedrichs model h,, ;1 > 0 which acts in the Hilbert space Ho @ H; as

h :( Ao MA01)
a Ay An .

It’s matrix elements A;;, 1 < j, 4,7 = 0,1 are given in the above. It is not difficult to prove
that operator h,, is linear, bounded and self-adjoint. We consider operator matrix hg := h|,—o

in the Hilbert space Ho @& H, as
L AOO 0
ho T ( 0 AH ) ’

The perturbation h, — ho of the operator g is a bounded self-adjoint operator matrix of
rank 2. From the definition of hy one can conclude that the spectrum of hq is equal to

o(ho) = o(Ag) Ua(Arr),

where
U(Aoo) = Udisc(Aoo) =g, U(An) = Uess(An) = [5;5 + 2]-

According to the famous Weyl’s theorem on the conservation of the essential spectrum
under finite rank perturbations implies that the essential spectra of operators hy and h,, coincide.
Therefore,

Oess(hy) = Oess(ho) = [g;€ + 2].

One can see that

m%rrll(e +1—(cos(3z))) =e+1—-1=¢;
Te

mqug(e—{— 1 —(cos(3z))) =c+1+1=ec+2.
Te

For any fixed p > 0, we define an analytic function A,(-) in the domain C\ [;¢ + 2] by

sin?(3t)dt
e+1—cos(3t) —z

Au(z) r=€—z—u2/T

Usually the function A, () is called the Fredholm determinant associated with the operator
matrix hy,.

Let us establish a relation between the eigenvalues of h, and zeros of A, ().
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Lemma 1. For any fixed p > 0 the operator matrix h, has the eigenvalue z, € C\ [¢;£+2]
if and only if A,(z,) = 0.
From Lemma 1 it follows that for the discrete spectrum of h, the equality

Oaisc(hy) ={z€ C\ [ +2]: Au(z) =0}

holds.
Theorem 1. For the essential spectrum of operator matrix 4, the equality

Uess(Au) = [5’ € + 4] U {UdiSC(hM) + [57 € + 2}}

holds.
The proof of this theorem was done on the paper [9].

Definition 1. The sets 0iywo(A,) and onree(A,) are called the two-particle and three-
particle branches of the essential spectrum oes(A,,) of A,,, where

Oowo(Ap) = {0aisc(hy) + g3 + 2] };
Jthree(-A»,u) = [87 €+ 4]
In the next section, we will study the position of the two-particle and three-particle
branches of the essential spectrum of A, with respect to the parameter p > 0.
3. The components of the essential spectrum of 3 x 3 operator matrix

Denote by E;(Ll) the eigenvalue of operator matrix h, which is located on the left of € and

by E,(f) the eigenvalue of operator matrix h, (while having an eigenvalue), which is located on
the right of ¢ + 2.

The following theorem describes the location of essential spectrum of A,,.
Theorem 2. a) If 4 < 1/4/m, then the essential spectrum oes(.A,,) of A, satisfies

Oess (A = [El(}) +¢; El(}) +e+2]Ule; e +4];
b) If > 1/4/m, then the essential spectrum oe(A,) of A, satisfies
Oess(Ay) = [Efbl) +¢; E,Sl) +e+2]U[g;e +4]U [El(f) +&; El(f) +e+4].

Proof. From Theorem 1 and Lemma 1, we have to study the zeros of the function A, (-)
in order to study the location of the essential spectrum of the operator matrix A,. From the
definition of the function A,(-) one can see that the inequality

d sin?(3t)dt
L AL(z) = =22 0
) = —n /T(l—cos(?)t)—z)? <

holds for any z € R\ [0;2]. So, the function A,(-) is monotonically decreasing on the intervals
(—o0;5¢) and (e + 2; 400).
For evaluation zeros of the function A, (), let us calculate A, (¢):

in?(3t)dt sin?(3t)dt
ue) =e—e 'Lb/qr&?—i-l—cos(?)t)—a a T 1 — cos(3t)




Acta NUUz - 115- Exact sciences

— 2 /T (1- Cosl(?f)c)ss(;;os(?’t))dt S /T (1 + cos(3t))dt = —2mp?.

From here we conclude that A, () < 0 for any p > 0. On the other hand

lim A,(z) = 4o0.
Z—r— 00

Since the function A,(-) is continuous and monotonically decreasing on the interval (—oo;¢),
using last two facts we have that for any p > 0 this function has an unique zero E,(Ll) € (—o0;¢).

) is an unique eigenvalue of the operator matrix h,,,

By Lemma 1 for any g > 0 the number Efll
which is located in the interval (—oo;¢).

Now we investigate A, (e + 2):

in?(3t)dt
A 5 g sin®(
ue+2) cTE M/Trs+1—cos(3t)—e—2

o [ sin®(3t)dt o [ (1 —cos(3t))(1+ cos(3t))dt
= itm /Tl—i—cos(3t) =2t /T 1 + cos(3t)

= 2+ 1 /(1 — cos(3t))dt = =2 + pi° / dt = =2+ 27,
T T

From here one can see that

1
A, (e+2)>0 ifandonlyif p> ﬁ;
A,(e+2)<0 ifandonlyif pu< L

VT

a) Let p < 1/y/m. From the inequality A, (e +2) < 0 and the equality

and using the continuity and monotonicity of the function A, (-) in the interval (¢ 4 2;+00)
we obtain that this function has no zeros in (¢ + 2; +00). By Lemma 1 for any u < 1/4/7 the
operator matrix h, has no eigenvalues in (¢ + 2; 400). So, for any pu < 1/y/7 we have

odise(hy) = {EM}.
Therefore, using Theorem 1 we obtain
Oess(Ay = [EV + e, BV + e+ 21U [g56 + 4]

for any p < 1/y/7.
b) Let now g > 1/4/m. Then from the inequality A, (¢ +2) > 0 and the equality

lim A,(z) = —o0,

zZ—+00

and using the continuity and monotonicity of the function A,(-) in the interval (¢ 4 2;+00)
we obtain that this function has an unique zero E,SQ) € (¢ + 2;400). By Lemma 1 for any
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p > 1/y/7 the number Eff) is an unique eigenvalue of the operator matrix h,, which is located
in the interval (¢ + 2;4+00). So, for any p > 1/+/7 we have

Jdisc(hu) = {E;(Ll)v E;(f)}
Therefore, using Theorem 1 one can conclude that
Tess(Ay) = [E,Sl) + ¢ E,Sl) +e+4+2Ulg;e+4]U [El(f) +¢; E,(f) + e+ 4]

for any p > 1/4/m. Theorem 2 is proved.
In the process of proving Theorem 2, it was shown that the following equality

o) ABDY ifp<1/vm
Iaise(h) = M. £y
(B B Y ifp>1/yr

holds for the discrete spectrum of the operator matrix h,.

Conclusion. This paper is devoted to the investigation of the spectral properties of the
operator matrix A, of order three with spectral parameter 1 > 0. In this case the operator
matrix 4, is associated to the Hamiltonian of system with non-conserved and no more than
three particles on the one-dimensional lattice, in the quasi-momentum representation. Using
the spectrum of the corresponding generalized Friedrichs model we describe the location of the
essential spectrum of the operator matrix A,. Then we identify the two-particle and three-
particle branches of the essential spectrum of 4,. The critical value of the spectral parameter
1 is found using a special representation of operator matrix elements. The number of closed
intervals of the essential spectrum of A, is studied with respect to the parameter p > 0.
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REZYUME

Ushbu magqolada ;= > 0 spektral parametrga ega uchinchi tartibli A, operatorli
matritsa muhim spektrining joylashuv o‘rni va tuzulishi batafsil tavsiflangan. U bir
o‘lchamli panjaradagi soni sagqlanmaydigan va uchtadan oshmaydigan zarrachalar
sistemasi Hamiltonianining kvazi-impuls ko‘rinishiga mos keladi. A, operator
muhim spektrining ikki zarrachali va uch zarrachali tarmoqlari aniqlangan. A,
operator muhim spektrini tashkil giluvchi kesmalar soni g > 0 parametrga nisbatan
o‘rganilgan.

Kalit so‘zlar: operatorli matritsa, spektral parametr, Fok fazo, yo‘qotish va paydo
qilish operatorlari, muhim spektr, tarmogqlar.

PESIOME

B nacrosiieit pabore onuchiBaeM PacloJIoyKeHne U CTPYKTYPY CYIIECTBEHHOIO CIIeK-
Tpa OllepaTOPHOil MaTPUIILI TPEThEro IopsAiKa A, cO CIeKTPaJbHOM IIapaMeTPOM
i > 0. DTOT OmepaTop CB3aH ¢ FAMIJIBTOHMAHOM CUCTEMBI, ¢ HECOXPAHSIOMNMCST 1
He 0OoJlee TPEX YaCTHI] Ha OJTHOMEPHOM peIIeTKe, B KBA3UNMILYJIbCHOM IIPeJICTaBIIe-
HuM. BblieIenbl IByX- U TpeX4acTUYHbIe BETBHU CYIIECTBEHHOT'O CIIEKTPa OllepaTopa
A,,. NIzyqaerca 9muciio CErMEHTOB CYIIECTBEHHOTO CHEKTPa A4, OTHOCHTEIBHO Iapa-
MeTpa > 0.

Karouesvie caosa: onepaTopHas MaTPHUIA, CIIEKTPAJIbHBINA ITapaMeTp, IPOCTPaH-
cTBO (pOKa, ONEPATOPHI YHUUTOKEHUS U POXKJICHUS, CYIIECTBEHHBIN CIIEKTD, BETBH.
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UDC 517.918

PANJARADAGI UCH ZARRACHALI SISTEMAGA MOS MODEL
HAMILTONIAN MUHIM SPEKTRINING TAVSIFI

Umirqulova G. H. °

REZYUME

Mazkur maqolada d olchamli panjaradagi uchta zarrachalar sistemasiga mos
model Hamiltonian Hilbert fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma
operator sifatida o‘rganilgan. Bu model Hamiltonianga mos ikkita kanal operatorlar
aniglangan va bu operatorlarning spektrlari Fridrixs modellari oilasining spektri
orqali tavsiflangan. Model Hamiltonianning muhim spektri ikkita kanal operatorlar
spektrlari birlashmasiga teng bo‘lishi isbotlangan.

Kalit so‘zlar: panjara, zarrachalar sistemasi, model Hamiltonian, kanal operator,
yoyiluvchi operator, Fredgolm determinanti, Weyl mezoni, ortonormal sistema, xos
qiymat, spektr.

Kirish. Panjaradagi uchta zarrachalar sistemasiga mos model operatorlar bilan bog'liq
masalalar qattiq jismlar fizikasi [1]|, statistik fizika [2|, kvant maydon nazariyasi [3] va
zamonaviy matematik fizikaning ko‘plab sohalarida uchraydi. Bunday operatorlarning muhim
va diskret spektrini o‘rganish masalasi o‘z-o‘ziga qo‘shma operatorlar spektral nazariyasining
keng tadqiq gilinadigan masalalaridan biridir. Muhim spektrni o‘rganishda odatda Veyl mezoni,
Fredgolmning analitik teoremasi va Faddeyev tenglamasidan foydalaniladi [4,5].

Ushbu maqolada d oflchamli panjaradagi uchta zarrachalar sistemasiga mos va
Hilbert fazosida chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma model Hamiltonian qaralgan.
Ofrganilayotgan model Hamiltonian muhim spektrini tadqiq qilishda foydalanish uchun
qulay bo‘lgan ikkita kanal operatorlar kiritilgan. Aniqlangan kanal operatorlar ta’sir qiluvchi
fazolarning to‘g‘ri integral yig‘indiga yoyilishidan foydalanib, kanal operatorlarning ham to‘g'ri
integral yig‘indiga yoyilishi ko‘rsatilgan. Bundan tashqari, ikkita Fridrixs modellari oilasi hamda
ularga mos bo‘lgan Fredgolm determinantlari qurilgan. So‘ngra kanal operatorlarning spektri
Fridrixs modellari oilasining spektri orqali tavsiflangan. Model Hamiltonianning muhim spektri
ikkita kanal operatorlar spektrlari birlashmasidan iborat bo‘lishi isbotlangan.

Masalaning qo‘yilishi. d € N natural soni uchun T¢ := (—7r;7r]d orgali d o‘lchamli
torni belgilaymiz. (T4)? to‘plamda aniqlangan kvadrati bilan integrallanuvchi (umuman
olganda kompleks giymatlarni qabul giluvchi) simmetrik funksiyalarning Hilbert fazosi bo‘lgan
L((T9)?) fazoda

H(V) —

A T

HYY — (Vi + Vo) — AV (1)

tenglik orqali aniqlanuvchi model Hamiltonianni qaraymiz. Bu yerda H(gw

E.(-,-) funksiyaga ko‘paytirish operatori:

qo‘zg'almas operatori

(HY )@, y) = By(2,9) f(2,y),  Ey(2,y) = e(z) +e(y) + ve(z +y),

“Umirqulova G. H. - Buxoro davlat universiteti, g.h.umirqulova@buxdu.uz
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d
e(z) = Z(l —cos(mx;)), = (21,79,...,2q) €T, meN.
i=1
V., a =1,2,3 operatorlar lokal bo‘lmagan potensial operatorlari bo‘lib, quyidagi ko‘rinishdagi
xususiy integralli operatorlardir:

Vi) (es) = vlo) [ o0fGe. 00

(Vaf)(a.y) = v(x) / o(®) (£, )i,

Td
(Vaf)(z,y) = N flt,x+y—t)dt.

Bunda u, A,y > 0 ta’sirlashish parametrlari, V,,, « = 1,2,3 operatorlar yadrosida ishtirok
etuvchi v(-) funksiya T9 torda aniqlangan haqiqiy qiymatli uzluksiz funksiya.

Yuqoridagi (1) tenglik yordamida ta’sir giluvchi H'") model Hamiltonian L3((T%)?) Hilbert
fazosida aniqlangan chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator.

Kanal operatorlar va ularning spektri. Ushbu bo‘limda H, 7) model Hamiltonianning
muhim spektrini tadqiq qilish magsadida kanal operatorlar deb ataluvchl ikkita operatorlarni
kiritamiz [6]. Bunday operatorlar Ly(T¢)? Hilbert fazosida

ngy,l) — Hév) — uVi,

HY? = HYY — AV

v,2)

tengliklar orqali aniglanadi. Hosil bo‘lgan Hﬁ’l) va H)(\ operatorlar ham Hl%)\ model

Hamiltonian kabi Lo(T9)? Hilbert fazosida ta’sir qiluvchi chiziqli, chegaralangan va o‘z-o‘ziga
qgo‘shma operatorlardir.
Ly(T%)? Hilbert fazosining

Lo(T4)? = / &Ly (T dk
Td
to‘g'ri integralga yoyilmasidan H, 0D va H ?) kanal operatorlarning ham

HD = / @ (hV (k) + e(k)I)dk,
Td

H? = /T ) () (k) + ve(k)I)dk

to‘g‘ri integralga yoyilishi kelib chiqadi. Bunda I orqali Ly(T¢) Hilbert fazosidagi birlik operator
belgilangan, h{"" (k) va hf\2)(k) operatorlar esa Ly(T4) Hilbert fazosida mos ravishda

hl(l%1)<k) = hi.()%l)(k) — MUy, ke Td7

2 (k) == n{? (k) — Avy, k€ T
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kabi ta’sir giluvchi Fridrixs modellari oilasi deb ataluvchi operatorlar bo‘lib,

BV ON@) = (@) + 92k + ) (o), (@)w) = olo) [ oOr 0,

(0 (0))(@) = (@) +2(k =2)f (), ())@) = [ flbyr

Bu tarzda aniglangan hf]’l) (k) va hE\Q) (k) Fridrixs modellari oilalari Lo (T¢) Hilbert fazosida
chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator bo‘ladi.

Chekli oflchamli qo‘g‘alishlarda muhim spektrnin% o‘zgarmasligi haqidagi Veyl
teoremasiga ko'‘ra hf]’l)(k) operatorning muhim spektri h(()%1 (k) operatorning muhim spektri
bilan, xuddi shuningdek, hg?)(k) operatorning muhim spektri th)(k) operatorning muhim
spektri bilan ustma-ust tushadi hamda quyidagi

Tess (R (k) = M7 (k); MV (K)], 0ess(BT (k) = [ma(k); Mo ()]
tengliklar o‘rinlidir, bu yerda

m (k) = min(e(x) + yelk +2)), MO (k) = max(e(z) + ye(k + 2)),

zeTd x€Td

mao(k) := min(e(x) + e(k — z)), Ma(k) := max(e(x) + e(k — x)).

z€Td zeTd

Har bir fiksirlangan g, ),y > 0 sonlari va k& € TY element uchun mos ravishda

C\[m (k); M (k)] va C\[ma(k): M (k)] sohalarda analitik bo‘lgan

2(t)dt
AU (E 2) =1 — / v
N N R (T ETS
dt
AP (k,2) =1 - )\/
s (k2) et +elk—t) —z

yordamchi funksiyalarni kiritamiz.

Xususiyatiga ko'ra A7V (k, ) va AP (k, ) funksiyalarga mos ravishda h\?"" (k) va h{? (k)
operatorlarga mos Fredgolm determinantlari deyiladi.

1-lemma. Har bir fiksirlangan pu,y > 0 sonlari va k € T¢ element uchun z €
C\[m\” (k); M (k)] soni hS"V (k) operatorning xos giymati bo‘lishi uchun AV (k,z) = 0
bo‘lishi zarur va yetarlidir.

Bayon qilingan 1-lemmadan quyidagi natija kelib chiqadi.

1-natija. hf]’l)(lﬁ) operatorning diskret spektri uchun

Taisc (WD (K)) = {z € C\[m{” (k); M (k)] : AV (k, 2) = 0}

tenglik o‘rinlidir.
2-lemma. Har bir fiksirlangan A > 0 soni va k € T4 element uchun z € C\[my(k); M (k)]
soni hE\Z)(k;) operatorning xos giymati bo‘lishi uchun A(f)(k:, z) = 0 bo‘lishi zarur va yetarlidir.
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Xuddi shuningdek 2-lemmadan hg\Q)(k) operatorning diskret spektri haqidagi quyidagi 2-
natija kelib chiqadi.
2-natija. hf\2)(/<:) operatorning diskret spektri uchun

oaise(h (k) = {2 € C\[ma(k); Ma(k)] - AP (k, 2) = 0}

tenglik o‘rinli bo‘ladi.
HY va H"® kanal operatorlarning spektri b\ (k) va h{” (k) operatorlarning spektri
orqali quyidagicha tavsiflanadi.

1-teorema. H ,(ﬂ’l) va H /(\7’2) kanal operatorlar sof muhim spektrga ega hamda quyidagi

o(H) = 0w (HY) U10:d(3 + 37/2)],

a(HY?) = 0o(HY?) U [0;d(3 + 37/2)]

tengliklar o‘rinli, bunda

Utwo(HL%I)) = U {O-disc(hflA/’l)(k)) + 8(k)} )
keTd

o (H?) = () {oase(hD (K)) + (k) }

keTd

Isbot. Aniglanishiga ko‘ra, H “(«/,1) va H\""? kanal operatorlar Ly(T9)? Hilbert fazosidagi

(Af)(z,y) = w(z,y) f(z,y)

operatori bilan o‘rin almashinish xossasiga ega. Bu yerda w(,-) funksiya (T%)? to‘plamda
aniqlangan uzluksiz funksiyadir. Shu sababli Lo (T4)? fazoning

Ly(T4)? = / ©Ly(TY)dk
Td
to‘g'ri integralga yoyilmasidan H\"™" va H >(\7’2) operatorlarning ham

HD = / @ (hV (k) + e(k)I)dk,
Td

" = /T ) &(hD (k) + e (k)I)dk

yoyilmalari kelib chigadi. Mazkur holda to‘g‘ri integralga yoyiluvchi operatorlarning spektri
haqidagi teoremadan

m

o(HOM) = oo HOD) U [0;d(3 + 37/2)],
a(HY?) = 0uo(HY) U [0;d(3 + 37/2)]

tengliklarni hosil gilamiz. Bunda

GooHD) 1= | {Gasse (WD (K)) + (k) }

keTd
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owo(H?) 1= | {ouse(h () +2(k) }

keTd
ij}\ to‘plamning aniqlanishiga ko‘ra
Sy = O H) U oo (HY?) U [0:d(3 + 37/2)]

tenglik o‘rinli. Bu esa teoremani isbotlaydi.
Faddeyev tenglamasi. Har bir fiksirlangan z € C\oes(H ff;) soni uchun L3((T%)?)

fazoda ta’sir giluvchi Tl%)(z) blok-operatorli matritsani qaraymiz

T(v)(z) - (Tn(%)\,’y; z) Tia(p, A Z))
7% T . .
TQl(:UH >\a77 Z) 0

Bu yerda Tj; (11, A, 7; 2) : Lo(TY) — Ly(T9), 4,5 = 1,2 integral operatorlar:

VR 74 Co v(t)sol(t)
(Tulp A 720000 = Se ( S / Y

vt—x 902 (t)
T A, V: dt
v(r — 1)y t)
To1 (1, A, 7; 2) ¢ / dt.
(T ( Jo1)(z) = A()xz—’yef ma By(t,x —t) — 2

Quyidagi lemma H (V;\ va Ty/\)(z) operatorlarning xos qiymatlari orasidagi bog‘lanishni
ifodalaydi [7].
3-lemma. z € C\UeSS(H ¥ ;\) soni H ™) 5 model Hamiltonianning xos giymati bo‘lishi uchun

1 soni TAE’Y/\) (z) operatorning xos giymati bo lishi zarur va yetarlidir.

1-eslatma. Odatda ¢ = Tlﬁv/\) (z)p operatorli tenglamaga H l(f; model Hamiltonianning xos
funksiyalariga mos Faddeyev tenglamasi deyiladi.

Bunda
. (901(95)) _ ((TH(M, A s 2)en) (@) + (Tha s, A,y Z)<P2)(33'))
pa() (To1 (1 Ay s 2) 1) ()
H/(X model Hamiltonianning muhim spektri. || - || va (,-) orqali mos Hilbert

fazolaridagi elamentning normasi va elementlarning skalyar ko‘paytmasini belgilaymiz.

Qulaylik uchun H ™) 5 model Hamiltonian muhim spektri uchun Veyl kriteriyasini bayon

qilamiz [8]. z soni Hf[yi model Hamiltonianning muhim spektriga tegishli bo‘lishi uchun

L5((T4)?) Hilbert fazosida shunday {F,} ketma-ketlik topilib, ||F,|| = 1 va

lim |[(H} — 2B)F,| =0 (2)

n—oo

tenglikning bajarilishi zarur va yetarlidir. Bu yerda E orqali L$((T4)?) Hilbert fazosidagi
birlik operator belgilangan. z soni muhim spektrga tegishli bo‘lishi uchun yuqoridagi shartlarni
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qanoatlantiruvchi, biroq yaqinlashuvchi gismiy ketma-ketlikka ega bo‘lmagan { F, } ketma-ketlik
mavjud bo‘lishi zarur va yetarlidir. Masalan, { F},} ketma-ketlik ortonormal sistemani hosil gilsa,
u holda bu ketma-ketlik o‘zida birorta ham yaqginlashuvchi gismiy ketma-ketlikni saqlamaydi.
Odatda bunday ketma-ketliklarga singulyar ketma-ketlik deyiladi.

Quyidagicha belgilashlar kiritamiz:

20} = o (HOD) U oo (HY?) U [0:d(3 + 37/2)],

Q) = oo H) U 0o (YY),

Quyidagi teorema H /57;\ model Hamiltonianning muhim spektrini tavsiflaydi.
2-teorema. H /(]/2 model Hamiltonianning muhim spektri H"Y va H"® kanal
operatorlarning spektrlari birlashmasi bilan ustma-ust tushadi, ya'ni

Uess(H;(J;) =X "

My

tenglik o‘rinli bo‘ladi. Bundan tashqari, Eﬁz\ to‘plam ko‘pi bilan uchta kesmalar birlashmasidan

iborat bo‘ladi.
Isbot. Dastlab Zf];\ C Oess(H f;’))\) munosabat o‘rinli bo‘lishini ko‘rsatamiz. Aniglanishiga

kora B} = Q) U [0;d(3 + 37/2)] tenglik o'rinli. [0;d(3 + 37/2)] C ous(H}) ekanligini
isbotlaymiz. Faraz qilaylik, zy € [0; d(3+37/2)] ixtiyoriy nuqta bo‘lsin. 2y € Gess(H /57))\) ekanligini
ko‘rsatamiz. Buni amalga oshirishda Veyl kriteriyasidan foydalanish qulaydir. Ya’ni (2) shartni
qanoatlantiruvchi {F,} C L5((T9)?) ortonormal vektor funksiyalar ketma—ketligini qurish

yetarlidir.

E,(,-) funksiya (T%)? kompakt to‘plamda uzluksiz bo‘lganligi sababli shunday (z, yo) €
(T4)? nuqta topilib, 29 = E, (g, yo) tenglik o‘rinli bo‘ladi. n € N natural soni uchun (z,yo) €
(T4)? nuqgtaning quyidagi

Wy = V(o) X Vi(yo),n € N

atrofini qaraymiz. Bu yerda

1
< |z — x| <

Vi, ={reTd: ————
(z0) {z n+ng+1 n + ng

}

to‘plam zy nuqtaning o‘yilgan atrofi bo‘lib, undan shunday ng € N sonini tanlaymizki natijada
barcha n € N, n > ng natural sonlar uchun V,(zq) N V,,(yo) = 0 tenglik bajariladi. Bunda
xo # 1o deb olingan.
mes(W,,) orqali W, to‘plamning Lebeg o‘lchovi va xw,(-,) orqali W, to‘plamning
xarakteristik funksiyasini belgilaymiz. {F,} C H funksiyalar ketma—ketligini quyidagicha
aniqlaymiz:
Foy) = Xwa (2, y) + xwa (%)
2mes(W,,)

Osongina ko‘rsatish mumkinki {F,} ortonormal ketma—ketlikdir. Istalgan n € N soni uchun

(H l(:’; — 2oF)F,, elementlarni qaraymiz va uning normasini baholaymiz:

I(HR = 20B)F|* < 2 sup |By(e,y) - z0f” + [SpPmax]o (@) + 2X*Jmes(V, (o).
z,y)EWy z
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Va(zo) to'plamning qurilishidan va E,(-,-) funksiyaning uzluksizlik xossasidan, n — oo
bo‘lganda ||(H,5 o _ 20F)F,|| — 0 ekanligi, ya'ni zy € 0esH y;) munosabat bajarilishi kelib
chiqadi. zg nuqtaning ixtiyoriy ekanligidan [0;d(3 4+ 37/2)] C 0es(H /(];) munosabatni hosil
qilamiz.

Endi Q'Yg\ C O-ess(Hl(j;) ekanligini ko‘rsatamiz. z € Q( 3 ixtiyoriy nuqtani olib, z €
aeSS(H (7) bo‘lishini ko‘rsatamiz. Ikkita hol ro‘y berishi mumkln z € [0;d(3 + 3v/2)] yoki
z ¢ [0; d(3 + 37/2)].

Agar z € [0;d(3 + 3v/2)] bo‘lsa, u holda yuqorida isbotlangan tasdiqqa ko‘ra z €
Oess(H,3).

Faraz qilaylik,

U (aisc (B (k) + (k) N\[05 d(3 + 37/2)]
keTd
bo‘lsin. Ushbu
U {odisc(h,) 7 (k) + (k) }
keTd
to‘plamning ta’rifi va 1-lemmaga ko‘ra shunday k; € T nuqta topilib, A,(]’l)(kl; z) = 0 tenglik
bajariladi.
{®,} ortogonal funksiyalar ketma-ketligini

v(Y)Pn(r) + 0(7)Pn(y)
2(Ey(2,y) — 2)

D, (7,y) =

ko‘rinishida tanlaymiz. Bu yerda

Cn(x)XVn(xo) (z) .
mes(V, (o))

@n(x) =

Oxirgi tenglikda {c,(-)} C Ly(T%) funksiyalar {®,} uchun ortonormallik sharti, ya'ni
n # m uchun

, 1 (S) 1(t)
(B t) = 2/mes(V;,(20)) v/mes(Vi(yo)) /n(wo)/‘/z(yo) St — 2)? dedt =0 @)

va ||®,]| = 1 shartlardan tanlangan. Bu yerda supp{c,(-)} orqali ¢,(-) funksiyaning tashuvchisi
belgilangan. {c,(-)} ketma-ketlikning mavjudligi quyidagi tasdiqda o‘z aksini topgan.
1-tasdiq. Shunday {c,(-)} € Ly(T?) ortonormal sistema mavjud bo‘lib, supp{c,(-)} C
V(o) va (3) shartlar bajariladi.
2-teoremani isbotlashda davom etamiz. Endi

lim [|(H,} ~ 2E)@,| =0
ekanligini ko‘rsatamiz. Buni amalga oshirishda n € N uchun (H ,57; —2zE)®,, elementni qaraymiz
va uning normasini quyidagicha baholaymiz:

I(HD) — 2B)®,|* < CDmes(Vi,(20)) + CF sup [(AGD(z52)% (4)

2€Vn(z0)
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Bunda C’F(LO;) > 0, « = 1,2 biror son. n — oo bo‘lganda mes(V,(zo)) — 0 va
sup [(ASY (x;2)2 = 0 tasdiglarga ko‘ra (4) baholashlardan foydalanib, ||(HS))\—ZE)¢>,L|| —

2E€Vn(z0)
0 ekanligini hosil gilamiz. Bundan z € oes(H ff;) bo‘lishi kelib chiqadi. z nuqta ixtiyoriy nuqta
ekanligidan foydalanib ushbu

U {oaise (R0 (k) + e(k)} C oess(HLR)

keTd

tenglikni hosil gilamiz. Xuddi shuningdek,

U {oaisc(B (k) + 72(k)} C oes(HY)

keTd

munosabat isbotlanadi. Shunday qilib, 2572\ C Oess(H fﬂg) ekanligi isbotlandi.

