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UDC 517.956.22

PARTICULAR SOLUTIONS OF THE THREE DIMENSIONAL SINGULAR
ULTRA HYPERBOLIC EQUATION WITH THE PARAMETER

Arzikulov Z. O. "

RESUME

The main result of the present paper is the construction of the particular solutions of
the second order ultra hyperbolic equation with the singular coefficients and spectral
parameter, which could be expressed in terms of a confluent hypergeometric function
in four variables.

Key words: singular ultra hyperbolic equation, hyperbolic equation with
parameter, particular solutions, multiple confluent hypergeometric functions.

Introduction

Hypergeometric functions in one and more variables occur naturally in a wide variety
of problems in applied mathematics, statistics, operations research, theoretical physics, and
engineering sciences. For instance, Srivastava and Kashyap [1]| presented a number of interesting
applications of hypergeometric functions in one and more variables in queuing theory and
related stochastic processes. The work of Niukkanen [2] on the multiple hypergeometric
functions is motivated by various physical and quantum chemical applications of such functions.
Especially, many problems in gas dynamics lead to solutions of degenerate second-order partial
differential equations which are then solvable in terms of multiple hypergeometric functions.
Among examples, we can cite the problem of adiabatic flat-parallel gas flow without whirlwind,
the flow problem of supersonic current from vessel with flat walls, and a number of other
problems connected with gas flow [3]. Applications of hypergeometric functions to the solution
of boundary value equations for degenerate and singular partial differential equations in recent
years can be found, for instance, in works [4, 5, 6, 7, 8, 9|.

In the literature, hypergeometric functions are divided into two types: complete and
confluent (for definitions see [10]). In all respects, confluent hypergeometric functions including
the decomposition formulas, have been little studied in comparison with other types of
hypergeometric functions, especially when the dimension of the variables exceeds two. Srivastava
and Karlsson [12] have investigated 205 complete hypergeometric functions in three variables.
Certain triple confluent series were considered by Jain [13] and Exton [14], but the entire set has
not been given until recently. Ergashev et al.[15], in 2022, defined 395 confluent hypergeometric
functions in three variables and denoted them by E; — E3g5; they thus completed the set of all
possible second-order confluent triple hypergeometric functions.

In the present work we will establish that all particular solutions of the singular ultra
hyperbolic equation

2

2 2¢
Uy + %ut = Ugg + Uyy + — U + ?uy + Au, (1)

*Arzikulov Z. O. — Fergana Polytechnic Institute, Tashkent Institute of Irrigation and Agricultural
Mechanization Engineers — National Research University, zafarbekarzikulov1984@gmail.com
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in the domain {(z,y,t):2>0,y>0,t >0} are expressed in terms of the confluent
hypergeometric function in four variables, where o« > 0, 8 > 0 and v > 0 are constants
with 0 < 2a, 203,27y < 1; A is a real number.

Note, all fundamental solutions of the multidimensional Helmholtz equation with three
singular coefficients

" 20(1 20_/2 20./3
Z Ugya;, T ZL'_luzl + $—2um2 + x—gum +Axu=0 (2)

are also expressed by the confluent hypergeometric function in four variables [2]. In case of A = 0,
8 particular solutions of equation (1) are written by the complete Lauricella hypergeometric

function FE’) in three variables [17]. An explicit solution to the Cauchy problem for the singular
hyperbolic equation

2 2
uer_O‘ux:uyij_ﬂuijAu:o,0<2a, 28 < 1 (3)
T Y

in the characteristic triangle and all fundamental solutions of the bi-axially symmetric
Helmholtz equation

2 2
o + 11y + i+ P A= 0, 250,y >0,0 < 20, 28 < 1 (4)
T y

are found in [18] and [19], respectively, which are expressed by the same confluent
hypergeometric function in three variables.

We give some following notation and definitions, which will be used in the next sections.
CONFLUENT HYPERGEOMETRIC FUNCTION IN FOUR VARIABLES

A symbol (k), denotes the general Pochhammer symbol or the shifted factorial, since
(1), =0 1l e NU{0};N:={1,2,...}), which is defined (for s, v € C), in terms of the familiar
Gamma function, by

 T(k+v) 1 (v =0; k € C\{0}),
(H)V-—W—{ k(k+1)..(k+l-1) (v=1eN;k€C),

it is being understood conventionally that (0), := 1 assumed tacitly that the I'—quotient exists.
Consider the following Lauricella hypergeometric functions in n variables [20]:

(b1) k- (b))
F(" (a, b;c;x) E @)1 (1)1 n gk ke
k= okl -k, ' 01 ky-- (Cn)kn ! "

[|z1| + ... + |za| < 1],

F® (a,b; e:x) = i (@0)ky (@ )iy () - (B b,

1 ...xn )
IK|=0 kll---kn!(c)\ﬂ

H$1| < 17 s ’mn’ < 1] :
where

a:= (a,....,a,), b:=(b1,....,0,), c:=(c1,....,¢n);
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X = (Il, ,an) R |k| = kl + ...+ kn7 ]{31 Z 0, ,]{]n Z 0.

An interesting unification (and generalization) of Lauricella’s multivariable functions and
Horn’s two variables functions was considered by Erdelyi in 1939, who defined his general
functions in the form [21] (see also [12, p.74, (4b)]):

Hn+p,n (aabla "'7bn+p7dn+17 "'7dn+p;cla "'acn;gh "'75717771a "'77713) =

- i (a)m1+...+mn_mn+1_'"_m"ﬂ’ (bl)mlm(bn'i_p)mn-&-p (d”+1)mn+1"'(dn+2?)mn+p
M1 ey M p=0 ml!"‘m”+P!(cl)m1"'(Cn>mn
g e, 5

where p and n are nonnegative integers.

Evidently, we have
Hn,n = Ff{n)a HmO - Fén); H2,1 = H27

where Hs is famous Horn function [11]:

= (« )
Hs (o, B,7,0;e;2,y) = Z ( >m:1('i?’(z(>7)"( )"xmy”.

m,n=0

From the hypergeometric function (5) we shall define the following confluent
hypergeometric function

ng,p) (@, b1, .sbpicry e Cny &1y s Eny My oy M)

: 1 2 2
= ll_{% Hn-{—p,n a, bla ) bn7 ga ) g) Cly -+ Cn; 517 ey gna €M, ETMp
~—
2p
For the determination of the hypergeometric function Hff’p ) the equality [22, p.124|
hncl) (1/¢),-€? =1 (¢ is a natural number) has been used and the found confluent hypergeometric
E—

function is represented as

Cly .-y Cn;

n n, a,bi, ..., by;
H (a,b; c;¢,m) = H{P { ' f,n}

o0

. Z (a>m1+...+mn—mn+1—...—anrp (bl)m1<bn)

B malempip!(cr) - (Cn)p.

g, (6)

M,y Myt p=0

where £ := (&1,...,6,), 1= (M, ....np) and || + ...+ |&| < L.
The particular cases of confluent hypergeometric functions were known: in the case of two
variables [10, p.231, (31)]

[e.e]

(@) (D) 1
Hs (a,b;c;2,y) = Z Wfﬂ y", Jz) <1

m,n=0
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and in the case of three variables [19]

(@) o (01),,(02)
A2 (CL, blabQ;ClacZ;:an?Z) = Z m‘T;k'fCl) (02)

m,n,k=0

ramyt2F, o]+ Jyl < 1.

The confluent hypergeometric function H(X’p ) has the following formula of derivation:

I+J b1), ...(bn).
: a : —HYP) (a,byc;€,1) = @)1y )iy b,
O&} .0k Ol ..oy (c1);, - (cn);,
ngl,p) (@+ 1T — J by 41,y by +in; 01+ 01,0y Cp + 05 6,m) (7)

Where I = /L.l —+ ...+ Z.na J = jl 4+ ... —|—jp
Using the formula of derivation (7) it is easy to show that the confluent hypergeometric
function in (6) satisfies the following system of hypergeometric equations

( n p
§i (1= &)wee, — & Z¢ Eiwee; + & Zlnj%m + [ei = (a+b; + 1) § we,
=Lt i=
n p -
¢ —bi Y, &we, +bi Y njwy, —abw =0, i=1,n, (8)
L =1
ZZ: nlwnm]‘ - ZZ: £lw£l’r)j + (1 - a) wnj +w = O? j = mu
— =1

\

where w (§,1) = ng,p) (@, by, .ccybyscry ey s &5m)
Consider the following multiple confluent hypergeometric function in four variables |2]
Hf’l) (CL, b17 b27 b37 dla d27 d37 x,Y,z, t) =

(@it (01 (02),,(b3)), 2™y 2F ¢!
= mTn m n TR xr + + z < ]_ 9
m,%o (), (&), (), it [Tl )

which satisfies the system of the partial differential equations

(2(1 — )Wy — TYWay — T2Wa, + Tlwyy

+ [dy — (a+ by + 1)z|w, — biyw, — b1 zw, + byitw, — abjw = 0,
UL = )y — Ty — Y20y + Yl

— bozw, + [d2 — (@ + by + 1)y|w, — bazw, + batwy — absw = 0, (10)
2(1 — 2)wsy — T2Wy, — Y2Wy, + 2wy

— byrw, — bsywy, + [ds — (a + bs + 1)z]w, + bstw; — absw = 0,

( twy — 2wy — 2wz + (1 — a)wy +w = 0.

Having substituted
w(z,y, z,t) = a7y’ 2HtPY(x, y, 2, t)

to the system of hypergeometric equations (10), it is possible to find 8 linearly independent
solutions of system (10), which are given in the table form
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W1 [03)) W3 Wy Ws We wr ws
710 |1—-d; 0 0 l1—dy |1—=dy | 1—dy | 1—-d;
14 0 0 1—d2 0 1—d2 1—d2 1—d2 1—d2
% 0 0 0 1—d3 0 1—d3 ]_—dg l—dg
pl 0 0 0 0 0 0 0 0

or in explicit form as follows

w1 ZHf’l) (a; by, by, bs; di, do, dg; x, y, 2, ), (11)
wy = i~ h H(j”l) (a+1—dy; b1 +1—dy, by, bs; 2—d4, do, d3; x, y, 2, t), (12)
wy =y HYY (a+1—dy; by, by +1—dy, by;dy, 2—do, ds; x, y, 2, 1),  (13)
wy = 2B Hf’l) (a+1—ds; by, by, b3+ 1—ds; dy, do, 2—d3; x, y, 2, t), (14)

ws = xl_dlyl_dQHf’l) (a+2—dy —do;
by+1—diby+1—dy,b3;2 —di,2 — do, ds; 2.y, 2,1) , (15)

wg = x1*d121*d3Hf’1) (a+2—dy —ds;
by +1—dy,by,bs+1—ds;2—dy,de,2 —ds;z,y,2,1), (16)

wy = ylfdQZldeH(j’l) (a+2—dy — ds;
bi,by + 1 —dy,bs+ 1 —ds;dy,2 —do,2 —ds;z,y, 2, 1), (17)

ws = $17d1y17d2217d3HE§>71) (a+3—di —dy — ds;

by +1—dy,bo+1—ds,bs+1—ds;z,y,2,1). (18)

REDUCTION OF THE EQUATION (1) TO A SYSTEM, SATISFIED BY
THE QUADRUPLE CONFLUENT HYPERGEOMETRIC FUNCTION.

Solution of the singular ultra hyperbolic equation with the parameter (1) is searched
in the form

u=Pw(&n,(0), (19)
where .
P =72 5:a+5+7+§, (20)
dxx dyyo 4tto L,
52—77 =" QZW, 921)\7‘,

r? = (z—20)" + (y —y0)* — (t —t0)”, m” = (2 +20)" + (y — 00)” — (t —to)°
e’ = (z—20)* + (Y + o) — (t — o), 78> = (z = 20)* + (y — v0)” — (¢ + t0)*;
w (&,m,(,0) is unknown function.
Calculating necessary derivatives from (19) and substituting them into (1), we obtain
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A1w§§ + Aann + A3WCC + A4W99 + Blwgn + BQ(“)EC + B3wE9 + B4w77C+

+ Bswyg + Beweo + Crwe + Cow,y + Cawe + Cywp + Dw = 0, (21)
where
Ay = P&* + PE? — PG, Ay = Pl + Pl — Py,
Ay =P+ P — PG,  Ay= P62+ Py, — P6;,
By =2P (&my + &y — &), Bo=2P (¢ +&,¢ — &G)
By =2P (536990 + fyey - ftet) ) B, =2P (nxCx + nyCy - UtCt) )
B5 =2P (7750030 + 77y9y - ntgt) ) Bﬁ =2P (Cxea; + Cyey - gtgt) s
2a 2 2
Cl =P (gccaz + gyy - gtt) + 2 (Pzgx + 2Py€y - QR&) + P (?ga: + ?Bgy - %gt) )
Q@ 20 27
Coy = P (o + Nyy — M) + 2 (Pu)e + Pyny — Poy) + P (?nx + o 77”) ,
2a 2 2
03 =P (C:c;c + ny - gtt) + 2 (ngz + 2Py<y - 2PtCt) + P <?Czs + ?ﬁgy - %Ct) ’
2 2 2
Cy = P (0 + 0,y — 04) +2(Po0, + PO, — P,0,) + P (?O‘ex + ?ﬁey — %et) ,
2 2 2
D—PerPyy—BtJr?anJrgPy—%PmL)\P.
Now we consider A;. Since
e 8 48w 48 zo)”
r T2 72 (7”2>2 ’
§2 — 452(y - 3/0)2 52 — 462(t - t0)2
Yy (T2)2 ’ t (T2)2 ’
we obtain
A_p€ A —m) 48— ALy —w) AL 1)
! x? xr? (7“2)2 (r2)2 (7“2)2
o AP
Zo
A= (1-g) 22)
Similarly we have
4Py()
Ay = — 1-— 2
e ] (23)
4P
Ay =— yon(l — 1), (24)
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P)? 4P6?
Ay = r? = . 25
= (25)
Further, we calculate representation of B;. Finding necessary derivatives from the arguments

and substituting them into an expression of B, we obtain

By, =2P K§ _ 25@—%0)) 8yyo (¢ — o) |

o ()

(_25 (y—yo)) (Q _2n (y—yo)> 26t —to) 2n(t — to)

r2 Y r2 r2 r2

1 4P 4P
= 4P¢n (yo _)_:_y‘hrﬂ
Yy

r2 yr? xr?

After some evalutions, we deduce

Similarly, one obtains

4Pt0 4py0
By = 2
4 ( 12 yrz ) 77§a ( 9)
4P 4Py
By=— == 9
5 ( r2 yTQ ) no, (3())
4P 4Pt
Bs=—| — 0. 1
6 (7’2 tr2 ) ¢ (1)

Further, considering the following expressions

46 (v —x9) | 8(x —x0)” | BE(y —wo)®  BE(t—to)® 6¢
] = S _ﬁ]
2 2
2P @_x@(g_zsm—xw> 2ﬂy2%>+2£@;m)]+
T T T
P{Q_Oé (é_zf(x—xo)) _5(_25(?/ yo)) _2725(75—150)1
2 2 2 -
T \T T Y r t r
_p 45(95—21'0 <SU—370 y—2y0) (t_t0)> +
xrr T
4:;5 g(xr—2 ) Lo (z —20)” + (y ﬂyo) (t —to) ] B
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Rt [%w&@(l—f)—%WH%@—&)—
x Y Yy

—V—t‘)+ £+—<1—§)] =

4P
S et - - B g B g
r x x
t t
S 5+%<1—5>} ,
we get
4Pz, Yo lo
=— 200 — (1 4P | = — :
Cr= -2 o a4 0) 4P (Bye+ o)
Similarly, we define
4Py Zg to
=— 20 — (1 ) 4P| — —
Cy e 26— (1+B+0)n] + (WQOénJr an),
4Pty
S — qp| =2 20
Cy 2 (27— (L +0) ¢+ ( ag + WBC)
4P6 t
o, =0 5y 1_%_5__m]_
T t
After simple calculations, we have
4P 4Pt 4P0
p= s, yoéﬁ R
xr? r?

Substituting (22) — (36) into (21), we obtain the following equation

4PIO
xr?

4Py,
(1 —&)wee — yrgon(l ) 77(1 — n)wee +

4P APt AP
+ ( 60— 4P—§0) wep + ( Wonc + yong) W+
4P AP 4Pt
+ (——277 - yone) Wy + (——249 - “ge) Weo+
T r
AP 4P 4Pt
{— :mfgo 20— (14+a+0)&+ yoﬁf Ovﬁ}w@L

4P 4Px 4Pt
+ { yo 28—+ pB+6)n + Woan + WOW} wy+

(32)

4Py0 4P92 Wes
2
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4Pt
—i—{_ t7"20 2y —(1+~v+0) ]+ g al + e Bg}wc—l—

4P0 t
—l—{— {—64—1—04%—5@—7—0}}%4—

r2

da +

4Pz
+{ 0

72 v

yr? 0B+ tr2 or+ 72

which is equivalent to the following system of the partial differential equations

(E(1— &) wee — Enwey — EQuec + Ewep — anuy,
— YCwe + abwy + 2a — (1 + a+0) {] we — daw = 0,
(1L = n)wyy — Enwey — NCwye + Nbwye — BEwe
— BCwe + BOwp + 28 — (14 B+ 6) nwy — 68w = 0, (37)
C(1 = Quge — EQuee — Mlwne + Chuwco — YEwe
— ynwy + 0wy + [27 — (1 + v+ 6) (Jwe — dyw =0,
{ Owpg — Eweg — Nweo — Cwep — dwy + w = 0.

Thus, the singular ultra hyperbolic equation with parameter (1) equivalently reduced to
the system (37).
PARTICULAR SOLUTIONS OF THE SINGULAR ULTRA HYPERBOLIC
EQUATION WITH THE PARAMETER
Comparing now the system (37) with the system (10) and taking into account an
expressions (11) — (18) of the solutions of the system (10), by virtue of (20), we get the following
8 particular solutions of the singular ultra hyperbolic equation with parameter (1):

a1 (2, 9,1, 00, Yo, to) = kr HTY (800, 8,75 20,28, 29: 6,7, €, 6) (38)
G2 (T, Y. t, To, Yo, to) = kor?@ 7272 (z29) ' 72
xHY (146 —20:1— a, 8,7:2 — 20,28,2y:£,1, ¢, 6) (39)
g3 (2,9, t, 20, Yo, to) = kar'® =22 (yyo)' ¥ x
xHPD (146 —28: 0,1 — B8,7: 20,2 — 28,27:£,1, ¢, 0) (40)
qa (2, Y, t, o, Yo, to) = kar™ =272 (1) 7
fo’l) (1+0—2v;a,8,1 —v;20,26,2 — 2v;¢,1,¢,0) , (41)

¢ (z,y,t, z0, Yo, to) = k5r2a+267672(9€$0)172a(yyo)kzﬁX

xHEY (246 — 20— 28;1 — o, 1 — 8,7:2 — 20,2 — 28, 27: £, 1, C, 6) (42)
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06 (7, Y, b, T0, Yo, to) = ke H2=072(wag) 72 (1) x
xHPY (240 —2a —2v:1—a, 8,1 —7:2 — 20,28,2 — 2v: £,1,(. 6) | (43)
G7 (2,9, t, 0, Yo, to) = ke 27072 (yyo) P (1) T2
xHPY (246 —28—2v:ia,1—B,1—7:20,2 — 28,2 — 27:£,1,C,6) (44)
Gs (2,9, , 20, Yo, to) = kst (ww)' 7> (yyo)' " (tto)' TP x
xHED (4 —6;1 -, 1= 8,1 — 712 — 20,2 — 28,2 — 2v:£,1,(, 6) | (45)

where k1, ..., kg are constants and

4 4 4tt 1
f— T n=— Y¥Yo ¢ = 07 QZZMQ’
r

) )
712 7,2

r? = (z—20)" + (y— ) — (t —to)".

Note, the multidimensional Helmholtz equation with three singular coefficients (2) has 8
fundamental solutions in the forms (38) — (45) with other variables that differ from the variables
in (38) — (45) in signs (see, [2]):

and
72 = (x—x0)° + (y — y0)” + (t — to)”.

Conclusion.

In conclusion, we note that partial solutions satisfying the singular ultra hyperbolic and
elliptic equations (1) and (2) (respectively, the equations (3) and (4)) are always written through
the same confluent function, the variables of which differ from each other only with signs
depending on the equation under consideration.

This circumstance must be taken into account when constructing partial solutions of the
more general singular ultra hyperbolic equation

" (0%u 204 Ou " (Pu 2B Ou
Z(a—xﬁx—iaxi)‘;(a—y;*y_ja_yj)““‘o’

=1

using the fundamental solutions of the generalized singular elliptic Helmholtz equation
expressed in terms of the confluent hypergeometric function in m + n + 1 variables (see, [23]).
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PARAMETRLI UCH O’LCHOVLI SIGULYAR ULTRA GIPERBOLIK
TEHGLAMANING XUSUSIY ECHIMLARI

REZYUME

Ushbu ishning asosiy natijasi to’rtta o’zgaruvchida qo’shilgan gipergeometrik
funktsiyada ifodalanishi mumkin bo’lgan yagona koeffitsientlar va spektral
parametrlarga ega bo’lgan ikkinchi darajali ultra giperbolik tenglamaning maxsus
yechimlarini qurishdir.

Kalit so‘zlar: singulyar ultra giperbolik tenglama, parametrli giperbolik tenglama,
xususiy yechimlar, bir nechta qo’shilgan gipergeometrik funktsiyalar.

YACTHBIE PEINIEHN YA TPEXMEPHOI'O CUHTI'VJIAPHOI'O
VYJIBTPA TUITEPBOJINMYECKOI'O YPABHEHUNS C
ITAPAMETPOM

PE3IOME

OCHOBHBIM pPe3yJIbTATOM HACTOAIIEH pabOTHI ABISETCs TOCTPOEHNe JaCTHBIX Perlre-
HUI yJIBTPArunepooJnIecKoro ypaBHEH!sI BTOPOTO MOPSIAKA ¢ CHHIYJISIPHBIME KO-
s dunmeHTaM 1 CIeKTPAJIbHBIM [TapaMeTPOM, KOTOPBIE BBIPAXKAIOTCS Yepe3 BbI-
POXKJIEHHYIO THIIEPTeOMETPUYIECKYI0 (DYHKITUIO OT YEThIPEX IePEMEHHBIX.

Karouesvie cao8a: CUHTYISIPHOE YIBTParuiepooIniecKoe ypaBHeHne, Tuiepooi-
YeCKOe YpaBHEHHE C ITapaMeTPOM, YaCTHBIE PEIeHNd, KPATHO BBIPOZKJICHHBIEC TATICD-
reoMeTpudecKkne (pyHKIIN.
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UDC 517.95

IKKI KARRALI FURYE QATORINING UCHBURCHAKLI QISMIY
YIG’INDILARI UCHUN LEBEG O’ZGARMASINI ASIMPTOTIK HOLATI
HAQIDA
Atabayeva D. J., " Buvayev Q. T. "

REZYUME

Odatda, ko’pincha karrali Furye gatorining koordinata o’qlariga nisbatan simmetrik
bo’lgan sohalar bo’yicha qismiy yig’indilari uchun Lebeg o’zgarmasining asimptotik
holatlari o’rganilgan. Mazkur maqolada esa bu yo’nalishdagi tadqgiqotlarni
simmetrik bo’lmagan soha uchun ham o’rganish mumkinligi ko’rsatilgan
hamda oldingi ishlarda olingan noma’lum o’zgarmaslar garalayotgan hol uchun
aniqlashtirib berilgan.

Kalit so‘zlar: Furye qatori, Dirixle yadrosi, Lebeg o’zgarmasi, asimptotik baho.

R? - ikki o’lchovli haqiqiy yevklid fazosi, Z2 - R? dagi ikki o’lchovli butun sonli panjara
hamda 7% = {(x,y) € R? : —7 < x < m,—7 < y < 7} - ikki o’lchovli tor bo’lsin. Thtiyoriy k =
0,1,2,... sonlari uchun, quyidagi Q = {(z,y) € R* :z +y < k,x > 0,y > 0} uchburchakli
sohani qaraylik. A, orqali ushbu A, = Q, N Z? tenglik bilan aniqlangan to’plamni belgilaymiz.
Tekislikdagi sohada yotuvchi barcha butun koordinatali nugtalar bo’yicha olingan ushbu

Dy(w,y) = ) e, (1)

(n,m)eAL
ko’rinishdagi yig’indini tuzamiz, odatda (1) yig’indiga Dirixle yadrosi deb atashadi.
Dirixle yadrosi Dy(z,y) orqali ifodalangan, quyidagi

[ iDialdsdy = [ [ Diteslday 2)

ko’rinishidagi integralga Lebeg o’zgarmasi deyiladi va uni biz L, orqali belgilaymiz. Shunday
qilib, Lebeg o’zgarmasi deb quyidagi

Li— / Dyl )| dady, 3)
T2

tenglik bilan aniglangan integralga aytilar ekan.

IT - n o’lchovli R™ yevklid fazosidagi ihtiyoriy yopiq ko’pburchak, RII = {x ER": % € H}
- I ni R > 0 koeffitsientli gomoteti, [z = RIINZ™ bo’lsin, bu holda ham (3) tenglikka o’xshash
Lebeg o’zgarmasi quyidagi

“Atabaeva D. J. - O‘zbekiston Milliy universiteti, bek488@gmail.com
“Buvayev Q. T. - O‘zbekiston Milliy universiteti, buvayev@mail.ru
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E : eima:

mellp

La(tt) = | dz, (4)

TTL

tenglik bilan aniglanadi. (4) tenglik bilan aniqlangan Lebeg o’zgarmaslarining R — oo dagi
asimptotik holatlarini o’rganish masalasi S.B. Stechkin tomonidan qo’yilgan. V.A. Yudin |[1,
2| ishlarida, qavariq sohalar ichida shar Lebeg o’zgarmasi R("~1/2 bo’lgan eng katta o’sishni
vujudga keltirsa, kub esa Lebeg o’zgarmasi In” R bo’lgan eng kichik o’sishni vujudga keltirishini
isbotladi, ya'ni ihtiyoriy yopiq qavariq sohalar uchun R ga bog’liq bo’lmagan 3M; va 3M5 sonlari
mavjudki ushbu
M;In"R < Lp < MyR™V/2, (5)
qo’sh tengsizlik o’rinli bo’ladi.
Qavariq ko’pburchaklar uchun [3-5] ishlarda R ga bog’liq bo’lmagan ihtiyoriy M > 0 soni
uchun, quyidagi
Lr < MIn"R, (6)
tengsizlik o’rinli ekanligi isbotlangan.
(5) va (6) tengsizliklardan quyidagi natija kelib chiqadi: ihtiyoriy qavariq ko’pburchaklar
uchun R ga bog’liq bo'lmagan 4M; va dM, sonlari mavjudki ushbu

M1 ln”R S LR S M2 In" R, (7)

tengsizlik o’rinli bo’ladi.

Mazkur ishda, uchburchakli sohada Dirixle yadrosi Dy (x,y) uchun muhim tenglik olingan
va bu tenglik yordamida Lebeg o'zgarmasi L; ni k& — oo dagi asimptotik holati o’rganilgan,
ya'ni quyidagi natija olingan.

Teorema. Ushbu

L= % I & + O(In k) (8)

asitmptotik tenglik k — oo da tekis bajarilads.

Mazkur teoremani yuqorida keltirilgan teoremalardan farqi hamda muxim tomoni
shundan iboratki, bu yerda In®k oldidagi koeffitsient aniq xisoblangan. Bu esa tatbiqiy
masalalarni xisoblash matematikasi usullari bilan yechishda qo’l keladi.

Teoremani isboti quyidagi lemmaga asoslanadi.

Lemma. Vk = 0,1,... va ushbu x? + y* # 0 munosabatni qanoatlantiruvchi ¥(x,y) € Q4
lar uchun quyidag:

1
D =
sin (5 + 1) (z — y) cos &(z + y) — cos B (z + y) sin B (2 — y) — cos T2 sin 2 +
X
sin § sin 54

+1 —

sin 5 sin T

sin®sin ¥ +sin (£ +1) (2 —y)sinE(z +y) - smﬂ(x—l—y)smﬂ(x—y)} ©

tenglik o’rinli.
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Isbot. (1) ni quyidagi ko’rinishda yozib olamiz:
k
Dk(l’,y) _ Z 6z'(rwz:—‘,—my) _ Z gine Z My (10)
(n,m)eA n=0 m<k-n
Dastlab ichki yig'indini xisoblaymiz:
k—n k—n k—n
Z ey = Z(COS my + isinmy) = Z cosmy +1 Z sinmy = Ay + iAs, (11)
m<k—n m=0 m=0 m=0
bu yerda A; va A, lar orqali mos ravishda birinchi va ikkinchi yig’'indilar belgilangan. A;
yig'indini hisoblaymiz:
k—n 1 k—n
A= mzzocosmy = s z:: cosmysin% =
1 k—n . ‘ 1
:2Sin%m:0 sin m+§ Y — Sin m—§ Yyl =
1 3
= Zom [(sm% — sin(——)> + (sin Y sin %) +oe
: 1 . 1
+ Sln(/{—n—|—§)y—sm(lﬂ—n— §)y =
: 1 .
= Y 81n(k—n+§)y+31n§ : (12)
Xuddi shunga o’xshash hisoblashlar orqali A, yig’'indi uchun quyidagi tenglikni xosil
qilamiz:
P Y costk—n+ 1) (13)
= cos= —cos(k —n+ = .
>~ 2sin g 2"
(12) va (13) larni (11) ga qo’yib, ushbu
1 1 1
[(sin(k: —n+ 5)3/ + sin %) +1 (cos% —cos(k —n+ §)y>] . (14)

E eimy —
2sin %

m<k—n
tenglikni xosil gilamiz. O’z navbatida (14) ni (8) ga qo’yib, hamda ba’zi bir almashtirishlardan
(15)

so'ng, quyidagini xosil qilamiz:

D — B, + By +iBs —iB
k(z,y) 2Sin%[ 1 + By +iBs —iBy],

bu yerda Bj, By, B3 va By lar quyidagi tengliklar bilan aniglanadi:
(16)

k
1
BIZZSin [(l@—n+§)y+nm ,

n=0
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By = zk:sin (% - nx) : (17)

n=0
- )
Bs = 2 cos (5 — nx) (18)
e 1
By = Z cos {(k —n+ §)y + nx} : (19)
n=0

Endi By, Bs, B3 va B, yig'indilarni xisoblaymiz.

By =) sin [(k’—n—f—%)y—f—nw} zzk:sin {(:c—y)nJr(k;Jr%)y} —

n=0

= [a—m—y, b—(k+%)] =

k
b) b) sin & —
;an—l— Sm_Zsman+ )sm2
k

_ Qsiln% > (e [(n— %)aer] ~ cos {(nJr%)aer]} _
)

1 a 1
= Zeme {cos (—§+b — cos [(k—l—?a—{—b}} =

- {cos(%—b)—cos {(/f—l-%)a—i—b}}:

2sin §
1 T —y 1 1 1
= — —(k+2)y| — kE+ =)z — k+ = =
2_{[ L e ] = cos [tk o=+ 6+ 3|
1 x 1
= @ {cos [5 —(k+ 1)y} — cos(k + §)x} :
Shunday qilib, B; uchun quyidagi tenglikni xosil qilamiz:
1 1
B =—— {cos [f —(k+ 1)y } — cos(k + —)x} . (20)
2sin =54 2 2
Xuddi shunga o’xshash By, B3 va By larni xisoblab, ular uchun quyidagi tengliklarni xosil
gilamiz:
1 Y 1 rT+y
By = S —(k+2)x| — 21
9 T {cos {2 (k+ 2)4 cos — }, (21)

1 e N 1
B3_251n2{sm 5 3111{2 (k+2>x]}, (22)

2
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1 . [z : 1
By = e {sm [5 —(k+ 1)y} + sin (k‘ + 5) x} : (23)
(15) ga (20), (21), (22) va (23) larni qo’yib, (9)ni hosil gilamiz. Lemma isbotlandi.
Teorema isboti. Dastlab Dirixle yadrosini quyidagi ko’rinishida yozib olamiz:

1
Dk(,’lﬂ',y): . T - o X
4SIH§SIH%SIHTy
k k k+1 k+1
x{sin (§+1) (x—y)cos§(x+y)—cos ;_ (x4 y) sin (x —y)—
—cosx;ysinw;y—l—z' sinx;ysinx;y—i—

k k k+1 k+1
+sin<§+1>(a:—y)sini(ery)—sin ;L (z +y) sin ;r (x—y)]}:

_ ! % {R+iS} (24)

T Agin Zain ¥ ain 2=Y
451n281n281n 5

Bu yerda R = Ri(z,y) va S = Sik(x,y) orqali mos ravishda sistemali qavs ichidagi haqiqiy
va mavhum gismlar belgilangan. Teoremani isbotlash (24) tenglikni L;(7?) dagi bahosini
topishdan iborat. Vaholanki, bizga R ni baholashni o’zi yetarli, S esa xuddi shunga o’xshash
baholanadi. Buning uchun R ni quyidagi ko'rinishida yozib olamiz:

k k k k
R:sing(x—y)cos(x—y)cosi(x%—y)+cos§(x—y)sin(x—y)cosg(x—i-y)—

k k —
_cos§($+y)cosx+ysin§(x—y)cosx Y4

k k —
+sin—(m+y)sin$+ysin—(x—y)cos -

2 2 2

k k —
_cosi(x+y)cos$+ycosa(x—y)sinx Yy

e k( +y)si T+ k:( ) sin 2=

sin 5 (2 + y) sin cos (& — y) sin —

—cosx;ysinx;y. (25)

Oxirgi tenglikda quyidagicha almashtirishlar gilamiz:

0S

Tty x—y
7 ¢ 2}+

k k
R = sin E(x — ) cos 5(:)& +y) [Cos(x —y) — cos

1n

r+y . r—yY
o T }+

k k
+ cos §(x — y) cos §(as +y) |:SiI1(ZB —y) — cos

_k .
+ sin E(x + y) sin

k — k —
Ty {sing(x—y)cosx 5 y—l—cos§(x—y)sin$2 y] —
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—Cosx;_ysinx;y. (26)
Birinchi to’rtburchakli qavs ichida quyidagi o’zgarishlar gilamiz
cos(:c—y)—cosx+ycosx_y —cos? Y 2T os T s T =
2 2 2 2 2
—cos =Y |eos TY _ cos Yl s Y
2 2 2
:2cosx_ysingsin§—Sin2x;y. (27)
Endi (26) tenglikdagi ikkinchi to’rtburchakli qavs ichida quyidagi almashtirishlar gilamiz
. r+y . rT—yY LTy r—y r+y . r—yY
sin(z — y) — cos sin = 2sin Cos — COS sin =
2 2 2 2 2 2
—sin—Y 2cosx_y—cosx+y =
B 2 2 2 )
:sinx;ycosx;y+28in§singsinx;y. (28)
(27) va (28) ni (26) ga qo’yib, hamda qavslarni ochib, quyidagini xosil gilamiz
R =Ry + Ry, (29)
bu yerda
k k —
R, = Ri(z,y) = 2sin 5(3: — y) sin g sin%cos i(x + y) cos g4
+25in % sin Y sin T cos 3 (2 — y)cos 3 (2 + 1) (30)
sin — sin = sin cos —(x — y) cos = (x
g Mg M T R R
. .k k .o —Y
R2:R2(x,y):—sm§(:v—y)cos§(x+y)sm -
k k — —
+COS§(J} —y)cosg(x—i-y)sinm 5 Y cos 2 5 Yy
k k —
+sin§($ +v) sini(as — y)sin x—;—y cos = 5 Yy
k k — -
+sin§(a:+y)cos§(x—y)sinx—gysinx i J —cosx;_ysinx 5 Y (31)

Ma'lumki, £ — oo da quyidagi

7| sin &t 2
2-ldt = —Ink+0(1 32
/ QSin% T nk+O(1) (32)
0
baho o’rinli (masalan [6] ishga qarang). (32) da o’zgaruvchilarni almashtirib, ushbu
(33)

sm (x +y)
2sin xiy

dxdy = O(Ink)

[]s
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asimptotik bahoni £ — oo tekis bajarilishini ko’rish mumkin.
Tushinarlikki, (30) va (33) tengliklarga ko'ra quyidagi

Rk
/ / “; -y) | dedy = O(ink) (34)
sin § sin sin &Y 2
munosabatni £ — oo da osongina olish mumkin.
Hagigatan ham:
Rk
/ / (z.9) 7| dedy =
sin 3 sin y sin &Y

2sin &(z — )sm—sm cos 5 (:1:+y)cos—

sin ¥ sin &4

sin £ 2 5 2

/]

281n—smysm—cosk(x—y)cos (x+y)

y dxdy <
sin § sin § sin %5
s s E .
<2 // o ?(x_y y) cos E(x — )| |cos E(x +y)| dedy+
sin =4 2 2
00
+2 oS §(x —y)| |cos §(x +y)| dedy <
/ / dxdy + 272
2sin =4
0
=40(Ink) 4 2% = O(In k).
Endi R, da almashtirishlar gilamiz:
- k k
Ry = sin —2 sin —(z 4+ y) cos = (z — y)sinx y_
2 2 2
_sing(x—y)cosg(x+y)sinx;y —cosx;_y} +

_ k k _
+cos = 5 Y |:COS§(ZL‘—y) Cos§(x—|—y) sin 5 Y4

.k .k . T+
+31n§(x+y)81n§(x—y)81n

y} — Ryy + Ry, (35)

bu yerda
'x J—
2

Ry = R§1 (x,y) = sin

sinﬁ(x—l— )cosé(x— )sinxjL
g YRRy 2
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.k k . r—y Tty
—81n§(x—y)cos§(x—|—y)sm 5 T cos— ], (36)
_ k k _
Roy = RE,(2,9) = cos i [cos 5(95 — ) cOS 5(:10 +y) sin i
k k
+ sin §(I+y) sing(x—y) sinm+y] . (37)

Endi Rs; va Ry lar ustida almashtirishlar qilamiz, dastlab Rs; ustida quyidagi
almashtirishni bajaramiz:

€T —

Rzl = sin

1
Y {g(sin kx + sin ky) (sin g cos % + cos g sin %) -

1('l<: .k)<.x Y xy)(x Y xy)
— —(SINn KT — S1n SN —COS — — COS —SIn — | — { COS — COS — — S1n — Ss1n — =
Y 2 9% 9 %My 2 ‘P9 9 Sy

. =Yy [ . r .y . . X Yy . X, y]
= sin sin kx cos — sin = + sin ky sin — cos < + sin — sin = | —
2 g Sty TemAysing + 2

2 2
—sin ; Y cos g cos < =Ry, + R3,, (38)
bu yerda
Ry, = R (k,z,y) = sin T [sin kx cos z sin y + sin ky sin i coS y + sin il sin Q} , (39)
2 2 2 2 2 2
Rgl = R%l(k, x,y) = —sin T ; Y cos g cos % (40)

(32) va (39) larga ko’ra quyidagini xosil gilamiz:

(k
// m'fy) drdy = O(Ink). (41)
sin § sin £ sin %5
Hagigatan ham:
sin § sin § sin 3¢
/7r ] sin =4 [sm kx cos § sin § + sin ky sin  cos § + sin § sin § ] drdy <
= x
sin § sin £ sin %5 v=
0 0
k k ™ ™
< // sin ki |cos—|dxdy +// sin yy | cos g|dxdy + //dxdy <
sin 3 ng 2 )
sin a: n &y
<4 // —| dxdy + 4 2y drdy + 7 <
ns s
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8lnk+ 8lnk+7r +O(1) = O(In k).

Endi Ry, da almashtirish baJarlb, ushbu

Ryy = cos - [cos kx sin g cos g — cos kx cos g sin %] (42)

tenglikni hosil gilamiz.
Dirihle yadrosining maxrajini hisobga olib, baholanmagan (40) va (42) tengliklarni
yig’indisini R orqali belgilaymiz, ya’ni:

R = Ry(z,y) = R3; + Rao = cos ——

[ ke si z Y L z . y]
cos kx sin — cos = — cos kx cos < sin — | —
2 2 2 2

— sin i COS g CcoSs % (43)
[7] ishda & — oo da ushbu
k
k 4
// sm (x +y) 81112( ) dxdy=—1n2k+0(lnk) (44)
sin £ sin 4 sin *5¥ T2

bahoni o’rinli ekanligi isbotlangan. (44) dan foydalanib, quyidagi

/]

bahoni £ — oo da o'rinli ekanligini ko’rsatish mumkin. O’z navbatida, (34), (41) va (45)
tengliklardan Dirixle yadrosining haqiqiy qismi uchun ushbu

/]

bahoni o’rinli ekanligi kelib chiqadi. Xuddi shu yo’l bilan Dirixle yadrosini mavhum qismi uchun
(46) ga o’hshash bahoni olish mumkin. Bu baholardan teoremani to’g’ri ekanligi kelib chiqadi.
Teorema isbotlandi.

Ry (,y)

| dedy = % In* k + O(Ink) (45)
m

sin § sin § Ygin Y

Rk$y

o | dedy = % In*k + O(In k) (46)
m

sin £ sm sin =¥
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PE3IOME

OOBIMHO ACHMIITOTHYECKHE MTOBEJIEHNEe KOHCTAHTHI Jlebera n3ydasanch Jijid 9acTud-
HBIX CYMM KpaTHBIX pAoB Pypbe 1Mo 00JacTIM, KOTOPble CHMMETPUYIHBI OTHOCH-
TeJILHO Oceil KoopJauHaT. B JaHHOl cTaThe IMOKa3aHO, 9YTO UCC/IEJI0BaHUs B 9TOM Ha-
MPaBJICHUH MOTYT OBITH U3YYEHbI KAK JIJIT HECUMMETPUIHON 00JIACTHU | JIJIA PACCMAT-
puBaeMOTI'O CjIydad YTOYHAOTCA HEU3BECTHbIEC KOHCTAaHTDBI, ITIOJIYIE€HHbIC B IIPEABI/Y-
X padoTax.

Karoueswvie caosa: psiji Pypwe, siapo lupuxie, koncranTol Jlebera, acuMIToTn-
Jeckas OIeHKa.

RESUME

Usually, the asymptotic states of the Lebesgue variable for partial sums of multiple
Fourier series over fields symmetric about the coordinate axes have been studied.
In this article, it is shown that the researches in this direction can be studied for
the non-symmetric field, and the unknown invariants obtained in previous works
are clarified for the considered case.

Key words: Fourier series, Dirichlet kernel, Lebesgue variable, asymptotic
estimate.
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UDC 517.918

PANJARADAGI UCH ZARRACHALI SISTEMAGA MOS MODEL
OPERATOR MUHIM SPEKTRINING JOYLASHUV O‘RNI

Bahronov B. 1. *

REZYUME

Ushbu maqolada panjaradagi uchta zarrachalar sistemasiga mos model operator
Hilbert fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator sifatida
qaralgan. Ikki o‘lchamli qo‘zg'alishga ega chiziqli, chegaralangan va o‘z-o‘ziga
qo‘shma Fridrixs modelining spektral xossalaridan foydalanib, qaralayotgan model
operatorning muhim spektri tadqiq qilingan. Muhim spektrning ikki va uch
zarrachali tarmoqlari ajratilgan. Ikki zarrachali tarmoqlarning uch zarrachali
tarmoqga nisbatan joylashuv o‘rni o‘rganilgan.

Kalit so‘zlar: Hilbert fazo, model operator, Fridrixs modeli, Fredgolm
determinanti, muhim spektr.

1. Kirish.

Fizikaning ko‘plab sohalarida, xususan qattiq jismlar fizikasi [1], kvant maydon nazariyasi
[2] kabi sohalarda panjaradagi ikki va uch zarrachali sistema Hamiltonianlariga mos model
operatorlarning muhim spektri va xos giymatlarining mavjudligi bilan bog‘liq masalalar uchrab
turadi. Uch zarrachali sistemaga mos model operator muhim spektrining tuzilishini aniqlash (3,
4], xos qiymatlar sonining chekli yoki cheksiz bo‘lish shartlarini topish [5, 6, 7] alohida ahamiyat
kasb etadi.

Ta’kidlash joizki, [3] maqolada kompakt qo‘zg‘alishli Fridrixs modeli spektri yordamida
panjaradagi uchta zarrachalar sistemasiga mos model operator muhim spektrining joylashuv
o‘rni aniqlangan. [4] maqolada esa qo‘zg‘alish operatori ikki o‘lchamli Fredgolm operatori
(integral operator) bo‘lgan Fridrixs modeli uchun olingan natijalar panjaradagi lokal bo‘lmagan
potensialga ega uch zarrachali model operator muhim spektrining ikki va uch zarrachali
tarmogqlarining joylashuv o‘rni, tuzilishi va uni tashkil qiluvchi kesmalar sonini aniqlash
imkonini bergan. [5| maqolada dispersiya funksiyasi bir nechta nuqtalarda aynimagan mini-
mumga ega bo‘lgan holda panjaradagi uchta zarrachalar sistemasiga mos model operator uchun
cheksiz sondagi xos giymatlarning mavjudligi isbotlangan hamda xos qiymatlar soni uchun
asimptotik formula topilgan.

Shuningdek, [6] maqolada uch o‘lchamli panjaradagi ikkita bir xil zarrachalar sistemasiga
mos keluvchi ikkita chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma bo‘lgan bir o‘lchamli
qo‘zg'alishga ega Fridrixs modellari oilasi o‘rganilgan. Muhim spektrdan chapda yotuvchi xos
giymatlarning mavjudlik shartlari topilgan. Fridrixs modellari oilasi uchun bo‘sag‘aviy xos
giymat va nol energiyali rezonansning mavjudlik shartlari tahlil gilingan. Olingan natijalar
panjaradagi uchta bir xil zarrachalar sistemasiga mos model operator xos giymatlari sonining
chekli yoki cheksiz ekanligini ko‘rsatishda hamda xos giymatlar soni uchun asimptotik formula
topishda qo‘llanilgan.

*Bahronov B. I. — Buxoro davlat universiteti, b.i.bahronov@buxdu.uz
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Bundan tashqari, [7] maqolada [6] maqoladan farqli o‘laroq uch o‘lchamli panjaradagi
ikkita har xil zarrachali sistemaga mos Fridrixs modellari oilasi tadqiq qilingan. Bu holda
Fridrixs modeli uchun quyidagi natijalar olingan: muhim spektrdan chapda joylashgan
xos qiymatlar soni aniqlangan; Fredgolm determinanti uchun asimptotik yoyilma olingan;
bo‘sag‘aviy xos qiymat va virtual sathning mavjudlik shartlari topilgan. Olingan natijalar
panjaradagi uchta har xil zarrachalar sistemasiga mos model operator xos giymatlari sonining
chekli yoki cheksiz ekanligini ko‘rsatishda hamda xos giymatlar soni uchun asimptotik formula
topishda qo‘llanilgan.

Aytish lozimki, [8] maqolada cheksiz separabel Hilbert fazosida aniglangan o‘z-o‘ziga
qo‘shma kompakt operatorlar tenzor yig‘indisining muhim va diskret spektrlari o‘rganilgan. |9
magqolada uch zarrachali model operator muhim spektrining tuzilishi tadqiq gilingan. Manfiy xos
giymatlarning mavjudligi isbotlangan va manfiy xos giymatlar soni uchun baholash olingan. [10]
maqolada uch zarrachali model Shryodinger operatori uchun cheksiz sondagi xos giymatlarning
mavjudligi masalasi o‘rganilgan. Model operator muhim spektridan chapda yotuvchi cheksiz
sondagi xos giymatlar mavjud bo‘lishining zaruriy va yetarlilik shartlari topilgan.

Mazkur maqolada panjaradagi uchta zarrachalar sistemasiga mos model operator Hilbert
fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator sifatida o‘rganilgan. Uning
muhim spektrining ikki va uch zarrachali tarmoqlari ajratilgan. Bu tarmoqlarning joylashuv
o‘rni ikki o‘lchamli qo‘zg‘alishga ega chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma Fridrixs
modelining spektral xossalari orqali tadqiq qilingan.

2. Panjaradagi ikkita va uchta zarrachalar sistemalariga mos model operatorlar.

Dastlab zarur tushunchalarni kiritamiz. T¢ := (—m;7]¢ orqali d o‘lchamli torni, Lo(T?)
orqali T¢ torda aniqlangan kvadrati bilan integrallanuvchi (umuman olganda kompleks
giymatli) funksiyalarning Hilbert fazosini, L$((T9)?) orqali esa (T%)? to‘plamda aniglangan
kvadrati bilan integrallanuvchi (umuman olganda kompleks giymatlarni gabul gqiluvchi)
simmetrik funksiyalarning Hilbert fazosini belgilaymiz.

L5((T4)?) Hilbert fazosida ta’sir qgiluvchi va
H, \:=Hyo— p(Vi1 + Vi2) + A(Var + Vo), p,A>0 (1)

tenglik orqali aniglanuvchi model operatorni qaraymiz. Bunda upu, A > 0 ta’sirlashish
parametrlari, Hyo operator L5((T9)?) Hilbert fazosidagi ko‘paytirish operatori bo‘lib,

(Hoof)(p,q) = (u(p) +ulq)) f(p,q)

tenglik bilan aniglangan.

Vij, i,j = 1,2 operatorlar esa Ly((T9)?) Hilbert fazosidagi lokal bo‘lmagan potensial
operatorlar bo‘lib, quyidagicha aniglangan:

Vi) (s ) = vi(p) /

Td

vi(t) f(t, q)dt, (Vzaf)(p,q)zvz-(Q)/ vi(t) f(p, t)dt.

Td

Bu yerda u(-) va v;(+), i = 1,2 funksiyalar T¢ torda aniglangan haqiqiy qiymatli uzluksiz
funksiyalar.
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(1) tenglik yordamida ta’sir qiluvchi H,, model operator L§((T%)?) Hilbert fazosida
chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma bo‘ladi.

Mazkur maqolaning asosiy natijalarini bayon qilish magsadida H,, x model operator bilan
bir qatorda Ly (T) Hilbert fazosida

h%)\ = h070 — ,Ukl + )\kg

kabi ta’sir giluvchi operatorni qaraymiz. Bu yerda hgo operator ko‘paytirish operatori bo‘lib,
Ly(TY) Hilbert fazosida

(hoog)(p) = u(p)g(p)
tenglik yordamida aniglangan. k;, i = 1,2 potensial operatorlari bo‘lib, Ly(T%) Hilbert fazosida

(ki9)(p) = ui(p) / w0 (e, i =1,2

Td
kabi aniqlangan.

Ko‘rinib turibdiki, k; va kp integral operatorlar bir o‘lchamlidir. Shu sababli, hj, x
operatorga ikki o‘lchamli qo‘zg‘alishga ega Fridrixs modeli deb ataladi. Bu operatorning
Ly(T9) Hilbert fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator ekanligini oson
ko‘rsatish mumkin.

Chekli o‘lchamli qo‘zg‘alishlarga muhim spektrning o‘zgarmasligi haqidagi mashhur Veyl
teoremasiga ko‘ra h,, » Fridrixs modelining muhim spektri i o operatorning muhim spektri bilan
ustma-ust tushadi. Bizga yaxshi ma’lumki, h o ko‘paytirish operatori sof muhim spektrga ega
va

Uess(ho,o) = [Ey; B

tenglik o‘rinlidir. Bu yerda E; va E, sonlari

E; = mi Ey = ma
1 =minu(p), E, =maxu(p)

tengliklar yordamida aniqlanadi. Demak, A, » Fridrixs modelining muhim spektri uchun
Oess (M) = [E1; En]
tenglikni hosil qgilamiz.
Har bir g, A > 0 sonlari uchun C \ [E}; E»] sohada regulyar bo‘lgan
Bya(2) 1= AP (ALY () + pA L (2)
funksiyani qaraymiz, bunda

AD(z) =1 —pln(2), AP(2) =1+ Ma(2),

ol t
I,5(%) ::/ Mdt, a,f=1,2.
ra u(t) —z
Odatda A, () funksiyaga h,  Fridrixs modeliga mos Fredgolm determinanti deyiladi
hamda bu funksiya h, ) Fridrixs modelining diskret spektrini tadqiq qgilishda muhim ahamiyat
kasb etadi.
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Quyida h,» Fridrixs modeli xos qiymatlari va A, (-) funksiya nollari orasidagi
bog‘lanishni ifodalovchi lemmani keltiramiz.