()
LA

va z € C\ EE?; sonlari uchun 7 L(L’Y)?(Z) operator C \ Egyz\ sohada kompakt operator giymatli

Endi teskari munosabatni, yani oes(H /(7/2) C X'y ekanligini ko‘rsatamiz. Har bir pu, A > 0

funksiya bo‘ladi. U holda H l(A)(z) model Hamiltonianning o‘z-o‘ziga qo‘shmaligidan va oldingi
teoremadan agar z haqiqiy son va absolyut giymati bo‘yicha yetarlicha katta bo‘lsa, u holda
(I — T(W)( ))~! operator mavjud bo‘lishi kelib chiqadi. Fredgolmning analitik teoremasiga [8|

ko'ra shunday S, 7) c C\ E('y diskret to‘plam topilib C \ ( U Z( )) sohada analitik bo‘lgan
(I — TL(LV)?( )~ operator qumath funksiya maVJud bo‘ladi va C \ E )\ sohada meromorf chekli

rangli qoldiqqa ega bo‘ladi. Bu mulohazadan J( ) \ Z to plam yakkalangan nuqtalardan

tashkil topgan va Zf];\ to‘plamning quyuqlashish nuqtalarl uning chegaraviy nuqtalari bo‘lishi

kelib chiqadi. Shunday qilib,
o(H)\ S C guise(H,) = 0(H ) \oess(H)))

ekan.
Demak, 0ess( H SA)) C EE?; munosabat o‘rinli ekan. Vanihoyat yuqoridagi mulohazalardan

Oess (H£72\

Har bir fiksirlangan p, A,y > 0 sonlari va k& € T9 element uchun Af]’l)(k;-)

funksiya (—o0; m?)(k)) oraliqda monoton kamayuvchi, A&Q) (k; -) funksiya (—oo; ma(k)) oraliqda

monoton kamayuvchi funksiya bo‘ladi. Ikkinchi tomondan barcha z > d(3 4 3v/2) lar uchun
A ) (k z) > 1 va A @ (k z) > 1 tengsizliklar o‘rinli bo‘ladi. Shu sababli, har bir fiksirlangan

p, A,y > 0 sonlari va k € TY element uchun h 71)(16) va hg\m(k) operatorlar 0 dan chapda
joylashgan ko‘pi bilan 1 ta oddiy xos giymatga ega bo‘ladi va bu operatorlar d(3 + 3/2) dan
o‘ngda yotuvchi xos qiymatlarga ega bo‘lmaydi. U holda yoy11uvch1 operatorlarning spektri

haqidagi teoremaga ko‘ra va Q ) to‘plamning aniqlanishiga ko‘ra Q to plam ko‘pi bilan 2 ta

kesmalar birlashmasidan iborat ekanhglm hosil gilamiz. Demalk, EELE\ to‘plam ko‘pi bilan 3 ta

kesmalar birlashmasidan iborat ekan. 3-teorema to‘liq isbotlandi.

) = Z/(]z\ tenglikni hosil gilamiz.

Xulosa. Mazkur magqolada qattiq jismlar fizikasi, statistik fizika, kvant maydon nazariyasi
va zamonaviy matematik fizikaning ko‘plab sohalarida uchraydigan d o‘lchamli panjaradagi
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uchta zarrachalar sistemasiga mos model Hamiltonian qaralgan. Bu Hamiltonian Hilbert
fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator sifatida o‘rganilgan. Dastlab
model Hamiltonianga mos ikkita kanal operatorlar aniqlangan. Kanal operatorlarning spektrlari
mos Fridrixs modellari oilasining spektri orqali tavsiflangan. Model Hamiltonianning muhim
spektri ikkita kanal operatorlar spektrlari birlashmasiga teng bo‘lishi isbotlangan hamda muhim
spektr ko'pi bilan uchta kesmalar birlashmasidan iborat bo‘lishi ko’rsatilgan.
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PE3IOME

B nannoit craThbe MOJIE/IBHBIN FaMUJIBTOHUAH, COOTBETCTBYIONIAs CUCTEME TPEX Ya-
cTull Ha d-MepHOI pelreTke, U3yvaeTcsd KakK JUHEHHBIH, OrpaHnIeHHbIl 1 caMOCO-
HpsIzKEHHBII ollepaTop B THIBOEPTOBOM IIpocTpaHcTBe. Olpe/ie/IeHbl JIBa KaHAIbHBIX
orrepaTopa, COOTBETCTBYIOIIUE 9TOMY MOAE/JIbHOMY I'aMHWJIbTOHHAHY U CIIEKTPbI 9TUX
OTIEPATOPOB OIMHUCHLIBAIOTCS CIIEKTPOM ceMeiicTBa Mojesneit @puapuxca. /lokazano,
q9To CymeCTBeHHbIﬁ CIIEKTP MOAEJIbHOT'O Ir'aMMUJIbTOHMaHa paBeH O6’bej_l;I/IHeHI/HO CIIEK-
TPOB JIBYX KaHAJbHBIX ONEPATOPOB.

Karoueswvie caosa: perieTka, CucTeMa 9acTHll, MOJACIbHBIN raMIJIBTOHUAH, Ollepa-
TOP KaHaJla, Pa3J/IoyKUMBbIi oniepaTop, onpejeanresb Ppejrosbma, Kpurepuit Beitis,
OPTOHOPMUPOBAHHAA CUCTEMA, COOCTBEHHOE 3HAYEHUE, CIIEKTD.
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RESUME

In this article, the model Hamiltonian corresponding to the system of three particles
in the d dimensional lattice is studied as a linear, bounded and self-adjoint
operator in the Hilbert space. Two channel operators corresponding to this model
Hamiltonian are defined, and the spectra of these operators are described by the
spectrum of the family of Friedrichs models. It is proved that the essential spectrum
of the model Hamiltonian is equal to the union of the spectra of two channel
operators.

Key words: lattice, system of particles, model Hamiltonian, channel operator,
decomposed operator, Fredholm determinant, Weyl criterion, orthonormal system,
eigenvalue, spectrum.
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APPLICATION OF MATRICES IN PLANT RECOGNITION AND
ARTIFICIAL INTELLIGENCE: A PYNQ-Z2-BASED SOLUTION

Yilihamujiang Yusupu * Matyakubov A. *

RESUME

This paper explores the use of matrix computing in plant identification and
artificial intelligence, focusing on the efficient implementation and application of
the PYNQ(Python Productivity for Zynq)-Z2 platform in the image acquisition
of field expedition plant samples. As a development board based on FPGA (field
programmable gate array), PYNQ-Z2 has significant advantages in cost, power
consumption and portability. This paper analyzes the role of matrix in convolutional
neural network (CNN), demonstrates the potential of PYNQ-Z2 platform in
hardware acceleration, and discusses the system architecture designed for plant
identification and future improvement directions.

Key words: Matrix, Plant Recognition, Artificial Intelligence, PYNQ-Z2,
Hardware Acceleration.

1 Introduction

With the rapid advancement of ecological and environmental research, plant recognition
technology is gaining importance in scientific studies. Artificial intelligence (AI),
especially deep learning|1], offers new methods to identify and classify plants, making
traditional, labor-intensive plant identification processes more efficient. Convolutional
Neural Networks [2] have proven highly effective in image recognition tasks, including
plant identification, due to their ability to learn and extract complex patterns in images.

However, existing computational platforms like mobile devices and traditional computers
have limitations that affect their suitability for plant recognition tasks. These limitations
include high power consumption, limited portability, and the need for consistent network
connectivity. The constraints are particularly significant in field environments where power
and connectivity may be limited.

Therefore, selecting a hardware platform that can perform plant recognition efficiently,
even in offline conditions, becomes essential. This study proposes the use of the PYNQ-
Z2|3] platform—a low-power, low-cost FPGA-based board—offering efficient matrix
computation for AI applications at the edge. In this paper, we explore the structure
and capabilities of PYNQ-Z2, focusing on its role in enhancing matrix computations for
CNN-based plant recognition.

2 Background and Motivation

With the rapid development of ecological and environmental research, plant identification
technology has become increasingly important in scientific research. Artificial intelligence

“Yilihamujiang Yusupu — National University of Uzbekistan, alam@asleng.org
“Matyakubov A. - National University of Uzbekistan, almasa@list.ru
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(AI), especially deep learning [4], provides new methods for identifying and classifying
plants, making the traditional labor-intensive plant identification process more efficient.
Convolutional neural networks[5] have been shown to be very effective in image recognition
tasks, including plant identification, due to their ability to learn and extract complex
patterns in images. However, existing computing platforms, such as mobile devices
and traditional computers, have several limitations that affect their applicability to
plant identification tasks. These limitations include high power consumption, limited
portability, and the need for consistent network connectivity. These limitations are
particularly evident in field environments where power and connectivity may be limited.
Therefore, it becomes critical to select a hardware platform that can effectively perform
plant identification even under offline conditions. In this paper, we explore the drawbacks
and solutions of cache storage in terms of data integrity, as well as the structure and
functionality of PYNQ-Z2, focusing on its role in enhancing the computation of CNN-
based plant identification matrices. This study proposes the use of the PYNQ-Z2[5]
platform (a low-power, low-cost FPGA-based development board) to provide efficient
matrix computing for edge Al applications. When collecting data in edge devices, instead
of using cache storage, direct writing to files is used to ensure data integrity.

3 Offtine storage and transmission of edge segments

3.1 Challenges of Offline Data Processing Field scientific research and investigation
usually requires the system to work in an offline environment or in an environment with
relatively weak Internet signals, which brings challenges to data storage and processing.
In offline mode, the system needs to cache the collected data locally because it may not
be able to connect to the network. A powerful caching mechanism is essential for storing
data safely and losslessly. When a device software application failure or hardware failure
occurs, the collected data may be lost and the lost data cannot be restored.

3.2 Ensure data integrity and reduce the risk of data being unrecoverable
Data integrity is critical for plant identification applications because errors in data storage
can result in incomplete datasets, which in turn affect the accuracy of research. One
solution to ensure data integrity is to embed metadatal6| (e.g., GPS coordinates and
timestamps) directly into image files. This approach allows the data to be stored securely,
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Data Transfer

Puc. 2: Stored in Cache

ensures that it can be reliably transmitted when connectivity is restored, and even allows
for high-probability data recovery in the event of an edge device failure.

=

Data Transfer

Puc. 3: Stored in image format

4 Role of Matrices in Image Recognition

4.1 Digital Images as Matrices In image recognition, digital images are represented
as matrices of pixel values. Fach pixel in an image corresponds to an element in a matrix.
For a grayscale image, each pixel is represented by a single value, while for a color image,
each pixel has three values (red, green, and blue channels), resulting in three matrices.
Processing image data in matrix form allows Al algorithms to perform calculations and
extract features effectively[7].

Puc. 4: a) RGB, b) Matrix for RGB channel with photo
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4.2 Convolution Operations in CNNs A CNN applies convolution operations to
images to detect features such as edges and textures. Convolution is a mathematical
operation where a small matrix, called a filter or kernel, scans over the image matrix.
Each value in the filter is multiplied with the corresponding image matrix value, and the
results are summed to form a new matrix. This process is repeated across the image,
allowing CNNs to extract spatial features from the image data.

The process of feature extraction can be mathematically represented by applying a specific
function f to the original data X, which results in the feature representation F'.

F=f(X) (1)

In this context, X represents the original data, and F' denotes the extracted feature
representation.

In convolutional neural networks, the feature extraction process typically involves several
key steps. One of the fundamental operations is the convolution, which extracts local
features from various regions by sliding a convolution kernel (filter) across the input data.
This operation can be mathematically represented as:

Puc. 5: Extract spatial features from the image data

M—-1N-1C-1

Fl(]k) = Z Z Z Xitmjnc * ngf,)n,c (2)

m=0 n=0 c=0

Here, Fl-(f) represents the value at position (7, ) in the convolved feature map F', which
corresponds to the output of the k-th convolution kernel. The double summation sign

Z%:_(]l 7]:[:_01 used to iterate over each position of the convolution kernel, where M andN
denote the height and width of the kernel, respectively.

The summationch;O1 is used to iterate over each channel of the input image, with C
representing the number of channels in the input image.
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Xitm,j+nc Trepresents the pixel value at position(i + m,j + n) in the input image
X corresponding to the value in the c-th channel. Similarly, Ky(,lf,)n,c denotes the weight
at position(m,n) in the k-th convolution kernel, corresponding to the weight in the c-th
channel.

4.3 Fully Connected Layers and Classification After feature extraction, CNNs
use fully connected layers to transform the extracted features into a classification output.
These layers operate on feature vectors derived from the convolution layers and use matrix
multiplications to compute a probability distribution over different classes. The final layer,
often a Softmax layer|[2|, generates probabilities that predict the most likely class, such
as a specific plant species in this case.

Let the length of the flattened vector « be L (where L = HW D), The output Z; of the
j-th neuron in the fully connected layer can be computed using the following formula[8|:

L
% =Y Wieji* @i + b, (3)

=1

z; :Represents the value of the j-th neuron in the output vector z of the fully connected
layer.

W ji :Represents the value of the j-th row and i-th column in the weight matrix W, .
x; :Represents the value of the i-th element in the flattened vector x.
bs; :Represents the value of the j-th element in the bias vector by. .

Thus, by performing a matrix multiplication between the flattened feature vector x and
the weight matrix W9 and adding the bias vector b9, we obtain the output vector
z of the fully connected layer. This output vector can then be nonlinearly transformed
through an activation function (e.g., ReLU, sigmoid, tanh, etc.) to produce the activated
output al8|.

5 Overview of the PYNQ-Z2 Platform,Why PYNQ-Z2? According to the above
artificial intelligence plant image recognition process and calculation formula, it is not
difficult to see that the amount of calculation and complexity of this process are relatively
high. Therefore, the selection and investment cost of computing equipment are worthy
of careful consideration, because the computing speed, power consumption, equipment
rental or purchase cost directly affect our subsequent scientific research activities.

5.1 Why PYNQ-Z2? The PYNQ-Z2 platform has several advantages that make it an
ideal choice for plant recognition tasks:

e Cost-Effectiveness: Unlike high-end servers or cloud-based solutions, PYNQ-Z2
provides a more budget-friendly option, making it accessible for small-scale research
projects.The price is in the range of 178-195 USD, which is particularly cost-effective
compared to renting a server or buying a personal computer.
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e Low Power Consumption: PYNQ-Z2 consumes less power, suitable for fieldwork
where power sources may be limited. The power supply can support micro USB, 5V
2A power consumption, usually 3-10 watts.

e Hardware Acceleration: With its FPGA capabilities, PYNQ-Z2 can handle
matrix computations in parallel, enhancing the speed and efficiency of Al tasks such
as image processing.The board is equipped with an XC7Z020 FPGA, which includes
13,300 logic slices, 220 DSP slices, and 630 KB of block RAM. This enables complex
computation and parallel processing, which is critical for hardware acceleration|4].

5.2 Hardware Architecture The PYNQ-Z2 development board is based on the Xilinx
Zyng-7000 series, featuring an ARM Cortex-A9 processor coupled with FPGA fabric.
The FPGA contains thousands of logic units and digital signal processing (DSP) blocks,
enabling efficient parallel processing. This configuration makes the PYNQ-Z2 highly
suitable for computationally intensive tasks like matrix operations in CNNs.

5.3 Advantages of Using PYNQ-Z2

e Cost and Power Efficiency: With a cost lower than most high-performance servers
and a power requirement of only 5V, PYNQ-Z2 is highly energy efficient.

e Hardware Acceleration of Matrix Calculations: PYNQ-7Z2’s FPGA can
perform complex matrix operations, such as convolutions, faster than CPUs by using
parallelism.

e Portability and Field Application: Its compact design and low power
requirements make PYNQ-Z2 ideal for field applications, as it can run on battery
power for extended periods.

Platform Portability | Cost Power Consumption | Computational Power
Mobile Device High Moderate | Moderate Low

Personal Computer | Low Moderate | High High

Server Very Low Very High | Very High Very High

PYNQ-Z2 High Low Low Optimized for Al

5.4 Comparative Analysis with Other Platforms

Compared with traditional

platforms, PYNQ-Z2 combines portability, low cost and energy saving. Although servers
provide high computing power, they are not suitable for field tasks. PYNQ-Z2 is optimized
for parallel matrix operations, making it an effective choice for plant identification in terms
of cost, power consumption, compatibility and scalability, and efficient matrix calculation.

6 System Workflow and Architecture
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6.1 Data Capture and Processing Workflow The plant recognition system
workflow begins with image capture. Images are then stored in the matrix with GPS
data and time-stamp. The architecture includes data capture modules, matrix processing
modules. The results can be stored offline and later uploaded when network connectivity
is available.

6.2 Matrix Operations on PYNQ-Z2 With FPGA-based acceleration, PYNQ-
72 efficiently handles matrix convolutions and multiplications required by CNNs.
This efficiency enables low cost processing, while night donwload the file and batch
processing,and allowing immediate feedback for plant identification result,and upload to
database.

6.3 Data Integrity and Offline Mode In offline mode, data is stored with image
format to ensure integrity|9], including metadata like GPS coordinates. This approach
ensures the availability and reliability of data, even if the device loses power or network
connection unexpectedly.

7 Challenges and Limitations

7.1 Storage Management High-resolution images and metadata quickly consume
storage, especially in offline mode. Effective storage management[10], compression, and
periodic data upload strategies are essential to address these challenges.

~ B A

W
Puc. 6: Storage Management Issue

7.2 Model Accuracy and Training Data The accuracy of plant recognition models
relies on high-quality training data|l1]. Limited datasets can lead to misclassifications.
Expanding the dataset and continuously training the model are essential to improve
performance.
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7.3 Environmental and Hardware Constraints Field conditions can expose the
system to extreme weather and hardware challenges. Durability of components and
redundancies in data storage and processing are necessary to maintain system stability.

8 Future Work

8.1 Real-Time Recognition Enhancement Future developments may include
integrating real-time recognition during the upload stage, further improving user
experience and system efficiency(Figure 10).

Puc. 8: Insert the memory card and complete the identification and upload immediately

8.2 Expanding the Recognition Model Plans are in place to expand the recognition
model to cover more plant species, enhancing system applicability across different regions
and ecosystems(Figure 11).

8.3 User Feedback Mechanism By establishing a user feedback system, users
can evaluate recognition results. Feedback data will be used for continuous Al model
refinement, improving recognition accuracy.

9 Conclusion
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.

Puc. 9: Training with various datasets

3]

During image processing in our field science expedition platform, the PYNQ-Z2 platform
demonstrated great potential for plant recognition-based systems, providing a huge
advantage through hardware-accelerated matrix computation. By leveraging its FPGA
capabilities, PYNQ-Z2 can efficiently process basic operations such as convolution and
matrix multiplication, which are essential for convolutional neural networks (CNNs)
and other deep learning models|11]. This ability to efficiently process high-dimensional
data is invaluable in environmental and plant research, where accurate and fast plant
classification is critical.

Compared with traditional computing platforms, PYNQ-Z2 stands out for its low
power consumption, cost-effectiveness, and enhanced portability. These features make it
suitable for remote and offline applications, where resource constraints and environmental
challenges may limit the use of larger, more power-hungry devices. In addition, the parallel
processing capabilities of FPGAs can significantly reduce computation time, enabling real-
time response that is critical for field research.

Looking ahead, expanding the recognition model to cover more comprehensive datasets
and incorporating feedback mechanisms to continuously improve the accuracy of
the model will further improve the applicability of PYNQ-Z2 in different ecological
environments|12|. Continued advances in FPGA technology and improvements in Al
algorithms are expected to make the platform even more effective, enhancing its role
as a valuable tool for plant identification conservation efforts and scientific discovery.
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REZYUME

Ushbu magqola o‘simliklarni aniglash va sun’iy intellektda matritsalarni hisoblashdan
foydalanishni, aynigsa, dala ekspeditsiyasi davomida olingan o‘simlik namunalari
tasvirlarini olishda PYNQ-Z2 platformasining samarali qo‘llanilishi va tatbiqiga
qaratilgan. FPGA asosidagi rivojlantirish platasi sifatida PYNQ-Z2 narx, energiya
sarfi va portativlik jihatidan muhim afzalliklarga ega. Ushbu maqolada
konvolyutsion neyron tarmoqda matritsaning rolini tahlil qilinadi, PYNQ-
72 platformasining apparat tezlatishdagi imkoniyatlarini namoyish etadi va
o‘simliklarni aniglash uchun mo‘ljallangan tizim arxitekturasini hamda kelgusidagi
takomillashtirish yo‘nalishlarini muhokama qilinadi.

Kalit so‘zlar: Matritsa, o‘simliklarni aniqlash, sun’iy intellekt, PYNQ-Z2, apparat
tezlashuvi.

PESIOME

B sToii cTathe paccMaTpuBaeTCs MCHOJIb30BaHUE MATPUYHBIX BHIMUCJIECHUN B MIEH-
TudUKAIIA PACTEHUN M MCKYCCTBEHHOM HWHTEJIJIEKTE, ¢ YIIOPOM Ha 3(M@EKTUBHYIO
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peamuzanuio u npumMenenne miardopmbl PYNQ(Python Productivity for Zyng)-Z2
IpU TIOJIYIeHUN M300paskeHnit o0pas3ioB pacTeHnii moJIeBbIX dKceaunmii. Kax mra-
Ta pazpaborku Ha ocHoBe FPGA, PYNQ-Z2 umeer 3HaUnTE/IbHBIE IPEUMYIIECTBA
B CTOUMOCTH, SHEPrONOTPEO/IEHNN U TIOPTATUBHOCTU. B 9T0it cTarhe aHan3upyercs
POJIb MaTPUIbl B CBEPTOYHON HEIPOHHON ceTu, JeMOHCTPUPYETC IIOTEHIIUAJ I11aT-
dopmbt PYNQ-Z2 B anmmapaTHOM yCKOPEHUN U 0OCYKIAETCsT ApXUTEKTYPA CUCTEMBI,
paspaboTaHHas I UIeHTHMUKAIINA PACTEHU, U HAIIPABJIEHUs OYIYIIETO YTy dITe-
HUS.

Karoueswvie caosa: Marpuna, PacriosnaBanmne pacrenuit, lckyccTrBeHHbBI MHTEI-
sekt, PYNQ-Z2, Annaparnoe yckopenue.
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KOMIIBIOTEPHOE MOJIEJINMPOBAHUE TEPMOVIIPYI'OT'O
AEOOPMUPOBAHUNSA TEJI C OTBEPCTUEM

Nkpamos A. M. *

PE3IOME

B craTbe paccMaTpuBaeTcs MOJIEIMPOBAHIE PEIIEHUS 33/1a9 TEPMOYIIPYTOCTH METO-
JIOM KOHEYHBIX 31eMeHTOB. [[locTanoBka 3a/1a4m 6a3upyercs Ha 3aKOHE TEILIOTPOBO/I-
Hoctu B popme DPypbe U ypaBHEHUAX MEXAHUKHU Je(POPMHUPYEMOrO TBEPJIOIO TEJA.
Henuneitnocts copmyinpoBaHHONl 3a/1a4n 0OYC/IOBJIEHA 3aBHCUMOCTBIO YIIPYTUX
XapaKTEePUCTUK MaTepuasia oT TeMueparypsl gedopmarnuii. s HemocpeacTBenHo-
ro IOJIy4YeHUsl YpaBHEHHI KOHEUHBIX JIEMEHTOB 110 UMerolneMycs Habopy maudde-
PEHIMAJILHBIX YpaBHEHUIT B 00J1acTU ucHob3yeTcs merosn [anepkuna. Popmupys
HECTAIMOHAPHYIO 3aJIady TEeIJIONPOBOIHOCTH, TOJYUYUM cUcTeMy JuddepeHaib-
HBIX ypaBHEHUI, B KOTOPOl TPOM3BO/IHAS 110 BDEMEHU 3aMeHsIeTCsl KOHETHOM Pa3Ho-
crpio. Takum oOpasom, ncxojiHast 3a/1ada CBOJUTCA K CUCTEMe JIMHEHHBIX ajredpau-
JecKuX ypaBHeHuil. Perenue KpaeBoii 3a/1a4n pacaiaeTcs Ha JBe YaCTU: Olpeieie-
HUE TEMIIEPATYPHOIO MOJIf, TOCJIE Yer0 CTAHOBUTCH BO3MOYKHBIM OIPEJIeJIEHIE TIOJIS
IepeMeIennii 1 HanpsKeHuit repMoynpyroit cpejibl. [locpeacTBoM poBejienns BbI-
YUCJIUTEIHHOTO SKCIIEPUMEHTA UCCJIEIyeTCsl PEleHNe 3a/1a91 O C2KaTU! MeTHOI ILTa-
CTHUHBI C TIEHTPAJIbHBIM KPYTJIbIM OTBepcTHeM. [IpuBenennl n3oTepMbl TEMITEpATYPhI
[pU Pa3/IMIHBIX MOMeHTaX Bpemenu. C yBeJMYeHHEM KOHEYHOI'O BPEMEHU IOTOK
TeILTa OT TPAHUIIBI OTBEPCTUS PACIIPOCTPAHSIETCS 110 Beeit 00/1acTu IJ1acTUHBI. AHa-
JIN3UPYETCs paclipejie/ieHne 3HAYeHU KOMIIOHEHTBI HOPMAJIBHBIX U KaCATETbHBIX
HaIpPs?KeHUIT B OKPECTHOCTU OTBEPCTHUS IO, JeHCTBAEM IPUJIOKEHHBIX CKIMAO-
masl BHENTHUE HAIPY3KU U TeMIIEPaTyPhI.

Karouesbvle ca08a: TepMOYIPYIOCTb, HECBdA3aHHAs ITOCTAHOBKA, HeCTAIMOHAP-
HOCTDL, METO/l KOHEYHBIX 3JIEMEHTOB, KOHEYHAs Pa3HOCThb, OTBEPCTUAE, BLIYUC/IUTECIIb-
HBIl 9KCIIEPUMEHT.

BBenenue

[IpuMmensieMble B MAITUHOCTPOEHUH, AaBUACTPOCHUU COBPEMEHHbBIE MATEPUAJIBI, TI0/IBEPIKEH-
Hble MEXaHUYECKNM Harpy3KaM, 9acTO HPeObIBAIOT B YCJIOBHUAX CUJIBHBIX TEIIOBBIX BO3Jeii-
crBuit. Orpejiesienne HANPsKEHHO-1e(OPMUPOBAHHOIO COCTOSHUS 3JIEMEHTOB KOHCTPYKIIUN B
CUJIY CJIO?KHON KoH(UTypaIuu u (hpU3nIecKoil MpUpoibl MATEPUAIOB COCTABJISACT AKTYaIbHYIO
HaYYHYIO 3aJa4y.

ITocTanoBka 3aaun

[Iycts ) — zanmmaemasi Tesiom obsiacth ¢ rpanuteir I'. Pacrnpenenenne Temmneparypbl B
00J1acTH OMUCHIBAETCH YpaBHEHUEM TEILIONPOBOTHOCTH:

or _, (82T a2T)

pear =klgz t 37 (1)

* - . .
Nkpamos A. M. — HanmonasipHbiil yHuBepcuTer Y30ekucrana, ikramovaxmat@gmail.com
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rie T(z,y,t), xt,y € Q, t € [0,T], p — WIOTHOCTb Marepuasa, ¢ — TEIJIOEMKOCTh, k —
KO3 PUIMEHT TeIIonpoBoaHocTr. HadalbHble B TpaHUYHBIC YCIOBUS MMEIOT BUJL

T (z,y)

on - a(T - Tvnesh)7 (2)

T(Ia y)|t:0 = T17

e o — KO3 UIUEHT Tel1000MeHa, n — BEeKTOP BHEITHEHl HopMaJii K rpaHuiie o0aactu, 1Tyesh
— TeMmIiepaTrypa BHelrHe#l cpejbl. [lepeMernienns, Bo3HUKaIme B o0acT {2, OMMCBIBAIOTCS
YPaBHEHUSIMH:

E i<@+@)+ E Au +ozTE6T
21 —p) 0z 0z Oy”  2(1+p) 1 —pox

: (3)
FE 0 Ou Ov E Aw arE 0T

20 —may'or oy T 1o wy T

riae u(x,y), v(z,y) — dynknun nepemernernus no ocu Ox u Oy coOOTBeTCTBEHHO, F — MOJIyI/b
FOmnra, p — koadpdunument [lyaccona, ar — KoapPUIUMEHT JTHHEHHOTO TEMIIEPATYPHOIO PACIIIH-
penusi. ['paHuvHbIE YCIOBUSL JJisl yDABHEHUsI T€PMOYIPYTroCcT (3) IpUMYT BHI;:

OpaNy + Ogyny =0
)

OxyNag + TyyNy = Dy

rje 0;; — TeH30p HalpdAKeHui, p, — Harpyska 1o ocu Oy.

Basaua (1)-(2) peraercst METOJIOM KOHEYHBIX 9JIEMEHTOB. BapuanuoHHast IIOCTAaHOBKA 3a-
JlaM 9KBUBAJIEHTHAs YPABHEHUIO TerionposogHocTu (1) 3anucbiBaercs B Bu/Ie:

oT oT
T (T -T, I,
/k 7T(aqi>r Zd%/( vnesh) aql)d
Q

Jepes 3alsaTyio 0003HaYeHbI IPOU3BO/IHBIE 10 IIepeMeHHbIM = 1 Yy, 7 = 1, 2. lnterpaJ B mpaBoii

/k-T,r(aT) QY | =
9 ) ,
Q k)

= — Z 5% /Oé . Ta dl’ — /Oé . frzmesha_dF
= 0q; dq;

r r

Z sar | [ ot
Q

JaCTH 3alluIeM B BHJI€ CYMMbI HHTEI'PaJIOB:

Z 0T
> 0qi|p-el
— 94q;

Nckomoe temmieparypuoe mose T = T(qq, gz, ..., ¢n, T, Y, t) paccMaTpuBaeTCst Kak (DYHKITHS,
3aBUCAIIAS OT 1 0OOOIIEHHBIX KOOPJIMHAT (;, KOTOPbIE ABJIAIOTCH HEU3BECTHBIMH (DYHKITUSIMU
BPEMEHN.

Merton perteHust
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Jluckperuzanust pacaeTHoit 0b1acTu () TPOBOIUTCS C TIOMOIIBIO TPEYTOJIBHBIX 3JIEMEHTOB,
a IpUOJIMKEeHHOe pellleHre BapUAIlMOHHON 3aa9 TeILIOIPOBOIHOCTH IIPEJACTABISIETCSI B BUIE
JIMHEHHOH KOMOWHAIIN:

[ = Zqi(t)Ni(x,y), ()

rae ¢;(t) — neusectrble ko3 dunuenter, N;(x,y) — 6asucHble QyHKIIHA.
[Moacrapnss perenne (5) B ypasuenue (4) mosryaum

n

ZZ / pc - N;N;G;dS) + / k- Ny N;rqidQ + / (aNiN;g)d | =) / - Typesndl'. (6)

i=1 j5=1 Q T ]:1F

Perenue BapuarmmonHoit 3aaqu (6) OyieM uckarh B JIHHEHHOM npuOmyKeHun. st KaxK-
JION BEPIIUHBI JIEMEHTa CTPOUM Oa3ucHble (PYHKIUU BUJIA

N(z,y) = ax +by +c (7)

Ypasuenue (6) ucnosb3yst 6asucable HyHKIWU Buga (7) 1jist 0JHOrO sj1emMenTa 2 ¢ Bep-
muHaMu ¢ j k, mMeeT B

N; N2 N;N; N;Ny
pc / [N]"[N]dQ° = pe / N;i| [Ni N;j Ni|dQ® =pc | N;N; N2 N;Ng | d€,
Ge ge LNk NiN; NpN; N}

MaTpHulla IIPOU3BOAHLIX JIJId OJHOI'O KOHEYHOI'O dJIEMEHTa UMeET BUI

ox ox ox a; a; ag

1B] = I
ON; ON;  ONg bz b] bk
Oy Oy Oy

cJIeJOBaTEeJabLHO
W a a a; bz CL% + b? a;Q; + bzb] a;ap + blbk
T e e | Wi j e
k / [B]"[B]dQ° = kQ {bz- ) b:] aj b;| =k [aja;+bb; i+ b2 ajar+bby
Qe J Qe bk aipa; + bkbz Qra; + bkb] CL% + bz

NuTerpabl, yauTbIBalome KOHBEKTUBHBIN TEILJIO0OMEH, BBIYUC/IAIOTCI JJId Y3JIOB 3Jjle-
MEHTa, IPUHAJIeKAINUX TpaHuIe odactu §):

N? N,N; 0
a / (N;]T[N]d* = a / N;N; N? 0 dre.
e Z | o 0 0

Takum o6pa30M, YpaBHEHUE (6) AJId OJHOI'O 3JIEMEHTa 3allUChbIBacTCA B BHUIE:

pc / [N [N]dQE + k / [B]"[B]dQ° + o / [N;]"[N,]dr® = a / Tpnesndl®. (8)

Qe Qe Ie Ire
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[IpocymmupyeM 10 BceM KOHEYHBIM dJIeMeHTaM 00J1acTh ypasHeHue (8) nmeeM:

m

3 pc/[N] T)d0 (g ]+k/[B]T[B]dQe[q] +a/[N] (N)arelq | = Z /Tdre

e=1 Qe Qe Ie

O6o3natuM MaTpuilbl Ko3dduineHTon

C = ch / [N]d¥,
B= Z / ]dQ€+a/[N] [N;]dre |,
P= Z / Tonesndl®,

torga (8) sammmmercs B Buje cucremsl C[¢] + Blg] = P.