1-lemma. z € C\ [Ey; E,] soni h, ) Fridrixs modelining xos giymati bo‘lishi uchun
A, A(2) = 0 bo'lishi zarur va yetarlidir.

suppv(+) orqali v(-) funksiya tashuvchisini, mes(Q2) orqali Q@ C T9 to‘plamning Lebeg
o‘lchovini belgilaymiz.

2-lemma. A) h,, ) Fridrixs modeli £y dan chapda va E, dan o‘ngda joylashgan ko‘pi bilan
bittadan sodda xos giymatga ega.

B) Faraz qilaylik,

mes(supp{v; ()} Nsupp{vi(-)}) =0 (2)

shart bajarilsin. U holda z € (—oo; Ey) (2 € (E2;400)) soni h, Fridrixs modelining xos
qiymati bo‘lishi uchun A} (z) = 0 (A(f)(z) = O) tenglik o‘rinli bo‘lishi zarur va yetarlidir.

Yuqoridagi 1-lemma va 2-lemmalarning isbotlari [11] ishda keltirilgan.

3. Panjaradagi uchta zarrachalar sistemasiga mos model operator muhim
spektrining tuzilishi.

Keyingi izlanishlarda (2) shart hamisha bajarilishini talab gilamiz.
Ina(+), @ = 1,2 funksiya (—oo; Ey) va (Es; +00) oraliglarda monoton o‘suvchi bo‘lganligi
uchun Lebeg integrali ostida limitga o‘tish haqidagi teoremaga ko‘ra
—711(E1) = zﬁhEr?fO ]11<Z)7 ]22(E2) = zig&(} —722(2)

chekli yoki cheksiz limitlar mavjud bo‘ladi.

Ushbu
|loo(Eo)| < 400, a=1,2

shartlar bajarilganda quyidagicha

po = (111 (E1)) ™", Ao = —(In(Es)) ™"

belgilash kiritamiz.

hy,» Fridrixs modelining muhim spektridan tashqarida xos giymatlari mavjud bo‘lgan
holda ularni mos ravishda F; (i) va Ey(\) orqali belgilaymiz. Bunda F;(u) < Ey va Eg(\) > Es.

1-teorema. Faraz qilaylik, |/,.(E,)| = +00,a = 1,2 bo'lsin.
U holda g, A > 0 parametrlarning ixtiyoriy qiymatida H,, x model operator ikkita 24 (1)
va 2F5(\) oddiy xos giymatlarga ega bo‘lib,

Oess(Hu)) = [E1(p) + Ev; By (@) + Es] U [2E4;2E5] U [Ey(X) + By Ex(N) + Esl;

opp(Hun) = {2E1(n); i (1) + Ea(N); 2E2(N)}

tengliklar o‘rinli.
2-teorema. Faraz qilaylik, |/, (F.)| < +00,a = 1,2 bo‘lsin.
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A) Agar 0 < < g va 0 < X < g bo‘lsa, u holda
Uess(Hu,A) = [2E17 2E2]a UPP(HIM/\) = @

tengliklar o‘rinli;
B) Agar p1 > p19p va 0 < A < )¢ bo‘lsa, u holda H, » model operator bitta 2£;(x) oddiy
x0s qiymatga ega bo‘lib,

Oess(Hu) = [E1(p) + Ev; By (p) + Ea] U [2E,; 2Es);
opp(Hpun) = {2E1(p)}
tengliklar o‘rinli;

C) Agar 0 < p1 < pip va A > )¢ bo‘lsa, u holda H,, , model operator bitta 2E5(\) oddiy
x0s giymatga ega bo‘lib,

Uess(Hu,)\) = [2E117 QEQ] U [EQ(/\) + El; EQ()\) + EQ],
Opp(Hyn) = {2E2(N)}
tengliklar o‘rinli;

D) Agar p1 > pg va A > A\ bo‘lsa, u holda H,,  model operator ikkita 2£(u) va 2E5(\)
oddiy xos giymatlarga ega bo‘lib,

Oess(Hun) = [E1(p) + Ev; B (1) + Ep] U [2E1;2E5] U [Ea(N) + By Ea(A) + Eal;

Opp(Hyx) = {2E1(1); Er (1) + E2(A); 2E2(N)}
tengliklar o‘rinli.
Maqolada keltirilgan 1-teorema va 2-teoremalar isbotlari [12,13] ishlarda keltirilgan.
Ushbu belgilashlarni kiritamiz:

= (L1 (2E — E))™" Ay = —(Inn(2Es — 1))~

3-teorema. Faraz qilaylik, |/,0(E,)| = +00,a = 1,2 bo‘lsin.
A) Agar 0 < pp < g va 0 < A < A bolsa, u holda

UeSS(Hu)\> = [E1(p) + Ey; Ex(A) + Es

tenglik o‘rinli;
B) Agar > py va 0 < A < A\; bo‘lsa, u holda

Oess(Hun) = [E1(p) + Ey; Er(p) + Ex] U 2Ey; Ex(N) + B

tenglik o‘rinli bo‘lib, Fy(u) + Ey < 2F; bo‘ladi;
C) Agar 0 < 1 < py va A > Ay bo'lsa, u holda

ess(Hyup) = [E1 (1) + E1; 2E5] U [ER(A) + Ev; Ea(A) + B
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tengliklar o‘rinli bo'lib, 2Fy < F3(\) + E; bo‘ladi;
D) Agar p > py va A > A\ bo‘lsa, u holda

O-ess(Hu,)\) = [El (,u) + E17 El (,u) + EQ] U [2E1, 2E2] U [EQ()\) + E17 EQ()‘) + EQ]

tenglik o‘rinli bo‘lib, F1(u) + Es < 2F va 2FEy < Ey(A) + E; bo‘ladi.
Isboti. Faraz qilaylik, | /4o (E,)| = +00,a@ = 1,2 bo‘lsin. U holda 1-teoremaga ko‘ra H,, »
model operatorning muhim spektri uchun

Oess(Hpun) = [E1(p) + Ev; By (1) + Eo] U [2E1; 2E5] U [Ea(A) + Ey; Ea (M) + B

tenglik o‘rinli.

A) Agar 0 < p < py bo‘lsa, u holda A,(})(2E1 — Ey) > A,(Lll)(ZEl — FE5) = 0 bo‘ladi,
ya’'ni A,(})(ZEl — E5) > 0. Ey(p) < Ey soni hy, » Fridrixs modelini xos giymati bo‘lgani uchun
2-lemmaning B) tasdig‘iga ko‘ra A,(})(El (1)) = 0 bo‘ladi. Bu munosabatlardan esa A,(})(QEl -
Ey) > A,(})(El(,u)) tengsizlikni hosil gilamiz. A,(})(-) funksiya aniqlanishiga ko‘ra (—oo; E)
oraliqda uzluksiz va kamayuvchi bo‘lganligi uchun E; (i) + Ey > 2F; tengsizlik o‘rinli bo‘ladi.

Agar 0 < A < \; bo'lsa, u holda Ag\z)(QEg - E) > AE\QI)(QEQ — E;) = 0 bo‘ladi, ya'ni
AE\Q)(QEQ — Ey) > 0. E3(\) > E5 soni h,» Fridrixs modelini xos giymati bo‘lgani uchun 2-
lemmaning B) tasdig‘iga ko‘ra Ag\2)<E2(>\)) = 0 bo‘ladi. Bu munosabatlardan esa AS\Q)(ZEQ —
E)) > A&Q)(Eg()\)) tengsizlikni hosil qilamiz. A&Q)(-) funksiya aniglanishiga ko‘ra (FEs;+00)
oraligda uzluksiz va o‘suvchi bo‘lganligi uchun 2Fy; > Fy(\) + E; tengsizlik o‘rinli bo‘ladi.
Yuqoridagi munosabatlar

Oess(Hun) = [E1(p) + Ev; Ex()) + o

tenglik o‘rinli ekanligini bildiradi. Bu esa teoremaning A) tasdig‘ini isbotlaydi.

D) Faraz qilaylik, ;1 > py bo‘lsin. U holda A,(})(2E1—E2) < A,(}l)(2E1—E2) = 0 munosabat
o‘rinlidir, ya'ni A (2B, — E,) < 0. By (1) < By soni h,, » Fridrixs modelini xos giymati bo‘lgani
uchun 2-lemmaning B) tasdig‘iga ko‘ra Afll)(El(u)) = 0 bo‘ladi. Bu munosabatlardan esa
AE})(QEl - FE)) < A,(})(El(,u)) tengsizlikni hosil qilamiz. AS)(-) funksiya (—oo; Ej)oraligda
uzluksiz va kamayuvchi bo‘lganligi uchun E;(u) + E2 < 2FE; tengsizlik bajariladi.

Agar A > X\, bo'lsa, u holda AP (2E, — By) < AP (2B, — E1) = 0 boladi, ya'ni
AE\2)(2E2 — Ey) > 0. E3(\) > E5 soni h,, Fridrixs modelini xos giymati bo‘lgani uchun 2-
lemmaning B) tasdig‘iga ko‘ra A&Q)(EQ(A)) = 0 bo‘ladi. Bu munosabatlardan esa A&Q)(QEQ -
E)) < AE\Z)(EQ()\)) tengsizlikni hosil qgilamiz. AE\2)(-) funksiya (Es;+00) oraligda uzluksiz va
o‘suvchi bo‘lganligi uchun 2FE, < E5(\) + E; tengsizlik o‘rinli bo‘ladi va shu orqali teoremaning
D) tasdig'i isbotlanadi. Teoremaning B) va C') tasdiqlari ham yuqoridagi kabi isbotlanadi.

1-eslatma. Ushbu py < p1 va A\g < A tengsizliklar o‘rinli.

4-teorema. Faraz qilaylik, |I,.(Fa)| < +00, = 1,2 bo‘lsin.

Aq) Agar 0 < pu < pp va 0 < A < )¢ bo'lsa, u holda

O—ess(HM,)\) = [2Ela 2E2]
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tenglik o‘rinli;
As) Agar pg < pp < pg va 0 < A < Ag bo'lsa, u holda

Uess(Hp,A> = [El (/J) + El; 2E2]

tenglik o‘rinli;
As) Agar p > g va 0 < A < A\g bo‘lsa, u holda

Oess(Hyun) = [E1(p) + Ev; Ex(p) + Eo] U [2E4; 2By

kabi bo‘lib, F(u) + Ey < 2E; tengsizlik o‘rinli;
By) Agar 0 < p < pg va Ag < A < A bo‘lsa, u holda

Uess<Hu,A) - [2E1; E2<>‘) + EQ]

tenglik o‘rinli;
Bsy) Agar pg < p < pg va Ag < A < Ay bo'lsa, u holda

Uess(Hu,A> - [El(/vb) + El; EQ()‘) + E2]

tenglik o‘rinli;
Bs) Agar p > pp va Ag < A < A\; bo‘lsa, u holda

Oess(Hpup) = [En(p) + Ev; Er(p) + Eo] U [2E7; Ea (M) + B

kabi bo‘lib, F1(u) + Ey < 2E; tengsizlik o‘rinli;
C1) Agar 0 < pu < g va A > A; bo‘lsa, u holda

O-ess(Hp,)\> = [2E1; 2E2] U [EQ()\) + El; EQ()\) + EQ]

kabi bo'lib, 2Fy < Ey(\) + E; tengsizlik o'rinli;
Cy) Agar g < < pp va X > A\ bo‘lsa, u holda

Gess(Hon) = [E1(1) + Er; 2E5) U [Eo(N) + By Bs(\) + B

kabi bo‘lib, 2F; < Ey(\) + F; tengsizlik o‘rinli;
C3) Agar u > py va A > Ay bo'lsa, u holda

O'eSS(HlJ’)\) = [El (/J) + El; El(ﬂ) -+ EQ] U [2E1; 2E2] U [Eg(/\) + El; EQ()\) + Eg]

tenglik o‘rinli bo‘lib, F1(u) + E2 < 2E; va 2E; < Ey(\) + E; bo‘ladi.

Isbot. Faraz qilaylik, |[,o(Fa)| < 400, a = 1,2 shart bajarilsin.

Ap) Agar 0 < p < g va 0 < A < Ag bo‘lsa, u holda 2-teoremaning A) tasdig‘iga ko‘ra
H,, » model operatorning muhim spektri uchun

Uess<Hu,A) = [2E17 2E2]

tenglik o‘rinli bo‘ladi.
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Ag) Agar po < p < pg va 0 < A < Ag bo'lsa, u holda 2-teoremaning B) tasdig‘iga ko‘ra
H,, » model operatorning muhim spektri uchun

Oess(Hyun) = [Er(p) + Ev; Er(p) + Eb] U [2E4; 2By

tenglik o‘rinli bo‘ladi hamda AS)(QEl — Ey) > AE}R(QEl — FE5) = 0 munosabat o‘rinli,
ya'ni AS)(QEl — E,) > 0. Ey(p) < Ey soni hy,, Fridrixs modelining xos giymati bo‘lgani
uchun 2-lemmaning B) tasdig‘iga ko‘ra ALI)(El(/L)) = 0 bo‘ladi. Bu munosabatlardan esa
A,(})(ZEl —Ey) > A,(})(El (w)) tengsizlikni hosil gilamiz. A,(})(-) funksiyaning aniqglanishiga ko‘ra
bu funksiya (—oo; Fy) oraliqda uzluksiz va kamayuvchi hamda E;(u) + Es > 2E) tengsizlik
o‘rinli bo‘ladi. Yuqoridagi munosabatlardan

Uess(HM,)\) = [El (,U) + E; 2E2]

tenglik kelib chigadi. Bu esa teoremaning A, tasdig‘ini isbotlaydi. Teoremaning qolgan tasdiglari
ham A; va A, tasdiglar kabi isbotlanadi.

Xulosa. Maqolada qattiq jismlar fizikasi, kvant maydon nazariyasi va boshqa ko’plab
sohalarda uchraydigan panjaradagi uch zarrachali sistema Hamiltonianiga mos H, y model
operator qaralgan, bu yerda p,A > 0 - ta’sirlashish parametrlari. H, ), model operator
muhim spektrining joylashuv o‘rni ikki o‘lchamli qo‘zg‘alishga ega h,, » Fridrixs modeli spektral
xossalaridan foydalanib o‘rganilgan.
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PESIOME

B nannoil cTtaThe MOJIEIBHBIN OllepaTop, COOTBETCTBYIONINI CHCTEME TPeX YaCTHIL
Ha PeEIIeTKe, pacCMaTpUBaeTCd KaK JIMHCHHDLIA, OrpaHUYCHHBIA M CaMOCOUPAZKEH-
HBII ollepaTop B TUJILOEPTOBOM IIpocTpaHcTBe. Vcmob3ys clieKTpaJibHbIe CBOHCTBA
JIMHEHO, OrpaHUYeHHON M CaMOCOIPs2KeHHOU Mojiesin Ppuypuxca ¢ JIByMEPHBIM
BO3MYVIIICHUEM, HUCCJIEA0BAH CYIIECTBEHHBIA CIEKTDP PacCMaTpPUBAEMOI'0 MOJEJIHLHO-
ro omneparopa. BbljesieHbl By X4acTUIHbIE U TPEXIACTHIHbIE BETBU CYIIIECTBEHHOTO
criekTpa. V3ydeHo pacmnosiozKeHne JIBYXYaCTUIHBIX BETBEHl OTHOCUTEIBHO TpexXda-
CTUYHON BETBU.

Kaouesvie caosa: ['miibbepToBO MPOCTPAHCTBO, MOJIEIBLHBIN OIEepaTop, MOJIE/b
Opusipuxca, onpejenureab Opejiroabma, CyImecTBeHHBIH CIIEKTP.

RESUME

In this paper, the model operator corresponding to the three particle systems in the
lattice is considered as a linear, bounded and self-adjoint operator in Hilbert space.
Using the spectral properties of the linear, bounded and self-adjoint Friedrichs model
with two-dimensional perturbation, the essential spectrum of the considered model
operator was investigated. Two-particle and three-particle branches of the essential
spectrum are singled out. The position of two-particle branches with respect to a
three-particle branch is studied.

Key words: Hilbert space, model operator, Friedrichs model, Fredholm
determinant, essential spectrum.
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MATHEMATICAL MODELING OF THE DOUBLE NONLINEAR
EXSPONENTIAL INHOMOGENEOUS DENSITY HEAT DISSIPATION
PROCESS

Begulov U. U. * Khaydarov A. T. " Salimov J. I. *

RESUME

In this article, the properties of self-similar solutions of the Cauchy problem for
the equation with double nonlinear exponential effects are studied. The existence
conditions of Fujita-type global solutions are defined. Also, the conditions for having
a lower solution for the equation were found.

Key words: asymptotic behavior, mathematical modeling, self-similar solutions,
lower solution, parabolic equations.

INTRODUCTION

In this paper, we present below the Cauchy problem for the equation representing the
process of heat propagation in a nonlinear medium with exponentially varying density

ou 0 [ |oul"? ou
and
U(t,ZE) |t:0:u0 (.CU)ZO7ZE€R7 (2)

where @ = {(t,z) :t >0,z € R}, p>2,0 € Ry, p(x) =¢€" .

Equation (1) represents a number of physical processes: the reaction in a nonlinear
medium represents the diffusion process, the heat dissipation process in a non-homogeneous
nonlinear medium, the filtration process in liquids and gases, the biological population, the law
of polytraphy, and other nonlinear processes.

There are several ways to solve this equation, from which the solution of the equation
through a self-similar solution is considered. Currently, the concept of a self-similar solution
has become very popular in the research of non-linear heat dissipation processes [3].

The (1)-(2) arises in different applications [1]-[3]. Equation (1) is degenerate type.
Therefore, in the domain ), where v = 0,Vu = 0 it is a degenerate type. Therefore, in
this case, we need to consider a weak solution from having a physical sense class.

We say that wu(t,z) is the weak solution to the problem (1)-(2) in Qr =
{(t,x)0<to<t<T, xRN} if u(t,z) € C(Qr),Vu € L, (0,T; L, (RY)) and (1)-(2)

loc loc
is satisfied in the sense of distribution in (7, where T > t; is the maximal existence time.

“Begulov U. U. - National University of Uzbekistan, begulov0108@gmail.com
“Khaydarov A. T., - National University of Uzbekistan, haydarovabdu@rambler.ru
“Salimov J. I., - National University of Uzbekistan, jasurbek.salimov1997@gmail.com
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The local existence in time and uniqueness of solutions and the comparison principle for the
problem (1)-(2) can be found in [3].

In [4] given an asymptotic analysis of the behavior of blow-up solutions of the following
equation

p(x)ut = (um)mc in Q =R X R-H

where

—.1’2 —x

p(:}:): |m|7a76 , €

In [2], [5] authors considered a nonlinear parabolic equation with a source and an
inhomogeneous density of the following form:

0
p () (’3—1: = div (u™ " |Dul""? Du) + u”,
and
du . m—1 p—2 B
p(m)a = div (""" |[Dul""" Du) + p(z)u”,
where

p(x) = || or p(x) = (1 + |z[)™",n > 0.

They found conditions which the solution of the Cauchy problem explodes in a
finite time at critical parameters 8, = m +p — 2+ p/N,

n —= m+p_2
D where p>N.

Authors of the work [6] established asymptotics of the solutions and gave global
solvability for the following problem

—2
p aum

Ot

(@@_ﬁ du™
P58 = oz \ | ox

) , (z,t) € Ry x (0,400),

u(0,2) = ug(z),z € RY.

In [7], authors study the global solvability and unsolvability conditions of a nonlinear
filtration problem with nonlinear boundary flux and establish the critical global existence
exponent and critical Fujita exponent of nonlinear filtration problem in inhomogeneous medium.
An asymptotic representation of the solution with a compact support is obtained, which made
it possible to carry out a numerical experiment.

=2 o,
QN | o @), (2.1) € Ry x (0, +o0),

ou B 0 ou
ox

P(@a—% o
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with nonlinear boundary flux

2
L

oz

ou

| Z= — 4
- (0,£) = u?(0,1),t > 0

and u(0,z) = up(z) > 0,z € R;.
wherep > 2, 8, ¢ > 0, p(z) = 27", n € R, uy () is a bounded, continuous, nonnegative
and nontrivial initial data.

In [8], authors were established the long time asymptotic of solutions for the

critical value of parameter for problem (1)-(2) in case ¢ = 0, p = 2, p(z) = 1 and has. an
absorption. They considered following semi-linear parabolic equation

—Au+u’ =0,t>0, (3.1)

u(0,z) = up(x) > 0. (4.1)

N5 9
A=) gab=l+g
=1

The solution of problem (3.1) - (4.1) is “infinity” energy. The initial data is

mum:KT+@m@+w]¥%<—iL—>. (5.1)
(T'+1)

M=

For g, function upper and lower bounds were obtained

C’leXp< €] ) _g*(§)§02€xp< |€|> |§’ _ILQj_t

where C, Cy are constants.
For g # 1+ %, the approximate self-similar differs from (5.1), which means that for critical
values the asymptotic of the solutions will change.

In [9] , The properties of solutions of self-similar and approximately self-similar system
of the reaction-diffusion with double nonlinearity are investigated. The influence of numerical
parameters to an evolution of the studied process is established. The existence of finite and
quenching solutions is proved and their asymptotic behavior at the infinity is described. The
condition of global solvability to the Cauchy problem, generalizing the results of other authors,
is found. Knerr -Kersner type estimate for free boundary is obtained.

Au=—p(x) % + L(n,m,p)u + ey(t)p(z)u” = 0,

u(0, 1) = up(w),z € RN.

where L(n,m,p)u = V (|x”| umt |Vu|p_2 Vu) ,8 > 1,n,p,m-are the given numerical
parameters, V (-) — grad, (-),0 < v(t) € C(0,00),e = +1, p () = |z[°~°
Furthermore, in [10] , nonlinear diffusion, filtration, heat dissipation processes



Acta NUUz - 37- Exact sciences

as part of the research of new properties of expressive mathematical models, the exponential
in environments with visual density and in cases where there is absorption of heat prevalence
has been analyzed. The exponential density effect is calculated so that the self-similar solution
is found and the front received an assessment for.

THE SELF-SIMILAR ANALYSIS OF THE PROBLEM

Let’s look at the solution of equation (1) in the form of u(t,z) = u(t,r (x)), here
r(z) = per (3)

by substitution, equation (1) becomes the following form
P72 Ou
- 4
%) (4)

ou 1 0
i i p—1, 0
ot rp-1lor (T Y

We look for the solution of equation (4) u (¢,7) in the following form

u(t,r) = f(§),E=rt» ()
After substituting (5), the equation (4) takes the following form

d df "% d 1.d

g (e |9 LWy (6
dg g dg ) prdg

According to the statement of the original problem we will consider nontrivial, compactly
supported weak solution of the equation (6) satisfying the following conditions

@
or

FO)=MMEeR,, f(d)=0,0<d< oo (7)

Using the solution comparison method of [1] and the standard equations method of [3]
for solving the problem (6)-(7), we can obtain the estimates for the solution of the problem

(1)-(2).
To find a solution to the equation (6), we introduce another repeating self-similar
pattern[11]: B
f§)=Ba—&m)” (8)
where a > 0;v;, > 0,2 =1,2
Taking into account (8), we perform calculations for equation (6):

_ —|p—2 = o B - 9
PTG =B (a— )7 [~ Byys (a — ) e
. <_Br7172 (a — g’h )72—1 éﬁ’Yl—l) — _BU—}—p—l,}/lp—l,yzp—lg(p—l)m (CL o é;fyl>(72—1)(p—1)+a'yz

or

o (1w laF P2 ar 7 odp_1 p—1 _p— (1)
gl rie (fp e\ %> + 168l — —Botr T (p — 1)y e

{a— )OO0 4 Brrlyp Lty (5, — 1)(p— 1) + o)Vt ()
(a — &n)be=Np-Dtor-1 _ %nyl%fw—l-ﬁ-l(a — gyl
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We divide each term of equation (8) by —By1726M 11 (a — €)™ as follows:

Ba+p_271p_272p_2(p _ 1),}/15(;;—1)(71—1)—1—% (CL _ 571)(72—1)(1?—1)—&-072—72—1—1 .
_Ba+p_271p_2'72p_2'71((’72 _ 1)(]7 _ 1) + OVYZ)g(p_l)(%_l)_l (a . 571)(72—1)(10—1)—%072—72 + % =0
(10)
Now we will find the unknown parameters from equality (10):

P=Dn-D-1=0=>m=:5
(=D -1 +01-—n=0=7n= 711

(11)

Using (11), we rewrite equation (10) as follows:

1
BT g p = 1E (=€) = BT g =0 (12)

Using £ = a — (a — &™), we write (12) as follows:

(a—&m) <B”+p‘2%”‘172p‘2(p — 1)+ BTy - 1) —a <B”+p‘2%”‘172p‘1 - 1) =0

p P
_1 772
_ _ _ ot B B - L
(13)
Theorem1 If = _p_ — p—1 B = p—1 1 = Wand
. T - p—17 2 == otp—2° = P p—(a+p—1)

—a (B‘”p*%lp*lvgp*l — é) > 0 , the following estimate is appropriate for the solution
of equation (1): u(t,x) > u_(t,z), Here u_(t,x) = B (a — &)™,
Proof. If —a (B"“’_zvlp_lvgp_l — Z%) > 0, Lu_(t,z) > 0 will be, that is, u_(t,z) will be a

lower solution. Combining all the calculated equalities, we get the self-similar solution we are

looking for:
177
p—l( 1 )p—l ( [ z 177\ 72
a— |pert P} > 14
Y2 \p(o+p—1) (14

ASYMPTOTICS BEHAVIOR OF COMPACTLY SUPPORTED WEAK
SOLUTION

u (t,x) =

The next stage of the research is study the asymptotics of self-similar solution of problem
(6), which allowed to obtain numerical results.

We show that the function f(¢) = B (a — §ﬁ>w +which obtained on the based of the

standard equation method [3] is the asymtotic behavior of the self-solution problem (6).

1w
Here v, = o‘f-;pi2’ B = [% <m>p ] ,(b)+ = max(b,0).

Theorem 2. Any solution of problem (6)-(7) has asymptotics as follows

f(&) = F(&) (1+0(1)).
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Proof. We will search a solution to equation (6) in the following form

F(&) = F(€)y(n) (15)

Here n = —In (a — 5%) ,y(n) is to be determined.

p—1
Now let us investigate the asymtotic behavior of solution of the equation (6) at & =& — a 5

Using (15), we perform the following calculations for equation (6):

—1
— o'+p otp—2
d_é:_()+f dn d§ Baipi2< p1>§p1<a_£p ) y(n)+
+B L7 (a—& 7 g et (o 6ot ) |24 Uipgy(n)l
G(p 1) p— p—2 %
{pflfa % zllf — fplea <6L _fﬁ) +r—2 Br— 2 <ppl> gpj (a—fﬁ> +p—2

p—2 P Jl —
'[g%%ﬁ'— aiplzy(n)] 27T (a-—-£p—1) v 2[4%%2'— aiplzy(n)}yJ(n)==

p— o+p— 2 p p=2
= Botp-l (ﬁ) Ep (CL —5? ) " y7(n) [di’z_(nn) aﬁp12y<n>i| [dl(li_(:) o Uip12y(n)}

We introduce the notation

o d P=2 71y 1 s0 -2
Ly =y°(n) |42 — 2=by(n)| [-%%Q-— g+p Ly € v (ép UME: 5%) +1¢
o Pl — - "“’ o+p=2 o Pl
Bo+p— 1(pp1> pfp 1(@—5?*) 51 pL _ Botp— 1(17) U+p e b lfp

p—1

1 —
<a - &ﬁl) S B ( » >p ! 2_g7T (a — gm) w402 4

s

p—1

pien e (et [ ey

Lo g (p- g7 (a— &) Ly - 5L, + B w+1<p_1)”‘1.
dn p o+p—2 p\ p

d

| = )| =0

We rewrite equation (16) using a — fv%l =e = fpfl =a—e"
dL e -1 1 /(p—1\""[d —1
-0 - gl (P A2 g

o+p—2 P P dn o+p—2
(17)
It is supposed that & € [£o,&1),0 < & < & .
Therefore, the function 1 (£ ) has the properties: 7' () > 0 at £ € [£,&1),m0 = n(&%) > 0

5111?77 (€ ) = +o0. Note that the study of the solutions of the (17) is equivalent to the study of
%

those solution of the equation (1), each of which in some interval [ny, +00) satisfies inequalities:

(16)

y(n) >0, L, #0

First we show that the solutions of y (n)of equation (17) has a finite limit of yo at
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n — 400. We rewrite equation (17) as follows

&:—(p—l) ¢’ L,+ p=1 ,  popl(r=l r dy(n) ~ p—1 y(n)
dn a—en ? o+p—2"7 P P dn oc+p—2

To analyze the solutions of the (18) equation we introduce an auxiliary function

e p—1 o2l (=1 [dy(n) p—1
_ _1 —B o—p+2 — _
o0) =~ - )0+ L ()[R

where 6 is real number.

From here it is easy to see that for each value 6 the function h(6#,n) preserves sign on some
interval [y, +00) C [no, +00) and for all n € [n — 1, +00) one of the inequalities is satisfied

h(0,n) > 0or h(8,n) <0

And so, for function h(6,n) exist a limit at n € [, +00).The expression for h(0,n) follows
that

lim Ah(0 =
Jim (6,n)
—n -1 1 —1 p—1 d —1
—lim |[(p-1)———b— L= gy powrs (2 LU
1—+00 a—e" o+p—2 p p dn o+p—2
(i9)
It is obvious that —n d
i~ 0, 1 P g
n—+ooq — e~ " n—+oo  dn

Then from (19) we obtain the following algebraic equation

—1 —1 \"! 1 /p—1\"" —1
p p Yo Pl = pror2Z p p Yo
c+p—2\oc+p-—2 P P o+p—2

p—1
1 o+p—2\otr2
pa+p—2 p

From this expression, it is easy to see that the equation (15) has a solution y (n) with a finite
non-zero limit at n — 4o00.

Then the compactly supported solution of the problem (6)-(7) has an asymptotic of the
p—1
form (15) at £ — a » .The theorem is proved.
Corollary 1. A weak solution of the equation (1) has the following asymptotic

Y2

z p—1
ua(t,z) = yoB | a— [pep]
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at r — In (ap71t>, where constants B, v, defined above.

pP

Corollary 2. Where ug(z) > u_(0,z), u_(0, z)is the lower solution of the problem (1)-(2).

CONCLUSION

It has been studied in the article for the nonlinear modeling of processes including
diffusion, filtration, and exsponential inhomogeneous density heat dissipation among others
that a finite speed of perturbation can have an impact. By utilizing a self-similar analysis of
the solution, an asymptotically weak solution was found. It is shown that the coefficients of the
main terms of the asymptotic solution fulfill the system of an algebraic equation.
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REZYUME

Ushbu maqolada ikki karra nochiziqli eksponensial ta’siriga ega tenglama uchun
Koshi masalasi avtomodel yechimlarining xossalari o‘rganilgan. Fujita tipidagi
global yechimlarning mavjudlik shartlari aniglangan. Shunindek, tenglama uchun
quyi yechimga ega bo‘lish shartlari topilgan.

Kalit so‘zlar: asimptotika, matematik model, avtomodel yechim, quyi yechim,
parabolic tenglamalar.

PE3IOME

B mannoit ctaTbhe M3y4daioTcs CBOWCTBa aBTOMOJIC/ILHBIX perieHuit 3ataun Ko s
ypPaBHEHUS C JIBOMHBIMU HEJIMHEHHBIMU SKCIIOHEHITHAIbHBIMEU 3 derTamu. Otpe/ie-
JIEHBbI YCJIOBHUA CYHIECTBOBaHHA aBTOMOIEJ/IbHBIX peH_IeHI/IfI THUIIQ CDy,ZL)KI/ITbI. TaK)Ke
OBbLIN HAliJIEHBI YCJIOBUSA CYIIECTBOBAHUSA HUYKHETO PEIIEeHUs] YyPABHEHUS.

Karoueswvie cao8a: acUMIITOTUKA, MATEMATUIECKOE MOJICIMPOBAHKE, ABTOMOJIEb-
HbIE PEIIeHus, HUKHee PelleHne, mapadboandeckue ypaBHEeHU .
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ESTIMATION OF UNKNOWN PARAMETER OF GAMMA DISTRIBUTION
IN INCOMPLETE MODELS OF STATISTICS

Berdimuradov M. B. "
RESUME

In this paper, we consider estimating the parameters of the gamma distribution under
censored observations. The maximum likelihood method is used, as well as the MATLAB
software tool, to find MLE estimates using numerical optimization methods such as the Quasi-
Newton method.

Key words: Quasi-Newton method, Nelder-Mead method, random censoring, gamma
distribution, maximal likelihood estimation(MLE).

1. Introduction

Gamma distribution is widely used in various fields, including econometrics, insurance,
medical research and reliability of engineering systems, where time to failure or lifetime needs
to be analyzed. One of the features of data in these areas is the presence of censoring, that is,
situations where observation of the lifetime is interrupted before the occurrence of the event
of interest. This poses the challenge for researchers to adequately estimate the distribution
parameters, despite the incompleteness of the data. The gamma distribution is determined by
two parameters: shape a and scale 3. These parameters control the shape of the distribution,
which is important for modeling time to events. In the context of censored data, the main types
of censoring are right, left, and interval. The most common type of censoring in applications is
right censoring, in which the lifetime of an object exceeds the observation time.

To estimate the parameters of the gamma distribution under censoring conditions, the
maximum likelihood method (MLE) is used, which is adapted to take into account the censored
data. The effectiveness of MLE depends on the accuracy of the chosen model and the available
data. One approach to parameter estimation is the use of the EM algorithm, which allows
iterative parameter estimation, making optimal use of both censored and incomplete data. The
main problem when working with censored data is the reduction in the effectiveness of statistical
estimates due to the lack of complete information about the data. This can lead to bias and
increased variance in parameter estimates. In addition, the choice of initial values and model
specification has a significant impact on the convergence and accuracy of MLE results.

MLE is widely used due to its consistency and efficiency under general conditions.
The likelihood function for censored data must be appropriately modified to account for the
incomplete data, which typically involves the use of survival and hazard functions integral to
the gamma distribution. The MLE for gamma parameters with censored data often requires
numerical solutions, as the likelihood equations do not generally have closed-form solutions
(Kalbfleisch and Prentice, 2002).[5]

The gamma distribution can be parameterized in terms of a shape parameter a = k and
an inverse scale parameter J = 1/6, called a rate parameter. A random variable X that is
gamma-distributed with shape o and rate (3 is denoted X ~ I'(«, 5) = Gamma(a, ).

“Berdimuradov M. B. - National University of Uzbekistan, mirkamol1403@gmail.com
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The corresponding probability density function in the shape-rate parameterization is

xa—le—ﬂxﬂa

fz;0,8) = Ta)

for x >0, a>0, >0,

where I'(«) is the gamma function; for all positive integers, I'(a) = (o — 1)!.The cumulative
distribution function is the regularized gamma function:

Fsia,s) = [ o g)in = 15050

Where 7(a, fz) is the lower incomplete gamma function. Usually, when estimating
unknown parameters using the MLE method, it is necessary to calculate the integral and
derivatives of the cumulative distribution function F'(z). However, in some cases, due to the
complexity of integration and derivation by the analytical method, numerical calculation in
computer programs becomes necessary. In this thesis, the unknown parameters of the continuous
Gamma distribution are estimated using numerical methods with random samples.

Let’s denote the lifespan of the individual under study as X, with Cr representing the
right-censorship time[1]. It’s assumed that X is independent and follows a probability density
function f(z), along with a survival function S(z), and a hazard function h(z). The lifespan
of an individual, X, is observed if it’s less than or equal to Cr. However, if X exceeds Cr,
the individual’s survival status remains uncertain or is right-censored. Statistical inference,
particularly parameter estimation, becomes essential in analyzing empirical data. Naturally,
the estimation results are expected to be reliable, aiming to be unbiased and possess minimal
variance. This paper will discuss the estimation results of Gamma distribution with type 1
right-censored data using numerical methods. These methods involve simulations employing
the Maximum Likelihood Estimation technique, utilizing both the Quasi-Newton rule and the
Nelder-Mead simplex algorithm. The simulation includes generating random sample data from
both distributions with sample sizes of 100, 500, 1000, 1500 and 2000. The parameters used for
the initial guess are obtained from example data of patients with lung cancer, specifically a =
2, 8 = 1. To present some results obtained through numerical optimization using MATLAB for
the Gamma distribution, Table 1 displays the findings.

2. Censoring.

Censoring occurs when the exact failure time of a certain item is unknown. There are two
main types of censoring:

Right Censoring. When a unit’s failure time is only known to exceed some value, it is
said to be right censored. For exampe, reliability experiments only last for a finite amount of
time and if a product has not failed by the end of the study time, it is right censored since its
actual failure time is only known to be greater than the study time. Right censoring is the most
common form of censoring, and is usually the result of limited resources or competing failure
modes.

Left Censoring. In some situations, one knows only whether a unit failed after it
was inspected once, revealing for instance a cracked covering or leaking hose. The unit may
have failed in a engineering sense at one time but may not have been noticed until further
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deterioration caused an inspection. In this case, one only knows that the failure occured
sometime prior to the inspection.

3. Likelihood construction and MLE for censored data

Suppose that we observe X = (Xj,...,X,) which are independent and identically
distributed (iid) and have a continuous distribution with the probability density function (pdf)
f(z) and the cumulative distribution function (cdf) F(z). Data from experiments involving
random censoring can be conveniently represented by pairs (z;, ;) with z; = min(z;, T;) :

5 0,if x; > T; censored
"\ 1,if #; < T, uncensored
for i =1,...,n where ¢; is a censoring indicator variable and 7; is a censoring time of test unit

i. Denote the vector of unknown parameters by 6 = (64, ...,0,). Then ignoring an normalizing
constant, we have the complete-data likelihood

LE(0]X) = Hf(:vi)-

Denote the observed (uncensored) part of 1, ..., z,by y = (y1, ..., Y )and the missing (censored)
part by z = (241, ..., 2n) With z; > T;. Integrating L¢(6|X) with respect to z, we obtain the
observed-data likelihood

L(6ly) = / o0l )= = [ 1w) ][ / F(27)dz,

i=1 j=m+1 v %>T;

n

=117 1] 0-raml

i=m-+1
Using the (z;, §;)notation, we have

n

L(0]z,6) = L (X5 0))% (1 = F(X3;0), (1)

i=1

where z = (21, ..., 2,) and § = (1, ..., 9p).
For Type -II censoring, the data consist of the r* smallest lifetimes 2, < 25 < ... < 2,

out of a sample of size n. Assuming that we observe X = (z1, ..., x,,) which are iid and have a
continuous distribution, it follows that the joint pdf of 21 < x9 < ... <z, [3] is

n

n! .
ﬁ Hf(%) H (1 — F(z,)].
n—r)- ,
=1 J=r+1

Ignoring an normalizing constant, we can rewrite the above equation in the form of (1) by
setting T; = x,. Hence we can use (1) for the calculation of the MLE in both Type-I (including
random censoring) and Type-II censoring.

The likelihood function (1) effectively combines uncensored and censored observations, in
that if an individual is not censored, the probability of the event is f(X;), and if the individual
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is censored at X , the probability of the event is S(X;) = 1 — F(X;), the survivorship function
evaluated at X;. Taking the natural log of L, the objective is to maximize the expression.

In( ZélanZ,Q +Z1— )In(1 — F(X;;0))

Or we can substitute variables like as follow T; = x;, with unknown parameter 6, usually
survival function S(x) is defined by cumulative distribution function (CDF) F(x):

S(x)=P(X >z)=1-F(x),

Zélnfxz, —i—Zl— YIn(1 — F(x;,0))

where,
5 { 1,if X; < z; uncensored
i =

0,if X; > x; censored

To simplify computations, the log-likelihood function [(X, ) is often used, as it converts
products into sums.
I(X, 0) = I[L(X, 0)

MLE seeks to find the parameter values that maximize the likelihood function. This is
achieved by taking the derivative of the likelihood function with respect to the parameters,
setting it equal to zero, and solving for the parameters.

Al(X,0)

og

4. Analytical approach with MLE method for Gamma distribution

In the context of right-censored data, selecting an appropriate probability distribution
is crucial for accurate parameter estimation. Common choices include the Gamma and
Exponential distributions, both widely applied in survival analysis and reliability engineering.
Let’s consider the Gamma distribution and the case when a =1, 8 = % for simplicity:

1 1 1 [ 1
F(z;1, X) = /0 Xe’x/’\daz = X/o e A dx = 3 (=A) e @A =1 — e /A

For right-censored data, the likelihood function is derived by considering both the
probability of observing the uncensored data and the probability of right-censored data. Let §;
be the indicator variable for censorship é; = I(z; < T;) . The likelihood function L(A, k| X, J)
for a set of observations x; and censorship indicators ¢ is given by:

Lo, 81X.8) = [ [flec e 8 (1 — Flasa 8)]

=1

Now, we can take the natural logarithm of the likelihood function:
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n

I\ X, 6) = Z [0;1n f (s M) 4+ (1 — &) In(1 — F(z;;\)]

n

AIX,0) = (@ In Be““] +(1—6)n[1- (1~ ewi/k)}) -

i=1

:;(_@-mA—éi-%41—59'%)'

To maximizing the Log-Likelihood function we should calculate the partial derivatives of
the log-likelihood with respect to the parameters « =1 and § = 5

3

AN
J) i 51 i
A!X 221( SR (1_51.).%):0;
B8R0 Li 20

>5=3
A /\2’
=1 1=1
Avie = —ZLI i
Z?:l 5@"
when oo = 1:
Il(N X, 9)
o

when o = 2, 8 = 8 we can find out CDF for Gamma function

T re~Pr 32 v
F(z;2,0) = /0 F(Z)B de=[I'(n)= (-1, T(2) =1] = /0 re B2 dr =

we take substitute with parts formula

udv = uv — [ vdu P 1,
- z{:x,dvzeéxdx :BQI<_B€B)|O+62/0 Beﬂdx:

du =dz,v = —%6*55”

= —Bre P+ (‘%Q f=1- (5o +1).

Now, we can find the natural logarithm of the likelihood function and estimation with
respect to on MLE method:

n

(BIX,6) =Y [0:ln f(xs; B) + (1= 6;) In(1 — F(x;; 8))]

=1
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n

1(B1X,6) = Z (6l [ze™™ B +(1—6)In[1—(1—e Bz +1))]) =

= Z (57; Inx; — §;z;8° — (1 — &;)Bx; + In Ba; — &;1n 5962‘) —
i—1

=1

To maximizing the Log-Likelihood function we should calculate the partial derivatives of
the log-likelihood with respect to the parameters o = 2 andf

(B X, o) 0
op N
oU(BIX,0) N 6\ _
5 ;(—352&% x; + x;0; +5 l—g) =0

i=1
To solve a general cubic equation of the form ax® + ba? + cx + d = 0, we can follow these
general steps:
a) Normalize the cubic equation: Divide the entire equation by a to normalize the leading

coefficient to 1:

3 b, ¢ d
4+ -+ -x+-=0
a a a

b

b) Depressed cubic: we can use a substitution to remove the z? term. Set x = y — i

which gives a "depressed cubic"in the form:
— 3ac—b? b 2b3—9abc+27a2d
y> + py + q¢ = 0 where p = 3% e e
¢) solution of the depressed cublc. Now we can apply Cardano’s formula, which states
that the depressed cubic has at least one real root given by:

AT T

d) Check for multiple roots: If (%) (%) is zero, the cubic has a multiple root, and the
formula simplifies.

and ¢ =

e) Back substitution: Once we find y, substitute back x = y — 3% to get the original
variable.

f) Find all roots: If we need the other two roots (since a cubic has three roots in total,
counting multiplicities), we can use polynomial division to reduce the cubic to a quadratic once
one root is known and then apply the quadratic formula.

g) Consider complex roots: If the discriminant (%)2 + (%)3is negative, the cubic equation

has one real root and two complex conjugate roots. The complex roots can also be found using
trigonometric or hyperbolic functions in Cardano’s formula.
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As we mentioned above for various values of o and f, it is common to employ numerical
techniques or dedicated software tools (including mathematical software or programming
libraries like Python, MATLAB, or R) to execute the integration process and derive the
Cumulative Distribution Function (CDF).

To estimate the unknown parameters of a distribution, we use two methods: Newton-
Raphson and Nelder-Mead in MATLAB. We then compare their estimated results in a table
and graph.

As mentioned above, we can compare numerical values obtained using two methods for
estimating the unknown parameters of the Gamma distribution in MATLAB, both in a table
1 and graphically.

Table 1: Results of the estimated unknown parameters of the Gamma
distribution in MATLAB.

Censoring Gamma Distribution
level, Initial Guess o =2; f =1
Constant T,
n T e [0-10] P% | MLE by Quasi-Newton rule | MLE by Nelder-Mead rule

10 0 o =1.928; f=1.106 o =1.906; f=1.107

100 4 10 o =1.848; f=1218 a=2121; f=1210
2.5 30 o =1.359; f=2.107 o =1.380; f=2.056

2 50 o =1.125; f=3.185 a=1.129; =2.984

10 0 o =2.082; f=0.971 o =2.095; f=1.110

4 10 o =1.896; f=1.108 o =2.102; f=0.969

500 23 30 o =1.384; f=1.999 a=1395; f=1910
2 50 o =1.113; f=3.003 a=1.101; =2.659

10 0 o =2.016; f=0.991 o =1.98; f=0.987

4 10 o =1.895; f=1.303 o =2.201; f=1.205

1000 2.5 30 o =1.332; f=2.187 0 =1.391; f=1.992
2 50 0. =1.101; f=2.945 o =1.109; =2.730

10 0 o =2.013; f=0.995 a=1985; f=1012

4 10 o =1.899; f=1319 o =1.908; f=1.328

1500 23 30 o =1.383; f=2.002 o =1.398; f=1.976
2 50 o =1.112; f=3.00 o =1.154; f=2.943
10 0 o =1.9992; f=1.016 o =2.002; f=1.0085

4 10 o=1831;f=1115 o =1847; f=1.189

2000 2.5 30 o =1.381; f=1.969 o =1317; =1.529
2 50 o =1.126; f=3.103 o =1.113; f=2.936

* Note: The sample data, n, is simulated randomly. Therefore, if the code is executed, it

may display different results compared to those presented in Table 1.
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Graphics: Some graphics for comparing the results we obtained in Table 1

Selected Values and Fitted Gamma Distributions (MLE)
Nelder-Mead Method, n=2000, Censoring = 0%
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5. Conclusion
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Based on the simulation results of the two estimation methods, it is evident that
parameter estimation using the Quasi-Newton rule outperforms the Nelder-Mead simplex
algorithm when in an uncensored state. This is indicated by the smaller bias and the tendency
of the Quasi-Newton values to converge closer to the actual parameter value as the sample size
increases when in a censored state.
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REZYUME

Ushbu ishda kuzatuvlar senzuralangan holatlarda gamma tagsimotining
parametrlarini baholash ko’rib chiqiladi. Maksimal o’xshashlik usuli hamda
MATLAB dasturiy vositasi yordamida, Kvazi-Nyuton va Nelder-Mid usullari kabi
raqamli optimallashtirish usullaridan foydalanib, MLE baholari topiladi.

Kalit so‘zlar: Kvazi-Nyuton usuli, Nelder-Mid usuli, tasodifiy senzurlash, gamma
tagsimoti, maksimal o’xshashlik bahosi.

PE3IOME

B nmamnoii pabore paccMaTpuBaeTcs OIEHKa apaMeTpOB IaMMa-paclpeaeeHus B
caydae MEeH3ypPUPOBaHHbIX HabsoeHuil. JI1s HaXoXKIeHWsT OIEHOK MEeTOJ0M MAaK-
CUMAJILHOTO TIPABI0II0I00MsT NCIIOIB3YETC ST METOJI, MAKCUMAJIHLHOTO TIPABI0I0100us,
a Takxke nporpaMMubiii nacTpyMenT MATLAB 11 BbIO/IHEHNST YUCIEHHON OITH-
MU3AIUU C UCIOJIb30BAHUEM METO/IOB, TAKUX KaK MeTOJ KBa3sMHLIOTOHOBCKOM OIITH-
mu3arun u Meton Henpepa-Mmua.

Karoueswvie caosa: Ksazunbioronosckuii metosn, Meron Hennepa-Muya , ciaydaii-
HBII [IEH3yPUPOBaHIE, TaMMa-PaCIIPE/IeIeHAe, METO/ MAKCUMAJILHOTO MTPABIOIO/I0-
ous.
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BIR KVADRATIK NOSTOXASTIK OPERATORNING BA’ZI
XARAKTERISTIKALARI HAQIDA

Ergashov O. H. *
REZYUME

So‘nggi yillarda fundamental fanlarning ilmiy va amaliy tadbigiga ega
bo‘lgan statistik fizika, biologiya va geologiyaning dolzarb yo’nalishlariga
e’tibor qaratilmoqda.Nochizigli dinamik sistemalar biologiya, fizika va boshqa
sohalarning ko‘pgina masalalarini hal qilishda qo‘llaniladi [1-15]. Xususan,
kvadratik dinamik sistemalar turli tabiatli population modellarni o‘rganishda
ishlatiladi, bunday modellar H Kesten, Yu.I Lyubich va U.A. Rozikovlarning
ishlarida keltirilgan.O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi
PF-4947-son "O’zbekiston Respublikasini yanada rivojlantirish bo‘yicha Harakatlar
strategiyasi to‘g‘risida"gi Farmonini bajarilishida ma’lim bir ma’noda xizmat
qgiladi.Maqolada kvadratik nostoxastik operator haqgida ma’lumotlar keltirilgan
hamda ikki o‘lchovli kvadratik nostoxastik operatorga misol keltirilib uning
qo‘zg'almas nuqgtalari hamda invariant to‘plamlari o‘rganilgan.

Kalit so‘zlar: simpleks, uzluksiz akslantirish, yakobi matritsasi, kvadratik
nostoxastik operator, qo‘zg‘almas nuqta,invariant to‘plam.

Nochiziqli dinamik sistemalar biologiya, fizika va boshqa sohalarning ko‘pgina masalalarini
hal gilishda qo‘llaniladi [1-15]. Xususan, kvadratik dinamik sistemalar turli tabiatli populyatsion
modellarni o‘rganishda ishlatiladi, bunday modellar H. Kesten, Yu.l. Lyubich va U.A.
Rozikovlarning ishlarida keltirilgan. Ko‘plab amaliy ishlar aksariyat hollarda stoxastik va
nostoxastik kubik matritsalar orqali aniqlangan evolyutsion operatorlar dinamikasini aniglashda
samarali qo‘llanilmoqda. Kubik matritsalarning vaqtga bog‘liq oilasi biologiya va fizika
masalalarining matematik modelini ifodalashda foydalaniladi. Shu sababli kubik matritsalar
yordamida qurilgan operatorlar va simpleksni saqlovchi stoxastik va nostoxastik kubik
matritsalar yordamida qurilgan nochiziqli operatorlar dinamikasi muhim masalalaridan biri
bo‘lib golmoqda. Dunyoda xaotik dinamik sistema hosil qgiluvchi stoxastik va nostoxastik
kvadratik operatorlar hamda kvadratik nostoxastik operatorlar hosil qilgan dinamik
sistemalarni aniglashga doir ilmiy izlanishlar olib borilmoqda.