[oyunnmu cucremy u3 m JinHelHbIX JuddepeHuajibHbIX YpaBHEeHNE. 3aMEHUB TPOU3-
BOJIHYIO 110 BpEMeHU, KOHEYHOI Pa3HOCTHIO MOJIydaeM

C - c i
(;+B) ¢ =p+—q (9)

rJe 7 — Iar 10 BPeMeHN.

Takum obpazom, HCxo/HASd 3a/1a9a CBOJIUTCA K CUCTEME JIMTHEHHBIX aireOpandecKux ypas-
HEHU W Ha KaXKJIOM ITare UTepaln OnpeIessdeTcs TeMIIEPATyPHOE MOJIe.

Basiaua repMoynpyroctu (3) Takike 3aMeHsETCs SKBUBAJEHTHON BapUAIMOHHON 3aj1adei,
OCHOBAHHOI Ha NPUHIUIIE BUPTYAJbHBIX II€pEMeIeHril. 3allnilieM BapuallioOHHOe YpaBHEHHE
JUI cydast, KOrja Ha Tejo JAeHCTBYIOT MOBEPXHOCTHBIE CHJIBI f U TepMHYECKHe Harpy3KH,
BO3HUKAIOIINE Ha HEPABHOMEPHOM TEIJIOBOM IIOJI€.

BapuaronHas 3a/ja4a, paBHOCUJIbHAST ypaBHEeHUsIM (3), MMeeT BUJI;

/ (Aede + 2Geyde,;) dY — / 2N+ (T — Th)ded) = / oydun,dl,  (10)
Q Q
The € = €44 + €y — JedopMarus, A = —i) = ﬁ — nocrodHHbIe JlaMme JJI I1JI0CKOTO

HAITPSYKEHHOTO COCTOTHUSA, U] = U, Us = U, 1,] = 1,2.

Ypasuenue (10) onuchiBaeT M3MeHEHHE MOJHONW TEPMOMEXaHUYECKON SHEPrUH Teja, Tie
JIeBasl 9acTh 9TOIO ypaBHEHUs BbIparkaeT U3MEHEHUE HEPIHuu TepMOYIIPYroro maedopMupoBa-
HUs, a [paBasi 9aCTh U3MEHEeHHe pabOThl IPAHUIHBIX HAIPY30K.

B marpuanoit popme, mocrosgaubie JlamMe A 1 G IpeCTaBIAIOTCA B BUJIE MaTPUIIBI KOH-
CTAHT yIPYTOCTH:

1 u 0
po1 0 ;
0 0 (1—p)/2
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coorHorenns: Koru, Boipazkaioriue JiehoOpMalliy 9epe3 MepeMenieHus:

€:[€x5y Exy]T_[@ o @+@}T’

or Ody Oy ox
T
a mepemerenus — B Buje Bektopa U = [u v]

Pemenne 3a1aum OyjieM MCKAThL HAa PACUYETHON CETKE C TPEYTOJbHBIMU KOHEYHBIME 3JIe-
MEeHTaMM, KOTOPOIi TI0JIb30BAJIMCH JIJId PElIeHns 3aia9u Teronpooanoctu. [lepemerenns an-
MIPOKCUMUPYEM KYCOUHO-JIMHENHBIMI (DYHKITUSIMA BUJIA!

U= iNi(x,y)ui, v = iNi(x,y)Um
=1 i=1

e u; U v; — HEeM3BECTHBIE KOI(MDPUITUEHTHI.

Cootnorenust Kormmu 111 0HOTO 3JIeMeHTa ¢ y3JIaMu ¢ j k uMeeT BU/I:

IN; ON; ONg
ox 0 ox 0 ox 0
= ON; ON; ONg
Bl=|0 % o 2 o N
ox oy ox oy ox dy

ns koHewnoro ss1eMeHTa e ypasHeHue cocrosuue (10) 3amuceiBaercs B Buje:
[ BBy e = [ B0 ey ae + [ (P) Uy ar, (1)

Qe Qe I'e

T ;
e er = apAT{1 1 0} — Bexrop Temmneparypubix gedopmarmit. Cymmupyst (11) mo Beem
9JIEMEHTaM IIOJIyIUM CUCTEMY JIMHEHHDBIX aaredpandecKux ypaBHEeHuit

K{U}=F,

riae {U} — BekTop Hem3BeCTHBIX KO3bdUIMEHTOB it DyHKIWMK nepemernennii, K — marpu-
112 YKECTKOCTH, [ — BEKTOp y3JI0BBIX HAIPY30K. DJIEMEHTaAMU MaTPHUIIBl JKECTKOCTH W BEKTOPA
Y3JI0BBIX HAIPY30K ABJISTFOTCS

ki = / BI'DB;dQ*, ff = / Nfpdle.
QE Fe

Taxum obpazom, pelenne KpaeBoil 3a/la9r PacIialaeTcsd Ha JBe YaCTU: OIPeJIe/IeHIe TeM-
epaTypHOro II0Jsd, MOCJIe Yero CTAaHOBHUTCI BO3MOXKHBIM OIIpedesIeHUe II0JIsl NepeMEIIeHn 1
HAIIPAXKEHUI TepMOyHPYIoOi CpeJibl.

BbryucinTe ibHBIN 9KCIIEPUMEHT U OOCYyXK/IeHue pe3ybTaToB

PaccmarpuBaercs 3a1ada o cxkatuu 1mo ocu Oy MeJHON IUIACTHHBI ¢ TEHTPAIbHBIM KPYT-
JIBIM OTBepcTreM. BHermHne rpaHuIbl JIaCTUHBI TEILION30IMpoBanbl. PazMep mactunbs 1M Ha
2m, HavaJsibHas Temiepatypa 20C°. Pajuyc orBeperus 0.25M, HA rpaHUIle 3a/laHa TeMIIEpaTypa

100C°.
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Tenyiodusuyeckne 1 MexaHHYecKHe NapaMeTphbl: IoTHocTh p = 8890 kr/m3, koaddu-
nuenT TeroobMena ar = 16.7 - 107K ~1, xosddumment remmonposoanoctn A=390 Br/(MK),
yaenbHas Terioémkocth ¢=385 Br/(MK), 7=60 cexk, t;, = 60 mun, E=128.7 I'Tla, u=0.35,

P,,~1000 MITa.

Ha pwuc. 1 npuBeieHBI H30T€PMBI PACIIPEIETIEHUST TEMIIEPATYPBI TIPU PA3TUIHBIX MOMEHTAX
Bpemenu. C Bo3pacTaHneM BpeMeHH tj, IMOTOK TeIla OT IPAHUIIbI OTBEPCTHS PACIPOCTPAHSIETCS
110 BCell 00JIaCTU IJIACTUHDL.

e~
O

Puc. 10: Uzorepmbl pacipesenenust Temmeparypst (=10, 30, 60 mMumn)

e
P

[ Y - = -

Ha puc. 2 npusejieHo 1moJsie pacipejeseHus 3Ha9eHril HOPMAJIbHBIX U KacaTeJIbHON KOM-
IIOHEHT HaIPsXKEeHUl B MOMeHT Bpemenu t;, = 60 . AHajmusupyst pacipejejienne 3Ha9eHni KOM-
IIOHEHTbI HOPpMaJIbHBIX Ha,Hpﬂ}KeHI/Iﬁ Oz, MO2KHO OTMETUTDL, 9TO 110 TOPU30OHTAJIbHOMY JHUaMET-
PAJIBHOMY CEYeHWIO OKPECTHOCTH OTBepCTHs (DOPMUPYETCs 001aCTh CXKUMAIOIINX, a TI0 BEPTH-
KaJIbHOI — MaKCHMAJIbHBIX PACTATUBAIONNX 3HaUYeHnil. OTHOCHTE/IHLHO 3HAYEHN KOMIIOHEHTEI
HOPMaJILHOT'O HAIIPAYKEHUS Oy, HEOOXOJUMO OTMETHTDH, UTO IIPUJIOKEHHbIC C2KUMaIOIlas BHEII-
HUEe HAIPY3KH M TeMIlepaTypa Ha IPAHUIE OTBEPCTHUs], IPUBOIAT K ITOSIBICHUIO MAaKCUMAJILHOM
KOHIIEHTPAIINN C;KUMAIOIINX HAIIPSXKEHN B OKPECTHOCTH TOPU30HTAJIBHOIO CedeHUs] U He3Ha-
YUTEeJIbHOI O6JIaCTI/I PacCTATruBarOIIuXx — I10 BepTI/IKaJIbHOMy CEYEHUIO. MHTepeCHaH KapTHUHa Ha-
OmrofaeTcd IpH aHAJIN3e PacIpeie/IeHI M0 KacaTeIbHbIX HAIIPAXKEHH T, . B mexoTopeIx 06-
JIACTSIX OKPECTHOCTHU OTBEPCTHS, IIEHTPHI KOTOPBIX OIPEIEIIIOTC HOJIAPHBIM yIJIoM 1) & £+20°
(M CHMMETPUYIHBIX C HUMHE) C/IBUTOBBIE HANPSYKEHUSI JOCTUTAIOT MAKCUMAJIBHOTO 3HAYECHUS, ITO
MOZKET TIPUBECTH K jiechopManuu KOHCTpyKiuu [3-5].

BriBoan:

1. Ananusupys pacipejeieHne 3Ha4eHuil KOMIIOHEHTbI HAIPAXKEHUN 0., BBISIBJIEHO, 9TO
[0 TOPU3OHTAJILHOMY JIMAMETPAIHLHOMY CEYEHHIO OKPECTHOCTH OTBEPCTHA (hOpMUPYyeTcd 00-
JAaCTh CZKAMAIOINX, a M0 BEPTUKAJIBHONR — MAKCAMAJbHBIX PACTATUBAIONINX 3HAYECHUN.

2. HpI/IJ'IO}KeHHI)Ie CKUMalolllad BHEIIHUE HAI'PDY3KHW W TEMIIEpATypa Ha I'PaHUIIE OTBEP-
CTHfA, IIPUBOIAT K IIOABJICHUIO MaKCHUMAaJIbHO KOHIOEHTPaIUN CKUMaIOIINX HaHpH}KeHI/IfI Oyy
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5T SR
1875811
~IT5T B0
FHE 168
2908, 7708

W\ =

AR SETAD
3T 51675

Puc. 11: 3navennst KOMIOHEHT HALPSIKEHUN Oyy Oyy Ty (t=60 MumH)

B OKPECTHOCTHU I'OPU3OHTAJIBbHOI'O CE€YCHUA U He3HAYUTEJILHON 0bJ1acTn pacTdruBaronux — II0
BEPTUKAJIbHOMY CEYCHHUIO.

3. B HEKOTOPBIX 00/1aCTsIX OKPECTHOCTH OTBEPCTHS, IEHTPbI KOTOPBIX OIPEIE/ISTIOTCS 10~
JAPHBIM yrIoM ¢ ~ +20° (1 CHMMETPUYHBIX ¢ HUME) 3HAYEHNS CABUTOBBIX HALPSKEHUIT T,y
JIOCTUTAIOT MAKCUMAJIBLHOTO 3HAYEHUs, YTO MOXKET IPUBECTH K JjiehopMaIuu KOHCTpYKIwn [3].
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REZYUME

Magqolada termoelastiklik masalalarini chekli elementlar usuli yordamida
yechishni modellashtirish muhokama qilinadi. Masalani qo’yilishi Furye
shaklidagi issiqlik o’tkazuvchanlik qonuni va deformatsiyalanuvchi qattiq jism
mexanikasi tenglamalariga asoslanadi. Tuzilgan masalaning nochiziqli bo’lmaganligi
materialning elastik xususiyatlarining deformatsiya haroratiga bog’liq. Mavjud
differensial tenglamalar to’g’ridan-to’g’ri chekli elementlar tenglamalarini olish
uchun Galerkin usuli qo’llaniladi. Nostatsionar issiqlik o’tkazuvchanligi masalasini
shakllantirish orqali biz differensial tenglamalar tizimini hosil gilamiz, bunda vaqt
hosilasi chekli ayirmalar bilan almashtiriladi. Shunday qilib, dastlabki masala
chiziqli algebraik tenglamalar tizimiga keltiriladi. Chegaraviy masala yechimi
ikki qgismga bo’linadi: harorat maydonini aniglash, shundan so’ng termoelastik
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muhitning siljishlari va kuchlanishlari maydonini aniglash mumkin bo’ladi.
Hisoblash eksperimentini o’tkazish orqali markaziy doirali teshikga ega mis plitani
sigish masalasining yechimi o’rganiladi. Turli vaqtlardagi harorat izotermlari
ko’rsatilgan. Cheklangan vaqt oshgani sayin, teshik chegarasidan issiqlik oqimi
plastinaning butun maydoniga tarqaladi. Tashqi yuklanishlar va harorat ta’sirida
teshik yaqinidagi normal va tangensial kuchlanish komponentlar giymatlarining
tagsimlanishi tahlil gilinadi.

Kalit so‘zlar: termoelastiklik, masalaning bog’lanmagan qo’ilishi, nostatsionarlik,
chekli elementlar usuli, chekli ayirma usuli, teshik, hisoblash eksperimenti.

RESUME

The article deals with the modeling of the solution to non-stationary problems of
thermos-elasticity using the finite element method. The statement of the problem
is based on the Fourier form of heat conduction and the equations of mechanics
of a deformable rigid body. The nonlinearity of the formulated problem is due to
the dependence of the elastic characteristics of the material on the deformation
temperature. The Galerkin method is used to directly obtain the finite element
equations from the available set of differential equations in the domain. Forming
a non-stationary heat conduction problem, the authors obtained a system of
differential equations in which the time derivative is replaced by a finite difference.
Thus, the original problem is reduced to a system of linear algebraic equations,
solved by Newton’s method. The solution to the boundary value problem is divided
into two parts: determination of the temperature field, after which it becomes
possible to determine the field of displacements and stresses of the thermos-elastic
medium. By means of a computational experiment, the solution to the problem
of compression of a copper plate with a central circular hole is investigated.
Temperature isotherms are given at different time points. As the finite time
increases, the heat flux from the boundary of the hole propagates over the entire
area of the plate. The distribution of values of the components of normal and shear
stresses in the vicinity of the hole under applied compressive external loads and
temperatures is analyzed.

Key words: thermos-elasticity, uncoupled formulation, non-stationarity, finite
element method, finite difference, hole, computational experiment.
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VK 539.3

OBPATHAZ{ 3ATAYA O INMTHAMUNYECKOM HATPY2KEHUUN CTEP2KHA
C YYETOM OTPAXKEHINS HEJIMHENHBLIX BOJIH

Mamarosa H. T. "

PESIOME

B nmanmoit pabore paccMaTpuBaeTcd 3ajada yIPYTOILIACTHYCCKOTO HATPY KEHUd
CTEPKHS C YYETOM WHEPIITMOHHBIX ITPOJIOJIbHBIX CUJI U IIPU JIOCTATOYHO ITPOU3BOJIb-
HBIX KPUBOJMHEMHBIX SKCIIEPUMEHTAJLHO TOCTPOEHHBIX UarpaMM Harpy KeHUil.
s periennd 3ajiauu IpUMEHSETCS OOPATHBIN METOJI, PEIleHHs.

Karouesvle caosa: yupyroiactudeckoe jgedopMupoBanue, cyxoe Tpenne Kysona,
OTpazKeHune HeJINHEHHBIX BOJIH.

1. BBEJEHHAE.

Ecim ynpyromiacrudyeckoe JuHAMIYECKOe Jie(hOPpMUPOBAHUE CTEPXKHEBON KOHCTPYKIIHH,
B3aUMOJICHCTBYIOIIEH ¢ OKPYZKAIOIIEH ee cpeJIoit TPOUCXOIUT 110 3aKOHY CyXOro Tpenusd Kysona,
TO HEJIMHEHHOCTH OIPEICNAI0TCA U3 HEJINHEHHOCTH AuarpaMM HAarpyzKeHWI yIpyToIllacTIde-
ckoro jedopmuposanusi|1-4|. B ciydasix OTKJIOHEHUs STUX JUATPAMM HATIDYKEHUN OT CXeMbI
[IpanaTis, aHaauTUYecKue IpeJICTaB/IeHns PENIeHN CTAHOBIATCS HEBO3MOXKHBIMU U 9TH 3a/1a491
TPeOYIOT YMCIEHHOIO MeTo/ia pertennsd. Kpome Toro, eciiu 3aiannble gedopMalum Ui Halpsi-
KeHHsd Ha TOPIEBLIX CEYCHUAX CTECP2KHA T = 0 He IBJIAIOTCS IOCTOAHHBIMHU BEJINYUHAMHI BO
BPEMEHH, TO B 9TUX CIIydadX IPEACTABICHUA AHAJIUTUYCCKUX PEIICHAHN B IIOCTABJICHHBIX BbI-
e HeJIMHEHHBIX 3a/la9ax OCTAIoTCd HepemeHHbIMU. (Q4YeBHIHO, YTO B 9THX CJIydadX CIIeIyeT
BOCIIOJIb30BaTbhCA YNCJACHHBIMU METOJAMU PellleHnd HeJIMHEHHbIX 3a/0a4.

B zajiauax pacrnpocTpaneHus BOJH B PA3/JINIHBIX MOJIE/IAX CILIONIHBIX CPEJT UCIOIb3YeTCs
IMIIPOKNIA CIIEKTP YUCIEHHBIX METOJOB pertennsa 3ajad. Ocoboe MecTo cpeam 3TUX MEeTOJOB
pellleHnsT 3aHUMAIOT 0OpATHBIE TIOCTAHOBKH 38189 U MeTOjibl ux pemienus [1,3].

1. IIOCTAHOBKA 3AJAYN 1 METO/IMKA EE PEIITEHUN A

PaccmoTpuM 1os1y6eCKOHEUHBIN yIIPYTOIJIACTUYECKIIT CTePYKEeHb, HAXOMANIUNCA B YIIPY-
roit cpejie, KOTOpbIi 10 MOMeHTa ¢t = () BpeMeHU HaXOJUJICA MOKOAIINMCH U HeHAIPAKEHHBIM

c=0, uy=0, u, =0 npu t =0,

KOTOPBIN HAIPYKAETCs C TOPIA, CTEPIAHS.
YpaBHeHHUe JIBUXKEHUsT CTEPXKHS B TPYHTOBOI cpejie 3amucbiBaercs B Buje |1,4]
0%u u KT

- = 2 -
e~ g (1)

* o
Mawmaroa H. T. — Hanuonanbubiit yaHUBEpcuTeT ¥Y30€KHUCTAHA,
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rjie u - 1nepeMenieHue 9aCTull CTEpP2KHA, P - IIJIOTHOCTb MaTepHuaJia CTEeP2KHA, T - KaCaTe/IbHOE
HallpsizKeHHe Ha IOBEPXHOCTH CTEPXKHsI CO CPEeJIoil, k- 3HaK CKOPOCTU OTHOCUTEIHLHO CPEIbI,
1do

2 —
a (U$> = ;d_e - KBa/JIpaT CKOPOCTHU PaCIIPOCTPaHCHUA BOJIHLI B YIIPYT'O - IIJIACTUYICCKOM CTEP2KHE.

XapaKkTepuCTUKN KBA3WIMHEHHOTO TUIEepPOOIMIecKoro ypasHenus (1) u ycjaoBusi BIOJIb
HUX 3aIUIIYTCA B BHUJE

dx = +a(u,)dt (2)

kr
duy = ta (uy) du, — —dt (3)

P
Cunraem, 410 MOHOTOHHOE CXKMMAIOIEe MHTEHCHBHOE JIMHAMUYIECKOE HAIDYKEHHUe JIeii-
CTBYET TOJILKO Ha TODEI] CTEP:KHSI, B 3TOM CJIy4ae CTEPIKEHb JBUKETCH OTHOCHTEJBHO MOKOs-

melicss cpeJibl TaK, 9TO TaM HYKHO MOJIOKUTH K = +1.

BaJiauy Jid BOJHBI HAPY3KU PeInM obpaTHbIM MeTojoM. [Ipesmonaras ¢popmy dbporTa
BOJIHBI Harpyxkeuus t = ¢ (), Oymem pemars 3amady Komm B obmactu D. Ilomaraem, ato na
dbporTe BOHBI HArpy3Ku ¢ = ¢ () W3BECTHBI CKOPOCTH YACTHI[ CTEP:KHs U WX J1ebOpMAaIin:

Ut |t:w(w) =0 m u, |t:gp(,7;) = 0.

t=¢(x)

puc.1

Pemenne B obiactu D ¢TpouTCsi YNCJIEHHO, METOIOM CETOK, 00pa30BaHHBIX XapaKTepu-
crukamu. B npoussosibHON 3ajanuol Touke M(z,t) obmactu D MOMXKHO ONPEJIEUTh PelleHne,
IPOBE/IA M3 3TOIM TOUYKHU IMOJIOXKHUTENIbHBIE U OTPUNATE/IbHBIE XapaKTEPUCTUKH 0 ITePEeCcedeHMs
X ¢ BOJHOW Harpys3ku. Eciam Touka M mgoctarodHo OJIM3KO PaCIOjozKeHa K (PPOHTY BOJIHBI
t = ¢ (), TO COOTBETCTBEHHO yDABHEHHs STHX XapaKTEPUCTUK, MPOXOJAIINAX HYepe3 TOUKH
M (z,t;) w My (x,t,) npumyT Bu

ear — 21 = a () (tar — o (1))
a1 — 2 = —a () (tag — ¢ (22)) @

U3 ycioBuit Ha XapakTepuCcTUKAX (3) MOIydIuM CJIe/YIOIMINEe COOTHOIIEHUST

{ ul = a(ul) (ud —ul) — 72 (1)

utt —uf = —a(ul) (uy' —ui) — 2 (t —ts) (5)

rae vy = pg. 37ech 7y - yAeabHbI Bec crepykHd, g = 9.81 < /A%
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coorrorrerns (4) u (5) CBA3BIBAIOT KOOPAMHATHI TOUKH M (x,t) ¢ KOOpAMHATAMEI TOYEK
My u M, a Tak:Ke 3HAUEHUSIMU CKOPOCTel U jaedopMalinii 9acTuIl B 3TUX TOYKaX. 3ajaB KO-
opauHATH TouKKu M, KOTOpbIe jiocTaTouHo Osin3ku K ToukaMm My u Msua Bosie t = ¢ (x), MbI
CMOYKEM OITPEJIEJIUTD JIJIst 9TOi TOUKM (IIePBOE TepeceueHrne XapakKTePUCTUK ¢ (DPOHTOM BOJIHBI
HanySKI/I) dopMyJIBI JIJIs1 OTIpejiesieHnsT 3HAYeHU CKOpocTeil n jiepbopMaliiii 4acTuIr:

ry=xy —a(0)(tar —p(r1)), t1=¢ (1)

xy =2y +a(0) (ty —@(x1)), 12 =@ (22) (6)
M _ 7g-(ta—t1) M _ _ 1g(ta—ta—t1)

Uy = 2a(0)y Uy = 2

Hasee npunnmast koopguuarsl Touku M 3a My (x1,t ) u My (x5, t; JHAXOMM peIlIeHUsT CJIeTyTO-
Iero psija TOYeK IepecedeHunii
x2711+a(u;)-t1+a(ui)-t2

tar = a(ul)+a(u3)
T wi+eat(a(up)—a(u?)) -ty —a(ul)-tita(u?)
M p—
M uf*u}+a(u}c)-u}n+a(u§2 R+ (t2—1) (7)
Yoo = aCul) T a(u)
uM = u%+u%+(a(u;)ia(ui))'uyfa(“;)'uﬂlﬂJra(“nQn)'“27%'(2151\/1*751*&)
L 2

Taxum 06pazoM, HCKOMbIe 3HAUEHUs JedopMalinii 1 CKopocTeil qacTul 3a GPOHTOM BOJTHEI
OIIPEJIEJISIFOTCS. B MECTAX [lepeceveH s XapakTepucTuk B miockoctu 0t corstacHo dopmysiam (7).

[punnmasg npu =0 u’’ = il 8 ui” = ui] + MIOJTyIUM PeleHre Ha KOHIE CTePXKHS,
T.€. TOJIyIUM TaKoe pacipejiesieHne HallpsyKeHuit Ha KOHIIe, KOTOPOe COOTBETCTBYET IIPEIII0I0-
JKeHHOI (hopMe BOJIHBI HArpyskenus t = ¢ () u yciaoBusim Ha meii. [Ipenmosnaras moouepe1Ho
pasaudHble (POPMBI BOJIHBI HATPY3KH, MOYKHO IIOJIyIUTH METOIOM IIOC/IeI0BaTE/IbHBIX IPO0 Ta-
Koe pactpejiesierne jgedopMalinii Uin HaIPAKeHU Ha KOHIE, KOTOpoe ObLIO Obl OJIM3KHM K
33/ IAHHOMY.

YUCJIEHHLIN IIPUMEP 11 EE AHAJIN3

[TocTpoeHHbIit BBIIIE aJrOPUTM PENIeHUs, O PACIPE/IEICHIH YIIPYTOILIACTUYECKON BOJTHBI
B 00paTHOI MOCTAHOBKE, TIO3BOJIAET aHATU3UPOBATH PeIlleHne 3a/Ia9n JIJIsl PA3JIMIHBIX HeJTMHe-
HBIX JIMarpaMM CBSI3U HaIlpsiyKeHuit ot jgedopmarmii u cuii KyI1oHOBCKOro TpeHns Ha rpaHuiax
B3aUMOJIEHCTBUASA CTEPKHS U I'PYHTA.

Pacemorpun ciietytommuii puMep: mycTh Jiis 0 = 0 (€) UMeeT MeCTO CJIeYIOIast SKCIIe-

PUMEHTAIbHAS CBA3b 0 = (1€ + g2, a KO3 PUIMEHTHl TPEHUs MOI'YT IPUHUMATE Pa3/IMuHbIe
3HAYEHUS.

puc.2 Vzmenenue jgedopmanun npu pasanydubix Koddduimentax Tpenus B cedenun r = ()
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Kpusbie 1-4 na puc.2 cooTBeTCTBYIOT jedopMaruaM YacTUll Ha Topie cTep:KHd =0 ¢
ko3 durmenToM Tpenus coorserctBerro v = 0.1; 0.2; 0.3; 0.5 u dopme BosHBI B Bujie t =
%ﬁ + ﬁx.

N3 puc..2 cieyer, 9To Jijid OJHUX U TeX »Ke (DPOHTOB BOJIH yBendeHue Koddduimenra
TPEeHUs KOHCTPYKITUU U CPEJIbI IPUBOJIMT K TOMY, YTO OIpe/ie/igeMble 3HAUECHUsT HAIIPSIKEHU 10
obparHoMy crioco0y Ha TOPIEBOM cedeHuH Bo3pactaioT. OTMETUM Tak»Ke, 9TO MOHOTOHHOCTH
U3MEHEHUsI BO BPEMEHU HAallpsKeHuil n jedopMariuii Ha TOPIEBOM CEYEHWHM CTEpPyKHsS M KOH-
CTPYKIIUU COXPAHSETCS JIJIsI BCEX PAacCMaTpuBaeMbIX KoddduiinenToB TpeHus. Takum obpaszom,
B 00paTHON TOCTaHOBKE 3aJlauu M3MeHeHwue JedopMalinii MOryT ObITh JJOCTUTHYTHI 3aJIaHUEM

¢dpoHTa BOJIHBI U YCJIOBUA Ha, HEM.

Hasee, paccmoTpuM u3MeneHue jgedopMaiu 1Mo JIJINHEe KOHCTPYKIUU (OT TOPIEBOrO Ce-
YeHHs) JI0 Te€X TOYEK, IJie MPUXOJAT BOJHBI CKATHsI JJjisl PA3JUIHBIX MOMEHTOB Bpemenu. Ha
puc.3 npuBeeHbl 3HaUeHus JiecbopMaruii Jijisi (PUKCUPOBAHHBIX MOMEHTOB BpeMenu. Ha puc.4
IIPUBE/ICHBI U3MEHEHNA CKOPOCTEeH YaCTUIl CTEPKHA 110 JJINHE KOHCTPYKITUN.

0 e

o+

L™ X, m
e ‘,--"”N“E./-/'Mf/w MW 20
-0,000004 F,-—/""/f—/*%/

-0,000006 ==

-0,000008

Ux

\ -~ t=0,004c —=—1=001c —*—1=0,02¢ \

puc.3 3menenne gedopmalinii 1o jgiauHe KoHcTpykimn upu v = 0.1 1718 puKcupoBaHHBIX
MOMEHTOB BpeMeHU

Ut, w/c
0,004
0,003 =

Y X koS ‘sz
0,002 g ey

0.001 "‘o -\-\'::\K: ik S
] h O s N ’“‘1_*
0 *, [ Ky X, M

0 5 10 15 20

[ -~ -t=0004 = t=001c - —t=0,02¢ |

puc.4 l3menenne ckopocTeil YacTull Mo JTHHE KOHCTPYKIH nmpu v = 0.1 jia
PUKCHPOBAHHBIX MOMEHTOB BPEMEHH.

Ananornunsie rpacduku gig v = 0.2 8 v = 0.3 upusegennl Ha puc.5-6. OTMerum, 910 €
yBesmmIeHneM Ko3(hOUIMEHTOB TPeHUs I OJHUX U Te Ke 3aJIaHHbIX (DPOHTOB BOJIH, J1edOop-
MAaIliA ¥ CKOPOCTH YaCTHUI[ BO3PACTAIOT KaK Ha TOPIIEBOM CEYEHUU, TaK W 110 BCEl JIINHE.
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[
-0,000004

-0,000008 A

-0,000012 .. x

-0,000016
Ux

[+xe- £50,02 —4—1=001c —+—1=0,004¢ |

puc.5 3menenue jgedopmariuii o JijmuHe KOHCTPYKIUU 1pu v = 0.2 j1j19 (PUKCUPOBAHHBIX
MOMEHTOB BpEMEHN

|---% - 1t=0,02 c —&—1t=0,01 c —e—1=0,004¢ |

puc.6 l3menenne ckopocTeil 4acTuIl 1o JyIMHe KOHCTpYKIuu npu v = 0.2 jyia
pUKCUPOBAHHBIX MOMEHTOB BPEMEHU

Jlasee ajaropuTM MOCTPOEHUsT PEIIeHUs € UCIOJIH30BAHMEM 33JIAHHOIO (bpOHTA BOJH U
yCJIOBUs Ha Hell MO3BOJIET aHAJIM3UPOBATHL M3MEHEHHE HAIPSKEHUsI Ha TOPIEBOM CEYEeHUH,
KOTOpPBIE 3aBUCAT OT KOI(PDUIMEHTOB ypaBHEeHUs (DPOHTA BOJIHBIL.

0,002
s} - t - - i i t t t t t
-0,002 ,Mz\o,z 0,22 0,38 0,58 0,9 1,28 1,97L, MC
\
-0,004 \ D
-0,006
-0,008 \
-0,01 \
-0,012 \
-0,014 \ 1
-0,016 \
-0,018 A

-0,02

Ux*10~4

puc.7 Pacupenenenne medopmalinii Ha KOHIIE CTEP:KHS IIPU PA3IUIHBIX K0P DUImeHTax
ypaBHeHns (DPOHTA BOJIHBI

Ha puc.7 npuBeiensl nuaMenenus JedopMaliiii Ha TOPIEBOM CeUEHUN JJI JIBYX 3HAUYCHUI

6 6 1-+= 40,2
K03 DUIUEHTOB ypaBHEeHUs 11apadoJibl, KOTOPbIE COOTBETCTBEHHO Oy IyT B Buje 1 - ¢ = o8 L+
1 —_ a0,2 1 "

TOEE 2 -t =Fpr+ TR Mauible n3MeHeHUsI ypaBHEHUN HCIIOJIb3yeMbIX (DPOHTOB BOJIH

IPUBOJLAT K JOCTATOYHO YYBCTBUTEC/JIbHBIM M3MEHCHUAM HaIIPAXKEHUA Ha TOPHEBOM CEYCHUU.
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OueBniHO, TTyTeM MOAOOpa 3HAYMEHUN KOI(MDMUIMEHTOB BOJHBI MOXKHO PACCMOTPETH Pas-
JINYHbIE BapHUAIlUU HAUPYKEeHUsl Ha TOPIIEBOM CEYEHUU M OHU MOTYT ObITH HCIIOJIb30BAHBI HA
MPAKTUKe, eC/Iu Kakue JUO0 M3 9TUX Bapuallndii OJIM3KHM K 33/IaHHBIM HAIPSIYKEHUAM Ha TOPIle-
BOM CEYEHUU TIPU MPSIMOI TTOCTAHOBKE 3a/Ia4M.

Takum obpazom, TPeIoKEHHbBIN aJITOPUTM PENIeHns 3a/a491 B 00PaTHO MTOCTAHOBKE 1103~
BOJISIET OIPEJIETNTh HAIPszKeHus, 1edopMaIuu, CKOPOCTH YACTUIL IIPU PAa3IMIHBIX 3HAUEHUIX
KO3 DUITNEHTOB TPEHUS ¥ HEJIMHEHHOTO JTMHAMUYECKOTrO J1epOpPMUPOBaHUs KOHCTPYKIIUU B3a-
MMO/IECTBYIOIIEH ¢ OKpY2Kaloleil cpeoil 1o 3akoHy cyxoro Tpenus Kysiona.

OBPATHA4 SATAYA O IMHAMNYECKOM HATPY2KEHUN CTEP2K-
HS C YYETOM OTPAXKEHIS HEJIMHENHBIX BOJIH

N3BecTHO, YTO €caim paccMaTpuBaeTCs JIUHAMUYECKH J1eOpPMUDPYEMBIl YIIPYTOIIaCTHIe-
CKUIl CTEep:KeHb WU HEJUHEHHO-YIPYTO JeOPMHUPYEMbIil CTEPXKEHB, MPOIECC aKTUBHOI'O Ha-
IPpY2KEeHUsl, HallpUMep IIPpU CKUMaIOIIeM JUHAMUYCCKOM HarpyKeHUN C TOPIEBOI'O CeYeHUd,
MPOUCXO/IUT MPU KAYECTBEHHO OJMHAKOBBIX JIMarpaMMax CBSI3U HaIPszKeHUil oT jedopmarnii.
g HeTMHEHO-YIPYTUX U YIPYTOILIACTUYECKUX CTEPYKHEN, B3aUMOJIEHCTBYIONINX C OKPYKa-
IONMHU WX TPYHTOBBIME Cp€JIaMU B COIVIACHM C 3aKOHOM CyXOoro Tpenusi Kysiona, ypaBHeHHd
pacIpocTpaHeHus BOJIH — KBa3WIHHeHHbIe uddepeHimaibible YpaBHEHU, CTAHOBATCI COBEP-
[ICHHO OJIMHAKOBBIMHU JIJIsl aKTUBHBIX IIPOIECCOB HAI'DYZKEHU.

PaccmorpuM HesmMHEHHDBIH cTepKeHb, HaXOIAIUNCA B YIIPYTOil TPYHTOBOII cpe/ie, KOTOPbIii
J10 MoMeHTa t = () BpeMeHU HaXOJUJICS TOKOSIIMMCS W HeHalpsikeHHbIM. Ocbh & HallpaB/eHa
B/10JIb OCH CTEP2KHI.

[Iycts Ha KakoM-TO cedennn r = [ oT x = () HAXOJUTCS IMperpaja, T.e. JPYroil KOHer|
CTEPKHS CUUTAEM C 3aIEeMJIEHHBIM KOHIIOM.

B MomenT Bpemenn t=( Ha KOHeI[ CTEPKHS IPUKJIAIbIBAETCS CKUMAIOIIEe HaIPIKEHNe
o (t), KOTOpOe MBI JIOJIZKHBI OTIPEJIETTUTH B ITporiecce perieHus. C MOMEHTA [TPIJIOKEHHs HArPY3KH
10 CTEPXKHIO PACIPOCTPaHsIeTCs IPOJI0JIbHas BOJHA B HampapjaeHuun ocu x> (0. [Ipemamnonaraem
dbopmy dponTa BostHbL t = @ (), HoTaraeM, 9To Ha GPOHTE BOJIHBI HAIPY3KH CKOPOCTH YACTHUII
CTEePXKHS Uy |t:¢(z) = 0 u gecdbopMaly Uy |1—p(z) = 0.
YpaBHeHUe JIBUKEHUs CTEPKHsI B TPYHTOBOII cpejie 3amuceiBaercs B Buje (1).

Havasibuble yciroBus
c0=0,u=0, u, =0 put=20

['panuvnble yciaoBus

o)
Ut lomt =0, Uy |pmy =0 -u, 1upu z=1.

e uf- nedopmanus, ecm GBI TperpaIbl He OBITIO.

[Ipeamosaraercs, 9ro gedopMaliist Ha CTeHKEe B MOMEHT OTpaKeHusi boJibie B 6 pas, yem
IPUJIOXKeHHas Ha Topell cTepxkag x = 0 .

Permenne B BO3MyIIEHHO 00JIACTH CTPOUTCA YHUCJIEHHO, METOJIOM CETOK, 0Opa30BAHHBIX
XapakTepUCTUKaMU. B npousBosibHOl 3a1annoil Touke M(x,t) obmactu D MOXKHO ONpeIeuTh
pelllenre, IPoBesd U3 9TOI TOYKU IOJIOXKUTEIbHBIE M OTPUILIATEIbHbIE XapaKTEePUCTHKH JIO IIe-
pecedeHns uX co CTeHKoi z=[ (puc.8).
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(1)’ =(u )i*e
1 66

o)

puc.8

COOTBETCTBEHHO yPABHEHUSI STHX XapPAKTEPUCTHK, IPOXOJSIINX Ye€pe3 TOUKU (I11,t11) 1
(T99,t22 ) IPUMYT BU

(8)

Tog — Ty = @ (ui\/[) (tgg — tM>
xy — vy = —a(uy) (b — ti1)

U3 coorHoIeHniT HAa XapakTepueTuKax (3) MOIydnM CJIe/lyoline COOTHOIEHUS

{ u? —ut = a(uy') (uF —wp') — 2 (tar — tu)

u —uft = —a(ul') (u) —ull) - 2 (ty —tu) ©)

U3 coorrorennii (8) u (9) maxoum KoopauHaThl Touk Mo (T,t) 1 3HAYEHHS CKOPOCTEii 1
nedopManuii B 310l Touke. Jlasee, 0 aHAJIOTUU STUMHI PE3Y/ILTATAME IPOIEAYD OIPeIe/ICHIS
HCKOMBIX IIapaMeTPOB, 3alliChiBaeM 3HadeHus jgedopMalnii 1 CKOPOCTel 4aCTHIl B BBIIIEPAC-
IIOJIOZKEHHBIX TOYKax My, Moz u T.10.

Barem, Ha 3aJaHHOM (DPOHTE BOJIHBI HATPY3KH 3aJ1aeM KOOPIAMHATHI TOYKU Kj 1 IIPOBEIs
XapaKTEPUCTUKY ITOJIO?KUTE/IHHOTO HAKJIOHA U3 TOYKU Mis M OTPHUIIATE/ILHOTO HAKJIOHA Yepes
TOUKy K7, YIUTBIBasi, UTO 3HAYEHUs] CKOPOCTel m jaedopMaliuii 4acTUll B 9TOH TOYKE PaBHBI
HYJIIO, OIIpeJIesisieM pellleHns] B TOUKe TepeceveHus.

Hasnee nmpuanMast KoopauHaThl ToueK K u Mjs cooTBeTCTBEHHO 3a TOUKN My (211,t1) 1
Mo (139,199 JHAXOMM pellieHusT JJisI CJEYIONEro psifia TOYeK mepecedenuit. [Ipogosrkas 91oT
IIPOIIECC ITOCTPOEHMSI pelreHuii ajsi obaact x < [, MbI MOXKEeM IIOCJIe0BATEILHO OIPEIeINTh
KOOP/IMHATHI TOYEK TIepeceveHus XapaKTEPUCTUK ITOJIOKUTETIHLHOTO U OTPUIATEIHHOTO HAKIOHA,
CKOpOCTH U JiepOpPMAIINK B 3TUX TOIKAX.

3611*122+a(u3101)-t11+a(u£/[)'t2

brie = a(uT)Fa(ull)

o x11+x22+(a(uy)—a(uglgl))~tM+a<u;1)~t11—a<uiw>~t22
T = 2 (10)
ufu _ u%lfufz#»a(u;l)-u;hra(uy)-u?f%g-(tggftll)

a(uz!)+a(ulf)
Kia u%lJrufzf (a(uil ) 7a(uy))-uy+a(uil ) ull 7a(uy)-u§27 %-(2tM7t11 —t22)
Uy = 5

Taxum 06pazoM, HCKOMbIE 3HaUEHU JedopMalinii 1 CKopocTeil qacTul 3a (GPOHTOM BOJIHEI
OIPEJIEJITIIOTCA B MeCTaX IepecevdeHns] XapaKTePUCTUK B ILJIOCKOCTH X, t COTJIAaCHO (hOpMyJIam

(10).
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—=—x=0, nu=0,1, Ge3 nperpagbl —-&-- x=0, nu=0,1, tetta=2
------ x=0, nu=0,1, tetta=1,5 — =+ -x=0, nu=0.1, tetta=1,3

puc.9 3menenus jedopMalinii Ha TOPIEBOM CEYEHUU CTEPKHHA NP KO3 PUITUEHTE TPeHU
v = 0.1, ecim mperpajia HaXOIUTCs Ha PAcCTOTHUN T = [ = 5 M.

Ha puc.9 npuseensl namenenus jiecpbopMaliiii Ha TOPIEBOM CeUeHUU CTEPKHS IPHU KO3(h-
dunnente Tpennsa v = (0.1, eciin nperpaja HaXO[AUTCsS HA PACCTOAHUU T=[=)H M.

Otrmerum, uto eciim 6 = 1, KOTOPOE COOTBETCTBYET TOMY, UTO IPU T=[=H M OTCYTCTByeT
nperpajia, perieHne CoBIaJaeT ¢ pe3yabTaraMu B myHkTe 2 puc. 2. Ha puc. 9 coorBeTcTBEHHO
1-0=13,2-0=1.5,3-60=2.

Ha ocnose npejcrasiennoro puc.11, MOXKHO yCTaHOBUTD CJiejytomine (pakTopbl: B 0OpaT-
HOI TOCTaHOBKE 3aJladM, KOTOpas XapaKTepHU3yeTcsl 3apaHee 3alaHHbIM ypaBHEHHEeM (DpOHTa
BOJIHBI M YCJIOBUEM Ha Hell, a Tak:Ke yCJOBUH Ha rpanutie T=[ - U |,—; = 0, Uy |omy = 0 - 12
MOKHO PEIIUThb OIpe/iesieHHbIe 3a/1a4un 00 OTparKeHNH BOJIHBI OT IIPerpajbl, HaXOMIsIIeics Ha
paccrosinuu r=[ OT TopleBoro cedenud. [Ipu sTom 3HaueHus: 6 ciaejayer 3ajaBaTh UCXOd U3
dakTUIeCKUX YCIOBUI B CEUEHUN T=I.

dcro, aro ecim cevenne r=[ cBOOOIHO OT HampsizKeHuit, To § = (0, 9TO COOTBETCTBYET
cBODOOTHOMY KOHITY cTep:kHsi. [Ipn BeIOOpe 3HaveHuit 6 cieayer UCXOAUTh U3 TOrO (akTa, 9To
IPU OTPasKeHUU JIMHEHHBIX MJIM HEJUHEHHBIX YIIPYTUX BOJIH OT »KECTKOMH Iperpajbl, abCOoIIOT-
Hble 3HAYEHUs HAIPSIYKEHMsI BO3PACTAIOT (B CIydae yIpyroi 3ajadu B 2 pa3a, & B HEKOTOPBIX
YIPYTOIIacTUIeCKHX 3a1adax B 1-1.7 pa3). Eciin B kauecTBe 3HaYeHus § IPUHSTH YUCIA B 9TUX
JAualia30HaX, TO 3a/Ja4da CTaHOBUTCA 6JH/13KI/IM K peaJiIbHBIM CUTYallldM.

OtHAKO B TIEJI0M, B 0OPATHO ITOCTAHOBKE 33121 Mbl MOYKEM aIllPUOPH 33aThCs HE TOJIb-
KO (DPOHTOM BOJIHBI U YCJIOBUEM Ha HEM, HO M 3HadYeHusIMU KoddduimeHTos #. B srom ciyuae
HCXOJS U3 IPUBEIEHHO BBIIIEe YNCIEHHON CXeMbl PEIIeHNs 3a/1a9l MOYKEM OIIPeIeIUTh Hallpsi-
JKeHus u jgedopmariuu nupu r=(0, Koropbie (OPMUPYIOTCsI, KAK 9TO CJIEIyeT OKUJIATH OT (PPOHTA
BOJIHBI ¢ = ¢ (), ycoBuiil Ha Heii u 3HaveHus: Koaddurmenta 0. VI3Mensia 5T BeJTMYUHBI MbI
MOXKEM TIOJIYIUTh pa3IudHble BapHaHThl M3MeHeHus jedopMallii Ha TOPIIEBOM CeYeHHH U B
OTJEJbHBIX CUTYAIUSIX UMU MOXKHO I0JIb30BATHCs IIPU PEIIEHNN KOHKPETHBIX 3a/1aM.

Ha puc. 9 npusenens! 3nadenus gedpopMannii upu £=0 ¢ TedeHneM BpeMeHN IS pa3/Ind-
HBIX 3HaYEHU 6.

BI/I,ZLHO, 49TO 0 MOMEHTa BPEMCEHH, KOI'Jla MCXOJ/Had BOJIHA HE AOCTHUTaCT IIPpErpa/bl 3Ha-
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yenue jedopmanuu npu =0 coBnajaer ¢ pesyiabraramu mnyakrta 2. Ho ¢ Momenta Bpemenw,
KOIJIa OTpazKeHHbIe BOJIHBI OT TOPIEBOrO cedeHus (r=[) HocTuraior cedenune =0, 3HAYEHUS
JiecbopMaIiu CyIecTBeHHO u3MeHstoTes. [Ipu arom 1 orpeska BpeMenn 0. 0035<t<0.0037cex
3HadeHusT JeOpPMAINE OCTAIOTCA IMOYTH TOCTOSHHBIME, HO C MOMeHTa Bpemenu t>(0.005cex

JnedopMaIii YBEJININBAIOTCS CHOBa 110 abcosorHO Besmunbe. C yBeandeHneM 3HadeHUs 6,
3HaYeHus 1eOPMAIIN Ha TOPIIEBOM CEUYEHUM CYIECTBEHHO yBEJIMINBAIOTCH.

1.

BriBoapbl

Pemena obparnag 3aja4da o JUHAMUYECKOM C:KUMAIOIIEM yJ/IapHOM HAUPYKEHUU TIOJIY-
OECKOHEYHOTO CTEpyKHs, HaXOJAIIErocd B YIIPYIoOil cpejie W B3aMMOJIEHCTBYIONEH ¢ Heit
1o 3akony cyxoro tpenmsa Kysona. 3amaBas (GpOHT HaIalolMX BOJH HAIPYKEHUil, B
HEJIMHEWHO-/1e(DOPMUPYEMOM MJIM YIPYTO-TIJIACTUYECKOM CTEpPXKHE U yCJOBUAMU Ha HUX
IIOKa3aHa BO3MO2KHOCTDL OIIpe/ic/IeHUA I'PaHUIHBIX yCJIOBI/Iﬁ Ha TOPIEBOM C€Y€HUU IIO0JIYy-
6eCKOHe‘IHOFO CTEP2KHA B YCJIOBUAX B3&HMOLL€I>’ICTBI/IH, IIPOUCXOAANINX COIVIACHO 3aKOHY
CyXOr'0 TpeHUd KYJIOHA.

[Tokazana BO3MOXKHOCTH M3MEHEHHUS T'PAHUYHBIX YCJIOBHUIl 3aJa4d, MCXOJd U3 (HOPMBI
¢dpoHTa BOJHBI, yCJIOBHIl Ha 3TOH BojHe U KoddduimentoB KynonoBa TpeHus Ha KOH-
TaKTe CTEPXKHs U CPEJIbI.

B obparHOii TocTAaHOBKE 33424l UNCIEHHBIM METOJIOM PEIIeHUsT OIIpeIeIeHbl 3aKOHBI 13-
MeHeHHs JieOopMalliii Ha TOPIEBOM CeYeHUN MPHU =0 U MOKA3aHO, YTO IIPU OJMHAKOBBIX
dopmax (hpoHTA BOJHBI U YCAOBHUI BIOJb HUX, 3HAYEHUs] COOTBETCTBYIOIIUX Jedopma-
I, KOTOPBIE JOJIZKHBI ObITh HPUHATHI KaK I'PAHMYHBIE YCIOBUS BO3PACTAIOT U UMEIOT
MOHOTOHHBII XapakTep pocTa abCOJIOTHBIX 3HAUEHU J1eDOpMAIIHii.

Permmena 3ajga1ua 06 oTpakeHUN BOJIH HATPYXKEHUA OT 3aKPeIJIeHUil, OTCTOAIIMX Ha Olpe-
JIeJIEHHBIX Y9aCTKaxX OT TOPIEBOIO CevYeHNs] KOHCTPYKITAH.
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REZYUME

Ushbu ishda inersiya bo‘ylama kuchlarni e’tiborga olib, tajribadan qurilgan etarlicha
ixtiyoriy egri chiziqli yuklanish diagrammalari uchun elastik plastik sterjenni
yuklanishi masalasi ko‘rilgan. Masalani echishda teskari echish usuli qo‘llanadi.

Kalit so‘zlar: Elastik plastik deformatsiyalanish, Kulon quruq ishqalanish,
chizigsiz to‘qinlar qaytishi.

RESUME

In this paper, the problem of elastic-plastic loading of a rod is considered, taking
into account inertial longitudinal forces and with sufficiently arbitrary curved
experimentally constructed loading diagrams. The inverse solution method is used
to solve the problem.

Key words: elastoplastic deformation, dry Coulomb friction, reflection of nonlinear
waves.
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VIK 517.98

TMHAMUKA BBIPOXKJIEHHBIX OTOBPAYKEHUN JIOTKU-BOJIBTEPPA
NENCTBYIONINX HA CUMILJIEKCE S*

Mymunos V. P.*
PE3IOME

B janmnoit crarbe paccmarpuBaercd pobJieMa 0O0yYeHHs TPACKTOPHUIl TOYEK II0/1
neiictBrem onepartopa JIorku-Bosabreppa. [Ipu 9TOM curHaTypbl ONpPEe/ITiOTCs |
AeJIATCA Ha MHOT'OI'PaHHHUK, COOTBETCTBYIOIIUE CUMIIJIEKCHBIM CUT'HATypaM, U OIIpe-
JEJISIOTCA MapIIPyThl MEZK/Ty HUMU.

Kaouesvie caosa: llonoxurenbHble W OTPUIATEIbHBIE TPAEKTOPUHU, Oacceiin
HETIOJIBIZKHON TOYKH, CUTHATYPA, MHOTOIDAHHWKW JTAHHBIX CHTHATYDP, MapIIpyThHI
TPAaeKTOPUIA.

Orobpaxkenne Jlorku-Boabreppa Ha cuminiekce

m
Sl —{x e R™: E ri=1, z; >0
i=1
OLpeJIe/IIeTCsl 3aJanneM KococuMMerpudeckoit marpunsl A = (a;;) ¢ ycuosueM |a;;| < 1 m
JeficTByeT paBeHCTBaMU

x;ﬁzazk 1+Zakix’i ,k=1,...m (1)
i=1
raie o’ =V, V:Sm 1t o gm-L

Omnpenenenne 1. Kococummempuueckas mampuya A HaA366GeMCA HEGBPOHCICHHOT |

ecAl 6CE 2AABHDBLE MUHOPBL YEMHO20 NOPAIKE NOAOAHCUMENDHDL, 6 IMOM cayywae V makoice Ha-
3bLBAETNCA HEBVLPOHCIEHHDIM.
UsBectHO [1], 9T0 MHOXKECTBO BCEX HEBBIPOK/IEHHBIX MATPHI[ OTKPHITO ¥ BCIOLY IIJIOTHO B MHO-
JKeCTBE BCEX KOCOCHMMETPHUYIECKUX MATPHIL. ACHMITOTHYIECKOE MOBEJIEHNE TPAeKTOPUil 0T00-
paxkenus V B cilydae MaJIbIX pasMepHocreil u3ydasuch B paborax [2 — 4] npu ycsioBuu, 4ro
V. §m=t 5 §m=1l peppipoxkiennoe otobpazkenue Jlorku-Bosbreppa. OHAKO, B IUCKPETHBIX
Bapuanrex orobpaxkenuit SIR[5],[6], SEIR[4] 9BoJoHs CHCTEMbI ONUCHIBAIOTCSA BBIPOXK ICH-
HbIM oToOpazkenueM Jlorku-Bosibreppa. B mannoe pabore m3ydaercs JuHaMUYECKHE CBOWCTBa
TPaeKTOPHit OHOrOo Kiacca oTobpazxkenuii Jlorku-BosbTeppa na cuminiekce S* ¢ BHIPOXK 1eHHOI
KOCOCUMMETPUYECKON MaTpulleit

0 0 ay —bl C1
0 0 —ay by —o

A= —a; Q9 0 0 0 , O<CL1, bl, C1, 2, bz, cy < 1.
by —by O 0 0
—C1 Co 0 0 0

"Mymunos V. P. -~ ®epranckuii rocynapcerennbiii yansepenrer, ulugbek. muminov.2020@mail.ru
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B gannoM ciryuae otobpazkenue Jlotkn-Bomasreppa V @ S* — S mmeer Bu

(2} = 21(1 + ayxs — by + c12s5),
Ty = o(1 — apws + boty — o),
1% ; = z3(1 — a121 + agxs), (2)
l4 = 24(1 + b1w1 — bo),
\ x; = z5(1 — 11 + coa).

[Tycrb ey, ..., €5 Bepuubl cumiiekca S, Ha pebpe I'yp = co {e;, €3} ormerum Touku

a2 ax by b1
M : ,0,0,0), M 0, 0, 0
1(a1+a2 ai + as ) 2(b1+bz bl+b2 )

MS = ) a ’ 07 07 0 9
c1+cy ¢+

Ha ['3y = co{es, e4} ormernm TOUKH

b1 aq bQ az
N 07 07 ) ) 0 ) N 07 O’ ) ) 0 )
1( ap+b a+0b; ) 2( as + by as + be )

Ha pebpe ['y5 = co{ey, e5} Takxke ormernm

C1 b1 C2 b?
K (0,0, 0, , , K510, 0, 0, , .
1( b1+01 bl+01) 2( b2—|—02 b2+02>

[Topganok pacmonoxkenusi toaexk My, My, Mj na pedbpe ['19 ompeensior fuHAMUYECKHE CBOI-
cTBa TpaekTopuili orodbpazkenus V. PaccMoTpuM Bce BOZMOXKHBIE CTydau.

1) Mycts My = My = Ms, torpa ajhby = agby, ajca = agcy, bica = bacy, clieioBaTENIBLHO,
N1 = Ny u K; = Ky. OueBusno, ato rpanu ' u I'345 cocTodT n3 HENMOABUKHBIX TOUYEK. B
pacemarpuBaeMom Fix (V) = o UT'sy5 U My Ny Ky, T.e. Tpeyrompauk M Ny K Takxke cocTOUT
I3 HEeNOJBMKHBIX Touek, npudeM M;N;K; = KerAN S*. Paccmorpum dyHKINIO ©p : S* 5 R
OIIPEJICTIEHHY IO PABEHCTBOM

5

rie p = (p1, P2, P3, pa, ps) € St x € S Tomwaysack nepasencreom HOura [7], [8] momydaem
cIIeJTyIoILy1o OleHKy st @, (V) :

o, (V) =9, (2) - (1 + a1x5 — bizg + c125)"" - (1 — ages + boxy — cow5)” - (1 — ayxy + agws)™
(L4 bray — bowg)™ - (1 — c121 + com2)™” < op (v sz (a1p3 — bips + c1ps) - 1—

— (—agps + baps — cops) - 2 — (—a1p1 + agp2) - T3 — (b1p1 — bapa) - x4 — (—cip1 + C2p2) - T3] .

(3)
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Ecau p € M1 N; K7, ro Ap = 0, nosromy u3 HepaBeHCTBa (3) mostydaem

wp (V) <y (2)

nuta moboro x € S, mpu yenosmm p € M N, K.

CaencrBue. Ecaup € MiN1 Ky, mo ¢, (x) asasemca dynryued Janyrosa das dunamu-
weckoll cucmemnvs (1). Qynukyus @, (x) e 6o3pacmaem 60041 NOAOAHCUMENDHBIT MPAEKMOPUTL
u ne yowvisaem 6004b OMPUUAGMENLHBLL MPLEKMOPUTL.

Berauciime sikobnan orobparkenns: V' B HEMMOABUKHBIX ToueK x € My N1 K momydnm cieayroree
ypaBHEHUE /I COOCTBEHHBIX 3HAYCHUN

J(Vz)=(1-\>. (1- A+ d2xyxs + aixyxs + b2y xy + bixgxy + Gayxy + Gaw5) =0

Tak xkak B Touke M; umeeM x3 = x4 = x5 = 0, a Ha orpe3ke N; K KOOpAUHATHI 1 = L9 = 0,
TO B 9TUX HEIMOJBUYKHBIX TOYKAX XapaKTEpUCTHIeCKoe ypaBHenue (1) mmeer cobOCTBEHHOE YNUC-
Jo A = 1 ¢ KpaTHOCTBIO D, a BO Bcex ocTajbHbIX Toukax m3 M;N;K; A = 1 umeer kpar-
HOCTH 3, & JIBa APYTUX COOCTBEHHBIX YMCJIa KOMILIEKCHBIE 1 10 MOay o Oosbmre 1. CremoBa-
TeJIbHO, BCe HenoBmKHble Toukn u3 riM; Ny K, penemtepsl, T.e. orragkupatorue. Curuarypa
d = (+ — ++ —) - Tpou3BOJIBHBIN HAOOP 3HAKOB. PaccMOTpUM OIHOPOJIHBIE HEPABEHCTBA CO-
OTBETCTBYIOIINE, HAIIPUMED, JaHHOW CUTHATYpe

(Az)
(Az)
(Az), > 0, (4)
(Az)
(Az)

Perenue (4) orkpbiToe (BO3MOXKHO 11ycToe) MHOKECTBO. IlycTh Fj 3aMblKaHne MHOYKECTBA
peIlleHnii HEPABEHCTB OIpPEJeIIeMbIX 3aaHHO CUTHATYPOH UM TPUHA/IEYKAIUX CUMILIEKCY.
OueBnyiao, Fjs MHOTOrpaHHUK npudeM, ecau Fy # & 1o dim Fy = 4. fcno, aro Fs ompese-
JIdeT KaKue KOODJIMHATHI He yObIBAIOT, KaKue He Bo3pacTaioT 1mpu otobpazkenuu V. CoryacHo
onpesenennio | JFs = S* npudem nepecedenne Jo6bIX JIBYX MHOIOIPaHHUKOB JIMGO IyCTO,

5

b0 siBsieTcd obIneil rpanbio. Takske B 1000 rpaHUYIHOI Touke x € Iy umeem l’,; = I}, XO-
s OBl JIJId OJIHOTO mHJieKca k. B paccmaTpuBaeMoMm ciiydae BO3MOXKHBI TOJIBKO 4 CHUTHATYPBI
h=H-—+-),=H—-—+—4),0=(—+—+-), 04 = (—++ — +) u coorBercTBy-
IOIIe UM MHOIOTPAHHUKHI

Fy = co{ey, e3, es, My, Ny, K1}, Fy = co{ey, es, es5, My, N1, K1},

Fy = 00{61, eq, My, Ny, K1}7 Fy = 60{627 eq, My, Ny, K1}~
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M,

Puc. 12: I'padur muoxectBa dukcnpoBannbix Touek Fiz (V).

Bamerum, urTo 4-mepHble MHOTOrpaHHUKEU Fi, Fh, F3, Fjy uMmeorT OOy JIByMEPHYIO
rpaab M N K. DT MHOTOIPAHHUKN CMEYKHBIE, €CJIU OHM NMEIOT ODIYI0 TPaHb Pa3sMepHOCTH
3. Urak, momydaem ciemyronuit rpad cMeKHOCTH JIJIsT 3STUX MHOTOI'DAHHUKOB.