Aytaylik, I = {1,2,...,m} bolib, x = (x1,29,...,2,) - [ to’plamning ehtimollik
taqgsimoti ya'ni

S =z = (21,79, Tp) € R0 20, 2y =1} (1)
i=1

m — 1 o‘lchovli simpleks elementi bo‘lsin.

Kvadratik stoxastik operator deb, S™~! simpleksni o‘zini-o‘ziga akslantiruvchi quyidagi
akslantirishga aytiladi:

V:x%zZP,j,kxixj, E=1,...,m. (2)

1,j=1
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bu yerda Pj;; koeffitsiyentlar
Ping 2 O, Ping = Pji,ka Zpij’k = 1, i,j, k = 1, oo, M. (3)
k=1

shartlarni qanoatlantiradi.

Har bir (3) shart bilan aniqlangan kvadratik stoxastik operator V' biror P = (Pj;x)7" 1=,
kubik matritsa yordamida bir giymatli aniglanadi.

(2) ko‘rinishida aniqlangan kvadratik stoxastik operator ta’sirida z(®) € S™~! boshlang‘ich
nuqtaning trayektoriyasi (orbitasi) z(™ quyidagicha aniglanadi: ™) = V(z) n =
0,1,2,....

Aytaylik, f biror bir X topologik fazoda aniglangan uzluksiz akslantirish bo‘lsin. Ushbu
f(x) = z tenglikni qanoatlantiruvchi z € X nuqtaga f akslantirishning qo‘zg‘almas nuqtasi
deyiladi. f™(z) = z tenglikni qanoatlantiruvchi x € X nuqtaga f akslantirish uchun m davriy

nuqta deyiladi. f™(z) = x tenglikni qanoatlantiruvchi eng kichik m soniga f akslantirishning
tub davri deyiladi. Ushbu

oxf 2}
or1 T Oxm

Jv(xl,.lfg,...,xm) = . :
ox!, ox!,
oz Tt Oxm

matritsa V' operatorning yakobi matritsasi deb ataladi.

Ta’rif 1. [1] Agar a* go‘zg‘almas nuqtada V' operator yakobiani J(x*) birlik aylanada zos
qiymatga ega bo‘lmasa, x* nuqgta giperbolik qo‘zg‘almas nuqta deyilads.

Ta’rif 2.[1] x* giperbolik qo‘zg‘almas nugta bo‘lsin:

i) Agar J(z*) yakobi matritsasining barcha xos giymatlari moduli birdan kichik bo‘lsa, x*
qo‘zg‘almas nuqta tortuvchi deyiladi,

ii) Agar J(z*) yakobi matritsasining barcha xos giymatlari moduli birdan katta bo‘lsa, z*
qo‘zg'almas nuqta itaruvchi deyiladi,

iii) Qolgan barcha hollarda x* qo‘zg‘almas nuqtaga egar deyiladi.

Ta’rif 3.[3] S™ ! simpleksni saqlovchi (2) kvadratik stozastik operatorning hech
bo‘lmaganda bitta Pjjx,1 # j koeffitsiyenti manfiy bo‘lsa, bu operatorga nostozastik kvadratik
operator deyiladi.

Teorema 1. [3] (2) tenglik bilan aniglangan V' kvadratik operator S™1 simpleksni saqlashi
uchun quiidagr shartlarning bajarilishi yetarl
Z) Zpij,k = 17 Zaj: 17"'am;
=1
i) =g/ P Pie < Pyp <1+ /(1= Pig) (1= Py )
hamda (i), (ii) va (iii’) shartlarning

i1i') =~/ PuxPijx < Pijr <14+ /(1 — Pyup)(1 — Pjjx)
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bajarilishi zarur.

Aytaylik, f biror bir X fazoda aniqlangan funksiya bo’lsin [1|. f"(z) ni f funksiyani x
elementga n marta ketma-ket ta’sir qilishini tushunamiz. A to’plam X fazoning biror gism
to‘plami bo‘lsin, u holda f(A) = {f(z) : € A} bo‘ladi.

Quyidagi ikki o’lchovli kvadratik nostoxastik operatorni qaraymiz:

=2y 2oy — a2 —yz
Vi oy =3zy+2yz (4)
2 =3rz+yz.

Yuqoridagi teoremadan ko‘rinib turibdiki, bu operator kvadratik nostoxastik operator
bo‘lib, S? simpleksni o‘zini o‘ziga akslantiradi. Endi ushbu operatorning qo‘zg‘almas nuqtalarini
topamiz

r=2*+y’ + 22 —ay— a2 —yz2
y = 3xy + 2yz (5)
z=3rz + y=z.

Bu (5) sistemani quyidagicha yozib olamiz

r=2*+y’+ 22 —ay— a2 —yz
y(1—3x—22)=0 (6)
2(1 =3z —2)=0.

(6) sistemaning ikkinchi va uchinchi tenglamalari simmetrik ekanligidan uning qo‘zg‘almas
nuqgtalarini topish qiyinchilik tug'dirmaydi, ya'ni uning qo‘zg‘almas nuqtalari quyidagi
nuqtalardan ibor ekanligini topamiz.

er =(1,0,0), es =(1/3,0,2/3), es =(1/3,2/3,0), ey = (1/7,4/7,2/7)

Endi (6) ko‘rinishda aniglangan kvadratik nostoxastik operatorni qo‘zg‘almas nuqtalarini
tipini aniqlaymiz. Dastavval (6) ko‘rinishda aniglangan kvadratik nostoxastik operatorni uch
noma’lumdan ikki noma’lumga tushurib olamiz, ya'ni ikkinchi va uchinchi tenglamalarning x
o‘zgaruvchisi o‘rniga * = 1 — y — 2z ifodani qo‘yamiz. Natijada bizga ikki noma’lumli ikkita
tenglamalar sistemasi hosil bo‘ladi va uni W orqali belgilab olamiz.

Yy =3zy+2yz =y(3—3y — 2)
: (7)

2 =3rz+yz = 2(3 -2y — 32).

(7) ko‘rinishda aniqlangan W operator G = {(y,2) € [0,1]? : y + z < 1} to‘plamda
aniqlangan. Bu kvadratik nostoxastik operatorning yakobi matritsasi quyidagicha bo‘ladi.

(3 —-06y+=z —y
JW(y’Z)( ~22 3—2y—6z)
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Endi (7) ko‘rinishda aniqlangan W kvadratik nostoxastik operatorning qo‘zg‘almas
nuqgtalarning tipini aniglaymiz. Buning uchun

det|Jw(y, z) — AE| = 0,

bu yerda F birlik matritsa. Har bir e;, ¢ = 1,2, 3,4 uchun det|Jw (y;, z;) — AE| = 0 tenglikni
qanoatlantiruvchi A sonlarni topamiz. Sodda hisoblashlar yordamida quyidagi natijalarni hosil
qilamiz:

e qo‘zg'almas nuqta uchun, \; = \y = 3,

es qo‘zg'almas nuqta uchun, A\; = 2%, Ay = —1,
es3 qo‘zg'almas nuqta uchun, A\ = —1, Ay = 1%,
e4 qo‘zg'almas nuqta uchun, \; = %, Ay = —g.

Tasdiq. e; qo‘zg‘almas nuqta itaruvchi, e; va ez qo‘zg‘almas nuqtalar giperbolik emas
(ammo yarim-itaruvchi ), e4 qo‘zg‘almas nuqtalar tortuvchi.

Invariant to‘plamlari: Berilgan operatorning ikkinchi tenglamasidan x = 1+TQZ ni, uchinchi
tenglamasidan esa r = “g—y tenglikni hosil gilamiz. Bu ikkita tenglikdan esa quyidagi tenglikni
hosil qgilamiz z = %y

l-rasmdan invariant to‘plamlarni geometrik tasviri tasvirlangan. Quyidagi to‘plamlarni

qaraylik.

M, ={(y,z) € G:z =0},
My ={(y,2) € G:y =0},

1

Ms = {(y, 2) GG:Z=§y},
1

My={(y,2) e G:z> 5@/},

1
Ms={(y.2) € Gz <y}

M Ms

1-rasm. W operatorning invariant to‘plamlari

Lemma 1. (7) ko‘rinishda aniglangan W operator uchun M;,i = 1,...,5 to‘plamlar
invariant to‘plamlar bo ‘lads.
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Isbot: i = 1,2 uchun W (M;) C M; ekanligini ko’rish oson. i ning 3,4, 5 giymatlari uchun
(y,z) € M; deb faraz gilsak, u holda (y/, z') = W (y, z) € M; ekanligini ko‘ramiz.(7) operatorning
birinchi va ikkinchi tenglamalaridan

yz=1/2(y —3xy),yz = 2 — 3az
bu ikki tenglikdan esa
1/2(y — 3zy) = 2 — 3z2
bundan
y —2z =3x(y — 22). (8)

(8)-tenglikdan ko‘rinadiki, 4 — 22" = 0 va y — 2z = 0 ekanligidan M to‘plam W operator uchun
invariant to’plam ekanligini ko‘rish mumkin. (8) tengmada x = 0 ekanligidan 4" — 22" = 0 bu
(y,z) va y + z = 1 har qanday giymatida qanoatlantiradi va operatorning birinchi ta’siridan
so‘ng nuqta M3 invariant to‘plamga tegishli bo’ladi.

(8) dan kelib chiqadiki, agar x = 0, x = 1 bo'lsa, birinchi ta’siridan so'ng y + z = 1 (ya'ni
x = 0) bo‘lgan har qanday (y, z) nuqta M; invariantga tegishli bo‘ladi. Shuning uchun ham biz
x > 0 bo‘lgan holini qaraymiz, u holda (8) dan

y/—2z/>0Hy—2z>O
y/—22l<0<—>y—22<0.

Bundan esa M, va M5 to‘plamlar berilgan operator uchun invariant to‘plamlar ekanligi kelib
chiqadi.
Quyidagi belgilashlarni kiritamiz

ﬁ:{(‘rayvz) 652 : (y7Z) EMi}? i =1,2,3,4,5.

Lemma 2. Har bir i = 1,2,3,4,5 da T}, = U?Zl M; to‘plam V' operatorning invariant
to‘plami bo‘ladi.
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PE3IOME

B IIocJieIHue roJabl BHUMaHHE YAe/IdeTCdAd COBPEMEHHBIM HallpaBJICHUAM CTaTUCTHUYIE-
CKOIl (pU3MKM, ONOJIOTUH U TeOJIOTUN, UMEOIINM HAyTHOE U MPAKTUIECKOe TIPUMeHe-
Hue GyHIaMeHTaJIbHBIX HayK. HeuHeliHble TUHAMIYIECKIE CHCTEMbI UCIIOJIb3YIOTCSI
JIsl PEIlleHns] MHOIMX 3ajad Ouosiorun, dbusuku u japyrux obsacreit [1-15]. |. B
JaCTHOCTHU, KBaJApaTUIHbIC JUHaAMUYICCKNEC CUCTEMbBI HCIIOJIB3YIOTCA IIPpU UCCJIEJO0Ba~
HUAM TOIYJIAIMOHHBIX MOJeseil pa3InaIHON TPUPOJIbI, TaK1e MOJIe/IN ObLIM pa3pado-
taibl X. Kecrenom, FO.U. Jlioouaem u FO.A. VYnomunaercss B Tpymax Po3sukoBbIX.
Vkas [Ipesunenrta Peciybmuku Y3oekucran ot 7 deppasist 2017 roga Ne [1D-4947 "O
cTpaTeruu JeicTBUil 1o JajbHelieMy pasputuio Pecybuku ¥Y36ekucran' coyKuT
B OJHOM CMBbICJIE. B CTaTbe IIPUBEJICHbLI CBE€ACHUA O KBaJpPaTHUIHOM HECTOXaCTHU4e-
CKOM OllepaTope U IpUBeJIeH IIPUMED JIBYMEPHOI'O KBa/JIPATUIHOIO HECTOXACTUYECKO-
T'0 ollepaTopa, UCCJICeJO0BaHbI €0 HEeIIOABHU>KHBIEC TOYKHN 1 MHBapUaHTHDLIC ITOJIMHOXKEe-
CTBa.

Karouesvle caoea: CUMILIEKC, HEIIPEPBIBHOE OTparkeHne, MaTpuila fKoou, KBaJl-
PATUYHBIA HECTOXaCTUYECKHUIl ollepaTop, HEeIOABUKHAs TOYKA, MHBAPUAHTHBIE I10JI-
MHOZ>KECTBa.
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RESUME

In recent years, attention has been paid to modern areas of statistical physics,
biology and geology, which have scientific and practical application of fundamental
sciences. Nonlinear dynamic systems are used to solve many problems in biology,
physics and other fields [1-15]. |. In particular, quadratic dynamic systems are
used in the study of population models of various natures; such models were
developed by H. Kesten, Yu.l. Lyubich and Yu.A. Mentioned in the works of the
Rozikovs. Decree of the President of the Republic of Uzbekistan dated February 7,
2017 No. PF-4947 "On the strategy of action for the further development of the
Republic of Uzbekistan"serves in one sense. The article provides information about
the quadratic non-stochastic operator and gives an example of a two-dimensional
quadratic non-stochastic operator; its fixed points and invariant sets are studied.

Key words: simplex, continuous reflection, Jacobian matrix, quadratic
nonstochastic operator, fixed point, invariant sets.
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NEURAL NETWORKS WITH MULTIDIMENSIONAL WEIGHT
CONNECTIONS IN REGRESSION PROBLEMS

Khudaybergenov K. K. *

RESUME

Research in cognitive science indicates that the exchange of information among
biological neurons relies on neurotransmitters, which facilitate the transmission of
signals between neurons. Through the release of distinct neurotransmitters, a neuron
communicates information to another neuron, with each neurotransmitter serving
a unique function. In accordance with the biological perspective, a novel artificial
neural network model is suggested that augments the quantity of synaptic weights
connecting pairs of neurons. This new model is predicated on the concept that
multiple synapses exist between each neural connection, as observed in biological
systems in the human brain. The cumulative total of the binding weights reflects
the aggregate of the neurotransmitter category, with individual components of
the weights corresponding to distinct neurotransmitters. Inputs and outputs are
selected using a heuristic approach for each connection in the envisioned model to
ensure effective competition among the neurotransmitters. From this conclusion,
the suggested artificial neural network models can be modeled as mathematical
representations that closely mirror the operations of biological neural networks.
Regarding the architectural composition of emerging models, the utilization of
multiple filters in determining the activation of each hidden neuron has the potential
to enhance the elucidation of the features acquired by the neural network.

Key words: Biological neuron, artificial neuron, neural network, neurotransmitter,
connection, regression problem.

Introduction

Studies in neurobiology have demonstrated the development of diverse artificial neural
network architectures, such as feedforward neural networks, recurrent neural networks, deep
belief networks [1], Deep Boltzmann machines 2], deep autoencoders [3], convolutional neural
networks [4-8], and additional models. Consequently, it became feasible to address issues
pertaining to artificial intelligence, including visual object recognition, point identification,
and natural language understanding. All currently known artificial neural networks share the
characteristic that information transfer between two neurons relies on a singular weighted
connection.

The multilayer neural network stands out as a valuable artificial neural network
for discerning the functional organization within tasks related to pattern recognition and
classification. Scholars in the field of artificial neural networks have put forth and tested
numerous types of neural network models that leverage multi-layered structures, such as
convolutional neural networks [9], deep neural networks [10], fuzzy MLP [11], and others.

“Khudaybergenov K. K. - Kimyo International University in Tashkent, kabul85@mail.ru
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To attain the precision demonstrated in the computations, the selection of the artificial
neural network architecture hinges on determining the optimal count of hidden neurons and
layers within the network. The utilization of specific activation functions in artificial neural
networks combined with a higher quantity of hidden layers results in the occurrence of the
vanishing gradient issue. Indicators demonstrating the non-uniform distribution of errors may
vary significantly, encompassing very minute values as well as notably large magnitudes. In
order to address the issue at hand, a specialized type of recurrent neural network known as a
short-term memory network was designed. According to the findings of Kurkova V. [12], it was
demonstrated that a neural network with two hidden layers and a one-dimensional infinitely
differentiable sigmoidal activation function can effectively approximate any given continuous
function. Nevertheless, based on this assertion, it can be observed that the quantity of neurons
in the concealed layer needed for approximation is excessively high.

V. Mairov and A. Pinkus [13] were one of the pioneering researchers to introduce a
criteria for determining the optimal number of neurons in the hidden layer of traditional
artificial neural networks. They demonstrated the presence of a neural network comprising
two hidden layers utilizing a sigmoidal activation function in the process of approximating a
complex multidimensional function. Later, by V. Ismailov [14] achieved superior outcomes when
addressing the regression problem within appropriate propagating neural networks. Moreover,
the theory and practice of artificial intelligence have benefited greatly from the substantial
contributions made by international scientists.

Description of the proposed architecture

The communication between neurons is facilitated through chemical synapses from a
biological perspective. Neurotransmitters are released from the axon of a specific biological
neuron into a synaptic cleft, where they are subsequently received by the following biological
neuron postsynaptically. In the context of computer science, an artificial neuron may be
conceptualized as a mathematical model of a biological neuron, with the connecting weight
serving as a synaptic link facilitating information transmission between the two neurons.

Studies conducted in the fields of biology and cognitive science have demonstrated
the presence of more than 200 different types of biological neurotransmitters. They can be
categorized into three groups based on a biological perspective: amino acids, peptides, and
monoamines. To date, the prevailing understanding was that a biological neuron exclusively
transports a single type of neurotransmitter. Nevertheless, contemporary studies in this field
demonstrate the presence of alternative neuronal subtypes that store and convey a variety of
neurotransmitters [15,16]. Presently, a variety of distinct peptides can be found within a single
terminal.

The contemporary artificial neural network architecture is founded on arrays of
interconnected units that imitate the functionality of neurons at the biological level of the
human brain. The cognitive process involves the comparison of individual neurons within
each unit, examining the synaptic weight - the weight coefficient of connection - between
interconnected nodes. This synaptic weight serves to transmit signals between units, thereby
delineating the comprehensive biological synapse between the interconnected neurons. The
association strength among two units is treated as a scalar quantity and represents a synaptic
connection or the complete range of neurotransmitter types present. At a biological level,
it is hypothesized that various neurotransmitters exhibit diverse functionalities, thereby
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necessitating an expansion in the magnitude of synaptic weights connecting neurons. This
phenomenon arises from the capability to incorporate weights representing coefficients ranging
from one-dimensional scalar quantities to multidimensional vectors connecting two neurons.
This approach to linking units was derivatively derived in an effort to emulate the neural
signal coordination observed between various biological-level neurotransmitters. In light of
the methodology applied, it can be argued that the transmission mechanism of the newly
suggested artificial neural network aligns more closely with the signaling mechanisms observed
in biological networks as compared to traditional artificial neural network models. Hence, our
newly proposed artificial neural network model holds the potential to surpass conventional
artificial neural network models across various dimensions.

The model structure multidimensional MCNN and main result

This section delineates the architecture of the proposed multidimensional connection
weight neural network (MCNN) designed for addressing face classification tasks.

a) b)
Puc. 1: (a) Model structure of NN-1-L;4-1. (b) Model structure of MCNN-1-L.1-2H2-1.

Let’s examine a feedforward neural network consisting of 3 hidden layers. The architectural
configuration of the conventional neural network and the newly introduced MCNN model are
illustrated in Fig. 2. Firstly, we simplify the analysis by considering a model of multidimensional
connection weight neural networks with two-dimensional weights.

Fundamentally, our findings stem from the approximation characteristic of the MNN as
expounded in the referenced literature [17]. Multilayer neural networks exhibit the capability
to approximate any continuous function over a compact subset of with a designated level
of precision to provide an accurate representation. They demonstrated that any continuous
function can be effectively approximated to a desired degree of precision using a neural network
featuring multiple connection weights and employing a chosen activation function.

In this context, we extrapolate the aforementioned approximation characteristics to the
newly introduced MCNN model. Specifically, we develop Artificial Neural Networks (ANN)
with multiple connection weights (referred to as MCNN) to address regression, classification,
and pattern recognition challenges. Our study demonstrates that the introduced MCNN
architecture, utilizing a sigmoidal function that is infinitely differentiable, is capable of
effectively handling tasks related to regression, classification, and pattern recognition with high
precision levels.

Theorem 1. Let o(zy,...,2y) = 1/(1 + Zthl e ) z;, € R, h = 1,..., H, which is the
number of dimensions of weight connections of MCNN are extended to, and let is compact. Then

for any f € C(x),e >0, H € N, there exist wilj),bgj), wgi-), bg?j), s ng),bgj), w;,a € R for
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Puc. 2: The model of a standard neural network architecture with 3 hidden layers.

1€1,...n,7€1,..,m, such that

(Anf)(xl,...,xm)zzn:wm(i( x]+b1>,,_.,§:< (H)[L'J—Fb ))

]21 ]21

is an approximation of the function f, i.e.
|f—Aufl<e (1)

Proof. If we consider dimension of weight connection as H = 1, then the NN model
becomes standard NN model with a sigmoid activation function and its proof is trivial, since by
using the universal approximation theorem for standard NN model with sigmoid activation
function is already proved. Here, we have to consider the case when dimension of weight
connection H > 2, since our proposed model has multidimensional weight connections.

According to the theorem of universal approximation capabilities of traditional NN, for

any f € C(x),e > 0, there exist n, wz(lj), bglj), w;, «, such that

(25) ) = 3o (3 (st )

i
is a traditional NN model with standard weight connections and this can be an approximation
of the following function f, i.e.

<< (2)

where o () is a well-known sigmoid activation function. Further we will show for the above
A, f, e, where exist w!”) bz(?-) such that

2,7 7
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j=1 Jj=1
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(&)

Puc. 3: The model structure of the proposed multidimensional MCNN with two-dimensional
weight connections.

is the MCNN model which has 2-dimensional connection weights and this can be an
approximation of the following function A, f, i.e.

<Z (3)

By combining inequalities (2) and (3), the idea for H = 2 can be proved easily. Then, let us
prove that inequality (3) is established.
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where M; = 1 4 ¢ “\&=1 %00 , B=min{M;,... M}A—max{\wll,...,mn\},Smce
lim, ., e = 0, for any i, there exist parameters of NN, wl( J), bg ;> such that
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Further, we have
A n e—a( ;” 1w§2]):vj+b(2)) c
‘A S EZ L g = 92’
i=1 B+ e_a(zjﬂwi’j )
And, for higher dimensions, for H = 3,4, ..., the similar way can be employed to prove the

theorem.

Training the MCNN

In this section, we describe a process for training the proposed MCNN. In general, the
training process is derived from the training property of feedforward neural networks.

The proposed MCNN with multiple hidden layers H = 2,denoted by MCNN-1-L1H2-1,
can be trained with well-known backpropagation algorithm. Let {x,d} be training examples,
where x = {x,..., xno}T is the input data, mgy is the dimension of input samples and
d = {dl, nLH}T is a nry1 - dimension of the output. We employ the loss function with
a regularlzatlon as in the following form.
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B == (dilogy (y;™) + (47 — ;) (1~ logy (7)) +

where

l _ (wﬁ ',h)27 wi n <0
ki (w ) N {0, ’ othe]rwz'se,

Computational experiments

We evaluated our proposed MCNN model on datasets that can be found on Machine
Learning Repository [33]. Computational experiments were carried out iteratively and the
learning characteristics as well as the classification characteristics for different configurations
of the MCNN models were illustrated. All the comparisons were made with the relevant state-
of-the-art deep learning and also machine learning algorithms such as C4.5, CART, XgBoost,
etc.

As the regularization parameter X is chosen from the sequence {1 x 107!, 1x 1072, 1 x
1073} for other smaller data sets and {1 x 1072, 1 x 1073,1 x 107*} for datasets Adult
and Secondary Mushroom, based on test set performance. The learning rate « is chosen from
the sequence 0.2, 0.04, 0.002 based on validation set performance across all datasets. For the
traditional NN, the activation function used in the hidden layer and output layer was the sigmoid
activation function. And for the proposed MCNN we employ sigmoid activation function which
is defined in Theorem 1. For NN and MCNN models the same activation function are used in
the output layer as softmax activation function. The loss function for training both models was
cross-entropy loss with non-negative constraints.

Firstly, computational experiments are conducted to evaluate the classification
performance of different MCNN models with different numbers of weight connections H &
{1,2,4,5,6,8,10,12} on the Adult and Secondary Mushroom datasets. In the experiment, the
number of weight connections was set to 1 and 2 for MCNN and NN, which means that both
models have a relatively equal number of trainable parameters (weight connections). Moreover,
different constructed models were tested with the dimension of weight connections H which was
set equal to 2,...,12 for MCNN. For MCNN, different numbers of weight connections H were
used. The name of the model, for example, MCNN-4-LL1H2-1 means that the MCNN model has
4 inputs, 2 weight connections between each input and a hidden unit (neuron), respectively,
their 8 threshold coefficients and 1 output value, and the total number of training parameters
is 2x8+4-8=24. And the MCNN-4-L1H8-1 model means that the MCNN model has 8 weight
connections between each input and a hidden unit, that is, its dimension of weight parameters
is 72. In the computational experiment, for comparison, the average classification results and
training time obtained various MCNN models and NN models for 5 attempts, where the optimal

ones were also given for each attempt. The results of computational experiments are shown in
tables 1 and 2.

From the results shown in Table 2, it is evident that MCNN consistently outperformed NN
on all training datasets, and the proposed MCNN model achieved better classification results
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on most datasets, with the exception of Secondary Mushroom and Abalone data, on which
CART achieved better results. However, on the Secondary Mushroom and Abalone datasets,
MCNN performed only slightly worse than CART. In Fig. Figure 4 shows the performance
characteristics of the models MCNN-5-H2-1, MCNN-5-L1H4-1, MCNN-5- L1H10-1, MCNN-5-
L1H15-1, MCNN-5- L1H20-1 for various parameters regularization on the Secondary Mushroom
dataset. We can observe that when \ was smaller, MCNN obtained better performance on the
Secondary Mushroom dataset.

—e— MCNN-20-H2-1
3.0 A MCNN-20-H4-1
—&— MCNN-20-H8-1
—8— MCNN-20-H10-1

N N
=) &)
|

=
]

Classification Error

1.0 1 / -0

10710 10-° 1078 1077 10 107> 1074 103
lamda

Puc. 4: The model of a standard neural network architecture with 3 hidden layers.

From Table 2 we can also observe that MCNN with a smaller number of weights still
outperforms traditional NN with a large number of weights, that is, MCNN-5-L1H10-1, MCNN-
5- L1H15-1, MCNN-5- L1H20-1. The results show that MCNN is superior to NN not because
MCNN has more weights than NN, but because each MCNN unit is determined by coordinating
multiple filters, while each NN unit is determined by only one filter. From Table 1 it can also
be noted that the training time of the MCNN is longer, the larger its dimension, which is the
result of introducing a larger number of parameters.

We compare the accuracy of our proposed neural network structure on face identification
task with other models on training datasets to evaluate the performance. We applied cross-
validation for training on face datasets. On each epoch, we use half of the samples in classes of

face dataset with more than one training sample. The average accuracy of proposed model and
SVM method is estimated to be 98.50% and 97.57%.

Meantime, we test our proposed model on LFW face dataset. The comparison results are
given below in Table 3.

From Table 4, we can see that the proposed NN architecture always has the highest
recognition rate than other methods. Therefore, we can claim that our proposed NN structure
is much more effective compared to other algorithms.

Conclusion

In this paper, we introduce that, according on research in the field of neurobiology has
shown that biological neurons are influenced by mutual neurotransmitters, that is, between
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Tabsmna 2: Average test classification errors, average training time, and optimal for 5 attempts
with different MCNN models on the Secondary Mushroom and Adult training dataset. The
lowest classification errors for methods are shown in bold.

Dataset Model Regularization parameter A iiisr51ﬁcat10n '(l;l)me
MCNN-20-L1H2-2 | 1x10°,1x1076,1x 1078 1.77 188
MCNN-20-L1H4-2 |[1x107°, 1x10°% 1x109°]1.79 201
MCNN-20-L1H5-2 [ 1x107%, 1x107% 1x107% | 1.65 210

Secondary | NreNN20-LIHS2 |1 x 10°°, 1x 105, 1x 10°° | 1.60 223

Mushroom ' rERNT90 TIHI02 | 1x 107, 1x10° 1x107 | 1.63 235
MCNN-20-L1H15-2 [ 1 x 10°%, 1x10°, 1x109 ]| 1.64 241
MCNN-20-L1H20-2 [ 1 x 1072, 1x10° % 1x10°° | 1.69 255
MCNN-14-L1H3-3 [ 1x 1075, 1x10°% 1x107°]1.83 152
MCNN-14-L1H4-3 [1x10°, 1x10°% 1x10° | 1.71 162
MCNN-14-L1H5-3 [ 1x107°, 1x107% 1x107° | 1.73 169

Adult MCNN-14-L1H6-3 [ 1x 1072, 1x107% 1x107% | 1.52 180
MCNN-14-L1H7-3 [ 1x10°, 1x10°% 1x 109 1.41 195
MCNN-14-L1H10-3 [ 1 x 10°°, 1x 10 % 1x 109 | 1.45 206
MCNN-14-L1HI1-3 [ 1 x 10 °, 1x10° % 1x10°9 | 1.43 217

Tabmma 3: Average and smallest errors of tests with different NN models and the proposed
MCNN for 5 attempts on small data sets. The best result for each training dataset is shown in
bold.

Dataset Errors NN MCNN C4.5 XgBoost
Secondary average | 1.521B£3.32 | 1.401B+3.22 | 1.433B+2.11 | 1.344B+1.13
mushroom smallest | 0 0 0 0
Adult average | 1.582B=+0.42 | 1.622B+0.72 | 1.406B40.74 | 1.306B=£0.75
smallest | 0 0 0 0
CDC Diabetes average | 2.726B+0.81 | 2.612B+0.77 | 2.650B40.64 | 2.685B+0.87
Health Indicators smallest | 0.541 0.257 0 0
Abalone average | 1.250B+0.68 | 1.188B+0.79 | 1.251B40.56 | 1.306B=+0.83
smallest | 0.158 0 0 0
average | 3.211B+1.41 | 3.356B+1.16 | 3.201B+1.33 | 3.176B+1.45
MetroPT-3 smallgst 0 0 0 0
Cirrhosis Patient average | 1.632B£2.22 | 1.322B+2.15 | 1.557B4+1.25 | 1.433B£0.95
Survival Prediction | smallest | 0.255 0 0 0
average | 3.561B£1.40 | 3.204B+1.12 | 2.966B+1.86 | 3.101B+£1.47
DARWIN smallest | 0.240 0.120 0 0
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Tabuma 4: Comparison results on LEW dataset with different classifiers.

Method Avg. accuracy

DeepFace-ensemble | 0.9624 B + 0.0025
DeepID 0.9635 B 4+ 0.0035
ConvNet-RBM 0.9427 B 4+ 0.0028
Proposed NN model | 0.9810 B 4+ 0.0031

Tabmuma 5: Recognition rates results of the different datasets.

Method NN | SVM | Proposed NN model
ORL Face | 93.20 | 93.00 97.15
LEW 94.35 | 94.52 97.50
FERET 87.13 | 72.17 96.50
SCface 93.60 | 94.41 96.20
AR Face | 91.21 | 83.51 94.11
YALE 91.51 | 92.23 93.21

two neurons, they release several neurotransmitters of different values and send information to
each other. Based on this biological approach, a new model of neural networks, new types of
artificial neural networks are proposed by increasing the amount of connection weights between
two neurons. In mathematical models of artificial neural networks, it is assumed that there are
several communication links between each link. The proposed neural network model can be
obtained as mathematical models that are closer to biological neural networks.
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REZYUME

Kognitiv fandagi tadqiqotlar shuni ko’rsatadiki, biologik neyronlar o’rtasida
ma’lumot almashinuvi neyronlar o’rtasida signallarni uzatishni osonlashtiradigan
neyrotransmitterlarga tayanadi. Alohida neyrotransmitterlarni chigarish orqali
neyron boshqga neyronga ma’lumot uzatadi, har bir neyrotransmitter o’ziga
xos funktsiyani bajaradi. Biologik nuqtai nazarga ko’ra, neyron juftlarini
bog’laydigan sinaptik og’irliklar miqdorini oshiradigan yangi sun’iy neyron tarmoq
modeli taklif etiladi. Ushbu yangi model inson miyasidagi biologik tizimlarda
kuzatilganidek, har bir neyron aloga o’rtasida bir nechta sinapslar mavjudligi
haqgidagi kontseptsiyaga asoslanadi. Bog’lanish og’irliklarining umumiy yig’indisi
neyrotransmitterlar toifasining yig’indisini aks ettiradi, og’irliklarning alohida
komponentlari alohida neyrotransmitterlarga mos keladi. Kirish va chiqgishlar
neyrotransmitterlar o’rtasida samarali raqobatni ta’minlash uchun ko’zda tutilgan
modeldagi har bir ulanish uchun evristik yondashuv yordamida tanlanadi.
Ushbu xulosadan kelib chiqgan holda, taklif qgilingan sun’iy neyron tarmoq
modellarini biologik neyron tarmogqlari operatsiyalarini yaqindan aks ettiruvchi
matematik tasvirlar sifatida modellashtirish mumkin. Rivojlanayotgan modellarning
arxitektura tarkibiga kelsak, har bir yashirin neyronning faollashuvini aniqlashda
bir nechta filtrlardan foydalanish neyron tarmoq tomonidan olingan xususiyatlarni
yoritishni kuchaytirish imkoniyatiga ega.

Kalit so‘zlar: Biologik neyron, sun’iy neyron, neyron to’ri, neyrotransmitter,
bog’lanish, regressiya masalasi.
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BITTA UZLUKSIZ VAQTLI DINAMIK SISTEMANING DINAMIKASI
HAQIDA

Muzaffarova M. U. ”

REZYUME

Maqgolada uzluksiz va distkret vaqtli dinamik sistemalarning afzalliklari va
kamchiliklari to‘g‘risida fikrlar bayon qilingan. Dinamik sistemalarga olib keluvchi
masalalar va shu yo‘nalishda ilmiy izlanishlar olib borayotgan olimlarning
magqolalari tahlil gilingan. Ikkita Vol’terra tipidagi dinamik sistemaning analitik
va sonli yechimlari topilgan. Qo‘zg‘almas nuqtalari aniglangan va turg‘unligi
o‘rganilgan. Sistemaning analitik va sonli yechimlari o‘zaro taqqoslanib, taqqoslash
natijalari grafiklar yordamida tasvirlangan. Izlanayotgan sistemaning muvozanat
holatining turg‘unligini ta’rif yordamida o‘rganish tavsiya qilingan va uning tatbiqi
ko‘rsatilgan.

Kalit so‘zlar: Vol'terra tipidagi kvadratik stoxastik operator, uzluksiz va distkret
vaqtli dinamik sistemalar, statistik va dinamik ko‘rsatkichlar, matematik model,
biologik populyatsiya, biotik va abiotik omillar, chetki operator, sifatiy tahlil, fazali
fazo, muvozanat holat.

Maqolada uzluksiz vaqtli Vol'terra tipidagi kvadratik stoxastik operatorlar (dinamik
sistema) sifatiy tahlil gilingan. Masalani o‘rganishdan oldin dinamik sistemalar orqali qanday
jarayonlarni o‘rganish mumkinligi hamda uzluksiz va distkret vaqtli dinamik sistemalarning
afzalliklari va kamchiliklari to‘g‘risidagi fikrlarni bayon qilamiz. So‘ngra asosiy masalani
o‘rganamiz.

Ma’lumki, populyatsiyalarni o‘rganishda asosan statistik va dinamik ko‘rsatkichlardan
foydalaniladi. Bu ko‘rsatkichlar individlarning ma’lum bir davrdagi holatini tavsiflaydi va
ularning tarkibiy va funksional xususiyatlari haqida ma’lumot beradi. Statistik ko‘rsatkichlar
raqamlar, zichlik va strukturani o‘z ichiga oladi.

Asosiy dinamik ko‘rsatkichlar esa quyidagilardir: tug'ilish, o‘lim darajasi (bu tabiiy
o‘sishni tashkil giladi), immigratsiya va emigratsiya (mexanik o‘sish). Dinamik ko‘rsatkichlar
o‘z navbatida zichlikka ham bog‘liq.

Populyatsiyaning dinamikasini o‘rganish populyatsiya ekologiyasining eng murakkab
bo‘limidir, chunki dinamikaga ko‘plab omillar o'z ta’sirini ko‘rsatadi. Populyatsiyaning dinamik
ko‘rsatkichlari — bu populyatsiyada ma’lum vaqt oraligida sodir bo‘ladigan jarayonlarni aks
ettiruvchi ko‘rsatkichlardir.

Ko‘pgina biologik populyatsiyalar soni uzluksiz o‘zgarish xususiyatiga ega emas. Chunki
populyatsiya dinamikasi alohida vaqtlarda (diskret vaqtlarda) sodir bo‘ladi. Sodda organizmlar
uchun bu vaqtlar orasidagi intervallar juda qisqa bo‘lishi mumkin. Bu holda uzluksiz
vaqtli matematik modellar haqiqiy jarayonni to‘liqroq ifodalaydi. Shuning uchun dinamik
ko‘rsatkichlar uchun "biologik vaqt"ni hisobga olish muhim. Uning asosida kuzatish davri

“Muzaffarova M. U. - Buxoro davlat universiteti, muzaffarova.mohinur05@gmail.com
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belgilanadi. Masalan, bakteriyalarning dinamikasini o‘rganish uchun bir soat etarli bo‘lishi
mumkin, asalarilar uchun — bir necha hafta, kitlar uchun — o‘nlab yillar zarur bo‘ladi.

Aholi dinamikasining matematik modelini qurish uchun odatda turli gipotezalardan
foydalaniladi. Eng oddiy farazlardan biri: aholi sonining o‘zgarish tezligi kattalikning o‘ziga
proportsionaldir. Shu asosida Mal’tus T.R. [1]| yerdagi aholi sonining o‘zgarishini

N1 =mN;

modeli orqali ifodalagan. Bu yerda m - proportsionallik koeffitsienti. Ushbu modelning uzluksiz
vaqtli holi esa

N =aN
ko‘rinishda bo‘lib, a - populyatsiyaning o‘sish tempini ifodalovchi parametr.

Agar real jarayon olinadigan bo‘lsa, biologik populyatsiyaning fazoviy va miqdoriy
kattaligiga biotik va abiotik omillar sezilarli ta’sir ko‘rsatadi. Uzoq sovuq qish va bahorda
ozig-ovqat etishmasligidan keyin populyatsiya soni yuzlab va hatto minglab marta kamayadi.
S.S. Chetverikov birinchi bo‘lib populyatsiyalardagi individlar soni o‘zgarishining evolyutsion
ahamiyatiga e’tibor qaratdi [2]. Shuning uchun ham ushbu omillarni evolyutsiya omillaridan
biri sifatida ko‘rib chiqish zarur bo‘ladi.

Diskret vaqtli dinamik sistemalarda evolyutsiya holatini yoki jarayonlarning rivojlanish
tendentsiyasining dastlabki holatini hisobga olgan holda, masalan, shaxslar o‘rtasidagi o‘zaro
ta’sirni e’tiborsiz qoldiradi. Misol uchun, bolaning hozirgi ko‘rsatkichlari uning va onasining
bir oy oldin olgan ballari bilan bog‘liq. Diskret vaqtli modellar ona-bolaning o‘zaro ta’sirini
o‘lchovlar orasida inobatga olmay, bir necha diskret onlarda o‘zaro munosabatda bo‘lishadi
deb hisobga oladi. Aslida, onalar va bolalar "o‘lchovlar orasida o‘zaro munosabatda bo‘ladilar
...". Agar bu ballar (bolaning bali va onaning bali) ikkita o‘zgaruvchini (ehtimol, ona va bola
o‘rtasidagi har oylik o‘zaro ta’sir) ifodalash uchun tasavvur qilinsa, diskret vaqtli yondashuvlar
nazariy jihatdan qizigarli bo‘lgan modellarga olib kelishi mumkin [3].

Keyinchalik diskret vaqtli kvadratik stoxastik operatorlar nazariyasiga S.N.Bernshteyn
asos solgan [4]. Bu yo‘nalish kengaytirilib, Yu.l.Lyubich tomonidan [5] ikki jinsli kvadrat
stoxastik operatorlar nazariyasi tushunchasi kiritilgan. [6] da ikki jinsli kvadratik stoxastik
operatorlarning qism sinfiga mansub ikki jinsli kvadratik stoxastik operatorlar o‘rganilib,
yangicha yondashuv bilan fundamental natijalarga erishilgan. Shuningdek, ikki jinsli kvadratik
stoxastik operatorlarning o‘n oltita chetki operatorlari keltirib chigarilgan va holati o‘rganilgan.

Mazkur maqolada aytib o‘tilgan o'n oltita chetki operatorning uchinchi va oltinchi
operatorlarining uzluksiz vaqtli analogining analitik va sonli yechimlari topilgan. Qo‘zg‘almas
nuqtalari aniglangan va turg‘unligi topilgan. Analitik va sonli yechimlar o‘zaro taqqoslangan.

Shu bilan bir qatorda, biz o‘rganilayotgan operatorlarning murakkab biologik tizimlarni
qganchalik aniq tasvirlashi mumkin degan savolga imkon qadar javob berishga harakat gilamiz.
Umuman olganda bu kabi savollarga hozirgi kunga qadar aniq va to‘liq javob yo‘q.

Ushbu operatorlarni o‘rganish bo‘yicha motivatsiyani |7] va [8] ilmiy maqolalardan topish
mumkin. Binobarin, har bir operatorning trayektoriyalari xilma-xil bo‘lgan ko‘p o‘lchovli,
chiziqli bo‘lmagan dinamik sistemalar nazariyasida qizigarli misol bo‘la oladi.

6| maqolada keltirilgan o‘n oltita chetki operatornin uchinchisini uzluksiz analogi
quyldagl ko‘rinishga ega:
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i1(t) = 22O (0) = fi (21 (0), 22(0): 1 (6),120))
za(t)alt) = wa(t) = fi (1(8), 228 (1), (1))

t)=0=fi{z1(t), z2(1); 1(1), 52(?)

)= 0= fi@1(t), 22(8): 32 (0, ()

yoki uning vektor ko‘rinishi X (t) = F<X(t)) bo‘lib, bu yerda

X(@t) = (@ (t);y(t) = (21 (1), 22 (1) ;91 (1), w2 (1)),
F(XW)) = Fa (), 2200 (0.02(8) ) = (s for fos fa) 120,
X (t) — qandaydir biologik sistemaning holati, (z1 (), z2 (t)) va (y1 (t),y2 (t)) ehtimollik
07

tagsimoti juftligi. Masala shartiga ko‘ra, z1 (t) >0, a5(t) >0, y;(t) > y2(t) > 0.
Masalaning qo‘yilishi. Ushbu maqolada (1) sistemani quyidagi

O = {(x,(t),x2(t)) : x1(t) >0, xa(t) >0, x1(t) + xa(t) < 1},

Qo = {(y,(1),12(1)) = w1(t) 20, w2(t) >0, ya(t) +u2(t) < 1}

kengaytirilgan sohada sifatiy tahlil qilish, xususan, qo‘zg'almas nuqtalari, analitik va sonli
yechimlarini izlash, fazali portretini chizish va olingan natijalarni tahlil qilish masalalari
qaraladi.

Qulaylik uchun funksiyalarning argumentini yozmaymiz. (1) sistemani analitik yechimini
izlaymiz. (1) sistemaning €y x €y sohada yechimlari quyidagi ko‘rinishga ega:

1 = Ol, Ty = Ol, T = %6(04_1)t + 017
x9 = O, xo =0, Ty = Cy elCa=Dt,
DR G P S 3) 2= 2 @)
y1 =0, 1 = Cs, 1 = Cs,
Y2 = 1; Yo = Cl; Yo = Cy.

Ushbu 1) va 2) yechimlar o‘zgarmas qiymatlardan iborat bo‘lganligi uchun nazariy
jihatdan qizigish uyg‘otmaydi. Shuning uchun kelgusida 3) yechimni o‘rganamiz.

1-ta’rif. |1, 15 bet| (1) sistemaning muvozanat holati deb fazali fazoning shunday X*(t)
nugtalariga aytiladiki, v nuqtalarda F* (X* (t)) = 0 bo‘ladi.

Ko‘rinib turibdiki, X*(t) ham (1) sistemaning yechimi bo‘ladi, chunki X* () = 0.

(1) sistema M, (Cy, 0;C3, Cy) va My(Cy, Cs;0, 1) ko‘rinishdagi cheksiz ko‘p muvozanat
nuqtalarga ega.

Sistemani M;(C1, 0;Cs, C,) muvozanat nuqtasi atrofida o‘rganamiz.

Lemma. O‘rganilayotgan masala uchun integrallash o‘zgarmaslari C7, Cs va Cy lar bir
vagtning o ‘zida nolga teng bo‘la olmaydi.

Isbot. Faraz qilamiz, ) = C3 = Cy = 0 bo‘lsin. Ushbu nuqtada sistema turg'un.
Hagiqatan ham, Lyapunov funksiyasini V (t) = z; (t) + 22(¢) ko‘rinishida tuzib olamiz. Bu
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funksiya Lyapunovning ikkinchi teoremasining birinchi va ikkinchi shartlarini qanoatlantiradi
[9, 34 bet|.
V(z1(t), xo(t), y1(t), y2(t)) funksiyani (1) sistemaga ko‘ra hosilasini hisoblaymiz:

V() =22 )y (t) + 22 (t) y2 () — 22 (t) =

=22 (t) (11 (t) +y2(t) = 1) <0.

Demak, (1) sistema M3 (0,0;0, 0) muvozanat nuqtasida turgun bo‘ladi.

Qaralayotgan masalada (x1(t), z2(t);y1(t),y2(t)) ehtimollikni ifodalashini inobatga olib,
x1(t) va x2(t) hamda y; (t) va yo(t) lar bir vaqtning o‘zida nolga yaqin bo‘lishi nazariy jihatdan
qiziqish uyg'otmaydi. Demak, C;, C5 va Cy lar bir vaqtning o‘zida nolga teng bo‘lsa, masala
shartlari bajarilmaydi. Lemma isbotlandi.

Xuddi shuningdek, €; x Q5 sohada (1) sistemani M;(C4, 0;;Cs, C4) muvozanat nuqtasida
ham turg‘unligini isbotlash mumkin.

My (Cy, C3;0, 1) muvozanat nuqtasi €y X Q, sohasida joylashgan. Ikkinchi tomondan
Cy # 0 bo'lsa, bu muvozanat nuqtada sistema noturg‘un bo‘ladi. Chunki, ¢ — 0 da x5 (¢) — 0
bo‘lib, qo‘zg‘almas nuqtadan uzoqlashadi.

(1) sistema uchun Koshi masalasini qaraymiz. t = 0 da

21(0) =af, 22(0) =29, 51 (0)=v), 52(0) =14 (3)

bo‘lsin. U holda 3) yechim quyidagi ko‘rinishga ega bo‘ladi:

o= (A 4 (@ 4 af)
2
Ty = 19 e(ygfl)t,
nh = y(1)7
_ .0
Y2 = Yo,
bunda C; = 29 + 29, Cy = 23, C3 =, C; =19.

Lyapunov funksiyasini qurish bo‘yicha aniq bir usul yo‘q. Shu sababli uni tuzishda
ko‘pincha qiyinchilikka duch kelinadi. Kelgusida yuqorida keltirilgan sistemalarni muvozanat
holatini o‘rganishda quyidagi ta’rifdan foydalanish tavsiya qilinadi.

2-ta’rif |10, 318 bet|. Agar iztiyoriy € > 0 wuchun shunday § > 0 mavjud bo lsaki,
|20 =2 < b, |y — 79| <6, i =1,2 bolganda 0 <t < +oo lar uchun

| (¢, 29, 25590, 99) — (6, 7, 79, 70, 75) | < e,

‘yl (ta x(l)axgvyi(l]7yg) - yz(tafgafgvy{f?yg)‘ <ég, L= 17 2
tengsizlik o‘rinli bo‘lsa, u holda (1) sistemani yechimi (x1(t), xo(t);y1(t),y5(t)) Lyapunov

ma’nosida turg‘un deyiladi. Bu yerda <E?,Tg;§?,yg — o‘zgartirilgan boshlang‘ich qiymatlar.

Faraz qilamiz, X<;1:1 (t), 22 (£) i3 (t),yg(t)> va @(gpl (1), s () 1901 (t),%(t)) lar mos
ravishda (1) sistemaning t =ty da x; (tg) = 2%, 2o (to) =23, w1 (to) =1, 2 (o) = y5 va
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o1 (to) = @Y, w2 (to) = ¢S, 1 (to) = ¥, s (o) = 99 boshlang‘ich shartlarni qanoatlantiruvchi
ikkita yechimi bo‘lsin.
2-ta’rifga ko‘ra,

|27 — 8] <6, |5 — b <& [vd — ] <0, |yp — | <4 (5)

U holda (4) dan B
|Civy = Ciya| = |y} =9 <0, i=1,2 (6)

bo‘lishini aniglaymiz.
Xuddi shunga o‘xshash
‘Cl_éll <26, |02_62| <0 (7)

tengsizliklarning bajarilishi isbotlanadi.
Endi (6) va (7) lar o‘rinli bo‘lganda, ixtiyoriy € > 0 uchun quyidagilar o‘rinli bo‘lishini
isbotlaymiz:
|z:(t) — @i(t)] <e, lyi(t) —vi(t)] <e, i=1,2. (8)

(8) tengsizliklarni o‘rinli bo‘lishini (4) sistemaning ikkinchi misolida, ya’ni
|2(t) — @a(t)] <€
tengsizlikda ko‘rib chiqamiz. (4) dan quyidagilarni topamiz:

‘$2(t) — 902(15)‘ — ‘xg 6(y8—1)t _ Tg 6(?8—1)1;

= |29 elv-1)t _ 70 elv-1)t _ (Eg e(m-1)t _ 79 e(ygfl)t> <646 = 20.

Agar ¢ = 5 deb olsak,
|22(t) — pa(t)| < e

o‘rinli bo‘lishini topamiz. Qolgan tengsizliklar ham xuddi shunga o‘xshash isbotlanadi. Demalk,
(1) sistemaning yechimi 1-ta’rifga ko‘ra Lyapunov ma’nosida turg‘un.

(29, 25; y?,yg)T boshlang‘ich shartlar sifatida quyidagi matritsaning mos ustunlaridagi
giymatlar olinadi:

0.01 0.02 0.04 0.03 0.04 0.108 0.07 0.06 0.05 0.03
0.9 0198 0.6 0.09 0.56 0.592 093 0.94 0.95 0.97
0.05 0.04 0.03 0.06 0.35 0.407 0.09 0.08 0.07 0.05
0.595 0.396 0.7 04 045 0.293 091 092 0.93 0.95

MathCAD matematik paketi orqali (1) sistemani (3) boshlangich shartlarni
qanoatlantiruvchi sonli yechimlarini izlaymiz.

(1) sistemaning €y X 2y sohadagi sonli yechimlarining grafiklari 1-4-chizmalarda
keltirilgan. Chizmalarda z;(t) va z3(t) hamda y(t) va yo(f) lar (1) sistemaning sonli
yechimlarini ifodalaydi.
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80 100

1-chizma 2-chizma

0.5 T T T T T T T T

0.4F B 0.8 .