Puc. 13: T'pad cmexkHOCTH MHOTOTPAHHUKOB.

Ecmn « € Fy N Fy, To cornacho (2) HAX0uM

’ ’ ’ ’ ’
x4 > Iy, Lo < To, Ty = T3, Ty = Ty, Ty = Ts.

Torna
17 ! ! ! /7 !
g = T3(1 — a1, + agwy) < x45(1 — ayxy + agxy) = 4,
17 ! i ’ /7 ’
xry =241+ bixy — boxy) > x4(1 + byxy — bows) = y,
! ! ! ! / !
s = x5(1 — 1) + coxy) < x5(1 — 121 + C212) = x5,
IIOCKOJIbKY Ha Fi N Fy, umeeM —a1xq + asTs = bixy — bexs = —cix1 + coxg = 0. Takum

obpazom V (Fy N Fy) C Fy. CienoBaresbHo, TpaeKTopus momasinas B Fy Moxker nepeiitu B F].
AHaIoruIHO moJTyvIaeM CJIeyIOIe BKIIOIeHUsI:

V(Fl ﬂFg) C Fg, V(Fg ﬂF4) C F4, V(F4 ﬂFg) C F.

[Topsok ciieioBanus TPAeKTOPHUH 110 MHOTOIPpAHHUKAM HA3bIBAETCA MapIIpyToM. B urore mo-
JIYIUM CJIEIYIONINI Pe3yJIbTaT.

Teopema 1. B paccmampusaemom caywae npu (0 ¢ Fiz (V) nosoostcumenvras mpa-
EKMOPUA He CTOOUMCA, OMPUUATNEALHAA MPAEKMOPUA CTOOUMCA K HEKOMOopol Mmovke u3
MiN1 K. Mapwpym mpaexmopuu V : Fy — F3 — Fy — Fy — F| u
Vi B s F—F — Fy— F.



Bectauk HY VY3 - 161- Tounble HayKn

Puc. 14: MapmipyT TpaeKTopuu, IpOoxXoJIsdIeil depe3 cMe:KHbIe MHOTOTPDAHHUKH.

Ecm 2* € Fix(V), To Gacceitn 9Toif TOUKM ompeesseTcs paBeHCTBOM B (z*) =
{x(o) €St 2 - x*} Tak xkak V' romeomopdusM, To pasjandaeM MOJOKUTEIbHBIN Oacceitn
B, (z*) n orpunarenbhbriii 6acceitn B_ (z*). B pacemarpuBaemom ciryaae npu x* € riM; Ny K,
(orHOCHUTE/IbHASI BHYTPEHHOCTH) YUIUTHIBasI IKOOUAH B TOUYKe T*, coryiacHO Teopeme ['pobmana-
Xaprmana nomydaeM By (z*) = 2* n dim B_ (%) = 2.

1) Ilyers My = Mj, crefoBatesibio, aicy = ascy. Eean arjby > ashy, 10 bice < bycy u
IoJIy4aeM cJiejiyroriee pacruosiozkenne trouek My Ny K;:

[N

M,=M, M,

Puc. 15: Pacrionoxxenune To4uex.

B mannom ciaygae Fix (V) = I'1o U 'sy5, 1 penmus HepaBeHCTBaA TOJTY THM
P = {xES4:AxZO} =co{M;, My}, Q= {x€S4:Ax§O} =co{Ny, N, Ky, Ks}.
IIycts p = (p1, p2, 0, 0, 0) € P u ¢, (z) = 21" - 2oP*. Ilo mepasencrBy IOHra nmeem

QDP (VSL’) = (pp (Z‘) . (1 + A1x3 — Q224 + a3x5)p1 . (1 — bll’3 =+ b21‘4 — b3$5)p2 S
< ¢p () (1 = (—aip1 + bipz) w3 — (agp1 — bap2) x4 — (—aspy + bap2) 5) .

Ilpu p € P nmeem —aypy + bips > 0, aspy — bapa > 0, —aspy + bspe > 0, mosromy ¢, (Vi) <
op (z). Ecm p € 1iP, 10 ¢, (V) < ¢, (2) aus moboro z € riS*. Urak ¢, (V7'z) > ¢, (2),
[I03TOMY JII00ast OTPHUIATEIbHASA TPACKTOPHS CXOAUTCA K HEKOTOPOil Touke u3 riP. Boraucius
cOOCTBEHHBIE 3HAYEHUST AKOOMaHa MmojydaeM Ipu & € riP Ay = Ao =1, A3 > 1, \y > 1, A5 > 1,
anpu r € riQQ umeeM \1 = Xy = A3 = 1m0 < A\ < 1,0 < Ay < 1. Takum obpasom,
HOJIOXKHUTEJIbHBIE TPACKTOPUHU CXOIATCA K TOUKE u3 14(), a OTpUIATE/IbHBIE TPACKTOPUN K TOUKE
u3 riP. YuurbiBasg cekTp sikoOuaHa u Teopemy ['pobmana-XapTmaHa moJiydaeM 1npu x € riP
mveeMm dim B_ (z) = 3, ecsin y € 1@, to dim B, (y) = 2. B mannom ciaydae BO3MOXKHBI 9

CUTHATYP:
h=(+——+—), h=H—-+++), =(+—-+—+),
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(54:(———+—), (55:<——+++), 66
57:(—+_+—), 58:(_++++)7 (59

COOTBeTCTByIOHlI/Ie MHOT'OI'PaHHUKM:

(__+_+)7
(—++—+).

Fy = co{ey, e3, e5, My, N1, K1}, Fy = co{es, es, My, My, Ny, K1},

F3 = co{es, €3, €5, My, Ny, K1}, Fy = co{e1, My, N1, Ny, Ky, K>},
Fs = co{My, My, N1, No, K1, Ky}, Fs = co{es, My, Ny, No, Ky, Ko},
F; = co{eq, eq, My, Ny, Ky}, Fg = co{es, My, My, No, K>},

Fy = co{eq, €4, My, Ny, K>} .

Ha pwuc.5 npeacrasien rpad cMeKHOCTH 3TUX MHOTOIDaAHHUKOB

Puc. 16: I'pad cmexkHOCTH MHOTOTPAHHUKOB.

/ / / /
Ha rpanu F) N Fy uMeeM o5 = 23 U Ty = T5, £ > T1, Ty < Tz, IOITOMY

1’ ’ ’ ’ ’
Ty = x5(1 — a1y + asxy) < x3(1 — @121 + asxs) = x4,
1’ ’

x5 = 25(1 — 12 + comy) < 25(1 — 12 + Coity) = 5.

Canenosarensho, V (Fy N Fy) C Fy. Ognako, va rpaan Fy N F5 CyImecTBYOT KaK TOYKH EPEXO-
nsrue B o, Tak n Touku nepexoagiiue B Fy. Onpenens Bce BO3MOXKHBIE IIEPEXOIbI TPACKTOPUN
[OJIy9aeM CJIEIYIONMNi OPUEeHTHPOBAHHBIN rpad:

Puc. 17: MapuipyT TpaeKTopuu, IIpoxo/Idiineil Yepe3 cMezKHble MHOIOT'PDAHHUKH.
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Teopema 2. Ecau 9 € 7iS*, mo mobas norooscumenvras mpaexmopus crodumcs,
nputem HaMUHaA ¢ Hexomopozo ng £\ € Fy U Fy U Fy, ompuyamentras mpaekmopus maroice
crodumes u ™ € Fy U Fy U Fy nawunaa ¢ Hekomopozo HoMepa.

MapipyT TpaeKTOpun OIpeessieTcs OpUeHTHPOBaHHBIM I'padaM IpeIcTaBJIeHHbIM Ha puc.6.
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REZYUME

Ushbu magqolada Lotka-Volterra operatori ta’sirida nuqta traektoriyalarini o’rganish
muammosi muhokama qilingan. Shu bilan birga , signaturalar aniqlanagan va
simpleks signaturalarga mos keladigan ko’pyoqlarga bo’lingan va ular orasida
marshrutlar anigqlangan.

Kalit so‘zlar: Musbat va manfiy tracktoriyalar, qo’zg’almas nuqta basseyni,
signatura, signaturalarga mos ko’pyoqlar, traektoriya marshrutlari.

RESUME

This article discusses the problem of learning point trajectories under the influence
of the Lotka-Volterra operator. At the same time, the signatures are defined and
divided into multiples corresponding to the simplex signatures, and the routes
between them are defined.

Key words: Positive and negative trajectories, fixed point basin, signature,
signature data polyhedra, trajectory routes.
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VIK 517.55

IIOCTPOEHUE II-CTPATET'UM B UT'PE ITPOCTOT'O
INPECJIEJOBAHNA-YBETAHNA C NMIIYVJIBCHBIM VYIIPABJIEHVEM

MycramnokysoB X. fI. © Mamaganues H. A. ~

PE3IOME

B mannoit craTbe paccCMaTpPUBAIOTCS UT'PHI MIPECJIEIOBAHNA C TPOCTBIM JIBUKEHUEM,
B KOTOPBIX UTPOKHU (IIpeciesioBaTesb, yoeraoruii mwin 06a) UCIOIb3YIOT UMILYJIbC-
Hble YIPaBJIEHUs, BO3/IENCTBUS HAa OOBEKT KOTOPBIX OCYIIECTBISIOTCS B 3apaHee
3a/Jl@aHHBIX MOMEHTaX BPEMEHM, U COOTBETCTBYIOIIEE YIIPaBJIeHUE BbIparkaeTcd IPU
oMoty sesbra-dyukimn lupaka. s qannoro kiracca puddepeHnmaibHbIX Urp
HOJIyYeHbI JIOCTATOYHbIE YCJIOBUSI PA3PEIIMMOCTH 3a/ladil IIpece/I0OBaHus 1 yoera-
HUS.

Karoueswvie caosa: paszpemaiorias (pyHKIU, UMITYJIbCHOE yIIpaBjenue, audde-
peHIa/ibHas Urpa, 3ajada MpecyejoBaHus, 3a1ada yoeranus, [I-crparerns.

I. ITocTanoBka 3ama4n

[Iycrs B mpocTpancTBe R™ yupasiiseMblii 00beKT P, Ha3bIBAEMBIH IIDec/ieoBaTeIeM, T0-
HATCH 3a IPyruM 00bekToM F, nazpiBaeMoM yberaromum. BeKTop cocrosHus IpeciesoBaTeis
0003HAYNM I, BEKTODP COCTOSIHUSI yOEraroIero 4epes y, COOTBETCTBeHHO. B Hacrosieit pabo-
Te PACCMATPUBAETCs 3a/ada [IPeC/ie/I0BaHIs-yOeraHus, TMHAMIYECKIe BO3MOKHOCTH KOTOPBIX
OIMCHIBAIOTCS ypaBHeHusiMu |1, 2, 6]

dz

P: gl z(0) = o, (1)
d

B: ==, y(0) =, 2)

e x, Yy, u, v € R", n > 1; xg, yp— HaAYAJIBbHBIE COCTOAHNUS O0BEKTOB, TPEIIOIATACTC Lo 7 Yo
U M ¥— BEKTOPBI CKOPOCTH, KOTOPBIE CJIyKaT ITapaMeTpaMi YIIPaBJIeHUs.

[Ipemmonoxum, aro 7; = iA, i € Ny = N U {0}, rme A—HEKOTOPBIA MOJOKATETbHBII
[IEPUOI.

1. Kitaccom JI0IyCcTUMBIX yIIPaBJIeHHI IIPECIe0BaTe/d U yOEraiomero NrpoKOB sIBJIAIOT-

Csl MHOYKECTBO MIMITYJIbCHBIX (DYHKIIUH, KOTOPBIE BBIPAXKAIOTCs TIPH HOMOIIHU JIeJIbTa-(OyHKINK
Hupaka [3-5, 7-10]

u(t) =3 wd(t—iA), u; € S, i € No, t > 0; (3)
=0

“Mycranokynaos X.. — Hanmonansueiii yausepenrer Y3sbekncrana nM. Mupso Yiyr6exa,
Mexrynapojabiii yauBepcurer Hopauk, m _hamdam@mail.ru

*Mamagammes H.A. — Hanponansuslii yEnBepcuTer Ysbexucrana nM. Mupso Yiyr6eka,
Wucruryr marematuku, um. B.M.Pomanosckoro, m _numanab59@mail.ru
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Zvl ), v; € Sy, 1 € Ny, t >0, (4)

rae S,, S,— MIAPbI PAILYCOB p U 0 C IEHTPAMHI B Hada/le KOOPJUHAT, & p, 0— HEOTPHIATE/IbHBIE
duKkcupoBaHHbIE YUC/IA.

2. lommycTuMBbIe YIIpaBICHUS U JTOJZKHO OBITH n3Mepumoit dyuknueit u(-) : [0,00) — R" u
VJOBJIETBOPATH M€OMETPUICCKOMY OTPAHUYCHHIO BHIA!

u(t) € 8,, t >0, (5)

a JIOIyCTUMbIe YIIPaBJIeHus yOeraioInero nrpoka 3a1aTcs Kak (4).

3. JdomycrumMble yrpaB/ieHIs IPEC/IEYIONIEro NIPOKa 3a/1al0Tcsi ¢ MOMOIILI0 0006ITEHHON
d—dyukmun Jupaka, (cm. (3)). A jomyctumMble yipaBjeHnsi yOerawoInero urpoka yaoBIeTBoO-
PSAET TEOMETPUIECKOMY OTPAHUYCHUIO BUJIA:

v(t) € Sy, t>0. (6)
e mpecenoBarens P B paccMaTpUBaeMOil UTDe COCTOUT B OCYIIECTBJIEHUU MOMMKH,

T.€. HEpaBEHCTBa
z(t) —y(@)] <1, (7)

rae x(t), y(t)—TpaekTopuu, HOpoXKJIaeMble B IPOIECce yIpaBieHus 00beKTaMu, [— 3a/laHHOe
neorpunaresnsioe qucso u |x(0) —y(0)| > [. Yberatommit E' cTpeMHUTCA YKIOHUTBCS OT BCTPEUH,
a €CJIM 9TO HEBO3MOYKHO, TO KaK MOXKHO JIOJIbIIe OTOIBUHYTh MOMEHT BeTpeyn (7). st permennst
381491 [IPEC/IeIOBaHUs BBEJEM MOHATHE CTPATEIHH [PECJIeIOBATES.

Onpenenenue 1. Omobpasicenue u : V — U naszwsaemes cmpamezueti npecicdosamens,
ECAU BLINOAHEHDL CAEOYIOULUE YCAOBUS:

(1) Jlas wascdozo v(-) € V' evinoaneno skarovwenue u(-) = u(v(-)) € U 6 nexomopom npo-
mearcymre epemer [0, T, npu smom, pynwyus u(t) = u(v(:)), t > 0 nasweaemes pearuzayued
cmpamezuu w(v(-)), v(-) € V.

(2) Ecau 0nsvi(+), va(-) € V' svinoaneno pasencmeso vy (t ) noumu ecrody wa [0, 7],

)=
mo uy(t) = ug(t) noumu eciody na [0,T], 2de u;(-) = w(v;(+)), ¢
(-

va(t
1,2.
eU,n

B cuny ypasuenunii (1)-(2) kaxbie mapsl (g, u(+)), rue u(-) € (Yo, v(+)), tme v(-) € V,

MTOPOKJIAIOT TPAEKTOPUN:

z(t) = xo + /Otu(s)ds, y(t) = yo + /Otv(s)ds

coorBercTBeHHO. Torma x(t)— Ha3bIBAETCA TpPAEKTODHEll JBUKEHUs IpecyesoBaTessd, a
y(t)—TpaekTopueil BUKeHMs yOeratIero.

[Iycrs 2(t) = x(t) — y(t), 2(0) = 20 1 20 = 2o — Yo.

Onpenenenne 2. Cmpamezuto u(v(+)) npuramo Hazweams cmpamezuet NAPaILEALHOZ0
npecaedosanus uru II-cmpamezuets, ecau das kascdozo v(-) € V' pewenue 3adavu Kowu

92 _ wfult)) — o), (®)

2(0) = 2o, (9)
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MOIHCHO npedcmasums 6 sude
z(t) = A(t, ()20, A0, 0(+)) =1, (10)

2de A(t,v(-))—nexomopas ckarapnas nenpepvienas gynkyus no t, t > 0; dynryuo A(t,v(-)) 6
danrvHetiuem Ha3o08em Gynryuet coruncenuem 6 3adave npecicdo8aHUuA.

Oupenenenne 3. [I-cmpamezus Ha3bl6aeMCA 6bLULPLIULHOTE AL NPECACI0GAMENI 6 NPO-
meorcymre epemenu [0, T, ecau das aoboeo v(-) € V:

a) cywecmeyem makot momenm epemenu t* € [0,T], wmo ewnosneno mepasencmeo
l2(t)] <1, t € [t*,T];

6) u(v(-)) € U 6 npomesicymre epemenu [0,T;
npu smom, wucio T 6ydem HaA3b16aMb 2aPAHMUPOSAHHBLM GDEMEHEM NPECACIOSAHUA UAU TO-
UMKU.

Paccmorpum rernieps urpy (U, V') ¢ Touku 3peHust yberaoriero.

Onpepesienne 4. Vnpasaenue v*(-) € V' nasweaemes svuepviwrom 6 uepe (U, V) daa
ybezarowsezo, ecau dasn noboeo u(-) € U pewenua z(t) sadawu Kowu

zZ=u(t) —v*(t), 2(0) = 2, (11)

suinoaneno nepaserncmeo |z(t)| > 1 npu ecex t > 0.

I1. Pemtenne 3agaum 1

[IycTn

Ufmp = U()’ U(t) - Zul(g(t - ZA)’ U; € Spa 1€ N07 t Z 0 ;

=0
Vimp = v(~)‘ o(t) = S 0:6(t — i), vi € Sy i € Ny £ 20
=0

[Tocsie mojCTaHOBKY B MPABYIO 9acTh ypaBHeHHsI (8) JOMyCTUMBIX yNpaBI€HUI MUIDOKOB
MOJIYIUM CHCTEMY C IIPABOI 9acThIO C aJIATUBHO BXOJsIell obobmmennoit ¢yukimeit. Corrac-
HOo Teopeme 1 [5, §1, ri.1] sra cucrema umeer pereHue pu JEOO0M HavdaJIbHOM ycjaoBuu (9)
pUYeM OHO eJMHCTBEHHO M abCOJIIOTHO HEIPEPBIBHO Ha WHTepBaiax (7,_1,7;), 1 € N, rae N—
MHO2KECTBO HaTypaJIbHbIX YHCE€JI, & B MOMEHTbBI BpEMEHHU T7; MO2KET HMETH Pa3PbIBbI IIEPBOI'O
poja.

a) Perrenue 3aga4m npecsie1oBaHus

g perrenus 3aJ1a9u MMPEC/IeI0BAHUA TTPEJIITOIOKIM, 9TO B TEKYIIU MOMEHT BpPEeMEHU
l mpeciieIoBaTEII0 U3BECTHLI HAYaJbHbIE HapaMeTphl T, %o, TEKYIIUA MOMEHT BpeMeHu t u
3HaveHue yrpasjienus yberaromero v(t).

Onpenenenune 5. [Tycmv p > o. Tozda 6 uepe (Urpmp, Vimp) Pyrryuio

u(zo,v(t)) = Z w;o(t —iA),t >0, u; = v; — A(20, v;)eq, © € No, (12)
i=0
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Hazosem cmpamezuets Napasiesvbrozo npeciedosanus (kpamko II-cmpamezueti) npecaiedosame-
A, 20e

A(z0,05) = (v, c0) + 1/ (v, €0)? + 2 — [uil2, €0 = 20/)20], i € N (13)

(v, €0)— craaaproe npoudsedenue 6exmopos v;, i € No u ey 6 R". @ynruuro \(zo,v;), i € Ny
00bL4HO HA3VEAIOM paspewatoueli Pynryued.

Ternepb yKaxkeMm HEKOTOpbIE BazKHble 0cobeHHOCTH cTparerun (12) u paspemiaoreii GyHK-
mun (13).

Jlemma 1. Cmpameezus (12) onpedesena daa 6cex v; € Sy, i € Ny u pasencmeo |u;| =
p, i € Ny ydepotcusaemes 60 6pems uzpvl NPECAEOOSAHUA.

Joxazamensvemeo. st Becex v; € S,, 1 € Ny MBI IPOBEpsieM, 9TO pa3peraIias Py HKIUST
A(z0,v;), © € Ny ompesiesieHa, Korua p > o, T.e.

D(z,v;) = <Ui7€0>2 + 07— vl > p* = |u]> > p* — 0® > 0.

U3 (12) u (13) serko nokasars, 4ro |u;| = p, i € Ny .
Jlemma 2. Paspewarowan dynruyus (13) onpedeaena u neompuyamensvia 0A4 6Cex v; €
Sey @ € No, u ama dyrkyus ozpanuvena credyrouum oopasom:

p—0 < ANzo,v;) <p+o, i €Ny.

Jokxazamensvemeo. MakcumaibHOE U MUHMMAJILHOE 3HAYMEHUs paspernaomnieil byHKimumn
(13) ompeessttoTest Jyist TPOU3BOJIBLHOTO v; € Sy, © € Ny ciieyomum 06pasom:

Hélsr} 20, v3) = (20, v;) = (—oep, e) + \/(—er, eo>2 +p?—| —oe|> =p—o,
v Vi=—0€Q

max A z0,v;) = A(20, v5) = (oep, €9) + \/((760,60)2 +p2—|—oce|>=p+o,i€ N,
(% o vi=0oeq

CrietoBaTesbHO,
p—0 < Azo,v;) < p+o, i €Np.

Omnpenenenne 6. Eciu p > 0, mo ckarapras Gynkyua

Alt,v()=1—+— Z/ 20, 0;)0(s —iA)ds (14)

nazvieaemes gynryuet coruoceruem uepoxos 6 uepe (Urmp, Vimp).
Jlemma 3. Ilycmv p > 0. To
a) dan ecex v(-) € Vi, dynruyusa (14) monomonno yoweaem no t, t > 0;
6) pynxyua (14) oeparuvena dan ecex t € [0,T] caedyrouyum obpazom:

pt+o

1 _
|20

(N0 +1) < Aol <122 (N +1) (15)

|20]

ede N(t) = [£].
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Hoxazamenvcmeo. Ilycts p > 0.

a) M3 jsemmbr 2 1 hopmyiiet (14) ciemyer cieryiomiee HEpABEHCTBO:

A(t,v(- > A(t > A(t > ...
(t,0()) te0,a) (t,0()) t€[A20) (t,0() tE20,3A)
Crenosarensno, st Beex v(+) € Vi, dynknua A(t, v(-)) monoromnno yosiBaer 1o t, ¢ > 0.
6) 13 dbopmysr (14) moyuaem ciieayronLyio ONeHKY:

A(t, () —1——2/ 20, ;)0 s—zA)ds-l—LZ/\(zo,vi).

|zo]

U3 sroro u u3 seMMebl 2, ciemyeT JaBojinoe HepaBeHCTBO (15). Jlemma 3 mokaszama.

Teopema 1. [Tycmv p > o 6 uepe (Upnp, Vimp). Toeda II-cmpameeusn (12) asaaemca
GuLUPLILHOT 0aa npecaiedosamens 6 npomestcymre epemenu [0, T], a 2aparmuposannoe epems
T 6ydem pasro

_ Al =1
2de [|— weaas wacmo wucaa.

Joxazameavcmeo. Ilpeanonoxkum, 4To yoOeraionuii BoIOMpaeT HEKOTOPOE YIPaBJICHHE
V() € Vimyp, a upeciegobaress peaausyer [I-crpareruto (12). Torga cormacho (8) u (10) mosy-
YUM CJIEJYIONTYTO (DYHKITHIO:

2(t) = 20 + /Ot (u(zo, u(s)) — v(s))ds — 2A(t0(-)).

I3 sroro, u3 gemmbl 3 u3 (16) BeITEKaeT CleIyonas OleHKa:

— 0
2(0)] < (D)) = [zl - [MT00)]| < [0l -1 - pw (N(T) +1)] <
EY pP—0a B

Caenosaresbio, [I-crparerus (12) rapanTupyer HOMMKY yOeraiomnero Ha HHTEpBaJje Bpe-
menu [0, 7. Teopema 1 nokazana.

6) Pemienue 3a7a4m yKIOHEHUS

B sroMm paszese Mbl IPEJIOKIM JIOIMYCTUMYIO CTPATErHio YOeraroIero, rapaHTUPYOILY o
B 3a/1a9€ YKJIOHEHUS.

Omnpenenenne 7. Hazosem dynrxuuto ynpasierus

o0

o) =-Y (0605@ - m)), t>0 (17)

=0

cmpamezets yoezarousezo 6 uzpe (Upmp, Vimp)-
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Teopema 2. Ilycmv p < o. Tozda ynpasaenue (17) A6aiemcs 6viupbiuiivM 6 uzpe
(Utmps Vimp) 044 ybezarowezo u npu amom |z(t)| > |z| das scex t > 0.

Joxazamensvemeso. lpeanonoxkum, uro p < 0 U mpecsesoBaTe/b BLIOUPAET yIIpaBjIcHIe
u(+) € Upmp, a yberaomuit npumensier crpareruio (17). Torga u3 ypasuenns (11) mosydaem

N(t) N(t)
20 = [z + Y _(oe)| = | 2w
=0 =0

npu Bcex t > 0. Teopema 2 jgokasaHa.

> J20] + (0 = p)(N(8) + 1) > |z0] > 1

II1. Pemenue 3amaunm 2

ITycTh
Ug = {u(-)) u(t) € S, t > o} ,

‘/Imp = {U() U(t) = Z’UZ(S(t — ZA), V; € Sg, 1€ No, t 2 0} .

i=0
a) Pemrenne 3aauu npeciiejoBaHust
Omnpepesienne 8. [Iycmo pA > o. Tozda 6 uepe (Ug, Vipyp) Pyrryuo u = u(zg,v(t)), t >
0 nasosem cmpamezuet NAPAALEALHOZ0 NPECACOOBANUA NPECACOOBAMENA, ECAU OAA KAHCIO20
v(+) € Vimp:

a) u(zo,v(t)) = u(z0,0:), t € [m, (i + 1)A>, v €Sy, i € No;
6) |u(zo,v(t))| = p, t = 0;

6) u(20,v;) = i(vi - )‘(ZOan)60>7 i € Ny, 2de

A(z0,v1) = (vi, €0) + \/<% co)” + (pA)? —[vif2, ey = z0/|20], i € Ny (18)

(v, e0)— craaaproe npoussedenue 6exmopos v;, i € No u eg 6 R™. @ynruuro \(zo,v;), 1 € Ny
00vIHO HA3DIBANOM. PaspewarouLets Gyrruued.
Tenepb ykazkeM HEKOTOPbIe BazKHBbIE 0OCOOEHHOCTH pasperaomnieil pynknnu (18).

JIlemma 4. Paspewarowan pymnxuyus (18) onpedesena u neompuyamenvua 0 6cex v; €
Sy, 1 € Ny, u ama GYHKUUA 02PAHUYEHA CACOYOULUM 0OPA3OM.:

PA — o < Az0,v) < pA+o0, i € Ny.

Omnpenenenne 9. Ecau pA > o, mo ckaraphas GyHKuus

N(#)

At v() =1 - — Z A0, v:) (19)

nasvieaemcsa gynryued coruscenun uzpoxos 6 uzpe (Ug, Vimyp)-
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Jlemma 5. ITycmv pA > o. Tozda

a) dns ecex v(-) € Vi, dynryua (19) monomonno ybweaem no t, t > 0;

6) pynryua (19) oepanuuena dasn ecex t € [0,T] caedyrowyum obpazom:
(N(t) + 1).

pPA — o

|20

pPA + o

1
|20]

(N(t) + 1) < A(tw()) <1-—

Jlemma 5 JOKa3bIBacTCA aHaJIOTMYIHO JIEMME 3.

Teopema 3. IIycmo pA > o 6 uepe (Ug, Vipmyp). Toeda II-cmpamezus u = u(zo, v(t)) as-
AACMNCA BLUPOLHOT 0as npecaedosamens 6 npomescymre epemeny [0, T, a eaparnmuposarinoe
epema T 6ydem pasero

20| — 1
T = A[' o |

pPA — 0o

2de [|— uenas wacmo wucaa.
Teopema 3 j10Ka3bIBaETCS Tak Ke, Kak 1 Teopema 1.
6) Pemienne 3a7a4m yKJIOHEHUS

B sroMm pasesie Mbl IPEJJIOKIM JIONYCTUMYIO CTPATErHi0 YOeraroIero, rapaHTuPY oIy o
B 3a/1a9€ YKJIOHEHUS.

Omnpenenenne 10. Hazosem pyrryuro ynpassenus

e}

vy =-Y (aeoé(t - m)), £>0 (20)

i=0
cmpamezuem ybeearowezo 6 uzpe (Ug, Vipp).

Teopema 4. [Tycmov pA < o. Toeda ynpasaenue (20) ABAACMCA GVULPLIULHOIM 6 UgDE
(Uc, Vimp) 0asa ybezarousezo u npu amom |z(t)| > |zo| das ecex t > 0.

Jloxasamenvcmeo. Ilycrs pA < o. [lpeamnonokum, 9To mpeciiejoBaTe b BLIOUpaeT yiupas-
senne u(-) € Ug, a yberatomuii npumensier crpareruto (20). Tora us ypasuenus (11) mosryaaem

2(8)] = ‘ZO +/u(s)ds + oeg(N(t) + 1)‘ >

‘zo +oeo(N(t) + 1)‘ - ‘/u(s)ds‘ >

20l + 0 (N () + 1) = pt > [z0] + (N(2) + 1)(0 — pA) > |z0] > 1

npu Beex t > 0. Teopema 4 jokazaHo.

IV. Pemenne 3amaun 3

[IycTn

Ulmp = {u()‘ u(t) = Zuié(t —1A), u; € S,, 1€ Ny, t > O} ,

1=0
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Vo = {v<-)) u(t) € Sy, t > o} .

a) Pellenue 3a/1auu npeciieoBaHus
Onpenenenne 11. ITycmo p > oA, Tozda 6 uepe (Urpmy, Vi) dynryuro

u(zo,v(t)) = i wo(t — i)t >0 (21)

=0

Ha3zoeem Cmpameeu@ﬂ napansnesvbrHozo npeCﬂ@aO@aHUﬂ npeCﬂe&OGameﬂﬂ, ecau 0aa KasHcdo20
U() e Va:
a) |ui| = p, 1 € No;

6) ug = —p - eo, w = T; — A(20,0;)e0, 1 € N 20e

1A
A(z0,0i) = (Ui, e0) + \/<@,€o>2 + 07— il v = / v(s)ds, eg = 20/|20], i € No  (22)
(i-1A

(T, e0)— craaaproe npoudsedenue 6exkmopos T;, i € Ny u eq 6 R™. Qynxyuro A(20,7;), i € Ny
00biuHO Hazwveaom paspewatowet dynrkyued [15].

Tenepb yKazKeM HEKOTOPbIe BasKHbIE OCOOEHHOCTH paszpemtaommei GyHkimn (22).

Jlemma 6. Ecau p > 0, mo das npoussoavrozo ynpasaenus v(-) € Vg paspewarowan
dynryua (22) obaadaem caedyrowumu ceoticmeamu: 1) U; € Sya, @ € No; 2) onpedenena; 3)
umeem mecmo Hepasuemeo p — oA < N(zo,v;) < p+ A, i € Ny; 4) paspewarowan Gynruus
Az0,7;) Heompuyamesva.

Jloxasameavcmeo. Ilycrs p > oA nv(-) € Vg Te. v(t) € S,, t > 0.

1)

1A A
5= / o(s)ds| < / o(s)|ds < oA, i € N,
(i—1)A (i-1)A

CaenoBatesibHO, U; € Sya, © € Np.
2) Omnpenenenne pasperatorieii GyHKmu (22) MOXKHO MOKA3aTh AHAJIOTHIHO JIeMMe 1.

3) MakcumasibHOE 1 MUHUMAJIbHOE 3HaYeHNs paspentatoreil pyHkimm (22) onperessirores
JUIst TIpou3BOJIbHOTO v(t) € S,, t > 0 citeaytomum 06pa3om:

7m;n 20, 7;) = A(20, V;) o= (—oAey, eo>—i—\/<—0Aeo, 60)2 + p? — | — 0Ae)? = p—0oA,
Vi€SsA vV;=—0Aeg

max 20, 75) = M z0, ;) = (0A60,60>—|—\/(0A60,60>2 + p2 — | — 0Aeg|? = ptoA, i € N.
V;E€ESsA v;=0Aeg

Crenosarenso, p — oA < A(z0,7;) < p+ A, i € Ny.
4) C nomorpio HepaBeHCTBa p > o/ U cBoiicTBa 3 JIErKO 1I0KA3aTh, YTO Pa3penaronas
dbyukuums (22) HeorpunaTebHa.
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Omnpepnenenne 12. Ecau p > 0, mo ckarapras Gpynryus

N(t)
1
At () =1= (o= oh+ 3o\ 70) (23)
0 i=1
naswvieaemcs gynryuet coruscenua uzpokos 6 uzpe (Upmp, V).
Jlemma 7. Ilyemov p > oA, Toeda
a) das ecex v(-) € Vi dynryua (23) monomonno yoweaem no t, t > 0;

6) pynryua (23) oeparuuena das ecex t € [0,T] caedyrowum obpazom:

ptol (N(t) +1>.

|Zo|

p— oA

1 _
|Zo|

(N(t) + 1) < A(to() <1—

Jlemma 7 10Ka3bIBAETCA aHAJIOIMYIHO KAaK B JIEMME 3.

Teopema 5. IIycmov p > oA 6 uepe (Urmyp, Vi), moeda II-cmpamezus u = u(zo,v(t))
ABAACTNCA BLUPOILHOT OaA npecaedosamens 6 npomescymre epemeny [0,T], a e2aparmupo-
sanroe epems T bydem pasro

r-sf25) 24

2de [|— weaas wacmo wucaa.
Teopema 5 j10Ka3bIBAETCS TaK Ke, Kak 1 Teopema 1.
6) Pemrenue 3a7a4m yKIOHEHUS

B sroMm paszene Mbl IPEJIOKIM JIOMYCTUMYIO CTPATErHio YOeraroIero, rapaHTUPYOILy o
B 3a/1a9€ YKJIOHEHUS.

Onpenenenne 13. Hasosem
v*(t) = —oey (25)
Pynryuo ynpasaenua cmpamezuu ybezarousezo uepoka 6 uzpe (Uppp, V).

Teopema 6. [Tycmv p < oA u |z| > p+ 1. Toeda ynpasaerue (25) asasemes eviuzpvii-
noem 6 uepe (Urmp, Vi) 0aa ybezarowezo w npu smom |z(t)| > |z9| — p dan scex t > 0.
Jlokasamenvcmso. Ilycts p < oA u |29 > p. Ilpeanonoxkum, aro npecieoBaTeb BbIOU-

paet yupasienne u(-) € Uy, a yoeratomuii npumensier crparernio (25). Torma u3 ypauenns
(11) mosyuaem

N(t)
> ’ZO+U€0t‘ — ’Zul
i=0

20| = p+ (0A = p)N(t) = [20] — p > 1

npu Bcex t > 0. Teopema 6 JiokazaHa.

> |zo| + ot — p(N(t) +1) >

N(t)
1z(t)] = ‘Zo + oept + Zul
=0
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REZYUME

Ushbu maqolada sodda harakatli quvish o’yinlari qaraladi. Bunda o’yinchilar
(quvlovchi, qochuvchi yoki ikkalasi ham) impuls boshqaruvlarga ega bo’lib, bu
impuls ta’sirlari ob’ektga oldindan belgilangan vaqt momentlarda ta’sir etib,
boshqaruv Dirakning delta-funksiyasi yordamida ifodalanadi. Ushbu differentsial
o’yinlar sinfi uchun tutish va qochib ketish vazifasining hal etilishi uchun yetarli
shartlar olingan.

Kalit so‘zlar: differensial o’yin, quvish masalasi, qochish masalasi, P-strategiya,
tutish.

RESUME

This article examines pursuit games with simple motion, in which players (the
pursuer, the evader, or both) use impulse controls, meaning that these impulse
effects on the object are applied at predetermined moments in time, and the
corresponding control is expressed using the Dirac delta function. For this class of
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differential games, sufficient conditions for the solvability of the pursuit and evasion
problem have been obtained.

Key words: differential game, pursuit problem, escape problem, P-strategy,
capture.
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HEJIOKAJIBHA{4 3AJAYA C NHTEI'PAJIbHBIM YCJIOBNEM
AJId YPABHEHUN A TPETBHEI'O IIOPAIKA

Caraymninaesa M. M. ©

B mannoit pabore m3yuaercs HeJOKaJIbHas 3a/lada ¢ UHTErPaJbHBIM yCJIOBUEM JIJIsi
ypaBHEHUs TPEThEro MopsKa C OlepaTOPOM TEIJIOIPOBOJHOCTH B IVIABHOI 4acTH.
JlokazaHo cyIecTBOBaHHE €IMHCTBEHHOI'O PETYIISPHOIO PEIIEHNs] PacCMaTPUBaeMOii
3a/1a91 METOJIOM MHTerpaJbHBIX ypaBHenuit Boibreppa.

Kaouesvle caoga: KpaeBas 3ajlavun; HEJIOKAJIbHOE YCJIOBUE; HHTErPAIbHOE YCJI0-
BHE; CMelleHHasd 3aJjada; 1napabo/JndecKoro ypaBHeHus; GpyHKIud ['puna; mnTe-
rpaJibHble ypapHeHusa Abesis.

Bsenenue

HaqaﬂbHO—KpaeBbIe 1 HeEJIOKaJIbHbIEC 3a/a4l C MHTEI'PpaJIbHBIMUA YCJIOBUAMM JIJId ,ZLI/I(bee—
PEHINAIBHBIX yPAaBHEHWI TPEThEro MOpsIKa BO3HUKAIOT IIPHU OMUCAHUNN KOHKPETHBIX (DU3M-
yeckux sipjieHnit. QuibTpanuy KuJIKOCTH B MOPUCTBHIX cpefax 1], mepejadu remia B rerepo-
IeHHBIX cpeJiax 2|, Biaromnepenoca B moYBo-rpyHTax [3| npuBojgar K ypasuenusm jauddysun,
KOTOpPbI€ ABJIAIOTCA YPpaBHECHHUAMU B 9aCTHBIX ITPOU3BOAHBIX COCTaBHOI'O THUIIA.

CwmerrafHble 381291 ¢ MHTETPAJIbHBIMIA YCIOBUSMU JIJIsT YPABHEHUI B YACTHBIX ITPOM3BO/I-
HBIX TUIEPOOINIECKOro TUlia ObLIN paccMOTpeHbl B paborax [4]-[6], Ho mpu sTOM, B OCHOBHOM
HCCJIEIOBAJINCH YPABHEHUAM B YaCTHBIX IPOU3BOIHBIX BTOPOI'O MOPSIKA.

B nacrosreit pabore paccMaTpuBaeTcs 3a/1a4a ¢ HeKJIaCCUIeCKUMU YCJIOBUSAMU JIJTs yPaB-
HEHUIl B YACTHBIX IPOM3BOIHBIX TPETHErO IMOPSAIKA C OIIEPATOPOM TEILJIOIPOBOIHOCTH B TJIABHOM
JaCTH.

ITocranoBKa 3amadyn

B obmactu D = {(z,t) : 0 <2z <[, 0 <t < T} paccMOTpUM ypaBHEHHE B YaCTHBIX
POM3BOJHBIX TPETHLETO TOPSIIKA

—_
~—

o (0 0?
LuE—(a—/l:—a—;;)+C(3U,t)lb=f($,t), (

rie c(x,t), f(x,t) — 3amannbe QyHKINM.

Bamerum, 4to ypasHenue (1) oTHOCHTCSI K IEPBOMY KAHOHUYECKOMY BUJLY OTHOCHTEJIbHO
CTapINUX IPOU3BOJIHBIX, YKA3AHHBIX B paboTe [7], T. €. ypaBHeHHe XapaKTePUCTUKE UMEET OJIUH
UHTErpaJl, IPUIEM TPEXKPaATHbIH. DTOT (aKTOp CYIIECTBEHHO BJIMSET KaK Ha KOPPEKTHOCTDH
[OCTAHOBKU 3aJ1a4, TaK M Ha UX Pa3pPeluMOCTh.

B pabore jyist ypasaenusi (1) uccyemyercs cienyiormas 3agada: Hatimu 6 obaacmu D
pewenue u(x,t) ypasnenus (1), ydosaemesoparowee nauasoromy

u(z,0) = ¢(x), 0<z<lI, (2)

*Cargynnaesa M. M. - Harpmonanbublii yansepenter Ys6ekucrana, sagdullayevam@mail.ru
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U 2PAHUNHOLM YCAOBUAM
w(0,t) = ur(t)  ug(l,t) = pa(t), 0<t<T, (3)

U uHmMezpasbHviM YCcao6uAM

l t

/u x,t)dr + /h(t,r)u(l,r)d7+u1(t), 0<t<T, (4)

rae P1(x), pi(t), pa(t) u h(t,7) — 3amanmsle, nenpepsisusie na [0, u [0,7] coorBeTcTBEHHO
DYHKIMI 1 yI0BJIETBOPSIIOT YCJIOBHSIM COIVIACOBAHMUSL: YIOBJIETBOPSIIOIIHE YCJIOBHUSIM COITIACOBa~

HUA:
l

o(0) = m(0), (1) = / (@) = p5(0).

B mocrasieHHOll 3aj1a1€ B KPaeBbIX YCJIOBHUIX COJEPIKUTCS HEJOKAJILHOCTD II0 BPEMEHH,
BIIEPBBIE PACCMOTPEHHBIE B pabore (8] 1 yIeHNKOB MCCIIeI0BAHBI PA3PENTIMOCTh KPAEBBIX 38,184,
COYeTAIOININX 3a/1a41 ¢ HeJJoKa bHbIME yesoBusaMu A.A.CaMapcKoro u 3a/1a4u ¢ UHTErpaIbHBIMI
YCJIOBHSIMU.

Yepes CH*(D),0603nauen kinace dbynxmuit u(z,t) HeIPePBIBHBIX BMECTE CO CBOUMH HYaCT-
HBIME [IPOU3BOJHBIME TOpsiKa 0™ u(x, ) /0x™Ot™ nist Beex
m=0,k,n=0,10; C%D).

[Tox kaccom C* (D) nonumatorest onpejiesiennbie B obgactu D byHKIUT, Yy KOTOPHIX
BCE YACTHBIE POU3BOJHBIC TOPSAIKA k CYIIECTBYET M YJIOBJIETBOPSCIOT YCJIOBHIO lesbiepa ¢
nokazarejeM v, 0 < v < 1.

Omnpenenenne. Peryspusivm B obsacru D periennem ypashenusi (1) HasbiBaeTcs Jieii-
creutenbiag bynkmua u(z,t), uz xnacca C3H(D) () C?°(D), ynoBIeTBOPSIONLYIO YCIOBUAMM
(1)-(4) B 0OBIMHOM CMBICIIE.

Bamady (1)-(4) mccaemyem B mpocrpanctse C31(D) (N C*°(D), npn sToM crpabemBa
CJIEIYIOIast TeOPEMa O Pa3permMOCTH HeJIOKaIbHOM 3a1aun (1)-(4).

nmeeT MecTO crie/yrommas TeopeMa 0 Pa3pernMOCTH HeJIOKaabHoi 3amaan (1)-(4).

Teopema. Ilycrs koapdurmenT u npasas 9acTh ypaBHenus (1) yI0BI€TBOPSAIOT yCIOBU-
am c(x,t), f(z,t) € C(D) u sanannbie bynkmum ¢(z),1;(t), (i = 1,2,3) u h(t, 7) ynosaersops-
10T YCJIOBUSIM

p(x) € C?[0,1]; (1), ua(t) € CH[0, TT; pa(t) € C[0, T).

Tora cyrmecTByer eIMHCTBEHHOE HEPEPBIBHOE U OTPAHIYCHHOE PEIIeHNe HEeJIOKAJIbHON 3a/1axi
(1)-(4).

HoxkaszarenbcTBo. [locrponm siBHoe perenne 3a1ax1u (1)-(4) ¢ nomommsio dyuxmuu I'pu-
Ha JJid YpaBHEHUA TEILJIOIIPOBOJIHOCTHA.

CJI02KHOCB 9TOi 3a/1a4U COCTOUT B TOM, 4TO B 06€ 4acTu TPAHUIHOTO yCjoBus (4) BXOIUT
HemsBecTHoe perienue u(z,t). Ilomoxum u,(z,t) = v(x, t) u obozuadnm v(0,t) aepes p(t) u pe-
IIIM CJIEJYIONIYIO BCIIOMOTaTeIbHYIO 3a1a1y. Hatmu 6 obaacmu D pewenue v(z,t) ypasrernus

U — Uy = F(,1), (5)
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YO0BAETNGOPAIOULEE HAUANDHBIM YCAOGUAM (4)
v(z,0)=¢'(z), 0<x<l, (6)
U 2DAHUNHDLM YCAOGUAM
v(0,t) = u(t), ov(l,t)=p(t),0<t<T, (7)

riae F(x,t) = f(x,t) — c(x, t)u(z,t) n p(t) — noka HemsBecTHAas (DYHKIWS, TPEIITOIOKIM, 4TO
u(t), HenpepoiBaO- b bepernupyema u uarerpupyema wa [0, 7] 1(0) = ¢'(0).
Pemenue 3amaan (5)-(7) usBecrno u npejcrasumMo B Buje (9]
I t
/gp/ (x,t; ¢, 0)d§+/u(T)G5(x,t;0,T)dT—
0

0

/m( )Gg(xtOTdT—F// (2.1 €, 7)F(E, 7)dEdr, (2,8, €, 7) (8)

sneck G(x,t; &, 7) — dynkuus ['puna neppoit KpaeBoii 3a/a9u Jyisi ypaBHEHHsI TEIJIOPOBOIHO-
CTH, KOTOpasi B PACCMATPUBAEMOM CJIyIae MMeeT B BU/T

—+00

Glat, &) = Y U, 56 +2nl,7) — Ul ;=€ + 20, 7], (9)

n=—oo

371eCh

1 e,
et - | A )

0, t<T.

(10)

HokazareibcTBO aOCOTIOTHO U pABHOMEPHOI cXOUMOCTH Psijia (9) 3a UCKITIOUEHIeM e~
Ha pu 1 = 0 U PAJIOB, MOJYUYEHHBIX U3 HErO HOWIEHHBIM AuddepeHmpoBanueM JII06oe TuCIo
pas 1o z u t npusejieHo B padore [10].

YuaursiBas obosnadenue F(x,t) u3 dopmynsr (8) nmeem:

t

uz(x,t) = Po(z,t) +/M(T)G§(l’,t;0 7)d //G x, 4 & T)e(E, T)u(E, T)dEdrT, (11)

0 0

t

rjae
l

/cp G(z,t,&, O)df—i-/,ug(T)Gg(x,t;O T)dT +
0

0

I
/GxtﬁT f(&, m)dedr.
0

c>\@F

Unrerpupys (11) mo z, moayanm

x t

wot) — (o) /ds/ Gwofdf_/dsj/m, (e, (12
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371eCh
xr

O(xz,t) = /@o(s,t)ds + 111(2).

BameTum UTO,

/xds/t (17)Ge(x,t;0,7) 2 7r ':L/(Z)_d: /tG(x,t;O,T)dT

Toryma dbopmymna (12) npumer Bu

t

t I
u(z,t) = O(x,t) + 2\/_/\/E 0 G(x,t;O,T)dT—O/O/Kx t; &, )u(&, T)dédT,  (13)

e
x
Kle,t7) = el6.r) [ Glantic, e
0
Teneps ucnonb3yem yciaosue (4).
Cuavasia npounterpupyeM (13) mo z or 0 mo [ u mocie HeCJHOXKHBIX MpeobpasoBaHmMil
TIOJIY 1M,

l l

/u(x,t)dx = /@(m,t)dm+ 2\[/7? /\L/(Z—)__d:—

—/t(/lG(a:tOde) df_//(/mts, das) (&, 7)dedr.

B dopmyie (13) monoxum x = [ u ymMHOKEM 06e dactu Ha h(t, T), HOIydeHHOE TIPH 9TOM
BbIpasKeHue [IPOMHTErPUPYEM 110 T B 1ipejiesiax or 0 j10 ¢ 1 1moc/e psjia npeodpasoBaHuii, HMeeM

t

JE I / Mt )0, ) + / / )

/ ds/ (t,7)G zTOSdT—/dg/(/ 175))(5,5)@.

Cobepem Bce ciraraeMble, OTBEYAIONTHE YCIOBUIO (4) U MOIyYUM CJIe/IyToliee COOTHOIEHNe

2\/—/\/; J ko(taT)dT_O/O/Ko(t;f,T)u(f,T)dde:go(t), (14)
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371eCh
h(t, s) ds

2[@

I ¢
= /G x,7;0,7)dx + h(t,s)G(l,T;0,s)ds
0

!
Ko(t; &, 7) :/K(x,T;ﬁ,T)dx+/K(l,7’;§,s)ds
0 T

t
go(t) = ps(t) + [ h(l,7)®(l, 7)dT — u3BecrHas DyHKIMA.
0

Ypasuenue (14) nepemnuiiem B BuIe

s [P = gt (15)

rie
t 1
g@:%m+/ t7w+//mwam@M&w
0
U3 yenoBus cornacoBanusi umeeM, 1to ¢(0) = 0. Beraucimm npoussoauyio or dyukuu g(t)

y@—%@+mmmw+/%%ihmm+

0

! ¢l
+0/K0(t;§,t)u(§,t)df+!!%u(ﬁ,ﬂd&lr

Ob6parnas ypasaenns Abess (15), mosydnm nHTErpaibHoe ypaBaenne Boabreppa BToporo poja

B BHUJE
t ¢

uwzé%@w+/mmwmm+//mmam@w@m, (16)
371eCh t
h(t, 1) On(t, v

ki(t,7) = + h(t,t)G(l,7;0,t) + / a—t’)G(l,T; 0, s)ds;

N
Kg(t;f77'> KO tagaT /K0t€7

t T

3
T—S

g1(t) — u3BecTHast DyHKIHUA.
B cuny cBoiictB dyukiuu ['puHa, jgerko 3amMmeTum, 9To

Cc1 (&)
P K (86 T)] <
—_— (LT < ==

|k (t, )] < , 1,09 = const > 0.
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Kak nokazano B 9], ypasuenns (16) sBisieTcss HHTerpasibHbIM ypasHenueM Bosbreppa
BTOPOr'0 pojia co ¢y1aboii 0COOEHHOCTHIO U IIpaBast 9acTh HEIPEPBIBHA, TO OHO JOIYCKAET eNH-
crBennoe perrenne. Ero pemrenne sammmeM B Bujie

u(t) = galt) — / / Ka(t; €, 7)u(€, 7)dédr,

t

K3(t, &, 1) = Ko(t,&,7) —I—/Rl(t,s)Kg(s,{,T)ds

T

t

g2(t) = g1(t) + /R1 (t,7)g1(7)dT.

0

[Toncrasisis Haiigennoe suadenne ((t) u3z (17) B (13), mocsie HeKOTOPBIX peobpasoBaHmii
[OJIy9UM MHTEerpajbHoe ypasHeHne Bosbreppa BTOpOro poja oTHOCHTEMBHO DyHKIWMA (X, t)

u(z,t) = &q(x,t) +//K4(x,t;§,7)u(§,7)d£d7', (18)

K4([L’,t;§, ) ([L’ l; 67 /K3 t—S /G(:U7t>07 S)KB(T;€7S)dS

T

Dy (x,t) G(x,t;0,7)go(T)dT.

t M/m

B cuny cpoiicrs dyukmmit Ky(z,t;€,7) nu &1(x,t) 3akmodaem, aro ypasaenue (18) mo-
IIyCKaeT eJMHCTBEHHOE pellleHne B Kjacce HelpepbIBHO-InddepeHnupyeMbrx pyHkimii. Takum
06pa3oM, pa3permMocTb HeJloKabHoi 3ajaqu (1)-(4) mokaszano.
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REZYUME

Bu maqolada bosh gismida issiqlik o’tkasish operatori bo’lgan uchinchi tartibli
tenglama uchun nolokal chegaraviy masala o’rganilgan. Qaralayotgan maalaning
yagona regulyar yechimining mavjudligi isbotlangan.

Kalit so‘zlar: Grin funksiyasi,chegaraviy shart, integral shart, Volter integral
tenglamasi.

RESUME

In this paper we study non-local boundary-value problem for the third-order
equation with heat operator in the main part. We prove the theorem of the existence
and uniqueness of regular solution for considered problem.

Key words: Green function, boundary condition, integral condition, integral
condition of Volterra.
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VIK 517.968.7

HAYAJIbBHAA 3ATAYA JJ1d MMITYVJIBCHBIX CUCTEM
NHTETPO-IN®PEPEHIIMAJIBHBIX YPABHEHUN

Qaiizues A. K.~

PE3IOME

Uccnenyercs wavaabHag 3ajlada  JjIgd  CHCTEMbl  OOBIKHOBEHHBLIX HHTErDO-
JnupdepeHImaIbHbBIX yPABHEHU BTOPOTO MOPSIKA ¢ UMITYIbCHBIMU BO3JICHCTBUSIMI
u MmakcuMmyMamu. CyniecTBOBaHUE U €IMHCTBEHHOCTD PENICHIs HeJTMHEHHON Hada b
HOIT 3aJIa9¥ CBOJIATCA K OJHO3HAYHON Pa3penInMOCTU CHCTEMbI HEJIMHEHHBIX (DYHK-
IIMOHAJIOB MHTErpaJibHble ypaBHeHus B Bamaxosom mpoctpancrse PC ([0,T],R™).
Metoy mocseoBaTe/IbHBIX MPUOJIMZKEHUIT B COYETAHUU TPUHIAI CYKUMAIOIINX
0TOOparKeHUs HWCIIOJIL3YeTCsd TPU  JOKA3aTeIbCTBE OJHO3HAYHON pa3pernmMOCTH
HeJIMHEeITHOTO (DYHKIIMOHAJIA UHTerpaIbHble YDaBHEHUS.

Karouesvie caosa: HadadbHasd 3ajada, WMITYJILCHBII BO3/IEHCTBUE, WHTETPO-
nuddepeHIaibHOe ypaBHeHne, 0aHAXOBO MPOCTPAHCTBO, MAKCHUMYMbI, HeJIMHel-
HOCTH, METO/I C2KMMAIOIIEI0 0TOOpaYKeHus, T0CIeI0BATE/IbHOE TPUO/INKEHHE.

Ha wunrepsane [0,T] miusa t # t;, ¢ = 1,2,...,p pacCMaTpUBAIOTCS BOIIPOCHI CYIIECTBOBA-
HUS ¥ KOHCTPYKTUBHbBIE METOJIbI BBIUUCIEHUS €IUHCTBEHHOT'O PEIIEeHNsI CUCTEMbI HEJTMHENHBIX
OOBIKHOBEHHBIX HHTErpo-aud hepeHnuaababX YPaBHEHUN BTOPOTO IMOPSIKA C WUMITYIHCHBIMA
BO3,ZL€IU/ICTBI/IHMI/I 1 MaKCUMYMaMMH.

'(t)=f (t,x(t),/o O(t, s) max {z(7) |7 € [A(s); /\2(5)]}d5> , (15)

tne t # &, 1 = 1,2,..,p, 0 =t <t < ... <t, <ty =T,z € X, X - 3akpbITOE
MHOX)KecTBO B mpoctpancree R, f(t, z,y) € C ([0, T] x R" x R" R™), 0 < A (t) < Xo(t) < T,

T
Dax, Jo 1©(t,s)]ds < oo.

Ypasuenue (15) paccMOTPUM ¢ HEJMHEHHBIME HAYATbHBIM YCIOBUIMU

A ()z(07) = By + Dy(t, z(t)), (16)
As(t)2’(0%) = By + Do(t, (1)) (17)
¥ MMITYJIHCHBIME YCIOBHSIMMA
e(tf)—z(t;)=F (), i=12,.,p, (18)
() =2 (t7) =Gi(z(t;), i=1,2,..,p, (19)

rJe By ABIAIOTCA n-MepHbIMI HocTogHEBIME BekTopami, A .(t) € C ([0, T], R") amistorcs n X n-
MepHbIME QyHKIHsMu-MaTpuiamu, det A~ (t) # 0, D,.(t, z(t)) € C ([0, T] x R", R") apnsorcs

* o ., . . . .
®DaiizsueB A. K. — TamkenTckuil rocyiapcTBeHHBIN 9KOHOMUYECKUil yHUBepcuTeT, fayziyev.aQinbox.ru
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HeJIMHEeHHBIME BeKTOp-yHKIamn, £ = 1,2, F;, G; € C'(R",R™) | x (tf) , X (t;) SABJIAIOTCS TIPa-
BOCTOPOHHBIME U JIEBOCTOPOHHBIM Tpeiesiamu byHKImu x(t) B Toukax t = t;, COOTBETCTBEHHO.

ITocranoBka 3agaun. Haiitu dbynkumo z(t) € PC ([0, T], R"), koropast Jjs BCex
t €[0,T], t #t, i= 1,2 .. p yloBrerBopsier HHTErpo-TuddepeHInajIbHOMy YPABHEHUIO
Broporo nopsiaka (15), nemuneiiHomy nHadagbHOMy yciaouto (16), (17) w mua ¢ = t; 1 =
1,2,..,p, 0 <t <ty < .. <t, <T ynosiersopser HeJUHEHHBIM UMILYJIbCHBIM yCIOBUIM
(18), (19).

IIycte dyuxmua z(t) € PC([0,T],R™) aBaserca pemenmem 3amaun (15)-(19). To-
rja, wHTErpupys uHTerpo-auddepenmaibioe ypasHenue (15) oquH pa3 Ha HHTEpBaJAX:
(0,t1], (t1,ta], .. ., (tp,tpt1], moMmyIaEM:

t1
0

/0 1 f(s,z,y)ds = / 2"(s)ds =2/ (t7) — 2'(07), t € (0,],

rJe, s yA00CTBa, MOJIaraIn

flt,x,y)=f (t,x(t),/o O (t,s, max {x(7) |1 € [M(s), X2(s)] }) ds) )

Orciona, ¢ yaerom 2'(t,, ) = 2'(t), na unrepsane (0%, T] nonysaem
t
/ f(s,z,y)ds = [z' (t) — o' (0+)] + [x' (tg) — o (tf)} + ..+ [I'(t) — 7 (t;)} =
0

=—2/(0) = [/ (tf) =2’ ()] = [¢' () — &' (t2)] — .. = [/ (&) — 2/ (t,)] + 2/ (t).
B cuy yenosusg (19), nociesiaee paBeHCTBO MEPEIHIIIEM CJIELYIOMIUM 00pa3oM
t
7' (t) = 2/(0) —|—/ f(s,x,y)ds + Z Gi(z(t;)). (20)
0 0<ti<t

Hnsa dyskuun 2'(t) € PC([0,7],R") B npeacrasmenun (20) MBI HOIB3yeMCs HEIUHEHHBIM
HavdasibHbIM yeaoueM (17). Torma nmeem

&' (t) = (By + Do(t, (1)) [A2 ()] + /0 f(s,z,y)ds + Z Gi(x (t;)) . (21)

0<t; <t

Unrerpupyst unTerpasibHo-nuddepennnaibioe ypapHenne (21) oxmH pa3 Ha WHTepBase
(0,t1], (ti,ta], .., (tp, tpsr] m yumroisag 2(07) = x(0), 2(t,,,) = x(t), na unrepsase (0,7

/
0

(By 4 Do(s,2(s))) [Aa(s)] " + /OS f(0,x,y)do + Z Gi(xz(t;)| ds =

0<t;<s
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=[z(t) =z (07)] + [z(t) —2 ()] + ... + [z(t) — (t*)} =
=—z(0)— [z () —at)] - [z () —x(t2)] — .. — [2 (&) — 2 (t,)] += (22)
[TpuHrMas BO BHUMaHUe HeJUHEHOe UMITysIibcHOe ycsoBue (18), u3 paBencTsa (2 ) 0JIy 9aeM

t

£(t) = (0) + / (By + Das, 2(s))) [Aa(s)] " ds + / (t — ) f(s,2,) dst

0

/0 (w(t:) ds+ 3 Fi(x (k). (23)

0<t;<s 0<t; <t

HUcnonbsyst Hauasibhoe ycaosue (16) B ypaBaeruu (23), mosrydaem QyHKIIMOHAIBLHOE HHTEIPAJIb-
HOe ypaBHEHue

z(t) = L(t;x) = (B + Da(t,z(t))) [A()] +/O (Bs + Do(s,x(s))) [Aa(s)] " ds+
—i—/o (t—s)f (3 x(s), / O(s,0) max {z(7) |7 € [)\1(«9);)\2(9)]}d9> ds+
/O (w(t:) ds+ 3 Fi(x (k). (24)

TeopeMa. Hpe,ZLHO.TIO}KI/IM, qTo cjieAyromue yCJa0BUAd BbIITOJTHAIOTCA:

1)-My = max | f (t,2,y) | < 003 Mp, = max | Ds(t,2)| < 00, r=1,2

2).Mp; =|Fi(z)| <oo, Mg;=1]Gi(z)] < oc; :Mp, = Orgta}%

I

d
tDl (¢,0)

3). Host Beex ¢ € [0,T], x,y € R™ umeer mecto
|f(tz,y1) = [t @2, y2)| < La(t) |21 — z2 [+ La(t) |y — w2 |;
4). na seex t € [0,T], x € R™ umeer mecro
|Dy(t,21) — Dp(t, wo)| < Lay(t) |21 — 22|, k=1,2;
5). st Beex t € [0,T], z € R™ cipaseyiuso

d _
7 [Dy(t,x1) — Di(t, )] | < L3y (t) |21 — 22| ;
6). dns Bcex x € R", i =0,1,...,p cupaBeJjiuBbI

|Fi(x1) — Fi(w2)| < Ly |21 — 22|, |Gi(w1) — Gi(x2)| < Ls; |21 — 2|5

7). p=max {p11 + p12; p21 + pa2} < 1, tze ppj (K, j = 1,2) oupenesnsorcs uz bopmyi (33),
(34) u (36), (37) BHEBY.
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Tora maganbias 3aga4da (15)-(19) mmeer equncrsennoe pemenue z(t) € PC ([0, 7], R™).
DTO pelrenne MOXKeT ObITH HAfiJIEHO U3 CJIELYIONIEr0 HTEPAIMOHHOIO IIPOIIECCA

() =0, 2F@)=J(t; 25, k=1,2,3, ... (25)

HokazarenscrBo. [Ipomuddepennupyem ypaBaenns (24) nepenuiieM B BUje OlepaTo-

" 2 (1) = aatir) = P(e) + ATy
+Dy(t,x(t) [AT' ()] + Dat, x(£) A7 (1) +
+/0tf <S,$(3),/UT®(S,8) max {z(7) | € [)\1(9);)\2(9)]}d6’> ds+
+ > [Gilx () + Fi(x ()], (26)
N oSk

P(t) = B, [A;l(t)}' + By A (t).