0.3 1 0.6

Y Y
0.21 - 0.4
0.1E = 0.2F s
0 1 | | 1 0 1 1 1 1
0 20 40 t 60 80 100 0 20 40 t 60 80 100

3-chizma 4-chizma

1-chizmadagi 1 ga intilgan trayektoriyalar boshlang‘ich shartlar berilgan matritsaning 7-
10 ustunlaridagi giymatlarga mos keladi. Shu ustundagi boshlang‘ich giymatlarning yig‘indisi,
va'ni ¥ + 29 = 1 bo'lib, z; (¢) yechimning ¢ — +o00 da 1 ga intilishi (4) sistemaning birinchi
tenglamasidan ham kelib chigadi.

5-6-chizmalarda (z1 (t), 22 (t)) hamda (y; (t), y2 (¢)) tekisligida x;(t) va x9 (t) hamda y; (¢)
va o (t) yechimlarning fazali trayektoriyalari tasvirlangan.

7-8-chizmalarda o‘rganilayotgan sistemaning analitik z; (t) (22 (f)) va sonli yechimlari
X1 (t) (X3 (t)) tasvirlangan va taqqoslangan. Bunda boshlang‘ich qiymatlar sifatida 20 =
0.6, 25=0.3, 3¥=0.443, y) = 0.557 giymatlar olingan.

B

0.8 1
[ ]

0.6 ® 1
1)

(Y1) o
0.4-® 1

0.21 T

0.8

4 0.6
5

H-chizma 6-chizma
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T T T T T T T T
0-8‘5 B 0.8 B
B
Y
ke B Xo(t)0or 1

Xi(1)os
AAA 000

x(0) X0
0.4 | 0.4]

0.2 b 0.2

1 L L 1
0 20 40 ¢ 60 80 100

0

<
) 0T T

20 40 t 60 80 100

7-chizma 8-chizma

7-8-chizmalardan ko‘rinib turibdiki, (1) sistemaning sonli va analitik yechimlari o‘zaro
ustma-ust tushadi.

Yechimlarni (¢, 2 (t), 22 (t)) va (t,y1 (), y=2 (t)) fazosida fazali traektoriyalarini quramiz.
Ular 9-10-chizmalarda tasvirlangan.

9-chizma 10-chizma

9-chizmadagi bir nuqtaga intilgan yechimlarning trayektoriyalari ham 1-chizmadagiga
o‘xshab, boshlang‘ich qiymatlar berilgan matritsaning 7-10-ustunlaridagi qiymatlarga mos
keladi. Bunda, ¢t — +oo da x; (t) — 1 va x5 (t) — 0.

Endi (1) sistemani simpleksda, yani S' x S da qaraymiz, bunda
SU={(x1,29) 1 x1+x9=1, 21 > 0,29 > 0},

(S'={(y,v2) s y1+y2=1, y1 > 0,42 >0}).

Sistemaning yechimlari quyidagi ko‘rinishga ega:

Ir = 1, T = 1— C2€—C’3t,
9 =0, x9 = Core™ 3t
1) 2 5) 2 2
y1 = Cs, y1 = Cs,
Yo =1 —Cj; Yo =1—C4.

4) yechim o‘zgarmas qiymatlardan iborat bo‘lganligi uchun nazariy jihatdan qizigish
uyg‘otmaydi. Shuning uchun 5) yechimni o‘rganamiz. Sistemaning 5) umumiy yechimining (3)
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boshlang‘ich shartlarni qanoatlantiruvchi analitik yechimi quyidagi ko‘rinishga ega bo‘ladi:

)
Ty =1—(1—20)e ¥,
_ 2,0
Ty = 29e Y1t
0
=Y

yo=1—19.

(1) sistema S x S' da ikkita qo‘zg‘almas nuqtaga ega: Msz(1, 0;C3, 1 — C3) va
My (Cy, Cy;0, 1). Agar Cy # 0 bo‘lsa (1) sistema M,y (Cy, Cs;0, 1) muvozanat holatida
noturg’un bo‘ladi. Agar Cy = 0 bo‘lsa, C; = 1 bo'lib, sistema M, (1, 0;0, 1) muvozanat
holatida asimptotik turg’un bo‘ladi. M3(1, 0;C5, 1 — C3) muvozanat holatida sistema turg‘un.
Buni yuqorida tavsiya qilingan usul yordamida isbotlash mumkin.

(1) ni S* x S! da quyidagi boshlang‘ich shartlarni

0.01 0.02 0.04 0.03 0.04 0.108 0.07 0.06 0.05 0.03
0.9 0198 0.6 0.09 0.56 0.592 0.93 094 0.95 0.97
0.05 0.04 0.03 0.06 0.35 0.407 0.09 0.08 0.07 0.05
0.595 0.396 0.7 0.4 0.45 0.293 091 0.92 0.93 0.95
qanoatlantiruvchi yechimi va (z7 (t),z5(¢)) hamda (y;(¢),y2(t)) tekisligidagi fazali
trayektoriyalari 11-16-chizmalarda tasvirlangan.
/.
0.8 T 0.8?_ b
0.6% . 06" .
X0 §: (0 §
045’ = 0. -
00 2I0 AItO t (I:O éO 100 0(&% 4]10 ¢ (ISO EISO 100
11-chizma 12-chizma
1 T T T T
0.8 — 0.8 .
0.6F = 0.6 -
w0 Y]
ol - 04 -
0.2 T 0.21 T
G0 ZIO 4;0 t (I)O Z;O 100 00 2‘0 4‘10 t (:0 8‘0 100
13-chizma 14-chizma
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000
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0 0.2 0.8 0 0.2 0.4 0.6 0.8
5

0.4 0.6
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15-chizma 16-chizma

Shunday qilib quyidagi teorema isbotlandi.
Teorema. (1) sistema Q0 x Qy sohada M;(Cy, 0;C3, Cy) muvozanat nuqtasida Lyapunov

ma’nosida turg‘un, My (Cy, C2;0, 1) (Cy # 0) muvozanat nugtasida Lyapunov ma’nosida
noturg ‘un bo‘ladi. Bundan tashqari, 21 x €y sohada

t——+o0 +oo

va S' x St sohada

lim X (t) = lim (1 (t), z2(t) ;90 (8), 92 (1) = (1,05 97,1 — 47)

t—+o0 t—+o0

munosabatlar o ‘rinli.
[7] maqolada keltirilgan o‘n oltita chetki operatorning oltinchisining uzluksiz analogi
quyidagi ko‘rinishga ega:

jfl - 0,
Ty =0,
e (10)
Y1 =21 — Y1,
Yo = T — Y.
Ushbu sistemaning €2, x €25 sohadagi yechimlari
.’171:01, ) :Cla ) :Cla ) :Cla
xo = Cy, xg = Cy, x9 = Cy, x9 = Cy,
6) 2 2 7) 2 2 y 8) 2 2 9) 2 2 y
y1201, U1 = (1 — Cse ) U1 :CI; U1 = (1 — Cse )
Yo = Cy; Yo = CY; yp = Cy — Cye™; yp = Cy — Che™?
va S! x St dagi yechimlari
fElZCl, ..'13'1:01, 1'1201,
= 1 — C s - 1 - C 5 == ]- - C 9
10) To 1 11) ) 17t 12) ) 171t
y1 = Ch, y1 = Cy — Cse™", Yy = C1 + Cse™,
ygzl—C’l; y2:1—01—|—0367t; y2:1—C’1—Cge*t

ko‘rinishda bo‘ladi. 6)-12) yechimlardan ko‘rinib turibdiki, ular biror-bir jarayonni kengroq
tavsiflab bera olmaydi. Shuning uchun ularni batafsil o‘rganmaymiz.
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O‘rganilayotgan (1) dinamik sistemani (oddiy differensial tenglamalar sistemalari)
MathCAD matematik paketida yechganda Runge-Kutta sonli usulidan foydalanildi. Shu usul
[11] ilmiy izlanishda ham qo‘llanilgan.

Olingan sonli yechimlar tahlil gilinganda, berilgan boshlang‘ich giymatlarda €2; sohada
yechimlar ¢ = 100 dan keyin (z; (t), z» (1)) tekisligida (2§ + 29, 0) nugtaga, S* x S* sohada esa
sonli yechimlar ¢ = 10 dan keyin (z; (t), z2 (t)) tekisligida (1,0) nuqtaga intilishi kuzatildi.

Fikrimizcha, (1) va (10) dinamik sistemalar qaysidir ma’noda biror-bir murakkabroq
biologik jarayonni kengroq ifodalay olmaydi. Chunki ikkala sistema ham ancha sodda
hisoblanadi. Xususan, ularning ikkalasida ham ikkitadan o‘zgaruvchilar o‘zgarmas bo‘lib
golmoqda.

Muallif maqolani tayyorlashda bergan maslahatlari uchun Matematik analiz kafedrasi
dotsenti X.R.Rasulovga minnatdorchilik bildiradi.
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PE3IOME

B crarbe onmcanbl mpenMyInecTBa u HEJOCTATKH JIMHAMUYIECKIX CHCTEM HeIPEPbIB-
HOT'O ¥ JIUCKPETHOTO BpeMeH:. AHAJIN3NPOBAHBI TPOOJIEMBbI, TTPUBOIATIINE K TUHAMI-
YeCKUX CUCTEM, U UCCJIeJIOBAHNE YUEHBIX, 3aHIMAIOIINXCS HAYIHBIM UCCJIE/IOBAHUEM
B 9TOM HallpaBjiennu. HaiijleHbl aHaIMTUYUeCKIe U YUC/ICHHbIE PEIeHNs JIBYX JIMHA-
MHUYecKuX cucreM Tuia Boabreppnl. OmupeiesieHbl HEIIOABUKHBIE TOUYKNA U M3y ICHBI
X ycToidmBOCTh. CpaBHEHBI aHAJIUTHYIECKNAE U YHC/IEHHBIE PEIeHUs] CUCTEMbI, W
pe3yJIbTaThl CpaBHEHUS WJLTIOCTPUPOBAHBI Ipadukamu. Pekomenyercs nccieioBa-
HHUSI YCTOWYMBOCTH TIOJIO2KEHUST PABHOBECUS CUCTEMBI 110 OIPeJie/IeHre W TOKa3aHO
ero ImpuMeHeHne.

Karouesvie cao8a: KBaJIpaTUUIHBI CTOXaCTUYIECKU orepaTrop Turia BoabTepphl,
HEIIPpEPbIBHbLIC U JUCKPETHBLIC JHUHaAMWIYECKUe CUCTEeMbl, CTaATUCTUYICCKUE U JUHaAMU-
JecKre IOoKa3aTe/n, MaTeMaTHdecKash MOJEb, OMOTOTHYecKasl MOy AN, OMOTH-
JecKue u abumorndeckne paKTOPbl, KpailHUIl omepaTop, KadeCTBeHHbI aHaIu3, da-
30BO€ IIPOCTPAHCTBO, COCTOSTHUE PABHOBECHSI.

RESUME

The article describes the advantages and disadvantages of continuous and discrete
time dynamic systems. The problems leading to dynamic systems and the research of
scientists engaged in scientific research in this direction are analyzed. Analytical and
numerical solutions are found for two dynamic systems of Volterra type. Fixed points
are determined and their stability is studied. Analytical and numerical solutions of
the system are compared, and the comparison results are illustrated with graphs. It
is recommended to study the stability of the equilibrium position of the system by
definition and its application is shown.

Key words: quadratic stochastic operator of Volterra type, continuous and
discrete dynamic systems, statistical and dynamic indicators, mathematical model,
biological population, biotic and abiotic factors, extreme operator, qualitative
analysis, phase space, equilibrium state.
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PANJARADAGI IKKI ZARRACHALI SISTEMAGA MOS FRIDRIXS
MODELI TIPIDAGI OPERATORNING SPEKTRI VA REZOLVENTASI

Norqulov O. M. *

REZYUME

Magqolada d o‘lchamli panjarali ikki zarrachali sistemaga mos chiziqli, chegaralangan
va o‘z-o‘ziga qo‘shma bo‘lgan Fridrixs modeli tipidagi operator o‘rganilgan. Bu
operatorning muhim va diskret spektrlari tavsiflangan. Mos rezolventa operatori
qurilgan. Operatorning parametr funksiyalariga qo‘yilgan ba’zi tabiiy shartda
(maxsus hol) uning diskret spektri va rezolventa operatori tadqiq qilingan.

Kalit so‘zlar: panjara, zarracha, Fridrixs modeli, Fredgolm determinanti, muhim
spektr, diskret spektr, rezolventa operatori.

1. Kirish.

Ikki va uch zarrachali standart va diskret Shryodinger operatorlari hamda ularga mos turli
model operatorlarning muhim spektrini tavsiflash, muhim spektrdan tashqarida yoki muhim
spektr ichida joylashgan xos qiymatlar sonini aniqlash, ularning mavjudlik shartlarini aniqlash,
rezolventa operatorini qurish kabil masalalar ko‘plab olimlar tomonidan o‘rganilmoqda [1-
9]. Xususan, [1-3] maqolalarda standart Shryodinger operatorlarining, [4-5] ishlarda diskret
Shryodinger operatorlarining va [6-9] ishlarda panjaradagi uchta zarrachali sistemaga mos
model operatorlarning muhim spektrlari o‘rganilgan. Shu bilan bir qatorda [6-8] maqolalarda
xos qiymatlari sonining chekli yoki cheksiz bo‘lish shartlari hamda xos giymatlar soni
cheksiz bo‘lgan holda ularning soni uchun asimptotik formula topilgan. Ta’kidlash joizki, [6-9]
magqolalarda olib borilgan tadqiqotlarda ikki zarrachali sistemaga mos Fridrixs modeli tipidagi
model operatorlarning spektral xossalari, ya'ni muhim spektri, xos qiymatlari soni, bu xos
giymatlarning joylashuv o‘rni, muhim spektr chap chegarasining bo‘sag‘aviy xos qiymat yoki
virtual sath bo‘lish shartlarini topish muhim ahamiyat kasb etadi.

Ushbu maqolada d o‘lchamli panjaradagi ikki zarrachali sistemaga mos chekli o‘lchamli
qo‘zg‘alishga ega H,,, pt = ({11, ..., tbn) € R™ Fridrixs modeli tipidagi operator Hilbert fazosidagi
chizigli, chegaralangan va o‘z-o‘ziga qo‘shma operator sifatida qaralgan. H, operatorning
rezolventa operatori qurilgan. Ta’sirlashish parametri turli ishoraga ega bo‘lgan hol ko‘pi bilan
ikki o‘lchamli qo‘zg‘alishga ega bo‘lgan model operator uchun [10-11] ishlarda o‘rganilgan.

2. Ikki zarrachali sistemaga mos Fridrixs modeli tipidagi operatorning muhim va
diskret spektrlari.

Maqgola matnida foydalaniladigan ba’zi belgilashlarni keltiramiz. Barcha kompleks,
haqiqiy, butun va natural sonlar to‘plamini mos ravishda C,R,Z va N simvollar orqali
belgilaymiz.

“Norqulov O. M. - Samarqgand iqtisodiyot va servis instituti
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Faraz qilaylik, T! := (—m;7] bo‘lsin. T' to‘plamda elementlarni qo‘shish va songa
ko‘paytirish amallari haqiqiy sonlarni 27 modul bo‘yicha qo‘shish va songa ko‘paytirish kabi
kiritiladi, buni quyidagi misolda tushuntiramiz:

3
g+7r = g = —g(mod%r);
4 4
6- = =21 — — = — =" (mod 2r).
) ) )

Hosil bo‘lgan to‘plamga odatda bir o‘lchamli tor deb ataladi. d € N natural soni uchun
T4 orqali d o‘lchamli torni, yani
T =T xT'x---xT'

~
d marta

to‘plamni belgilaymiz. Lg(Td) orqali T¢ torda aniqlangan kvadrati bilan integrallanuvchi
(umuman olganda kompleks qiymatli) funksiyalarning Hilbert fazosini belgilaymiz.

Ly(T?) Hilbert fazosida
H/L = HO_ZMQVOL (1)

tenglik yordamida ta’sir giluvchi operatorni qaraymiz. Bunda pu = (u1, ..., t,) € R™ bo'lib,
le haqiqiy sonlar ta’sirlashish parametrlari, Hy operator ko‘paytirish operatori bo‘lib, Lo(T4)
Hilbert fazosida

(Hof)(x) = u(x) f(x)
kabi aniglangan. V,,a = 1,...,n potensial operatorlari (bir o‘lchamli integral operatorlari)
bo‘lib, Ly(TY) Hilbert fazosida

(Vo) (z) = va(:c)/ s f(Odt, a=1,..n
Td

kabi aniglangan. Bu yerda u(:) va v,(:),a = 1,...,n funksiyalar T¢ torda aniglangan haqiqiy
qiymatli uzluksiz funksiyalar bo‘lib, v1(-), ..., v,(-) lar o‘zaro chiziqli bog‘lanmagan funksiyalar
bo‘lsin.

(1) tenglik orqali aniqlangan operatorga Fridrixs modeli tipidagi operator deyiladi.
Funksional analiz kursining tegishli ta’riflaridan foydalanib uning parametrlariga qo‘yilgan
shartlarda chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator ekanligini ko‘rsatish mumkin.

Magqola matnida foydalanish uchun o(-), ess(+), Taisc(-) va p(-) simvollar orqali mos
ravishda chegaralangan va o‘z-o‘ziga qo‘shma operatorning spektri, muhim spektri, diskret
spektri va regulyar nuqtalar to‘plami belgilangan.

Aniglanishiga ko‘ra H,, operatorning

> paVa
a=1

qo‘zg‘alish operatori n o‘lchamli chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator bo‘ladi.
Shu sababli chekli o‘lchamli qo‘zg‘alishlarda muhim spektrning o‘zgarmasligi haqidagi Veyl
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teoremasiga ko‘ra H, operatorning muhim spektri H, operatorning muhim spektri bilan ustma-
ust tushadi, ya'ni
O-ess(Hu) - Jess(H0)~

Ma’lumki, Hy operator u(-) uzluksiz funksiyaga ko‘paytirish operatori bo‘lganligi bois bu
operator sof muhim spektrga ega bo‘lib
0(Hy) = 0ess(Ho) = [m, M]

tenglik o‘rinlidir, bu yerda m va M sonlari

m = minu(x), M =maxu(zx)
zeTd z€eTd

kabi aniqlanadi.

Yuqoridagi ma’lumotlarga ko‘ra, H,, operatorning muhim spektri p vektor-parametrdan
bog‘liq bo‘lmagan holda

UeSS(Hu) = [m, M]

tenglik yordamida aniglanadi.

H,, operatorning diskret spektrini aniqlash maqgsadida C\ [m; M| sohada regulyar bo‘lgan

011 — i (2) oo 01 — pndin(2)
Ay(z) = :
577,1 - ﬂlInl (Z) 5nn - /Ln[nn(z)
va(t)vs(t)
I = — =1,..
CV/B(Z) /Jl‘d u(t)—z dtv aaﬁ ) y

funksiyalarni kiritamiz, bu yerda

P 1, agar a=/ bo'lsa,
®F7 1 0, agar a#p3 bolsa.

Ko‘rinib turibdiki, barcha «, § =1, ..., n indekslar va z € C\ [m; M] soni uchun I,5(2) =
I3,(2) tenglik bajariladi. Odatda A, (x) funksiyaga H,, operatorga mos Fredgolm determinanti
deyiladi.

Endi o‘quvchiga qulaylik uchun [12] maqolada H, operator uchun olingan natijalarni
isbotsiz bayon qilamiz.

Quyidagi teorema H,, operatorning xos giymatlari va A,(-) funksiyaning nollari orasidagi
munosabatni tavsiflaydi.

1-teorema. z € C\[m; M| soni H,, operatorning xos giymati bo‘lishi uchun A, (z) bo‘lishi
zarur va yetarlidir.

Quyidagi teoremalar H, operator m dan chapda va M dan o‘ngda joylashgan xos
giymatlar mavjud bo‘lishi mumkin bo‘lgan hollarni tavsiflaydi.

2-teorema. Faraz qilaylik, barcha o = 1, ..., n indekslar uchun g, > 0 bo‘lsin. U holda H,
operator m dan chapda yotuvchi ko‘pi bilan n ta xos qiymatlarga (karraligi bilan hisoblaganda)
ega bo‘ladi, hamda M dan katta xos giymatlarga ega bo‘lmaydi.
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3-teorema. Faraz qilaylik, barcha o = 1, ..., n indekslar uchun y, < 0 bo‘lsin. U holda H,,
operator m dan o‘ngda yotuvchi ko‘pi bilan n ta xos giymatlarga (karraligi bilan hisoblaganda)
ega bo‘ladi, hamda m dan kichik xos giymatlarga ega bo‘lmaydi.

4-teorema. Faraz qilaylik, birork(1 < k < n) soni uchun shunday iy,is,...,7; €
1,2,,...,n sonlari topilib, i, fiy, ..., pti, > 0 va ixtiyoriy a € {1,2,....n} \ {i1, io, ..., i } indeks
uchun g, > 0 bo‘lsin. U holda H, operator muhim spektrdan chapda yotuvchi ko‘pi bilan k
ta xos qiymatga (karraligi bilan qo‘shib hisoblaganda) muhim spektrdan o‘ngda esa ko‘pi bilan
n — k ta xos giymatga (karraligi bilan qo‘shib hisoblaganda) ega.

Izoh: Faraz qilaylik, n = 5 bo‘lib, puq, g > 0 va po, pus, s < 0 bo‘lsin. U holda 3-
teoremaga ko‘ra H, model operator ko‘pi bilan beshta xos qiymatga ega bo‘lib, ulardan ikkitasi
muhim spektrdan chapda, qolgan uchtasi esa muhim spektrdan o‘ngda joylashgan bo‘ladi.

3. Ikki zarrachali sistemaga mos Fridrixs modeli tipidagi operatorning
rezolventasi.
Endi H, operatorning rezolventasini aniglash masalasini qaraymiz. Buning uchun
fiksirlangan z € C \ o(H,) soni uchun f, g € Ly(T?) funksiyalarga nisbatan

(@) (&) =Y pavalw) / va(t) f(t)dt — zf(x) = g(x) (2)

Td

tenglamani garaymiz.

z & [m; M] ekanligidan barcha x € TY nuqtalarda u(z) — z # 0 bo‘lishi kelib chiqadi. Shu
sababli (2) tenglamadan f(-) funksiya uchun

fla) = ———

u(z) —z

g9(z) + Z [aVa(T) /Td Ua<t)f<t)dt] (3)

ifodani topamiz.
Quyidagicha belgilash kiritamiz:

f(z) funksiya uchun topilgan (3) ifodani (4) belgilashga qo‘yib,

g(t) 1 <
ko = /Td Ua(t) [u(t) e O ;uﬂvﬂ(t)kﬁl dt, a=1,...n

tengliklarga ega bo‘lamiz.
Bundan esa o‘z navbatida

_ va(t)g(t) | < Ve ()5(t) B
k?a—/rd [m‘f‘;ﬂﬂkﬂm] dt, a—l,...,n
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yoki

(1_““/Tdu(%(t—)z>ka_ i urgkrg/qrd%dt—/qrd%dt a=1,..n

p=1,p%#a

tengliklar hosil bo‘ladi. U holda Kroneker simvoli ta'rifidan foydalanib

(611 — i dia (2))ky + (812 — paTia(2)Yea + oo+ (610 — pinT1n(2))hn = SV (2) (5)
e e e, 5
(81 — Lot (2))kr + (2 — pioLua(2)) k2 + oo + (B — fin Lo (2)) e = J5™ (2)

tenglamalar sistemasini hosil gilamiz. Bu yerda

Jg(a)(z) = /]I‘d %w_(tz)dt, a=1,..n.

(5) tenglamalar sistemasidan foydalanib, quyidagi determinantlarni qaraymiz:

011 — len(z) . Oip — ,unfln(z)
Ay(z) = ,
5711 - ,ullnl(z) 57m - ,unInn(z)
o — mdi(z) .. Jgili(z) o O1n = pindin(2)
| 0o —pala(2) I () don — tnlon(z
st e | bl < B il
Ot — il (2) o TSN o Gn — findon(2)

U holda (5) tenglamalar sistemasining yechimlari

~ AD(g,2)

= =1, ..
kﬁ A#(Z) ) 5 ) y TV

kabi ko‘rinishda bo‘ladi. ks uchun topilgan yechimlarni (3) tenglikka qo‘yib,

xr) = 1 . vl (6) z
f(z) +Au(z)(u(x)—z);“3 s(z)A7 (g, 2)

tenglikni hosil gilamiz.
Bundan H, operatorga mos R,(H,,) rezolventa operatori Lo(T9) Hilbert fazosida

(R(H)) (0) = - A0 b Y w0 0.2)
m =1

formula bilan aniqlanishini hosil gilamiz.
Shunday qilib, quyidagi teorema o‘rinli.
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5-teorema. L,(T9) Hilbert fazosida (1) tenglik yordamida ta’sir giluvchi H, operatorga
mos R.(H,) rezolventa operatori

(R-(H,)g) (1) = =T @A . )
B=1

formula yordamida aniqlanadi.

Keyingi izlanishlarda qulaylik uchun supp{w(-)} orqali v(-) funksiya tashuvchisini, mes(2)
orqali esa © C T¢ to‘plamning Lebeg o‘lchovini belgilaymiz.

H,, operatorning ba’zi spektral xossalarini o‘rganish maqgsadida bu operator bilan bir

qgatorda chegaralangan va o‘z-o‘ziga qo‘shma bo‘lgan H ffi), a = 1,...,n operatorlarni qaraymiz.
Ular Lo(T9) Hilbert fazosida
H@

o Hy — ,uozva
kabi aniqlangan operatorlardir.

1-tasdiq. Agar o # 3, o, B = 1, ..., n indekslar uchun

mes(supp{va(-)} Nsupp{vs(-)}) = 0 (6)

shart bajarilsa, u holda z € C\ [m; M| soni H,, operatorning xos giymati bo‘lishi uchun bu son
H ,311), . ,SZ) operatorlardan kamida bittasi uchun xos giymat bo‘lishi zarur va yetarlidir.

Isbot. Faraz qilaylik, (6) shart bajarilsin. U holda har bir fiksirlangan z € C\ [m; M] soni
va a # 3, a, f =1, ...,n indekslar uchun /,3(z) = 0 bo‘ladi. Shu sababli

Au(z) = (1=l (2)) X oo X (1 = pinun(2))

tenglik o‘rinli bo‘ladi. Ikkinchi tomondan z € C\ [m; M] soni H, ,53) operatorning xos giymati
bo‘lishi uchun jiolaa(2) = 1 bo‘lishi zarur va yetarlidir. 1-teoremaga ko‘ra z € C\ [m; M]
soni H,, operatorning xos giymati bo‘lishi uchun A, (z) = 0 bo‘lishi zarur va yetarlidir. Oxirgi
ma’lumotlarni umumlashtirib, 1-tasdiq isbotini hosil gilamiz.

1-tasdiqdan quyidaginatija kelib chiqadi.

1-natija. Agar 1-tasdiq shartlari bajarilsa, u holda H, va H,Sll), ey HLZ) operatorlarning
diskret spektrlari orasida

Udisc(Hu) = Udisc(Hlsll)) Uu..u O'disc<H;(ZZ))

kabi munosabat o‘rinlidir.

H,, operatorning diskret spektri uchun olingan 1l-natija bu operator xos giymatlarining
soni, joylashuv o‘rni va mavjudlik shartlarini o‘rganishda muhim ahamiyat kasb etadi.

Agar (6) shart bajarilsa, u holda sodda hisoblashlar yordamida barcha 5 € {1,...,n}
indeks, z € C\ [m; M] soni va g € Ly(T?) elementlar uchun

Ag.2) _ )
Au(z) 1= pplsp(z)
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tenglik bajarilishini ko‘rsatish mumkin. Shu sababli, agar (6) shart bajarilsa, u holda H,
operatorga mos R,(H,) rezolventa operatori Ly(T?) Hilbert fazosida

g9() 1 115v5() / vs()g() .,

u(z) —z  ulx)—=z et 1 — pplps(2) Jpa u(t) — 2

n

formula yordamida aniqlanadi.

Xulosa. Mazkur maqolada d o‘lchamli panjarada ikki zarrachali sistemaga mos Fridrixs
modeli tipidagi operatorning spektri va rezolventasi o‘rganilgan. Dastlab model operatorga
mos Fredgolm determinanti aniglangan. Uning nollari soni va joylashuv o‘rni tavsiflangan.
Qaralayotgan model operatorning muhim va diskret spektrlari topilgan. Ta’sirlashish
parametrlarining ishorasidan bog‘liq ravishda xos qiymatlarning joylashuv o‘rni o‘zgarishi
bayon qilingan. Rezolventa operatori uchun ta’sir formulasi keltirib chigarilgan. O‘rganilayotga
operatorning parametr funksiyalariga qo‘yilgan ba’zi tabily shartda (maxsus hol) uning
diskret spektrini o‘rganish masalasi nisbatan sodda ko‘rinishga ega Fridrixs modeli tipidagi
modellarning diskret spektrlarini o‘rganish masalasiga keltirilgan. Shu bilan bir qatorda mazkur
maxsus holda rezolventa operatori ham tadqiq qgilingan.
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PE3IOME

B crarbe m3ydena JUHENRHbBIN, OTPAHTICHHBIN U CAMOCOIIPSIZKEHHDIN OIlepaTop THIIA
Moesin Opujipuxca, COOTBETCTBYIONINI CUCTEME JIBYX YacTHUIl Ha d MEPHOil perrer-
ke. Onmcanbl CyIEeCTBeHHBIN U JUCKPETHDBIN CIIEKTPHI 9TOro ornepatopa. [locTpoen
COOTBETCTBYIOIINI pe30JIbBeHTa orteparopa. lIpn HekoTopoMm ecTecTBEHHOM YC/I0BUM
(creruaibHOM CJIyvae), HaJIOKEHHOM Ha TapaMeTp-QyHKIUH OllepaTopa, N3y Iajiuch
€ro JUCKPETHBINA CIIEKTP U PE30JIbBEHTHLIN OlleparTop.

Karoueswvie caoga: perierka, dacTuna, Mojeab @puiapuxca, onpeemnreb OPpei-
roJbMa, CYIIECTBEHHBIN CIEKTP, TUCKPETHBIN CIEKTP, PE30JIbBEHTA OIlepaToOpa.

RESUME

In this paper we study the linear, bounded and self-adjoint Fridrixs model type
operator corresponding to two-particle system on a d dimensional lattice. The
essential and discrete spectra of this operator are described. The resolvent operator
is constructed. Under some natural condition (special case) imposed on the
parameter functions of the operator, its discrete spectrum and resolvent operator
were studied.

Key words: lattice, particle, Fridrixs model, Fredholm determinant, essential
spectrum, discrete spectrum, resolvent operator.
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THE CENTER-VALUED QUASITRACES ON A FINITE REAL
AW*-ALGEBRAS

Rakhimov A. A., Rakhmonova N. V.~

RESUME

In this paper real AW*-algebras are considered. It is proved the existence and
uniqueness of the centervalued quasitrace on finite real AW*-algebras in analog
to the center-valued trace on finite real von Neumann algebras.

Key words: Real and complex AW*- algebras; center-valued dimension function,
center-valued quasitraces

Let B(H) be the algebra of all bounded linear operators on a complex Hilbert space H.
A weakly closed *-subalgebra M containing the identity operator 1 in B(H) is called a W*-
algebra. A weakly closed *-subalgebra R C B(H) with the identity 1 is called a real W*-algebra,
if it is weakly closed and RN iR = {0}.

Let A be a Banach *-algebra over the field C. The algebra A is called a C*-algebra,
if |laa*|| = |la||?, for any a € A. A real Banach *-algebra R is called a real C*-algebra, if
|zx*|] = ||=]|* and an element T + zz* is invertible for any x € R. It is easy to see that R
is a real C*-algebra if and only if a norm on R can be extended onto the complexification
A = R+ iR of the algebra R so that algebra A is a C*-algebra (see [4], [5]).

To motivate the next definitions, suppose A is a *-ring with unity, and let w be a partial
isometry in A. If e = w*w, it results from w = ww*w that wy = 0 iff ey = 0 iff (1 — e)y = y iff
y € (1 — e)A, thus the elements that right-annihilate w form a principal right ideal generated
by a projection. If S is a nonempty subset of A, we write R(S) = {zx € A: sz =0, Vs € S} and
call R(S) the right-annihilator of S. Similarly, the set L(S) = {x € A:xs =0, Vs € S} denotes
the it left-annihilator of S. A Baer *-ring is a *-ring A such that, for every nonempty subset
S of A, R(S) = gA for a suitable projection g. It follows that L(S) = (R(S*))* = (hA)* = Ah
for a suitable projection h. A real (resp. complex) AW*-algebra is a real (resp. complex)
C*-algebra that is a Baer *-ring (for more details see [1]). It is known that, every W*-algebra is
an AW*-algebra. The converse of it was shown to be false by J.Dixmier, who showed that exist
commutative AW*-algebras that cannot be represented (*-isomorphically) as W*-algebras on
any Hilbert space.

An W*- or AW*- algebra is called a factor if its center is trivial. It is known that
investigation of general W*-algebras can be reduced to the case of W*-factors, which are
classified into types I, IT and III. More precisely, any W*-algebra has a unique decomposition
along its center into the direct sum of W*-factors of the I, I, II;, I and III types.
Similarly, AW*-factors are classified by types I, II and III and any AW*-algebra also has a
unique decomposition along its center into the direct sum of AW*-factors of the I, I, 111,
[T, and III types.

“Rakhimov A. A., Rakhmonova N. V. - National University of Uzbekistan named after Mirzo Ulugbek,
rakhimov@ktu.edu.tr; Kokand University, rakhmonovanilufar406@gmail.com
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Let A be a real or complex AW*-algebra and x € A an arbitrary element. The right
support projection of x is the projection RP(x) € A such that (i) tRP(z) = z and (ii) xy = 0
if and only if RP(x)y = 0. For every x € A, the right support projection exists and is unique.
The left support projection of x is defined similarly, and it exists and is also unique. Now, let
x € Ay, be a self-adjoint element, A € R and E(y ) (a) := RP((x — A);) = LP((x — AT)4).
Then E() o) (a) € A and it is the spectral projection of a, corresponding to the interval (), co)
(see [Remark 1.5][3]).

Definition 1 [9]. Let A be a unital C*-algebra. A I-quasitrace T on A is a function
7 : A — C which satisfies:

(1) T(z*x) = T(xx*) > 0, x € A;

(ii) 7(a +ib) = 7(a) +i7(b), for a,b € Ag,, where Ay, ={a € A:a* = a};

(111) T is linear on every abelian C*-subalgebra B of A;

Furthermore, 7 is called a n-quasitrace (n > 2) if there exists a l-quasitrace 7, on

M,(A) = A® M,(C) such that
(v) T7(z) = T(x ®e11), x € A,

where (e;;);;—; denote the matrix units of M,(C) and A,, is a self-adjoint part of algebra A.
Moreover 7 is called normalized if 7(1) = 1. The set of normalized quasitraces on A is denoted
by QT'(A). Recall that if A is an AW*-algebra, then the conditions (i), (ii), (iii) imply (iv).

Blackadar and Handelman proved (cf. [10]), that a 2-quasitrace on a unital C*-algebra
A is automatically an n-quasitrace for all n € N. Moreover, they showed that if Kaplansky’s
problem has an affirmative answer, then every 2-quasitrace on a unital C*-algebra A is a trace.
In 9] proved that every 2-quasitrace on a unital exact C*-algebra A is a trace. In particular,
this holds for every unital nuclear C*-algebra A and every unital C*-subalgebra A of a nuclear
C*-algebra. Quasitraces (or more precisely 2-quasitraces) have become an important tool in
the classification theory of C*-algebras. It was proved that every stably finite unital C*-algebra
has a 2-quasitrace. If 7 is a faithful quasitrace on A, then d,(z,y) = ||z — y||¥/* (z,y € A)
is a metric on A, where ||ally = T(a*a)'/? (a € A). In [9] also proved that if M is a finite
AW*-algebra with a faithful normal quasitrace 7 and A is unital C*-subalgebra of M, then the
d.-closure of A in M is the smallest AW*-subalgebra of M containing A. Recall that a unital
C*-algebra A is called finite if every isometry is a unitary, i.e. that for v € A with v*v = 1
implies that vv* = 1.

Now we define a real analogue of the notion of a quasitraces. Let R be a unital real
C*-algebra. Unlike the complex case, in the real case the hermitian part of the algebras does
not generate the algebra itself. There is also the skew-hermitian (skew-adjoint) part of the
algebra. Exactly, any element of algebra is the sum of two elements, one of which is a hermitian
element, and the other is a skew-hermitian element: x = % + m_f. Therefore, we define the
quasitrace as follows.

Definition 2. A quasitrace T on R is a function 7 : R — R which satisfies:
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(i') T(z*x) = 17(xx*) > 0, x € R;
(ii') T(a+b) = 7(a), for a € Ry,, b € Ry, where R, = {b € R :b* = —b};
(71 ’) T is linear on every abelian C*-subalgebra B of R.

The quasitrace on R can be extended to the enveloping C*-algebra A = R + iR, and
conversely, the quasitrace on A can be constricted to R. Namely, the following result can be
proven directly.

Theorem 1. Let R be a unital real C*-algebra and A = R + iR be its enveloping C*-algebra.

1) If 7 is a quasitrace on R, then the map 7. : A — C defined as 7.(x + iy) = 7(x) + i7(y) is a
quasitrace on A, where z,y € R.

2) If 7 is a quasitrace on A, then the map 7, : R — R defined as 7,.(a +b) = 7(a) is a quasitrace
on R, where a € Ry, b € Ry.

It is a well-known that every finite von Neumann algebra M admits a center-valued trace
ctr : M — Z(M), and every trace on M is of the form ¢ o ctr for a positive functional ¢ on
Z(M). In this section we will construct a center-valued quasitrace for finite real AW*-algebras
with similar properties.

Let us recall some definitions. Let A be a *-ring. For projections e, f € A, we write e < f,
and say that e is dominated by f, in case e ~ g < f, that is, e is equivalent to a subprojection
of f. Projections e and f are said to be 1) comparable if either e < f or f < e; 2) generalized
comparable if there exists a central projection h such that he < hf, (I —h)f < (I — h)e
(when A has no unity element, the use of T is formal and the condition need not be symmetric
in e and f). We say that A has generalized comparability (briefly, A has GC) if every pair of
projections is generalized comparable.

We write Z for the center of A. The projection lattice Z is a complete Boolean algebra;
we write 2~ for its Stone representation space, and C(Z") for the algebra of continuous
functions on 2; thus 2" is a Stonian space, £ may be identified with the complete Boolean
algebra of clopen sets in 27, and C(Z") is a commutative AW*-algebra (see [1]).

Definition 3. A (finite) dimension function for A is a function e — D(e) defined on the
set P(A) of projections of A, with values in C'(.:Z"), such that

(D1) e~ f implies D(e) = D(f),
(D2)  D(e) = 0,
(D3)  D(h) = h, when h is central,
(D4) ef =0 implies D(e + f) = D(e) + D(f).
The main ingredient to construct the center-valued quasitrace is the following theorem
from [1]

Theorem 2. (|[Theorem 1, §33.][1]) If A is any finite Baer *-ring with GC, there exists a
unique dimension function D for A. Moreover, D is completely additive, i.e. >~ D(e;) = D(e),
where (e;);c; is an orthogonal family of projections in A, and e = supe;.

Recall that in [Chapter 6][1] it is considered real-valued functions on 2. According to
[Corollary 4.6][11], every real AW*-algebra satisfy the axiom (GC), therefore, from Theorem 2
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we have the following result

Theorem 3. R be a finite real AW*-algebra. Then, there exists a unique center-valued
dimension function D : P(R) — Z(R) defined on the set of projections of R, satisfying:

1) p ~ q if and only if D(p) = D(q);
2) p < ¢ if and only if D(p) < D(q);
3) 0 < D(p ) <1

) p
)
4) D(T) =
)
)
)

(S

if p L gq, then D(p+q) = D(p) + D(q);
6) if h is a central projection, then D(hp) = hD(p), for p € P(R);
7) if (p;)ies is families of all orthogonal projections, then D(sup;c;pi) = > ;c; D(pi)-

Now we will prove the main theorem of the article. To do this, we use the scheme of the
proof of [Theorem 1.27|[3], which can easily be applied to real AW*-algebras.

Theorem 4. Let R be a finite real AW*-algebra. Then, there exists a unique center-valued
quasitrace T': R — Z(R) with the following properties:

1) T is linear on commutative real C*-subalgebras;

2) T(a+b) =T(a), for a € Ry, b € Ry;

3) T'(z*z) = T'(xz*) > 0;

4) T(x*z) = 0 if and only if x = 0;

5) T |pry= D, where D is the center-valued dimension function from the previous
theorem;

6) T'(hz) = hT(x), for all self-adjoint h € Z(R) and for all z € R;

0T |zm=idzr)

8) T is order-preserving on Ry,;

9) T is continuous in norm, in particular, ||T(x) — T'(y)|| < 2|z — y||, for all z,y € R.

Proof. Let a = Y _,_, axpy be a self-adjoint element with finite spectrum, so we have that
ar € R, for all k£ € {1,...,n} and the p; are mutually orthogonal projections in R, and define
T(a) := 3 j—y o D(p).

Firstly, we will show that T'(a+b) = T'(a)+T'(b) for two self-adjoint, commuting elements
with finite spectrum. So, we observe, that a+0b is also self-adjoint with finite spectrum: suppose
that a = >, axpy, and b = > 77| B;q;. Then all p;’s commute with all g;’s, thus is again a
projection for all k£ and j. Hence we have

a+b = Zakpk—i-Zﬁjqj
J=1 =1

= > anlpe =Y _meay) + Y Bilai =D pai) + Y (o + Br) ot
=1 =1

i=1 =1 o=1 r=1

where all the projections (pk — Z;ﬁ:lpkqj), (qi — Zleplqi), Do, are mutually orthogonal. So
now, we can compute 7'(a + b)
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T(a+0b) =

= T(Z an(pr =D oety) + > Bilai — Y _mai) + YD (a0 + BT)poqr>
k=1 j=1 i=1 =1

o=1 r=1

=> aT(pe— Y pety) + > BT (=D mai) + > (a0 + B)T(potr)
k=1 j=1 i=1 I=1

o=1 r=1

= Z a T (pr) + Z BiT(q;) = T(a) + T(b).
k=1 i=1

Since all the spectral projections of a commute, we can compute

7(0) = [ DEp ()i

where we interpret the integral as a Riemann integral. Now we want to show that 7' is order-
preserving on self-adjoint elements with finite spectrum. For that, let 0 < a < b, then by
[Lemma 1.24][3] we have

7(0) = [ DBy @)dr < [ D(Eny 81 = T(0)

Now, we can show the continuity of 7. Let a,b € R again self-adjoint elements with finite
spectrum. Then the following implications hold: —||a—b||T < a—b < |la—0b||1, i.e. b—|jla—b]|T <
a < |la—b||T+ b, and then T'(b — ||a — b||T) < a < T(b+ |la — b||T). Since ||a — b||T and b
commute, and T'(1) = 1, we obtain ||T(a) — T(b)|| < [la — ||

Now we can define T for all self-adjoint elements. Let a € R be a self-adjoint element. R
has real rank zero, hence, there exists a sequence of self-adjoint elements with finite spectrum
(@n)nen, which converge in norm to a. The sequence (a,)nen is a Cauchy sequence, thus with
the inequality above (T'(ay))nen is a Cauchy sequence, and so it converges in norm. We can
define T'(a) := 7112& T'(ay). The next step is to show the independence of the chosen sequence.

If (b, )nen is another sequence of self-adjoint elements with finite spectrum which converges to
a in norm, then we have the following inequality:

1T (an) = T(bn) || < llan = bnll < llan — all + lla = ba]-

So, we have the independence from the chosen sequence.

Let x € R be an arbitrary element. We can decompose x into its self-adjoint and skew-
adjoint parts a € Ry, and b € Ry as x = a + b, and then define

T(x)=T(a+0b) :=T(a).

Now let a,b € R be two commuting self-adjoint elements. Then there are sequences
(@ )nen and (by)nen in the commutative real AW*-subalgebra {a,b}”, generated by a and b,
which converge to a and b, respectively. Then it is clear that (a, + b, )nen is again a self-adjoint
sequence with finite spectrum, it converges to a+b, and we see that T'(a, +b,) = T'(a,) +71(b,)
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for every n € N, because a,, and b, commute for every n € N. We see the additivity of T" on
the commuting self-adjoint elements.

Let now B be a commutative real C*-subalgebra of R and z,y € B. Then z = a + b,
y=c+d with a,c € By, b,d € By. Since a + ¢ € By, and b+ d € B, we obtain

Tx+y)=T(a+c)+ (b+d)=T(a+c)=T(a)+T(c)=T(x) +T(y).

Now we want to show that T'(Az) = AT'(z) for all A € R and all x € R. It is easy to see that
T(Ax) = AT'(z) if X € R and « is a self-adjoint element. Let © € R be an arbitrary element and
r =a+ b, where a € R,, and b € Rj. Then

T(Ax) =T(Aa+ \b) =T(Aa) = XT'(a) = \T'(x).
So, we have shown the first property of 7', namely that 7' is linear on commutative subalgebras.

Now we want to prove the tracial property of T'. For that, it is first clear that T'(z*z) > 0.
We again use the equality T'(z*z) = [ D(E() o) (z*z))d\. We now use [Lemma 1.25][3] and get
the desired property:

T(a*z) = / DBy (a"2))dA = / D(Ep oy (@2™))dA = T(aa")

In the next step, we want to prove property 6). If h € Z(R) and x € R are both self-adjoint
elements with finite spectrum, then it is clear that 7'(hx) = hT'(x) since D has the property.
The general case then follows because from [4], we know that the center Z(R) of R is also
an real AW*-algebra, and we can approximate every self-adjoint h € Z(R) with self-adjoint
elements with finite spectrum in Z(R). The proof is complete.

The Theorem 4 can also be proven using the method of transition to the enveloping
(complex) C*-algebra. Namely the following theorem is true

Theorem 5. Let R be a unital real C*-algebra and A = R + iR be its enveloping
C*-algebra.

1) If T is a center-valued quasitrace on R, then the map 7, : A — Z(A) defined as
To(x +iy) = T(x) +iT(y) is a center-valued quasitrace on A, where z,y € R.

2) If T is a center-valued quasitrace on A, then the map 7, : R — Z(R) defined as
T.(a+b) = T(a) is a center-valued quasitrace on R, where a € Rg,, b € Ry,.

Theorem 5 can be proved as well as Theorem 1 directly. Now the proof of Theorem 4
follows directly from Theorem 5 and [Theorem 1.27][3].
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REZYUME

Ushbu magqolada haqiqiy AW*-algebralari ko’rib chiqiladi. Haqiqiy fon Neumann
algebralarini markaziy qiymatli sledlari kabi haqiqiy AW?*-algebralar uchun
markaziy qiymatli kvazisledlarni mavjudligi va yaqonaligi isbotlangan.

Kalit so’zlar: Haqiqiy va kompleks AW*-algebralar; markaz qiymatli o’lchov
funksiyasi, markaziy qiymatli kvazisledlar.

PESIOME

B manmoii crarbe paccmarpubaioTcs BemiecTBennbie AW*-asrebpnl. AnasornmaHo
[EHTPa-3HATHOMY CJIeJIy Ha KOHEYHBIX BEIIECTBEHHBIX ajredpax ¢gpon Heiimana, j1o-
Ka3aHO CYIECTBOBAHNE U €JIMHCTBEHHOCTD IEHTPA-3HAYHOTO KBa3HUCIea Ha KOHEeY-
HBIX BemecTBeHHbIXx AW*-anre6pax.

Karoueswie caosa: Bemecrennbie n kKoMiniekcable AW *-aarebpbr; neHTpasbHast
dyHKIUS pazMEPHOCTH, IIEHTPA-3HATHbBIN KBa3UCIE/IbI
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APPELL HYPERGEOMETRIC FUNCTION WITH APPLICATIONS TO THE
BOUNDARY VALUE PROBLEMS FOR THE THREE-DIMENSIONAL
BI-AXTALLY SYMMETRIC SINGULAR ELLIPTIC EQUATION

Tulakova Z. R.

RESUME

In the present work, a spatial mixed problems and Neumann problem for a three-
dimensional elliptic equation with two singular coefficients are investigated. Using
an "abc"method, the uniqueness for the solution of the mixed problems is proved. It
is shown that the solution to the Neumann problem is not unique and each solution
differs from the other with a constant. Applying a method of Green’s functions, we
are able to find the solution of the problem in an explicit form, in finding which the
properties of the Appel and Gauss hypergeometric functions are essentially used.

Key words: Spatial mixed problem, Neumann problem, three-dimensional singular
elliptic equation, Green’s function, Gauss and Appell’s hypergeometric functions.

Introduction

It is known that the theory of boundary value problems for degenerate equations and equations
with singular coefficients is one of the rapidly developing parts of the modern theory of partial
differential equations, which is encountered in solving many important questions of an applied
nature, for example, [1|. Omitting a huge bibliography in which various local and non-local
boundary-value problems for mixed-type equations containing elliptic equations with singular
coefficients are studied, we note some papers which are close to the present work. In the works
[2, 3, 4] fundamental solutions were constructed for the multidimensional elliptic equations
with the several singular coefficients, and in [5, 6, 7| the explicit solutions of the Dirichlet,
Holmgren and generalized Holmgren problems in the hyperoctant of the ball were found.
In the works [8, 9, 10|, explicit solutions in the infinite domains of similar problems for the
same equation were obtained. In the above-mentioned works [5, 6, 7|, the author managed to
find solutions to the problems posed when the value of the sought solution on a part of the
multidimensional sphere was known in advance.

If on the part of the sphere enclosed between the lateral faces of the hyperoctant a normal
derivative is specified, on one of the lateral faces a value, and on the other faces either the value
itself or the normal derivative of the desired solution, then such a problem is called a mixed
problem, the study of which is devoted to relatively few works. Smirnov [11] (see, also [12]) was
one of the first to solve a mixed problem for the equation

2
um—i-uyy—i-?aux:O, x>0, 0<2a<1.

“Tulakova Z. R. — Fergana branch of the Tashkent University of Information Technologies named after
Muhammad al-Khorazmi, ziyodacoders@gmail.com
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In the recent work [13] a mixed problem for the equation

2
um—iruyy—l—uzz—l——auxzo, 0<2a< 1.
xr

in a hemisphere R = {(z,y,2) : = > 0} of three-dimensional Euclidean space. In this paper
we find explicit solution to the mixed problem for the equation
2a 2
umx+uyy+uzz+—um+—ﬁuy:0, 0<2a, 26<1 (1)
z Y

a fundamental solutions of which in the domain
R*XR"xR={(z,9,2): 2 >0,y >0,—00 < 2 < 400}

are found in [14] (see, also [3]).

Note, that for the equation (1) spatial boundary problems with the Dirichlet and Dirichlet-
Neumann conditions on the lateral faces of the quarter of the ball are found in [14, 15].

Formulation of the problems

Let Q C RT x R x R be a finite simple-connected domain bounded by planes x = 0, y = 0 and
by a smooth surface S. The intersections of this surface with planes x = 0, y = 0 are denoted
by 71, 72, respectively. Designate as the domain €2, a plane y — z, bounded by z =0 (0 < y <
b, —c < z < d)and by a curve 1 : x = f1(y, z). s is domain in the plane z — z bounded by
y=00<x<a, —c<z<d),v:y= fo(z,z). Herea, b, ¢, dare positive constants.