Hapsiity ¢ ureparmonsbiv mporieccom ukapa (25) Mbl pacemoTpum u Jijist ypasaerust (26)
CJICJLY IO UTePAIMOHHBII IIPOIIECC:

20 (t) = P(t), 2™(t) = Jo(t; 271, k=1,2,3, ... (27)
Paccmorpum crtetytomuit onepaTop
Ji: PC ([0, T;R™) — PC ([0, T];R"),

OnpeiesieHHbIi TpaBoii YacThio ypaBaerus (24). [Ipumvensis IpUHIUIT CZKIMAIOIIEro OepaTopa
K ypaBHeHHIO (24), Mbl [IOKayKeM, 4TO omeparop Ji, OupejeeHHblii ypaBHenneM (24), umeer
eJINHCTBEHHYIO HElOJBHAKHYIO TOUKY.

st mepBoit pasHocTH TpHOIMKeHHiT (25) ToIydaeM CJIe YOIy OIEHKY

)~ ")) < o, | (B + Date,2°) | (01 +
+Or£tzi<)%/| (B2 + Da(s,2°(s))) | | [A ]_l‘ds—i-

+ max /Ot(t—s)

0<t<T

f(s,xo(s),/o O(s, 6) max {2°(r) | € [)\1(9);)\2(9)]}d9> ‘ ds+
+ D, TG @) |+ F (=" ) ] (28)

0<t;<T

B cuty mepBbIx 1ByX ycsioBuii Teopembl, u3 (28) mmeem

Hxl(t)— x HPC[OT] (| By |+ Mp,) JInax } [Aq(t 1|+
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+ (| B2 | + Mp,) max/ |[A ]_1‘ds+
o<t<T
+M; max / (t—s) ds+Z [TMg; + Mp;] < oc. (29)

st mreparonHoro nporecca (27), B cuity ypasHenus (26), mo anajaoruo omnesku (29) nmeem

|2/ (t) — 2°(1) | < ‘iDl(t,xU(t)) ‘ | AT () |+
+ | D1(t,2°1)) | ‘ [AT'(1)] ‘+\D2(t () || A7) |+

_I_\/
0

f (s,xo(s),/oT O(s, 0) max {2°() |7 € [Al(e);)\g(é’)}}dﬁ) ' ds+

+Z\G DI+ F (@) [l

WIn
Hxll(t)_ 2’ HPC[OT] <MD1 OTEE%}A ’-1—
+ foax. {Mm [Afl(t)}/ ‘ + Mp, | A7'(t) }} +
P
+M;T + Z (Mg, + Mg;) < oo. (30)

=1

Torna, B cuity ycsoBuit 3)-6) TeopeMbl, JJis TIPOU3BOJILHOI TOCIEI0BATEIBLHOM Pa3HOCTH

HPUOIMKEH, TMeeM
=51 = =*@) | <

< ||2*(t) — =" '(t) || max |:L31( )| [A ()] | +/0 Las(s) | [Ay(s)] } ds] +

0<t<T

+ max / (t—s) [La(s) || 2(s) — () || +

—i—/o Lo(s) | ©(s,0) | H $k(7') — ka1<7_) || d@} ds+

+ > [LagT + Ls ) |a™(t) — 27 (1)

o<t;<T

, (31)

rie

a:k(T) = max {xk(T) |7 € [A1(6); A2(0)] } .

[Tpumensisa aemmy u3 (15) k onenke (31), nosmydaem

[ 2" () — () HPC[O,T} S

< pu H 2h(t) — 2" (1) HPC[O,T] T P12 ” o H(t) = ) HPC[O,T] ' (32)
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rie

P11 = max [Lgl(t) [[A()] | + /0 t Lys(s) | [Aa(s)] ™ ]ds] +

0<t<T

+ max /O o s) [Ll(s) + /0 () [0(5.6)| d@} ds+ 3 LT+ Lo, (33)

0<t<T -
=1

pis = 2(hy + o) max/o(t—s)/o Lo(s)| O(s,0) | dds, he = max Ae(t).  (34)

0<t<T 0<t<T

Teneps, B cuity ycsioBuit TeopeMbl, u3 ureparuu (27) HOJTyIuM

|l’,k+1(t) . a’,’/k(t) ‘ S |:E31 | Al_l(t) ’ + L31

(AT O] |+ Lo | 45" O] | 05(0) — 20| +

T

# [ [ a6 = 20 |+ 1) [ 100600 |240) = ) 0] st

p
+ Z (L4,i + L5,z’) ‘ J,’k(tz) - Ik71<ti> | .
i=1
OTCIO,B;&, nepexoad K HOpMe, IIoJIydaeM, 9TO

H oM () — 2" (2) HPC[O,T} <

< pn H 2" (t) — a1 HPC o T P22 I 2'*(t) — 2" (1) ||PC’ 0,7]° (35)
rjae
P21 = mMax {Ijgl } Al_l(t) ’ + L31

0<t<T

A7) |+ L | AT (0) |+

+ max /0 t [Ll(s) + Lo(s) /0 " 10(5.0)| d@] ds + E_p; (Lui+ Ls,) (36)

0<t<T
t T
p22 = 2(h1 + h) Ofélfg(T/O LQ(S)/O |O(s,0) [ db, hy = Olél%XT An(8). (37)

Ckuajipiast oreHoK (32) u (35), nosmydaem

[#510 = 240 gy + 17470 = 70 oy <

sp [H wh(t) — z*71(t) ”PC[O,T] T H 'k (t) — 2"* (1) HPC[O,TJ ’ (38)
rie
p=max {p11+ p12; P21+ p22}-

CortacHo mocJieiHeMy ycJIoBUio TeopeMbl, umeeM p < 1. [losromy, us onenku (38) ciejyer
9TO

=5 = 25 [ porory < 1250 = ") || pogorry - 39

U3 onenku (39) ciemyer uro omneparop J; B mpaBoii dactu ypasHenusi (24) sBiis-
ercst cokumaromuM. CoryiacHo HMPUHIUILY HENOJABUXKHOM TOYKM B BaHaxoBOM IpOCTpaHCTBE
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PC([0,T],R") u ¢ yaerom orerok (29), (30), 3akao9aeM 9To omeparop J; UMeer eMHCTBEeH-
HyI0 HemojBrzkHy0 Touky. CiefoBaresbHo, HelnHeliHas HadaabHas 3adada (15)-(19) nmeer
equncrBenHoe perenne z(t) € PC ([0, T],R™).

Tereph mokazkeM HEIPEPBIBHYIO 3aBUCHMOCTD perternst 3ajaqu (15)-(19) or mpasoii 1a-
cru ycnopust (16). Ilycts Biq, Bia € R™ u By, By pasuble derbipe BekTopa u 21 (t), x2(t) €
PC ([0, T],R™) coorBercrByiomue perenus 3agadan (15)-(19). Ilycrs | By — Bia| < 01, u
| Bop — Baa | < 02, e 0 < 6 (k = 1,2) MaJible 4dmcia, 3aBUCHINIE OT 33[aHHOTO MAJIoro MOJIO-
KurejbHOro uncia e. Torjga uz ypasaenus (24) nostydaem

| z1(t) — @2(2) ”PC[O,T} <

t
S |Bll — 812 ‘ max ’ [A1<t)]_1 ‘ + ‘ BQl - BZQ | max / ‘ [A2<S)]_1 | d8+
0

0<t<T 0<t<T

+ 1 21(t) = 22(t) | pe o7y M2 {Li&l(t) [ [A)] | +/ Lia(s) | [Aa(s)] " | ds| +

0<t<T 0

4 max / (t = 8) [Li(s) || 21(s) — @a(s) || +

0<t<T J,

—|—/0 LQ(S) | @(8,9) | || 1‘1(7') — 1‘2(7') || d9:| dS + Z [L47iT + L57Z‘] |l’1(tz) — l‘g(ti) | S

0<t;<T

t
S ’Bll - Blg| max |A1_1<t> ‘ +‘Bgl —BQQ‘ max/ ’A51(8)|d5+
0

0<t<T 0<t<T

+pu | 21(t) — 22(t) || pe 1) T P12 |21 (t) — 25@) || po (0,7] - (40)

Taxxe u3 (26) mosaywaem, 9T0

|21 = a4(t) | <1 Bu — Bua| | [A7'®)] | +1 Bar = Baa| [ 47*(8) | +
Lo | A7 @) |+ Lo | [AT 0] | + L | A5 0) || +
+/0 [Ll(s) | 21(s) — za(s) | + Lg(s)/o |©(s,0) | |z1(0) — x2(0) ]d&] ds+
+2(h1+h2)/0 L2(s)/0 16(s,0) | | 2,(8) — 4(0) | d6 ds+

+ Z (Lai+ L) |21 (t) — xo(t) |

=1

Orcroja, mepexojis K HOpMe, TOJIyIaeM, ITO

25(8) = @5(0) oo < | Bu = Bia| max | [AT'(0)] |+ | Bar — Buo| v | A3(8) | +

+p2 || 21 (8) — 22(t) [| pc o) 1 P22 |25 (t) — 25() || po 0,77 - (41)
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U3 (40) n (41) nosydaem, 9To CHpaBe/inBa OICHKA
21 () — 952@)”130[0,1’] + (23 (t) — x/Q(t>HPC’[O,T] <

<Oy + 200 + - [||x1(t) — 22()l pero,ry + 124 (1) — x/Q(t)HPC’[O,T]} ; (42)
rie

ar = max | A7 (t)], a2 = max | A;'( —i—max/‘A s) | ds.

0<t<T 0<t<T 0<t<T
[Tockombky p < 1, TO U3 mocseIHErO HepaBeHCTBa, (42) cieyer, 9To

[21(t) = 22(t) | poory < (Bran + daca)(1 = p) ="

OTrcioma mosrydaem
[ 21(t) = 22(t) | pepory <&
-1

riae € = 0(a; + az)(1 — p)~', § = max {d;; d2} . Teopema nokazana.
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REZYUME

Impuls ta’sirli va maksimumi bo‘lgan ikkinchi tartibli integro-differensial
tenglamalar sistemasi uchun boshlang‘ich masala o‘rganilgan. Chiziqsiz boshlang‘ich
masala yechimining mavjudligi va yagonaligi PC ([0, T], R™) Banax fazosida chiziqli
bo’lmagan funksional integral tenglamalar sistemasini yechishga keltiriladi. Chiziqli
bo‘lmagan funktsional integral tenglamalarning yechimi mavjudligi va yagonaligini
isbotlash uchun qgisqartirib akslantirish prinsipi bilan ketma-ket yaqinlashish usuli
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birga qo‘llaniladi.

Kalit so‘zlar: boshlang‘ich masala, impulsiv ta’sir, integro-differensial tenglama,
Banax fazosi, aralash maksimal, chizigsiz funksional, gisqartirib akslantirish, ketma-
ket yaqinlashish.

RESUME

An initial problem for a second order system of ordinary integro-differential
equations with impulsive effects and maxima investigated. The existence and
uniqueness of the solution of the nonlinear initial problem is reduced to the unique
solvability of the system of nonlinear functional integral equations in Banach space
PC ([0,T],R™). The method of successive approximations in combination with the
method of compressing mapping is used in the proof of unique solvability of the
nonlinear functional integral equations.

Key words: initial problem, impulsive effect, integro-differential equation,
Banach space, maxima, nonlinear, method of compressing mapping, successive
approximation.
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VIK 517.95

CXOOMMOCTDb PEKYPPEHTHBIX HEMPOHHBIX CETEN
MHO2XKECTBEHHBIMV BECOBbBIMU CBA3AMU CETU

Xynaiibeprenos K. K. *

PESIOME

PexyppenTHble HellpOHHBIE CETH IIUPOKO HCIOJIL3YIOTCH [ aHAJIu3a U IIPOrHO-
3UpOBaHUs BPEMEHHBIX IOCTe0BaTe/IbHOCTEl. B ManHoil ctaTbhe paccMaTpUBaeTCs
MEeTO/I I'PaJIMEHTHOrO OOYYEeHUs B peKUMe OHJIAWH JIId PEKYPPEHTHBIX HEHPOHHBIX
ceTeil ¢ MHOYKECTBEHHBIMU BECOBBIMU CBI3aMU M JOKA3BIBAETCS €0 CXOJIMMOCTh. B
OTJINYME OT OOJIBITUHCTBA PE3YIHTATOB CXOJUMOCTH, UMEIOIIUX BEPOSITHOCTHYIO ITPU-
PO/ly B IIPEJIITOJIOKEHNN, YTO JTOCTYITHO OOJIBIIIOE KOJUYIECTBO OOYUIAIONNX BEIOOPOK
BPEMEHHBIX PsIJIOB, TEOPEMa O CXOJMMOCTU, KOTOPYIO CTPOUTCH 3/1€Ch, UMEET JIeTep-
MUHUPOBAHHYIO IIPUPOJLYy U OCHOBAHA HA IPEJIIOCHIIKE, UYTO MPEIOCTABIECHO JIUIID
OTPAHUYEHHOE KOJIMYECTBO 00y YAIONUX BEIOOPOK. MOHOTOHHOCTH (DYHKITHH OIMTUOOK
BO BpeMd 0Oydalolieil nTepaluy TakzKe TapaHTUPYEeTCs.

Kaouesvie caosga: PekyppeHTHBIe HEHPOHHBIE CETH, METOJ OHJIANH-IpaJneHTa,
MOHOTOHHOCTB, CXOJIAMOCTb.

Beenenune. Pexyppentrubie neiiponnbie ceru (RNN) - 310 pasnoBujHOCTb cereil , nme-
OIUX OJIHY WJIM HECKOJIbKO OOPATHBIX CBsi3eiil. DTH MeXaHU3Mbl OODATHON CBSI3U 3aCTABJISIIOT
RNN yunrbcst paciiosHaBaTh U FeHEepHPOBATH He TOJIHKO BPEMEHHbIE IIATTEPHDI, HO U IIPOCTPAH-
creernnble narrepHsl ([2]). Bouio uccnenoBano meckoabko asropurmoB obydenns g RNN,
MHOT'F€ 3 KOTOPBIX OCHOBAHBI Ha BBIMHCICHIN I'PAIEHTa MEPHI ONIOKH B BECOBOM IIPOCTPAH-
CTBe, KOTOPBIE HA3BIBAIOTCS IPAJMEHTHBIMEA MeTogami. Tak ke, Kak ¥ HefPOHHBIE CETH Ipsi-
MOTO PaCIpOCTPaHEHUs, I'PAJHEeHTHbIE MEeTO/bl HCHoIb3yoTcs s obyudenuns RNN ([3], [4],
[11]) mm6o B aBTOHOMHOM (IIAKeTHOM), /MO0 B OHyIaiiH (MHKpeMeHTHOM) pexkmuMme. IIpn maxer-
HOM O0yUYeHNH N3MEHEHNs Beca HAKAILIMBAIOTCS B TEUEHNE BCErO IIPEJICTAB/ICHIA 00y IarONnux
JIAHHBIX [1epeJi IPUMEHEHNEM, B TO BPeMs Kak OHJIaiiH-00yueHne 0GHOBIIAET Beca HOC/e IPeJi-
CTaBJICHU KazKJI0T0 00y IaoIIero npumMepa. [1o6anbHeiii 0630p ajaropuTMoB 06paTHOTO PACIIPO-
CTpaHeHWsl JUIsl TUHAMIYecKux cereii 0000mieH B Jesus and Hagan [8]. Urobbl siydrie moHsATH
HOBE/ICHIe ceTefl, MHOTHe MCC/IeIOBATENN YIEIUI BHIMAHIE TeOPETUIECKOMY aHAJIN3Y CXO/H-
moctu obyvaromux agropurmoB st RNN. Ky u Jlu ([10]) nmpogeMoncTprpoBaIn CXo[iuMoCcTh
JlsamynoBa omaiiH-aaropuT™Ma rpameHTHoro odydenus Jyist auaronanbaoin RNN ¢ 6eckoned-
HBIM 9HCJIOM 00ydarormumx o6pasioB. HeKoTopble pe3yIbTaThl CXOIUMOCTH BEPOSTHOCTHOTO Xa-
pakTepa il OHJIAiH-MeTo/[a IpajeHTa Obln ycranosiaenbl Kyanom u ap. ([6]) ¢ momomnisio
TEOPUH CTOXACTHYECKUX IIPOIECCOB, MCXOJA U3 MPEANOCHUIKH, 9TO JIOCTYIHO OY€Hb GOJIBIIOe
YHCII0 00ydaIOIIX 00PA3I0B BPEMEHHBIX 10CJIeI0BATeIbHOCTEN. [leTepMIUHIPOBAHHbIE CXO/H-
MocTu oduiaiti-anaroputMa rpajuenTHoro ciycka st RNN ToIbKo ¢ KonedHbIM 9ucaioM 00y-
Jalonmx 06pa3nos Ol npoanaau3upoBanbl B [5| u [9]. Ilesbio naHHOl cTaThu siBISETCS UC-
cJIeJIOBaHHUE JIETEPMUHUPOBAHHON cxojuMocT oHJaiiH-rpajnenTa g RNN, ocHoBanHoi#l Ha

"Xynait6eprenos K. K. - Tamkenrckuii Mezk1yHapoaubiii yansepenrer Knmé, kabul85@mail.ru
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[IPEJIITOJIOKEHUH, YTO JOCTYITHO TOJIBKO OIPAHUYEHHOE YUCJIO 00YUAIONIUX BPEMEHHBIX IOCTIE-
JoBaTebHOCTE. [[J1s1 IPOCTOTHI COCPEIOTOUNM BHUMAHUE Ha, IIPOCTOM PEKYPPEHTHOM HelpoHe.
Jloka3biBaeTCsi HEKOTOPBIE PE3YJIBTATHI CXOAMMOCTH JCTEPMUHIPOBAHHOTO XapaKTepa MPHU CO-
OTBETCTBYIOIIUX yCIOBHAX. MOHOTOHHOCTD (DYHKIIUHU OITUOKU B 00yUarOMeil uTeparin TakKe
rapanTupyercs. OcTaBiiasicss 9acTh JIAHHON CTaTbi OpraHM30BaHa CJIELYIOINUM oOpasom. Ap-
XUTEKTYpa CeTH W OHJIAfH-aJITOPUTM TI'PaJINEeHTa OINUCAHBI B ciemyoneM paszaere. Popmyra
OHJIAH-00YyYeHUs JIJI PEKYPPEHTHBIX HEWPOHHBIX CeTell ¢ MHOXKECTBEHHBIMU BeCaMU CBS3eil
PaccmarpuBaercss peKyppeHTHYIO HEHPOHHYIO CE€Th € HECKOJBKUMHU BECAMH CBSI3€i, COCTOs-
myto n3 P BHemHuX BXOJHBIX y3710B U 1 BBIXOAHOTO y3sa. O603HAYNM BEKTOP Beca CETH Kak
wh = (wéh),wgh),...,wggh))T € RFY h = 1,2,...,H. H - pa3MepHOCTb BECOB COEIMHEHHIL.
[Tycts & = ( {,5% , ,f}) € RP 6yayr BHEmIHIMHI BXOIHBIMU CHUTHAJIAMHI B MOMEHT BPEMEHH
J(1 <j<J),a’ € R GyuyT BbIXOAHBIME CUTHAJIAMU B MOMEHT Bpemenu j. Jlist ynobeTsa
obbeunsem (1w & nna dopmuposanust (P + 1)pasmeproro BekTopa ! (w) cieyiomum

obpazom:
o (1) (2 H ¢ wh, w@ L w), =0
UJ(W()’W()"“’W( )): { 37 1=1,2,..,P (43)
Sj(w(l),vv@), '”7W(H)7) — w- uj(w(l),W(Z), ...,W(H)) —
H P '
DS Wi W W, w) (44)

h=1 i=1
OBITH BXOJIOM B BBIXOJIHOI y3€J B MOMEHT BpeMeHu. Tor/ia BBIXOJIbI ceTu OyIyT

GwD w® L wi) =g (s (W(l),W(Q), ...,W(H))) , j=1,2,...,J (45)
rJe - 3ajlanHas GpyHKIug akruainuu. HavaabHoe ycioBue -
Ow,w?, . wH)) =0 (46)

Tenepb onmieM ajropuT™ obydeHus jid sroit ceru. Ilyers {7, O }3-]:1 C R? x R 6yzer 3a-
JIAaHHBIM HaOOpOM o0ydaroux o0pasnoB. O0braHas MYHKIMS CPETHEKBAIPATUICCKON ONTUOKN

JUISL CeTH:
E (W(l),W(Z), ...,W(H)) =

1
52 I — g (S (w W(Q),...,W(H))))ZE

Jj=1

J
Z gj (Sj(w(l), W(Q), e W(H))) (47)
=1
rae g; (S9(wh,w®, . wi)) =107 — g (59(w), w®), ...,W(H))))Z, TO €ro IpaJideHT OTHO-

CUTEJIbHO W OIIPpEAeJIACeTCA BbIpazKEHNUEM

Zg’j(Sj(w(l), w® . wi)y). (uj(w(l),w(g), ey WY e N w ) w ) ...,W(H))) (48)
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rie
D w®), H
Pw w® L w)) = A0 (w! o, W)
| o dw
= ¢;(7 (W, w®, W) (@ (W W w ) g (W w @ w D)) (49)

Havasibnoe yciosue:
PP(w),w® L wiy =0

AstropuT™ rpajineHTa OHJIANH SIBJISIETCS Bapualeil craHIapTHOIO MeTO/a I'PaJneHTa, B KOTO-
POM Beca ceTH OOHOBJISIIOTCS HEMeJJIEHHO I0cje 00pabOTKU KarKJ0r0 BXOJHOTO O0YYAIOIIEro
upuMepa. Tenepb /118 IPOM3BOILHOIO HAYaILHOTO 3HadeHus w aIropuTM rpajuenTa OHIalH

UTEPATUBHO OOHOBJISIET BECA TAKUM 00pPa30M, UTO

Wt m It — (W mI i1 N gy ()T i1 (50)

Ajw(h)’mj+j_1 —
_nmg/j(sj<w(h),mJ+j—l)) . (uj(w(h),mj—i—j—l) + wéh%mJJrjflpj—l(w(h),mJ—i-j—l)) (51)

TJIE 7);,- CKOPOCTb OOydeHusi B m- oM mukJje ooydenud, j = 1,2,...,J; m = 0,1,.... [Ina na-
JaJIbHOE 3HadeHue 1y > 0, 1,,A3MeHsIeTcs TOoce KayKJI0ro KA UTepaIiil O0ydeHns B COOT-

BETCTBUH C ) .
— = +1, m=0,1,2,... (52)
Tim Tm—1

Buech | KOHCTaHTa, 3HAYEHHE KOTOPOii Oyer 3adukcupoano mosxe. 1o (52,) jerko Bujers,

9TO

Mo

AL 53
1+ mn (53)

D =
2. OcHOBHOII pe3ysbraT. B jaHHOl cTaTbhe UCHOJB3yeM i O0MIeil 110JI0KUTeIbHOM

KOHCTaHTBI, KOTOPasi MOKET ObITh Pa3HON B PA3HBIX MeCTaX, HO He 3aBUCUT OT j,m, k.

B cTarhe NPUHATHI CJIE/IyIOIIIe Oy IEeHMSI.

(A2.1) |g(t )| lg'(t)| m |¢g"(t)| paBHOMEpPHO OrpaHuYeHbI st Beex t € R;

(A2.2) {wo "} (m=0,1,2,...) orpaHuYeHsI;

(A23) [VZE(w)| < C;

(A2.4) [Vp(w)| < C;

Bameuyanume: OOm@M BBIOOPOM JJII ¢ ABJISETCA CUTMOUJIAIbHAA (QYHKINS THIA
g(x) = 1/(14+e ") . Takum 06pa3oM, g paBHOMEpPHO OrpaHWYeHA Ha R, a TakXkKe ee IIPOU3-
BoziHble. 3ameruM, 4ro u3 (47) u Ilpemnonoxkenune (A2.1), aro [g(t)|, |¢'(t)[n |g”(t)| rakxe
PaBHOMEpPHO OrpaHUYeHbl JIjid Jiodorot € R.

Teopema 2.1. IIpennomnoxknm, aro (A2.1)-(A2.4) BepHbI, HauaIbHOE 3HAUEHNUE T)y BHIODA-
HO TaK, 9ToGBI yoBaersopanoch (4.28). Ecim sec {w™™/} remepupyercsa amropurmonm (50) n
(51), o miist m = 0, 1,2, ..., umeercst
(1) E(w(h),(m—i-l)J) < E(w(h),mJ);
(2) lim ||[VE(w®#)|| =0
k—o0
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(3) Kpowme Toro, ec/iu cylecTByeT 3aMKHyTas orpaHudennast objactb, D C RFT! yrosnersops-
rfomas {w™m}_ C D, u muokectso Dy = {w € D|VE(w) = 0} comep:KuT TOMbKO KOHETHbIe

toukn. Torya cymecrByer w* € Dy, Takoe, aTo lim whm — m*,
m—0o0

3. HokazaresnbcTBa CHavdata HaM HYXKHO TPONTH Uepe3 HECKOJbKO O00O3HAYEeHUN u
JIEMM, TIPEXKJIe YeM JJOKa3blBaTh OCHOBHYIO Teopemy. [ljis mpocTOThI BBEJEM Crieyioniue 000-
3HAYEHU:

w((ih),m P (ONCES WA w(h),mJ’ Si’ — gJ ( ),(m+1) ) i ( m]) : (54)

Tim = A]w( ’ Ak,‘S]m _ Sk( (h),mJ+j— 1) Sk( h),mJ) (55)
G=1,2,J k=1,2,..5: m=0,1,2,....

h),mJ+j—1 A]”U)(h)’mJ

IlepBaa JjilemMMa IIOKa3blBaeT CBOHCTBa IepeMEHHOIl cTaBKU. Ke 1okasaTeabcTBO aHaJIo-
ruaHo Jemme 2.1 B [7] u 1osTOMYy OIycKaercs.

JIemma 3.1. Ilycrs {n,,} 3amano (52), Torma st 06oro 3ajganHoro 1y > 0, cripases-
JIUBBI CJIEIYIONHE ONEeHKHU 1 joboro m = 1,2, ...
(1>77m—1 > N > 05
(2>77m < %7 p= %7
(3) Mm < L,rme T - HEeKOTOpad TOJOKHUTEIbHAA KOHCTaHTa,;

NMm+1 l
(4)7= > 2.
CJIG,ILYIOIHaH JIEMMa MOZKeET ObITh JOKa3aHa HEIoOCpeJCTBEHHO C IIOMOIIbIO HH/AYKIMOHHBIX

paCCy}I{,ZLeHHﬁ, n ee JJOKa3aTeJIbCTBO TaK>Ke€ OIIyCKaeTCd.