Problem DNM. To find a function u(z,y,2) € C(Q) N C%(Q), satisfying Eq. (1) and
conditions

u(07 Y, 2) = Tl(yv Z) (ya Z) € Qh (2)
0
P2 D), (w) e 3)
dy y=0
ou
% S_So(x7yaz)> (x,y,z) ES? (4)

where 71 (y, 2), a(x,z), @(z,y,z) are given functions; n is an outer normal to S.
Problem DDM. To find a function u(z,y,z) € C(Q) N C*(Q), satisfying Eq. (1),

conditions (2) and (4), and condition
u(z,0,2) = 77, 2), (7,2) € o, (5)
where 7(y,2), To(z,2), ¢(z,y,z) are given functions fulfilling the following matching
conditions: 71(0, 2) = 72(0,2), —c< 2z <d.
Neumann problem. To find a function u(z,y, z) € C(Q) N C%(Q), satisfying Eq. (1),

conditions (3) and (4), and condition

8 ) )
x2a U({E Yy Z)

Oz - - Vl(y7z>7 (yu Z) € Qla

where v4(y, 2), w(z,2), @(x,y,z) are given functions.
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The uniqueness of the solution of the problems

Consider the problem DNM. One can readly check the validity of the following relation

P22 (1) — w0H (1)) = 4% 12 (s, — )] +
T

o9 o, 28 0
+2 a9 [y* (uw, — wuy)] + 2 y%’%

Let €). be a sup-domain of 2 at a distance € > 0 from its boundary

[uvw, — wu,).

0N=QUQUOUS

and
cos(n, x)do = dydz, cos(n,y)do = dxdz, cos(n,z)do = dzdy,

where n is the outer normal to 0f.

Integrate both sides of above given equlity on the domain €2, and use the classical formula
of Gauss-Ostrogradsky:

I, 2 st =ttt -

= // 2298 [(uw, — wuy) cos(n, )+
20

+(uw, — wuy,) cos(n,y) + (vw, — wu,) cos(n, z)|do.

Using the equality
z2oy?P [uHaﬂ(u) +u? + “Z + ug} = (2%y*Puuy )+

+($2a925uuy)y + <x2ay2ﬁuu2)27

/// 2?y*uH, 5(u)dwdydz + ///Q 222 [u2 + ui + u?dzdydz =

Qe
= /// [(xzayzﬁuux)x + (x2ay25uuy)y + (xmywuuz)z]dxdydz.
Qe

Applying again the formula of Gauss-Ostrogradsky to this equality and letting ¢ — 0, in the
case of the problem DNM we get

/// w8 [ui + uz + uﬂ drdydz = // vP1(y, 2) iy, 2)dydz+
Q

Q1

4—//92 2** vy (x, 2) fo(w, 2)dxdz + //s updo, (6)

we obtain
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where

fl (y7 Z) = 'xzaux(x) Y, Z) |I:0

(,2) € Qs folz,2) = u(,y,2)|,_g, (,2) € Q.

To prove the uniqueness of the solution, as usual, we suppose that the problem has two
v, w solutions. Denoting u = v — w we have that u satisfies homogeneous problem DNM
(1 =0, 1, =0, ¢ = 0). Further we have to prove that the homogeneous problem has only
trivial solution. In this case from (6) one can easily get

///Q 222 2 + up + u?]dzdydz = 0. (7)

Hence, it follows that u, = u, = u, = 0, which implies that u is a constant function. Considering
homogeneous conditions (2)-(4), we conclude that u(x,y,z) =0, in .

Thus, the solution to the problem DNM is unique, if it exists.

The proof of the uniqueness of the solution to the problem DDM is carried out in a similar
way.

Now we study the question of the uniqueness of the solution to the Neumann problem.

Repeating the above transformations, in the of the Neumann problem, we get

/// T [ui + “::3 + uZ] dxdydz = // updo+
Q s

+ / / P (y, 2)on (y, )dyd= + / / 2200y (2, 2) g, 2)dadz, (8)
Ql Q2

where

gl(yu Z) = u(x,y,z)|xzo, (ya Z) € Ql; fg(l’,Z) = U(]},y, Z)|y:07 (JI,Z) € QQ'

Denoting again v = v — w we have that u satisfies homogeneous Neumann problem
(ry =0, v, =0, ¢ = 0). Further we have to prove that the homogeneous problem has only
trivial solution. In this case from (8) one can easily get equality (7). Hence, it follows that
Uy = Uy = u, = 0, which implies that u = C, where C' is a constant function.

Thus, the Neumann problem has an infinite number of solutions, if it exists, each of which
differs from the other by a constant term: v = w + C, where v and w are some solutions of the
Neumann problem.

Thus the following uniqueness theorem is proved:

Theorem 1.

1) The solution of the problem DNM is unique;

2) the solution of the problem DDM is unique;

3) the solution of the Neumann problem is not unique: each solution differs from the other by
a constant term, if it exists.
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Hypergeometric functions in one and two variables

With a view to introducing formally the Gaussian hypergeometric series and its generalizations,
we recall here some definitions and identities involving the Gamma function I'(z) and
Pochhammer’s symbol (\),,.

The Gamma function I'(z) is defined by

[t7te7tdt, Re(z) >0,
0
r 1
M, Re(z) < 0; z# —1,-2,-3, ...

The definition (9) was used by Euler and there are other definitions of the Gamma function
(see, for instance, [16]).

Throughout this work we shall find it convenient to employ the Pochhammer symbol (\),,
defined by

(A = 1, if n=0,
PTY M+ DA +n—1), if n=1,2,3,....
Since (1),, = n!, (), may be looked as a generalization of the elementary factorial; hence the
symbol (), is also referred to as the factorial function .
In terms of Gamma functions, we have

(A +n)

=T

CAA0,—1,-2, ...,

which can easily be verified.

The hypergeometric function of Gauss is defined inside the circle |z| < 1 as the sum of
the hypergeometric series [16] :

F(a,b;c;2) i

n=0

’I’L

—, ¢c#0, =1, =2,
where a, b, ¢, are independent of z. We shall call a, b, ¢ the parameters of the hypergeometric
function; they are arbitrary complex numbers.

The great success of the theory of hypergeometric series in one variable has stimulated
the development of a corresponding theory in two and more variables. Appell has defined, in
1880, four series, F} to F; which are all analogous to Gauss’ F(a, b;c; z).

The Appell hypergeometric function in two variables has a form [16, eq.5.7(7)]

> am+nb1mbgnmn
S @nenlbi)nln,

m!n!(c1)m(ca)n

F5 (a;by,ba;c1,c0;,y) =

)

m,n=0

We give some elementary relations for F, necessary in this study:
am—i—n
ox™moy"

Fy (a; b17b2§clac2§xay)
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— (a)m-l-n(bl)m(bQ)n

Fy(a+m+mn;by +m, by +njcy +m,co +nsx,y),
m!n!(c)m(ca)n

b b
C—lez (a4 1,00+ 1,b;¢c1 + 1, c052,y) + C—QZ/F2 (@+1;01,b0 + 1501, 00 + L 2,y)
1 2
= Fy(a+ 1301, b5 ¢1, ¢, y) — Fy (a3 b1, bg; ¢1, 03, 9)

Fy(a, by, by cr,c0;,9)

_ x Yy
—(1—z—y) R by, es — by cr,co; .
( X y) 2(01701 1,C2 27017627x+y_17$ y—l)

For a given Appell hypergeometric function F5, it is useful to find a decomposition formula
which would express the double hypergeometric function in terms of products of several simpler
hypergeometric functions involving fewer variables. The following expansion formula [17]

— (@)r(0)r(b2)i 4 &
F by, b E —
(a’ 1, 92;C1, C2;0, y e ]{?‘ ) ( )k Ty X
XF (a+k, by +kier + k;x) F (a+ k, by + kieo + ksy) (10)

is valid.

Note that each point of the line z +y = 1(z > 0, y > 0) can be a point of the logarithmic
singularity of the function F5.

Lemmal|18]. If x and y are positive and o > 0, 5 > 0, then

F'2a)l'(26) In(l—z—y)

Fola+B,0,8:20.28:0.9) ~ — ST AT 5) 2097

asx+y—1—-0.
Let ¢ > by, co >byand a+ by +by =c1 +co. If x >0 and y > 0, then
C(e)T(e2) In(l -z —vy)
L(a)L (b)) (ba) aer—tryca—b2

Fy (a7b1752;01702§37>y) ~ =

asx+y—1-—0.
If ¢1 + co < a+ by + by, then

C(ep)T(e2)T (a+b1+bg—cl—02)x
I'(a)L'(b1)T'(b2)

X:L‘bl_clbe_cQ( )C1+02 a—bi— b2

Fy (CL, b1, ba; C1702;$;y> ~

In addition, the fundamental solutions of the equation (1) are expressed in terms of the
Appell hypergeometric function F, [18, 19]:

1
@ (@93 €6m) = kar ™ TR, (5 +atBa,f:20,26:, n) , (11)

42(7, Y, 2 T0, Yo, 20) = kar?* 273 (2p) 2 x
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X Fy (g—a—ﬂ;l—a,ﬁ;Q—Qa, 25;5,7}), (12)
qs(z,y, 2 20, Yo, 20) = kar?* 23 (yye) ' x
x Fy (;—a—ﬂ; a, 1—p; 204,2—25;5,77), (13)
(Y, 2 20, Y0, 20) = kar®* 2775 (wag) T2 (yyo) ' x
><F2<;—a—ﬁ;1—&,1—5;2—2@,2—26;5,7}), (14)
where ) )

T T
E=1- 5 n=1-3; r?=(x—&>+(y—n)?

=@+ + -0’ i =(-9"+@y+n)’
These functions satisfy the equation (1), and by virtue of the Lemma , it is not difficult

1
to prove that the functions g (z,y;&,n) (k = 1,2,3,4) have a singularity of order — at r —
T

0 (x >0, y > 0) and, therefore, the functions defined in (11)—(14) are a fundamental solutions
of equation (1).

The existence of the solution of the problem DNM.

We prove the existence of the solution in a special case of the domain {2 in order to get the
solution in an explicit form. Assume R=a=b=c=d and let Q = {(z,y,2) : 2?2 + y* + 2° <
R* >0,y >0, —R < 2z < R}. We find a solution of considered problem using method of
Green’s functions [21]. Therefore, first we give a definition of Green’s function for the formulated
problem.

Definition. We call the function Gy (z, y, z; %o, Yo, 20) as Green’s function of the Problem
DNM, if it satisfies the following conditions:

1. this function is a regular solution of Eq. (1) in the domain 2, except at the point
(0, Yo, 20)-which is any fixed point of €2

2. it satisfies boundary conditions

0

G?(xa Y, z; %o, Yo, Z0)|x:0 = 07 —GQ(QZ', Y, z5 %o, Yo, ZO)

oy

aG2(a:7 Y, z25%0, Yo, ZO)
on

S

3. it can be represented as

G2(957ya Z;ﬁoayo,zo) = 612(%%2;%0;90, Zo) + 62(%%2;%;%, 20)7
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where ¢o(z, Y, 2; To, Yo, 20) is the fundamental solution, defined in (12); a function

3-204283
Q@(z,y, 25 T0, Yo, 20) = — <R_) ¢ (2, y, 2; Zo, Yo, Z0)
0

is a regular solution of Eq.(1) in the domain 2. Here,

a? a? a?
L o o 2 2., 2, .2
Ty = R—%xo, Yo = E%yo, 2y = ﬁgzo, Ry = x5 + yg + 2.

Excise a small ball with its center at (o, yo, 20) and with radius p > 0 from the domain
(2. Designate the sphere of the excised ball as C, and by €2, denote the remaining part of €.

Applying formula (5), obtain

// xzayw {Ug—G - Gi— } dsS = // 71 y, (O,y,z;xo,yO,ZQ)dydz—l—
c, n Q4

4 // P20y, 2)G (0, 2 20, Yo, 7o) dvdz + // G2y, % 20,40, 20)p(0)do,  (15)
Qo S

where
2 aG(LE, Y, z; o, Yo, ZO)

5 . (y,2) € Q.

=0

G*([)) Y, z; o, Yo, ZO) =T

It is known [14]:

u (o, Yo, Z0) // T aGdS // z 2ffc;auds_o (16)
Cp

Now from (15) and (16) we can write the solution of the problem DNM as follows:
o) = [ (02600, 0, 0, 20y
Q1

+// r** vy (2, 2)G(x,0, 2; 0, Yo, 20)drdz + // G(z,y, z; 0, Yo, 20)p(0)do. (17)
Qo s
The particular values of Green’s function are given by

1—2« |:F(52)572ﬂ7770$) F(ﬁ%ﬁ7257ﬁ0x):|

G*(O, Y, Z5 %o, Yo, ZO) = kl(l - 20‘)% Xf_2a+25 }/13_2a+25

)1—2a %

G(ZL’, 07 <350, Yo, ZO) = kl(ﬂfl‘o

F(B1—a,2—2a&,) F(Bl—a,2—2a8,)
X2372a+2,3 - }/2372a+2,8

Y

where
Az, dyyo =  4d’zzo _ 4a?

§0y = _X—22’ Moz = —X—IQ, foy = —W, Moz = —W,



Acta NUUz - 106- Exact sciences

Xi =23+ (y—vo)+ (2 — %),

Xy =(z—x0)" +yp+ (2 — 2)",

2 2 2 2 2 2
Y12:<a_@> _‘_(a_@> +x0+20y2+x0+y022_a2

a a a? a? ’
Y2 = (G—@Y‘i‘(a—@y—kyg+z§$2+x%+y322—a2,
a a a? a?
3 . 1T =a)l(B)(2 - 2a +20)
ﬁQ___Oé—B7 kQ__ .
2 27 T(2 — 2a)T(268)T(1 — a+ )

Now we can formulated our result as following;:
Theorem 2. If 71(y,2) € C*(Qy), wn(z,2) € CYDQ), p(z,y,2) € C(S), then the
problem DNM has unique solution represented by formula (17).

The existence of the solution of the problem DDM.

Using the fundamental solution g4 (z,y, 2; o, Yo, 20), defined in (14), one can solve the problem
DDM.

Theorem 3. If 7y(y,2) € C* ), m(z,2) € C*(Q), ¢(x,y,2) € C*S) then the
problem DDM has unique solution represented by

(0, Yo, 20) — // Y27 (5, 2)GH(0, 3, % 7o, o, 7o) dyd =+
931

+// xQO‘TQ(x,Z)G**(x,O,z;xo,yo,zo)dxdz+// G(z,vy, z; o, Yo, 20)(0)do.
Qs S

The particular values of Green’s function are given by

G*(()? Y, z; Zo, Yo, ZO) - k4(]' - 2a)x(1]_2a(yy0)1_26><

X15—204—2B Y15—2a—2ﬂ

« |:F(B471_/872_267770x) F<ﬁ4a1_ﬁ72_26’ﬁ0x):|

G** (ZU, 07 25 %0, Yo, ZO) = k4(1 - 26) (xx())l_zayé_zﬁx

F(Bi1—a,2—20;&,) F(Bi,1—0a,2—2m¢&,)
X X§>72a725 Y25*2a72ﬁ ’

5 | CT1—a)l(1— B4 — 20 —20)
ﬁ4_§—04+57 Fa = [(2-2a)'2-28T2~a-0)

The proof of the Theorem 1is carried out in a similar way (for details, see [20]).
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The existence of the solution of the Neumann problem.

Although the solution to the Neumann problem is not unique, using the fundamental solution
q4(x, Y, 2; %0, Yo, 20), defined in (11), this solution can be written out explicitly.

Theorem 4. If v(y,z) € C*(Q), w(z,2) € CYQ), p(x,y,2z) € CY(S), then the
problem DNM has unique solution represented by

U(SU(J,Z/O,ZO) =C+ // Z/zﬁVl(ya z)G(O,y, z;:co,yo,zo)dydz—i—
951

[ w60,z )dods + [ Gy z0)e(o)do
Q2 S
where C' is a constant. The particular values of Green’s function are given by

-F(517ﬁ725;7701) F(ﬁl?ﬁa2ﬂvﬁ z)
G(O7 Y, 25 %o, Yo, ZO) = kl X1+2a+2/8 - Y1+2a+2’8 - )
L 1 1

G<x707z;x07y0720> - kl -

[ F (51,0, 20 &) F(ﬁl,a,Qa;EOy)]

X21+2a+26 Y21+2a+25
1 ~ T()T(B)(2 + 20+ 203)
fr=gtrath k= T(2a)L(26)T(1+a+3)

The proof of the Theorem is carried out in a similar way.

Conclusion.

It became clear that if an equation has two singular coefficients, then its fundamental solutions
can be written through the hypergeometric Appel function F,. On the other hand, thanks to
the expansion formula (10) for the Appell function F3, solutions to boundary value problems
can be obtained in explicit forms.

This circumstance must be taken into account when considering analogous boundary value
problems for the multidimensional elliptic equation with two singular coefficients

" 0%u 20 Ou 2B Ou 0
s 8x§ r1 011 Ty Oxe

the fundamental solutions of which are also expressed through the Appell function F, (for
details, see [22, 23]).
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APPEL GIPERGEOMETRIK FUNKSIYASINING IKKITA
SIMMETRIK O’QLI SINGULYAR ELLIPTIK TENGLAMAGA
QO’YILGAN CHEGARAVIY MASALALARNI YECHISHGA
TATBIQLARI

REZYUME

Ushbu maqolada uch o’lchovli ikkita singulyar koeffitsientli elliptik tenglama
uchun aralash masalalar va Neyman masalasi o’rganilgan, "abc"usuli yordamida
aralash masalalarni yechishning o’ziga xosligi isbotlangan. Neyman masalasining
yechimi yagona emasligi va har bir yechim bir-biridan o’zgarmas bilan farq qilishi
ko'rsatilgan. Grin funksiyalari usulini qo’llagan holda, biz masalaning yechimini
aniq ko’rinishda topishimiz mumkin, bunda asosan Appel va Gauss gipergeometrik
funksiyalarining xususiyatlaridan foydalaniladi.

Kalit so‘zlar: Aralash masala, Neyman masalasi, uch o’lchovli ikkita singulyar
koeffisiyentli elliptik tenglama, Grin funksiyasi, Gauss va Appellning gipergeometrik
funksiyalari.
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T'NITEPTEOMETPUYECKASYA ®YHKIINA AIIITEJIA C
ITPUMEHEHNAMUN K PEINIEHNIO KPAEBBIX 3AJJTAY 1JIA
TPEXMEPHOI'O IBYXOCHO-CUMMETPUYHOI'O
CUHI'VJIAPHOTI'O JIJIMIITUYECKOI'O YPABHEHUM A

PE3IOME

B nacrosimeit pabore nccienyoTcs IPOCTPAHCTBEHHAsT CMeIaHHas 3a1a49a 1 3a/1a-
va Heiimana /1151 TpeXMEpPHOI0 S/UIMITUIECKOTO YPABHEHUSI ¢ IBYMSI CUHT Y ISIPHBIME
ko3 durmentamu. Meromom "abc' mokazana e IMHCTBEHHOCTD PEIIEHUsT CMEITAHHBIX
sagad. [lokasano, aro perrenne 3agaan HeliMaHa HeeMHCTBEHHO W KasyKJI0€ pelre-
HIE OTJIMIaeTcsd OT JApyroro KoucrauToii. [Ipumensis meron pyukmmit ['puna, yiaer-
cd HAWTH pelleHne 3aJa9i B IBHOM BUJIE, IPU HAXOXKJIEHUH KOTOPOIO CYIIECTBEHHO
HCIIOJIB3YIOTCs CBOMCTBA runepreoMerpudeckux yukimii Ammens u aycca.

Karoueswvie caosa: llpocrpaHcTBeHHas CMelllaHHad 3ajada, 3ajada Heiimana,
TpPeXMepPHOe CUHTY/ISIpDHOE JUIMIITUYEeCKOe ypaBHeHue, (pyuknusa ['puna, rurepreo-
merpudeckue dyukiun ['aycca n Anmesa.
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VIK 517.95

ITOYTU BCIOJY CXOANMOCTH CIIEKTPAJILHBIX PA3JIOXKEHUN
®YHKIINUMN U3 L(TV)

BysaeB K. T. *

PESIOME

B sroit craTbe npejiaraercs o9eHb MPOCTOW MeTOJ, OIeHKH MaKCHMAJILHOTO OIre-
paropa B L. Mcnonb3yst 3TOT METO, MOXKHO 3HAYUTEBHO YJIYUIIATH CYIIECTBYIO-
II[Ie TEOPEMBI O CXOJIMMOCTH IMOYTU BCIOJLY PA3JIOXKEHUI 110 COOCTBEHHBIM (DYHKITH-
sIM TIPOUBBOJIbHBIX J/INITHICCKUX JTUMDDEPEHIINATBHBIX OIIEPATOPOB € TOYEIHBIM
CHEKTPOM. B 9acTHOCTH, MOJIYYeH HOBBIN PE3yJIbTAT O CXOJUMOCTH TIOYTHU BCIOLY
SJUINIITUIECKAX YACTUYHBIX CYMM KPATHBIX PAJI0B Pypbe TaJIKuX OyHKITUIL.

Karouesvie caosa: psan Pypwe, npocrpancro CobosieBa, /ITUITHIECKAN TTOJH-
HOM, MaKCHMAaJIbHBIA omepaTop.

1. Beegenne. [Iycts RN N - mepnoe eskuioso npocrpancro, TV = {x € RY : —1 <
1, < mk =1, N}— N— wmepnsiit ky6, ZV- pemerka nensrx uncen us RN, n € ZV, nx =
nixry + -+ + NNTN— CKaJAPHOE IIPOU3BOICHUE.

PaccmorpuMm KpaTHBI Tpuronomerpudeckuii psiji Pypbe

> Fem (1)

nezZN

bynkuuun F € Ly(TV). Buecs F,- xoaddunmentor Oypve dynkiun F, te. F, =
2m)™N [ F(y)e™dy.
TN

Jlns moBoro ojiHoposHoro sjmnTHIeckoro nommaoMa A(E) = >0 alé%, € € RY (re.
|a|l=m
A(€) > 0 auist Beex € # 0 ) ¢ nocrosgHHEBIME KO3GDMUIMEHTAME MOXKHO COMOCTABUTD YACTHIHYTO
cymmy psiyia (1) o dopmyite

SiF(z) = Y Fem. (2)

A(n)<A

rae a = (g, -+, Qn)-MyJBTUHHIEKC, || = ap + - - - + ay. B wacruocru, ecim A(E) = [€]?, To
S\F(x) coBnasgaer ¢ 0OBITHON MApOBOil YacTHIHON cymMoii. lastee OymreM IpearnosoraTs, 9To
muoxkectBo 24 = {€ € RY 1 A(€) < 1} aBasercs BBITYKIIBIM.

e manuoit paboTe - H3yUNTh BOIPOC O CXOIMMOCTH HOYTH BCIOfLy (I1.B.) YACTHYHBIX CYMM
(2) nuia byuknmit us npocrpancrs Cobonesa L§(TY). Hanomuum, uro dyukmus F(z) € L,(TV)
npunaiexut upu a > 0, p > 1 upocrpancrsy CoGomesa Li(T™), eciu Koneua HOpMa

1F Ny = 11 Y (1 + [nf*)% Fue™ ||, - (3)

neZN

* - .
Bysaes K. T. — Hammonasbublit yauBepcurer ¥Y30ekucrtana, buvayev@mail.ru
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Korna a ne 1esoe, T0 970 IPOCTPAHCTBO TaKzKe Ha3bIBACTCs HpocTpancTBoM JInyBuiisa. Orme-
THM, 9TO CXOJMUMOCTb II.B. C(DEPUIECKUX YACTUIHBIX CYM KPaTHBIX psijioB (1), panee nsydasncn
OCHOBHOM 17151 (byHKIIHI U3 KIacCOB L, ¢ HEKOTOPBIME METO/IaMH CyMMHIPOBAHUAMHE (HALIPUMED
Mero/ cpename Pucca, cM. o63opube paboTsr |1, 2]).

Yepes S, F' 0603HAUNM MaKCUMAJHBIN omeparop, T.e. S,F = sup |S) F|.
A>0

Teneps chopmymupyeM OCHOBHOU pPe3yJIbTAT.

Teopema. [Iycmv A(&)— npousdeosvnviii 00HOPOOHBITL INAUNMUYECKUT TLOAUHOM, MHO-
orcecmeo 2y evinyxao. Ecau a > 0, moada daa moboti gynxyuu F(x) € LI(TN), n.e. na TV

UMEEM MECTNO PABENCNEO
Alim S\F(x) = F(z).
— 00

Kpome mo20, A8 MAKCUMANLHO20 ONEPAMOPA CPABEOAUBHE OUEHKA
S F ()| Lyrvy < CallFllLacrny.- (4)

HezaBHo 10T pesysbrar OblI JoKa3aH Js chepruuecKuX 9aCTUIHbIX CyMM psijio (1)upu
1 < p <2 B pabore [3].
2. BcroMmoraresibHbIE YTBEPXKJEHUE.

[Iycts A(D) ommopoasblii ssmunTuaeckuii aud epeHImanbHblii onepaTop ¢ BEIecTBeH-
upiMu Koadduruentamu u obtactbio onpesesenus CSC(RY), Te.

ey « (_Za)lal
|ae|=m

BaMbIKaHUe JUIHITHIeCKOro oneparopa (5) ¢ HOCTOSHHBIME BelecTBeHHbIMU K03 du-
nMeHTaMu GyJIeT caMOCONPAXKEHHBIM U ToayorpanudeHHbIM B Lo(RY). Tlo ussectHoil Teopeme
K.O. Opuapuxca, KaxKJIblii caMOCOIPAKEHHBIN MTOJIyOTDAHUYEHHBI OIlepaTop UMeeT 10 Kpaii-
Hell Mepe OJ[HO camocolipsizkennoe paciupenne. Vcrnomnb3ys mnpeobpazosanue Oypbe, MOXKHO
[I0Ka3aTh, YTO CYMIECTBYET €JIMHCTBEHHOE CaMOCOIPsIKEHHOEe pacliupeHne oreparopa A, mpu-
YeM CIeKTpaJibHasg (DYHKIIAA 9TOr0 olepaTopa PaBHA

e(r —y, ) = 2m) / e @8 e (6)
A(€)<A

O6osnaunm vepe3 E) f(x) crekrpaibHble pasiokeHus (GUHUTHBIX GyHKIMA [ w3
L,(RY), p>1,Te.

Buf() = 2m) [ fees "
A(g)<A
e f(€) = (27r)_% [ f(z)e " dz-npeobpasosanne Pyppe yuknun f. fcro aro, B 9TOM CIIy-
RN

Jae cruekTpaJibHble pasjoxkeHne Fy f coBmamaer ¢ KpaTHbIM uHTerpagoM Pypee. Takxke, ¢ yuaé-
TOM orpejesierns npeobpasoBannsg Oypbe, crieKTpasbHOe paszjioxkenne (7) MpeCcTaBIsgeTcs B
BHJIe MHTEIPAJIBHOIO OllepaTopa

Erf(x) = / e(z — y, \) f(z)dz. s)

RN
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Ecm pacemorputs oneparop A ma Tope TV, To crekTpanbble (DYHKIMS PACIIIPEHNS
9TOrO oleparopa uMeeT CJeYIONUil BU

Oz, \) = (2m) N Y e, (9)

A(n)<X

a CIIEKTPaJIbHbIe PA3JIOKEHNe COBIIAAeT ¢ PABEHCTBOM (2).
Ananorundno ¢ pasercTBoM (8), B cuity onpejenenns koaddumuentos Pypoe mis Sy F nveem

S\F(z) = /9(;15 -y, \)F(y)dy. (10)

TN

a
Tenepb HaM HY>KHBI OYJIET ITEPEXOUT OT IIPOCTPAHCTB L; x npocrpancram Ly,. [jist aroro
C IIOMOIIBIO omeparopa A Haluem

Exf=0+A) m"E\(1+A)wf=(1+A)"E\g

rie A— pacrmpenusi oneparopa A B Lo(RN), g(z) = (1 + A)wm f(z). Ons moboit bysKimm
g € L,(R") BBegem oneparop E(y 4 g(z) = (14 A)~m Eyg(z). Ilo cekrpamnbhoii Teopeme JIK.
®on Heitmana nmeem

() = (@2m) / (1+ A(E) #§(e)ede =
A(&)<A

= /6“(96 — 4, Ng(y)dy. (11)
RN
rie e(z,\) = 2m)™N [ (1 + A(€)) " me ™ dE.
A§)<A
Anasnoruino onpegenum oneparop S o)G(z) = S\F(x), G € Ly(T") na Tope TV :

A(n)<

SoGl) = 3 (14 A()) 5 G = / 02(x — )G (y)dy,

10 05(2) = X g er (14 Alm)Fe.

[Iyctn EE“a) u Szka)— COOTBETCTBYIOIIME MaKCUMaJIbHbIE OIIePaTOPBHI.

Teopema 1.1lycmv 1 < p < co. Ecau onepamop EE‘G) o2paHuen (Ul cAabo 02PaHuueH)
6 L,(RN), mo u onepamop Sy ozpanuven (uau caabo ozpanuven) 6 L,(T™).

Ananornunbie yTBep:KeHue st oneparopa Jlamiaca jgokasano B pabore [3].

U3 teopembl 1 npu p = 2, BeITEKAET 4YTO, YTOOBI JOKa3aTh HepaBeHCTO (4) mocTaTodHa

Jl0Ka3aTh OPAHUIEHHOCTH OlepaTopa L7, B Ly(RYN).

Jdemma 1. ITyemov dynxyus f(x) npunadaescum xaaccy LS(RY), a > 0, u asasem-
ca Purnummnot, A()- npoussosvrvili 00noPOOHBLT NoAUHOM, MHodcecmeo Qs svnykao. Tozda
CNPABEdAUBO OUEHKG

I Ecf | Loy < el fllzecamy- (12)
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Jlokasamenvcmso. Ilpennonoxum, 9ro HOCUTE b QYHKINI f () IPUHAIEXKATH B HEKOTO-
pom mape {|z| < 3} € RN. Torna corsiacio IpuHIHUILY 0606IEHHBIX JTOKAIM3AIHA, JOKa3aHHASA
B pabore [5], mocrarouno nokasars HepaBeHCTBO (12) BHYTpH 9Toro mapa {|x| < r} mis Beex
r < 3.

KJItoueBbIM MOMEHTOM JIOKA3aTebCTBa SIBJISETCA 3aMeHa aapa e(x, \) MHTerpajHoro
oneparopa F)f(r) na dyukuuio ey(x) = e(x,\)x(x) ¢ Hekoropoil paauanbHOil dyHKIMElH
\(z) € C3°(RY) :

() :{ L Jz[<r+3
0, |z|>2(r+3).

Torma s Beex {|x| < r} uMeer MecTo paBeHCTBO

Esf@) = [ exte = ) 1wy (13)
B cuy (11) mveem
EQ@QQOZ:/6%%-@Dﬂyﬂy=(d*gﬂw% g(z) € LoRY (14)

A

e ef(e) = [(1+ 1) Fder(r).

st mokazaresibeTBa oneHKH (12) J0CTATOYHO yCTAHOBUTH CIPABEIMBOCTD HEPABEHCTBA

/sup e * g]2dx < C’/ lg(x)|?d. (15)
A>0
RN RN

[Tpu 5TOM HaM HEOOXOAMMO CJIEJIYIOMAst OlleHKa Jjijist ipeobpasoBanust Pypbe €y (§) byHK-
mn ey (x), ToKazaHHas B pabore [5.

JIemma 2. ITycms A(€)- npousdsosvhviii 00H0poOHbIl NOAUHOM, MHONHCECME0 A BUINYKAO,
a(§) = [A(E)]m. Toeda dan mobozo | € N cywecmsyem roncmanma C;, sasucawan om 1,1 u
R, maxaa, wmo dan ecex A € R u & € RN cnpasedauso ouenka

& C
O S T Ay

j=0,1. (16)

Teneps npomomxaem jokazaresncTBo JemMbl 1. [Tyers é4(€) mpeobposoBanusa Pypbe
dbyukum e$(z). Herpyamo nokazars ciemyinee paBeHCTBO

A
/1+t mdet 5)
0

WNuTerpupys 1o 4acTdaMm 1ocjeHee paBeHCTBO, TOJIYYIM
A

8O =W+ N Fa@+ = [@ry i@

0
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yubituBas a > 0 u u3 mepaBercrsa (16) npu j = 0 mosrydaem

SO <16+ 2 [ 160l < a7)

AHAJIOrTYIHO JTOKA3bIBAETCA CJIEIYIONast OIleHKa

d C

. 18
= T )
Nurerpupys (17) u (18) no A nomyumm pasromepro 1o £ € RY onenky
[ & A< C, j=0,1 19
[lsd@ra<c, j=o1 (19)
0

Hokazaresnberso orenku (15) 3aBepiaercst cieyomum obpazoM. Tak Kak
A
a 2 a d a
30 =2 [ (65 g) 5k« g)
0
u 2ab < a?® + b2, 10
a 2 a 2 d a 2
suplef * 9" < [ lef x g)["dt + [ | (ef * g)[ dt.
A>0 ) ) 1

W3 cBoiicTBa CBEPTKH, UMEEM

/supl(ei*g |dx</|g |2/| 2dtdx+/\g |2/| z)|dtdz.
A>0

RN
Tpebytomas orerka (15) rernepsb BoiTekaeT 3 HepasencTsa (19) u pasencrso [lapcesass. Jlemma
1 nokaszamno.
3. loka3zaTesibcTBa T€OPEMBI
[ycrs F € C3°(TV). Torna npu mobom a > 0 pasromepno 1o x € TV cnpasemiuso
PaBEHCTBO /\h_)rglo S\F(x) = F(x). llycrs Teneps F € L3(TY). ®ukcupyem MpousBoIbHOE YUCIO

e > 0. Tak kax C§° wiorro B LY, 1o 3h € CF(TV) raxas, uro ||[F — hl|ps < e. B cuny
pasHOMepHOit cxomumoctu Sy K h(z) 8 TN cymecrsyer umcio L = L(e) Takoe, uto npu A > L

|Syh(z) — h(z)| <&, z €TV,
Torna npu A > L nojydaeM HepaBeHCTBO

[N () = F(2)] < |Sx(F = h)(2)] + [Sxh(x) = h(z)] + [F(z) = h(z)] <
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< S.(F = h)(x) + = + |F(z) — h(z)].

Ucnomnsya onenky (4) u mepasenctso ||¢||z, < [|¢l/Ls, Oymem mveTn

5D [S3F(2) = F(@)llzacrm) < €l F(a) = (@)l ger) + =
>

+cl|F(z) — h(2)|| Lyeny < e[ F(x) = h(2)|| gy + ce < cie.

CJIG,HOB&TGJH)HO, CIIpaBE/IJINBO PaBEHCTBO
lim [|sup [EXf(z) — f(2)|l|zorr) = 0.
A—=00  AST

[Mocemmee cooTHomenue o3nadaet, uro lim SyF(x) = F(x) nourn seogy B8 TV,
A—00

Teopema 1okazaHna.
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REZYUME

Mazkur maqolada maksimal operatorining Ly da baholashni sodda usuli taklif
qilinadi. Ushbu usuldan foydalanib, ihtiyoriy elliptik differensial operatorlarining
nuqgtaviy spektorlarini xos funksiyalari bo’yicha yoyilmasining deyarli yaqinlashi-
shi haqgidagi teoremani yahshilash mumkin ekanligi ko’rsatiladi. Jumladan, silliq
funksiyalar uchun karrali Furye qatorlarining elliptik qismiy yig’indilarini deyarli
yaqinlashish haqida yangi natija olingan.

Kalit so‘zlar: Furye gatori, Sobolev fazosi, elliptik ko’phad, maksimal operator.
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RESUME

In this paper it is proposed a very simple method for estimating the maximal
operator in L. Using this method one can considerably improve the existing
theorems on convergence almost-everywhere of eigenfunction expansions of an
arbitrary elliptic differential operators with a point spectrum. In particular, it is
obtained a new result on convergence almost-everywhere of elliptical partial sums
of the multiple Fourier series of smooth functions.

Key words: Fourier series, Sobolev space, elliptic polynomial, maximal operator.
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VIIK 517.12

O HEeKOTOpPBIX MOAIPOCTPAHCTBAX CyIepPACHINPEHUS TOIMOJIOTTIECKOro
MPOCTPAHCTBA SBJIAIOMINXCHA ()—MHOTroobpa3uii

Kypaes T.®.!, Myxamaaues ®.I.>

PE3IOME

B nannoit cratbe paccMaTpuBas cyrieppaciupenusd AX Jjid METPUYEeCKOTO CBA3HO-
ro HEOJIHOTOYEYHOI'0 KOMIAKTa X, BBIJIEIECHO PsiJi TOJIIPOCTPAHCTB IPOCTPAHCTBA
MAKCUMAJIbHBIX CIEIIEHHBIX cucTeM AX SBJISIONUXCS ()—MHOTOOOPA3UsIMU.

Karoueswvie caosa: Cyneppacimupennsi, MaKCUMaJbHas CIEIIEHHAas CUCTeMa,
(Q—MHOTrOOOpa3us.

HOKprTI/Ie IIPOCTpaHCTBa X, cocTodniee n3 JABYyX 9JIEMECHTOB Ha3bIBa€TCA 6I/IHaprIM.

[IpocTpancrBo X Ha3bIBAETCS CYIMEPKOMIIAKTHBIM, €CJIM CYIIECTBYeT Takas mpejgdaza B
OTKPBITBIX MHOXKeCTB X, 9TO M3 Ji0OOro HMOKPLITUs X 3JIEeMEHTaMH 3TOH Ipeada3bl MOXKHO
BBIOpaTh OMHAPHOE ITOKPBITHIE.

Hamomunm, 9to cemeiicTBO & 3aMKHYTBIX MTOJIMHOXKECTB HA3BIBACTCA 3aMKHYTON 0a30ii
X, ecim BCAKOE 3aMKHYTO€ TOJIMHOYXKECTBO X $BJISIETCS IepPecevYeHreM JIEMEHTOB CeMeicTBa

&.

U3 nemmbl Astekcanipa BBITEKAET, IYTO CYIEPKOMIIAKTHOE IIPOCTPAHCTBO KoMIakTHO. Ce-
MeitcTBO & 3aMKHYTBIX ITOJIMHOKECTB ITPOCTPAHCTBA X HA3BIBAETCS €r0 3aMKHYTON 1pe10a30ii,
€CJTN KOHEYHOe 00beTIHEeH e 3JIeMEeHTOB ceMeiicTBa & 0bpa3yeT 3aMKHYTOro 6a3y MPOCTPAHCTBA

X.

IIpemsoxenune 1 [1]. Cemeticmeo & asasemca samrnymot 6a3ot (npedbaszot) npo-
cmpancmea X mozda u moavko mozada, kozda cemeticmeo B € { X\ A: A € B} ez0 omrpuman
6asa (npedbasa,).

Onpepenenne 1 [1]. Cucmema & samrrymoir nodmnosicecms npocmpancmea X Ha3vi-
8GEMCA CUENAECHHOT, ecau A00ve 06a anemenma ud & NEPeceraromcs.

B cBs13u ¢ npemioxkenneM 1 MOXKHO 1epeOpMyIMPOBaTh OIPEIE/IeHUs CYIIEPKOMIIAKTOR.

IIpennoxenune 2 [1]. [Ipocmpancmeo cynepkomnarmmuo moeda, u mosvko mozda, K020a
68 HEM CYULECNBYEM 3aMKHYMaA Npeddasa 6CAKAA CUCNACHHAA NOOCUCTIEMA KOMOPOT umeem,
HENYCMOoe nepecedeHue.

Cueriennast cucreMa & Ha3bIBAETCsl MAKCUMAaJIBLHON, ecin & He SBJISETCs IOJCUCTEMON
JAPYTOf CHEIJIEHHOU CUCTEMBI.

ITo nemme IlopHa BesiKast clielyieHHas CUCTeMa MOYKeT ObITh JOIOJIHEeHa, 10 MaKCUMAaJIbHOMI
CIIEIJIEHHOM cucreMe (KOPOTKO, M.C.C.), HO TaKoe JIONOJIHEHUEe, KaK [IPABUJILHO, HE OJJHO3HATHO

IIpennoxenune 3 [1]. Cuenaennan cucmema & npocmpancmsa X ABAAEMCA M.C.C. M020a
U MOALKO mMo2da, K020a 0HO 00Aadaem cAedYoUUM CEOUCNEAM NOAHOMDL ECAU 3AMKHYMOE
muoocecmeo A C X nepecexaemcs ¢ KaHcobM anemenmom us £, mo A € €.

13 Kypaep T.®@. — TamkenTcKuil roCyIapCTBEHHBIH HeIArOrMYecKuil yEIBepcuTeT, tursunzhuraev@mail.ru
’Myxamaaues ®.I' — HanuonansHell yEIBepcHTeT Y36ekucrana, farhodgm@nuu.uz
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O6o3HaunM depe3 AX MHOKECTBO BCEX M.C.C. IPOCTPAHCTBA X .

s samkuyroro muoxkectsa A C X nojioxkum AT = {£ € AX : A € £}. Jlyist oTKpbITOrO
muo)kectBa U C X nomoxkum O(U) = {£ € AX : cymecrByer Takoe F' € £, uro F' C U}.

Nneer mecto paserctBo: AX \ AT = O(X \ A).

CoryiacHO 3TOr0 PABEHCTBA U MPEJIOKEHUSA | 3aMKHYTYIO Ipeadasy mpocTpaHcTBa AX
obpasytor muoxkectBa Buga A1 re. & = {AT : A samxayTo B X'} - ecTh npeibasza Tomoorum
npocTpancTBa AX.

Bamernm, aro cemeiictBo MHOZKecTB Bizia O(U) mokpbiBaer MuoKecTBO AX (O(X) = AX),
1o sroMy 311 MHOXKecTBa O(U) OTKpPBITYIO TIpeida3y Tomojgorun Ha AX .

Buaunt, cyneppacimpenne AX J1000ro mpocrpancTBa X CyHepKOMIIAKTHO.

Hng npousBosibHO#t Touke € X depe3 1(x) 0003HAYUM CEMEHCTBO BCEX 3aMKHYTBIX
[OJIMHOYKECTB TIpOCTpaHcTBe X, cojepkammx Touky x. Cucrema n(x) - 3aMKHYTBIH yIbTpa-
duabTp U Tem Oosiee M.c.c. T.e. ompejiesieno orobopaxkenue 77 @ X — AX, KoTopoe Hempe-
pbiBHO B cuity pasencrsa U = 7~ '(O(U)) mas moGoro orkpbiroro muoxkectsa U C X. Te.
n : X — AX ecrb Bnoxenne. Ecim X kommakt, To cornacuo 4.21 [1| cyneppacimupenue
AX takke siBisiercst KommakTom. st € > 0 wepes D(FE, &) ob6o3HauYnM 3aMKHYTBIA £—Iap
{z : p(x, F) < e} Bokpyr muO)ecTBa F, e F' 3amkuyTo B X . Onpejernsiem, MeTpuky p Ha AX
nosorag p(&1,&) =inf{e > 0: F € § = D(F,¢) € &}

PacmupoBka orpejiesiennit MEeTPUKHU MOKA3BIBAET, UTO ) COBIAJIAET C METPUKOI, TTOPOK-
JeHHoi Ha AX MeTpuKkoiil - Xayciaopda pgz, Ha IBOWHOI 9KCIOHEHTe expexpX .

Taxum, o6paszom mpoctpancTBo (AX, p) n3oMerpudecku BiIoxKeHo B (expexpX, pyz). 3Ha-
quT, pocTPaHcTBO (AX, 7)) ABJISIeTCSI METPUYECKUM KOMIIAKTOM [1].

Orobpaxenne f : X — Y MeTpuuecKux MPOCTPAHCTB HA3BIBACTCS M30METPHUEi, eciiu
plx,x') = p(f(z), f(2')) maa Beex map x, 2’ € X. Ecan cymecrsyer msomerpus n3 X na Y, 10
npocrpatcTBa X U Y Ha3bIBAETCS W30METPUIHBIMHU.

Hepes A, (X) 0603HAUNM HOAIPOCTPAHCTBO cyreppaciiupenns A(X), cocrosimee U3 Beex
MaKCUMAJIBLHBIX CICIICHHBIX CUCTEM, HOCUTEIN KOTOPBIX UMEIOT MOIIHOCTL < 7.

st coxpansoriero mepecedenns (byHKTOpa F' omnpenesieH HOCUTENb SUppg(a) BCSIKOM
toukn a € F(X) : suppp(a) = ({A C X : A zamknyro u a € Fx(A)}1].

[Monacucremy &' C € masomem 6aszoit &, ecu i Joboro symementa F € £ cymecrByer
takoit asement ¢ € ¢ aro ¢ C F. Herpynno mokasars, uto cucreMa &y HamMeHBIHX (IO
BKJIIOUEHUIO) 9JIEMEHTOB M.C.C. & siBjsieTcsi HanMenbIeit 6a3oit . Hocuresem m.c.c. € Oymuem
HasbIBaTh MHO)KeCTBO suUpp(§) = |J&y. Ecmm X- 6ecKOHETHBIH KOMITAKT, MOJIOKIM

A(X) ={¢: ¢ € MX), |supp(C)| < n}.

Bamernm, npex/e Bcero, 9To A (X) (OTOXK/IECTBIAETCS M.C.C. C €€ OJHOTOYETHBIM HOCH-
resieM) 1 Ag(X)\A1(X) = &, HOCKOJIBKY HE CYIIECTBYET M.C.C., HOCUTEIb KOTOPOH COCTOSLI Obl
poBHO u3 JBYX ToueK. OjHaKo, mpu n > 3 Bce MHOKeCTBa A, (X) pasimasabl. B camom nere,
JUIst JII000r0 M > 3 MOXKHO HOCTPOUTH M.c.c. & € A(X), HOCHTEIb KOTOPOil COCTOUT U3 TOYEK
T1,L2y ceey Ty

Hanpuwmep, £ MoxxHO 3a7aTh ¢ momoribio Takoil 6a3er: ' = {x1, xe, ..., z, } U{{z1, 22} :
k=2n}.
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OuernHo, aro A, (X) 3amkuyTO B A(X) misg moboro n € N, n # 2. CienoBaresbHo,
oo

MHOKECTBO A, (X) = |J A (X) ectb 0—KOMIAKTHOE MOANPOCTPAHCTBO TPOCTPaHcTBO A(X) 1
n=1

BCroty TIOTHO B A(X).

st 6eckoneunoro kommakta X € C'omp U HOPMAJIBLHOTO WU MOJIYHOPMAJILHOTO (DYHK-
topa F': Comp — C'omp nmeroriero 0€CKOHEYHON CTENEeHH, TPUMEM CJIe/IyIoIne 0003HAMCHIA:

1 EFg(X) = F(X)\n,.(X). IIpu n = 1 oroxaecreum Fy(X) ~ Fgy(X);

2) Fu(X) = {a € F(X) : [suppp(a)] < n};

3) Sr(A)={a€ F(X):suppla) VA# 2}, tne A#u ACX;
5) Fu(X) = U Fu(X);

6) Fyu(X) = F(X)\F.(X);

7) Fon(X) = Fu(X)\Fo(X).

HamoMHIM, 9TO TOIOJIOTUIECKOe IPOCTPAHCTBO Y Ha3bIBAeTCs AOCOTIOTHBIM (OKPECTHOCT-
HbIM) perpakToM B Kiacce K (3amucoiBaerca Y € A(N)R(K) [2| eciin Y € K u jyist Besikoro
romeomopdusma h, orobpazkarorero Y Ha 3aMKHyToe mojMHozkecTBO h(Y') mpocrpancrBa X
u3 kiaacca K, muoxectBo h(Y') sBisiercs peTpakToM (OKPeCTHOCTHBIM) MPOCTPaHCTBA X .

Hamomuum 4To, TOMo0rnyueckoe npocTpancTBo X Ha3bIBA€TCS MHOroOOpasueM, MOJIe -
POBAHHBIM Ha IpocTpaHcTse Y, win Y —MHOroobpasueM [2|, ecim Beskasi TOUKa IPOCTPAHCTBA,
X uMeeT OKPECTHOCTH, TOMEOMOPMHYIO OTKPBITOMY TIOJIMHOYKECTBY ITPOCTPAHCTBA Y .

()—mHOrooOpa3ueM Ha3bIBAIOT cerapabelbHOe METPUIECKOe IIPOCTPAHCTBO, JIOKAJIBHO I'0-
MeoMOpdHOe THIL0EPTOBOMY KyOy (), rie
o0
Q= H [-1;1];

=1

-rusGepros Ky6 [3], WE, = {(g;) € Q|g; = £1}—j-as rpans rusGeprosa Ky6a (), BdQ =
oo
U W= —naspiBaercs ncesnorpanuneii Kyba @, a S = @Q \ BdQ- ncesioBHyTpeHHOCTEIO Ky6a (.
i=1

B reopun 6€CKOHETHOMEPHBIX MHOTOOODA3Uil BaXKHYIO POJIb UI'PAIOT TPU OOBEKTA: THJIb-
GeproB Kyb ), cemapabesibHoe MUIbOEPTOBO MIPOCTPAHCTBO [y U Y | JinHElHAsT 000JI0UKA CTaH-

JApTHOTO KUPIINYa
o

o 1
Q —H[_L?]

B I'IJIbOEPTOBOM ITPOCTPAHCTBE [o.

[To Teopeme Amnnepcona-Kamena, [, romeomopduo S. N3 pesynbraroB bBeccarn-
[Mesraunckoro cieayer, 9to » . romeoMopduo rint@. 3iaech depes rint() obo3HAYACTCS MHO-
xkectBo {x = x(n) € Q| |z, <t <1 mna Becex n € N}.

Hanee, rint@Q ~ BdQ, snaunr BdQ =~ ) . Yepes lg obo3HavYAeTCA JIMHEHHOE IO IIPO-
CTPAHCTBO TWJILOEPTOBA MPOCTPAHCTBA {9, COCTOSAINEE W3 BCEX TOYEK, JIUIIb KOHEIHOE TUCIIO
KOOPJIMHAT KOTOPBIX OTJIMYHO OT HyJd, a (Qf-momnpocrpancrso ruisbeprosa Kyba (), cocros-
ee U3 BCeX TOYEK JIUIb KOHETHOE YUCI0 KOOPJUHAT KOTOPBIX OTJIMYHO OT HYJIS.
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UsBectHO, 9TO MPOCTPAHCTBO (), Y. U ly CHIIBHO GECKOHEYHOMEDHBI, & IIPOCTPAHCTBO lg
c1ab0 OECKOHETHOMEPHBI M 9TH IIPOCTPAHCTBA OJTHOPOIHBI.

BaMKHyTOE MHOYKECTBO A TIpocTpaHcTBa X HA3bIBAETCS Z —MHOXKECTBOM B X, €CJIN TOXK-
JIECTBEHHOE OTOOpazKkeHue idy MPOCTPAHCTBA MOXKET OBITH CKOJIb YIOJHO OJIM3KO aIllllpOKCHMU-
posano orobpaxkenusmu f: X — X\ A.

CuerHoe 00beIMHEHNE /Z-MHOXKECTB B X Ha3bIBAeTCs 0 — /-MHOYKECTBOM B X .

Crenys 10 [3], 0-Z-MHOKecTBO THIBOEPTOBA Kyba () Ha3bIBAIOT IPAHUIHBIM MHOXKECTBOM
B  (obosnauaercs wepes B(Q)), ecimu Q\B = lo. Bosee obmumM 06pa3om, rpaHuIHbIM MHO-
JKECTBOM B () —MHOroo6pasuu Ha3bIBAIOT 0-Z-MHOKECTBO, JIONOJHEHHE JI0 KOTOPOIO sIBJISIETCS
ly-MHOTOOOpaA3TEM.

Koncrpyknuto cyneppacurrperust A(X) npumyman e I'poor [2]. Van Mill mokaszas, aro
npoctpancTBo A(X) romeomopdHo rusibbeproBoMy KyOy, eciim X HEOJHOTOUYEUHBIH MeTpude-
CKHI KOHTHHUYM [3].

Onpepnenenune 2 [4]. [Tycmv X monoaozuveckoe npocmpancmeo. Henycmoe samrnymoe
nodmmooicecmso Y npocmparcmea N(X) nasvi6aemcs GunykaAviM, €CAU €20 Henycmoe (cuyen-
aenroe) cemeticmseo G- COCMOAUUT U3 3AMKEHYMBIT MH0dHCECTE U3 X UMEEM MECTO PAGEHCMEO:
Y=N{C":CeG}

IIpumep. /las xascdozo P € N X) cucmema {P} = {P* : P € P} sunykao u A(X)
suinyk.ao. Ouesudno, wmo A\(X) = X+.

Mg snementoB M u N € M\(X) 1o nonoxkum [(M,N) ={P € A(X): M(\N C P}.

[MonmuozkectBo (M, N) npocrpantcso A(X) Ha3bIBAeTCsS WHTEPBATIOM MEXKJLy TOUYKAMU
MuNulI(M,N)CX\NX) [5]

s kazkoit Tpoitku smementos M, N, P € A\(X) cylmecTByeT M.c.c. OIpeieIeHHasT Cie-
ayiomunm obpasom g(M, N, P) = (M (Y N)U(N () P)U(M () P). Bamerum, aro g(M, N, P) €
I(M,N). qns orobpakenust g(M, N, P) BepHo ciefytomasi:

i) oro6paxenune g(M, N, P) : X*(X) — A\(X) menpepbisHO;

i) g kaxzgoit mape M, N € A\(X) orpannuenne orobpaxkenusi na I(M, N)g(M,N) :
AMX) = AMX) ecrb perpakiust A(X);

iii) maTepBatbHOE OTo6pazKenue (M, N) : A(X)* — exp(A(X)) HempepsiHO.

[Iycrs M € A(X). Ha muoxkectse A\(X) onpenessieM 6uHapHOE OTHOIIEHUE TI0 SJIEMEHTY
M ( xopotko obosnaunm: <, nim <, ) caeayionum obpasom: P < D, ecom [(M, P) C I(M, D),
rae P, D e \(X).

OueBnno, uro st Kaxkgoro M € A(X) ompejiesieHHOE OTHOIIEHHE ONPEJIE/IAeT KBa3u
HOPAJIOK U YaCTUYHBII mopsiiok Ha MHOKecTBe A(X) [8].

Jlemma 1 [8]. ITycmov M u N € A(X). Toeda M(\D C N, ecau N C M|JD.

CaencrBue 1 [8]. ITyemv M,N € AX). Toeda umeem mecmo pasencmeo: {D
N<yD} = (N € N\M}.

Jlemma 2 [8]. X nopmanavroe Ti—npocmparncmso u'Y C A(X) nenycmoe samrknymoe
nodmmnooicecmeo. Tozda caedyrouee Yeao6us IKGUCANECHHDL:

i)Y evinyk.ao;
it) das xasrcdol nap m.c.c. P, Py € Y umeem I(Py, Py) C Y
iii) Jlas kaotcdoeo M € N(X) accoyuuposarnoe nopadkom <p; 6 A(X) mnoorcecmso Y umeem
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HAUMEHBUWUL IAEMEHITL NO OMHOULEHUIO < ).

s kazxaoro M € A(X) gepe3 < M,Y > obo3Hadaercs MEHUMAJIBHBI 9JIEMEHT MTOPSIKY
< B MHOXKecTBe Y, T7ie Y Kakoe HHOY/Ib BBIILYKJIOE TIOMHOKECTBO A(X).

Teopema 1. Jlas ar0boz20 mempuneckozo komnaxma X u awbozo n € N, n > 2 nodnpo-
cmpancmeo A\, (X) ecmv Z—mmooicecmeo 6 AN X).

HoxkazareabcTtBo. [lycTth X TpOM3BOILHBIN METPUYECKUN KOMIIAKT ¢ METPHUKOH p. B
9TOM CJIydae IO BBIIeCKa3aHHOMY Ha KommakTe A\(X) paccMaTpuBaeTcs MeTpuka p. V3BecTHo,
970 Tpu N > 2 KoMmakT A, (X ) ects noanpocrpanctBo A(X) e, A, (X) C A(X). EcrecrBenno
MBI T10JI0TaeM, 910 X OGeckoHewnblii KoMakT. CiemoBaresnbho, moaipoctpancTBo A(X )\, (X)
otkpbITo B A(X) 1 A(X)\ A\ (X) # @. s upoussosbHOoro € > (0 BeIOHpaeM TOUKY & €
AX)\AL(X) Tak, aTo6sr [supp &o| > n+1 1 p(&o, An(X)) < £. Jlna Toukn & (Tax Kak &y ecTp)
nosoxkuM Y (&) = ({PT : P € &}. Teopema 1 jokazana.

ITo pesynbraram paborer [8] muoxkecTBO Y (&) BBILYKIO 1 3aMKHYTO B A(X ). ITocTponm
orobpazkenue fg,(€) : A(X) — A(X) nonaras

fe(€) =< &Y (&) >=p(€, Y (&)) tme p(&,Y (§)) menpepbiBHOE OTOOpasKEHIE U3 TEOPEMBI
2.3.[8]. Bamernm, ato fe(€)EN,(X) u [supp fe(€)| > n+ 1. Orciona, fe,(£) € A(X)\ A (X).

C mpyroit croponsl, He TpyaHO mpoBepuThb p(&, fe, (§)) < €. Orobpazkenue fg,(£) nempe-
PBIBHO. 3HAYWT, JJist 1 > 2 TOAIPOCTPAHCTBO A, (X)) ectb Z—MmHOKecTBO B A(X).

CuaencrBue 2. /las 4106020 beckonewnozo komnaxma X nodnpocmparcmaeo A, (X) ecmo
o—Z-mnoocecmeo 6 A\(X).

CaencrBue 3. Jlaa 106020 beckoneurnozo noonpocmpancmso A,(X) ecrody naommo 6
AMX) m.e. A\y(X) = AM(X).

Teopema 2. Jlasa 1106020 c68A3H020 HEOOHOMOUEUHO20 Komnarma X u at0b6020 n € N,
(n # 2) npocmpancmso Ay, (X) ecmov Q mrnozoobpasusn u Ay, (X) € ANR.

HokazarenbcrBo. Ilycrs X Heognoroueunblil cBs3ubIi KoMmakT. Torga A(X) ectb
AR xommakt. Ecim B sTom corydae X sokasnbhO cBsizHo, To A(X) € ANR. Ilomnpocrpas-
crBo A(X)\ A, (X) ectb OTKpbITOE MHOXKECTBO MPOCTPaHCTBO A(X ), TOra OTKPHITOE MHOXKE-
ctBo AN R xommakTta ectb AN R mpoctpancTBo. Ecimn, ke X MeTpudecKuii KOHTUHHYM, TO
AMX) ~ Q. re. A(X) ectb Q-MHOr006pasus. OTKpBITOE MHOKECTBO TUIILOEPTOBa Kyba (), ecThb
(Q-mHOrOOGpasus. T.e. Ay,(X) ectb Q-mHOrOOOpasusi. Teopema 2 jokazaHa.

Teopema 3. /s 1106020 6eckorewnozo KOHMUKHUYMA Nodnpocmparcmeo Ay, (X) ecmo
bECKOHEMHOMEPHOE MONOA0RUNECKY, NOAHOE cenapabesvroe A R—npocmpancmeo.

HoxkazareabcTtBo. [lycth X OeckoHedHbBI HEOTHOTOYEUHBIN KOHTHHUYM. B 3TOM City-
qae A\(X) ~ @ [7]. ITo crencrBue 3 nognpocrpancTBo A, (X) ects 0 — Z—mHO)kecTBO B A(X).
Torma Ay, (X) = AM(X)\ Ao (X) ects mononnenne o—Z-muo)KecTBa. B 9TOM citydae mo JjiemMme
2.3.[3] moampocrpancTBo Ay, (X) ecTh GeCKOHETHOMEPHOE TOIOJOTHYECKHU [OJIHOE cernapabesib-
noe AR—upocrpancrso. Teopema 3 nokaszana.

Teopema 4. Jlasa 1106020 C6431020 HEOOHOMOUEUHO20 MEMPUUECKO20 Komnarma X noo-
npocmparcmeo A, (X) asasemes eparuinom mroocecmeom komnarma A(X).

U3 Teopembr 4 uctosib3ys hakThl OTHOCANNXCS K TPAHUYIHBIM MHOXKECTBA TMJILOEPTOBA
Kyba () paborsl [3] moKa3bIBACTCH.

Teopema 5. Jlaa 4106020 Henycmozo 3amrnymozo noommosxcecmea A C X omauunozo
OM. CAMO020 C8AZHO20 HEOOHOMOUEUHO20 MEMPUYECK020 Komnakma X nodnpocmparcmeo Sy(A)
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20MEOMOPPHO 2usvbepmosomy npocmparcmey L.
SHAYNTD, Ui JTI000TO HEOIHOTOYETHOTO CBSI3HOTO METPHUYECKOIO KOMIIAKTa X HMeeM:

)
) _
) Sx(A) romeomopdHO THIBOEPTOBOMY TPOCTPAHCTBY {o, THe A # &, A # X, A = A,
4) Ay k(X)) orrpBITO B A\, (X)), THE 0 > Ky M > 2;
) Aw(X) BeCKOHETHOMEDHO U SIBJISIETCS IPAHIIHBIM MHOYKECTBOM KoMmakTa A(X);
) HomupocrpancTBo Ay, (X ) romeoMopdHO ruibbepTOBOMY IPOCTPAHCTBY (o}
) HoxmpocrpancTBo A, (X) ectb AN R mpocTpaHCTBO.
JImreparypa

1. B.B.®enopuyk, B.B.®unumnmos. Obmas Tomosorus. OcHoBHBIE KOHCTPYKIH. MocCKBa:
Nzm.-Bo MI'V, 1988, 252 crp.

2. C.A.Borarwriii, B.B.®enopuyk. Teopus peTpakToB u OECKOHETHOMEPHBIE MHOTOOODA3US.
Urorn nayku n rexuuru. Asrebpa. Tomonorus. eomerpus M. 24 (1986) 195-270

3. D.W.Curtis, Boundary sets of the Hilbert cube, Topology and its Applications 23 (1985)
163-172

4. Czeslaw Bessaga and Aleksander Pelczynski, Selected Topics in Infinite-Dimensional
Topology (Monografie Matematyczne, No. 58) (1975) 353 pages.

5. R.D.Anderson, On topological infinity deficiency, Mich. Math. Journal 14 (1967) 365-383

6. J.De Groot, Supercompactness and superextensions. Contribution extension theory of
topological structures. Sump. Berlin: 1967. Deutseler Verlag Wiss. (1969) 89-90

7. J.Van Mill, Superextensions of metriziable continua are Hilbert cubes, Fund.Math. 107
(1980) 201-224

8. van de Vel, Superextensions and Lefschetz fixed point structures. Fund. Math. 104 (1979)
27-42

9. F.E. Brouwer, A. Schrijver A characterization of supercompactness with an application
to tree-like spaces. Report Math. Centre, ZW 34/74, Amsterdam, 1974.

REZYUME

Magqolada bir nugtadan iborat bo’lmagan X bog’lamli metrik kompakt fazoning
superkengaytmasi AX qaraldi va uning maksimal zanjirlangan sistemalar fazosi AX
ning ()—ko’pxillik tashkil giluvchi bir qator qgism fazolar ajratib berildi.

Kalit so‘zlar: Superkengaytma, maksimal zanjirlangan sistema, ()—ko’pxillik.
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RESUME

This article considers the A X superextension for a metric connected non-single-point
compact set X; a number of subspaces of the space of maximally linked systems
AX that are ()—manifolds are distinguished.

Key words: Superextensions, maximal linked systems, (J—monifolds.
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VIK 517.55

BEIIECTBEHHBIE AW*-AJITEBPBI UMEIOIIINE HE W*-ABEJIEBBI
AW*-ITIOOJAJITEBPHI

Kum 1. 1. °

PESIOME

B pa6ore ctpoutcs BemectBennsbiit anajgor AW* dakropos, mocrpoennbix Paiirom
n Takenyun, ¢ ue W* abesnenoit AW *-nomanrebpoit u gaeTcs onpejesieHne armpok-
CHMAaTHBHO BHYTpeHHBLIX *-asroMopdusmo AW* dbakropa Tuma I1;.

Karouesvie caosa: AW*-anre6pnl, abenesst AW*-nomanrebper, W*-anrebpor, *-
aBroMopdusMbl, cocrostaue, B(H),cobcrBento 6eckoneunsie AW *-aire6pbr.

[Tycrs Banaxosa *-asre6pa A na nosiem C naswisaercst C*-anzebpoti, ecu ||aa*|| = ||al|?,
st moboro a € A. C*-anrebpa M maswiBaerca W*-anzebpoti, ecim cymectByer 6aHAXOBO IIPO-
crpanctBo M, rtakoe, uro (M,)* = M.

[Iycrs B(H) — anrebpa Bcex OrpaHUYeHHbBIX JIMHEHHBIX OLEPATOPOB, JeHCTBYIOMIUX B KOMILIEKC-
HOM TWILOEPTOBOM TpocTpancTBe H. JIOKaIbHO-BBIYKIIast TOMOJIOTUS OlIpeJIesiseMasi ¢ ITOMO-
MIBIO CXOIUMOCTH:

T — 0 & (2,8,m) =0, V¢neH

HasblBaeTcsi caaboit (omeparoproii) Tomosiorueit. Vspecrro, uro ecoim M C B(H) - *-

noganrebpa, To M sapisgerca W*-anrebpoii Torma u ToabKo Torga, korga M — ¢1abo 3aMKHYyTa
neechl.

[Iycrs M — W*-anrebpa. Muoxkectso M’ Beex sementoB u3 B(H ), KOMMYTHUPYOIIHUX C KazK-
JIBIM syteMeHTOM 13 M, HasbiBaercst kKommymarnmom aarebpst M. Henrpom Z (M) amrebpsr M
HA3BIBAETCS MHOXKECTBO 3J1eMeHTOB M, KOMMYTHUPYIOIINX ¢ KaxKIbIM 3jemenToM u3 M. Jlerko
BuseTh, ato Z(M) = M N M'. Daemenrst Z(M) HA3BIBAIOTCA NEHTPAIBHBLIME SJICMEHTAMI.
WH-anrebpa M nasbiBaercs dakTopom, eciau Z(M) cocrouT u3 KOMILIEKCHBIX KpaTHbIX 1, T.e.
Z(M)={\:\eC}

[Tyctb e, f,h — TPoeKTOPHI (CaMOCONPSAKEHHbIe WIEMIIOTEHTH p = p? = p*) uz M. Mul
FOBOPHUM, YTO € 9KBHBAJEHTHO f, U mumieMm e ~ f, ecan e = w*w [ = ww* g HEKOTOPOi
YaCTUYIHON m3oMerpun w u3 M
[IpoekTop e Ha3BIBAETCH:

® KOHEJHBIM, eciu u3 e ~ [ < e cienyer f = ¢;

e OEeCKOHEYHBIM - MHAJE;

e 4UCTO OECKOHEYHDBIM, €CJIU € He UMEeEeT HEeHYJIEeBOW KOHEUHBII MO/ IITPOEKTOD;
e abesieBbIM, ecsiu ajredpa eM e sBisercs abesieBoit W* aaredbpoii.

W* Anrebpa M Ha3bIBaeTCS:

“Kum . . — HarmonasibHblit yHuBepcurer Y36ekucrana, Tankenrckuii puman POY um. I.B. Iliexanosa,
dmitriy.kim.1995.04.23@Qgmail.com
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® KOHEYHOI, DECKOHEUHOM, YncTO OeCKOHEeYHOM, ecjin 1 sBjIgeTcsd KOHEYHON, OECKOHEYHOI],
YUCTO OECKOHEYHOI COOTBETCTBEHHO;

® II0/IYKOHEYHOI, €C/IN KazK Iblil TPOeKTOP B M COMEPKUT HEHY/I€BOI KOHEYHBIN TIO/IITPOEK-
TOD;

® COOCTBEHHO GECKOHEUHOIl, ec/in KaxK/Iblil HeHyJ/1eBoii poekTop u3 Z (M) Geckonevew;

® JIMCKPETHOI mim tuna [, ecin OHa COJEPXKUT TOUHBINA abesieB IpoeKTop (T.e. abesieB mpo-
eKTOp C IEHTPaJIbHBIM HOocuTeseM 1);

® HelpepbIBHOM, ecyin B M HeT abejieBro IpoekTopa, KpoMe HyJIeBOIo;
o M wumeer tun [, ectu M mosyKoHeUYHa M HEIPEPbIBHA;

e tun [y, (coorBercrBento I..), ecam M mmeer tun I u Komedna (COOTBETCTBEHHO OG-
CTBEHHO OECKOHETHA);

e tun /[, (coorBercrBenno tui I1), ecan M wumeer tun /] m KoHedHa (COOTBETCTBEHHO
cOOCTBEHHO GECKOHEUTHA);

e tunt [11, eciim M ducto GeckoHETHA.

Ounpepnenenne 1. [Tycmv A — sewecmeennan uisu xKomnaexcuas *-arzebpa u nycms S
— nenycmoe nodmmoscecmeo A. Ionooicum R(S) = {x € A: sx =0,Vs € S} u nazosem R(S)
npasvim anryasmopom S. Ananoeuuno L(S) ={x € A:xs=0,Vs € S} neswiii annyaamop S.

Ounpenenenne 2. *-anzebpa A nasvisaemcs G3IPOBCKOM *-anzebpoti, ecau dasa ao-
6020 menycmozo S C A umeem R(S) = gA, daa mexomopozo npoexmopa g. Ilockorvky
L(S) = R(S*)* = (hA)* = Ah, onpedeaenue cummempuywno u moxcem 6vimov 0ano wepes

Ae6oill annyaamop. 3decv S* = {s*|s € S}.

Onpepesienne 2. Bewecmeennan (usu womnaexcnasn) CH-aneebpa A, asasowancs
*-an2ebpoti Bapa, nazweaemen sewecmeennots (cooms. komnaekcnot) AW *-anrebpoii.
WsBectno,uro Beskas WH-anrebpa apaserca AW *-anre6poit, onHako oOpaTHoe HEBEPHO.

Jluneitupiit GyHKIMOHAT ¢ HA A Ha3BIBAETCH NOAOAHCUMENbHOIM, ecin ¢(x*x) > 0 s
Beex = € A. Ilomoxkurenbublil uHeiinbli dbyHKImoHan ¢ ||¢]| = 1 HazbIBAETCS COCMOANHUEM.
Cocrosmue HasbBaeTcs mounvim, ecan © € Ay, ¢(x) = 0 Baeder = 0; HOPMAALNbIM, €CITH
nuist moboit cetn {x,} C A ¢ x, /& nmeem ¢(z) = sup, ¢(z4).

[Tyctr A — C*-anrebpa. s snemenToB a,b € AL, Mbl numeMm a < b, eCjii CyIIecTByeT
HOCJIEIOBATEIBHOCTD (T )ney C A Takas, Ito ,bx) — a.

Oyukmusa D : A — [0, 1] HasbiBaeTcst pazmeprocmuot gynruued, ecan

1. D(a+0b) = D(a)+ D(b) Beakuii pas, korga a_Lb;
D(a) = D(a*a) = D(aa*) = D(a*) pns Bcex a € A;
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3. u3 0 <a<bcrenyer D(a) < D(b);
4. a S baeger D(a) < D(b).
Bosnee Toro, mbl roBopuM, uro orobpazkenme D cybaddumusno, eciu D(a + b) <
D(a) + D(b) (Va,b € A), u cnusy noaynenpepwicro, ecim D~'((A,1]) - orkpbito B A, s
Ae0,1).

Hawm nonajioburces cieayrolias TeopeMa.

Teopema 1.[1] Ecau X — saokaavho xomnaxmmoe xaycdopdoso npocmparcmeo, mo cy-
WECNBYEM KAHOHUYECKOE COOMBEMEMEUE MeHCIY CybadoumueHuMU NOAYHENPEPOIEHBLMU CHU-
3y pasmeprocmmvimu Pynryuamu na Co(X) u cuemmno-addumusnomu mepamu na X ¢ o-
KOMNAKMHBM HOCUMENEM, ONPEJEAEHHDBIM HA O -AA2e0De, NOPOHCICHHOT T -KOMNAKIMHBLMU O~
KPOIMBLMU MHOACECTNEAMU.

Yreepxkaenuue 1. [Tycmv R — sewecmeennas AW*-anze6pa muna I, maxas wmo R+iR
— AW*-anzebpa. [ycmov Q C R - sewecmeennas abeacea AW*-nodanzebpa. Ecau Q ssanemcs
sewecmeennots W*-anzebpoti, mo R maxoice asansemes eewecmeennotc W*-anzebpoti.
Joxaszamensvcmeo. AHaJOIMYIHBIA pe3ysbTaT MMeeTcsi B KOMILIEKCHOM ciydae. [ToaTomy, Tak
kak () + iQ sBiasiercs W*-anarebpoit to R + iR asiasierca W*-anrebpoit. Torna R siiasiercs
Bemecrsennoit W*-anrebpoit. [

Bameuanne. Hamomuunm, uro B ciencrue 4.5.3 ([2]) sror yrBepKiacHue nokazano B
ciydae korja ) = Z(R) - nenrp aarebpsr R.

Teopema 2.[3] Ecau A - cobecmsenno beckonewnas AW*-anzebpa, mo A monomorno
O-NOAHA, TO eCTND KAHCAAA 02PAHUYEHHAS MOHOMOHHO 803PACTNANOULASL NOCACIOBAMENDHOCTN
CAMOCONPANCEHHBLT INEMEHMOE UMEEM MOYHYI0 eepxrhioto epanuyy 6 A. Ecau anzebpa A
AONOAHUMENLHO ewse 00AGIAEM MOUHBIM COCTNOAHUEM, O OHA MOHOMONHO NOANG.

Orcro/1a ToIyauM CJIeJIyIoIee CJIe/ICTBIe

CaencrBue. [Tycmv R - cobecmeento beckoneunas seusecmeennas AW*-anrzebpa, maxas
ymo A= R+ iR - AW*-anzebpa. Tozda R mornomorro o-noana.

Jlokasameavcmso. Ilycrs (a,) C R - orpanndentas MOHOTOHHO BO3PACTAIOIIAs [OCJIEI0-
BATEJILHOCTH CAMOCOIPsI?KEeHHBIX 971eMeHTOB. [lo Teopeme 4.7.4 [2] A = R + iR - cobcrBeHHO
6eckoneunas AW*-anrebpa. Torma o Teopeme 2 anrebpa A - MOHOTOHHO O-TIOJIHA, CJIEIOBA-
TEeJIbHO, MOCJIeI0BATeIbHOCTE (a,) C A mmeer Tounyio Bepxuiowo rpanuiy B A. ITockosbky
a, € R (n € N), 10 a € R, orciona R -MOHOTOHHO 0- mojHa. [

HpI/IBeﬂeM JABa BCIIOMOr'aTe/IbHbIX pe3yJibTaTa JIJId IIOJIyYeHUA OCHOBHOM TeOpPEMBI.

Teopema 3. [4,5] [Tycmv A - AW*-anzebpa muna II. Ecau A obaadaem mounvim cocmo-
anuem, mo A aeasemes W-anzebpoii.

Teopema 4. [2, Teopema 4.3.5] Bewecmeennas AW*-anzebpa R asasemces seusecmeen-
Hoti W*-anzebpoti moeda u moavko moezda, xkozda

1. R obyajiaeT OTAESIONIIM CeMeficTBOM HOPMAaJIbHBIX COCTOSTHUIA;
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2. Eé xommnekcuduramusa A = R + iR apngerca AW*-anare6poii.

Teopema 5. [Tycmv R - sewecmeenmnvitic AW*-axmop maxoti, wmo A = R+iR - AW*
anzebpa. Ilyems QQ - abeacsa sewecmeennas AW*-nodanrzebpa R, 1e A6AA0WAACA GEULELCMEEH-
noti W*-aneebpoti. Torna BepHbI CJIeIyIONMe YTBEPK ICHUS:

1. R me sBnserca semecrsennoin W*-aire6poii;
2. R umeer Tun 11, wanm 11I1;
3. R MoHOTOHHO o-TIo/IHas Bemectsennas C*-anrebpa;

4. Ecm R nmeer TouHOe cocroguue, To R - MoHOTOHHO T10JTHO M nMeeT Tuir [11.

Jokxasamenavcmso.

1). Ecim R — BemectBennas W*-asirebpa, 1o 1o yTBepxaeHnio 1 anrebpa () - Bere-
crerHas W*-asrebpa, 9To HmpoTHBOpEedYUT HM3HAYaIbHOMY ycaosuio. Cremosaresnbno, R He
MOKeT OBbITh BemecTBeHHoit W*-aarebpoi.

2). Ilo camencrButo 4.6.12 [2] asrebpa R He MOXKeT uMeTh THUI I, TaK KakK BCAKWUii
semecTBerHbiit AW*-dakrop tuna I asisgercsa semecrsennbiv W*-akropom Tura 1.
Paccmorpum gBa BapuaHTa JloKasaTeabCTBa st caydas Tuma [1:

(7) mycrb R mmeer tun II; u D @ A — [0, 1] pasmeprocrrast dyuknus na A. [To reopeme
1 (re. 1.2.1 u3 [5]) dyskmus D mact crporo MOJIOKHUTEIBHYIO, BIOJHE aJIATUBHYIO Mepy Ha
npoekTopax . Torma ) obamaer TOYHBIM COCTOAHUEM M 110 TeopeMe 4 () sBJsiercs Belle-
crBernHoit W*-airebpoit, KOTOpBIil NPOTUBOPEYNT M3HaYaIbHOMY ycaoBuio. CrenoBarebHo, R
nmeeT tum 11, won 111

(#7) Ilycts R mmeer Tun 1I;. Torga no reopeme 4.7.1.[2] anrebpa A = R+ iR Takyke HMeeT THII
IT;. Tak kak Q + iQQ abeneBa AW*-nonanredpa anrebpor A, ne apasromasics W*-anrebpoit, To
o npeiozkenuto 1.1 [6] anrebpa A we mmeer tun 11y, uro sBasgerca nporuBopednem. Torma R
rak:ke He umeer tuil I1;.Crenosarensno, R nmeer tum 11, mmm 111

3). Tak Kak 1o yHKTY 2) R - cOOGCTBEHHO GECKOHEYHA, TO TI0 CJECJICTBHUIO R - MOHOTOHHO
O-1I0JIHA.

4). Ilycts ¢ - Tounoe cocrosiame Ha R. To o teopeme 2 (Kpucrencena-Ilegepcona) u mo
Teopeme 4, ecsim R mMeer TouHOEe cocTogHue, To R - mornoTonHo mosiHo n uMeeT Tuir 11, Twum
I, - HEeBO3MOXKEH, TaK Kak, 1o Teopeme 3 BemecrtBennas AW*-ajrebpa tuna I ¢ TognbM
cocrosiHueM siBjsiercs W*-ajre6poii, 4To npoTuBOpednT yeaosuio. [

Jlamee paccMOTpMM HMHTepecHble pe3yabTraTbl g KoHedHoro AW*-daxropa Tuma

I1;. Tlycte, Teneppr N - *-ajrebpa. Jluneitnoe orobpaxkenuwe 6 : N — N HasbiBaeTcs *-

aBroMopdusmom anrebpsr N, ecan 0(z)* = 0(z*) u 0(zy) = 0(x)0(y), nasa Beex x,y € N.
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Kaxpiit obparumblii (uan yHuTapHbiii) saement v € N onpenensier *-asromopdusm Adu
na N xak Adu(z) := uzu™', r € N. Takue *-aBroMopduU3MBI HA3BIBAIOTCS BHYTPEHHUMH
*_apromopdusmamu. epes Aut(N) obosHaeTcss MHOXKECTBO BCEX *-aBTOMOPMU3MOB ajirebpbl
N cuabzKeHHOe ¢ TOIOJIOTHEN 110 ToueuHol cxoaumoctu. Yepes Int(N) 0603HAIMM IPYIIY BCEX
sHyTpennux *-apromMopduszmos N u depes Int(N) ee sambikanune B Aut(N). *-ApromMopdusm
f HasBIBAeTCS ANPOKCUMATHBHO BHYTpeHHHUM, ecim § € Int(N). B pa6ore [7] A.Komn maer
XapaKTepU3aIMio alllPOKCUMATUBHO BHYTpeHHUX *-aroMopdusmos W*-dakropa Tuma II;. B
pabore [8] D.I1Irepmep mOSYUNSI aHAJOMMYHBIE PE3YJLTATHI B BEIIECTBEHHOM CiIydae. 3JeCh

MBI PACCMOTPUM 3TH pe3yibrarhl Jjid AW*-pakropa tuna I1;.

Teopema 6.1Tycmov R - sewecmsennviti AW*-gaxmop muna I, maxoti, wmo A = R +
iR C B(H) - AW*-gpaxmop, 2de H - nexomopoe cenapabesvroe 2uibbepmoso npocmpancmeo.
Ecau 0 € Aut(A) ydosaemeopsem ycaosue 0(R) = R, mo caedyrousue ycao6us sK6UEaAACHIMHDL

(i) 0 € Int(A);

(74) cymectByer *-aBromopduzm C*-anredpbi, mopoxennast ajrebpavu A u A’ Koropbrii
coBriajiaer ¢ 6 va anrebpe A u ToxKjecrBenHo Ha A’

(44i) cyrmecTByeT OrpaHUYEHHAs [OCJIEI0BATEIbHOCTD (1,) C R, He cxomsiast CHIBHO K HYJIIO,
Takasi, 910 rn,a — 0(a)z, — 0 - cuibHO, juist Va € A;

(1v) cymecTByeT MOC/IeI0BATEIbHOCTh YHUTApHBIX (v,) C R Takas, uro 6 = lim, Adv, B

Aut(A).

Orcrozia IOy InM CJIC/IYIONIE CICACTBIS o
Caencreue 1.1Iycmy § € Aut(A) ydosaemeopaem ycaosue O(R) = R. Toeda us 6 € Int(A)
caedyem 0 € Int(R), 6 wacmnocmu, uz 0 € Int(A) caedyem 0 € Int(R).

To ecrb, eciu § - BayTpennuii *-apromopdusm ua R + iR u (R) = R, To cymecTByer
YHUTAPHBIH 3j1eMenT v € R, Takoii, uto § = Adv.
CaencrBue 2.FEcau H - sewecmeennoe 2uavbepmoso npocmpancmeo u B(H) - anzebpa ecex
AUHETHO 02PaHudeHHuT onepamopos wa H, mo ecarut *-asmomopgusm na B(H) asasemcs
BHYMPEHHUM.
Jloxazamenvcmeo. Tponomxkum *-asromopdusm 6 na B(H,.) = B(H) + iB(H) xak

O(x +iy) = 0(x) + i60(y),

re H. = H+iH. Tlockonbky *-apromopdusm  aengercsa sayrpennum na B(H,) u 0(B(H)) =
B(H), o o caeacreuio 1 *-apromopdusm 0 asiserca sayrpenanm va B(H). [
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REZYUME

Magqgolada Rayt va Takenuchi tuzgan, W* bolmagan, abel AW™*- qism algebrasi
AW™* faktorlarning haqiqiy analogi beriladi, va aproksimativ, I1; turdagi faktorli
AW™* avtomorfizmlar ta’rifi beriladi

Kalit so‘zlar: AW*-algebralar, abel AW*-subalgebralar, W*-algebralar, *-
avtomorfizmlar, holat, B(H), to?g?ri cheksiz AW *-algebralar

RESUME

In this paper we constructs a real analogue of the AW™ factors constructed by
Wright and Takenouchi, with a non-W* abelian AW*-subalgebra and give a
definition of approximate inner *-automorphisms of the AW™* factor of type I1I;.

Key words: AW*-algebras, abelian AW*-subalgebras, W*-algebras, *-
automorphisms, state, B(H), properly infinite AW *-algebras
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VIK 517.95

HEMPOHHBIE CETU HA OCHOBE PAJIMAJIbHO-BA3UCHBIX ®YVHKIINN
C MHO2KECTBEHHBIMUI BECOBbIMU COEJMHEHMUAMMNM AOJIA 3AJTAY
KJITACCUDPUNKAIINN

Kynaiiceprenos K. K., Mymunos 3. U.

*

PESIOME

CoriacHO MOCIEIHUM UCCIEIOBAHUSIM B 00/IaCTH KOTHUTUBHBIX HAYK W OMOJIOTUU, B
OCHOBE OMOJIOTMYEeCKUX HEPOHOB B3aUMOJIEHCTBUE HEAPOHOB OCYIIECTBIIAETCS C 110~
MOIIIBIO HEHPOTPAHCMUATTEPOB, TIEPEIAOININE CUTHAJIBI MEXK Ly HeifipoHamu. Kazkiprit
OuoJIornyuecKnii HefipoH B3aMMOJICHCTBYET C JIDYTUM, BBICBOOOXK 1asd Pa3HBbIX THUIIOB
HEHPOTPAHCMHUTTEPOB, KaK/Iblii 13 KOTOPBIX BBIMOJIHSICT OIPEJICICHHYI0 (DYHKITUIO.
Broxuosiennas 3TuMu OMOJIOTMIECKUMU OTKPBITUSIME, B 9TOH CTAThe IIPE IIaraeTcs
HOBas MOJeJb UCKYCCTBEHHOU HEMPOHHON CeTU, pacIiupdad KOJUIECTBO COCIUHEHUS
C OJTHOT'O JI0 HecKOJIbKUX. lIpesoiaraercd, 94To coeJimHenne MeXK Iy JIByMd y3JIaMu
MHOZKECTBEHHBI, & UMEHHO, CYIIECTBYCT MHOXKECTBO COCIWHEHUU MEXKJY BXOIHBIM
U CKPBITBIM Y3JIOM B paJinajbHON Oa3ucHoOil HefipoHHON ceTn. Pa3Hble KOMIIOHEHTHI
COOTBETCTBYIOT PA3JIMYHbIM HEHPOTPAHCMUTTEPAM, & KOJIMYECTBO COCJANHEHNN IIPe/I-
CTaBJIAET KOJMIECTBO KaTeropuil Heitpome InaTopoB. BXoHbIE U BBIXOHBIE JaHHbIE
JUIS KaKJIONH eJIMHUIIBI B IIPE/IaracMoi MOJIEIN OIIPE/IeIAETCs IBPUCTUICCKA, YTO-
OBbI 3aCTaBUTh 3TU HEMPOTPAHCMUTTEPHI B3aUMOJICHCTBOBATh M KOHKYPHPOBATDH CO-
oTBeTCTBYIONMIUM 06paszoM. C 6MOJIOrTIecKOil TOUKN 3peHnsl, Ipe iiaraeMasi MOJe/ b
pajimaIbHOI 6a3uCHOM HEIPOHHON CeTH TOPa310 OOJIBIE UTIOCTPUPYET OMOIOTTUe-
cKue HefpoHHbIe ceTH. B 3Toil crarbe paccmMaTpuBaeTcs MOJIEIb HEHPOHHOM CeTH Ha
pajmabHOM 0Oa3mce ¢ MHOXKECTBOM COEJIMHEHUM MEK]Iy KarKJbIM BXOJIOM U CKPBI-
ThIM y3710M. OCHOBBIBasiCh Ha (PaKThI, YTO AKTHBAIAS KAXKJIOTO CKPBITOTO MO/TY/IsT
OCHOBaHa Ha psjie PUIBTPOB, ¢ TOYKU 3PEHUs] HOBON CTPYKTYPBHI MOJIEIH MOXKET
YJIYUIIATh HWHTEPIPETUPYEMOCTb (DYHKIINH, U3YIeHHBIX UCKYCCTBEHHON HEHPOHHOI
ceTbio. BeraucmrebHbIe SKCIIEPUMEHTBI ¢ TAJTOHHBIMI HAOOPaMU JTaHHBIX Ha PEIIO-
3UTOPUU JIJIT MAIIIMHHOIO O0YYeHUsI TTOKA3AJIM, UTO TPOU3BOIUTETLHOCTD OOBITHBIX
HEHPOHHBIX CeTel MOXKHO IIOBBICUTD 3a CYET YBEJIMYCHUS PA3MEPHOCTH COCIUHEHUN
MEXKIy HeHpOHAMU, a KOHIIEHINS MHOXKECTBEHHBIX COCJIUHEHUN BECOBLIX KO3(hdu-
[UEHTOB [pe/jijiaraeT HOBBIHI IIOAX0/ K IIPOEKTUPOBAHUIO U apXUTEKTyPEe UCKYCCTBCH-
HBIX HEHPOHHBIX CETEM.

Karoueswvie caosa: pajuanbhas OasucHas OYHKIWS, pajuajibHas Oa3ucHas Heii-
poOHHad CeTb, HEIpOMeaUaTOP, MHOXKECTBEHHAA CBA3b, BEC, CKPBITBIN CJION, KIacCu-
dukarms.

BBeaenne

3BecTHo, 9TO B OCHOBE BCeX MO/le/ielt nckyccrBennbix Heifponusix cereit (HC) Jte-
JKUT HEfpOHHAsT OpraHusalisi Kopbl rojgosaoro mMosra [1]. Hampumep, momenn HC,

“Khudaybergenov K. K. - Kimyo International University in Tashkent, kabul85@mail.ru
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TaKne KaK TeHepaTUBHAg COCTsI3aTe/bHast CeTh [2], riybokast ocTaTovYHas CBEPTOY-
Has HelipoHHas ceTb [3|, rybokasi manna Boabrivana [4], ceeprounast HeifipoHHast
cerb [5], cucrembl HevweTkoro BeiBoja [12-14,17], mMuorocsoiinbie HefipoHHBIE ceTH
(MHC) [19-21], meitponmbie cetu riybokoro mosepust [22] u riybOKuil aBTOIHKOIED
|6] mokazau cebst TPEBOCXOIHO TIPH OOHAPYKEHNH CJIOKHBIX CTPYKTYD Ha OCHOBE
CEHCOPHBIX BXOJHBIX JIAHHBIX M MOI'YT IPUMEHSATHCs JIJI PEINleHHs] MHOTHX IPO-
O71eM ¥ 3a/1a4, CBA3AHHBIX C HCKYCCTBEHHBIM MHTE/JIEKTOM, TAKUX KaK BU3YaJbHOE
pacniosHasauue 00beKTOB [7,18,24-26|, pacnosnaBanue peun [8| u nonumanue ecre-
cTBeHHOTO s3bIKa [9]. OjiHAKO IPOIece Tepeiadn CUrHaIa MEXK/Iy JAByMsl y3/JIaMi BO
Beex 31ux MoJeax HC ocHOBaH Ha OJIHOM COEIMHEHNH ¢ HEKOTOPBIM BecoM. Tounee,
HEKOTOpasi HeJimHeiHasg BDYHKIMs UCIIOJIb3YeTCs JIJisl AKTUBAIINK BBIXOJHOI'O CUTHA-
7a y; GJIOKa ¢ IOCJIe er0 yMHOYKEHHsI Ha BeC coeAnHenus w; ;. Ilocieyromuit MomLyib
CJI0s1 j TIOJIy9aeT Ha BXOJ[ [OJIyIeHHOE 3HAYECHHE, U 9TOT IIPOIECC MTPOI0JIZKACTCS JI0
KOHIIA MOJIEJIN.

Osnako 6uosiorundeckue uccnejposanus [10,11] mokazanu, 9ro JBUIKEHHE XUMEIUeE-
CKUX BEIEeCTB, HA3bIBAEMbBIX HETPOTPAHCMUTTEPAMU, KOTOPbIE UCITYCKAIOTCS HEHPO-
HOM B IIPECHHAIITUYECKOM HEPBHOM OKOHYAHUU, ABJIAETCS CIIOCOOOM TIEpeIavn JIaH-
HBIX MEXKJTy JIByMs COeIMHEeHHbIMI Hefipornamu. Crieayomunii HefpOH 3aTeM oIy da-
eT HeHPOTPAHCMUTTEPHI B CIHEIUAJTM3UPOBAHHOM MeCTe, U3BECTHOM KaK PeIenTop.
JIByMsI OCHOBHBIMHU KaTE€rOPUSIMU TPAJIUIMOHHBIX HEHPOTPAHCMUTTEPOB ABJIAIOTCS
KPOIIIEYHbIE MOJIEKYJ/IbI HEHPOTPAHCMUTTEPOB U HEUPOIENTU/Ibl. DTU HEHPOTPAHC-
MUTTEPbl MOXKHO Pa3/JeUTh HA MHOXKECTBO HEOOJIBIITUX OPraHUYeCKUX MOJIEKYJI,
TaKUX KaK aMUHOKHUCJIOTHBIE HEHPOTPAHCMUTTEPHI ITyTaMaT, OMOreHHbIe AMUHBI J10-
damun, ATDO u apyrue. Heitporenrrupr, 60/1ee BaykHbIE, €M HEOOJIBIITIE MOJIEKYIThbI-
IepeIaTINKI, COCTOAT U3 TPeX WU DoJiee aMIHOKHCIOT. Kpome Toro, HeiipomnenTu-
JIbI CYIIIECTBYET B CAMbIX Pa3HbIX Tuiax. [lo cyTn, HefipoH B3anMoaeicTByeT ¢ JIpy-
UM HEPOHOM, BBICBOOOXKIasl pa3IuvdHble HEHPOTPAHCMUTTEPHI, KazK/Iblil 13 KOTO-
PBIX BBITIOJTHSET OMPEJIETIEHHYIO (DYHKITHUIO.

B jannoii crarbe npejiyiaraeTcd HOBBIH TUIT HEHPOHHOM CETH ¢ PaUaIbHOI 0a3MCHOM
dbyukimeit ¢ muokecrBernbiME CBsi3sivu (HCPB®) myrem pacimpenust pasmepos
CBA3€EH MEXK/LY JIByMsl €JIMHUIIAMU C OJTHOTO JIO0 HECKOJIBKHX, YTO OCHOBAHO Ha, ITPWH-
ruie nHGOPMAIIMOHHON CBI3U MEXKJLy JBYMs Heliponamu |1|, mHanpumep, nsa Heii-
pOHa HepealoT COOOIECHUS, BEICBOOOXK Iasi HECKOJILKO TUIIOB HEHPOTPAHCMUTTEPOB,
a He eJIMHCTBEHHbIN Tum. KaxKigoe oTjie/ibHOE COeMHEHNEe C MHOYKECTBOM CO€JIMHEe-
uuit B HCPB® coorBercrByer pasimmaubiM THUAM HeifpoMemnaTopos. B gacTtHOCTH,
CBsI3b MEXKJLy JIByMsl COeMHEeHHbIME O10Kamu (y3es1) [Tl HOBOW MOJIEJIH SIBJISIeTCsT
MHOT'OMEPHO#, TOT/Ia KaK JIjId BCEX HCIOJIb3yeMbIX B HACTOsIIEe BpeMs HeifpoceTe-
BBIX MOjlesieil OHa sIBJIsSIeTCs OJHOMEpPHOi. B paboTe, 3BpUCTUUIECKU OIPEIe/ITeTCs
BXOJIHBbIE W BBIXOJHBIE JaHHBIE Kaxkg0ro ckpbiToro 6jo0ka B HCPB®, urobnr obec-
MEYNUTDH JIANTUBHOE B3aUMOJICHCTBIE U KOHKYPEHITUIO MEXKTY JIBYMs OJIOKAMU.

HCPB® umeer HEKOTOPBIE TPEUMYIIECTBA IO CpaBHEHUIO ¢ Tpaauimonabivu HC.

e B mosesiu HCPB® paccmarpuBaercs pa3HooOpasue HEHPOTPAHCMUTTEPOB C
OMOJIOrUIeCKOi TOUKM 3peHust. JTO jiesiaeT npeiaraemyio crpykrypy HCPB®
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ropazjio cxoxkeit na o6uosiornaeckyio HC.

o [Ipennoxennyo momens HCPB® moxkHO cumrarh 6ojiee TOYHBIMU MOJIEIIs-
MU PelieHus 3a/ia4 KJIACCHMUKAIIN 110 CpaBHEHUIO ¢ TpajuimonubiMu PB®-
CETSIMU.

Monear HCPB®

B srom pazgene npeacrasiserca nosast crpykrypa HC ma ocaoe PB® s 3amaq
kiaccudukauu. lasaiite paccmorpum tpaaunmorayio HCPB®, kotopsrit cocto-
ut ux Tpex ciaoeB. B obmem, HCPB® cocrouTt n3 BXOIHOTO CJ10s1, CKPBITOTO CJIOST
PB® u nenuneiinoro BbixojHoro cjos. Ob6mas crpykrypa PB® cern, cocrosimeit
u3 Tpex cjioes: [-BxomoB, M-cKpbIThIX HEfipoHOB 1 K-BBIX010B, H300pazKeHa Ha, PHUC.
1. OyHKIUS aKTUBAIINNA HEHPOHOB CKPBITOTO CJIOsI OOBIYHO CBst3aHa ¢ EBKIMI0BOM
PacCTOAHUEM ME2KI1Y TOYKON BXOJHBIX JaHHBIX W €€ IIEHTPOM. B OCHOBHOM BbI6I/I—
paercst dyukrus Faycca ¢ (X, ¢, 0,n) B KadecTBe (QYHKINM AKTHBAIMH, KOTOPAas
ompeJiesisieTcs B caeytorieit popme.

Ix—con|”

ms>Om) = I 1
¢ (X, Cm, O) = €xp 207 (1)

e x € R! - Bxommoit BekTOp, €, € R — meHTp, M 0,,~ MUPUHA M-CKPLITOrO

Hejipona. ||-|| - eBkimmoBa HOpMa. It IPOCTOTHI OGO3HAYNM BCE 9TH IIAPAMETPHI

Kak 0 = [0, ...,00] ¢ 0,y = [Cm, ). Tlpennonozkum, aro umeercss P nap BBIOOPOK
P K

obyHaromuX JaHHBIX {(X,,d,)},_;, 11 d, € R™ - JKeyaemble BBIXOJHBIC 3HAYCHUA

IS P-TOYKN BXOJHBIX JAHHBIX X, U K - KOJIMIECTBO KIIACCOB.

Puc. 5: Crpykrypa Tpagunnontnoit HCPB®.
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Cormacao Tpajurmonnoit apxurekrype HCPB®, mpencrasiennoit wa puc. 1, k-
BBIXO/ Ypr, HCPB® 1151 BXOIHBIX JAHHBIX X), PACCUUTHIBACTCA CJIETYIONTIM 00pa3oM

H
Yok = Wok + > Whp (2p, 0n) (2)
h=1

IJe Wpj - HapaMeTp CMeHleHUA K-BBIXOJHOTO HEHPOHA, W, - BECOBOI IapameTp
MEXKJTy k M M-CKPBITBIMU HelpoHaMU Kk-BBIXOJHOTO OJIOKa. B 3TOM cirydae BBIXO/I
Juta pajuimonnoi cetu PB® paccunrteiBaeTced 1mo popmyiie

Y = OW (3)
rieY = [yy, ..., yp]T - 2KestaeMbilii pesysbrar ¢ PX M.y, € R¥ - nuckomblit BBIXOIHO
BEKTOD. X,- BXoJuble janube, ® = [1, 1, @9, ..., py| - MaTpuia pasmepuoct K X
(M +1).

B obrmiem, ocHOBHO# pe3y/nbraTr JaHHO# cTaTbu BbITeKaeT u3 apxurekTypbl MHC,
npeioxkeHHoi B [1]. ABropsr nmokazasm, aro mogesb MHC criocobHa anmpokcumu-
poBaTh JIIOOYIO0 HEPEPBIBHYIO (DYHKIIUIO Ha JTIOOOM KOMIIAKTHOM ITOJMHOXKECTBE C
3aIaHHOMN ITPOM3BOJILHON ToUHOCTRIO. OHE mpoaemoncTpupoBasn, 4ro HC ¢ MHOXKe-
CTBOM BECOBBIMU CBSI3aMU U C JII000H (DyHKIIMEH aKTUBAIIME MOXKET aIlllPOKCHMUPO-
BaTh JIIOOYIO HEIIPEPBIBHYIO (DYHKIUIO C IPOM3BOJILHON CTEIIEHBIO TOTHOCTH.

B s10it crarhe pacmupsiem BoimeynoMmsayToe cBoiictBo mHa HCPB® na HC-
kiaccudukatopbl. A nMenno, crpoutcss HC ¢ MHOXKECTBEHHBIM CBS3aMH MEXKLY
BXOJ0M U CKPBITBIM OsiokoM it HCPB® nia 3amau kinaccudukannm 1 pacio3Ha-
BaHus 006pa3oB, a Takxke nokasbiBaercs, uro HCPB® ¢ dynkuumeit akrusaum (1)
MOZKET PeIIaTh 33141 KJIACCU(MUKAINT U PACIIO3HABAHUS 00PA30B ¢ ITPOU3BOJILHOI
TOYHOCTBIO.

NsBectHO, uTO Tpamunmonubie Mojes i HC nMeroT TOTBKO OHY CBSA3b MEXK/Ty JIBYMsI
COEJIMHEHHBIMU HEPOHAMH JIJIsi HHTepIpeTannn Heiiporpancmuttepos. C OuoJioru-
YeCKOl TOUKM 3peHusi HEHPOTPAHCMUTTEPHI UCIOJIb3YIOTCS HEPBHOW CUCTEMO JIJist
nepeJladn JAHHBIX MEYKJLy COeJIMHEHHBIMU HeitponaMu. B1oXHOBIEHHbIE 9TOM n/ieeil,
B JlaHHOI pabore B TpasunuonHoit HC pacmmpsiercss pa3MepHOCTh COEIMHEHUsT OT
OJIHOT'O JTO MHOTOMEPHOT'O COeJInHeHN . B KauecTBe nmpuMepa, mpeiiozKeHHas MOJIEb
HCPB® nia asymepHoro coeaunenust, Koropas koaupyerca Kak HCPB®-1-2H2-1,
Kak nokasana Ha puc. 2 (b). B aroit Mojesn uMeercst jiBa CoeIMHEHNsT MEXKLY BXOJI-
HBIM OJIOKOM U CKPBITBIM OjiokoM. Ha puc. 2(a), nokaszano Tpagurmonnas HCPB®
C YeTBIPbMs CKPBITBIMU OJIOKAMH B CKPBITOM CJIOE.

[Ipeamosioxkum, 9TO y HAC UMeEETCsl HECKOJIBKO COeJIMHEHN MexK/1y OJIOKOM BBO/A U
OJIOKOM CKPBITOI'O CJIOS.

Toria, MOXKHO TIPEJCTaBUTH HOBYIO MOjiesb i Mojesn HCPB® ciemytonum 06-

pa3oM.
M H

Ym = Z Wo,m + Z Wh,mP (Xa eh)

m=1 h=1
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a) b)

Puc. 6: (a) Crpykrypa rpagummonnoit HC npsimoro pacmpocrpanenust 1-4-1. (b) Crpykrypa
npemioxearoro HCPB®-1-2H2-1.

rae h = 1, ..., H, — xonuvecTBo u3Mepenuii, B Koropbix coequneruns HCPB® pac-
MIUPSIOTCS JI0 JABYX COEIMHEHUI MEXKTY CKPBITHIM OJIOKOM ¥ BBIXOJIHBIM OJIOKOM. B
JIaHHOM pabore paceMmarpuBaercs: mojaesb HCPB® s 3amau kinaccudukanmm. 1o
YKa3bIBAET Ha TO, YTO MOJIE/Ib JIOJI)KHA UMeTh K -BBIXOJHBIE TaHHbIe Jis K -K/1accoB
U Y- BBIXOJIHOE IIPOTHO3UPYEMOe 3HadeHue Jjiist k-kjiaacca. Hanpuwmep, na puc. 2(6)
MMEETCs JIBa COeIMHEHNsT MEXKTy CKPBITBIM GJIOKOM U BBIXOIHBIM G10KOM (h = 2).