JIemma 3.2. Ilpeanosnoxkum, ato (48-51) yinoBieTBOpeHbI, TOrIa

k—1
D ( h),mJ+] Z ( H g Sl h),mJ—&—y))) . (w(()h),mJ-l—j) . uk—i<w(h),mj+j)

=0 \l=j5—1

U3 nemmbr 3.2 u npegnosoxkenns (A2.1), (A2.2) MOXKHO MOJIyYUTh, YTO CYIIECTBYET KOHCTAHTA
C > 0, u gua moboro k, j,m € R, Takoro, uro

P (w®m )| < (56)

JIemma 3.3. Eciu npeamonoxenust (A2.1)-(A2.2) Bepusl, To cymectyer C' > 0 Takoe,
4TO )
|Ak5_77m|2 S C«Hw(h),mj"rj—l _ w(h),m]—‘er (57)

W umeet Mmecto citenytomas gpopmyia

Ak:Sj,m -
(P mI+i=L _ y(hymT+i) (uk(w(h),mJ) n w[()h),mekq(w(h),mJ)) n 513m N 52jm (58)
re
(5’fjm - (w(h),mJ+j—1 _ w(h),mJ) v
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' < 1:[ g/(Sl(w(h),mJ))> ) <(w(()h),mJ+j—1)i _ (w(()h),mJ)i> uk—i(w(h),mJ)’ (59)

k—1 k—1
1 / m ,(m 1
Ssjn = 5 (fH ﬂﬁWW~m>«%WJ“W "(035)(De1Sjm)*, (60)

i=1 \l=k—i+1

k—i . k=1, (h);mJ+j—1 k=1 (, (h),m.J
u 92]m 310 JieiicTBuTebHOe uncao Mexkay SFTL(wMmIHimly i Sh=1(gy(h)mT)  Bognee Toro, y

HaC eCTb OlleHKa

Ojm < |08y m| < ClJw™mH71 — ™) (61)
m | — m 2
Ojm < |03jm| < Cllw™mIH=1 —qp®WmI |7, (62)
Ocobenno )

557 < |l (63)
S5 = w™™ (! (@) Y @) ) 4 8+ 8 (64)

1 2 2

h),m h),m

1]m— ‘5jm‘ SCch(l) H ) 2]m— |5]m| SCHw((i) H (65)

Hoxka3zarenabcrTBo. U3 (55), nveem

AkSm — Sk’(w(h),mJ-‘rj—l) . Sk(w(h),mJ) _

w(h),mJ—l—j—luk (w(h),mJ-l—j—l) - w(h),mJuk<w(h),mJ)

_ (w(h),mJ—l—j—l . w(h),mJ) _uk<w(h),mJ> + w(h),mJ+j—1 . (uk(w(h),mJ—}—j—l) . uk(w(h),mJ)) (66)

_ (w(h),mJ-l—j—l . w(h),mJ)X

_uk(w(h),mJ)+wéh),mJ+j—1 (gkz 1( (h),mJ+j— 1) Ck—l(w(h),mJ)) (67)

o (w(h),mJ-i-j—l . w(h),mJ)X

'uk<w(h),mJ)+w(()h),mJ+j—1 ( (Sk 1( h)mJ+j— 1)) (Sk 1( mJ))) (68)

Ucnonp3oBanme pasioxenus Teitsopa mepBoro nopsijika st (68) memMoHcTparmn

Aij,m _ (w(h),mJ+j71 . w(h),mJ) _uk(w(h),mJ) + w((] )mJ+j—1 /<9k 1 )Akqu,m (69)

1j,m

rite 08 nesxur meskry SEH(w M) g SF () mT) Uz (A2.1), (A2.2) u (69), cymecTsyer

15,m
koHcranTa C' > O, TaKagd, 9TO

. 2
1AS, |2 = ((w(h),mJ+]fl _ w(h),mJ) F (w®mTy wé )ymd+j—1 g (05 )Akqu,m)

15,m

15,m

< 2‘( (h)mJ+j—1 (h),mJ) F (wm ‘ +2‘ (h),;mJ+5—1 o I)Ak‘—lsj,mr

< CfJw®m =ty ®m | 4 O A8, (70)
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Bamernm, aro (70) 9T0 peKypCUBHOE HEPABEHCTBO, MMEEM

1A mll”

(C+C% 4.4 CFY) [Jwmd+i1 |2 < Oy mI 4=t qymd |12 (1)

Urax, HepasencTBo (57) 060CHOBAHO, M AHAJIOTMIHBIM 00Pa30M MozKeM moJryanTh (63). Temepnb
nokaxkeM (58) u (60). IIpumenss pasnoxenue Teiiopa Broporo mopsiika K (68), nveem

Aij,m _ (w(h),mJ-‘y—j—l . w(h),mJ) . uk (w(h),mJ) + (72)

m j— — 1 i
w(()h)’ J+j 1g/ (Sk 1( (h) )) Ay 1S]m+ w(h) J+j—1 // (ek 1) (Akﬂsj,m)Q, (73)

2 27,m

rae 657} nexkur na orpeske mezky SEH(w W m L) g SR (g
cuBHad popmyna 1rd Ag_1.S; ,,, TOITOMY IOJIyJIaeM

h)mJy - Ouesnno, 510 pekyp-

Ak:Sj,m =

(w(h),mJ+j—1 _ w(h),m]) ‘ [uk<w(h),mj) I w(()h),mJ-i-j—lg/(Sk—l(w(h),mJ))uk(w(h),mJ) N
k-1
<w(()h),mJ+]—1) (Sk 1( (h), mJ)) . (Sl( (h), mJ)) ( (h),mJ) +

L wm
S0 O ) (B S )+

1 mJ+j— ),m /
- (w7 1) (SEH (@™ ) g (057 2) (Ap1S5m) + ot

2 2]771

1 i
§wéh)’mJ—H 1g/(Sk—1(w(h),mJ)) . (5«2( (h), mJ)) ”(0;‘777’7,

_ (w(h),mJ+j—1 i w(h),mJ) [uk<w(h),mJ> + w(()h),mJ (Sk 1( (h), mJ))uk—1<w(h),mJ> 4.

)(ALSm)

k—1
+<w((]h)’ J) (Sk 1( h)mJ)) . (Sl( mJ)) (w(h),mJ)l +
= (w®mI+i=1 _()mTy [(wéh),mﬂjfl — ) H(SF1 (W T YYo= (g 4Ly

_ ((w(()h),mJ+j1)k—1 B <w(()h),mj)k—1) g,(SkA(w(h),mJ)) g (SM(w (h), mJ))u (w(h),mJ)] i

k—1 k—1

1 / m m 4

. ( [T o(s'@® J)))-(wé N O (Dhr S
I= 1

=1 —
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REZYUME

Takroriy neyron tarmoqlar vaqt ketma-ketligini tahlil qilish va bashorat qilish
uchun keng qo’llaniladi. Ushbu maqola ko’p vaznli ulanishlarga ega bo’lgan
takroriy neyron tarmoqlar uchun onlayn gradient o’rganish usulini muhokama
giladi va uning konvergentsiyasini isbotlaydi. Ko'p sonli vaqtli ketma-ketliklarni
o’qitish namunalari mavjud degan faraz ostida tabiatan ehtimollik xususiyatiga
ega bo’lgan ko’pgina konvergentsiya natijalaridan farqli o’laroq, bu erda tuzilgan
konvergentsiya teoremasi tabiatan deterministikdir va faqat cheklangan miqdordagi
o’quv namunalari taqdim etiladi degan asosga asoslanadi. Treningni takrorlashda
xato funksiyasining monotonligi ham kafolatlanadi.

Kalit so‘zlar: radial asosli funktsiya, radial asosli neyron tarmoq,
neyrotransmitter, ko’p ulanish, vazn, yashirin qatlam, tasnif.
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RESUME

Recurrent neural networks are widely used for time series analysis and forecasting.
In this paper, we present an online gradient learning method for recurrent neural
networks with multiple weight connections and prove its convergence. Unlike most
convergence results, which are probabilistic in nature under the assumption that a
large number of time series training samples are available, the convergence theorem
we construct here is deterministic in nature and is based on the assumption that
only a limited number of training samples are provided. The monotonicity of the
error function during the training iteration is also guaranteed.

Key words: radial basis function, radial basis neural network, neurotransmitter,
multiple connection, weight, hidden layer, classification.
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VIK 519.63

YNCJIEHHOE MO/IEJIMPOBAHUE 3AJJTAYN OIITUMAJIHBHOTO
PA3MEIIEHUS UCTOYHNKOB TEILJIA C MUHUMAJILHOTI
MOIITHOCTBIO

Xaitntkymnos B. X.

PE3IOME

B pabore paccmorpena 3ajada MmojjepKaHnus TeMIepaTypbl B MPAMOYTOJIbLHUKE B
OHpeﬂeﬂéHHbIX I'paHUlax 3a CYET OIITUMAaAJIbHOT'O pa3MeIlleHnd NCTOYHUKOB TeIlJIa. B
Ka4IecTBe MOJIEIN UCIIOIb3YeTCsl YPaBHEHNE TEILIOMPOBOIHOCTH € TEPEMEHHBIMU KO-
s durmerTaMm, 119 KOTOPOro IMOCTPOEHBI HesIBHbIE KOHCEPBATUBHBIE Pa3HOCTHBIE
cxeMbl perenus. JIs penrenns 3aa9u ylupaB/JIeHUS UCTOUYHUKAMU TEILIa UCIIOJIb-
3yeTcs 3ajiada JUHEHHOro porpaMMupoBanus. Pazpadorano mporpaMmmHoe obecrre-
YEeHHUEC J1JIdd YUCJICHHOTI'O MO/IC/JIMPOBaHUA. HperHCTaBﬂeHbI PeE3YyJIbTaThl BI'MTUC/IUTE/Ib-
HOTO 9KCIIePUMEHTA.

Karouesvle caoea: HecTallmoHapHasi 3aJlada, OITHMAJIbHOE pa3MeIlleHue, WC-
TOYHUKHU TeIjia, ypaBHEHUE TEIJIONPOBOIHOCTH, ypaBHeHHE OaJjiaHca, WHTErpo-
WHTEPIIOJISTIMOHHBIN METOJI, KOHCEPBATUBHBIE CXEMBI, 33/a9a JIMHEIHOTO ITPOTpaM-
MHUPOBaHUS, METOJI NCKYCCTBEHHOTO Dasuca.

BBenenue. OHuM n3 caMbiX pacpOCTPAHEHHBIX OOBEKTOB B Pa3/IMIHBIX cdhepax jies-
TEJIbHOCTH Y€JIOBEKA SBJIACTCA CUCTEMa MCTOYHUKOB TEILIA, TEIJIOBOI OaJIaHC B OTAILIHBACMbIX
nomernenusx. Maremarndeckoe MOJIE/INPOBAHIE TAKUX CHCTEM CTaBUT 33/1a1y 00 ONTHMAJILHOM
pa3MelleHnn NCTOYHIKOB TeILIa B OTAIINBAEMBIX IIOMEIIEHHX, YITO CBA3aHO C pecypcocOepera-
IOIUMU UHZKEHEPHBIMU TEXHOJIOTUSME. 3a/1a4a ONTUMAJIbHOIO Pa3MeIleHUsi UCTOYHUKOB TeILIa
OTAILTUBAEMBIX ILJIONIA/ICN BCeT ia OblIa aKTyaJJbHOM TIPU MIPOEKTHBIX PadOTax B CTPOUTE/ILCTBE,
TEIJIUIAX U JIPYTUX TEXHUUECKUX U TEXHOJOIMYECKUX Cdepax.

[Iporeccom pacrpocTpaHeHnsl TeIlia MOXKHO YIPaB/sTh Io-pasHomy. I[Iporecc wacto
YIPABJISIETCs pa3MeIeHneM UCTOYHUKOB TEILIa WM U3MEHEHUEM TeMIEPATYPbl OKPYKAIOIIei
cpesibl. 3aJ1adn YIPABICHUST IIPOIECCOM PACIIPOCTPAHEHUs TeIlIa B PA3JUIHBIX YCIOBUAX U3Y-
genbl A. I'. Byrkosekum [1], 2K. JI. JTnoncom [2], FO. B. Eroposeiv [3|, A. 1. Eroposbiv [4] u
JIDYTUMHU aBTOPaMHU, TOJIy9YeHbl BayKHbIE PE3YIbTATHI. VX paboThl COCTABIAIOT OCHOBY JIAHHOIM
crarbu. B pabore [5] usyuena 3ajaua onTUMATIBHOIO YIPABJIEHUS IPOIECCAME, ONUCHIBAEMBIMIE
yPaBHEHHEM TEeILIONPOBOIHOCTH. Y IPABJISIONINI apaMeTp Y/IOBJIETBOPSET IPAHUTHBIM YCJIO-
BUSIM U JIOCTaBJISET MUHUMYM (DYHKIIMOHAITY, 38/[aBAEMOMY HHTEI'DAJIHHBIM KB IPATUIHBIM BbI-
paxkenneM. [Tokazan MeTO HAXOXKJIEHUS JTOMYCTUMOTO YIIPABIEHUS, TAIONIEr0 MUHUMYM (DYHK-
muonasty. B pabotre [6] paccMoTpena TpeThst KpaeBasi 3a/1a4a napaboimaeckoro tura. B npasoii
YaCTU T'PAHUIHOIO YCJIOBHS HAXOJATCS yIpaBJIeHUs B aJIuTUBHON dopme. Pemraercsa 3agadua
nepeBojia 00bEKTa U3 HAYAJIBHOTO COCTOSTHUS B HYJIEBOE COCTOsIHUE B KOH(DJIMKTHON CHUTYyaIUu.

B pabore [7] usyuena mauddepenimaibHo-pasHOCTHAS 3aa9a yIPABIEHHsI TPOIECCOM
b dy3un, Moy deH aHaJI0T MPUHITAIT MAKCUMYMa, IIO3BOJIAIONIN OIIPEIEINTh MOMEHTHI BKJITIO-
YeHUsI U BBIKJIIOUEHUsI UCTOYHMKA MAKCUMAJILHON MomiHocTH. B pabore [8] mpemioxkeno pe-
nieHre 3a/ia4 OIITUMaJIbHOI'O pa3dMEIICHUA MCTOYHUKOB B HEOIHOPOIHBIX Cpe€/laX, CKaJIdPpHbIC

*Xaitnrkynos B. X. - Harpmonanbusiii yansepenter Ys6ekucrana, b.hayitqulov@mail.ru
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CTalIlMOHaPHBIE I10JIgd B KOTOPBIX OIIMCBIBAIOTCHA JUIUIITUICCKUMU YDaBHEHUAMMU. B OCHOBY aJIT'O-
PUTMOB peIIeHUs 3aJIa9i TTOJIOXKEHBI CIIOCOOBI OIEHKHU 3HAaYeHUH (DYHKIIMOHAIA HA MHOYKECTBE
BO3MOXKHBIX MECT pas3MeIlleHus] MUCTOYHMKOB, YTO JIaeT BO3MOXKHOCTH BBHIOOPa ONTUMAJILHOIO
BapuaHTa IyTeM peajin3alii MeToJla BeTBeil u rpanutl. B pabore [9] paccmarpuaercs 3aa-
Ya OITUMHU3alUU IIJIOTHOCTHU HCTOYHUMKOB Te€IlJla B CTallMOHapPHbLIX IIPpOIEcCaXx, OIIMCbIBA€MbIX
SJITHIITHYECKIMI YPABHEHUSIMHE, 33/IaBAeMbIMI TPEThUM IPAHUIHBIM yciaoBueM. B pabore [10]
YUCJIEHHO PellleHa MUHUMAKCHAs 3a/a4a OITUMAJIHLHOTO pa3MelleHnsl HCTOYHUKOB B ITPOIeccax
pacIpoCTpaHeHHs TeIlIa, OIMMChIBAEMbIX YPABHEHUAMU SJLTHITHIECKOTo Thiia. 11 HaxoxK jeHus
9KCTPEMYMa IeJIeBOM (DYHKIMKM B 3aBUCUMOCTH OT Pa3MeIleHHs UCTOYHUKOB (PU3UIECKOIO I10-
JIsI MCIIOJIB30BaJICsI MUHUMAKCHBIN METOA MaTeMaTUIE€CKOI'o0 MOIE/JIMPOBaHMA. HpeﬂﬂO}KeHHbIﬁ
ITO/IXO/I ITO3BOJIMJI HAWTH YHUCJEHHOE pellleHrne KpaeBoil 3ajadu 110 IapaMeTpaM pa3MeIeHus
HOCHUTe el nCTOUHUKOB. B paborax [11-13| mpe/iozken MeTOI YHCIEHHOTO PEIeHNs] HeCTaIuo-
HaPHOI 3a/a41 OINTUMAJILHOIO pa3MeIleHnsl UCTOYHUKOB TeIlIa ¢ MUHUMAJIbHON MOIIHOCTBIO B
IPOIECCax, OIMUCHIBAEMbIX YPABHEHUSAME HapaboIMIecKoro Tuma. Paspaboran aJropurM u KOM-
IIJIEKC IIPpOT'paMM JIJId 9YUCJICHHOI'O PEleHnd HECTalMOHAPHBIX 3a/a9 OIITUMAaJIbHOI'O YIIpaBJI€HU A
PacCIIoJIO2KECHUEM NCTOYHHMKOB TEIlJIa W BU3YaJU3allN IIOJIYyYECHHBIX PE3YyJIbTaTOB.

B pab6ore [14| paccmoTpenbl 3a1a4u ONTUMATIBHOIO HAIPEBA MOMEIIEHUST HA OCHOBE TIPUH-
nuna MakcumyMma [lonrpsiruna. B pabore [15] pacemorpena 3aiada sueproadOekTUBHOrO Ter-
JIOCHAOYKEHUS 3/IaHUs B CUCTEME IEeHTPATLHOIO OTOILIEHUS.

B nacrosmeit pabore paccMaTpuBaeTcs 3a/ada HAXOXKICHUsT PACIPEIC/ICHUS TIOTHOCTH
HUCTOYHUKOB TeIljia, KOTopas 00eCIeInBaeT 33/ [aHHbI TeMIIEPATYPHBIN PDEKUM TP MUHUMAJIb-
HOW CyMMapHOI MOIIHOCTH 9TUX MCTOYHWKOB. [Ipeiytaraiorcst MeTOIMKa U aJrOPUTM PEIeHMsT
HECTAIMOHAPHON 3aJ1aui TOJJIEPYKAHNS TeMIIEPaTyPhl BHYTPU 00JIACTH B 3aJIaHHBIX IIpeJie/iax
IIyTeM OIITUMaJIbHOI'O pa3MEIlEHUAd HNCTOYHUKOB TeEIlJIa B IIPAMOYT'OJIbHUKE. ILJ'[H IIpoBeaeHuA
BBIYUC/IUTE/ILHBIX IKCIIEPUMEHTOB OBLIO PazpaboTaHo MPOrpaMMHOE 0becIiedeHne.

ITocTaHoBKa 3a/1a4mM U €ee KOHEYHO-PA3HOCTHAs amrpokcumarnus. B obractu D =
{a<x<b c<y<d, 0<t<T} rpebyerca naiitu dbyuxiwo f(x,y,t) > 0 Takyo, 910 17151
qroboro t € [0, T nuneiinbiit GhyHKIMOHAT

J{f}—/b/df(:z:,y,t)dydx — min, (1)

JOCTUT'aJ T MUHUMYMa U YIOBJIETBOPAJIMCH CJIEAYIOIIUE YCJIOBUA:

Ju 0 0 0 ou
a—% X(l’,y,ﬂ% +a_y X<x7y7t)a_y —|—f(l',y,t),
a<zr<b c<y<d 0<t<T, (2)
u(z,y,0) =up(r,y), a<z<b c<y<d,
u(a, y,t) = pa(y, 1), ulby,t)=pa(yt), c<y<d 0<t<T,
w(z, e, t) = ps(x,t), wu(x,d,t) =pus(z,t), a<azx<b 0<t<T,

IS

m(z,y,t) <u(z,y,t) < M(z,y,t), (x,y,t)€ D, (3)

rie u = u(x,y,t) —reMmneparypa B TOUKe (I,y) NPAMOYrOJIbHUKA B MOMEHT BpDEMEHHU (;

X(xa Y, t) >0— KOS(b(bHHHeHT TCILIOIPOBOJHOCTH; Ug (ZE, y)7 241 (yv t)v 2 (ya t)a /L3("E7 t)? /L4(ZE7 t)7
m(z,y,t), M(z,y,t) —3agannse Gyaknun. Pyuxmun m(x,y,t) u M(z,y,t) — MUHIMATIbHBIE 1
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MaKCHUMaJIbHBIE TEMIIEPATYPBI, Onpeieentbie B obnacrtu D. f(x,y,t) — MCTOUHUK Teria, onpe-
JleJIeHHbIH B ipocTpancTBe Lo(D).
ou 0 ou 0 ou
Ilycty Lu = — — — Y, t)— | — — x,y,t)=— |. Oueparop L, onpe/ie/IeHHbBIHI
y 5~ B (X( y )6x> 3y <x( Y )ay> paTop pest

B Lo(D), umeer obparnbiiit L. 3xecy L™ unTerpasbHblii onepaTop ¢ HENPEPLIBHBIM sIPOM
(bynknus 'puna). Ucnons3ys ero, MmoxkHo 3anucarh 3a1ady (1)-(3) B caemyiomem Bu/e:

f('?" ) € L2(D)7 f(x,y,t) > 07 m($7y7t) < (L_lf)(l’,y,t) < M(l’,y,t). (4)

[TockosibKy Tpy/HO HaiiTu HermpepbiBHOe pereHue 3ajaqn (1)-(4), uimem dncjieHHoe pe-
[eHne 3aJa9u. B 9TOM ciIydae, MCIOJIb3ysl HESBHYIO CXeMy, 3aMeHsieM 3aja4y (2) KOHeYHO-
PA3HOCTHBIM YPABHEHUEM.

Beesem B D paBHOMEPHYIO 110 TPEM HEPEMEHHBIM PA3HOCTHYIO CETKY Wy p. = Why X Why X
W = {(v; = ihy,y; = jhao, ty = k1), i = 0,Ny, j = 0,Ny, k = 0, N3} ¢ maravu h; =
(b — CL)/Nl, h2 = (d — C)/NQ, T = T/N3

Jlnsg  moyiydeHHsl  KOHCEPBATHBHBIX — PA3HOCTHBIX CXEM  BOCIOJIB3YEMCS  WHTErPO-
UHTEPHOJIAINOHHBIM METO/IOM. YTOOBI IOJIYIUTh Pa3HOCTHOE YpaBHEHHUE, HAITUIIEM UHTErPaJIb-
HOe ypaBHeHHe OaslaHca Tellla Ha IPAMOYTOJBHHUKE Ti0s5 < T < Tit05, Yj—05 < Y < Yjt0.5 32
Bpems £, <t <ty [16]:

Ti4+0.5 Yj+0.5 Ti+0.5 Y5+0.5
u<x7y7tk+l)dydx - / / U(l",y;tk)dydx =

Zi—0.5 Yj—0.5 Z;—0.5 Yj—0.5

tk+1 Yj+0.5 tk+1 Yj+0.5
= / / W(zi—05,y,t)dydt — / / W(Ziyos,y,t)dydt+
tk Yj—0.5 lk Yj—0.5
tk+1 Tit0.5 tk+1 Tit0.5

W(xayj—o.f),t)dxdt—/ /W(x,yj+0.5,t)dxdt+

tk Ti—0.5 tk Ti—0.5

tk+1 Titr0.5 Yj40.5
/ f(x,y, t)dydxdt.

tk Ti—0.5Yj—0.5

ou(x,y,t)
ox
AnmpokcuMupyeM BXOJISINE B ypaBHeHHe OalaHca WHTErPaJIbl MPUOIMKEHHBIMIA (DOPMY-
JlaMM

Baecy W(x,y,t) — norok remwna, W(zx,y,t) = —x(z,y,t)

Zi40.5 Yj+0.5 Zi4+0.5 Yj+0.5

k+1

k
ij )

w(x,y, tjip1)dyde = hihou u(z,y,tj)dydr = hihyu;;,

i—0.5 Yj—0.5 i—0.5 Y5—-0.5
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tk+1 Yj+0.5
W(zi—o5,y,t)dydt = Th2m/z‘k:5?5j7

tk Yj—o0.5

tk41 Yj+0.5
W (z; t)dydt = Th kel
Tit05,Y, Y 2VVi+40.550

tk Yj—o0.5

tk41 ®it0.5 Yj40.5

flx,y, t)dydzdt = Thyhy fE

1] ?

tk %i—0.5Y;—0.5

k+1 . k+1 k+1 ) k+1
whtl k1 Yy T Y Wkt = k1 i Ui1,
i+0.57 — —Xi+0.55 A ) i—0.55 — —Xi—0.55 A )
1 1
k+1 . k+l I R
k+1 :_lefl ij+1 ij k+1 :_Xl;grl ij ij—1
i74+0.5 1j+0.5 h2 ) ij—0.5 ij—0.5 hg

IIpu sTom Xfiol_ 550 ngﬂilo.ga u f;;“ olpeJie/igeTcsd paBeHCTBaMI

x; + Tit1 Ti+ Ti—1
Xf—:_ol.Bj =X (T,yj,tk+1) ; X?jolﬁj =X (T7yj7tk+1> J

Yi + Yj+1 Yi + Y1
X?j—:lo.{’) =X (xia %a tk-i—l) ) Xffytl(JS =X ("L‘iv %7@?#1) ’

Xf]+1 = X('rwyja tk+1)7 ik]:‘+1 = f('rw Yy, tk—i—l)-

HesiBHasi KOHCepBATHBHAST PA3HOCTHAST CXEMa /I YCIOBHs (2) UMeeT BUJI:

(kL ok E+1 k+1 E+1 k41

U Wij N iy T Uy N Ui i1y i

T i+0.57 h% 1—0.57 h%

k41 k41 k41 k41

1|k Uijpr — Yij gy Wy R IS

Xij+0.5 2 Xij—0.5" 2 ij

2 2

=12 Ny—1 j=12. .  No—1 k=0,1.... Ns—1 (5)
t=1,4,..., 0Nt — L, 7=1,4,...,Nag — 1, — Yy Ly V3 — 4,

U?JZU,O(ZEZ,y]), i:071a"'7N17 ].:071,...,]\[27

u(k):j_1 = /‘Ll(yjatk—l-l)v u?\ftjl = u?(yjatk-i-l)v .] = O7N2a k= 07N3 - ]-7

\ uf(j_l = M3($ivtk+1)7 ufj—\if;l - ,u4(l‘i;tk+1)7 1

I
=
=
oyl

|
=
=

|
~
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Bsenem obosznauenusa

<7 - 1+Xﬁrol5g XZJ:_JM + Xf—?—r()l@ Y Xf+015;
T h? h3 ’ h? h?
v+ — _ Xfﬁl% V- - _ XZ+105
R K}
PacemorpuM pacimmpeHHyo MaTpUILy CUCTEMbI:
(XY Yyt o ... 0Xt0 ...... 0]
Y- XYYt 0 ... 0 Xt0 ... 0
A=
0O ... 0 X0 ... 0 Y XYY"
L0 ...... 0 X0 ... 0Y XY

[Homyanm

G=A"

Anmpokenmupyem 3azgady (1)-(5) B Buze 3amaum JIuHEHHOrO IporpaMMupoBanus. Pase-
N3 Ni Ny

M obsiacte D 10 x,y,t coorBercrBenno Ha Ni, Ny, N3 pasubix uacreii: D = |J |J U Dzy’
k=11:=1j=1

rae D = {(z,y.t), vin < o < @y, Yo < y < yg, teer <t <t} 1= 1,
j = 1,Ny, k = 1,N3. B npocrpancree Lo(D) dyHKImN ” = flzi, vy, t), (z,9,t) € Dk
(i=1,N—1,j=1,Ny—1,k =1, N3) onpeJeiiIoTCs KaK KyCOIHO-IIOCTOSHHbIE cbyHKLu/H/I
Ni—1Ny—1
Orciona momygaem f(x,y,t)~ > > Z’;, k=1, Ns.
=1 j=1
HYCTI) ggq - G7 mfj = m(x'wijtk) (x’t?yj?tk) f = z]: ( =4dq,q9= (Z - ]-)(N2 -
1)+]),N:(N1—1)(N2—1)p—qu-l,N,l—l,Nl 1] 1N2—1]€ ]_,Ng
[MoxacraBum Boipaxkenue f(z,y,t) B (1) u 3amenuM HepaBeHCTBO (4) Ha ceTOYHBIE (DYHKIUH.

[Toce 3TOTO MOTYYNM CJIEIYIONTYIO 3a/1a9y JUHEITHOTO TPOTPaMMUPOBAHMS:

Ni—1 Ny—1

T{f =Y (mesDf)fl — min, k=12, ., N

11]1

< ngqf < 7,]7 p - ]-7 N7 (6)

i—l,Nl 1,]—1,N2 1, k’zl,Ng,
fF>0, ¢=1,2,.,N, k=1,2,..,Ns.

Bamaua (6) pemaercs M-meromom [17]. Hucnennoe perenne 3aga4u (2) HAXOAUTCS C TIO-
N

MOIIbIO u ngq Iq f* . Haitnennas 14 FF apisieTcs dyuknueit, garomeit MUHUMYM (DYHKIITOHAITY

(1). "
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Pe3ynpraTbl BHIYUCIUTEIbHBIX 39KCIEPUMEHTOB. /[ npub/ImKeHHoro pemenns 3a-
naan (1)-(6) paspaborano mporpammuoe obecriedenne Ha s3bike C'#. OHO TI03BOJISET TPeICTaB-
JIATh BCE HEOOXOAMMBIC BXOJIHBIC JAHHDBIC: KOHCTAHTHI, KOA(M(UIMEHTDI, IapaMeTPhl CETOK, a
TakzKe (DYHKIMK TeMIIepaTyphbl, HadaJbHbIC U KPaeBble YCJIOBUS, B BUJE CKPUITOB. Jljia mpes-
CTaBJIEHUS PE3YJILTATOB paspaboTaHbl rpadUIecKue MOLYJIH.

IIpumep. Haiitu onruMaibHOe pacoioyKeHne HCTOYHUKOB TeIlIa ¢ MUHUMAJLHON MOIT-
HOCTBIO B IIPSMOYTOJIbHUKE. B KadecTBe pacuérroit obmactu BosbMéM kBaapar (0 < xz,y < 1) ¢
dbynkmueit TeronporoanocTu X (x,y,t) = €* Y=t M? /c. HauasibHoe u rpaHuYHbIC YCIOBHS OTIpe-
nensrores pyakmmaMu ug(z,y) = 3+x%+y% m/c, pi(y,t) = 3+y* +t* m/c, pa(y, t) = 4+y* +t*
M/c, uz(z,t) = 3+x*+t2 m/c, py(x,t) = 4+22+t? M/c. Orpannuuparonye TeMiepaTypHble Kpu-
BBIe 3a1at0Tca pynkimamu m(z, y,t) = 1+a2+y> +t2 K, M(z,y,t) = 5+22+1y?+t* K, okonua-
une Bpemenn 1’ = 1. Pacuérnas cerka ¢ quciaom uctodaukoB (N; —1)x (No—1)x N3 = 9x9x10.
MuanMaibHOe 3HaUeHre (DYHKIMOHATA TIPU YUCIEHHOM DPEIIeHud PaBHO Jyi, = 66.34 K-Mm/c.
Ha pue. 1 mpejcraBieHbl pe3ysbraThl ducIeHHOrO pernenus 3ajgaqdu (6). Ilpemcrabiensr pe-
3yJbTATHl ¢ MUHUMAJBHBIM (IPAHUIIBI ¢ CHHUM IIBETOM, HIEZKE), MAKCHMAJIBHBIM (TDAHUIIBI C
KPACHBIM I[BETOM, BBIIIE) U IPUOJIMKEHHBIM (3€JIEHBIM [[BETOM, TI0CEPE/INHE) 3HAYEHHEM TeMIIe-
parypbl. Ha puc. 2 nokazaHo onTuMajbHOE PACIONIOKeHNe UCTOYHUKOB TeILIa ¢ MUHUMAJIbHOM
MOIIIHOCTBIO B BUJIE TUCTOIPAMMEBI.

M(x, y,1)
m,u, M
&

u(x, p, 1)

Puc. 18: I'padux pemenus 3agaqau (6) npu t =T
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REZYUME

Ushbu ishda issiqlik manbalarini optimal joylashtirish orqali to‘g‘ri to‘rtburchakdagi
haroratni belgilangan chegaralar oralig‘ida bo‘lishini ta’minlash masalasi qaralgan.
Model sifatida o‘zgaruvchi koeffitsientli issiqlik o‘tkazuvchanlik tenglamasidan
foydalanib, uni yechishda oshkormas konservativ ayirmali sxemalar qurilgan. Issiqlik
manbalarini boshqgarish masalasini yechish uchun chiziqli dasturlash masalasidan
foydalanilgan. Sonli modellashtirish uchun dasturiy ta’minot ishlab chiqgilgan.
Hisoblash eksperimenti natijalari keltirilgan.

Kalit so‘zlar: nostatsionar masala, optimal joylashtirish, issiqlik manbalari,
issiqlik o‘tkazuvchanlik tenglamasi, balans tenglamasi, integral-interpolyatsion usul,
konservativ sxemalar, chiziqli dasturlash masalasi, sun’iy bazislar usuli.

RESUME

The paper considers the problem of maintaining the temperature in a rectangle
within certain boundaries, due to the optimal placement of heat sources. As a model,
the heat conduction equation with variable coefficients is used, for which implicit
conservative difference solution schemes are constructed. To solve the problem
of heat conduction control, a linear programming problem is used. Software for
numerical simulation has been developed. The results of a computational experiment
are presented.

Key words: non-stationary problem, optimal placement, heat sources, heat
conduction equation, balance equation, integro-interpolation method, conservative
schemes, linear programming problem, artificial variable method.