Puc. 7: Monenbuas crpykrypa npeoxena HCPB® ¢ nBymepnoit cBsi3bio.

Jokazano, uro tpajuinonabiit PBD co cKpbITHIM CJI0EM U HEKOTOPBIMU CKPBITHIMU
€JIMHUIIAME B 9TOM CJIO€ sIBJISIETCS UJI€ATbHBIM YHUBEPCAJIbHBIM aIlllIPOKCUMATOPOM.
DTOT pe3ysbTaT TaKKe IMpuMeHsieTcs K npeiaraemoii mojgenn HCPB®. Kak mpa-
B0, Mosesib HCPB® co cKpBITBIM CJI0eM, MHOXKECTBOM CBSI3€H MEXKTy CKPBITOM
eJmHUIE ¥ BBIXOJHON equnutiedi (puc. 3), Koropast COJEP:KUT MPOU3BOIHLHOE KOJIH-
YeCTBO Pa3MEPHOCTEH BECOB, TAKKE ABJISIETCS UJI€aIbHBIM YHUBEPCATIbHBIM AIITPOK-
cumaropoM B C'(R™). Jloka3aTe bCcTBO MPEJCTABICHO B CIEIYIONIEM DEe3yibTaTe.
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31ech pacimpsieM CBOMCTBa aIlllPOKCUMAIIMN TPaJuInoHHLIX cereii PB® Ha
HCPB® mrs kiaccudurupyomux HEHPOHHBIX ceTeil. A MMEHHO, CTPOWTCSA CeTh
PB® ¢ mHOXKecTBOM coe/uHeHHH B CKpbiToM Osioke u 6s10ke BoiBoga (HCPB®)
JUTS 3aJ1a9 KJIacCU(PUKAIIMT ¥ PACIIO3HABAHUSA 00PA30B, a TAKXKe MOKA3bIBAEM, UTO
HCPB® ¢ mr060it paguaibHoil 6a3ucHoil pyHKIME MOKET periaTh 3a1a9 KJiac-
cuduKaIUM 1 paclo3HaBaHus 00pPa30B ¢ MPOU3BOJIBLHON TOYHOCTDIO.

B k-meprom mpoctpanctse RF paceMoTpuM eBKIHIOBY HOPMY

h
Teopema 1. [lycts pagmanbras 6asucHas dyHKIUS @(X, an)) - orpaHMYeHHast 1
MOHOTOHHO BozpacTaomas ¢ynkinud. Ilycts K - KOMITAKTHOE TTOJMHOKeCTBO B RF,
u f(x) - BemecTBeHHas HenpepbiBHast QyHKIMs Ha K :

Torma aya mponsBosbHOTO € > (), CyIIECTBYIOT BEIIECTBEHHBIC KOHCTAHTHI W; j, 0;
9TO YJIOBJIETBOPSET YCJIOBUIO

K H
_ZZ w0k+zwmk80 X,fof)) <e.

k=1 h=1 c

HokazarenbcTBo. Eciiu H = 1, To monens HCPB® cranoBuTcs TpaauiinoHHO
cerpio Mogen PB® u ee moka3aTeabCTBO TPUBHAJILHO. 3/1€Ch HEOOXOIUMO pac-
cMOTpeTh ciy4daii, Korga H > 1, mockoabKy npeiaraemass moaeas HCPB® umeer
MHOKECTBO CBsI3€il ME¥K/Iy CKPBITBIM OJIOKOM U BBIXOJIHBIM OJIOKOM.

CoriacHO yHUBEpCAJIbHOI allIPOKCUMAIMOHHOI criocobnocTn Tpaaunuonnoii PB®-
cern, jyis moboro f € C(z, R),e > 0, CymEeCTBYIOT Wy, 1, O € R Taxoii, 4To

M

f(xy,.yxn) =wo1 + Z W1 (X, 0m)

m=1

SIBJIETCs arpokcnMarteil pyukiwm f(-).

Jna xazkmoro k = 1, ..., K omnpenesum orobpazkenne npoeknnn 7y, : R — R cire-
JIYIOIIAM 00pa3om
m(z) = ap, v = (21,...,24).

Torma mra Kazkaoro k = 1, ..., K dynkmua fom, : REX — R ynosreTBopser ycaoBuio
Bce yciosusi TeopeMbl 2 u3 [15]. Torma mo Teopeme 2 st kaxgoro k = 1... K
u moboro f € C(z,R*), ¢ > 0, cymectByior wy, 1,6, € R ma m € 1,..., M,
hel,...Hkel,.., K, 111 KOTOporo

H
Z wok—i-Zw (pX@h)) <% (4)

h=1 m=1
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O6yuyenne HCPB®

B srom pazgesne omuceiBaeTcs mporecce o0ydenns npesnoxkennoit mojgeau HCPBO.
B obriem, nporecc obydeHusi OCHOBaH Ha, O0yYaIOIIUX CBOMCTBAX TPaIMITUOHHBIX
cereit PB®.

[Ipenoxennniit HCPB® ¢ wmuoxkectBoM coepubnennn H = 2, obo3HavdaeMblii
HCPB®-1-H2-1, moxkeT ObITH 00yUYeH C MOMOIIbIO CTAHIAPTHOTO aJIrOPUTMa 00paT-
HOTO PACIPOCTPAHEHUsI OIMMUOKU C aJanTaiueil K MHOKECTBEHHBIM COEINHEHUSIM.
[Iycrs {z,d} - obywarormuit ipumep, tae x = {1, ..., wnO}T - BXOJIHBIE JIAHHBIE, Mg -
Pa3MepHOCTb BXOTHBIX BeKTopa u d = {dy,...,d,, H}T - Pa3MEepHOCTDb N,y 1BBIBOJIA.
QYHKIIIO MTOTEPH € PeryJisipu3aliieil UCIoJIb3yeM B cJieyornieil dhopMe.

NL4+1

B == (dlogy (y ™) + (5™ = dj) (1~ logay (1)) +

j=1

rie

A - KO3(DDUITUEHT peryagpu3aliii, HeOTPUIATETbHBII.
BoraucanresbHbie 3KCIEPUMEHTHI

BerancimrenbHBIX 9KCIIEPUMEHTaX YITOOBI OIEHUTH MPOM3BOIUTETHHOCTDH MOJIETN
CPaBHUBAETCsSI TOTHOCTD TpejioykerHoit Mojen HCPB® ¢ srajonnbiMu Habopamu
JIAHHBIX KOTODBIi MOXKHO HaiiTu B pernosuropun MammuHoro obydenus [27]. Cpas-
HEHMEe MoJIieJiell IPOBOIUIOCh B PaBHBIX CpeJax W C OJMHAKOBBIM pa3MepoOM Iapa-
MetpoB. [lomo0HbII pasMep mapaMeTpoB O3HAYAET, UTO ecjii uMeeTcss N CKPBIThIX
ueiiponos B Tpajuimonnoit HC PB®, uro kacaercs mpesaraeMoii Moie/n HepoH-
Hoit ceru HCPB®, nonanoburbes B3sth N/2 ckpbiThix HeiipoHoB. Hampumep, Ha
puc. 2 MOXKHO BHUJIETD JIBE MOJIEIN, UMEIOIINE OJIMHAKOBOE KOJIMYECTBO CETEBbLIX Iapa-
MeTpoB. Ha puc. 4 nmokazaHbl pe3y/abTaThl CPABHEHUSI ¢ PA3JINIHBIMU aJITOPUTMaMU,
HCITOJIb3YIOMMUMEI Pas3Hble pa3Mepbl 00ydaroreil BbIOOpKu B Habope gaHHbIX ORL.
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Ha puc. 4 och X ykasbeiBaeT pasmep obydaronieil BBIOOpKH Habopa JaHHBIX (1300-
pazkeHre/06bEKT), a OCb ¥ yKa3blBaeT TOYHOCTDH WeHTHhMKanu. MoxkHO o6Hapy-
KHUTD, 9TO Ipejiiokennasi crpykrypa cetu HCPB® ¢ muoxkecrBaMu coe TuHEHUSIME
JIEMOHCTPHUPYET JIyUIIYIO ITPOU3BOAUTEIBHOCT CXOINMOCTH.

1.0

0.9 4

0.8 1

0.7 4

0.6 1

2 4 6 8 10 12 14
—— Proposed NN structure — Wavelet SVM (REF)
—— PCAEigenface NN SVM

Puc. 8: Tounocts Mmojeneii ¢ pasubiMu pazmepamu obytueHus na mabope jgarabix ORL.

Bb110 nemob30BaHo0 mepekpecTHas MpoBepKa it 00y YeHrs Ha 9TaJOHHBIX Habopax
JIAaHHBIX. B KazK1y10 910Xy MCII0JIb30Ba/IOCh OJIOBUHA BHIDOPOK B KJIaccax HaDOPOB
JIAaHHBIX M300parkeHus JinI, ¢ Oojiee ueM OJHO# oOy4varorieit BbIOOpKOit. CpemHsis
TOYHOCTD IpeIoxKenHoit mogeau n merona HC onenusaerca B 98,50% u 97,57%.

Tem BpemeneM IPOBEJIEHO TECT IPEJIOKEHHON MOJie/Ib Ha HAaOOpe JIAHHBIX JIUIL
LFW. PesynbraThl cpaBHeHUs TIPUBEIEHBI HIKe B TaduIe 1.

Tabnuma 6: Pe3ynbrarsl cpaBHenus nadbopa jganubix LE'W ¢ paszubivu KitaccudukaTopaMu.

Meton CpeaHee TOYHOCTDH
DeepFace-ensemble | 0.9724 + 0.0022
DeepID 0.9735 + 0.0025
ConvNet-RBM 0.9227 + 0.0037
Proposed NN model | 0.9910 + 0.0025

W3 Tabymner 2 BUAHO, YTO mnpeioxkenHast apxurekrypa HC Bcerma mmeer camblii
BBICOKWIT YPOBEHb PACIIO3HABAHUS 110 CPABHEHWIO C JIpyruMu MeTojgamu. Bojiee To-
ro, npenaraemast mojesb HCPB® npesocxoaut tpagunmonnyo HCPB®. Ciemo-
BaTe/JIbHO, MOYKHO YTBEP:K/IaTh, 9TO MPEJIOYKEeHHAT MOJIE/Ib Tropa3io boJiee ahdek-
TUBHA 110 CPABHEHUIO C APYTUMH aJITOPUTMAaMHU.

BreiBoabl m manpbHeliniass pabora

B sToit crarbe HIPETJIOZKEHO, 9TO, COIJIaCHO UCCJIEJOBaAHUAM B obsacTu HeﬁpO6I/IO-
JIOruu, OMOJIOTHYECKHE HeﬁpOHbl HaXOOATCA 1101, BJIANAHNEM B3aMMHBIX HGﬁpOTpaHC—
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Tabnuma 7: Pe3ynbrarsl pacino3HaBaHusa pa3ndHbIX HAOOPOB JaHHbIX. [lapameTpsr 0Oyuenus,
BKJIIOYasd KOJIMIECTBO 110X, (PUKCHPOBAHBI OJIMHAKOBBIMHE JIJII BCEX MOJIEIe.

Mero, HC SVM | Tpagumuonnas HCPB® | Ilpemioxkennas monens HCPBED
ORL Face | 92.50 | 94.00 | 95.12 98.25
LFW 95.25 | 95.50 | 96.92 99.10
FERET 86.11 | 74.07 | 90.81 97.80
SCface 91.50 | 93.40 | 93.79 97.30
AR Face | 89.20 | 79.50 | 89.85 98.10
YALE 90.45 | 91.70 | 92.40 95.20

MHUTTEPOB, TO €CTb MEKIY /IBYMA HeﬁpOHaMI/I BbIJIEJ/IATIOTCA HECKOJIHBKO HeﬁpOTpch—

MHUTTEPOB Pa3HOTO 3HAYEHHs M IMOChLIaOT mHOpMaIuio JApyr gapyry. Ha ocxose
9TOr0 OMOJIOTHMYECKOIr0 MOAX0a Ipejioxkena HoBas Moaenab HC, mopwie T HC
3a CYeT yBeJNYIeHUs] KOJUIeCTBa BECOB CBA3€l MeXKy JByMs HeiipoHamu. B ma-
temaTudecknx Mojenax HC mpemnoaraercs, 9To MeK/Iy KaxKJIbIM Y3JI0M UMEEeTCs
HECKOJIbKO KaHaJ 0B cBs3u. llpemioxkennas mogens HC MoxkeT OBITH 1Oy deHa Kak

MaTeMaTu4decKas MOje/b, bojiee OJIM3Kasg K OMOJIOrIYeCKUM HEMPOHHBIM CETSIM.

BaarogapuocTu Asrop Gsaromaput 3a moiepKKy rpanta Pecrybiimku Y30eku-
cran Ha yHIaMeHTasbHbIe uccseoBanus (rparat No [L-5421101773).
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REZYUME

Kognitiv fan va biologiya sohasidagi so'nggi tadqiqotlarga ko'ra, biologik
neyronlarning markazida neyronlarning o’zaro ta’siri neyronlar orasidagi signallarni
uzatuvchi neyrotransmitterlar yordamida amalga oshiriladi. Har bir biologik neyron
boshqa turdagi neyrotransmitterlarni chiqarish orqali o’zaro ta’sir giladi, ularning
har biri o’ziga xos funktsiyani bajaradi. Ushbu biologik kashfiyotlardan ilhomlangan
ushbu maqola ulanishlar sonini birdan bir nechtagacha kengaytirish orqali yangi
sun’iy neyron tarmoq modelini taklif giladi. Ikki tugun o’rtasidagi bog’lanishlar
bir nechta, ya'ni radial asosli neyron tarmog’ida kirish tuguni va yashirin tugun
o'rtasida bir nechta ulanishlar mavjud deb taxmin qilinadi. Turli komponentlar
turli neyrotransmitterlarga mos keladi va birikmalar soni neyrotransmitterlar
toifalari sonini ifodalaydi. Taklif etilayotgan modeldagi har bir birlik uchun kirish
va chiqgishlar bu neyrotransmitterlarning o’zaro ta’siri va shunga mos ravishda
raqobatlashishi uchun evristik tarzda aniqlanadi. Biologik nuqtai nazardan,
taklif qgilingan radial asosli neyron tarmoq modeli biologik neyron tarmoqlarni
ko’proq tasvirlaydi. Ushbu maqolada har bir kirish va yashirin tugun o’rtasida bir
nechta ulanishlar bilan radial asosda neyron tarmoq modeli muhokama qilinadi.
Har bir yashirin modulni faollashtirish bir qator filtrlarga asoslanganligidan
kelib chiqgqan holda, yangi model tuzilmasi nuqtai nazaridan sun’iy neyron
tarmog’i tomonidan o’rganilgan funktsiyalarning izohlanishini yaxshilash mumkin.
Mashinani o’rganish omborida benchmark ma’lumotlar to’plami bilan hisoblash
tajribalari shuni ko’rsatdiki, an’anaviy neyron tarmogqlarning ishlashi neyronlar
orasidagi ulanishlarning o’lchovliligini oshirish orqali yaxshilanishi mumkin va bir
nechta ulanish og’irliklari tushunchasi sun’iy neyronning dizayni va arxitekturasiga
yangi yondashuvni taklif giladi. tarmoqlar.

Kalit so‘zlar: radial asosli funktsiya, radial asosli neyron tarmoq,

neyrotransmitter, ko’p ulanish, vazn, yashirin qatlam, tasnif.

RESUME

According to recent research in the field of cognitive science and biology, at
the heart of biological neurons, the interaction of neurons is carried out using
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neurotransmitters that transmit signals between neurons. Each biological neuron
interacts with another by releasing different types of neurotransmitters, each of
which performs a specific function. Inspired by these biological discoveries, this
paper proposes a new artificial neural network model by expanding the number
of connections from one to several. It is assumed that the connections between
two nodes are multiple, that is, there are multiple connections between the input
node and the hidden node in a radial basis neural network. Different components
correspond to different neurotransmitters, and the number of compounds represents
the number of categories of neurotransmitters. The inputs and outputs for each unit
in the proposed model are determined heuristically to cause these neurotransmitters
to interact and compete accordingly. From a biological point of view, the proposed
radial basis neural network model is much more illustrative of biological neural
networks. This article discusses a neural network model on a radial basis with
multiple connections between each input and a hidden node. Based on the facts that
the activation of each hidden module is based on a series of filters, in terms of the
new model structure can improve the interpretability of the functions learned by the
artificial neural network. Computational experiments with benchmark datasets on a
machine learning repository have shown that the performance of conventional neural
networks can be improved by increasing the dimensionality of connections between
neurons, and the concept of multiple connection weights offers a new approach to
the design and architecture of artificial neural networks.

Key words: radial basis function, radial basis neural network, neurotransmitter,
multiple connection, weight, hidden layer, classification.
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MAPIIIPYTEI TPAEKTOPUII OIIEPATOPOB JIOTKI-BOJIBTEPPA
JEVMCTBYIOIINX HA CUMIILJIEKCE S*

Mywmunuos. V. P, " Tanuxomxkaes P. H.

PE3IOME

B nanuoit pabore nu3ydaercs acUMIITOTHIECKOE TIOBEJICHIE TPACKTOPUIT OTIEpATOPOB
Jlorku-Bosbreppa Jeiicteyiomux Ha cuminiekce S, Bpoaurcs nonsrue Gurpada
Jutst ortepatopos JloTku-Bosibreppa u ncceryercst mopsioK TPOX0XK ICHIST TPAEKTO-
puil "epes ompeie/IeHHbIe TOIMHOKeCTBa cuMILIekca S*. BBoauTes Takyke IOHATHE
MapIlIpyTa TPACKTOPUI.

Karoueswvie caosa: Oneparop Jlorku-Bosbreppa, opneHTHpOBaHHBIE ABY/I0IbHBIE
rpadbl, UHBAPUAHTHI TPAEKTOPHUIl, MAPIIPYTHl TPAEKTOPUI, (v U W MHOXKECTBA TPa-
E€KTOPUI.

1. IIpenBapuTesibHbIE CBEIE€HUSA

B psane npukiagneix 3agaa [1 — 4] Touku cumIniekca

S t={xzeR": inzl, z; >0

=1

pPaccMaTpLIBAIOTCA KaK COCTOSHUS HEKOTOPOI CUCTEeMBI cocTodmell n3 m BujoB. [Ipu sTom 3a-
KOH IIepexo0/1a CUCTEMbI U3 OJIHOT'O COCTOsIHUE B JIPYT'O€ HA3bIBAETCS IBOJIFOIITMOHHBIM OllepATOPaM.
B ciydae HenmpepbIBHOTO BpeMeHH M3Y4YaloTCs WHTErPAJIbHBIE JIMHII-PEIIEHNS CHCTEMbI HeJIH-
HEHHBIX OOBIKHOBEHHBIX N depeHITnaIbHbIX YPABHEHUI HA3bIBAEMbIX ITOTOKOM, & B CJIyvae
JIMCKPETHOI'O BpeMeHn Kacka oM. Jluckpernslit BapuanT oreparopa JIorku-Boabreppa omnpe/ie-
JIAeTCH 3a/IaHieM KOCOCUMMETPHYIeCKoit Marpuiiel A = (a;;) U nMeer CjIeayomuii Buj

x;:xk 1—|—Zakixi , k=1,m, |ap| <1, (1)
i=1

rne ' = Vu, x € S™ L
Ussectno [9], uro V : S™ 1 — S™~1 romeomopdusmom, a npu yenosuu |ag| < 1V :
Sm=l 5 §m=l mddeomopdusm. Jlobas rpanb cuminiekca S™1, a TaksKe OTHOCHUTEIb-

Has BHYTPEHHOCTb rpanu nmBapmantha mis V. Ilyers (0 € riS™ ! rorma {x(n)}, rJe
D) =V n =0, 1, ... nosoxuTeNBHAS, A {x(_")}, rae (77D = Vlgtn) OTpHUIlATE b~

(0) o (0)
Has TpaekTopuu. [lojmoxkum a(x ) MHOXKECTBO MpEJIEIbHBIX TOYEK OTPUIATENILHOMN, a w(T )
IpeJie/IbHbIE TOYKH MOJIOKUTEIbHON TpaekTopuit. Eciun p = (py, ..., ) € S™7L, 10 dynk-

— Pl b2 m—1 —
s @, () = )" - b - ... - 2P menpepbiBHa Ha S u TeK Max gy (x) = ¢, (p), npuiem

{x e S™ 1 @, (x) > ¢} BBIIyKIOE 3aMKHYTOE MHOYKECTBO, IIPH yCJI0BHH ¢ < o, (p).

“Mywmunos. V. P. - ®eprauckuii rocysapcrsennbiii yausepcunter, ulugbek.muminov.2020@mail.ru
*I‘aHon,szaeB P. H. — Hanmonasnbublil yHUBEpCUTET ¥Y30€KUCTAHA,
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Corutacuo [9], MHOXKecTBa
P:{xGSm_lz AxZO}#@, Q:{xGSm_lz A:L“SO};&@

Jyist J11000it KococmMMerprdeckoii Marpurpsl A. 13 nepasencrsa [Omra [8] ciemyer, aro mmo-

m—1 . o
x’ectBo {x € S : p (%) > ¢} HHBapHAHTHO OTHOCHTEIHLHO OTPHUIATEIBHBIX TPAEKTOPUil IPH
p € P u Bcex monycTuMbIX 3Hadenuii ¢;. JdeiicTBurenHo,

m Pm

Pp (VJU):SOp(x)'H 1+Zaki$i < ¢p (@) - Zpk' 1+Zaki$i =
k=1 i=1 k=1 i=1

1=

m m m m
=) [1+ Z Z apiTipy | = @p(x) - | 1 - Z Z awpr | T | < p(2), (2)
k=1 i=1 =1 \k=1
TaK KakK a;; = —ay;. Cremoarensuo ¢, (x) > ¢, (V) Te. p, (V7 'z) > o, (z).
Bameuanme.  OxujaeMoe  yTBepxKjeHne 00 — MHBAPHMAHTHOCTH  MHOXKECTBA
{resS™1: p,(x) >y, ¢ €Q} OTHOCHTEILHO MOJOKHUTEILHBIX TPAGKTOPUH  HEBEpHO.

m
OueBUHO HEPABEHCTBO X' > ) DPABHOCUJIBHO HEPABEHCTBY Y. apx; > 0. Ilosromy s
i=1
Jo6oit curuaTypel § = (+ — ...+) onpegenum MHOKecTBO T € S™7! Takux, uro z' > 1w,
ecan Ha KTOM MeCTe CUTHATYPbI HAXOJIUTCH 3HaK + u obparHo. IlycTh Fs 3amMblkaHmne 3TOro
MHOXKeCTBa. ZlcHO, UTO Fj5 3aMKHYTBII 1 BBITYKJ/IbIII MHOI'OIDAHHUK, KaK IepecevueHne 3aMKHY-
TBIX TIOJYIIPOCTPAHCTE (BO3MOXKHO Trycroif). Hampumep, maa V' @ S? — S2onpenenénnoro

paB€HCTBaMU

li
Ty = xo(1 — w1 + 23
!

Ty =x3(1 — 21 — 29

:1:'1 =z1(1 4+ 29 + x3),
)

?

BO3MOKHBI TOJIBKO JIMIIB JIBE CUTHATYDBI 07 = (+ + —) u Jy = (+ — —), coorBeTcTByIOmue F
u I, mzobpaxkenue Ha puc.l.

€

Puc.1.

IIycts V @ Sm1 — S™m=1 oneparop Jlorku-Boabreppa, 01, 0g, ..., 0, BO3BMOXKHBI CUTHATYPBI 1
Fy, F;, ..., F}, coOTBETCTBYIOINE MHOTOI'DAHHUKU.

1) Eciin x € riF;, tae riFj-oTHOCHTEIbHAS BHY TPEHHOCTD, TO CYIIECTBYET OKPECTHOCTH Uy
taxas, uyro U, N S™ ! C F;. CnenosaTebHo, MHOTOTpaHHUKK F} UMEIOT pa3MepHOCTb m — 1.

k
2) UF =51 riF,NriF; =2, upn i # j.

=1
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k
3) Ecm « € OF}, 10 z;/ = x; xors 6b1 jgy1st oxmoro j. osromy Fix(V) C |J OF;.
i=1
4) Tlepeceuenue JOOBIX IBYX MHOTOIPAHHUKOB JIUOO MyCTO, JIMOO sIBJIsieTCst 001Teit TpaHbo.

Omnpenenenne 1. [Iycrs §; u 05 curnarypbl. Huc/10 HeCOBIAIAIOMUX «KOOP/IMHATS HA30-
BéM paccrosiaueM p (d1, d2 ). OueBuHo, p (91, d2 ) Merpuka. CKopocTh oTOOpazKkeHus V' B TOUKe
ZTOUPEJIEJIUM PABEHCTBAM

v(z)=d(z, Vz) = Z |z’ — x;].
i=1

Onpenenenue 2. Orobpazkerus: V) n VoHA3BIBAIOTCS TOMOJIOIMIECKN IKBUBAJIEHTHBIMI
€CJIn CyIIecTByeT romeoMopdusM ¢ Takoit, uto Vi o p = o V. [lycth 0 < e < 1 m
V. : Sm=1 — Sm=1 onpesesien paBeHCTBaMNI

x;:xk 1+E-Zakix,- , k=1,m. (3)
i=1

TOF,H& OTO6pa}KeHI/IH Vu ‘/&‘ TOIIOJIOTMYECKHN 3KBHUBaJICHTHBI, TaK KaK
V. = 'V () (4)

CiretoBaTesIbHO, B CIIydae HEOOXOJAUMOCTH, CKOPOCTD KazK/I0if TOUKH MOYKHO CIHTATH JTOCTATOM-
HO MaJIbIM.

Omnpenenenune 3. [locien0BaTe/IbHOCTD TPOXOXKIEHUST TPACKTOPUH 110 MHOTOI'DAHHUKAM
{F;} Ha30BEM MapIIPyTOM.

(0) (1) (n) . .
Onpenenenue 4. [lyctb 2, x ', ..., T -OTPE30K MOJIOKUTEIHHON TPACKTOPHUH, IIPUIEM
n; U3 ITUX TOYEK TPUHAJJIEIKAT MHOTOTPAHHUKY F; (z =1, k:) .Ecmu lim = v; cymecrsyer,
n——+00

TO V; HA30BEM J10J1efl HAXOYKJIeHNs TI0JI0KITEILHON TpaeKTopun Ha MHOKecTse Fj. IlycTh
V. S? — 52 3as1an paBeHcTBaMI

zy = o1 (1 + 39 — 73),
Ty = xo(1 — 21 + 3), (5)

gy = x3(1 + 21 — 9)

)
ssectno [10], 9To mo0KHUTEIbHBIE TPaeKTOPUH He cxoidarcs, a(x ) € S? GeckoneuHoe MHO-
n—1 )
JKeCTBO, OoJiee TOro, cpeanue 1o deszapo % 3" 2 Taxske ne exomarcs. OHAKO, OTPUITATEILHLIC

i=0
TPaeKTOpun cxoaarces a(xr ) = (%, %, %) . B aToM cirydae BOBMOXKHBI CJIe/IyIONINE CUTHATYPHI
h=H+-)b=H-")G=(-+-),=(—-4)0b=(-+4+),0 =(+—+)n

COOTBETCTBYIOIIUE UM MHOTOYTOJbHUKK F, ..., Fg n3o0pakeHbl Ha puc.2.

(0) )
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Punc.2.

Cy1ecTByeT TOJIBKO JIHIIb OJUH (IUKJIMIECKH) MapIpyT
V: F|— F,— F3 —» Fy — F5 — Fg — F;. Cornacno [10] "Bpems " npebbiBatusi TpaeKTOPUH
na F; pacrer 6picTpee J11000it reoMeTprdeckoii mporpeccun. OTcioa KakK CIeJCTBUAE Oy YaeM,
9TO J10J1 IpeObIBAHUST TPACKTOPHU Ha F; He CyIiecTByeT U v; IUIOTHO Ha orpeske [0, 1], mis
Beex i = 1, 6.

NzBectHO [6], 9TO KazKiasi KOCOCUMMeTpHUYecKast MaTpuria A B COOTBETCTBIE CO 3HAKAMU
ay; OTpeiessieT oprueHTUpoBanubIil rpad. Ecau ay; # 0 npu k # i, To opueHTUPOBAHHBIH Ipad
Ha3bIBaeTcd TypHUpOM. /lunamuka TpaekTopuit oroopaxkenus Jlorku-Bosbreppa B cityuae Typ-
HUPOB U3ydeHbl B paborax [6].

Onpepesienne 5. [5] OpuenTupoBaHHbIil Tpad HA3BIBAETCA JABYIOIbHBIM WK Ourpadam,
€CJIN er0o BePIITUHbI MOYKHO pa30UTh Ha JIBa HEIyCThIX Kjaacca [ u [ITak, 9To BEPIINHBI JTIOOOTO
pebpa mpuHa JIeXkKaT Pa3IndHbIM KJiaccaM. Burpad HazbiBaeTCs MOJHBIM, €CJIH JTII00as BEPIINHA
u3 KJjacca I cMekHa ¢ KaxKJ10# Bepmunoit u3 kjaacca I I. B nannoit pabore u3ydaercs JuHaMUKa
TpaekTopmii oTobpazkenuii JIorku-BosbTeppa neiicTByomux Ha cuMiuiekce S* B cirydae Korma
KOCOCUMMETpUYIECKas MaTPHUIA OIPEJIe/IsieT MOJHbI OPUEeHTUPOBAHHDIN Ourpad.

2. Jlmaamuka tpaeKtopuii orobpakenmnii Jlorku-BoJsbTeppa JelicTByommx HaA
cumILekce S4.

1) Ilycrbey, e, e, ey, es—epmmunl S I = {e;} u I = {es, e3, €4, e5}lu maTpuna A
UMeeT BU/L

0O a —-b ¢ —d
—a 0 0 0 O
A= b 0 0 0 O , 0<a, b, c,d<1
—c 0 0 O
d 0 0 0 0
coorBercTBytoMuit Ourpad G 4.
4
d
o e,
(f_q b s
€
€
Puc.3.

B arom ciayuae V : S* — S* zamaerca pasencrsaMu

xr; = 21(1 + axy — by + cxy — dxs),
x; = 25(1 — axy),
% Ty = x3(1 + bay), (6)
r, = 14(1 — cxy),
Ty = x5(1 4 doy)
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['panb cuMmiekca S* onpenenserca Kak BBITyK/aasd 000/109Ka HEKOTOPBIX BEPIINH, HAIIPUMED,
[o34 = co{ea, es, e4}. Ilycrs

b a d a
M0 —, 0,0 My[0, ——, 0, 0
1<’a+b’a—|—b’ ) )7 2(>a+d7 ) ’a—l—d>’

c b d c
My (0,0, —, ——, 0], M,(0, 0,0, .
3( b+c b+c ) 4( c+d c+d>
HQFKO IIPOBEPUT, ITO 3TU TOYKMH KOMILJIaHapHBbI, T.€. JIe2KaT Ha O‘ILHOfI IIJIOCKOCTHU M BBIITYKJIO

HE3aBHCHMBL. B JJaHHOM C/Iy9ae BOBMOXKHBI TOJBKO JIMIIb JIBE CUTHATYPHI 0y = (— — + — +) |
dy = (+ — + — +). Pemus cooTBeTCTBYIOIIE HEPDABEHCTBA, MOJLY 1aeM

Fl = CO {617 €3, €5, Mh M27 M37 M4}a

F2 = Co {615 €2, €4, Mh M27 M37 M4}a
P= {ZL‘ S 54 s Ax Z 0} = CO {627 €4, Ml, Mg, Mg, M4},
Q= {x €St Az < 0} = co{es, e5, My, My, Ms, My}.

Teopema 1. Jliobasg Tpaekropus orobpazkenus V : S* — S* exomures, mpuaem
©) (0) . .
alz ) € P,w(r ") € Q, MapmpyT HOJ0KUTEIbHON TpaekTopun V : Fy — F; — (), Mapmpyr
oTpunarebnoit Tpaektopun V1l Fy — Fy — P,
Joxazarennberro. W3 pasencrsa (6) x5 = x3(1 + bry)umeem

200 D (1+b<n1>_ (n—2) (1+b(n2><1+bx§n_1)>: _xg)H(lerm )

CorutacHo HepaBeHCTBY bBepHy/n Haxommm

n—1 n—1
:Eéo) H <1 + bx@) > a:go) <1 + bx@),
k=0 k=0
nosronmy pag > 23" cxomnres, e. khm 2% = 0. Takum ke obpasom us 5 = z5(1 — azy)
= —+00
HOJIy YaeM klim xg_k) = 0. Jokazkem, uro V (Fy) C Fj. YaurbiBast CUIHATYDY d1 JOCTATOIHO
—+o00

[I0Ka3aTh, YTO HEPABEHCTBa aXs — bxs + cry — drs < 0 cienyer axy’ — bxrs’ + cxy — dxs’ < 0.
JleficTBuTe/IHHO,

ary — brs' + cxy — drs' = axe(1 — axy) — brs(1 + bxy) + cxy(l — cxy) — das(1 + dxy) =

= azy — brs + cxy — dus — (a®xy + Va3 + Fay + dPas) - 21 < 0.

OuesnaHo, ecan {x(”)} HOAYMHSCTCS CATHATYPE 01, TO TPACKTOPHA CXOAUTCS. Bbrumcams

CIIEKTP SAKOOMAH B HEIOBUKHBIX TOYKAX HAXOJANUM, YTO TOJILKO JIUIIL TOYKU () SBJIAIOTCA [IPU-
(0)

raruBatomumu. CrenoBaresnpho, w(x ) € Q. 3amernm, 910 U3 axre’ — bxrs' + cxy’ — dxs’ > 0
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caeyer ary — brs + cry — drs > 0, nosromy VL (Fy) C Fy u a(xw)) € P.CienosarennHo,
MapmpyT Tpaekropuit V i Fy — Fy — Q, V1 F, — F, — P.

Bameuanwne. Ocranbuble ciydan npu ourpade ¢ I = {ei}, I1 = {eq, €3, e4, €5} uccie-
JIYIOTCS aHAJIOIMYHBIM 00pa3oM. Tolo/iorudyecky pasjndHble IoBeIeHIe TPAacKTOPHil HabJIo/1a-
forest st ourpada ¢ [ = {ey, ex}, I = {e3, eq, e5}.

2) Ilycrb
0 0 a —-b c
0 0 d —e f
A= —a —d 0 0 O ,0<a, b, ¢, d,e, f<1.
b e 0 0 O
—c —f 0 0 0

Orobpazkenne Jlotku-Boasreppa V : S* — S* nmeer Bus

xy = x1(1 + axs — bry + cxs),

Ty = To(1 4+ dxg — exy + fxs),

vV zy = z3(1 — azy — dzs), (7)
xy = x4(1 + bxy + exs),

xy = w5(1 — cxy — fa).

i) Ilycts ae = bd u bf = ce. B sroM cirydae BO3MOXKHBI TOJBKO JIAIIb JIBE CUTHATYDBIO; =
(———4+-)udy=(++——+—). Bam M, (0, 0, 255, 2%, 0),My (0, 0, 0, 3%, 7%), 10 pe-
IIIMB COOTBETCTBYIONINE HEPABEHCTBA MOJTYIaeM

F1 260{61, €2, €4, Ml, MQ},FQZCO{Gl, €9, €3, €5, Ml, MQ},
P = {a: e St Az > O} = co{es, e5, My, My} ,Q = {x €St Axr < 0} = co{ey, My, Ms}.

Teopema 2. Jlrob6ast TpaeKTOPUS CXOANTCS, IPUIEM oz(x(o)) e P, w(x(o)) € Q.
JokazarenbcTBo. 3amernn, uro V (Fy) C Fy u V7! (Fy) C Fy. [efictuTenbro, u3 Hepa-

BEHCTB
{ axrsz — bxry + cxs <0,

drs —exy + fos <0
CJIEJIyeT, 9TO
axs’ — bxy + cxs’ <0,
drs' —exy' + fas' <0
CJIeJI0BaTeIbHO MHOTOTpaHHuK Fh maBapuanTen npu orobpazkenuu V. Ilonb3ysick HepaBen-

crBoM bepnymm nomydaem lim xY‘) = lim x(zn) = (.Taxkum obpazom w(x(o)) € Q. Ana-
n—+oo n—+00

0
JIOTHYHBIE PAcCyzKJeHUs NoKasbiBatoT, uro V! (F) C F, a(x< >) € P. MapupyT I0JI0KH-
TeabHOl TpaekTopun V i Fy — Fy — (), oTpULIATE/ILHO TPaeKTOPUK
V-1:F — F, — P. B gannom ciaydae 6urpad n maoxkecTsa P 1 () H306paskeHbl Ha PUC.4.




Bectauk HY VY3 - 149- Tounble HayKn

Puc.4.
i1) Ilycts bd > ae u ce > bf. Ormerus Touku M, (0, 0, aLer’ Pt 0) Mo (0, 0, 7%, d%e, 0) ,
M; (0, 0, 0, %, ﬁ) , My (O, 0, 0, WCC, %) MoJTyJaeM CJIETYIONTYI0 KapTUHY

Puc.5.

HAcno, aro I'sys C Fiz (V), T.e. rpanb ['345 COCTOUT U3 HEMOJABUIKHBIX TOUYEK.

P = co{es, e5, My, My}, Q = co{es, My, M3}, orpesku MM, u MyM; He mepeceKaioTcs.
Beramcms criekTp sIKOOHaHA MOJIYYIHM, UTO MHOXKECTBO () COCTOMT M3 ATTPAKTOPOB (TPUTSI-
IUBAIOIIIX HEMOIBUKHBIX TOUEK ), MHOKECTBO P COCTOUT perneiyiepoB (OTTaJIKUBAIONINX HEMo-
JIBIZKHBIX TOYEK ), YeThIPeXyroiabHuK co { My, My, Ms, M4} cocrout u3 ceyioBbix Touek. Bos-
MOZKHBI TOJIBKO JIUIITb TPH CUTHATYPEL 01 = (++ — 4+ —), dg = (—+—+ —),

d3 = (— — — + —) U COOTBETCTBYIOIINE MHOIOIPAHHUKH

Fy = 60{61, ey, €3, es, My, M4}, Fy = co {61, ea, My, My, Ms, M4},

F3 = co{ey, ey, eq, My, Ms}. Takike, Kak B Teopeme 2 MoJIydaeM

V(Fg) C F3, V_l (Fl) C Fi.

OrmeruM, 49TO Iepecedenne Jir0O0OH TpPaeKTOPUKM ¢ MHOMOI'DAHHMKOM BCErja KOHEYHO. Takum
obpazoM, MapmpyT TpaekTopuit V : Fy — Fy - 3 - QuV~=': F3 - F, — F, — P.

iii) Ilycrs bd < ae, ce > bf. B srom ciyuae orpesku MMy u MyM;z niepeceKaioTcesi B TOUKE
Ms; (puc. 6).

Puc.6.

B ,HO6&BJI€HI/IC K IIpeJbIAyHIeMy II0dBJIdeTCd elle OJUH MHOT'OI'DaHHUK. I/ITaK,
Fl = Co {617 €2, €3, €5, M27 M47 M5}7 F2 = Cco {617 €2, M17 M27 M5}7

F3:CO{€1, €9, M37 M47 M5}a F4:CO{617 €2, €4, M17 M37 M5}
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Taxxke kak u Bouue V (Fy) C Fy, V71 (F)) C Fy. IIpocTble BBIYUC/IEHUs TTOKA3BIBAIOT, UTO
HUKaKasi TOYKa n3 Fy He MoxkeT mnepeiitu B Fj rnpu orobpakeHuu V', u oOpaTHO, NEPEXO]] U3
F3 B Fy neBoszmoxken. CiiejioBaTe/IbHO, CYIIECTBYIOT JBa MapiipyTta V @ F| — Fy — Fy — Q n
V:F — F; — Fy — Q, n1g 06paTHOr0 0TOOpazKeHus TaKKe MOJIyIaeM

Vi B —~F—sF —-P V':F - F,—F —P.

1) Ilycrn
0 0O a —-b ¢
0 0 —d e —f
A= —a d O 0 0 ,0<a, b, c de f<1.
b —e 0 0 O
—c f 0 0 0

Torma V : S* — S* umeer Buz

xy = x1(1 4 axs — bry + cxs),
Ty = x9(1 — das + exy — fxs),
Ve Ty = x3(1 — ax; + dry), (8)
zy = x4(1 + bxy — exy),
ry = x5(1 — cxy + fy).
Paccmorpum cnyqaﬁ korma ae = bd u af = cd. Torma bf = ce. BBenem obo3uaue-
must My (54, =45, 0, 0, 0), M (0, 0, %, =%, 0), M5 (0, 0, 0, 7%, %) . Pemms neobxo-

JIIMBIE€ HEPABEHCTBA, [10JIy JaeM
P = {:1:'654: A:cz()} =Q = {xES4: A:CSO} = KerANS* =co{M;, My, Ms}.

Berancsus sikobuan J (V') B HEMOABIZKHBIX TouKax co { My, My, Ms3} Haxonum ypaBHEHUE JIJIst
COOCTBEHHBIX 3HAYEHU B BUJIE

(1-— )\)3 ((1 — /\)2 + a’xxs + VPrixy + Arixs + d2asxs + e2xomy + f2x2x5) =0. (9)

CrretoBaTesIbHO, BCe HEHOABUKHbIE TOUKN 13 co { My, My, M;} aBisiorcs pernesuiepaMi, a Bee
oCTaJIbHbIE HEIOJBIKHBIE TOUKH cejiyioBble. VI3 ypasaenust (9) mosyaaem A\ = Ao = A3 = 1, Ay
I A5 KOMIUICKCHBIe dYncia, npudeM [Ny = |[As| > 1. g orobpakenus Jlorku-Bosisreppa
PeaNm3yIoTCsl TOJABKO JIMMb 4 curHaTypel 0y = (+——+—), 6 = (+—+—+), 83 =
(—++—+4), 04 = (—+ — + —) u COOTBETCTBYIOIIIE UM MHOIOIDAHHUKI UMEIOT BH/

Fl :CO{el, €3, €5, M17 M?) M3}7 F2 200{627 €3, €5, Mla M27 M3}7

F3=CO{€2, eq, My, Mo, M3}, F4=CO{€1, es, My, My, Mg}-

[TonoKuTeIbHbIE TPACKTOPUH HE CXOAATCHA U MAPHIPYT TPACKTOPUU IMUK/IXICCKUIT

V:.F — Fy,— F3 — F, — F|, upuuem w(:c(o)) € 0S*. MapmpyT oTpUIATeILHBIX TPACKTOPHUiL
TaKKe MUKJIMIECKHI, OJIHAKO, OTPUIATEIbHBIE TPACKTOPHN BCETJIa CXOMIATCS

V' F, - Fy— F,— F, = F,, npuueM oz(xm)) € Q.
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REZYUME

Ushbu maqolada biz simpleksda Lotka-Volterra operatorlari traektoriyalarining
asimptotik harakatini o’rganamiz. Lotka-Volterra operatorlari uchun bigraf
tushunchasi kiritilgan va traektoriyalarning simpleksning ma’lum kichik to’plamlari
orqali o’tish tartibi o’rganilgan. Traektoriyalar marshruti tushunchasi ham
kiritilgan.

Kalit so‘zlar: Lotka-Volterra operatori, bigraf, traektoriya invariantlari,
traektoriya marshrutlari, va traektoriyalar to’plami.

RESUME

In this paper, we study the asymptotic behavior of the trajectories of Lotka-Volterra
operators acting on the simplex S*. The concept of a bigraph is introduced for Lotka-
Volterra operators and the order of passage of trajectories through certain subsets
of the simplex S* is studied. The concept of trajectories route is also introduced.

Key words: Operator Lotka-Volterra, oriented bipartite graphs, trajectory
invariants, trajectory routes, o and w sets of trajectories.
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VIK 517.55

HEJIOKAJIbHA Y KPAEBAS 3AJTAYA 1JI4 IN®PEPEHIINMAJIBHOI'O
YPABHEHUY TUIIA BEHHU-JIFOKA BBEICOKOTI'O ITOPIIKA C
HEJIMHEMHON ®YHKIIUEN ITEPEOIIPEIEJIEHISA

PaxmonoB ®@. /1. *

PE3IOME

Annoranusa: B nBymepnoii obsractu paccMaTpuBaeTcs ypaBHEHNE B YaCTHBIX MTPO-
U3BOMHBIX TUNa Bennu-JIIoKa Y€THOrO BBICOKOIO TOPS/KA C YCJIOBUSIMHU B HUHTE-
rpajbHoit popme. Mzydaercs omHO3HAYHAS PA3PENIUMOCTH HEJUHEHHON 0OpaTHOI
3a1a4u. Perenue JJaHHOIO ypaBHEHUs B YACTHBIX ITPOU3BOJIHBIX U3YYaeTCsd B KJIac-
ce peryiasgpHbix yHKuii. Vcmoap3yores MeTos pas3ieieHnst epeMeHHbIX (MeTo
psgoB @ypoe). ObpaTHas 3a1a49a CBOIUTCS K PEIIEHUIO CUCTEM JBYX HEJINHEHHBIX
UHTErpaJbHbIX ypaBHenwuii. [Ipu jjoka3are/ibcTBe CyNIeCTBOBAHUS U € IMHCTBEHHOCTHU
koddburmenta Oypbe oT HEU3BECTHON (DYHKIUN IPUMEHSIETCS METOJI [IOC/IE/I0Ba-
TEJILHOTO MPUOJIMKEHUS B COYETAHUM €TI0 C METOJOM CXKUMAIOIIEr0 OTOOPAXKEHU.
Ucnonb3yercs nepasenctBo Kommu-IIIBapiia n nepaBencrBo Beccenst npu jjokasza-
TeJILCTBE aDCOTIOTHON M PABHOMEPHOI CXOJMMOCTH MOJIyYeHHBIX psaioB Dypbe.

Karoueswvie caosa: duddepennuanibioe ypaBHenue tuna Bennu-Jlioka, wmaTe-
rpaJibHbIe YCJIOBHS, oOpaTHas 3ajiada, HeJIuHeiiHoe (PyHKIMOHAJIbHOE YpaBHEHUE,
HeJIoKaJIbHas KpaeBasd 3aj1ada, MeTos1 paiaoB Pypoe, nepasencrso Komu-IlIBapra un
HepaBeHcTBO Beccers.

Bouibnioit naTEpec ¢ TOYKM 3peHusi NPUIOKEHNUH MIPEICTABIAIOT YPaBHEHUs THIIa DeHHu-
Jlroka [1-20] u npuoxkennst narerpo-nuddepeHnnalbHbx ypaBaennii Tua @pegroapma [21-
36).

Uccnemyercst Kiaccuueckas pa3pelimMOCTh HEJIOKAJbHON KpaeBoii 3amaqau s audde-
PeHIuaILHOrO ypaBHenus tua bennu-JIioka BEICOKOTO YeTHOro mnopsijka. B aBymepHoit obsra-
cru Q ={(t, z,y) | 0 <t <T, 0 <x,y <l} paccmaTpuBaeTcs ypaBHEeHUE

D =) [3@+ 1 (v [ [ o6 s epanac)|.

e

0?2 9% (o* o=
D?}?;Hk =573 +5(t)(_1)k8t2 <3x2k * 8y2k) -
g% o or -
—w () [<—1)’“ (m * awa) e <8x4’“ : 8@/“” |

T u | 1auBl TTOJOKATEIBHBIC JeHCTBATEILHBIC YUCTa, Kk 3aJaHHOe MOJOKUTEIBHOE MEeJI0e ThC-
n0, €(t), w(t), a(t) € C (Qr) — wenpepsisusie dbynkuun, f(z,y, 8) € C*(Q} x R),

“Paxmonos ®. [I. - Hanponansusiii yausepcurer Ysbexkucrama, farxod frd@bk.ru
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folfol|@(777 575(77: 5))| dndf < OO,@(I,y, ﬁ) < C(QIQ X R)7 QT = [07 T], (x,y) S QZQ =

0;1)%, B(x,y) € C(QF) — dbynkus nepeonpeieneHus.

ITocranoBka 3amauun. Haitnem napy dyuknuii {U (¢, z,y); B (x,y)}, nepBas u3 KOTOpbIx
yaoBseTBopsieT nuddepeHnnaabHOMy ypaBHeHUo (1), cJelyomuM HeJIOKAIbHBIM YCIOBHSIM

T
U(T,x,y)+/ Ut,z,y)dt =pi(z,y), 0<m,y <,
0

T
Ut(T,x,y)Jr/ Up(t,z,y)tdt = o (z,y), 0<z,y <1,
0

yeaosugaMm tuna dupuxie mig 0 <t < T

u(t,0, y) =u(t,l, y) = u(t,z,0) = u(t,z,l) =

2 2 2 2

0 0 0 0
= WU(KU, y) = wu(tl, y) = WU(TZLO) = W“(t% l) =
0? 0? 0? 02
= ——ul(t = ——u(t,l = ——ult = ——ul(t l) =
84]6—2 4k—2 4k—2 84’6—2
=..= WU(?ZO, y) = WU(U, y) = WU(EIL‘,U) = WU(EIL‘J) =
a4k72 4k—2 4k—2 4k—2

= mu(t707 y) = mu(t,l, y) = WU(LS&O) = WU(L%Z) =0,
KJIacc (PyHKITMIA

Ul(t, z,y) € C(Q)NCT Q) N CEEMOQ) N CELO2R(Q),

t,2,y
8wy € C(2})
U JIOTIOJIHATEILHOE YCJIOBUE
Ulty, z,y) =¢ (z,y), 0<to<T, 0<uz,y<l,
rie oi(x,y) (i =1, 2), ¢ (z,y) — 3amanuble riagkne QYHKIAE 1 IMEIOT MECTO YCIOBHA
pi(0,y)=pill,y) =¢i(@,0) =pi(z,0) =

0?2 0? 0?2 0?

= W‘Pz‘(oa y) = W@z'(l, y) = Wgoi(x,()) = W@i(x,l) =

2 2 2 2
=590, y) = 5=vill, y) = 55¢i(2,0) = 3= (z,1) =
DEM 0, ) 952 (L, v) 5527 (z,0) 9527 (z,1)

a4k—2 a4k;—2 a4k;—2 a4k—2
=..= W%’(O, y) = W%’(l, y) = W%’(%O) = W%‘(%Z) =
a4k:—2 84k_2 84k—2 a4kz—2

= W%(Q y) = W%(Z, y) = W%(ﬂ?,o) = W%’(%U =0,

(2)

(3)

(4)

()
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1/}<O7 y) = w(lv Z/) = w<x7 0) = w<x7 l) =

02 02 02 0?2
02 02 02 02
= 8_y2¢(0’ y) = a—y2¢(l7 y) = 8—y2¢(l‘70) = 8—y2¢(1‘71) =
a4l~c—2 a4k—2 a4k—2 a4k—2
=..= WWO, y) = WT/JU, y) = WTP(%O) = Wd}(%” =
a4k—2 84k—2 84]{:—2 4k—2

- WWO, y) = le, y) = W#}(LO) = W@b(m,l) =0.

MpbI TakzKe mpejnosaraeM, 9To juist 3aganabix dbyuknuit S(z,y), f(z,y, -) BEpHbI Cleayomume
rpaHUYHBbIE YCJIOBUS

B(Oa y):ﬁ(l, y):ﬁ(flf,O) :ﬁ(l’,l) =

02 02 0?2 02
= Wﬁ 0,y) = Wﬁ (l,y) = Wﬁ (2,0) = Wﬁ (w,1) =
02 0?2 02 02
= a—yzﬁ 0,y) = 6_3/25 (l,y) = 8_y26 (2,0) = 8_y26 (z,1) =
84k_2 a4k—2 a4k—2 a4k—2
=..= Wﬁ 0,y) = Wﬁ (L, y) = Wﬁ (z,0) = Wﬁ (z,1) =
841:—2 a4k—2 a4k:—2 a4k—2

= —ay4k—26<07 y) = 8y4k—2ﬁ(l’ y) = Wﬁ (x,0) = Wﬁ (z,1) =0,

f(Oa Y, ):f(la Y, ) :f($707 ) :f<£E,l, '):

9° 02 0?2 92
= Wf (Oa Y, ) = Wf (l7 Y, ) - Wf (I70> ) = Wf (xyla ) =

02 02 0? 02
:a_y2f<oa Y, ):a_ny(la Y, ):8_y2f(x’0’ ):a_ny(xﬂlv ):
a4k—2 a4k—2 a4k—2 a4k—2
=..= Wf(oa% ) = Wf(laya ) = Wf@,oy ) = Wf(%l, ) =
a4kz—2 a4k—2 a4k—2 a4k—2

Pasznoxkenue perteHusi mpsimoit 3agauu (1)-(5) B psig @Pypbe
HerpuBnaJibHble pereHus mpsiMoil 3aj1adu Uiy Tcd B Buje paga Oypbe

o0

Ult,z,y)= Z U m () Vo (T, ), (7)

n,m=1
rae

Il
Up,m (1) = /O/OU(t,x,y)ﬁn,m(x, y) dzdy, (8)
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2
Vnom (T, Y) =7 sin ﬂl—nx sin ?y,n,mzl, 2,

[Ipeamnonaraem, aro ciejyrorire GyHKINN TOXKe pasjaraiorcs B psaji Pypbe

B, y) = 20 et Bnom Vo (2, ),

f(.’ll', Y ) = Z:mzl n,m(')ﬁn,m(l’, y)a (9>
rie

[MoxcraBisst psiapr Pypbe (7) u (9) B ypaBHEHME B YaCTHBIX MPOU3BOAHBIX (1), mosrydaem
CUETHYIO CUCTEMY OOBIKHOBEHHBIX JuddepeHImaabHbiX YpaBHeH!I BTOPOro HOpsiiKa OTHOCH-
TEJbHO ITEPEMEHHON

a(t)

m (Bom + fam (), (11)

W (8) = o @ (8) W (£) =

2k _ (m\2F 2k 2k
e p2h, = ()7 (24 m2)

Cuernas cucrema nuddepeHnnaIbHbIX ypaBHeHUT Broporo nopsiaka (11) permaercs Ba-
PHAIIMOHHBIM METOIO0M IIPOU3BOJIBHBIX TOCTOSTHHBIX

un,m (t) - Al,n,m + A2,n,m t+ ’Vn,m (t)7 (12)
e Ay pm # Ay — IPOU3BOJIBHBIE IOCTOAHHBIE,
Yn,m (t) = 6n,m (t) + [ﬁn,m + fn,m ()] hn,m (t),
t—
o) (t5)

L+e(s) piin

C momorpo koabdunuenros Pypoe (8) nurerpasibble yejaoBus (2) u (3) 3anuChBAIOTCA
B CJIEJIYIOIIEM BUJIE

un,m(T)+/0Tun,m(t>dt: /OZ/OZ <U(T, x,y)—i—/OTU(t, x,y)dt) D (oy) dady —

l l
=//mx,y)ﬁn,m(x,y)dxdywm,m, (13)
0 0

T l l T
0 0 0 0

l l
= / / @2(x7y)ﬁn,m($ay)dmdy:@Z,n,ma (14)
0 0

S (t) = Mikm /Ot(t — )W (8) Unm (s)d s, hpm(t) = /Ot

J71s1 HaxoK ienust HeM3BeCTHBIX KO3 duImenToB Ay p, »m 1 Ag m B (12), Bocmosb3yences
yesousimu (13) u (14). Torga nosydaum cUeTHYO CHCTEMY WHTErDAIbHBIX yPABHEHUI

Un,m <t> = Il (t, un,maﬂn,m) = SOl,n,mDO + P 2,n,m Dl (t)+
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+<ﬁn,m +fn,m() DQnm / Hnm tS unm()d S, (15)
rie koaburmentsr Pypbe [y, U frm (+) onpegersiores ¢ momonipio dopmyrt B (10),

Frm () // (az y// (n &S Bund nmn@) dndf) Do (29 ddy,

n,m=1

1 ot 2+7T
14T 201417

Do (t) = hpm (t) — HLT {/OThn,m (t)dt+ hpm (T)} -

- (2(2112)2 * 1—iT) [/OTh'n,m (&) tdt+ Ny, (T)] :

) Hinm(s), t<s<T,
Hom (t,5) = { Hynm (t,5), 0< s <t

5 P20

Hy, i (t,8) = Hinm (8) + finin (t = 8)w (5).

[Mogcrasnss npeacrasienue Koaddunuenros Pypue (15) ryiaBHON HEM3BECTHON (DYHKIIUH
B paj Qypbe (7), moaydaem

Hl,n,m (S) = -

n,m=1

+(ﬁn,m +fn,m () D2nm / Hnm tS Unm( )d . (16)

Pan @ypbe (16) apasgercs dopMaabHbIM perenneM mpsivoit 3aaqau (1)-(5).
Pyukius nepeonpenesenus [ (z,y)

Ucnonw3yst monosantensroe yenosne (6) n yumreBas dopmyr B (9) u (10), u3 psama
Dypoe (16) mosrygaem cieIyIoNy o HeJIMHEHHY 0 caeTHyo cucreMy Jyig Kosddunuenros Pypoe
dbyHKIME TIEpeope/ieIeHnsT

Bn,m = 12 (t, un,m7 ﬁn,m) = wn,m Xl,n,m + Qpl,n,m X2,n,m + (;02,n,m XS,n,m_

fam () — / H oo (t0,8) th (5) 5, (17)

rie

Fom () // (:c y// <n,5, i_ ﬁn,mﬁn,mm,s)) dndf) D (2,y) dz dy,

n,m=1
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_ 1 _ Dy . D (o)
B D2,n,m (tO) e _D27n,m (tO)’ Asimm = _DQ,n,m (tO)7
_ Hy (o, s)
B Do nm (to)’
Il
Vnm = /O /O U (2, y) Onm (z,y) dedy. (18)
[Moncrasiss npescrasienne (17) B nepssiit u3 psagos Oypbe B (9), momydaem

6 (J:a y) = Z ﬁn,m (377 ?J) [¢n,m Xl,n,m + Spl,n,m X2,n,m + (;02,n,m X3,n,m_

n,m=1

—foam (+) — /OT H o (to, 8) Unm (8) ds} . (19)

OpaHo3HaYHAs Pa3peNImMOCTh CUCTEMbI U3 cYeTHbIX cucteM (15) u (17)

Mbr1 ucrosib3yem cieiyrolye n3BecTHbie 6anaxoBbie npocrpancTsa: [Ipocrpancrso Bo(T')
nocyegoBarebHocTelt byHKImit { wy, ,(t) }°0 _ #a cermenre [0; T'] ¢ HopMoit

n,m=

[e) 2
1Ol = | X (g, Tnn®)]) <
n,m=1
[M'unbbepToBO KOOpAMHATHOE {5 IPOCTPAHCTBO {gpmm }:’m:l YHUCJIOBBIX ITOCJIEIOBATEJIBHOCTENA C
HOPMOW
o
2
||90||£2: Z |90n,m| < OQ;
n,m=1

[Ipoctpancteo Ly (27) cymmupyembix ¢ KBajpaToMm dyHKIumii B obtactu 27 ¢ HopMoit

Hﬁ(xvy)“LQ(Ql?):\//o/(;|?9(77,f)|2d77d§<00.

[peanonaraercs, 4to jia raagkux Gyuximuit Do (), H,m(t,s) uz (15) cnpasemiusb
CJICIYIOIINE YCIIOBUSL:

= max {1 D20 Ly 3 D50 |y § < 00, (20)
T T
o= { [ s [ L ds f <o o)

T T
!gzmax{/ | it 5) ||, o s / HH;’<to,s>HBg(T)ds}<oo,z‘=1,2, (22)
0 0

Hl,n,m(ta S) = n4an,m (ta 5)7 Hl,n,m (t07 S) = n4kﬁn,m (t07 3)-
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H2,n,m(t7 5) - m4an,m (t7 5)7 ﬁ?,n,m (t07 3) = m4an,m (t07 8)'
YcaoBusa raaakoctu. [lycrs jais dpynkimit
vi(z,y), v(z,y), B(z,y) € C* (), f (z,y, ") €CE (R xR), i=1,2

B obstactu ()7 CyHMIECTBYIOT KyCOUHO-HEIPEPhIBHbIE TPOU3BOHbIe Topska 4k + 1. Torua, unre-
rpupys o dactam dyukium (10), (13), (14) u (15) 4k + 1 pas mo kaxoil nepemenuoit F,y,
HOJTy9aeM CJIeJLyTOIIe COOTHOIIEHMS

1 8k+2 ‘ SplBT’:an)
| 0i,nm | = (;) AR AR T 1,2, (23)
[\ B2 w(8k+2
| Ynm| = (;) AR TR (24)

rIe

8k+2
(8k:+2) 0 (z,y) -
Ziman / / 8x4k+1ay4k+1 Vpm(z,y)drdy, i=1,2,

8 k+2
8k+2 / / a ¢ X y) 79n7m($,y)dl’dy

8m4k+1 ay4k’+1

31ech crpaBeInBbl HepaBeHCcTBa Becces
00 9 8 k+2 b 8 k+2 2
(8 k+2) wi(z,y) .
Z [‘Pmm } ( ) / / {8$4k+1ay4k+1 } drdy, i=1,2, (25)

n,m=1
0 8 k+2 88k+2 2
> o) (2) // | dvay. (26)

n,m=1

Takzke nosrydgaem ciemyioniye popMyJIbl

7 Bk+2 (8k+2)
| Bom | = (%) Yy g v (27)
1 Bk+2 ‘fgk“)()‘
| frm(-) | = (;) Ry g v (28)

rie

BERD) // 9°* Bla, y) Vnm(2,y) dzdy,

ax4k+1 8y4k+1

8 k+2
8k+2 / / a f x,Y, ) ﬁn,m(-f,y)d%dy

al’4k+1 ay4k+1

Jnsa dbyuknuit B mocsieiaux hopMysiax clipaBeJInBbI HepaBeHcTBa beccess:

00 8k+2 8 k42 2
9852 B2, y)
S ok s (3) [ [ [ty detn o)

n,m=1
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[e'¢) 8 k+2 88k+2 : 2
> )< (3) [ [ [Stotet] avan o

n,m=1

Teopema 1. Ilycrs BeIoONHAIOTCS yeaoBus TiagkocT, (20)-(22) u coemyoniye yeaoBus:
1) | f('ray7 71) - f('ruya 72) ‘ < MQ(SL’,y) |ryl — 72 | 70 < || Mo(l’,y) HLQ(QIQ) < 00;
216 (2,5, 1) = O 2.y, B2) | < O (2,9) |51~ o] .0 | O0(a.1) [, 02 < o0
3) p<1,rme

p = max {211 (1| Mo (2,9) Il 0z + 1©0 @) | 10 )+ L2 +ls } -

Torma cucrema u3 cuernsix cucreM (15) u (17) ofgHO3HAYHO paspermma B IPOCTPAHCTBAX
Bo(T) u £4. Ilpu 5T70M HCKOMOE pellieHne MOKeT ObITh HANICHO U3 CJIE/LYOIIEr0 NTEPAIIMOHHOTO
nporiecca:

ud . (t) = @1,nm Do+ ©2,nm D1 (1), (31)
ubth (t) = I (t; ub,,, B2.,,), p=0,1,2,..
wn le,n,m + Sol,n,m XQ, n,m + ()02,n,m X3,n,m7 (32>
ﬁp+1 =L(t;ub, . 62,), p=0,1,23, ..

HokazareabcTBO. MbI UCIIOIB3yEeM METOJI C2KMMAIONIUX 0TOOpaKeHU B IPOCTPaHCTBAX
By(T') u 5. C yuerom dopmyn (23) u (24) npumensiem nepasencrso Komm-Bynskosckoro u
3aTeM IpuMeHsieM HepaseHcTBa Beccestst (25), (26). Torma mosydyaem, 4ro CripaBeIuBbl CJIe/Iy-
IOIIUEe JIBE OIEHKU:
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< Holle, - xalle, +lealle, - Ixzlle, +le2lle, - xsll,, < oo (34)

CorytacHo IepBOMY U BTOPOMY YCJIOBHsIM TeopeMbl u oreHkaMm (20)-(22), ¢ yaerom dopmyit
(23), (24) u mepasencrsa Beccensa (25), (26), mia nponssosbHoil pazuocTr npubsmzkenus (31)
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<t (Mo @,9) o) + 190 (2:9) o)) - 1187 = 87|, +
+o [[u? (1) —uP7H(2) HBQ(T); (35)

Anasormano (35) 11 IPOU3BOJIBHOI pasHocTH mpubimKenuit (32) mosydaeM ONEHKY
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<y (Mo (@,9) (o) + 1190 (@:9) 1 0z)) - 1187 = 877, +

+3 |[u? () —uP () || e (36)
Tenepb, cK/aibiBast oleHoK (35) u (36), mosyuaem
[ () = @) | gy oy + 18771 =87, <
21 (I Mo (,9) 1 02y + 1€ 9) L ygapy) - 187 = 8771, +
<p- (187 =87, + e @ = Ol 5, 0) - (37)

e p = max {2!1 (H Mo (2.9) || 1,02 + | €0 (@,9) ||L2(Qﬁ)) ol } .

Corstacio TperbeMy ycsioBuio TeopeMmbl, p < 1. CiemoBaresibHo, u3 ornenku (37) ciey-
eT, 9To onepaTopbl B npaBbiX dactax (15) u (17) cxkumarormume. U3 onenok (33)-(37) ciemyer,
YTO CyHIeCTByeT €/IMHCTBCHHaAd HEIIOJABU2KHadAd TOYKa, KOTOPad ABJIACTCA pellleHueM CUCTeM U3
cuernbix cucreM (15) u (17) B mpoctpancrsax Bo (T') u £, coorBercTBenno. Teopema jokasama.

CxomumocTs paaoB Pypbe DYHKIMN MTEPEOIpeaeIeHIus

Teopema 2. [Ipesmonoxkum, 9To Bee ycaoBusi TeopeMbl 1 Boimosastiorest. Torma ps (19)
CXOJIUTCsI abCOTFOTHO U PABHOMEPHO.

Hoxkaszarenbcrso. Ilycrs u (1) € By (T). Torma, ucnonssys nepasercrso Kommu-I1IBapra
u HepasencrBa Beccens (30), mis psaga (19) mosydaeM OneHKy
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n, m=1 28y

U3 onenku (38) coremyer abcoroTHO U paBHOMepHast cxoauMoctb psjga @ypoe (19). Teo-
peMa JioKa3aHa.

4. OcHoBHasa Hem3BecTHass QPYHKIINSA

Mbr onpenenmiu dyHkimo nepeonpeesenus B Buje pajga Pypoe (20). Urax, dynkims
[IepeoITpe/Ie/IeHUsT U3BECTHA.

Teopema 3. Ocuosnas nHeussectHas byukiwst U (t, ,y) onpeIeseTcst ¢ IOMOIIbIO PsJia
(16). IIpu srom sTa dyHKIMA HEPEepbIBHO JuddepeHImpyeMa 0 MepeMEeHHbIM, BXOJAINM B
ypasuenwue (1).
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HoxkazarenabcTBo. C yuerom Toro, uro u(t) € By (T) u dopmyrn (20)-(26), nmomydaem
OIICHKY
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U3 (39) caemyer abcomoTHas u paBHOMepHast cXoauMocThb psiia Pypre (16). Teneps dyHKIHIO
(16) nudpdepeHnupyeM HyKHOE THCIIO Pa3
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Ananornano (40)—(41), MbI ompeie/ M CJIeIyoIue d)yHKuI/H/I B BUJIE Pa3/IoKeHud B paanl Dy-
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JlokazaTebeTBO cxoauMocTi psijia Pypbe cXouuTes ¢ JJoKa3aTeIbCTBOM cxoumocTu psaja (16).
Mpr okazkeM abCOIIOTHYIO ¥ pABHOMEPHYTO cxouMocT psaoB (41) u (42). C 910ii 1nesbio Mbl

ucnosibdyeM dpopmyiibt (20)-(30). [Ipumensiem vepaserncTBo Komnu-ByHAKOBCKOrO U HepaBeHCTBa
Beccensa. Torma nosrygaem
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Anastornano (43) mostydaeM, 9TO CIIPaBeINBA OICHKA
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Ananornano (44) ycraHaBIMBAIOTCS CJIEIYIOIINE YTBEPK ICHUs
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Teopema 3 nokazana.
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REZYUME

Ikki olchovli fazoda integral shartlar bilan berilgan yuqori juft tartibli Benni-
Lyuk tipidagi hususiy hosilali differensial tenglama ko‘rib chiqiladi. Chiziqli
bo‘lmagan teskari masalaning yagona yechilishi o‘rganiladi. Hususiy hosilali
tenglamaning yechimi regulyar funksiyalar sinfida o‘rganiladi. O‘zgaruvchilarni
ajratishning Furye qator usuli qo‘llaniladi. Teskari masala ikkita chiziqli bo‘lmagan
integral tenglamalar sistemasini yechishga keltiriladi. Noma’lum funktsiya Furye
koe?tsientining mavjudligi va yagonaligini isbotlashda qisqartirib akslantirish usuli
bilan ketma-ket yaqinlashish usuli qo‘llaniladi. Olingan Furye qatorining absolyut va
tekis yaqginlashuvini isbotlash uchun Koshi-Shvars tengsizligi va Bessel tengsizligidan
foydalaniladi.

Kalit so‘zlar: Benni-Lyuk tipidagi tenglama, integral shartlar, teskari masala,
chizigsiz funksional tenglama, nolokal chegaraviy masala, Furye qatori, yechimning
mavjudligi va yagonaligi, Koshi-Shvars tengsizligi va Bessel tengsizligi.

RESUME

In a two-dimensional domain, a Benny-Luc-type partial differential equation of an
even higher order with conditions in integral form is considered. We study the unique
solvability of a nonlinear inverse problem. The solution of this partial differential
equation is studied in the class of regular functions. The method of separation
of variables (Fourier series method) is used. The inverse problem is reduced to
solving systems of two nonlinear integral equations. When proving the existence
and uniqueness of the Fourier coefficient of an unknown function, the method of
successive approximation is used in combination with the contraction mapping
method. The Cauchy-Schwartz inequality and the Bessel inequality are used to
prove the absolute and uniform convergence of the obtained Fourier series.

Key words: Benny-Luc type differential equation, integral conditions, inverse
problem, non-linear functional equation, non-local boundary value problem, Fourier
series method, existence and uniqueness of solutions, Cauchy-Schwartz inequality
and Bessel inequality.
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MOJIEJINPOBAHUS CEICMUNYECKNX BOJIHOBHIX ITOJIEN B
OTHOPO/IHOM IIOPNCTOM CPE/IE.

Tyitunena C. T., Cagymiaesa M. 3. "

PE3IOME

B cratbe paccMoTpeHa MOJIECTUPOBAHUS CEHCMUYECKHX BOJIHOBBLIX IIOJIEH B OJHO-
pojiHo#t opucToii cpege. OCHOBHBIM MOMEHTOM PabOTHI SIBJIAETCST BOCIIPON3BEIEHIE
pacrpocTpaHeHusi CeCMUYIeCKON BOJIHBI B TIOPUCTOMN CpeJie U PEKYPCUBHOE ITPOCTIe-
JKUBaHMUE ee pacipocTpaHenus. [ mpoBepkn pacyeToB MCIOIb30BAJICS ITPOCTE-
muil caydail 00JIACTU TOJIHOCTBIO 3AIIOJIHEHHON MOPUCTON CPEJIbl ¢ Pa3IUIHBIMU
TOYEYHBIMU UCTOYHUKAMU. BociponsBeieHbl Bce TpU PaclpoCTpaHeHus celicMude-
CKOI BOJIHBI BO (DJIFOMIOHACBHIIIIEHHOM ITOPUCTON CpeJie JIsd PA3/IMIHbIX TOYETHBIX
MCTOYHUKOB.

Karoueswvie caosa: nopucras cpejia, Mojiesb Ppenkensa-buo, ceiitcmuyueckne BoJI-
HBI, TOYEYHBI UCTOYHUK, TapaMeTPhl YIPYTOCTU, BOJTHOBOE IIOJIE.

OOBIYHO /I YUCJEHHOTO MOJIEIUPOBAHUs HMCIOJb3yeTca Mmojenb Ppenkens-buo. Oco-
OEHHOCTBIO PACIPOCTPAHEHNST BOJHOBOI'O IOJISI B IOPHUCTBHIX CPeIax SABJISETCS HAJUYINe JIBYX
IPOAOJIBHBIX BOTH. CKOPOCTH pacpoCcTpaHeHusI ceiicMuIecKux BOIH B Teopun Ppenkesrsa-buo
SIBJIAIOTCS (DYHKIIMAMU YE€ThIPEX YIPYIUX IapaMeTpPoB I 3aJIaHHBIX 3HAYCHUN (PU3MICCKUX
IoTHOCTEl MaTpuilbl, X)ujakoctu u nopucroctu [1-2]. B 1989 roxy B.H./loposckuii (3|, na
001X GU3NIECKUX MPUHITAIAX, TTOCTPOU HEJTUHEHHYIO MaTeMaTHIECKYIO MOJE/b JJIsd ITOPHU-
crhiX cpesi. B mosenn /[IopoBckoro tak ke, Kak B Teopuun Ppenkeis-buo, ects Tpu THlla 3By-
KOBBIX KOJIeOAHMUIL: IIOIEPETHOE U ABa IPOJOIbHEIX. OT/mare oT Moje/Ieil MOg00HBIX MOIE/ISIM
Openkens-buo, B muneapuzoBannoii Mojiesin JJopoBCKOro cpejia OMuChbIBaeTC TPeMs YIPYTUME
napamerpamu [4-6]. Tlapamerpbl ynpyroctu B3auMHO OJJHO3HAYHO BBIPAYKAIOTCS TPEMS CKO-
POCTSIMHU YIPYTUX KOJEOAHUM, UTO SIBISETCS BaXKHBIM JIJIsT IUCJIEHHOI'O MOJECTUPOBAHUS Pac-
IPOCTPpaHEHUsT YIPYTUX BOJIH B IMOPHUCTBHIX CPelax, KOrda 3aJJaHHBIMU IapaMeTPaMU SBJISTIOTCS
3HAYEHNS CKOPOCTEHl aKyCTUIEeCKMX BOJIH, IMOPUCTOCTH, (PU3MIECKUX ILJIOTHOCTEH MATPUIILI K
HACBIIAIONIEN *KUIKOCTH.

B ,HaHHOﬁ pa60Te pPaCcCMOTPpUM MOIEJINPOBaHU A cellcMMYeCKUX BOJIHOBBIX IIOJIEH.

Jlnsg mpoOHO#t MOJie/In CpeJibl PACCMOTPUM  YUC/IE€HHBIE PE3YJIbTAThl MOJIETUPOBAHUS
ceficMUYIeCKX BOJIHOBBIX IOJIEH. 3alaHHast MOJAEIb COCTOUT U3 OJHOPOIHON IMOPUCTON CPEIbI C
dU3nICCKUMI XapaKTEPUCTUKAMU CO CJICYIONIUMHU ITapaMeTPaM7:

o 1 3 .
pbs = 1.52/cm’ — usmueckas IIOTHOCTH yIPYIOTO MOPHCTOIO TeJIa;
pg = 12/0/\43 — ¢usuyeckasi IIOTHOCTb *KUJIKOCTH;

Cp1 = 2KM/¢, Cpop = 0.45KM/c — CKOPOCTH TIPOJIOIBLHBIX BOJIH;

¢s = 1.3%Mm/c — ckopocTb TonepeuHoii Bojiabl; d = 0.1 — mopucTocTs.

* o o o o
TyitaueBa C. T., CagymmaeBa M. 3. — TakeHTCKHIT rOCYIapCTBEHHbBINH TPAHCIIOPTHBIN YHUBEPCUTET,
sayyora-tohirzoda@mail.ru
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[MIar auckpeTu3auu 1Mo MMPOCTPAHCTBEHHBIM KOOpJMHATAM JIjI PA3HOCTHOW CETKU 3a-
JlaBaJjicd coryiacHO ycsoBuio: 10 y3/10B Ha MHUHUMAJbHYIO JJIMHY BOJIHBL. Pasmep pacdeTHOi
obJractu 110 pocTpancTBy coctan/isst 400 y3/10B 1o Kaxk/10il koopjaunare. Takum odpaszoM, pac-
cMaTpuBaeTcsd obyiacth 12 Ha 12 kuomeTpos, nepuos 1o BpeMenn ot 0 j10 20 ceKyH/I ¢ marom
o Bpemenn 0.0025 ceKyH/BI, 9TO YIOBIETBOPSIET YCJIOBUIO CXOAUMOCTH P - ¢ < 1 [7-8.

BosiHoBOE 110/ MOJIETMPOBAIOCH OT TOYEYHOI'O MCTOYHUKA B IEHTPE PAacCMaTpPUBAEMOil
obytactu. BpemeHHoit curHasl B ICTOYHUKE 3a/1aBaJICsl B BHU/IE

_ (2nfo(t—tq))?

f(t) =exp 7 -sin(27 fo(t — b)), tme v =4, fo = 1I'n, tp = 1.5¢,

KOTOPBIII OIIUCBHIBAET U3MEHEHNE MAaCCOBOU CHUJIBI.
BekTop HensBecTHBIX ITapaMeTPOB YPABHEHUS PACCMATPUBAEM B PA3/IMYHBIX TPUEMHIKAX

U B pa3jndnble BpeMmeHa. [[pueMHUKEN paciio/ioyKeHbl B 3 HAIIPABJIEHUIX COIVIACHO PUCYHKY 1

0 -
X

vy

% - ucmounux; /\ - npuevnux,

Puc. 1: Cxemarndeckuii rpaduk pacroiozKeHns HCTOUYHUKA W IPUEMHUKOB B
paccMaTpuBaeMoii 001acTH.

PaCCl\/IOTpI/IM HECKOJIBKO CJIY9a€B Pa3/JIMYHBIX IIPaBbIX JacTeil I/ICXOILHOfI CHUCTEMBbI YpaBHE-
HUI JJIs1 IPOBEPKH pabOThl MeTo1a 1 ero 3(h@HEeKTUBHOCTH.

fo = f(t)-6(x —x0) - 0(y — o),
@) { f, = 0

9T1o COOTBETCTBYET TOYEIHOMY HCTOYHUKY HallpaBJICHHOI'O B3PbIBa B HallpaBJICHUMN.

st naHHOTO Citydast OJJHOPOJIHOM Cpejibl cormacHo [9], Mo KOMIIOHEHTE U, JIOJXKHBI PACc-
[IPOCTPAHATHCA TPU BOJIHBL: JIB€ IPOJOJIbHBbIC BOJIHBI B HAIIPABJICHUU T U IOllepeYHasd B Ha-
npassieHun y. PaccMoTpum pasjinunble MTHOBEHHBIE CHUMKH B 3-10, 4.5-10, 6-10 CEKYH/Ly, YTOObI
YAOCTOBEPUTHCS B ITOM.
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9

12 _x [iom]
0,

000412
0,000206 3
0 6
-0,000165 °
-0,00033

a) 12y [xu]

6) 12y

e J 00022 9
il 0, 4

- 170-
6 9 A2 x [xma] 0
0,000254
.

0,000147

-0,000112

B) 12y (]

9 12 _ x [xm]
0,00025

0,000125

-0,000123

h -0,000247

Puc. 2: MrHOBEHHBII CHUMOK BOJTHOBOT'O TIOJIsI JIJISI U, B MOMEHTBI BpeMeHH ¢ = 3 CeKyH/IbI (a),

t = 4.5 cexynmpt (6), t = 6 cexynp (B).

Bee IpearoJiaracMbi€ BOJIHBI IPUCYTCTBYIOT U B CBOUX HallIpaBJICHUAX UMCIOT MaKCUMYM

AMILJIUTYAbI.

PaccMorpuM jannble ¢ MPUEMHUKOB W ITPOBEPUM KOPPEKTHOCTH BPEMEHM ITPUXOJa BOJIH
(110 PACCTOSTHUIO JIO TIPUEMHUKA ¥ CKOPOCTH BOJIHBI).

10
1 [cex]

0,000154

0,000104

0,00005+

-0,00005

-0,00010+

] H 1h 15
t [cex]

0,00010

0,00005+

-0,00005-

~0,00010+

a

Puc. 3: 'paduk BOSHOBOIO 10JIs IS U, B IPUEMHHUKE Ha PACCTOSHIN
kuiomerpa (6), 4,5 kutomerpa (B) OT HCTOYHHUKA B HALPABJICHUN

pacrmpocTpaHeHue 2-X TPOA0JbHBIX BOJIH

-0,00014

-0,00024

1 15
1 [cex]

1,5 kuomerpa (a), 3
x. Habmogaerca

0,00024

0,00014

Puc. 4: T'padux BosHOBOrO OIS JJIsl U, B IPUEMHUKe Ha paccrostaue 1,5 Kuaomerpa (a), 3
kmtomerpa (6), 4,5 kutomerpa (B) OT nucToYHNKa B HalpaBienun y. Habomaercs
pacupocTpatHeHue IMoIepevHoi BOJIHBI
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Takum 0b6pazoM, IO TOJIO U, PACIPOCTPAHEHUE BOJHBI COOTBETCTBYET OXKUJIACMOMY, B
NIPUEMHUKN CUTHAJ IIPUXOIUT B pacueTHOE BpeMs, MPOQUIb BOJIHBI COXPAHSIETCS.

PaccMmoTrprM MruoBeHHbIE CHUMKHI BOJIHOBOT'O 110J14 JIJI4 U, B T€ YK€ BpeMeHa: B 3-10, 4.5-10,

6-10 CEeKyH/IbI:

0 3 e 8 12 _x [xu]
0,000251

3 0,000126
0

6

" S

9 io.ouotzs

-0,000251

a) 12y o)

2

7 N
NN _Z

12 x roua]
I 0000142

0,000071

o

h -0,000071
-0,000142

6) 12y (o)

L=}

0 . 3

/

N

S 12 _x [xm]

]’o,tn:nﬂ
N

0,000061

/ r.M1

-0,000122

¥ [xm]

Puc. 5: MruoBeHmblii CHIMOK BOJIHOBOT'O IIOJIS JJIsI U, B MOMEHTBI BpEMEHH ¢ = 3 CeKyHIbl (a),
t = 4.5 cexynapt (0), t = 6 cexynz (B).

Mpur HabsiojiaeM Bce Te Ke TPHU BOJIHBI, KOTOPbIE CUMMETPUYIECKH MEHSOT (ha3y 10 Ha-
NpaBJIeHuAM * 1 Y. B HampaBjaeHudax £ u y BOJHBI UMEIOT HYJIEBYIO aMILIUTY/Ly, TTIO9TOMY Pac-
CMaTpUBATh I'padUKN B TPUEMHUKAX HE UMEET CMBICIA.

PaCCMOTpI/IM MI'HOBEHHbIE CbEMKM BOJIHOBOI'O IIOJIA JIA U, B PA3JIMYIHOEC BPEMA

0 3 6 9 12_x (]
| 0,001931
al 0,000965
6l () 0
g; -0,000695
i-ﬂ,m“ﬁg

a) 12y fo}

0 3 6 k:]

12 _x kM)

)‘2 ¥ [en]

0,001343

0,000672

-0,000493

-0,000986

B) 12

y (]

9 12 _x [xm)
00011

0,00055

-0,000394

i -0,000788

Puc. 6: MrHOBEHHBIH CHUMOK BOJIHOBOTO IIOJISA JIsl U, B MOMEHTBI BpeMeHH ¢ = 3 CeKyHJIbI (a),
t = 4.5 cexynzpt (6), t = 6 cexymzn (B).

Habmomaem pacripocTpanenue TOJIBLKO JIBYX ITPOJIOJIBHBIX BOJIH BOJHOBOTO IOJIA IO KOM-
TIOHEHTE V,, B HAITPABJIEHUN T OHU NMEIOT CBOM MaKCUMYMbl aMILTATY/I.

PaccMorpum JlaHHBIE ¢ TPUEMHUKOB U ITPOBEPUM KOPPEKTHOCTH BPEMEHU ITPUXO0/1a BOJIH
(10 PacCTOSHUIO IO IPUEMHHUKA U CKOPOCTU BOJIHBI).
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10,0002

0,0010+ 0,0006+

0,0006-|

0,0004
0005 10,0004

00002 0,0002+

C o
0 o

-0,0002-]
-0,00024
-0,00054

-0,0004{

-0,00044
-0,0006-|

g : 10 15 i 3 i 15 ] 2 1 15
1| cex] t [cex] t [cex]

Puc. 7: I'paduk BoJTHOBOrO 10JIsT JIJIsT U, B IPHEMHKUKaX Ha paccrosgHuu 1,5 kumomerpa (a), 3
kuiomerpa (6), 4,5 kutomerpa (B) OT ncrouHrnKa B Hanpasjennn . Habomaercs
PaCIIPOCTPAHEHHE JIBYX HPOIOJIBHBIX BOJIH.

Habmoaercs coxpanenne mpodusisi BOJIHBI, 00€ MPOJOJbHBIC BOJHBI IIPUCYTCTBYIOT, B
IIPUEMHUKHN CUTHAJI IIPUXO/IUT B pacueTHOE BpPeMSI.

Boin nostyvensl aHaIOTUYUHbBIE BBIIIE TPEJICTABIEHHBIM MIHOBEHHBIE CHUMKM JIJIS HaIIPsi-
JKEHUM 011, 019, 099. IIpuMep Takoro cHuMKa Ha puc 8.

o 3 . 6 9 i?o '.;; [|'1"4!| 0 3 6 9 1?0. &1‘:3.011 ;u 3 6 . 9 ]20._ oﬁrlzls.:lg
3 0,000572 3 0,0004 31 0,000324
I
6 ) 0 6 ) ] si ) 0
9 -0,000572 gl -0,0004 9-? 0,000324
|
' -0,001144 ] i -0,000801 ‘ h -0,000649
a)ﬂ y ] 6)'2‘y[ml B)wuml '

Puc. 8: MrHOBEHHBIl CHIMOK BOJIHOBOTO IOJISI JJISE Oy, B MOMEHTBI BPEMEHN ¢ = 3 CEKYH/IbI
(a), t = 4.5 cexynapl (6), t = 6 cexyns (B).

HO.Hy‘-IeHHI)Ie MI'HOBEHHbIE€ CHUMKWU IOJIA Oy, HE MOI'YT ObITH MCHOJIL30BAHbBI B Ka4eCTBE
TECTOBBLIX, IIOTOMY YTO IJigd HUX HET IPAMDBIX allpUOPHBIX CBG,ZLGHI/IP.I.

HOSTOMy BECb Ha6op CHUMKOB JJId 0 Mbl HE€ IIPUBOJANM.

[Laﬂee IIpeacTaBJICHbI MITHOBCHHBIC CHUMKU JIJIgd JaBJICHUI.

(] 3 6 ., 9 12 _x [km] o . 3 6 9 . 12 x[em]

0 3 6 9 ‘120: X fea) | 0jooca7e 0,000713

3 0,000647 3 0,000438 3 0,000357
& ( 0 6 ( a 6 ( 0

9 -0,000647 9 h -0,000438 9 -0,000357

“ -0,001295 -0,000876 -0,000713

a) 12y [ku] 6) 12y [em) B) 12y (o)
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Puc. 9: MrHOBEHHBI! CHUMOK BOJIHOBOTO IOJIsI JIJIsT B MOMEHTBI BpeMeHu ¢ = 3 ceKyH/IbI (a),
t = 4.5 cexynapt (6), t = 6 cexynz (B).

Habmonaercst JiBe ipKO BBIPAXKEHHBIX BOJIHBI, PACITPOCTPAHSIONINECT B HAIIPABJICHUH T .

HOJIyLIeHHbIe JaHHbIe pacdeTOB IIOKa3bIBalOT, YTO paspa60TaHHaH MOJeJIb IJId Cjryqdagd
HallpaBJIEHHOI'O TOYE€YHOI'O B3PhbIBa Ja€T BEPHbLIEC PE3YJIbTaThbI.

Tenepb paccMOTpUM cTydaii, KOrja

fa: = 07
DUt = F0)- 6 — ) 8y — o).

DTO COOTBETCTBYET HAIIPABJIEHHOMY TOYE€YHOMY B3PBIBY 110 OCH Y, 9TO SKBUBAJECHTHO IIEPECTa~
HoBKe x | ¥y. [losydeHnnnie B pacuere cOOTBETCTBYIOIINE MIHOBEHHBIE CHUMKH ITOATBEPKIAIOT
3TO.

Pacemorpum Tperwuit ciydaii mpaBoil 4acTU MCXOIHON CHCTEMBbI, KOT/Ia (DYHKIMH ITPABbIX
qacTeil paBHBL:

fo = f(t)- 205y —yp),

c
) fy = f(t)-8(x — o) - 2te),
TO COOTBETCTBYET TOYCYHOMY B3PBIBY THIIA, «IICHTD PACIIUPCHUS».

Jl1st TAaHHOTO CJIydast OJHOPOIHON CPEIbl 0 KOMIOHCHTAM Uy, W U, JOJZKHBI PACIPOCTPA~
HUTLCA JIBE POJOJILHBIC BOJHBI B HAIPABICHUU T 110 KOMIIOHEHTAM U, U B HAIIPABJICHUH Y 110
KOMITOHEHTaM 1y, [9).

PaccMOTpUM MI'HOBEHHBIE CHEMKHU B 3-10, 4.5-10, 6-10 CeKYHIbI, YTOOBI YJ0CTOBEPUTLCA B
9TOM.

0 3 6 9 12 _ x [om] o 3 6 9 12 _x [om]
0 3 . 6, 9 . 12 _x[xu]
0000003 i e—— [ ROt

3 0,000001 3 el 3| 0.000001
6 () 0 6 { ) 0 6 ( ) o

d .0,000001 ol h -0,000001 ol .0,000001

| h-o,omtm ! -0,000002 ;J '-u,uootm
12y ) 5) 2y R) "2y

a

Puc. 10: MrHOBEHHBIH CHIMOK BOJIHOBOTO IOJISt JJISE U, B MOMEHTBHI BpEMEHHU ¢ = 3 CeKYH/Ibl
(a), t = 4.5 cexynapt (6), t = 6 cexynz (B).

Bcee npearoJiaracMble BOJIHBI IIPDUCYTCTBYIOT U B HallpaBJIEHUU X UMEIOT MaKCUMYM aMILJIUTY/IbI.

PaccMorpuMm JlaHHBIE ¢ TPUEMHUKOB U ITPOBEPUM KOPPEKTHOCTH BPEMEHH ITPUXO0JIa BOJIH
(10 PacCTOSHUIO IO IPUEMHHUKA U CKOPOCTU BOJIHBI).
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_5,x10-™

-1, % 10°%

-1,5 % 10°%

Puc. 11: I'paduk BostHOBOrO TOJISI sl B IPHEMHUKe Ha paccrosiaun 1,5 kumomerpa (a), 3
kuiomerpa(6), 4,5 kuomerpa(s) or UCTOYHUKA B Hanpasjexun x. Habomaercst
pacrpocTpanenue JIByX MPOJIOJTLHBIX BOJIH.

Takum 06pa3oM, 10 OO U, PACIPOCTPAHEHUE BOJHBI COOTBETCTBYET OXKUJIAEMOMY, B IIPUEM-
HUKW CUTHAJ ITPUXOJUT B pacueTHOE BpeMs, IMPO(MUIb BOJIHBI COXPAHAETC.

PaccmoTpuM MrHoBeHHbIe CHUMKH BOJIHOBOTO IOJIS JJId U, B Te Ke BpeMeHa: 3-10, 4.5-10,
6-10 CEeKyH/IbI:

0 3 . 8 ;] 12 _x i) ] 3 6 9 12 _x ] o 3 & 9 12 _x [xm]
0,000003 | 0/po0onz? | 0000002
3| 0,000002 3 0,000001 3 0,000001
[ o 6 0 6 0
—— - /
9 -0,000002 9 | -0,000001 9 kowoom
" i-n.owom 3 hqunoouz o -0,000002
¥ [wua] ¥ [oma] K
ay 6) B) y k]

Puc. 12: MruoBeHHBIl CHIMOK BOJIHOBOI'O IOJISL JIjIsi B MOMEHTBI BDEMeHH ¢ = 3 CeKyHIbI (a),
t = 4.5 cexynzpt (0), t = 6 cexynz (B).

Bee npearoJiaracMbi€ BOJIHBI IPUCYTCTBYIOT W B HallpaBJIEHUU Y UMEIOT CBOI1 MaKCUMYM aM-
IJIATYAbI.

PaccMorpuM jannble ¢ MPUEMHUKOB W ITPOBEPUM KOPPEKTHOCTH BPEMEHM ITPUXO0/Ia BOJIH
(110 PaCCTOSTHUIO JIO TIPUEMHUKA ¥ CKOPOCTH BOJIHBI).

-5, %10°7

-1, %107

-1,5 % 10
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Puc. 13: I'paduk BoJIHOBOrO mOJIst /IS U, B IPHEMHHKE Ha paccrogHuu 1,5 kuaomerpa (a), 3
kuomerpa(6), 4,5 kumomerpa(B) oT UCTOUHVKa B Hapapaennu y. Habiromaercs
PaCIIPOCTPAHEHHE JABYX HPOMOILHBIX BOJIH.

Takum O6pEiBOM7 IIO BOJTHOBOMY IIOJIIO Uy PACHPOCTPaHEHNE BOJIHBI COOTBETCTBYET OZKMJIACMOMY,
B IIpDUEMHUKU CUTHAJI IIPUXOJUT B PaCHETHOE BpeEMII, HpO(i)I/LTH) BOJIHBI COXPaHACTCH.

PaCCMOTpI/IM MTI'HOBEHHbIC CHUMKM BOJIHOBOI'O IIOJIA U, B BbI6paHHO€ BpeMAa

0 3 6 . 9 . 12 _x[m 0 3 6 . 9 12 _x [xu] 0 3 L 9 12 _x [
0,000088 000063 1

. I’u,omoe
3 0,000044 sl 0,000031 3 0,000025
€ () 0 ¢ | ) 0 6 ) 0
4l -0,000044 sl L -0,000031 ol L -0,000025
. hommm o -0,000063 . -0,000051
¥ [xm] ¥ [rm] ¥ [xaa]
a) 0) B)

Puc. 14: MrHOBEHHBIN CHIMOK BOJIHOBOTO IOJIsI JIJIst U, B MOMEHTBI BpeMeHHU ¢ = 3 CeKyHJIbI
(a), t = 4.5 cexynjpl (6), t = 6 cekyHz (B).

Habmronaercsa pacupoctpanenue IByX IPOJI0IbLHBIX BOJIH B HalpaBienun x. [lepsas Bosina cia-
00 3aMeTHa, T.K. € aMILTUTY/a MaJa.

PaCCMOTpI/IM JaHHbIe C IIPUEMHHNKOB 1 IIPOBEPUM KOPPEKTHOCTL BPEMCHU IIPUXOJa BOJIH
(HO PaCCTOAHHNIO JIO IPUEMHHNKa 1 CKOPOCTHU BOJ'[HbI).

000003
0,000044 ‘ 0,00003-

0,00002-
0,00002-|

0,00002

n000t 0,000014

|

-0,00001

o
v

o G
=

-0,00002+ -0,00001+

-0,000024

-0,00004- -0,00002+

~0,00003+4

-0,00003

~0,00004- !

Puc. 15: I'paduk BoJIHOBOrO 1OJIs JIJisl U, B IIPUEMHUKE Ha paccrostaun 1,5 kujmomerpa (a), 3
kuomerpa(6), 4,5 kumomerpa(B) OT UCTOUHNKa B Hampasiennu y. Habiromaercs
pacCIpoCTpaHeHNe JBYX MPOJIOJIbHBIX BOJIH.

Taxum 06pa3oM, 110 BOJTHOBOMY IIOJIIO U, PACIIPOCTPAHEHHE BOJTHBI COOTBETCTBYET OXKHIAEMOMY,
B IIPUEMHUKH CUTHAJ IPUXOJIUT B PacueTHOE BpeMs, IMPOMUIb BOJTHBI COXPAHIETCS.

PaccmorpuM Mruosennble CHUMKH vy B 3-10, 4.5-10, 6-10 CEKyH/IBI.
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0 a 6 9 12 0 3 6 9 12 _x [im 0 3 6 9 12 _x[em]
T u,o;gn]s o,m:l:osls 0,00005
3 0,000044 3 0,000031 3l 0,000025
6 = 0 6 [] & 0
- N’
9 -0,000044 9 -0,000031 a9 -0,000025
13 "Qm 12 .-O.MS 1 i.o'm
¥ [r y [xm ¥ o]
) T4 B[

Puc. 16: MrHOBEHHBIH CHUMOK BOJIHOBOTO IOJISI JUIst U B MOMEHTBI BPEMEHH ¢ = 3 CEKyHJIbI
(a), t = 4.5 cexynapt (0), t = 6 cexynz (B).

Habmonaercs pacripocTpanenue JIByX IPOJIOJILHBIX BOJIH B Hanpasenuu y. [lepas BosHa cia-
00 3aMeTHa, T.K. €€ aMILTATY/Ia MaJa.

PaccmorpuM janabIe ¢ TPUEMHUKOB U ITPOBEPUM KOPPEKTHOCTb BPEMEHU IPHUXO/Ia BOJIH
(IO pacCTOSHUIO JI0 IPUEMHHUKA U CKOPOCTU BOJIHBI).

0,000034

0,00004 0,000034

0,00002-
0,000024
0,00002

0,000014 0000014

m] [i}

q‘g
r

-0,00001 -

-0,00002-] -0,00001

-0,00002+

~0,00004- ~0,00002+

~0,00003+

-0,000044 sy

0 5

5 g ¥

Puc. 17: I'paduk BosHOBOrO mMOJIS 1711 v, B IPUEMHUKE Ha paccrosuun 1,5 Kmiomerpa (a), 3
kuiomerpa(6), 4,5 kuromerpa(B) oT uCTOUHNKA B Hanpasjenun y. Habiogaercs
pacrpocTpanenue JIByX MPOJIOJTLHBIX BOJIH.

Takum 06pa30oM, 110 BOJTHOBOMY II0JIIO U, PACIPOCTPaHEHUe BOJIHBI COOTBETCTBYET OXKUIAeMOMY,
B IIPUEMHUKN CUTHAJ IIPUXOIUT B pacueTHOE BpeMs, MPOMUIb BOJIHBI COXPAHICTCS.

[To Bcem KOMIIOHEHTAM CKOPOCTU PACIIPOCTPAHAIOTCH JIBE MPOJIOIbHbIE BOIHBL. [Ipoduin
JIUTSL BCEX CJIyYaeB COBIAJIAET C HAYAJBHBIM IIPOQUIEM B3PBIBHON BOJIHBIL.

PaccemoTpuM moc/ie/IHIOI0 KOMIIOHEHTY CHUCTEeMbl ypaBHEHUN - jaBjenue p. T.K. Jjisd J1aH-
HOT'O CJIyvasi UCIIOJIb3YeTCs UCTOYHUK TUTIA «IEHTP PaCHIUPEHUs », TO JlaBJIeHNe PACIIPOCTPaHSI-
eTcd KpyraMu paBHOMEPHO 110 BCEM HAIPaBJIEHUSM, UTO ITOJITBEPKIAI0OT MIHOBEHHBIE CHUMKU
BOJIHOBOTO TIOJISA P B Pa3/IMIHbIe MOMEHTHI BPEMEHH.
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0 3 6 9 12 _x [o]

0 3 6 9 12 _x [iou] o 3 . 6 9 12 x[m
[ena] 0,000038 0,000031
> 0,000029 3 RO 3l 0,000015
| 0 |
v 0 | 1 0 O
ol -0,000029 9 -0,00002 ol 0,000017
| ln 000057 . -0,000041 -0,000033
12y [xm = 12y [xna] 12y [eu )
a) ¥ [oa] 6) B) ¥ ()

Puc. 18: MruoBeHHDII CHIMOK BOJIHOBOTO IOJIS /IS JIABJICHUA P B MOMEHTBI BpeMeHH! ¢ = 3
ceKyHJIbI (a), t = 4.5 cekyHupl (6), t = 6 cexynn (B).

CpaBHeHI/Ie YNCJICHHBIX U1 I‘paCbI/IquKI/IX PE3YJIbTAaTOB C MTHOBEHHOM CHUMMKOM BOJIHOBOI'O IIOJIA
MOXKHO CJIeJIaTh BBIBOJI, YTO pas3paboTaHHAd MOJIENIb JIJIsd CJIydas HAIPABIEHHOTO TOYETHOI'O
B3PbIBa JIACT BepPHbIE PE3Y/IbTATHI U BepUMUKAIUs IIpeJjIaraeMoil pacieTHOW MOJIE/ I | CIIocoba,
ee pelieHns: oKazaJsach ycuernrHoit. OCHOBHBIM MOMEHTOM pabOThI SIBUJIOCH BOCIIPOU3BEICHUE
pacupoCcTpaHeHus CEeCMUYECKON BOJIHBI B HOPUCTOHN Cpelle U PEKYPCUBHOE IIPOCJIC2KUBAHUE €€
pactpocrpaHenusd. /Ijis1 MpoOBEPKHU pacueToB UCIIOJIb30BAJICA IIPOCTEHINii cayvailt 061acTu 1moJI-
HOCTBIO 3allOJIHEHHON HOpI/ICTOfI cpeJbl C pa3/JIMIYHbIMA TOY€IYHBIMU NCTOTYHUKaMMU.

[IpuBeieHHBIE SKCIEPUMEHTHI IIOKa3a/d, 4YTO BepuUKAIMA IpejIaraeMoil  MOJIe/H
OKa3aJ1aCh YCIIEITHOM.
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REZYUME

Magqolada bir jinsli g’ovakli muhitda seysmik to’lqin maydonlarini modellashtirish
muhokama qilinadi. Ishning asosiy nuqtasi seysmik to’lqinning g’ovakli muhitda
tarqalishini takrorlash va uning tarqalishini rekursiv kuzatishdir. Hisob-kitoblarni
tekshirish uchun biz turli nuqta manbalari bilan to’liq to’ldirilgan g’ovakli muhit
mintaqasining eng oddiy holatidan foydalandik. Suyuqlik bilan to’yingan g’ovakli
muhitda barcha uchta seysmik to’lgin tarqalishi turli nuqta manbalari uchun
takrorlanadi.

Kalit so’zlar: g’ovak muhit, Frenkel-Biot modeli, seysmik to’lginlar, nuqta manbas,
elastiklik parametrlar:, to’lqgin maydon.

RESUME

The article discusses the modeling of seismic wave fields in a homogeneous porous
medium. The main point of the work is to reproduce the propagation of a seismic
wave in a porous medium and recursively trace its propagation. To check the
calculations, we used the simplest case of a region of a completely filled porous
medium with various point sources. All three seismic wave propagations in a fluid-
saturated porous medium are reproduced for various point sources.

Key words: porous medium, Frenkel-Biot model, seismic waves, point source,
elasticity parameters, wave field.



